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ABSTRACT

Multiscale Numerical Methods for Partial Differential Equations
Using Limited Global Information and Their Applications. (August 2008)
Lijian Jiang, B.S., Hunan Normal University;

M.S., Institute of Mathematics, Chinese Academy of Sciences

Chair of Advisory Committee: Dr. Yalchin Efendiev

In this dissertation we develop, analyze and implement effective numerical meth-
ods for multiscale phenomena arising from flows in heterogeneous porous media. The
main purpose is to develop innovative numerical and analytical methods that can
capture the effect of small scales on the large scales without resolving the small scale
details on a coarse computational grid. This research activity is strongly motivated
by many important practical applications arising in contaminant transport in hetero-
geneous porous media, oil reservoir simulations and subsurface characterization.

In the work, we investigate three main multiscale numerical methods, i.e., mul-
tiscale finite element method, partition of unity method and mixed multiscale finite
element method. These methods employ limited single or multiple global informa-
tion. We apply these numerical methods to partial differential equations (elliptic,
parabolic and wave equations) with continuum scales. To compute the solution of
partial differential equations on a coarse grid, we define global fields such that the so-
lution smoothly depends on these fields. The global fields typically contain non-local
information required for achieving a convergence independent of small scales. We
present a rigorous analysis and show that the proposed global multiscale numerical
methods converge independent of small scales. In particular, a global mixed mul-

tiscale finite element method is extensively studied and applied to two-phase flows.



v

We present some numerical results for two-phase simulations on coarse grids. The
numerical results demonstrate that the global multiscale numerical methods achieve

high accuracy.
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CHAPTER I

INTRODUCTION

Subsurface flows are often affected by heterogeneities in a wide range of length
scales. It is therefore difficult to resolve numerically all of the scales that impact flow
and transport. Typically, upscaled or multiscale models are employed for such sys-
tems. The main idea of upscaling techniques is to form coarse-scale equations with a
prescribed analytical form that may differ from the underlying fine-scale equations. In
multiscale methods, the fine-scale information is carried throughout the simulation
and the coarse-scale equations are generally not expressed analytically, but rather
formed and solved numerically. In the case of scale separation, one can localize the
computation of effective parameters or basis functions. However, these approaches
do not perform well if there is no scale separation, and some type of limited global
information is needed for representing the distant/non-local effects. In this disser-
tation, we present multiscale numerical methods which incorporate limited global
information stemming from the heterogeneities. We consider the following multiscale
numerical methods: multiscale finite element method (MsFEM), mixed multiscale
finite element method (mixed MsFEM) and partition of unity method (PUM).

A multiscale finite element method and a mixed multiscale finite element method
were first introduced in [38] and [22] respectively. The main idea of multiscale finite
element methods is to incorporate the small scale information into finite element basis
functions and couple them through a global formulation of the problem. The multi-
scale method in [38] shares some similarities with a number of multiscale numerical

methods, such as residual free bubbles [18, 56|, variational multiscale method [40],

This dissertation follows the style of the Journal of Computational Physics.



two-scale finite element methods [48], two-scale conservative subgrid approaches [9],
and multiscale mortar methods [11]. We remark that special basis functions in finite
element methods have been used earlier in [15, 14]. The multiscale finite element
methodology has been modified and successfully applied to two-phase flow simula-
tions in [43, 42, 22, 1] and extended to nonlinear partial differential equations [33, 30].
Arbogast in [9] used a variational multiscale strategy to construct a multiscale method
for two-phase flow simulations.

One of the fundamental issues in multiscale simulations is an accurate capturing
of subgrid effects. It is known (e.g., [38]) that the local methods suffer from the res-
onance error. The resonance errors usually exhibit themselves as the ratio between
the coarse mesh size and the characteristic length scale. If the mesh size is close to
a characteristic length scale, multiscale methods that use only local information do
not converge when the ratio between the mesh size and the characteristic length scale
is kept fixed. To develop multiscale methods which converge without the resonance
error, some type of limited global information is needed in the construction of basis
functions. In a number of recent papers [1, 21, 29, 53, 59|, limited global informa-
tion has been successfully used for developing multiscale finite element methods that
converge without the resonance error. These methods are applicable for problems
without scale separation. However, in order to apply these methods to multi-phase
flow simulations (described in Section 2.1), one needs to develop basis functions for
the velocity field which are conservative and can be used throughout two-phase flow
simulation without updating them. Velocity basis functions are used in solving the
transport equations of the phases. For simulations of two-phase flow and transport,
it is important to construct multiscale basis functions for the velocity field that are
conservative.

In this dissertation, we present a framework for incorporating single and mul-



tiple global information which is represented by a set of functions. These functions
can be thought as auxiliary functions which contain essential information about the
heterogeneities. One can use local auxiliary functions in the case of scale separation,
though our focus in this work is in the use of global information. We would like
to note that the computations of the global fields are performed off-line. The basis
functions constructed employing the global solutions can be used to solve flow equa-
tions with different source terms, boundary conditions or mobility (see Section 2.1 for
definition) on the coarse grid. The latter is similar to upscaling techniques where the
effective parameters are computed based on media properties and they can be used
for different flow scenarios or in two-phase or multi-phase flow simulations. The com-
putation of global fields requires solving single-phase equations, thus the proposed
approaches are effective when flow equations are solved multiple times. One can use
local solutions instead of global solutions in the proposed formulation of the global
multiscale numerical methods. In this respect, the proposed global multiscale numer-
ical methods will be similar to previously introduced multiscale methods in [38, 22]
and the resonance error will appear in the convergence analysis.

In this dissertation, we consider elliptic, parabolic and wave equations with con-
tinuum spatial scales. Assuming that the solution of the partial differential equation
smoothly depends on a single global field or a number of global fields, we construct ba-
sis functions which span these global fields. We discuss several cases where the global
field /fields can be found and it can be shown that the solution smoothly depends on
these global field /fields. Examples are shown for both deterministic and parameter
dependent flow equations. We present rigorous analysis of the proposed multiscale
numerical methods. We show that these methods are stable and converge without
the resonance error. We present a few preliminary numerical results to demonstrate

the efficiency of the proposed approaches. We also consider a parameter dependent



permeability field (a simplified case for general stochastic permeability field) where
a limited number of parameter value is used to generate the global fields. Based
on these global fields, we compute multiscale basis functions. Basis functions are
computed using single-phase flow solutions and these basis functions are used for the
simulations of two-phase flow and transport. We consider SPE Comparative Project
(also called SPE 10) [24]. These permeability fields are channelized and difficult to
upscale and, therefore, single-phase flow information (limited global information) is
used. Our numerical results show that one can achieve high accuracy with a few
global fields corresponding to single-phase flow solutions.

The dissertation is organized as follows.

In Chapter II, we recall some preliminary background materials. We introduce
flow equations in porous media, some function space notations and some inequalities
that will be studied throughout the dissertation. First, we present the flow equations
(e.g., two-phase immiscible flow) in porous media which have many applications in
petroleum engineering and subsurface modeling. Second, we present some function
space notations and inequalities, which are often utilized in the analysis of the dis-
sertation.

In Chapter III, we present MsFEM and mixed MsFEM using single global in-
formation for two-phase flow equations. These methods use global information from
an initial state to accurately model two-phase immiscible flow dynamics in heteroge-
neous porous media. We present analysis of both a Galerkin multiscale finite element
method and a mixed multiscale finite element method. The analysis assumes that the
fine-scale features of two-phase flow dynamics strongly depend on the initial state,
or equivalently on the corresponding single-phase flow solution at initial time. The
assumption is relaxed for the case with scale separation. We provide an extension of

MsFEMs to the case where multiple global information is used. We consider Galerkin



MsFEM, PUM, harmonic coordinate system method and mixed MsFEM. We note
that PUM using global information is not a trivial extension of MsFEM that employs
limited global information because the construction of basis function in every “patch”
are different from that global MsFEM discussed previously, i.e., basis functions in each
“patch” are the span of multiplication of partial unity functions and global fields. We
apply these multiscale methods to elliptic equations with continuum spatial scales.
The global fields typically contain small scale (local or global) information required for
achieving a convergence with respect to the coarse mesh size. We present a rigorous
analysis for these global multiscale numerical methods and show that the proposed
numerical methods converge. In particular we extensively explore the global mixed
multiscale methods and its application to two-phase flows. Some preliminary nu-
merical results for global mixed MSFEM are shown. As for spatial heterogeneities,
channelized permeability fields (SPE 10) with strong non-local effects are considered.

In Chapter IV, we consider multiscale numerical approaches introduced in Chap-
ter III for solving parabolic equations with heterogeneous coefficients. Our interest
stems from porous media applications and we assume that there is no scale separa-
tion with respect to spatial variables. To compute the solution of these multiscale
problems on a coarse grid, we define global fields such that the solution smoothly
depends on these fields. We present various finite element discretization techniques
and provide analysis of these methods. A few representative numerical examples are
presented using heterogeneous fields with strong non-local features. These numerical
results demonstrate that the solution can be captured more accurately on the coarse
grid when some type of limited global information is used.

In Chapter V, we explore the proposed global multiscale approaches for solving
wave equations with heterogeneous coefficients. Our interest comes from geophysics

applications and we assume that there is no scale separation with respect to spatial



variables. We present various multiscale finite element discretization techniques and
provide analysis of these methods. A few representative numerical examples are
presented using heterogeneous fields with strong non-local features.

In Chapter VI, we draw some conclusions for the dissertation and come up with

some problems for further research.



CHAPTER II

BACKGROUND MATERIALS
In this chapter we introduce some background materials. Section 2.1 introduces
flow and transport equations in porous media. Section 2.2 introduces function space

notations and some inequalities.

2.1. Flow Equations in Porous Media

In this section, we present single-phase and two-phase flow equations neglecting
the effects of gravity, compressibility, capillary pressure and dispersion on the fine
scale. Porosity, defined as the volume fraction of the void space, will be taken to be
constant and therefore serves only to rescale time. The two phases will be referred
to as water and oil and designated by the subscripts w and o, respectively. We can

then write Darcy’s law, with all quantities dimensionless, for each phase j as follows:
u; = ~A,(S)kVp, (2.1)

where u; (j = o,w) is phase velocity, S is water saturation (volume fraction), p

is pressure, A\; = k,;(S)/p; is phase mobility, where k,; and p; are the relative

permeability and viscosity of phase j respectively, and k is the permeability tensor.
Combining Darcy’s law with conservation of mass, div(u,, + u,)=0, allows us to

write the flow equation in the following form
div(A(S)kVp) = f, (2.2)

where the total mobility A\(S) is given by A(S) = A, (S)+A,(S) and f is a source term.

The saturation dynamics affects the flow equations. One can derive the equation



describing the dynamics of the saturation

as .
En + div(F) =0, (2.3)

where F' = uf,(S), with f,(5), the fractional flow of water, given by f, = A\, /(Aw +

o), and the total velocity u by:
U= Uy + U, = —A(S)kVp. (2.4)

In the presence of capillary effects, an additional diffusion term is present in (2.3).
If kpp =S, ko =1— 95 and p,, = pto, then the flow equation reduces to a single
phase flow equation

div(EVp™) = f.

This equation, the linear advection pollutant transport equation, will be referred to
as the single-phase flow equation associated with (2.2), and p* will be referred to as

the single-phase flow solution.

Remark 2.1.1. The general governing equations for the single phase flow of a fluid
in porous media include the conservation of mass, Darcy’s law and an equation of
state. Denote by ¢ the porosity of a porous medium, by p the density of the fluid per
unit volume, by u the superficial Darcy velocity, and by f the external sources and
sinks. Then the mass conservation equation of the porous medium can be formulated

as

0 .

9(op) = —div(pu) + f. (2.5)
ot

We can state the momentum conservation in Darcy’s law, which indicates a linear

relationship between the fluid velocity and the pressure head gradient. The Darcy’s

law is written as

1
u= —;k‘(Vp — pgVz), (2.6)



where k is the absolute permeability tensor of the porous medium, 1 is the fluid viscos-
ity, g is the magnitude of the gravitational acceleration, z is the depth. If k = a(x)I,
where a(x) is a scalar function and I is the identity matriz, then the medium is
isotropic; otherwise, it is anisotropic. Let cy denote the fluid compressibility. Then
an equation of state is expressed by

10p

P = 2.
pap|T Cf, ( 7)

where T is a fized temperature. (2.5), (2.6) and (2.7) give rise to a closed system.

Remark 2.1.2. The general equations for two-phase flow include the following four

equations.

% = —div(pju;)+ f;

uj = —-ki(Vp; — pigVz)
Pe = Po— Pw
L Sw + So = = 17

where j = o,w and k; is the effective permeability for phase j (w or o). Empiri-
cally, capillary pressure p. = pe(Sw). The relationship among absolute permeability

k, effective permeability k; and relative permeability k,; can be described by
]{Zj = ]{er]{?, j = 0, wW.
The function k,; shows the tendency of phase j to wet the porous medium.

As for the detailed description of flow and transport equations in porous media,

we refer to [23].
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2.2.  Function Space Notations and Some Inequalities

In this section we review some function space notations and inequalities which
will be frequently used throughout this thesis.

Let D be a domain. Denote by LP(D), W*P(D), the usual Lebesgue space and
Sobolev spaces. Let W} be the set, of functions in W*?(D) which vanish on D, and
H*(D) = W*2(D) and HY(D) = WJ"*(D). We denote L”(D)-norm with |.]jo,.p and
o = Illosp for p = 2. We denote W#-norm with |.Jx.p and |J.p = [l lx2p
for the norm of H*(D). Similarly, one can define the corresponding semi-norms by
|.|k,p and |.|gp.p. We define the vector-valued Sobolev space by

T
ooz = ([ 3 1DEfae)
0 o<k<m
if X is a normed space and
T
| flwmro,r:x) == (/ Z |fo|th)%
0 o<k<m
if X is a semi-norm space. If p = 2, we use H™(0,T; X) instead. When no ambiguity
happens, we use the notation W™?(X) to denote W™P(0,T; X).

When we study the mixed finite element method, we often use the space H (div, D),

ie.,
H(dw, D) = {u: [lull raiw,p) = llullo,p + ||divullo,p < oo}
If T' C 9D, we define HX(div, D) = {u € H(div, D) : u-nr = 0}. When no ambiguity

happens, we set H°(div, D) = HJp,(div, D).

Lemma 2.2.1. (Poincaré Inequality)/54/ Let 1 < p < oo and D be a bounded

domain in R*. If f € WYP(D) and f|r = 0, where T C D and measure of T, i.e.,
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Il'| > 0, then
[ fllop.0 < Cdiam(D)|f]1.p, (2.9)

where C' = C(n).

Remark 2.2.1. Poincaré Inequality can be extended a slice domain Lqy = {x € R" :

|z,| < h}. Let D C Ly. Then for f € Wy*(D), 1 < p < oo,
[Fllop.0 < Chlfl1p0,

where C' is independent of n and p [54).

Remark 2.2.2. Poincaré Inequality can be extended to multiplication of functions.
Let D be bounded in R™. If p,q > 2 such that 1—1) + % =1, then for f € Wol’p(D) and
g € Wy(D),

1 9lloa.p < Cpdiam(D)?|f[},, p + Codiam(D)?|g|{ , p,
where C, = C(p,n), C, = C(q,n) [54].

Lemma 2.2.2. (Poincaré-Friedrichs Inequality)/35] Let D be a bounded domain

in R™. Then for all f € W'P(D), 1 < p < oo,
If = (F)pllop.o < Cdiam(D)|[f|1p.p, (2.10)
where (f)p = ﬁfD fdz and C = C(n).

Remark 2.2.3. Poincaré-Friedrichs Inequality can be generalized by using Petree-
Tartar Lemma [34]. Let L be a continuous linear form on W'P(D) whose restriction
on constant (nonzero) functions is not zero. If L(1p) = 1, where 1p =1 on D. Then
forl <p< oo,

||f - L(f)Hl,p,D < C|f‘1,p,Dv
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where C = C(D,p) [34]. For example, we can take L(f) = (f)p, for any non-zero
n-measure subset Dy C D or take L(f) = (f)sp, for any non-zero (n — 1)-measure

subboundary 0D, C 0D.

Lemma 2.2.3. (Trace Inequality) /6] LetI" C OD. The trace operator~ : W*?(D) —

k—l,p . . .
W P(T') is surjective and further

[Flli-1 50 < Cllfllp.0; (2.11)

where C'= C(D,p, k).

Remark 2.2.4. Let D be bounded in R™ and of class C*. If f € WFP(Q) (kp < n),

then trace operator ~y : W*P(D) — L,(0D) is surjective and

[fllo.ro0 < CI|.f[lkp.0,

where r = Y=V gng O = C (D, k,p).

n—kp
Lemma 2.2.4. (Sobolev Embedding Theorem) /6] Let D C R"™ be Lipschitz
smooth and T* be a k-dimensional domain obtained by intersecting D with a k-
dimensional hyperplane in R, 1 <k <n. Let jym € {0} U{Z*}. Then

(1) IfO<n—mp<k<nandp<q< -2 then

n—mp

W™HIP(DY) e WH(TF)
1s continuously embedded. Furthermore if 1 < p < oo, then
WP (DY) — Wi4(TF)

s compactly embedded.

(2) Ifmp=mn,1<k<nandp<q< oo, then

Wm”’p(D) MEN ijq(Fk)
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i1s continuously embedded. Furthermore if 1 < p < oo, then
WP (DY) s W4(TF)

s compactly embedded.

(3) If mp > n, then
WD) — CU(D) = {f € CY(D) : [D*f| < 00, V |a] <j}
is continuously embedded. Furthermore if 1 < p < oo, then
W™ HP(D) — (D)

s compactly embedded.
Remark 2.2.5. Let v = [%] +1-— % if% s not an integer and v be any positive

number less than 1 if% s an integer. For kp > n, then
WHP(D) — C*BI7b(D)
s continuously embedded, i.e.,

[l 3110 < CllF e (212)

where C' = C(D, k,p,n) [35].
We will also frequently use the following elementary inequalities.

Lemma 2.2.5. (Young’s Inequality) [54]. For a,b > 0 and ¢ > 0 and p,q > 1

11
wzth;—l—E—l, then 1 o
ab < =(ea)’ + = (-

; HER (2.13)

Lemma 2.2.6. (Jensen’s Inequality) [54] Let (D, A, i) be a probability measure

space and ¢ be a real-valued conver function. If f is a real-valued p-measurable



14

function, then

o /D fdu) < /D o(fF)dn. (2.14)

Remark 2.2.6. In numerical analysis, we often use the following version of Jensen’s
inequality: Let ¢ be a convex function and function f : D — (0,00) and function

g: D —1[0,00). Then
Ip fodx [, felg)dx
o [, fdx )< I fdw

When we study evolution equation, we often use Gronwall’s inequality.

Lemma 2.2.7. (Gronwall’s Inequality) [36] Let f, g and h be piecewise continuous
nonnegative functions defined on an interval a < t < b, g being non-decreasing. If,

for each t € |a, b,
F(t) + ht) < g(t) + / £(s)ds,

then f(t) + h(t) < e'=%g(t).

Remark 2.2.7. When we study discretization of evolution equation, we also need to
use discrete analogue of Gronwall’s Inequality:

Let f, g and h be piecewise continuous nonnegative functions defined on
Th={te€l0,T], t=jAt, j=0,1,---,m, mAt="T},

g being non-decreasing. If

t—At

() +h(t) < g(t) + CAL Y f(s),

s=0

where C is a positive constant. Then f(t) + h(t) < e%tg(t) [36].

Throughout the dissertation, if we do not make explicit explanation, we will use

Einstein summation convention, i.e., repeated indices are implicitly summed over.
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This simplifies and shortens equations. For example,

a; + bz = Z(al + bz), aibi = Z(albl)

7 7
and

a;,bi; = Z(aikbij)-

i
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CHAPTER III

MULTISCALE NUMERICAL METHODS FOR ELLIPTIC EQUATIONS USING
GLOBAL INFORMATION AND APPLICATIONS TO TWO-PHASE FLOWS

In this chapter, we propose some multiscale numerical methods and apply them
to elliptic equations. These multiscale numerical methods employ limited global infor-
mation. We present some multiscale numerical methods using one global or multiple
global fields. The main results in the chapter are that the proposed multiscale nu-
merical methods converge without assuming the scale separation and the convergence
rate does not contain resonance errors. As an example in two-phase flow simulations,
these methods use global information from an initial single-phase flow to accurately
model two-phase immiscible flow dynamics in heterogeneous porous media. The anal-
ysis assumes that the fine-scale features of two-phase flow dynamics strongly depend
on the initial state, or equivalently on the corresponding single-phase flow solution
at initial time. The assumption is relaxed for the case with scale separation. These
results can been found in our papers [4, 5, 3].

The chapter is organized as follows.

In Section 3.1, we provide the motivation of multiscale finite element methods
using global information.

In Section 3.2, we introduce Galerkin MsFEM and mixed MsFEM using a single
phase flow information. These multiscale techniques have advantages if the fine-scale
features of two-phase flow dynamics strongly depend on the initial single-phase flow.
In particular, we assume that two-phase flow pressure solution strongly depends on the
initial single-phase pressure. The validity of this assumption is shown for channelized
permeability in [29]. If there is a scale separation, then it is sufficient to assume that

the direction of the average of the coarse-scale pressure gradient is unchanged during
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the course of a two-phase flow simulation (i.e., the coarse-scale streamlines does not
change significantly during a simulation).

In Section 3.3, we develop partition of unity method using global information,
numerical harmonic coordinate method and mixed MsFEM using multiple global
information. These multiscale methods using multiple global information are not
trivial extensions of the multiscale methods introduced in Section 3.2 where single
global information is used because the construction of basis functions are different
and the multiscale methods using multiple global fields have wider applications.

In Section 3.4, we use the global multiscale methods for simulation of two-phase
flows and present the numerical results. We show that MsFEMs using global infor-

mation are more accurate compared to MsFEMs which only use local information.

3.1.  Motivation of MsFEM Using Limited Global Information
We study MsFEMs for elliptic equation
—div(A(2)k(x)Vp) = f, (3.1)

where k(x) is a heterogeneous field and A(z) is assumed to be a smooth field. This
equation is derived from two-phase flow equations when gravity and capillary effects
are neglected (see (2.2)). Here p denotes the pressure. Our goal is to construct mul-
tiscale basis functions on the coarse grid (with grid size larger than the characteristic
length scale of the problem) such that these basis functions can be used for various
source terms f(x), boundary conditions and mobilities A\(x). For this reason, one
typically looks for functions (local or global) which contain the essential information
about the heterogeneities. For problems without scale separation, these functions are

often the solutions of global problems, and thus, these methods are effective when
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(3.1) is solved multiple times. For problems with scale separation, one can use the
solutions of the local problem in constructing multiscale basis functions. The un-
derlying assumption for these global fields used in the paper is the following. There

exists N global fields pq,..., pn, such that

‘p - G(plv "’7pN)‘1,Q S C(Sv (32)

where ¢ is sufficiently small, G is sufficiently smooth function, and py,.., py are solu-
tions of div(k(x)Vp) = 0 with some prescribed boundary conditions. We note that o
refers to a physical parameters that shows how well the solution can be represented
using some functions py,..., py. For example, in homogenization setting, ¢ is related
to the smallest scales representing the heterogeneities. In some cases, the solution
can be represented exactly with the global fields (see below) and in this case 6 = 0.
Also, we note that the assumption (3.2) can be formulated for each coarse patch,
where pq, ..., py are different for each patch. In this case, pq, ..., py are defined on
coarse patches and the resulting multiscale method (introduced later) is similar to
multiscale methods introduced earlier in [22]. Next, we briefly discuss the assumption
(3.2).

In [29], it was shown that for channelized permeability fields, p is a smooth func-
tion of single-phase flow pressure (i.e., N = 1), where single-phase pressure equation
is described by div(k(x)Vp) = 0 with boundary conditions as those corresponding
to two-phase flow. In a general setting, it was shown by Owhadi and Zhang [53]
that for an arbitrary smooth A(z), the solution is a smooth function of d linearly
independent solutions of single-phase flow equations (N = d), where d is the space
dimension. When considering random permeability fields, the permeability field is
typically parameterized with a parameter that represents the uncertainties. In this

case, we deal with a family of rough permeability fields such as k = k(z, 8), where 0
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is in high dimensional space. For example, log-Gaussian permeability fields can be

characterized using Karhunen-Loéve expansion [31] as

k($7 917 ceey 6)M) = eXp(92¢z(x))>

where ¢;(z) are pre-computed spatial fields which depend on covariance matrix. In
many of these parameterized cases, k(z,0) is a smooth functions of 6 = (01, ...,0y),
and thus one can use sparse approximation techniques to represent the solution on
the coarse grid via the basis functions computed for a selected number of single-phase
flow solutions (see [20, 27]).

If there is scale separation, one can use homogenization theory. In this case, p;
are given by the solutions of the local problems in a period (cf. [8]). More precisely,
if k() = k(z/e), where k(y) is a periodic function in a unit cube Y, then p; are
solutions of

div(k(x)Vp;) =0, i =1,...,d,

such that p; = z; + P; with P; is being a periodic function. In general, one can also
use the solutions of local problems in coarse grid blocks in the construction of basis
functions. In this case, the proposed method is similar to mixed MsFEM proposed
in [22].

In the above assumption (3.2), p; are solutions of flow equations. We denote
the corresponding velocity field by wu;, i.e., u; = kVp;. Then, the above assumption
can be written in the following way. There exist sufficiently smooth scalar functions

Ai(x), ..., Ax(z), such that the velocity corresponding to (3.1) can be written as
lu — A1 (x)uy — ... — Ax(z)unljoo < CO. (3.3)

We note that in the case of homogenization problems u; = k(z)Vp;, and one can
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easily show that A;(x) = )\(:E)g%z and 6 = /e ([46]). Here py is the solution of the
homogenized equation and thus A; are smooth functions. In general case, A;(x) =

)\(I)g—g. In the analysis, we will use a stronger version of (3.3).

3.2. MsFEM Using Single Global Information

In this section, we discuss Galerkin MsFEM and mixed MsFEM using single-

phase flow information and their applications to two-phase immiscible flow.

3.2.1.  Galerkin MsFEM Using Single Global Information

Construction of MsFEM Basis Functions . The key idea of Galerkin
MsFEM is the construction of basis functions on coarse grids that capture small-scale
information. The basis functions are constructed from the solution of the leading order
homogeneous elliptic equation on each coarse element with some specified boundary
conditions. For further analysis, K denotes a generic coarse element and 7, is a quasi-
uniform family of coarse elements. Thus, if we consider a coarse element K that has
d vertices x;, the local basis functions ¢;,7 = 1,--- ,d are set to satisfy the following

elliptic problem

div(k(z)VeE) = 0 in K
oK = df on OK, (3.4)
Of () = 0y,
where 6;; = 1if ¢ = j and 9;; = 0 if 7 # j.
The function df for each i has been defined in various ways. e.g., in [43] it is
chosen to vary linearly along 0K, or to be the solution of a local one-dimensional

problems. A solution of the problem in a slightly larger domain has also been used

to define boundary conditions [38]. It can be shown that if di varies linearly along
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0K, then the multiscale finite element method has a resonance error [38].

We would like to note that an approximate solution of (3.4) can be used. For
example, in the case of periodic or scale separation cases, the basis functions can be
approximated using homogenization expansion [29]. This type of simplification is not
applicable for problems considered in this thesis.

Next, we briefly describe multiscale finite element method using information
from a single-phase flow solution. For simplicity, we restrict ourselves to the two
dimensional case. For this method, d¥ is the linear interpolation of p*” using the
values of p*(x;) (j = 1,---,d). In particular, for each element K (see Figure 3.1)
with vertices x; (i = 1,....,d) denote by ¢X(z) a restriction of the nodal basis on
K, such that ¢X(z;) = d;;. At the edges where ¢ (z) = 0 at both vertices, we
take boundary condition for ¢X(x) to be zero. Consequently, the basis functions
are localized. We only need to determine the boundary condition at two edges that
have the common vertex x; (¢X(z;) = 1). Denote these two edges by [z;_1,z;] and

K

[z;, 2;11]. We only need to describe the boundary condition, d;*, for the basis function

i, along the edges [z;, zi11] and [z, x5 1] If p(2;) # p*(2i11), then

p*P(x)
pP(x;)

_ ()
P (x;)

—p(x
—p

)
I

SP(CEH )

—D 1
— PP (Tig1)’

df( (I) | [s,2i-1]

K B i—1
d; (I)|[Ii,xi+1] - Sp(l'i—l

The case p*(z;) = p*P(x;41) # 0 and others can also be described (see [29)]).

We define the Galerkin finite element space by
Vi = span{of :1,---  d; K € 7,}. (3.5)
The weak formulation of (2.2) is to seek p, € V}, such that

(AENpu, Var) = (f, qn) for any g, € Vi, (3.6)



22

K oL 6 tciag)=0
X i X i+1
K
T
Xi-1
& 6cj_)=0

Fig. 3.1. Schematic description of basis function

where (-, ) denotes inner product in L?. In this case, we have the Cea’s estimate [25]

Ip—prlio < C inf |p—qulia, (3.7)
an€Vh

where p is the solution of two-phase flow (2.2) and pj, is the numerical solution defined
in (3.6). Throughout C' denotes a generic constant independent of mesh size. Using
(3.7), one can show p;” = p* in each coarse block K (see [29]) for the case with zero
source term and non-zero boundary conditions. If the source term is not zero and in
L*(Q), it can be easily shown that |p;’ — p*?|1.q < Chl| f|lo.q-

Convergence Analysis of MsFEM for Continuum Scale . We discuss the
convergence for the case of continuum scale. We will use the following assumption
for the case of continuum scale.

Assumption G. There exists a sufficiently smooth scalar valued function G(n)

(G e Wi s> 2 ), such that

lp— G(p™)|10 < C6, (3.8)
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where § is sufficiently small.

Note that G is defined on a bounded interval because p*? is a bounded function.
Following standard practice of finite element estimation, we seek q;, = c;¢X,

where ¢ are single-phase flow based multiscale finite element basis functions. Then

from (3.7), we have

p—prlie < p— GOP)|a+ |GP™) — ol |10 (3.9)

Next, we present an estimate for the second term. We choose ¢; = G(p*™(x;)), where
x; are vertices of K. Furthermore, using Taylor expansion of G' around py, which is

the average of p*P over K,

G (1)) = CFx) + G (Br) (0™ () — Pc)
1 (3.10)
(@) — P’ / SD"(p°(z) + (P — p™(x))ds.

We have in each K

ity = G(P) Z O + G (Pr) (P (1:) — D)y

+ (p* () — I_?K)%ZK/O sD"(p*P(z;) + s(Dy — p°F(x;)))ds 1)

= G(Pr) + G (Br) P (2:) 6 — Pic)
1
(@) = 0 [ D7) + sy~ 7 wi))ds.
0
In the last step, we have used Y, ¢ = 1. Similarly, in each K,

G(p™(z)) = G(Px) + G'(Px) (P7 () — Pk)

1 (3.12)
(@) — Pr)? / SD"(p(x) + s(Bre — p(a)))ds.
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Using (4.11) and (4.12), we get

|G(p™) — Ci¢,~K|1,K
< |G (Pg) PP (x) — p™(:) ) ) |1k

3.13
+ [(p* (x:) — ]_9K>2¢ZK/ sD"(p*(2;) + s(Dx — p™F(2:)))ds|1,x 19

T 1P(2) - Prc)? / SDY(p"(2) + $(Pxc — p™(x)))ds] .

Since |p*P(x) — pP(z:)¢K |1 < Chll fllo.x, the estimate of the first term is the
following
|G (B) (P (2) = 0™ (20) ;) |1 < CRl fllox.
For the second term on the right hand side of (3.13), assuming p*?(z) € W15(Q),
we have
1
(PP (2:) — D)0 / sD"(p™(x:) + s(P — P (2:)))ds
0
< Ch2—4/s|psp|€vl,s(K)|¢Z-K|1,K (3'14)
< Ch"51p% s (o [P s (i)

< Ch' 250 |y iy

where s > 2 and the fact that ¢ < C'+. Here, we have used the inequality (2.12)
[u(@) = u(y)| < Cla = y|' > lulwr.,

for s > 2, where C' depends only on s.

For the third term on the right hand side of (3.13), A straightforward calculation
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gives
(7 () — D)’ / SDY(p*(z) + s(Pre — p(2)))ds ]
< 1™ (@) — P’ Vo™ (2) / (1 - 8)sD"(p*(z) + (P — p()))dslox

+[12(p"(x) — Pr) V™ () /0 sD"(p™ (x) + s(pr — p*(x)))ds|lo.x

-4 s sp|s 52% 1 315
< OH 71+ 161 3 1)
1-2 Sp Sp|s % L
+ Ch=5[p™|1,6,x(p ‘1,3,9 +1G 3,%)2
< Ch*s PPlsx + Ch'" % PPk
< Ch'% PPk,
where we used Young’s inequality (2.13) in the second step.
Combining the above estimates, we have for (3.13),
IG(p™) — cipf |1, < Ch 1™ |y + Ch|fllo k- (3.16)
Summing (3.16) over all K and taking into account Assumption G, we have
Ip — prli,a < C6 + Ch2|pP|yic(qy + Ch|| fllog < CF + ChI2/. (3.17)

Consequently, if s > 2, single-phase flow based multiscale finite element method

converges and we have the following theorem.

Theorem 3.2.1. Under Assumption G and p® € W14(Q) (s > 2), multiscale finite

element method converges with the rate given by (3.17).

Remark 3.2.1. We can relax the assumption on G. In particular, it is sufficient to
assume G € W™ (m > 1). In this case, the proof can be carried out using Taylor
polynomials in Sobolev spaces and will be given in later chapter. Also, if we assume

Vp'P € L>(Q), then the convergence rate in (3.17) is Cd + Ch.
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Convergence Analysis of MsFEM for Scale Separation Case . Now we
discuss the scale separation case. For the analysis of the case with scale separation,
it is sufficient to assume Assumption G for homogenized part of the pressure. Next,
we briefly review homogenization. We consider a two-phase flow model problem in a

scale-separation form

—div(AN(x)k*(z)Vpe) = f(z) in
(3.18)
pe=0 on 09,

where A(z) is a positive smooth function and k¢(x) = k(x/e€) is a symmetric, positive
definite matrix and k(y) is a periodic function, y = z/e. The corresponding single

phase flow problem is

—div(k(x)VpP) = f(z) in Q

(3.19)
piF=0 on OfL
Using a formal multiscale expansion p.(x) = po(z) + ep1(x, £) + - - -, one can obtain
the homogenized equation associated with (3.18)
—div(ANx)k*Vpo) = f(z) in
(3.20)

po=0 on 09,

where matrix k* = {k};} and kj; = (k;; + k‘im%ﬁ, in which y; is Y-periodic and

solves the auxiliary equation
div(k(y)Vy;) = —div(k(y)e;) in Y, (3.21)

where e; is the unit vector with 1 in j-th component. Similarly, one can derive the
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homogenized equation associated with (3.19),

—div(k*Vpl’) = f(x) in Q
(3.22)
py, =0 on 0.
Let us recall the standard MsFEM [38], for which dX is chosen to vary linearly

along OK authors in [39] obtained the following theorem.

Theorem 3.2.2. Let p. and py, solve the equation (3.18) and (5.6) respectively, then
for h > e,

(1) lpe = pully < Ch| fllo + C\/5:
(2) [Ilpe — pullo < Ch?| fllo + Ce+ Cx.

Employing over-sampling technique to reduce resonance error, authors in [32]

obtained that

€
Ipe = pullin < Clh+ Ve + ).

Let us come back the MSFEM using limited global information for the scale
separation problem. The Assumption G, for the case with scale separation, can be
replaced by

Assumption G-S. There exists a sufficiently smooth scalar valued function G(n)

(G € Ws’s%, s > 2) such that
Ipo — G(pg") e < Cdy, (3.23)

where dg is sufficiently small.
The convergence estimate can be easily derived repeating the steps of no-scale
separation case, if we estimate |p. — G(p?)|1.0.

Let x = {x1, ", Xn}. We introduce

Pe =po+exVpo, P =py +exVpy .
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Next, we write

Ipe — G(DF) 1,0 < [pe — Delr,0 + [Pe — G ) 1,0 + |GHF) — G0F)|1,0- (3.24)

The first term on the right hand side of (3.24) can be estimated using (e.g., [46])

Ipe — Pel1.o < CVelpola.a- (3.25)
For the estimation of the second term on the right hand side of (3.24), we have

e — G(B) 10 < (I + Vyx)Vpo — G'(5F) (I + VyX) Vg o0

+[exV2pollo.o + IG"(57)ex V2pg llo

< T+ Vyx) (Voo — G'(57)VoeP)llo.a + Celpolan + Celpy 2.0

< ClIVpo — G'(BF )V llo.0 + Celpolag + Celpy’l20 (3.26)
< CIVpo = G'(p") Vi o + CIG (05") = G'(58) V"o + Celpolze + Celpi |20

< ClIVpo = G'0") Vo llo.e + Clipg” — BNl @) 1 VPR [l + Celpolz,o + Celpy|20

< C|Vpo = G' (0" )V lloe + Cell Vg llo.o + Celpola,a + Celpy l2.0-

For the third term on the right hand side of (3.24), we have

IGBF) =GP )e < (G ®F) — G'BF)VDElloe + [|IG(BI) (VL — VEE) o
< Clp = p&llooal VP o + ClpF — P10 < CelpFlia + CVelpy|20.
(3.27)

Combining the above estimates, we have

pe = G(pP) e < CVelpolza + [[Vpo — G'(00") VR llo.at (3.28)

Ce(|plre + pd[10) + CVelpy |20

Following the error estimate derived for no-scale separation case we can obtain the
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estimate for |G(p*P) — c¢;¢pX|. Thus, using Assumption G-S, we have

Ipe — o) o < CVelpolaa + Co + Ce(|pPlin + P 110)+ (3.29)

CVelp a0 + ChI72% < Cdg + C/e + Ch' =",

Thus, we have the following theorem.

Theorem 3.2.3. Under Assumption G-S and the fact that p € W'5(Q) (s > 2)
and |pola.g + |pi |20 is bounded, multiscale finite element method converges with the

rate given by (3.29).

3.2.2. Mixed MsFEM Using Single Global Information

Mixed FEM . For simplicity, we assume Neumann boundary conditions. First,
we review the mixed multiscale finite element formulation following [22] (see also

[1, 10, 9]). We can rewrite two-phase flow equation as

Ae)lu—Vp = 0 in Q
div(u) = 0 in Q (3.30)
AM2)k(z)Vp-n = g(z) on 09,

where A(z) > ¢ > 0 for some constant ¢ and k is uniformly positive , symmetric
and bounded. The variational problem associated with (3.30) is to seek (u,p) €
H(div,Q) x L*(Q)/R such that u-n = g on 9 and

(k) Mu,v) + (dive,p) = 0 Yo € Hy(div, Q)
(3.31)

(divu,q) = 0 Vqe€ L*(Q)/R.

By defining
a(u,v) = (M) tu,v),  blv,q) = (divv, q), (3.32)
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we can rewrite the weak formulation as

a(u,v) +b(v,p) = 0 Yo e Hy(div, ),

b(u,q) = 0 VYqe L*(Q)/R.

Let V}, C H(div,Q) and Q;, C L*(Q)/R be finite dimensional spaces and V0 =
Vi, N Ho(div, Q). The numerical approximation problem associated with (3.31) is to
find (up,pn) € vp X Qp such that uy, - n = g, on 082, where g, = go - n on 0f2 and
go.n = Zee{aKnaﬂ,KeTh}(fe gds)N,, N, € V,, is corresponding basis function to edge

e, and

((NE) M up, vp) + (divop,pp) = 0 Vo, € V2

(3.33)
(divun,qn) = 0 Vau € Q.
One can define a linear operator By, : V}! — @, by (Brun, qn) = b(un, qn)-
Suppose that the following conditions are satisfied
a(up,up) is  ker By, — coercive (3.34)
inf sup b(on 4n) >C. (3.35)

0 €Qn vpeVy, ||V || H(div,) || an | L2(0)

Then the following approximation property follows (see e.g., [19]).

Lemma 3.2.4. If (u,p) and (up, pn) respectively solve the problem (3.31) and (3.33)
and the conditions (3.34) and (3.35) hold, then

| —un||g@ive) + 0 —prlloe < inf  |lu— o4l H(give) + I0f ||p—anlloq. (3.36)
v VY ah€Qn

vp—90,h EVY
If we assume that V), = RTj,, the lowest Raviart-Thomas space, and @), =
@D Po(K), the piecewise constant space, then the standard mixed finite method

theory [19] implies the following estimate for scale-separation problem with physical
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scale length e.

Proposition 3.2.5. If Vj, = RTy and Q, = @y Po(K) and f € H', then
h
lue = unllrain.g) + lIpe = Prlloe < C—llflloe + Chlflia + Cellgll_1 0. (3-37)

Remark 3.2.2. In the Proposition 3.2.5, we have used the reqularity estimate, i.e.,

[uclio < Ce ' fllia-

Since € is very small in practice, Proposition 3.2.5 implies that traditional mixed
finite element does not work well for the multiscale elliptic problem.
Local Mixed MsFEM . We would like to follow the local mixed MsFEM in

[22] to discuss the scale-separation problem

divA(z)k(x)Vpe =0 in Q
(3.38)
AM2)k(x)Vpe -n=g(x) on 09,

where k¢ = k(x/¢) is e-periodic and  C RY. Owing to multiscale expansion and

identifying the powers of €, we can get the following homogenization equation

divA(z)k*Vpy=0 in Q
(3.39)
AN2)k*Vpy-n=g(xz) on 09,

where k£* is the homogenized matrix and is defined previously.
For further analysis, we define first order corrector p.; = po + exVpy, and the

boundary corrector 6. € H' /R, which solves

divA(x)k(x)Vl, = 0 in (3.40)
: = DBy,
AM2)k(x)VO. -n = o, (aij(e)ﬁxk) n; on 0, (3.41)

where n = {ny,--- ,ng} is the unit outer normal to 9 and afj is zero mean skew-
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k
symmetric matrix such that Tu = ky +k:” By, —k}; . The following estimate is derived
in [22].
Lemma 3.2.6. Assume that py € H*(Q2) N W1>(Q), then

(1) |Vpe = V(pe1 + €0)]o.2 < Cel|A||o.co(|Pol2.2 + [Pol1.0);
(2) 1€VOc]loo < Cel[Allo,collPoll2,0 + Cv/€[0Q[|A]0,00|P0l1,00,0-

The similar result holds for the solution of single-phase flow equation by pi?, i.e.,

VP = V(pch + €0o)lloe < Cellpg’l2.0 + 1Py’ [1.0)

and
1eVOP o0 < Cellpy’ ll20 + Cv/ €l0OU[Py’ |1,00.0-

For Mixed MsFEM, one need to solve local problems to construct basis functions
for velocity. Following Chen and Hou [22] (see also [9]), one can construct multiscale

basis functions for velocity in each coarse block K

1
div(k(z)Vw]) = I in K
K K (3.42)
k(x)Vwin! = CORa
0 else,
where eX’s are the edges of K and g~ = IelK\ in local mixed MsFEM proposed in [22].

Then, we can define the finite dimensional space for velocity by

Vh = @{wzl(}v
K
VY = Vi Hy(div, ),
where 5 = k(z)Vuwk.

Let Qn = @, Po(K)NL*(Q)/R, a set of piece-wise constant functions. We state

the convergence theorem for scale separation problem as following.
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Theorem 3.2.7. Let (u,, p.) € H(div, Q)xL*(2)/R solve problem (3.31) and (uy,, pp) €
Vi, X Qn solve the discrete variation problem (3.33). If the homogenized solution

po € H2(Q) N WLH2(Q), then

|we — un || H(div,0) + [|Pe — Prllo.

E (3.43)

< Cilpo, e+ Co(po, A, )b+ Capo, \)Veh + Ci(po, Ay 4.

where the coefficients are defined in (3.54), (3.58) ,(3.56) and (3.57) respectively.

We give a brief proof for the sake of completeness (also refer to [22]).

Under the above finite element spaces, the well-posedness of the discrete problem
is easily verified [22], that is, (3.34) and (3.35) are true for the local mixed MsFEM
spaces.

In order to make the error analysis we only need to make an estimation of right-

hand in (3.36), in which the second part is easy to estimate. We have

Proposition 3.2.8. Let p. and py, be the solution of pressure in (3.31) and (3.33)
respectively, then

inf |Ipe — qullo < Chl|g|]

ah€Qn Hﬁ%(am (3'44)

Proof.  Define g, = ﬁ | 5 Pedx in each coarse block K. Then we apply Poincaré
inequality (2.9) and regularity estimation of elliptic equations, the conclusion follows

immediately. That is

inf - < —q < <
it {lp. = aullo < Ipe = @l < CRIVPlo < Chllgll,

We define the multiscale interpolation operator I, : H(div,Q)) — V}, by

Hpulx = (/K u - n"ds)pl (3.45)

7



34

Let RTy = span{RX,i = 1,2,--- ,n; K € 7,} be the lowest order Raviart-Thomas

space and define the interpolation operator P, : H(div,2) — RTg by

Puu|g = (/K u - nds)RE (3.46)

i

It is easy to check that divIl,u = divP,u and II,u - n® = Pyu - n¥.

Right now we still need to estimate the first term in the righthand of (3.36).
The basic idea is to choose a particular u;, approximating u. very well. Let the
homogenized velocity ug = Ac*Vpy and choose 5| = Il ug and so we have that
th — gn € V2, where g, = Y econl fe gds)yYE. Consequently, it remains to estimate

\|tte —th || (div,0)- From the definition of ¢, an easy calculation gives rise to div(ts|x) =

0 and divu, = 0. Therefore, we have
||diUUE - divthHo’Q = 0. (347)

The next step is to estimate ||u.—tp|/o,o. The nature idea is to use homogenization

technique. We set wX = afw[ where o = [ x up-n"ds and then ¢, = k*VwX

and divk*VwX = divPyug = 0 in K, where w € H'(K)/R satisfies the following

equation

divkVuw® = 0 in K (3.48)

EVwE -n® = Pag-n®™ on el (3.49)

Let wk be the solution of the corresponding homogenization equation, that is
divk*Vwl = 0 in K (3.50)
EVwl -n® = Pug-n® on eF. (3.51)

1

Let wf = wl + exVw{. To estimate ||u, — tp[|o.0, we need the following lemma.



35

Lemma 3.2.9. Let pS and wi be defined in the above, then

lwi” = pol1,x < CRIA™ = lo,00,x || M| 1,00,1 [1P0 |2,
P} — wii,x < CIANT" = 1o 0o + ) Al1,00,5 ]P0l 12,K (3.52)
_d
Wi 1,00, < CR™ 2| M|1,00,5 [P0l 2,5¢ + ClIA||0,00,5 [P0 1,00, K-

Proof. Owing to k*Vwl = Pyug € L*(K), we get that wl € H*(K) N WH>(K).

Applying the interpolation estimate of Raviart-Thomas finite element, we obtain

[wi = pol1,ic = [|(K*) ™ Paug — (M) uolo,x
< CIN = o cosc || Prtto — uollo,x
< Ch|IA™ = 1|o.co.x|u0l1.x

< ChIIA™ = 1lo,00,1 | Al|1,00,5 120 | 2,5 -

Since Vuwl* = (k*)~' Pyuo and P, is bounded, we get

|wé<|1,K < C|)\|0,oo,K|p0|1,K

|wé<|2,1< < C|M|1,00,51P0 2,5 -

Using the above estimations, we obtain

P — wi |k < [po — wi 1k + |(Vy - X)V (o — wi) o + €llx(Vpo — V2w ) [lo.x

< ChIIN = 10,00, [I\]1,00, 5 10 |2, 2 + CElA]|1,00, 5 [P0 2,5

As for the last inequality in (3.52), we invoke the inverse inequality of finite elements
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and then we get that

‘wé(|1,oo,K < CO|Pyuo— < ug >k Ho,oo,K +C| < u >k Ho,oo,K
d
< Ch_5HPhu0— < Uy >k H(],K + CH < Uy >K ||0,oo,K

d
< Ch 2 A 1ok 20 ll2.5 + ClIM 0,005 [P0 1.00.5
]

Applying the definitions of u. and t; and the Lemma 3.2.9, we estimate ||u. —

trllo.q in the following way.

[[we = thllo,x

< O = ook (IVPe = V£ [Jo.x)

< CIA = Ulooo, x ([IVPe = Vi llo s + VD] = Vit [lox + [V = Vw!lox)

< O = oo, {000, [P0l 2,56 + w5 [l2,5)+

Ve (|| Mllo,oo, 1 1Pol 00,1 + [0 |1.00,1) + (RIIAT" = o001 + €)Ml 1,00, Pl 1}

< COg1(po; A)e + Cr 2(po, M) h 4 Crk 3(po, )\)\/a + Cr a(po, A)Vehd1,
where we have used Lemma 3.2.6 and the following notations

Cr1(po; A) = ClIA = 1loce,x | Ml1,00,5 [P0l 2,5
Cr20,A) = ClIXA = 1looo,x A" = Llo,00,1 | All1,00,5 D0 |2,
Cr3(po; A) = ClIA = 1loce,x | M1,00,5P0ll2,5

Crapo, A) = ClIA = 1loce,x (1 + [[A]o,00,5) [[Po]]1,00,5-

Therefore, taking summation all over K, we have

e — thllo.a < C1(po, Ne + Caolpo, NI+ Cs(po, MVeh + Cy(po, A)\/% (3.53)
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where we have used the fact that the family of the mesh is quasi-uniform, and the

notations are

Ci(po, A) = ClIA = 1o,c0,0l[All1,00,0[lPol|2,0 (3.54)
Capo, A) = ClIA=1lomo A" = Ulosal M1 conllpoll20 (3.55)
Cs(po, A) = ClIA = 1o,0,0l[All1,00,0[Pol|2,0 (3.56)
Ci(po; A) = ClA = 1lo.c0.0(1 + [[M0,00.0)[[P0]]1,00,0- (3.57)

Using (3.47) and applying the Proposition 3.2.8, we immediately get

|te = up || H(div,0) + [[Pe — Prllo

< C1(po, Ne + Ca(po, A, g)h + Cs(po, \)Veh + Cu(po, ) %7
where
Ca(po, A, g) = C~Y2(]?0> A)+ CHQH—%,@Q' (3.58)

This completes the proof.

Remark 3.2.3. It follows from the above proof that the resonance term O(,/7) comes

from the terms |pol1.co. - If the po can be exactly solved by some finite element method,

then we can use inverse inequality, i.e.,
1Poll 1,00, < CR =% |pol2.xc
and the Lemma 3.2.9 implies that
[0 10,50 < OB~ 3 Al o [Poll2.x

so resonance is vanished. Consequently, the convergence rate would be O(e+h-++€h).

Remark 3.2.4. From the proof of the convergence theorem, it follows that A\ €
Whe(Q) and A7t € L=(Q).
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Remark 3.2.5. If over-sampling technique is used to approzimate the flur u. (see

[22]), then the resonance error O(\/5) can be reduced to O(5).

Mixed MsFEM Employing Single Global Information . We have already
reviewed local mixed MsFEM. Now we propose a mixed MsFEM that employs single-
phase flow information. Suppose that p*P solves the single-phase flow equation. We
set b = (kVp|.x) - n® and assume that b is uniformly bounded. Then the new
basis functions for velocity is constructed by solving problems (3.42) with Neumann
boundary condition ¢/ = b¥ /3K where gX = fef kVpP-nfds. For further analysis,
we assume that 85 # 0. In general, if 85 = 0 one can use local mixed multiscale
finite element basis function to fix this part. Let 95 = k(z)VwX and the multiscale

finite dimensional space V)0 for velocity be defined by

Vi = @} c H(div, ),
K
VY = ViyN Hy(div, Q).
First, we will show that the resulting multiscale finite element solution for velocity
is exact for single-phase flow (i.e., A(z) = 1). Let vy|x = BEYE, then S5 is the

interpolation value of the fine scale solution. Furthermore, a direct calculation yields
(vnlex) - 0" = kVp™ - n*. Because
: K j- K 1 s K 1 . s
divvy, = B;° div); = — kEVp?-n"ds = — [ div(kEVp*™d) =0,
K| Jox K| Jx

the following equation is obtained immediately

dive, = 0 in K (3.59)

vp -0 = EVpT-nf on 0K (3.60)

Because div(kVp*?) = 0, we get the following proposition.
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Proposition 3.2.10. Let 3% = fK kVps? - n¥ds, then on each coarse block K
kVp™ = Bl (3.61)

We re-formulate our assumption for the analysis of mixed multiscale finite ele-

ment methods. From (3.8), it follows that
IVp = G'(p™)Vp™loe < C.
Using the fact that k& and A(z) are bounded, we have
IA@)kVp = G (pP)A(@)kVDpTlo.q < CO.

Noting that v = A\(x)kVp and u*? = kVp*P| it follows that there exists a coarse-

scale function scalar A(z) such that
lu — A(x)u||on < 6. (3.62)
Since A(z)u®? approximates u, we assume that it has small divergence,
|/ div(A(z)u?)dz| < Coh? (3.63)
in each K, where d; is a small number. For our analysis, we note that (3.63) gives
| A(z)u? - n®ds| < Coh2. (3.64)
oK
We will assume that A(x) € C7 (0 <y < 1). (3.64) can be written as
| Z A; /K u? - nfds| < C6 R (3.65)

Here A;’s are defined as A; = [ x A(x)u?-n"ds/ [ x u*?-n"ds, since [ xu®-n"ds =

(5 £ 0. Note that not for any A(x), A; is necessarily a value of A(x) along the edge

K

el because u® - n' can change sign. However, we only need to define A(x) for each
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edge by its value A; (e.g., the value of A(z) at the center of edge). Then, for any such
A(x), (3.62) is satisfied provided 6 < h?. This can be directly verified. Thus, our
main assumption will be (3.62) and (3.65), where A(z) is defined, for example, at the
center of each edge el*. We would like to note that from the fact that div(A(x)u®?) is
small in each K, it follows that A(x), for example, can be taken as an approximation
of stream function corresponding to u*P.

Next, we present our error analysis. If inf-sup condition (3.35) is satisfied, then
(3.36) hold. We will investigate the inf-sup condition under some specific assumptions
for the mixed MsFEM using multiple global information in Section 3.3.3. Based on

3.36), we estimate ||t — cKVX|| g aiv.y With appropriate cX.
1 1 ( ) ) 1

lu = &9 @) < llu— "9 log + div(e ¥) llo0. (3.66)

Because div(yf) = 1/|K|, the second term is equal to + > . |>,cf|. Next, we

choose ¢/ = A; . Then, noticing that 57 = [ . u® - n"ds, we have from (3.65)
1> K| < con’

for each K. Consequently, for the second term on the right hand side of (3.66), we
have

ldiv(c{ ) llo < Co1.
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For the estimation of the first term on the right hand side of (3.66), we have

lu— ¢ lo,x
< llu— A@)uox + [|A@)u” — ¢ ¢ [lo.x
< lu— A(@)u?|ox + [|(A(x) — A )u||ox + |Axu™® — 4859 ok (3.67)
< llu = A(@)u"|o.xc + CllA@) = A oo, [u o + I (Ax — Ai) B [lo,x
< Jlu = A(@)ullox + CllA(x) — Ak lloo i lu™llox + [Ax — Ailh,
where Ay is the mean of 4;. Here, we have taken into account that |3:] < Ch and used

Proposition 3.2.10. Summing (3.67) over all K and taking into account A(x) € C7,

we have

[|u — Ci@DZKHO,ﬂ < Cdé+ Ch".

Thus, we have the following estimate
lu = e || a0y < CO+ Cy + ChY.

According to (3.36), for those K, K [0S # 0, we will adjust proper cX such that
Kk — gop € V2, but this adjustment will not affect our convergence rate. As
for pressure approximation, choosing ¢, = (p)g in each K, where (-)x denotes the

average over K, we can obtain an estimate for the second term on right hand side of

(3.36) by Ch.

Theorem 3.2.11. Assume (3.62) and (3.65) and A(x) € C7, 0 <y < 1. Let (u,p)
and (up, pp) respectively solve the problem (3.31) and (3.33) with single-phase flow

based mized multiscale finite element, then
||u — uhHH(dw,Q) + ||p —tho@ <Co+CH +Ch. (3.68)

Remark 3.2.6. By lemma 5.3 in [3], no inf-sup condition is assumed and it follows
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that

||u — uhHO,Q S 05 -+ Chﬁ/

In the following, we will use the mixed MsFEM using single phase flow informa-
tion to solve a scale separation (e-scale periodic) problem (3.38).

For the error analysis, we assume (3.23):
[P0 — G(py) 1.0 < Coo. (3.69)

As we showed previously that if & = k(z/¢), this assumption implies the assumption

(3.8), which implies in its turn (3.62). (3.69) is equivalent to
1Vpo — G'(9") Vi oo < Cdo.
Because k* and A(z) are bounded, we have
|lup — A(z)ug o0 < Cdo. (3.70)

(3.70) is the main assumption for the case with scale separation along with the as-

sumption (cf. (3.65))
>4 /eK WP K ds| < CoR2. (3.71)
Similar to the case of Galerkin method, one can derive the convergence rate for mixed

multiscale finite element method. In this case, the convergence rate does not contain

the resonance error and the following theorem holds.

Theorem 3.2.12. Assume (5.70), (3.71), A(z) € C7 (0 <~ < 1), |pola.a + [p5 |20
and ||Vpollso.o + IVPY |2 are bounded. Let (uc,pe) and (un,pr) respectively solve
the problem (3.81) and (3.33) with single-phase flow based mized multiscale finite

element, then

||u6 — uh||H(div7Q) + ||p5 - thQ@ S 050 + 051 + O\/E + ChY. (372)
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Proof. Set
e = M (I 4+ V,X) VDo + eAK Vpox + eAk VO,

and
U = k(I + V,X)Vps + ek V2px + ek VP

where x, 0. and 6?7 are defined in the part of local mixed MsFEM.

We define ¢/ as the same as in the case continuum scale. Hence we have

||Us - Cinz‘KHH(div,Q) < ||Us - C;'sz‘KHQQ + (1. (3-73)
As for the first term on the right hand side of (3.73), we have

lue = ¢ o flog < llue — Al@)uPllogo + [ A(@)u — ¢ og
(3.74)
< lue = A(@)uF oo + CI*,

where we used the same argument as in the case of continuum scale for the second
term in right hand side.

A straightforward computation gives rise to
[ue = A(z)ulloo < llue — tellog + [Jte — A(z)uello.o + |A(2)w — Alz)ue|loq
< (Celpolz.0 + CVelpoli,00) + Cdo + (Celpy’ |20
+ CVelp’1,00.0)

< Ce(|polan + 13 |2.0) + CVe(Ipolicon + [P0 11,00.0) + Co,

(3.75)

where we have used Theorem 3.1 in [22].

If we choose q|x =< pe >k, then

||pe - QhHO,Q S Ch.

Invoking Lemma 3.2.4, (3.73), (3.74) and (3.75), Theorem 3.2.12 follows immediately.
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O

Remark 3.2.7. Comparing Theorem 3.2.7 and Theorem 3.2.12 , we see that the

resonance error \/% 15 removed by applying the mixed MsFEM using limited global

information.

3.3.  Multiscale Methods Using Multiple Global Information for Elliptic Equations

In this section, we consider some multiscale methods using multiple global fields.
First we introduce partition of unity method (PUM) and investigate the global mul-
tiscale method based on PUM. Second we introduce multiscale finite element method
based on harmonic coordinates proposed in [53]. Third we propose a mixed MsFEM

using multiple global fields.

3.3.1.  PUM Using Multiple Global Information

Partition of unity (PUM) method is also a multiscale numerical approach. It
was first introduced in [14] to obtain an accurate numerical solution of second order
elliptic equations with rough coefficients. Based on this idea, the approach is further
elaborated on in [49], where it is named by partition of unity methods (PUM). The
main idea of PUM is to find an accurate approximation in each “patch” and then
use partition of unity functions to “paste” those patch approximations together. If
one knows more information about solutions of partial differential equations and
enrich this information into patch approximation, then an accurate approximation of
numerical solution can be obtained. Motivated by this idea, we have designed a PUM
using global information to solve elliptic and evolution equations where the coefficients
have continuum scales. Standard localized multiscale methods or upscaling techniques

are not very suitable for these problems because these problems do not possess scale



45

separation and homogenization techniques are not applicable. For our analysis, we
use the fact that the solutions of partial differential equations smoothly depend on
certain global fields (defined over the entire region), which carry the information on
the small scale structure of the solution. These global fields are used to construct
shape functions in each patch. This is not a trivial extension of MsFEM that employs
limited global information because the construction of basis function in every “patch”
are different from that global MsFEM discussed previously, i.e., basis functions in each
“patch” are the span of multiplication of partial unity functions and global fields.
Our analysis shows that the convergence rate of this PUM in H! for continuum scale
problems is O(h*) (h is the size of coarse meshes), which is free of resonance errors
as global MsFEM and global mixed MsFEM. This method shares some similarities
with the recent work in [53] and [52].

Introduction to PUM . In this subsection, we will apply PUM to the following

model elliptic equation

—divk(x)Vp(x) = f(z) in

(3.76)
p(z) =0 on Of.
The numerical variational formulation is to find p, € S, C H}(Q) such that
a(pn,vn) = (f,vn) Yon € Sh, (3.77)

where a(pp,vn) = (EVpg, Vo).
The definition of PUM in [49] implies that there are three ingredients for PUM.

The first one is patch family {w;}, which a finite open cover for the domain ). The
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second one is the partition of unity {¢;} subordinate to {w;} satisfying

suppyp; C closure(w;) Vi,

Zapz(x) =1, Ve,
i (3.78)

[@illo < Coo, Vi,

Ce

<Gy
oo = diam(w;) !

||VS01'

The third one is the family of local approximation spaces {V;} corresponding to the
patch family {w;}. A finite approximation space S¢™ for the problem (3.77) can be
defined by

SEM = Vi = {pvi| v; € Vi} C Hy (). (3.79)

For better accuracy, we have a modified definition for the finite approximation space
SEM,

S}JLV[GM = {a'jwj + QOZ'UZ| 'IZJ]' € S}If,'l}i € V;} C H&(Q) (380)

For example, the modified space SMEM is used in [58]. The first term recovers some
standard FEM information like polynomial properties. The second term captures
the information from each local approximation. For simplicity of our mathematical
analysis, we use the regular approximation space S¢M in this section.

Let E(w;) :={p: fwi kVp-Vpdr < oo} be the energy space on the patch w; and
for every i, V; = span{&y, € E(w;) : k = 1---m(k)}, then the weak formulation
is to seek pj, = sz cipi&ir so that (3.77) holds. The problem reduces to the linear
system

Ac=F, (3.81)

where the components of the stiffness matrix A are

Al syi k) = al@i&s, pikr)  (Li=1---Nys=1---m(l);k=1---m(i)), (3.82)
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and the element for the load vector F' is

F(l7 8) = <f7 (plgls)wl- (383)

Let & approximate p on each patch w; and satisfy that

lp—¢&F

p—¢&F

wio <€), (3.84)

w;,1 S 62(@). (385)
The basic result for convergence analysis of PUM (or GFEM) is as following.

Lemma 3.3.1. [/9] Assume that the local approximation satisfy (3.84) and (3.85).
Let &P be the GFEM approzimation to p such that & = ¢;&P, then

lp—€llon < VMC(D_ (i), (3.86)

p—&ha < V2M((

= )e(0) + CLe(0))2, (3.87)

where M is the overlap index associated with {w;}. Furthermore, if the local approzi-
mation spaces {V;} satisfy the uniform Poincaré property [12], then there exist ff’ eV

such that the global approximation ép = goiéf-’ and

lp—Ellon < C(diam*(w;)ed()), (3.88)

lp— e < 0O &) (3.89)

Remark 3.3.1. If the patches w; are convex and not too “flat”, then the uniform

Poincaré property is satisfied and can be described in terms of some geometric condi-

tions of w; [13].

Local Multiscale PUM . Similar to MsFEM in [39], a multiscale basis for

PUM is used to approximate to p in each patch w;, that is to say, V; = span{ég’i,j =
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1---m(i)}, where the generalized multiscale basis ¢7" solves

—div(k(z)Ves) = 0 in w;
¢y is  linear on  Ow; (3.90)
Qﬁ(zf) = djp-
Here the z; are the vertexes of w;.
We would like to make a comparison with MsFEM proposed in [39] and take
k(z) = k(%) in (3.76). For this e-periodic problem, Lemma (3.3.1) implies the follow-

ing theorem.

Theorem 3.3.2. Let p. and p, € SSM solve the problem (3.76) and (3.77) respec-

tiwely in 1-D (one dimension), then

Ipe = pally < Chl|fllo (3.91)

and

lpe = prllo < CR*| £ lo- (3.92)

Proof. Let & = p; in each patch w;, where p; is the interpolation of p. with basis
function defined in (3.90). Then we apply the results of [39] and find that £} in each

patch w; C €2 C R such that

Hpe - gszO,Wi < Chz”fHO,wi? (393)

|p€ - gﬂl,wi < Ch|f||0,wz (394)

Let &P = ;&? (summation convention is used). Applying the (3.93) and (3.86), we
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get that

lpe = pallo < OO RAIFIR )2
< CB2 flo-

The proof of (3.92) is done. On the other hand, we notice (3.93), (3.94) and (3.86)

so that we obtain

C? 1
[pe = puly < CQY_ SE I3, + CEPNFIR0)?

< Chlifllo-

Owing to the result (3.92) and the above estimation for semi-norm, the result (3.91)

follows immediately. O
As for the model problem (3.76) in d-D (d > 2), we can get the following results.

Theorem 3.3.3. Let p. and p, € SSM solve the problem (3.76) and (3.77) respectively
in d-D (d > 2), then for h > €

(1). llpe = pulli < Chl[fllo + C\/5

(2). |pe — pallo < Ch?|| fllo + Ce+ Cx.

Proof. Since the proof of d-D for d > 2 is the same as the case of 2-D, we show
the proof for 2-D for simplicity. Applying the homogenization technique and taking
multiscale expansion for solution u, and generalized multiscale basis, we can get the
above results. These techniques are used in [39]. For completeness, we provide a
short proof here.

Let po be the homogenization of the solution p, to our model problem and p}

be the interpolant of pgl|,, with the multiscale basis defined in (3.90). Since p. and
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p]" have multiscale structure, they have the multiscale expansion on each patch wj,

pe = po+epr— €b + Rpe, (3.95)

p;t = piy+epr — et + Rpi. (3.96)

From the first order corrector in [50] and the proof of lemma 5.4 in [39], we obtain

that

[1Bpellw; < Celpola.w, (3.97)

||Rp(}}l||l,wl S C€|p0|2,wi~ (398)

Applying the triangle inequality and the above estimation for remainder terms, we

have

Ipe = P7" lw: < Celpolzw; +1lpo = Prollsw: + l€(r = Pri) 1w + [1€(Be = 07 |10, (3.99)

We are going to estimate the last three terms on the right hand of (3.99). In fact,

the interpolation with linear FEM implies that
1P0 = PrgllLw: < Chlpolaw,- (3.100)
By the definition of p; and p7;, we obtain that
le(pr = Pl < (Ch+ Ce)lpof2, (3.101)
Invoking the interpolation inequalities in Sobolev spaces, we get that

l€(Oc = 071w < ll€0ellrwi + €071,
< Cellprl1 o, + Cellpnll1 o,

< CVe|lpollaw, + CVeh. (3.102)
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Thanks to (3.99), (3.100), (3.101) and (3.102), the following inequality follows imme-

diately

1Pe = 7' [l100 < C(h+VE)lpoll2w, + CVeh. (3.103)
Define £ = p% and € = ;€. Owing to the best approximation property and

(3.89), a straightforward calculation implies that

Ipe = pallig < llpe — €

sc¢imm—wwM
7

< Chll oo+ 5

This completes the proof of (1). As for the L? convergence, we may use the analysis

1,0

of discrete Green function as in [39] and then use Lemma (3.3.1), we omit the details

here. O

Therefore the previous analysis implies that local PUM defined in (3.90) is equiv-
alent to local MsFEM in [39].

PUM Using Multiple Global Information . The multiscale finite element
methods in Section 3.2.1 employ information from only one single-phase flow solution.
In general, depending on the source term, boundary data, and mobility A(S) (if it
contains sharp variations), it might be necessary to use information from multiple
global solutions for the computation of accurate two-phase flow solution. The previous
multiscale finite element methods can be extended to take into account additional
global information. Next, we present an extension of the Galerkin multiscale finite
element method that uses the partition of unity method [49].

As the motivation in Section 3.1, we assume that p;, po,..., py are the global

functions such that |p — G(p1,p2, ..., pn)|1,0 is sufficiently small. Here, p,...,py can
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Fig. 3.2. Schematic description of patch

be possible pressure snapshots for different \(S) or pressure fields corresponding to
different source terms and/or boundary conditions. Let w; be a patch (see Figure 3.2),
and define ¢! to be piecewise linear basis function in patch w;, such that ¢?(x;) = d;;.
For simplicity of notation, denote p; = 1. Then, the multiscale finite element method

for each patch wj; is constructed by
bij = B7D; (3.104)

where j = 1,.., N and i is the index of nodes (see Figure 3.2). First, we note that in
each K, ), 1;; = p; is the desired single-phase flow solution.

We will use the following assumption.

There exists a sufficiently smooth scalar valued function G(n), n € RN (G €

3,25
Ws=2, s> 2), such that
lp = G(p1, .-y pv)a < C9, (3.105)

where 0 is sufficiently small.

From the stability estimate, we have

lp—prlia <|p—G{P1,..,pn) 1o+ |GD1, ., PN) — cijijlio, (3.106)
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where ¢;; is chosen later. Next, we present the choice of ¢;; and the estimate for the

second term. In each w;, we choose ¢;; as

and

—i . oG —i \—i

Ci1 = G(pla --->pN) - —(p1> ---apN)pj>
op;
J

where ]3;'» is the average of p; over w;. We note that the following Taylor expansion in

each w;

J

where R; is the remainder given by

1 9°G
_22829 o fl,- >€N)(pk_pk)(p p])

where & =P, + 0'(pr, — D), 0 < 6" < 1. Then, it can be shown that in each w;

_ _ oG ,_ _ _
|G(p1, s PN) — CijDj 10 < |G (D1 '-'apN)_l_%(pla o DN (D5 — D) — CiPil 1w + [ R]1 ;-
J

The first term on the right hand side is zero because of the choice of ¢;;. Under the
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assumption that p; € Wh(Q) (s > 2), we have

Z PG , ,
. < - - — _nt )
‘Rl‘l7wl — C : ||8pl8p38pk vpl(p] pj)(pk pk)||07wl

+CZH8PJ

< C'th 4/S|pj|lswz|pk|lswz|pl|lwz —G—C'Zhl 2/S|pj|lswz|pj|lwz

— D)V, + (0x — D3) Vi llow,

dikol J (3.107)
< CZh2 4/s ‘pj|lsﬂ|pk‘ls§2‘pl|1wl _'_Czhl 2/s |pj|lsﬂ|pj‘1wZ
Jik,l J

S CZ h2_4/8|pl|1,wi + CZ h1_2/8|pj|1,wi
l J
< CR7S " |pil,
l
It can be easily shown that
|Rilow, < C Y Nl(p; = B5) 0k — Pi)llow,
gk

< C Z h2_4/s|pj|1,s,wi |pk|1,s,wih (3108)
J.k

S Ch3_4/s Z |pj‘1,s,wi-

J

Following [16], we have
Gl espn) = vl = [ 191G = cyolp)Pdo = [ V(G = cupy) P
< C’/| — CijP; V¢0|2d:)3+0/ |09V (G — cijpj)|Pdx
< EZ/W.‘RZ"2dx+Z/w-WRi‘2dx (3.109)
<C> %hﬁ_g/s D il e HCRTI N Nl
i J i g

< Ch4—8/s + Ch2_4/8,
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where we have used the fact that >, ¢? = 1 and C depends on the overlapping index

of w;’s. Consequently, we have the following error estimate
[P — pulia < C6 + Ch' 25, (3.110)
Theorem 3.3.4. Assume (5.105) and p; € W1#(Q), s >2,i=1,..., N. Then

Ip — pulia < C8 + Ch'=2/,

3.3.2. Harmonic Coordinate System Methods

In this section, we introduce multiscale numerical methods based on harmonic
coordinates [53]. This is an extension of the Galerkin FEM in [53] to mixed FEM.
The idea is to find the global fields p; (i = 1,--- ,d, where d = dim(2)) so that p;

satisfy the following equation

div(k(z)Vp;) =0 in
(3.111)
P = I; oOn o0f.

Let F' = (p1,--- ,pq), then one can show that po F~1 € Y. Let L; be the stan-
dard linear base function associated to the vertex (pi(x;),--- ,pa(x;)). We define the

Galerkin finite element basis by

Let pp, be the solution of (3.77) using the Galerkin finite element basis function
1;, one can obtain [53]

1P = prllie < CR|| flleo 0

Amaz (k)(l‘)

) Amax (VFTEVE)
v and essup,eq(

W). This is the convergence

where v depends on (2,
rate of the Galerkin FEM in harmonic coordinates (p1,- -, pa)-

Next we will discuss the mixed FEM in the harmonic coordinate system. Let V"
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be the velocity finite element space in (pq,- - -, pq). Define the velocity basis function
space in = (x1,- -+ ,x4) coordinate system by the Piola transform [19], i.e.,
X 1 —
Vi = {mD(F Dog oy € ViF}

where D(F™!) is the Jacobian matrix of F~! and J(F~') = |detD(F™')|. Let QF
be the pressure basis function space in the harmonic (py, - - ,pg) system. Define the

pressure basis function space in = (z1,- - ,x4) system by

Qh ={a (F(@))lay € Qn}-

Let pf' =po F~1 k' = ﬁD(F)kD(F)t and u!" = —k"'Vpp!', where V is the

gradient operator with respect to the variable (py,---,pg). Then we can obtain the

following lemma.

Lemma 3.3.5. [57]
u=—kVp=——

By using Lemma 3.3.5 and change of variables, we have the following theorem

provided Q' is the piecewise constant space and V;I' = RTj.

Theorem 3.3.6. Let p;, € )7 be the numerical approzimation of the pressure p and

up € V¥ be the numerical approzimation of the velocity of u = —kVp. Then
lp = prllo.c + [lu = unll @) < CE)(IVEP” llogp + [0 10, + |diveu” |10, )h,

where C(F) = C' max{(sup, J(F))1/2||D(F)_1||LOO(Q), (sup, J(F))Y/2, (inf, J(F))~1/?}

and h is the mesh size in (py,--- ,pa) system.



Proof. Let & be the point in coordinate of {py,--- ,ps}. We first notice

I = pello = ( / (0" — p P I(FV)dd)
Qp

< (sup)"|Ip" = pf llo.ox
TEQR

< C(inf J(F)) "2V ppF o, h.

Invoking Lemma 3.3.5, it follows

1 _ N
Ju=vilon = (| |5l DR = of i)

< (inf J(F~) "2 DF )|z lu” = v log
< C(sup J(F) D (F) | (o [u” 100 h

Noting that div(u — vp,) = ﬁdivp(uF —vf') and we have

J

[div(u —vn)lloo = (/ J(F)(divp (u” —vy)?dz)"/?

Qp
< (sup J(F)Y?||divp(uf” — o) |o.ap

C < (sup J(F)?|divpu®|, o, h.

Combining (3.112), (3.113),(3.114) and the stability estimate [19], i.e.,

57

(3.112)

(3.113)

(3.114)

lp = pallo.c + lu = unll w0y < C( f llp=anlloo+ inf fu—vila@ne), (3:115)
vp €V

ar€Q,

we complete the proof.

O

If we use weighted norms, then we can describe the Theorem 3.3.6 as following.

Proposition 3.3.7. Let p, € Q)7 be the numerical approximation of the pressure

p and u, € V' be the numerical approximation of the velocity of u = —kVp. If

|D(F) gy < C, then

lp = pallz . o)+ 1w = wnllm, - @ivey < CRUIVEP llogr + u” o + diveu’ | 0,),
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where ||.||L3(F)(Q) is the weighted L* norm with weight J(F) and ||.||HJ(F)71(d7;U7Q) is the

weighted H(div) norm with weight J(F)™'.

Proof. By the proof of (3.112), it follows that

lp = pullr2, ) = IP" = i llor < CRIVEDPT o0y

J(F)
From the proof of (3.113), we have

lu=wnllzz, @ < Chlu"liop,

where we have used the assumption |[D(F)™!|| =@y < C. Proof of (3.114) implies

that
| div(u — Uh)HLi(F)il(Q) = ||dive (u" — v})|l0.0p < Chldiveu®| o,
Using the stability estimate completes the proof. O

Remark 3.3.2. For a further rigorous proof, we need to show inf-sup condition for
the mized finite element method in the space V' and Q)7 and estimate the terms
IVEP Nlo.aps [uf 1o, and ||diveu®||1q, in terms of source term f. One of the chal-
lenges for the questions is that the partial differential equation (3.76) becomes a non-
divergence partial differential equation in the harmonic coordinate system (py1,- -+, Pa)-

This problem is currently under investigation.

3.3.3.  Mixed MsFEM Using Multiple Global Information

In this section, we propose a mixed MsFEM using multiple limited global infor-
mation and investigate its application to heterogeneous media. A rigorous analysis
for this method is presented. We apply the global mixed MsFEM to two-phase flows

with parameterized permeability and present numerical results in Section 3.4.3.
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Global Mixed MsFEM . In this section, we study the following elliptic problem

with heterogenous coefficients

—div(A(x)k(x)Vp) = f(z) in Q
(3.116)
Mz)k(x)Vp-n=g on 0,

where where k() is a heterogeneous field and A(z) is a smooth field.

Let uw = A(z)k(z)Vp be the velocity and  C R? be convex. We introduce a
quasi-uniform finite element partition 75, of 2 and let K be a representative triangle
(coarse), h = maxy diam(K). In the analysis, we will use the following assumption.

Assumption A1. There exist functions uq, - -+ ,uy and sufficiently smooth
Aq(z),- -, An(x) such that

u(x) = Aj(x)uy, (3.117)

where u; = kVp; and p; solves div(k(x)Vp;) = 0 in Q with appropriate boundary
conditions.

We note that summation convention is used throughout the dissertation. For our
analysis, we assume A;(z) € W'$(Q), and u; = k(z)Vp; € L"(Q2) for some & and 7,

1 =1,...,N. We note that summation convention is used throughout the dissertation.

Remark 3.3.3. As an ezample of two global fields in R%, we use the results in [55].
Let u; = k(z)Vp; (i =1,2) be defined by the elliptic equation
div(k(z)Vp;) =0 in Q

(3.118)
p; =x; on Of),

where x = (x1,33). In the harmonic coordinate (p1,p2), p(p1,p2) € W (s > 2) [53].

Consequently, uw = \z)k(x)Vp = )\g—;kVpi = Aj(x)u;, where A;(x) = )\g_zi e Whs.

Let A be a positive smooth function and k is a positive definite tensor so that

(Ak)~! exists. The mixed formulation is to find {u,p} € H(div,Q) x L*(Q2)/R such
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that w-n = g on 002 and

((AE)Mu,v) + (dive,p) =0 Vv € Hy(div, Q)
(3.119)

—(divu,q) = (f,q) Yqe L*(Q)/R,

where (-, -) is the usual L*-inner product.
To numerically approximate the mixed problem (3.119), we construct the basis

function for velocity,

)
div(k(z)Vels) = ﬁ in K
Uj * TN,
k(x)Vof -ne, = 5jlm on 0K (3.120)
fK (bfj{dm =0,

\

where i =1,..., N, j =1,2,3, ¢ is an edge of 0K, and
(Sjjzl, (5le0 lf j#l

Here ¢; denotes an edge of the triangle and we omit the subscript ¢; in n, if the integral
is taken along the edge. Note that for each edge, we have N basis functions and we
assume that uq,..., uy are linearly independent in order to guarantee that the basis
functions are linearly independent. To avoid the possibility that fel u; - nds is zero or
unbounded, we make the following assumption for our analysis.

Assumption A2. There exist positive constants C' such that for any u;,
i —Bytl_
/ lu; - n|lds < Ch” and Huiﬂy-(el) < Cp Pl
el fel U; - ndS
uniformly for all edges e;, where 31 <1, By > 0,and r > 1.

Remark 3.3.4. The second part of Assumption A2 is to assure | fel u; - nds| remains

.- . i i — B+l 1
positive. It can be also written as erluuiztds — <feluui-7;ds>6zHU(ez) < Ch™P2t2=1 where

() = ‘e—lﬂfel(-)ds, which will be used to estimate the velocity basis function. If u;
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are bounded in L>(e;) for all e; and | fel u; - nds| remains positive uniformly for all

u;-nds

e;, then By = 0. Note that ||fel“i'" - <fel13;2ds>el’|l’r(el) = 0 if w|x is RTy basis
function or standard mized MsFEM basis functions introduced in [22]. Finally, if
|fel u; - nds| > ChP' and fel lu; - n|ds < ChP' for all e;, then we can conclude that

Ba =0 forr =1 in Assumption A2.

We define /s = k(x)V¢}S and

Vi, = Ll ) H(div, Q)

and
Vi = (i} () Holdiv, Q).
K

Let Qn, = ®xPy(K) C L*(Q)/R, i.e., piecewise constants, be the basis function for
the pressure. We define
go,n = Z (/gds)@bz’,e
ec{dK NOQ,Kem} 7€
for some fixed i € {1,2,---, N}, where ;. is the corresponding multiscale basis
function to the edge e. Let g, = gop - n on J€2. The numerical mixed formulation is

to find {un, pn} € Vi X @y such that uy, - n = g, on 92 and

(()\k)_luh, vp) + (divop,pp) =0 You € V}?

—(divun, qn) = (f,qn) Van € Qn.

(3.121)

First, we note the following result.

Lemma 3.3.8.

uilk € span{y)}y, i=1,.,N; j=1,23.

Proof. First, we prove the lemma for u;. For this proof, we want to find constants
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g’s such that ﬂfj f; = u;. That is

-nK

lf w; - nds

K
/6'” -

K

= Uy - nq

B k()Y of -nl = B0
(3.122)

ﬁKdZU( (I)VQSU) |K|
Noticing that u; = k(x)Vp; and div(k(z)Vp;) = 0, we have p; = /5 ¢}5 + C for some

constant C' because p; and /82 K satisfy the same elliptic equation with Neumann

j

boundary condition as p;. Then we have u; = §¢)5. The first equation in (3.122)

implies that we can take 3} = fej uy - nds and 35 = 0 for i # 1. Consequently,

i J

which is the first equation in (3.122). We can obtain similar results for other w;’s

(i=2,.. N). O

Following our assumption, let
X = {ulu = a;(x)u;}

be a subspace of H(div, ). For our analysis, we require that the integrals / a;(x)u; - nds

&
are well defined for each ¢. This is also needed in our computations since / a;(x)u; - nds
determines the fluxes along the edges in two-phase flow simulations. ebne way to
achieve this is to assume, as we did earlier, that a;(x) € W(Q), u; € L"(Q),
1= % + % Because a;(z) € W$(Q) and u; € L7(Q) (3 = % + %), Holder inequality
implies that (Va;)u; € L*(2). Noticing that divu; = 0, we have div(a;(x)u;) € L*(Q)
immediately. Invoking standard Sobolev embedding theorems 2.2.4 (also c.f. [6]), we
get a;u; € L"(Q) because W¢ — L. The integrals / a;(x)u; - nds are well defined

by the fact that a;u; € L"(Q) (n > 2) and div(a;(z)u;) € L*() (see page 125 of

[19]). This can be proved by using Green’s formula and standard Sobolev embedding
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theorems.

Remark 3.3.5. For all fej a;(x)u; - nds to be well defined, one sufficient condition is
that a;u; € [LP(K)])* and div(ai(z)u;) € L*(K) forp > 2, s > q, ¢ =+ 5 [34]. We
give a brief proof for the case a;(z) € W'(K) and u; € L"(K), 3 = % + % We have
previously proved that a;u; € L"(K) and div(a;u;) € L*(K). Let % + % =1Mm>2)
and e C OK. Then ezists a function w € W (K) such that w|. = 1 and w|px\. = 0
(see page 78 in [34]). Applying Green’s formula, we have

/ (asus) - Vewdz + / (div(aiu;))wdz — / () (agus) - nds = / (asus)-nds, (3.123)

K K oK e

where y(w) is the trace of w along boundary of K. Since %%—# = 1, Holder inequality
implies that the term [, a;u; - Vwdx is integrable. Since w € W (K), Sobolev em-
bedding theorem 2.2.4 imply that W' (K) — L*(K). By combining w € L*(K) with
div(au;) € L*(K), we obtain that the term [, (div(a;u;))wdz is integrable. Conse-
quently, (3.123) implies that [ (a;u;)-nds is meaningful. We note that no summation

convention is used here.

Remark 3.3.6. The integral [ a;u;-nds can be controlled by ||u;|| (k) for any fived

ui. In fact, let w in Remark 5.5.5 such that [|wl|y 1) = 1. By (3.123), we have

\/aiuz‘ -nds| < ||aiuil| oo [Vl g ey + Nl div(agus) [ 2 llwl] 2

< HaiuiHLn(K)vaHLn’(K) + ||div(aiui)||L2(K)Hw||W1,n,(K)
< asui|| ooy + 1| (Vg )| 2ox) (3.124)
< HaiHL""(K)HUiHL"(K) + Hvai||L6(K)HUi||Ln(K)

< Ollui| Ln(xy,

where Sobolev embedding theorem has been used.
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Thus, more precise definition of space X is
X = {ulu = a;(x)u; : a; € WH(Q), u; € L"(Q)}, (3.125)

where % + % = % We define an interpolation operator II;, : X — V), such that in

each element K, for any v = a;(z)u; € X

|k (a;(z)u;) = afj{- Z-I;,

where ag- = / a;(x)u; - nds. Utilizing the definition of IIj, we obtain the following
€
lemma.

Lemma 3.3.9. Let 11}, be defined as above. Then Yv = au; € X (cf. (3.125)) and
an € Qn,
(1) [, div(v —ILv)gyde = 0;
(2) || i) < Cllvllx.e, if Bi > 202,
where ||v]|x.a = ||div(v)]loo + Son, llailla and C only depends on N, the constants

in Assumption A2 and the pre-computed global fields u;.

Proof. For a better description of the proof, we use summation notation in this proof
instead of summation convention. (1). For this, we only need to show that on each
e, fel (v —Ixv) - nfgnle,ds = 0, where [gn]e, is the jump of g, between two sides of e;.

It is sufficient to show fm(v — TIyv) - nds = 0 since g, € Q. In fact,
2 / (ai(@)us - n = afipy; -n)ds =) / (ai(@)u; - n =Y alfd, ﬁin )ds
i+ n
[ €] P p e - ., Ui

K u,'n
= i in—ay———)d
3 [t el s

€l

(3.126)

-3 / as()us - s — / ai()u; - nds)

€l

=0.
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(2) In each element K, for any v =), a;(x)u;, we have

. 1
HdZUHhUHg,K = | ; /ej a;(z)u; - ndsﬁnalf
= H Z dZU ai x uz)>K||(2)7K
< C| Zdw (ai(x)u)llo x

= CHdWUHo,K’

where () denotes the volume average over K and we have used divergence theorem
in the second step and Jensen’s inequality in the third step. After summing all over

K, we get
|divIIpv]|o.q < Clldivulpq (3.127)

where C' only depends on N.

- a2 gl = L . 1,1 _ 9=
Let v =37, aiu; , @ = 7 [ aidr and 7+ 5 =1 =

Toll5, i

=S o=l o)+ @ [ sl

<2||Z/ = st + 2 Sl

<231 [ (@ —atyu nds)? Y I+ 41 @) ol + Aol (5105,
ij  Je i i

<O lla = af | llui - 0l o)) an ||0K+4||Z ai)uillg i + 4lvll6 «
7-7

< Ch_HVCL ||2 h261— 2ﬁ2+2_2h 2032 + CZ Haz . CLKHQ

il rey + 410116 1

j(K)

(k) T Alloll3

< OW 2 3 Va2 e+ O S IVal, g il

where we have used Lemma 3.3.8 in the second step, Schwarz inequality in the third

and forth step, Assumption A2 and (3.140) along with Sobolev embedding inequality



66

(by rescaling) in the fifth step and Poincaré-Friedrichs inequality (by rescaling) in the

sixth step. Making summation all over for K in the above, we have
IThollf o < CR*H %Y " | Vaillg o + C Y (IVaill} g il agey) + 4llolli g

< C(WP = + max[|uil|Zyo) | Vaillg o + 405 o
(3.129)

261—48 112 112 12 112
< O +mgx!|uz|m(m)HVazllo,g+C;(H%HL%@Hqumm))

< C(R*= + max [Juil|F o))l aillf o

where we have used Sobolev embedding inequality in the last step. Combining (3.127)
and (3.129), we conclude

v #(dive) < Cllv]x0,

where the C is independent of A and v, and only depends on N, constants in As-

sumption A2, |lu;| () and Sobolev embedding constant. O

Remark 3.3.7. If u; € L>(Q), then 81 = 1, B2 = 0 and the proof of Lemma 5.3.9

implies that HHhUHH(div,Q) S C(maxi HUZHLOO(Q)> Zz ||CLZ'H1’Q.
We can get a stability of I, different from the one in Lemma 3.3.9.

Proposition 3.3.10. For v = a;u;, where a; € W(Q) and u; € L"(Q) (5 = %—i— %),

then
10 lainey < C S il o,

if a4+ By — P — 1 >0, where C' only depends on N, the constants in Assumption A2

and the pre-computed global fields u;.

Proof. For a better description of the proof, we use summation notation in this proof
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instead of summation convention. By (3.127), we get

|divIIpv||o.0 < Clldiveloq

=C| Y _(Vauillog

< CZ IVaiuiljo.c (3.130)

< C'Z IV ai|l eyl

Ln(Q)

< Cmax{|u]
7

@} Y IVail s,

where the C' only depends on N. If we use the estimates (3.141) - (3.142), we find

that

v — vllo.o < CRO=270N Mgyl cage) < CROTP27EN "l i),
i 7

where we have used the Sobolev imbedding inequality in the second step and the C'
only depends on N, constants in Assumption A2 and Sobolev imbedding constant.

Consequently,

IMhollog < CRF=27EN laglwis) + [0]lo
%

< Cpoth—r-1 Z laillwie + Z la;uilloq
7 )

< Chothmimt Z laillwre@) + Z @il Le (o [1will oo (3.131)

L(Q) Z laill Le(q)

< ChMP=P0N gy ) + ma [|u;]
<O 1)y aillwr e,

where the C' only depends on N, constants in Assumption A2 and Sobolev imbedding
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constant. Combining (3.130) and (3.131), we conclude

Tvllame < CY - llaillwie.
7

where the C is independent of A and v, and only depends on N, constants in As-

sumption A2, ||u;||Ln) and Sobolev imbedding constants. O

Remark 3.3.8. We note that ||v||xq may not be a norm in general because v =
a;u; = 0 may not imply that a; are zero (this does mot impact the derivation of
discrete inf-sup condition). In the problem setting considered in this paper, one can
assume that ||v||x.q is a norm. Indeed, a; are coarse-scale functions, while u; are
fine-scale functions. Thus, in each coarse grid block, the linear combination a;u; zero
will imply that a; are zero unless u; are also coarse-scale functions. In the latter case,
one can use standard mized finite element basis functions. If N = d (d being the
dimension of the space), ||v||xq s a norm when w; are linearly independent. In the
discrete setting, a; are vectors defined on the coarse grid, while u; are defined on the
fine grid. If a;u; is zero, this implies that the vectors u; are linearly dependent, and
thus, the basis functions are linearly dependent. One can also attempt to prove inf-sup
condition using fine-scale discrete setting (cf. [47]) by defining a discrete norm in X

and showing a lemma analogous to Lemma 3.5.9 in the discrete setting.

Lemma 3.3.9 and continuous inf-sup condition imply the discrete inf-sup condi-
tion (see page 58 of [19]). In the paper, we assume that continuous inf-sup condition
holds. For a special case N = d, the continuous inf-sup condition follows from [53].
We briefly highlight the main idea of the proof. The goal is to find v, such that
div(v) = ¢, v = au; and ||v||xa < C||q]loq. Following [53], one can consider a co-
ordinate transformation from (xy,...,x4) to (21, ..., 24), where div(u;) = 0, u; = kVz;

in 2 and z; = x; on JN). Defining v = kV¢ = k%v,zi = %ui and a; = %, one
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can show that ||v]|x,o < Clq|lo,e. The latter follows from ||¢[[w22) < C|lqloo (e.g.,
[53]) which holds in (21, ..., z4) coordinate system. One can also prove the continuous
inf-sup condition by solving u;Va; = ¢ for a; along the streamlines of u; (streamlines
are defined as level sets of ¥, curl(¥;) = u;).

Assuming continuous inf-sup condition, we have that for any ¢, € @Qj, there

exists a constant C such that

divvpgpdx
sup fQ— > Cllqnllo.- (3.132)
oevi |Vl E (i)

Because of the inf-sup condition (3.132), we have the following optimal approxi-

mation (see [19, 22]).

Lemma 3.3.11. Let {u,p} and {un,pn} be the solution of (3.119) and (3.121) re-

spectively. Then

lu—wn || raiv.)+lP—prlloe < C{ inf [u — vn|m(aiv) + inf [P — anllo,0}-
VR EVa,vn—Ggo,n €V ah€Qhn
(3.133)

Next, we formulate our main result.

Theorem 3.3.12. Let {u,p} and {un,pn} be the solution of (3.119) and (3.121)

respectively. If a + 31 — B2 — 1 > 0, we have
lw = un || g(div,0) + I[P — Prllogo < Cprintatfi—Fa-1.1}

where o = 1 — %, ¢ and A; are defined in Assumption A1, and B; (i = 1,2) are defined
in Assumption A2. Here C' is independent of h and depends on N, the constants in
Assumption A2, ||Ail|lwreqy (1=1,..,N) and || f|10.

Proof. For a better description of the proof, we use summation notation in this proof

instead of summation convention. For the proof, we need to choose a proper v, and
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a proper g, such that the right hand side of (3.133) is small.
The second term on the right hand in (3.133) can be easily estimated. In fact,

with the choice q;|x = (p)k, i.e., the average of p in K, we have

inf ||p —pulloo < Chipl o
qh€Qn

Next we try to find a vy, € Vj,, say vl = Y. . cBE | and estimate the first term

ij Cij Vij o
on the right hand in (3.133). Invoking Lemma 3.3.8 and its proof, it follows that in

each K
u— v, = ZAZ(x)u, — ch¢ij
i i
= 2 _(Ailw) D 05v5) = D_eiv (3.134)
T ] 1,7

= (A(@)Bff — v,
isj

where 3/} = fej u; - nds . Set ¢ff = Al = fej Ai(z)u; - nds.

Since [, >, div(A;(x)u;)dz = f, we get by divergence theorem

/aK XZ:A,(z)uZ -nds = f.

This gives rise to
) 1
div(u =" e )losx = I1f - chﬁﬂo,f{
i,j ,J
1
17 =% [ Aoy szl
i, Y€

= |If = (fixllox
< Chlflik-

(3.135)
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After making summation over all K for (3.135), we have
|div(u — vp)lloo < Ch|f|1a- (3.136)

Next we will estimate [lu — >, ; sl o Because Ay(x) € WH(Q), by using

Sobolev embedding theorem and Taylor expansion (or definition of C'*) we have
|Ai(@)le; = A < Ch?|| Aill ooy,

where A7 is the average A;(z) along ¢; and v = 1 — % So

€; e

J

< ChM| Al ooy,

where we have used the Assumption A2.

Next, we present an estimate for |15 ||lo.x. For this reason, we introduce lowest

Raviart-Thomas basis functions RjK for velocity. We know that dz’ijK = ﬁ and
RE .n = 5]-[‘6—13_' [19]. We multiply (3.120) by a test function w we have
/ngbf]{-dex: —/ wdz’v(qubfj{-)dx—l—/ (V5 - n)wds
K K oK
= —/ wdivada:—i—/ (kV) - n)wds
K oK (3.138)
= / (Vw)RF da —I—/ (Vo5 -n— RY - n)wds
K oK
= [ (Vw)Rd S (R wds,
[ Tumsas s [ gy () s
€] €]
where we have used that ( fej“iﬁil e, = R -ne, = ‘ei]' If we set w = ¢f5, then it



72

follows that

K12 K K K
ClIVe; ok < Vo3 llox B o + erj v nds <fe- w- nds)ej||m(ej)“¢ij!|Lr-’(aK)

_ 1_
< CIVoE o + Ch™ % H|6K | Lo o

< CIVOK s + Ch o3 LW 9 o e + 0 | Vokllog) (313
< OVeE ok + Ch™P24+ 10 |V ok o x
< CIVoSllox + Ch Vo5 o,

where 1’ satisfies 1 + L = 1 (r is defined in Assumption A2), and we have used

Assumption A2 and [|R¥[jox < C [19] in the second step, the trace inequality (by
rescaling) in the third step and (¢; ) x = 0 along with Poincaré-Friedrichs inequality

(by rescaling) in the forth step. Consequently, we have
05 o < C(L+h™%), (3.140)

where C' only depends on AssumptionA2 and the constants in trace inequality and
Poincaré inequality in a fixed reference domain. Combining (3.137) and (3.140), it

follows immediately
[ = vnllox = | Z(Ai(w) 5 — A llox
< Z 505 o + | Z (A785 — AL ok
<l Z |Ai(x) — ALIBE 0N o + |l Z ALl = AS 105 ok (3.141)
< O (Y HAillesgo Z 195 o,
< Chwﬁl_m(z [Aillco @),

where we have used Assumption A2 and the C' depends on N and the constants in
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Assumption A2. After making summation over all K for (3.141), we have
lu = onllga < D llu = wallf &
K
< C(Z ||Az||CQ(Q))2 Z h2(a+ﬁ1—ﬁ2)
i K
| PV
< C(Z ||AiHC&(Q))2ﬁh2( +B81—062)
= (Y Aoy,

Consequently,

it — vnllog < (Y (1Al (3.142)

According to (3.133), for those K, 0K N JS2, we will adjust proper cg- such that
> il — gon € V3, but this will not affect our convergence rate. Therefore,
invoking Lemma 3.3.11, (3.136) (3.142) and Sobolev embedding theorem from W1%¢
into C%, Theorem 3.3.12 follows.

0

From the proof of Theorem 3.3.12, one can easily get the following result, which

does not assume inf-sup condition by lemma 5.3 in [3].

Corollary 3.3.13. Let u and uy, be the velocity in (3.119) and (3.121) respectively,

then we have

lu = unlloe < CQY_ 1Al cagey)h =70

Remark 3.3.9. If A;(z) € CY(Q) in Assumption Al and u; are defined such that
f1 =1 and By =0 (e.g., u; are bounded in L>(e;) for all e;), then Theorem 3.3.12
implies that

| — un || 5(div,0) + [P — Prlloo < Ch.
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Remark 3.3.10. Mized multiscale finite element method introduced in [22] is re-
lated RTy mixed finite element method in terms of degrees of freedom on the edges
of elements. The proposed mixed multiscale method for N = 2 has similar relation
to BDM, element (see [19] for the description of BDM,). We note that the local
mized multiscale finite element methods suffer from a resonance error and a typical

convergence rate for periodic coefficients is

e\
[ue = unllr(aiv.0) + IPe = Prllo.o < C(h+ (E) )

where v = 1/2 for mized multiscale method introduced in [22]. In our global mized
MsFEM, the boundary condition for velocity basis is heterogenous and Theorem 3.3.12
implies that stability is independent of the small scale and the resonance error is

removed.

Remark 3.3.11. One can relax the main assumption used in the paper and assume

that

|u(z) — Ai(@)ui(2)|| g0y < CO.

If i =1, the proof can be found in [4]. For the general case, i.e., i > 1, we only need
to verify the inf-sup condition (3.132). The main idea to verify the inf-sup condition
is to find a ni* for any g, € Qn such that divn!" = gy, in each coarse element K and
72| (div,0) < Cllanllo,- One can show that the constant C' depends on global fields
Uy,..., uy and uniformly bounded via a constructive argument. Once we have the inf-
sup condition, we can follow the proof of Theorem 3.3.12 to obtain the convergence

rate

[ = unll g giwe) + P = Pallog < C(prinlethi=f-L1} | 5,
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3.4. Numerical Results

In this section, we first briefly introduce the discretization of saturation equa-
tions of two-phase flows. Then numerical results are presented for two-phase flow

simulations.

3.4.1. Discretization of Saturation Equation

Before we present numerical results for two-phase flows, we would like to discuss
the discretization of the saturation equation. We use the two-phase flow equation

defined in Section 2.1 to discuss the time discretiszation, i.e.,

—div(A(S)kVp) = f
(3.143)

os .
e +div(F) =0

where F' = uf,(S) = (=A(S)kVDp) f,(5). It is often to use IMPES (implicit pressure
explicit saturation) scheme or improved IMPES scheme (c.f. Chapter 7 in [23]) to
solve the coupled system (3.143). In this subsection, we briefly introduce some dis-
cretization techniques for the saturation equation, i.e., the second equation defined
in Section 3.143.

Let I';; be the common face (or edge) of K; and K; and n;; be the normal
vector pointing from K; to K;. Using the 6-rule for temporal discretization and a

finite-volume scheme for the saturation equation, it follows the following form.

1 n n
E(Si+l_5i)+

=) [0F; (S + (1= 0)Fi(S™)] =0, (3.144)

1
1Kl 57

where S is the cell-average of water saturation at ¢ = %, i.e.,

S = (S (e, 1),

7
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and Fj; is a numerical approximation of the flux over I';;, i.e.,
E(S) ~ fw(S)ijuij . ’n,ide.
Fij
We note that no summation convention is used in the last equation. Here f,,(5);;
denotes the fractional-flow function associated with I';; and the first-order upstream

weighting scheme for it is defined as

fw(Sj) if u- ni; < 0.

fw(S)ij =

For § = 0 or 1, we can write (3.144) as a vector form

St = 5" 4 (8)TAF(S™), m=n or n+1,

where (0%); = ‘ﬁf‘.

If # = 0, then (3.144) is an explicit scheme and only stable provided that time

step At satisfies a stability condition (CFL) condition, i.e.,

| Kl

At < — ,
~ vi"maxo< <1 {f'(5)}

where v!" is the inflow flux on K;.
For § = 1, (3.144) is an implicit scheme and unconditionally stable but gives
rise to a nonlinear system. Such a nonlinear system is often solved with a Newton or

Newton-Raphson iterative method. Define
G(S™h) = gntt — gn — (6T Af(S™). (3.145)
By Taylor expansion, we have

G(S™) ~ G(S™) + G/(S™)(S™H — S™).



7

Noticing G(S™) = 0 we have §S™ := S"*1 —S" = —[G'(S™)]7'G(S™). From (3.145),
we have

G'(S) =1—(d5)"Af'(5),
where f'(S); = f'(S;). Hence
St = §m 4 59

This iteration proceeds until the norm of §5™ is smaller than a prescribed value. For

other schemes of saturation equation, refer to [23].

3.4.2.  Numerical Results Using Single Global Information

In this subsection, we present numerical results for permeability fields from
SPE Comparative Solution Project [24] (also known as SPE 10). These permeability
fields, as it was mentioned earlier, have channelized structure and a large aspect ratio.
We will show that if one takes use of limited global information based on single-
phase flow information in constructing multiscale basis functions, then the numerical
approximation on the coarse grid becomes much more accurate.

In our numerical simulations, we will perform two-phase flow and transport
simulations defined in Section 2.1. In our simulations, we take k,,(S) = S? and
k.o(S) = (1 — S)2. In the presence of capillary effects, an additional diffusion term
is present in (2.3). In the simulations, we solve the pressure equation on the coarse
grid and re-construct the fine-scale velocity field which is used to solve the satura-
tion equation. The basis functions are constructed at time zero and not changed
throughout the simulations.

In our numerical results, we compare the saturation fields and water-cut data

as a function of pore volume injected (PVI). The water-cut is defined as the fraction
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of water in the produced fluid and is given by q,/q;, where ¢, = ¢, + qu, With g,
and ¢, being the flow rates of oil and water at the production edge of the model. In
particular, g, = [0 f(S)V - 1ds, ¢ = [60u v - nds, where 9Q° is the outer flow
boundary. Pore volume injected, defined as PV I = Vip fot q(7)dr, with V, being the
total pore volume of the system, provides the dimensionless time for the displacement.
The permeability field k() is given on 60 x 220 fine grid and coarse grid is used in two-
phase flow simulations without updating basis functions. We consider a traditional
five-spot problem (e.g., [1]), where the water is injected at right top corner and oil is
produced at four corners of the rectangular domain.

We implement the numerical simulation on 6 x 10, 12 x 11 and 12 x 22 coarse
grid at layer 40, 50 and 70 respectively. On the three different coarse grids and the
three different layers, we compare the relative water-cut error (in L!) and the relative
saturation error (in L?) by utilizing the local mixed MsFEM and the mixed MsFEM
using limited global information from single phase flow. Table 3.1, table 3.2 and table
3.3 list the relative water-cut error and relative saturation error on the different coarse
grids at at layer 40, 50 and 70 respectively when ’;—1: = % Table 3.4, table 3.5 and
table 3.6 list the relative water-cut error and relative saturation error on the different
coarse grids at at layer 40, 50 and 70 respectively when ’;—1: = =

In Figure 3.3, the saturation profiles at PV I = 1 for layer 50 are compared. The
simulations are run with 12 x 11 coarse grid and ‘;—“OJ = 1/3. Figure 3.4 describes the
relative saturation error from PV I = 0 to PVI = 1. We observe from these figures
that the saturation by using global mixed MsFEM provides an accurate representation
of the reference saturation. Figure 3.5 provides the comparison of water-cut curve
from the reference, local mixed MsFEM and global mixed MsFEM when PV is
from 0 to 1. We observe that there is almost no difference in water-cut curve between

reference and global mixed MsFEM. These observations are consistent for all other
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Reference saturation at PVI=1

50 100 150 200

50 100 150 200

Saturation using local mixed MSFEM at PVI=1

50 100 150 200

Fig. 3.3. Comparison of saturation between reference solution and MsFEM solution at
PVI =1, layer=50, 12 x 11 coarse grid and ‘;—1: = 1/3; Top: The reference
saturation; Middle: The saturation using global mixed MsFEM; Bottom:

Multiscale saturation using local mixed MsFEM.
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Fig. 3.4. Relative saturation error, layer=50, 12 x 11 coarse grid and ‘;—“OJ =1/3
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Fig. 3.5. Water-cut curve, layer=50, 12 x 11 coarse grid and ‘;—“OJ =1/3
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Reference saturation at PVI=1

50 100 150 200

Saturation using global mixed MSFEM at PVI=1

50 100 150 200
Saturation using local mixed MSFEM at PVI=1

50 100 150 200

Fig. 3.6. Comparison of saturation between reference solution and MsFEM solution at
PVI =1, layer=50, 12 x 11 coarse grid and Z—‘: = 1/10; Top: The reference
saturation; Middle: The saturation using global mixed MsFEM; Bottom:

Multiscale saturation using local mixed MsFEM.

layers, coarse grids and other ratios ‘;—1: For example, Figures 3.6, 3.7 and 3.8 provide
the similar saturation profile at PV I = 1, saturation errors and water-cut curves for
‘;—1: =1/10.

It is clear from these figures that the use of the global information in mixed
multiscale finite element methods gives us an more accurate approximation. The
presented numerical results show that one can use a single phase flow solution to con-
struct basis functions that can be employed for solving two-phase flow and transport
on the coarse grid accurately. We would like to note that similar ideas have been

used in ensemble level of upscaling in two-phase flow simulation [20].
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Fig. 3.7. Relative saturation error, layer=50, 12 x 11 coarse grid and ‘;—“OJ =1/10
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Next, we discuss the convergence of global mixed MsFEM with limited global
information. For this reason, we consider different coarse grids, 6 x 10, 12 x 11,
and 12 x 22 for the previous examples. As our convergence analysis indicates that
the proposed method converges upto a small parameter ¢ which represents how well
two-phase velocity field can be approximated by single-phase velocity field in each
coarse patch. Table 3.1-table 3.6 show that as the coarse mesh size decreases the
error decreases. This confirms our convergence analysis for the global MsFEM. We
note that this is in contrast to standard MsFEM where one can observe the resonance
error in the form €/h. As a result, the standard mixed MsFEM does not converge as

h approaches to zero.

Table 3.1. Relative Errors (layer=40, ’;—K =1/3)

coarse | water-cut error sat. error water-cut error sat. error
grid (global Msfem) | (global Msfem) | (local Msfem) | (local Msfem)
6 x 10 0.0144 0.0512 0.1172 0.2755
12 x 11 0.0093 0.0435 0.2057 0.3459
12 x 22 0.0039 0.0370 0.1867 0.3158
Table 3.2. Relative Errors (layer=50, e =1/3)
coarse | water-cut error sat. error water-cut error sat. error
grid | (global Msfem) | (global Msfem) | (local Msfem) | (local Msfem)
6 x 10 0.0129 0.0871 0.1896 0.5061
12 x 11 0.0055 0.0753 0.1806 0.5032
12 x 22 0.0046 0.0568 0.1702 0.4578




Table 3.3. Relative Errors (layer=70, &2 = 1/3)
Ho

coarse

water-cut error

sat. error

water-cut error

sat. error

grid | (global Msfem) | (global Msfem) | (local Msfem) | (local Msfem)
6 x 10 0.0106 0.0562 0.0408 0.2291
12 x 11 0.0081 0.0483 0.0863 0.2858
12 x 22 0.0039 0.0421 0.0976 0.2530
Table 3.4. Relative Errors (layer=40, = = 1/10)
coarse | water-cut error sat. error water-cut error sat. error
grid | (global Msfem) | (global Msfem) | (local Msfem) | (local Msfem)
6 x 10 0.0080 0.0534 0.0902 0.2721
12 x 11 0.0056 0.0491 0.1382 0.3472
12 x 22 0.0026 0.0403 0.1414 0.3153
Table 3.5. Relative Errors (layer=50, = = 1/10)
coarse | water-cut error sat. error water-cut error sat. error
grid | (global Msfem) | (global Msfem) | (local Msfem) | (local Msfem)
6 x 10 0.0049 0.0957 0.1577 0.5137
12 x 11 0.0042 0.0850 0.1499 0.5063
12 x 22 0.0041 0.0628 0.1404 0.4613
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Table 3.6. Relative Errors (layer=70, £ = 1/10)
Ho

coarse | water-cut error sat. error water-cut error sat. error
grid | (global Msfem) | (global Msfem) | (local Msfem) | (local Msfem)

6 x 10 0.0044 0.0629 0.0280 0.2262

12 x 11 0.0027 0.0522 0.0576 0.2736

12 x 22 0.0025 0.0473 0.0678 0.2397
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3.4.3. Numerical Results Using Multiple Global Information

In this subsection, we present numerical results for parameter dependent per-
meability fields. We will show that if one takes a larger set of global fields in con-
structing multiscale basis functions, then the numerical approximation on the coarse
grid becomes more accurate. For our numerical results, we consider the following
permeability field,

k(x,0) = exp(0;Y;(x)),

where Y;(z) is heterogeneous permeability fields and 0; € R. As for Y;(x), we use
heterogeneous permeability fields from SPE Comparative Solution Project [24] (also
known as SPE 10). These permeability fields have channelized structure and a large
aspect ratio. Because of channelized structure of the permeability fields, the localized
approaches do not perform well. On the other hand, it is known [29] that the use
of limited global information based on single-phase flow information improves the
accuracy. Because of § = (04, ...,0)) dependence, one needs to use several single-
phase flow solutions. Our goal here is to choose a few permeability realizations such
that using these realizations, one can construct basis functions which can be used

to approximate the solution for any realization (any 6). Because of smooth depen-

dence of permeability with respect to 6, it can be shown [27] that mixed multiscale
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finite element method converges independent of small scales if sufficient number of
realizations are chosen.

In our numerical experiments, we consider k(z,0) = exp(8Y (x)). We consider a
range of 0, #; < 0 < 05, and use the global single-phase flow solutions corresponding
to end points 8 = 0, and 6 = 65 to construct the multiscale basis functions. In
particular, uy = —k(x,6,)Vp(z,01) and uy = —k(x, 05)Vp(z, 0) are used to construct
mixed multiscale basis functions as described earlier.

In our numerical simulations, we will perform two-phase flow and transport
simulations defined in Section 2.1. In our simulations, we take k,,(S) = S? and
k.o(S) = (1 — S)2. In the presence of capillary effects, an additional diffusion term
is present in (2.3). In the simulations, we solve the pressure equation on the coarse
grid and re-construct the fine-scale velocity field which is used to solve the satura-
tion equation. The basis functions are constructed at time zero and not changed
throughout the simulations.

In our numerical results, we compare the saturation fields and water-cut data
as a function of pore volume injected (PVI). The permeability field Y (z) is given
on 60 x 220 fine grid and 6 x 22 coarse grid is used in two-phase flow simulations
without updating basis functions. We consider a traditional five-spot problem (e.g.,
[1]), where the water is injected in the middle and oil is produced at four corners of
the rectangular domain.

In Figure 3.9, the water-cut and the saturation profiles for a value of # = 0.75
are compared. The global fields corresponding to single-phase flow solutions are
computed at ¢; = 0.5 and 6, = 1. The simulations are run with p,/u, = 5. We note
that the value of @ is different from the values used in generating basis functions. We
observe from these figures that the mixed multiscale finite element method provides

an accurate representation of the solution. In particular, there is almost no difference
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in water-cut curve and the error in the saturation profile at PV I = 1 is less than
5 %. This observation is consistent for all other values between 6; and 65, and it is
demonstrated next.

In our next set of numerical experiments, water-cut errors and saturation errors
for values of 6 between #; = 0.5 and #y = 1.5 are presented. We also compare these
results with the results obtained using only one value of 8, # = 1. More precisely,
we only use the global solution corresponding to § = 1 to construct multiscale basis
functions. Furthermore, these basis functions are used for solving two-phase flow and
transport on the coarse grid for other values of 6. We observe from Figures 3.10 -
3.11, that the results are substantially better if two global solutions are employed in
characterizing the solutions for all the range of 6. In Figure 3.10, po/py = 0.1 is
taken and in Figure 3.11, p,/p, = 10 is taken. It is clear from these figures that
the use of two global solutions in mixed multiscale finite element methods gives us
an accurate approximation. The presented numerical results show that one can use
a few realizations of the permeability field to construct basis functions that can be
employed for solving two-phase flow and transport on the coarse grid accurately. We
would like to note that similar ideas have been used in ensemble level of upscaling
in two-phase flow simulation [20]. The proposed approach has now been applied
to more complicated stochastic permeability fields in [2] where the uncertainty is
parameterized via high dimensional parameter 6 (i.e., M > 1). Using a few values of
f, one can pre-compute multiscale basis functions that are used to characterize the
uncertainty.

One of our goals with presented numerical results is to show that the solution
can be approximated using multiple global fields. Next, we discuss the convergence of
global mixed MsFEM with limited global information. For this reason, we consider

different coarse grids, 6 x 22, 12 x 44, and 15 x 55 for the previous example with
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Fig. 3.9. Top: Comparison of water-cut between reference solution and multiscale so-
lution; Middle: The reference saturation at PV I = 1; Bottom: Multiscale
saturation at PV I = 1. (layer 85)
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Fig. 3.10. The saturation and water-cut error using one single-phase flow solution and

two single-phase flow solutions, ./, = 0.1. (layer 85)
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Fig. 3.11. The saturation and water-cut error using one single-phase flow solution and

two single-phase flow solutions, ./, = 10. (layer 85)

Lo/ ttw = 10. As our convergence analysis indicates that the proposed method con-
verges upto a small parameter § which represents how well two-phase velocity field
can be approximated by single-phase velocity field in each coarse patch. Moreover,
the convergence rate also depends on the smoothness of A; in (3.117). One can con-
sider an ideal toy problem where the convergence rate can be verified by specifying
the form of the solution upto smooth functions A; (see (3.117). Instead, we would
like to consider SPE 10 example and show that as the coarse mesh size decreases the
error decreases. We note that this is in contrast to standard MsFEM where one can
observe the resonance error in the form €/h. As a result, the mixed MSFEM does not
converge as h approaches to zero. As we see from Figure 3.12, the mixed MsFEM
using limited global information converges as the coarse mesh size decreases. This is
an indication that for general complicated media such as SPE 10 with high contrast,
one can expect the convergence of mixed MsFEM using limited global information.
As we mentioned earlier that if one uses directional fields, then § = 0. In this case,

one can perhaps show more rigorous convergence rates in the absence of source terms.
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Fig. 3.12. The saturation and water-cut error using one single-phase flow solution and
two single-phase flow solutions, u,/pt, = 10 for different degree of coarsen-

ing. (layer 85)
3.5. Conclusions and Comments

In this chapter, we present the multiscale numerical methods: Galerkin Ms-
FEM, PUM, and mixed MsFEM. These methods employ limited global information.
In multi-phase flow simulations, the global fields are employed from the solutions
of single-phase flow problems to construct multiscale basis functions. Our analysis
assumes the solution of partial differential equation smoothly depends on the global
information. Under this assumption, we derive convergence rate for the global mul-
tiscale numerical methods. This assumption is relaxed for the case with scale sepa-
ration, where we show that multiscale finite element methods converge without the
resonance error. The convergence analysis shows that approximation is improved and
accurate compared to local MsFEMs.

A few numerical results are shown. First we consider two-phase flows simula-
tion. We consider complicated spatial heterogeneities presented in SPE Comparative
Project [24]. Single-phase flow solution is used to construct velocity basis functions.

Secondly, we consider a parameter dependent permeability field (a simplified case for
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general stochastic permeability fields) where a limited number of parameter values are
used to generate the global fields. Based on these global fields, we compute multiscale
basis functions. These permeability fields (SPE 10) are channelized and difficult to
upscale and, thus, single-phase flow information (limited global information) is used
for two-phase flow simulations. Our numerical results show that one can accurately
approximate the solution of parameter dependent two-phase flow equations with a few
global fields corresponding to single-phase flow solutions. One can find a few more
representative numerical examples in [3] involving highly channelized permeability as
well as a 3-D reservoir model with unstructured fine grid. We observe that the use of

unstructured coarse grids provides more accurate results and more flexibility.
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CHAPTER IV

MULTISCALE NUMERICAL METHODS FOR PARABOLIC EQUATIONS
WITH CONTINUUM SCALES USING GLOBAL INFORMATION

In this chapter, we consider multiscale approaches for solving parabolic equations
with heterogeneous coefficients. Our interest stems from porous media applications
and we assume that there is no scale separation with respect to spatial variables.
To compute the solution of these multiscale problems on a coarse grid as before,
we define global fields such that the solution smoothly depends on these fields. We
present various finite element discretization techniques and provide analyses of these
methods. A few representative numerical examples are presented using heterogeneous
fields with strong non-local features. These numerical results demonstrate that the
solution can be captured accurately on the coarse grid when some type of limited
global information is used for parabolic equations. The results of this chapter can
been found in our papers [5, 45].

The chapter is organized as follows.

In Section 4.1, we present problem setting. In Section 4.2, we present an analysis
of MsFEM with single global information for parabolic equations. In Section 4.3,
we present the analysis for general case using PUM with multiple global fields. In
Section 4.4, we discuss the global mixed MsFEM for parabolic equations. In Section
4.5, we present a few numerical results for Richards equations. Finally, we draw some

conclusions and make further comments.
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4.1. Preliminaries on Parabolic Equations

In this chapter, we consider a model parabolic equation

Diyp —divkVp=f in Qp
(4.1)

p(t=0)=py in{

where Qp := Q x [0,7T) and k := k(z,t) is uniformly positive and bounded in Q7,
k(z,t) is a rough function with respect to z, f = f(x,t) € L*(L*(Q)) and the problem
is subject to boundary conditions. Our objective is to define multiscale methods
that can capture the solution of (4.1) when k(x,t) does not have scale separation
with respect to spatial variable. This type of problems arise in many porous media
applications, e.g., in compressible flow, Richards equations and etc.

Next, we introduce some notations. Let M be a finite dimensional subspace of
H} and for simplicity, we consider p|sq = 0. We suppose that py, : [0,T) — M solve

the following equation

(Dipn,vn) + (EVpy, Voi) = (f,vn)
(4.2)
(pn(0),v3,) = (po, v},)

for all v, € M and v} € S* (or M and it depends on the feature of initial values),
where S, denotes standard polynomial finite element spaces. Let pos = (po,v}). Let

us define in this chapter

|p — thl?lT =|lp— ph“%%(ﬂ(ﬂ)) +[p— ph|%2(H1(Q))'
The following is a known stability result [36].

Lemma 4.1.1. Let p and py, be the solutions to (4.1) and (4.2) respectively. Assume
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that w : [0,T) —— M be any function, then
llp = palller < CUllp = wlllag + 1040 — w) |2 @y + I1pos — wO)llz2@). (4.3)
Proof. Let € = p, —w and n = p — w, then for v € M
(Dyw,v) + (kVw,Vv) = (f,v) + (kVw — kVp, Vv) — (D, v).
Take v = &, then
(Di€, &) + (kVE,VE) = (kFVu — kVw, V&) + (D), §).
Consequently,

4 N 1 72
Dl +1eka < 5o+ Gleha+ o -lelta+ FIDalE g

Ci o M1 1 2 1 2 V2 2
< 2t N — 20D
< grllte+ (G + 5o )leRo+ 5o lelia + Dm0

Pick proper values of v; and =5 so that

||§||§79(7)+/0 Iflig(S)dsSC(Iﬁl%z(m(mﬁrIIDmII%z<H1(Q>)+II§(0)II3,9)+/O I€115.0(5)ds,

and Gronwall’s inequality (i.e., Lemma 2.2.7) implies that

€7 oo (22 () + 1€l L2 @) < CUnlEagmqy + 1Dl 22 -1y + 1€ .0)-
Since p — pp, = n — &, the triangle inequality gives

Il = pulle 2y + [P — Palr2a @)
< O(llp — wllpoez2)) + [P — w2 ) + | De(p — w) || L2-1(2)) + [[Pon — w(0)lo,0)-

O
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Lemma 4.1.1 implies the following inequality

o = palller < Cllp = wlllar + 1Di(p = w)ll2z2@) + Pon — w0l z2)-  (44)

We note that summation convention is used in this chapter.

4.2. Qalerkin MsFEM with Limited Global Information

The key idea of the method has been described in Section 3.2.1. The basis
functions, ¢X,i = 1,--- ,d are the set to satisfy the elliptic problem (3.4) Let p; be

the solution of the following equation

—divk(z)Vpy = fo in Q, (4.5)

subject to the same boundary conditions as the original equation. Here f; is time
independent right hand side and can be thought as the heterogeneous spatial part
of f,eg., f(z,t) = fo(x)g(t). If f € L*(L*()), we can take fy = 0 or any smooth
function because the small scale features of the solution, p, are independent of the
source term provided the source term is a smooth function. In simulations, (4.5)
is solved on the fine-scale grid by using standard finite element method, e.g., using
piecewise linear basis functions. We note that this is one time overhead, though
these basis functions capture the non-local information and allows us to obtain the
convergence independent of small scales.

We define the Galerkin finite element space by

Vi = span{¢X :1,---  d; K € 7,}. (4.6)
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The weak formulation of (4.1) is to seek pj, € V}, C HJ such that

(Dipn,vn) + (kVpr, Vop) = (f, vn)
(47

(P (0), v3) = (po, v3,)
for all v, € V}, and v} € S* (or V}, ).
For the analysis, we may assume that p smoothly depends on p;. This can be
derived for a channelized media as it is done in [29].

Assumption G. There exists a sufficiently smooth scalar valued function G(n,t)

(G € L=(H?) N HY(H?) N L= (W*3), s > 2), such that
[lp — G(p1, Dlllas + [|Di(p — G(p1,1)) || L2(22(0)) < C6, (4.8)

where 0 is sufficiently small.
Note that G is defined on a bounded domain in R? because p is a bounded function
and [0, 7] is bounded.

To get an accurate numerical solution of equation (4.2) on the coarse grid, we
use the global solutions (on the fine grid) of equation (4.5) to construct MsFEM basis
functions as described earlier. Next, we prove that with these basis functions and

Assumption G, MSFEM converges independent of small scales.

Theorem 4.2.1. Under Assumption G and p € W5(Q) (s > 2), we have

Ilp = palllar < C8 + Ca(h) + Ch'~*

D1 ‘ 1,5,

where a(h) is the approzimation error for initial values.

Proof. In the proof, we first use Lemma 4.1.1 and then break the estimate in this
lemma into the estimates over each coarse grid block. The estimation over each coarse
grid block is obtained using perturbation of G' and regularities of basis functions and

the global field. Following standard practice of finite element estimation, we seek



97

finite dimensional function w = ¢;(t)¢X, where ¢X are specified in (??). Our analysis
is similar to that presented in [4] for elliptic equations.

From Lemma 4.1.1, we have

[P = palller < C(llp — Glp1, )lllar + 1|G(p1,t) — ()X |y
+ | Di(p — G(p1, )| 220y + |1De(G (p1, t) — ()i r2(r2(y) (4-9)
+ [|po,n — Ci(0)¢f<’|L2(Q))-

We may assume that |[po, — ¢;(0)¢f]|12¢)) < a(h). Hence,

P — palllar < C6+ Ca(h) + C(|||G(p1,t) — ci(t)or |||y (410)
+ DG (p1, t) = ()05 ) | r2r20)))-

Next, we present an estimate for the third term. We choose ¢;(t) = G(p;(z;),t) for
t > 0, where z; are vertices of K. Furthermore, using Taylor expansion of G around

D1k, which is the average of p; over K,

G(pi(xi),t) = G(Dig, t) + 0,G(Pig-t)(p1(2:i) — Pig)
T (1) — Pige)? / sO2G (1 () + sPi — pr(2)). £)ds,

where 8%(? refers to the second derivative with respect to first variable G(n,t), We

have in each K

()6 = GOiw, 1) Y oF + 0,G(Die, t)(pr(w:) — g )b

+ (p1(z) — p_lK)2¢iK/0 SasG(Pl(xi) + s(Prx — pr(wi)), t)ds (411)

= G(Pig,t) + 0,G(Fig, 1) (pr (x:)¢K — Dig)

+(p1($z~)—p_u<)2¢f{/o 59, G(pr (i) + s(Pryc — pa(x:)), t)ds.
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In the last step, we have used Y, ¥ = 1. Similarly, in each K,

G(pi(2),t) = G(Pig, 1) + 9,G (i) (pr(2) = Pik)

) (4.12)
+ (p1(z) — Pig)? /0 s02G(p1(x) + s(Dig — p1(x)), t)ds.
Using (4.11) and (4.12), we get
|G (p1,t) — ()1 || Lo 22k
< 80,G@1k. t)(pr(x) — pr(@:) D) | oo (200 +
1
| (p1(:) —p_lK)zébf(/O SagG(pl(l‘i) + s(Prx — p1(®:)), t)ds|| Lo (r2(x))
1
+11(p1(2) — Pig)? / sO2G(pi(z) + s(pig — (), Odsll oy (418)

< Ch?||folloxx + CR>5

plﬁ,s,K
_4
< CR*|| follo,x + CR* = |pilisolpi|lex

_a
< Ch2||f0||071< + Ch®* s D115, K-

From the third step to the forth step, we have used the fact |p; %,S,K <|pilisalpiliskx <
Clpil1,s,x (we assume elements K’s have continuous extension property). Since
p1 € WH5(Q) is bounded apriori, |p1]1 ¢ i is absorbed into the constant C'. In the sec-
ond step we used the fact ||pi(x) — p1(z;)9X lo.x < Chll follox (see [4]) , smoothness

of G(n,t) and the inequality

_2
Ip1(7) —p1(y)| < Clz — ?J|1 s p1|1,s,K>
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for z,y € K when s > 2. A direct calculation gives
1
|(p1(z) — P_1K)2/ s02G(p1(x) + 5(Drge — pr()), )ds| L2 (10
0
1
< |l(p1(x) - 29_1K)2Vp1(x)/ (1= 5)s0,G(p1(x) + s(rx — p1()): )ds| 2200
0

+2[[(p1(2) = Prg ) Vpa(2) /0 s9,G(p1(x) + s(Prg — pa(x)), O)ds| p2(ra )

_4 2s
< O I Tlplin + 1G12, e

)3 (4.14)

+Ch's

2s 1
pilisx(Tlpili 0 + |G Z%(Wz,f% )?

2)

<O pi 2, + Ch' 5

p1|1,s,K

< Ch'~2 1D1]1,5.5

where we used Young’s inequality in the second step. Noticing |p; () —p1 (7)) 95 |1 x <
Chl| follo.xc, we get

1G(p1.t) — (0o |20 (xc))

< 19,G(Pig,t)(p1() —Pl(Ii)¢f<)||L2(H1(K))+

1
[(p1(:) — ]9_1K)2¢¢K/ SﬁgG(pl(SCi) + s(Prx — pr(®i)), t)ds|| L2 (k)
0 (4.15)
+ |(p1(z) — 29_1K)2/0 s02G(p1(x) + s(Drg — p1(2)), t)ds| L2 (50

< Chl|follo.se + Ch*"%

P1 |%,S,K‘¢2'K‘LK + Chl_% |p1 |1,s,K

< Chl|follo.sc + Ch*"%

Dil1sx + Ch'~3 ID1]1,s.5-
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In the last step, we have used the fact that |[V¢X| < C/h. Similarly one can estimate
|1 D(G(p1,t) — ci(t) o) r2r2 i)
< 16:9,G (P, t) (p1 () —Pl(Ii)QSf{)HLZ(m(K))ﬂL

1
| (p1(:) _17_11()2¢f(/ s0,02G(p1(x:) + s(Pre — pr(@i)), t)ds|| 212k
0
(4.16)

1
+[l(p1(2) = Prx)* / 50:0,G(p1(x) + 5(Pixc — p1(x)), t)ds| L))
0

< Ch?|| follo.se + Ch*~*

P1 ‘%,S,K

< Ch?|| follo.se + Ch*~*

pl‘l,S,K’

In the second step, we used the regularity G € H'(H?). Combing (4.13), (4.15) and
(4.16), we have

|G (p1.t) — cidf |||k + || Di(G(pr, t) — i) | L2z

(4.17)
4 s
< Ch||follo,x + Ch* s D115, + Ch'~2 D115, K-
Summing (4.17) over K and take into account (4.10), we have
|||p - ph|||QT < Co + COZ(h) + Chl_% pl‘l,s,Q-
The proof is done. ]

Remark 4.2.1. If Vp, € L*>°(Q), the reqularity of G can be relaxed to G € HY(H?*)N
L*(H?) and the convergence rate would be C§ + Ca(h) + Ch.

Remark 4.2.2. We can relax the assumption on G if the proof is carried out using
Taylor polynomials in Sobolev spaces. In particular, it is sufficient to assume G(n,t) €
HY(H?) N L*®(H?) . We will study this in the next section within the framework of

partition of unity method (PUM).

Remark 4.2.3. If equation (4.1) has small e-scale feature (see[38]), the proof of the
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Theorem of 4.2.1 implies that the resonance error O(y) is removed by the method

described in this section.

4.3. PUM for Parabolic Equations Using Multiple Global Information

In this section, PUM is applied to parabolic equations by using multiple global
fields.

4.3.1. Framework of PUM for Parabolic Equations

In Section 4.2, we have studied parabolic equations when the solution smoothly
depends on a single global field. In many applications, the solution may smoothly
depend on multiple fields. In this section, we are going to discuss the latter, which
is more general. We utilize the idea of partition of unity method (PUM) in [49] and
[58] to capture the small scale information of the solution.

We define patch w; (j = 1,2,...,m) to be the union of elements (coarse) sharing
the common vertex x;. Let diam(w;) = h; and h = max;{h;}. We suppose that the
solution p of (4.1) can be approximated by £} on each patch w; (j = 1,2,...,m) and

satisfies the following conditions on each patch (no summation over j),

Ip(t) = & D3, < Cealt.5)?
p(t) = )1, < Cealt, ) (4.18)
IDi(p(t) = & W) l5., < Ces(t,j)*.
Let ¢? be partition of unity functions (e.g., linear hat functions) associated with
the patches w;. If we paste £f(t) with ¢§ to get w defined in Lemma 4.1.1 (i.e.,
w = qﬁ?{f ) and follow the techniques in [12], we can obtain the following theorem

which provides us with a basic estimate for the convergence of multiscale finite element

method.
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Theorem 4.3.1. Let u and uy be the solutions to (4.1) and (4.2) respectively. If
(4.18 ) holds, then

(f;j) +ealt,5) + es(t,5)?)dt,  (4.19)

T
B €
o - pall3, < W+CA(MMV+1

where a(h) is the approzimation error for initial values.

Proof. For the approximation error for initial values, we assume that

I(p = w)(O) 50 + [Pop — w(0) 50 < a(h).

Let qbg be partition of unity functions associated with the patches w;. If we take

w = ¢Y&¥, then (refer to [12])

P —wha < C( +EX(t,5))7,

El(taj)2 2
2
hj

and

MI»—-

IDi(p = w) oo < C(Y_ €,
7=1

Set n(t) = p(t) — w(t). Since for any ¢ € [0, 7],

t
In®loe = ||77(0)H3,Q+/0 Dylln(s)l5 ods

t
=nmm%@+2A0wmmme
||77(0)H3,Q + ||77||2L2(L2(Q)) + ||Dt77||2L2(L2(Q))

T
|M®%@+CA(%@ﬁ+%@ﬁﬂt

IA

IA
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Hence we obtain the following estimate for the partition of unity method

P — ph||ioo(L2(Q)) +p— ph|%2(H1(Q))

< C(lltp = w) (0[50 + lpor — w(0)][5.0) (4.20)
g o, Gty ‘ .
20 [Casp+ T 4 a2 + ol
0 J
and which is the same as (4.19). O

Remark 4.3.1. If the patches w; have the uniform Poincaré property (as defined in
[12], page 92), one can simplify (4.19) to

T
1P = pulllg, < Calh)+C / (Rlea(t,§)* + e2(t,j)* + e5(t, j)?)dt. (4.21)
0
Remark 4.3.2. By the proof of Theorem 4.3.1, (4.19) can be reduced to
GiGY))
0

p—pal S, §Ca(h)+sgp261(t,j)2+0/ ( h;- +ey(t, 1) Fes(t,§)?)dt. (4.22)
=1

J

Remark 4.3.3. Assume the finite space M € Py, i.e., polynomials with degree k,
p € L*(H*(Q)) and D;p € L*(H*1(Q)). If w is chosen to be H* projection onto M

of p, standard analysis and Lemma 4.1.1 or Theorem 4.3.1 imply that (see [36])

I[lp — pulllo, < a(h) 4+ CR*.

4.3.2. Incorporating Multiple Global Information

In applications, one often deals with multiple global fields that allow to represent
the solution. We assume that p can be approximated by G(py, ..., pn,t), where p;(x)
(1 = 1,2,...,N) are pre-defined functions. Here, p, py, ..., py are scalar functions.

More precisely, we assume there exists a function G(n,t) € L>®(H?) N H'(H?) N
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2s

L2 (W), s > 2, € RN, such that

|||p - G(p1> "'apNat)|||QT + ||Dt(p - G(pla '-'>pN>t))||L2(L2(Q)) < 57 (423)

where p; € Wh5(Q)(s > 2), i = 1,2,..., N. This is an extension of the previous
approach. We would like to note that multiple global fields need to be used for
stochastic differential equations [27]. Next, we define M = span{p;|i = 1,2,...,N},
p1 = 1 and follow Theorem 4.3.1 to approximate u. Let ¢;; = ¢Vp;, then >, ¢p; = p;.
Next, we study this method and provide convergence analysis. For this, we have the
following theorem. This convergence theorem shows that multiscale finite element
method converges independent of small scales in a more general setting when multiple

global fields are used.

Theorem 4.3.2. Under the assumption (4.23) and if s > 4, we have
P = pallla, < a(h) +5+Ch'~.

Proof. In the proof, after formulating stability estimate (4.24), we break the estimate
into the estimates over each coarse patch. The estimation over each coarse patch is
obtained using perturbation of G and regularities of basis functions and the global

fields. By (4.4), we need to estimate the right hand sides of the following inequalities

lp — wllloy < llp = G(p1s - pn, Dlllar + G (p1s s v, t) — cijtbilllar,  (4.24)
and

[|[De(p — w)|| 22y < |De(p — G(p1, -y o )| 2222002 (4.25)

+ ||[De(G(p1s s DN, ) = €i5%i5)| | L2 (22(0)),

where w = ¢;;9;; and ¢;; is chosen such that the second term on the right hand of the
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the above two inequalities is small. In each w;, we choose ¢;; as

Ci1 = G(ﬁllv ,ﬁ?v,t) - a—(ﬁ?lv 7p§\f7t>ﬁ;7
Dj

and

oG

Cij = a—pj(ﬁllv "'7ﬁ§V7t)7 .7 > 27

where ]52 is the average of p; over w;. We note the following Taylor expansion in each
Wi,

J

where R; is the remainder, which can be written as
kj 0

where 0,3, ; refers to second derivative with respect to py and p;.

We first estimate (4.24). One can show that in each w;

|G (p1, -, P, t) — cijpjl|

wiT

LG,
S |||G(p1> "-apNat) + %(pla "'>pN7t)(pj _p]) - Cijij
J

wir + || Bill

wiT

where w;r = w; x [0, T]. The choice of ¢;; implies that the first term on the right hand

side is zero. We only need to estimate the second term ||| R;|| A straightforward

wiT *

computation (also see [4]) gives rise to

pk‘l,s,wi Dj ‘ 1,5,w; G|L2(H2)

_4
IRl rnzny < 3 B2
o (4.26)

_4
S Ch2 s Z |pj|1,s,wi>

J
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_4a
HRiHL‘X’(L2(wi)) < Zh2 s i | D3 11,5.05 G|L°°(H2)
k,j (4.27)
_4
< CR7>  Ipjlis,
J
and
1
| Ril L2 (a1 (wi)) < Z I(p p] (P — pk)vpl/ (1- S)Sag,jJGS(" B)ds| 22
7.kl 0
' 1
+ Z I((ps = P})Vp; + (o — D) Vi) / 503 ;G )dsll 22
< Czh2 s |pj‘1,s,wi pk‘l,s,wi(T‘pl ), =2 ( 52782)>2
gkl (4.28)
1
+ Czh |1swZ T|p] ( 2,52—,55))2

_4 _2
< C Z h2 s |pj|178,wi|pk|178,wi +C Z hl s |pj|178,wi
j J
< CZh

where 8 ;. is partial triple partial derivative with respect to p;, pj, pr, Gs(.,t) =

|1757W1

G(p1 + s(p} — p1), .., pn + s(Ply — pn),t) and Young’s inequality is applied in the

second step.
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Notice that Y, ¢? =1 and |V¢}| < C'+, then it follows that
G(p1, . PN, t) — Cz’j¢z’j|2L2(H1(Q))
/ V(G — ci;¢lp;)|*dadt
= [ 1906216 = ) P
< C/\ — ;s V¢°Pdmdt+0/ 62V(G — cijp;)|*dudt (4.29)
Cﬁ Z 1Rill72 (12 (w0 + CZ | Ril 221 (o)

SONTYEY Aple, + CHTY Y Ipil,

1,5 ,J

< Ch2_8/5,

and

|G(P1,---,pNat)—Cijwiﬂ%w(w(m) < CZHRZ'H%M(L?(%))

CR7 " pil

1,J

S Ch4_8/8.

IA

It remains to estimate (4.25). We only need to estimate ||D;R;||z2(12(q))- It is easy to

show

1
1D Ril z2 2y < D (25 — B5) (pk — PZ)/ 50,0 jGs(, )ds || L2(12(w0))
Gk 0
<oy
7.k

_4
< Ch2 s Z |pj|1,s,wi|pk|1,579

gk

S Chz_% Z |pj‘1,s,wi

J

"l,s,wi pk|1,s,wi atG‘LQ(HQ)

(4.30)
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and consequently

| D:(G(p1, ..., pN, t) — Cijwij)||2L2(L2(Q)) < Chi-8/s.
Invoking (4.24) , (4.25) and (4.4), we complete the proof. 0

Comparing the convergence rate given by Theorem 4.2.1 and Theorem 4.3.2, the
convergence rate by PUM is slightly less than that given by the Galerkin MsFEM
using single global field in Theorem 4.2.1. However, if the patches w; have the uniform
Poincaré property (as defined in [12]), then we can obtain the same convergence rate

for these two methods. The result is given in the following corollary.

Corollary 4.3.3. Provided that patches w; have the uniform Poincaré property and
s> 2, then

1lp — pallloy < a(h) +d+Ch'"%,

Proof. Let Ajpy = {i:w; NOQ =0} and Apg = {i : w; N 0Q # 0}. We choose

1

= o

/ (@t}

for i € A; and 7;(t) = 0 for i € Apq. we reset ¢;;(t)p; in the proof of Theorem 4.3.2
to be ¢;;(t)p; + ri(t) in each patch w;.

Owing to

i =i 9IG i i
G(p, ..., Py, t) + %(plv o Dy 8)(pj — By) — cijp; =0
J
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in each wj;, it follows immediately that
HG(plu -y PN, t) — CijPj — TiHLOO(LZ(wi))
> —i oG > >
< HG(plv ’--7pN7t) + %(plv -y PN t)(pj - pj) — CijPj — Ti’|L°°(L2(wi)) + HRiHLw(L?(wi))
J
= |Irill Lo (z2(wi)) + 1 Rill oo (22 (0

! i _i _i i i
= || |w| / (G - G(pla U >pN7t) - ajG(pD PN t)(p] _pj))d$||Lm(L2(wi))

(4.31)
+ | Ri| oo (22 (wy))

1
= ||m/ Ridx|| oo (22w, + [ Rill oo (22(w1))

< Ch|[Ril zoo(r2(@y) + [ Rill oo (r2(wiy)
S CHRZHL“’(LQ(LUZ))
Since patches w; have uniform Poincaré property by assumption in Corollary

4.3.3, Poincaré inequality implies that there exists a constant C' independent of w;

such that

|G = cijpj — rill 2w (t) < Ch||G = cijpjl e (1)
(4.32)

|G — cijp; — Till 1w (B) < |G — cijpjll 1w (1)
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By (4.29) and (4.32), one can obtain that

G(p1, s PN 1) — cij ()i — ?ri|%2(H1(Q))
/ V(@G — cyp; — 1) dedt
<c / (G = eups — 1)V 2dadt + C / 699G — cip; — ro)|Pdadt
Q Q

1
< Cﬁ Z h2||G _ Cijpj”%,z(Hl(wi)) —+ C’Z |G - Cijpj|2L2(H1(wi)) (4_33)

< CO _(Ril2(rwy)?)

7

<> onF

i J

< Ch* 5,

10.)%)

Utilizing (4.31) , (4.33) and following the proof of 4.3.2, we complete the proof. [

Remark 4.3.4. If G(n,t) € L®(W>®) n HY(H?) N L2 (W»<2),s > 2, then the

proof of Theorem 4.3.2 implies that
[l = pillloy < a(h) +6+Ch'~.

If the number of global fields py,--- ,p, is equal the dimension of €2, then by
using Taylor polynomials of Sobolev functions (see [17]) one can relax regularity of
G and improve the convergence rate. For an example, we are going to consider the
case of two global fields p;, py for Q C R? i.e., the local basis is a span of {1, py, p2}.
We define

Ti(z,y,t) =G(y,t) + VoG(y, 1) - (x = y)
@(w.0) = [ T pt)6()dy (4.34)

Ri(xa t) :G(Iv t) - Qz(‘% t),

where x € D; C R? , y € D;, B; CC D; is the ball centered at 3; with radius p and
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#(y) is the cut-off function supported in B;. Suppose D; is star-shaped with respect
to the ball B; and diam(D;) < Cd uniformly for all i. If G(.,t) € H*(D;) for any ¢ in

its domain, then the following results hold [17],

HRZ(7 t)HO,OC%Di < Cd|G('7t)‘27Di7 (435>
|R; (., ) |r.p, < Cd*F|G(, .t)|ap, k=0,1. (4.36)
Define a map ¢ : w; — D; via z — (p1(x),p2(x)) , H(x) = % and the
Jacobian J(z) = det%. Assume that there exist constants C; , Cy and Cj such
that
Cy <|J(z)| < Cy (4.37)
and
1 H (7) ]|l < C3 (4.38)

uniformly hold for x € €2, where

H(x)¢, &
(@) o= sup [ sup LHDEL))
€ \ £E€R2 |§|
(4.37) means that C1h < d < Cyh, where diam(D;) ~ d and diam(w;) ~ h. One
can use change of variables and the assumption of (4.37) and (4.38) to obtain the

following inequalities:

AN

[Ri(pr(2), p2(2), 000w, < CRIG(, 1)ll2p;, (4.39)
IR:(pr(2), p2(2), O)llow, < CRAIG(, 02, (4.40)

| Ri(pr (), p2(), 1) |1, ChG(, D)l2.p;- (4.41)

IA

The first two inequality (4.39) and (4.40) are easy to verify. We give a short proof
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for (4.41). In fact,

|Ri(p1 (), p2(2), )1y < (inf J (@)™ 2| H (@)oo | Ril-, D) 1.0,

< Ch|G(.,t)|2.D;s

where we have used (4.37), (4.38) and (4.36) in the last step.
For the special case, we have the following theorem. We note that this theorem

proves the convergence under weaker regularity assumptions for G.

Theorem 4.3.4. Suppose that (4.37) and (4.38) hold. If G € H'(H?*) N L>(H?),
then

I|lp = pullla, < a(h) + 3+ Ch.

Proof. Let ¢;; = ¢dv; (i =1,2,..,m,j =1,2,3), where v; = 1, v = p; and v3 = ps.

Define w = ¢;;1;;, where

o= [ G0N0 pa(0). )~ DG 1) palw): O, )6l (),
g(Bs) (4.42)
o= [ 0,600 pl). 00l ()
g~ H(By)
By the proof Theorem 4.3.2, it is sufficient to estimate || R;(p1,p2,t)||r2(£2(w:))

| Ri(p1, P2, ) || Lo (L2 (wi))s | Ri(P1, P2, 1) || L2 (k11 (wy)) and || DeRi(p1, D25 )| 22(L2(wr))- In fact,

|Ri(prs D2, )| 22wy < CR2||Gllp2az o).
2
1Ri(p1s p2; Dl 22(0)) < ORI Gl oo a2y, (4.43)
| Ri(p1: p2: )| 22011 (wi)) < ORI Gl 222
DR (1, p2s )l 22220y < CH2(| DGl 212,
where we have used (4.40) and (4.41). The rest of the proof is the same as that of
Theorem 4.3.2. O

Remark 4.3.5. The assumption on G in Theorem 4.3.4 is weaker than that of The-
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orem 4.8.2. At the same time, global fields p1 and py need to satisfy hypothesis (4.37)
and (4.38). If p; € WH2(Q), Theorem 4.5.4 and Theorem 4.3.2 simply imply the

same convergence rate.
Remark 4.3.6. Let p; (i =1,2,...,d and d = dim(S2) ) be the solution to

divk(x)Vp; =0 in
(4.44)

pi(z) =z on 09,

then g(x) is an homeomorphism for k(x) € L*(S2) [7]. Authors in [53] show
p(g  (p1,p2),t) € L*(H?) and solve parabolic equations with continuous scales in
(u1,p2) harmonic coordinate system(the meshes may be distorted). Theorem 4.3.4

implies the same convergence rate as that of harmonic coordinate method in [53] if
we take G(p1,pa,t) = p(g~" (p1,p2), 1)
4.3.3. Space and Time Dependent Global Information

In the previous subsection, the global fields pq,-- -, py only depend on spatial
variables. In this subsection, we consider a more general case that global fields depend
on space and time, i.e., p; = p;(z,t). We assume there exists a function G € H3 and

such that

lp = G(p1, s p3)|llar + [[De(p — G(p1,y o )] L2(22(02)) <6, (4.45)
where we assume
pi € HY(LA Q)N LW (Q)(s >2) i=1,2,..,m. (4.46)

If we apply the PUM with global fields p; = p;(z,t) (i = 1,--- ,N), we have
the following theorem for the convergence. This convergence theorem shows that

multiscale finite element method converges independent of small scales in a more
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general setting when multiple global fields are used.

Theorem 4.3.5. Under the assumptions (4.45) and (4.46), we have
1o — palllay < a(h) + 8+ C(h'=3 + B>=%). (4.47)

Proof. Because this proof is similar to that of Theorem 4.3.2, we only give a brief
outline here. We know as before, it is sufficient to chose a proper w : (0,7] — M
and estimate |||p—w|||o, and ||[Dy(p—w)||r2(12(q)). Set w = c;ij9;;, where ¢;; is chosen

such that ¢;;1;; is a good approximation of G(py, ..., py). In each w;, we choose ¢;; as

] - oG i N\ =i
Ci1 = G(p17 ---7PN) - %(plv ---;pN)p]w
j]
and
oG, . _Z- .
Cij:@(plu'"va)v J 227

where ]52 is the average of p; over w;. We note the following Taylor expansion in each
Wi,
G(p1,...,pn) = G(PY, - Ply) + f(ﬁi, o D) (D) —]53) + R,

where R; is the remainder, which can be given by
. . 1
Ri= 300~ 70y 7)) | 98, Guds.
k.j 0

where we remind that G, = G(p1+s(p, —p1), ..., px +8(P% —pn)). Triangle inequality

implies that in each w;

|||G(p17 "’7pN) - Cijpjmwi:r
5 (4.48)

i G i i
< HlG(pla "'7pN> + 8p-(p17 "'7pN>(pj _pj> - Cijpj|||wiT + |||RZ|||sz
J

The choice of ¢;; implies that the first term on the right hand side is zero. We only
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need to estimate the second term. A direct computation gives

i oo (W5 i) |[Pre Lo (125 1))

4
HRZ'HL2(L2(wi)) S Chg_s

gk

_4
< CR75)  |piloe )
J

_4
|Rill Loz < CRP75 > Ipjlpeqwswo)

J

|Ril 2 (51 i)y < Ch'™5 Z |Pul L2 (w2))

and
1
Ril 2wy < D 10y — §3) (o — Pk)vpz/ (1= )50} ;,Gsds| L2120
Jkil 0
' 1
+ 321G = )90 + (= )T | 502, Guslzq
0
<C Z h*~ Loo(Wl s(wi)) pk‘Loo(Wl s (wy)) pl‘LQ(Hl(wl)) (4.49)
7.kl

_2
+C Y R psl e wrs ) D7 220 )

_2
<O ) Ipiliean e

J

Consequently, we can obtain
|G(p1s s pN) = Cij¢ij|%2(H1(Q)) < Ch* s,

and

\G(ul, ...,pN) — Cijiﬂijﬁm(Lz(Q)) < Ch6_8/s.
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If p; € L°(Wh5(Q)) N HY(H(Q)), one can show that
1
ID:Rill 222200 < Y 1 De((py — 1) (0 —172))/0 5074 Gsds]| 212 ()
ik

1

+) Ny = ) (pr — ﬁz)Dtpl/ 5(1 = )05 11Gsds| L2200

7.k, 0
3y = )~ D | 520 Gl

- 0

Jkil (4.50)

_2

< CR75 Gl Y Ipjl e o)

j?k

Dypre| 12 (11 (wr)

+Ch* s

Gl3 Z D5 | oo (Ws (i) | Pk | Loe (W1 (i) [ Deli] 1212 (0)
okl

_4
< Ch*™s Z | Depi| L2 wr)) -
l

Consequently, it follows

1D(G(prs - o) = Cijwij)||2L2(L2(Q)) < ChA8/s,
The rest of the proof is the same as that of Theorem 4.3.2. ]

Remark 4.3.7. Let p;(z,t) (i = 1,2,...,d and d = dim(2)) is the solution of the

following equation

Dyp; — divk(z,t)Vp; = 0 in Qp
pi = x on[0,T) x 0N
divk(z,0)Vp;(z,0) = 0 in Q.
Define a map g : (x,t) — (p1(,t),- -, pu(x,t)), authors in [52] showed
p(g  p1, -+ ,pn),t) € L2(H?) N HYL?) (if f and initial values are smooth enough)

and solved the parabolic equations in terms of (p1,--- ,pn) System. Let finite dimen-

ston space be defined by

M = {p(g(z,1) : ¢ € X},
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where Xy, is some standard finite element space like weighted extended B-splines space.

If pr, € M, then it is shown in [52] that

Hlp = palllor < Ch.

Let
ID:(p(t) = & W)I121,, < Cés(t, 5) (4.51)

According to Lemma 4.1.1, we can adapt the proof of Theorem 4.3.1 and easily get

the following result.
Theorem 4.3.6. Let p and pp, be the solutions to (4.1) and (4.2) respectively. If
(4.18 ) and (4.51) hold, then

t - .
o= il < Catny+€ [ (et (h])+62(tj)+63(taj)2)dt- (4.52)

One can apply Theorem 4.3.6 to parabolic equations as we did before and obtain

the convergence rate under a weaker assumption (4.51) instead of (4.18).

4.3.4. Time Discretization of PUM for Parabolic Equations

In Section 4.3, we have considered the semi-discretization of the parabolic equa-
tion (4.2) using Galerkin MsFEM and PUM. In practice, one needs to discretize the
temporal variables also. In this section, we present time discretization of multiscale
parabolic equation when multiple global fields are used to construct basis functions.
To fully discretize systems, we introduce the following notation. If vy, : {t,,,}}! — X,

where M is a positive integer. Let At = L and X be normed space with norm ||.||x
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(similar definition for X to be semi-norm space), then

J— m
fonllizoo = max (o lx

M
lonliz o = X loplAt

= [l 1% At

= 3
Le

2
thHLZ‘A(x)

3
I
=)

We use the backward Euler scheme to discretize the time, i.e.,

(Dip},v) + (K" TIVprtt Vo) = (f"Tv) v e M, (4.53)
where D;pi" = W, Emtl = k(x,t,0q) and fT = f(x,t,41) if f is sufficiently

smooth with respect to temporal variable. We assume that p™ can be approximated

by &;(p™) on each patch w; and the following estimates in each patch w; are satisfied:

Ip™ = & (™6, < Ceilm, j), (4.54)
P = &™), < Celm, j), (4.55)
IDe(p™ = & (™) 6., < Cez(m, ). (4.56)

Let us define

1P = pulller.a = [P = pull ez @2@) + P = Prlez i -

In this subsection, we always assume py, is the solution of (4.53), unless otherwise

is stated.
Based on the backward Euler scheme in (4.53) and PUM in section 4.3.1, the
following theorem follows. This theorem estimates spatio-temporal convergence rate

through the approximation estimates on the patches.

Theorem 4.3.7. Let p and p}* be the solutions to (4.1) and (4.53) respectively. If
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(4.54 ) holds and supp;Dyp < C, then

€1 (m> ])2At

T ea(m, j)PAt + es(m, j)*Al)
J

(4.57)

lp — pulllé, A < Cler(m, 5)? At +

+ a(h) + CAt.

Proof. Suppose w is an arbitrary map from [0, ] into M, and { =p, —w, n =p — w

and consistency error R = & — Dyp(tm+1), then we obtain that

At

(Dtgm’ U) 4 (km+lvgm+1’ VU) — (km+1vnm+17 VU) 4 (Dtnm’ U) 4 (Rm—l—l’ U), v E M.
If we choose the test function v = £™*! and notice that

(D™, M) = m+1||(2),9 - ||fm||(2m + ||lgmtt - §m’|3,9)7

s

then by applying coerciveness and Schwartz inequality, we have

1 m m m C m m
s 17 B0~ €7 30) + CIE™ o < o™ o + €™ R

1 m m 1 m m
+5 (1€ 50 + 1P [6.0) + 5UE™ g0 + 1€ log):

With a proper choice of v and summing m from 0 to ¢ — 1 (¢ < M) we get

qg—1
€50 = 10100 + D €™} oAt
m=0
- (4.58)
< CAt Z Hgm—HHOQ + C(HD”]HL2 2(L2() + |77|L2 (H1(Q)) + HRHL2 2 (L2(Q) ))
m=0

When At is sufficiently small, the discrete Gronwall’s inequality (i.e., Remark 2.2.7)
implies that

||£||%°A°(L2 + |£‘L2 2 (HY(Q

< C(IDmIZ 2oy -Hmﬂm VRIS ey + IEO)Z ).

(4.59)
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Owing to p — pp = n — &, triangle inequality gives rise to

o = palllor.a < C(llp = wlllora + [[De(p = w)ll 3 229

(4.60)
FIRI oy + 20 — w(0)og).
Because
m-+1 m
m p - D
R™ = hTth — Dtp(tm-i-l)

1 tnt1

1 tnt1
=57 | 0wt = Dt — 55 [ ) Dty

Peano Kernel Theorem (e.g., [36]) implies that

12l

t o) S Osup [ Duullolst.

Taking w™ =3, qﬁ?fj (p™) and following the proof of Theorem 4.3.1, we easily com-

plete the proof. O

Remark 4.3.8. If patches w; have the uniform Poincaré property, one can simplify

(4.57) to be

Ilp = palll, o < Chjea(m, j) At + e2(m, j)* At + e5(m, j)*At) (461)

+ a(h) + CAt.

By the proof the Theorem 4.3.7, inequality (4.57) can be reduced to

€1 (m> ])2At

- + €2(m, )2 At + e3(m, §)*At)
J

D = palllpa < sngel(tm,j) +C(
j (4.62)

+ a(h) + CAt.

Remark 4.3.9. Let the finite space M € Py, p € L*(H*(Q)) and Dyp € L=(L*(Q)).

If w is chosen to be H' projection onto M of p, the proof of Theorem 4.3.7 imply that

1lp = palllar.a < alh) + C(R* + At).
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2s

We assume there exists a function G (1, ) € L®(H)NH (H)NL=2 (W*+2), (s >

2) such that

|||p - G(p17 "'7pN7t)H|QT7A + ||Dt(p - G(plv s PN t>>||L2A(L2(Q)) <o, (463)

where p; = pi(x) € WhH(Q)(s > 2), i = 1,2,...,N. We utilize PUM and apply
Theorem 4.3.7 and repeat the same procedure as that in the proof of Theorem 4.3.2,

and we have the following result immediately.

Theorem 4.3.8. Under assumption (4.63) and Dyp € L=(L*(Q)) , if s > 4, then
I[P = prlllora < alh) +0 + C(hl_% + At).

Following the similar analysis presented in the previous section, one can obtain

the corollary as following.

Corollary 4.3.9. Provided that patches w; have the uniform Poincaré property and
s> 2, then

I = pulllar.a < a(h) + 8 + C(h'=F + At).
As a discrete analogue of Theorem 4.3.4, we have the theorem as following.

Theorem 4.3.10. Suppose that (4.37) and (4.38) hold. If Dyp € L®(L*(Q)) and
G € Hy(H*) N LX(H?), then

P = pulllar.a < alh) +0 + C(h+ Al).

The proof is similar to that of Theorem 4.3.4, and we only need to switch the
time integral to the discrete time summation.
When Dyp ¢ L>(L*(R)), standard time discretization may not good enough.

For this case, we suggest to apply some weak implicit scheme to discretize time.
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Owhadi and Zhang in [52] proposed a weak implicit Euler method. We may use this
scheme for our PUM method. The idea is the following. Let ¢y; = ¢9(x)p;. If

wp, = ¢ ()i,

we define
wy, = ¢ij(tn)Yij-

The weak implicit scheme is to seek v} such that

(Ot )iy (i) = (07 ), i (E2)) + / U lrt D (1) o

— (KN (2), Vibij (1) — (f (1), i (1))t
for all shape functions ;. Let p, and vj, be the time continuous solution of (4.2) and
the solution to (4.64), respectively. Then one can follow the techniques of [52] and

derive the following convergence rate for space dependent global fields.
[lpr — valllora < CAL

If p=G(p1,p2, - ,pn,t), N is the dimension of the domain Q and p; = p;(x) is the
solution of (4.44). For the space-time dependent fields, the convergence rate is given
by

At
lpr — vnlllara < C—

if p = G(p1,p2, -+ ,pn), N is the dimension of the domain 2, and p; = p;(z,t)
solve the parabolic equation with some prescribed boundary and initial conditions as

defined in [52].
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4.4. Mixed MsFEM for Parabolic Equations Using Global Information

In this section we investigate the mixed MsFEM using multiple global infor-
mation to the model parabolic equation (4.1) with homogeneous Dirichlet boundary
condition. We note that parabolic equations arise in two-phase flow simulations when
compressibility is present. For convenience, we dropped A(z) from the equations since
it does not change the analysis. One can assume k(x) = \(x) K (z), where K(x) is a

heterogeneous field and A\(x) is a smooth field. Let u = —k(x)Vp, then

Dyp + divu = f
(4.65)
(k(z) ™ u+ Vp = 0.
We will use the following assumption for the parabolic equation.
Assumption Alp. There exist functions uy,--- ,uyn and sufficiently smooth

Ai(t,z), -+, An(t, ) such that
U(t, I‘) = Az(tu x)uiv

where u; = kVp; and p; solves div(k(x)Vp;) = 0 in Q with appropriate boundary
conditions.
For our analysis, we assume, as before, A;(t,x) € L?(0,T; W1(Q2))(€ > 2) and

wp = k(@)Vp € L"(Q) (3= ¢+ 1), i=1,..,N.

Remark 4.4.1. Let u; = k(z)Vp; (i = 1,---,d and d = dim(Q2)) be defined in
(3.118), then Owhadi and Zhang in [52] show that p(t, ) = p(t, p1, p2) € L*(0,T; W?*)
(s > 2). Consequently, u(t,x) = k(x)Vp = g—;l{:Vpi = A;(t, x)u;, where Ai(t,z) =
W e L2(0,T; Whs(Q)).

Op;

The mixed formulation associated to (4.1) is to find {u, p} : [0,7] — H(div, ) x
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L*(2) such that
(Dep,q) + (divu,q) = (f,q) Vg€ L*(Q)
(k~'u,v) — (divv,p) = 0 Vv e H(div, ) (4.66)
p(0) = po.
Let finite dimensional space V}, and )}, be defined as in Section 3.3.3, then V}, x @), C

H(div, Q) x L*(Q) and the space-discrete mixed formulation is to find {u,pp} :
[0,7] — V} x @y, such that

(Dipn, qn) + (divun, qn) = (f,an) Van € Qn
(k:_luh, Uh) - (dl"UUh,ph) = 0 Yy, eV, (467)
ph(o) = Po,h,

where pgj, is the L? projection of py onto Q. Because (3.132) holds, the problem

(4.67) is well-posed. This problem can be rewritten in matrix form

MD,P+ BU = F
(4.68)
B'P — LU =0

with P(0) given, where M and L are symmetric positive and definite. After elimi-

nating U, (4.68) is a linear system ODEs for P,
MD,P+ BL™'B'P = F.

Since M is positive and definite, this system has a unique solution.

We define
Julfigey = [ a7 (@)uda
k Q

and

T
||U||%2(0,T;L§(Q)) :/ /Qut -k~ (z)udxds.
0
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Let I, : H(div) — V}, be the interpolation operator defined as in Section 3.3.3 and
Py, : L*(Q) — Q3 be the L? projection onto Qp,.

From (4.66) and (4.67), we have

(De(p = pn),qn) + (div(u —up), qn) =0 Van € Qp

(4.69)
(™ (u — up),vy) — (divey,p —pn) =0 Vo, € V.
Taking vy, = lu — uy, and ¢, = Py, p — pn, we have
(Di(p — pn), Po,p — pn) + (div(u — up), Po,p —pn) =0 (470)

(™ u — up), Hpu — up) — (div(Ipu — uy),p — pn) = 0.
Rewriting p —py, = p — Po,p + Po,p — pr and u — up, = u — Iu + pu — wy, in (4.70)
and making summation of the two equalities, we obtain
(Dy(Pg,p — 1), Po,p — pn) + (K~ (Ipu — wp), Iyu — up,)
= —(Di(p — Pg,p), Po,p — pn) — (k™ (u — Myu), yu — up) (4.71)
+(div(Ilyu — up), p — Pg,p) — (div(u — Iyu), Py, p — pr)-

Since Py, is L*(£2) projection onto Qy, Py, commutes with the time derivative op-
erator D;. Consequently, the first and third term of the right hand in (4.71) are
vanished. By Lemma 3.3.9, the fourth term of the right hand in (4.71) is also van-

ished. Consequently, (4.71) becomes

(Dt(Pth - ph), Pth — ph) + (k_l(Hhu — uh), Hhu — u(h4) 72)

= — (k™Y u — yu), hu — up).

Schwarz inequality and Young’s inequality give rise to

1 1
§Dt||Pth - Ph”g,g + 2||Ipu — uh”%g(ﬂ) < Alpu — Uh“ig(sz) + ﬁ”u - Hhu||%g(ﬂ)-(4'73)

Integrating with respect with time and applying Gronwall’s inequality and after choos-



126

ing proper value for \, we have

| PQ.p — thZCO(o,T;L%Q)) + [[TTpu — UhH%Z(o,T;Lg(Q))

(4.74)
< O([|Pg,p(0) — PO,h||(2),Q + flu— Hhu“%%o,T;Lg(Q)))-
Invoking the triangle inequality, we have
lp — ph||200(o,T;L2(Q)) + [lu — uh“%Q(O,T;Li(Q)) (4.75)

< C(l1Pg,p(0) = ponlls o + llu = el Fao rizz () + 1P = Popllco iz

Hence, we obtain the following lemma.

Lemma 4.4.1. Let {u,p} and {up,pr} be the solution of (4.66) and (4.67) respec-
tiwely. Under Assumption Alp and the definition of Vj, in Section 3.8.3, (4.75) holds.

Utilizing Lemma 4.4.1 and the proof of Theorem 3.3.12, we can derive the con-

vergence result.

Theorem 4.4.2. Let {u,p} and {up,pn} be the solution of (4.66) and (4.67) respec-
twely. If o + 1 — B2 — 1 >0 then

lp = Prlleorizz@) + 1w = unll 220y < CRMMHOTAZRILL

where a = 1 — % and & is from Assumption Alp, and B; (i = 1,2) are defined in

Assumption A2 described in Section 3.3.3.

Proof. Owing to the fact that Py, is the L*(Q) projection onto Qy,

lp = Po,pllcowrr2) < Chlpleoorm 9y, (4.76)

this estimates the first and the third term of right hand side in (4.75). Next we

estimate the term ||u — Iyul|?> g 7.2 Define
s Loy

Al (t) = /6 A;(t, s)u; - nds

J
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in each element K. Because k~!(z) is bounded, we have in each element K

[|u — Hhu”i?(o,T;Lz(K))
/O ' /K (At )85 — AK@O)WE -k (At 2)BE — AK ()¢ dedt
< C/T/ (At 2)B5 — AB ()¢ 2drdt

0 K
= C|(As(t, if)ﬁfj{ - Ag(t))@bgné(omy(m)
< Cll(Ailt, z) — A1) BE U 7201200

+C||(Al(t) - Ag(t))wg”%%omm(m)

< CRH D8R

(4.77)

In the last step, we used that facts that A; € L*(0,T; W), Assumption A2 and
proof of Theorem 3.3.12 (see (3.141)). After making summation over all K for (4.77),

we have

lu =Tl 2 iz < CRTH2D, (4.78)

Now, the proof can be completed taking into account (4.76) and (4.78). O

4.5. Numerical Results

In this section, we present a few numerical results to demonstrate the impor-
tance of incorporating global information for a parabolic equation. We will consider
multiscale finite element methods with limited global information presented in Section

4.2 and restrict ourselves to nonlinear parabolic equations (Richards equations)
Dyf(p) =V - (k. (p)k(z)Vp) =0 (4.79)

with some prescribed boundary and initial conditions. In this case, k.(p) acts as a

smooth function, consequently, does not modify the small scale information which
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Fig. 4.1. Log of permeability field of layer 40 of SPE 10 SPE comparative project [24]

is contained in k(x). In our numerical tests, we will use a channelized permeability
field k(x) which induces strong non-local effects. This type of heterogeneities is pre-
sented in a benchmark test of the SPE comparative project [24] (upper Ness layers).
These permeability fields are highly heterogeneous, channelized, and difficult to up-
scale. In Figure 4.1, we plot a log of this field. As it can be observed, the irregular
channels introduces strong non-locality across the entire domain. For these types of
heterogeneities, usually local approaches fail to give an accurate results.

In our numerical tests, we compare the solution at several time instances. The
following boundary conditions are prescribed: p = 1 along the x = 0 edge and p =0
along the x = 1 edge. We assume initially po = 0 in the entire region and compare
the following methods. In our numerical examples, we take 6(p) = exp(0.01p) and
k.(p) = exp(—p). Our first choice is standard MsFEM with local basis functions where
linear boundary conditions are imposed for these basis functions. For the second
approach, MSFEM with oversampling [38] is chosen. Here, larger regions (larger
than the target coarse grid block) are used to construct auxiliary basis functions.

The local nodal basis functions are constructed using linear combinations of these
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auxiliary functions. The size of the global domain influences the convergence of
the method and, in particular, larger regions provide better accuracy. For general
heterogeneities, it is difficult to determine optimal oversampling domain size and this
is the reason of using global approaches in subsurface applications. In our numerical
comparisons, oversampling is used with one extra coarse block extension to calculate
the basis functions. Finally, we use MsFEM with limited global information presented
in Section 4.2 where steady state solution is used to generate basis functions. Note
that the construction of the basis functions is one time overhead that involves the
solution of elliptic partial differential equation. Using these basis functions, the fine-
scale equation can be solved repeatedly for various boundary conditions and right
hand sides. For solving (4.79), we use a known technique called modified Picard
iteration, where p in k,.(p) is linearized by using the p at the previous time step, and
implicit backward Euler discretization is employed.

First, we present a table (Table 4.1) for relative errors for the solution p com-
paring (1) standard MsFEM (2) MsFEM with oversampling and (3) MsFEM with
limited global information at three different time instances. It is clear from this table
that MsFEM with limited global information performs several times better than other
local multiscale methods. This suggests that one needs to use some type of global
information in constructing basis functions. We would like to note that the errors
in the fluxes (defined as k,.(p)k(z)Vp) with localized methods are very large due to
non-local heterogeneities. However, the multiscale finite element method with limited
global information gives about 5% percent error in the fluxes. We depict the reference
solution and the solution obtained using MsFEM with limited global information in
Figures 4.2 - 4.7 at two different times ¢ = 0.12 and ¢ = 0.32. In Figures 4.2 and
4.5, we compare the solutions p at ¢ = 0.12 and ¢ = 0.32. This figure shows that

the solution is not at steady state at ¢ = 0.12. In Figures 4.3 and 4.6, the horizontal



130

fluxes are compared, while in Figures 4.4 and 4.7, the vertical fluxes are compared.
It is clear from these figures that MsFEM with limited global information provides
accurate solution for such heterogeneous fields, where the localized methods fail. We
would like to note that the localized methods introduce errors more than 50% in the
fluxes and these fluxes are not acceptable for computational purposes.

In this section, we restricted ourselves to only a few numerical results. In partic-
ular, we have also tested MsFEM with oversampling when the oversampling region
is the entire domain. This approach uses multiple global fields to represent the solu-
tion, and thus provides an accurate solution because the solution of (4.79) is a smooth
functions of these fields, in general. We observed very accurate results when using
MsFEM with oversampling with oversampling region being the entire domain (the
errors in the solution is 1.6 %). All these results suggest that the use of limited global

information is important for accurate simulation when non-local effects are strong.

Table 4.1. Relative Errors
time conform | ovs | limited global
time=0.12 | 13.7% | 11.5% 5.4%
time=0.2 | 11.1% | 9.5% 3.5%
time=0.32 | 9.9% 8.8% 1.77%

4.6. Conclusions and Comments

In this chapter, we discuss numerical multiscale methods using global infor-
mation and applications to parabolic equations. The first approach is a Galerkin
multiscale finite element method using a single global field (or function) which is em-
ployed to construct multiscale finite element basis functions. Here the basis functions

defined on the coarse grid are constructed from a global field which captures non-local
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Fig. 4.2. Pressure at t = 0.12. Left: Reference solution. Right: The solution obtained

with MsFEM using limited global information.
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Fig. 4.3. Horizontal flux at t = 0.12. Left: Reference horizontal flux. Right:

horizontal flux obtained with MsFEM using limited global information.
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Fig. 4.4. Vertical flux at ¢ = 0.12. Left: Reference vertical flux. Right: The vertical

flux obtained with MsFEM using limited global information.
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Fig. 4.5. Pressure at t = 0.32. Left: Reference solution. Right: The solution obtained

with MsFEM using limited global information.
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Fig. 4.6. Horizontal flux at t = 0.32. Left: Reference horizontal flux. Right:

horizontal flux obtained with MsFEM using limited global information.

Fig. 4.7. Vertical flux at ¢ = 0.32. Left: Reference vertical flux. Right
flux obtained with MsFEM using limited global information.
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and small scale features of the solution. The second approach allows to incorporate
multiple global fields and based on partition of unity method (PUM). Here we assume
that the solution of parabolic equation smoothly depends on these global fields. The
second approach is more general and capable of incorporating multiple global fields
at the expense of introducing extra degrees of freedoms on each coarse element. We
note that the first approach is not a special case of the second approach and it is often
used in two-phase flow simulations where the single-phase flow solution is taken as a
global field. Finally, we discuss a global mixed MsFEM and applications to parabolic
equations. All of these multiscale approaches capture the small scale features of the
solution accurately and give rise to a convergence rate independent of small scales.
We provide analyses of the proposed methods and present a few numerical examples.
The numerical results demonstrate that the solution can be captured more accurately

on a coarse grid when some type of limited global information is used.
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CHAPTER V

MULTISCALE NUMERICAL METHODS FOR WAVE EQUATIONS WITH
CONTINUUM SCALES USING GLOBAL INFORMATION

In this chapter, we explore multiscale approaches for solving wave equations with
heterogeneous coefficients. Our interest comes from geophysics applications and we
assume that there is no scale separation with respect to spatial variables. To compute
the solution of these multiscale problems on a coarse grid, we define global fields such
that the solution smoothly depends on these fields. We present various multiscale
finite element discretization techniques and provide analysis of these methods. A
few representative numerical examples are presented using heterogeneous fields with
strong non-local features. These numerical results demonstrate that the solution can
be captured more accurately on the coarse grid when some type of limited global
information is utilized for wave equations. The results in this chapter can been found
in our paper [44].

The chapter is organized as follows.

In Section 5.1, we present acoustic wave problem setting. In Section 5.2, we
present an analysis of multiscale finite element methods with limited global informa-
tion. In Section 5.3, we present the analysis for a general case using partition of unity
method. In Section 5.4, we present the analysis for mixed multiscale finite element
method using information from multiple global fields. In Section 5.5, we present a

few numerical results. Finally we make some conclusions and comments.
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5.1. Preliminaries on Wave Equations
In geophysics, the scalar model acoustic problem is the following equation
Dyp — Mdiv(p~'Vp) = f, (5.1)

where Dy is the second order partial derivative regarding to t, p is the density of
material, A > 0 is a Lamé coefficient characterizing the material and p stands for the
unknown pressure [41].

Without loss of generality, we will assume A is a constant in this chapter. Our
methods in the paper can be straightforwardly extended to (5.1). From now on, we

consider a model wave equation

Dyup — divk(x)Vp = f in Qp
p(z,0) = go in (5.2)
Dip(z,0) = g1 inQ

where Qp 1= Q x (0,7] and k := k(z) is uniformly positive, symmetric and bounded
in 2 and is a rough function with respect to x, and the problem is subject to boundary
conditions. Our objective is to define multiscale methods that can capture the solution
of (5.2) when k(z) does not have scale separation with respect to spatial variable. In
this paper, we assume that source term f, initial value gy and g; are smooth enough.
This type of problems arise in many applications in geophysics, electromagnetics and
seismology. Because there is no scale separation, standard upscaling and multiscale
methods are not applicable. As it was shown in a number of previous findings ([53,
29]), to construct multiscale basis functions, one needs to determine global fields such
that the solution smoothly depends on these fields. In this chapter, we consider an
abstract framework assuming that these global fields are given. We discuss how these

global fields can be determined in some special cases.
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Next, we introduce some notations. For simplicity, we consider p|sq = 0, then

the weak formulation is to find p € C°(0,T; H}(2)) N C*(0,T; L*(2)) such that

(Dup,v) + (kVp,Vv) = (f,v)
(p(0),v) = (g0, v) (5.3)
(Dip(0),v) = (g1,v),

for all v € Hj(Q), where (., .) is a standard L? inner product. Throughout the chapter,

Dip(t,,) = Dip(t)|i=t, at time t,, € [0,7] and the similar definition applicable to
Dyup(t).

Let M be a finite dimensional subspace of Hj(€2) which will be specified later.

We suppose that py, : (0,7] — M is a twice differentiable map with respect to ¢

satisfying

(Dupns vn) + (kVpp, Vup) = (f,vn)
(Pr(0),vh) = (g90,v}) (5.4)
(Depn(0),v;) = (g1, v}),
for any v, € M and v}, € M. Let gos = (go,v}) and g1 = (g1,v},). Let us define in

this chapter

lp — pulllé,. = I1D:(p _ph)H%OO(L?(Q)) +|p —ph|%oo(H1(Q))-

After slightly modifying the proof of Lemma 1 in [28], one can obtain the following

stability result.

Lemma 5.1.1. Let p and py, be the solutions to (5.3) and (5.4) respectively. Assume

that w : [0,T] — M be any function, then

2 = palller < C(lllp = wlllor + [|1Du(p — w)ll 222

+ 190 = w(0)[1.0 + llg1.n — Diw(0)[] L2(0)-
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5.2.  Galerkin MsFEM with Limited Global Information
Let ¢X be defined in (3.4). We define the Galerkin finite element space by
Vi = span{¢X :1,---  d; K € 7,}. (5.6)
The weak formulation of (5.2) is to seek uj, € V;, C H} such that

(Dyepn, v) + (EVpp, V) (f,v)
(pr(0) = go,v) = 0 (5.7)
(Dipn(0) — g1,v) = 0,

for all v € V}, and vﬁL e V.
Next, following the analysis presented in [4], we assume that p smoothly depends
on p;. This can be derived for a channelized media as it is done in [29].

Assumption G. There exists a sufficiently smooth scalar valued function G(n,t)

(G € WE(H?) N H2(H?) N L=(W*2),s > 2), such that
[lp — G(p1, lllag + || De(u — G(p1, ) || 220y < O, (5.8)

where 0 is sufficiently small.
Note that G is defined on a bounded domain because p is a bounded function and
[0, 77 is bounded.

For an accurate numerical solution of equation (5.4) on the coarse grid, we use
the global solutions (on the fine grid) of equation (4.5) to construct MsFEM basis
functions as described earlier. Next, we prove that with these basis functions and

Assumption G, MSFEM converges independent of small scales.

Theorem 5.2.1. Under Assumption G and p € WH(Q) (s > 2), we have

lp = palllay < C(8 + a(h)) + Ch' ==

P1l1s.0- (5.9)
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Proof. In the proof, we first use Lemma 5.1.1 and then break the estimate in this
lemma into the estimates over each coarse grid block. The estimation over each coarse
grid block is obtained using perturbation of G and regularities of basis functions and
the global field. Following standard practice of finite element estimation, we seek
finite dimensional function w = ¢;(t)¢X, where ¢ are specified in (3.4).

From Lemma 5.1.1, we have

[P — plllr

< C(lllp = Gpr, Olllar + |G (p1,t) = ()¢5 lay (5.10)
+ | Dulp — Gpr, )| 22 (@) + 1Du(Gprs t) = ei(®)9i ) 220y + (b)),

where we assume that
900 — (007 |10 + [|g1n — Dici(0)9] |log < a(h). (5.11)

If gy and g; are smooth functions, we pick the basis function ¢ from S, at t = 0,

otherwise from V},. Hence,

llp = pulller < CUIG(p1,t) — (W)@ |y + 1 Du(G (p1, ) — Cz’(t)¢f{)||L2(L2(Q))<)5 12)
+C5 + Ca(h).

Next, we present an estimate for the third term. We choose ¢;(t) = G(p;(z;),t) for
t > 0, where z; are vertices of K. Furthermore, using Taylor expansion of G around

D1, which is the average of p; over K,

G(pi(r:),t) = G(pig,t) + 0,G(Prk, t) (pr(zi) — Pig)+

(01(2) — i)’ / $02C(p () + s(Prye — pa(), D)ds,

where 03,G refers to the second derivative with respect to first variable G(n,t), We
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have in each K
i(t)of = Gig,t) > 0K + 0,G(Pige, 1) (pr(w:) — Pig ) o

(1 (1) — Prge )20 / $02G(ps () + s(Prxe — pa(e), D)ds

(5.13)
= G(ix. 1) + %G Pige. )(pr(2:) b7 — Pig)+
(p1(z:) — Pig) o) /01 s02G(py(:) + s(Pig — pi(s)), t)ds.
In the last step, we have used Y, ¢ = 1. Similarly, in each K,
G(pi(2),1) = G(Pix,t) + 0,G(Pix ) (21 (%) — Pik) 510

1
+ (pr(z) — 17_11()2/ 5872;G(p1($) + 5(P1xg — p1(x)), t)ds.
0
Using (5.13) and (5.14), we get
ID{(G(p1,t) — ci(£) 5 ) || e (z2(x0)
< 18:0,G Py, t) (p1 () — pr(@:) 91 || poo 200y +
1
[(p1 () — p_uc)z(?f{/ s0,02G(p1(x:) + s(Prg — pr(@:)), £)ds|| Lo (r2(x0))
0
1
+ (01 (@) — Prg)? / sO02G(p1(2) + s(Pig — p1(2)), 0)ds || porzy  (O1D)
0
< OB follo.x + Ch* = |pf3

4
< CR*|| follo,x + Ch*~ = |pilisolpilf ok

4
< Ch||follo.x + Ch* 5 |pi1.s.xc-

In the second step we used the fact ||p1(z) — p1(2:)oX|lox < CR?|| follo.x (see [4]) ,
smoothness of G(n,t)(ie. 9,G(n,t) € L*(H?)) and the inequality

_2
Ip1(7) —p1(y)| < Clz — ?J|1 S|p1|1,s,K,
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for z,y € K when s > 2. A direct calculation gives

(1 (2) = Pig)? /0 097G (p1(x) + s(Prx — pr(2)), 1)ds| oo e (i)

< |l(p1(=) = Pr)*Vr(2) /0 (1= 5)s0,G(p1(w) + s(Pix — pu(2)), t)ds| Lo (o)

1

+2[|(p1(z) — Pig)Vpi(2) / 505G (p1(x) + s(Pry — pi(x)), 1)ds| oo (12(x0))
0

S Ch2—% (516)

2s
2 s 5—3 1
D1 |1,5,K(|P1 |1,S,Q + |G|L°°(W3’ 2 )) 2

[NIES

25
s—2

2,2 )
Leo(W™s=2)

_2 s
+ Ch 5 ik (Ipal o0 + |G

< Ch?:

2
P1|%,5,K + Ch' "5 pif1s i
< Chl_%|P1|1,s,K,

where we used Young’s inequality in the second step. Notice that [p;(z)—p1 (z;) 9K |1 <

Chll follo.x and G € L*>°(H?), we get

|G(p1,t) — i) | oo (a1 (1))
< N0y G (Prse, ) (pr(x) — pr(a) )| oo (a1 (1) +

1
[ (p1(2:) — P_1K)2¢f(/ s02G(p1(x:) + s(Pig — pr(@:)), t)ds | Lo i)
0 (5.17)

1
+ 1 (pa(2) _17_11()2/ s0,G(p1(z) + s(Pixc — pa(2), t)ds|| oo a1 (1))
0

4 _S
< Chl| follo,x + CR* = |p1|3 s kl&F |1k + CR' "2 |pil1sic

< Ch| follo,x + Ch2~3 D1l + Ch'~3 D115, K-
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In the last step, we have used the fact that |[V¢X| < C/h. Similarly one can estimate
1Du(G(pr,t) — e ¢ 220y < 1000, G D1, ) (pr () — pr(:) i) | 22250+
1
[ (p1(zi) — ]9_1;()2(;5?/ sOu02G(p1(x:) + s(Pig — pr(w:)), t)ds|| 22 ()
0
1
+ | (p1(2) = Pig)? / s0u03G (p1 () + s (Brxe — p1(2)), s | 222000 (5.18)
0

< Ch?(| follo.se + Ch*%

pl‘is,K

< CR| follo.x + CR>5

b1 \ 1,5,K -

In the second step, we used the regularity d;;G € L*(H?). Combing (5.15), (5.17)
and (5.18), we have

11G(p1,t) = o |l x + ||De(G(pr, ) — i)l oz

(5.19)
4 _s
< Ch| follo,x + Ch*™s D115, + Ch'=z D115, K-
Summing (5.19) over K and take into account (5.12), we have
P = palllay < C+ Ca(h) + Ch'|pif1se.
Therefore, the proof is complete. O

Remark 5.2.1. «(h) is the approximation errors associated with initial conditions
and defined in (5.11) (see also page 219 of [36] where this term appears in standard

wave equations). a(h) = 0 if initial conditions in numerical approzimation are chosen
appropriately (i.e., ¢;(0) = gon, Dici(0) = g1, in (5.11)).

Remark 5.2.2. If Vp, € L*>®(R), the regularity of G can be relazed to G € H*(H?*)N
L>(H?) and the convergence rate would be C§ + Ca(h) + Ch.

5.3. PUM for Wave Equations Using Multiple Global Information
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5.3.1. Framework of PUM for Wave Equations

In the Section 5.2, we have studied wave equations when the solution smoothly
depends on a single global field. In many applications, the solution may smoothly
depend on multiple fields and we are going to discuss this case.

We define patch w; (7 = 1,2,...,m) to be the union of elements (coarse) sharing
the common vertex x;. Let diam(w;) = h; and h = max;{h;}. We suppose that the
solution p of (5.2) can be approximated by £ on each patch w; (j = 1,2,...,m) and

satisfies the following conditions on each patch (no summation over j),

Ip(t) = & D5, < Celt,5)”
p(t) = B, < Celt, )’
IDe(p(t) — & )50, < Ceslt, j)?

IDee(p(t) — )50, < Cealt, j)?

(5.20)

Let diam(w;) = h; and h = max;{h;}. For simplicity, we still make the hypothesis,
90 — w(0)[1,0 + [lg1.n — Dew(0)[[lo < a(h),
where «(h) is defined as before (see (5.9)).

Theorem 5.3.1. Let p and py, be the solutions to (5.3) and (5.4) respectively. If
(5.20 ) holds, then

€1 (t7 .])2
h2

J

T
lo=milll, < Cathy+C [ (eatt.g)+eut.d )it sup( L5 ventr ). (.20
0

This theorem provides a convergence rate which depends on the estimates over

the patches.

Remark 5.3.1. If the patches w; have the uniform Poincaré property (as defined in
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page 92 in [12]), one can simplify (5.21) to
T m
o= mllf, < Cath) +C [ (e(t.dP +eatt. i+ Y- et (522)
0 =

Remark 5.3.2. Assume the finite space M € Py, i.e., polynomials with degree k, and
u 1s sufficiently smooth. If w is chosen to be elliptic projection onto M of p, standard

analysis and Lemma 5.1.1 or Theorem 5.3.1 imply that (see [36])

lp — pulllay < Ca(h) + CR* .

5.3.2. Incorporating Multiple Global Information

In applications, we often deal with multiple global fields that allow to represent
the solution. We assume that p can be approximated by G(pi, ..., pn, t), where p;(z)
(i = 1,2,...,N) are pre-defined functions. Here, p, py, ..., py are scalar functions.
More precisely, we assume there exists a function G(n,t) € WL°(H?) N H*(H?) N

L=(W*:2),s > 2, n € RV, such that

I|lp = G(p1, ... on, Dl lar + [ Du(p — G(p1, s v, E)| [ 22(2200)) <9, (5.23)

where p; € Wh$(Q)(s > 2), i = 1,2,...,N. This is an extension of the previous
approach presented in Section 5.2. We would like to note that multiple global fields
need to be used for stochastic differential equations ([27]). Next, we define M =
span{p;|i = 1,2,..., N}, py = 1 and follow Theorem 5.3.1 to approximate p. Let
Yij = ¢Yp;, then >, ¢?p; = p;. Next, we study this method and provide convergence
analysis. Using this approach, we have the following theorem. The theorem shows
that the PUM converges independent of small scales in a general setting for multiple

global fields to be used.
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Theorem 5.3.2. Under the assumption (5.23) and if s > 4, we have
o= pallle, < a(h)+0+Chi=.

Proof. In the proof, after formulating stability estimate (5.21), we break the estimate
into the estimates over each coarse patch. The estimation over each coarse patch is
obtained using perturbation of G and regularities of basis functions and the global
fields. By Lemma 5.1.1, we need to estimate the right hand sides of the following

inequalities

llp = wlllar <llp = G@1, - pns Olllor + G (01, o, 1) = cijiglllar,  (5:24)

and

[ D (p — w)||222(0)) < ||Dee(p — G(p1s s s )| L222(0)) (5.25)

+ ||Dtt(G(p1> <y PN, t) - Cijwij)HLz(Lz(Q)))
where w = ¢;;1;; and ¢;; is chosen such that the second term on the right hand of the

above two inequalities is small. In each w;, we choose ¢;; as

—i —i aG —i —i —i
Ci1 = G(p17 7pN7t> - %(plv 7pN7t>p]7
J

and

oG , . ,
Cij = 73— _17"'7_ 7t7 >27
J ap; 21 Pnit), 72
where pﬂ] is the average of p; over w;. We note the following Taylor expansion in each
Wi,

J

where R; is the remainder, which can be written as

1
kj 0
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where 0,3, ; refers to second derivative with respect to py and p;.

We first estimate (5.24). One can show that in each w;

HlG(p17 7pN7t) - CZ]ijLWT

wir + || Bill

wiT

; _i G i i
S |||G(p1> "-apNat) + %(pla "'>pN7t)(pj _p]) - Cijij
J

where w;r = w; x [0, T]. The choice of ¢;; implies that the first term on the right hand

side is zero. We only need to estimate the second term ||| R;||

A straightforward

wiT *

computation gives rise to

_a
| D Ri|| oo (22 (1)) < th 5Pkl 1,501 1P 1,500 DeG | Loo (112

(5.26)
4
< Ch* s Z ‘pj‘l,s,wm
J
_4
||Ri||L°°(L2(Wi)) < Zh2 ° |Pk|1,s,wi|Pj|1,s,wi|G|L°°(H2>
(5.27)
4
<CR>  Ipilises
J
and
1
|Ril oy < ) 10y = 55) (0 —pk)sz/O (1= )08 ;,Gs( t)ds | Lo (12(0n)
7.kl
' 1
+ D2y = )70+ (= OV | 502Gl sl
0
< C h2_; 1 S.Wi S,w; i S %
< zk:l \1, , Zpk‘l, , (I .8, Lw(Ws,S%g))
7, ) (5.28)
25 1
+CZh howlpiline +1G12 L, e )2
2
< CY R il lprlse +C Y B T bl
7.k

J

_2
< CE h' s|pj|178,wi>
J
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where 03

>,k is partial triple partial derivative with respect to pi, pj, pr, Gs(.,t) =

G(p1 + s(p} — p1),...,pn + s(Py — pn),t) and Young’s inequality is applied in the
second step.

Note that Y, ¢ = 1 and |V¢?| < C4, then it follows that
|G (p1, - PN t) — Cijwij‘im(Hl(Q))
= Sup/ V(G — cijdip;)| de
= sup [ V(601G ~ cyp,)) o
< C’sup/ (G — cijp)) V)| *dx + C’sup/ |09V (G — cijp;)|Pda (5.29)
< Cﬁ Z IRl 7o 22wy + C Z | Ril o (111w

<O pil} g + O pilE

i,j 0,

< Ch2_8/8,

and
| Di(G(p1y -y PN, T) — Cij¢ij)’|%oo(L2(Q)) < CZ ||DtRiH%°°(L2(wi))

<O il s (5.30)

Z‘?j

< Ch4_8/s.

It remains to estimate (5.25). We only need to estimate || DyR;||r2(12(q)). It is easy
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to show

1
IDuRill 22wy < D I (py — 75 (pr — Pi)/ s0u 0y ;G (., t)ds]| 12(12(w)
jk 0

<Cy nE

7,k
_4
S Ch2 s Z |pj|1,s,wi|pk|1,579
7.k

S Chz_% Z |pj‘1,s,wi

J

Dj ‘ 1,s,w; uk|1,s,wi 8ttG‘LQ(HQ)

(5.31)

and consequently

HDtt(G(pl’ - PN, t) - Cijwij)||2L2(L2(Q)) < Ch4_8/s,
Invoking (5.24) , (5.25) and Lemma 5.1.1, we complete the proof. .

Remark 5.3.3. If G(n,t) € L®(W?>®) 0 Whe(H2) N HY(H?) N Lo(W*52), 5 > 2,

then the proof of Theorem 5.3.2 implies that
lp = palllar < a(h) + 8+ Ch'~.

If patches w; have the uniform Poincaré property (as defined in [12]), then one
can improve the convergence rate, which is the same as that in Theorem 5.2.1. The

result is given in the following theorem.

Theorem 5.3.3. Provided that patches w; have the uniform Poincaré property and
s> 2, then

1o — pallloy < a(h) +d+Ch'" %,

Proof. If patches w; have the uniform Poincaré property, we can reset c;;(t)p; to be

¢;j(t)pj+1;i(t) in each patch w;. Let Ay = {i: w;NON = 0} and Apg = {1 : w; NOQ #
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0}. We choose

1

ri(t) = il /M(G = ¢ij()p;)dz

for i € A; and r;(t) = 0 for i € Apg.

|w

Since
i =i G i i
G(p, ..., Py, t) + %(plv o Dy 8)(pj — By) — cijp; =0
J

in each wj;, it follows immediately that

HDt(G(plu s PN t) — CijPj — Tz')HLOO(L?(wi))

i i oG i i
< [|[De(G(PYs -y Dy t) + %(Pp o D 1) (05 = D) — cijpy — i) |22 )
j

+ [ D Ril| Lo (12 (w))
= || Deril| Lo (2 (i) + 1Dl oo (22w

1 —j —j —j i i
= |l ] / (D(G =GP, -+, Py 1) — De0;G(PY, - -+ Dy, 1) (5 — D5))de|| Lo 12w
e (5.32)

+ [[ Dy Ril| Lo (12 (w1))
1
=

\Wz'\

S SU.p/ |DtRZ|d[L’ + ||DtRi||L°°(L2(wi))
t w;j

/ DtRidxHLOO(L?(M)) —+ ||DtRiHL°°(L2(wi))

< Chl|DeRi|| oo (22 (wy)) + [ DeRill oo (22 ()
< Cl|DeRi| Lo (r2(w0)),
where we used Holder inequality in the last step. Similarly, one can show

| Dt (G (pr, s PNy ) — Cispi — T3) [ L2(0201)) < Ol D Ri| L2 (22w (5.33)

Since patches w; have uniform Poincaré property by assumption in Theorem 5.3.3

, Poincaré inequality implies that there exists a constant C independent of w; such



that
|G — cijpj — Till L2 (1) < CR|G = cijpjl 1w (T)
|G — cijp; — Till 1w (B) < |G — cigpjll 1w (1)

From (5.29) and (5.34) , it follows that

|G (p1s s PN ) — Cij(t) iy — ¢zori|%°°(H1(Q))

= Sup/ IV (6} (G — cijp; — 13))|Pda

< CSUP/ |(G — CijPj — Tz‘)v¢g|2d$ + CSUP/ |¢?V(G — CijPj — Ti)|2dx
t Q t Q

1
< Oz Y WG — cypyllin ey + Csup 371G — cymi i,
< CO (Rl @y)?)
<D nE
i J

4

< Ch* s,

'|1,wi)

By (5.32) and (5.30), we obtain that
||Dt(G(p17 -y PN, t) - Cij¢ij - ¢?Tz‘)||Loo(L2(Q)) <C Z HDtRiHLOOL?(wZ)

< CR* %,

By (5.33) and (5.31), it follows that

||Dtt(G(p1> s PN, t) - Cij%’j - ¢?7“i)||L2(L2(Q)) < CZ ||DtRi||L2(L2(wl))

S

< Ch* 5.

Invoking (5.35), (5.36), (5.37) and Lemma 5.1.1, the proof is complete.
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(5.34)

(5.35)

(5.36)

(5.37)
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Remark 5.3.4. Letp; (i =1,2,---,dim(2)) be the solution of the following equation

divk(x)Vp; =0 in
(5.38)

pi(x) =z; on 0N
Define amap F : & — (p1(),- -+ ,pn(2)), authors in [51] showed p(F~(p1, -+ ,pn),t) €
L>®(H?) (or WY (H?) if f and initial conditions are sufficiently smooth) and solved
the acoustic wave equations in (p1,--- ,pn) harmonic coordinate system. Let a finite

dimensional space be defined by
M = {p(F(z)) : ¢ € X},

where X, is some standard finite element space, e.g., piecewise linear finite element
space or weighted extended B-splines space [37]. If p, € M, then it is shown in [51]
that

o = palllor < Ch.

5.3.3. Time Discretization of PUM for Wave Equations

In the previous subsection, we have considered the semi-discretization of the
wave equation (5.4) using Galerkin MsFEM and PUM. In practice, one also needs
to discretize the temporal variables. In this section, we present time discretization
of multiscale wave equation when multiple global fields are used to construct basis
functions. We introduce the following notations. If py, : {t,,}5 — X, where J is a

positive integer. Let At = % and p™ be the value of p at t = nAt. We will use the



following notations.

p”*é _ 4
2
P = %p"“Jr%p"Jrip"‘l
Dtp% = plA—tpO
n+l _ n—1
Dy = E IQAf 1
Dup" = e —Zz;’;jtp"‘.

We use the discrete time Galerkin method to (5.4)

(Dupi™, vp) + (EVp, *, V) = (fm’%,vh), Yy, € M,
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(5.39)

where we assume that f is sufficiently smooth with respect to temporal variable. The

scheme in (5.39) is unconditionally stable [28]. In this subsection, we always assume

that pj, is the solution of (5.39), unless otherwise is stated. Suppose w is an arbitrary

map from [0,¢] into M, and £ = p, — w, n = p — w and consistency error

1 1 1
R™ = Dyup™ — (ZDtp(th) + §Dtp(tm) + iDtp(tm—1>|>7

then we obtain that

(Du&™, vp) + (l{:me’i, Vo) = (Dyn™ + /anm’i + R™, Vu,), v, € M.

Let us define
1
Pl Lo x) = max[|p"2||x

for some normed space X and

1P — palllor,a = [|Di(p — pr)llge w2y + 1P — prlig @)
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Take v, = D™ and apply discrete Grownwall’s lemma, the proof of Lemma 6

in [28] implies that
1 1
1 De& ez + 1€l L)) < CUIDE2Jon + 162110

+Dunlloe + 0l zoe () + ||Dfp||L2(L2(Q))At2)~

Triangle inequality gives

1 1
P = palllar.a < CUIDE2 loo + 1162 0
+HDu(p = w)llo0 + Ilp = wllloz,a + 1DEpl 2220y A).
Consequently, we have the following theorem. This theorem gives a spatio-temporal

convergence rate through the the approximation estimates on the patches.

Theorem 5.3.4. Let p and p}* be the solutions to (5.3) and (5.39) respectively.

Suppose || Di€2||o.0 + €2 1.0 < a(h) and p is sufficiently smooth for t, then

T
1lp = pullle,.a < Cla(h) + A%) + C/ (e3(t, 5)* + ea(t,j)*)dt
0

e1(t, 7)?
+ C'sup( 1(h2])
p )

J

(5.40)
+ 62(t7 ])2)

Applying Theorem 5.3.4 and repeat the same procedure as that in the proof of

Theorem 5.3.2, and we have the following theorem immediately.

Theorem 5.3.5. Under assumptions in Theorem 5.3.2 and Theorem 5.5.4, we have
4
Il = pulllara < a(h) +6 + C(h's + At?).
Following the similar analysis presented in Theorem 5.3.3, one can obtain the

following theorem.

Theorem 5.3.6. Provided that patches w; have the uniform Poincaré property and

s> 2, then

I[P = pulllora < alh) +0 + C(hl_% + At?).



154

If we define ( = p and p = D;p, then one can rewrite (5.3) as a system

(Dip,v) + (aV(,v) = (f,v), Yve H,;

(DtC7v) - (pv U) = 07 Vo € H&v

and its full discretization form 1is

(

(B ) + (aBCE + (1= B)CE, v

)

4 (S o) = (™ + (1= 7). vn) (5.41)
)_
)

( — 9o, Un

( — 91, Vh

\
for Yu, € M. It is known that the scheme in (5.41) is unconditionally stable when
g>1 5 and 7y > 1 5 [55]. In the numerical experiment section, we will use this scheme

to discretize the time.

5.4. Mixed MsFEM for Wave Equations Using Multiple Global Information

In this section, we apply a mixed MsFEM using multiple global fields we pro-
posed in [5]. This approach is a mass conservative approach.

Let u = kEVp and assume zero Dirichlet boundary conditions for (5.2). The weak
mixed formulation is to find {p,u} : (0,T] — L*(Q) x H(div,) such that

;

(Dup, w) — (divu,w) = (f,w) Yw e L*(Q)
(k7'u, x) + (p,divy) = 0 Vx € H(div,Q)
(p(0),w) = (go,w) Vw e L*Q) (5.42)
) = (g,w) Ywe L*(Q)
)

= (Vgo,x) Vx € H(div,Q).

\ (k= 1u(0), x

Assumption Alw. There exist functions uy, -+ ,uy and Ay(t,z), -, An(t,x)
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such that
u(t, x) = Ai(t, z)u;(x),

where A;(t,x)’s are smooth functions (specify their smoothness later) and u; = k(x)Vp;
(i = 1,...,N) solves a elliptic equation divk(x)Vp; = 0 with appropriate boundary
conditions.

To numerically approximate the mixed problem (5.42), we construct the basis
function ¢5 defined in (3.120) in Section 3.3.3 for the velocity, Note that for each edge
e, we have N basis functions and we assume that wu,,..., uy are linearly independent
in order to guarantee that the basis functions are linearly independent. To avoid the
possibility that fel u; - nds is zero or unbounded, we make the following assumption
for convenience analysis.

Assumption A2w. There exist positive constants C such that

/|uz n|lds < Ch? and || —— HLT (e < Ch™ Botl-1

f u;
uniformly for all edges e;, where 1 < 1, B > 0,and r > 1.

We define o5 = k(x)V¢L; and
zh_@{¢ }  H(div, ),

where ¢f5 is defined in (3.120). Let Qn = @ Po(K) C L*(Q), i.e., piecewise con-
stants, be the basis functions approximating u. Let P, be L*(§2) orthogonal projection
onto Qp,. Denote by RX be the lowest Raviart-Thomas basis function [19] associated
edge e; of K. For t =0, we define

I, | ku(0) = (/ k(x)Vgo - nd:L')RJK

€j
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in each element K. For ¢t > 0, we define

I u(t) = ( / Aslt, w)us - ndr)ps

i
in each element K. If A;(t, ) and u; satisfy proper smoothness, i.e., 4;(¢,.) € W¢(Q)

and u; € L"(Q) (5 = % + %), then IIj, is well defined (see [19, 5]).

1
2
The numerical weak mixed formulation is to find {pp,un} : (0,7] — Qn X 34

such that

(

(Dypn, w) — (divuy, = (fyw) Ywe Q@

w)
(k= *up, x) + (pn,divy) = 0 Vy €,
(pr(0),w) = (go,w) Yw € Qy (5.43)
((Depr)(0),w) = (g1,w) Vw € @y

)

\ (un(0),x) = (I4u(0),x) Vx € RT},

where RT} is the lowest Raviart-Thomas space.
We define [[ul|z2) and [[ul|z2(,r;z2 () in the same way as in Section 4.4. Let us

recall some results from [5].

u’l|K /61 7,] Y (5.44)

where = f d;ju; - ndr (summation convention is not applied here) (see Lemma

3.1in [5]) For the property of I, Lemma 3.2 in [5] claims
(V- (u—Thu),w) =0 w € Q. (5.45)

Based on Assumption Alw and the construction of the velocity basis given in

(3.120), the convergence rate by the mixed method is given in the following theorem.

Theorem 5.4.1. Let {p,u} and {pn,un} be respectively solution of (5.42) and (5.43).
If Assumption Alw and Assumption A2w hold and A;(t,z) € L*(C*(Q)) for i =
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1,---,N, then fora+ p; — P2 —1 >0,

¢
1P = pull Lo (2 (e)) + Sup I / (u(s) — un(s))dsl 20 < ChminLothi=fe=l),
0
Proof. The first two equations in (5.42) and (5.43) imply that

(Du(p —pn)yw) — (V- (u—up),w) =0 Yw e Qy
(5.46)
(k" "u—up),x)+P—pn,V-x)=0 Vx € Iy
Since p—pp = p— Pup+ Pup—pp and u—uy, = u—Iu+1u — uy, a straightforward

calculation gives for Vw € @), and Vyx € 3,

(Du(Prp — pn),w) — (V- (Ipu — up), w) = (Du(Pap — p),w) — (V- (Ilu — u),u(;% 47)
(K~ (Tpu — up), X) + (Pup — o1, V- X) = (K7 (Iyu — u), x) + (Pup — p, V - X).

Since P, is a L? projection and (5.45) holds, then (5.47) reduces to

(Det(Prp — pn)sw) — (V- (Ipu — up), w) = (Du(Pap — p),w) Yw € Qy

(K (Ipu —up), x) + (Pop —pn, V- x) = (K7 (Ihu — u), x) Vx € T,

(5.48)

If one integrates the first equation with respect to s from 0 to t and then set w =

Pyp — pp, one can get

(Di(Pup — pn), Pup — o) — (fot V- (Iyu(s) — un(s))ds, Pap — pn)

= (De(Pup — p), Prop — pr) — (Di(Prup — p)(0), Pup — p),

where we have used the fact (Dy(Pyp—pp)(0),w) = 0 by (5.43). Because P, commutes

with Dy, it follows

(Di(Pup — pn), Pup — pn) — (/Ot V - (ITpu(s) — up(s))ds, Pup — pr) = 0. (5.49)
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Pick x = f;(Hhu(s) — up(s))ds in the second equation in (5.48), then

(k=Y (Ipu — uh),/o (Ipu(s) — un(s))ds) + (Pup — ph,/o V- (ITpu(s) — up(s))ds)

) (5.50)
= (k' (I — u),/o (ITpu(s) — up(s))ds).
Summing (5.49) and (5.50), we have
(Di(Pup = p1), Pop — p1) + (K~ (Iu — uh),/ (Ipu(s) — un(s))ds)
0 (5.51)

= (k™' (Ipu — u),/o (Ipu(s) — up(s))ds).

Applying integration by parts and Schwarz inequality to (5.51), we obtain

t
DIPup = pull3aqey + Dill fy (Tat(s) = s (5))ds |2

t
< | pu — u||%%(m + | Jo Mpu(s) — Uh(S))dSH%%(Q).

Integrating the above inequality with respect to time from 0 to ¢ and noting that

|| Pnp — ph||2Lz(Q)(O) = 0 from (5.43), then we apply Gronwall’s inequality to get
t
| Prp _th%Q(Q)(t> + | /0 (Ipu(s) — uh(s))dSH%%(Q) < CfIpu — UH%Q(O,t;Li(Q))' (5.52)
Consequently,
t
||Php—th%°°(L2(Q))+Slip||/0 (Hhu(s)—uh(s))dsl‘%g(ﬂ) < CHHhU—UH?y(Lg(Q))- (5.53)

Invoking p—pp, = p— Pyp+P,p—pp and fot(u—uh)ds = fot(u—Hhu)dstfOt(Hhu—uh)ds,
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triangle inequality infers that
t
2
I =l s | [ () = n(o)dsly

t
< C(||[Prp — pH%OO(LZ(Q)) + sgp I /0 (Ipu(s) — U(S))dSH%g(Q) + [ — UH%Z(L%(Q)Z%

54)
< C(1Pup = plIZoo 20y + S%PtHHh“ - u||2LQ(O,t;L%(Q)) + [[Thu — U||2L2(L§(Q)))
< C([|Pup = Pl T 20y + I1Thu — UH%Q(Li(Q)))v
where we have used Jensen’s inequality in the second step.
If the source term f € L*(L*(Q2)), the initial conditions gy € H'(Q) and g; €
L*(2), then p € L®(H(Q)) (see [51, 35] ). Thanks to the fact that P, is the L?(Q)

projection onto Qy,

P — Pupllzes(r2(0)) < Chlp|re~@m@)), (5.55)

this estimates the first term of right hand side in (5.53). Next we estimate the term
|lu — HhuH?ﬂ(L%(Q)). Define

K

A (t) = / A;(t, s)u; - nds
in each element K. Let A7 be the average A;(x) along e;, then
|Af§-—/_lg g| = |/ Aiui-nds—flg/ u; - nds|
€ € (5.56)

< Ch | A1) [l ea ),

where we have used the Assumption A2w.

Invoking Assumption Alw, (5.44) and |[¢] [lox < C(1 + h™72) [5], we have in



160

each element K (summation convention is used in the following)

|lu — HhuHiQ(O,T;Li(K)) -

| [ atea)sis - Aol 1 e 08 - Af0)idodt

< c/ / A () dadt

- C||(Ai(t>$)/5{rf - Ai[]{'(t)) z’I;H%%O,T;H(K))

< O (Ai(t, x) — fl{(t))ﬁff z’I;H%%O,T;LQ(K))

+ CI(AL®)BE — AEO)WE N2 00200

< CpAeth( ZHA 720,700k Zszy 16,

(5.57)

< CRHI=E (N N Ail| T2 0,100 (1))

where we have used facts that A; € L?(0,T;C%()) and (5.56). After making sum-

mation over all K for (5.57), we have
[ — Tyl p20,7,22(0y) < ChOTA=P7L (5.58)
Taking into account (5.55) , (5.58) and (5.53), the proof is complete.

O

Remark 5.4.1. From (5.57), it is sufficient to assume that A;(t,.) is x-pointwise
Holder continuous for all t and A;(t,x) is bounded globally. If global fields p; (i =

1,---, N, where N = dim(f))) are defined in (5.38) and set p = p(t,p1,--- ,pn), then

kEVp = g]i kEVp; = Ai(t, x)u,,

where A;(t,x) = g—; and u; = kVp;. Provided that f € L>*(LP(Q)) N HY(L*(Q)) ,
g1 € WP(Q) and Dyup(0) € LP(Q), then the proof Theorem 1.1 in [51] implies that

Ai(t,z) = g—; e L®(Wtr(Q)). Consequently Ai(t,z) € Lz(Cl_%(Q)) if p> N by
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using Sobolev embedding theorem.

_ o

Remark 5.4.2. In the case of homogenization problems with e-period, A;(t,z) = e

and u; = k(x)Vp;. Here p* is the solution of the homogenized wave equation and p;

are computed in each e-period [5].

If the functions A;(t,x) in Assumption Alw have higher regularity regarding to
time ¢, we can obtain an convergence rate in energy norm, the definition of which is

similar to |||p — pa|||q, defined in section 5.1. The following is the result.

Theorem 5.4.2. Let {p,u} and {pn,un} be respectively solution of (5.42) and (5.43).
If Assumption Alw holds and A;(t,x) € L>(C*(Q)) N HY(C*(Q)) fori=1,---,N,
then for oo+ 31 — o — 1 >0,

1P = pllLeer2(0)) + llu = unll L2 () < Cpmin(hotfi—Fa—1)

Proof. We take w = Dy(Pyp — pp) and x = Iu — uy in (5.48). Since D; commutes
with P, and (5.45) holds, it follows

(Det(Prp — pn)s De(Pup — pn)) — (V- (Hpu — up), De(Prp — pr)) = 0
(k™M (Dy(Iyu — up), Myw — wp) + (Dy(Pap — p1), V - (Iu — up,)) (5.59)
= (k7Y (Dy(pu — ), Hpu — up),

where we differentiated the second equation in (5.48) to get the second equation of

(5.59). Make summation of the two equation in (5.59), we have

(Du(Pup — pr)s De(Pap — pn)) + (K~ (Dy(Ipu — up), yu — uy,)
(5.60)

= (k™Y (Dy(Tyu — ), T — uy).

After applying integration by parts and Schwarz inequality to (5.60), it follows

DIDUPup — pi)la(ay + Dol — w22 gy < 1De(Mas — ) [Za g + [Tt — un 2 -
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By integrating with respect to ¢ in the above, Gronwall’s inequality gives rise to
I Di(Pap = pi)l|7 e (12(52y) + ITThu — Uh“%oo(Lg(Q))
< C(|De(Prp — Ph)H%Z(Q)(O) + [[Hpu — Uh“%g(ﬂ)(o)) (5.61)
< C||Dy(pu — U)||2Lz(L§(Q))-

From the fourth and fifth equation of (5.43), the first term in right hand of (5.61) is

vanished and (5.61) becomes

| Dy (Prp — ph)H%OO(LQ(Q)) + [[TThu — UhH%@(Li(Q))

(5.62)
< C||Dy(Mpu — U)||2Lz(L§(Q))-
Owing to triangle inequality and (5.62), it follows immediately that
1D:(p = pr)ll e (z2()) + [Haw — unl[ Lo 20
(L () (5.63)

< C([De(Prp — )l z2(0)) + [1De(Mau — w)[| 220y + [Hauw — wl| g 22 0)))-

If source term f € H'(L*(Q)) , initial value g; € H'(Q2) and Dyup(0) € L*(Q), then
Dyp € L*(H'(Q)) (see [51, 35] ). Since B, is the L*(2) projection onto Qy,

| De(p — Pup) || 1= (r2(0)) < Ch|Dyp| o~ (0)), (5.64)

If A;(t,x) € L>®(C*(Q)) N HY(C*()), one can utilizing the similar process in (5.57)

to get
Tk — ul| oo 2.0y < ChHH7P71 -
[ De(Mpu — w222 ) < Chothri=F—1
Combining (5.63), (5.64) and (5.65), the proof is complete. 0

Remark 5.4.3. If global fieldsp; (i=1,--- N, N =dim(QQ)) are defined in (5.58)
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and set p = p(t,p1,- -+ ,pn), then

dp

k —
VP Op;

kVpi = A(t, x)u;,

where A;(t,z) = g_zi and u; = kNp;. Provided that f € WY>®(LP(Q)) N WP(LP(Q))

, Dyu(0) € WP(Q) and Dyyp(0) € LP(RY), then the proof Lemma 2.6 in [51] implies
1-N

that A;(t,x) = g—; e Whe(Whr(Q)). Consequently A;(t,z) € HY(C 7 (Q)) ifp > N

by using Sobolev embedding theorem.

As for the fully discrete scheme, we may use the following scheme (also see
[41, 26]). The fully mixed formulation is to find {p}*™* u}*'} € Q) x ), such that

p

= (fn’w) vwEQh
0 VxeX

(Dypy, w) — (divu}, w

)

(K=Yt x) + (pp ™, divy)

\ hyw) = (g0,w) Yw € Qy (5.66)
) = (f'+ Z9,w) YweQy
) = (Iwu(0),x) VYx € RT},

1
(2 Dip?,w) — (divul, w

\ (U?N X
where the difference notations are defined in section 5.3.3. It is known that the
scheme in (5.66) is stable when At < Ch and that the time consistence error O(At?)

if u(t,z) is smooth enough regarding to ¢ (refer to [41, 26]). Consequently, we have
by the global mixed MsFEM

Sllp lp — 1l 2@ + sup |lu — uZHLi(Q) < C(hmin(l,aJrﬁl—Bz—l) + At2).

n

5.5. Numerical Results

In this section, we present a few numerical results to demonstrate the impor-
tance of incorporating global information. We will consider multiscale finite element

methods with limited global information presented in Section 5.2.
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We will use a channelized permeability field k(z) which induces strong non-
local effects on a domain 2 = [0,1]2. This type of heterogeneities is presented in
a benchmark test of the SPE comparative project [24] (upper Ness layers). These
permeability fields are highly heterogeneous, channelized, and difficult to upscale. In
Figure 4.1, we plot a log of this field. As can be observed, the irregular channels
introduces strong non-locality across the entire domain. For these types of hetero-
geneities, local approaches usually fail to give an accurate results. In this experiment,
we take f = 10, initial value go = 0 and ¢g; = 0. We impose zero Dirichlet boundary
conditions in (5.2).

In our numerical tests, we compare the solutions at several time instances. Our
first choice is standard MsFEM with local basis functions where linear boundary
conditions are imposed for these basis functions. For the second approach, we used
the MsFEM using limited global information, where where steady state solution is
used to generate basis functions. Note that the construction of the basis functions is
one time overhead that involves the solution of elliptic partial differential equation.
Using these basis functions, the fine-scale equation can be solved repeatedly for various
boundary conditions and right hand sides. For full discretization, the scheme in (5.41)
is utilized and we use 220x60 fine grid and 22x6 coarse grid.

First, we present numerical results (Table 5.1 and 5.2) for relative errors for the
solution u comparing (1) standard MsFEM (2) Oversampling MsFEM (3) MsFEM
with limited global information at two different time instances. It is clear from these
tables that MsFEM with limited global information performs much better than other
local multiscale methods. This suggests that one needs to use some type of global
information in constructing basis functions.

We depict the reference solution, the solution obtained local MsFEM and the

improved MsFEM using limited global information in Figures 5.1 - 5.2 at two different



Table 5.1. Relative Errors at Time=0.4, Coarse Model = 22x10

Method L2(%) HY (%) L(%)
MsFEM +2.03e+01 | +4.94e+01 | +3.52e+01
MsFEM-ovs +6.36e+00 | +2.51e+01 | +1.44e+01
Global MsFEM | +4.33e+00 | +1.98e+01 | +9.92e+00

Table 5.2. Relative Errors at Time=0.6, Coarse Model = 55x15

Method L2(%) H' (%) L(%)
MsFEM +1.95e+01 | +3.53e+01 | +3.03e+01
MsFEM-ovs +3.56e+00 | +1.50e+01 | +8.48e+00
Global MSFEM | +2.46e+00 | +1.08¢e+401 | +4.78e+00
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times t = 0.4 and t = 0.6. It is clear from these figures that MsFEM with limited
global information provides accurate solution for such heterogeneous fields, where the
localized methods fail. In this section, we restricted ourselves to only a few numerical

results.

Reference Model Global MsFEM Standard MsFEM

0.8 0.8

0.6 0.6

0. 0. 0.
00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0
xT xT T

Fig. 5.1. Solution uy at t = 0.4. Left: Reference solution. Middle: solution obtained
by global MsFEM. Right: solution by local MsFEM
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Reference Model Global MsFEM Standard MsFEM 18

1.6

08 1.4

0.6 1.0

0.8
0.6
0.4
0.2
0.0

0.4

0.2

0.0 0.0 0.0

Fig. 5.2. Solution u, at t = 0.6. Left: Reference solution. Middle: solution obtained
by global MsFEM. Right: solution by local MsFEM

5.6. Conclusions and Comments

In this chapter, we study multiscale approaches for solving acoustic wave equa-
tions with heterogeneous coefficients without scale separation. The solution is ap-
proximated on a coarse grid using multiscale basis functions. For the construction of
these basis functions, we employ global functions. In particular, these global fields are
defined such that the solution smoothly depends on these fields. We provide analysis
of the proposed methods for Galerkin finite element and mixed finite element formu-
lations, and present a few numerical examples. The numerical results demonstrate
that the solution can be captured accurately on a coarse grid when some type of

limited global information is used.
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CHAPTER VI

CONCLUSIONS

6.1. Conclusions

In this dissertation, we present and focus on the following multiscale numerical
methods using limited global information: MsFEM, mixed MsFEM and multiscale
PUM. The global information is represented by a set of functions. These functions
can be thought as auxiliary functions which contain essential information about the
heterogeneities. The computations of the global information are performed off-line.
The finite element basis functions constructed employing the global information can
be used to solve flow equations in heterogeneous porous media with different source
terms, boundary conditions or mobility (see Section 2.1) on the coarse grid. The
computation of global fields requires solving single-phase equations, thus the pro-
posed approaches are effective when flow equations are solved repeatedly. One can
use local solutions instead of global solutions in the proposed formulation of these
global multiscale numerical methods. In this respect, the proposed global multi-
scale numerical methods will be similar to the local multiscale methods introduced
in [38, 22] where the resonance error will appear in the convergence rates.

In this dissertation, we apply the proposed global multiscale numerical methods
to elliptic, parabolic and wave equations with continuum spatial scales. We present
rigorous analysis of the proposed multiscale numerical methods for the partial dif-
ferential equations. We show that these methods are stable and converge without
the resonance error. Assumption that the solution of the partial differential equation
smoothly depends on the global fields, we construct multiscale finite element basis

functions which contain these global information (fields). We discuss several cases
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where the global fields can be found and it can be shown that the solution smoothly
depends on these global fields. We present a few preliminary numerical results to
demonstrate the accuracy of the proposed approaches. We also consider a parameter
dependent permeability field where a limited number of parameter value is used to
generate the global fields. Based on these global fields, we compute multiscale basis
functions. Basis functions are computed using single-phase flow solutions and these
basis functions are used for the simulations of two-phase flow and transport. We con-
sider SPE Comparative Project [24]. These permeability fields are channelized and
hard to upscale and, therefore, single-phase flow information (limited global informa-
tion) is used. Our numerical results show that one can achieve much better accuracy
with a few global fields corresponding to single-phase flow solutions than those local

multiscale finite element methods.

6.2. Future Work

While we have presented several multiscale numerical methods using limited
global information for partial differential equations, we believe there are still many
interesting areas for further research.

One of the areas for further study is to investigate the global multiscale numer-
ical methods on unstructured grids. From the analysis presented in Chapter III, IV
and V, we may find the possibility that the global multiscale finite element methods
can be extended to unstructured coarse grids. The use of unstructured coarse grids
has advantages in subsurface simulations since they provide flexibility and can ren-
der more accurate upscaled solutions for flow and transport equations. It is often
necessary to use an unstructured coarse grid when highly heterogeneous reservoirs

are discretized via irregular anisotropic fine grids. Although we have discussed global
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mixed MsFEM on unstructured grids and presented some encouraging results in [3],
there is room for further exploration of some of the underlying approaches. As our
intent in [3] was to demonstrate that mixed MsFEM on an unstructured grid could
be effectively used in a full coarse-scale model, we did not consider the issue related
to the upscaling of the saturation equation. As we noticed that the main source of
errors in our coarse-scale simulations is due to the saturation upscaling. The up-
scaling of the saturation is achieved via the use of a carefully selected coarse grid,
however, no subgrid model is used in the upscaling of the transport equations. We
plan to investigate the subgrid effects in the saturation equation in the future. This
will help to improve further the upscaling result. It may also be worth exploring the
impact of the unstructured grid obtained via the single-phase flow on the accuracy of
the mixed MsFEM. As we noticed that the mixed MsFEM is more accurate when an
unstructured coarse grid is used. Further theoretical investigation of these issues is
worth pursuing in future. In the meanwhile, it would be interesting in the future to
study the global multiscale PUM and other global multiscale numerical methods on
unstructured grids.

It would be also interesting in the future to consider nonlinear partial differential
equations. We have considered the global multiscale numerical methods only for lin-
ear partial differential equations and have not discussed nonlinear partial differential
equations in the dissertation. In the formulations of the global multiscale methods,
we assume the solutions of partial differential equations smoothly depend on the pre-
defined global fields (information). However, we have not yet found such global fields
for nonlinear partial differential equations (e.g. nonlinear elliptic equations). We be-
lieve this would be a challenging problem in the future. Once we find the global fields,
we can use the frameworks of the global multiscale methods to numerically solve the

nonlinear partial differential equations and remove resonance error.
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Another future direction is to consider domain decomposition methods for mul-
tiscale partial differential equations using limited global information. Domain decom-
position refers to the splitting of a partial differential equation into coupled problems
on smaller subdomains forming a partition of the original domain. We believe us-
ing global information would yield a robust coarsening when domain decomposition
methods are applied to solve multiscale partial differential equations with continuum
scales. It would be interesting in the future to theoretically study domain decom-
position methods using limited global information and test the performance of the

methods in numerical experiments.
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