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ABSTRACT

New Solutions of Half-Space Contact Problems Using Potential Theory, Surface
Elasticity and Strain Gradient Elasticity. (December 2011)
Songsheng Zhou, B.Sc.; M.Sc., Wuhan University of Technology

Chair of Advisory Committee: Dr. Xin-Lin Gao

Size-dependent material responses observed at fine length scales are receiving
growing attention due to the need in the modeling of very small sized mechanical
structures. The conventional continuum theories do not suffice for accurate descriptions
of the exact material behaviors in the fine-scale regime due to the lack of inherent
material lengths. A number of new theories/models have been propounded so far to
interpret such novel phenomena. In this dissertation a few enriched-continuum theories —
the adhesive contact mechanics, surface elasticity and strain gradient elasticity — are
employed to study the mechanical behaviors of a semi-infinite solid induced by the
boundary forces.

A unified treatment of axisymmetric adhesive contact problems is developed
using the harmonic functions. The generalized solution applies to the adhesive contact
problems involving an axisymmetric rigid punch of arbitrary shape and an adhesive
interaction force distribution of any profile, and it links existing solutions/models for
axisymmetric non-adhesive and adhesive contact problems like the Hertz solution,

Sneddon’s solution, the JKR model, the DMT model and the M-D model.



The generalized Boussinesq and Flamant problems are examined in the context
of the surface elasticity of Gurtin and Murdoch (1975, 1978), which treats the surface as
a negligibly thin membrane with material properties differing from those of the bulk.
Analytical solution is derived based on integral transforms and use of potential
functions. The newly derived solution applies to the problems of an elastic half-space
(half-plane as well) subjected to prescribed surface tractions with consideration of
surface effects. The newly derived results exhibit substantial deviations from the
classical predictions near the loading points and converge to the classical ones at a
distance far away from those points. The size-dependency of material responses is
clearly demonstrated and material hardening effects are predicted.

The half-space contact problems are also studied using the simplified strain
gradient elasticity theory which incorporates material microstructural effects. The
solution is obtained by taking advantage of the displacement functions of Mindlin (1964)
and integral transforms. Significant discrepancy between the current and the classical
solutions is seen to exist in the immediate vicinity of the loading area. The discontinuity
and singularity exist in classical solution are removed, and the stress and displacement

components change smoothly through the solid body.
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1. INTRODUCTION

1.1 Technical Advances and Challenges

The past century has witnessed the rapid development of micro/nano-
technologies, which deal with structures or components of extremely small sizes. This
technical advance has brought about revolutionary devices that are of cutting-edge
interest. To realize the full potential of the emerging micro/nano-industry it is essential
that relevant studies be conducted to gain a fundamental understanding of the material
behaviors at small length scales.

Numerious experimental studies have indicated that the classical continuum
theories are inadequate to accurately describe the material response at micron and nano-
meter scales, where materials are frequently reported to exhibit increased stiffness with
decreasing sample size, e.g. torsion stiffness of wires (e.g., Flect and Hutchinson, 1993),
bending stiffness of plates and bars (Miller and Shenoy, 2000), indentation hardness
(e.g., Stelmashenko et al., 1993; De Guzman et al., 1993; Ma and Clarke, 1995), tensile
strength of ultra-thin films (e.g., Judelewicz et al., 1994; Hong and Weil, 1996; Read,
1998; Zhang et al., 2008;). The classical continuum mechanics cannot describe this
microstructure-dependent size effect due to the lack of inherent material length
parameters. Hence, higher order continuum theories that contain material length scale
parameters are needed to capture the size and other effects at the micron and nanometer

scales.

This dissertation follows the style of Journal of the Mechanics and Physics of Solids.



1.2 Review of Existing Studies
1.2.1 Adhesive Contact

Forces at interfaces are familiar to colloid and surface chemists. For a long time
relevant studies and measurements have been mainly confined to liquids. It is not until
1930s that considerable efforts were made to the understanding of the surface interaction
forces between solids and particular between colloids. The dispersion forces were first
explained by London in 1930 (Maugis, 1992; Tabor, 1977) and the London theory of
Van der Waals was later applied by Bradley (1932), Derjaguin (1934), de Boer (1936)
and Hamaker (1937) to the problem of forces between macroscopic bodies.

Surface forces can make a significant contribution to the contact equilibrium
under conditions of light loading between elastic solids, e.t. contact at the micron and
submicron scales. In the later 1960s, experimental contradictions to the famous Hertz
theory (Hertz, 1882) were reported by Roberts (1968) and Kendall (1969), which
revealed that the contact area between elastic bodies is considerably larger than the Hertz
result at low loads. In addition, the contact area does not vanish upon the removal of
loads, and a mechanical load is required to separate two solid bodies in intimate contact
(e.g. Adamson, 1967; Tabor and Winterton, 1969). These and other evidence suggested
that attractive forces act between solids close together and their influence on the material
response cannot be neglected at low loads (Johnson et al., 1971).

The concept of adhesive forces between elastic solids in contact was propound in
the 1960s and improved understanding of the adherence of solids was gained with the

introduction of the energy balance concept by Kendall (1971) and Johnson et al. (1971).



Their energy balance approach was successfully applied to problems of peeling
(Kendall, 1973, 1975b), adherence of spheres (Johnson et al., 1971), composite
(Kendall, 1975a, 1976) and etc. The adhesive contact model of Johnson et al. (1971)
(known as the JKR model) accounts for the adhesion inside the contact zone and the
surface energy is included in the energy balance involving the strain energy and potential
energy additionally. An extensive experimental investigation regarding the energy
release rate and system stability was later conducted by Maugis and Barquins (1978).

Not long after the publication of the paper of Johnson et al. (1971), Derjaguin et
al. (1975) proposed a model (called DMT model) that considers the molecular
attractions in a ring-shaped zone right outside the contact area (the non-contact
adhesion). The two theories — JKR and DMT — are essentially different from each other
although they are both evolved from Hertz’s solution and both give an equilibrium
contact area larger than Hertz’s result. The sharp differences between these two
landmarked models led to a long and heated debate in the 1980s (e.g., Muller et al.,
1980, 1982, 1983; Greenwood and Johnson, 1981; Pashley, 1984) and the controversy
was finally resolved by Maugis’ (1992) transition model (called the M-D model) based
on the Dugdale cohesive zone model and the Griffith energy criterion in fracture
mechanics.

The Maugis’ (1992) work bridges the JKR and DMT models via a transition
parameter similar to Tabor’s number (Tabor, 1977) and thereby greatly clarifies the
distinctions between the two theories. The JKR model and DMT models are found to be

two limiting cases of the general M-D model. It is now widely acknowledged that the



former is accurate for soft solids having high surface energy whereas the latter is suitable
for hard materials with low surface energy (e.g., Tabor, 1977; Hughes and White, 1979;
Muller et al., 1980; Johnson and Greenwood, 1997; Yao et al., 2007; Barthel, 2008;
Zhou et al., 2011).

These three monumental models — JKR, DMT and M-D — have been receiving
growing attention due to the need of knowledge in micro-/nano-contact. The M-D
adhesive contact model involving a spherical punch and a constant cohesive stress has
been extended by Barthel (1998) and Greenwood and Johnson (1998) to more general
surface interactions and by Goryacheva and Makhovskaya (2001) and Zheng and Yu
(2007) to arbitrary axisymmetric punch profiles. The M-D model has also been
generalized to the non-slipping adhesive contact of an elastic cylinder with a stretched
substrate by Chen and Gao (2006a). Recently, a potential function based treatment was
provided by Zhou et al. (2011) which unifies existing solutions/models for axisymmetric
non-adhesive and adhesive contact problems in one framework.

The interaction surface forces used in the aforementioned references were
infinitesimal-range forces. Finite-range interaction forces were employed by Attard and
Parker (1992) and Attard (2000) to consider the interaction of spherical bodies. In
addition, Graham et al. (2010) analyzed the nano-indentation problems involving
sphero-concical tips due to realistic, finite-range surface forces.

1.2.2 Surface Elasticity
In classical continuum mechanics, the material properties of the solid surfaces

are regarded to be the same as those of the bulk material. This ignores the fact that the



near surface physical properties are sensibly different from those of the bulk interior.
The reason for such difference is that the nature of the chemical bonding of the surface
atoms differs from that of the interior atoms and the surface atomic structure changes
relative to the bulk so that the structure equilibrium is maintained (Thomson et al., 1986;
Cammarata, 1994).

Mechanical work is required to create a new surface. The concept of surface
energy is defined as the reversible work to isothermally create an element area of a new
surface (Cammarata and Sieradzki, 1994; Maugis 2000, pp28). It has been known that
the surface energy is identical to the surface tension for a fluid (Dupré 1869), but they
are not equal for solids as was first shown by Gibbs (1876). The presence of the surface
stress is predicted from microscopic considerations whenever a new surface is created
(Shuttleworth, 1950; Herring, 1951; Orawan, 1970). It was verified experimentally by
Nicolson (1955) that certain crystals exhibit a surface stress when cleaved.

The studiess of Shuttleworth (1950) and Herring (1951) firstly connect the
surface tension to the surface energy of a solid. Their seminal findings were elaborated
by the subsequent researchers (e.g., Cammarata, 1994; Cammarata and Sieradzki, 1994)
and were successfully applied to cases such as crystal surface morphology (Shchukin
and Bimberg, 1999) and thin films (e.g., Koch, 1994; Streitz et al. 1994).

The surface free energy is associated with only a few layers of atoms near the
surface and is typically neglected in traditional continuum mechanics (Dingreville et al.,
2005). For a solid of macro-dimension its surface energy is relatively negligible when

compared to its bulk energy. However, the surface energy is appreciable at small length
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scales and the influence of surface stress on the material behavior is significant,
especially for dimensions below 10 nm (Cammarat, 1994).

Blinowski (1970, cf. Povstenko (1993)) suggested a constitutive equation that
incorporates the surface stresses, but his formulation lacks mathematical rigor. It is due
to Gurtin and Murdoch (1975, 1978) that a rigorous theory for surface elasticity was
established. In the Gurtin-Murdoch model, the surface is treated as a negligibly thin
membrane adhering to the underlying bulk without slipping. This model is quite general
in the sense that it allows the surface to possess its own elastic constants and stress by an
additional constitutive law. The model was later extended by Gurtin et al. (1998) to treat
interfacial stress. As noted in Gurtin and Murdoch (1978), their general theory can also
be applied to describe the mechanical behaviors of an elastic substrate coated with thin
film of another material.

The special importance of the theory of Gurtin and Murdoch (1975, 1978) is that
it contains intrinsic material lengths arisen from the surface effects and thereby it offers
an explanation for size effects at fine scales, especially when the associated solid has a
large surface to bulk ratio. This theory has received a lot of attention in recent years due
to the progress in micro-/nano-materials and devices. In particular, simplified versions
(by retaining only the surface residual stress) of the Gurtin-Murdoch theory have been
used to analyze responses of nano-structures (Miller and Shenoy, 2000; Shenoy, 2002),
deformation of semi-infinite solids (He and Lim, 2006; Wang and Feng, 2007; Zhao and
Rajapakse, 2009), deflections of thin films (He et al., 2004) and inclusion problems

(Sharma et al., 2003; Sharma and Ganti, 2004). All these studies show that the presence



of surface/interface stresses results in size-dependent elastic responses.
1.2.3 Higher-Order Strain Gradient Theories

The micro-structural effects are important at small length scales, particularly for
materials like polymer, polycrystalline and granular materials. A common approach to
incorporating the microstructural effects is to enrich the classical constitutive equations
with additional higher-order derivatives.

In the early 20™ century, the Cosserat brothers (Cosserat and Cosserat, 1909)
generalized Cauchy’s model to include additionally the micro-rotation in an elastic solid
and thereby included the couple stress (energetically conjugated to the micro-rotation) in
the equilibrium equations. It was not until 1960s that this higher order continuum
approach received serious attention. Casal (1961) formulated a simple linear continuum
theory that incorporates material microstructures. The framework for gradient theories
was latter established by Mindlin and his associates (1964, 1965; Mindlin and Tiersten
1962; Mindlin and Eshel, 1968), Toupin (1962, 1964) and Kioter (1964). Germain
(1972, 1973a,b) later addressed several theoretical issues to strain gradient elasticity.

In gradient theories, material length scale parameters enter the constitutive
equations through the strain energy density function. In a landmark paper, Mindlin
(1964) introduced the idea of unit cell (or micro-media) in solids that are in themselves
deformable media and considered micro-deformations in addition to macro-deformation.
In its most general form, Mindlin’s theory contains 18 material constants (two being
Lameé constants) and was simplified to contain five additional material constants by

himself (Mindlin, 1964).



Mindlin’s original theories are general but complicated. One would face
considerable difficulties attempting to solve even simple boundary value problems
(BVPs) with these general theories (Georgiadis and Anagnostou, 2008). Besides, the
experimental quantification of the associate material constants is a formidable task
(Exadaktylos and Vardoulakis, 1998). As a result, the Mindlin’s original theories have
not found widespread applications in the modeling of size-dependent phenomena.

To progress from this situation, simplified strain gradient theories have been
suggested (e.g., Vardoulakis et al., 1996; Exadaktylos et al., 1996; Altan and Aifantis,
1992, 1997). Vardoulakis’ version contains volume and surface energy strain gradient
terms, whereas Altan and Aifantis’ includes one additional material constant. These
simplified models are mathematically more tractable and have been adopted to analyze
various problems, such as Kelvin’s problems (Karlis et al., 2010), fracture (Exadaktylos,
1998; Shi et al., 2000; Georgiadis, 2003), mechanics of defects (Lazar and Maugin,
2005), thick-walled shell problem (Goa and Park, 2007; Gao et al., 2009) and Eshelby
type inclusion problem (Gao and Ma, 2009, 2010a,b).

Despite the successful applications of strain gradient elasticity, the fundamental
problems of a half-plane or half-space subjected to a concentrated force have not been

well addressed in gradient elasticity.

1.3 Motivations and Objectives
As reviewed in the last section, the mechanisms of non-conventional behaviors at

small length scales have not been fully understood and some fundamental issues have



not been thoroughly discussed. In this dissertation, several fundamental problems in
contact mechanics are studied in the context of adhesive contact mechanics, surface
elasticity and strain gradient elasticity.

The fundamental problems of an elastic isotropy subjected to a concentrated
force are viewed as the most celebrated problems in the theory of elasticity. In classical
doctrine, the problems of Kelvin (an elastic solid of infinite extend acted by a point
force), Boussinesqg/Cerruti (an elastic half-space subjected to surface normal/tangential
force) and Mindlin (an elastic half-space under the action of a buried force) afford
closed-form solutions and are of significant importance in the field of contact mechanics,
tribology and soil mechanics. However, these fundamental problems have not been fully
examined in the context of the newly proposed enriched continuum theories reviewed in
the last section.

In this dissertation we shall be concerned with the small-scale elastic response of
a homogeneous semi-infinite isotropy subjected to prescribed boundary tractions. The
fundamental contact problems will be examined in the context of the three renowned
theories outlined in the preceding section — adhesive contact mechanics, surface
elasticity and gradient elasticity. It is expected that certain types of size-dependency be
observed when each of these refined continuum theory is adopted. Special attentions
shall be drawn to the possible deviation of the newly derived solutions from the classical
ones.

The role of adhesive interaction forces is significant for the material responses of

contact solid bodies under small load. A general model will be developed for
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axisymmetric contact problems by using classical elasticity theory and incorporating the
effect of adhesive interaction forces. This general model is expected to be applicable for
adhesive contact problems with arbitrary punch profiles and adhesive interaction force
distributions.

At small length scale the influences of material microstructural and surface
energy effects on the mechanical behaviors of materials are non-negligible. The surface
elasticity of Gurtin and Murdoch (1975, 1978) and strain gradient elasticity theory of
Mindlin (1964) will be adopted to study the elastic field of a semi-infinite solid
subjected to prescribed boundary tractions. For the fundamental problems of an elastic
half-space, the existing surface elasticity-based (e.g., He and Lim, 2006; Wang and Feng,
2007; Zhao and Rajapakse, 2009) and strain gradient-based solutions (e.g., Zhou and Jin,
2003; Li et al.,, 2004) involve certain simplifications/assumptions and thus these
solutions are either incomplete or not exact. A complete formulation and exact solutions
shall be pursued by using the two theories — surface elasticity and strain gradient
elasticity — and the departure between the newly derived solutions and their classical

counterparts will be examined and discussed.
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2. AUNIFIED TREATMENT OF AXISYMMETRIC ADHESIVE CONTACT

PROBLEMS”

2.1 Introduction

Contact of two elastic solids was first studied by Hertz (1882) using the theory of
elasticity. Hertz’s solution is for the frictionless non-adhesive contact of two elastic
spheres under a pair of compressive forces, which was reviewed and elaborated by
Johnson (1982) in a broad context. To account for the adhesion inside the contact zone,
Johnson et al. (1971) extended Hertz’s theory and developed an adhesive contact model
(known as the JKR model) by including the surface energy in the energy balance
involving the strain energy and potential energy additionally, which yields an
equilibrium contact area larger than that given by the Hertz solution.

On the other hand, by considering the molecular attractions in a ring-shaped zone
right outside the contact area, Derjaguin et al. (1975) proposed another model (called
DMT model), which adopts Hertz’s stress distribution and displacement field but
predicts a larger contact radius than that predicted by Hertz’s theory due to the
incorporation of the non-contact adhesion in the ring-shaped zone. The JKR and DMT
models are found to work well for two extreme cases, with the former being accurate for
soft solids having high surface energy and the latter valid for hard materials with low

surface energy (e.g., Tabor, 1977; Hughes and White, 1979; Muller et al., 1980; Johnson

* Reprint with permission from ‘‘A unified treatment of axisymmetric adhesive contact
problems using the harmonic potential function method”” by S.-S. Zhou, X.-L. Gao and
Q.-C. He, 2011, Journal of the Mechanics and Physics of Solids, 59, 145-159, Copyright
[2011] by Elsevier.
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and Greenwood, 1997; Yao et al., 2007; Barthel, 2008).

The sharp differences between these two models were resolved by Maugis’
(1992) transition model (called the M-D model) based on the Dugdale cohesive zone
model and the Griffith energy criterion in fracture mechanics. The M-D adhesive contact
model involving a spherical punch and a constant cohesive stress has been extended by
Barthel (1998) and Greenwood and Johnson (1998) to more general surface interactions
and by Goryacheva and Makhovskaya (2001) and Zheng and Yu (2007) to an ‘arbitrary’
axisymmetric punch represented by a power-law shape function. The M-D model for
frictionless adhesive contact has also been generalized to the no-slipping adhesive
contact of an elastic cylinder with a stretched substrate by Chen and Gao (2006a), who
also extended the JKR model to no-slipping adhesive contact problems involving
isotropic and transversely isotropic materials (Chen and Gao, 2006b, 2007).

The original M-D model and the subsequently modified models mentioned above
are built on Sneddon’s (1965) Hankel transform-based solution for the frictionless
contact problem (involving an axisymmetric punch of arbitrary profile) and the solution
of Lowengrub and Sneddon (1965) for an external crack problem. In this strain energy
release rate-based approach (Maugis, 1992, 2000), evaluations of some crucial
parameters, such as stress intensity factor and applied normal load, are quite challenging,
and the interpretation of the energy balance in terms of the strain energy release rate can
be difficult at times (Greenwood and Johnson, 1998).

On the other hand, the harmonic potential function method for axisymmetric

elasticity problems developed by Green (1949) and Collins (1959, 1963) and elaborated
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in Green and Zerna (1968) has been found to exhibit significant advantages in solving
axisymmetric half space problems with mixed boundary conditions (e.g., Barber, 1983;
Chaiyat et al., 2008; Jin et al., 2008). However, this method has not been systematically
explored for its use in studying adhesive contact problems of axisymmetric elastic
bodies, for which the JKR model, the DMT model, and the M-D model and its variants
have been developed using the Hertz theory (1882) or Sneddon’s (1965) solution. This
motivated the current study.

In the present paper, a unified treatment of non-adhesive and adhesive
axisymmetric contact problems is provided using the harmonic potential function
method. Based on this method and the principle of superposition, a general solution for
the adhesive contact problem involving an axisymmetric rigid punch of arbitrary shape
and an adhesive interaction force distribution of any profile is derived, which gives
analytical expressions for all non-zero displacement and stress components on the
contact surface, differing from other solutions. It is demonstrated that Sneddon’s
axisymmetric punch solution, Boussinesq’s flat punch solution, Hertz’s spherical punch
solution, the JKR model, the DMT model, the M-D model, and the M-D-n model, which
were developed individually using various methods (other than the harmonic function
method) over the years, can all be reduced from the current general solution as

special/limiting cases.

2.2 Harmonic Potential Function Method

For an axisymmetric problem of a homogeneous, isotropic, linearly elastic
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material, the general elasticity solution can be written in terms of a harmonic (potential)

function ¢ = ¢ (r, ) as (e.g., Green and Zerna, 1968)

B 63¢ 82¢ 2Va¢ B 62¢ 62¢ 7 62¢ B a3¢ 82¢
ot o e T o WG e T T s
o°p
01 :Ol =17 ’
O-r6’ O-QZ O-rz 6"822
_ 11,00, q % _ | 508, 0
“f_zy{zaraz“l 21/)6\r , u, =0, uz_zﬂ 2(1 V)62+Zazz ,

(2.1)
where (r, 0, z) are the usual cylindrical coordinates, x« and v are, respectively, the shear
modulus and Poisson’s ratio of the material, a;; = o;(r, z) are the stress components, and
u; = uj(r, z) are the displacement components.

In particular, on the plane z =0, Eq. (2.1) gives

o'¢| , 2v s o’ o’ o’
o =—2 +=—==| , o =2 -(1-2v)= , o, =—7= .
heo ort| T oorl wheo oz? |, A=) o o oz’
0',6,|Z:0 =0, O'azL:o =0, o, T 0,
_1-2v 0¢ _ __1-vog
ur|z:0 o 2/,! or 1:0’ ut9|z:0 =0, uZ|z:0 - 7 oz Z:O’
22)

which show that all the shear stress components vanish on the z = 0 plane.

Clearly, the solution for a given axisymmetric problem hinges on the
determination of the harmonic function ¢ (r, z). This will depend on the boundary
conditions of the problem.

An illuminating discussion on using the harmonic function method to solve

axisymmetric mixed boundary value problems and many useful expressions have been
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Figure 2.1. Schematic of two different types of contact problems.

provided by Barber (1983). Also, some important contributions to fracture mechanics
have recently been made by Chaiyat et al. (2008) and Jin et al. (2008) utilizing this
method. The current formulation of non-adhesive and adhesive contact problems is
greatly facilitated by the findings of these studies.

This harmonic potential function method has also been extended to solve non-

axisymmetric elasticity problems by Keer (1964) and in other subsequent studies.

2.3 Two Types of Contact Problems

Consider the problem of a rigid axisymmetric punch of arbitrary shape in contact
with an elastic half space. The following two types of boundary conditions (BCs) will be
discussed: (1) displacement prescribed inside the contact zone, as shown in Figure 2.1a;
(2) traction prescribed outside the contact zone, as illustrated in Figure 2.1b.

For the first type, the normal stresses inside and outside the contact zone and the
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displacements outside it will be sought. An example of this type is Hertz’s (1882)
contact problem. For the second type, the displacements outside the contact zone and the
normal stresses inside it are to be found. External circular crack problems in fracture
mechanics belong to this type.

To solve the axisymmetric contact problems schematically shown in Figure 2.1,

the following harmonic function is adopted:
w1 .y
p=—] SRR (enae, (2.3)
where Jy is the Bessel function of the first kind of the zeroth order, and

AE) =] g(t) cos(t)dt, (2.4)

with g(t) being an unknown function to be determined from boundary conditions, and r;,
I, being the inner and outer radii of the axisymmetric circular area on the plane z = 0
under consideration. For the problems shown in Figure 2.1, r; = 0 and r, = a inside the
contact zone, and r; = a and r, = oo outside it. It can be readily proved that ¢ = ¢ (r, 2)
defined in Egs. (2.3) and (2.4) satisfies Laplace’s equation and is therefore a harmonic
function. Equations (2.3) and (2.4) were recently used by Jin et al. (2008), with specified
values of rj and r,, to solve an external circular crack problem. Equation (2.3) and an
expression similar to Eq. (2.4) (containing sin(&t) rather than cos(&t)) were employed
earlier to solve penny-shaped and other internal crack problems (Kassir and Sih, 1975;
Chen and Keer, 1993; Chaiyat et al., 2008). This harmonic function is adopted in the
current study to solve non-adhesive and adhesive contact problems involving

axisymmetric punches of arbitrary shapes and BCs of both types.
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From Egs. (2.3) and (2.4), the surface values of the derivatives of ¢ involved in
Eq. (2.2) can be readily obtained. These are listed in Table 2.1 separately for the two
different types of BCs shown in Figure 2.1.

In Table 2.1, ¢; and ¢, denote, respectively, the harmonic functions satisfying the

first type of BCs and the second type of BCs, H(x) is the Heaviside function defined by

H(x) ={(1) iig , and g1(x) (for ¢1) and g»(x) (for ¢,) are the unknown functions to be

determined from BCs in each problem.

It can be shown from Table 2.1 that the relation:

0’4

or?

__1o¢
ror

i 2

(2.5a)
z=0 aZZ

z=0 z=0

holds for both types of BCs mentioned above. It then follows from Egs. (2.2) and (2.5a)
that the surface values of the radial and circumferential stress components can be

expressed as

_1—2v§£
r orf,,

_l—ZVQQ
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z=0
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+2vo

to ZZ|Z:0

. (2.5b,c)

Equations (2.5b,c) are applicable to both types of BCs and are valid in the entire domain,
and they will be used to obtain the expressions of the two in-plane normal stresses.

From Table 2.1 and Eqg. (2.2), the normal load (P) and the stress intensity factor
(K, for Mode | loading) at the periphery of the contact area (as the front of an external
Mode I circular crack) can also be readily obtained. The relevant results are listed in
Table 2.2, which are the same as those provided in Barber (1983) using more general

harmonic potential functions.
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Clearly, the normal load P and the stress intensity factor K, will become

immediately available once the unknown functions gi(x) and g»(x) have been determined

from BCs.

Table 2.1 Surface values of derivatives of the harmonic functions for the two types of

boundary conditions
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Table 2.2 Normal load and stress intensity factor
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2.3.1 Problems with BCs of the First Type

Applying a normal load P' on the rigid axisymmetric punch will lead to a rigid-
body displacement ¢ (also known as the depth of penetration of the tip of the punch) and
a circular contact area of radius a. The elastic half space after contact is schematically

shown in Figure 2.1a. The BCs of the first type can be expressed as

u,=yp(r)=o-f(r), z=0, r<a;
o, =0, z=0, r>a; (2.6a-c)
o, =0, =0, z=0, O<r<om,

where f(r) is the shape function of the axisymmetric punch. Note that Eq. (2.6c) is
automatically satisfied by the general solution given in Eq. (2.2), irrespective of the
expression of ¢. Also, since 6°¢./dz° = 0 outside the contact zone (i.e., z = 0, r>a) (see
Table 2.1), it follows from Eq. (2.2) that Eq. (2.6b) is exactly met. Upon using Eqg. (2.2)
and 0¢,/0z (for z =0, r < a) listed in Table 2.1, Eq. (2.6a), the only remaining boundary

condition, has the form:

1= "jo gl(t) _dt =y (r). 2.7)

Jre -
This integral equation can be solved by the inverse Abel transform (or using a direct

procedure of integration and differentiation similar to that employed in Green and Zerna

(1968)) to obtain

0,(0) === V){ 0)+ j A dx} (2.8)

With w(r) = 6 — f(r) and f(0) = O (i.e., the origin of the cylindrical coordinate system

coincides with the tip of the punch before indenting occurs), Eq. (2.8) becomes



20

91()__W|: J-t () dX} (2.9)

Therefore, for given punch shape function f(r) and penetration ¢, the explicit expression
of g.(t) can be readily obtained from Eq. (2.9).
Using Eq. (2.9) and the derivative expressions from Table 2.1 in Eq. (2.2) will

then vyield the out-of-plane displacement and normal stress components on the contact

surface as
| =2 ssin? J I t(t) r>a; (2.10a)
Zlz=0 g 0 (r —t )F
tf t
ol| =- 24 [ j af (t) } jj ()] dtdx , r<a
=0 al=v) | ° ya’ - ° (X -°)(x -
(2.10b)
Also, it follows from Eq. (2.9) and Table 2.2 that the normal load is given by
P — 14__”V[5a— RO —tzdt}, 2.11a)
and the stress intensity factor by
S al® g (2.11b)
7(l-v) °Ja’-t?

It can be readily shown that Egs. (2.10a,b) and (2.11a) are the same as those obtained by
Sneddon (1965) based on the Hankel transform method". Physically, the problem studied

in Sneddon (1965) is the indentation of an isotropic elastic half space by an

" Note that there was a typographical error in equation (5.2) of Sneddon (1965). That is,
the sign in front of the second term on the right-hand side of his equation (5.2) should be
negative (rather than positive).



21

axisymmetric rigid punch of arbitrary profile.
In particular, for a flat-ended cylindrical punch, f(r) = 0 and f' (r) = 0. It then

follows from Eq. (2.9) that g,(t) = —20u/[ «(1-v)] (a constant), and from Eqgs. (2.10a,b)

and (2.11a) that

u zzésin’lg, r>a; (2.12a)
=0 r
| 2u o
=— , I<a; 2.12b
2o =T 1—) a2 12 ( )
p! —4uad (2.12¢)
1-v

Equations (2.12a-c) are identical to those given by Boussinesq’s solution (e.g., Sneddon,
1965; Maugis, 2000), which is for the indentation of a half space by a flat-ended
cylindrical punch.

From Eq. (2.9) and Table 2.1 it follows that

¢
or L

_‘,,(i/_lv)%{(a— az_rz)(s_ J‘Oaf'(t)wlaz'_t_ZdtJr I on o _X:Zf)g(tz)_rz)dtdx , <y

©o- ﬂé/_lv) %[a&—j: f'(t){a’ —tzdt] r>a.
(2.13)

Using Egs. (2.6b), (2.10b) and (2.13) in Egs. (2.2) and (2.5b,c) then yields the in-plane

displacement and normal stress components on the contact surface as

_73(12‘;)%{(61_ az_rz)é_joaf'(t)Jaz—tzdt+.[aij( X0 dtdx |, r<a;
— - rdo fx2

o)1)
- ;(I_Zz)%[w— J; okt r>a
(2.14a)
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For a flat-ended cylindrical punch with f (r) = 0 and f' (r) = 0, Egs. (2.14a-d) give

A-2v_ 1(a—‘/a7)5, r<a
_ zl-v)r (2.153)
=0 | 1-2v a s a '

zl-v)r "’

24 {1;22v(a_’a2_r2)_ 1 }5, r<a; (2.15b)

o — z7(l-v) m
I - _ 2/” 1-2v _[a2 2 2v .
Cool,o = 7[(1_‘/){ 7 (a {a’-r )+ = 2 }5, r<a; (2.15c)
[ _ 2u(l-2v) a
Oy 120 =—0Oy 0 W . 5 r>a. (2.15d)

Note that at the periphery of the contact zone (i.e., at r = a) all the three normal stress
components for the flat punch problem given in Egs. (2.12b) and (2.15b,c) exhibit the
same singularity as that of an external circular crack with the front at r = a, thereby

confirming the analogy between the external crack problem and the flat punch contact
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problem and validating the use of fracture mechanics concepts in solving contact
problems.

For a spherical punch, the punch shape function can be approximately
represented by f(r) = r%(2R) (e.g., Barthel, 2008), which results from a Taylor’s
expansion (e.g., Gao et al., 2006; Gao, 2006a,b). Using this shape function in Egs. (2.10
a,b) and (2.11a) then gives

1-v P! .
Zu a 3R’

:%[(2R5—r2)sin‘l%+awlr2—az] r>a; (2.16a-C)
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In order for o, to be finite (non-singular) at r = a, it is required from Eq. (2.16c) that
_a
0= R (2.17)

Using Eq. (2.17) in Egs. (2.16a-c) then leads to

__ 8u a’.
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Equations (2.18a-c) are exactly those given by the Hertz solution for the indentation of a

24

half space by a spherical punch (e.g., Maugis, 2000).

Similarly, using f (r) = r¥(2R) and Eq. (2.17) in Egs. (2.14a-d) yields
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as the in-plane displacement and normal stress components on the contact surface z = 0
for the spherical punch problem. Equations (2.18a-c) and (2.19a-d) are the same as those
provided in Johnson (1985) using a different approach.

Note that in this spherical punch problem all the stress components remain finite
in the entire contact zone. In particular, the normal stressesatr=a,z=0andr=0,z=0

are obtained from Egs. (2.18c) and (2.19b-d) as

o = o' o = M a
2Zz=0,r=a ! M1z=0,r=a 091;-0,r=a 372'(1—1/) R !
(2.20a-d)
| du a | I _ 2u(l+2v) a

=0,
z 2=0,r=0 69

=— —, O, = .
=00 7(1-v) R 2=0,r=0 r(l-v) R

2.3.2 Problems with BCs of the Second Type

With prescribed normal traction p(r) outside the contact zone and zero out-of-
plane displacement inside it, as shown in Figure 2.1b, the boundary conditions of the

second type can be expressed as
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u, =0, z=0, r<a,
o,=—-p(r), z=0, r>a; (2.21a-c)
o,=0,=0 2=0

Again, Eqg. (2.21c) is automatically satisfied by the general solution given in Eq. (2.2).
Also, from Eq. (2.2) and 0¢,/0z = 0 (for z = 0, r < a) given in Table 2.1, it follows that
Eq. (2.21a) is exactly met. Hence, upon using Eq. (2.2) and 6°¢,/0%z (for z = 0, r > a)

listed in Table 2.1, Eq. (2.21Db), the only remaining boundary condition, becomes

j gz(t) _ it = p(r) (2.22)

By using the inverse Abel transform, Eq. (2.22) can be solved to get

g,(t) = —%jw Xy, (2.23)

For given p(r), the explicit expression of g,(t) can be readily obtained from Eq. (2.23).
By using Eq. (2.23) and the derivative expressions from Table 2.1 in Eq. (2.2), the out-
of-plane displacement and normal stress components on the contact surface can then be

determined as

2(1 ) tp(t) .
) 1% J-J‘ \/U — )(t dtdx, r>a,;

(2.24a,b)
Z1z=0 a (t -r )\/:
Also, it follows from Eq. (2.23) and Table 2.2 that the normal load is given by
P" = 4thp(t) cos‘1 a dt, (2.25a)

and the stress intensity factor by
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2 = tp(t)
K!'== dt. 2.25b
Y .[a 12 _ g2 ( )

From Eqg. (2.23) and Table 2.1, it follows that

2_
_21p tp(t) cos™ ——tan a2 t2 dt, r<a;
op| _| 7 t r—a (2.26)
Mo | 21

w0 a T (>
—=Z{ | tp(t)cos™ —dt—=| tp(t)dt |, ,
2 oo 2a-2 [ it |, roa

Using Egs. (2.21b), (2.24b) and (2.26) in Egs. (2.2) and (2.5b,c) then yields the in-plane

displacement and normal stress components on the contact surface as

L=vi tp(t)[cos ?—tan a2 i }dt r<a
e mr r= (2.27a)
1_2‘/1{[ tp(t) cos” —dt——J. tp(t)dt} r>a,
o r
2 2 2 2
__[ tp(t) o ZV cos 2 tan™ Q/az_tz * v B
. t r’—a’ | (t2-r’)a-r
o
I _21- 2‘/[.[ tp(t) cos” —dt——f 'fIO('f)dt}r p(r), r>a,
ZIO T r
(2.27b)
s a a2_t2 2V’\At —a
__J" t (t) cos'——tan™,[—5— ﬁ
o _ t r-a ~rva
o 21-2
= V[I tp(t) cos™ —dt——j tp(t)dt}ZVp(r) r=a
(2.27¢)

Equations (2.24a,b), (2.25a,b) and (2.27a-c) provide the general solution for the

frictionless axisymmetric punch problem with the boundary conditions of the second

type.
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As an example, consider the cohesive stress p(r) (a < r < o) of the Dugdale type:

o,, a<I<(;
p(r) = { 0 (2.28)
r>c,

where c is the outer radius of the adhesive interaction zone, and g, = 1.026w/z, is the
theoretical strength of the indented material chosen to match what is given by the
Lennard-Jones potential (Maugis, 1992; Johnson and Greenwood, 1997; Zheng and Yu,
2007; Yao et al., 2007), with w being the Dupréenergy of adhesion (also called surface
energy or work of adhesion) and z, the equilibrium separation distance between atomic
planes. Using Egs. (2.21a,b) and (2.28) in Egs. (2.24a,b) and (2.27a-c) then gives the
displacement components on the contact surface as

0, r<a,

2= V)UOJ' dx a<r<c; (2.29a)
z=0 u r’—x°

— c — 2
21 V)UOJ' c? deX, F>c

au e \ri—x

1-2v o ,a , |c?-a’
_ % cz—az(a—\/az—rz)—czcos1—+(02—r2)tan1 —— 1, r<a
c

2zu a —r

1-2vo,|r? 1 . . 4a
u'l = 20l _Zlayct-a?+cisint2 ||, a<r<c
c

=0 2u 2

L G"(a\/c —a’-c’cos” Ej r>c,

2y ¥ c

(2.29b)
and the normal stress components as

S 20—([«/0 -a’ a\/c —a }

(2.29¢)
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1-2v o, 4 a
ol = -2 cz—az(a—\/az—rz)—czcoslz

=0 Tr
c? _ g2 c2 2 c? _ g2 (2'29d)
+ 20 tan {(1 2v)—+1+2 } 2% NE 79 pog
/4 a —r? /4 az_rz
Cy _ - Jo{x/c ~a (a—«/az—rz)—czcos‘lg}
coor ’ (2.29¢)
2%
C,, 4 [c*-a’ c? v e’-a’
——1tan @-2v )——1 2V |-—0,———, I'<a
T a. —I’ T faZ_rZ

in the contact zone,

Oy, =00 A<I<C;
i - 1-2v Uo(a\/c —a® +c’sin” aj+%(l+2‘/)’ a<r<c; (2.29f-h)
= Tr C
Ml 1 2V 00 F a O-O
S PR ayc®—a® +csin™t . ?(1+2v), a<r<c

in the adhesive zone, and

I
~— O

_ 1_2Vﬁ(a\/cz —a?—c?cos* E), r>c (2.29i))
c

=0 A

in the non-contact zone.
It is seen from EQs. (2.29c-e) that the stress field is singular at the periphery of

the contact zone where r = a.

2.4 Adhesive Contact Problems
As demonstrated in the previous section, by using the harmonic potential
function method for solving axisymmetric mixed boundary value elasticity problems, the

stress and displacement components, applied normal load, and stress intensity factor can
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all be expressed in terms of g(x) (see Eq. (2.4)) in a unified manner. This makes the
harmonic potential function method very advantageous, particularly in treating adhesive
contact problems.

In solving an adhesive contact problem, the stress intensity factor needs to be
evaluated, and the normal load has to be computed. The determination of these quantities
using Sneddon’s (1965) solution for an axisymmetric punch problem based on the
Hankel transform method tends to be complex, as reflected in the development of the M-
D model (Maugis, 1992). However, finding these two quantities is rather straightforward
when using the harmonic potential function method: both the normal load P and the
stress intensity factor K, can be easily obtained once g(x) has been determined, as
indicated in Table 2.2. This feature greatly facilitates the formulation of the adhesive
contact problem, as demonstrated below.

Figure 2.2 schematically shows an axisymmetric adhesive contact problem with

an arbitrary adhesive interaction force distribution in the deformed configuration. It is

p Contact Adhesivei //

Zone zZone,”
y 2o
- pr)
o . ) p _ -
S 7
=||
a
C
YZ

Figure 2.2. Schematic illustration of an adhesive contact problem.
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assumed that the punch is rigid and the contact is frictionless. Inside the contact zone (0
<r<a) the out-of-plane displacement is a given function of r related to the punch shape
(i.e., w(r) = o6—1(r)), and in the adhesive zone (a<r <c) the surface adhesive interaction
force is a known function of r (i.e., p(r)). Both f(r) (and thus w(r)) and p(r) can be
arbitrary.
2.4.1 Solution by Superposition

The boundary conditions of the adhesive contact problem shown in Figure 2.2

can be expressed as

u,=o-f(r), z=0, r<a,
Oy = _p(r)! z=0, r>a; (2.303.-C)
Grz:o-ez:()’ ZZO'

Based on the superposition principle, this axisymmetric mixed boundary value problem
(BVP) of elasticity can be decomposed into two simpler BVPs, with the first BVP

having the boundary conditions:

u,=0-1(r), z=0, r<a,;
o, =0, z=0, r>a; (2.31a-c)
Grz = O-Hz =Y Z= 0’

and the second BVP having the boundary conditions:
u, =0, z=0, r<a,;
o,=—p(r), z=0 r>a; (2.32a-c)
c,=0,=0 72=0

Note that Egs. (2.31a-c) and Eqgs. (2.32a-c) are, respectively, the boundary conditions of
the first type and of the second type discussed in the preceding section (see Egs. (2.6a-c)

and Egs. (2.21a-c)). Hence, the solution of the first BVP is that given in Egs. (2.10a,b),
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(2.11a,b) and (2.14a-d), and the solution of the second BVP is that listed in Egs. (2.24
a,b), (2.25a,b) and (2.27a-c). It then follows from the principle of superposition that the
solution of the current adhesive contact problem with the boundary conditions expressed

in Egs. (2.30a-c) can be obtained from the solutions of the first BVP and the second

BVP as
uZ|Z:0 :uzl ~ Z|| ) :Egsl aa 2 J-Oa tf (t)\/i/;
" ' (r'~t)a (2.33a)
2(1 V)jJ. tp(®) dtdx r>a,
JrF =)t - ’ ’
o n| o 2u 1 [ af'(t)
Gzz|2:0 =0z, 0T %, z(l-v) {Jaz 2 {5 .[0 mdt}
o] (2.33b)
tf'(t) 2 (~_tp(t) :
dtd =
Il e tx}+ [ rJ)ﬁ r<a
P=P' +P" = 14_—”‘/[a5— j: f'(t)a’ —tzdt}r4j:tp(t)cos-l qdt,  (2.33¢c)
ol no_ a af (t) 2 = tp(t)
K, =K' +K!" = i V){ j dt} ,,I mdt. (2.33d)
| I 1-2v1 f a ., , 2 12
Ur|z:0 _ul’ z=0 " lz=0 - 7z'luv r{]_‘uv |:(a_ a-r ) _JO f (t) a"—t dt
X2 1'(t) w 4 o |at =t :
J' j J(x 000 1 dtdx}ja tp(t)(cos %—tan ?zazjdt}, r<a;
(2.33¢)
| I 1-2v1
Ul, o =ur|  +uf|  =- { as— [ f/(t)a® —t?dt
) oot [ k } (2.33f)

+ja tp(t)cos‘ladt——j tp(t)dt} r>a;
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IR Rl e
(@ -t @ -r?)

Grr|z=o =Onl,, Ml 72'(1 V)
1- 2v)f(t)x2/r2—tf'(t), - s
H[ —O)(¢ 1) Lo I SR o
’ _ yZ_ 2
2-[ tp(t)|:l 2V (Cosl a tanlvf‘ t j+ (t2 _:2) '_22 _r2 i|dt, r<a;
(2.339)
oula=ot]+ol] 2(17z2V)r12{ = [ag I f(t){a? —t dt}
+I:tp(t) cos‘l%dt—%j:otp(t)dt}+ p(r), r>a
(2.33h)
2u 2 iy| 1=2v 77 2va
0-99|z:0 :O';g o +O';|0 o = 72'(1—1/) {J.O f (t)l: r_z a2 _t2 + J(az _tz)(aZ _rz) ]dt

7 [a- 2v)f(t)x /v 2vtf'(t) | dtdx{l‘rfv(a—m)+ oy }5}

X2 —t5)(x* —r?) A
2 2
J' tp(t) 1- ZVLCosla tan—l’a —t? ] 2th —-a dt. r<a:
t V a 2_r2)Ja2_r2
(2.33i)
_2(Q2-2
It A AU

(2.33))
+ J.wtp(t) cos™ % dt —%rtp(t)dt} +2vp(r), r>a.
2.4.2 General Solution of the Adhesive Contact Problem
The solution obtained above by superposition is not yet complete, and additional
conditions are needed to close the solution. The “closure” conditions can be either stress

(pressure profile) continuity (as in the DMT model) or energy minimization (as in the
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JKR model), but the former is believed to be more natural (e.g., Barthel, 1998). Hence,
the stress continuity is adopted here as the closure condition.

To eliminate the stress discontinuity (singularity) at the periphery of the contact
zone (i.e., at r = a) explicitly shown in Egs. (2.33b), (2.33g) and (2.33i), it is required

that K, =0, as was done in Maugis (1992). This gives, upon using Eq. (2.33d),

5= j af (t) it + 1-v j tp(t) _dt (2.34)

Equation (2.34) relates the penetration & to the punch shape function f (r), the adhesive
interaction force p(r), the contact radius a, and the material properties x and v.

Then, using Eq. (2.34) in Egs. (2.33b,c) leads to

[tf (t) 2 (= tp(t) [a®—r?
= dtd -=| =/—=% |5——dt, r<a;
ZZ =0 72'(1 V) J- J- J(X t )(X X T Jda tz _ r2 tZ _ a2 <

(o

P=4a :det Ap IO i dt+4Ljotp(t)cos’1 Qdt.

) (2.35a,b)
Note that the normal stress component given in Eqg. (2.35a) no longer has singularity at r
=a.

Similarly, substituting Eq. (2.34) into Egs. (2.33e-j) will result in the expressions

of the in-plane displacement and normal stress components on the contact surface as

1-2v1 i’ —afa’ 1’ cig XM
{l V|:J. F (t) t+I I J(X tZ)(XZ_rZ) tox (2 350)

o _ 2 2 2
+ tp(t)| B2 =L “ar+cos’1§—tan’1 a -t 1gtl, r<a;
2 o t r*-a’

r|z:0 U r
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__1- zvl[ “ atf(t)dt

r|z=°_ mu ril-vdo {a
+j:tp(t)£m+cos‘1§]dt— I:Otp(t)dt}, r>a;

(2.35d)

_2u(-2v) | t’—afa’-r’ [A=2v) F )X /" 'O 40
Urr|z:o z(l-v) {I (t) y:a I.[o a- 2V)J(X —t2)(x* - r?) t }

r
2 1 1 |a’ —t a
7[ 5 tp(t){l 2v [cos —tan - >+ J

2 —a?
& —r’ ( ZVHdt,
t2 t? —r?

(2.35¢e)

r |z:0

2(1- 2v){ pop M g

ar? | 1-vido g2 ¢
+I:tp(t)(m+cos@}dt 2-[ tp(t)dt} p(r), r>a;

(2.35f)

_2u(-20) [ [A-2) T X PP 2 QT
699|z=0 72-(1_1/) {I J.O (1 2V)J(X t)(X ) t

+f f(t)a— a’ dt} 21 tp()P (2”;2 —1j (2.359)

, 12 ! _ a2 t? —
+(1-2v) cos‘lg—tan‘lja -t =+ a dt, r<a;
t ([ 2 —a?
-2 u ot f(t)
0-96|Z:0 7ZI‘2 |:l vido \Ja dt

(2.35h)

+L‘°Otp(t)(‘lt27a+cosl éjdt— Lootp(t)dt}rhp(r), r>a.

Equations (2.35a-h) are the expressions of a general solution for the adhesive

contact problem under consideration, which involves an axisymmetric rigid punch of
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arbitrary shape (represented by f (r)) and an adhesive interaction force of any profile
(described by p(r)). Clearly, when p(r) = 0 for any value of r (i.e., no adhesion is
present), Egs. (2.35a-h) will reduce to those of the solution for the non-adhesive contact
problem with the BCs of the first type given in Egs. (2.10a,b), (2.11a,b) and (2.14a-d),
which includes Sneddon’s axisymmetric punch solution, Boussinesq’s flat punch
solution, and Hertz’s spherical punch solution as special cases, as demonstrated in the
previous section.

For the punch profile, consider a power-law function of the form (e.g., Zheng and

Yu, 2007):
£(r) =%, (2.36)

where n (>0) is a shape index, and Q (>0) is a shape parameter with the dimension of
[length]™™. In particular, when n = 1, Eq. (2.36) represents a cone-shaped punch, with Q
= tang , where ¢ is the cone angle; when n = 2, Eq. (2.36) approximates a spherical
punch, with Q = R, the radius of the spherical punch; when n — o, Eq. (2.36)
corresponds to a flat-ended cylindrical punch, with Q = a™™, where a is the radius of the
contact area, which is the same as the radius of the cylindrical punch. The index n can
take other positive values to represent other punch shapes (e.g., Segedin, 1957; Sneddon,
1965; Spence, 1968; Goryacheva and Makhovskaya, 2001; Borodich et al., 2003;
Woirgard et al., 2008). Hence, this power-law shape function is also called an
“arbitrary” shape function in the literature (e.g., Zheng and Yu, 2007).

Using Eq. (2.36) in Egs. (2.33a), (2.34) and (2.35a-h) will result in
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2 .:aa " ofn1\,(a’.n+l 1
0], = 2osin 8T 8(5. 2)8(?7’5)

237
2(1 V) ff G tp)(z didx, r>a: &3
r~—X
5:%5(%,%) 1- Vj“’ tp(t) _t, (2.37h)
Pzz_ﬂan+l

n 1 © a aa
0 B(E”’E)“‘L tp(t){ercos T}dt, (2.37¢)

GZZ |z:0

ng tp(t) [a% -
“7G-0° )f =

t, r<a, (2.37d
2\t - ( )

nipN a1y o Lyrd a2 2
T 1_V2Q[ B(5+15) nB(Z,Z)LX x rdx}

(2.37e)
w a2 r 212
+J' tp(t)[%ﬂosl%—tanl ’?2 ;z }dt} r<a;
a t _a _

0, :_1—2v;{ g1

(2.371)
+L tp(t) aza—tz +C0S~ —jdt— _[r tp(t)dt}, r>a,;

_ 1 pu@-2v) | aa
Grr|z:o_Qr2 7[(1—1/) a

a2

ogd-eg hhi- |
)J- @ (121/)2)‘(/“;1 nxnfer dx}+_ij‘ tp(t)l: 1— 21/)(COS ?‘ (2.379)
tan‘l‘{‘;Jl —t’ =+ a j—“a —r2( t —ZVHd r<a,

Ww_a?) {-aZ2\t’-r?

_2(1-2v) amt
p— { 2Q B(—+1 ) ”J’ tp(t)dt

+fmm(

I"’|z:0

—1a

(2.37h)
F+cos —jdt} p(r), r>a;
a’
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1 p@-2v) | na| g 41y gen Lk r?
0-99|z:0_ QrZ 7[(1—‘/) a B(2+1!2) B(212 1 a2

a(l_ n+l n-1,2 ©
+B(%'%)J.r @-2v)x"" +2vnx"r dx}—%i tp(t)[(l—Zv)(COS_l%

L—2v){x° =12 rJa
2 2 2 2 2
—tan™ a7t 42 Jdt+4a ' ( 2vt —1j}dt, r<a:

Irr’-a’ J¢_a2 W —a? \t* —r?
(2.37i)
_ 20-2v)| u @™o, .1y m
Ol === L—v 20 BG L) -5 [ ()t -
37j

» a 1a
+L tp(t)(Jtz_:aZHOS Tjdt}va(r), r>a,

where B(59 and B(5 59 are, respectively, the beta function and the incomplete beta

function defined by
B(a,B)= j:ta-l(l—t)/“dt, B(xa, f)= joxt“‘l(l—t)ﬂ‘ldt, (2.37Kk,)

with the real parts of «and S being positive.

Equations (2.37a-j) provide explicit expressions of the general solution for the
penetration, applied load, and non-zero displacement and stress components on the
contact surface in the frictionless adhesive contact of a power-law axisymmetric rigid
punch with an elastic half space involving an arbitrary adhesive interaction force. The
existing models of adhesive contact reviewed in Section 2.1 can all be recovered by this
general solution as specific/limiting cases, as shown next.

2.4.3 Reduction from the General Solution
In the M-D model (Maugis, 1992) and the M-D-n model (Zheng and Yu, 2007),

the adhesive interaction force distribution of the Dugdale type given in Eq. (2.28) is used
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to obtain analytical expressions.

Substituting Eqg. (2.28) into Egs. (2.37a-d) leads to

2 a_ nil\s(a*.n+l 1) 2Q- V)Go o .
| 5S|n C QB(Z 2)B(rz, > ’2) I‘lidx, a<r<ec;
uZz:O
2. .aa " ofnl)\s(a’.n+l 1) 2Q- V)Uo e {2 =X .
”5sm r 2720 (2 2)B(rz, > 2) J"Iidx, r>c;
(2.38a)
5:,EZB(E.1)_Q:ZZEE (9)2_1 (2.38b)
20 \2'2 U a ’

_2pa™o(n 1 ATEA T IR A%

3 £__Ng 260 1 !c —a’
Uzz|2:0 - (1 V) Q )J-r F tan az_r ,r<a. (2 38d)

Note that after contact the separation distance (also called the air gap) between

the punch and the deformed half space surface at r = c is given by

h(c) = f(c)+u,| (2.39)

zOrC

Using Egs. (2.36), (2.38a) and (2.38b) in Eq. (2.39) then leads to

h(C):r?;{m"—le(g,%j[m B(niz,n;rl ;]+25ec m}}
T
(2.40)

+M(l— m-++/m? —1sec™ m),

where m = c/a.
The surface energy w, also called the Dupréenergy of adhesion as defined near

Eq. (2.28), represents the work required to separate two surfaces to infinity (Greenwood
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and Johnson, 1998). That is,
w=~[" pdh (2.41)

where h = h(r) is the separation distance between the two surfaces at position r, and p =
p(h) is the cohesive stress at r (with p > 0 for a surface pressure as shown in Figure 2.1b
and Figure 2.2). Using the Dugdale cohesive stress expression (see Eq. (2.28)) in Eq.

(2.41) then yields, with h(r) = 0 (i.e., no air gap) in the contact area (i.e., 0 <r <a),
(5 dh . _
W= j 7y g dr =aan(c), (2.42)

where gy is the theoretical strength defined near Eg. (2.28). Note that Eq. (2.42) can also
be obtained using the Griffith energy criterion, as was done in Maugis (1992). However,
the current approach is more direct and less confusing than the method based on the
strain energy release rate (Greenwood and Johnson, 1998; Kim et al., 1998).

Substituting Eq. (2.40) into Eq. (2.42) results in

n

2 %0 ) —LB(D,E)[m"B iz;—n+1,1)+25ec‘lm}
nQ 27 2'2 m2' 2 '2

_ 2
JFM(l—mﬂ/m2 —1sec™ m),
7

W=

(2.43)

which provides a relation among the punch shape parameters n and Q, the material
properties of the indented half space u, v and gy, the contact radius a, and the radius of
the adhesive interaction zone c. Equation (2.43) can be used to determine the value of ¢
when the other parameters are known.

Equations (2.38b,c) and (2.43) are identical to those provided by the M-D-n

model of Zheng and Yu (2007), who also employed Sneddon’s (1965) Hankel
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transform-based solution for an axisymmetric punch problem. That is, the general
solution obtained in Egs. (2.37a-j) has recovered the M-D-n model. The M-D-n model
extends the M-D model of Maugis (1992) for the adhesive indentation of a half space by
a spherical punch to that by an arbitrary punch represented by a power-law shape
function.

Furthermore, when n =2 and Q =R, Egs. (2.38a-d) and (2.43) become

2 —
=& 120 Ty (2.44a)
R u
3
=3(ffv)%—200a2[m2 sec‘1m+‘ﬁm2—1], (2.44b)
2 f 2
21 51 lsin- §+i 7oz |-24- V)GO_[ € X 4x, a<r<c;
| 7 2R 2R e
u,l, =
0 2 5_r_2 sint@, & [T _2(1—v)o-OJ.c yCZ_deX -
P 2R 2R YRS N v it !
(2.44c)
= _ % c?—a’ .
Oulyo =~ V)RJa 74 2 “otan” V‘az—rz' r<a; (2.44d)

2

_ 2
w = 208 [m+(m2 ~2)sec™ m}+m(l— m-+~/m® —1sec™ m),

7R T
(2.44e)

where use has been made of the results:

m? —1

m2

1 1 4 1 31 T
B(L=)=2, B(2,=)=—, B(—:=,2)=="—sec'm- 2.45
( 2) ( 2) 3 (m2 > 2) > (2.45)

which are computed from Egs. (2.37k,l).

Equation (2.44e) can be rewritten in a non-dimensional form as
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%AAZ [»\/mz —1+(m2 —2)sec’1 m}tg}LZA(l—mﬂ/m2 —1sec™ m) =1, (2.46)

where

a P 20,

[3zwR?/ (BE")["*’ [647W(E")?/ (OR)[**"

A

(2.47a,b)

are non-dimensional parameters, with E'= z/ (1-v). These two expressions are taken to
be the same as those introduced by Maugis (1992) to facilitate a direct comparison. The
parameter A is directly related to Tabor’s parameter ur through 4 = 1.16 u; , thereby
having the same physical interpretation as that of u; (i.e., it is a measure of the ratio of
the surface elastic deformation to the range of surface forces). The parameter A has been
used to construct adhesion maps (Johnson and Greenwood, 1997; Yao et al., 2007
Zheng and Yu, 2007). However, non-dimensional parameters differing from A or x; have
also been used by others, and no agreement seems to have been reached about the best
form of such a parameter (Greenwood, 1997).

Equations (2.44a,b) and (2.46) are identical to those of the M-D model derived in
Maugis (1992) (see his Eqg. [5.9], Eq. [6.17] and Eq. [6.18]). Hence, the M-D model for
the adhesive indentation of a half space by a spherical punch has been recovered by the

general solution given in Egs. (2.37a-j).

2
o,C

Moreover, when g, is small and m — o, Eq. (2.44¢€) gives w ~ T Using this
result in Egs. (2.44a,b,d) then leads to
L& p. 8u @ . Y o) i
o= R P~3(l—v) R 27WR, GZZ|2:0~ Z0-7) R a"—-r'+o, (2.48a-c)
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which are the DMT results (modified) (Maugis, 1992), including the Hertzian pressure
distribution as a limiting case as g, — 0 (see Eq. (2.18c)). This shows that the DMT
model has been reduced from the current general solution as a limiting case with small A
and very large m.

On the other hand, when o, is large and m — 1, Eq. (2.44e) yields

W 0'02(1—1/) c?
i

2
;a . Accordingly, substituting this result into Egs. (2.44a,b,d) gives

Na_z_fl—_v R 7R Y TR
o~ = 7 wa, P~3(1_V) = 411—vﬂwa ,
. Au if 22 ‘ MU afw
GZZ|2:0~ Z0-v) R a‘—r +2‘1—V o

which are the JKR results (Maugis, 1992; Zheng and Yu, 2007). Thus, the JKR model

(2.49a-c)

has been recovered from the general solution provided in Egs. (2.37a-j) as a limiting
case with large g, and m — 1.

Finally, when m = 1, Egs. (2.44a) and (2.44b) reduce to Eqgs. (2.17) and (2.18a),
respectively. That is, when there is no adhesive zone, the Hertz model is reduced from
the current general solution. This agrees with what is discussed earlier in Sections 2.3.1
and 2.4.2.

For general punch profiles (that is n is arbitrary), similar to the normalization
introduced in Eq. (2.47) we can define the following non-dimensional parameters as was
done in (Zheng and Yu, 2007):

a 5= )
W@ )/l T W@ /@ T

ﬂ.[Wm—lQS (1_ V)ni / (Zﬂ)n—Z ]1/(2n—1) ! A= Oy [\NlinQ(l_ V)n / (2#)"]1/(2”*1) .

a=

(2.50)

B



43

Then Egs. (2.38b,c) and (2.43) can be rewritten as

5=1 B(ﬂ l)—zAasz _1

27122

+1,l)—%A§2 (m2 sectm+ym? —1),

N

]ﬂ B(%,%)sec‘l m +%A2§(1— m+{m? —1sec™ m) =1.
(2.51a-c)
The above equations provide the relation between the load and depth of
penetration (all be normalized) for arbitrary punch profiles and this general model is
called M-D-n model in literature (Zheng and Yu, 2007). Apparently, the above equations
regenerate the Maugis’ solution when n = 2 and they further reduces to the solutions by
DMT and JKR model when the parameter A approaches zero and infinite, respectively.
The corresponding results for DMT and JKR model with arbitrary n can be readily
obtained simply by setting A = 0 and A — oo, respectively, in Eq. (2.51).
2.4.4 Numerical Results
Last section shows, analytically, the connections between the generalized DMT,
JKR and M-D models. Here we are going to demonstrate the transition between the
DMT-n and JKR-n models by using the established M-D-n model for different values of
the transition parameter A. Firstly, we solve Eq. (2.51c) to obtain the value of m

numerically (the values of the rest parameters in this equation need to be specified first)

and then substitute the obtained value for m into Eq. (2.51a,b) to evaluate the values of

S and P.
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(b)

(f)

Figure 2.3. Relations between a, P and 5 for variou values of A with n =2 in

(@), (b), and (c) and n = 3 in (d), (e) and (f). Note in (b), (d), (¢) and (f) the Hertz’s

results and DMT’s are indistinguishible.
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Figure 2.4. Variation of normalized load as function of parameter A for different

punch shapes.

The relations between @, P and & for two types of punch profiles (n = 2 and 3)
are depicted in Figure 2.3. The transition from the JKR model to DMT model is clearly
observed: with the value of A increasing from zero to infinite the M-D-n results deviate
from the DMT’s and gradually approach the results by JKR model. It is also noticed that
the discrepancies between the three models (DMT, JKR and M-D) are smaller when the

punch profile index n is larger.

Figure 2.4 shows the normalized load P as function of parameter A for various

values of punch shape index, n. As we seen from Figure 2.4, the difference between the

P -A curves is remarkable when A < 1 and is insignificant for A > 1.
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2.5 Summary

A unified treatment of axisymmetric adhesive contact problems is provided using
the harmonic potential function method for axisymmetric elasticity problems. It is shown
that this method enables straightforward calculations of the normal load and stress
intensity factor and leads to a simpler and more consistent formulation of non-adhesive
and adhesive contact problems.

A general solution is derived using the harmonic potential function method and
the superposition principle for the adhesive contact problem involving an axisymmetric
punch of arbitrary shape and an adhesive interaction force distribution of any profile.
This solution furnishes analytical expressions for all non-zero displacement and stress
components on the contact surface, which is different from other solutions.

The newly obtained solution unifies existing solutions/models for axisymmetric
non-adhesive and adhesive contact problems in one framework and reveals the
connections and differences among these solutions/models developed by different people
using various methods over a long period of time. Specifically, it is shown that the
current general solution explicitly recovers Sneddon’s solution for the frictionless
axisymmetric punch problem, Boussinesq’s solution for the flat-ended cylindrical punch
problem, the Hertz solution for the spherical punch problem, the JKR model, the DMT
model, the M-D model, and the M-D-n model.

Finally, it should be pointed out that in the current formulation the adhesive
normal traction outside the contact area is taken to be an explicit function of position r

(i.e., p = p(r)). Since the determination of the surface energy w requires knowing the
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surface separation h = h(r), the Dugdale cohesive zone model with a constant cohesive
stress that corresponds to a linear interaction potential is used in order to obtain the
analytical solution. But the present formulation can be extended to more general
separation laws by following the self-consistent approach of Barthel (1998) who
employed a non-linear interaction potential and generalized the M-D model. However,
the resulting solutions based on such non-linear interaction potentials would inevitably

be numerical.
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3. SEMI-INFINITE INDENTATION PROBLEMS WITH SURFACE EFFECTS

3.1 Introduction

The non-conventional behaviors of solids of very small volume is receiving
growing interest nowadays, e.g. small volume torsion wires (Fleck and Hutchinson,
1993), plates and bars (Miller and Shenoy, 2000), thin film (Doerner and Nix, 1986; Lim
and He, 2004) and nano-composites (Duan et al., 2005, Yvonnet et al., 2008).
Micro/nano-indentation tests have become a widespread technique used to determine the
material properties at small length scales (Fargesa and Degouta, 1989; McElhaney et al.,
1998; Bei et al., 2005) and the related experiments show that the measured material
hardness increases with decreasing indenter size (e.g. Stelmashenko et al., 1993; De
Guzman et al., 1993; Ma and Clarke, 1995; Huang et al., 2010). The classical continuum
theories cannot explain the indentation size effect (ISE) due to the lack of intrinsic
material length scale parameters. Other factors such as work hardening, indenter pile-up
and indenter tip radius effect (see Xue et al. (2002) for a review in this respect) are
viewed to be partially responsible for the ISE and their effects should be taken into
account for accurate predictions of material responses taking place at fine scales.

The theory of strain gradient plasticity pioneered by Fleck and Hutchinson
(1993) is one dominating approach widely adopted to explain the ISEs and the material
hardening is attributed to the geometrically necessary dislocations (GNDs) in the bulk.
The depth-dependent indentation hardness is successfully addressed in a well-cited

model of Nix and Gao (1998). This model works well for micro-indentation hardness


http://www.sciencedirect.com/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DFarges,%2520G.%26authorID%3D24358991100%26md5%3D6f26913784d4093411319c8e0310eb4f&_acct=C000049198&_version=1&_userid=952835&md5=1a284d8715f92022085c8b4d0d446291
http://www.sciencedirect.com/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DFarges,%2520G.%26authorID%3D24358991100%26md5%3D6f26913784d4093411319c8e0310eb4f&_acct=C000049198&_version=1&_userid=952835&md5=1a284d8715f92022085c8b4d0d446291
http://www.sciencedirect.com/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DDegout,%2520D.%26authorID%3D24358838200%26md5%3Da988f313ec8d3014143c9418dce6307b&_acct=C000049198&_version=1&_userid=952835&md5=3954ee955965d56ba9d9fee6bac9dffd
http://www.sciencedirect.com/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DDegout,%2520D.%26authorID%3D24358838200%26md5%3Da988f313ec8d3014143c9418dce6307b&_acct=C000049198&_version=1&_userid=952835&md5=3954ee955965d56ba9d9fee6bac9dffd
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data but overestimates the hardness when indentation depth is at nano-level (e.g.
Swadener et al., 2002; Feng and Nix, 2004; Qu et al., 2004; Huang et al., 2006). Other
evidence (e.g. Tymiak et al., 2001; Gerberich et al., 2002) indicates that the strain
gradient plasticity based theories is insufficient to describe ISEs at very shallow depth.

The surface energy of solids of macro-dimension is relatively negligible when
compared to their bulk energy and hence is typically neglected in traditional continuum
mechanics. However, the ratio of surface energy to bulk energy becomes appreciable for
fine-scale contact problems and the influence of surface stress on the material responses
is significant, especially for dimensions below 10 nm (Cammarat, 1994). The theory of
surface elasticity originated by Gurtin and Murdoch (1975, 1978) accounts for the
surface effects and contains intrinsic material length scale parameters. Therefore, it can
be employed to model size effects, particularly when the surface to bulk ratio of the
associated solid is large. This Gurtin and Murdoch model is quite general in a sense that
it allows the surface to possess its own elastic constants and stresses by an additional
constitutive law. Simplified versions of Gurtin and Murdoch model have been used in
literature to analyze contact problems of a half-space (He and Lim, 2006), of a half-
plane (Wang and Feng, 2007) and of an elastic layer (Zhao and Rajapakse, 2009).

The present work is intended to examine the contact problems in the context of
theory of surface elasticity and thereby interpret the ISEs from a viewpoint of
incorporating surface effects. General models for both the two-dimensional (2D) and
three-dimensional (3D) contact problem are developed using the complete version of

surface elasticity of Gurtin and Murdoch (1975, 1978).
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3.2 Surface Elasticity

The nature of chemical bonding of the surface atoms differs from that of interior
atoms and the surface atomic structure changes relative to the bulk so that the structural
equilibrium is maintained (Thomson et al., 1986; Cammarata, 1994). As a result, the
physical properties near a surface are sensibly different from those of the bulk interior.
Surface energy, which is the reversible work to isothermally create an element area of a
new surface (Cammarata and Sieradzki, 1994; Maugis, 2000, pp28), is used as a
measurement of chemical bonding near a surface. For a fluid, surface energy is identical
to surface tension, but they are not equal for solids unless the surface energy is
deformation independent. An equation that relates the surface tension to the surface
energy [" (energy per unit area) of a solid was first suggested by Shuttleworth (1950) and
Herring (1951), which now has the following form (Cammarata, 1994; Cammarata and
Sieradzki, 1994)

or

0&,,

=T'0,,+

T

” (3.1)

Therein, 7,4 and ¢,4 are, respectively, the components of surface stress and infinitesimal
surface strain, and J,4 is Kronecker delta. Throughout the paper, the usual summation
convention is adopted for repeated indices with the Greek indices running from 1 to 2
and the Latin ones taking 1 through 3, unless otherwise indicated.

A constitutive equation that incorporates the surface stress was proposed by
Gurtin and Murdoch (1975). According to the Gurtin and Murdoch model, the surface is

treated as a negligibly thin membrane with distinct material properties that adheres to the



o1

underlying bulk material without slipping. This general theory is also applicable to
describe the mechanical behaviors of an elastic substrate coated with a thin film of
another material (Gurtin and Murdoch, 1978).

The classical theory of elasticity holds valid for the bulk solid, that is, the

equilibrium and constitutive equations read:

oyt b =0,
(3.2)
Oy = /ngké}j + Zﬂgij’
where b; is the body force, & is the infinitesimal strain given by
1
&y :E(“i,j Uy ), (33)

with u; being the displacement components, and x and 2 are the standard Laméconstants
related to elastic modulus E and Poisson’s ratio v by

E vE
e ——
2(1+v) @+v)@-2v)

(3.4)

According to the surface elasticity of Gurtin and Murdoch (1975, 1978), the
classical governing equations are coupled with surface equations, resulting in non-
standard boundary conditions (BCs) involving the surface stresses which have the

following form (Miller and Shenoy, 2000; Koguchi, 2003; Wang and Feng, 2007; Zhao

and Rajapakse, 2009)*:

O sap = Tpap
(3.5)
oyhin; =7,k

i pa

* This two equations can be found in Zhao and Rajapakse (2009) and Wang and Feng
(2007) and similar equations are also seen in Miller and Shenoy (2000, Eq. (4)), Yang
(2004) and Koguchi (2003).
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on the free surface of the substrate. In Eq. (3.5) k is the surface curvature tensor, n is the
outward unit normal to the surface/interface and the surface stress components 7,4 are
given by (Gurtin and Murdoch, 1975, Eq. (L); 1978, Eq. (2))

T =11 +2(y —7,)1€° + (A + 7 )tr (%) 1 + 7,V . (3.6)
S

Therein, o and 4o are the surface Laméconstants, z is the residual surface stress, and €

is the surface strain tensor given by (Povstenko, 1993)%
g’ :%(l—n@n)l:VSU-F(VSU)T:', (3.7)

with | being the identity tensor and V. the surface gradient operator . By using the
standard index notation, one can rewrite Egs. (3.6) and (3.7) as

7,05 + 2(u, —ro)gi? + (4, +T0)5k5k5ij +7, (Ui,j - njnkui'k),
(3.8)

0,

1
i =E( ik _nink)[uk,j U=, (niuk,' ALY )]

In general, the surface elastic moduli (namely, xo and Ag) vary over the surface with the
change in surface tension (Povstenko, 1993). For simplicity, they are assumed to be
constant in this work.

For an elastic body occupying the half-space (x3 > 0), the surface equilibrium
equations and the surface stress components given by Eg. (3.8) are (e.g., Gurtin and

Murdoch, 1978)

SThis definition differs from that provided in Gurtin and Murdoch (1975). However,
both of them lead to Eq. (3.9b).
The surface gradient of a scalar is given by: V.u=vu-n(n-vu).
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O-i3 = _Tia,a’
Tap = [ro + (4 + TO)uy,y]éaﬂ + 4 (uzx,ﬁ' + uﬁ,a) —ToUp 4o (3.9)
T3 = ToUz -

Equation (3.9b) with xo = 4o = 0 is the simplified surface constitutive equation employed
by He and Lim (2006) to derive fundamental solutions for an elastic half-space.
It follows from Eq. (3.9) that the conventional traction-free BCs for a semi-

infinite solid are

0-33|x3:0 ="ToU3 44 %<0

(3.10)
O-a3|X3:0 = _(ILIO + /10) uﬂ,ﬂa‘x3:0 —Hy ua,ﬂﬁ ¥3=0 !
and they become (by setting the partial derivatives with respective to x, as zero)
633|X3:0 =—TyU3y %<0
(3.11)

Ul3|x3:0 = (24 + %) ul'll‘x3:0 ’

in the case of a semi-infinite plane. In arriving at Egs. (3.10) and (3.11), it has been
assumed that parameters uo, 1o and 7o are deformation independent. These BCs can be
easily modified to include prescribed boundary tractions.

Equations (3.10) and (3.11) provide, respectively, the general BCs for an elastic
half-space and half-plane with free surfaces in the context of surface elasticity of Gurtin
and Murdoch (1975, 1978). BCs other than Eq. (3.10) have been used in literature, e.g.,
He and Lim (2006), Wang and Feng (2007) and Zhao and Rajapakse (2009). The models
employed by He and Lim (2006) and Wang and Feng (2007) only include the residual

surface stress and lead to the same BCs for the problem of a semi-infinite medium, i.e.,
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0,,=0 and o, =—7,u On the other hand, the surface moduli (o and /o) are

3.aa *
included in the formulations in Zhao and Rajapakse (2009). However, the surface
curvature us ., IS assumed to be zero as was done in Miller and Shenoy (2000).

Note that in each of the aforementioned models certain simplifications were
made and the BCs are not exact. In the current work, the general BCs are formulated
using the general surface elasticity theory of Gurtin and Murdoch (1975) and the only

assumption being made is that xo, 4o and 7o are deformation independent.

3.3 Papkovitch-Neuber Potential Functions

The technique of integral transforms is very desirable in attacking higher order
partial differential equations (PDES) in that it enables one to obtain the solutions by
manipulating algebraic equations in the transformed domain. This method is particularly
powerful when associated with the used of potential functions. A monograph on the
development of assorted potential functions is presented in Sternberg (1960) and the
readers can refer to Truesdell (1959) for the bibliography of stress functions as well as a
short note by Mindlin (1936) for the relations between different types of potential
functions. The Papkovitch-Neuber (P-N) representation which contains a vector
potential ¥ and scalar potential ® is employed to solve the current half-space problem.

The displacement field in terms of P-N functions is given by (e.g., Ling et al.,
2002, pp71)

1
u, =¥, —4(1_V) (¥ +D);. (3.12)



https://springerlink3.metapress.com/content/?Author=C.+Truesdell
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Upon use of Eq. (3.12) it can be shown that the Navier’s equation is reduced to
UV, =-b, (3.13)
so far as the scalar function ® satisfies

VD = xb

b, (3.14)
where X is the position vector of a field point. Apparently, ¥; and ® are harmonic

functions when the body forces are absent, i.e.,
V¥, =0and V’® =0. (3.15)
The problems of a half-plane and of a half-space subjected to boundary normal
forces are illustrated in Figure 3.1. The body forces are assumed to be absent through the
discussion. The coordinate system is chosen such that the xy-plane coincides with the top
bounding surface and its origin is at the geometry center of the distributed load.

For a semi-infinite solid subjected to a normal force, the vector potential ¥ takes

p) L pr)
Wil ]
~
X2
V X3 V)C:;
() (b)

Figure 3.1. An elastic half-plane (a) and an elastic half-space (b) subject to the

distributed normal forces.
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the form (0, 0, ¥3) and consequently, we have from Eq. (3.12)

u, = 1 ——(x¥,,+D,),
4(1 V)
(3.16)
Uy, =— 1_ [(B+4)Y, + X%,F;, + D, |-
4(1—v)
Using Eq. (3.16) in Eq. (3.2b) then gives the stress components as
y7;
Oup = m(_XST&aﬁ _(I),aﬁ)7 a# f,
2, -x\%Y, D, ),
Oga = 2(1 V)( 33 3,aa ,aa)
(3.17)
O3, = 2(1 V) [(1 )Y, , — XY, q),a3]’
O =

2(1 ) [2(1 V)W, — \Ps,ss_q)ss]’

where summation is not applied on « in Eq. (3.17b) and Eqg. (3.15) has been used in
arriving at Eq. (3.17).

Similarly, using Eq. (3.16) and Eqg. (3.15) one obtains

3,aa

4(1 " [(_3 +AV)W3 5 + %Wy g5 + CI)333]

(3.18)

241, +
(14 +/10)uﬁ,ﬁa + MUy, 55 = 4(£ ﬂ)o (X Vs 33, + P, )

Then by using Egs. (3.17) and (3.18) in Eq. (3.10) whilst taking x3 = 0, the non-standard

BCs are expressed in terms of potential functions as

2(1-v)¥;; — Dy, 77|:(3 4v)¥; 3 — 333]_2(1_V)

pa

(3.19)
_ X
(1-20¥, -0, =—£ 0,
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where it is defined that

o et (3.20)

7 U
and p denotes the normal pressure function and is positive for compressive forces.
Integration with respect to x, has been performed in arriving at Eq. (3.19b) and the
constant of integration is taken to be zero''. It is of practical interest to note that both 7
and y have dimensions of length characterized by the surface mechanical properties (zo,
Jo and x) and thus can be interpreted as intrinsic material length scale parameters.

Equation (3.19) provides the general BCs for semi-infinite contact problems in
terms of the P-N functions and applies to the problems of a half-plane and of a half-

space subjected to boundary normal forces.

3.4 Fourier Transform

The method of Fourier transform is widely used in literature to solve boundary
value problems in solid mechanics. A successful treatment of axisymmetric contact
problems was presented by Harding and Sneddon (1945) using Hankel transform and a
biharmonic function (known as Love function or Galerkin vector). Recently, this Hankel
transform based formulation was adopted by Zhao and Rajapakse (2009) to solve contact
problems with consideration of surface effects.

The Fourier transforms and P-N functions are employed in the current approach

to formulate the semi-infinite contact problems. The standard Fourier transform and

" Analogous argument can be found in Ling et al. (2002, pp84).
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double Fourier transform are used, respectively, for the half-plane and half-space contact
problems.

The standard Fourier transform pair is

f(&) = j“; f (x)e"4dx,

(3.21)
f0=-= [ F@erds,
21w I
whereas the double Fourier transform pair reads
F&&) =] [ fux)e " dxdx,
(3.22)

o) =2 [ [ T(6 e dgas,

where the overhead bar denotes a function in the transformed space.

For the harmonic functions W3 and @, the application of Fourier transform leads

to
0—2\? ~&Y,=0 o O-ED=0 (3.23)
oz e P ' '
whose general solutions are
P, = Ae 4 AesH | @ =Be ™k 4+ BeSH, (3.24)

Herein & =¢¢& and equals to &2 and & +& for 2D and 3D contact problems,

respectively. The unknowns A, B, A’, and B’, in general, are functions of ¢ and are to be
determined from the BCs. Since it has been of our attention to solve semi-infinite

problems, we should have

P, =Ae M, d=Be™H (3.25)
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such that ¥, and ® converge at X3 — o. The potential functions W3 and @ are then

obtained by using the inverse Fourier transform to be

‘I’3:i :’eri§X1—x3‘§‘dé:’ CI):iJ.w Beiéxrxs‘g‘dg (3.26)
2o 2=

as for the half-plane problems, and

Lo [ apin 1
W= o[ [ Al dgds, o=

- o[ [ B Hazas @2
as for half-space problems.
As shown in the Appendix, simpler integral forms can be obtained for double

inverse Fourier transforms when the coordinate transform is used along with Bessel

functions.

When f is #-independent, it can be shown that

FATE1=-- [ T@O2,Ende, (3.28)
T
FATE]=i- [T T(©)e,Ende (3.28b)
r
where r? =x_x,. Also, one can show that
FT@as]=— 5 [ @£, (nde (3.280)
r

FAT©E1- [ TOS[3en-(26¢r-1)3,¢n]de (280

Equation (3.28) provides the link between Fourier transforms and Hankel
transforms and is used to evaluate the displacements and stresses in the space domain.

Note that Eqgs. (3.28c,d) are used to calculate o,5, which are not discussed in this work.
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3.5 General Solutions

The general solution for a semi-infinite medium subjected to a prescribed surface
pressure is sought by using the BCs in Eq. (3.19) and the potential functions given in
Egs. (3.26) and (3.27).

Substituting Eq. (3.27) into Eq. (3.19) yields

2(1-v) _

—2(1-v)|¢| A-£2B = %[(3—4v)§2A+|§|3 B}— P,
H (3.29)
(1—2v)A+|§|B:—%§ZB,
the solution of which is given by
(I-v)2+x[g) 21-v)(1-2v)  _
= —~P, B=—— <P, 3.30
ﬂ|§|(1+’(1|§|+’(2§) ué <1+K1|§|+K2§) ( )

where

K =1-v)n+y) :1_7‘/(70"'2/10""/10)!

(3.31)
3—4y
K, = %_V)UZZ 4,112 To(zﬂo"‘/‘i@)'

If A and B are to be well-defined in the entire Fourier domain it is then required that
7,20 and 2y, + 4, >0.

The expression for p can be readily obtained once the surface pressure is given.
For instance, p=P when the imposed boundary load is a concentrated force of
magnitude P, i.e., p(x) = Po(x); and

{ 20,&7tsin(ag), 2D
p= (3.32)
27q,a¢ 7, (ag), 3D
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when a uniformly distributed pressure of intensity o is applied over the region |x;| < a
(as for 2D) and r < a (for 3D), respectively.

In case of symmetric (2D case) or axisymmetric (3D case) loading, p is an even
function of £ Accordingly, A and B given in Eq. (3.30) are even functions of £ This

permits the use of Fourier cosine transform for potential functions:

-y e (2+ y&)pe ™
R v LG

(3.33)
2(1-v)(1-2v pe
o= 20=vX )jo P cos(£x,)d &,
. E (L4 k& +1,8)
Similarly, for the axisymmetric contact problems use of Eq. (3.28a) gives
—v (= (2+ xE)pe
= J,(ér)dé,
271 Io 1+ K,E + i, &2 o(sT)de
(3.34)

(1- v)(l 2v) pe
D=- Jo(&r)dé.
joémg o) (&ryde

Then it follows from Eqgs. (3.16) and (3.17) that the displacement and stress field
are
U, = [ 0 (%, £)B(E)sin(€x)de,
Uy = [, (%, £) P&) cos(€x,)d¢,
(3.35)
o3 = [ hy(%,E)P(E)sin(Ex,)dE,
03 = [, (%, €) B(£) cos(éx,)d¢,

for the 2D contact problem with symmetrical load distribution, and
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X, [* —
U, =5 |, WO OBE NS,

=2 [ (6, )P, En)de

(3.36)
0 =25 [ 06 D POE(ENAE,
r
0 =2 |, 00 POE, En)de
for the axisymmetric contact problems, where
__ 2(1-2v) —2x,¢& - Xslézz —xXaf
n0%:2) Az (1+ 6,6 + 1,6 °
h2 (Xaa é:) — 4(1_V) +(3—4V)Z§+ X3(2+Z§)§ e—x3r§’
Amué (1+ & + 10,67
(3.37)
_ (A=2v) 8+ %2+ x8)E e
h3(X3,§)— 271'(1+Kl§+1(2§2) e,
_ W A-v) xS+ %2+ xS e
(%) = ﬂ(1+1{l§+r<2§2) °

As seen from Egs. (3.36) and (3.37), the 2D and 3D solutions given in integral forms are
analogous — with sin(&x;) corresponding to &/1(&r) and cos(éxy) to &Jp(Er). This
correspondence property enables one to attack the 2D and 3D problems of similar kind
in a unified manner.

Equations (3.35) and (3.36) provide, respectively, the general solutions for
contact problems of an elastic half-plane and of an elastic half-space based on the
surface elasticity of Gurthin and Murdoch (1975). These results apply to symmetric (as
in 2D cases) and axisymmetric (as in 3D cases) contact problems, and the classical

solutions can be recovered from the newly derived solution as special cases wherein the
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surface effects are neglected.
In contact mechanics, the surface displacements and stresses are of prime interest
and are therefore examined. By setting x3 = 0 in Eq. (3.35) and (3.36), we find on the

surface x3 = 0 of a half-plane the current results deviate from its classical counterparts by

uil, = ul, o —ull, =], 6©pE)sinx)ds,
03], o =usl o US|, =], 9.()P(&) cos(ex)de,
(3.38)
Gial, o = Tsal0 =], GO PE)EsINEX)AS,
03], o =Tl 0%, , =], GBS cos(£x)de,
and for the problems of a half-space they become
s X, [~ —
Uil o =52, @)PEENENdS,
r
s 1= =
ul,, =5 ], 9P (ENdE,
(3.39)
=32 ) @RS Enae,
r
I NG L OENEE
where
1-2vr K+
%(6)= 271 1+ K& +K,E2
(3.40a,b)

_ (1-2v)?
l-v —qiy Xt K T KE _ 1=v iy X H=vIn+i¢

a1+ E+ K, E i 1+ 5,8 + K, E2

gz(é:) ==
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(1-2v)y
27 (1+ & +1,8%)

93(5) ==
(3.40c,d)

(5)__(1_‘/)7(""(1"'7(25_ (1—V)77+K2§
Jate)= 7z(1+lcl§+1<2§2) _7Z(1+K1§+K2.§2).

In Egs. (3.38) and (3.39) the superscripts ‘C’ and ‘S’ denote, respectively, the classical
solution and the departure between the newly derived solution and its classical
counterpart. Clearly, gi(¢) =0 (i = 1, 2, 3, 4) in the absence of the surface effects and the
surface elasticity-based solution becomes identical to the classical one.

Provided 7, >0 and 24, + 4, >0, one shall have from Egs. (3.38)-(3.40) that

91(&) > 0, g2(&) < 0, ga(&) < 0 and g4(¢) > 0, which imply that incorporating surface
effects results in smaller displacements and normal stress, but non-vanishing shear

stresses on the bounding surface. Besides, the influence of surface effects are more

pronounced when the values of 7, and 2, + 4, larger.

3.6 Hlustrative Examples

Representative problems are selected for demonstration of the potential
applications of the current solution as well as to assess the influence of the surface
effects on the responses of the semi-infinite solids.
3.6.1 Concentrated Vertical Force

Determination of the stress state in an isotropic elastic half-space subjected to a
concentrated force acting normally to the plane surface was first studied by Boussinesq

(1885). The Boussinesq problem is one of the most celebrated problems in classical
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elasticity, and as a fundamental solution has found numerous applications in contact
mechanics. Different approaches have been made to solve the Boussinesq problem, such
as potential theory, combinations of dipoles and integral transform techniques
(Selvadurai, 2007).

As mentioned near Eq. (3.32), p=P when p represents a concentrated force of
magnitude P. By setting y =x; =k, = 0and p=P in Eq. (3.34) one obtains the classical

solutions of P-N functions for Boussinesq problem as

we - (I_V)P_[ e, (£r)dé = (I-v)P 1
7 7 R’
(3.41)

OF = — (1-v)(1- 2V)PJ‘ g—l % ] (Erydé =
T

(1-v)(1- 2\/)PI n(R+x,),
7

where R® =r*+x? =xx . The solution given by Eq. (3.41) is in agreement with the
known results obtained by Mindlin (1953) using a different approach. The displacement
field and state of stress for Bousinessq problem are readily obtained by using Eq. (3.41)
in Eq. (3.17).

In the presence of surface effects, by replacing p with P in Eq. (3.36) we have

5, $)63,(Er)d¢,
(3.42)

4y = [ a0 )23, (Er)E
for the Boussinesq Problem. The displacements on the plane x3 = 0 can be subsequently
deduced by setting x; = 0 in Eq. (3.42).
Equation (3.42) provide the fundamental solution to the Boussinesq problem

based on the theory of surface elasticity. Unlike the classical solution, the displacement
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field now is dependent on the surface parameters through functions hj(xs, &) given in Eq.
(3.37). Besides, the displacement field obtained by He and Lim (2006) can be recovered
from Eq. (3.42) as a special case with y =0 and v = 0.5.

The surface effects on the elastic field are then examined for » and y taking
different values and the results are displayed in Figure 3.2. The solid blue lines with » =
x = 0 correspond to the classical elastic solution which does not consider surface effects.
The well-known displacement singularity and discontinuity at the point of the
application of force are alleviated when the surface effects are incorporated and the
magnitudes of displacements near the loading point are markedly smaller than the
corresponding classical results. The current prediction of vanishing in-plane
displacements at the loading point is more physical than the classical solution (e.g.,
Georgiadis and Anagnostou, 2008).

It is further noticed that the influence of the surface parameter y is significant on

[P
/P

Distance, r .
: Distance, r

(@) ()

Figure 3.2. Surface effects on the surface displacements for the Bausinessq’s problem.
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the in-plane displacements, but is negligible on the out-of-plane displacement. On the
contrary, all surface displacements rely heavily on the residual surface stress zp and their
magnitudes drop considerably with increasing z.
3.6.2 Uniformly Distributed Pressure

Next we consider a semi-infinite elastic solid subjected to a uniformly distributed
normal load over the region r < a on the plane x3 = 0. Substituting Egs. (3.32a) and (3.32

b) respectively into Egs. (3.35) and (3.36) gives
Uy =20, [ (%, £)E ™ sin(ag)sin(Ex,)d,

Uy =20, ", (%, )& sin(ag) cos(£x,)d¢,

(3.43)
01, = 20, [, 1y (%;, £)& 7 sin(ag) sin(£x,)de,
03 = 20, [ "0, (%5, £)& 7 sin(ag) cos(£x,)d&
for the half-plane problem, and
U, =708 [, (6,£)3,(a5)3, ()
Uy = 70a "y (%, £)3,(a8) I, (Er)d¢,
(3.44)

0 =703 [ 1y (6,£) 3,35 (ENAE,

0 =703 [ N, (%, £)3,(a8) I, (Er)d &
for the half-space problem.
In a similar fashion one can recover the classical solution for the half-plane

problem considered here by setting y = x1 = x, = 0 in Eq. (3.43) and by knowing (e.g.,

Georgiadis and Anagnostou, 2008)
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I:S'ntﬂ dt = %sgn(x) and J‘:%(Xt) dt =—In|x|+ Const., (3.45)

where sgn(J is the signum function. In addition, the solution derived by Wang and Feng
(2007) is reproduced as a particular case in which the surface elastic moduli (uo and o)
are treated as zero.

The classical solution for the associated half-space problem can be regenerated

from Eq. (3.44). For instance, along the xz-axis (r = 0) one finds u, = 0 and

c I_V a re 1 —x a e x
wl :%L B séJl(ag)d§+2L#J'0 xe 4, (ad)dE
:%( ,aZ+x32 _X3)+;—;|:X3—X32(a2+x§)‘1/2], (3.46)
ot =08 A+ xe ™, @ade = [1- K +x) a,.

which are in agreement with the known classical solution (e.g., Ling et al., 2000, pp90).

Figure 3.3 shows the surface displacements and stresses of a half-plane subjected
to a uniformly distributed load and those for the half-space are displayed in Figure 3.4.
Various values of » and y are taken to assess their influences on the mechanical
response. One can conclude from these figures that:

1) The sharp edges encountered in classical results disappear when the surface
effects are considered, and u; and o33 change smoothly across the loading boundary.

2) Inside and near the loading zone, the magnitudes of the out-of-plane
displacement (us;) and stress (o33) decrease noticeably as the value of # increases.
However, their dependences on y are seen to be insignificant.

3) The magnitude of o33 is considerably smaller inside the loading area and larger

near the contact zone when it is compared with the classical result. Such difference is
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mainly attributed to the residual surface stress included in the current model.
4) Surface shear stresses do not vanish in case y # 0 and under this condition their

magnitudes decrease with increasing values of #.

JLINEN
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0 1 2 3 4
x./a
1
(b)
0.05
0
-0.05
-0.1
& 015 =
& .02 Q" 06 ya=0,na=0
R "‘, .......... 1’/5’ = 0, ,]/a =(.5
025 J = =
--ﬂ""‘ o ,’f/ﬂ - 05 ]]/ﬂ' - 2‘
03 -0 ya=1,/a=0
.......... I/" — 1, ’]/a = 05
-0.35 -1 R da=1. na=2
xa , na
0.4 ' |
0 1 2 3 4 0 1 2 3 4
x,/a xfa
(c) (d)

Figure 3.3. Surface displacements and stresses of a half-plane acted by a uniform

pressure of intensity go on the region of —a<x; <a.
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Figure 3.4. Surface displacements and stresses of a half-space acted by a uniform
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pressure of intensity qo on a circular region of radius a.

3.7 Axisymmetric Contact Problems with Surface Effects
Axisymmetric contact problems have been extensively studied since the

investigations conducted by Boussinesq (1885) and Herzt (1882) in the late 1800s. A
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landmark achievement was made by Sneddon (1965) who obtained explicit solutions for
the problems of contact between a semi-infinite solid and a punch of arbitrary profile by
means of the Hankel transform and the theory of dual integral equations.
3.7.1 Boussinesq’s Flat-Ended Punch Problem

The state of stress in an elastic half-space indented by a rigid punch was first
studied by Boussinesq (1885) using the method of potential theory. According to his
solution, the contact pressure under the flat-ended punch has the form

P.(r) =g(a*—r*)™", (3.47)

and is undefined at the periphery of the contact zone. Herein, the subscript ‘oo’ is used to

denote the flat-ended profile (related discussion can be found in S.-S Zhou et al. (2011)).

Then we find
P..($) = 272q,¢ " sin(ag), (3.48)
with the knowledge of the integral identity Ioa (@ -r*)?rJ,(r)dr =sina.

The displacement and stress fields can be readily obtained by inserting Eq. (3.48)
into EqQ. (3.36). The surface displacements and stresses can be subsequently computed by
setting x3 = 0 in the obtained results. For contact problems, the depth of penetration of
the punch tip ¢ (also called indentation depth) is an important quantity (e.g. S.-S Zhou et
al., 2011). Substituting Eq. (3.48) into Eq. (3.36b) while taking with x3 =0and r =0

yields

S, =0, jo°° h, (0, &)sin(a&)dé. (3.49)
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3.7.2 Spherical Punch — Hertz Problem

Contact of two elastic solids was first studied by Hertz (1882) using classical
elasticity. Hertz’s solution for the frictionless and non-adhesive contact of two elastic
spheres has led to numerous applications in contact mechanics.

The profile of the spherical indenter can be approximated by f (r) = r¥/2R if its
radius is considerably larger than the contact radius a, and the pressure distribution

under the indenter is given by (e.g., Barber, 2002)

p,(r) =g,va’—r?. (3.50)

It is not difficult to show that

P, (£) =279, *[sin(ag) —ag cos(as)] (3.51)

by knowing I: rya®—r2J,(r)dr =sina—acosa.
The elastic field are readily obtained by use of Eq. (3.51) in Eqg. (3.36). Setting r
= 0 in the obtained expression for us, one finds
S, = 70, j: h, (0, )£ [sin(ag) —a& cos(ag) |d&. (3.52)

3.7.3 Conical Punch
For a conical shaped punch, the pressure distribution inside the contact zone has

the form (e.g. Sneddon, 1965)
p,(r)=q, cosh‘lé. (3.53)

The Fourier transform then yields

P.(&) = 270,¢ * [1-cos(&a)], (3.54)
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arriving at which the definition of cosh™ x = In[x+ (x* —1)"?], integration by parts and
the integral identity _[:a(az —t?)™2J,(t)dt =1—cosa has been used.

Similarly, we find

S, = 70, j h,(0,&)& ™ [1-cos(a)]de. (3.55)

For the aforementioned punch problems, their respective classical solutions for
the surface displacements and stresses can be reproduced with the aid of integral
identities (e.g., Maugis, 2000, pp403):

H(t- H(r-t)

J- sin(&t)d, (Er)dé = \/7 j cos(St)J,(&r)dé = !_I’ ¢

(3.56)
tH (r —t) tH(t-r)

. . 1
[ s.n(gt)Jl(gr)dgf:W, [ cos(ét)3, (gryde T

Variation of displacements and stresses on the surface for different punch
profiles are depicted in Figures 3.5, 3.6 and 3.7. The classical solution is recovered from
the newly derived solution as a particular case with » = y = 0 and is provide for
comparison purpose. Similar observations to those discussed in the previous section are
made: the newly derived solution predicts smaller surface displacements and a smoother
normal stress profile; the current results converge to the classical ones at far distance
away from the loading area; and the parameter » has a more significant impact on the

mechanical response than y does.
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Figure 3.5. Surface displacements and stresses of a half-space subjected to the

Boussinesq pressure distribution.
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Figure 3.7. Surface displacements and stresses of a half-space subjected to the conical

punch pressure distribution.

3.7.4 Depth-Dependent Hardness
Indentation depth ¢ and total applied load P are important factors in the analysis
of contact problems. For axisymmetric pressure distribution the applied load can be

evaluated by
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P =2z p(r)rdr. (3.57)
For Boussinesq pressure distribution (flat-ended punch), Hertzian pressure profile

(spherical punch) and conical punch pressure distribution, the applied loads are obtained

to be
2 3 2
P, =2raq,, P, :gﬂa g, and B, = za“q,. (3.58)

The indentation hardness is usually defined as the mean pressure exerted by the
indenter at the maximum load (e.g., Fargesa and Degouta, 1989; McElhaney et al., 1998;

Qu et al., 2004). Here, the parameter defined as (e.g., Wang and Feng, 2007)
P
H=— 3.59
5 (3.59)

is adopted as a measure of the hardness of the indented material.
If the surface effects are ignored, use of Eq. (3.49), (3.52) or (3.55) in Eqg. (3.59)
leads to

He =4k e By 2pa (3.60)
1-v 3(1-v) l1-v

Upon reaching Eqg. (3.60) use has been made of the following integral identities:

ool . T 0 1 T 0 1 . T
jo ¥smtdt:5, jo t—z(l—cost)dtza and IO t—3(5|nt—tcost)dt =7 (3.61)

When the surface effects are accounted, the indentation hardness for each of the

three pressure profiles is found to be related to the conventional results by

HE . 2pe
H—_1—;j0 o(a,t)sintdt (3.62a)

o0
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for the Boussinesq pressure distribution,

He 4 2 [ p(a, )t (sint—tcost)dt (3.62b)
H, 790

for the Hertzian pressure profile, and

H, =1—Er(p(a,t)t’l(l—cost)dt (3.62¢)
H 70

1

for the conical punch pressure distribution, where

_34v X\, K
4(1-v) a a + a2 t

1+2t+ 27

p(a,t) = (3.63)

By Eg. (3.63) we have ¢(a,t) — 0 if the contact radius a is considerably larger than the
parameters » and y, which are typically on the order of microns, and hence the formulae
given in Eq. (3.62) become identical to the classical ones. However, when the magnitude
of a is close to those of # or y, the integrals on the right hand side of Eq. (3.62) become
significant, thereby leading to an indentation hardness H that deviates substantially from
the classical one.

The size-dependency of indentation hardness is clearly demonstrated in Figures
3.8 and 3.9. Including surface effects leads to a significant increase in the indentation
hardness for all pressure profiles considered when the contact radius is small. Residual
surface stress is found to have a dominant effect on H-curves, while the influence of the
parameter y is negligible. The profile of the H-curve shown in Figure 3.8 is in good
agreement with the trends exhibited by experimental data presented in Ma and Clark

(1995), Tymiak et al. (2001) and Gerberich et al. (2002).
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Figure 3.9. H-curves for different punch profiles (with y =0and » / | = 2).

3.8 Conclusions

A general solution for the problems of an elastic half-space with prescribed
boundary pressure distribution is derived using the surface elasticity of Gurtin and
Murdoch (1975, 1978). This approach is based on the use of Fourier transform method
and Papkovitch-Neuber functions. The current solution incorporates the surface effects
and applies to the 2D and 3D contact problems. It is demonstrated that the classical
solutions for a number of contact problems can be reproduced from the newly derived
solution, e.g., the solutions of the Flamant, Boussinesq and Hertz problems.

A few axisymmetric contact problems are used to examine the influence of the
presence of surface effects on the elastic fields, such as the Boussinesq flat-ended punch
problem, the Hertz spherical punch problem and the conical punch problem. The
material response predicted by the current model deviates significantly from the classical

result and such departure is most noticeable inside and near the loading area. The
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displacement discontinuity and singularity existed in the classical solutions are alleviated
when the surface effects are incorporated. The in-plane displacements decrease
remarkably as parameter y increases. However, the out-of-plane displacement and stress
components remain largely unaffected as y changes, which indicates that the simplified
models considering the residual surface stress (e.g., He and Lim, 2006; Wang and Feng,
2007) can be satisfactorily applied to calculate out-of-plane displacement and stress.

The well-known indenter size effect at fine scale is predicted by the current
solution. It is demonstrated that including the surface effects results in increased
indentation hardness as indenter size decreases and the trend of the profile of the

hardness curves are in good agreement with existing experimental observations.
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4. GENERALIZED CERRUTI’S PROBLEM WITH SURFACE EFFECTS

4.1 Introduction

The size-dependency of material responses at small length scales has become an
important research area, such as the indentation size effect observed in micro/nano-
indentation tests (e.g. Stelmashenko et al., 1993; De Guzman et al., 1993; Ma and
Clarke, 1995). Size-dependent behaviors cannot be satisfactorily explained by classical
elasticity based models due to the lack of material length scale parameters. A number of
new theories/models have thus been proposed to simulate the small-scale structures, like
the JKR adhesive contact theory (Johnson et al., 1971), surface elasticity (Gurtin and
Murdoch, 1975, 1978), and higher order elasticity theories (Toupin, 1962; Koiter, 1964;
Mindlin, 1964). Unlike the classical scale-free continuum theories, the afore-mentioned
theories contain inherent material lengths and can account for the size effects.

The Cerruti’s problem is a fundamental problem in solid mechanics that deals
with the deformation of a semi-infinite elastic solid loaded by a concentrated tangential
force on its bounding surface. This problem has been extensively studied by different
lines of approach in the context of classical elasticity (e.g., Johnson, 1985, pp68-70). The
nonlocal Cerruti’s problem was solved by Nowinki (1992) using the twin gradient theory
of Westergaard (e.g., Ling et al., 2002) and the existing nonlocal solution of Kelvin’s
point force problem. Recently, the classical Boussinesq’s and Cerruti’s problems were
extended by Barbot and Fialko (2010) to include a restoring buoyancy condition at the

surface.
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The theory of surface elasticity of Gurtin and Murdoch (1975, 1978) has been
successfully implemented to interpret the size dependent deformation of solids (e.g. He
and Lim, 2006; Wang and Feng, 2007; Zhao and Rajapakse, 2009). The problem of
Cerruti was studied for an incompressible medium by He and Lim (2006) using a
simplified version of the surface elasticity that retains only the surface residual stress.

In the present study, the Cerruti’s problem is solved by using the original surface
elasticity theory of Gurtin and Murdoch (1975, 1978). The resulting solution is valid for

both incompressible and compressible materials.

4.2 Problem Statement
In this work we shall be concerned with the analysis of the stress and
displacement fields in a half-space induced by uni-directional surface tangential forces,

as illustrated in Figure 4.1. A Cartesian coordinate system is introduced and, as a

=
VX3 U3
(2) (b)

Figure 4.1. Schematics of the generalized Cerruti’s problem: (a) two-dimensional and

(b) three-dimensional.
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convention, the xs-axis is taken as the axis of revolution of the solid and the x;x,-plane as
the free surface. Without loss of generality, it is assumed that the surface tangential
forces act in the x;-direction. Through the discussion, stress components will be denoted
by oij while the components of displacement will be taken as u;. The Einstein summation
convention is adopted for repeated indices, with each Greek index running from 1 to 2
and the Latin one from 1 to 3, unless otherwise indicated.

The framework for elastic deformations with surface effects was established by
Gurtin and Murdoch (1975, 1978), who treated the surface as a two-dimensional
membrane with its material properties differing from those of the bulk material. The
influence of surface effects on the material response is most pronounced when the
surface energy to the bulk energy ratio of the associated solid is large (Cammarat, 1994).
For macroscopic structures the stresses and strains attributable to the surface effects are
negligible and the surface effects are typically ignored.

The non-standard boundary conditions (BCs) in the context of surface elasticity
has been discussed in Section 3 and for a half-space (occupying xsz > 0) subjected to

prescribed traction t on the bounding surface the corresponding BCs can be written as

0_33|x3:0 = "ToWYsaal, 4 —1,
4.1)
O_Ol3|x3:0 = _(IUO +/10) u[)’,ﬂa X5=0 —Hy ua,ﬁ'ﬂ %=0 _ta’
which become
0-33|x3:0 ="ToUsn], —1,
4.2)

013|X3:0 =—(2p, + 4) u1,11L3=0 -4
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for the cases of a half-plane occupying x3 > 0. In Egs. (4.1) and (4.2), 7o is the surface

residual stress, o and Aq are the surface Laméconstants.

4.3 Two-Dimensional Cerruti’s Problem

Consider the elastostatic deformation of a half-plane subjected to a surface
tangential traction t(x;), as shown in Figure 4.1a. The Airy’s stress function is very
preferable in attacking two-dimensional elastic problem in that it breaks the very
problem to a tractable potential problem (Barber, 2002, pp42-43). The stresses and
displacements can all be expressed in terms of the Airy’s stress function G (a biharmonic

potential) as (e.g., Selvadurai, 2000, pp131-132) **

i o A’ . ~| .
u=——|[ |@a=v)e? G le®xde,
= g | O G } ¢
1 = d°G dG | ..
U =—[ | @=v)E2 =2 (2-v)—= |eude,
5= _w_( V)& 0 (2-v) dxj ¢

(4.3)
i @ dé —iEx
Glaz—I_wg_dX?)e éldf,

1 = ~A—iéX
Oy =—5L@§26e Mg,

where v is Poisson’s ratio, x and A are Laméconstants of the bulk material, and variables
with overhead bars indicate that the Fourier transforms has been applied.
Vanishing stresses at x3 — oo requires that the solution of the biharmoic function

in the Fourier domain take the form

* Note that the form of the Fourier transform pair used in Selvadurai (2000) is different
from that adopted in Section 3.



86

G = (A+Bx,)e ¥, (4.4)
where the unknowns A and B are either arbitrary functions of & or constants to be

determined from the BCs.

Substituting Egs. (4.3) and (4.4) into the BCs listed in Eq. (4.2) (with t; =t3 =0,

t; =t) gives
A=-T[a-20)B+Al]
(4.5)
~AlE+B=£[ Az —2(1—V)B|§|]—it‘,
2 i
where
n="20 Z=2'L‘0—+’10. (4.6)

7 U
Note that each of the two material constants, » and y, has a dimension of length
characterized by four elastic properties of the solid (one from the bulk and three from the
surface) and therefore can be regarded as intrinsic material length scale parameters.

The solution of Eq. (4.5) is given by

_ @-2v)n T
28 (1+ i, &)+ 6,67
(4.7)
_ 2+77|§| T
28 (14, |E]+x,8%)
with
K=0-v)(n+x), x=G-vV)nx (4.8)

In order to take advantage of the Fourier cosine/sine series it is natural to
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consider the cases wherein the magnitude of surface tangential load is symmetric. The
expressions for A and B given in Eq. (4.7) are seen to be odd functions of & under this
condition. Consequently, using Egs. (4.4) and (4.7) in Eq. (4.3) and applying the Fourier
cosine/sine transforms yield
Uy = [ 9,04, )T cos(&x,)d¢,
Uy = | 92 (%, )T sin(€x)d¢,
(4.9
01 = | 05(%, )T cos(éx,)d¢,
o = [, 9:(%, T sin(€x)d¢,

where

AA-V)+ B-A)ng — %G (2+ ) e
Amué (1+ & + 1,87 ’

20-2v) + %52+ 71S) e
Arué (1+ 1 + 1,87 )

2+2(-v)ng =% (2+78)
27 (Lt +,E%) ’

(d-2v)n —x,(2+7¢) Fes
27 (14 K& + 1,87 ) '

gl(x3’§):

92(X3,§)= )

(4.10)
g3(X3,§) ==

g4(X379€) =

The surface stress and displacement components can be directly obtained from

Egs. (4.9) and (4.10) by setting x3 = 0. The results read
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1-v =1 —3n+x+K,¢ |-
=—1 | == v t cos dé&,
mu *0 [5 1+K1§+K2§2 (x)de

I A il I S T TR P
© 2mu Io (5 1+K1§+K2§2jtsm(§)(1)d§’

u1|x3:0

3|x3:0

(4.11)

Ol o= w{l— Bl AR é}t_ cos(£x,)dé,

70 1+ 5,8 + 1,82

1-2v (= né - .
= t dé&.
0-33|x3:0 272_ .[0 1+ K1§ + K2§2 Sln(gxl) 5

The classical elasticity-based solution be readily recovered from the current
solution given in Eq. (4.9) by neglecting the surface effects. For instance, we have t =T
for a concentrated tangential force of magnitude T. Replacing t by T and setting 7, x;

and «, equal to zero in Eq. (4.9) one obtains

2
Ufz—l{(l—v)lnp+ X%}, Us =L{(1—2v)arctanﬁ+xi—);3}
ol 2p 27 X, p
(4.12)
o 2T . 2T x?
O3 =~ a O3 =—"""71 >
7P 7P

where p? = x? +xZ. These results recovered from the current solution are the same as

the known classical ones (e.g., Johnson, 1985, pp18; Selvadurai, 2000, pp150).

The influence of surface effects for the 2D Cerruti’s problem is examined for
different values of # and y. The results depicted in Figure 4.2 show that changing y has a
significant effect on all the surface quantities with the magnitudes of displacements and
shear stress decreasing as y increases. On the other hand, » has a negligible influence on
the in-plane displacement and stress (u; and o13), but its impact on the out-of-plane

displacement and stress (us and o33) is noticeable.
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Figure 4.2. Surface displacements and stresses in an elastic half-plane induced by a

concentrated tangential force. Herein the parameter a can be viewed as a scaling factor.

4.4 Three-Dimensional Cerruti’s Problem

4.4.1 Formulation

The potential functions offer many promising features in attacking the Navier’s

equation with non-standard boundary conditions. In this section, the Papkovitch-Neuber

89
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(P-N) potential functions, consisting of a harmonic vector potential B = (B1, B,, Bs) and
a harmonic scalar potential By, are adopted to formulate the solution. In the absence of
body forces, the displacement components in a solid can be expressed in terms of the

harmonic potentials as (e.g., Ling et al., 2002, pp71)
u =B, —%(ijj +B,),, (4.13)

A+u 1

where a = = .
A+2u 21-v)

For a semi-infinite solid subjected to unidirectional forces acting in the x;
direction (see Figure 4.1b), the vector potential B takes the form (Bi, 0, B3) (e.g.

Mindlin, 1953; Barbot and Fialko, 2010). Using B = (By, 0, Bs) in Eq. (4.13) yields
(04
u, = _E[(—3 +4v)B, + XB,; + X8, + Boyljl’
(04
U, = _E(XlBl,Z +%3B;, + BO,Z)’ @19
(04
U, = _EI:(_:S +4V) Bg + XSBS,3 + XlBlv3 + BO'3:|'

and based on Hooke’s law the stress components are then found to be
o, = au [(1 ~2v)(By; + By )~ %By s — %;By 5 - Bm],
Oy =au| (1-2v)B,, = XB, 5, = %;B; , — By 5 |, (4.15)
s = apt| (2-2v)B,, +2vB,, ~ X B, 5, ~ X,B, 5, — By |.
For a semi-infinite solid, the harmonic functions B; and Bs in the Fourier domain
take the solution form

gl — blefxglil, §3 — bsefxslil, (4.16)
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where ¢% = &,&, and by, b are unknowns to be determined from the imposed BCs.
With the help of identities F[x, f]=idf /d&, and F[f ]=i&, T =, one finds
after taking Fourier transforms on Eqgs. (4.14) and (4.15)
0 = %[4(1—v)b1 —ix,Eb, —igh, e,
0, =—%i§2(x3b3+b0)e‘x3“f‘, (4.17)
0, = %|§|*1 [3—4v)[g]b, + %,&%, +i&h, + &%, e,
and
Gy = 1| (1= @)iEby — || (&7 + )Yy + iy ] Oy +by) [e7F),
Gy = &, | i(1- )b, —ar|&] by +ier|é] (b, +1y) [, (4.18)
G =—4(|E]I0; + X;a&, +1 &y + Dy )& K,
It follows from Eq. (4.17) that
(bt + 26) Uy o 1By =100 20ty + 26) 87 b [t + A&7 + 4],
(bt + 26) Ty o+ 0 By gy =T b0 (2010 + A0) 587 by (aty + 20)6s (4.19)
0 ol o =5 L6700 +igh +(B-av)lelb, ]

Next, we substitute Egs. (4.18) and (4.19) into Eq. (4.1) and obtain the three

unknowns from the resulting equations:

S These two identities hold when the Fourier transform pair is given by
f(&)= Jm f (x)e"<*dx and f (x) = ijw f(&)ede.
- 27 4>



92

t . & :
=———, b =-i2ZC , by=—i1&C : 4.20
b= e B BCOh, b=iCOn (4.20)
where
+a,|&l+a,&?
C0(§)= ao a1| | - 2!
Co +Cifé]+¢,¢
(4.21)
1 |+ A4, 1 [ 2p+4 1
C —_ - |fo 0, = 0—+_ ,
with coefficients a; and c¢; defined by
a, =2v, al—;—o byt oy a2=(1—%J&ﬂ°+ﬂo,
H Za’u Za ; # (4.22)
COZa’ CIZT_O_'_IHO—_FAO’ , = _a& luO+ﬂ'0.
2p 2u 4 u
The parameters T—O, o and Gy have dimensions of length and can be regarded as
HooH JZ

intrinsic length parameters.

Up till here we have actually completed the solution to the 3D Cerruti’s problem,
inasmuch as what remains is no more than transforming the stresses and displacements
given in Egs. (4.17) and (4.18) into the space domain using the obtained results for by, b;
and bs.

For simplicity we shall focus our discussion on t that is function of & only,
which is the case when the magnitude of tangential traction is axisymmetric. The
displacements and stresses can be derived by inverse Fourier transform of Eqgs. (4.17)
and (4.18). With the aid of transform identities outlined in Section 3 one finally gets on

the plane x3=0
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o = i 711255 - 8.(&)] 360 + (262 ~1)8,(£), (60| W,

], o =50 [ SO ENTE, (4.23)

X &
U, o == 2=, S:9)A(ENTE,

and
Ol 0 == |, {25000~ S5(&)]3u(Er) + (261 -1)5,(&)3, (¢n)} £Tae,

Ol 0=t o [ SO, (6N, (4.24)

Tl o yz— [ 8. entg,

where r? =x? +x, and

So(&) = (u+ )", Si(&)= —C 0(£)So(S),

S, (&) == [1 C,(&)-(3-4v)C, (5)5]8 (), (4.25)

S5(&) =[a(Co —1) +(1-)Cy (£)&] Sy (S),
84(&) =[aC,(£) ~1+C;(£)E]S,(8)-
The above results will be greatly simplified if the surface elastic constants are set

equal to zero. That is, letting uo = 10 = 0 in Eq. (4.23) gives the surface displacements as

S T 2v—4+(a—4)/<§ 2v+KaS (o o2 5

i = WLt[ O 5 o) 2 g )
to=dg=0 _2v+1(0(§

i T AL (4.26)
|/10 =%=0 _ _1 2V

4”” e J;(¢r)dg,
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where x =(1-v)zr,/ . It is of interest to note that the surface displacements given by

Eq. (4.26) are independent of surface residual stress for incompressible solids (v = 0.5),
which agrees with the observation made by He and Lim’s (2006).
4.4.2 lllustrative Examples

To demonstrate the analytical solutions derived in the preceding sections, two
representative problems, one with a concentrated tangential force and another with
uniformly distributed uni-directional tangential traction, are quantitatively studied here.
4.4.2.1 Concentrated Tangential Force

In the presence of surface effects, the solution of the Cerruti’s problem is readily
obtained by setting t =T in Egs. (4.23) and (4.24). If the surface effects are ignored, i.e.
setting x = 0 in Eq. (4.26) leads to the classical solutions (e.g. Johnson, 1985, pp69; Ling

et al., 2000, pp88):

2
L{l—_vwﬁ}

B _(1-2v)
=0 2ur 3

=0 Aur

C

U, :

VX X
us = X“T us

%<0 27ur’ ’

AT @
r r r

Figure 4.3 shows the displacement and stress components along the x;-axis (U
and a3 vanish on the plane x; = 0 and hence they are not displayed).

The classical elasticity solutions are recovered as a special case in which 7o = x4
= 4o = 0, and they are represented by the solid blue lines in Figure 4.3. It is seen that the
in-plane surface displacements are insensitive to the change in the surface residual stress,
7o and they depend decisively on the surface elastic constants, uo and Ao, particularly for
those points near the point of application of force. However, the out-of-plane

displacement exhibits strong dependence on all surface parameters and decreases with
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increasing values of uo, Ao, Or 7o. As reflected in Figure 4.3, the consideration of surface
effects results in decreased magnitudes of the surface displacements, which implies

material hardening.
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Figure 4.3. Displacements and stresses along the x;-axis of an elastic half space

subjected to a concentrated surface tangential force (Herein a is a scaling factor).
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4.4.2.2 Uniformly Distributed Tangential Force
Next we consider a half-plane loaded by a uniform traction of intensity t, acting

tangentially on the surface of an elastic half space over a circular region of radius a. In

the transformed domain, we have
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Figure 4.4. Surface displacements and stresses along the x;-axis of a half space under

uniformly distributed surface tangential forces acting in a circular region of radius a.
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t =2xat,ac™J, (ad). (4.28)
The surface stresses and displacements can then be obtained by using Eqg. (4.28) in Egs.
(4.23) and (4.24).

The numerical results shown in Figure 4.4 reveal analogous observations on the
surface effects. Besides, we notice a smooth change in the shear stress profile across the
loading boundary as long as the surface elastic constants (zo and o) are non-zero. That
is, the jump in the shear stress existing in the classical solution disappears when the very

problem is examined in the context of surface elasticity.

4.5 Summary

In this section the solution for the elastic field in a homogeneous elastic half-
space subject to a surface tangential traction is derived using the theory of surface
elasticity of Gurtin and Murdoch (1975, 1978). The formulation is based on the Fourier
transform method and makes use of stress functions — Airy’s stress function for the half-
plane problem and P-N functions for the half-space. This technique enables one to obtain
the analytical solution to the Navier’s equation with the non-standard BCs in integral
forms. The newly derived solution includes material length scale parameters that are
characterized by the surface residual stress and surface elastic constants, and the
classical elasticity solution can be reproduced as a particular solution in which the
surface effects are ignored.

The derived general solution is applied to few illustrative examples to assess the

possible impact of the surface effects on the elastic field of the half-space induced by the
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surface tangential forces. The numerical results show substantial departure between the
classical results and the newly derived ones in the vicinity of the loading area. For the
generalized Cerruti’s problem considered, the current solution predicts a much smoother
elastic field and smaller deformation. Therefore, the material hardening effect can be

captured by the current solution which incorporates the surface effects.
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5. STRAIN GRADIENT SOLUTIONS OF SEMI-INFINITE INDENTATION

PROBLEMS

5.1 Introduction

Due to the lack of intrinsic material lengths the classical continuum mechanics
cannot describe size-effects exhibited by many materials at micron and nanometer
scales. At such scales, the effects of surface energy, defects and microstructure, and
internal strain become significant and need to be considered in the modeling of material
behaviors. Augmented higher-order continuum theories have been developed to interpret
the micro-structure dependent phenomena, which include the Cosserat elasticity
(Cosserat and Cosserat, 1909), couple stress theory (e.g., Toupin, 1962, 1964; Kioter,
1964; Mindlin, 1962, 1963), higher order strain gradient elasticity (e.g., Mindlin, 1964,
1965), surface elasticity (e.g., Gurtin and Murdoch, 1975, 1978), and strain gradient
plasticity (e.g., Fleck and Hutchinson, 1993; Flect et al., 1994).

A common approach to incorporate the effects of microstructure is to enrich the
classical equations with additional higher-order derivatives. In the early 20" century, the
Cosserat brothers (Cosserat and Cosserat, 1909) took into account the micro-rotation and
included the couple stress (energetically conjugated to the micro-rotation) in the
equilibrium equations. The framework of the couple stress theory and gradient theories
were mainly developed in the 1960s with essential contributions from Mindlin (1962,
1964, 1965), Toupin (1962, 1964) and Kioter (1964). In gradient theories, the micro-

structure features are demonstrated through the micro-deformations and the material
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characteristic lengths enter the constitutive equations through the strain energy function.

The work of Mindlin and coworkers (Mindlin, 1964, 1965; Mindlin and Eshel,
1968) is especially valuable in the development of strain gradient theories. In a landmark
paper, Mindlin (1964) developed a strain gradient theory with 18 material constants for
isotropic materials. Mindlin’s original theories contain many material constants that are
challenging to be quantified experimentally (Exadaktylos and Vardoulakis, 1998; Askes
and Aifantis, 2011). Difficulties also arise from the mathematical manipulations of the
associated equilibrium equations and constitutive relations. Due to these and other
reasons, Mindlin’s original theory has not been widely applied in the modeling of size-
dependent phenomena.

Simplified strain gradient elasticity theories (SSGETS) have been suggested (e.g.,
Vardoulakis et al., 1996; Exadaktylos et al., 1996; Altan and Aifantis, 1992, 1997).
Vardoulakis’ model contains two additional constants associated with volume and
surface energy terms, whereas that of Altan and Aifantis (1992, 1997) includes one
additional material constant corresponding to the volume strain energy. These simplified
models are mathematically more tractable and are very desirable due to the formidable
experimental efforts in determining the extra material constants.

These simplified versions of Mindlin’s strain gradient elasticity theory have been
employed to analyze various problems, such as fracture (Exadaktylos, 1998; Shi et al.,
2000; Georgiadis, 2003), mechanics of defects (Lazar and Maugin, 2005), thick-walled
shell problem (Gao et al., 2009) and Eshelby type inclusion problems (Gao and Ma,

2009, 2010a,b). The two-dimensional (2D) and three-dimensional (3D) problems of a
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point force in an infinite elastic body have been well studied in strain gradient elasticity
(e.g., Karlis et al., 2010). However, the problems of a half-plane and of a half-space
subjected to a concentrated force, e.t. the Flamant and Boussinesq problems, have not
been satisfactorily addressed using strain gradient elasticity theories. The Flamant
problem was analyzed by Zhou and Jin (2003) and Li et al. (2004) employing the
simplified versions of Vardoulakis kind (Vardoulakis et al., 1996) and Altan and
Aifantis (1997), respectively. However, these solutions are not exact in that the boundary
conditions (BCs) used are not variationally consistent with those derived in Bleustein
(1967), Mindlin and Eshel (1968) and Gao and Park (2007). The Flamant problem was
recently re-examined by Georgiadis and Anagnostou (2008) using the correct BCs.
Following Zhou and Jin (2003) and Li et al. (2004), they also utilized the Fourier
transform method to directly solve the displacement-equation of motion, which are forth
order partial differential equations (PDEs).

In the present work the Flamant and Boussinesq problems are solved in a unified
manner using the simplified strain gradient elasticity theory. The SSGET based solutions
are derived by using the Fourier transform method along with the stress functions of

Mindlin (1965).

5.2 Displacement Function Method
5.2.1 Simplified Strain Gradient Elasticity
In classical elastic theory the strain energy density, w, is a function of strains

only, whereas in the context of the strain gradient elasticity the strain energy density
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depends, additionally, on the gradient of strains, e.t.,
wW=w(g;, k), (5.1)

where gjj and «,; are, respectively, the infinitesimal strain and strain gradient defined by

1
. :E(Ui'j +uj’i)’ Kigi = &ij oo (5.2)

with u; being the displacement component.
For an isotropic, linearly elastic material, the expression of w can be written as

(Mindlin, 1964, Egs. (9.11) and (11.3); Mindlin and Eshel, 1968, Eqgs. (2.4-2.5))

1
W= E/”Lgngjj + HEE; + Ky Ky

(5.3)
+ 8, KGj; K T QK K + A, K Kije + QK Ko

where (aj, az, as, as, as) are material constants in addition to Lamé’s constants x and /.

In Egs. (5.1-5.3) and through this section the summation convention and standard
index notation are used with the Greek indices running from 1 to 2 and the Latin ones
taking 1 through 3, unless otherwise indicated.

Considering the case in which
1 2 2
a=a,=a =0, a2=E/1I , and a,=ul", (5.4)
Eqg. (5.3) then becomes

W= %lg..g- + pg; 5 +1° (%ﬁgnvka‘jj,k +,u€ij’k8ij’k), (5.5)

ii“jj

which corresponds to the SSGET suggested by Altan and Aifantis (1997, Eq. (5)).
Consequently, in the standard variational manner we can define the associated Cauchy

stress, tij, and the double stress, i, as
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T. :ﬂ = /15,,5” + 2,ugij =7,

Y Og
oW (5.6)
Hi =% = 1° (ﬂ’gll,ké‘ij +2ug;, ) = IZTij,k'
kij
The total stress, i, is related to the Cauchy stress through
Oy =T — Mg = A— IZVZ)rij. (5.7)

The displacement-equation of motion is then obtained by inserting Egs. (5.6) and
(5.7) into the equilibrium equations (Mindlin and Eshel, 1968; Bleustein, 1967)

o, +f=0 (5.8)
where f; is the body force components. In the absent of the body forces, the equilibrium
equation can be written in terms of displacements as (e.g., Altan and Aifantis, 1997; Gao
and Park, 2007)

@-12VA)[(A+2u)VV -u— iV xV xu]=0, (5.9)
which is a special case of the general displacement-equation of motion provided in
Mindlin and Eshel (1968).

5.2.2 Displacement Functions of Mindlin
According to Mindlin (1964), the equations of equilibrium in terms of
displacements can have the form (Mindlin, 1964, Egs. (9.31), (10.8) and (13.1))
(A +2u)A-17VA)VV -u— u(l-12V?)VxVxu =0. (5.10)
Herein |; and 1, are two intrinsic material length scale parameters, which can

characterize a cell size, e.g., a crystallite of a polycrystalline or a grain of a granular
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material. The two parameters |l; and I, can be related to the material constant a; by

(Karlis et al., 2010; Shodja and Tehranchi, 2010)

2(a +a,+a,+a, + 1

Apparently, Eq. (5.10) reduces to Eq. (5.9) when l; =1, = 1.
Based on the Helmholtz decomposition of breaking a displacement vector into
the gradient of a scalar potential and the curl of a vector potential, Mindlin (1964)

showed that any solution u of Eq. (5.10) can be represented by
u=B- IZZVV-B—%(a—IfVZ)V[r (1-13V*)B+B, ], (5.12a)

where a=1/(2—2v), r is a position vector, and B is a vector function and B, a scalar
function satisfying
u(@1-12V*)V°B =0,
(5.12b,c)
u(l-17v?*)V*B, =0.

Clearly, when both length parameters are set equal to zero Eq. (5.10) reduces to
the Navier equations of equilibrium in classical elasticity and the displacement functions
(B and Bg) become the well-known Papkovitch-Neuber functions. Particular, when |, =
0, Equation (5.10) and its corresponding solution given in Eg. (5.12) reduce to those
derived in Mindlin and Tiersten (1962, Eq. (11.1) and (11.17-19)), e.t.,

VU (A+ 1)VV U+ VPV xVxu =0, (5.13)

and

"7 The expression 12 =2(a,+a,)/x as found in Mindlin (1964) is seen to be
inconsistent with Eq. (5.9) when Eq. (5.4) is used in Eg. (5.10).
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u= B—IZVV-B—%V[r-(l—IZVZ)B+ B, |,
1(1-1°V*)V°B =0, (5.14)
1V?B, =0.
Equation (5.10) has been used by Dhaliwal (1973) and Exadaktylos (1999) to solve
axisymmetric contact problems and the problems of a half-plane subjected to arbitrary
surface loads, respectively.
Note that Egs. (5.9) and (5.10) are identical if I, = I,. Hence, the solution to Eq.

(5.9) can be obtained by setting I; = I, = 1'in Eq. (5.12):
u= B—IZVV-B—%(a—IZVZ)V[r-(l—IZVZ)B+ B, |. (5.15a)

where

(1-1°V*)V’B =0,
(5.15b,c)
(1-1°V*)V?®B, =0.

The displacement functions B and By will be determined from the imposed
boundary conditions. This displacement function method will be adopted in the current
study along with the integral transforms to solve the non-standard boundary value
problems involving high order partial differential equations (PDESs). This problem
solving technique is more advisable than the Fourier transform method commonly

employed by others (e.g., Zhou and Jin, 2003; Li et al., 2004; Georgiadis and

Anagnostou, 2008).
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Figure 5.1. Schematics of a half-plane (a) and half-space (b) subjected to normal forces

applied on the surface.

5.3 Formulation

Problems of a semi-infinite elastic solid subjected to normal loads applied on its
bounding surface are analytically solved using the simplified strain gradient elasticity
theory. The half-plane and half-space problems being considered are schematically
shown in Figure 5.1, and the body forces and body double forces are assumed to be
absent.

For a half-space (occupying xz > 0) subjected to normal forces, the vector
function B takes the form [0, 0, B3] and the scalar function By is non-vanishing (e.g.
Mindlin, 1953; Dhaliwal, 1973). As a result, by Eq. (5.15) the displacement components

are now written as

u, =-1?B,,, —%(a—lzvz)[x3(1—|2V2)Bg+ BOL,

(5.16)
U, = B, —1°B,., —%(a—lzvz)[x3(1—I2V2)B3 + 50]’3,
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with
(1-1°V*)V?B, =0,
(5.17)
@-1?v?)V?B, =0.
5.3.1 Boundary Conditions
The BCs in strain gradient theories were firstly formulated in Mindlin (1964)
based on variational principle and were further clarified by Bleustein (1967). The natural
BCs were well summarized in a paper by Mindlin and Eshel (1968) based on
conservation principle. The readers can also refer to Polyzos et al. (2003) and Gao and
Park (2007) for detailed derivation regarding the BCs for form II of Mindlin’s theory.
The natural BCs for the linear strain gradient theory are (e.g., Gao and Park,
2007)

N (73— ) = (Mgt ) 5+ 05 (N )y = (5.18)
NN fige = O
where t; and q; are the surface traction and the surface double traction components,
respectively. These BCs are variationally consistent and hence should be adopted in
solving relevant problems. However, incomplete BCs have been used in literature (e.g.,
Dhaliwal, 1973; Exadaktylos, 1999; Zhou and Jin, 2003; Li et al., 2004; Lazar and
Maugin, 2005) and the corresponding solutions are not exact.

By using Eq. (5.6) in Eqg. (5.18) one obtains the BCs for a semi-infinite solid

under prescribed normal forces as



108

0=p+@1-1°V?)ry,

0=(@1-1°V)z, _|2(7a1,31 +7,,3) ONX =0 (5.19)

0= |2r3i'3,
where p = p(r) denotes the normal pressure distribution. In arriving at Eq. (5.19a), use
has been made of Eq. (5.19c). Apparently, when | = 0 Egs. (5.19a,b) reduce to the
conventional BCs.

For a half-plane problem, Eqg. (5.19) becomes, after setting derivative with

respect to x, equal to zero,

0=p+@1-1°V?)z,,

0=Q1-1*V)r, —1%7,, .,
Y onx, =0 (5.20)

_ 12
0=I"ry,,

_ 12
0=1"74,,

which are identical to the BCs used in Georgiadis and Anagnostou (2008).

The BCs listed in Egs. (5.19) and (5.20) will be used to determine the constants
involved in the stress function B and By defined by Eq. (5.17).
5.3.2 Solutions by Fourier Transform Method

The Fourier transforms and Hankel transforms are widespread techniques used to
solve boundary value problems (BVPs). These techniques are especially powerful when
they are used along with certain potential functions. For example, an elegant treatment of
contact problems was presented by Harding and Sneddon (1945) using Hankel
transforms. As demonstrated in Selvadurai (2000, pp131-132), the use of Airy stress
functions under Fourier transform is very advantageous in solving 2D elastic problems

and this method is borrowed by Zhao and Rajapakse (2009) to solve half-plane problems
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with surface energy effects. More recently, Barbot and Fialko (2010) solved a 3D non-
classical BVP by using Fourier transforms and potential functions.

In this section, the Fourier transform method is employed along with the use of
displacement functions of Mindlin to solve the semi-infinite contact problems using
SSGET. The ordinary Fourier transform pair and double Fourier transform pair will be
used, respectively, for the half-plane and half-space problems.

The ordinary Fourier transform pair is given by

f(&) = j"; f (x)e"4*dx,

1 o (5.21)
f(x)=—/| f(&)e“de,
() =o-] T()eds
whereas the double Fourier transform pair reads
F&a) =] [ fiux)e  dxdx,,
(5.22)

fx0) = [ [ T aresragas,

where the overhead bar denotes the function in the transformed space.
The solutions to the displacement functions can be readily identified in the

Fourier domain, e.t., by Eq. (5.17) we have

(1L+128% —12d?)(d? - £2)B, =0,
) (5.23)
(L+128% —12d?)(d? - £2)B, =0,
where d =9, is the derivative operator, and & =& & (it equals to &2 and & + &7 for

the ordinary and double Fourier transforms, respectively).
If the stress components are to vanish at x3 — oo, the solutions for Eq. (5.23) have

forms



110

B, = Ae I+ Be ™,
~ (5.24)
B, =Ce ™t + De ™,

in which ¢ =./£2+1? and A, B, C and D are unknowns to be determined from the

imposed BCs.

Performing Fourier transforms on Eq. (5.16) and using Eq. (5.24) yield

0,=—t¢, [(Cx+ A)e ™ —(B-aB+2DI%¢)e ™ |,
’ (5.25)
0, = %[(2—(1)0 +a|é|(Cxy + A)Je —%[(1—05) B¢ +2DI%E? [e,

In a similar fashion, the transformed Cauchy stress components in the

transformed space are obtained to be

Ipa _ i, {[(1—a)c +a(Cx, + A)f¢]Je —[(1—a) B¢ +D(1+ 2|2§2)} ¢ } ,
7

Do _ge {a(Cx,+ Ae [ (1-a)B+2DI%¢ e,
’ (5.26)

w a[-2Cv[g+ (Cx + A)E] Je ™ +{B] vl * - (1- @)} |- 2D1°¢]¢ fe
Y7

== —[C|é]+a(Cx, + A)E* Je M + { B[417?+(1-a)&’ |+ 2I2§2§D} g%
Y7,

Note no summation is implied on £ in Eq. (5.26¢)
Equations (5.25) and (5.26) provide the expressions of the stress and

displacement components in the Fourier domain. These expressions also hold for the

half-plane problem by replacing & with &:
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0, = —ig[a(CX3 +A)e ™ —(B-aB+ 2D|24;)e-*34],
2 (5.27)

0, %[(2—(1)(: +a|E|(Cxy + A Je " —%[(1—05) B¢ +2DI%E* e,

and

B e ([A-a)C+a(Cx, + A)ef]e ™ -] @-a)BE + D(1+212£2) e,
p i£{[@-a)C+a(Cx, + A)|e[Je ¥ [ @-a)BS +D(1+2%¢7) e |

L g -2Cv|é]+(Cx, + A)E? |eF +{B [ved? - (1-a)&*]- 2DI2§2§} e,  (5.28)
Y7,
Tss _ ~[Clé+a(Cxy+ A& Je ™ +{B[ 417 + (1- )& |+ 2D fe <.

y7i

Insertion of Eq. (5.26) (for a half-space) and Eg. (5.28) (for a half-plane),
respectively, in Eq. (5.19) and Eqg. (5.20) leads to the corresponding BCs in the Fourier

domain. These BCs, which happen to be the same for the half-space and half-plane
problems, have the form

0=—P+aus’ A+ ulé|(1+2al’£%)C,

0=a|gI’¢* A+ av+(a-DIE* [¢B+(1-a)l’s*C - 21"£°¢*D,
0:a|§|3IZA—[%+(1—a)|2§2]§B+(1—a)I2§2C—2I4§2§’2D, )
0=—a&’A+(L-a){*B+(2a-1)[&[C +(1+212%)¢ D.

where p is the normal load in the Fourier domain. In matrix form they can be written as

 af] 0 1+ 2al2&2 0 AP
algP¢? [av+(@-)1°E ¢ (1-a)lP¢* -2 || ulé]

=10
alf1? -[Hra-a e a2t |[C] | g
| —af L-a)s? a-1lg a+22er)¢ [P | g

Solving Eq. (5.29) gives
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2p(1-v) ‘220 4 4l |
A:_m[a—zy)a—wzl &+l g] }
1ep(S)
_2p(-v)
EG)

__pd-v)
H1sp(&)

(5.30)
[1—v+2|4§2¢(g—|§|)],

(1+20%8%),
in which (&) = (L—v)(@L+21°E%) + 21°¢°E? (¢ —|&])?. It is of interest to note that A, B, C

and D are all even functions of £and ¢(&) >1—v regardless of the value of &

5.4 General Solutions

General expressions for the displacements and Cauchy stresses are provided here
in integral forms. For simplicity the pressure distribution for the half-plane and half-
space problems are assumed to be symmetric and axisymmetric, respectively. This
assumption enables the use of Fourier sine/cosine transforms as for the 2D problems and
Hankel transforms for the 3D problems.
5.4.1 2D Solutions

For a symmetrically distributed contact pressure profile p is an even function of
& Accordingly, U, and 7, are odd functions of & while T, , 7, and 7,, are even

functions of & Substituting Eg. (5.30) into Egs. (5.27) and (5.28), and making use of

Fourier sine/cosine transforms defined by
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L7 F@sin(exde, if T is odd,
1 (= = i 0
F(x) =5Lo fle)e™de=y (5.31)
= ["F(&)cos(Ex)de, if T is even,
T 0
we obtain the displacements in a half-plane as

1 e

W=l g (e e Jsin(ex)de,
(5.32)
271w °° @iﬁ) (™ o™ Joos(2)d
and the Cauchy stress components are
==, — ﬁ( 75 (087 + g™ Joos(Ex)a,
7y = Ow( éZ)(gm T4 g8 Jsin(Ex,)dg, (5.33)
o= (020 4 0™ Joos(en)ae,
where
hy =1-v+2'E0 + v+ %,8) [ v -1+ 2°E¢ (6= ) |,
h, = =228 (1-v +1°&),
(5.34)
hy, =20-v) (1-v+3xE+2°°0 )+ 28 [2v =3+ %, (S - &)],
hy, =21°8%¢ (18 +v),
and

= (v + 24827 (L— x,&) + 2%, °E4C
gy, =—21°¢*¢?, (5.35a-C)

Uy =Xs(v-1+ 21°6°C (1+ Xs& — %),



114

2 =8 (L-v+21°6°C7),
=(1-v+2A*E2 )L+ x,E) - 22+ x,ENEC, (5.35d-1)
o, = 21°E*,
By setting x3 = 0 in Egs. (5.32) and (5.33), the displacement and stress
components on the bounding surface can be readily obtained as

1

u1|X3:0:—— o 7 (5) [(1 V)L-2v) =218 (& - £) [sin(£x)dé,
(5.36)
] o =t [} 1oy 2 - ) Jeos(ena,
and
r11|X3=0:—1—V Ecos(cfx)dg
_ v jo 7 (g)sm(fx)daf, (5.37)
Ty, ———j (5)[1 v+21° 8 (¢ - &) |cos(£x)dé.

5.4.2 3D Solutions
For an axisymmetric contact pressure distribution, Hankel transforms can be

applied. By using the formulae derived in Section 3:

FATE1=o [ T Ende,
AUCARE

|, F(©¢*aEnde,
(5.38)

FAF(©E8]=- Xix % [, T, (ende
F’l[l‘_(é)fcf]:E jo F()&*[ Jo(en)—(26r? =1) 3, (én) |de,

the expressions for the displacement and Cauchy stress components are found to be



— _ /3 * *Xsf *Xsf
U == 4 Og(p@(hn +hy,e )£, (£r)de,

1wp

—X¢ X
i et Ut ERA L

and
_ X e P - Xl
Tp3 = or Jo ﬂ(p(f)(gﬂe +0,,6 )é:‘ll(é:r)dé:’
__1 * ﬁ —Xg& —Xg¢
Ty = 2o 7[(0(5)(931e +03€ )gJo(égr)dég-
On the loading surface, Egs. (5.39) and (5.40) give
_ Xs  ” 4
Ushyo =2y o (5)[(1 VIA-2v) =217 (§ = ¢) Pu(En)de,
IV P et ot —
“3|x3:o—2m ) M)[l v=IPECT LA (C =€) [, (€n)dé,
and

Py, (enyde,

Tps

__1—VXJ'
WO 27 “4 (é)

= Loy + 21°8(¢ - &) 3, (Ende

T33|x3=0 -

(p(é) [

From Egs. (5.36), (5.37), (5.41) and (5.42) it can be observed that
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(5.39)

(5.40)

(5.41)

(5.42)

1) The SSGET-based solution predicts smaller in-plane displacements, u,, and

Cauchy stress, 7,3, than the classical solution.

2) According to the newly derived solution, the surface shear stresses are non-

vanishing, which is similar to the observation made by using the theory of surface

elasticity in Section 3.
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5.5 Hlustrative Examples

The general solutions derived in the preceding section are in integral forms and
their closed form solutions are typically not available. These integrals are evaluated
numerically for simple load distributions — concentrated force and uniform pressure
distribution — to demonstrate the possible departure between the SSGET-based solution
and the classical one.
5.5.1 Point Force

The classical problems of a semi-infinite elastic solid acted by a concentrated
force and by a line force are known as Boussinesq problem and Flamant problem,
respectively. These two fundamental problems are studied using the SSGET-based
solutions derived in the preceding section. For a concentrated force of magnitude P, we

shall have p =P in the Fourier domain. The displacement and stress components for the

2D and 3D problems can then be obtained by replacing p with P in Egs. (5.36) and
(5.37) and Eqgs. (5.41) and (5.42), respectively.
For the Flamant problem, the current SSGET-based solution gives, using Egs.

(5.36) and (5.37), the surface displacements as

o= |y oy VA2 =28 =& Jsin(ena,

(5.43)

1-v = 1 223 01 14z _
U0 == P [, o E) [1-v -2 - 202 (E-¢) |cos(x)dé,

and the surface Cauchy stresses as
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__= VPI —cos(ﬁx)dé‘

ilo =" 0 (&)

1-v
Tialyo == jo 7o sin(Ex)dé, (5.44)
. wm[l v+ 214E3(¢ - &) Joos(EX)dE.

Regarding the Boussinesq problem, the use of Egs. (5.41) and (5.42) leads to

——[A-V)A-2v) - 21* 4 (¢ - &) 0, (€n)dé,

4wzrI o(©)

(5.45)
2m 0@ 1-v - P&+ %8¢ (¢ =€) I, (£r)dé,
and
v, (26N
Tﬂ?’ X3=0 - 2 ﬂJ. é:’
So(<) (5.46)

°°§J (&r) 4 g2 2
Tl o = 2;;J o) ZE oy + AP (L - £) e

Note that the current SSGET-based solutions include the classical Flamant and

Boussinesq solutions as special cases. Setting | =0 and p=P in Egs. (5.32) and (5.33)

yield the following classical elasticity solution (e.g., Ling et al., 2002, pp95-96):

o __ Pl xf _Px XX
U= Qv cos(n)ds -~ {1 2= 52 }

(5.47)
Ug, = ——_[ (1-v+ix&)e X3§sm(§x1)d§———{(l V)_+X3rﬁ4}

and
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. P (o . 2P X
o= [T - x e cos(ex)dg =~ X
T /2
. Peo .. 2P x,x2
75, :—;L x.£e 7% sin(&éx,)d & = X;f : (5.48)

. P e . 2P x?
th=—=] (-x&e™ cos(¢x)dE =-—=.
T T r

The classical solution for the displacements obtained from Eq. (5.47) is discontinuous
and unbounded at the loading point.

By evaluating the integrals in Egs. (5.43) and (5.44), the variations of the surface
displacements and Cauchy stresses are examined to assess the influence of the intrinsic
material length scale parameter I. These results are shown in Figure 5.2 and 5.3. A
Poisson’s ratio of 0.27 is used in the numerical simulations.

According to the classical Flamant solution, the in-plane displacement, us, is
discontinuous and the out-of-plane displacement, us, is unbounded at the point of
application of force. However, such discontinuity and singularity are not predicted by
the current SSGET-based solution for the same problem. As shown in Figure 5.2, u;
vanishes at the loading point (and thus is continuous), and usz is well-defined at that
point. The current solutions for u; and us gradually converge to the classical ones at far
distance from the loading point. Such mechanical responses are believed to be more
natural than the singular behavior predicted by the classical solution (e.g., Georgiadis
and Anagnostou, 2008). In addition, the newly derived strain gradient solution deviates
significantly from the classical one in the immediate vicinity of the loading point and the

discrepancy between the two solutions increases as the characteristic length I increases.
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Figure 5.2. Surface displacements of a half-plane loaded by a concentrated normal force
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(assuming uz = 0 at x; = 10a).

r/a
Figure 5.3. Surface displacements along x, = 0 of a half-space loaded by a concentrated

5.5.2 Uniformly Distributed Load

normal force (assuming uz = 0 at x; = 10a).

When there is a uniformly distributed load of intensity qo applied over the region

—a < x < a in the bonding surface of a half-plane, the Fourier cosine transform can be
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applied to obtain
p= 21': 0, Cos(Ex)dx = 2q,&E 7 sin(&a). (5.49)

For a half-space, if the uniform pressure is distributed over the region r < a, then it

follows that (refer to Section 3 for detailed derivation)

p=2raq,c 7, (ad). (5.50)

,uul/aqo
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Figure 5.4. Surface displacements and Cauchy stresses of a half-plane loaded by a

uniform pressure on the bounding surface.
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Figure 5.5. Surface displacements and Cauchy stresses along x, = 0 of a half-space

loaded by a uniform pressure on its bounding surface.

Using Egs. (5.49) and Eq. (5.50), respectively, in Egs. (5.36-5.37) and Egs. (5.41

-5.42) immediately leads to the analytical solutions for the displacements and stresses for

the 2D and 3D problems.

As reflected in Figures 5.4 and 5.5, the influence of the material length | on the

displacement field is analogous to that observed in the previous section. It is worth
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noting that the SSGET-based solutions are smoother — both u; and z33 change smoothly
across the loading periphery — than the classical ones which show sharp angles, and
converge to the classical solutions at a distance far from the loading zone. A similar
observation was made for the near-tip displacement in the 2D crack problem (e.g., Shi et
al., 2000 and Georgiadis, 2003) which closes more smoothly if a strain gradient theory is
used to describe the material behavior. Also it should be noticed that the surface shear

stress is non-vanishing according to the SSGET-based solution.

5.6 Indentation Problems

The analysis of the state of stress and strain in an elastic body indented by a
punch is of significant practical interest. There have been extensive studies in this
respect (e.g., Johnson, 1985) since the late 1800s when the problems of a semi-infinite
elastic solid indented by a flat-ended punch and by a spherical punch were solved,
respectively, by Boussinesq (1885) and Hertz (1882).

However, the well-established classical contact mechanics cannot explain non-
conventional mechanical behaviors in micron and nanometer ranges such as size-
dependent indentation hardness (e.g., Stelmashenko et al., 1993; De Guzman et al.,
1993; Ma and Clarke, 1995). This is due to the lack of any material length scale
parameter.

In this section, the axisymmetric contact problems are investigated using the
newly derived solutions which contains one material length scale parameter and can be

used to model substrates with significant microstructures. Several types of load
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distributions are selected to illustrate the possible deviation from the predictions by
classical continuum theory.
5.6.1 Flat-Ended Punch

The problem of an elastic half-space indented by a rigid flat-ended punch was
first solved by Boussinesq (1885) using the classical theory of elasticity. According to
Boussinesq’s solution the pressure profile under the punch takes the form (e.g., Barber,

2002):

p.(N)=0,(a* -r*)™, (5.51)
where a is the radius of the punch, and the subscripts ‘c0’, ‘1°, and ‘2’ denote the flat-
ended, conical and spherical punch profile, respectively (e.g., S.-S Zhou et al., 2011).

Taking Fourier transform on Eq. (5.51) gives

J,(a&), 2D,
ﬁw(§)={ B ds(2c) (5.52)

27Q,& 7 sin(ag),  3D.

The displacements and stresses can be readily obtained by using Eqg. (5.52) in the
general solutions for the half-plane or half-space problem. For contact problems the
indentation depth ¢ (or the depth of penetration of the punch tip) is an important quantity
highly concerned (S.-S Zhou et al., 2011). Substituting Eq. (5.52b) into Eg. (5.41) and

taking r = 0 yield

5% =g, 12 0 ;(2)sm(a§)d§ qo—j ¢ smtdt (5.53)

where ¢(&) =1—-v —1PEC 1+ 21°E%£ (¢ - &) and @(€&) is defined near Eq. (5.30).

Figures 5.6 and 5.7 show the variations of surface displacements and Cauchy
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stresses of the half-plane and half-space problems for different values of l/a. The
particular solution with | = 0 corresponds to the classical solution and is displayed for
comparison purpose. The displacements of strain gradient theory are considerably
smaller in and near the loading zone than those of the classical solutions. Also, it is
observed that the Cauchy stress 733 given by the current solution is well-defined and

smooth, unlike that predicted by the classical solution.

-0.05F \*, .

-0.15]
0.2} Tl T ]

#uyldg

028\

-0.3F

-0.35¢

-04

-0.05F \_\ ] -_.—._.—‘__,.—.::-T‘...
N -0577 o

ar gl
azyla,

0.1 "x._,_______.-.—-‘::.2«

-015} , s
' 150 N | e Va=1/1

-0.2

xlla xlla

Figure 5.6. Variations of displacements and Cauchy stresses on x; = 0 of a half-plane

subjected to the Boussinesq pressure distribution.
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Figure 5.7. Variations of the displacements and Cauchy stresses along x, = 0 of a half-

5.6.2 Spherical Punch

space subjected to the Boussinesq pressure distribution.

The Hertz’s solution (1882) for the frictionless and non-adhesive contact

problems of two elastic spheres is one of the most prestigious models in contact

mechanics. According to Hertz’s solution, the pressure distribution under the indenter is

given by

pz(r):qo \laz_rzv

(5.54)
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and the corresponding Fourier transform yields

o 7Gas 3, (ag), 2D,
()= {Zﬂq0§_3 [sin(ag) —a&cos(ag)], 3D. (5:55)
Using Eq. (5.55b) in Eq. (5.41Db) leads to
5P =q, 1‘7V I:’ f:gf((;;)) (sint—tcost)dt, (5.56)

where the definitions for ¢ and ¢ can be found near Eq. (5.53).
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Figure 5.9. Surface displacements and Cauchy stresses of a half-space subjected to the

Hertzian pressure distribution.

The displacement field and state of stress in the half-plane and half-space are
displayed in Figures 5.8 and 5.9. The effect of the strain gradient on the displacement
and stress components is analogous to the discussion for the flat-ended punch problem.
5.6.3 Conical Punch

The conical shaped indenters are frequently used in indentation tests. According

to the classical elasticity-based solution, the pressure distribution in the contact zone has
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the form (SﬂEddOﬂ, 1965)
pl(r) qO COSh71 1 (557)
r

and it is found in the Fourier domain
P(&) = 270,& * [1—cos(£a)],  3D. (5.58)

Consequently, by using Eqg. (5.58) in Eq. (5.41b) we find
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Figure 5.10. Surface displacements and Cauchy stresses of a half-space subjected to the

conical punch pressure distribution.
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1-v = ad(3) (4 _
— ) ol (1—cost)dt. (5.59)

513D =0,

The numerical results for the conical punch indentation are shown in Figure 5.10.
5.6.4 Depth-Dependent Hardness

In contact mechanics, the indentation depth ¢ and total applied load P are of
significant practical interest. The resultant forces P for the Boussinesq pressure
distribution (flat-ended punch), the Hertzian pressure profile (spherical punch) and the

conical punch pressure distribution have been calculated in Section 3 to be, respectively,
2 3 2
P, =2raq,, P, :§7ra g, and B, = za“q,. (5.60)

The indentation hardness adopted here is defined to be (e.g., Wang and Feng,

2007)

H=". (5.61)

In the absence of the strain gradient effect, use of Eq. (5.53), (5.56) or (5.59) and
Eqg. (5.60) in Eq. (5.61) yield

He —d@ e Bpa e 2ua (5.62)
1-v 3(1-v)

The newly derived solution for indentation hardness relates to the conventional

indentation hardness through

szl_ijW@Jﬁ4gnwn (5.63a)
T 0

o0

for the Boussinesq pressure distribution,
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H, :1--]0001//(a,t)t’3 (sint—tcost)dt, (5.63b)
2 v
for the Hertzian pressure profile, and
HS 2

_ °° -2
" _1—;J'O w(a,t)t? (1-cost)dt,

(5.63c)
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Figure 5.11. Indentation hardness versus the contact radius for different punch profiles:

(a) flat-ended, (b) spherical, and (c) conical (L is a scaling parameter).
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for the pressure distribution of a conical punch. In Eqg. (5.63)

sat)=1-2& i 2+t -2 (e 1) (5.63d)

() _
(1) @-v)A+204D) + 255 (S -1)?

a

with T = and C=\1+1%%

a

If the strain gradient effect is neglected (that is, | = 0) we have from Eq. (5.63d)
w(a,t)=0and thus H =H,, H, =H, and H: =H_. That is, the indentation hardness

given by the current SSGET-based solution reduces to that by the classical solution in
each of the three indentation problems considered. The microstructural effect is
significant when the contact radius a is close to the value of I, and in case a >> | (e.g.,
indentation at macro scale) one has y (a, t) — 0 and the current solution converges to the
classical one.

The numerical results displayed in Figures 5.11 and 5.12 show the variation of
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4 it9 =@ Conical punch
By Classical solution
'\,t 3 =
~N
T
2
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Figure 5.12. H-curves for different pressure distributions with I /L = 1.
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the indentation hardness against contact radius a. For each type of the pressure
distribution we examined, the ratio of H to H increases with decreasing contact radius a
and increases as | increases. In addition, we noticed that the H to H® ratios are different

for different pressure profiles at given values of | and a.

5.7 Summary

The contact problems of a half-plane/space subjected to boundary normal forces
are analyzed using the simplified strain gradient elasticity theory (SSGET). The general
SSGET-based solutions for the half-plane and half-space problems are derived in a
unified manner by use of the potential function method of Mindlin (1964) and integral
transforms. The current solution incorporates the microstructural effects into the
modeling of material responses and contains material length scale parameter that is
capable of capturing material size effect at small length scales. The classical elasticity
solution is regenerated as a special/limiting case in which the strain gradient effects are
disregarded or the contact radius is much larger than the length scale parameter.

For the 2D and 3D fundamental problems, the numerical results show that the
displacement singularity and discontinuity as exist in the classical solutions are removed
when the same problems are examined under SSGET. The established general solution is
also applied to study the contact problems with pressure distributions produced by a flat-
ended, spherical and conical punch indenting an elastic half-space. The newly derived
solution is found to deviate considerably from the classical predictions within and near

the loading zone, and converge to the classical solution at increasing distances away
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from the loading area. The departure between the two solutions increases with increasing
material length scale parameter. The size-dependency of indentation hardness is studied
by using the general solution and the indentation hardness predicted by the current
solution is markedly higher than the classical results.

At this point we need to point out that the SSGET-based solution is suitable for
modeling substrate materials with significant micro-structures, e.g., polycrystalline or
granular materials; while the surface elasticity based model presented in Section 3 is
oriented to substrates with distinct surface properties, e.g., substrate with a coated thin
film or peened surface. Both of the two solutions are derived for contact problems
involving an elastic, homogeneous and isotropic semi-infinite solid, and do not consider

material anisotropy and inhomogeneity.
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6. SUMMARY

6.1 Summary of Major Findings

This dissertation is intended to study the size-dependent material responses
observed at micron and submicron levels, which cannot be satisfactorily explained by
classical continuum theories due to the lack of inherent material length scale parameters.
A number of enriched-continuum models are employed to examine the mechanical
behavior of a semi-infinite solid subjected to normal and tangential boundary forces. The
size effects are well predicted when the associated problems are examined by each of the
three theories being used — adhesive contact mechanics, surface elasticity and strain
gradient elasticity.

By employing the cohesive contact model pioneered by Johnson et al. (1971) and
Derjaguin et al. (1975), and elaborated by Maugis (1992) we studied in Section 2 the
elastic field of a half-space indented by a rigid punch and the relations between applied
load, contact radius and depth of penetration. The use of harmonic functions — Green and
Zerna potentials — permits an easy calculation of normal load and stress intensity factor,
and effectively resolves the axisymmetric contact problems. The general solution we
established is applicable to the adhesive contact problems involving an arbitrary punch
shape and an adhesive interaction force distribution, and links many existing
solutions/models for axisymmetric non-adhesive and adhesive contact problems like the
Hertz solution, Sneddon’s solution, the JKR, DMT and M-D models. It is demonstrated

that the adhesive interaction forces could contribute significantly to the mechanical
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behaviors of elastic solids under light load. It is because of the presence of the adhesive
forces that in the absence of applied load the contact radius of solids under intimate
contact is non-vanishing and a pull-off force is required to separate the solids.

The theory of surface elasticity of Gurtin and Murdoch (1975, 1978) is adopted
in Sections 3 and 4 to study the mechanical behaviors of the generalized problems of
Boussinesq and Cerruti, respectively. The technique of Fourier transform and certain
types of potential functions are employed in attacking the problems of Boussinesq and
Cerruti. The corresponding numerical results for each of the three problems studied
show substantial deviation from their classical counterparts near the area of application
of load, and the newly derived solution predicts a smoother elastic field and smaller
deformation. The material hardening/stiffening effect is clearly predicted by the current
solution which incorporates the surface effects. Note that these outlined solutions are
also applicable to describe the behaviors of a considerably thick substrate with coated
thin film (distinct surface properties) or with peened surface (high residual surface
stress).

Regarding the generalized Boussinesq’s and Cerruti’s problems, it is observed
that the discontinuity and singularity of the elastic field which exist in the classical
theory are markedly alleviated when the surface effects are considered. Unlike the
classical solution, surface elasticity based solution predicts non-vanishing out-of plane
normal stress and in plane shear stresses outside the loading zone. Application of the
generalized solution to the axisymmetric contact problems reveals that the indentation

hardness predicted by the current solution is considerably higher than the classical result



136

at small length scales. For a half-region under normal loads, the out-of plane
displacement and stress as well as the indentation hardness are shown to primarily
depend on the residual surface stress, whereas the influence of the surface elastic
constants is only significant on the in-plane displacements and stresses. On the other
hand, for a half-region acted by surface tangential forces the surface material constants
have a dominating impact on the elastic field, while the influence of residual surface
stress is relatively insignificant.

In Section 5 we re-examined the Boussinesq’s problem using the strain gradient
elasticity theory, which is a more refined continuum theory that incorporates material
microstructure and is capable to capture size effects. By using the displacement
functions of Mindlin (1964) we were able to obtain solutions to the problems of a half-
space (3D) and half-plane (2D) subjected to normal loads in a unified fashion based on
Fourier transforms. The 2D and 3D fundamental solutions as well as surface Green’s
functions are provided and they regenerate the classical solutions if the microstructural
effects are disregarded. Various load distributions are investigated to demonstrate the
possible deviation from the classical results as well as to show the size-dependent
phenomena. The displacements and stresses are found to change very smoothly
(smoother than those obtained in Section 3 using surface elasticity) if the mechanical
behavior of material is governed by gradient elasticity. Most importantly, the
singularities and discontinuities as encountered in classical solutions are eliminated

when the same problems are studied in the context of strain gradient elasticity.
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6.2 Recommendations for Future Works

In this dissertation we examined a series of fundamental problems involving an
elastic half-region within the context of several enriched-continuum theories and derived
the point load solutions which form the basis of solutions to complex loading problems.
However, limited applications of the formulated solutions have been investigated in the
current study and extension of the generalized solutions to more general problems shall
be a suitable topic for future studies in this field. Besides, the fundamental solutions
outlined in this work can be used by researchers specializing on numerical analysis to
develop programs that can be embed in the finite element method (FEM) or boundary
element method (BEM).

The integral transform is a wide-spread technique frequently adopted in literature
and this method is employed in many sections of this dissertation — standard Fourier
transforms are used in solving 2D problems and double Fourier transforms for 3D
problems. The connections between the double Fourier transforms and Hankel
transforms are established and used to calculate the displacement and stress components
of axisymmetric contact problems. The advantage of the integral transform approach is
that it enables one to obtain analytical solutions to the PDEs with prescribed BCs by
manipulating algebraic equations.

Of special importance is the use of various potential functions suggested by
different authors which automatically satisfy the displacement-equation of motion and
effectively break the associated high-order PDEs into tractable potentials. The stress

functions are extremely powerful when they are appropriately used in association with
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the method of integral transforms in that their analytical solutions can be readily
determined in the transformed domain. The potential functions are very desirable and
sometimes indispensible in solving problems in the framework of non-conventional
continuum theories. The difficulties arisen from the non-classical BCs (such as the
problems examined under theory of surface elasticity) or very higher order PDEs (e.g.
the strain gradient elasticity) can all be satisfactorily addressed once certain types of
potential functions are employed. Such advantages are highlighted in many parts in this
study:

In Section 2 the harmonic functions suggested by Green and Zerna (1968) are
used to solve axisymmetric adhesive contact problems. Based on this approach, one is
able to calculate the normal load and stress intensity factor in an easy manner. Therefore,
this method can be applied to solve axisymmetric crack problems in which the
evaluation of stress intensity factor usually involves formidable efforts.

The Papkovitch-Neuber functions are employed in Section 3 and 4 to attack the
BVPs in the context of surface elasticity. The methodology outline in these sections can
be adopted to solve problems of similar kind in which the material behaviors are
governed by the classical elastic theory while the BCs are non-classical. The models and
corresponding results in each of these two sections are derived by using the general
formulations of Gurtin and Murdoch (1975, 1978) which includes the surface elastic
constants and residual stress. The fundamental studies and associated methodologies in
these sections can be adopted to investigate surface energy effects which are gaining

increased attention in recent years.
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The displacement functions propounded by Mindlin (1964) can be viewed as
generalized P-N functions that contain intrinsic material lengths and they effectively
reduce the high-order PDEs in SSGET into to tractable potential functions. The
Mindlin’s stress functions have not been well-recognized and can be widely applied to
solve pertinent problems under strain gradient elasticity. The theory we employed in
Section 5 is the most simplified version, however, the same methodology can be applied
to solve the same problem by using the more general theory, such as the one containing
two material lengths (e.g., Mindlin, 1964).

Both the surface elasticity based and SSGET-based solutions are derived for
semi-infinite contact problems involving elastic, homogeneous and isotropic solids.
However, this idealized condition might deviate from the materials used in micro/nano-
indentation, which typically exhibit certain degrees of inhomogeneity and/or anisotropy.
Refined models are needed to include material anisotropy and/or inhomogeneity, and

thereby yield more accurate results.
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APPENDIX

For axisymmetric contact problems, by defining & =£&cosé, &, =&sing
X, =rcose , and X,=rsing one has & x, =&rcos(6—¢) . Accordingly the double

Fourier transform can be rewritten as
_ 1 © 27 = i&rcos(0—p)
fon == [, TG0z dode. (A1)

For a function f that is #-independent, we obtain by using the periodic nature

1
4r*

FILf()]=

[ Fozer==rdodc. (A2

The integral definition for Bessel function of the first kind is (Abramowitz and Stegun,

1964, pp360)
J.(x) = Lj”em” cos(nd)d o, (A.3)
T 0

and application of the periodic nature leads to

i-n
|

Jn (X) — 2_J._”ﬂ-eiXCOSG Cos(ng)dg = E'[Oz” eiXCOSH Cos(ne)d 0. (A-4)

i
T
It follows from Eqg. (A.4) that
_ 1 2r ixcosé
Jo(x)-E;;L g0 g,
J(x):-"i—j”e“mwcosede (A5)
! 2790 ’ '

. 1 (2z ixcosd
‘]2(X)__Ejo e cos(26)dé.

Use of Eqg. (A.5a) in Eq. (A.2) yields
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FALTE1= - [ T ende. (A6)

If a function in Fourier domain can be expressed as f(&)&, then its inverse

Fourier transform is given by

FT(©)&]= 4—71[2 [ F(&)&* cosgetr*-"dad¢

=— F(§)§2j2”_¢cos(t+¢)e‘§r°°“dtd§
47° 90 -
(A7)

= ! 3 2 [#77 i H i&rcost
—4—”2]0 f(5)¢ J-,(/, (costcos g —sintsing)e™ dtd&

_Cosg (=
4 2

G5 j " coste’ ™ tdtd &,

since Izmsinteif“wdt = 0. Substituting Eq. (A.5b) into Eq. (A.7) one obtains
—¢

Ff (5)51]4— [" Tt ende (A.8)

In a similar fashion, one can obtain

FITEs]=is 2 [ T@&Enae. (A9)
xr
For f(£)&E, and f(&£)&” it can been shown that

FIf(9)EE]= 4%2]: joz” f(£)E° cosfsin G - dgd £

:_.[ (5)5.[ (sin 2t cos 2¢ +sin 2 cos 2t) €' ' dtd & (A.10)

sm 2(p

j f(o)e j cos 2te'"tdtd &,



N 1= 1 g 3 2 naiéreos(6-p)
FA@E= =], [, T cos’ o7 dpds
L O e i H i&rcos
:y'[o f(f)e”"[_q) (1+ €0 2t oS 20 —Sin 2¢psin 2t ) ' dltd &
= 1 F 3 2 iércost
—QL f($)¢ _[0 (1+cos2tcos2p) e dtd &

_ 1 R 3 (%" 2,2 i&rcost
- WIO f(&)e _[0 [1+ cos 2t(2xr —1)]e dtd &,
where use has been made of the fact that
rﬁgsin 2te’sr st dt = —2_[2”7(” coste™" *'d cost =0.
- —@

Using Eq. (A.5c¢) in Egs. (A.10) and (A.11) yields

0 —

P ©as1= - 5[ T@£, e,

27r?

FALH@E] = |, T30 -@xkr -n3,n Jde
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(A.11)

(A.12)

(A.13)

Analogous result can be obtained for F™[f (£)&£7] by replacing x; with x, in Eq.

(A.13).



Name:

Address:

Email Address:

Education:

161

VITA

Songsheng Zhou

Department of Mechanical Engineering
Texas A&M University

College Station, Texas 77843-3123
songsheng.zhou@gmail.com

B.Sc. in Automotive Engineering
Wuhan University of Technology, China, 2006

M.Sc., in Automotive Engineering
Wuhan University of Technology, China, 2009

Ph.D. in Mechanical Engineering
Texas A&M University, U.S., 2011



