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ABSTRACT

New Results in Stability, Control, and Estimation of
Fractional Order Systems. (May 2011)
Bong Su Koh, B.S., Korea Advanced Institute of Science and Technology;
M.S., Texas A&M University

Chair of Advisory Committee: Dr. John L. Junkins

A review of recent literature and the research effort underlying this dissertation
indicates that fractional order differential equations have significant potential to advance
dynamical system methods broadly. Particular promise exists in the area of control and
estimation, even for systems where fractional order models do not arise “naturally”. This
dissertation is aimed at further building of the base methodology with a focus on robust
feedback control and state estimation.

By setting the mathematical foundation with the fractional derivative Caputo
definition, we can expand the concept of the fractional order calculus in a way that
enables us to build corresponding controllers and estimators in the state-space form. For
the robust eigenstructure assignment, we first examine the conditioning problem of the
closed-loop eigenvalues and stability robustnesss criteria for the fractional order system,
and we find a unique application of an n-dimensional rotation algorithm developed by
Mortari, to solve the robust eigenstructure assignment problem in a novel way. In

contradistinction to the existing Fractional Kalman filter developed by using Griindwald-



v

Letnikov definition, the new Fractional Kalman filter that we establish by utilizing
Caputo definition and our algorithms provide us with powerful means for solving

practical state estimation problems for fractional order systems.
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CHAPTER |
INTRODUCTION AND BACKGROUND OF FRACTIONAL DIFFERENTIAL

EQUATIONS

A. INTRODUCTION

A review of recent literature and the research effort underlying this dissertation
indicates that fractional order differential equations have significant potential to advance
dynamical system methods broadly. Particular promise exists in the area of control and
estimation, even for systems where fractional order models do not arise “naturally”. This
dissertation is aimed at further building of the base methodology with a focus on robust
feedback control and state estimation.

The concept of the fractional order derivative was introduced by L’Hopital and
Leibniz in 1695. While in-depth studies have expanded the concept mathematically, its
application to engineering has begun only recently because of the complexity. One
important mathematical study for the control engineering is given by Podlubny who
opened up the possibility of applying fractional calculus to control engineering by
establishing PI*D* controller, a generalized version of the P.I.D. (Proportional Integral
Derivative) controller[1][2].

The implication of Podlubny’s study for the fractional order system is that we
can expand the concept of the fractional order derivative in a way that enables us to

build corresponding controllers and estimators in the state-space form. In order to do this,

This dissertation follows the style of Journal of Guidance, Control and Dynamics.



the most fundamental first step in setting the mathematical foundation is to choose
among existing fractional derivative definitions such as Riemann-Liouville definition,
Griindwald-Letnikov definition and Caputo’s definition. Caputo’s definition is our
choice because it requires only integer-order initial conditions to obtain the solution of
the fractional order differential equation[1]. This enables us to bypass the difficulty of
defining the fractional-order initial conditions physically. In most engineering problems,
a physical model does not give rise to non-integer derivatives, rather they arise in the
quest for more general feedback control laws. In essence, using the fractional derivative
concept, we have access to an infinite family of linear closed loop behaviors not
available if we restrict feedback to integer order derivatives. Also, by utilizing the
Caputo definition, we will build up the foundations of the needed mathematical
properties and concepts such as the linearity, composition rules, etc, and in so doing we
are able to achieve a more complete setting than using the Riemann-Liouville definition
only.

With these foundations, the robust eigenstructure assignment and the Kalman
filter for fractional order systems are developed. Algorithms for robust eigenstructure
assignment and the Kalman filter have already been widely and successfully used in the
integer order cases[3][4]. For the fractional order case, however, they have not been
completely developed heretofore. In our study, we examine new problem set-ups needed
for applying the algorithms to the fractional order case. For the robust eigenstructure
assignment, we first examine the conditioning problem of the closed-loop eigenvalues

and stability robustnesss criteria for the fractional order system, and we find a unique



application of an n-dimensional rotation algorithm developed by Mortari, to solve the
robust eigenstructure assignment problem in a novel way[3][5][6]. In contradistinction to
the existing Fractional Kalman filter developed by using Griindwald-Letnikov definition,
the new Fractional Kalman filter that we establish by utilizing Caputo definition and our
algorithms provide us with new and powerful means for solving practical state

estimation problems for fractional order systems.

B. BACKGROUND OF FRACTIONAL ORDER DERIVATIVES
We first examine three kinds of definitions of fractional derivatives[1]. Among
them, we choose the Caputo derivative in stating our problems because of the initial

condition problem explained to be later.
Definitions of Factional Derivatives

Riemann-Liouville Definition
Riemann-Liouville fractional derivative is defined by

x(1)dt
- ) dtmf (t — T)a—m+1 (1.1)

t,DEx(t) =

where t) <t <T <o, m—1<a<m,mEeEN. In other short expression, m = [a]
denotes the next integer larger than a. Notice the apparent history dependence. The
subscript t, denotes the lower limit and t is the upper limit related to the operation of

fractional differentiation. Ross called them terminals of fractional differentiation. If left



terminal t, is fixed and the right terminal is variable, this is called the left fractional
derivative of x(t). Also, mathematically, we can define the right fractional derivative as

d\™ %  x(t)dt
_E> . (t—m)emt

1
DEX() = r—( (1.2)

(m—a)
From the physical point of view, the current state x(t) in the left fractional derivative
depends on all past states x(1)(ty < T < t). On the other hand, the right fractional
derivative depends on the future states which cannot be known in the causal physical
world. This leads us to consider only the causal(left) fractional derivative.
Riemann-Liouville fractional integral is defined by

1 (¢ x(de
I'(a) Jy, (=D

o IEx(t) = t>t, (1.3)

With this Riemann-Liouville integral, Riemann-Liouvile derivative can also be
expressed as

toDEX(D) = D' [ 7"x(),  m = [a] (1.4)
The Riemann-Liouville definition has played a big role in the pure mathematics
literature underwriting the development of fractional derivative and integral concepts.
However, it requires the fractional initial condition which frequently cannot be
interpreted physically for solving the inhomogeneous fractional differential equations.
This leads us to recommend, and adopt for this dissertation, the Caputo’s definition

which is discussed in the following.

Caputo’s Definition

Caputo’s fractional derivative is defined by



t xM(r)dr

C —
tngX(t) - I'(m— a) . (t — T)a-m+1
0

(1.5)

d™mx(t)

where m = [a] and x™(t) = S

With this Riemann-Liouville integral, Caputo

derivative can also be expressed as[7]
eDEx(t) = ¢ I, DPx(D), m = [a] (1.6)
To show the advantage of Caputo definition for dealing with the initial
conditions for solving the fractional differential equations, we use the Laplace transform

for both definitions. The Laplace transform of the Riemann-Liouville derivative is given

by

m-—1

L{ Dix(D} = f e St{ (DEx(D) }dt = s*X(s) — z s¥[ ODﬁ‘"k‘lx(t)]t=0 (1.7)
0

k=0
where m = [a]. And, the Laplace transform of the Caputo derivative is given by

m-—1

L{{pEx(D)} = jme‘St {§DEx(D}dt = s*X(s) — Z sak-1x () (1.8)
0

k=0

where m = [a]. Obviously, the Caputo derivative requires only initial values with the
integer-order derivatives which allow the physical interpretation. But, Riemann-
Liouville derivatives needs initial values with the fractional-order form. In order to
approach the issue of non-constant initial value problem Bagley and Calico introduced a
type of the initialization function, which is more fully developed in Lorenzo and Hartley
[8119].

The relationship between the Riemann-Liouville and the Caputo definitions can

be given by



(t —to)k “

r(k+1— (k)(to+): m = [a (1.92)

ax(t) = SDEx() + Z

- k
£D€‘x<t)=tons<x<o Z G, )D m=[al  (1.9b)

k=0

Both the Riemann-Liouville and Caputo derivatives becomes the conventional n-th
derivative as fractional order a becomes integer n[1], so in that sense, both definition

generalize classical integer order derivatives to the non-integer case.

e, DPx(t) = SDPx(H) =x™, n=12,..eN (1.10)

Grindwald -Letnikov Definition

Griindwald-Letnikov derivative is given by

1 [t/h]

. o

DEX(O) = Jim — Z (=% (3) x(t — kh)
k=0

(1.11)

lt/hl .
1 (-D* (e + 1)
= lim x(t — kh)
hoo hu G Tk + DI~k + 1)

ala+1)...(a+k-1) .

where m = [a] and (lo{t) = is the binomial coefficient. This formula can be

k!
described by
DEX(O) = ix@(to)(t— DR M) (D) de
to™t A IFla—k+1) F(—o+k+1) ), (t—»em
B (1.12)
d m+1 ty(m+1) )4
- (%) [ e = WP
dt [ E—D*™ 0



where m < ¢ < m + 1, m € N. Therefore, Griindwald-Letnikov derivative can be equal
to the Riemann-Liouville derivative under the assumption of continuity and a sufficient
number of continuous derivatives of x(t). Generally, Griindwald-Letnikov derivative has
been widely used for obtaining the numerical solution of the fractional differential
equations because of its implementation convenience. For the numerical approximation,

the following formula can be used.

[+
(—-D*T(a + 1) .
k=0 F'k+ Dr(a—k+1) x(t —kh)

£, DEX(t) = ho

where [p] means the integer part of p.

fractional-derivatives of sin(t)

0.4

fractional-order o

Figure 1.1. A Family of Fractional Derivatives of sin(t)



By using the numerical approximation in Eq. (1.13), we can show one simple example,

oDf'sin(t) in Fig. (1.1).

Properties of Fractional Derivatives
The following properties give us the insight into the application of fractional

derivatives.

Linearity
We can do the following general linear operation with any fractional derivative
definitions.
D*(AMf(Y) + ng(t)) = ADUf() + uD%g(t) (1.14)
where A and p are constants. The proof can directly be established by using the

definition. For Caputo fractional derivatives of order a(m — 1 < @ < m), we have

t(M(r) + pg(r))(m) dr
(t _ T)(l—m+1

1
EDH04 + 1800) = s |
B 1 tAfm(7)de 1 t g™ (7)de (1.15)
" I'(m—a) t (t—nem+l " '(m — ) t (t—7)e—m+1

= thD%f(t) + ut‘j tg(®

Leibniz Rule

For integer-order derivatives, we have the following formula.



dn -
= ((0g®) = > (1) FOO "V (1.16)
k=0

For fractional differentiation, we have the following analogous formula with the

Griindwald-Letnikov and the Riemann-Liouville fractional derivatives[1].

WDEEE) = D (1) F90,DE g0 (1.17)
k=0

It is useful for the product of the polynomial functions, but it is difficult to obtain for

general functions.

Interchange of the Differentiation Operators of Integer and Fractional Orders

For the Caputo derivative,

o (Epx(0)) = <D (EDgx(n)) = SDEFx(e) (1.18)
where m is an arbitrary integer greater than or equal to zero, andn —1 < a < n. And
the following condition should be satisfied[1].

x®0)=0, k=nn+1, .., m (1.19)
This means that there is no restriction from the definition on the values of x®(0), k =

0,1, ...,n — 1 and therefore these initial conditions can be used to satisfy physical initial

conditions. On the contrary, for the Riemann-Liouville derivative,

WD (DEX(D) = D (1,DIPX(D)) = ¢, D™ x(1) (1.20)
where m is an arbitrary integer greater than or equal to zero, andn —1 < @ < n. And

the following restricted condition should be satisfied[1].
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x®()=0, k=01,..,m (1.21)
This imposes a very constraining condition with regards to physical applications. For the
mixed operator of Reimann-Liouville derivative and the fractional integral, we have

following property[1].

DIPx(D), a>p

1.22
JEX(D, a<B (122

Dt (tolfx(t)) =

Composition Rules
In the fractional integrals defined in Eq. (1.3), the following composition rules

are valid[1][10].
ol (IPx(0) = If (Ex(©) = 11 Px(0) (123)
In general case, the composition rules of Riemann-Liouville derivatives are not valid[ 1].
wD§ (,DEx(®) # ,DIPx() #  DF (,DEx(®)) (1.24)
wherem — 1 < a <mandn—1 < 3 < n. Note that this composition rule is valid only

if a =B or x®(ty) =0,k=0,1,2,..,r—1,r =max(n,m). In some literature,

researchers ignore this property and its consequences[10].

Theorem 1.1
For the Caputo derivative, if m=n and x™(0) = x™(0) = 0 where m — 1 <

a <mandn—1 < < n, the Caputo differential operator commutes.

g ($pPx(9) = Ef (EpEx()) = EDF+Px(v) (1.25)



Proof
By Eq. (1.6),
thfcx (tCODEX(t)) = tOI{n_ath{n (tEDEX(t))
By the interchange property given in Eq. (1.18),
tol{n_ath{n (thEX(t)) = tOI{n_athinJrBX(t)
To satisfy above equation, we need the following condition.
x®(0)=0, k=nn+1,..,m
By Eq. (1.6) again,
tOI{n_ath?HBX(t) = tOI{n_atoI?_Bth?HnX(t)
By the composition rule of the fractional integral,
[m-a IU—B Cpm+ny(t) = Im+n—0(—[3 Cpm+n
tlt Y ly e DETIX(D) = ¢ I DT (1)
By Eq. (1.6),
Wl TP EDE () = DX (D

We apply the above procedure for tSDE (tSDg‘X(t)). Then,

P (DEx(D)) = ( If P D0 (EDEx(D)) = ¢ I~ EDirex(®)

To satisfy the last equality of above equation, we need the following condition.

x(k)(O) =0 k=mm+1,..,n

And,
tole TEDETX(D) = [P IR EDTHR(D) = TP SDP (D)

= DI Px()

11

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)
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If both conditions given in Eq. (1.28) and Eq. (1.33) are satisfied simultaneously, the
composition rule is valid. Therefore, the Caputo differential operator commutes as long

as m is equal to n with x(™ (0) = x™(0) = 0.

Derivative of a Constant C

The Caputo derivative of a constant is 0.

1 t clmde B
['(m—o)J, (t— T)o-m+l

¢D¢C = 0 (1.35)

On the contrary, the Riemann-Liouville derivative of a constant is not 0.

1 d (" Cdt  Clt—ty)™

WS A T at), oo T - o

(1.36)

If ty is —oo, the Riemann-Liouville fractional derivative of a constant C also has 0. Note
that when we put t, = —oo in both definitions, they come to have the same equation[1].

t xM(p)dr
I'lh— ) to (t —g)e—n+l

_EDex(t) = _.D¢x(t) = (1.37)

wheren — 1 < a < n.

Short Memory Principle

Let us consider the Griindwald-Letnikov derivative because it helps us see more
easily how past values of x(t) work for the fractional derivative. From the Griindwald-
Letnikov derivative definition, if current time t is large, we need a lot of past values of
x(t) for calculating the fractional derivative. This property of fractional order derivatives

is not attractable and useful for dealing with the practical engineering problem because
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we have finite memory. Fortunately, for large t, we have the short memory principle[1].
This is described by

t,Dex(t) =  DEx(1), t>ty+L (1.38)
where L is the “memory length”. This means that the fractional derivative depends on
mainly the “recent past” values of x(t). This approximation can attract many researchers
to the fractional derivatives world. The estimated error associated with the

approximation Eq. (1.38) has the following upper bound[1]

—0

M
e(t) = |, Dix() — — DEx(D)] < T to+L<t<T (1.39)

where x(t) < M fort, <t < T. In the case of the Caputo derivative, the short memory

principle is frequently useful. The truncation error E is given by[11]

E< M t-L 1 d _ L Ll_a 140
_’F(l—a)j; (t— 1)« T‘_m(t — L) (1.40)

where supefoq|x®P ()| =Mand 0 < a < 1.

C. PROBLEM STATEMENT
Let us consider the following linear time-invariant fractional order system.
aD*/?x(t) + bD*x(t) + cx(t) = u(t) (1.41)
If a is 3/2, this equation is known as the Bagley-Torvik equation[7]. More generally, D*
can be any fractional differential operator of order a among Riemann-Liouville
definition, Caputo definition and Griindwald-Letnikov definition as explained
previously. We choose the Caputo definition in order not to use the fractional order

initial condition.
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To interpret and examine the above fractional order system, the state-space
representation can be used. For Caputo definition, Diethelm et al all showed the way to
build up the state-space representation of the Bagley-Torvik equation. By applying his
idea to the extension to the general fractional order case, the state-space representation

algorithm can be done. Let us assume that o is 1/2. Now, we have the following form.
ED{%x(t) = Ax(t) + Bu(t) (1.42)

where A € R*** B € R**! and state vector are described by

0 1 0 0 0 X
A= 8 8 é 2‘,3 =I 8 ‘ and x(t) = glﬁ?; (1.43)
—c/a —-b/a 0 0 1/a D3/2x
Input is given as the state feedback control form.
u(t) = Fx(t) + v(t) (1.44)

where F € R™* is fixed. Now, the system has the following closed-loop form.
ED2x() = (A + BR)X(t) + Bv(t) (1.45)
To consider more general case, let us assume that we have the following closed-loop
form.
<DEx(t) = (A + BF)x(t) + Bv(t) (1.46)
where A € R™™ B € R™™ and F € R™*™. As the integer order case, we introduce the
robust eigenstructure assignment problem which look for choosing real gain matrix F in
order to put the closed-loop eigenvalues(poles) of the fractional order system into
desired specific places. All closed-loop poles should be in the following stable

region[12].
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T
lo| > 7% ¢ = arg(eig(A + BF)) (1.47)

where fractional order 0 < a < 2 and @ represents the argument of each eigenvalues of
matrix A+BF. Also, for robust eigenstrucure assignment, assigned poles should be as
insensitive as possible to the perturbations in A+BF.

After designing the gain matrix F, we need the estimator for the state. Hence, we
propose the fractional Kalman filter defined by Caputo derivatives. The approach by
Griindwald-Letnikov definition is already done by Sierociuk et al[13]. However, the
Caputo derivative is more attractive to us for the reasons mentioned before, which leads

us to derive the novel fractional Kalman filter defined by Caputo derivatives.

D. OVERVIEW OF THE STUDY

This section overviews the generalized steps that will be followed in this
dissertation. In this chapter we discussed the basic knowledge regarding the existing
ideas in fractional calculus and explored the various properties such as solution forms,
linearity, and short memory principle, and so on of fractional differential equations that
utilize Caputo derivatives.

In chapter II we build formulations for state-space representation and linear
system theory for the Caputo fractional order system. Also, we examine the stability,
controllability and observability for fractional order systems

Chapter III deals with issues about eigenvalue and eigenvector sensitivity under
the perturbations in fractional order systems. For the fractional order linear state-space

models, we examine the eigenvalue sensitivity due to system matrix perturbation[3]. The
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condition number for the closed loop eigenvector matrix, for the integer order case, is a
widely appreciated metric for measuring the robustness of stability. For the fractional
order case, we develop the robust stability formulations analogous to the integer
derivative case[6]. We find the relationship between the perturbation of the closed-loop
system matrix and the condition number of the closed loop systems modal(eigenvector)
matrix.

In chapter IV we examine the robust eigenstructure assignment to obtain the real
gain matrix F which places the closed-loop eigenvalues(poles) of the fractional order
system into a priori prescribed locations. Also, we establish an algorithm to minimize
the condition number of the modal matrix for the assigned poles to render them as
insensitive as possible to the perturbations in closed-loop systems matrix. We compare
our results with existing methods.

In chapter V we derive the Kalman filter for fractional order systems. For the
Griindwald-Letnikov derivative, the fractional Kalman filter has already been
introduced[13]. But we introduce the fractional order system Kalman filter defined by
Caputo derivative. We derive the discrete-time fractional Kalman filter and investigate

the various properties of the discrete-time fractional Kalman filter.
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CHAPTER II

LINEAR CONTROL THEORY FOR FRACTIONAL ORDER SYSTEMS

A. STATE-SPACE REPRESENTATION
Let us consider the following linear time-invariant fractional order system
defined by the Caputo derivative.
ax@ (1) + bDEx(D) + cx(v) = u(t) 2.1)
As mentioned in the previous chapter, we use the Caputo definition because it has the
following two great advantages:
1) The Laplace transform of the Caputo derivative requires only the initial values of
integer-order derivatives with known physical interpretations.
2) The Caputo derivative of a constant is 0, while the Riemann-Liouville derivative
of a constant is not 0.
In this dissertation, we consider only the fractional order of 0 < a < 1. Therefore, we
can solve Eq. (2.1) with the following initial conditions
x(0) = %o,  x'(0) =x, (2.2)
How can we change Eq. (2.1) into state-space form? Diethelm and Ford suggest a
good answer to the question of solving the Bagley-Torvik equation numerically using
the Caputo definition[7]. For the Bagley-Torvik equation, they showed the state-space

equations in the case of a=0.5 are as follows,

th9'5X1(t) = x, (D), thg'SXZ () =x3(0), th8'5X3 (1) =x4(0) (2.32)
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DX, (1) = a~(—cxq (t) — bxz (1) + u(t)) (2.3b)

For the matrix form, we can express it as

[x1(D] 0 1 0 0][*x(0] 0
Dt 28 = 8 8 (1) (1) Zgg +at 8 u(®) 2.4)
X4(1) —a~'¢c —a™'h 0 0 lx4(t)J 1

with initial conditions x;(0) = X(,X,(0) = 0,x5(0) = x,,x4(0) = 0. We can extend
this idea to the general case mentioned in [7][14].
Let us consider the following n-term linear fractional order differential equation.

XP) () + pp_gxPr-2 () + - + px I () + po = u(®) (2.5)

where x®10(t) = EDP*x(t) and B, = g—ii,ai andb; € Nforalli. B >B__ > >B,,

0<pBy<=1and B,—PB,_;, =<1 for all i. This differential equation is subject to the
following initial conditions.

xO(t) = x{%, k=0,1,..,[8,] - 1 (2.6)
From the above equation, we want to find the state-space representation with the

commensurate fractional order and the equivalent solution. To achieve this objective, we

first need to know the following lemma shown in reference[7].

Lemma 2.1[14]
Let x(t) € C*[0,T] for some T>0 and some k € N, and let « ¢ N such that 0< «

<k. Then,

th(txX(to) =0 (2.7)
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Proof

We rewrite Eq. (1.6).
DExX(D) = (17X (1), m = [a] (2.8)
Since m < k and x(t) € CK, t,DE'x(t) is a continuous function. Thus, we can show that

the right side in Eq. (2.8) becomes zero as t goes to zero by

1 t
; m-—a.,(m) — i — \ym-a-1,(m) —
ltl_r)lg to It X (D) ltl—r>rolr(m o jo (t—u) x™(uw)du=0 (2.9)

And, from Eq. (1.9) another important relationship is given by
£, DEx(t) = t‘é x(t) (2.10)
whenever x(t§) = 0.

Now, we are going to prove the state-space representation of Eq. (2.5).

Theorem 2.1[14]

Equation (2.5) is equivalent to the following system of equations
£DEx, (1) = x,(b)
t‘j %2 (1) = x3(t)

th(tIX3 () = x4(0) (2.7)

thgXN(t) = —Pn-1Xn-1(t) = Pn-2Xn—2() — ==+ = p1x;(t) + u(t)

subject to
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%i(ty) = {xgk) ifi=kM+ 1withk =0,1,..,[8,] - LEN 2.8)
(to) = i
1 elsewhere

where M is the least common multiple(LCM) of the denominators (by,b,, -, by),
M = LCM(b,, by, -+, b,). Then the fractional order of the corresponding commensurate

state-space representation and the dimension N can be obtained by
1
o=y and N=MXxf_ (2.9)
Proof
First, from Lemma 2.1, we have th%x(tO) = 0. Then let x,(t) = x(t) and let
X, (t) have the following relationship.
X (t) = $DEx (D) (2.10)
By using tSD%X(tO) = 0 and Eq. (2.10), the relationship between x5 (t) and x, (t) is given
by
x3(1) = $DExa (1) = DESDEX (D) = ¢ DY cDEx (1) (2.11)
From the definition of the Caputo operator given in Eq. (1.6), we have
toD(tlth(txX1 = tOD%tOItl_aX(l) (® (2.12)
By the property of the mixed operator of Riemann-Liouville derivative and the fractional
integral given in Eq. (1.22), the right side of Eq. (2.12) becomes
tngtoltl_aX(l) () = t01t1—2ax(1) (©) = $DEx (1) (2.13)
The last equality follows from Eq. (1.6). Therefore, we show x5(t) = t‘;D%"‘Xl (t). By

applying the above procedure to X, (t), k = 4, ..., N, we have the following equations.
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X4() = t0 tx3(t) = to ttoDzaX1(t) = tOD%tED *x1(0)

tOD(txtOI%_ZGX(l) t) = tOIt1_3aX(1) = tEDEmX1(t)

M-1 M-1
Xm+1 (D) = to txm (D) = tht toD( )GX1 0=y, ttOD( )axl(t)

1-(M-1a_(1 a a
~ to gLtolt ( )QXE )(t) =t tto tX1 )(t) =X )(t)

N-— N-—
xy(0) = EDfxy_1 (1) = EDESDND%, (1) =  DEEDIN %, (1)

(2.14)
= DIl a1
_ toll[ﬁn]—l—Nu+anBn]—1)(t) _ tollﬁn]—l—ﬁn+axg[ﬁn]—1) ©

Bp—a
:tht x1 (1)
N-1 N-1
th%XN(t) = t ttoD( )aX1(t) = tODttOD( )axl(t)

[Bn] 1-(N-Da ([Bn] 1)(t)

=t ttolt
= APl (Bl 4 — cpPay ()

From the above relationships and Eq. (2.5), we finally obtain the following equation.
th(thN(t) = —Pn-1Xn-1() = Pn—2Xn-2() = = p1x1 () = po +u(®)  (2.15)
Now, we can transform any fractional-order equations defined by the Caputo definition
into the state-space representation. As you can expect, this seems to have the curse of
dimensionality if we have a very small common fractional order. To avoid this problem,
one can use the incommensurate order[15]. However, in this dissertation, we only

consider the commensurate order case for convenience of the analysis.
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From Theorem 2.1, we have the corresponding matrix form by

<DEx(t) = Ax(t) + Bu(t) (2.16)
where the state vector can be given by x = [X1 X2 ** Xu]T and the matrices A and B
are given by
0 1 0 0
0 0 1 0
A= : : 0
lo o o 1 | (2.17)
l_Po —P1 TPz _pn—1J
B=[0 0 1]7

If we have a general linear output equation, it can be given by
y(t) = Hx(t) + Du(t) (2.18)
where y € R™1, H € R1*" and D € R1*™,
By using the Laplace transform with zero initial conditions, we can have the s-
domain representations given by
s*X(s) = AX(s) + BU(s) (2.19a)
Y(s) = HX(s) + DU(s) (2.19b)
where s is the Laplace variable. In order to obtain the input-output transfer function, we
substitute X(s) solved from Eq (2.19a) into Eq. (2.19b), which yields
Y(s) = (H(s*I — A)™'B + D)U(s) (2.20)
We call the determinant of (s*I — A) the characteristic equation because it determines
the stability and behavior of the system. Also, the solution of the characteristic equation
gives us the poles of the transfer function in the s-domain. Generally, it is difficult to

find these poles in the s-domain for fractional order systems because of the s* form.
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Instead, we transform the s-domain into the w-domain by w = s®. Then we call the
solution of determinant of (wl — A) poles for fractional order systems[16][17]. By
examining these poles, we can check the stability of fractional order systems. We will

examine the stability characteristics in a later section.

B. EIGENVALUES AND EIGENVECTORS OF FRACTIONAL ORDER
LINEAR SYSTEMS AND STABILITY ANALYSIS
In this section, we want to investigate the stability of the linear fractional order
system. Let us consider Eq. (2.16). We assume that the input u(t) is zero. Then we have
the following fractional order system
CDEx(t) = Ax(t) (2.21)
This is the eigenvalue problem for the fractional order system. From now on, we will
show that the eigenvalue matrix has the diagonal form of A and the corresponding
eigenvector matrix is ® for the above fractional order system. Assume that A can be
diagonalizable, which means that A is a non-defective matrix. Hence, there exists the
coordinate transformation which makes the matrix A diagonal form. We can introduce
the modal vector z which has the following transformation.
x(t) = oz(t) (2.22)
By our assumption, the coordinate transformation ® has the following diagonalizing
property.
O 'AD = A = diag{), ..., A} (2.23)

With Eq. (2.22), Eq. (2.21) can be written as
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O EDYz(t) = Adz(t) (2.24)
By the pre-multiplication of ®~* on both sides, we have
<DYz(t) = @' Adz(t) = Az(t) (2.25)
Then each element z;(t) of z(t) has the following uncoupled differential equation.
Dz (1) = Az (1) (2.26)
And the solution is given by
zi(t) = Eq (M (t — to)*)zi(to) (2.27)

Hence, z(t) can be expressed in a state transition matrix form.

z(t) = P(t, to)z(ty) (2.28)
where
Eq(M(t—to)") 0 0
Y(tty) = 0 Eq(h2 (t:— to)%) 0 (2.29)
0 0  Eqn(t—1t0)%")

Finally, the solution of the original fractional order system can be given by

x() = OP(t,t,) D T x(ty) = E(t, to) x(t) (2.30)
where Z(t,ty) = ®P(t, to)® ' . To show that the eigenvalue matrix is A and the
eigenvector matrix is @ for the original fractional order system, we use the solution
obtained in Eq. (2.30). By substituting this solution into Eq. (2.21), the left hand side of
Eq. (2.21) can be given by

thfch(t) = tcoD%E(t»to)X(to) = (Dth%‘P(t,to)CD_l x(to)
2.31)
= DAY(t, t))D " x(ty)

And the right hand side of Eq. (2.21) can be given by
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Ax(t) = AE(t, to) X(to) = ADY(L, to) D x(t,) (2.32)
Eq. (2.31) and Eq. (2.32) should be equal.
ADP(L, t,) D x(ty) = DAY(L t)D ' x(t,) (2.33)
Therefore, Eq. (2.24) yields
DA = AD (2.34)
Now, this can be expressed as the following eigenvalue-eigenvector pair form.
ridi = Ad; (2.35)
Then, ® = [¢p; ¢, -+ &y]. Therefore, eigenvalues of the fractional order system
given by Eq. (2.20) are A;(i =1,...,n). The corresponding eigenvectors are ¢p;(i =
1, ...,n) determined by Eq. (2.35). This means that the coordinate transformation matrix
® given in Eq. (2.21) is the eigenvector matrix for the original fractional order equation
and the diagonalized matrix A is the eigenvalue matrix.
Also, we can find the poles(eigenvalues) by using the Laplace transform. With
zero initial conditions, Eq. (2.20) can be described by
(s"I—A)X(s) =0 (2.36)
For the s-domain, the characteristic equation is given by
det(s*I—A) =0 (2.37)
We can verify the stability if the poles are in the left half plane of complex s-domain.
For some a, it is difficult to obtain the s values to satisfy the above equation. As such,
we need a more convenient method to check the fractional order system. This can be
done with another complex map given by the s* = w transformation[16][17]. Then our

characteristic equation is given by
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det(wl —A) = 0 (2.38)

4 Im(w)

A
[
|
|
A

Figure 2.1. Unstable Regions of s-domain and w-domain

For checking the stability in the complex w-plane, we need to check the transformation
of the stability boundary (s =ret2,0<reRr < oo) into the w-plane. This
transformation equation can be given by
T .
w = s* = rtet2¥ (2.39)
This means that the imaginary axis in s-plane transforms to a wedge which consists of

two lines with the corresponding arguments, ¢ = + g a. And the right half plane in the s-

plane maps into the region with |p| < goc in Fig. (2.1). Therefore, the stable region in the
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complex w-plane can be checked if the arguments of poles are satisfied with the

following inequality.

T
lo| > e (2.40)

Also, this stability region has been examined with other researchers. The following

theorem shows the stability of the fractional order system.

Theorem 2.2[12][15][16][17][18]
The fractional order system given in Eq. (2.21) is stable if and only if the

following inequality is satisfied.

T
lo] >Ea (2.41)

where 0 < a < 2and ¢ = arg(eig(A)).
According to the argument ¢ of eigenvalues and the fractional order of a system,

the step responses can be summarized in Table 2.1[16][17].

Table 2.1. Step Responses

Argument ¢ Stability and Time Response
lol < gd Unstable and oscillatory
goc <lo| < na Underdamped(Stable and oscillatory)
lo| = na. Overdamped(Stable )
o< |lo|l<m Hyperdamped(Stable)
lo| == Ultradamped(or over-hyperdamped, Stable)
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Example 2.1. Let us consider the following fractional system.
xM (1) — EDY3x(t) + x(t) = u(t) (2.42)

By theorem 2.1, the state space representation of above system can be expressed as

oot ol =15 1laco] +[3]e0 249

We assume that the initial conditions are given as x;(0) = x(0) and x,(0) = 0. To
obtain the eigenvalues, we use the following characteristic equation.
det(s*°I-A) =0 & S*—s®5+1=0 (2.44)
Let w = s%°. Then we have the characteristic equation in terms of w.
wZ—w+1=0 (2.45)

1+\/_

The solutions are obtained by wy, = . To check the stability of these poles, we

examine if the arguments of the eigenvalues are satisfied with the stability
. . T . .
inequality ((|(p12| = 1.1462) > (Ea = 0.7854)) . Therefore, this fractional order

system is stable.

C. SOLUTION OF LINEAR FRACTIONAL ORDER SYSTEMS
We want to find the solution of time-invariant linear fractional order systems
with 0 < a < 1 given in Eq. (2.15). By the Laplace transform of Eq. (2,15), we have the
following s-domain equation.
X(s) = (s*1 — A)71s% Ix, + (s*1 — A)"1BU(s) (2.46)
By the inverse Laplace transform of Eq. (2.46), the solution of Eq. (2.15) in the time

domain can be given by
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t
x(t) = Eq(A(t — to))x, + f (t—&" TEgq(A(t— ) Bu(x(8),8)ds  (2.47)
o

where the Mittag-Leffler function, a generalization of the exponential function, is

defined as
EQ(Z) = ;m, (Z € (C; 9‘{((1) > O) (2483.)
Bop(2) 1= ;F(ak—m (2B € C;R(0) > 0) (2.48b)

We can see that E; (z) = exp(z) and E,(z) = E,;(z). Also, we define the a-exponential
function as
2i= 2070 Y N = 2971E, (A2, (z € C\{0},A € GR(x) > 0) (2.49
kz_o D) = £ a2, e 0\(0) (@>0) (249)
By using the a-exponential function, Eq. (2.47) can be described by

t
x(t) = E (At — to))x, + f eA0 By (e)de (2.50)
t

0

Let us consider ‘ty’ is equal to 0. In this case, Eq. (2.50) is expressed as

x(t) = E,(At)x, + f A0 Bu(&)d¢ (2.51)

0

D. CONTROLLABILITY AND OBSERVABILITY
Controllability

From Eq. (2.48) and Eq. (2.49), we can express the a-exponential function given

in Eq. (2.51) as
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A=) _ R NG R DL N P (Sl O L
€ = (=9 F(ak + o) Z(t S I'(ok + o) Tar o (2:52)

By Cayley-Hamilton Theorem[3], A" can be written as a linear combination of {I, A, ...,

A"} Also, A! for i>n can be written as a linear combination of {I, A, ..., A" '}

Therefore, the above equation can be expressed as[19]

n-1
es™ = > pi(t— A" (2.:53)
k=0

where py(t) is the sum of the coefficients related to the Affork=0,1,..,n—1,

respectively. Then the solution at t = t; can be given as

te n—1
X(t) = Ea(AGxO7) + [ ) piltr— & ABu(©)de (.54
0 =0

By spreading the summation, we have

o
rq

x(t) — Eo(A)x(0") =[B AB - A" 'BI| . (2.55)

I'n—1
where ry = | Ot "ot — &) u(&)dé.. From the above equation, we can state that the system
inputs can drive any initial state X(0+) to the arbitrary final state x(t¢) in finite time(0 <
t <tg) if n X nm matrix [B AB --- A" 1B] has rank n. This means that the system is

controllable if [B AB .- AP~1B] has rank n, which is the same as integer order

systems.
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Observability

Observable canonical form can be described by

SDEXG (1) = AgXo () + Byu(t)
(2.56)
Yo = Hox, () + Dou(t)

where the matrices A, € R™" | B, € R™™ H, € R'*" and D, € R*™ are given by

[O 0 0 —Po ]
|1 0 0 -pg |
Ao=]0 1 0 —p, |
;s o~ s | 2.57)
lo 0 -« 1 —p,_,]
H,=1[0 0 1]

If a general single-output system given by (A, B, H, D) can be transformed to the
observer canonical form given in Eq. (2.56), it is “fully observable’[4]. By using a
transformation of state, we can convert the state-space described by Eq. (2.16) to the
observable canonical form. We can introduce the new vector which has the following
transformation relationship.
x(t) = Tx,(t) (2.58)
By substituting Eq. (2.58) into Eq. (2.16), we have
TeD{x, (1) = ATX,(t) + Bu(t) (2.59)
By pre-multiplication of the inverse of T on both sides, we have
DX, (t) = TTTATX, (1) + T~ *Bu(t) (2.60)
Now, the coordinate transformation T should be satisfied with the following property.
T IAT = A, (2.61)

By the pre-multiplication of T on both sides, we have
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AT = TA, (2.62)
With T=[t; t, - t,], the above equation can be expressed by
0 O 0 —po
1 O 0 _pl
0 0 = 1 —ppq
Then we have some relationships as
tz = Atl

t3 = Atz = A2t1

(2.64)
t, = At,_; = A"ty
By Eq. (2.58) and Eq. (2.18),
y(®) = yo(t) & HTx, (1) = Hox, (1) (2.65)
From the above equation, HT = H[t; t, -+ t;] = H,. Then we have the following
equation.
Ht; =0
Ht, =0
(2.66)
Ht, =1
Substituting Eq. (2.64) into Eq. (2.66) yields
H 770
=[] | (2.67)

HA™! 1
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If[H HA - HA™!]Tis nonsingular, there exists the state transformation to make
the original system the observable canonical form. Therefore, we have to check if
[H HA - HA™!]T hasrank n for observability.

Now, we want to have the discrete time representation of Eq. (2.42). We will try

two approaches and show the numerical simulations for both approaches.

E. DISCRETE-TIME SYSTEMS
Approach |

From Eq. (2.51), the solution has the following form at t=t, .

th+1

X(tns1) = Eq(Atys19xX(0%) + f A0 Bu(e)de (2.68)

0
And, the solution at t=t,, has the following form.
th
X(t) = B (At 9x(09) + [ el Bugoyde (2.69)
0

where t,,; —t, = At,a sampling interval. We assume that the sampling interval is

fixed. Subtracting Eq. (2.69) from Eq. (2.68) leads to

X(tns1) = X(ty) + (Eq(Aty41%) — Eo(At,®))x(0)
(2.70)

th+1

ta
_ f eS(tn_é) Bu(a)dé + f e3(tn+1_® Bu(é)dé:3
0 0
The last term on the right hand side can be divided into two terms as

tn+1 th th+1
f ﬁwﬂﬁBM@%:f Q%H@BM@@+I ertnn1D gye)de  (2.71)
0 0 t

n

With Eq. (2.70) and Eq. (2.71), we have the following equation.
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X(tns1) = X(tn) + (Eq(Atp41*) — E(At,®))x(0%)

. - (2.72)
+ J. (es(tn+1_§) _ eg(tn_é))Bu(é)da + f es(tn+1_§) Bu(é’;)dé’;
0 t

n

Now assume that the control input is constant during a sampling interval, At. Then we
want to find the analytical solution to ft;n“ es(t““_é) Bu(&)dé. The following derivative
equation is given in[1][20].
3ZB_lE (Az®) = zP72E_4_1 (Az%) (2.73)
92 B ap-1
Letting B = o + 1 and substituting it into Eq. (2.73), we have

9]
&ZQEQ,O&IO\'ZQ) = Za_lEa,aO\'Za) (2.74)

We can see that the right hand side of Eq. (2.74) is equal to e}*. Integrating both sides in

Eq. (2.74) with respect to z yields

b Kl b
j az‘*Ea’aﬂ(kZ“) dz = f 2 1E, o (Az*)dz
a a

b b
ZaEa,a+1(7\'Za)|: = j 2% E,,(\z%)dz =J el?dz (2.75)
a a

b
| €ldn = DB %) = 2 Ga)
a
By the change of variables, Eq. (2.75) becomes

th+1
.f eg(tnﬂ_@ Bu(i)dé = (tn+1 - tn)aEa,a+1(A(tn+1 - tn)a)Bu(tn)
tn (2.76)

= AtaEa,(Hl (AAta) Bu(tn)

By applying the above result to Eq. (2.72), we can obtain the following relationship.



x(tn+1) = x(tn) + (Ea(Atn+1a) - Ea(Atna))X(0+)

n-1

k+1
N Z f ( es\(tnu—é) — 2®~9y 4¢ Bu(ty)
k=0 "k

+ At°E, 441 (AAt)Bu(t,)

Finally, we obtain the discrete-time representation.

n-1
X(tn+1) = X(tn) + lP(tn+1' tn)x(0+) + A(tn+1' tn' tk+1' tk) u(tk)
k=0
+ I'(At)u(ty)
where
lIl(tn+1:tn) = Eu(Atn+1a) - Ea(Atna)
A(tn+1l tn' tk+1' tk)
= ((tnss = 1) Euars (Altnss — 6%
- (tn+1 - tk+1)OLEot,0L+1(A(tn+1 - tk+1)a))
= ((tn = 6 Eq 1 (Altn — 6%
- (tn - tk+1)uEa,a+1(A(tn - tk+1)a)) B
T(At) = At"Eq 41 (AALY)B
Approach 11
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(2.77)

2.78)

(2.79)

(2.80)

2.81)

This approach aims at eliminating the presence of initial values, x(0%), in the

final discrete-time representation. From Eq. (2.69), we obtain the following equation.



36

th
x(0*) = E,(At,") (x(tn> - f entn™® Bu(@)d&) (2.82)
0

Substituting above equation into Eq. (2.70) leads to

X(th+1) = Eq(Atn 1 DE (At ) 7' x(ty,)

th
- B (A OB A [Tl B
: |

th+1 Altysq—5)
+ j et By (e)de
0

By splitting the last term and combining it with the second term on the right, we have

X(tn+1) = E(x(Atn+1a) E(x(Atna)_lx(tn)

th
A(tn+1_é) o ay—1 A(tn_é)
+ e — E, (At E, (At e Bu(¢)d
j;) ( o a( n+1 ) a( n ) o ) (E) E (284)

th+1 Altgs1—)
+ f e, v 7 Bu(§)d§
t

n

Then we change the continuous integral to the discrete-time summation.

X(th+1) = Eq(Atyy1Eq (At ®) 7 1x(ty)

ik, k41 A
+ Zf (eu(t““_®
k=0 "t

— Eq(Atn)E,(At,) et ™) dE Bu(ty)

(2.85)

+ AtEq g1 (AAE)Bu(ty)

Finally, we have the following discrete-time representation.

n-1

X(tn+1) = (D(tn+1r tn)X(tn) + Y(tn+1' tn' tk+1' tk) u(tk) + F(At)u(tn) (286)
k=0



37

where
D(tni1,tn) = Eq(Atyy1DE (A, ™ (2.87)
Y (tn+1, tns ties 1, )
= ((tnsr = 60 Equr1 (Altnss — 1))
= (tns1 = tiern) “Eaaes Altnsr — tien)®) (2.88)
— Ea(Ath a1 DB, (Aty®) ™ ((ty = ) B (A(ty — £)%)

— (tn = tie1) Eq 1 (Altn — tie1)™) ) B
['(At) = At“E, 41 (AAt*)B (2.89)
Equation (2.86) is equivalent to Eq. (2.78). From both equations, we can observe that the

fractional derivative has a non-local property because of the second term on the right

hand side.

F. NUMERICAL SIMULATION

In this section, we want to compare the numerical solutions done by analytic
solution, PECE(Predict, Evaluate, Correct, Evaluate) algorithm, and two discrete-time
approaches to verify our discrete-time models developed in the previous section. The

example is given by the first order linear differential equation.

dx(t)

T = —X(t) + U(t) (290)

where x(0) is given. We can change the above integer order system to the following

fractional order system.
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th9'5X1(t) = x,(t)
2.91)
thg'SXZ () = —x1(t) + u(t)
where x;(0) = x(0) and x,(0) = 0. Eq. (2.91) can be represented as the matrix form.
SD,"x(0) = AX(t) + Bu(t) (2.92)

where

Az[_ol (1)] and Bz[(l)] (2.93)

Let x;(0) = 10. And the control input is chosen as a step input, u(t)=1 with t>0.

Analytic Solution
Let us find the analytic solution. By taking the Laplace transform of Eq. (2.91),
we have

sO5X, (s) — s7%%x(0) = X,(s)

(2.94a)
1
$O5X,(s) = —X,(s) + . (2.94b)
Substituting X, (s) in Eq. (2.94a) into Eq. (2.94b) leads to
x(0)—1 1
X _ - 2.95
1(8) St 1 + S (2.95)
By Eq. (2.94a),
Xa(s) = LX) o 296)
2T s 41

The inverse Laplace transform leads to
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x;() =97t +1
(2.97)
X (1) = —9tE; ;1 5(—1)

PECE(Predict, Evaluate, Correct, Evaluate) Algorithm

This algorithm developed by Diethelm, Ford, and Freed is widely used for
numerical simulation of fractional order differential equation defined by the Caputo
derivative[21][22]. For the explanation of the general case, let us consider the following
fractional differential equation.

DX (1) = f(t,x(t)) (2.98)
where x® = x(()lf,),k =0,1,...,[a]. Let the simulation time be T. And the simulation
interval is [0,T]. The grid is given by

ta=nxh (2.99)
where n = 0,1,2, ..., N and h is the time interval, h = % And then, we want to obtain x(t)

at time T. Now, we explain the procedure.

Step 1). Predict the xX (h) at t=T.

o]

Tk he N-1

Py — (K) E '

xy(h) = 2,1 Xgr T ) O by nf(tn, Xp) (2.100)
= n=

where
byn=(N-n)*-((N-n-1)*" (2.101)
Step 2). Evaluate f (T, XKI).

Step 3). Then, correct with
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] he N-1
k
XN(h) = Z k' ( ) 1_,(2 T ) ; Cn,Nf(tn:xn) + CN,N f(TIX§) (2 102)

x(T) = xy(h) + O(hmin+e2)

where
(1 4+ o)N® — NI+ 4 (N — 1)1+ ifn=0
N = )(N—n+ DM —2(N-n)™*+ (N—n—-1"** if0<n<N (2.103)
1 ifn=N

Step 4). Re-evaluate f(T, xy) and save it as f(ty, Xy).

After finishing steps 1 to 4, we increase the simulation time T, then repeat above steps.

Numerical Results

From the following results(Figs. (2.2) to (2.5)), we can observe that the solution
by the PECE algorithm and the discrete-time solutions(approach 1 and approach II
developed in the previous section) give us a good approximation of the analytic solution.
In this case, the discrete-time solutions were found to have smaller error than the PECE

algorithm.
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CHAPTER 111

STABILITY ROBUSTNESS CRITERIA

A. SENSITIVITY AND CONDITIONING

The existence of uncertainties or parameter variations can change the eigenvalues
of the system affecting stability. This forces us to consider stability robustness. For the
conventional integer order system, large amounts of research about stability robustness
have been done. However, in the fractional order system, very few studies are available.
The reason is because we cannot apply the Lyapunov stability theory, the major analysis
tool for this stability area, to fractional order systems even if some results of it exist in
references[23][24]. This makes it difficult to interpret the stability of fractional order
systems and leads us to try to find a way of interpreting it in complex-domain.

In this chapter, we want to draw some useful results about stability from the

analogy between the integer order system and the fractional order system.

Eigenvalue and Eigenvector Sensitivities

First, we examine the right and left eigenvalue problem for the given non-
defective integer order linear system. Similarly, we can derive the right and left
eigenvalue problem for fractional order systems. Then the analytic expressions for the
eigenvalue and eigenvector derivatives with respect to some arbitrary parameter can be
used for both linear systems.

Let us consider a non-defective linear autonomous system given by
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Bx(t) = Ax(t) (3.1)
where x(t) € R" and A, B € R™". From above equation, the right and left eigenvalue
problems can be expressed as[3]

MBo; = Ad; and ABTY; = ATy, i=12,..,n (3.2)
with the biorthogonality conditions
¢ Bp;=1 and ¢Bd; =3y ij=12..,n (3.3)
where 6;; is the Kronecker delta and A; presents the eigenvalue with the corresponding
right and left eigenvectors ¢; and ;. Note that if the eigenvalue is complex, the
transpose should be changed to the Hermitian conjugate. By using Eq. (3.2) and Eq.
(3.3), the right and left eigenvectors have the following relationship.
Yl Ad; = Xy, 1,j=12,..,n (3.4)
Similarly, we want to find the eigenvalue-eigenvector pairs for the fractional
order system. Let us consider an n-dimensional non-defective linear fractional order
system.

BiDEx(t) = Ax(t) (3.5)
where x(t) € R" and A, B € R™". Now, we want to know the right and left eigenvalue
problems of the above fractional order system. The solution form of the above equation
can be given by x(t) = ¢E,(At*). Substituting this form into Eq. (3.5) yields

BEDH(PE,(M®) = ADE,(Mt®) (3.6)
By th%(Ea()»t“)) = AE,(At%), the above equation can be described by

ABGE, (M) = APE, (M%) (3.7)
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Therefore, the right eigenvector is shown by
AB—-A)p; =0, i=12,..,n (3.8)
From the above equation and the definition of the left eigenvector, the left
eigenvector can be obtained by
YI(B—A)=0, i=12,..,n (3.9)
By taking the transpose on both sides, we have
(LMB—A)TY; =0, i=12,..,n (3.10)
From Eq. (3.8) and Eq. (3.10), we can construct the eigenvalue problems for fractional
order systems as
LB =Ad; and ABTY; = ATy, i=1.2,..,n (3.11)
with the biorthogonoality conditions
¢Bdp;=1 and ¢/Bdp;=3; ij=12..,n (3.12)
As a result, we obtain the same eigenvalue problems as for the integer order systems.
From these observations, we can readily extend the eigenvalue and eigenvector

sensitivities formula used for integer order systems to fractional order systems.

Theorem 3.1[3]. Eigenvalue and eigenvector sensitivities
Partial derivatives of eigenvalues and eigenvectors of systems described by Eq.

(3.1) with respect to some arbitrary parameter,p, are given by

0A 0B

Wi _ T( A ) j=12 3.13
ap _ll"] ap lap ¢i' L)=1,4,...,1 ( . )
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op — d

n n
¢1 = Z allq)l and lI;I = Z B]lll"]: l,] = 1,2, W Nl
=1

where aj; and Bi]. are given by

r 1 T(aA x aB> .
aji =X n
1 0B
5| #75, @+ ) madlB+BNG| =i
\ Tl (3.14)
(1 (A _ 0B o
47\1—7\1% (%_}\i%>¢j j#1
" 9B .
L _q’i%q)i_aii j=1i

From the previous observations, we can also use these formulas to find the eigenvalue
and eigenvector sensitivity for fractional order systems given in Eq. (3.5). By using this

eigenvalue sensitivity, a new robust stability measure was introduced in Reference [25].

Conditioning of the Eigenvalue Problem

In this section, we want to find the upper bound of the variation of eigenvalues
due to the perturbation in the system matrix for fractional order systems. As we did in
the previous section, we can extend the existent theorem for integer order systems to for

fractional order systems.
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Theorem 3.2[3][26]

Let us consider the integer order system given in Eq. (3.1) or the fractional order
systems given in Eq. (3.5) with A which has the following eigenvalue and eigenvector
matrix. We assume that B=I in Eq. (3.1).

A =diag{)\, ..., A} and @ = [y, ..., Pyl (3.15)
And, consider a perturbative matrix E. The eigenvalue and the corresponding
eigenvector of a perturbed system matrix A+E are given by p and v with the normalized
condition, ||v|| = 1, respectively. Then, the following inequality is satisfied.

minf; — ul < IEIk(®), i=1,..,n (3.16)

where k(®) = ||®||||®7 Y| is called the condition number which is widely used to
represent the quantitative measure of ill-conditioning of the system. For the fractional
order case, the proof as shown in the integer order case can be used and there is no
difference between them so that we can apply the theorem to the fractional order system
case.

Also, this theorem can be interpreted as
miin|7\i — | < lElIk(®), j=1,..,n (3.17)

From this theorem, it is observed that the condition number plays a big role for the upper
bound on the eigenvalue variations due to the perturbation. Norm of the perturbative
matrix cannot be chosen, but the condition number can be an adjustable design
parameter if we make the original system closed-loop form by putting the feedback

controller. Therefore, the condition number is an important measure for the eigenvalue
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sensitivity. By the definition of the spectral norm, the condition number has the

alternative form as

K(®) = - (3.18)

where 0, and o, are the maximum and minimum singular values of the modal matrix ®.
This condition number has the following inequality property[27].

1<k(®)<w (3.19)
If the eigenvector matrix is an orthogonal(unitary) matrix, the condition number has the
lower limit. If the eigenvector matrix is any rank-deficient matrix of @, the condition
number reaches the upper limit[3]. From these observations, when we design the
feedback controller with multiple inputs, we can conclude that we should make the
closed-loop eigenvector matrix close to an orthogonal(unitary) matrix for the closed-
loop eigenvalues to be insensitive to perturbations. In other words, the condition number
should be treated as the cost function to be minimized if we want to design the feedback

controller for stability robustness.

Measure of Robustness

There are many kinds of definitions to measure the robustness of the linear
integer order system. Let us have the right and left eigenvectors described in Eq. (3.2)
with B=I. It is well known that the sensitivity of each eigenvalue A; depends on the

magnitude of the condition number ¢;[6][27].
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_ 1wl e,

el i=1..n (320
by " &

— )

where s; can be interpreted as the cosine of the angle between the right and left
eigenvectors for real A;. Furthermore, this condition number ¢; has the following
inequallity[6] [27].

max ¢j < 1 (®) = @l [|o7]], (3.21)

Since the condition number ¢; is greater than or equal to 1 and is less than x, (®), c; for
all j has the minimum value if and only if the eigenvector matrix is orthogonal(unitary).
From Eq. (3.21), we can introduce two measures of robustness.
vi = |lc]l, = mjaxcj (3.22)
where ¢T = [c;, ¢y, -+, ¢y ). And,
v, = K (D) (3.23)
Now, we assume that the normalized right eigenvectors ||(|)]- ||2 =1 for all j. This

assumption can make the measures of robustness be the most simple and convenient

expressions as possible. The left eigenvector matrix can be given by
Y=g P, -~ Yy]=07" (3.24)
WT @ = [, which gives us ll,le(I)j = 1. Then, the condition number defined in Eq. (3.20)

can be expressed only in terms of the norm of the left eigenvectors.

_ sl Nl

¢ = =|gsll. =1, j=1,..,n (3.25)
el =l

From our assumption of the right eigenvector’s normalization, we have
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1Plle = [TI ||yl = n¥/2 (3.26)

And, from Eq. (3.24) and Eq. (3.25), we have

Jol, = 1¥7e = (Ellwl = (5 e? = lell (3.27)

Then another measure can be introduced by[6]
v =0 2|07 =072 el = n 7 IDllp[| 07| = nT (@) (3.28)
Note that all measures from v; to v3 have the minimal value if and only if all condition
number ¢; = 1, that is, if the eigenvector matrix @ is orthogonal(unitary).
We want to find the inequalities among all measures. The vector norm inequality
is given by[28]
X/l < lIXll2 < Vnllxllo (3.29)
where x € C". Then, we have ||c||,, < |Ic|l, < Vnllc||o, which gives us
v; <vVnvz <vVnv, (3.30)
Pre-multiplication of v/n leads us to
Vnv; < nv; < nv, (3.31)
And the matrix norm is given by[28§]

1Dll, < [|Dllg < Vnl|O|l,
(3.32)
lo7H, < [lo7H; < vallo™|,

where ® € C™". Then we have II(I)||2||(I)_1||2 < ||<I>||F||(I)_1||F < nII(D||2||(I)_1|

, which
2

gives us
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v, < nvz < nv, (3.33)
From Eq. (3.30), Eq. (3.31) and Eq. (3.33), we have

1<v3<vi<v,<nvs (3.34)

Geometrical Stability Measures

As mentioned previously, we can have the minimum condition number when the
eigenvector matrix is orthogonal or unitary. From this fact, we can set up the desired
unitary eigenvector matrix. Because our eigenvector matrix has some admissible space
considered as the constraint, we try to make our eigenvector matrix lie as close as
possible to the prescribed unitary eigenvector matrix.

Suppose that we choose a desired unitary eigenvector matrix ® and we have the
achieved eigenvector matrix ®. In order to obtain the distance between ® and @, we can
measure the angles between two eigenvectors selected individually from both

eigenvector matrices.

850l = 1 (in0) =cos0y <1 j=1,..0m 635)

where 0; is the angle between ¢; and $j. Then we define the new measure as[6]

n 2

v, =n~1/? Z(sin 9]-)2 , 0sv, <1 (3.36)

j=1
When @ is the unitary, v, has the lower limit.
We also introduce a new measure, where the sum of angles between eigenvectors

should be as large as possible to be close to the unitary matrix. In other words, the sum
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of the dot product between eigenvectors should be zero in case of the orthogonal or

unitary matrix. Therefore, the new measure is given by

n-1 n
vg = ;j;l||¢?¢j|| (3.37)

If we choose vg as the cost function, the minimum value of it is zero when the

eigenvector matrix is orthogonal or unitary.

4 Im(w) /_,/ y= (tan @) x

Region B

A

Poin

Region C

Figure 3.1. Distance between Poles and the Stability Lines

Weighted Robust Stability Measures

We still assume that the normalized right eigenvectors ||¢j ||2 =1 for all j. There

are two weighted measures of conditioning obtained by using v; in Eq. (3.28) and v, in

Eq. (3.36)[6].
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v3(D) = |[DO™||_/IIDIlg (3.38)

N[

n 2 n
v =( ) d(sing)* | [ a2 (339)
j=1 j=1
where D = diag{d,, dy, ..., dy} is a real diagonal weight matrix with d; > 0 for all j. The
imaginary axis is the boundary line for the stability of integer order systems. Hence, if
possible, the real part of the eigenvalue should be a large negative number for
maximizing the stability margin. To weigh this property, we can choose d;j° 1= Re(—kj)
for the integer order system. However, for the fractional order system, the imaginary
axis is not the boundary line for stability any more. We can put weights d;” 1 = §in Fig
(3.1) for the fractional order system. Let us examine how to obtain 6. Assume that two
complex conjugate eigenvalues are given by Re(A) + Im(L)i and the fractional order of
a system is given by a. Depending on the location of eigenvalues, we have two different
6 formulas.

First case is when the eigenvalue is located in Region A or Region C in Fig (3.1).
Let us assume that eigenvalues are given in Point a and Point b in Fig (3.1). The

stability lines can be described by
y=x(tanp)x, x>0 (3.40)

where ¢ = g(x. x and y are variables which represent Re(w) and Im(w) of the w-

complex domain, respectively. Now, we want to find the closest distance 6 between the
location of the eigenvalue and the stability line. The closest distance between a

point(m, n) and a line(px + qy + r = 0) is well-known by
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m+qgn+r
Distance = w (3.41)

Therefore, § can be obtained by

|(tan % 0() Re(A) — Im(k)|
6= (3.42)

\/(tan%a)z +1

By (tan8)? + 1 = (sec8)?, we obtain the closest distance as

6= |(singa) Re(A) — (cosga) Im(k)l (3.43)

Now, we consider the second case which has the eigenvalues in Region B. So we
assume that the eigenvalues are given in Point b and Point c. The closest distance 6

between the location of the eigenvalue and zero point can be obtained by

§ = /Re()? + Im(1)? (3.44)

In summary,

5 = |(singa) Re(A) — (cosga) Im(?»)| ,  Ain Region A or Reigon C

(3.45)
VRe(W)? + Im()2, X\in Region B
B. STABILITY ROBUSTNESS CRITERIA
Problem Formulation
Let us consider the following equation.
dx(t
% = Ax(t) + f(t, x(1)) (3.46)

where A € R™™ is a time-invariant stable matrix and f(t,x(t)) is a time-varying

nonlinear vector function with f(t,0) = 0 for Vt. We can consider f(t,x(t)) as the
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perturbation in the system. Even if we don’t know it exactly, it might be possible to have
an estimate of some bound on the perturbation. Therefore, we want to investigate this
bound on the perturbation to make the system still stable. For the integer order system,
the following theorem shows it. This bound is conservative, meaning that there are many
methods showing better results. But the following theorem can be a good starting point

to examine the bound on perturbation for fractional order systems.

Theorem 3.3[29]
The system described in Eq. (3.46) is stable if the matrix A is diagonalizable and

2,01l _ o
If©.o0 - _ o
12O K@)

(3.47)

where 6 = Max (Re(X(A))) <0. Re(X(A)) represents the real part of eigenvalues of A.

k(@) = ||®||||[@ 1|5 is the condition number where ® is the similarity transformation
matrix which diagonalizes matrix A.

This theorem can be proved by using the Lyapunov method or transition matrix
approach. From this theorem, we can extract the bound of linear perturbation to

guarantee the stability of the following system.

Y — ax() + EOx(O (3.48)
Corollary 3.1[3][29]

The above system is stable if
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min[—Re{2;(A)}]

IEON < —— 5

=1,..,n (3.49)

Now, we want to know if we have a similar result for the fractional order system.

Fractional Order System
To show the stability robustness criteria for the fractional order system, we will
use the transition matrix approach as shown in reference[29] because it is difficult to
find the Lyapunov approach for the fractional order system. To achieve this objective,
we have to investigate the Mittag-Leffler function which plays an important role in the
solution of fractional order systems. In the exponential function, a special case of the
Mittage-Leftler function, we have
llexp(W)ls = llexp(o)lls (3.50)
where A = diag{A;, Xy, ...,An}, all A;,i =1,...,n has the negative real part, Re{\} <
0,i=12,..,n, and o = Max[Re{\M}] <0,i=1,2,...,n. But, the Mittag-Leffler
function does not hold this property. We consider three cases to study the norm of the
multivariable Mittag-Leffler function numerically. Assume that A = diag{A;, A,, ..., Ay}
and o = 0.5 for the parameter of Mittag-Leffler function.
1) Real parts of the Mittag-Leffler function remain the same: We choose A =
diag{—1,—1 +j,—1 + 2j,—1 + 3}, —1 + 4j}. So, Re{E, o« M)} = —1,i =1, ...,5.
2) Norms of the Mittag-Leffler function are same: We choose A; = cos6; +

jsin @;,0; =%n+§,i =1,..,5.80, ;| =1,i=1,..,5.
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3) Case 2 with two different scales: We choose A; = p(cos6; +jsin6;),i=
1,..,10,054; = 65,0; = %n+;,i =1...5. p=1fori=1,..,5 and p=

1.2 fori =6,..,10.
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Figure 3.2. Norm of Mittag-Leffler Function, Case I
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From Fig. (3.2), we can verify that the Mittag-Leffler function does not have the same
norm even if the real parts of A;,i = 1,...,5 are the same. As the norm of the imaginary
part of A; increases, the norm of the Mittag-Leffler function tends to decrease. From Fig.
(3.3), the Mittag-Leftler function does not have the same norm in a transition time even
if |A;],i = 1,...,5 remain the same. After a transition time, their norms seem to converge
to the same value. From Fig. (3.4), the norm of the Mittag-Leffler function tends to have
the small value when the norm of A; has the smaller value. But this is not always true.
From these observations, we cannot have the following equation except for the special

case.

[Eca@l, = [[Eca(a], (3.51)
where A = diag{\, A, ...,An}, all A;,i=1,...,n and 6 is one of A;,i = 1,...,n to make
||E(,(,(X(A)||S maximum. So we need a useful relation about the norm of Mittag-Leffler

function.

Theorem 3.4[1]
If a < 2, B is an arbitrary real number, p is such that ? < u < min{m, o} and C

is a real constant, then

[Eep(@)] < (n < larg(z)| < ), |z| = 0 (3.52)

1+ |z|’

From the above theorem, we can introduce the following corollary.



60

Corollary 3.2

If a < 2, B is an arbitrary real number, A € C™*" is the diagonal matrix, y is such

that ? < u < min{m, o}, then

Cmax

1+p

[Eqe)]|_ < (W< largd)| <m),i=1,..,n (3.53)

where A = diag{A;,7,, ...,A,} and p = Min[|A; |]. And Cp,.x = Max[C;] where C; can be

given by

G
[Eas OOl < 35y i=1-m (3.54)

Proof

Since A is the diagonal matrix, we have

[Ecs I, = lldiag{Eep®1), Eqp (), ) Eapg )}l
(3.55)
< diag{[[E.s Al [Eap )l - g )]l }

By using Theorem 3.4, the norm of each Mittag-Leffler function has the inequality
described in Eq. (3.54). Thus, if we take the p = Min[|A; |] and Cp,.x = Max[C;], we

have

Cmax
[Eapg@ll, <3 , (3.56)

Theorem 3.5
We consider the system described by the following fractional differential

equations
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<EDx(b) = Ax(t) + f(t,x(D) (3.57)
where 0 < a < 1 and A is a time-invariant stable matrix and f(t,X(t)) is a time-varying

nonlinear vector function with f(t,0) = 0 for Vt. The system is stable if the matrix A is

diagonalizable and

If@O.01 _ _ __ pa

= 3.58
Ol =" <M = @)t (3.38)

where A= @ADL, A = diag{dy, Ay, -, Ay}, p = Min[|; [], k(@) = [|@|l]|®1]l and

Cmax = Max|[C;]. C; satisfies

|| Eqoc (i (t — o) i=1,..,nandVvt>t, >0 (3.59)

M= e
Proof

Reference [30] gives us an important idea to have the above theorem. By using
the Laplace transform of Eq. (3.37) and taking the inverse Laplace transform of it, the

solution is given by
t
xX(0) = Eo(A(t— to)xX(E0) + | (£ =" Eqo(A(t— O f(x(8), O)dE (3.60)
o

Taking the Euclidean norms of both sides, we obtain

Ix@Il < IEq (At — to) M) llslIx ()]

t (3.61)
+ | |(t= & E, (At - é)‘”)”S If(x(&), &)ldg

Since we have |[|f(x(§),&)|| < pllz(t)|| from the assumption,
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Ix(OIl < [Eq(ACt — to)*) llslIx ()]

t (3.62)
+ | {1t = &) Ego (At — O nllx(©)lldé

There is an inequality relationship between E,(At*) and E, ,(At*). By the definition of

Mittag-Leffler function, each function can be expressed as

(At)K o (At)k

@) — @) — -~
Eq(AL%) k_OF(ak+ 1) and - Eqq(AtY) k_OF(ak+a)

(3.63)

where I'(m) is the gamma function, Re{m} > 0 for convergence. The relationship
between the beta function and the gamma function is given by

_ T(m)I(n)

B(m,n) = I['(m + n)

(3.64)

where Re{m} > 0 and Re{n} > 0. Then we can obtain the following inequality[31]

I'(ak + a) _B(ak+a,1—a) <B(a,1—a)

= =T 3.65
T(ak + 1) -0 ~Ti-o @ (3.65)

Taking Eq. (3.63) and Eq. (3.65) into account gives
E,(At*) < T()E, ,(At*) (3.66)

Thus, Eq. (3.62) can be given by

X1l < T(@)|[Eq (At = to)M)|| IIxEHII

t (3.67)
+ | It = &* Equ(Alt— O, nlix(©)lldg
to

Since A is diagonalizable from the assumption, we have

Ea,a(A(t - tO)a) = cDEa,a(A(t - tO)OL)CI)_1 (368)
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where A = ®AP ! and A = diag(ry, Ay, ..., Ay). Taking the norm of both sides of Eq.

(3.68) gives us

”Eoc,oc(A(t - to)a)”S < ”q)”s”q)_llls”Ea,a(A(t - to)a)”S

(3.69)
= K((D) ”Eoc,a(A(t - to)a)lls
By using Corollary 3.2, Eq. (3.69) can be given by
[EaalAG )], < k(@) 2 (3.70
e s 1+ p(t—to)®
Combination of Eq. (3.70) and Eq. (3.67) yields
K(P)I' () Crnay
< +
IO < e Il
(3.71)

t

— CmaX
+ (D) to(t -5t Tpt—D" ullx(®)ldg

Mahmudov and Musaev’s Inequality[32][33]
Let x(t), p(t) and q(t) be nonnegative continuous functions defined on J. w(t,s) be
a continuous and nonnegative function on the rectangle : a<&<t<f and

nondecreasing in t for each s € ]. If

t
mwsmo+mij@ama&.te1 (3.72)

o

then

u(t) <p(+ q(t)f w(t, §p(§)exp <L w(t, r)q(r)dr> dg, te] (3.73)
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To apply the above inequality to Eq. (3.71), let u(t) = ||x(t)]|, q(t) =1, p(t) =

K(O)T' (o) Crnax + _ (t_g)a_l
1+p(t—t0)°‘ ”X(tO ) ”7 and W(t) E) - K(CD) lJ-Cmax 1+p(t_E)q' Thena

Ix(Ol

K(D)I'(0) Cryax +
< 1+ pt—to)° lIx(tg)l (3.74)

t (t _ é)a—l K < t (t _ r)a—l )
) T r— o0 T -t P L‘“thm“1+th—rwdr‘g

where K = k(®)?puC2 . ['(a)||x(td)]|. Integrating the inside of the exponential function
in Eq. (3.74) yields

(t - r)a—l K((D) UChmax
dr =
1+ p(t—r)® po.

t
LK@mmmx In(1+pt—8%  (3.75)

By using Eq. (3.74) and Eq. (3.75), we have

K(®)T(@)Comas
IO < T e

x|

t (t— &)ol K (3.76)

¥ _w%w>u+p@—nwoﬁ

“<ﬂ+pﬁ—®ﬂl

We can apply the same integral technique in reference [30] to integrate Eq. (3.76).

’ (t—9" K a
K(@)pCmax — o
t <(1 +p(t_§)a)1_%> (1 +p(E = to)*)

_J%Hw (t— &y . i
R <(1 +p(t— g)a)l‘%) (1+p(€—1to)* (3.77)
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t (t _ é)a—l K

+ d
A ((1 +plt - &m“%) (1+p(5 1))

&

Now, we assume

K((D) HCmax

pa <1 (3.78)

Note that this assumption is going to be an important inequality condition explained
later.

Since a <1 and (t—&) = (§—1ty) for ty <E< %(t +t,) with the above
assumption, the first integral on the right hand side of Eq. (3.77) becomes

%(t+t0) (t _ é)u—l K :
K(®)uCmax — o
. <(1 .o ml_%> A+ pE-t)?)

S

(3.79)

1
—(t+t0) — t a—1 K
< j 2 (€ —to) £
t

d
k(D) max — o
° <<1+p<»:—to)a>1‘—q’§§ )“*P@ t0))

Substituting r = § — t, into Eq. (3.79), the right integral term in Eq. (3.79) becomes

]%(t—to) o1 K ;
r
K((D) Cmax
° ((1 + pr“)1‘+> (1+pr%)

(3.80)

%(t‘to) K x re1
- j(; Z_K((D)Mcmax dr
((1 +pre) e )

Similarly, since a < 1 and (t—&) < (€ —t,) for %(t + ty) < & < t with the inequality

in Eq. (3.78), we obtain
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t (t _ é‘;)a—l K d
Lerto) <(1 bl @a)l—%> (1+p(&—t)%

&

' (-8t K
= d
f%(w <(1 T p(t— @u)“%) STCERE (3.81)

%(t‘to) K x s*1
- J(‘) _K((D)l'lcmax ds

(1+ps®)™™

Thus, Eq. (3.76) becomes

20t 2K x 5o

Z_K(Q)Hcmax ds
A +ps®)* b

K(P)I'(0) Crpax
Xl <

XD + f (3.82)

0
Then,

2w 2K x so-t
Z_K(‘D)Hcmax ds
(1+ps®)”  pe

K(®)I'(0)Crpax
1+ p(t—ty)®

X < IxCEDI + f

0

(3.83)

Integral of the second term on the right hand side of Eq. (3.83) is given by

1
s=5(t—to)

S =
_K((D)Hcmax K(@)uCmax

1
jg(t—to) 2K x §*1 _ ZK/(K(Q)MCmaX - pOL)
© @Hps)T e (L+ps)  »

= (3.84)
2K/ (k(P®)uCrmax — pa) 2K

oo 1-DiCmax — (k(P)Copax — PO
1 pa
<1 + p(i(t—t0)> )

Substituting Eq. (3.84) and K into Eq. (3.83) yields

21( @) uChax (@) [1x(t3)
(pa — k(@) uCmax)

K(P)I' (@) Cax

Ix(Il < T+ p(t— )" (3.85)

lIx(tHI +
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2K(D)*pCiax (@) [Ix(t3)

_K(‘D)Hcmax
1 ' pe
(pa —k(P)uCmax) | 1+ p (7 (t—to)
The first function on the right hand side is monotonously decreasing function to zero.
And, the sum of the second and third functions is greater than or equal to zero when

ZK(‘D)Z Hcrznaxr(a) ||X(t3') ”
(pa—x(®)puCmax)

t = ty, but it increases monotonously to the finite value,

increases. This means that the upper bound of ||x(t)]| is not the infinite value in t§ <t <
oo, which implies that the system is stable. Therefore, this fractional order system is
stable if our assumption described in Eq. (3.78) is valid. This implies that the fractional
order system is stable if the norm of the perturbation is less than the upper bound given
by

pa

K(®)Cax (3:86)

p<p, =

Corollary 3.3
Let us consider the linear perturbations of f(t,x(t)). Then we can write the
fractional order system given in Eq. (3.57) as
CDEx(t) = Ax(t) + E(D)x(t) (3.87)
The above system is stable if the following condition is satisfied.
IEOI <n, (3.88)
Proof

By using the norm inequality[29],
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IEOxOI < [EOIlsIIxOIl < IEOIIx®I = Z'Eij(t)|2 IxCOII (3.89)
ij=1

where E;;(t) is the (i, )™ element of E(t). From Theorem 3.5, we obtain directly

IE@l < IE®I <, and [E;(0)] <=2 (390)

Example 3.1. Let us consider that the fractional order a is 0.5 and the matrix A in Eq.

(3.87) is given by

_[0 1
A=’ - (3.91)
From Corollary 3.3, the upper bound p, is given by
0.5
wo=—r (3.92)
b (@) Chax

By the following procedure, we can obtain the variables in Eq. (3.92).
1) By the similarity transformation, A=PA® ™!, the eigenvalue and the eigenvector

matrices can be obtained.

0.7071 0.7071
©= [0.3536 +0.6124j 0.3536 — 0.6124] (3.93a)
_ [0.5 + 0.8660j 0
A= [ 0 0.5 - 0.8660j] (3.93b)
2) By the definition of the condition number,
k(@) = [[®[llle~ = 1.7321 (3.94)

3) By the definition of p described in Theorem 3.5,

p = Min{|0.5 + 0.8660j |, [0.5— 0.8660j |} = 1.
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4) By trial and error numerically, we obtain C,,x = 2.4 from Fig. (3.5) and the
following Eq. (3.95).

2.4
[Eo505((05 + 08660Dt*9)||, < 55 (3.95)

Therefore, from Eq. (3.92), we have p, = 0.1203. From Corollary 3.3, the linear
perturbations have the following upper bounds.
IECI < p, = 0.1203 and |E;(t)| < % = 0.06015 (3.96)

By Fig. (3.6), the above result is verified because all eigenvalues do not cross the

stability lines.
2.5 14 14
—E ((0.5+0.8660)t-)
0.5,0.5
2.4/(1+t99)
2
1.5
£
o
=2
1
0.5
0
0 5 10 15 20 25 30

Time(s)

2.4
1+t05

Figure. 3.5. Norms of Eg 5 0.5((0.5 £ 0.8660j)t%>) and
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Location of eigenvalues

1
0.8 _

0.6

0.4

0.2

0¢

Imaginary axis

-0.2

-0.4

-0.6

-1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Real axis

Figure 3.6. Locations of Eigenvalues and the Stability Lines

Bilinear Systems

Reference [29] showed the stability region of bilinear systems for integer order
systems, which gives us the useful application of obtaining the stability region of the
satellite dynamics. Similarly, we will consider bilinear systems governed by the
fractional order derivative. Then the stability region of it will be achieved. Let us

consider the following bilinear system.

dx(t)
dt

Fx(t) + Z B, usx(t) + Cu(t) (3.97)
i=1

where (t) = [uy(t), uy(t), ..., uy, (1)]T € R™ . If we design the controller by using the

state feedback form as u(t) = Kx(t), the above system can be given by
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L = (F + CK)x(t) + z (kTx(®)x(t (3.98)

where K = [k (), Ky (1), .., ky (D)]T € R™*D,

Corollary 3.4[29]

The stability region of the above system near the origin is given by

U

Ix®ll £ ——=
(X4 IDill$)?2

(3.99)

where @ is defined in Eq. (3.47) with A =F + CK and D; = {ilkibg denoting the j™

row of B; by bﬁ

Let us consider the fractional order state feedback given by u(t) = K;x(t) +
KZtSDE‘X(t). For the simplicity, we choose o = 0.5. Letting w(t) = thg'Sx(t) and using
the technique to make the state-space representation for fractional order system in

previous chapter, the state-space representation can be expressed by

] ot O |

m (3.100)
ke 1" [x@® T\ [x(®)
+;[Bi <k] [wa)) w(t)



. 0
where k;j; presents the it row of Kj,j = 1or 2. Assuming that A =

F + CK,

72

[ 7.
CK, is

asymptotically stable, we consider the region of stability around the stationary point

_[x(®] _ :
p(t) = [w ol = 0. Then, we rewrite Eq. (3.100) as

<EDEEp(t) = Ap(D) + f(p(D)

where
[P"D:p] . .
f(p(t) = P’ szl and D; _Z 1ib € R2nx2n
[ J k21 0
pTan

denoting the j™ row of B; by bl. Therefore,
ij

Ifp)I* = > 1p™DipI? < > UIDilIp®IP)? = <Z||Din§) IpCOI*

Then we obtain

TOI ;HDIMS o)

From Theorem 3.5, we can obtain the sufficient condition for stability as

1

(Zuniuz) PO <1,
i=1

Corollary 3.5

The stability region of the above system near the origin is given by

(3.101)

(3.102)

(3.103)

(3.104)

(3.105)
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Pl < —2— (3.106)

(Xiz.lIDil[3)2

Spacecraft Dynamics
Euler’s rotational equations of motion for a cylindrical spacecraft are given by

choosing the body coordinate system to coincide with the principal axes of the spacecraft

as[4][29]
d;il _ (12]—113) 0,04 +% (3.107a)
d;iz _ (131—211) 030, +% (3.107b)
% :';_: (3.107¢)

where w;, 1 = 1,2,3 is the angular velocity and L;,i = 1,2,3 is the applied torque and

Ji,1 = 1,2,3 is the moment of inertia with respect to ith principal axis.

Corollary 3.6
By using the negative state feedback form, L;(t) = —kjw.(t)(k; > 0), the
stability region of Eq. (3.91) is given by[29]

min

1 s .
(@2 + 0l + )7 < 21230 (3.108)
0% +79)z2

Let us consider the fractional order feedback.

L(t) = -Kyw(t) — Ky D o (t) (3.109)



where w(t) = [W1 ®; w3]T and L(t) =[L; L, L3]T .

th?'Sooi(t),i = 1,2,3, we obtain the closed-loop dynamics as

0
p'D;p
0

1
“DY>p(t) = Ap(t) + =
tot p(t) p(t) 2 pTsz

where

0 1 0 0 0
k21 kll
-2 1 9 0 0
J1 J1
0 0 0 1 0
_ k Kk
A= 0 0 _ 2z ™Mz 0
J2 J2
0 0 0 0 0
0 0 0 ke ks
J3
0 0 0 0 0 01
0 0 0 0 0 0
0 o 0 0 (J2-173) 0
_ J1
D; = 0 0 0 0 0 0
0 0 (]2]_]3) 0 0 0
1
0 0 0 0 0 0
0 0 0 0 Jz =10 0_
J2
0 000 0 0
b 0 000 0 0
, =
0 0 0 0 0 0
(]3]—11) 00 0 0 0
2
0 0 0 0 0 0
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By letting x;(t) =

(3.110)

(3.111)

(3.112)

(3.113)

(3.114)



Then we can obtain the characteristic equations to obtain the eigenvalues of A.

Kyi Ko
sz+%s+%=0, i=1273
i i

Thus, we obtain six eigenvalues

K K Koi

— oLy [(2L) _ g 220
i ( )

J Ji _
Agi—12i = > , 1i=123

All eigenvalues of matrix A should satisfy the stability condition.

i
arg(};) > T i=12,..,6

Corollary 3.7

The stability region of Eq. (3.110) around the origin is given by

i
(0 4+ w3 + w3 +x2 +x5 +x3)? < 1 -

<(]2]_1]3)2 N (13]—211)2>7

75

(3.115)

(3.116)

(3.117)

(3.118)
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CHAPTER IV
ROBUST EIGENSTRUCTURE ASSIGNMENT FOR THE FRACTIONAL

ORDER SYSTEM

A. PROBLEM STATEMENT
Let us consider the following fractional order system.
<DEx(t) = Ax(t) + Bu(t) 4.1
where A € R™™ and B € R™™ are the time-invariant matrices with full rank. Input is
given as the state feedback control form
u(t) = Fx(t) + v(t) 4.2)
where F € R™*" is a constant gain matrix. Now, the system has the following closed-
loop form.
<EDEx(t) = (A + BF)x(D) + Bv(t) 4.3)
In this form, our objective is as follows.

1) Pole Assignment: Gain matrix F should consist of only real numbers and should
be chosen to put the closed-loop eigenvalues of the fractional order system into
the desired specific places.

2) Robustness: Assigned poles are as insensitive as possible to the perturbations in
A+BF.

To achieve the robustness, we use some robust stability measures to represent the
eigenvalue sensitivity such as the condition number of the closed loop eigenvector

matrix mentioned previously, and try to minimize it. Although we have a fractional order
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system, we can still use the following important facts obtained from previous research
for the integer order system:

1) A gain solution F exists if and only if the A, B pair is completely
controllable[6][34]. If the A, B pair is not completely controllable, a solution F
exists if and only if the closed-loop eigenvalues contains the eigenvalue set of all
uncontrollable modes of (A,B)[6].

2) F can be chosen to be a real matrix if complex eigenvalues are complex-
conjugate pairs and the corresponding eigenvectors are also complex-conjugate
pairs[34].

3) If A+BF is non-defective, it can be diagonalized. This means that it has n linearly
independent eigenvectors.

4) According to the dimension of the control input, a solution F can be divided into
three cases|[6]:

a) Single input(m = 1): a solution F is unique, if it exists. The condition
number cannot be adjusted.

b) Multiple inputs(1 < m < n): multiple solutions may exist and a specific
solution can be obtained when we have enough additional specific conditions
imposed.

¢) Multiple inputs(m = n): A, B pair is always completely controllable so that
solution F always exists. We can find the orthogonal(unitary) eigenvectors set
which has the lower limit of the condition number.

From these observations, we consider the case of multiple inputs.
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Now, let us consider the closed loop eigenvalue problem from Eq. (4.3).

(A+ BF)® = ®A (4.4)
where A = diag{A,, A, ..., A, } are the assigned eigenvalues. First, we want to find the
explicit form of the feedback gain matrix F and the admissible space of a nonsingular
eigenvector matrix @ satisfying the above equation. Then, we will try to minimize the
robust stability measure defined by the condition number. The following theorem and
corollary will give us the explicit form of the gain matrix F and an admissible

eigenvector matrix .

Theorem 4.1[6]
Let us assume that ® and A are given as in Eq. (4.4). Then there exists a
feedback gain matrix F if and only if
UT(A® — dA) =0 4.5)
where
B=[Us U] (46)
with U = [Uy  U;] orthogonal and Z nonsingular. Then, matrix F is explicitly given by
F=7Z"10(®PAP™1 —A) 4.7)
Proof
From Eq. (4.4), we have
BF = PADP 1 —A (4.8)
From the assumption of full rank of a matrix B, B can be decomposed into Eq. (4.6).

Factorization of matrix B can be obtained by singular value decomposition(SVD) or QR
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decomposition[3][6]. By the pre-multiplication by UT on both sides, we obtain two
equations

ZF = US(dAD™T — A) (4.92)

0 =UJ(PADP™ ! —A) (4.9b)
Since Z is invertible, we can obtain Eq. (4.7) from Eq. (4.9a). Therefore, if we have the
desired eigenvalue set and the corresponding eigenvector matrix ®, we can easily obtain
the feedback gain matrix F. Now, we need to know how to find the eigenvector matrix
®. The following corollary will give us the corresponding admissible space of each

eigenvector, which allows us to parameterize the eigenvector matrix .

Corollary 4.1[6]

From Eq. (4.9b), the eigenvector ¢; of A+BF corresponding to A; must belong to
the following null space of UT (A — L1).
b €5, =N(UT(A-%1)), i=12..n (4.10)
Proof
From Eq. (4.9b), we can directly obtain the following equation.
UT(A-N1); =0, Vj (4.11)
This means that ¢; is the null space of UI(A - kjl). If it is completely controllable, the
dimension of §; is m. This equation tells us what form eigenvector ¢; should take. Null

space of U;F(A - le) can be obtained by singular value decomposition(SVD) or QR
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decomposition[3][6]. Either decomposition gives us the orthonormal vectors which span

the null space of U (A — kjl). Hence, each eigenvector ¢; can be described by

d; = 5 (4.12)
where
% =[P1 - Pm]€C™™(or R™™),  p; € C”'(or R™) (4.13)
04
By = [ : ] € C™*1(or RM™*1) (4.14)
am

Each p;,i = 1, ..., m represents one of orthonormal basis vectors which span the null
space of U;F(A — X]-I) in Eq. (4.11) and E; describes the coordinate matrix with arbitrary
numbers, o;,i = 1, ..., m. If the eigenvalue }; is complex(or real), the eigenvector is also
complex(or real), ¢; € (C“Xl(or ¢, € ]R“Xl). Hence, the corresponding orthonormal

basis vectors and the coordinate matrix also differ depending on whether the eigenvalue

is real or complex. With this parameterization, eigenvector matrix ® can be described by

P=[¢p; ¢ - Gp]=1D (4.15)
where
T=[2 X o Zy (4.16)
= 0 0 0
D= 8 EOZ 0 0 (4.17)
0 O =

n

Now, ® can be parameterized with a;,i = 1,...,n X m as

® = ®(0y, 0, Onxm) (4.18)
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Then, the cost function for the robust stability measure can be expressed in terms of

0,i=1,...,nXm.

m(}n K (CD(al, oy ***, anxm)) (4.19)
By using this parameterization and the above cost function, R. Byers and S. G. Nash
found a numerical solution[34]. However, they mentioned that this parameterization has
some problems. The condition number has the property of kp(®P) = kp(p®P) for any
p E€ER,p# 0. This means that this optimization problem does not have a unique
solution, which makes the Hessian of «%(®) singular at minimum, reducing the
performance of the optimization algorithms[34]. Therefore, Byers and Nash propose the
following ways to eliminate this property:
1) ||®|[g=1: This is a nonlinear constraint making it difficult to handle
computationally.

2) Alternative objective function:
Kp(®) = [[@llell @] < %(II‘PIIIZ: + eI (4.20)
When the cost function in Eq. (4.20) is optimal, a solution ® minimizes both
cost functions.
To solve this scaling ambiguity, we use a normalized eigenvector by using ||(|)]-||2 =
1,forallj,j=1,..,n. In Reference[6], it is shown that by the assumption of

normalizing the right eigenvectors, it is convenient to derive the measures of robustness

as shown in the previous chapter.
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In summary, if we use the normalized right eigenvectors, we can avoid the
scaling ambiguity and obtain the convenient measures of robustness as a cost function.
However, we are led to a problem with the nonlinear constraints. How can we
accomplish our goals without an eigenvector norm nonlinear constraint? To answer this
question, we propose the angle parameterization. To use an angle parameterization, we
need to understand the concept of n-dimensional rigid rotation method developed by

Mortari[5].

B. ROTATION METHOD
N-dimensional Rigid Rotation

We know that the rotation in 3-dimensional space is performed about an axis, 1-
dimensional subspace. If we extend this concept to n-dimensions, the rigid rotation in the
n-dimensional space is performed about an (n-2)-dimensional subspace. And the rotation
is performed on the plane of rotation which has a dimension of 2. The rotation matrix in
the n-dimensional space can be expressed as[5]

R(P,0) =1, + (cos8 — 1)PPT + P],PTsin 0 (4.21)

where P = [P1  P2] € R™2 is the plane of rotation described by two orthonormal

vectors. These vectors are on the plane of rotation with the rotation angle, 0. ], =

[(1) _01] is the symplectic matrix. And the rotation matrix is orthogonal.

R(P,0)TR(P,8) = R(P,0)R(P,0)T =1, (4.22)

This orthogonal property is easily proved by substitution of Eq. (4.21).
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Theorem 4.2[5]

The rotation matrix defined in Eq. (4.21) performs a rigid rotation in the n-
dimensional space.
Proof

See Reference [5].

Let us examine the n-dimensional rotation more. We assume that Cis ann X n
proper orthogonal matrix.
C=[c1 € - ¢y (4.23)
Then we can perform any rotation on the plane defined as
P=[Pp: P:l=[C 6]eR™ vijandi#]j (4.24)
Also, this rotation is performed about an (n — 2) dimension subspace defined as
A=[a; a; - ap]
(4.25)
=[C  C-1 G410 CGo1 Gy ot Gy
where i and j are defined in Eq. (4.24) and A€ R™*("~2) is the matrix which removed the
¢; and ¢; columns from C matrix. Then we can define the rotation matrix R by using Eq.
(4.21). From the proof of Theorem 4.2 with Eq. (4.22) to Eq. (4.24), we have the
following equations[5].
ajv=alR(P,0)v, Vk(k=1,..,n—2) (4.262)

viw = vTR(P,0)TR(P,0)w = viw (4.26b)
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where vand w € R?™ 1 are arbitrary vectors. First equation explains the rotation and the
second one tells about the rigidity. From Eq. (4.26a) and Eq. (4.26b), we can have the

following propositions.

Proposition 4.1
If an arbitrary vector v is defined in the subspace of matrix P in Eq. (4.24), v still
does not have any column components defined in matrix A after performing the rotation
defined by R(P, 6).
Proof
An arbitrary vector v can be expressed as
v =ap; + BP- (4.27)
where a and 3 are arbitrary real numbers. Since aEﬁl = aEﬁz = 0, ay defined in Eq.
(4.25), we have
a,v=a.(ap; +pp,) =0, Vk(k=1,..,n—2) (4.28)
After performing the rotation with R(P, 8), we have
a R(P,0)v = aR(P,8)(ap; + BP,), Vk(k=1,..,n—2) (4.29)
From Eq. (4.26a), Eq. (4.28) and Eq. (4.29) should be the same. Therefore, Eq. (4.29)
should be zero. This means that v still does not have any column vectors defined in

matrix A after performing the rotation.
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Proposition 4.2

The rotation matrix defined in Eq. (4.21) preserves the length of any vector v
during the rotation.
Proof

An arbitrary vector is chosen as v € R™*1, This is the special case w = v in Eq.
(4.26b). After the rotation in Eq. (4.21), the vector m € R™*! can be given by

m = R(P,0)v (4.30)

By the definition of the norm and the property in Eq. (4.22),

lm|| = m™m = vTR(P,0)TR(P,0)v = ||v|| (4.31)

Theorem 4.3
Assume that we have an n-dimensional real Euclidean space. The column space
of an orthogonal matrix C given by Eq. (4.23) can be described by
Col C = Span{cy, ¢y, ..., C,} (4.32)

Then, a typical vector in Col C can be written by either way

n

b= Z s (4.33)

i=1
n-—1
b=y 1_[ R, 0y) € (4.34)
k=1

where o;(i = 1, ..., n)is an arbitrary real coefficient and y is an arbitrary real coefficient.
The rotation matrix R(Py, 8y) is given by Eq. (4.21). 8y is the rotation angle and Py is the

plane of rotation which is defined by
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P =[c1 ] (4.35a)
P, = [R(P;,0,)c; 5] (4.35b)
k-1
ho= || [rRe 00, ck+1] (4350)
i=1

Proof
Let us consider the orthogonal matrix C given in Eq. (4.23). Then we can express
an arbitrary vector in Col C formed by the linear combination of the columns of C,
which leads us to have Eq. (4.33). Alternatively, we can use a rotation concept. First, we
choose the first two columns from the matrix C. Then the plane of rotation P; can be
given in Eq. (4.35a). If we have the rotation angle 6; with respect to c¢;, the rotation
matrix R(P;, 0,) can be given by Eq. (4.21). Thus, this rotation expression can be given
by
v =R(P;,0;)c; (4.36)
By Propositions 4.1 and 4.2, Eq. (4.36) does not have any components in ¢, (Vk k =
3,4, ...,n) and the length of v is unity. Therefore, if we put a scaling real number y on
the right side of Eq. (4.36), the vector v can be an arbitrary vector in the whole space
spanned by ¢; and ¢,. Now, we can choose the second plane of rotation as Eq. (4.35b)
since vIc; = 0. The rotation angle 0, is given with respect to v. The rotation matrix
R(P,,0,) can be given by Eq. (4.21). Thus, this second rotation expression can be

described by



87

2
w = R(P,,0,)v = 1_[ R(P, 0,)c, (4.37)
i=1

By Propositions 4.1 and 4.2, w does not have any components in ¢, (VK k = 4, ...,n)
and the length of w has unity. Therefore, if we put a scaling real number y on the right
side of Eq. (4.37), the vector w can be an arbitrary vector in the whole space spanned by
C;, C; and c3. From these observations, we can extend this procedure to the (n-1) step.
Then we obtain the plane of rotation as Eq. (4.35¢) for an arbitrary k and a typical vector
in Col C can be written by Eq. (4.33).

If the matrix is not square but rectangular, the following corollary can be used.

Corollary 4.2
In an n-dimensional real Euclidean space, the column space of an n X m(n > m)
matrix C can be described by
Col C = Span{cy, ¢, ..., Cn} (4.38)
where each ¢;,i = 1, ..., m is an orthonormal vector. Then a typical vector in Col C can
be written by either way

b= Z %C (4.39)

i=1

m-1
b=v[ [RPLOOC (4.40)
k=1

We use the same variables shown in Theorem 4.3. Equation (4.39) is completed in the

similar manner of Theorem 4.3. To perform an n-dimensional rotation, we need n
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orthonormal vectors, but we have only m orthonormal vectors. But we can add deficient
(n-m) orthonormal vectors to Col C by using the null space of CT to make n X n
orthogonal matrix which columns are used for the rotation axes because total n
dimensional axes are required to perform an n-dimensional rotation about (n-2) axes
with the plane of rotation. Although this is required theoretically, the actual computation
to obtain the null space of CT is not needed because we can perform the rotation if we
choose any two axes in Col C for the plane of rotation in Eq. (4.21). Note that two
orthonormal axes for the plane of rotation should be selected only from Col C.
Therefore, we need only (m-1) rotations to express a typical vector in Col C described in
Eq. (4.38). The proof is almost the same with one in Theorem 4.3.

With Theorem 4.3 and Corollary 4.2, we can find the angle parameterization for
expressing the normalized eigenvector ¢); in the admissible eigenvector space given by

Eq. (4.10).

Angle Representation of Eigenvector

As the previous rotation matrix in Eq. (4.21) has shown, it contains only real
numbers. As mentioned previously, if the eigenvalue is a complex number, the
corresponding eigenvector has complex numbers. Thus, we have to consider how the
rotation matrix can be defined in the complex space, which leads us to consider the real
eigenvector space and the complex eigenvector space differently. First, let us examine

the real eigenvector space.
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Angle Representation in the Real Space

From Corollary 4.1, each eigenvector can be expressed by Eq. (4.12) and it
becomes one column of the eigenvector matrix. This means that each eigenvector is a
normalized vector in the column space of X; = [Py -+ Pm] € R™™ given in Eq.
(4.12). From Corollary 4.2, we have two methods to express each eigenvector. Equation
(4.39) explains the concept of the previous parameterization given in Eq. (4.12), while
Eq. (4.40) with a scaling coefficient y = 1 gives us the fundamental idea of our proposed

angle parameterization.

¢; = o4y + P2 + 03Ps3 ¢; = R(P,,0,)R(P;,0.)p;  [Ip1ll =1
15 t B
4 a3
P, = [ Ps]
;&

1
1
1
1
|
|
1
1
1
1
1
~

\/((11)2 + (02)2 + (a3)2 =1

Figure 4.1. Equality between Two Parameterizations
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Let us consider a 3-dimensional case to explain our concept of the angle
representation easily. In order to express each eigenvector, previous parameterization in
Eq. (4.12) requires three coordinates with three given orthonormal vectors. Since we
need a normalized eigenvector, the summation of coordinates’ squares should be one. So
we can express each normalized eigenvector by using previous parameterization
described in Eq. (4.12) as follows

¢; = oy Py + axP2 + 03P (4.41)

with

V(@) + (03)% + (a3)2 =1 (4.42)
This nonlinear constraint makes the numerical optimization to minimize the measure of
robustness more difficult. However, the angle representation of eigenvector can avoid

this undesired constraint. By using Eq. (4.34), the eigenvector can be given by

~ 4.43
¢; = R(P,,0,)R(P;,01)P; ( )
where
P, =[p: P2l (4.44a)
P,=[®j P3|, &=R(P,0,)p; (4.44b)

So it needs only two parameters(two angles) for a 3-dimensional real space case. Figure
(4.1) explains this procedure well. If we consider an n-dimensional real space case, we
need (n-1) angle parameters. On the other hand, the previous parameterization needs n
parameters with one length constraint.

As shown in Eq. (4.44b), the plane of rotation P, has a vector ¢; which depends

on the first rotation matrix R(P;,0,). This means that the plane of rotation can be
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variable, which complicates the parameterization. In order to make the plane of rotation
invariant and simple, we want to find an alternative way to define the plane of rotation.

In the following section, we will explore this idea.

p, ¢ =R®0)® 5,

Figure 4.3. Rotation with the Alternative Planes of Rotation
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How to Choose a Plane of Rotation?

From the orthonormal vector set which is a spanning set for the admissible space
of eigenvector given in Eq. (4.10), we construct the plane of rotation by choosing any
two of them. If the dimension of matrix B in Eq. (4.1) is m, we need (m-1) planes of
rotation and (m-1) angles to represent a typical vector in the whole admissible space
from Corollary 4.2. For example, let us consider a 3-dimensional space in Fig. (4.2). In
this case, we have the eigenvector expression defined in Eq. (4.39). The second plane of
rotation in an eigenvector expression includes the first rotation vector( (I)]f ), which
complicates the parameterization. Thus, we want a more simple expression, which leads

us to consider the following corollary.

Corollary 4.3
From Theorem 4.3 and Corollary 4.2, we can have the alternative planes of

rotation as follows.

Pp=[p1 P2l=[C €] (4.452)
P,=1[p, Ps3]l=[c2 €3] (4.45b)
Pe = [Px  Pr+1] = [k Cksd] (4.45¢)

Then, a typical vector in Col C can still be written by Eq. (4.40).
Proof
First rotation is the same with that of Theorem 4.3. Thus, this rotation expression

can be given by Eq. (4.36). The vector v can be an arbitrary vector in the whole space
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spanned by ¢; and ¢,. Now, we can choose the second plane of rotation as Eq. (4.45b).

And we can project the vector onto p; axis and p, axis, which gives us two vectors as
¢j1 = Projs, &; (4.46a)
dj2 = Projs, §; (4.46b)

where Proj,b is the projection of b onto a and is given by

. a-b
Proj,b = W a (4.47)

The rotation angle 6, is given with respect to v. The rotation matrix R(P,, 0,) can be

given by Eq. (4.21). Thus, this second rotation expression can be described by

2
, 4.48
w = R(P,, 92)¢j = 1_[ R(P;, 6;) ¢, ( )
i=1
Geometrically, the second rotation can be given by
(4.49)

w = ¢jy + R(P,, 02) ;5

This means that w can be a typical vector in the whole space spanned by ¢4, ¢, and ¢
by putting a scaling real number y in the both sides of Eq. (4.49). Equation (4.48) is
mathematically the same with Eq. (4.49). For a 3-dimensional real space case, Fig. (4.3)
explains this procedure well. From these observations, we can extend this procedure to
the (n-1) step. Therefore, a typical vector in Col C can be written by Eq. (4.34) with the
following planes of rotation.
Pp=[p1 P2l.P.=[P2 Psl.....Pn-1=[Pm-1 Pml (4.50)
Each plane of rotation has the following rotation matrix.
R(P,0;) =1, + (cos8; — 1)PPT + PJ,PTsin6;, i=1,.,m—1 (4.51)

Finally, we have the angle representation as
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m-—1
o = 1_[ R(Py, 6x) Py (4.52)
k=1

With this angle parameterization, eigenvector matrix & can be described by

O=[p; ¢ - Py (4.53)
where
m-1
&= [ [R(P0) By (4.54)
k=1

Now, @ can be parameterized with 6;,i = 1,...,n X (m — 1) as
® =P(011,012 ", On,m-1)) (4.55)
From these parameters, our cost function can be expressed in terms of angles and we

will find the angel set which minimizes the condition number.

mein KF (CD = ¢(91,1, 91,2, ty en,(m_l))) (456)

Angle Representation in the Complex Space
In the real space, we can easily set up the angle parameterization, but we need to

modify it for the complex space.

Approach |
From Reference [5], a rotation in n-dimensional complex spaces is given by
R(P,0) = I,, + (cos® — 1)PPH + P],PHsin© (4.57)
The difference between Eq. (4.21) and Eq. (4.57) is the change of the transpose of matrix

P to the complex conjugate. This angle of rotation should be real. However, when we
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choose two arbitrary complex vectors in complex Euclidean space, there can also be the
imaginary part of angles between both of them. This means that the inner product of two
arbitrary complex vectors can be complex. Therefore, a vector cannot reach the whole
admissible space by using the above rotation equation. However, if we want to restrict a
rotation angle as the real angle, this rotation transformation matrix can work. Also, we
use the same procedure with the real space case, which simplifies the implementation of
the numerical simulation. If we want to consider no restrictions on the complex values of
angles between two complex vectors, we need another approach. We propose the second

approach in the next section.

Theorem 4.4
Let us consider an n-dimensional complex Euclidean space and its complex
conjugate space. Then we have two n X m(n > m) matrice as
C=[cy,cy ., ] and C* =[cj, €3, ..., Chl (4.58)
where each ¢; and ¢{,i = 1, ..., m are orthonormal vectors. Each column space can be
described by
Col C = Span{c,, ¢y, ...,c,} and Col C* = Span{cj,c3, ..., Cy} (4.59)

Then typical vectors in Col C and Col C* can be written by

m-1 m-1
b=y]| [RB.00¢, and r=y' [ [ROL WO (4.60)
k=1 k=1

where the complex rotation R can be performed by using Eq. (4.57), and the planes of

rotation are given as follows.
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Pii=[P11 Pi2] =[C1 €] (4.61a)
P, =[Pz Pizl=[C2 €3] (4.61b)
Pix = [Prx Pik+1] = [k Cks1] (4.61c¢)

If vector r wants to be the complex conjugate of a vector b, the rotation angle
relationship should be the same.

Up=06, k=1,.,m-1 (4.62)
Proof

By taking the complex conjugate of b in Eq. (4.60), b* should be r in Eq. (4.60).

m-1 m-1
b =y | [REwow i =v | [REG WO (463)
k=1 k=1

By examining R(Py, 6)*, we have
R(Py, 8,)* = (I, + (cos 6 — PP + BJ, P sin )’
=1, + (cos® — P (PHH + PiJ,(P)H sin 0 (4.64)
= R(Py, 0x)
Substitution Eq. (4.64) into Eq. (4.63) yields
R(Py, 01) = R(B, ¥y) (4.65)
Finally, we have Eq. (4.62).
To have the real gain matrix F in Eq. (4.2), the corresponding eigenvectors(¢;
and ¢;) which have the complex conjugate pair eigenvalues(A; and A;) should also be

the complex conjugate pair. Theorem 4.4 tells how to choose the plane of rotation and
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the rotation angle for the conjugate pair, which results in reducing the number of angle

parameters.

Approach 1l
Here, we transform the complex space into the real space. Then we apply the
rotation method developed previously to the transformed real space. Finally, we

transform them back to the original complex space.

Theorem 4.5

Let us consider an n-dimensional complex Euclidean space, § € C"*!

spanned
by a normalized complex vector g. Then a typical vector in § can be described by
Ss=pxq (4.66)
where p € C*? is the complex coordinate and q € C"*! is the complex vector. Assume
that p and q are given by
p=a+bj, a,b € Rx1 (4.67a)
q=x+yj, xyeR™ (4.67b)

Then we can express it by real numbers as

1 f _ —_
(ctpenotvesors LB G

Proof
By using the assumption, a vector s can be given by

s = (a+ bj)(x +yj) = (ax — by) + (ay + bx)j (4.69)
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This implies that (ax — by) can express any real part of s and (ay + bx) can describe
any imaginary part of s. Therefore, if we have the form given in Eq. (4.68), it can
express the same vector in Eq. (4.69).

As a result, if we want to have a complex space spanned by an n-dimensional

complex vector, 2n X 2 real vectors in real space are needed from Theorem 4.5.

qeEC™ =(x+yj) o q€eRM*2= {[;] , [—XY]} (4.70)

Proposition 4.3
An n X n unitary complex matrix A transforms into 2n X 2n orthogonal matrix
B by Theorem 4.5.
Proof
Let a matrix A be given by
A=X+Yj, XYeR™" (4.71)
Since the matrix A is unitary, we have
AHA =1 (4.72)
By substituting Eq. (4.71) into Eq. (4.72), we have
X+YDIX+Y) =X -YDTX+Y))
(4.73)
=XTX+ Y'Y + (=YX +XTY)j =1
From Eq. (4.72), we have
XT™X+YTY=1 and -Y'™X+XTY=0 (4.74)

By using Theorem 4.5, the matrix B can be given by
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_X =Y
B = [Y < (4.75)
To show that the matrix B is orthogonal, we obtain BTB as
T X [ -Y
BB = [Y x ] YT xT Y X
(4.76)

_ [ X™X+YTY —XTY+Y'X
—-YTX + XTy XTX+YTY

By using Eq. (4.72), we have BTB = 1.
From this proposition, the orthogonal matrix which represents the rotation axes

becomes the orthogonal matrix after the transformation.

Theorem 4.6
Let us consider an n-dimensional complex Euclidean spaces and its complex
conjugate space. Then, we have two n X m(n > m) matrice as
C=[cy,cy ., ] and C* =[cj, €3, ..., Chl 4.77)
where each ¢; and ¢{,i = 1, ..., m are orthonormal vectors. Let the matrix C be given by
C=Cr+Cj, CgrC €R™M (4.78)
By Proposition 4.3, matrix C and matrix C* can be transformed into C; and C{,

respectively.

_[Ck =G . _[Cr CI]
C = C, CR] and Cf = ¢, Cgy (4.79)

Each column space can be described by

Col C; = Span{ Re{cl}] [—Im{cl} [Re{cm}] [—Rlzr{l{cm}} (4.80a)

Im{c,}1"1 Re{ey} 1" Um{ey}’ Cm}
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O R I e o]

Then typical vectors in Col C; and Col C{ can be written by

2m-1 2m-1

R R
b=y g R(Py ek)[ le] hd r=y B R(P ¢k)[ eled 1 41y

Im{c,} —Im{c,}

where the complex rotation R can be performed by using Eq. (4.57) and the planes of

rotation can be defined as follows.

— % ~ . _ [Refc;} —Im{cy}
Py =[P11 P12l = Im{c,} Refc,) (4.82a)
. 7. .1= [Imic} Re{c;}
P, =[P12 P13] = Re(c,}  Imf{c,) (4.82b)
~ “~ Re{c —Imyc
Piom-1 = [P12m-1 Piam-1] = Im%cmi Re{i ni} (4.82¢)
m m
And,
P 1 =[P21 P22] = “Im{c;} Re{c,} (4.83a)
~ ~ . _ [Im{c;} Re{c,}
P2 =[P22 P23] = Re{c,} —Imfc,} (4.83b)
~ ~ Re{c, Im{cy,
P om—1 = [P22m-1 Pz2m-1] = —Irr{l{c }} Re%c i (4.83¢c)

If a vector r wants to be the complex conjugate of a vector b, the rotation angle
relationship should be the same.

Up=-6, k=1,..2m—1 (4.84)
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Proof
From the plane of rotation given in Eq. (4.82a) and (4.82b), the real space
expression of the plane of rotation can be divided by

1) Casel: k=21-1,1=1,..,m

_ RE{Ck} —Im{ck} nx
P = | imies) Re{ck}]ERz 4 (4.85)

2) Casell: k=2l,1=1,...,m—1

—Im{cx} Re{cyxiq} 2nx4
_ 4.86
Pri Re{c,} Im{cyyq} €R (450

For the simplicity, let x = Re{cy}, y = Im{cy}, m = Re{cy,,} and n = Im{cy,,}.

Now, let us prove the first case in Eq. (4.85). Rotation matrix can be given by Eq.

(4.21).
R R
R(Py, 6 =[ 1 12] 4.87
( 1,k k) R21 R22 ( )
where
Ri; =Ry =Ilpun + (XXT + YYT)(l — cos By)
(4.88a)
+ (xyT — yxT) sin 0y
Ri; = =Ry = (xyT —yx")(1 — cos 8y) + (—xxT — yyT) sin 6 (4.88b)
Because

p pT :[X —y] x'oyT| [ xxT+yy" xyT—yx" (4.892)
1ki1k y X _yT xT _xyT +yxT xxT _|_ny :
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r X —yii0 -1 xT yT
PruloPrx = [y X ] [1 0 ] —yT xT
(4.89b)
C[xyT—yxT —xxT—yyT
CxxT+yyT  xyT —yxT
Let the rotation matrix about P,y be given by Eq. (4.21).
0 0
R(Py1, =[ 1 12] 4.90
( 2,k ka) 021 022 ( )
where
011 = 05 = Ipyn + (xxT + yy") (1 — cos )
(4.91a)
+ (=xyT + yxT) sin s
012 = =01 = (=xyT + yx")(1 = cos Py + (—xx" — yy™) sin sy (4.91b)
Because
x yp[xT —yT xxT +yyT  —xyT + yxT
PPk = [—y x] T ); l . ny }; yT (4.92a)
y X Xy —yXx XX +yy
r X yji0 —-17|x* -y"
PZ,k]ZPZ,k - [_y X] [1 0 ] IyT XT l
(4.92b)
|xyT+yxT —xxT —yyT
| xxT+yy"T —xyT 4 yxT
From Eq. (4.81), we denote them as
_ [br _ MR
b= [bl] and r= [rl] (4.93)

Now, we want to have the vector r is the complex conjugate of the vector b so that we
have
bR =TIR and bI = —-I (494)

For k=1, with Eq. (4.81) and Eq. (4.87), we have
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b= [bR] _ [Ru1 Rlz] [Re{cl}] _ [RllRe{cl} + RypIm{cy} (4.952)
by Rz1 RazllIm{c;}l  [Ry;Re{e} + RypIm{cy }
[rR 011 012] [ Re{c,} ] _ [OnRe{cl} — 04,Im{c,} (4.95b)
l'1 021 Oz201—Im{c,} 0,,Re{c,;} — 0,,Im{c,}
By using Eq. (4.94),
Ri1Re{ci} + RyyIm{c;} = 011Re{c;} — 04,Im{cy} (4.96a)
R,1Re{c;} + RyzIm{c,} = —0,;Re{cy} + 0,,Im{cy} (4.96b)
Substitution of Eq. (4.88) and Eq. (4.91) into Eq. (4.96) gives us
~ sin@; = —siny; and cosB; = cos Y, (4.97)
Therefore, we have the following angle relationship.
0, = —yy (4.98)

Now, let us prove the second case in Eq. (4.86). Rotation matrix can be given by

Eq. (4.21).

R(Pl’k' ek) - [R21 Ry
where

Ry = Iyxy + (mmT + yy") (1 — cos 8y) + (—myT + ym") sin8,  (4.100a)

Ry = Iixn + (xxT + nnT) (1 — cos 0y) + (nxT — xnT) sin B, (4.100b)
Ri; = (mnT —yx")(1 — cos 0y) + (mx"T + ynT) sin 6, (4.100c)
R,; = (nmT — xy")(1 — cos 8y) + (—nyT — xm7") sin 6, (4.100d)
Because
T T T T
y m ] mm +yy mn —yx
P, P! 4.101
LkELk = [ lan—xyT xxT + nnT ( 2)
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RS R s A

(4.101b)
_[-my" +ym" mx"+ ynTl
—nyT’ —xmT nxT —xnT
Let the rotation matrix about P,y be given by Eq. (4.21).
R(Pz 0 Vi) = [8; 822] (4.102)
where
011 = Inyn + (mmT + yy") (1 — cos Py) + (myT —ymT) sin . (4.103a)
0,7 = Iy + (xxT + nn") (1 — cos Py) + (—nxT + xnT) sin Py (4.103b)
0;, = (—mnT + yxT) (1 — cos Y) + (mxT + ynT) sin Y (4.103¢)
0,; = (xyT — nm™)(1 — cos ) + (—nyT — xm™) sin Y (4.103d)
Because

T+ yy —mnT + yxT
p, PL = [Y [y ] mm 4.104
2kt2k [X ] —nT xyT —nmT  xxT + nnT ( )

m O -1 T T
PouJ2Prk = [y ”y * ]
(4.104b)
_ [ myT—ymT  mxT+yn”
" |-ny" —xm" —nxT + xn"”
For k=2, with Eq. (4.93), Eq. (4.94), Eq. (4.81) and Eq. (4.87), we have
b = [bR] _ Ri1 Rlz] [Re{x}] _ [R11R9{X} + RypIm{x} (4.1052)
b; Rz1  Roal lIm{x} R, Re{x} + R,,Im{x}
[rR 011 012] [ Re{x} ] _ [011R9{X} — 012Im{x} (4.105b)
rI 021 022 Im{X} OZIRB{X} - Ozzlm{x} '

where X is the vector after the first rotation with P; ; and 6,. By using Eq. (4.94),
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R;;Re{x} + Ry, Im{x} = 0,;Re{x} — 0,,Im{x} (4.106a)
R, Re{x} + Ry, Im{x} = —0,;Re{x} + 0,,Im{x} (4.106b)
Substitution of Eq. (4.100) and Eq. (4.103) into Eq. (4.105) gives us
-~ sin@, = —siny, and cos B, = cos Y, (4.107)
Therefore, we have the following angle relationship.
0, = -y, (4.108)
By using these angle relationships, we can express the eigenvector complex conjugate
pair easily, which results in reducing the number of angle parameters.
Finally, if we want to have the expression in the complex space, we use the
following transformation matrix.
Trzc = [Inxn  Inxnj] (4.109)

By using this transformation matrix, we can get the complex vector.

2m-1

¢ =Trac | | RGO B (4.110)
k=1

With this angle parameterization, eigenvector matrix @ can be described by

=[P ¢, - ] (4.111)
where
2m-1
b = Trac 1_[ R(Pyx, 8jx) Pj1 (4.112)
k=1

Now, ® can be parameterized with 6;,i = 1,...,n X (2m — 1) as

e = cb(em, 01,2, 9n,(zm-1)) (4.113)
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Properties of the Optimized Condition Number
Minimization of the condition number has the following good properties which
also minimize the upper bounds of the gain matrix F and the transient response of the

fractional order system.

Theorem 4.7[6]

The gain matrix F obtained in Eq. (4.7) satisfy the inequalities

IFllz < <||A||2 + mﬁX{Pﬁ”Kz(dD)) /Omin{B} (4.114)

where o,;, (B) is the smallest singular value of B.
Proof

It can easily be shown by taking the norms on Eq. (4.7).

Theorem 4.8
The norm of the transient response x(t) of the closed-loop continuous fractional

order system has the following inequality equation.

Cmax
Ix(Oll; < (@) 572 ol (4.115)

where x(0) = xg and v = 0.
Proof

The transient response x(t) of the fractional order system is given by

x(t) = Eo((A + BP)t*)xy = PE,(At) D 1x, (4.116)



107

By taking the norms on the above equation and using Corollary 3.2, we can obtain the

following inequality condition.

C
X1z < IR~ IELADllIxoll2 < 12 (P) f?,xta %ol (4.117)

where A = diag{A;,2,, ...,A,} and o = Min[|A; |]. And Cp,,x = Max[C;] where C; can be

given by

G .
”Ea,B(}\itu)”S < T;Ht“' i=1,..,n (4.118)

C. NUMERICAL SIMULATION
For robustness, we use our cost function as the weighted condition number
mentioned in Eq. (3.38). For the convenience of calculating the derivative of a cost

function, we use the squared form of the weighted robust stability measure.

J = v3(D)? = ||[D@™||%/IIDIIZ (4.119)
where @ is the eigenvector matrix and D = diag{d;,dy, ..., d,}. dj = &1 where § can be
obtained by using Eq. (3.45) for the fractional order system. To minimize the above cost

function numerically, we need the gradient and the Hessian with respect to angles. Let

Y = ®~1 for the convenience. And the derivative of the inverse matrix can be done by

oY 90

0 = _Ya_ejy (4.120)

Gradient

The gradient can be obtained by
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a||DD~1|2 ay\" aY
u=tr <—> DHDY+YHDHD<—>

96, 96, )

4.121)

H
0P 0P
- _ H HpH
= tr((Yaer> D"DY+Y"D DYaer>

For the real eigenvector matrix or the first case of the complex eigenvector matrix, the

eigenvector matrix is given by Eq. (4.51) and its derivative is given by

g_gj= lo 0 aa‘gjr 0 - 0], r= [ﬁ] (4.122)
where
%‘gjr = R(Pom-1,Orm—1) X -
X R(Prjer1, Orkct1) W R(Pry—1,0rk-1) (4.1232)
j
XX R(Pr,p er,l)ﬁr,l
OR(Prio Ors) _ _ sin B PricPri + Pril2Pric c0s Bk, 0 = Oy (4.1230)

a9,

with j=1,2,..,n x(m—1), r=12,..,n and k=12,..,(m—1) . Because 0,y

denotes the k™ angle of r'" column eigenvector, we have the following index
relationship.

j=r—1Dm-1)+k (4.124)

From Eq. (4.120), the derivative of the eigenvector matrix has the only r' column

eigenvector.
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For the second case of the complex eigenvector matrix, the eigenvector matrix is

given by Eq. (4.111) and its derivative is given by

0d 0P, j
———lo - o0 0 - 0 — )
06; 90 l' r [Zm -1 (4.125)
where
op
—— = TrocR(Pom—1, Or,m—1) X -
a9,
JR(P, -k 0 'k 41263)
X R(Pek+1, Or k1) % R(Pr k-1, Ork-1) (
j
X e X R(Pr,lx er,l)ﬁr,l
OR(P.,,0
( .k r,k) — Sln er,k Pr,k gk + Pr,k]ZPr,'Tk cosS eI',k , 6] = eI',k (4126b)

00;
with j=(r—-1)2m—-1)+k, r=12,..,n and k=1,2,..,(2m — 1) . Because 0,
denotes the k'™ angle of r™™ column eigenvector, we have the following index

relationship.

j=(—-1)2m-1)+k (4.127)

Hessian

The Hessian can be obtained by

9%||YIIZ ) oo \" oD
=——1/|tr{{Y=—Y) DHDY + Y"DHDY—Y
30,00, a6\ " \\" 8, * 26,
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av\" [ap\" 92 \"
— _ - HnH H HnH
- tr((aei) <aej> YHDHDY + Y (aeiae) YHDHDY

YH b H(aY) DHDY + Yaq)Y HDHDaY
06 06; 06 06;

+ (aY) DHDYaq)Y + YHDHD oY ach
06, a0 a6; 06

(4.128)

Y + YHDHDY —

HnH
+YTDTDY 5530, 30, 20

92D oD OY)

For the real eigenvector matrix or the first case of the complex eigenvector matrix, we

have
( 0 i j
92D _ ! nxn’ [m— 1] * [m— 1] (4.129)
where i= (r— 1)(m — 1) + d and
%P
d6; agj - R(Pr'm‘l’ er,m—l) X
OR(P.4,0
SICHUIN LG LD ST
1
. (4.130a)
OR(P k,9 K
X R(Pr,k+1'9r,k+1) ( . ) (Prk—l'er,k—l)
X X R(Pr1,0p1)Pra
OR(P.4,0
(PraOra) _ g b GPT P aoPTcosBq, 0;=6,4  (4.130b)

00;



0*R(Pr,q,6r4) . .
g = —0SBra PraPly — PraloPlasinBrg, =)
1

For the second case of the complex eigenvector matrix, we have

i j
G Onsn [Zm — 1] * [Zm - 1]
90; 06, 0’y [ i ] [ j ]
| 0 99, 00, 0 O r=lom=1l = [Zm=1

where i= (r—1)(2m — 1) + d and

62
aei((!))gj - TRZCR(Pr’m_l' er'm—l) Xoee
aR(PI‘,d’ er,d) R(

ael Pr,d—l' er,d—l) X oeee

X R(Pr,d+1: er,d+1)

w R(Pr,k—lr 6r,k—l) X

90,

X R(Pr,k+1: er,k+1)

X R(Pr,ll er,l)ﬁr,l

OR(Prq,81,) ,
:39_ =~ = —sin Ord Pr,dPer + Pr,d]ngd cosB.q, 0;=10.4
1

0”R(Pyq, 0r,q) . o
029- =~ = —cos Brd Pr,dpgd - Pr,dIZPer sinB,4, i=]j
1
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(4.130¢)

(4.131)

(4.132a)

(4.132b)

(4.132¢)

Note that the gradient and the Hessian for the complex conjugate eigenvectors

should be considered differently by using the angle relationships given in Theorem 4.4

and Theorem 4.5.

By using the gradient and Hessian of our cost function, we can obtain the

numerical results. For our numerical simulation, we use the BFGS(Broyden-Fletcher-

Goldfarb-Shanno) algorithm considered as a quasi-Newton and conjugate gradient
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method[35][36]. For one dimensional line search, the search with a fixed step size is
used to bracket the minimum point and the golden section method is used to find the

optimum point[35].

Numerical Tests
The following examples are chosen to test our rotation method. These examples

are all integer order cases, which allows us to compare our results with the existing

results. Initial angles are given by g. For the complex conjugate pair, the corresponding

angles are given by — and — — because of Theorem 4.5.
4 4

In each example, a) presents eigenvector matrix resulted from optimization
process and b) shows the gain matrix and its norm obtained from the same process. From
the observation of following results, we can see that all gain matrices contain all real
numbers, which also shows that our angle relationships for the complex conjugate pair
of the eigenvectors are valid numerically. ¢) shows the rotation angles in the each
admissible space of each eigenvector. d) gives us the condition numbers in the final
iteration. e) shows the optimization process with the figure. From these figures, we can
see that the local optimal solution can be converged in a few iterations in the most cases.

If the initial values are near singular, this might not be true.
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Iteration
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1 1.5 2 2.5 3 3.5 4 4.5 5
Iteration
20 ¢
P
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\ztff—fff .
ot L [ < £ £
1 1.5 2 2.5 3 3.5 4 4.5 5

Iteration

Figure 4.4. Optimization History of Condition Numbers for Example 4.1

Example 4.1. Chemical reactor, n=4, m=2

1.3800 —0.2077
—0.5814 —4.2900
1.0670 4.2730
0.0480 4.2730

A=

BT — 0.0000 5.6790
0.0000 0.0000
A = diag(—0.2, —0.5,

a) Eigenvector matrix

—0.7533 0.6821
0.0485 0.1040
0.5184 0.3485
0.4019 0.6344

b =

b) Gain matrix and its norm

F

_[0.1622 —0.0909 0.2028
1.1168 —0.2355 0.7232

6.7150
0.0000
—6.6540
1.3430

1.1360
—3.1460

—5.0566,

0.4175
—0.5524
0.1745
0.7001

—0.1703
—0.1372

—5.6760
0.6750
5.8930

—2.1040

1.1360
0.0000

—8.6659)

—0.5670
—0.1924
0.7993
—0.0508

IFll, = 1.3860



¢) Rotation angles: 8 = [-0.0073 1.6403 1.4805 —0.0579]
d) Condition numbers: k,(®) = 3.2332 kg(P) = 6.4660 c = 19175

e) Optimization process is given in Fig. (4.4).

Example 4.2. Distillation column, n=5, m=2.

—0.1094 0.0628  0.0000  0.0000  0.0000
1.3060 —2.1320 0.9807  0.0000  0.0000

—_—
|

A =1 0.0000 1.5950 —3.1490 1.5470 0.0000
0.0000 0.0355 2.6320 —4.2570 1.8550
0.0000 0.0023 0.0000 0.1636 —0.1625
BT — 0.0000 0.0638 0.0838 0.1004  0.0063
0.0000 0.0000 -1396 -0.2060 -—0.0128
A = diag(—-0.2, —-0.5, —1.0, —1.0+£1.0i)
Approach I

a) Eigenvector matrix

114

0.4696 0.1377 0.0155 —0.0288 + 0.0073i —0.0288 — 0.00731]
—-0.6775 —0.8565 —0.2205 0.2920 — 0.5620i 0.2920 + 0.5620i |

P

|
=|-0.4213 —-0.4688 0.6171 0.5082 — 0.3447i 0.5082 + 0.3447i |
l —-0.2197 -0.1394 0.7211 0.4522 — 0.0984i 0.4522 + 0.0984i J

—0.3079 —0.0907 -0.2245 -0.0104 —0.08141i —0.0104 + 0.0814i

b) Gain matrix and its norm

0.3645 1.1259 -—2.2547 1.9202 -0.5500

F=102x|
[—0.0846 0.3794 —-0.5755 0.4433 0.0098

c) Rotation angles: 8 = [-0.5112 0.4934 0.1933 1.1721 1.1721]

d) Condition numbers: k,(P) = 47.5828 «kp(P) = 62.3486 ¢ =17.3772

e) Optimization process is given in Fig. (4.5).

IIFll, = 333.4916
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100 ¢
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Iteration
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Mﬁm
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Figure 4.5. Optimization History of Condition Numbers for Example 4.2, Approach I

Approach II

a) Eigenvector matrix

0.3983 0.1378 —0.0353 —0.0050 — 0.0062i —0.0050 + 0.0062i
—-0.5747 -0.8571 0.5003 0.1695 + 0.0076i 0.1695 — 0.0076i
® =|-0.4676 —0.0554 0.7009 0.6499 + 0.2467i1 0.6499 — 0.2467i1
—0.0811 0.2264 0.4984 0.6292 + 0.2791i 0.6292 — 0.2791i
0.5347 —0.4383 —0.0938 0.0158 —0.1177i 0.0158 + 0.1177i

b) Gain matrix and its norm

—49.6504 51.5669 -—93.7388 71.7377 —13.0355

305997 94528 419827 -47.3266 26.0617 | IFll2= 1481282

|

c) Rotation angles

0.7923 —0.7923]

Breal = [0.3825 —0.1711 0.9858] Gcomplex=[1.1165 —1.1165
1.0674 —-1.0674
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d) Condition numbers: k,(®) = 45.9794 «kg(P) = 60.8576 ¢ =17.5521

e) Optimization process is given in Fig. (4.6).

o 20F

15°¢ : : L : : t
1 1.5 2 2.5 3 3.5 4 4.5 5
Iteration

Figure 4.6. Optimization History of Condition Numbers for Example 4.2, Approach I1

Example 4.3. Nuclear rocket engine, n=4, m=2.

—65.0 650 —19.5 19.5
A—| 01 —01 00 00| r_[65 0 0 0
1.0 00 -05 -10| 0 0 0 04

0.0 0.0 04 -—-0.0

and

A =diag(—-1, -2, -3, -—4)
a) Eigenvector matrix

0.6835 —0.5753 0.3704 —-0.9029
—0.0759 0.0303 —0.0128 0.0232
0.0769 0.6829 0.2134 0.1422
0.7219 0.4491 0.9039 —0.4050

b =
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b) Gain matrix and its norm

_ 109096 —1.5234 0.2596 —0.2797

F= —1.6857 —70.8605 3.2261 —8.8083

IF|l, = 71.5150

¢) Rotation angles: 8 = [1.6320 0.2639 1.5967 —0.6362]
d) Condition numbers: k,(®) = 35.7006 «g(P) =45.7106 c = 21.8205

e) Optimization process is given in Fig. (4.7).

100¢

Iteration
100 ¢

0 5 10 15 20 25
Iteration

60 ¢

S R e T

0 5 10 15 20 25
Iteration

Figure 4.7. Optimization History of Condition Numbers for Example 4.3

Example 4.4. Multiple-input multiple-output system, n=4, m=2.

0 1 0
0 0 1],BT=[1 O Tand A = diag(~=1, -2, —3)

A=
-6 —-11 -6 i
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a) Eigenvector matrix

—0.6648 0.5773 —0.5661
® = 00782 -0.5773 0.2265
0.7430 0.5774 0.7926

b) Gain matrix and its norm

2.4167 7.6667  3.2500

F:[—O.8333 —3.3333 —1.5000

IFll, = 9.4441

c) Rotation angles: 8 = [1.1099 2.6445 1.0402]
d) Condition numbers: k,(P) = 10.7738 «kg(P) = 13.4211 c = 6.1644

e) Optimization process is given in Fig. (4.8).

15¢
- L
4
10°¢ : 2 : 2 : -
0 50 100 150 200 250 300
Iteration
16
12°¢ : : : : : .
0 50 100 150 200 250 300
lteration
8¢
[3) 7%;
6 .- .
0 50 100 150 200 250 300
Iteration

Figure 4.8. Optimization History of Condition Numbers for Example 4.4
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Iteration

Figure 4.9. Optimization History of Condition Numbers for Example 4.5, Approach I

Example 4.5. Random problem, n=4, m=2.

5.8765
6.6526
0.0000
0.0000

A=

9.3456
0.5867
9.6738
0.0000

4.5634
3.5829
7.4876
6.6784

9.3520
0.6534
4.7654
2.5678

BT=[3.9878 0.0000 0.0000 0.0000
0.5432 0.0000 0.0000 0.0000

A = diag(—29.4986
Approach I

a) Eigenvector matrix

—0.7227 —-0.3070
b = 0.6665 —0.7702
—0.1791 0.4945
0.0373 —0.2609

, —10.0922,

0.0606 + 0.2159i
—0.3713 — 0.5499i
—0.2773 + 0.4311i

0.4196 + 0.2659i

2.5201 + 6.8910i)

0.0606 — 0.2159i
—0.3713 + 0.5499i
—0.2773 — 0.4311i

0.4196 — 0.2659i
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b) Gain matrix and its norm

_[~7.7856
2.1570

3.8716
—9.9235

3.5833
—10.7339

0.9304

. —7.6648

IF|l, = 17.9154

c) Rotation angles: 8 = [1.1242 —0.6710 2.0131 2.0131]

d) Condition numbers: k,(®) = 3.8827 «kg(P) = 6.2410 c = 1.7981
e) Optimization process is given in Fig. (4.9).
6.5 : :
\
\\
=4
1 1.2 14 16 1.8 2 22 24 26 28 3
iteration
10¢
5=
>l S—
\
6t - - . .
1 1.2 14 16 1.8 2 22 24 26 28 3
Iteration
4c -
|
[ —
o 2 —————
ot A A A A A A
1 1.2 1.4 16 1.8 2 22 24 26 28 3
Iteration

Figure 4.10. Optimization History of Condition Numbers for Example 4.5, Approach II

Approach 11

a) Eigenvector matrix

—0.5046 —-0.6414 0.1076 — 0.0557i
b = 0.8326 —0.6209 0.3033 + 0.6040i1
—0.2238 0.3987 0.3365 — 0.3992i
0.0466 —0.2103 —0.3891 — 0.3234i

0.1076 + 0.0557i
0.3033 — 0.6040i
0.3365 + 0.3992i
—0.3891 + 0.3234i
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b) Gain matrix and its norm

_[—5.9208 1.4377 2.4445 1.3895

F= 1.7372 -10.2719 -10.8257 —-12.0135

IF|l, = 19.5904

c) Rotation angles

1.1455 —1.1455
Oreal = [1.4029 —0.2867] Bcomplex = [—1.7140  1.7140
0.2560 —0.2560

d) Condition numbers: k,(®) = 3.6473 «kp(P) =5.9347 c=1.7834

e) Optimization process is given in Fig. (4.10).

Example 4.6. Random problem, n=8, m=3.

0.5257 0.8544 0.5591 0.5901 0.0259 0.6213 0.7227 0.56177
0.9931 0.0643 0.1249 0.3091 0.5174 0.3455 0.8977 0.4682
0.6489 0.8279 0.7279 0.2552 0.3917 0.7065 0.2428 0.7795
0.9923 0.9262 0.2678 0.6252 0.2414 0.5211 0.4338 0.9677
0.0000 0.5667 0.5465 0.1157 0.5064 0.2870 0.7901 0.9809
0.0000 0.0000 0.8672 0.6117 0.4236 0.6503 0.5069 0.8187
0.0000 0.0000 0.0000 0.0000 0.2894 0.0881 0.5233 0.4257
L0.0000 0.0000 0.0000 0.0000 0.0000 0.4499 0.5597 0.2462-

10.9230 0.3950 0.83257
0.0000 0.0366 0.6105
0.0000 0.0000 0.1871
0.0000 0.0000 0.0000
0.0000 0.0000 0.0000
0.0000 0.0000 0.0000
0.0000 0.0000 0.0000
0.0000 0.0000 0.0000-

A
= diag(—0.1778, 0.5628, 1.2715+ 0.3923i, 0.6297 £+ 0.5605i, —0.5113 + 0.1013i)
Approach I

a) Eigenvector matrix



[ 0.4113 0.2173 —0.0497 + 0.1127i 0.2140 + 0.1386i —0.6797 £ 0.1509i]
—0.2743 —0.5515 —0.5985+ 0.1998i —0.6237 +0.17591 0.1172 + 0.0729i
—-0.1713 0.1103 —0.3358 +£0.0097i —0.1360 + 0.3184i —0.3877 + 0.0043i

b= —0.4275 —0.0127 0.0168 +0.3455i —0.0518+0.1190i 0.5731 + 0.0439i
0.5726  —0.5594 0.1312 +0.1946i —0.2502 £0.1873i 0.0623 + 0.0473i
0.3350 0.4543 0.3359 + 0.2426i 0.4135+ 0.17161 —0.0587 + 0.0061i
—0.3156 —0.2145 0.2319+0.0232i —0.0083 + 0.0812i —0.0318 + 0.0291i
L 0.0611 0.2664 0.2703 + 0.0096i 0.1894 + 0.1940i 0.0540 £ 0.0324;i
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b) Gain matrix and its norm

—0.5193 —-0.5300 0.1699 —0.1525 0.0572 —0.3734 —0.3245 —-0.0630
F=10%| 1.3224 1.3234 —-0.3897 0.3786 —0.1042 0.9986 0.8917 0.1842
—0.0732 -0.0591 -0.0079 -0.0241 -0.0165 -0.0658 —0.0792 —-0.0383

IF|l, = 255.0325

c) Rotation angles

0.6237 0.5506 1.2998 1.2998 0.7972 0.7972 1.2576 1.2576]

e=[0.6875 0.5865 0.6919 0.6919 0.7203 0.7203 0.2492 0.2492

d) Condition numbers: k,(P) = 17.4947 «g(P) = 34.7828 ¢ = 7.3554
e) Optimization process is given in Fig. (4.11).
100 ¢
Y 50
ot i ; ; ; ; ) ; ) :
(0] 2 4 6 8 10 12 14 16 18
Iteration
100 ¢
- 50 ——
%0 2 a 6 8 10 12 14 16 18
Iteration
20 ¢
o 10 —
%0 2 a 6 8 10 12 14 16 18

Iteration

Figure 4.11. Optimization History of Condition Numbers for Example 4.6, Approach I
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20 2\-
10
T I e S
ok I I \ L
1 2 3 5 6 7 8 10
Iteration
40 ¢ 4
Z\
& 20
&7ﬁ<‘***f‘z%7ﬁ<.;7 T
ot I I I L L
1 2 3 5 6 7 8 10
Iteration
10 ¢
o 52.
.%7ﬁ<*7ﬁ<~77ﬁ%fffﬁ&7
ot I i A A
1 > 3 5 6 7 8 10

Iteration

Figure 4.12. Optimization History of Condition Numbers for Example 4.6, Approach II

Approach I1

a) Eigenvector matrix

b) Gain matrix and its norm

—0.0167
F =107 0.0820
—0.0271

[ 0.2421
—0.4125
—0.2306
—0.2970

0.2702
0.0359
—0.4682
L 0.5799

—0.0112
—0.1562
—0.4033
0.6509
—0.4546
0.3338
—0.1399
0.2270

—0.4888
1.2410
—0.0617

c) Rotation angles

0.0616 + 0.1263i
—0.4786 + 0.1167i
—0.3540 + 0.3513i
—0.0935 + 0.3482i
—0.0282 £ 0.2759i

0.0418 + 0.3872i

0.1860 + 0.1596i

0.1904 £+ 0.1842i

real —

—0.1532 £ 0.2761i
—0.2791 + 0.2199i

0.2165 + 0.4761i

—0.1181 + 0.2305i
—0.1815 ¥ 0.0722i

0.5521  0.0108i

—0.1871 ¥ 0.0758i

0.0621 + 0.2139i

—0.0305 —-0.0326 —0.3794

0.0885 0.1103 1.0005

—0.0139 -0.0167 —0.0679
IFIl, = 287.8762

_[1.1714 1.1503
1.3817 1.7719

—0.0014 F 0.3832i]
—0.0043 + 0.1143i
—0.4560 + 0.2246i
0.0191 + 0.4449i
0.3562 + 0.1624i
0.3790 + 0.1371i
—0.0354 + 0.0847i
—0.2144 £ 0.1153iJ

—0.6785
1.8052
—0.1169



[1.6034 —1.6034 -0.0729 0.0729 0.7872
1.5142 -1.5142 0.0900 —0.0900 1.3554
Bcomplex =10.8441 —0.8441 0.6983 —0.6983 1.7461
I0.8837 —0.8837 0.8946 —0.8946 0.7734
l0.6940 —0.6940 09734 -0.9734 1.4082

—0.7872]

—1.3554
—1.7461
—0.7734
—1.4082

d) Condition numbers: k,(®) = 4.3664 «kp(P) = 11.5549 ¢ = 1.8295

e) Optimization process is given in Fig. (4.12).

Example 4.7. Aircraft control example I, n=4, m=3.

0 1 0 0
A= 140 x 107* —-2.04 —-1.950 1.33x 1072
—2.51x107* 1 —1.320 —-2.38x 1072

—5.61x 1071 0 0.358 —2.79x 1071

0 —5.33 —1.60 x 1071 0
BT=[0 645x103 —-116x10"2 1.06x 1071
0 —267x10"! —251x10"' 8.62x 1072

A = diag(-1, -2, -3, —4)
a) Eigenvector matrix

—0.7048 -0.0614 -0.0717 —0.2423
0.7048  0.1228 0.2150 0.9691
—0.0806 —-0.8974 -0.3714 -0.0298
—0.0120 0.4193 -0.9004 0.0368

b =

b) Gain matrix and its norm

0.8534 0.3837 —0.5545 —0.1409

F=1|71707 -3.1747 -10.5909 -26.3029| |[|F|l, =29.7926

—1.9790 3.3335 4.1783 2.5514

—0.0816 1.4330 1.3422 0.0474

¢) Rotationangles:0 =1 " 77" 27045 19620 22514

d) Condition numbers: k,(P) = 3.7576 «kg(P) = 6.2246 ¢ = 2.3332

e) Optimization process is given in Fig. (4.13).

I
|
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Y 10 CE——
T
1 1.5 2 2.5 3 3.5 4 4.5 5 55 6
Iteration
40
L 202.
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\.
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1 1.5 2 2.5 3 3.5 4 4.5 5 55 6
Iteration
102\
&) 5 — |
[ —
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

Iteration

Figure 4.13. Optimization History of Condition Numbers for Example 4.7

Example 4.8. Aircraft control example II, n=4, m=2.

0 1 0 0
A= | 532X 1077 —4.18x10"' —-0.120 2.32x 1072
—4.62 x107° 1 —0.752 —2.39 x 1072
—5.61x 1071 0 —-0.300 —1.74 x 1072
BT — [0 -1.72x 107t -2.38x 1072 0 ]
0 745x10°® —7.78x1075 3.69x 1073

A = diag(—-1, -2, -3, —4)
a) Eigenvector matrix

0.2519 0.3902 0.0683 —0.2395
—0.2519 -0.7805 -0.2050 0.9580
0.9133 0.4880 0.0429 —0.1500
0.1973 0.0206 0.9754 0.0485

b =

b) Gain matrix and its norm
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F =[ 62.3969 35.0790 —9.2018 0.3208

2647163 854444 2892737 —8062011] IFll2 = 9009102

c) Rotation angles: 6 = [0.1969 0.0268 1.3611 0.0690]
d) Condition numbers: k,(®) = 18.7281 «kg(P) = 23.8973 c=11.1326

e) Optimization process is given in Fig. (4.14).

22 ¢
—*CN 20 < -H.ﬁe_—m
ﬁ%ﬁﬁﬁﬁﬁﬁﬁ—wﬁiwﬁﬁrw:i e L
18° - > = > - > = > t
0] 5 10 15 20 25 30 35 40 45
Iteration
30¢
25 o
20° - > = > = > = > t
0 5 10 15 20 25 30 35 40 45
Iteration
13 ¢
o 12 x\
11° AL e = =
0] 5 10 15 20 25 30 35 40 45
Iteration

Figure 4.14. Optimization History of Condition Numbers for Example 4.8

Comparison

Table 4.1 compares numerical results obtained from previous examples with the
ones obtained by existing methods. Some of the examples show that our methods
produce better results although it is not always the case. We suspect that our methods
would lead us to better results if we alternate initial values, but for the fair comparison

we applied the same initial values for each example.



Table 4.1. Comparisons between Various Methods
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Rotation Rotation
Ex Cond. Method Method Bzzgrs I Kautsky et al.
| No. | (Realcaseor | (Approach | o 4 | Method | Method | Method
Approach I) IT) 0 1 2/3
K, (D) 3.2332 3.35 1.82 3.32 4.54
U Np(@) | 6.4660 6.40
IFIl, 1.3860 1.46 1.47 1.40 1.17
1, (®) | 47.5828 45.9794 33.07 39.4 66.1
2 [xp(®) | 62.3486 60.8576 39.11
IFIl, | 333.4916 148.1282 | 35485 311.5 | 283.1
1, (®) | 35.7006 33.85
3| kp(®) | 45.7106 41.23
IFIl, 71.5150 77.15
1, (®) | 10.7738 10.77
4 k(@) | 13.4211 11.87
IFIl, 9.4441 9.44
1, (D) 3.8827 3.6473 3.55
S| kp(®) 6.2410 5.9347 5.84
IFIl, 17.9154 19.5904 23.00
1, (®) | 17.4947 43664 4.74
6 | kp(d) | 34.7828 11.5549 11.91
IFl, | 255.0325 287.8762 | 305.50
1, (D) 3.7576 3.61
T | kp(®) 6.2246 5.89
IFIl, 29.7926 28.25
1, (d) | 18.7281 18.59
8 | xp(®) | 23.8973 21.24
IFIl, | 900.9102 807.57

Graphic Visualization of the Cost Function

Each angle parameter in the rotation method has the finite angle space[—, ).

With the angle space being finite, we can now visualize our cost function by sweeping

each angle parameter from the obtained local minimum. This means that one angle

parameter is sweeping from - 1 to T while the other angle parameters are fixed with the
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corresponding local minimum values, which leads us to see if our local minimum is the
good solution and another good local minimum candidate can be found. This is also one
of advantages of our angle parameterization.

Figures (4.15) to (4.18) give us the visualization of our cost function by sweeping
one angle parameter for each case. Because rotating the vector with t changes only the

sign of it, figures show us the symmetry characteristics with Tt.

10000 ¢

9000

8000

7000

6000

- 5000

4000

3000

2000

1000

Jt r r r L

ot L L L
-4 -3 -2 -1 (0] 1 2 3 4
Theta(1,1)(Rad)

Figure 4.15. Angle Sweep(—t to 1) of First Rotation Angle in Example 4.1
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3000 ¢

2500
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- 1500
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500
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ot L
-4 -3 -2 -1 (0} 1 2
Theta(1,2)(Rad)

w
IN

Figure 4.16. Angle Sweep(—t to 1) of Second Rotation Angle in Example 4.1
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Figure 4.17. Angle Sweep(—t to 1) of Third Rotation Angle in Example 4.1
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3500 ¢
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2500

2000

1500
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»

-4 -3 -2 -1 (o] 1 2 3 4
Theta(1,4)(Rad)

Figure 4.18. Angle Sweep(—m to 1) of Fourth Rotation Angle in Example 4.1

Weighted Cost Function

Let us consider the example 2 with the fractional order a = 0.25. Then the
diagonal weight matrix can be obtained as D = diag{5,2,1,0.7654,0.7654} by using Eq.
(3.45).

Approach I
f) Eigenvector matrix

[ 0.2925 0.1339  —-0.0214 —0.0029 +0.0127i —0.0029 — 0.0127i]

| —0.4220 —-0.8329 0.3041 —0.1613 —0.2268i —0.1613 + 0.2268i|

=1-0.3945 —0.5042 0.7225 0.5856 — 0.1580i 0.5856 + 0.1580i |

l —0.0107 -—-0.1782 0.6041 0.7266 — 0.0727i1 0.7266 + 0.0727i1 J
0.7620 —0.0477 -—0.1421 —0.0537 —0.1354i —0.0537 + 0.1354i

()

g) Gain matrix and its norm
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F:102x[_0'9490 0.0929 -0.1004 -0.0012 0.1970

06698 —04588 11584 —11213 05314/ [Fllz=1914713

h) Rotation angles: 8 = [0.6944 0.5653 0.7558 0.4945 0.4945]

i) Condition numbers: v3(®) = 9.6761

j) Optimization process is given in Fig. (4.19).

12.5¢
&
12
11.5
a
:m 11
10.5
10
\
9.5°¢ : L . L : t
1 1.5 2 2.5 3 3.5 4

Iteration

Figure 4.19. Optimization Process for Example with Weighted Cost Function, Approach

I

Approach 11
f) Eigenvector matrix

[ 02515 01330 —0.0188 —0.0032+ 0.0043i —0.0032 — 0.0043i
| —0.3628 —0.8274 0.2660 —0.0235—0.1116i —0.0235 + 0.1116i|
=|-0.3621 -0.5114 0.7223  0.6013 +0.2377i  0.6013 — 0.2377i |
l 0.0127 —0.1864 0.6202 0.6714+0.3136i  0.6714 — 0.3136i J
0.8208 —0.0386 —0.1502 0.0166 — 0.1394i  0.0166 + 0.1394i

()
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g) Gain matrix and its norm

—78.2063 21.0097 —28.7506 14.2437  7.4686

F=
[—55.8073 —33.4609 92.8076 —93.1437 41.4066

IF|l, = 152.4390

h) Rotation angles

Oreal = [0.7956 0.5806 0.7135] Ocompiex = [0.8388 —0.8388

[0.6616 —0.6616]
09136 —0.9136

i) Condition numbers: v3(®) = 7.6279

j) Optimization process is given in Fig. (4.20).

1 1.5 2 2.5 3 3.5 4
Iteration

Figure 4.20. Optimization Process for Example with Weighted Cost Function, Approach

II
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CHAPTER YV

KALMAN FILTER FOR FRACTIONAL ORDER SYSTEMS

In this chapter, we derive the discrete-time Kalman filter for fractional order
systems. In order to implement it, we first derive a discrete-time model for fractional
order systems. Then we obtain the propagation equation and “update” equation. Because
the solution to the fractional order differential equation has the history-dependent terms,
the propagation equation of the error covariance matrix is not simple and contains all of
the history-dependent terms. By using the derived Kalman filter, we show the numerical

examples and investigate some important properties of this filter.

A. KALMAN FILTER DEVIATION
Let us consider a continuous fractional order system as

CDEx(D) = ADx() + B(Ou(t) + G(Ow(t) (5.1)
where A(t) € R™", B(t) € R™™ and G(t) € R™™. Assuming that A(t), B(t) and G(t)
are constant and the input u(t) and the system noise w(t) are constant during a sample
interval At, we can derive the discrete-time model of the above continuous fractional
order system by using the second approach shown in the Chapter II. Then we want to
formulate the discrete-time Kalman filter for the discrete-time model of the fractional
order system. By using Eq. (2.86), we can obtain the following discrete-time model with

the initial time t, = 0.
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n-1

X(tnt1) = P(tnss, t)X(tn) + ) N(tnsr, tn tiss, ti) (Bulty) + Yw(ty))
=0 (5.2)

+ I'(AD (Bu(t,) + Yw(ty,))
where ®(t, 41, ty) N(ty4q, th te 1, t) and T'(At) are given in Egs. (2.87) to (2.89). For
the simplicity and the convenience in later use, we express it with the simple notations.

Then the “truth” discrete-time model can be described as

k-1
Xp+1 = PpXy + Buy + I'Ywy + z (Nk,mBum + Nk_mem) (5.3)

m=0
where xp = x(t,), Pk = P(ty1,tn), T =T(AY), Ngm = N(tpsr, th thke, t) 5 Uy =
u(ty) and wy, = w(ty). Note that even if system matrices A and B are time-invariant,
®y is a time-variant function. Summation terms in Eq. (5.3) characterize the difference
between the integer order systems and the fractional order systems by showing the
memory property of the fractional order systems. The measurement model is given by
Vi = Hpxy + vg (5.4)
where vy i1s the measurement noise. The system noise and the measurement noise are
considered to be zero-mean Gaussian white-noise processes. The properties of them are
given by
E{w;w]} = Q;5;; and E{v;v]'} = R;3; (5.5)
where 8;; is the Kronecker delta. Q; and R; present the corresponding covariance matrix

of each noise. And we assume that both noises are uncorrelated to each other.
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Now, we can obtain the propagation of the estimated state by taking the
expectation of the true dynamic model. Then the propagation equation of the estimated

state can be described by

k-1
Rir1 = O XY + IBuy + z Ny mBup, (5.6)
m=0
“+” and “-” notation means the times after and before the measurement, respectively.

Also, once we have the measurement, we can update our state estimate. Therefore, we
can think that “+” and “-” notation presents the times after and before the update,
respectively. In order to obtain an error covariance matrix, we need the error dynamics
of the state. By subtracting Eq. (5.6) from Eq. (5.3), the estimated state error can be

obtained as

k-1
Rices = Ricrs — Xirs = &L = TYWy = ) N Yy (5.7)

m=0
Then the propagation equation of the error covariance matrix can be defined by

- — pfe- o-T
Pt = E{fia X

k-1
= O E{x/ % TIOf — z O ERI WY TN
m=0
k-1 (5.8)
+ I'YE{w,wy JYTTT — Z Nim YE{wn X} T}
m=0
k-1
+ Z Niem YE{W, Wi JYTNY
m=0

By substituting B = E{X}%X}"}, Qm = E{wp, W} into Eq. (5.8), we have



k-1
P, = @ P OF + I Qi Y™TT + Z NiemYQmYTNR
m=0
k-1 k-1

PBEEWEN TN = > N VE{win % T}

0 m=0

3
1l
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(5.9)

Now, we need to examine E{X;f w5} and E{w,%;"}. Taking the transpose of the former

becomes the latter. So we only need one of them. To obtain E{wmf(f{T}, we have to

know the state updated form. This “update” equation can be given as[4][37].

R = Ry + K (¥ — Hieky)

(5.10)

where K is the Kalman gain. We will obtain it later. The state error can be defined as

the difference between the estimated state and the truth state. By using the above

equation, the updated state error can be obtained as
K = K5 — X = K — X + K (P — He Ry — X)) — Hiexyo)
= Xj +Ki (v — HiXy) = (I — KH) Xy + Kok
where X, = X} — Xy.. By using Eq. (5.11) and Eq. (5.7), we can obtain

k-2
%= (1= Ky | @iy =MWy = ) Nicym YWy | + Ky

m=0
Then E{X;f wi,} and E{w,%;{"} can be expressed as

E{Zwn} = (I — KiH) @y E{X_ wi} — (I — K Hi) TYE{wy_; wi }

k-2

- (I - Kka) Z Nk_l’]YE{W]ng}
j=0

(5.11)

(5.12)

(5.13)
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Because of the property of E{wmf(ng} = (E{x; wlDT, we only need one calculation

between both of them.

k-1
— ) OWEERIWIN N,
m=0
k-1
= = ) &l = KDy B Wh TN,
m=0
(5.14)
k-1
+ ) Ol = KHOTYE(w  WhIYTNE,,
m=0
k-1 k-2
+ Z &, (I — KiHy) Z Ni—1,; YE{w;wi } YTNg
m=0 j=0

By using Eq. (5.5), the second and third terms on the right hand side of Eq. (5.14) can be

changed to
k-1
@ (1 — K HOTYE{wj_, W YN
m=0 (5.15a)
= & (1 — KeHOTY Qo YN 4
k-1 k-2
@, (I — K Hy) Z Nyi—1, YE{w;wh } YINR
m=0 j=0
(5.15b)
k-2
= 0 (1= KiHi) ) NioymYQuYNE,
m=0

By the induction of E{X;;_,w.}, we can finally obtain
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k-1 k-1
=— z O EREWEIYTINE | — 2 Niom YE{Wi Xi( " JO
o o (5.16)

=7,+7Z, +77 + 77
where
Zy = & (1 — K HOTY Qe YN 4

+ @ (1 — KHi) Py g (1 — Ko Heo ) )IYQp, YN, +

(5.17a)
+ &, (I — KgHyp) Py (I — Ky Hgq) X -+
X @, (I — KH)TYQoYTNg,
k-2
Zy = @ (1 — KeHy) ) Neogm YQuYTNE
m=0
+ &, (I — KgHy) Py 1 (I — Kg—1Hyg—4)
(5.17b)
k-3
X > NicomYQumYTNgp + o + @ (I = KiH) Ppe_q X -+
m=0

X &, (1 - Ksz)NLoYQoYTNE,O

Therefore, the propagation equation of the error covariance matrix is finally given by

k-1
P, = O P OL + TYQYTTT + z NiemYQum Y N o + Z (5.18)

m=0
where Z is given in Eq. (5.16).

The “update” equation of the error covariance matrix can be described as
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R = B{xixi")
= (I - KeHOER %} — K H)T + K E{uof JKe (5.19)
= (1 - KeHi) P (1= KiHi) ™ + KiRiK
In order to find the gain K, we use the minimum variance measure of optimality by
defining our cost function as the trace of the updated error covariance matrix, J(Ky) =

Tr(P.). Using the trace identities in Reference [1], we can obtain

a]

—— =0 =—2(1 — K H )P HY + 2K Ry (5.20)
0K

From this equation, we can obtain the gain K.
Ky = PrHT(H PO HT 4+ Ry) (5.21)
Note that this solution is the same with that of the conventional Kalman filter because
we assume the “update” equation is given in Eq. (5.10) which is the same “update”
solution in the conventional Kalman filter. Substituting Eq. (5.21) into Eq. (5.19) gives
us
P = (I - KyHp)Po (5.22)
Therefore, we obtain the all propagation and “update” equations for the discrete-time

Kalman filter for fractional order systems. Table 5.1 shows the summary of it.



Table 5.1. Discrete-time Linear Kalman Filter for Fractional Order Systems
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k-1

X1 = PpXy + FBuy + I'Ywy + z (N mBuy + Ny YWy, )
Model feper
Vi = HiXy + vg
L X(tg) = X
Initialize _ _ T
Py = E{X(to)X(to) " }
Gain Kie = PHT(HPCHT + R
at a— ~ a—
Ry = Ry + K (¥ — HiRy)
Update . ~
P = (I — KgHy)Py
k-1
ﬁl;+1 = (Dkﬁ; + FBuk + z Nk,mBllm
P t. m=0
ropagation -
Py = PREPT + TRQUGTT + > Nig Yo Qe YANE, + 2
m=0

Moving Window

The solution for the fractional order differential equation has the short memory

principle introduced in Chapter I, which allows us to have an approximate solution

because the solution depends on mainly the “recent past” values. So it is attractable and

useful for dealing with the practical engineering problem because we have finite

memory. By using this short memory principle, an approximate truth model can be

changed into
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k-1
X1 = PyXg + Bug + I'Ywy + Z (N mBuy + N YWy, ) (5.23)
m=k-1-L

where L is a fixed length of the moving window. Then the propagation equation of the

estimated state can be expressed as

k-1

R, = D&Y + TBuy + Z NicmBup, (5.24)
m=k—-1-L

By using this equation, the propagation equation of the error covariance matrix in Eq.

(5.18) can also be changed with fewer terms.

k-1
Py = PuREOL + THQGTT+ > Ninln QAN +2 (529)
m=k-1-L
where
k—1 k-1
7=— z O EFI WL Y TN | — z Nim YE{w, % T}
m=k—1-L “k-1-L (5.26)
=L +Z,+ 7] + 73
with
Zy = O (1 — K HiOTYQp YTNE 4
+ & (1 — KiH ) Py (1 — Ky He ) )IY Qe YN + -
(5.27a)

+ P (I = KH) Py (I — Kg—yHyq) X -+

X (I = Ky Hee ) TY Qo YN g
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k-2

Z, = O - KH) ) Nicam¥QuY N,
m=k-1-L

+ @ (I = KH) Py (I — Kg—1Hk—1)

k-3 (5.27b)
XD NeomYQuY™NE, 4+ Bl = KeHO @y
m=k-1-L
k—-1-L
XX B (= KiciHic) ) NicamYQuY™NE,
m=k-1-L

Therefore, this property of the fractional order system leads to the reduction of the
memory for storing the previous data. But note that this is an approximate solution,
which gives us larger errors. We will compare this approximate solution with exact

solution in numerical examples.

B. Numerical Example
Let us assume that we have the following fractional order system with the

fractional order, a = 0.5.
_[ O 1 ) B
A_[—1.1 —1.4]' B‘H and H=[1 0] (5.28)

The noise parameters are given by 6, = 0.04 x [1  1]T and 6, = 0.1. And, the initial
error covariance matrix is set to Py = diag{10® 103}. The design parameters for the

Kalman filter are chosen as Q = 0.16 X diag{10=3 103} and R = 0.01. The input is
given by u(t) = sin(% t). For examining the property of the filter, we run 100 numerical

simulations. For each simulation, the total time is set to be 3.9sec with At = 0.1sec.
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Figures 5.1 to 5.4 show only one simulation result among the 100 numerical
simulations. In this example, the moving window of the filter with L = 5 gives us the
appropriate result. If we increase the length of the moving window, we can expect a
more precise result. Therefore, for some examples, it is required to check what length
can be a numerically appropriate candidate for the filter. From Fig. (5.4), we can see that
the state estimates are in 30 bound.

Figure 5.5 shows that the 100 ensembles of the estimation errors and 3¢ bounds
obtained from P in the last simulation and from the statistical analysis. Most ensembles
are within in 30 bound. And, 30 bounds almost coincide each other. This means that the

error covariance matrix obtained in Eq. (5.19) predicts the real error covariance fairly

accurately.
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Estimate Errors and 3 ¢ Bounds
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Study of the Error Covariance Matrix

From Eq. (5.18), the error covariance matrix has many previous data information,
which leads us to have a very large computational cost and a memory problem. We want
to rearrange and regroup the terms of Q,,, m = k,k — 1, ...,0 in order to know the effect
of each term of Q,, on P, ;. The following propagation equation of the error covariance
shows this rearrangement.

Py = @R BFOL + TYQYTTT + Qf_y + Qfp + - (5.29)

where

Qio1 = Nicke1YQuo1 YNy + @il — KicHiOTY Qi YN, 4

(5.30a)
+ Nyeo1 YQu_1 (I — K H) Ty
QT(—Z = Nk.k—ZYQk—ZYTNE,k—z
+ @y (I — KgHi) Py 1 (I — Kg—1Hi—1)
X TYQu—2Y "N e+ Ny k-2 Y Q-2
(5.30b)

X (I = Ky—1Hyo) T®pe_; (1 = KHi) Ty
+ @y (I = KieH) N1 k-2 YQue—2 Y TNy
+ Nicie—2Y Q2 Y Nico ez (1 = KicHi) Ty
If the effect of the Qg_p_1, Qx—_p—2,**, Qo terms is negligible, we only have to account

for a finite number of Qp, m =k k—1,...,k—p. This enables us to calculate the

propagation equation of the error covariance matrix with finite memory.
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For the previous numerical example, Fig. (5.6) shows that the effect of Qj, after
it is populated decreases abruptly in a finite time. For example, Qg is populated at t=0.
Then it has the maximum at t=0.1sec and it is decreasing to almost zero after 0.5sec.

Like Qp, Q7 is populated at t=0.1sec. Then it is decreasing to almost zero from 0.6sec.

This means that the effect of Qy, 0.5sec later after it is populated is negligible in this

example.

Influence of the Initial Error

Fractional order systems have memory terms. So, we want to investigate how

much the initial error can be influenced into the current time estimate by examining
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E{X; s T}. In other words, we want to know how long the initial errors “dominate” the
time-varying estimation errors by checking to see if E{X;'%3T} is going to be zero for a
sufficiently large k. By using Eq. (5.12) we can obtain the relationship between
E{%}%¢T} and E{X}%{T}. Equation (5.31) and (5.32) show it.

K—2
E{ZixdT = E<| (1= KHp) | D1t — TYwy_ g — Z Nk—1,mYWn

m=0

(5.31)

+ Ko | %57 ¢ = (= KH) P EZE_, %5

By substituting f(]+ until j is 0 into Eq. (5.31), we can finally obtain the following
equation.
EZ¢%3"} = (I = KH) @y (I = Ky 1Hie_ ) Dy X -
(5.32)
x (I = K{H)DE{RF %5 )
By checking the (I — K Hy )@y 1 (I — K1 Hy_1)Py_y X =+ X (I — K;H;) D, term in Eq.
(5.32), we can examine the influence of the initial error. Also, for the previous numerical

example, we can obtain E{X;%¢T} numericallly. Figure 5.7 shows that if k > 5, the

norm of E{X; &3} is quite small.
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Unbiased Estimator
It is important to check to see if this filter is an unbiased estimator. By checking

the expectation of the state error, we can investigate the “unbiased” property. From Eq.

(5.7), we have
Efficy1) = O B (5.33)
Substitution of Eq. (5.11) into Eq. (5.33) gives us
E{Riy1} = O (I — K H) E{R 3 (5.34)
By repeating the same procedure, we finally have

E{Rj41} = O (I = Ky Hi) Pie—q (I — K1 Hy—q) ... E{X5} (5.35)
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This equation means that the estimate error at time k is not biased if the initial error is
not biased. For the previous numerical example, we can obtain E{X;} numerically.

Figure 5.8 shows that the filter is the “unbiased” estimator.
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Figure 5.8. Norm History of E{X; }

Orthogonality Property

The standard Kalman filter for the integer order system has the orthogonality of

the state estimate and its error[4][37]. It can be shown by

E{i%tT} =0, vk (5.36)
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This means that the state estimate is not correlated with its error. Now, let us examine
the Kalman filter for the fractional order system. First, we will show theoretically that
the Kalman filter for the fractional order system does not have the orthogonality
property, but we expect E{)’Zf{f(ng} has very small values although we cannot show it
theoretically. This will be shown by the numerical result for the previous numerical
example. Therefore, by checking E{)’Zf: )N(IJ(“T} numerically from the Monte Carlo
simulation, we can verify that E{)A(k ol T} has very small values.
Let us assume that the initial estimate and its error are uncorrelated.

ER{xETI =0 (5.37)

In order to examine the “orthogonality” property, we obtain E{ﬁﬁ iﬁT} directly. At first,

we obtain X} by substituting Eq. (5.3), Eq. (5.4) and Eq. (5.6) into Eq. (5.9).

k-2
)’ii: = (Dk—lﬁlt—l + FBuk_l + Z Nk—l,mBum

m=0

k-2
+ Ky | Hl['YWye g + Hg ) Npogm YW + vy (5.38)

m=0
o+
— Hy @1 X4

And, %;f can be obtained from Eq. (5.12). Then, with E{f(;_lwg_l} = E{wk_l)?f{_Tl} =

0, E{&{ %"} can be given by



E{& %7} = O E{&{_ %00 Jop_ (1 — Ky H)T

k-2
~ Dy ) ERE WY TN (1= KiHOT
m=0

— KicHi TY Qe YTTT (1 = Ky H)T

k-2
+ K ) Nicy m VW7, } O (1= KT

m=0

k-2

~ KiHe ) NicymY QY TNE 1y (1= KicHi)T + KRy

m=0
— KicH @y E{&_ &{ T o (1 — K H)'T

k-2
+ Ky Hy @4 Z E{f(f{_lwgl}YTNE_Lm (I - K H)T

m=0
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(5.39)

To know if this filter has the orthogonality principle, we check Eq. (5.39) from the time

step k=1. By substitution of k=1, we can obtain

E{®{%{"} = OE{RE%TI00 (1 — KiHy)T — Ky Hi TYQoY T (1 — Ky Hy)'

+ Ky RyK] — KiH  @E{X§ X 305 (1 — Ky Hp)"
= —K;H;(TYQoY™TT + &y P &)1 — K;H)T + KR, KT
By using Eq. (5.18), we can obtain the following relationship
P, =TYQ,Y'TT + dy P, d}
Replacing I'YQoYTT'T + @, P;t & with P[” yields
E®7%{"} = —K;H;PT (I = K;H)T + KR, KT

By using Eq. (5.22), P; (I — K;H;)T can be replaced with P;'.

(5.40)

(5.41)

(5.42)
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E{& %"} = —K,H, P} + K;R,KT (5.43)
From Eq. (5.21), the gain can be given by
K, = PHTR7? (5.44)
By the substitution of Eq. (5.43) into Eq. (5.44), we finally obtain E{& %1} = 0.
Now, we check the orthogonality at k=2. From Eq. (5.39),
E{ﬁ;iéﬂ} = (I)lE{)’fo(fT}QDI(I - Ksz)T
— O, E{&T wg Y NI, (I — Ko H,)T
— K,H,IYQ, YTTT(I — K,H,)T
+ KoHo Ny o YE{w % T3T (1 — K, H,)T (5.45)
— KpHpNp gYQoYTNT o (I — KpHp) ™ + K,R, K3
— KoHy @1 P07 (1 - Ko Hp) "
+ KyHy @1 E(RTwg JYTNT (1 — K,H,)T
By &7 and X{ obtained in Eq. (5.38) and Eq. (5.14) respectively, we can obtain the
following equations.
E{Tw{} = K;H;TYQ, and E{&fw{}= (K;H; —DIYQ, (5.46)
Substituting Eq. (5.46) into Eq. (5.45) yields
E{(§%§™} = —0; K H,TYQY ™NT, (1 — K,H,)T + K, H,
X (=IYQYTTT 4+ Ny oYQo YT T (K H; — DTdT
(5.47)
— Ny oYQoY™NT, — @, P @] + @, (K H; — I)FYQOYTNEO)
X (I — K,H,)T + K,R,KT

By using Eq. (5.18), we can obtain the relationship
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Py =TYQYTTT — Ny oYQoY T T(K Hy — DT + Ny gYQoYTNT

(5.48)
+ @, P T — @ (K;Hy — DIYQYTNT,
Then,
E{®;%7 } = —0,K;H; I1YQOYTNT0(I —K,H 2)
+ K,H,P; (I — K;Hy)T + K,R,K] (5.49)
= —®,;K;H;TYQY™NT (I — K,Hy)T
Since K,H,P; (I — K,H,)T + K,R,KT = 0, we finally have
E{®3%37} = -0, K H TYQYTNT o (I — K,H,)T (5.50)

Therefore, the filter does not have the orthogonality property between the state estimate
and its error. However, we can check its correlation numerically. Figure 5.9 shows that

E{&; %"} is very small after k is greater than 5.
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Stability of the Discrete-Time Fractional Kalman Filter
The stability of the Kalman filter for the fractional order system can be checked
by the Lyapunov’s direct method[4]. We want to examine if the state error is stable. Let
us have the following Lyapunov function.
V(%) = . P71%, (5.51)
This Lyapunov function should be positive, which means that P, and P_* should be
positive definite. The Lyapunov’s direct method tells that if the increment of the
Lyapunov function is negative, the state error is stable. The increment of the Lyapunov
function is given by
AV(R) = Visq — Vie = &1, Pl Rieer — XEP 1Ry (5.52)
Let X).11 = Xi4; and X = X.. Then the substitution of Eq. (5.10) into Eq. (5.7) gives us

the following equation.

k-1
K1 = Rip1 — Xig1 = Pl = KHi) Xy + OKyovy — IYwy — Z NpYwy,  (5.53)

m=0
Now, we only consider the homogeneous part, @, (I — K Hyp)Xy, of Eq. (5.52). The

increment of the Lyapunov function can be given by

) — %7 p-1g <Tp—1g
AV(X) = Kie 1 Peri X1 — X P Xk

(5.54)
= %5 ((1 — K H)TOR P @ (1 — Ky Hy) — B )%y
This increment should be negative for a stable solution. So we have
(I = K H)TORPR, Dy (1 — KiHi) — B < 0 (5.55)

By pre-multiplying @5 " (I — K Hy ) ~T and post-multiplying (I — K, Hy) “1®5*, we have
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Pl — O T (= K H) TP (1 — K Hp) 10t < 0 (5.56)
Then the premultiplication of Py, gives us

I = Py 1@ T (1 = K H) "TPA (1 — K Hy) "0t < 0 (5.57)
By the substitution of Eq. (5.19) into Eq. (5.33), we have

Pey1 = (1 — K H) P — K H)TOF + & K R K df

(5.58)
+TYQY™TT + Qg + Qip + -
Substitution of Eq. (5.58) into Eq. (5.57) gives
THT THT
[ — (@ (1 — K H)P (I — K H) TPf + O K R KEDL
+TYQYTT + Qp_y + Qi + ) (5.59)
X LT — KeH) TP (1 — K Hp) 7Tt < 0
Then we have
—(PkKRKEPT + TYQRYTTT + Qf_y + Qjy + )
(5.60)

X O (1 — KiH) TP (1 — K Hyp) 72t < 0
Since @i (I — K H) TP (I — K Hy) "1di ! is positive  definite, the following
condition should be satisfied.
(PKRKEPr + TYQYTT + Qf_y + Qpep +++) > 0 (5.61)
Although Ry and Qy is positive definite, we still need each Qp, m=k—1,...,0 is
positive semi-definite in order to guarantee the stability of the filter. Or the either

following conditions should be satisfied.
(PRKRKE Py + TYQRYTTT) > —(Qi_y + Qy + ) (5.62a)

CYQUYTTT > —(Qiey + Qi + ) (5.62b)
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Also, P, must remain positive definite. Now, we want to show if Py is positive
definite Py, ,1s also positive definite. By substitution of Eq. (5.22) into Eq. (5.51), we
have

P = PpP®L — K H P + TYQ Y TTT + Q. + Qfy + - >0 (5.63)
By using Eq. (5.62a), we can have
& P DL — O K H PP — &K R KEDLE > 0 (5.64)
And, if Qp,, m = k — 1, ...,0 is positive semi-definite or Eq. (5.62b) is satisfied, we have
& P Pf — O K Hi PP > 0 (5.65)
Then,
Py > K Hy P (5.66)
By substituting Eq. (5.21) into Eq. (5.66), we have
P > PHT (HPHT + Ry) HyPy (5.67)
By pre-multiplying Hy and post-multiplying Hy., we can have
Hy P Hy > H P Hy (H P Hg + Rk)'lHkPkHE (5.68)
From the above equation, we can obtain
HPHE + Ry > H P HY (5.69)
Since Ry is positive definite, this condition is satisfied. Note that this condition is
satisfied only if Qp, m =k —1,...,0 or Eq. (5.62b) is valid. Otherwise, we have to
check if Eq. (5.62a) and Eq. (5.65) is satisfied for the stability of the filter. Therefore, if
Qm,m =k —1,...,0 is positive definite or Eq. (5.62b) is satisfied, the stability of the

filter is guaranteed.
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CHAPTER VI

CONCLUSIONS

In this dissertation, we built the base methodology with a focus on robust
feedback control and state estimation for fractional order systems described by Caputo’s
definition. This includes systems where fractional order models do not arise “naturally”
but can be an option in the quest for more general feedback control laws. As mentioned
before, Caputo definition was chosen because it requires only integer-order initial
conditions to obtain the solution of the fractional order differential equation and it
enables us to define the fractional-order initial conditions physically.

To achieve this objective, we first built up the foundations of the needed
mathematical properties and concepts such as the linearity, composition rules, Leibniz
rules and short memory principle and so on for Caputo’s fractional derivatives.

With these foundations, we could transform any fractional-order differential
equations described by Caputo definition into the state-space representation. If we have a
very small common fractional order, we have to worry about the curse of dimensionality.
In order to avoid this problem, one needs to use an incommensurate order, but, for the
convenience of analysis we examined only a commensurate order case, opening up
possibilities for further research into an incommensurate order.

From the state-space representation, we showed how to obtain the eigenvalue and
eigenvector of the Caputo fractional order system and check the stability by using the

argument of eigenvalues. And we constructed the linear system theory for the Caputo
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fractional order system. In doing so, we examined the controllability and the
observability for fractional order systems. Two kinds of discrete-time approximate
solutions were also developed by utilizing the general solution forms of the fractional
differential equation. They gave us the good numerical results when compared to the
existing method and an analytical solution. All these works become the useful
mathematical tools for the robust eigenstructure assignment and the Kalman filter for
fractional order systems.

We draw some useful results about the eigenvalue and eigenvector sensitivity
under the perturbations in fractional order systems from the analogy between the integer
order system and the fractional order system about. Condition number used in integer
order case for measuring the robust stability still plays an important role in the fractional
order case analogous to the integer derivative case. Also we found the weighted robust
stability measure in order to weigh the factor to maximize the stability margin by
calculating the inverse of the distance between the locations of the eigenvalues and the
stability lines. We found the relationship between the perturbation to the closed-loop
system matrix and the condition number of the closed loop systems modal(eigenvector)
matrix. And we found the upper bound of perturbation to make the fractional order
system stay stable. For the applications, it can be used for the controller parameter and it
also gave us the stability region of the bilinear systems.

With the robust stability measures obtained previously, we addressed the robust
eigenstructure assignment problem for the fractional order system which has already

been widely and successfully used in the integer order cases. We developed the new
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algorithm based on the n-dimensitional rotation for the robust eigenstructure assignment
problem in a novel way. This algorithm can be applied to the integer order system as
well as the fractional order system. When compared to the existing methods numerically,
our new algorithm also gave us good results. Our algorithm was made even more
effective when we used weighted robust stability since we could yield a numerical result
that the algorithm developed in Reference [34] could not provide.

For the state estimation of the fractional order system defined by Caputo
definition, we derived the discrete-time fractional Kalman filter. In contradistinction to
the Fractional Kalman filter developed by using Griindwald-Letnikov definition, the new
Fractional Kalman filter that we established by utilizing Caputo definition provides us
with new and powerful means for solving practical state estimation problems for
fractional order systems. Also, we investigated the properties of the filter such as the
influence of the initial error, the “unbiased” property, the “near” orthogonality property
and the stability of the discrete-time fractional Kalman filter. All these properties were
examined numerically by a Monte Carlo simulation. For the continuous fractional
Kalman filter, it is difficult to derive the propagation equation of the error covariance
matrix. If we want to obtain it approximately, we can use the discrete-time approximate
model for the propagation equation. Further research into a continuous fractional

Kalman filter is required.
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