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ABSTRACT

A Study of Aperiodic (Random) Arrays of Various Geometries. (May 2011)
Kristopher Ryan Buchanan, B.S., University of Nevada Las Vegas

Chair of Advisory Committee: Dr. Gregory Huff

The use of wireless communication techniques and network centric topologies
for portable communication networks and platforms makes it important to investigate
new distributed beamforming techniques. Platforms such as micro air vehicles (MAVs),
unattended ground sensors (UGSs), and unpiloted aerial vehicles (UAVs) can all benefit
from advances in this area by enabling advantages in stealth, enhanced survivability, and
maximum maneuverability. Collaborative beamforming is an example of a new
technique to utilize these systems which uses a randomly distributed antenna array with
a fitting phase coefficient for the elements. In this example, the radiated signal power of
each element is coherently added in the far-field region of a specified target direction
with net destructive interference occurring in all other regions to suppress sidelobe
behavior.

A wide variety of topologies can be used to confine geometrically these mobile
random arrays for analysis. The distribution function for these topologies must be able to
generalize the randomness within the geometry. Gaussian and Uniform distributions are
investigated in this analysis, since they provide a way to calculate the statistically

averaged beampattern for linear, planar (square and circular), and volumetric (cubical,



v

cylindrical, and spherical) geometries. They are also of practical interest since the impact
of array topology on the beampattern can typically be described in closed form. A
rigorous analysis is presented first for disc-shaped topologies to motivate the discussion
on random array properties and provide several new insights into their behavior. The
analyses of volumetric geometries which are of interest to this work are drawn from this
planar topology to provide a tractable and coherent discussion on the properties of more
complex geometries. This analysis considers Normal and Gaussian distributed array
element populations to derive the average beampattern, sidelobe behavior, beamwidth,
and directivity. The beampattern is also examined in a similar manor for circular and
spherical arrays with a truncated Gaussian distribution. A summary of the random array

analysis and its results concludes this thesis.
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INTRODUCTION

Applications today require radiation characteristics which may not be achievable
by a single antenna operating on its own behalf. Ultra wide band (UWB) antennas have
been used to mitigate some of the bandwidth limitations and provide high-resolution
scanning capabilities [1]-[18], but a single broadband antenna will typically not provide
a sufficient amount of both bandwidth [19]-[22] and directivity. However, it is possible
for a collection or distribution of radiating elements arranged in an aggregate
geometrical arrangement (called an array) to provide the desired radiation characteristics
[23]-[26]. A random and sparse distribution of radiating elements (called an aperiodic
array) may achieve more desirable behavior when compared to a well-populated periodic
distribution [27]-[34] since they can be designed to limit radiation outside of the desired
direction and mitigate spatial constraints due to the array spacing and element size that is
typically required to achieve broadband behavior.

The analysis of random arrays was considered initially by numerous researchers
from [26], and [34]-[36]. The more widely recognized probabilistic approach for
analysis of random arrays in linear and planar topologies contexts was examined in rigor
by Lo et al. in [28]-[31] and benchmarked experimentally in [37] for planar topology.
These works provided a foundation for further studies (e.g., [6]-[14]), which extended
the theory into the treatment of other canonical geometries. The goal of this work is to

provide a summary of an alternate and potentially more tractable formulation for several

This thesis follows the style of IEEE Transactions on Antennas and Propagation.



of these works which originates solely on closed form expressions. As such, this thesis
compliments the formulation of earlier works and provides an analytical framework
from which it is possible to extend the results from [9]-[12].
1.1 Advantages of Aperiodic Arrays

Fig. 1 shows a notional example of periodic and aperiodic arrays. Most arrays
have periodic element spacing. This is especially true when the elements have a narrow
bandwidth. A half-wavelength spacing is common in these circumstances because it
creates an acceptable beampattern. An array of electrically large antennas can suffer
degradation due to mutual coupling and prevent the full utilization of its instantaneous
bandwidth [30], and [38]-[39]. A solution to this problem is to remove the periodicity
and space the N elements aperiodically into a larger aperture. This allows for greater
bandwidth in beamforming across larger distances [26], [27] , [35]. It also reduces the

need to have elements spaced close to each other.

LARGER
APERTURE

<4414
<4<q4<9<
<4494

<4444
<4444

Fig. 1. Notional diagram showing a periodic (left) and aperiodic (right) antenna array.



Randomly distributed arrays have many unique capabilities. With adequate
phase control and synchronization these arrays can coherently add signals in the desired
direction. This randomizes their phase information in all other regions to the extent that a
net destructive interference occurs. The most notable results from this randomization
include a reduction in side-lobe levels without amplitude tapering and the mitigation of
grating lobes over wide bandwidths [27]-[33]. A narrower beam is typically achieved in
these arrays and the directive gain reaches a fundamental limit of order N when the
element distribution is sparse. The resolution of this beam depends mainly upon the
effective aperture dimension in wavelengths and N, but also on the probability density
function to which the elements are placed. Accordingly, the resolution of the aperture
can be improved for a fixed number of elements by spreading them over a larger
aperture. This can also be used to eliminate high peaking sidelobes [31] that are
undesirable.

Sparsely populated arrays [40]-[43] are utilized to relax physical size restrictions
on element dimensions and spacing. The use of electrically larger radiators enables
broadband or wideband capabilities [44]-[48]. Increased spacing significantly reduces
the unintended effects of mutual coupling on scan impedance and this is of course, very
different from current sheet arrays (CSAs) and other densely populated or continuous
[49]-[53] wideband array designs that exploit the inter-element interactions. The
primary difference between beamforming techniques using random arrays and CSAs or
other more widely recognized arrangements (planar and volumetric) is the absence of

periodicity.



1.2 Disadvantages of Aperiodic Arrays

In general a desired lattice structure for many aperiodic arrangements is difficult
to achieve in situations where dynamic and potentially uncoordinated movement is
desired from platforms that host radiating elements. Constraints from the host platform
require an accurate estimation of position and location information along with adequate
synchronization. These operational parameters are assumed ideal in the theoretical
framework proposed here, but certainly play a major role in the use (and usefulness) of
random array techniques for platforms such as micro air vehicles (MAVs), portable
communications networks (PCNs), unattended ground sensors (UGSs) and unpiloted
aerial vehicles (UAVs) [54].

In the past random arrays have suffered from limited knowledge of radiative
properties. In addition, complexity of analysis, synthesis, and cost to test made them
disadvantageous to implement in real time. However, over the past few decades further
contributions have been added to the literature of random arrays. In part this is due,
because of an increasing interest in ultra wide band antennas structures and technology
developments.

The synthesis of random arrays remains an open problem today even though
attempts have been made to optimize such systems. For example, an examination from
[55] has determined null locations may be prescribed to a pattern when elements are
known with a tolerance of approximately one wavelength or better. Alternative synthesis
approaches have been investigated from [56] to optimize the aperture with a fixed set of

elements to provide better performance characteristics.



Bandwidth is another downfall of a random array since it declines from growth in
aperture size relative to wavelength. This occurs, because of greater disparity in phase;
i.e. when the aperture size grows relative to the wavelength, phase precision is lost. As a
consequence, elements located far away will incur unrealistic requirements in terms of
accuracy to reach the destination with collaborative structure. On the other hand,
decreasing the effective aperture size allows for greater bandwidth, in exchange for a
small growth in sidelobe level.

Loss in effectively scanning the main beam of a random array is experienced
from decreasing the total number of elements too low. This induces higher sidelobes in
the pattern and predictability in the pattern is lost past the third null of the main beam
[57]. For this reason, a large collection of artifacts is collected during scanning. Last of
all fewer elements reduces gain such that the periodic structure of the same aperture size,
element type and feed structure becomes superior [57].

1.3 Historical Advancement

Periodically spaced phased arrays have been known for decades, and the most
popular types are planar. For these arrays, it is known the main beam tends to
deteriorate rapidly as it is scanned towards the plane of the array [58]-[62]. This demise
makes geometries like circular and spherical topology of greater interest. The difficulty
though is these arrays are not expressed in terms of simple polynomials and when the
array is random; these types of arrays have a tendency to become very complex. The
investigation of randomly spaced circular and spherical arrays was first done by [58] in

the late 60’s and later in the late 70’s [59]-[61]. For the time being it was believed, “no



particular element arrangement on the circle or sphere of a random array could result in
mathematical simplicity, thereby leading to a closed form solution except for the special
case of very small element spacing’s where some approximate solution could be found
[58]. Conversely, it is shown a structure of mathematical simplicity does exist and is
used to formulate simple closed form solutions. In addition, Panicalli and Lo simulated
experiments using the Monte Carlo method to test the validity of their theory. Instead,
this thesis will not use the Monte Carlo method since simple closed form solutions are
now known to exist.

By the same token, this thesis along with other recent papers [6]-[14] is designed
to provide better insight into the characteristics of random arrays. Care has been taken
in the derivations such that the topic is traced easily to its origins from [26], [31], and
[34]-[36]. In addition, the understanding framework of the theory makes more advanced
concepts easier to grasp.

1.4 Application of Classical (adaptive) Beamforming for Aperiodic Arrays

The difference between classical (adaptive) and distributed (opportunistic)
beamforming is the former knows position of each antenna a priori whereas the latter
acquires data dynamically.

Fig. 2 shows an example of classical beamforming. This application entails
expending UAVs to quickly deploy sensor nodes to create a wireless sensor network
(WSN). In this type of network the initial position of each node is not required. This is
due since the array initiates distributed beamforming to start the network. Once an exact

position of each node is collected a transition is made towards a more simple form of



classical beamforming. This is under the assumption the network is going to be
unattended by humans. Moreover, these nodes (arrays) can be deployed for a variety of
attractive applications such as: remote sensing and military applications to include:
detection of nuclear biological and chemical weapons, IED (improvised explosive
device) detection and reconnaissance operations.

Another possibility within the realm of classical beamforming is to cluster
antennas amongst an aircraft randomly such that a cluster has an ability to share
information a priori. From this standpoint a cluster head will be able to choose a best fit
amongst the distribution to synchronously transmit data collaboratively as shown in Fig.
3. The downfall of an intra-cluster of antennas is acquired overhead. However, this
overhead is typically small such that the resultant efficiency is greater for transmission to
receivers located far away.

Additional applications for classical beamforming include: increased penetration
depth of ground-probing radar, improving resolution capability of imaging radar, and
enhancing overall performance of medical diagnosis and therapeutic techniques that

utilize electromagnetic impulses [63]-[66].



Fig. 2. Random deployment of sensor nodes from a UAV.



Cluster Head

Fig. 3. F22 with randomly distributed antennas (represented by black dots).
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1.5 Application of Distributed Beamforming

An application unrealistic in the past was the ability to beamform in the mobile
sense. For example, a distribution of planes surveying terrain by Light Detection and
Ranging (LiDAR) may benefit from sharing information to a base station far away. This
application would require a directional beam to minimize energy required for
transmission making collaborative beamforming desirable. This also establishes a point-
to-point type architecture. = Communication of this fashion is favorable over
omnidirectional communication, because it limits additional spread of outside
interference to the environment.

Emergency response type applications where a network is “hastily formed” will
benefit best from distributed beamforming. Applications of this nature are primarily
geared towards the military environment where real time visual updates are necessary in

the battlefield. An example of this is shown in Fig. 4 with futuristic settings.
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— |

Effective ANJ)
Efficient

Multitasking
Communication

Fig. 4. Distributed beamforming in the battlefield.

1.6 Closed Loop and Open Loop Beamforming

Difficulty arises from attempting to aquire exact spatial information from a
mobile antenna and attempting to estimate the location will trigger random error into the
system. This leads to inaccuracy in the geometric information acquired. Since it is
nearly impossible for every local oscillator to be synchronized with perfect precision.
Two solutions will be investigated to cope with these impariments [9]: closed-loop and

open loop.
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In closed-loop each antenna receives a beacon from the destination antenna (such
as a base station) and adjusts its initial phase accordingly. This is referred to as self-
phasing and it is effective for systems using Time-Division Duplex (TDD). The open-
loop consideration assumes the antenna ping a relative location from a nearby refernce
point or cluster head.

To handle phase synchronization for both types of beamforming Global
Positioning Systems (GPS) can be used. This is a key reason distributed arrays are more
realistic at the present, because accurate phase control is more reliable. Most
importantly, this provides a reason why theory should be built up from a probabilistic
sense pertaining to random arrays. It is also important to note it is now possible to
effectively employ random arrays at low costs using technologies using Micro-Electro-
Mechanical (MEM) systems [9]. These systems are advantageous because of their ease
of use, small size and low cost from mass production.

Last of all, the advantage of collaborative beamforming whether it applies
classically or distributedly is the ability to take advantage of modern Space-Division
Multiplex Access (SDMA) technology. This architecture enables channeling of radio
signals based upon a mobile device’s location and is a MIMO (Multiple-Input-Multiple-
Output) architecture. This is primarily suitable for mobile ad-hoc networks, because it
sets up a one-to-one type mapping between a networks bandwidth division and identified

spatial division.
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1.7 Organization of this Thesis

This thesis comprises a variety of aperiodic arrays structures and a more
thorough examination and emphasis is placed into determining characteristics for
circular and spherical topology. Subsequent chapters of periodic geometry reside before
an equivalent aperiodic structure. This provides ease in comparison as well as
completeness in lieu of analysis.

Chapter II begins with simple array theory and assumptions that are used in this
thesis. After a foundation of array theory is formulated an order of investigation begins
with linear arrays in Chapter III, planar arrays in Chapters IV and V and volumetric
arrays in Chapters VI and VII. Chapter VIII provides examples of wideband antennas
which should serve well to aperiodic structures. Finally Chapter IX ends with a

conclusion of random arrays.
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CHAPTER II
SYSTEM MODEL AND ASSUMPTIONS
2.1 Initial Conditions
Fig. 5 shows topology of a spherically bound random array and it serves well as
the basis of this thesis. This comes from the ease in simplifying to alternative
geometries. In general, it is always assumed a geometry contains N elements, where

0<[0.7] , pel0.27) and the radius A of the array is to be set by the outermost radiator in

the cluster (this ability for inclusiveness is a key feature of these arrays). The location of

¢)

the nth element in this array is denoted as (5.6, and the assumptions used to enable
mathematical simplicity in the analysis of the random array are:
--First: The location of each antenna is chosen randomly with uniform distribution
inside a topology of radius A
--Second: Each antenna is assumed to be an ideal isotropic radiator
--Third: All antenna elements transmit an equal amount of energy with equal path loss
--Fourth: No reflection or scattering of the signal exists (e.g., no multipath fading or
shadowing)
--Fifth: Mutual coupling is mitigated under the assumption the antennas are separated
sufficiently far away from one another

--Sixth: Adequate synchronization is available to ensure frequency offsets and phase

jitter is not present
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Pn(rﬂ’ en; 5
¢o ® P1(r1’ 01 d)l)

Fig. 5. Random distribution of elements in a spherical volumetric array.

2.2 Array Factor Open Loop Generalization
The array factor is derived in this section for a generalized random array of N
isotropic elements with perfect phase information. It begins by examining the

normalized electric field E in (0.2.1) of an array at an observation point P(r,8,¢) for
randomly spaced elements at locations P,(r,,6,,4,). In general, it is assumed a main
beam of an array is scanned to a point of observation P, (r,6,,4, ) with element distance

R,(0,¢) (0.2.2) giving the Euclidean distance between P, and P; these parameters are

shown in Fig. 5 for the case of spherically bound random array geometry.
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JkR,
eJ

) R

n

E (R0 8) =3 F (RO (0.2.1)
n=1

R, (0.4]70.0n,6, ) =Ir —1,| = J(rsingcosg—r,sing, cosg, ) +(rsindsing—r,sing,sing, ) +(rcosd—r, cosq,

:\/r +17 = 2rr sin@sin 6, (cos ¢gcos g, +singsin g, +cosdcos e, )

\/r +1,2 = 2rm, (sin@sing, cos (g — 4, ) + cosfcosd, ) (Using Apendix C.1.d)

r Y 2rcos
:r\/“("j _2r,cosy,
r r

(0.2.2)

In the far fieldr>>r , and because of thisR, (6, ¢|Fn,§n,g75n) can be approximated
using the binomial expansion {1+x ~ 1+§ as(0.2.3).

R, (6.4n,0n.6,) =1 -, cosy, (0.2.3)

If P is assumed to reside in the far field of the array, the common approximations

for the magnitude R, ~r and phase R, ~r-r, cosy, [65] contributions can be made by
linking the direction vectors from the origin (0.2.4) and 4, from P, (0.2.5) to P through

the direction cosine in (0.2.6).

4 =4,sindcosg+4,sindsing+4, cosd (0.2.4)
4, =4,sing, cosg, +4,sing,sing, +4, coso, (0.2.5)
cosy, =4, -4 =sing,sindcos(p—g,)+cosd, coso (0.2.6)

The electric field in (0.2.1) reduces to (0.2.7) when the excitation coefficient
f, ( n0,¢no)_| RGN applied to each element containing amplitude I, and phase

information cosy,,
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e—jkr

N .
Z Inejkr,,(cowrcowno) (027)

E(r,9,¢|Fn,én,§5n)=% -
n=1

For a uniform amplitude distribution I, = I, = 1 and the definition of the array

factor F (9,¢| rn,9n,¢n) in (0.2.9) one may find the electric field to be rewritten in the form

of (0.2.8).
.. . oL e*ikr
E(r,e,¢|rn,en,¢n)=F(9,¢|rn,9n,¢n) r (0.2.8)
F(9,¢|Fn,f9n,$n)=%ZN:ejkr"(°°s"’"’°°s”’"°) (0.2.9)

2.3 Array Factor Closed Loop Generalization

An alternative definition can be used for the initial phase of (0.2.6) such that

cos(y,) = —L+coswn = —rL+sin 6,sin@cos(¢—g, )+cosd, cosé (0.2.10)

n n

Thus, the electric field of (0.2.7) and (0.2.8) are now rewritten as

E(r,0,4]Fn,0n.,) = % e_rjkr 3, et 0.2.11)
n=1
oL . oL — jkr I, 1
E(r.0,4fn.0n.4,)=F (9,¢|rn,¢9n,¢n)eT=F(9,¢|rn,¢9n,¢n)F (0.2.12)

The observable difference between F(0,¢|Fn,én,¢3n) and F*(0,¢|Fn,én,g7ﬁn) is the

initial phase offsete ™. And, this means the received signal at the base station is
identical for either beampattern as long as the initial phase offset is compensated for; this
creates two different types of beamforming schemes (closed-loop and open loop) defined
previously in Subheading 1.6.

Moreover from this point on this thesis expands strictly upon the open loop array

factor (0.2.9), in order to derive characteristics of the random array.
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2.4 Radiation Intensity Generalization
The radiation intensity in a given direction (0.2.14) is defined as the power
radiated from the antenna per unit solid angle. This is obtained by multiplying the

radiation density (0.2.13) by the square of the distance. Normalized radiation intensity is

given by (0.2.15) and will be used throughout this thesis where the parameterz holds as a
placeholder for an appropriate set of random variables. Last but not least, the factor of 2
is given in equation (0.2.13) and(0.2.14), since the E field is assumed to represent a

peak value and must be omitted for RMS values.

Wy = € (106070000, =B (0170 ) [ (10007068 )
_1 |2F(0'¢|rn’6n’¢”) (For an isotropic radiator)
2 ‘ r ‘
(0.2.13)
(ot E(r,a,¢|fn,én,an)2€(r,a,¢|Fn,én,<zn) :\zp(e,¢|§.én,én) 2
! ! (0.2.14)

Where
— jkr

E(r, 9,¢|Fn , én,én ) = Far zone electric field intensity of the antenna=E(9,¢|Fn,9n,i5n ) ¢ .

E(9,¢|Fn,én,;§n):[E0(9,¢|Fn,én,;§n)éa +E, (9,¢|Fn,én,§5n)é¢} F(6.¢]7.61.9,)
E,. E, = Far-zone electric field of the antenna ( Element Factor ), (1for an isotropic radiator)
u(0.¢42)2
The power radiated is further defined as

F(o.42) \ (0.2.15)

P =fpude, Q=sinadody (0.2.16)
Q



19

2.5 Average Radiation Intensity Generalization

When discussing an aperiodic (random) array it interesting to find the mean or
expected value of the beampattern in order to obtain clearer understanding of its
radiative characteristics. This average radiation intensity (0.2.17) can be calculated by

taking the expectation of the beampattern(0.2.15).

U, (0.4)=E,

U (9,¢\z)‘ (0.2.17)

In general, the expected value of an arbitrary function g(X), with respect to the
probability density function f(x) is given by the inner product of f(x) and g(x)(0.2.18).
Therefore, when equation (0.2.18) is applied to equation (0.2.17) one will have the

appropriate recipe of calculating an average radiation intensity given in(0.2.19).

©

E(g(x))zjg(x)f(x)dx (0.2.18)

—0

Uav (9’¢) = Ez

u (9,¢|2)‘=ii]o [U(0.47)1(z,) 1 (z,¥z,dz,  (0.2.19)

2.6 Directivity

The directivity of the array factor (0.2.9) can be obtained by writing it as(0.2.20).
This has a maximum directivity given by that 0f(0.2.21). Likewise, the directivity of a
pattern independent of elevation angle can be shown by (0.2.22) and will have a
maximum given by(0.2.23) . Finally, since an isotropic element has a rotationally

symmetric beampattern, (0.2.23) can be reduced to that of (0.2.24) by setting the

azimuthal angle ¢, =0 with no loss in generality.
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(o ¢):4ﬁu(e,¢|2): 470 (0.4Z) ) 4xF (0.4 Z)F (0.4)Z)
Frag {?U (6.41Z)de TTF(9,¢|Z)F(9,¢|2)*sin9d0d¢
(0.2.20)
T P fju(edz)ee i 0,4/Z)F (6,47 sinododgs
? ” (0.42)F (0.912) (0.2.21)
Cau(g7) 27F (4| Z)F (¢Z)
fpu(dz)ee Fe 47 F(4|Z) dg
? I (12)F (s12) (0.2.22)
anu| 27F(|Z)F(4]2)
D, = = =2z .
iﬁu(¢|z)dg [ F(4Z)F(4Z) g
g (0.2.23)

o, - A Onde), Zf”F(OIZ)F(oﬁ)*
(g)U (¢Z)de ! F (0Z)F (01Z) dg

(0.2.24)
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CHAPTER 11

LINEAR ARRAYS
3.1 Periodic

A. System Development and Beampattern Definition

Fig. 6. Geometry of an N-element periodic linear array.

The geometry of a linear array is shown in Fig. 6. The direction cosine cos(y, ) of

(0.2.6) is calculated as(1.1.1). This can also be shown by substituting 6, =z/2and ¢, =0

into(0.2.6). The differential path length from source to the observation point is likewise
specified by(1.1.2). The parameter x, = %d where d is the element spacing in terms of 4

. Consequently, the array factor is rewritten as(1.1.3)
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cos(v,)=(4,-4)=(4,)-(4 sinOcosg+4,sinOsing+4, cosd) =singcos g (1.1.1)

r,cos(y,)="rn-4 =(x4,)-(4 sinOcosg+4, singsing+4, cos) = x, sinOcos ¢ (1.1.2)
M TR 13 jkx (sin @cos g—sin G, cosdh, ) __ 13 jkx, (cosy, —cos /)

F(H,qﬁ xn)_ﬁnz;eJ _ﬁ;e’ (1.1.3)

Simplification can be made to (1.1.3) by the definition of ¥ in (1.1.4). This
simplification is shown in (1.1.5) and (1.1.6) for a reference point taken to be at the
center of the array. For small values of ¥, the sin term is reduced to a first order

approximation(C.1.24) giving (1.1.7).

W = kx, (sin@cos¢—sin 6, cosg, ) =kx, (cos(w)—cos(y, )) (1.1.4)
F (9,¢ in)(e” -1) =%(—1+e"’”),

) (N-1) (N-1)
G R e .19

:e‘ 2 1 2
N sm(l‘l’j
2
1 sin(';l‘l’j
F(o,4/x)=—| —=~2 1.1.6
( ¢X) N sin[;‘{’j ( )
o] e

F(9,¢ Xn)zﬁ f =sinc[7j (117)

2

By the definition of (0.2.15)the far field, radiation intensity is given to be
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The radiation patterns of a linear periodic array are plotted for two different

spacings in Fig. 7 and Fig. 8.

| =z

B sin( ‘Pj 2
U(0.9)kn)= %W (1.1.8)

")
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Fig. 7. Radiation intensity of 16 elements periodically spaced along the line (X-Axis) with spacing

d,=.625 1
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Power Pattern (r,0 ,¢) N = 16 Power Pattern (x,y,z) N= 16
L, ( TR
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0 Power Pattern ¢=0
= 0 IflIIIIIIIIIIEIIIIIIIIIII;IIIII L |||||||||||§||||| IIIIIEIIIIIIIIIIIEIIIIIIIIIII&I
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Fig. 8. Radiation intensity of 16 elements periodically spaced along the line (X-Axis) with spacing
d=2 1.

3.2. Aperiodic

A. System Development and Beampattern Definition

Fig. 9. Geometry of an N-element random linear array.

The geometry of a linear array is shown in Fig. 9. The array factor (1.1.9) of a

random linear array (X-Axis) can be shown to be the same as (1.1.3), with the exception
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A X )
£ pormalized to the

x, takes on the newly designated form of a random variable; x» »

length of the array.

27A

;(n ) _ i ieJT(sinecow—sin B, COS ¢, ) Xn _ i iejT(cosy/n—cosyxm)xn
N k=1 N k=1 (11.9)

A simple random variable is established for those parameters that rely upon the
source position given asu, =X,. It is desirable to create random variables in this nature

such that the uncertainty of the source position is formulated in terms of well-known
probabilistic distributions. The individual probability density functions (PDF) of the

variable x andu, are derived in the following manner,

A

[, (k=1 f _(x)== for|A|<oe (1.1.10)
A X Xn 2A
[ f, (Wdu=1 1, (u):% . -l<is<1 (1.1.11)

The integration limits are set such that A=1for simplicity [67]. The pattern

function (1.1.9) is now rewritten in terms of a normalized radius with respect to

wavelength A=$ and the simple random variable u, as (1.1.12). At last applying

(1.1.12) to the far-field radiation intensity (0.2.15) one obtains (1.1.13) with spatial

parameter a(6,¢)(1.1.14) , which provides compactness in the formulation.

F(0,¢

- 1 N j2m A(Cosy, —Cos g Uy
Xn)ZWZ ej 2 2 (1112)

n=1

- 1 3 27 A(COsy, —Cos W, ) (U —Up )
U(004i) = 2 e
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- .= Ja9¢ Uy =y )
_N+N2;; (1.1.13)
a(6,4)2 2 A(cosy, —cosy,, ) (1.1.14)

B. Average Properties of a Uniformly Distributed Linear Antenna Array with Perfect
Phase Information
The definition of expectation (0.2.19) is used to derive the average radiation

intensity (1.1.17) as follows

P R LS Se e e ()6, (u,)du,du (1.1.15)
- 1Jd-1 N N2 U, n Up, m n m A

—IJ N ) (11404,
1N N2 :1 22 "

The average of the left side of (1.1.15) is given by (A.1.1) to be%. The double

summation term simplifies from the identity (G.1.2) successively giving (1.1.16). The
last step of the procedure is to solve the integral, and can be done using the identity
(A.1.2). As a result, one obtains the average radiation intensity in its final form

represented in(1.1.17).

U (9,¢|ﬁ)‘:%+(1—%j[fl%cos(a(0,¢)(un —um))dunj'_lédumJ (1.1.16)

(9¢‘) [1——]“ _[ cos(a(6,4)(u, -, ))du, du}

(1.1.17)
:%+(1_N]|sinc(a(6’,¢))|
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The power pattern of (1.1.17)is conveniently expressed as the addition of two
distinct terms. The first term represents the average power level of the side lobe. It’s
interesting to note this term is independent of location. The second term represents the
mainlobe factor, which is characterized by the oscillatory sinc function, and rapidly

decreases with increasing spatial parameter «(6,9).

At the meridian elevation angle 6=6, = % the radiation pattern simplifies to

EU

U <¢|ﬁ)‘= %+%(1—%]“11.[11005(0:(@(% -u, ))dundum}

1

:W+[l_%J|SinC(a(¢))|z (1.1.18)

The radiation pattern of a random linear array is plotted in Fig. 10 at the meridian

angle and total pattern in Fig. 11.
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Average Beam Pattern for A= 1,2,8 and N=16,256

OP————” -—-—-qp—--—— E
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O A =2N =256
e AZ8N = 258

Average Power [dB]
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i i i
-150 -100 -50 so 100 150
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-25

Fig. 10. Average radiation intensity at the meridian elevation angle of a random linear array (X-

axis).
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Power Pattern (r, 6 ,6) N= 16 _ Power Pattern (x,y.z) N = 16
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Fig. 11. Average radiation pattern of 16 and 256 elements randomly spaced along the line (X-Axis)

of length A=1041.

C. Realization of a Uniformly Distributed Linear Antenna Array with Perfect Phase
Information
The realization pattern for a random linear array is plotted in Fig. 12 with a given

element distribution shown in Fig. 13.
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Fig. 12. Simulated and analytical results for a linear random array along the x-direction with
A=10, N =16 and 256.

Normalized Radius Normalized Radius

Fig. 13. 16 (left) and 256 (right) elements uniformly distributed in a normalized linear aperture

along the x-axis.
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CHAPTER IV
PLANAR ARRAYS
4.1 Periodic

A. System Development and Beampattern Definition

Z

P(r,0,¢)

Fig. 14. Geometry of an MxN periodic planar array.

The geometry of a periodic planar array is shown in Fig. 14. The direction

cosine cos(y, ) of (0.2.6) is calculated in (2.1.1). This can also be shown by substituting

0, = %and re-expanding the termcos(¢—¢,) by the identity (C.1.4). The differential path

length from source to observation point is specified by (2.1.2) where x, = %d y Yo = %d

and d is the element spacing in terms of 4.

COS(%):@X 4 +4, 'é_l’):_(éx +4,)-(4,sin@cos¢+4, sinOsin g+4, cos o) @.1.1)
=singcosg+singsin g
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r,cos(v,)=rn-4 =(x4 +Y,4,)-(4sinocosg+4, sinOsing+4,coso) 2.12)
= x,sin@cosg+y, sin@sin g o

The array factor of a planar array can be derived as an extended version of the
array factor (1.1.3) of a linear array (x-direction). If M of arrays along the x-axis are
placed next to one another in the y-direction a distance d apart, a square planar array is

formed given in (2.1.3)

= (0, ¢ ;(n , )7m ) — ﬁ%iiejkxn(sinecosyﬁ—sineo «:os¢o)ejky,“(singsingé—sing0 sing, ) (2 1 3)

Simplification can be made to (2.1.3)in the same manner used to simplify (1.1.3)

with designations of ¥, (2.1.4)and ‘¥, (2.1.5) ; the respective phase progressions in the x

and y directions.  Nevertheless, since the phase progressions are independent for a

square planar array the understanding that ¥, =¥, =¥ can be presumed. So by the same

approach used in(1.1.5),(1.1.6) and (1.1.7) one can show (2.1.6) and (2.1.7).

W, =kx, (sin@cosg—sin 6, cosg, ) (2.1.4)
¥, =ky, (sin@sing—sing,sing, ) (2.1.5)
1 sin(l\;‘l'x) 1 sin(g‘l’y)
F(0,0[%n, Y, )=— = (2.1.6)
( ) M sin(l\l’x) N sin(l‘I’y)
2 2
F(@,qﬁ in,ym)z%sinc(%‘}’xj%sinc(%‘l’yj (2.1.7)

Now by the definition of (0.2.15) the far-field radiation intensity is given to be

2
sin M‘PX sin E‘I’
1 2 1 2 7

i“!ym): _ N
M sin(;‘ij N sin@‘l’yj

2

u(9,¢

(2.1.8)
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When the spacing d is equal to or greater than% , multiple main beams of equal
magnitude are formed [65]. The principal maximum is referred as the main beam and is
located in the direction of phase excitation ¥, (6,,4,),¥, (6,.4,). The remaining maxima
are referred as grating lobes. Also the phase excitation ¥, and ¥ are independent and
because of this they do not necessarily have to be phased to have the same main beam,
per say in the direction 9=6,andg=¢,. They can be adjusted so that the main beam
¥, (0,.4,) points differently than the main beam of ¥, (9y0,¢y0). Still, for most practical

purposes one main beam is typically desired. It also should be noted spacing larger than
half a wavelength will provide grating lobes given by (2.1.9) and (2.1.10). If these

equations are solved simultaneously a solution of (2.1.11) and (2.1.12) can be obtained.

sin@cos¢+sinaocos¢0:ind—/1 n=012,.. (2.1.9)
sin95in¢+sin905in¢o=J_rmT/1 m=012,.. (2.1.10)
1| sing,sing, £mA/d
=t 1 0 0
¢ =1tan Lin@ocos%inl/d} 2.1.11)
gzsinl{sineocos;éoinl/d}zsin{sin@osin_%iml/d} 2.1.12)
cos ¢ sing

The radiation pattern of a random planar array is plotted in Fig. 15 at the

meridian angle and total pattern in Fig. 16.
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Fig. 15. Radiation pattern of 16 elements periodically spaced within a planar aperture with spacing
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4.2 Aperiodic

A. System Development and Beampattern Definition

P(r,6,¢) Po(1.60,9,)

Fig. 17. Geometry of an MxN random planar array.

The geometry of a random planar array is shown in Fig. 17. The array factor of a
random planar array (2.1.13) (XY-plane) can be shown to be the same as that of (2.1.3),

with the exception x,and y, have been tailored to fit the definition of being random

variables X, = % and ¥, = i;”\ normalized to the length of the array.

A

— N j X Sln cos sin g, cos —_— sin@sin sin @, sin
X, ym)=%ze’ vt st ) s s nng) o 1 13)

n=.

F (0.4
These simple random variables are established similar to the linear array such

thatu, 2% and v, 2§, . The corresponding probability density functions of x, , and u, will
respectively still be given by (1.1.10) and(1.1.11). The P.D.F. of'y_, and v, are given by

(2.1.14) and(2.1.15).

B
1
[ 1, (y)ax=1 f (y)=ogfor(B[<e (2.1.14)

-B
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Jf.mov=1  f, (-7 . -isis (2.1.15)

The integration limits are set such that A=B=1for simplicity. A pattern function (or

array factor) is now rewritten (2.1.16) in terms of the simple random variables u,,v, and

A= % ; the length of the array normalized to wavelength.

F (6, ¢‘a’\7) _ %Z::lejbn&un [sin@cos g—sin g, cos¢D]ej2nAvn [sin @sin g—sin g, sing, | (2 1.1 6)

At last a far-field radiation intensity (0.2.15) is derived by that of (2.1.17). The spatial

parameters «(6,¢) (also given within(1.1.13)) and pB(0.¢) are given by (2.1.18) and

(2.1.19) and are again provide for compactness in the formulations.

Go oL L SN 0 ) g 1809 )
U(9,¢|u,v)=ﬁ+mzze in=tn)g T (2.1.17)
a(6,¢)= 2z A(sinGcosg—sin 6, cosd, ) (2.1.18)
B(6.4)2 2z A(sindsin(g)—sind,sin (g, )) (2.1.19)

B. Average Properties of a Uniformly Distributed Planar Antenna Array with Perfect
Phase Information
The definition of expectation (0.2.19) can be applied to (4.2.9) to derive the

average radiation intensity (4.2.12) as follows
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Uav (61¢) = Euv

U[H,gzﬁ J,Uj

‘.[ .[ _[ Il[N N ZZ e Vm)]f (up) f, (uy)du,du, f, (vi,)f, (v,)dv,dv,

m=1n=1
nzm

m=1n=1
nzm

JIJIJZIZ{ LY g ”];;du du, 2 2dv,dy,  (2.120)

The average of the left side of (2.1.20)is given by (A.1.1) to be%. Additionally, the

double summation term simplifies from the identity of (B.1.2) and in succession
provides(2.1.21). The last step is to solve the integral formulation of (2.1.21) providing

the average radiation intensity in its final form (2.1.22).

of0dis)-

1 1

2.1.21)
W+E( —%jj I j j cos(a(6,¢)(u, —u, )+ B(6.¢)(V, -V, ))du,du,dv, dv,

Ua (6.9) =

U (9,¢|ﬁ,\7)‘=%+(1—%]|sinc(a(9,¢))|2 |sinc(5(6.9)) (2.1.22)

The average radiation intensity (2.1.22) of a random planar array is similar to that
of a random linear array(1.1.17). Comparable to the linear array one finds the pattern is
expressed as the addition of two distinct terms once again. However, a difference exists
amongst the second term, representing the mainlobe factor. This term now describes the
main beam by the multiplication of two oscillatory sinc functions. Thus, in due to
multiplication of a normalized pattern taking values less than unity outside the main
beam region the average pattern will rapidly decrease faster than a linear array. Or

increasing either spatial parameter «(6,¢)or B(0,4)will contribute to the decay of the

pattern whereas in the linear array only the spatial parameter «(6,¢) contributed.
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At the meridian angle =0, = % (2.1.22) simplifies to(2.1.23).

U (¢|ﬁ,\—/)‘=%+(1—%]|sim(a(¢))|2 [sinc(4(¢)) (2.1.23)

av

The radiation pattern of a random planar array is plotted in Fig. 18 at the

meridian angle and total pattern in Fig. 19.

Average Beam Pattern for A= 1,2

0 pr— — — — ———-u————

-10

AN

LAl
AL RAIANPA

28 -150 -100 -50 0 50 100 150
@ [degrees]

T —

Average Power [dB]

Fig. 18. Average radiation intensity at the meridian elevation angle of a random planar array (XY-

Plane).
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Fig. 19. Average radiation pattern of 16 and 256 elements randomly spaced within a planar
aperture of A=1041.

C. Realization of a Uniformly Distributed Planar Antenna Array with Perfect Phase
Information
The realization pattern for a random planar array is plotted in Fig. 20 with a

given element distribution shown in Fig. 21.
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Fig. 20. Simulated and analytical results for a uniformly distributed planar random array in the

XY-Plane with A=10, N = 16 and 256.
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Normalized Radius Normalized Radius

Fig. 21. 16 (left) and 256 (right) elements uniformly distributed in a normalized planar aperture in

the XY-plane.
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CHAPTER YV
CIRCULAR ARRAYS
5.1 Periodic

A. System Development and Beampattern Definition

Fig. 22. Geometry of an N-element periodic circular array.

The geometry of a periodic circular array is shown in Fig. 22. The direction

cosine cos(y, ) of (0.2.6) is calculated as (3.1.1). This could have also been shown by

substituting 0, :%into (0.2.6). The differential path length from source to observation

point is likewise specified by(3.1.2).

cos(,)=(4,-4,)=(4, cosg, +4,sing, )-(4 sindcosg+4, sindsing+4, coso)

3.1.1
=sin@(cosgcosg, +singsing, ) =sindcos(¢—4¢, ) (Using Appendix C.l.d)( )

r,cos(w,)="rn-4, =(&,p,cosg +4,p,sing, ) (4, sinOcosg+4,sinsing +4, cos)

(3.1.2)
= p,sin@(cosgcosg, +singsing, ) = p,sindcos(¢p—4¢,)
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where

@, = 272'% = The angular position of the nth element (3.1.3)

= The radius of the nth circle (3.1.4)

The substitution of appropriate path length into the array factor of (0.2.9) gives

the array factor for a circular planar array in(3.1.5).

(o4l

N N
jki
Do n) Zejkp sm(~7005 (p—¢ )—sin 6, cos(d, 4, ) Zej Tk cos(y )—cos y/k )) (3'1‘5)
n=1

The array factor of (3.1.5) can be simplified by expanding the angular information in the
exponential term with the definition of(3.1.6). This is done by means of multiplying the

numerator and denominator of the exponential term by p, to give (3.1.7). Thereby

expanding terms reduces to (3.1.8).
0, = [(sin 6, cosg, —sindcosg)’ +(sin g, sing, —sindsin ¢)2J% (3.1.6)

k. p, (sin@cos(¢—¢,)—siné, cos(¢, —4,))

kr, (cosy, —cosy,, ) = (3.1.7)
J(sin @cosg—sing, cosg, )’ +(sin@sing—sin 6, sin g, )’
o, cos ¢, (sin@cosg—sing, cosg, ) +sing, (sinOsing—sin g, sing, ) (3.1.8)

\/(sinecosqﬁ—sineo cosg, ) +(sin@sing—sind, sing, )’
Reduction of (3.1.8) can be achieved by defining (3.1.9) and (3.1.10) to give (3.1.11)

where the angle ¢ is provided by (3.1.12) .

Sin @cos ¢ —sin 6, cos ¢, 3 A
\/(sinecos¢—sin¢90 cosg, )’ +(sin@sing—sin 6, sin g, )’ JA? 1 B? (3.1.9)
where A=sindcos¢—sind, cos¢g,, B =singdsing—sind,sing,

C0So =

. A? B’
sm5=l—coszgo=1—A2+B2=A2+52 (3.1.10)
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kr, (cosy, —cosy,, ) =kr, p, (cosg, cosp+sing, sing) =kr, p, (cos(4,-5))  (3.1.11)

| sin@sing—sin g, sin ¢,
sin @cos ¢ —sin 6, cos ¢,

o =tan

(3.1.12)

The expressions above come together in terms of providing a nice compact
expression (3.1.13). The periodic circular array (3.1.13)can be simplified further using
the Bessel identity (D.1.7) to obtain(3.1.14). The parameter ¢ is defined as the
Kronecker delta function. Also for a circular array of one ring the radius of the ring p,

will be given by p .

;n,%]): iejkp pcos(5—y) iejkpopcos(vﬁrfs) (3113)

n=1 n=.

F<0,¢

(3.1.14)

(2% j i s (2@0%){ (Zﬁjmﬁl(’éﬂm} (3.1.15)
F(0.05.) =320, 2 )20 (20, 2 o) (3.1.16)

Finally by the definition of (0.2.15)the far-field radiation intensity is given to be

2

(3.1.17)

= JO(Zﬁpo §)+2i\lm (Zﬂ'po %}{jk” cos(kN&)|
k=1
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For multiple rings the array factor of (3.1.16) is identified by (3.1.18) where N'= %
R

F(9,¢|En)=§i% [2@0 %}FZZJW (Zﬂ'po %j{jk’“' cos (kN '5)}} (3.1.18)

The radiation pattern of a periodic circular array is plotted for different spacing in

Fig. 23 and Fig. 24.
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Fig. 23. Radiation pattern of 16 elements periodically spaced about one circular ring of radius

.6251.
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Fig. 24. Radiation pattern of 16 elements periodically spaced about one circular ring of radius 2 4 .
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5.2 Aperiodic

A. System Development and Beampattern Definition

Fig. 25. Geometry of an N-element random circular array.

The geometry of a random circular array is shown in Fig. 25. The array factor of
a random circular array (XY-plane) can be shown to be the same as that of either (3.1.5)

or (3.1.13), with the exception p, and ¢ are now given to be random variables in

(3.1.19) with p, ép—A”and b 24 5.

pn,(}n)=

1 ZN j27Ap, (sin OcoS(¢—d, )—sin b, - 1 j2ea -
F(H, = gl2r P (sin @ cos(¢—¢, )-sin 6, cos(dy, —4, ) :_2 :eJ 7 AP (COSY, —COS Y, ) 3.1.19
¢ N = N = ( )

F(9,¢

Pouth) = e (3.1.20)
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It is important to note (3.1.12) provides a compact expression of the array factor
which can also be used for the random array. This expressions is useful because it
collects the random variables p,and ¢, into a more useful compound random variable.
The compound random variable takes the form a traditional polar coordinate and the
angle 0 embedded is convenient, because it provides nothing more than a constant offset
in the azimuth providing no added harm or randomness to the phase term.

Unlike formulating the simple random variables in linear and planar random

structures a  compound random  variable is  established such that

v, é{pn,¢n} =p,cosg,,3|v,|<1. The individual probability density functions (P.D.F.) of

the variables p,,4, are expressed in (3.1.21) and (3.1.22)

[f, (p)rdr=1 fpn(p)=% for0<p<A (3.1.21)
2z 1 -
!f%(¢)d¢=1 £, (#)=5- forozgs2z (3.1.22)

The corresponding joint P.D.F. for the uniform distribution is formulated
using(3.1.23). The convention A = 1 is used so the characteristics of the random array
are referenced to the unity circle (a more insightful discussion of this can be found in

[68]-[79]). The resulting P.D.F. of v, is indicated as (3.1.24).

2

[, (Wo)ududo =1, £, , (uv)=2 (3.123)
00 T
£ (v)= jﬁfuwun(u,u)du: [ idu:i\jl—_unz (3.1.24)

=T

—1-v
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A coordinate transformation is used for converting polar to Cartesian coordinates in

order to simplify the integration such that v = psingandu = pcos¢.

The pattern function (or array factor) is now rewritten (3.1.25) in terms of the

. ~ A
compound random variable v, and A= k

F(6,¢

On) = Der e (3.1.25)

At last, a far-field radiation intensity (0.2.15) is defined as (3.1.26) given the new spatial

parameter ¢ (0,¢)defined in (3.1.27).

T EEE (3.1.26)
N NZ m=1n=1 o

u(9,¢

¢(60,9)227Ap, = 27zA\/(sin Ocosg—sing, cosg, )’ +(sin@sing—sin g, sing, )’ (3.1.27)
A previous analysis [9] observed the array’s beampattern at the meridian

elevation angle 0=9, = % , and arrives with an expression (3.1.28) using (C.1.4) shown

below.

COS(¢n _¢)_COS(¢n _¢0):_23in(¢n _¢—;¢n _¢° jSin(¢” _¢_2¢n +¢0)
:_zSin@;ﬂ _¢+¢ojsin[¢o—¢j
2 2

N

—'nsinmu
A%%%ZLeﬂ 2 2:W2La”(2% (3.1.28)

F(¢

m=@—%;¢ (3.1.29)

A potential benefit of simplicity arises from (3.1.28)in the context of mobile

array systems when it is not necessary for the array factor to be conditioned upon the
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elevation angled. As well, since the array factor is composed of isotropic radiators a

rotationally symmetric pattern exists and reduction is conceived by replacing ¢, =0 . This
causes no loss in generality and leads to an array factor of (3.1.30)and far-field power
pattern(3.1.31). The spatial parameter ¢ (¢)=47Asin(¢/2)in these expressions has been

used for a more compact expression.

F ([0 ):% v grrmsn(g (3.1.30)

n=1

g (#)enon (3.1.31)

(o) = e e

::
WHMZ
3

B. Average Properties of a Uniformly Distributed Circular Antenna Array with Perfect
Phase Information
1. Average Beampattern

Once again, the definition of expectation (0.2.19) is applied and the integral

formulation of (3.1.32) is achieved.

u(6.9)o)
_J‘ L{N szz RECO ] o, (0n) T, (v,)do,do, (3.1.32)

U, (6.9)=E,

m=1n=1
n=m

m=1n=1
nzm

—JL[N Lo } T o

The integration of the first term of (3.1.32) is given by (A.1.5) and once again
yields an average sidelobe level of % similar to the planar and linear random array. As

well, the double summation term simplifies identical to the previous sections and in
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succession gives(3.1.33). The last step is to solve the integral of (3.1.33) which provides

the average radiation intensity in its final form (3.1.34).

u(0,¢|5)‘=%+(1—%j[j 2 cos(£(6.4)(v, ~v3)) 1—ur2ndvmf1% 1—Un2dun} (3.1.33)

U, (6,4)=E ‘u 9¢| )‘=i+(1——j|2jmc (49,¢))|2 (3.1.34)

The above result could of also been solved using the individual probability functions for

p,and ¢, . To do this one should rewrite (3.1.32) as (3.1.35).
U (9,¢|5)
A

U, (0.4)=E,

ZN:ejg(a«f)(ﬁn&n—ﬁm&m) fo (o) f5 (P0)d5,d5, T, ( Nm) f, ( 4, )dé,dd,

=1
#m

1 N
+Wz

m=:

Z||—\
L
S5

=

j H’ ~n~n7~m.
+ em( 9)(Poth =P )

Mz

>3

m=1

- 1L,

2pn2pmdpmdpn——d¢ dg,

le—‘
pzd

>
3~

#

(3.1.35)

The double summation term simplifies identical to (3.1.33) and gives

U(6.9)0)- —+[1——j[jjjz”jz” s(<(0.0)(3ndh— A ¢))i§d&md&n2ﬁn2mdﬁmdﬁn}

(3.1.36)

Now using the Bessel identity where n=0 (3.1.36) can be written as

J, (%)= %IOZ” g oI g — i]ﬁ”cos(ne —~zsing)dé [n is a natural number]  (3.1.37)

(1——]] [13(¢(0.0)3,)3,(£(0.6)5,)25,25,8 5,47, (3.1.38)

Where J,(t) is the Bessel function of the first kind of order zero. Making the

substitution



Reduces (3.1.38) to

2 2 $(0.4)¢(0.9)

£(0.9) <(0.9) [ a0 hda () ot

since

IOZ xJ, (X )dx = le(x)LZ) =2J,(2)

Where J, (z)is the Bessel function of order one, (3.1.40) takes the form

2Jl§(0,¢)‘2
£(0.4)

And from this it can be easily shown (3.1.38) takes the form

Bt Jeinclct00)f

Uav(9,¢)=%+(1‘%j ¢(6.9)

52

(3.1.39)

(3.1.40)

(3.1.41)

(3.1.42)

(3.1.43)

The observable difference in the average radiation intensity (3.1.34) in

comparison to that of a linear and planar array exists within the second term,

representing the mainlobe factor characterized by an oscillatory jinc function [67] and

rapidly decreases from increasing the spatial parameter £ (9, ¢) .

It should be noted more comprehensive analyses of the jinc function may be

found in [72].

The radiation pattern of a random circular array is plotted in Fig. 27at the

meridian angle and total pattern in Fig. 26.
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Fig. 26. Average radiation pattern of 16 and 256 elements randomly spaced (Uniformly) within a
circular aperture of 104 .

C. Average Properties of a Uniformly Distributed Circular Antenna Array with Perfect
Phase Information at the Meridian Angle 6 =6, :%

1. Average Beampattern
The definition of expectation (0.2.19) may also be applied to (3.1.31) giving the

average radiation intensity in (3.1.44).

U, (4)=E,

(o) = 5+ (1 Jeime(c ()] (3.1.44)
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Fig. 27. Average radiation pattern of 16 and 256 elements randomly spaced (uniformly) within a
circular aperture of 10/ at the meridian angle 6 =6, = % :
2. Average Peak and Null Locations of the Sidelobes
The average power pattern is simplified to a simple analytic form (3.1.45) using

the Bessel identity (D.1.8) when the argument ¢ (¢) is large. Thus, the analytic form of

the first order Bessel function may be used to simplify the jinc function to that of

(3.1.46) and average radiation intensity to(3.1.47).

3,(¢(9))= i) cos(g(gzﬁ)—%—%) iy . cos(g’(¢)—3—”j (3.1.45)

g (¢ 5 () 4

3, gg))! _ g(‘; : (”52(¢)]cosz (g(¢)_37”j :#cosz(g’(qﬁ)—%j (3.1.46)
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U, ()~ %{1 ;jﬁg?ﬁ cos? (g(gﬁ)_%”j (3.1.47)

The expression (3.1.47) is useful for estimating null and peak sidelobe locations

of an array on the condition §(¢)=4nAsin(§j >1. In turn, a peak is formed when the
term [1—ij%cosz(g(¢)—3—”j is greatest. Therefore, a maximum exists when the
N ﬂ§(¢) 4

oscillatory term cosz(é’ (¢)—37”jzland solving for ¢(¢) it can be shown the nth peak

average sidelobe will be given by (3.1.48).

e (q +%j7z q=0,12,3..

) (3.1.48)
é’(¢qpeak):[q_z)ﬂ' q:l,2,3,_

As an alternative to finding the peak power, level it is possible to approximate

the null positions of the sidelobes in the same manner. Zeros positions occur when the

term cos? (g’(¢) —37”]

0 giving (3.1.49).

cj(¢f’°):[q+%)ﬂ q=12.3... (3.1.49)

The peak and null expressions in(3.1.48) and (3.1.49) can be expressed in terms of the

angle ¢*™* to provide greater practical value and are shown in (3.1.50)and (3.1.51).

{zero, peak}
47 Asin & = (q+£)7r, (q—ljﬁ
2 4 4
a+7
¢ ~ 2arcsin 4

q=12,3.. (3.1.50)
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q+
¢ ~ 2arcsin 4A4 q=123.. (3.1.51)

The observation of (3.1.50) and (3.1.51) shows a peak sidelobe level is less
sensitive to the value of N and more sensitive to the value of A . Preferably, high
peaking sidelobes can be eliminated by increasing the value of A, leaving the majority
of sidelobe maxima concentrated relatively close to the mainlobe. This is also a logical
statement complimenting realism such that sidelobes are nearly unworkable to remove
from the mainlobe region in practice.

Lastly, it is important to note that in [9] the expression of (3.1.51) stated a peak
sidelobe existed at q-1/4, which is unfeasible. If the former condition were to be true the
main beam would be followed by a peak sidelobe and then a null position, which does
not make sense. Rather the main beam should be followed by a null and then a peak
which is represented by (3.1.50) and (3.1.51).

3. Average Three-dB Beamwidth

An important figure of merit used to characterize an antenna is its 3dB
beamwidth and, unlike the ease of calculating the 3dB beamwidth like a deterministic
antenna; it becomes a greater task to characterize in terms of the random scenario.

The alternative measure is to find the 3dB beamwidth in terms of its average
power pattern and is shown in(3.1.52). In the limit N, — this also reduces to (3.1.53)

and by graphical means, the solution of this equation is found to be 1.616 shown in Fig.

28.
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sag)_ 1 1 1

Uav(¢ )— N+(l N) é,(¢3dB) _2 (3152)
3dB 1(§(¢3d8 )) 1

U v(¢av )z C:(¢3d8) =§ (3153)

Average Power

o
[

o
o

(1.616,.5) 3dB Beamwidth

Magnitude

o
F

o
)

Fig. 28. Graphical solution of the three Db sidelobe.

Substituting1.616 into ¢ (¢3"B)provides (3.1.54) and the solution in terms of #>* results

(3.1.55). For small arguments in the sin term one can use a first order approximation

(C.1.24) giving(3.1.56).

3dB
Pu

§(¢:Vd8):47zAsin[TJ:1.616 (3.1.54)

.1286)

# =2arcsin[ A (3.1.55)
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se 26
~ = 3.1.56
g (3.1.56)

The 3dB beamwidth angle is inversely proportional to the radius of the circle and
asymptotically independent of N. As a result, a sparsely distributed arrangement of
antennas will provide on average a narrower beam. The difficulty in this assumption
arises when the far-field destination antenna has mobility, because the beam will be
inversely proportional to the radius of the circle.
4. Three-dB Sidelobe Region

The region for which the average of the sidelobe beampattern falls below the

threshold level of 3dB can be formulated in the following fashion similar to [9]. For

large A the average sidelobe level is dominated by }{\I , and for the condition %\l > -2%

the 3dB sidelobe region is defined such that neither neighboring sidelobe peak in the

average beampattern exceeds 3 dB. To solve this condition one should letq— g, and

solve the inequality given in (3.1.57) to give(3.1.58).

U peak 3
") onend 2| cqgeer (3.1.57)
1 ™ L3
L (o)
1
ZE[N_—lT_ESqO (3.1.58)
T| 7« 4

A more formal definition can be used to define the 3dB sidelobe region such that

zero

Sgdaé{¢|¢gjms|¢|gn} where the angle ¢, is located next to the peak sidelobe; an

o

example of the 3dB sidelobe region is shown in Fig. 29 showing a case with all sidelobes

within the 3dB sidelobe region (black curve) and the alternative case where not all the
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sidelobes are within the 3dB sidelobe region (green curve). A complete analysis of the
3dB Sidelobe Region, Sidelobe Peaks, Zeros, and Half Power Beamwidth Locations

with A =8, and N=16 are shown in Table 1, Table 2 and Fig. 29.

Table 1. Comparison of analytic peaks vs. numerical peaks for a circular random array A=>5and

(N=32,128)

q (N=32, N=128) (N=32, N=128)

av

Peak( ¢qpeak ,queak )(3.1.51),(3.1.46) Peak( peak U£[eak ) (3.1.44), (3.1.46)

1 (10,-13.36), (10,-16.37) (9.5, -13.18), (9.418,-15.99)
2 (15.8,-14.54),(15.8,-19.3) (15.25, -14.53), (15.44,-19.23)
3 (21.61,-14.8), (21.61,-20.2) (214, -14.84), (21.9,-20.27)

Table 2. Comparison of analytic peaks vs. numerical peaks for a spherical random array A=5and

(N=32,128)

q N=32,N=128 N=32,N=128

Null (¢, U,, ) (3.1.50),(3.1.46) Null (¢, U,, ) (3.1.44),(3.1.46)

1 (7.16, -15.05), (7.16, -21.07) (7,-15.05), (7,-21.07)
2 (12.91, -15.05),(12.91, -21.07) (12.89,-15.05), (12.89,-21.07)
3 (18.7, -15.05), (18.45, -21.07) (18.45,-15.05), (18.3,-21.07)

The value of q,=.6155 when N=32 and q,=1.4349 when N=128. So since q, is less than

one for the case N=32 all the sidelobes are contained in the 3dB sidelobe region where
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as in the case N=128 the value of q, is greater than 1, but less than 2. Therefore one

sidelobe crosses the bounded sidelobe level.

Average Power

= Average Power Patterry::5 N =32
Average Power Patterry::5 N =128
3dB Above Average  ~
-~ Sidelobe Floor A=5N =32
| 30B Above Average 7 _
Sidelobe Floor f_s N =128
(-9.5,- == Average Sidelobe Floom=5 N =
7 =5N =32
%-1 {1845 | (-12.89,-1318) (IF‘Ub) N
3 15.05) 15.05) ) Average Sidelobe Floomm=5 N =128
]
' (721};* ‘ |
oo 14.84 ;
m‘lt — _
= (15.44,-
(-15.25,- T 19.23)
14.53) 4
"4 (21.9,f
-20 ¢ 20.27
E———— E—— =T = Fe— ) ”. .\' . = —
- \
(7. (9.418,-| (12.96,| 11g4
25 2107) | 1599) | 21.07) | 59 7)
-40 -30 -20 -10 0 10 20 30 40
¢ [degrees]

Fig. 29. 3dB sidelobe region, sidelobe peaks, zeros, and half power beamwidth locations with A =8,

N=16.

Figure 30 shows a comprehensive analysis of the 3dB sidelobe and 3dB
beamwidth regions in a different perspective. The main observation to be made from the

Figure 30 is that the 3dB sidelobe region will be reduced as N increases unless A

increases as well.
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Fig. 30. Threshold angle of the three Db beamwidth and three Db sidelobe region with respect to
A and N.

5. Average Directivity

The directivity(0.2.24) is found relative to a single isotropic antenna in(3.1.59).

o

[u(¢)s [u(¢)s _ _TU(¢)d¢

- -

27

D(v)= _ o {L%iigo(zxﬁ/x(unum))] (3.1.59)
%4_% ZJO(4ﬁA(Un—Um)) NN

Disappointingly the direct calculation of the E,[D(v)] does not result with a
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meaningful closed form solution. So as an alternative the average directivity is

evaluated, using the average power pattern in(3.1.60).

V4

R0 .
Davéﬁ[ = — .
JP.(oms [P.(pe 20.(1- %] j””(z i i Q) y (3.1.60)

where, x=4rA

No loss in generality is sustained from(3.1.60), because Jensen’s inequality states the

true directivity will hold as an upper bound to the average directivity Da < D  This

means Da is a lower bound to the true value of directivity and by the law of large

numbers the denominator of D(v)will approach its average value with high probability

as N increases. Yet again this means, the inequality tightly bounds as the value of N

increases to very large value. The challenging part of determining Da is solving the
integral in the denominator of(3.1.60). Useful sources for tackling this integral came
from [69]-[77]. The solution to this integral is shown in (A.l.15)and is used to
give(3.1.61).

B, - N (3.1.61)

1+(N-1),F, (;,2;1,2,3;—(47Z'A)2)

The expression 2F{%,§;1,2,3;—(4;;A)2) is a hypergeometric function and

converges to 0 asA—«. As a result, the gain will likely be less than N, and will
approach N by means of increasing A to a very large extent. The outcome coincides

well with a statement expressed earlier in this thesis which was stated in the average 3dB
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sidelobe section being the main beam becomes narrower with increasing A . In view of
this, it makes sense the directivity increases for larger A .
6. Lower Bounded Average Directivity

It is possible to bind the generalized hypergeometric function, and this is shown
in [9] and repeated in this section for continuity. To do this one begins with the integral
where the hypergeometric function emerged in(3.1.62). By substitution of variables this

is rewritten as (3.1.63).

dg (3.1.62)

¢

Xsin =
2

4\
2Jl(xsm) 2
2" B d¢:2j§{2ji(t)J 7 2__dt
Xt ~t? (3.1.63)

¢

297

t= xsiné,dt :ﬁcos
2 2

For large arguments of t, the Bessel function is approximated using (D.1.8) giving

(3.1.64).

220
t

(2 Joos (12 )= Brcost1-2) (3.1.64)
t°\ zt 4 mt 4

It is obvious this expression is bounded no greater than%. However, if the
T

argument of t is not large the Bessel function is lower bounded by cos’ (£ (¢)t) .

Consequently, one arrives with the inequalities (3.1.65) and(3.1.66). Additionally these
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inequalities may be solved for ¢(¢) as of setting the right hand sides of (3.1.65) and

(3.1.66) equal giving (3.1.67).

2

‘ZJlT(t) <cos® (£ (p)t) fort<x, (3.1.65)
‘2“” <8 for t>x, (3.1.66)
t mt
2 _8
cos (g“(qﬁ)t)_ﬁt3 (3.1.67)

One can observe there is not enough information is given up to this point to solve
the system of equations since two unknowns exist with only one equation.
Consequently, a second equation is formulated from setting the left and right hand sides
of (3.1.66) equal giving (3.1.68). To solve (3.1.68)a graphical approach is used shown
in Fig. 31 to find the intersection of the two curves and the solution with the smallest

value of t is taken to be the correct solution giving an approximate value of 2.445.

_8 (3.1.68)
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Fig. 31. Graphical solution for lower-bounding the directivity of a circular random array.

Solving for ¢(¢)in(3.1.69), one arrives with a value of .4663. Now substituting
the values of ¢(¢) and t and respective inequalities into (3.1.63) one obtains(3.1.70).

This expression may now be used to bind the hypergeometric function providing

(3.1.71)and can be normalized by dividing out the 27 giving (3.1.72).

cosl[ % ]
£(p)=———" 7 _ 4663 (3.1.69)

on cos? )t)dt 16 1

\/ X% —t?

dt (3.1.70)
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2J1(xsin¢j
HOEFIN o\ 2

;|9
xsin (3.1.71)
13 .. v Cos’(a(4)t) = 320 1
27[2F3£E,E,1,2,3,(—X)2jS4J.O Wdt—i_;‘[xo t3 X2_t2 dt

2Jl(xsinzj
g 2= || ——== | dg
T

xsin¢
2

13 2 08 (a(d)t) 16« 1
=,F|=,=:1,2,3(—Xx)? | = | ————="Adt+— 1.
2 3(21211 ,3,( X) ]<ﬂjo W dt+ﬂ_2 XOts\Wdt (3172)
where g(x)=¥
T

Evaluation of the first integral on the right hand side of (3.1.72) gives (3.1.73)

and the second integral gives (3.1.74).

—3j (3.1.73)

X m2x?

_18 +o[@} (3.1.74)

Thus, applying (3.1.73) and (3.1.74) to the inequality of (3.1.72) yields (3.1.75).
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g~ xo+—2+—2J+O[|n(3X)] (3.1.75)

X

The second term denotes big O notation and is negligible with larger orders of x. This is

due since the x® term will grow much more quickly than the left hand side of the
: . : . C
expression. Given these values, one is now able to calculate the coefficient ;° to be

Lir21 where the coefficient c, represents the term within the parenthesis of(3.1.75).
X

Finally, the directivity is bound to that of (3.1.76) and for large N converges to that

of(3.1.77).
D, Da 1 _ 1 _ 1
NN (- & 1+[1—1JC°N 1+(1—1ij (3.1.76)
4z A N a4z A N A

= >= N (3.1.77)
1+ u—
A

D. Average Statistical Properties of a Uniformly Distributed Circular Antenna Array
with Perfect Phase Information and Uniform Random Variable
1. Exact Statistical Development

In probability theory and statistics, a sequence or other collection of random
variables is independent and identically distributed (i.i.d.) for the condition all random
variables have the same probability distribution function (PDF) and are mutually
independent. Accordingly, with the given definition of a (i.i.d.) one can model the

associated beampattern as(3.1.78).
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—j4nAsin(%j N

Flofo)= g2 =g Do iva) = (X - 1Y)

where (3.1.78)

The real motivation of the transformation is to make an equation usable such that
the array factor fits the form of the characteristic function method. The characteristic
function is no more than taking the Fourier Transform of the distribution and in this
case, it is taking the Fourier Transform of the beampattern (3.1.79) with respect to w,v
space.

@, (w,v)= E,.. [eNWXn-vvn)] —E [ej(wcos(fnam)—vsimrnm»)] (3.1.79)

The function (3.1.79) is a well-behaved function for a given pair of w and v and can be
calculated numerically. Taking the inverse Fourier Transform of (3.1.79) gives the joint
probability density functions of XandY and can be computed using the Fast Fourier
Transform (3.1.80). The result of this may be substituted into (3.1.81) giving the
complementary cumulative distribution function (CCDF) of the radiation intensity.
Moreover, the result of (3.1.81) provides a probability measure in regard to when any

direction ¢ exceeds the threshold power P,.

o %n:Yn

2
fey (x,y):(ij J':of DN (w,Vv)e W dwdy (3.1.80)

N2 o X2 +y2>N?P, ;('y>

Pr[(¢)>PO]_P{ﬂ>P]_” f__ (xy)dxdy (3.1.81)
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2. Approximate Statistical Development with Gaussian Distribution

As stated by [9] the exact evaluation of the CCDF is computationally demanding
especially when there is need for high precision. Nevertheless, the array factor consists
of a sum of N statistically (i.i.d.) random variables, and when the value of N is large
according to the central limit theorem one expects the array factor, to approach a

complex Gaussian distribution given in (3.1.82), except at the deterministic angle=0.
The distributions of X and Y at the direction 7 Z|¢| >0 will yield supporting Gaussian

statistical measures given in (3.1.83)-(3.1.88).

F(¢|;):iN(x _iv) (3.1.82)
1 1 &
X =—Nn:lcos(un§(¢)), Y =J—W25|n(un;’(¢))
e[ % (oo = X (9)= = [ 2 e eos(u (9o, =2l 5 ) g3
= - n=1 N 717[ n n n é,(¢) « 1.
E[x2(¢|a)]=% 1+% :%(1+0F1(;2;—C(¢)2)) (3.1.84)
c_1f,, 1(26(0)) (25.(6(9))
= ( ) ] (3.1.85)
e [v (4]5)] - z%j%ﬂ sin (v, (4))dv, =0 (3.1.86)
E[YZ (¢|5)} - %(1——J1 (;(2()(’75))} (3.1.87)

2_& _Jl(2§(¢)) _
ay—z(l o } 0 (3.1.88)
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In general, it should be noted the expected value operator of two variables is not
necessarily multiplicative, i.e. E(XY) is not necessarily equal to E(X ) E(Y) LIt s

multiplicative for the variables X and Y though since they are orthogonal and
uncorrelated. If the variables were not orthogonal the covariance and correlation
matrices would be needed. More background of setting up a joint PDF of X and Y, say
j(X, y), is shown in(3.1.89). Nevertheless, since X and Y are independent, by definition
j(x, y) =f(x) g(y) where f and g are the marginal PDFs for X and Y giving(3.1.90), and is

used to give (3.1.91).

E(XY)=[xyj(x y)ddy (3.1.89)
E(XY):“xy f (x)g(y)dxdy :J.x f (X)Uyg(y)dy]dx (3.1.90)

=[x f(X)E(Y)dx=E(X)E(Y)
foy(xy)= ! e[%iﬁj (3.1.91)

2ro,0,
The Complementary Cumulative Distribution Function (CCDF) of P, using (3.1.81) is

now expressed as (3.1.92)

PI’|:U (¢)>U0:|=Pr|:XZIjI_Y2 >Uo:|:Pr|:\/X2+Y2 >\/N7To:|

—\rcosw—mx\2 r?sin®w
o V.3 r [ 202 N 202 J
= —e . * “dwdr
\/WJ.*” 270,0,
™ 1 Vﬁ_zli —(Wyy—Vy )?
= y [J;Vwerfc(ww -V, )+e M de (3.1.92)
*4dno, o

x“ylw


http://en.wikipedia.org/wiki/Uncorrelated
http://en.wikipedia.org/wiki/Covariance
http://en.wikipedia.org/wiki/Correlation
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where

2 in2 2
Cos"w sin"w m, COS™ W
T, 2 | —+— V, 225 W, = NPU,,
20, 20, 20U,

The integral of (3.1.92) simplifies when ¢ (¢)>1 and the terms Jl(zf(%)JandI‘]é%)I

2

embedded in the variance expressions rapidly decrease as well. Thus, in the limiting

1

2. 2 o . . .
case Oy ¥ 0, ¥~ and it is interesting to note the variances converge equally. This means

N

the distribution will follow the Nakagami-Rice distribution and because of this a first-

order Marcum-Q function of (3.1.93) is achieved.
PrU (¢)>U, ] :Q[ﬂ,—VNU"] =Q(y2m,.{2NT, ) (3.1.93)
GX GX

Moreover, since the mean m_ approaches zero one can conclude the CCDF will have
Rayleigh distribution given by

PrlU(¢)>U, |=e™" (3.1.94)

The next set of equations show nothing new except for an alternative way of

setting up (3.1.93). This is done by converting to polar coordinates with R=+/X?+Y? and

consequently providing (3.1.95). The term |, is given to be the nth order modified

Bessel function of the first kind and for non-negative n given as(3.1.96). In polar

coordinates (3.1.93) is rewritten as (3.1.97) and like before when the E(X)=0 the
envelope will follow a Rayleigh distribution given previously in (3.1.94).

fo(r)=2re "™ (2mr) (3.1.95)
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- 1 2k+n
I"(X):kz_:jk!(n+k)!(§) (3.1.96)

Pr[U(¢)>U, ]= Pr[R >M] =j]w fi(r)dr =Q(y/2m, ,\2NU, )

where (3.1.97)

Q(x,y) :_[ywtef 2 I, (xt)dt

3. Average Statistical Beampattern Analysis within the 3dB Sidelobe Region

The simplified distribution becomes readily tractable when the mean value of the
array factor is assumed zero. This value is greatly dependent upon the number of
antennas present and if N increases the mean value increases. Ideally, this would be the
case, but in practice, this may not necessarily hold true and because of this, the 3dB
sidelobe region is re-examined.

Earlier the 3dB sidelobe region was defined to satisfy the condition(3.1.98). This
term can be rewritten as (3.1.99) by adding the variance of X and Y to the Average

Power patterns given in (3.1.100) and(3.1.101).

NU,, (¢)<2 (3.1.98)
Var (X )+Var (Y)+|E[X ] +|E[Y]" <NU,, (¢)<2 (3.1.99)

1<)
¢(¢)

U, (¢)=E(X) =4 N (3.1.100)

U, (4)=E(Y) =0 (3.1.101)
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Given the inequalities of (3.1.99)-(3.1.101) the average power pattern is bounded
to that of(3.1.102). This shows the square of the mean 3dB sidelobe region is bounded
by unity when N is large. Additionally the result also shows the mean does not grow

unbounded with the number of antenna N.

1[“ Jl(z;(qs))Hul(m)T+1[1_J1<24<¢))]+4J1<4 ) NP
2 () ) £)
]

1
1-[ETX F+E[X] =2

)

4. Statistical Analysis of the Maximum Sidelobe Peak

E[X]] < (3.1.102)

a. Upper Bound
To prove no grating lobes exist for a random array with a large number of
elements one should find a distribution of the maximum power of the sidelobes. This
type of work is provided in papers from [9]and [12]and dates back to a very classic
paper from Donovito [78]. Moreover, this section repeats the work by [9], [10]and [78]
in terms of setting up the fundamental limit for the ideal case of a Uniform distribution.
The average representation of the number of upward crossings at a given power

level is prepared under the assumption X and Y are uncorrelated zero-mean Gaussian
. . , 5, 1 , , .
processes with variance o, = o, =5 The terms o). and o2 can be found, to give a useful

counter of measure for determining the probability of the average number of upward

crossings at a given power level say v(a)[9] and [10].
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The calculation of the average representation of crossings will be referred as the

outage probability denoted by P, , but first rudimentary background information of the

autocovariance of a Gaussian process is explored.

In statistics, the definition of autocovariance is a real stochastic process X (t) of
which the covariance of the signal is compared against a time-shifted version of itself.
As well, if each state of the series has a mean, E [Xt] = ut, then the autocovariance by

definition is given by (3.1.103).
Ky (5)=E[(X, =) [E[(X, =11, ) | = E[ XX, ] a1t (3.1.103)
Thus, if one assumes the function X (t) is stationary, the following conditions also hold

true;

uo=p,=p forallt,s
and

Ky (1:5) =Ky (s—1) = Ky (7)
where
7=5-1

The variable - is the lag time, or the amount of time by which the signal has been

shifted. Thus, the autocovariance of a stationary function becomes (3.1.104) where R,

represents the autocorrelation, in the signal processing sense. The autocovariance
function is normalized by dividing (3.1.104) by the variance ¢°, and it is better known

the autocorrelation coefficient p (3.1.105), fits the range [—1, 1]..

Ry (1)t (3.1.104)


http://en.wikipedia.org/wiki/Statistics
http://en.wikipedia.org/wiki/Stochastic_process
http://en.wikipedia.org/wiki/Covariance
http://en.wikipedia.org/wiki/Mean
http://en.wikipedia.org/wiki/Stationary_process
http://en.wikipedia.org/wiki/Autocorrelation
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P (7) = KX;Z(T) (3.1.105)

It is important to note some texts use the terms of autocovariance and
autocorrelation interchangeably.

A weaker form of stationarity commonly employed is weak-sense stationarity,
wide-sense stationarity (WSS) or covariance stationarity. WSS random processes require
the 1st and 2nd moments to not vary with respect to time. A continuous-time random
process X (t) that is WSS then has the following constraint on its mean function

(3.1.106) and autocorrelation function (3.1.107).
E{x(t)}=m, (t)=m, (t+7)VreR (3.1.106)
E{x(t)x(t,)} =R (t.t,)=R (t +7.t,+7) =R, (t, ~t,,0)VreR (3.1.107)
The first property (3.1.106) implies the mean m,(t) is constant and (3.1.107)

implies the correlation function depends on the difference between tl and t2. In other
words, one variable should be indexed rather than two variables. This consequently,

reduces the autocorrelation function with the abbreviated notation as(3.1.108).

Moreover, the autocovariance function of X at two instants u = sin(%) =u, and u, of the

Gaussian process gives (3.1.109) can be rewritten as (3.1.110) using (C.1.16).

R(7) (3.1.108)

where 7 =t, —t,

Ky (Uy,U, ) = E, {(cos(u4;zml))(cos(u47rﬁuz))} -0 (3.1.109)

Ry (U, U, )= % E, {(cos(u4¢rA(u1 +U, )))} +% E, {(cos(u47rA(ul -u, )))} (3.1.110)


http://en.wikipedia.org/wiki/Moment_(mathematics)
http://en.wikipedia.org/wiki/Continuous_function
http://en.wikipedia.org/wiki/Random_process
http://en.wikipedia.org/wiki/Random_process
http://en.wikipedia.org/wiki/Autocorrelation
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Under the assumption, a process is wide-sense stationarity (WSS) the

autocorrelation function is further simplified from (3.1.110) to (3.1.111) using (3.1.108).

R, (@):%EU{(COS(MﬂA@))} G.L111)
®=u-u,

For a zero mean Gaussian process one should find the variance X’ by
differentiating (3.1.111) with respect to ® twice, followed by setting ® =0 (Once this is
completed, one should take the statistical average with respect to Yand take the negative

of the result to obtain (3.1.117).

P (G)):%EU {~vazAsin (v4z AB)| (3.1.112)

o, (@):%EU {—(047TA)2 cos(u47rA®)} (3.1.113)

P, (©=0)= % E, {—<U47Z'A)2} =87*A'E, {~(v)') (3.1.114)
E, {~(v)] :-%j:ﬂwdu:—% (3.1.115)

P (©=0)=1E, [-(vara) | =8 A’ (—%j:—Zﬂ'z A (3.1.116)
0% =—py (©=0)=21"A (3.1.117)

In a similar manner, it can be shown that o7 =o? . The joint pdf of X, X°, Y, Y’

is given by (3.1.118) and to solve the variables one converts to polar coordinates such
that X =Qcos®,Y =Qsin® . The derivatives of X and Y are given by (3.1.119)
and(3.1.120). The magnitude squared of X and Y is given to be simply Q?, but that of

X’ and Y’ it is a little more complicated and shown in (3.1.121).
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Ky Xy =t [7%7%J __ 1 (o) 3.1.118
fX,Y,X',Y'( Y XY )—(27[)2 O'XO'x-e —(2”)2 7[2A2e ( 1. )
x-:%:mos(@)_gsm(@)@-, (3.1.119)
=Y _rsin(©)+ Qcos(©)©” (3.1.120)
0Q00
(X (1) = (Q'cos(©)) +(Q'sin(©)) +(Qsin(©)0") +(Qcos(©)O")
B -(2Q'®'cos(©)sin(©))+(2Q'©'cos(®)sin(®)) | (3.1.121)
=(Q) +(00)

The joint pdf is rewritten in polar coordinates to be that of(3.1.122). Integrating

out the terms ©,0' one can obtains(3.1.123).

L[ g (e

fooee (0w, 0,0)=———M—e > /=~ g x 3.1.122

00 ( ) (27[)2 (Tfo‘i (27r)2 UXZO'XZ. ( )
fQYQ,(a),a)'):#e{ 2% ] (3.1.123)

A new parameter v(a)can be derived in(3.1.124), which by [9] represents the

number of upward crossings at a giver power level a, per interval in the 3dB sidelobe

region S,,, . The associated average value of the number of upward crossing is given

by(3.1.125).

w? w.Z

v(a)du=du[ w'f,, (2,0 do' =] aduw’ e{*gﬁ]zad”“ﬂe({?] (3.1.124)

° J2rolo, \27c?

E {v(a)} - L:gn(g]%sgm duv(a)= 275;‘_3 J’QJ LZ oS (gjdqﬁ

= 2rae™ A{l—sin E%D

(3.1.125)
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Lastly, since the 3dB sidelobe region is symmetric in the region —¢;" — -7 one must

multiply (3.1.125) by a factor of 2, providing (3.1.126) .
E{v(a)}=4/rae™ A[l—sin (%B (3.1.126)
The function above includes the term e and decreases monotonically only
when a > % . So by definition the outage probability exceeding a power level of a can
be given by(3.1.127).
Py = Pr[v(a)zljszi:Pr[v(a)z K]< gk Prv(a)=k]=E{v(a)} (3.1.127)

Equation (3.1.127) provides the upper bound for the average number of crossings

exceeding a given power level a and the corresponding CCDF is given as (3.1.128)
Pr[maxsde X2+Y2 > NU0]§4[1_S|H[%jJ\EA NerfNUm, fOf NUO 2% (31.128)
b. Numerical Results
By normalizing the average sidelobe level by (%J and letting U, = NU, the

normalized outage probability of the maximum sidelobe peak becomes (3.1.129)
. ¢rfem N .y 1
U,, <47 Al 1-sin o | NUee ™, forua=> (3.1.129)

The above equation is simplified further by assuming A increases very large, which

renders the angle ¢, to approach zero gives (3.1.130),

U,, <dAJU.e%, for U, z% (3.1.130)
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E. Average Properties of a Gaussian Distributed Circular Antenna Array with Perfect
Phase Information and Gaussian Random Variable

As a measure of comparison, the standard deviation of a uniform distribution will
be evaluated such that it can be compared to the Gaussian distribution. The derivation is
shown in (5.1.131)-(5.1.1.34). A uniform distribution has a P.D.F. defined by (3.1.135)

and in terms of the mean x and variance o they are expressed by (5.1.136).

If the average £ is assumed zero one obtains(3.1.131), which spans in total
length 230. Moreover, if one redefines x in terms of the normalized radius of the
circle i.e. x2 Aand sets this equal to the total length 2435 (3.1.132) then it can be shown
that o = A/ (2\/§) However, in [12] the metric of comparison used waso=A/3. The
latter metric is claimed to provide 99.73% accuracy that all antennas are located within
the disc of radius A such that the uniform coverage will be the same in both cases. At

the present time it is unclear how this factor was obtained therefore both values of &

(3.1.133) and (3.1.134) will be used in the formulations.

—oB<x<o\B (3.1.131)
x < 230 (3.1.132)
A
A 3.1.133
=3 ( )
a:%\ (3.1.134)
1

(3.1.135)

o
|
fob]
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1
——, —o3<Xx—u<o+3 3.1.136
2o fs ON3EX o3 ( )
1. Average Beampattern

If v, = p,sing, s Gaussian distributed with zero mean and variance o°then the pdf
of v, 1s given by (3.1.137). Moreover, this type of distribution is often used to describe,

approximately, any variable that tends to cluster around the mean.

f“(u):\/%aeﬁ,—oo<f)<oo (3.1.137)

In the case of a Gaussian distribution, the average radiation pattern can be

calculated from the definition of (0.2.19) to give (3.1.138)

uav(e,m_ﬂl_%j{

The average radiation intensity (3.1.138) of a circular array with Gaussian

2

—£(0.¢) 2
e 2

] (3.1.138)

distribution still carries the trait of resounding two distinct terms. The first term
represents a value of the average radiation intensity in the sidelobe region. However, the

second term is not oscillatory this time around. The beampattern decays exponentially
with a rate proportional the variance or spatial parameter ¢ (9,¢)2 ; in addition, the pattern

contains neither nulls nor sidelobes. As the radiation intensity is free of sidelobes, it
does not have the same opportunity of having high peaks in the beampattern like the
previous patterns. IL.e. it is not represented neither oscillatory jinc nor sinc functions.

The total radiation pattern of a random circular array with Gaussian distribution

is plotted in Fig. 32. The pattern at the meridian angle is shown in Fig. 33 and Fig. 34.
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Fig. 32. Average radiation pattern of 16 elements randomly spaced within a circular aperture of 10

A with Gaussian distribution and o =.5.

2. Average Beampattern Simplification for 6 =26, :%

At the meridian angle, 6 =6, :%the average radiation intensity can be shown to

be (3.1.139) [10].

(3.1.139)
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Fig. 33. Average radiation pattern of 16 and 256 elements randomly spaced within a circular

aperture of 104 with Gaussian distribution and o =1.
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Average Beam Pattern for R™=1,2,8 and N=16,256
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Fig. 34. Average radiation pattern of 16 and 256 elements randomly spaced within a circular
aperture of 101 with Gaussian distribution and o = A‘H = %
a. 3dB beamwidth
The average 3dB beamwidth for the Gaussian distribution can be calculated in
the same manner used in section 5.2.C.3. Moreover, for clarity the setup is shown by
(3.1.140) and reduces to (3.1.141) for large N. Solving for ¢3*® this gives (3.1.142) and

3dB

since #.,° on average tends to be small a first order approximation may be made

giving(3.1.143).

(3.1.140)

(3.1.141)
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5 :zsinl(@jzzsml(@) (3.1.142)
Ao o
o 1328 (3.1.143)
(o2

In order to compare this result to the uniform distribution one can express the
3dB azimuthal angle using (3.1.133) and (3.1.134) to give (3.1.144) and (3.1.145)
respectively. The results of (3.1.144) and (3.1.145) are similar to the results of the
uniform distribution, such that the 3dB azimuthal angle decreases with increasing A,
however the 3dB beamwidth is seen to be larger for the same cluster area [12]. In
addition the results of (3.1.144) and (3.1.145) are fairly close however, the value of &

used in [12] is seen to provide slightly better results.

3dB
¢av ~

(3.1.144)

>

I = % (3.1.145)
b. 3dB Sidelobe Region

The region for which the average of the sidelobe beampattern falls below the

threshold level of 3dB above }{\I and ~can again be formulated in the same manner

used in 5.2.C4. The setup is shown in(3.1.146), and when solved for ¢,

gives(3.1.147). The result of (13) in [12] seems to be missing a factor of 2, shown inside
the square root of the numerator of (3.1.147). Overall a minor mistake or typo, but for

clarity the intermediate steps have been shown going from (3.1.146) to (3.1.147).

=< (3.1.146)

Uav (¢Sidelobe ) = %—i— (1_ ij 7
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c@rot [
=(N —]_) e 2 -1
:_§(¢g : :'”[(Nl_l)}—ln(N_l)
=¢(¢)= 47rsin(¢5id§'°be j = \/Zlnngz -1 _ \/2"‘ (UN -1)
= Beidetone = 2sin™ [MJ (31147)

c. Average Directivity

The directivity of the Gaussian distribution can also be found relative to a single
isotropic antenna in the same manner used to calculate (3.1.59), however once again a
closed form solution is unfortunately impermissible. The average directivity is calculated
using the average radiation pattern of (3.1.139) providing the average directivity of

(3.1.148)

[U..(0)dg

27 N (3.1.148)

D =% T - 1
JUL(@)ds UL (g)dp 1+(N-D).F(} T~ (200))

av

3. Average Statistical Properties of a Uniformly Distributed Circular Antenna Array with
Perfect Phase Information and Gaussian Random Variable
a. Distribution of the Beampattern Level in the Sidelobe Region

The exact complementary cumulative distribution function (CCDF) of the
beampattern level is given to be the same as (3.1.81) specified in section D. In addition,

the array factor at a particular angle ¢1is given once again to be that of (3.1.82) with real

part X and imaginary part Y. The underlying difference from section D exists in the
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fact that Gaussian distributed P.D.F.s are used to calculate the supporting statistical
measures given in (3.1.149)-(3.1.154), instead of uniform P.D.F.s used to calculate

(3.1.83)-(3.1.88).

. - [ ~£(9)o?
m, = E[X(¢IU)]=Z:1%WJ J%ae = ]cos(ung((p))dun _WNe 7 (3.1.149)
o171 [;M <¢>>] ,
ITly = Zrl:lﬁ I %e S|n(Un§(¢))dl)n = 0 (3.1.150)

5 cos’ (1 (4)o, | = 2(1+e =) (3.1151)

1 |
€
no

E[x2<¢|z>J=zn”l{[§)z 2
e[ v2(glo)] :%(1—@2“4”2“2) (3.1.152)
o = E[x2 (¢‘5)]—E[X (¢\5)T :%(1+e_2¢(¢)202 )—e‘m’)z“z (3.1.153)

ot =E|Y*(glo)]-E[ ¥ (¢\5)T :%(1-@2“4’”202) (3.1.154)
The variances o} and o2 approach a value of .5 in the limiting case just like they
did in the uniform case. Hence, the beampattern level in the sidelobe region approaches
a Nakagami distribution (3.1.93). Similar to the Uniform case the mean m_approaches
zero in the sidelobe region for the Gaussian case and one may once more assume the
beampattern assumes Rayleigh distribution given by(3.1.94).
b. Distribution of the Maximum Sidelobe Peak

The probability the maximum of a sidelobe crosses a power level threshold is

formulated in the same manner as it was in Subheading 5.2.D.4. The number of upward
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crossings at a given level a per interval in the 3dB sidelobe region S, is given by

(3.1.155). The mean number of crossings is given by

2 2

v(a)du=duf w’ fm,(a,w-)dw-:j”Me{‘fé';ﬁ] _aduo, e[ij (3.1.155)

° J2zclo,. 2no?

E{v(a)}= 2?7%;2 e[igj L’; cos(gjd¢ =4rcae™ (1—sin (%L;"ben (3.1.156)

Also since the 3dB, sidelobe region is symmetric in the region —¢,,. ——7 one should

multiply (3.1.156) by a factor of 2 giving(3.1.157).
Efv(a)} =847 (1_sin[¢SLzewbej]oaeaz (3.1.157)

Nevertheless, the outage probability is given by (3.1.158)and for low values of

¢, the expression is approximated as (3.1.159).

Primax,  X*+Y?>NU, |<8Jzo(NU e [1—sin(¢sL;'°beD, for NU, z% (3.1.158)

Prlmax, X +Y?>NU, |<8JroNUe ™, for NU, z% (3.1.159)

F. Average Properties of a Truncated Gaussian Distributed Circular Antenna Array with
Perfect Phase Information and Gaussian Random Variable
1. Average Beampattern

When the Gaussian random variable v, = 5, sing, does not have infinite support it
is truncated in the form of (3.1.160), which is similar to that of [12], yet this distribution
is independent of the elevation angle 6. This type of distribution possibly will be more

practical since it neglects antennas far away from the cluster. Typically the element
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located far away will require higher power for communicating and hence, neglecting
these may very well benefit the system overall in terms of energy consumption needed
for transmission. However, if the cluster gets to crowded effects of mutual coupling
may repeal the above assumption as too much unwanted interference negatively impacts

the beam.

fu(u)zj%aea?,_L<;<L (3.1.160)

The derivation of the average beampattern is completely derived since it is
provides a different result from [12]. Moreover, the result, in this section, is also
verified with Mathematica to determine if a mistake was possibly made in [12] and it

seems plausible, therefore a full derivation is shown below.

U (0.0)=E, U, (0.0]0)

-['r i+iiiema,¢xw> £ (02) .. (0)duydu, (3.1.161)

110t icopu L ;*Zz L e, L %
= > e ——e dUng:l:.[_Le ——e¥'dy,

W m=1 '\/50' \/EG

n=m

Solving the first integral with respect to n is done by completing the square as

follows.
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2;2 - j§(9,¢)0n =0
or
vi - j¢(6,4)v,20 =0
{ (half ofthe middle term coef)
ic(6.9)0" > cj(e,qﬁ)z o (squared)

(v,-i¢(0.9)0°) =¢(0,9) o
(o107

L ey o5

(v, - J'é“(9,¢)oz)2 (0.9) 0"
20° 2 B

U,

0

v, — ¢ (¢)o’

By a change of variables x=—" do,

and dx =
o (o2

one obtains(3.1.162). Using the

integral identity (A.1.16) one can obtain (3.1.163).

L 1 M 1 LW (0?2 1 © —(x)? 1 " —(%)?
—e 202 d - = o ze 2 dX:— L G_Ze 2 dX_ L o_ze 2 dX
L 2o o J2r IEWe ﬁj% EJ%
(3.1.162)
(n—=i¢(4)0?)? . ) . )
L1l -L+j¢(p)o L+ jc(d)o
[=e = dvk=Q(x1)—Q(xz)=Q(4J—Q[—( ) J (3.1.163)
2no o p

It can be shown (3.1.163) can be rearranged with another identity (D.1.16) to
give(3.1.164). Additionally the integral with respect to v, is done in a similar manner
also contributing the solution of (3.1.164). Moreover, the Q-function may also be
rewritten in terms of error functions with the identity (D.1.17) providing (3.1.165).
Therefore, multiplying the result of (3.1.165) by itself since the solution with respect v,
yields the same result as the solution to v, ; the average radiation intensity is furnished to

be that of (3.1.166).
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) @K OHF o 2 - 2
[f-te = :1—Q{L i(09)a J—Q(LJFJ{’V(Q'@U j (3.1.164)
\2roc o =
75(9%)20'2 L 1 (=34 (0.4)0%)* g
e 2 — e 20° v, =
_ «/2_7;a¢)2 Z o) 0.4) (3.1.165)
RIUOLay] L—jc(6,¢)c? L+ jc(0,¢)c?
R s P L-j¢(6,4)c L+j¢(0,¢)0” i
== 4= 2 = — 77 S LA Sk 3.1.166
U, (6.9) N TNEE {4;;%#( oo +erf oo ( )

2. Average Beampattern Simplification for 6=, =%

At the meridian angle, the average radiation intensity is given by (3.1.167) and
the derivation leading to (3.1.166) is used to obtain (3.1.167) in the exact same manner.
The difference between the two results lies within the spatial parameter of (3.1.167)
being independent of elevation angle. Lastly, it is again restated that (3.1.167) differs
from equation (9) of [12].

1 ()
Uav (¢):W+W e 2

lieal (L-ic@)or) . (Leic(9)o”\]
{Z;Z‘{erf [T]+erf (TH ] (3.1.167)

n=m

G. Realization of a Uniformly Distributed Circular Antenna Array with Perfect Phase
Information
The realization pattern for a random circular array is plotted from a uniform

distribution of elements in Fig. 35 with a given element distribution shown in Fig. 36.
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Normalized Intensity [dB]

Fig. 35. Simulated and analytical radiation intensity for a circular random array (uniformly

distributed) in the XY-plane with A=10, N = 16 and 256.

Normalized Radius Normalized Radius

Fig. 36. 16 (left) and 256 (right) elements uniformly distributed in a normalized circular aperture

along the XY-plane.
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The realization pattern for a random circular array is plotted from a Gaussian

distribution of elements in Fig. 37 with a given element distribution shown in Fig. 38.

Power Pattern (r,0 ,) N =16 Power Pattern (x,y,z) N =16

Normalized Intensity

0
Power Pattern ¢=0

ﬁ—ws
g 21 i | —Average N =16

—N =256
Average N =266

[.
MA Aol ‘IH

AN *wvvv \J'V\I‘n,!" \W/

Normalized Intensity [dB]

80

80 -60 -40 -20 0 20 40 60

Fig. 37. Simulated and analytical radiation intensity for a circular random array (Gaussian

distributed) in the XY-plane with A=10, N = 16 and 256.
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Normalized Radius Normalized Radius

Fig. 38. 16 (left) and 256 (right) elements Gaussian distributed in a normalized circular aperture

along the XY-plane.

It is interesting to notice the realization of the circular random array is
rotationally symmetric in the elevation angle of Fig. 35. A similar result is seen for a

planar random array in [79].
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CHAPTER VI
SPHERICAL ARRAYS
6.1 Periodic
A. System Development and Beampattern Definition
Innumerable opportunity exists in assembly of element placement for a periodic
spherical array, which is covered in greater depth in section H. As an alternative, this
section begins with a pictorial representation of a spherical array represented in Figure
39 with each antenna placed arbitrarily, on the surface of the sphere of radius A.
Moreover, unlike previous sections the analysis of a periodic spherical array will be
covered in greater detail similar to [80]. The analysis is kept general showing the
process for setting up any periodic array structure. In addition, the general case gives

one the capability to vary parameters in any fashion desired.

Fig. 39. Geometry of an N-element periodic spherical array of circularly polarized elements.

The field of a specific antenna originates at the observed point P’ identified in

Figure 40. A local coordinate system is centered at the point P’ with axis x’, " and z’,
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forming an orthogonal coordinate system. The z’ axis is normal to the point P’ with the

x"and y’ axis located coplanar to the element.

P(R,6.¢)

Fig. 40. Geometry of a periodic spherical array refrenced to the element.

B. Element Pattern from a Point Source

The radiation pattern (4.1.1) of a single antenna is determined from the relative
origin P’ (location of the element) with azimuthal and conical angles g, measured from
the true origin O. As more elements are introduced to the spherical structure in section

E, the angles will be conveyed more formally as 3,,7,

. Gl IR, )
Eun =8,y +8,E,, =| 4 1,(009)———+8,1,(0"9)———— 4.1.1)
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Where,
a,.,d, arethe unit vectors in the &' and ¢' directions,
1) is the phase difference between the two components of the field,
0} is the radian frequency of operation,
¥ is the phase delay introduced into the element for beam stearing purpose,

f.(0',¢"),1,(0',¢") arethe pattern factors of the two components of the field distribution.

Since a far field, approximation is used, the radial component ar of the field

distribution is assumed to be zero [65]. The field is also assumed elliptically polarized

except for the condition & = i% making the field circularly polarized.

P(R.6.¢)

Fig. 41. Geometry of a periodic spherical array rotated about the element in order to be referenced

to the origin.
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Shifting the origin P’ of the local coordinate system to the point O in Figure 41,
(true origin) one may rewrite (4.1.1) as (4.1.2) where OP'= A4,., which is the vector
originating at the origin O and ending a the surface P’. The unit vector &..is defined as
the radially directed unit vector aiming to the direction P’. The direction cosine OP'-4,

is thereby given in(4.1.4).

QI (MIR,)

R

0

Eop =[8,1,(0"9)+4, 1, (0',¢) ] ) (4.1.2)

r'cosy =OP"- 4, = Ad,. -4, = 4.13)

(Asin@'cosg'a, + Asin@'sing'a, + Acos0'4, )-(sin@cos ¢a, +sin Osin g, +cos 04, )
r'cosy=OP'-4, = A(sin@sindcos(p—¢)+cosdcosd) (Using Appendix C.1.4)  (4.1.4)

C. Coordinate Transformation Relationships in Spherical Coordinates
The transformation going from primed to unprimed coordinates is obtained by
using a general method of orthogonal transformation of coordinates [80]. Consequently,
the angles @'and ¢'can be expressed where &, is the typical spherical unit vector in the

radial direction defined in(4.1.7).

cosf'=(4;-4,.) (4.1.5)
cot¢-:[M] (4.1.6)

a,-4,.
&, =sinfcosga, +sindcosgé, +cosba, (4.1.7)

The transformation between primed and unprimed unit vector coordinates are related by

a rotation matrix A such that
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ax ax
a.y = A ay 5
a; a;

The rotation matrix A is determined by the product of rotation matrices shown below.

Roll, Pitch and Yaw matrices

1 0 0 cosp 0 —sing|| cosy siny 0
0 cosa sina|,| 0 1 0 |,|-siny cosy O
0 -sina cosa||sing 0 cosp 0 0 1
about X axis about Y axis about Z axis

The product of these rotation matrices is followed by rotation in the following order.

1) about x

2) aboutz

3) abouty
For instance if the coordinate system is rotated about the y and z axis then the matching
rotation matrix is given to be the product of the pitch and yaw matrices generating

primed unit vectors (4.1.8)-(4.1.10).

a,. =Cos Bcosya, +cos Bsinya, —sin 4, (4.1.8)
a, =-sin B4, +cosya, +0a, (4.1.9)
a, =sin f#cos ya, +sin Bsin ya, +cos 4, (4.1.10)

Substitution of unit vectors into the former equations (4.1.5) and (4.1.6) gives (4.1.11)

and (4.1.12).

c0s 9" =sin Bsin #cos(¢$—y)+cos cosd (4.1.11)

cos Ssin @ cos(4—y)—sin Scoso (4.1.12)

cotg’= sin@sin(¢—y)
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The angles ' and ¢'are found by taking the gradient of (4.1.11) and (4.1.12) where the

gradient in spherical coordinates is defined in (E.3.1) giving (4.1.14) when applied to

(4.1.11) shown below. %(cose') = e(sin Bsincos(¢—y)+cos Fcos b))

10cos@' ,  10(sinBsin@cos(¢—y)+cos Bcosh)
= a

r oo 7 r o0 ’ (4.1.13)
1 0(sinBsin@cos(p—y)+cos Bcosh) o
a
T rsing ¢ i
Ry cosHsinﬂcos(.gﬁ—y)—cosﬂsin9+é¢ sinﬂs.in(qﬁ—y). (4.1.14)
sing@' sing@'
Likewise, applying (E.3.1) to (4.1.12) gives(4.1.16).
1 odcotg', 1 o (cospBsin@cos(¢—y)—sinBcosh ),
rsing' og¢' %=1 %0 singsin(¢—y) %t
. _ (4.1.15)
1 0 cos Bsin@cos(¢—y)—sin Bcoso 5
rsind o¢ sindsin(¢—y) 4

4, = sing' sinBsin(g—y) 4 sing" {cos@sinﬂcos(;ﬁ—y)—sinQcosﬂ}% (4.1.16)

B esc’ ¢’ (sin gsin (g - 7))’ ’ csc g sin @sin® (¢—7)

One particular simplification is possible if¢'=¢—y and 8'= 6 giving (4.1.17)

" (4.1.17)

sinﬁsin(qﬁ—;/)é cos@sin fcos(¢—y)—sindcos B 5
sing" ’ sing" ’
The unit vectors in (4.1.14) and (4.1.17) look very similar and are shown below in

(4.1.18) and (4.1.19) for easy comparison.

4 .4 cosHsin,Bcos(qﬁ—;/)—cos,Hsin9+é sin Bsin(¢—y) (4.1.18)
v sing' ¢ sing’ o

4, =4, sin ,Bs_in(¢—7) Y cos@sinﬁcos(_¢—7)—sin fcos B (4.1.19)
sing' sing'
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D. Field Components with Circular Polarization

Substituting &,.,4, components into the field distribution (4.1.2) gives (4.1.20)

and(4.1.21).
cos@sin cos(¢—y)—cos Bsiné f(09)+ A
E _ sing' ! ' j(kAcos 0"~y ) eJ(Wt_kRO)
vap = | o o e (4.1.20)
smﬂsm(gﬁ—y)f (0.4 R,
sing" 2
sin gsin(¢ -
M fl(g-,¢-) _ WR,)
E _ sin@ ej(kAcos&'—y//,y) € (4 1 21)
pap _cosesinﬂcos(¢—y)—cosﬂsin0f (0',)e " R, .
sing" A

In the case of circular polarization the fields produced by individual elements are given
such that f (6',¢")=f,(0',¢")=f(6'¢") and 5=i% . Substitution of these conditions into

(4.1.20) and (4.1.21) one obtains (4.1.22) and(4.1.23).

cos@sin Bcos(¢—y)—cos Bsing

By = sing” N Ll 4.1.22)
,sin ﬁS-Iﬂ(¢—)/)e:j% R,
sing'
singsin(¢—-7)
— j(WtkR,)
sing v L d(KAcos0'-pg ) e’
E = f(0'¢')e o 4.1.23
pap cosesinﬂcos(¢—y)—cos,8$in6’e;j% (0'.¢") R, ( )
sing"

E. Total Field Components with Multiple Elements within a Spherical Array

The radiation pattern produced of a spherical array is fully achieved by means of
superimposing respective field components of each element. For example, the subscripts
n and m are used to represent the position of each element. Therefore, the complete

pattern for 6 and ¢ components are designated in (4.1.24) and(4.1.25).
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cos@sin S, cos(¢—y, )—cos Bsin

E = Z_ sing" f (49', ¢,)ej(kAcos€'fu/ﬂn,m) ej(Wt—kRo) (4124)
oap m,n sin ﬂn Sin(¢—]/m) TiZ Ro
+ - e 2
sin@'
sin B, sin(¢—7,,)
S f ()t & o)
P&l cos@sin B, cos(¢—ym)—cosﬁnsin6’e¢jg R,

sing"
F. Special Cases
A few special cases were considered by [80] and will be repeated. When the
geometry of each antenna is parallel to the z-axis (i.e. a vertical electric dipole located on

the x-y plane) then (4.1.24) simplifies to (4.1.26).

-2 iz j{ kAcos @'~ J(W-kR,)
Eaﬁ:z{aﬁ@e Jz}f(e‘,qﬁ‘)ej(m 7 Vam) & , (4.1.26)

R

To show this simplification let g=0and#=6"'. These conditions are substituted into the

phi component of the electric field only; the theta component can be shown in a similar

manner.

J(wt—kRy)

&~ sing' R

0

i(wt-kR,)

_ Z|:e$j;:| £ (9,’¢,)ej(kAcoss'f'/’/fnym) eR— (4127)

0

Another special case can be shown when each element of the array is linearly

polarized (i.e. radially directed dipoles) where the simplification f,(6',¢")=0is made.

Thus, f,(6'¢')=1,(6")and the following expressions(4.1.28) and (4.1.29) are obtained

for the field patterns:
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i(wt—kR, )

cos&sin 3, cos(¢—y,, ) —cos B, sin o

=- el vy, ) € 4.1.28
Epus (9,¢) Sing" f, (9 )e R ( )
sin B, sin(¢—y,, N i(kacosoy,, ) €M)
E¢a/i (9'¢):#f1(9 )ej( nm)eR— (41.29)

0

G. Far-Field Electric Field of Circularly Polarized Elements
It was previously shown that a far field field distribution at the point P(r,,6,¢)is

given by (4.1.30)

j(wt kR, )

By = 3By (07,9108 o) O (4.1.30)
where
B, (004)=8,1,(0¢)+4, 1, (0" ¢)e 4.1.31)

Now under the judicious notion each individual element pattern is circularly polarized;

one can assume an element pattern to be given by that of (4.1.32) where & =%

f,(0',¢")=1,(0"¢")=cos@'e’? for % <o s% (4.1.32)

The limitation of ' between 77, sa‘s% means the individual pattern is considered a
unidirectional cosine type with a given maximum at broadside. Thus,
E. (0.¢")=(4, - j, )cos0'e ¥ (4.1.33)

(4.1.33) can also be expressed in more useful terms (9, ¢) in (4.1.34) and (4.1.35).

. | cos@sinBcos(¢—y)—cosBsing _sinpsin(g-y)
ag — - + ] - +
sing’ sin@' o
E, = cos@'e ™ (4.1.34)
5 {sin Bsin(¢-y) N cos@sin Bcos(¢—y)—cos Bsin 9}
4

sing' sing'
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sing’ sing' »
E, = o _ _ cos@'e (4.1.35)
ia {jsmﬂsm(¢—7) cosHsmﬁcos(qﬁ—;x)—cosﬂsm@}
-j4, _

sing' sing@'

] {_ cos@sin Bcos(¢—y)—cos Bsind Y sin Asin (¢—7/)} N

The phase of the unit vector a, is

sin Bsin(¢—y) o
—tan (v, ) = ____sing' __|o____snpsinlir) (4 3¢)
cos@sin fcos(¢—y)—cosBsin@ | cos@sin fcos(gp—y)—cos Bsing
sing"
Similarly a, is
“tan(v,.,) sin fsin(¢—7) (4.1.37)

N cos @sin S cos (¢4 —y)—cos Bsin &

And it is observed that

—tan(v,,,, ) =—tan(v,,, ) =-tan(v,,, ) (4.1.38)

Thus, substituting (4.1.38) into (4.1.34) one obtains(4.1.39),
E, =(4,-ja,)cos0'e ") =—(a,- j4,)cos e ) (4.1.39)

To show the expression right hand side of (4.1.39) holds let,

N = cos@sin Bcos(¢—y)—cos Bsiné
- sing’ ’
D singsin(¢—y)

sing'

Then

a,|-N+ jD|+ .
E, = ‘9_[A ) ] cos@'e ™
-jé&,[-N+jD]
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The phase term within brackets is seen to be tan‘l%, yet one can reorganize the field

such that

4,[N-jD :
E,=- 9_[A J ]_+ cos@'e
-j&,[N-jD]

Remarkably, the phase within brackets still yields tan™ % .

More simplification can be made to the field components by collecting phase
terms which leads to a more compact expression. To do this one defines the angle

& =¢'+v, where ¢'and v, are given by (4.1.40), (4.1.41) and by applying the identity

(C.1.5), one arrives at the expression given by (4.1.42)

Vo :arctan( . —sin fsin(¢—7) _ ] (4.1.40)
cos@sin Scos(¢—y)—cos Ssin g

. singsin(¢—y)
¢'= arCtan(cosﬂsin Ocos(¢—y)—sin ,Bcos@] (4.141)

[sin((/ﬁ—;/)(—sinﬁ(cosﬁsin 0cos(¢—y)—sin Bcosd)+sin(cos@sin B cos(¢—y)—cos Bsin 6))]
[(cosesin Bcos(¢—y)—cos Bsind)(cos sin 9cos(¢—y)—sinﬂcose)]{sin Bsin? (¢—;/)sin€]

tan(&,, )=

(4.1.42)
The electric field takes the form of (4.1.42) where F(6,4)is the array factor

defined in (4.1.43). To steer the beam with maximum radiation intensity in the direction

0,,4,the phase excitation,, is introduced to (4.1.44) and defined in (4.1.45).

J(Wt—kR, )

R

0

e

Ew (0.6)=—(8,~ 18,)F(0.9) (4.1.43)

F (0, ¢) — ZCOS0'el-(kAcosgv’V/nm')e’j(fnm*'inm) (4 1 .44)
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+sin @, (cos 6, sin B cos (4, —y)—cos Bsing, )

[sin (4 _y){—sin ﬂ(cosﬂsin 6, cos(¢, —y)—sin ﬂcos&o) H
71 (4.1.45)

Mo = taN - -
(cos@, sin Bcos(g, —y)—cos Bsin, ) sin Bsin (g, —7)
+
(cos Bsin g, cos(g, —y)—sin Bcos, ) sind, sin(4, - 7)

H. Element Placement

It is important for a spherical array to maintain a constant far field pattern in the
course of scanning. Therefore, some sort of element distribution must be distributed
across the spherical array to achieve this. Thus, as described from [80] it was found
through a study of polygons the element placement is favorable at the points of
icosahedrons Fig. 42. The antenna elements are to be placed equidistantly on the surface
of the icosahedron and when circumscribing a sphere about the icosahedron and all
elements one obtains a favorable periodic spherical array. On the contrary, the
relocation of elements from the icosahedron to the spherical surface will causes
symmetry to be lost, but favorable for applications of which a constant pattern must be

achieved while scanning.

Fig. 42. Geometry of an icosahedron.

Studies have been done in order to determine the best placement of elements for

a spherical array and it was determined from the studies of polyhedron that geometry of
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an icosahedron will give desirable results. With this geometry the element placement

should be followed in accord to (4.1.46) (4.1.47) where n is an integer with range [6 , 6]

and m is an integer [0 , 25]. Special conditions also must be met in terms of the element

placement and are given in (4.1.48) and(4.1.49).

analysis in terms of the element placement for positive values of n.

7., =90°—n15°
72°m
Bom = 6—_|n|
ﬂOm = ﬂlm If n=0

B =00 if|n=6.

Table 3. Element placement

Lastly, Table 3 provides a partial

(4.1.46)

(4.1.47)

(4.1.48)

(4.1.49)

N=0(7.5)

N=1(7.5) N=2(7.5)

N=3(7.5)

(90°),

14.4°,28.8°,43.2°,
57.6°,72.0°,86.4°,
100.8°,115.2°,129.6°,
144.0°,158.4°,172.8°,

187.2°,201.6°,230.4°,
244.8°,259.2°,273.6°,
288.0°,302.4°,316.8°,

331.2°,345.6°,360.0°

14.4°,28.8°,43.2°, 18°,36°,54°,
57.6°,72.0°,86.4°, 72°,90°,108°,
100.8°,115.2°,129.6°, 126°,144°,162°,
144.0°158.4°,172.8° | | (60°),[ 180°198°,216°,

(75°),
187.2°,201.6°,230.4°,

244.8°,259.2°,273.6°,
288.0°,302.4°,316.8°,
331.2°,345.6°,360.0°

234°,252°,270°,
288°306°,324°,
342°,360°

24°,48°,72°,
96°,120°,144°,
(45°), 168°,192°,216,

240°,264°,288°,

312°,336°,360°

N=4(7.5)

N=5(7,5) N=6(7.5)

(30°),

36°,72°,108°,
144°,180°,216°,
252°,288°,324°,
360°

(0°),(0°)

(15°), 72°,144°,216°,
288°,360°
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Given the constraints of element placement (4.1.46)-(4.1.49) the array factor
assumes its final form given in (4.1.50). The array is limited to have an overall
maximum of 177 elements on the spherical surface with the element placement

conditions.

6 M(n)

F(0,6)=> > cosgelle vm)mmn)]

n=-6 0
iMf s (4.1.50)
e
6 0

n=—

The element placement used in (4.1.50) is not the only type of placement that can
be used to model a periodic spherical array. Other types of placements can be found in
[82]-[85].

I. Radiation Pattern of a Spherical Array with Element Placement Based Upon
Icosahedron Geometry
The radiation pattern of a spherical array is plotted in Fig. 43 and Fig. 44 for two

different element spacings. The geometry of the element spacing is shown in Fig. 45.
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Spherical Array

Fig. 45. 177 elements periodically spaced in a spherical geometry based upon icosahedron geometry.

6.2 Aperiodic
A. System Development and Beampattern Definition

Up to this point numerous random array geometries have been covered, however
the more interesting type of random array is a 3 dimensional volumetric type. For
example, a volumetric random array could model a distribution of aircrapt flying freely
as shown in Figure 46. Moreover, a possible way of characterizing this random
distribution could be to circumbrsibe all the aircraft to a sphere of radius A as shown in

Figure 47.



110

Fig. 46. Distribution of aircraft randomly distributed in three dimensional space.
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Fig. 47. Geometry of an N-element random spherical array.

The array factor of a spherical array for a distribution of isotropic elements is
given in (4.1.51) and simplified to a more convenient form in (4.1.52) with spatial
parameters defined in (4.1.53)-(4.1.56). Moreover a derivation going from (4.1.51) to

(4.1.52) can be found in a similar manner used in section 5.1.

Fn , én , &n ) _ i ejkrn (sin 8, sin O cos(¢, —4)+cos 6, cos —sin 6, sin 6, cos(¢, —¢, )+Cos 6, cos, ) (4 1 .5 1 )

n=1

F(9,¢

Fn ’ én ’ 5[1 ) _ iejkrn(pu sin @, cos(¢, —5)+cos 6, (cos 6—cos 6, )) (4 1 52)

n=1

F(9,¢

Py = \/(sin 0, cos¢, —sin@cosg)” +(sin @), sing, —sin Gsin g)° (4.1.53)

(sing, cos¢g, —sinfcosy)

\/(sin 6, cos ¢, —sin Ocos @)’ +(sin 6, sin g, —sin Isin g)’

cos(8) = (4.1.54)
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sin(8) = ,/1—0052 (5)

(sing, sing, —sindsing) (4.1.55)
\/(sin 6, cos ¢, —sin@cosg)’ +(sin 6, sin g, —sin Gsin g )’

| sin@sing—siné, sing,

o=tan"| — - ,
sin@cos ¢ —sin g, cos¢,

(4.1.56)

Since the angle J is nothing more than a constant offset, the location angles 6, 4,

are considered uniform random variables such that ¢, =¢, -3, . =6,.

The final form of the array factor (6.2.7) is written using compound random

variables defined as T, =r:c0s6,,~1<T <1 and Y, =rasiné, Cos(¢n—5),—1STS1 . In

addition, the spatial parameters ¢ (6,4)and £(6) are used providing a more compact

expression.

— N N )
= (0, ¢|Y, T) _ ZelznA(p,,Yn +Ty (cos0-c0s6,)) _ zejg(o,,p)(rn)ejg(a)(n) (4 1 57)

n=1 n=1

The P.D.F.s of ¢, and T, will be the same as those given in (3.1.22) and (3.1.24).
Likewise the P.D.F.s of r, 6 and Y, can be shown in a similar fashion given in (4.1.58)-

(4.1.60).

[, (rdr =1 frn(r)=% for0<r<R (4.1.58)

Tf , (0)sinodo =1 f, (9):% for0<f<r (4.1.59)
0
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2

_[ I fr 1w (X, T w)rdrsingdodg =1
00

3
fY",T",w(Y’Tan):E
—v2_y? 3 -T2-Y?
forn (0= [ f . (rTowdw=—=" [ dw
A y? ar N
Y=o -Y?
3 —— . 3 . 3
f. (Y)_A'”\%Z\/l Y2-T dT—47r7r(l Y )_—4 (4.1.60)
-1<Y<1

A coordinate transformation converting spherical to Cartesian coordinates was

used to simplify the integration such that Y =rsindcos¢, T=rcosdand w=rsingsing..
The far-field radiation intensity of (0.2.15) is now defined as (4.1.61) with spatial

parameters ¢ (6,¢) given by (3.1.27) and ¢ (6) by (4.1.62).

U(H ¢‘Y T):i+LZN:ieic(ﬂﬁ)(Yn—Ym)eii(ﬁ)(Tn—Tm) (4 1 61)
, , N N2 m=1n=1 o

£(0)= 2z A(cos—cosd,) (4.1.62)

Also for comparison purposes [9] the arrays beampattern will be observed at the
meridian angle 0 =6, :%, and compared to that of the circular random array. At this
particular elevation angle the analysis is simplified in the same manner used in section
5.1 to give the array factor (4.1.63) and radiation intensity(4.1.64). The terms (4.1.63)

and (3.1.30) both contain the same spatial parameter at the meridian angle, yet are

embedded with different types of random variable. The random variables v, serves as a
compound random variable in polar coordinates whereas Y, serves as a compound

random variable in spherical coordinates.
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F(¢|Y):%iewm (4.1.63)
L D3 ¥ S (4.1.64)

n=1 m=1
n=m

B. Average Properties of a Uniformly Distributed Spherical Antenna Array with Perfect
Phase Information
1. Average Beampattern

When the definition of expectation (0.2.19) is applied to (4.1.57) the average

radiation intensity can be rewritten as (4.1.65)

U, (0.4)=E;

Jfodi
1111 Zemﬂzﬁ QIO T Z(l_Y§>§(1_an)dYnde
1 1

sy

Z - T2 1-T2dT,dT,

(4.1.65)

The average of the first term is once again% like in the previous chapters of

planar geometry. In addition, the double summation term reduces to an analytic form in
the same manner as the previous sections giving (4.1.66). Finally the solution of the

integrals and (A.1.25) together yield the average radiation intensity given by (4.1.67).

EY" Th

il (1L )osl @2 -Y0)) L
(0,¢\Y,T)\=%+%_j”_j ( j ( £(0)(T,-T,) ](1 Y2)aT, (4.1.66)

oaana (1-¥2)dY,1-T2 1-T2dT,dT,

E

(9,¢|Y,T)‘ - %+(l—%j|3tinc(g’(0,¢ )| [2iinc(£(6)) (4.1.67)

Y, Ty
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The solution to the average radiation intensity (4.1.67) of a spherical random
array is similar to that of a circular array with the exception a tinc function 3tinc(§’ X ))
has been multiplied by the familiar jinc function with an alternative spatial parameter
£(6)or jinc(2£(6)). This means the spherical array is collected with circular symmetry in

the elevation angle or surface area and coupled with spherical symmetry or volume
elsewhere. Moreover, the second term now represents the mainlobe factor characterized

by two independent oscillatory functions, comprised of tinc and jinc functions and

causes the beam to rapidly attenuate as either spatial parameter ¢ (6,4 ) or £(6)increase.
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_2 g ‘““”“u‘_:‘nl‘ E llé,',"“’
10 2T e,
= -6 8 05 |un||ll‘ g g ?“"'l,,'—_
N gttty  C =
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o 1 1 1 1
A2 2 0 0
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6 Power Pattern ¢=0
o : 2 |—Average N =16
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0

Fig. 48. Average radiation pattern of 16 and 256 elements randomly spaced (Uniformly) within a

spherical aperture of104 .
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C. Average Beampattern Simplification with 6=6, =7/

1. Average Beampattern

At the meridian angle the radiation pattern can be shown to be (4.1.68) and the
result matches closely once again to the circular random array solution (3.1.44). The
mainlobe is represented by a jinc function for the circular array and a tinc function for

the spherical array. The spatial parameter ¢ (¢)or argument of the oscillatory functions

is identical for both types of arrays.

EY

L%ﬂ?”:%+@—%}hmqgw»r (4.1.68)

Op=7====7==77 - A=1N=16
5 ] 5 e A=2N=16

— |l Averace Beam - = K=8N=16
Z -5 Average Beam — AONDN
= Pattern o= X=)N-=256
20 A =8 N = 256
2 ‘
(a
a0-15]
o
S
<-201.

50100150 180

Ros0 100 500
Phi [degrees]

Fig. 49. Average radiation pattern of 16 elements randomly spaced (uniformly) within a spherical

aperture of 104 withg=0, = % :
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Fig. 50. Average radiation pattern of 16 elements randomly spaced (uniformly) within a circular
aperture of 104 with6=0, = % :

The average power pattern for a spherical random array Figure 49 compared to
the average of a two dimensional circular random array Figure 50 [1] is seen to have
significantly lower sidelobes. This makes sense as the size of the aperture A has
increased and allows for the larger spread of the elements.

Furthermore, since the power pattern is conditioned on ¢ it is worth noting that
the pattern [1] is an average of bounded independent and identically distributed (i.i.d.)
complex random variables, and by the weak law of large numbers the power pattern

converges to ensemble average in probability as N — 0.
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2. Average Peak and Null Locations of the Sidelobes

The following sections 2-6 can be derived in the same manner used to give the

results given in the circular array Subheading 5.2.C.(2-6). For that reason, the analysis

will be skipped and only the final results will be shown.

The average peak and null expressions in terms of the azimuthal angle g, for the

average far away beampattern (4.1.69) given are given in (4.1.73)and (4.1.74).

U:larAway (¢) — %_‘_(1 1 j 9

-cos? (£ (¢) (4.1.69)
vy @)
S(#)=0ar  g=234. (4.1.70)
S(#)=(q+Y)7r  q=1234.. 4.1.71)
§(¢”“”)—(q+1jzr q=123.. (4.1.72)
‘ 2
1
q+
¢ ~ 2arcsin 2| q=1,23.. (4.1.73)
o~ 2arcsin(%j a4=2,34.. (4.1.74)

el . +1
Pl ~ 2arcsm(q4—Aj q=123... (4.1.75)

Note the indices of (4.1.74) begin at 2 since a null (4.1.73) will follow a main
beam preceded by a peak.

Observation of (4.1.73) and (4.1.74) show the peak sidelobe level is less sensitive

to the value of N given in the average sidelobe level of the beampattern and more

sensitive to the value of A. Thus, by increasing the value of A it is more likely that high
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peaking sidelobes will be eliminated, leaving the majority of the sidelobe peaks
concentrated relatively around the mainlobe.
3. Average Three-dB Beamwidth

The average 3dB beamwidth (4.1.76) for large N was solved by graphical means
yielding a value of 1.815, similar to a result given by [59]. Moreover, substituting this

result into ¢ (¢a3vd B)results with (4.1.77) ; for small arguments in the sin, term reduces to

(4.1.78).

Average Power

(1.815,.5)
3dB Beamwidth

Magnitude
© © © © © 9 © 9 ©

3.5 4

N
(&)
w}

Fig. 51. Average 3dB beamwidth of a spherical random array.

1
-2 (4.1.76)

()

U 3dB — 3
av (¢av ) é,(¢:vd5)
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P2° = 2arcsin('li44j 4.1.77)
b ~ —'2188 (4.1.78)

The 3dB beamwidth angle of (4.1.78) like the circular random array is inversely
proportional to the radius of the sphere and asymptotically independent of N. However,
for a spherical random array typically one would assume the antennas are more mobile
than that of a circular random array; since the narrowness of the beam is inversely
proportional to the radius of the sphere one may need to account for a broader
fluctuating beam.

4. Three-dB Sidelobe Region

The region for which the average of the sidelobe beampattern falls below 3dB in

the range S, £ {¢|¢:" <|¢| <z} is provided by (4.1.79).

9 3
~1+(N-1)| ————— | <109 <2

U, (42)
: (0, +1)7)

Z|

(4.1.79)

= T 1<q,

The angle ¢, is located next to the peak sidelobe; an example of the 3dB

sidelobe region is shown in Fig. 52 showing one case with all sidelobes within the 3dB
sidelobe region versus an alternative case where not all sidelobes are within the 3dB

sidelobe region.
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Fig. 53 shows a comprehensive analysis of the 3dB sidelobe and 3dB beamwidth
regions in a different perspective. The main observation to be made from the figure is
that the 3dB sidelobe region will be reduced as N increases unless A is increased as well.
It is also interesting to notice the 3dB sidelobe region is faintly affected by increasing the

number of nodes for the spherical case in comparison to the circular array Fig. 54.

Average Power

= Average Power Pattern ,1:5 N =32

Average Power Pattern &5 N =256
3dB Above Average

-5 (-8:231- Sidelobe Floor A5 N =32
(-10.49,- 15.05) e 30B Above Average ~
19.47) I Sidelobe Floor A=5 N =256
-13.92,- 9 —A Siclelobe Fl A= =
%_10 (16.69, 24_05) \ wverage .|eoe oor,j5N 32
S Average Sidelobe Floor p=5 N =256
e
c
oo
1] _
=
oo > PN 1047)
20} —24.08) N\ \\ |
_25‘v———§ B C e et
-40 -30 -20 -10 0 10 20 30 40
¢ [degrees]

Fig. 52. 3 dB sidelobe region, and null and peak positions of a spherically bound random array.
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Fig. 53. Spherical random array threshold angle of the three Db beamwidth and three Db sidelobe

region with respect to A and N.
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Fig. 54. Circular random array threshold angle of the three Db beamwidth and three Db sidelobe

region with respectto A and N.
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5. Average Directivity

The true directivity of a spherical array is given by the same expression given in
(3.1.59) composed with the alternative random variable Y shown in (4.1.80)

The average directivity (4.1.81)is found by extensive mathematical manipulation
as it entails the integral of a tinc-squared function and is shown in (A.1.26). Hence, the

average directivity is found in (4.1.81) where

{61F2 [%;3,%;—(47[:6\)2),1':2 [%;4%;—(4;:A)2j} are hypergeometric functions and converge

to 0 asA-w». It is likely the gain will be less than N, but approached when Ais increased.
This result coincides with a previous statement made in this paper; that the main beam
come to be narrower with increasing A, and reinforces the result as to why the directivity
increases. A comparison of the directivity for a circular and spherical random array is

shown in Fig. 55

V.4

Ju oy . s 4
D(Y)= =5 2, L0 ~ - WJFWZZJO(MzA(Yn—Ym))
J.U(¢)d¢ W-‘_W;;JO(L‘”A(Y”_Y’")) k:l:ilk
(4.1.80)
. U (09 )
]I;Uav(‘/ﬁ)d¢ 2<|T+(l—;)j””[3tinc(xsingjj dg
N (4.1.81)
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Fig. 55. Comparison of the average directivity of a random circular and spherical array for N=16.

The only downfall encountered thus far of the spherical random array is the

elements need be sparser than a circular random array to approach an average directivity

of magnitude N.

D. Average Statistical Properties of a Uniformly Distributed Spherical Antenna Array
with Perfect Phase Information and Uniform Random Variable

1. Statistical Development

The exact complementary cumulative distribution function (CCDF) of the

beampattern level is given to be the same as (3.1.81) specified in section 5.2.D. In
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addition, the array factor at a particular angle ¢is given again to be that of (3.1.82) with

an interchange of random variable v - Y. The underlying difference from section 5.D
exists in the fact that a compound random variable in spherical coordinates is used to
calculate the statistical measures given in (4.1.82)-(4.1.87), differing from those in

(3.1.83)-(3.1.88).

E[X(¢|Y)}=w (4.1.82)
E[X2(¢|Y)]=E 1, 3k09) (4.1.83)
2 2 §(¢) o
E[Y2(¢|Y)J:%{l—gt§(—(;;)] (4.1.84)
E[v(¢|Y)]:o (4.1.85)
o 1(,,30€(0)_(,i€(9))
A TN T
. 1, 30g(9))
ay—z(l = §(¢)J 0 (4.1.87)

The variances o’ and U; approach a value of .5 in the limiting case for a spherical
array just as they did in the circular array. Hence, the beampattern level in the sidelobe
region approaches a Nakagami distribution given by (3.1.93). Also, since the mean m,

of a spherical random array will approach zero in the sidelobe region one may once more

assume the beampattern assumes Rayleigh distribution also previously given by(3.1.94).
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2. Average Statistical Beampattern Analysis within the 3dB Sidelobe Region

The 3dB sidelobe region is defined to satisfy the condition (3.1.98) and can be
rewritten as (4.1.88) by adding the variance of X and Y to the Average Power patterns.
It follows that the 3dB sidelobe region, is bounded by unity when N is large (4.1.91).
Thus, like the circular random array this means the mean does not grow unbounded with

the number of nodes N.

Var (X )+Var(Y)+[E{x}[ <2 (4.1.88)
1(,, 35(2600))_(Li(€@)) 1, 35(26(0)),  [55(£@))
L) Ny PR HC ) W) P

1-SE{X) +E (X <2 (4.1.90)

|E{X}|2§; (4.1.91)

)

3. Statistical Analysis of the Maximum Sidelobe Peak
The average representation of the number of upward crossings at a given power
level form the spherical random array can be set up in the same fashion as that in
5.2.3D.3.a. Moreover, under the assumption the process is wide-sense stationary (WSS)
the autocorrelation function is given as (4.1.92). Moreover, the variance of X’ is found
by differentiating (4.1.92) with respect to ® twice. Then setting ® =0 followed by
taking the statistical average with respect to Y one obtains (4.1.93). Finally, the

variance o..is given as (4.1.94).
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R, (©)= % E, {(cos(r47A0))}

(4.1.92)
®=u-u,
. 1 ~\2 2 X2 1 8 ,xo
P (©=0)=2E; {—(Y47zA) }:87: A [—ij—gn A (4.1.93)
o2 =—p (v=0)= gﬂw (4.1.94)

In a similar manner it can be shown that o} =7 and the joint pdf of X, X, Y, Y’

is given by (4.1.95). Integrating out®,0" of the joint P.D.F. gives (4.1.96) and from this
the number of positive upward crossings of the process « at a given power level a per
interval ducan be derived as (4.1.97). Finally, the mean number of upward crossings for

the interval S, is given by (4.1.97) and since the 3dB, sidelobe region is symmetric in

the region —¢;° — -7 the total, mean number of upward crossings is given by (4.1.99)

by Goyrty)= - 3 ] 95
s (27) oy0, (27) n*A?
f, o i) B [’ =5 4.1.96
()= Zzoto, oA ( )
4adue \/_A
v(a)du = duj w'f, o (a0)deo' — & (4.1.97)
E{v(a)}:&\/ﬁj;mcos(gjdgﬁ:%(l sm{qj B\/_Ae (4.1.98)

E{v(a)}:i{l sm{(bmJ]fAe (4.1.99)

5



128

Like it stated in the circular array section (4.1.99) decreases monotonically for

. Thus, the outage probability at least one peak is to exceed a given power level

Nk

ais (4.1.100).

Prlmax, ,X*+Y?>P,|< E{v(a)}:ﬁ(l—sin{ : DJ;A NF’oe’N%,NPOZ% (4.1.100)

E. Average Properties of a Gaussian Distributed Spherical Antenna Array with Perfect
Phase Information and Gaussian Random Variable
1. Average Beampattern

If the compound random variables Y, =r.sin@,sing,, T, =r.cosd, are Gaussian

distributed with zero mean and variance o°then the P.D.F. (4.1.101) can be used, which
is the bivariate normal distribution. This distribution is often used to describe, at least

approximately, any variable that tends to cluster around the mean.

-r2 -T?

fox (r,T):2 1 6276 o< T <o, o< T <o (4.1.101)
70,0,

In the case of a Bivariate Gaussian distribution, the average radiation pattern can

be calculated from the definition of (0.2.19) to give (4.1.102).

Uav(9,¢)_%+(1—%j{

The average radiation intensity (4.1.102) of a spherical array with Gaussian

2
€0

e 2

—c(ogfo |
e 2

] (4.1.102)

distribution gives a similar result to that of a circular random array(3.1.138). However,
the main lobe is now composed of the multiplication of two exponentially decaying

functions instead of one exponentially decaying function given in(3.1.138). In addition,
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the first exponential embedded with the spatial parameter ¢ (9, ¢) is indeed the solution to

the Gaussian distributed circular random array and it makes sense the spherical array
would contain this term since the geometry of a sphere contains circular and spherical

symmetry. Therefore, the addition of the second main beam parameter composed of
surface area symmetry of the spatial parameter ¢ (9) coupled with the main beams

second term of volume symmetry is enough to abundantly represent spherical symmetry.
Moreover, like always, the first term of the average radiation intensity describes
the average sidelobe region and the second term is not oscillatory this time around. The

beampattern decays exponentially with a rate proportional to the multiplication of the
exponentials embedded with the variance and spatial parameter ¢ (6, ¢)2 and 5(6’)2. Thus,

the pattern contains neither nulls nor sidelobes and the sidelobe region will be reached at
a faster rate from the multiplication of the exponentials.

The total radiation pattern of a random spherical array with Gaussian distribution
is 1s shown in Fig. 56 and plotted in Fig. 57 and Fig. 58 at the meridian angle with

differing standard deviations.
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Fig. 56. Average radiation pattern of 16 elements randomly spaced (Gaussian distributed) within a

spherical aperture of 10 A .and 0 =.5

2. Average Beampattern Simplification for =6, = %

At the meridian angle, 9=20, :%the average beampattern is given by(4.1.103)

and provides an interesting result. The average beampattern at the meridian angle is give
to be the same as the average radiation intensity of the circular random array given

in(3.1.139).

(4.1.103)
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Fig. 57. Average radiation pattern of 16 and 256 elements randomly spaced within a spherical

aperture of 10 A with Gaussian distribution and o =1(Same as Fig. 33).
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Fig. 58. Average radiation pattern of 16 and 256 elements randomly spaced within a spherical

aperture of 104 with Gaussian distribution and o = A‘H = % .
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a. 3dB Beamwidth, 3dB Sidelobe Region, and Average Directivity

Since the Random Circular (3.1.139) and Spherical (4.1.103) array share the
same average radiation intensity at the meridian angle the characteristics of 3dB
beamwidth, 3dB sidelobe Region and Average Directivity will be given by those derived
in the circular array Chapter Subheading 2.E.2.(a-c). Given this conclusion the results of
3dB beamwidth are given by (3.1.144) and (3.1.145), 3dB sidelobe by (3.1.147) and
average directivity (3.1.148).
b. Average Statistical Properties of a Uniformly Distributed Spherical Antenna Array
with Perfect Phase Information and Gaussian Random Variable

Properties of the exact complementary cumulative distribution function (CCDF)
in lieu of the beampattern level of a spherical random array at the meridian angle convey
identical results towards the circular random array section 5.2.G. As a consequence the

CCDF 1s given by(3.1.81), array factor by (3.1.82) and supporting statistical measures
(3.1.149)-(3.1.154). Furthermore, since the variances o’ ando'y2 approach equals values
of .5 in the limiting case; the beampattern level (in the sidelobe region) is modeled by a
Nakagami-Rice distribution presented in (3.1.93). Since the mean m_ (3.1.149)

approaches zero in the sidelobe region one also can assume the beampattern undertakes a
Rayleigh distribution shown in (3.1.94). Lastly the mean number of crossings of a

sidelobe for a given power threshold in the 3dB sidelobe region S, is provided by

(3.1.157).
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F. Average Properties of a Truncated Gaussian Distributed Spherical Antenna Array
with Perfect Phase Information and Gaussian Random Variable
1. Average Beampattern

When the Gaussian random variables Y, =rasinéasing,, T, = racosd.do not have

infinite support, they are truncated in the form of (4.1.104). This type of distribution is
similar to that used in the circular random array section 5.2.F.1 and [12] and might be
more practical since antennas far away from the cluster are neglected. By the removal of
antennas located far away it may perhaps lower the overall power consumption needed
for communication to the destination point. This conclusion is drawn from the fact that
antennas located far-away from the cluster typically require higher power for
transmission. However, if the cluster gets to crowded effects of mutual coupling may
repeal the assumption a truncated distribution gives further desirable results as too much

unwanted interference negatively impacts the beam.

-r?2 —1?

e’ e _L<Y<L-L<T<L (4.1.104)

1

2ro,0,

from (4.T)=
The joint density function given by (4.1.104)

_ l:erf (—L_ jg(ﬁ)az}rerf {—LJF jc’g(g)gz HZ
1NN \/Eo' x/iO‘

Tl (L-jg(6.9)o L+i¢(09)o
fl — 7 f —7—

(4.1.105)
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2. Average Beampattern Simplification foro=6, = %

At the meridian elevation angle 6=6, = % (4.1.105) simplifies to (4.1.106).

<(p’o’ N N i 2 . 2\ 12
Uav(¢)—%+%e’ 2 %;;{erf(%}erf[“‘}%ﬂ (4.1.106)

G. Realization of a Uniformly Distributed Spherical Antenna Array with Perfect Phase
Information
The realization pattern for a random spherical array is plotted from a uniform

distribution of elements in Fig. 59 with a given element distribution shown in Fig. 60.
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‘| Average N =256

Normalized Intensity [dB]

Fig. 59. Radiation pattern of a random spherical array with 16 and 256 elements uniformly

distributed in a spherical radius104 .
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Normalized Radius Normalized Radius

Fig. 60. 16 and 256 elements uniformly distributed in a normalized spherical aperture.

The realization pattern for a random circular array is plotted from a Gaussian

distribution of elements in Fig. 61 with a given element distribution shown in Fig. 62.
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Fig. 61. Radiation pattern of a random spherical array with 16 and 256 elements Gaussian

distributed in a spherical radius 1041 .
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Normalized Radius Normalized Radius

Fig. 62. 16 and 256 elements Gaussian distributed in a normalized spherical aperture.
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CHAPTER VII
ADDITIONAL VOLUMETRIC ARRAYS
7.1 Aperiodic
A. Cubic Array

1. System Development and Beampattern Definition

P,(1,6,, )

Fig. 63. Geometry of an N-element random cubical array.

The geometry of a random cubic array is shown in Fig. 63. The differential path

length from source to observation point for a cubical array is calculated as (5.1.1).

r cos(t//n)an -8, :((xnaX +Y,4, +ynéz).(éxsin6cos¢+éy singdsing+4, cos@)) (5.1.1)

=X,sindcosg+ Yy, sindsing+z, cosd
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The array factor of a random cubical array is similar to that of (2.1.13) with the

S

al

exception the random variable y, =12, is added taking into account the randomness of

> |

the height of the element. In addition the P.D.F.s ofx_, u. , y,and v, will be the same
as those given in (1.1.10), (1.1.11), (2.1.14) and (2.1.15) . The new P.D.F. for z, and y,

is derived in a similar fashion and shown in (5.1.2) and (5.1.3).

C

[f.(@&=1 1, (2)=5forlc|<e (5.1.2)
7 n 2C

f 1 -

[T, (dz=1 f (2)=3 -1 7<1 (5.1.3)

Once more like in the planar and linear case the integration limits have been set
such that A=B=C=1for simplicity. The pattern function for a unit cube is now

rewritten as (5.1.4).

= (9, ¢|a, g, }’): %Z:l:lejZnAun[siné)cos(gb)—sin 6, cos(g, )]ejsz\vn [sin@sin(¢)-sind, sin(g, )]ejZHAZn [coso—-cos6, ] (5 1 4)

At last the far-field radiation intensity (0.2.15) is defined as (5.1.5) where the spatial
parameters @(6,4), A(6,¢) and x(6) were previously defined in (1.1.14), (2.1.19) and

(4.1.62) are repeated in (5.1.6)-(5.1.8).

U(g,¢|a,(,,;{):%+%ggejaw,m(un—um)em(a,;ﬁ)(vﬂ-vm)ej.f(om-zm) (5.1.5)
a(0,¢)2 2z A(sindcos(4)-sin 6, cos(4,)) (5.1.6)
B(6,4)2 2z A(sinfsing—sin g, sing,) (5.1.7)

£(0)= 2zA(cos6-cosé), ) (5.1.8)
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2. Average Properties of a Uniformly Distributed Cubic Antenna Array with Perfect
Phase Information
a. Average Beampattern

All over again the definition of expectation (0.2.19) is applied to (5.1.5) giving a

means of deriving the average radiation intensity from the setup of (5.1.9)

[ [ eroonss 224y gy
1Jala 22 "m

1NN_|._

I, 1 . 11
P(¢|u,v,;()‘:ﬁ+mér§j‘i T iA09)n M)EEande (5.1.9)

n=m

P(6.¢)= E.v,

i 11
elf((?)(ln Im) Ezdlnd;{m

The integration of the first term of (5.1.9) is given by (A.1.1) and once more

yields the value }{\l . The double summation term still simplifies to an analytic

expression and the solution to the integration is given by(5.1.9). This provides the

average radiation intensity in its final form (5.1.10).

P(0.4)=E,,,

P(gliv. 7 :%+(1—%j|sinc(a(9a¢))|2 sinc(5(0.9)) [sinc(£(@)]  (5.1.10)

The average radiation intensity (5.1.10) of a cubic random array is similar to that
of a linear (1.1.17) and planar array (2.1.22). The difference exists from the

multiplication of an added since function to the mainlobe term embedded with the spatial
parameter ¢ (9) This parameter is developed from taking into account the elevation of

the array. Last of all the mainlobe factor is now comprised with three independent

oscillatory sinc functions, which rapidly attenuate the beam as the spatial parameters

a(0.¢) B(6.4) or £(0) increase. Therefore, the cubical array will benefit from its
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counterpart linear and planar arrays since the main beam outside of the main beam
region will attenuate at a faster. This makes sense, because the aperture size of a cubical
array has increased allowing for greater spread between the elements. Moreover, as it
was seen in the circular and spherical arrays the 3dB point of the mainlobe falls off
inversely proportional to the aperture size, and aids to increased directivity.

The total radiation pattern of a random cubic array is plotted in Fig. 64 and at the

meridian elevation angle in Fig. 65.

Power Pattern (r.0 ,¢) N =16 .. Power Pattern (x,y,z) N = 16
i 0 .‘?Z;’; 1 uu|unl"_‘"“"“““é‘“"h,r ey
_10 % E‘““"”‘F‘g‘,““”‘; ':u,E
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Fig. 64. Average radiation pattern of 16 and 256 elements randomly spaced (uniformly) within a

cubical aperture of 10 1.

b. Average Beampattern Simplification for =0, :%

At the meridian angle 6=0, :%the average radiation pattern is simplified to that

of (5.1.11) and provides an interesting result, such that the average beampattern at the
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meridian angle is given to be exactly the same as the average radiation intensity of a

planar random array at its meridian angle given by (2.1.23) also shown in (5.1.11)

P (g]u.v) =%+[1—%)|sin0(a(¢))|z sinc(4(¢) (5.1.11)

P(0,¢)=

Average Beam Pattern for A= 12,8 and. N= 16 256

o——————r ———_—"-—'———_

Average Power [dB]

25
O [degrees]

Fig. 65. Average radiation intensity at the meridian elevation angle of a random cubic array.

3. Realization of a Uniformly Distributed Cubical Antenna Array with Perfect Phase

Information

The realization pattern for a random cubic array is plotted in Fig. 66 with a given

element distribution shown in Fig. 67.
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Fig. 66. Radiation pattern of a random cubical array with 16 and 256 elements uniformly

distributed in a radius of 101 .
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Fig. 67. 16 and 256 elements uniformly distributed in a normalized cubical aperture.
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B. Cylindrical Array

1. System Development and Beampattern Definition

P(r,6,9) L

Fig. 68 Geometry of an N-element random cylindrical array.
The geometry of a random cylindrical array is shown in Fig. 68. The differential
path length from source to observation point for a cylindrical array is calculated as

(5.1.12).

r.cos(y,) =T, 4, :((pn cosg A, +p,sing,a, +2,4,)-(4,sindcosg+4 sindsing+4, cosa)) (5.1.12)
= p,sin@(cos(4—¢,))+z,cos0 -

The array factor of a random cylindrical array is similar to that of (3.1.19) with

Azn

the exception the random wvariable y, =2, a is added taking into account the

randomness of the height of the element. In addition the P.D.F.s of p,, 4, , v,, z, and

n?>
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7., Will be the same as those given in (3.1.21), (3.1.22), (3.1.24) , (5.1.2) and (5.1.3). No

new P.D.F.s need to be re-derived.

The array factor of a random cylindrical array is similar to that of (5.2.1) with the

A

exception the random variable y, =7, is added taking into account the height of the

> |

element. The corresponding array factor is thus, given in (5.1.13) and ultimately the far-

field radiation intensity (0.2.15) is defined as (5.1.14)

F(0.g]0n. 7,) = Delc i) (5.1.13)
n=1
- 1 1 A i((on—vm D)+ 20— 2m
U (‘9,¢‘U Z):W+W;§el(( )$(0.8)+(xa=2m)$(0)) (5.1.14)

2. Average Properties of a Uniformly Distributed Cylindrical Antenna Array with
Perfect Phase Information
a. Average Beampattern

Applying the definition of expectation (0.2.19)to (5.1.14) one can derive the

average radiation intensity (5.1.15) in the same fashion used for the previous geometries.

Uav (9'¢) = Eu,l

U (0,¢|5,;—()‘:%+[1—%j|2jinc(§(49,¢))|2 sinc(£(0))”  (5.1.15)

At the meridian angle the radiation pattern (5.1.15) reduces to being the same
pattern a random circular array contains (3.1.44) at its meridian angle and the result of

(3.1.44) is shown in (5.1.16).

E, ‘u (¢|5)‘=%+[1—%)|2jinc(g(¢))|2 (5.1.16)
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The total radiation pattern of a random cylindrical array is plotted in Fig. 69 and
at the meridian elevation angle in Fig. 70.
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Fig. 69. Average radiation pattern of 16 elements randomly spaced (uniformly) within a cylindrical

aperture of 10 A .

b. Average Beampattern Simplification for 9=0, = %
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Fig. 70. Average radiation pattern of 16 and 256 elements randomly spaced (uniformly) within a

cylindrical aperture of 10 4 at the meridian elevation angle = 6, = % .
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3. Realization of a Uniformly Distributed Cylindrical Antenna Array with Perfect Phase
Information

The realization pattern for a random cylindrical array is plotted in Fig. 71with a
given element distribution shown in Fig. 72.

Power Pattern (r,0 ,¢) N =16 Power Pattern (x,y,z) N =16
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Normalized Intensity [dB]

Fig. 71. Radiation pattern of a random cylindrical array with 16 and 256 elements uniformly

distributed in a radius of 104 .

Normalized Radius Normalized Radius

>

Fig. 72. 16 and 256 elements uniformly distributed in a normalized cylindrical aperture.
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CHAPTER VIII
ONGOING AND FUTURE WORK

One direction of future work deals with the synthesis problem, which is nothing
more than finding a realizable function J so the pattern function f is close to the desired
pattern function fd. This type of work was studied by165[81], but in a probabilistic
fashion. Moreover, general optimization theory is formulated on the premise that all
parameters are adjusted according to unlimited accuracy; however, no practical antenna
can be built with absolute precision. Imperfections are limited due to physical reality of
random errors from non-perfect conductors, finite bandwidth requirements, interference
from other sources and many more causes leading to difficulty. Therefore, Lo and
Richards investigated the possibility of achieving pattern optimization in a probabilistic
sense and found that a pattern function may be approximated closely to a desired pattern
only by means of exciting high currents in a finite region. Disadvantageously these high
currents lead to large Ohmic losses therefore asking for too much precision will actually
lead to more harm than good. However, a metric of optimization was found possible in
the probabilistic sense and will be explored in the future.
8.1 Flying Antenna’s

Gathering true experimental results from a random array is very difficult in
practice and to cope with this challenge a disc shaped flyer is currently under

construction as shown in Fig. 73.
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Fig. 73. Box shaped flyer.

8.2 Wideband Antenna’s

For many years, applications have required broad bandwidth communication
links with antennas that must operate over a frequency range of several octaves.
Consequently, antenna structures with multi-octave capability are useful for modern
communications systems. This section focuses on two types of wideband antennas for
the application of random arrays: spiral and biconical.

Also modern communication systems require coverage in the 900 MHz
frequency range and evolving networks typically require coverage at 1700-2200 MHz.
Moreover, additional coverage is often required for Terrestrial Trunked Radio (TETRA)
frequency (around 400 MHz), wireless LAN and wireless local loop (2500 MHz,
3500MHz and 5500 MHz). Therefore, to satisfy all these frequencies it is necessary for

antennas to provide effective coverage from 400 MHz to 6 GHz [86].
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In some applications, this can be accomplished by a series of individual antennas
each assigned to a portion of the band. For a more discrete appearance the array is
beneficial to use very large broadband radiators. Multi-functionality is also another
appealing feature of many modern systems. Broadband antennas can be incorporated
with multi-band capability of which may be fixed for use in multiple applications.

In general, the bandwidth is a measure of how much the frequency can be varied
while still obtaining an acceptable voltage standing wave ratio VSWR (2:1 or less). This
figure of merit is a standard for minimizing unwanted losses and corresponds to a 9.5dB
(or 10%) return loss.

The two methods for computing the bandwidth of an antenna are shown in

(6.1.1) and (6.1.2) where F,is the upper frequency limit, F_is the lower frequency limit

and F. is the cutoff frequency.

B :(ﬂjaoo) (6.1.1)
FC
FU
5= (6.1.2)

The spiral antenna has long been used in defense applications for direction
finding systems and general threat detection [86]. Fig. 74. Characteristics of a cavity
backed and conical spiral antenna [87] shows a typical cavity backed spiral and conical

spiral antenna, their radiation pattern and characteristics.
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Antenna Type Radiation Pattern Characteristics
CAVITY BACKED
SPIRAL (Flat Helix) Polarization: Circular

Left hand as shown

Elsvation & Typical Half-Power Beamwidth:
Azimuth 60 deg x 90 deg

i) Typical Gain: 2-4 dB
=K P Bandwidth: 160% or &
. Frequency Limit:

Lower; 300 MHz
Upper: 18 GHz

CONICAL SPIRAL Polarization: Circular
Laft hand as shown

Z
Typical Half-Power Beamwidth:
Elevation & 60 deg x 60 deg

Azimuth

Typical Gain: 5-8 dB
, - _( "r’ L | Bandwidth: 120% ordt
Frequency Limit:

S — Lower: 50 MHz
.“‘ Upper: 18 GHz

Fig. 74. Characteristics of a cavity backed and conical spiral antenna [87].

Depending upon the size or type of spiral selected, coverage can be provided
across the bands between 50 MHz and 18 GHz. Consequently, this type of antenna is
useful for covering the spectrum between 400 MHz to 6 GHz for most commercial
applications and a good fit for random array type applications.

A biconical antenna produces a linearly polarized signal, exhibits extremely low
azimuth ripple, and operates over a large frequency range usually in the region of two
octaves [86]. Normally the bandwidth depends upon the extent to how much transition

is made towards a cone to a cylinder and its miniaturization. Commonly these antennas
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can be tailored to very small size and are attractive for wideband applications where a
central deployment would be the most effective means for antennas with this kind of
radiation pattern. For example, a product capable of covering all the frequency bands
from 800 MHz to 2.2 GHz can be packaged in a structure of 32 mm diameter by 225 mm
long.[86] Fig. 75 shows a typical biconical and biconical with polarizer antenna, their
radiation pattern and characteristics.

The downfall to this type of radiator is an omnidirectional pattern is given in the
azimuth direction. However, this can be overcome in an array type application by fixing
the array factors radiation pattern of one that is directional. Furthermore, for
applications such as UAV or other aerial applications it may be more useful to modify

the biconical antenna to a planar bowtie antenna.
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Antenna Type Radiation Pattern Characteristics
BICONICAL )
Elevation: z Polarization: Lingar,
- . ‘ . Vertical as shown
A f K Typical Half-Power Beamwidth:
: ’ S 20-100 deg x 360 deg
. Typical Gain: 0-4 dB
y Azimuth:/ i Bandwidth: 120% or 41
ey Frequency Limit:
“,-_ Lower; 500 MHz
o Upper: 40 GHz
BICONICAL W/POLARIZER Elsvation: z Polarization: Circular,
- A o Direction depends on polarization
_'_ “~—'} T Typical Half-Power Beamwidth:
—’ 20-100 deg x 360 deg
— Typical Gain: -3to 1 d8
Azimuth:

Bandwidith: 100% or 3:1

Frequency Limit:
Lower: 2 GHz
Upper: 18 GHz

Fig. 75. Characteristics of a biconical and biconical w/polarizer antenna [87].
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CHAPTER IX
CONCLUSION

There is an increasing demand for new frequency bands to be added to modern
communications networks and because of this lager, bandwidths are desired. As these
new frequency bands become available for commercial, it is more important for one to
design the antenna system such that it covers all of the additional frequencies. This is
important to design the antenna platform with sufficient bandwidth, so that it is capable
of maintaining its performance over a fixed frequency range, but additional room for
multi-functionality in modern communications. Specifically in the mobile sense this
design criteria becomes very suitable for a variety of up-to-the-minute applications.

This paper has analyzed the performance of aperiodic arrays and has added a
significant contribution to the literature. It has provided a comparison of the periodic
array counterpart for easy comparison illustration as well. Also it has been shown under
ideal conditions the directivity of aperiodic array are capable of achieving values of
order N with nice narrow beams, as long as the antenna are located sparsely enough. In
addition, it has been shown a volumetric array being spherical will on average produce
lower sidelobes than its two-dimensional circular counterpart does. Lastly, a number of
open issues remain, such that beamforming from a destination in rapid motion creates
challenges causing channel suffering and severe multipath fading. Consequently,
algorithms ought to be developed for frequency offset correction as well as methods for
initial phase or location estimation.

Overall Circular and spherical random arrays were first looked at by Panicali and
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Lo In the early 70’s. They believed “no particular element arrangement on the circle or
sphere of a random array could result in mathematical simplicity, thereby leading to a
closed form solution except for the special case of very small element spacing’s where
some approximate solution could be found.” Mathematical simplicity actually does
exist for the circular and spherical random array. This simplicity was used to formulate
simple closed form solutions. The newly derived theory makes understanding random
arrays simple. Last of all the derivations of a random array are shown such that the topic

traces back to its origins very easily.
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APPENDIX A

INTEGRAL IDENTITIES

[ dx=x-x (A.1.1)
J'.J7 cos(er(x, =, ) e dx,, = _|2sinaf = |asinc(a)f’ (A.1.2)
_[jlj_llsin ax,sinax,dx dx, =0 (A.1.3)
. 2
IIII(COS X=X )+ B(0,8) (%, ~ X, )dxndxmdxndxm_zw sinj =[2sinca]’ |2sincA|’ (A.1.4)
21" i, =1 (A.1.5)
-1

cos (zt)dt Rev>- }/ (Tableof Integralsand Series912#8)(A.1.6)

Ej(l—xz)% cos(xt)dx:ZJl(X):2jinc(x) (A.1.7)

[eermgr oz, (A.1.8)
chos(xsin $)cos(2ng)d ¢ (A.1.9)
T 0

A —j4ﬂAsin[§](xn—xm) .
Je d¢:27z'.]0(47rA(Xn —xm)) (Using A.1.8) (A.1.10)

-

X) = [xedz (A.1.11)
0

1

Eﬂ(xyy)

COOL(Y)  "F o 2y
m jcos (0)sin?*(6)deo (A.1.12)
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ismzm(e)dg: 2r(m+1)

3

I (2]Inc(xs|n D dg = Z » F(m+;jl“(m+2j (1X2)m

= T(m+3)I[(m+2)f(m+1) m!
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e jax eZa dX e 2 erf +erf
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(A.1.13)

(A.1.14)

(A.1.15)

(A.1.16)

(A.1.17)

(A.1.18)

(A.1.19)

(A.1.20)

(A.1.21)

(A.1.22)

(A.1.23)
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(A.1.24)
%(%Jlee:;z:—w—@>>2J+%(1+ﬁj (et

27, () i)

1
Jl(l—tz)cos(xt)dt: " 2

- 3tinc(x)(A.1.25)

J? ;SZ/X) - J—l_j(l—tz)cos(ZXt)dt (A.1.28)
jl x sin? xa)dx_;£1 gjl(ja)] (A.1.29)

__J (1-v* Vv =— J/cos sin?(u)du =—%(A-1-30)

1 1 p1 p1 o pl el 1
aJ-flj.—l.[—l-.-—lv[—lv‘-—lcos(a(Xn _Xm)+ﬂ(y” B ym)+l(zn ~Zn ))andedyndydendZm (A13 1)

=Jsinc(x)|" [sinc(y)|’ [sinc(z)[
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APPENDIX B

SUMMATION IDENTITIES

iie’“ 7 = N(N ~1)cos(a(x, —x,)) (B.1.1)
iiej N =N(N l)cos( (x —xm)+ﬂ(yn—ym)) (B.1.2)

eJaX —Xm Jﬂy ~Ym )ell(znfzm) :N(N_l)COS(a(Xn_Xm)"'ﬂ(yn_ym)'i';{(zn_zm)) (B13)
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APPENDIX C

TRIGONOMETRIC IDENTITIES

1. Sum or difference:

2. Sum or difference into products

3. Products into sum or difference:

sin(x+y)=sinxcos y+cosxsiny
sin(x—y)=sinxcosy-cosxsiny
cos(X+Y)=cosxcosy-sinxsiny

C0s(X—Y)=C0sXC0s y+sinxsiny

tan(x+y): tan x+tany
l-tanxtany
tan(x—y) = tanx—tany

~1+tanxtany
sin? x+cos? x =1
tan? x—sec® x =—1

cot? x—csc® x =1

sinx+siny = 23in%(x+ y)cos%(x—y)
. . 1 1
sinx—siny = 2cos§(x+ y)smz(x— y)
1 1
COSX+COS Y = ZCos§(x+ y)cosi(x— y)

COS X —COS Y :—Zcos%(x+ y)sin%(x—y)
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(C.1.1)

(C.1.2)

(C.1.3)

(C.1.4)

(C.1.5)

(C.1.6)

(C.1.7)

(C.1.8)

(C.1.9)

(C.1.10)

(C.1.11)

(C.1.12)

(C.1.13)



4. Double and half angles

5. Series

2sinxcos y =sin(x+y)+sin(x-y)
2cosxsin y =sin(x+y)-sin(x-y)
203 XC0S Y = C0S(X+Y)+C0s(X—Y)

2sinxsiny =—cos(x+y)+cos(x-y)

Sin 2x = 2sin X cos X

€0s2x = c0s® X —sin® X = 2cos® x—1=1—2sin? x

X .
or 2sin®x or 1-cos2x

1 1-cos X sinx 1-cosx
tan—x== = =
2 1+cosx 1+cosx sin x

X e—]x X3 XS X7
sinx = =Xx-——+- 4
j 31 51 71
e e i X2 xt X
COSX = =1--—3+2 =
21 41 6!
xS e X 2x° 17X

or 2cos’x or 1+cos2x
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(C.1.14)

(C.1.15)

(C.1.16)

(C.1.17)

(C.1.18)

(C.1.19)

(C.1.20)

(C.1.21)

(C.1.22)

(C.1.23)

(C.1.24)

(C.1.25)

(C.1.26)
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APPENDIX D

SPECIAL FUNCTIONS

. ) _F[m+2jm!22m
(2m)!=(2m-1)Im!2 SR~ (D.1.1)
(gm-l)n:M (D.1.2)
(2m2) = 2+ 27 (D.1.3)

sz*lm!l“(m+3)

2
I(m+2)=(m+1)m! (D.1.4)

n _ L(X+n)

x™ BTN (D.1.5)
B(x y)=—rr((xx)£(yy)) (D.1.6)
ghd z i3, (x)e" (D.1.7)
3, (a(9)) = m2(¢) cos(a(gﬁ)—%—%j (D.1.8)
3 (x)=(-1)"3,(x) (D.1.9)

(D" (2m+2) !(gmz

I (2)= (Frank and Newman Source)  (D.1.11)
= mli(m+2)I((m+1)1)?

‘]1(2)()_31 _2% 1.12

" _”J'(l t?)’ cos(2xt)dt (D.1.12)

-1
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) Fi(2-a?) (D.1.13)

N ;j 2 5 —7?
Jn(Z)ZkZ:; m Z;{ﬁoﬁ(n+l,7ﬂ (D.1.14)

‘Jl(zx)_ 1 . 2

o _ﬁopl(zy_x) (D.1.15)
Q(—x)=1-Q(x) (D.1.16)
Q(x):%_%erf[%j (D.1.17)

bl ° (D.1.18)
3l '2|v _% —-v-1 o

b,y “573] [T[re MO8 -] (D.1.19)

poal v H 1) 2m T e (a ) T[Tt )]
i(z) (1+ 2’ —cos(2z)+ ZZCOS(ZZ)—ZZSin(ZZ)) (D.1.20)
72 = 576 1.
J%(a)=Ejl(a) (D.1.21)
Jo (x) = % (D.1.22)
jl(x)=3i;x—% (D.1.23)
iz(X)=[X—3;—%jsinX—x—gzcosx (D.1.24)
oﬁl(b:2)=iLk (D.1.25)

i I'(k+b)(b)" k!
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APPENDIX E
VECTOR IDENTITIES

E.1 Rectangular Coordinates

Vp—a W a W, a ¥ (E.1.1)

a Py T

v.oAOA 0N oA (E.1.2)
ax oy

%R;ax[%-%j (a’*‘ aAzj (% aA*j (E.1.3)
oy oz oz ox op oy

E.2 Cylindrical Coordinates

= . Oy . 1oy . Oy

Vy =4 —+4, ———+4 (E.2.1)

Y e T oy z

— 0 10A, 0OA

V-A=="2(pA Rt 4 E.2.2
(oA, )+ o @ (E-2.2)

6&:ap[iai_%j+a¢(%_%}@FM_E%J (E.2.3)

E.3 Spherical Coordinates

Vi =4, a—"//+a —a—‘//+a 1 v (E.3.1)
or rod  ’rsing o¢

oA,
rsin@ o¢

VxhAo—2 [0 (pging)-2), B LA 2 o(rA,) oA
VXA_rsin&[%“”’smg) j+r[5|nga¢ ar(A“’)J r[ o j (E.3.3)

(E3.2)
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— 0
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APPENDIX F
PROOF OF SELECT INTEGRALS

F.1

lppeall 1 .
WLLEEande N (Using A.1.1)
F.2

flflcos(a(xn =X, ))x,dx, = |Zsinc(a)|2 (A.1.2 Proof Below)
Using the identity (C.1.4) the integral of (F.1.2) reduces to

1 p1 101 . .
J:ljllcos ax, cosax,du.du, —J:lLsm axX, sinax,du,du,

The integral of the cosine terms gives

2

1 1 2sina
J' cosaxndxnj' cosax,dx, =
-1 -1 a
The integral of the sine terms evaluate to
1. 1 1 —cosax " —cosa  Cosa
j smaxndxnf sinax,ox,, :j sinax, :j sinax, +——dx, =0
-1 -1 -1 -1
a X1 a a
Thus,
101 2sina’ 2
J:ljllcos(a(xn — Xy ) )X, dx,, = — = |2sinc(a)|

F.3
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(F.1.1)

(F.1.2)

ZC10.

flflflfl(cos(a(xn X )+ B(Yo = Vi )))dxndxmdyndym =|2since|’ [2sincp”  (F.1.3)

Using the identities (C.1.1) -(C.1.4) the L.H.S. can be reduced as follows,

cos(a (X, =%, )+ B(Yo —Yn))
= cos(a (X, =X, ))cos(B( Y, — Yn))—sin(a(x, =X, ))sin(B(Y, —Yn))
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where

cos(a(x, - X, )) = cos(ax, )cos(ax, ) ~sin(ay, )sin(ay, )
c0S( (Yo~ Yn)) = €0S(BY, )0S(BY, ) =sin (Y, )sin(BY,)
sin (%, =X, )) =sin(ax, ) cos(xx, ) ~cos(ax, )sin(acx,)

sin(B(Y, — Y ))=sin(BY, )cos(BY, ) —cos( By, )sin(BY,)

As shown in H.2 all integrals including a sin term evaluate to zero thus, the integral
reduces to

LT cos(en oos(enx,)oos( 8y, )cos( By, ) oy,

And by Appendix A.2

J':flflfl(cos(a(xn =X )+ B(Yo = Vi )))dxndxmdyndym =|2sinca’ [2sinc|

F.4

1\ 2 12 1
(N) [ 2 [ 2 oo, =~ (F.1.4)

17
By a change of variables the integral on the left hand side reduces as follows,

X, =sinu  dx, =cosudu
1 z 1
2 HY
J:l 1—x2dx, :J‘i(l—sm u)? cosudu
2

Using the identity (C.1.19) by solving for cos’u one obtains

=J-2”(1+ cos(2u)jdu
27 2

u 1)y 1) .
:§+(EJ(EJSIn(2U)

N

u=Z
2

a
u=->




Now using the identity (C.1.18) this simplifies to

u (1) )
=—+| = |cosusinu
2 2

T
u==

[N

V4
u=——>
2

z
2
Thus,

(ijjlg 1—xn2dxnjlg 1—xn21dxm=i
N tx 1 N

F.5

1 1 2 2 1 1 .
ﬁ+(l_ﬁj[flfl;“,1_ X2 —\1- x? dxndxm} = W+[1—WJ|21|nc(a)|2

To solve the integral identity (A.1.6) is used,

e

- __l[(l—t2 )}/2 cos(xt)dt

-1

S
N

Sub-sequentially applying the given identity will reduce the integration as

?cos(xt)dt Reuv> —% (Tableof Integralsand Series912#8)
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(F.1.5)
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_ﬁ%ﬁ{é\]l(a)cos(axm )}dxm}
:%J{l_%j{z‘h(“)}[ﬁi\/1:)(005(“)( )dxm}

F. 6

m=1n=1
n=m

f(%%ib‘“”ﬁx ”J 27533, (%, -%,)  (F.16)

N
m=ln=1 _, m=ln=1 @
n=m

S e S

Now for the integral on the left —u= g —du= %dqﬁ, -2du=d¢g

and for the integral on the right side let u= g du= %dqﬁ, 2du=d¢

—2N ¢ sinu(x, —xp 2 N N% sinu(X, =Xp,
ﬂJFWZ Ie‘ Jdu + WZZIe‘
m=1n % m=1n-L o
) wanl
=_+—Zchos(smu (X, =X, ))du
N m=1n=1 o

n=m

Now using the identity (A.1.9) with x=1and n =0 one obtains

—r m=1n=1
n=m

1 1 &N jsing (x X 2r N
I[WJFWZZ(%] J ¢:N_7§ZZ‘J (%) =Xy,



F.7

¢

xsin =
2

- ANY
2 2J1(x3|nj
J' (Zunc(xsmﬂj dg= j 2 d¢=2r,F,

this is an even function so integrate only half

Jl(xsin(é) 2
o, ——5~

[4

dg

Xsin

From Newman and Frank the bessel function squared can be expressed as

(D" (2m+2) ![;)M
~= ml(m+2)Y((m+1))?

I (2)=

Now letting

letz = xsin(fJ
2
. 7 2m+2
L (=D (2m+2)![2j

SJO”(Jl(z)jquj:B;) m!(m+2)!((m+1)1)?

dg¢

ZZ

Ii )" (@m+2)(2)™

2m+2d¢
mi(m+2)(m+1)1)?*(2)

plugging back z and swap the summation and integral terms

D" (@m+2)!(z)™"
mi(m+2)I((m+1)1?*(2)

g3 (-)"(2m+2)! f[ UJ
S mi(m+2)i(m+))?(2)"

82 ( l)m x2m (2m + 2)(2m +1)(2m)lj(sln(gjj2m d¢

% mi(m+2)(m+1)2m? (2)" g 2

s

D'—:N

2m+2 d¢

23

L 3.923-(x7
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j (F.1.7)
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= (—1x)" 2(m+1)(2m+1)(2m)|J(Sln[gnzm

= om'(m+2)|(m+1) me(2)""* 4

2
g% (C1C)" @me+Dem)! I(S'“@D dg

m=0 m'(m + 2)|(m +1)m!2 (2)2m+1 !

Using the identity (D.1.1)

Then
g% (~1x)"(2m+1)(2m—1)!tm!2" T(““(%Dmdfé

S mim+2)im+)m? (2)""

_gy_ (m+hEm-nt (1" T(Sin(gjjzmdqﬁ

S(M+2(m+(2)" mt mb g

Now using the identity (D.1.1) again and substituting

. (2m+1)1“(m+;j2’“ (1x)" p 2m
in| - d
mZ (m+2)!m(m+2)(2)""Jz m! ![S'”[zn ¢
1
© F(m—F j 2\m e 2m
Z 2 (-1x*)™  (2m+1) (Sm(g)] dg
ST(m+3)T(m+1) m! 2m+2)J7 3 2
Where
(2m+2) = (2m+2)!x/23
22m+1m!1“(m+)
2
Then
l 2m+1 3
i F(m+2j (1x)" (2m+1)2 m'l“[m+ j]{[an( Dzm
r(m+3)C(m+1) m! @em+2)Wrr !

1 3
_Sir(mzjr(m* j( 1¢)" (2m+1)2™" i
& r(m+3)r(m+) m' o 2m+2)lx

SHE

[Sh e



Where
r'm+2)=(m+1)m!
" F(m+ljr(m+3j ovm omal . 2m
_g3" 2 2 ) (-1x%) (2m+1)2°™*m! I[Si“(ﬂj dg

= T(m+3)[(m+1) m!  2(2m+1)(2m)I{(m+1) 7

substituting
F(m + 1) m!2°"
2

N

2m)!=

and canceling

Oe(med)
:82 F( ZJF( Zj (1x%) mlj\/; El:(sm(gj] dg

ST(m+3)L(M+)r(m+2) m! F(m+2

F[m+1jr(m+3j 2m
:852 2 2 ()" F(m+1) j‘sin(éJ d¢
= L(m+3)I(m+)r(m+2) m! F(m+1jﬁ ° 2
2
z 2m \/;F m-f—1
The integral I(sm[gn d¢%

To show this the definition of the gamma function is observed as

I'(z)= Ixz‘le‘xdx
0
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Using u-substitution
Letu® =x
dx = 2udu

I'(z) = J‘uzz‘Ze‘u2 2udu
0

I'(z) = 2[u? e du
z[ [

Taking the product of two gamma functions

r(x)Ir(y) = 2_[u2“e’“zdu -ZIVZHe’VZ dv
0 0

00 0 ) )
— 4JJ'e—(u +V )u2x—1v2y—1dudv
00

[2]
Using a change of variables

u= rCOS(H) V= I’Sin(e)

u2+v?=r?
dudv =rdrd@

72w

TOOr(y) =4 [ [e r*** cos™*()r” *sin® *(9)rdrd
00

712

= 4[e"r?e 7 dr [ cos™(@)sin® (0)do
0 0

Using [1] from above this can be written as
7l2

= 2T (X +Y) j cos* (@) sin?*(0)do
0
This can be written as

F(X)r(y) _”/2 2x-1 sa2y-1
m— .([cos (8)sin”~(6)do

Letx=1 andy=m+1
2 2
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()]
ﬁ: [ cos(6)sin®" (6)do
2 =+m+= 0

2 2
\/;F(m+;) /2
mz .!J-Sln (9)d9

sin®™ () is symmetric about the line =% therefore:

,, Jar(me 2}
sin®"(0)d@ = | sin*(0)dg = ———=
Therefore
1 1
) zﬁr(mj ﬁr(m)
e 2m 2 2
_[sm (0)do = =
! 2r'(m+1) r(m+1)
Since sin®™ (0) is also symmetric with respect to the y-axis
\/;F(er;)

J;sin m(e)dH:.gsin m(a)dezw

Therefore

i Zﬁr(mlj ﬁr(m+lj
[sin™"(0)d6 = 2) _ 2
. 2r(m+1) I'(m+1)

- \/;F(m+;j

!SIn (H)dezw

Since sin®™(0) is also symmetric with respect to the y-axis

\/;F(m+;)

_J;sin m(&)d@:!sin "(0)d6 = Yy
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Therefore

) 4J;r[m+1j 2ﬁr(m+1j
s.2m 2 2

j sin“"(£)da = =

2 2r'(m+1) r(m+1)

And substituting into our earlier expression we arrive at the following

2

I M 4= Z F[m+;jr(m+gj (-1x3)"  T(m+1) ‘/;r(””;)

. xsing = T(m+3)I(m+2)I(m+1) m! F[”‘*;W r(m+1)

" F(m+2)l‘(m+§} a 1x2)'“
=22

= T(m+3)I(m+2)r(m+1) m!

The above can be rewritten as a ,F, hypergeometric formula.
To do this the pochammer symbol will be used or more formally
rising factorial x™

where x™ is related to the gamma function as

™ r'(x+n)
Ir'(x)

Thus

(m)_l“(m+%)_l“(m+%)
W)

(A)(m) (m+/) 2F(m+%)

(%) =
R
(2)" - F(Fnz 2+)2) _ r(ml+ 2)
(3)" = F(rrrz ;) 3  _ r(m2+ 3)

And
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(9] (33)" _a_r(m+2)r(m+2)

7@ @) 7 Lm+HEm+2)Im+3)

Making use of the above we can rewrite our expression as

0023 F[m+i)l‘(m+2j (_1Xz)m

QPPN N
8% (Y) (%) (-0¢)
S0 r(m+3)I(m+2r(m+1) m &2 4@ (2" (3™ m!
13
:27[2F3(§E 23 (X)

13
F.8

-a’c?

TR I - S S PPV e
Ile szz e e ande—NJr(l <l [e

m=1n-1 2o «/ﬁa

n=k

] (F.1.8)

It can be seen that the solution to one of the integrals will be solved in the same

manner as the other.

Solving the first integral with respect to n is done by completing the square as follows.

2
n 1 —
>+ jax, =0

or
X2+ jax,20° =0
{ (half of the middleterms coef )
jao? - —a’c’

(x, + jac?)? =-a’c*

. J 1 S 1
[—(xn+1a02)2—a204] 2j:O (ZGZJ
—(x, + jao?)? a

20° 2

Then
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X=X, + jac’
dx
—=1
dx,
and
. 1 —(% + jac®)? -(0°
2
I—e 20 dx = jezﬂdxl

> J2ro " \2ro

The above is regarded as the Q function and is equal to 1 thus

—a?o?

e 2

|

1
Since the function 21— x? is even then the integral Z:ﬂ\/iﬁ .[Eafl— X2 sin(x,cr(4))dx, =0
YN

T

ety U - S N L)
IIlN szz;nzl: \/ﬁae @Ge X, A, N+1 N

n=k

F.9

evaluates to zero, because the sin function is odd, such that an even function times an
odd function = odd function.
A more formal proof is shown below.

Theorem. Let the real function f be Riemann-integrable on [—a, a].

Iffisan
even function, then_[ x)dx =2 f X,
odd function, then I x)dx =0

Since the definite integral is additive with respect to the interval of integration, one has

L=[" f(x)ax=]" f(t)dt+[""

Making the substitution t=—x, dt =— dx and swapping the limits of integration one gets

I_J: X)dx = I )dx+_[:f x)dx



Now using the definitions of even (+) and odd (—) function yields
I —j f (£x) dx+j f(x)dx= +J f(x)dx+j f(x)dx
this settles the equations of the theorem.

F. 10

e 245

Using the identity

2
sin? (x) = %__cosg X)

Then

The rest of the procedure is similar H.5 giving
2 1 ‘]1 (20{ (¢))
e[y (¢|Z)]=§[1‘W

F. 11

——j «/1_xx dx——

With a change of variables

x=sin(u)
dx =cos(u)

The integral becomes
2 % 2 )

_£ d
,,.[,%COS (u)sin®(u)du

Now applying (A.1.12)

2 2 .
—;J'OZ cos” (u)sin®(u)du=-=—"2 =2 ==
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(F.1.9)

(F.1.10)

(F.1.11)



Now by another change of variables

u=-v
)1
,[Io cos® (—v)sin® (-v)dv = e
2p ")z
_;chos (~v)sin (_V)dv__;T(?,):_g
And thus,

N /)1 4 1 4 X
3 " 34
2 )dx, =|x,— 2| =22=1
4% 3) ., 43
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1 3%)‘%(1 ;jsunc( )

Using the identity (A.1.6)
u:(g] =T(2)=1, r(%) =z

Or

2V 1k
J =——1tcosztd
0=(5) Eleo)
Thus,

%
%: j(l—tz)cos(zt)dt

-1

Sub-sequentially applying the given integral the

% —2( j“ I cos (e (x, =X, ( xﬁ)dxn(l—xé)dxm}
_; 1%(1—%]['[11(1—xé)%cos(axm)dxm]

:1+3(1__J2/fa 21 (1 eos(a, o,

N 160 N a’
1 9 2 2 ’
T
IR PN |y Y
N 16( Nja\la 4(0‘)‘

\E‘]%(“)Z

e

N 4 N

Using (D.1.21) this can be rewritten in terms of spherical Bessel functions as

190

(F.1.13)
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N 16?\1 (1 ] Jcos (%, —%,))(1 xﬁ)dxn(l—x;)dxm}
1
N

+(1_ﬁj 3 ‘;a(%)r :%+(1—%j|3tinc(a(¢))|2

F.14

st oe-of jlix)jiw:zﬂ{g{fz(%;4,3;_(47[@]2}615 [g;s,g;-(mjﬂ}

(F.1.14)

This is an even function and the integral reduces to,
. 2
(i (X)
1

Subsequently applying the identity (D.1.18) to the spherical Bessel function squared

o\ \,F 1, 1
Jl(x) 2 { ‘1 —}/ _2J

whereGl’ l(z l‘ 0 J \/_ 1 HIJ 1[r(bi+S)]Hlj:1[r(1_ai_sﬂ 725ds
L3 2lt dy 2] 2 20\ [T (s +5) T[T (2-b,-5)]

To evaluate the above one begins by evaluating the sum of products confined within the

curly braces starting j=1 to obtain

I(1+s)I(1-53)

1
For j=2
Lt
)
2

And lastly for j=3
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r(3-s)

Substituting the result into the expression gives

LX) j{ [1‘(bJ +s)} [F(l—a. _S)J}zz“ds
XX arj? [F(aj+s)]H3 [F(l b, —s)}

1 LL4)T(I=8) | a0y
4\FJI{ ( s)r(3 } ‘

Now integrating along the contour of this integral gives

L (x)" (1+x® —cos(2x)+2° cos(2x)—2zsin(2x))
X 2x°

Now letting X =47 Asin (%) gives

- [o o 3] -5 oo
exman(3)] |oehan(Gfn(orkn(5))
() P

And the above expression is simplified as

[seron(2)]| (-oron(2Jeos] e sn 8| s x4

(47r Rsin [¢)j2 212 75 R® sin® (¢j
2 2

Now applying the integral gives

2
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B e e

22 7° R%sin® (g)

o [t o) o] [ ]|

18] (

dg

F.15

| PRSI,

oo g oo oot

Now letting
C= (47:0')2

And making a change of variables, u =sin (g) g—; = %cos(ﬂ the integral becomes

2 1 ) 2 1 )
d¢:je’°“ ——du=|e™ —d je

- COS(@ - 1—sin [gj

Now again changing the variables such that x =u? j = 2u the integral is again rewritten
u

_[ efa(¢;2 o

-

F4

as

2
bia

J

-

1

2 1
dop=|e* ————dx
Al i e

a(¢)2 o?
e 2

And since the integral is an even function



dg= 2je-cx (1-x)72 (%) "2dx

and now using the integral identity

b—a)I'(a)

T b-a-1 a-1 r
!e—cx(1—x) (x)" dx = ( o) .F (a;b;c)
1 1
e, ) )
:[[e dg=2 ) R

[

1

2
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].;—(27r0')2j=27Z1F1(%;1;—(27t0')2j (F.1.15)
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APPENDIX G

SUMMATION PROOF

N N

D> el = N(N -1)cos(a(x, — X, ))

m=1n=1
n=m

Observing the magnitude of e**™)is 1 and making use of the summation identity

shown below the above result can be obtained.

Zn:lzn—m+1

Applying the identity to the above double summation is a bit tricky in the sense one of
the summation terms is restricted to the condition 1 does not equal k. The above formula
may however, still be applied if done correctly. As an example an analysis of the
derivation will be shown by letting N=4.
For n=1, m=2 we would have e’
For n=2, m=1 we would have "™ =g =%
Symmetry is observed to exist in formulation above. For the case (n=1, m=2) + (n=2,
m=1) thus this can be written as

2cos(a(X, —X,)) =2¢cos(a(x, —X,)) (G.1.1)
Since cos (x) is an even function
The generalization above satisfies the phase of the double summation term. However,
the summation identity has yet to be applied. The amplitude of the double summation
term is considered such that all possibilities are likely (relaxing the condition n#m)

which gives
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>3 1=(N-1+1)(N-2+1)= N(N 1)

m=1n=2

When the constraint m#nis applied, it can be shown this result is divided by 2. To

show this is true a pictorial analysis is demonstrated for the case N=4.

24324;1: (4-1+1)(4-2+1) =4(3—-1) =12

k=1 1=2

The red diagonal line cross out the numbers where M=N. The rest of the numbers are
color-coded showing symmetry within the matrix. The purple rectangle shows an
arbitrarily picked area containing the N (N-1) =12 terms (for N=4). This would be the
result from the analytic expression shown above when the condition M# N is relaxed.

Now considering the phase factor or the result from (G.1.1) one notices only those

numbers shown within the black staircase survive.
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Re-examining the figure above one can observes the black staircase is half the area of
the purple rectangle and the reasoning behind the factor of 1/2. Hence, the summation

identity is specified as

Z

m=1ln

e‘“ T (N =1)cos(a(x, —X,)) (G.1.2)

N N
n#

The results of (G.1.3) and (G.1.4) can be derived in the same fashion used to derive

(G.1.2).

m=1n

iiew lgh0n-5n) = N (N ~1)c0s (et (%, — Xy )+ B(¥ — Vi) (G.1.3)

ZZe el gt ) N (N —1) 008 (¥, — %, )+ B (Y Vo) + (20 ~2,)) (G.1.4)

m=1n
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