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ABSTRACT

Semi-Analytical Solutions of One-Dimensional Multispecies Reactive Transport in a
Permeable Reactive Barrier-Aquifer System. (May 2011)
John Michael Mieles, B.S., University of Rochester

Chair of Advisory Committee: Dr. Hongbin Zhan

At many sites it has become apparent that most chemicals of concern (COCs) in
groundwater are persistent and not effectively treated by conventional remediation
methods. In recent years, the permeable reactive barrier (PRB) technology has proven to
be more cost-efficient in the long-run and capable of rapidly reducing COC
concentrations by up to several orders of magnitude. In its simplest form, the PRB is a
vertically emplaced rectangular porous medium in which impacted groundwater
passively enters a narrow treatment zone. In the treatment zone dissolved COCs are
rapidly degraded as they come in contact with the reactive material. As a result, the
effluent groundwater contains significantly lower solute concentrations as it re-enters the
aquifer and flows towards the plane of compliance (POC). Effective implementation of
the PRB relies on accurate site characterization to identify the existing COCs, their
interactions, and their required residence time in the PRB and aquifer. Ensuring
adequate residence time in the PRB-aquifer system allows COCs to react longer, hence

improving the probability that regulatory concentrations are achieved at the POC.

In this study, the Park and Zhan solution technique is used to derive steady-state



analytical and transient semi-analytical solutions to multispecies reactive transport in a
permeable reactive barrier-aquifer (dual domain) system. The advantage of the dual
domain model is that it can account for the potential existence of natural degradation in
the aquifer, when designing the required PRB thickness. Also, like the single-species
Park and Zhan solution, the solutions presented here were derived using the total mass
flux (third-type) boundary condition in PRB-aquifer system. The study focuses
primarily on the steady-state analytical solutions of the tetrachloroethylene (PCE) serial
degradation pathway and secondly on the analytical solutions of the parallel degradation
pathway.

Lastly, the solutions in this study are not restricted solely to the PRB-aquifer
model. They can also be applied to other types of dual domain systems with distinct
flow and transport properties, and up to four other species reacting in serial or parallel
degradation pathways. Although the solutions are long, the results of this study are
novel in that the solutions provide improved modeling flexibility. For example: 1) every
species can have unique first-order reaction rates and unique retardation factors, 2)
higher order daughter species can be modeled solely as byproducts by neglecting their
input concentrations, 3) entire segments of the parallel degradation pathway can be
neglected depending on the desired degradation pathway model, and 4) converging
multi-parent reactions can be modeled. As part of the study, separate Excel spreadsheet
programs were created to facilitate prompt application of the steady-state analytical
solutions, for both the serial and parallel degradation pathways. The spreadsheet

programs are included as supplementary material.
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1. INTRODUCTION

At many sites it has become apparent that most chemicals of concern (COCs) in
groundwater are persistent and not effectively treated by conventional, large-scale
remediation methods. In recent years, the permeable reactive barrier (PRB) technology
has proven to be more cost-efficient in the long-run and capable of rapidly reducing
COC concentrations by up to several orders of magnitude. The purpose of a PRB is not
to treat large areas of an impacted aquifer, but rather to manage plume concentrations as
groundwater flows away from the source-area. In its simplest form, the PRB is a
vertically emplaced rectangular porous medium in which influent groundwater passively
enters a narrow treatment zone. As the groundwater flows through the treatment zone,
the dissolved COCs come in contact with the reactive material and are rapidly degraded
[EPA, 1998]. The effluent groundwater contains significantly lower concentrations as it
re-enters the aquifer and flows towards the plane of compliance (POC), as illustrated in
Figure 1. It should be noted that effective implementation of the PRB relies on accurate
site characterization to identify the existing COCs, their interactions, and their required
residence time in the PRB and aquifer. Ensuring adequate residence time in the PRB-
aquifer system allows COCs to react longer, hence improving the probability that
regulatory or target concentrations are achieved at the POC. Therefore, minimizing
performance uncertainties (such as inadequate barrier thickness) in the preliminary

design phase is critical in avoiding underperformance of the PRB.

This thesis follows the style of Water Resources Research.
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Figure 1: Schematic of installed PRB, solute plume, and aquifer. The x axis is along the
groundwater flow direction and the PRB is of thickness —B. The PRB-aquifer interface is located
at x=0 and x.mp is the plane of compliance (Cp), which could be a property boundary or a
predetermined location where solute concentrations must achieve a target concentration. Figure
adapted from Park and Zhan [2009].



To address design uncertainties, prior research has focused primarily on better
understanding 1) the geochemistry of the PRB material [Johnson et al., 1996; Tratnyek et
al., 1997; Roberts et al., 1996; Arnold and Roberts, 2000; Allen-King et al., 1997], 2)
flow characteristics [Gupta and Fox, 1999], and 3) the minimum PRB thickness as
determined from current design equations [Eykholt, 1997; Rabideau et al., 2005; Park
and Zhan, 2009]. The one-dimensional design equations presented by Eykholt [1997],
Rabideau et al. [2005], and Park and Zhan [2009] utilize the advection-dispersion
equation (ADE) with first-order reaction (A1) as the governing equation(s) but differ
primarily in their application of the boundary conditions. For example, the two
equations of Eykholt [1997] were derived using van Genuchten’s [1981] analytical

solutions of the ADE with a first-type boundary condition C(0,t) = C;, at the influent
face of the PRB and a semi-infinite boundary condition z—i (oo,t) = 0 at the effluent face

of the PRB, with and without dispersion. The two solutions of Rabideau et al. [2005]
were derived using the Sun et al. [1999] transformation procedure: the first assumed a
third-type influent boundary condition and semi-infinite effluent condition, while the

second solution assumed a first-type influent condition and finite concentration gradient
z—i (B,t) = 0 effluent condition. The solutions of Eykholt [1997] and the second

solution of Rabideau et al. [2005] tend to overestimate mass in the PRB system
(particularly at early time) by assuming that the concentration gradient across the
influent boundary is initially zero [Wexler, 1992; van Genuchten and Parker, 1984].
However, the second solution of Rabideau et al. [2005] with a finite PRB width forces a

zero concentration gradient at B, hence it is useful in that it yields the largest PRB width



[Park and Zhan, 2009]. Alternatively, the first solution of Rabideau et al. [2005] with
the third-type or total flux influent condition [Kreft and Zuber, 1978] is more accurate;
however, it incorrectly implies that PRBs have large thicknesses with the semi-infinite
effluent condition. Additionally, the Eykholt [1997] and Rabideau et al. [2005] design
equations are of limited use because they are unable to account for the entirely distinct
flow and chemical processes occurring in the downgradient aquifer. For example, solute
degradation in the PRB is typically induced by a strong abiotic reaction while the
reaction in the aquifer tends to be a weaker biologically driven (natural) attenuation
[EPA, 1998]. As such, these solutions are unable to model the solute concentration at
the downgradient POC, which is typically in the aquifer.

Both the first solution of Rabideau et al. [2005] and the Park and Zhan [2009]
solution consider the influent dissolved solute to be well mixed and therefore described
completely by the advective mass flux condition or flowing concentration flux [Kreft and
Zuber, 1978]. Which upon entering the PRB is subject to both advective and dispersive
flux or fotal mass flux [Kreft and Zuber, 1978]; hence the third-type boundary condition
is more physically sound and tends to conserve mass [van Genuchten and Parker, 1984]
when applied to the ADE, without reaction. The difference between the solutions is that
Park and Zhan [2009] assume a finite PRB width, maintain flux and concentration
continuity at the PRB-aquifer interface, and assign a separate governing equation to the
aquifer, which permits modeling solute concentrations at the POC. The Park and Zhan
[2009] solution, however, is currently limited to one reactive species in the PRB-aquifer

system. Most groundwater plumes have multiple chemicals present and many plumes



have reactive solutes which decay to produce daughter chemicals. A common example
is tetrachloroethylene (PCE) which degrades to produce trichloroethylene (TCE), which
in turn degrades to dichloroethylene (DCE), with vinyl chloride (VC) as the final
chlorinated daughter product. Given this limitation, the objective of this study is to
expand the Park and Zhan [2009] model to handle multispecies reactive transport in the
PRB-aquifer system. The results will focus on the closed-form steady-state analytical
solutions of the aquifer, but it is noted that the transient semi-analytical solutions can be
extracted from the derivations with little effort and programmed into a numerical
inversion algorithm. Lastly, due to the length of the solutions, an extensive appendix
and two Excel programs are separately attached. The Excel spreadsheets are
preprogrammed with the steady-state analytical solutions of the serial and parallel

degradation pathways.



2. MODEL DEVELOPMENT - SERIAL DEGRADATION SOLUTIONS

Figure 1, adapted from Park and Zhan [2009], is a schematic diagram illustrating
the modeled assumption of one-dimensional solute transport perpendicular to the
installed PRB and downgradient aquifer. As seen, the PRB is continuous (slab-shaped)
and fully submerged with the upgradient and downgradient surfaces positioned normal
to the x-axis, the direction of groundwater flow. The thickness of the PRB is B, with the
PRB-aquifer interface at x = 0 representing the coordinate system origin, and Xcomp
representing a predetermined location where solute concentrations must achieve a
regulatory limit; i.e., the POC. Although the PRB-aquifer interface exhibits a common
specific discharge (q), the PRB has higher porosity than the adjacent aquifer, and as
such pore water velocity is lower in the PRB [Gavaskar et al., 2000]. It should also be
noted that the PRB and aquifer have distinct first-order reaction rates and dispersivities;
and that subsequent uses of Ap actually represent an observed first-order reaction rate
(Agops) that was properly normalized to the iron surface area concentration in the PRB
(see Section 3). Furthermore, note that in a one-dimensional flow and transport model
transverse dispersion is neglected; this is a conservative assumption since transverse
dispersion dilutes the effluent concentration. Lastly, note that the PRB’s ability to
induce rapid degradation is key to its design. Therefore, when examining the results of
this study one should focus on the large difference between the first-order reaction of the
PRB and the aquifer.

For the PRB-aquifer system modeled here, the governing equation of the first

parent species in the PRB is



o 9%Cpi aCp;
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where the subscript “p” denotes the PRB, L is the advection-dispersion operator, and

i = 1. For subsequent daughter species the governing equation in the PRB is

dCpi
Rpi =72 = L(Cp:) — 2iChi + Yidpi-1Cpi-1 » )

where i = 2,3, --,n represent the species chain reaction in Figure 2, Dp is the
longitudinal dispersion coefficient [L*T"'], up is the groundwater flow velocity [LT™'],
Rp; is the species-dependent retardation factor for linear sorption [-], Cp; is the species
concentration [ML'3], Agi 1s the species-dependent first-order reaction rate constant [T
", v; is the stoichiometric yield factor [-] (see Appendix A), x is the spatial variable
along the flow direction [L], and ¢ is time [T]. All parameters in Eqgs. (1) and (2) pertain
to the PRB region; i.e., the distance —B < x < 0. At the influent face of the PRB, the

solute concentration can be a function of time such that

(nBDB ? - qCBi)|x=_B = —qC;, (1), (3)
where ng is the porosity of the PRB and C;,  is the influent concentration immediately
up-stream of the PRB, which can be constant or a temporally variable function. The
derivations presented below assume C;, is transient, however, all steady-state results
convert Cj,  to a constant input concentration. Notice that the left-hand side of Eq. (3)

represents total mass flux within the PRB while the right-hand side represents the
flowing flux entering the PRB. This third-type boundary condition is typically used for
laboratory columns with porous media, however, it is reasonable to treat the PRB as

analogous to a large-scale column. Another intuitive description of Eq. (3) states simply



Hydrogenolysis Pathway of PCE Decay

PCE (SP1) > TCE (SP2) >{ DCE (SP3) > VC (SP4)
Y2 Y3 Y4

Figure 2: Conceptual view of the serial degradation pathway of PCE. Y — denotes the
stoichiometric yield of the daughter product from the parent chemical.



that C;

; inlx:—B . 18 less than C;, . due to the loss of mass by dispersion upon entering the
PRB [Danckwerts, 1952].

Since groundwater exiting the PRB enters a medium with entirely different
chemical and flow processes a separate ADE is required. Therefore, the governing
equations of multi-species reactive transport in the down-gradient aquifer are

0Cri aZCLi 0Cri

RLi 7 = ['(CLL) - ALiCLi , ['(CLL) = DL e —u W (4)
Ryi 228 = £(Cy) — A4iChi + Yidyioa Cuioa “

where D; is the longitudinal dispersion coefficient [L°T'], u, is the groundwater
velocity [LT'I], R;; is the species-dependent retardation factor [-], A;; is the species-
dependent first-order reaction rate [T™'], y; is again the stoichiometric yield factor [-]
(equivalent in both media), and C;; is the species concentration [ML™]. Note that Egs.
(4) and (5) — denoted with subscript “,” — pertain to the aquifer region 0 < x < oo, but
only Eq. (5) governs the transport of daughter species. It is noted that groundwater flow
velocities in the PRB and the aquifer can be determined from a common specific
discharge such that ugng = u;n; = q, where nz and n; are the porosities of the PRB
and the aquifer, respectively. Additionally, the model assumes the PRB  and  aquifer
are initially free of contamination, thus the initial condition is Cg;(t = 0) = C;;(t =
0) = 0. Lastly, since the PRB-aquifer interface physically represents the transition
between two types of porous media the proper boundary conditions to maintain at x = 0

are the continuity of solute concentration and the continuity of total mass flux; i.e.,

CBilx:O = CLiIx:O s (6)
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0Cp;

(nBDB o qCBi)

= (nLDL ? — qCLl-)|x=0 ) (7)

x=0
and at the positive infinity limit of the aquifer a no-flux boundary condition is assumed

aCy;

o e O @®)
To facilitate computation, the following dimensionless parameters are

introduced:
__Cpj __Cpi _x __Dp __ugB __upB __gB

Copi =7+ Coi =72 Xp = 5. tp = 55t Upgp = =, Up = 7= dp = o~
Dy, B2 B2 ny B2

6 =—,Agpi =— g, Aipi =—A,;,,0 =—,andp = —s 9

s g > 'BDi = pABi s ALDi = AL g’ P =5 9)

where the subscript “p” denotes a dimensionless term, B the PRB thickness [L], S the
Laplace variable [T"'], and Cg the solubility [ML™] of the first species which serves
simply as a reference concentration. An alternative reference concentration can be used
if desired. Applying the dimensionless parameters defined in Eq. (9) and the Laplace

transform to Egs. (1), (2), (4), and (5) results in the following governing equations:

dZE i dE i -
dxsg — Upp df;) — (Rgip + Agpi)Cppi = 0, (10)
dZE i dE i - -
de? — Upp de — (Rgip + Agpi)Cppi = —Yidppi-1Chpi-1 » (11)
D D
dZE i dE i -
) dx:z) — Urp d;g — (Rip + A1pi)Crpi =0, (12)
dZE i dE i - -
Tuz) — Urp d;D — (Rip + A1pi)Crpi = —YiArpi—1Crpi-1 » (13)
D D

where the overbar denotes the Laplace domain and p is the dimensionless Laplace
variable corresponding to dimensionless time t,. Notice that the Laplace transform

procedure eliminated the time dependency of the original partial differential equations
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(PDEs).  The resulting equations are second order linear (homogeneous and
nonhomogeneous) ordinary differential equations (ODEs), which depend only on the
distance from the source concentration [Nagle et al., 2000]. For example, if in Egs. (11)
and (13) i is the fourth species then i-1 denotes species three, which carries the solutions
of species one and two. Applying Eq. (9) and the Laplace transform to the boundary

conditions yields

(G2t~ wsnConi)| | = ~usnCoi (14)
EBDi|xD=0 = ELDL’|XD=O ) (15)
(%BDM - qDEBDi) ‘e = (95 df;si - qDELDi) im0 (16)
%LDM - =0. (17)

From Park and Zhan [2009], the general solution of Eqgs. (10) and (12) in the

Laplace domain are

EBDL' = exp (@) [aexp(vDixD) + bexp(_UDixD)] s (18)
_ o,
Cuoi = cexp (M222Plyy ). (19)

where vp;(p) = \Jupp?/4 + Rgip + Agp; and wp;(p) = Juyp?/4 + ERyp + Aupy)
and undetermined coefficients a, b, and ¢ depend on the boundary conditions. Note that
Eq. (19) neglects the positive root of the characteristic equation because solute
concentrations far from the PRB must be zero, in accordance with boundary condition
(17). After applying the boundary conditions, the semi-analytical solution of Eq. (19)

for species i = 1 is
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Crpi ULD—2Wpj UBp
—==— = 2up;UppEp;eXx (—x + —) 20
Coiy, () piUppLpi€Xp 25 D 5 ) (20)

where Ep; = 1/[(vpiugp + 20 wpivp;)cosh(vp;) + (Bwpiugp + 2vp;2)sinh(vp;)].

The complete derivation of Eq. (20) is included in Park and Zhan [2009]. Note that the
transient analytical solution of Eq. (20) can be inverted numerically to yield the solution
in real-time domain. The steady-state analytical solution, however, can be determined
by letting p — 0 (equivalent to tp — o0), applying the final value theorem

limy,o F(t) = lim,_opf(p) [Dyke, 1999], and assigning a constant influent
concentration so that EDim (p) = Cpy,, /p. The resulting steady-state aquifer solution of
Eq. (20) is

_ ULp—2Wopi UBD
Cipi = 2VopiuppEopiCpi;, €xP (—25 Xp +—- ) > (21)

where Eop; now incorporates Uop; = /ugp2/4 + Agp; and wop; = /uyp?/4 + 6A.p; -

The PRB solution is not included here, but is presented in Park and Zhan [2009]. Notice

that the PRB solution — although necessary for derivational purposes — is not the end

goal. Ultimately, the designer desires to know the solute concentration at the location of
the selected POC for a selected PRB thickness. Only the aquifer solution provides this
flexibility.

For design purposes Eq. (21) is converted to its dimensional form

Cui = 2vpEiCyyexp (U 2% x +327) (22)

where E; = 1/[(v;ug + 2D, 0 w;v;)cosh(Bv;) + (88w;ug + 2Dgv;?)sinh(Bv;)], and

where v; = \/u32/4DBZ + Api/Dg and w; = JuL2/4DL2 + A.i/D; . As noted by Park
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and Zhan [2009], Eq. (22) can be used to determine the species concentration at the
downgradient POC given a PRB of thickness B. In its present form Eq. (22) cannot be
rearranged to explicitly solve for B, however, assuming the strong first-order reaction in
a PRB dominates over dispersion, then Ag; > Dy and Bv; > 1. This in turn simplifies
the hyperbolic function such that cosh(Bv;) = sinh(Bv;) = exp (Bv;)/2 and therefore
E; = 2/exp(Bv;) (vjug + 2D, 0w;v; + 06w ug + 2Dgv;?). The updated form of Eq.
(22) (not presented here for brevity) can now be rearranged to solve explicitly for the
required PRB thickness (Breq) given a maximum target concentration to be achieved at

the POC, hence:

2Dp CireL AT
Breq = 2t [l (C) (e wl)xcomp], (23)

where Xcomp is the distance to the POC from the PRB-aquifer interface and

a; = In((vyug + 2D, 0w;v; + O8w;ug + 2Dgv;%) /4ugv;), as defined by Park and Zhan
[2009]. Utilizing van Genuchten’s [1981] solution, Eykholt and Sivavec [1995] and

Eykholt [1997] presented a similar design equation,

Broqg = —222—n (CiMCL). (24)

up—2Dpgv; Ciin

Eq. (24) arises from applying a first-type boundary condition €(0,t) = C;,, at the
influent face of the PRB and a semi-infinite boundary condition 3—2(00, t) = 0 at the

effluent face of the PRB. Although Eq. (24) is convenient, it cannot account for the
reaction in the aquifer and it is derived with the assumption that PRBs have large
thicknesses. Site data compiled by Gavaskar et al. [2000] indicates most PRBs are 1-2

meters thick. Lastly, it is emphasized that Eqgs. (23) and (24) apply only to the special
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case when i=1.

For the case when i = 2, Eq. (13) becomes

d?c dc - -
) degz —Urp d;m — (Rp2p + A1p2)Crp2 = —Y2A1p1Cip1 (25)
D D

where C;p, is Eq. (20) but presented in the slightly different form of

-2
CLDl = 2vD1uBDexp( )ED1CD1 exp (%xn)- (26)
Hence the particular solution of Eq. (25) is of the form Cipy = ALexp (uw;—zwm xD),

where A, is the coefficient for the aquifer that satisfies the homogeneous part of Eq.

(25); 1.e.,
A, = —2vpy,uppexp (“22) HEp,Cpa,, » 27)
where H(p) = ALD1 is a dimensionless ratio of the reactivities in the

(RL1—Rp2)P+ALD1—ALD2
aquifer. Therefore, the general solution of Eq. (25) is comprised of the complementary

and particular solution such that:

ELDZ = ¢exp (uw;—;wme) - 2UD1Y2“BDexP( )HED1CD1 exp (qu), (28)

where ¢ depends on the boundary conditions. Performing an analogous procedure for

the PRB gives
AB = }’zusuex??( ) (Bwpy — UD1)HBED1CD1m 5 (29)
By = —YZUBDexP( ) (vp1 + 9wn1)HBED1CD1m ) (30)

ABD1

. Coefficients Ay and By are defined and derived
(Rp1—RB2)P+AED1~ABD2

where Hg(p) =

in Egs. (S1) through (S11) of Appendix A. Notice that they pertain to the particular
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solution of the PRB when i = 2 and must satisfy the homogenous part of Eq. (S1).
Therefore, the general solution of the PRB when i=2 is

Upp + 2Up; Upp — 2Upy X ) +
ZBD T 2¥D2 —Bb__“bz,.

EBDZ = aexp ( > xD> + ,Bexp( >

ugp+2vVpq

Ya2Upp€Xp (u%) (Bwp, — UD1)HBED1ED1ineXP (Txu) — Y2Uppexp (u%) (vp1 +

= -2
9wD1)HBED1C01m exXp (wxu) (€29)
where a and f depend on the boundary conditions. After applying the boundary

conditions to Eqgs. (28) and (31) and determining ¢, the steady-state analytical solution

of species i=2 in dimensional form is

2v10y,up(H-Hp)8(w1-w)(1—pz)E;

Cr2 = [ZUZuBEZCZin + Cy,, + 2y,upCy, (v HEE, +

U2+96(4)2
v,(H — Hp)E )]exp(mx+£)—2v ugHE;C ex'p(wx+£) (32)
1 B/*1 2D, 2Dp YU Bty 2D, 2Dp

where x is the distance to the POC from the PRB-aquifer interface, u, = E,v,(ug —
2Dgv,)exp(—Buv,) is dimensionless, H = A;1/(A;1 — A;2) is also dimensionless, and
Hp is of equivalent form to H but with the reactivities of the PRB. Notice that
retardation values are eliminated when p — 0, meaning retardation has no effect at
steady-state conditions. It should also be noted that if C;, is zero, Eq. (32) reverts to the
form of Eq. (22) for a single species; this supports the validity of Eq. (32).

The procedures outlined above were used to derive the steady-state analytical
solution of species three and four. For species i=3 the steady-state solution in

dimensional form is
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-1
C3= {2v3uBEgC3in + % [u3 + 88w, — 06 (w, — w3)us](a+ B) +

2V1Y3YY2upE106(1-p3)Cy
U3 +06(4)3

Y3vIp(Vz2+05w,) (1 _ ﬂ3)¢ +

U3+96(l)3

[(wy — w3)(JpHp — JH) +

(wz — w3)I(H — Hp)] + 2v3y3yIgugEsCy, + 2y3yy,upCy, [V1E1(JpHp —JH + IH —

—-2D B 2D B
1Hp) — vsEsHp (Jp — Ip)1} exp (52 x +327) — yaylperp (L5 00%x + 527 +
2D B
20157y up HE, Gy, exp (i x + 227 (33)

where a, f and ¢ were defined for species two, us = Esvs(ug — 2Dgv3)exp(—Buvsg),
I = ALZ/(ALZ - /1L3)5 ] = ALZ/(ALl - AL3)5 and IB and]B pertain to the PRB. AISO,

_ 2v10y,up(H—Hp)d(w1—w3)E;
Y= v, +08w, Cly - (34)

Notice that the branching ratio y (gamma) must equal one if serial degradation is
assumed since no parallel daughter products are produced [Tratnyek et al., 1997;
Clement, 2001].

For species i=4 the steady-state solution in dimensional form is

Y4 (K—Kp) [

YaKp(W3+68w3) 1-
Va+608wy

Vy+08wy

Cry = {2U4UBE4C4in + Uy +06ws — 05(w3 — wdpal(e +0) +

YaY3YS Y4Y3YLplp(V2+08w;) (1y—1) 201Y,Y3YY2upO8E  (1—y)
Ha)o + ) Q(a +A)+ U, +08w, v+ V,+08w, 06y, +

uL—ZDLa)4

204 Y4ugKgE4Cs, + 204y, y3yuglgEs(Kp — Lp) Gy, + 23’4Y3V3’2”Bﬁclin} exp( T +
B 2D 2D B
2he) = ek Gexp (ST + 180 & yaysyLiexp (M0 x 4 52) —
2D B
201Y4y3Y Y ug/HME, Cy, exp (MT%LMJC + %) ) (35)

where u, = Eqv,(ug — 2Dgvy)exp(—Bv,), K = A3/ (A3 — Apa), L = A3/ (A2 — Apg)

,M = 2A;3/(A1 — A4) , and Kg, Lg, and Mg pertain to the PRB; and ¢, (, and { are large
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terms pertaining to species three (see Appendix A). Additionally, the following are

defined for species four:

y3¥0(I-1p)5(wy—w3) Y3vIp(W2+058w,) 2V1Y3YY2ugb3E;
o= a Ci. [(wq —
U3+96(4)3 ( + ﬁ) + U3+96(4)3 lp U3+96(l)3 1LTL[( 1

w3)(JgHp — JH) + (w, — w3)I(H — Hp)] , (36)
Q= (Lglg — LI) (1;—4 + 0w, — 6(w, — 0)4)Ll4) +K(Up—1) (9(0)3 — W)Wy — %4 - 90)3)
(37)
O = (0, — w)(JHM — JyHgMp) + LI (0, — ws)(Hg — H) + K (w3 — w,)(Hp(Jp =) —H(J = 1))
(38)
O =vE (JpHp(K — Mp) + JHM — K) + I(H — Hg)(K — L)) + v, E,Hg (I (K — L) +
Jp (Mg — Kp)) (39)
It should also be noted that Egs. (32), (33), and (35) cannot be solved explicitly for B,
hence a coded program or spreadsheet is the most efficient way to utilize the steady-state
solutions. Also the denominators of H, Hg, I, I, ], |z, K, Kg, L, Lg, M, and Mg cannot
be zero in order for the equations to be defined; i.e., in the case when interspecies
reaction rate factors equal each other. This restriction, however, does not apply to the

transient solutions, unless the interspecies retardation factors equal each other. Detailed

derivations of species 2, 3, and 4 are provided in Appendix A.
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3. COMPARISON OF THE SERIAL DEGRADATION SOLUTIONS & VMOD

In this section the steady-state analytical solutions presented above are compared
to the sequential decay reaction module in the RT3D v2.5 transport engine of Visual
MODFLOW (VMOD) 2009. In applying the above equations it is reminded that the
transport and flow parameters assigned to the aquifer depend on accurate site
characterization while the transport parameters assigned to the PRB are determined
using the normalization method proposed by Johnson et al. [1996] and subsequently
adopted by the EPA [1998]. A brief review of the normalization method is provided
below.

In an extensive review of prior studies on dechlorination by zero-valent iron
(ZV1), Johnson et al. [1996] demonstrated that observed first-order reaction rates (A,ps)
of any one chemical varied by up to three orders of magnitude. To reduce this apparent
variability Johnson et al. [1996] expanded the first-order rate (R) model to account for
the amount of available metal in the reaction and normalized the reaction rates to the
iron surface area concentration (p,); i.e,
R = —Ag4a5pm, C, o1
R = —A54paC (40)
where Ag4 is the specific reaction rate constant [L hr''m™], as is the specific surface area
[ng'l] determined by the Brunauer, Emmett, and Teller (BET) gas adsorption method,
P is the iron mass per solution volume or mass concentration [g L], and p,, is the iron
surface area per solution volume or surface area concentration [m’L']. Therefore,

Aobs = Asapq Where Ag, is a species-specific rate constant that is determined from the
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linear regression of 4,,s and p,. By repeating this procedure on individual chemicals,
Johnson et al. [1996] provided a list of more rigorously derived Ag, values exhibiting
differences of one order of magnitude, instead of three orders of magnitude. The list of
A4 constants were not differentiated between column and batch tests. For the purpose
of modeling, all subsequent uses of A imply A,,¢ was properly derived from Ag,.

To compare the multispecies steady-state analytical solutions with a numerical
solution required creating both a spreadsheet program and a finite-difference grid in
VMOD to simulate the degradation of PCE — TCE — DCE — VC. The finite-difference
grid modeled one-dimensional flow along a 20 m long domain, of which the first 0.5 m
was assigned as the thickness (B) of the upgradient PBR zone. The domain also
consisted of a 10 m upgradient head, a 9.9 m downgradient head, and a 5 m width.
Other flow parameters assigned to the domain included an aquifer effective porosity (7;)
of 0.3, a PRB hydraulic conductivity (kz) of 60 m/d, and an aquifer hydraulic
conductivity (k;) of 20 m/d. Using the above flow parameters discharge is Q = k; Ai =
5 m’/d. Note that since PRBs are thin, relative to the adjacent aquifer, their effect on the
large-scale conductivity of the site is insignificant. Therefore, the discharge value of 5
m’/d is an acceptable approximation. Also, according to the VMOD geometric multigrid
(GMQ) flow solver, the seepage velocity in the aquifer is 3.38E-01 m/d. This value can
also be confirmed analytically by using the above parameters; i.e., u; = k;i/n;= 0.33
m/d. Additionally, since specific discharge at the PRB-aquifer interface is uniform, the
seepage velocity in a PRB with effective porosity of ng =0.5 is ug = uyn;/ng= 0.2

m/d. This value also agrees with the numerical output of 2.03E-01 m/d. It should be
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noted that although the aquifer conductivity modeled is elevated it was essential in
facilitating the convergence of the RT3D engine to steady-state concentrations within a
reasonable time limit. Table 1 illustrates the portion of the attached spreadsheet program
where the flow parameters (including dispersivity) are designated and others (such as

dispersion) are calculated.

Table 1: Modeled Flow Parameters

Domain Parameters PRB Parameters Aquifer Parameters
6(-) 0.6 Nes (-) 0.5 Neyt (-) 0.3
Breg (M) 0.5 x (m) 0
width (m) 5
hupgrad (m) 10
hdowngrad (m) 9.9
L (m) 20
Grad (-) 0.005
ks (m day™) 60 k. (m day™) 20
ug (m day™) 0.20 u, (m day™) 0.33
Q (m®day™) 5
ag (m) 0.05 a, (m) 2
5(-) 66.67 | Dg (m?day”) 0.01 D, (m? day™) 0.67

The transport parameters such as yield, reaction rate, and influent concentration
of each species are presented in Table 2 as they would be entered into the spreadsheet
program. At this stage all necessary information is defined and the program

conveniently calculates all other constants utilized in the steady-state analytical solutio-



Table 2: Modeled Transport Parameters

E, (day) 1.53E-05 | Ags(day™) 2.0 ALr(day™) 0.2
v, (m™) 1.73E+01 | w;(m™) 6.02E-01
| Specesz |
E, (day) 8.16E-05 | Ag,(day™) 1.2 ALz (day™) 0.05
Ys(-) 0.792 v, (m™) 148E+01 | w,(m™) 3.71E-01
Hs () 2.50E+00 | H, (-) 1.33E+00
| Species3 |
E; (day) 1.05E-04 | Ags(day™) 1.1 Az (day™) 0.03
Ys(-) 0.738 vz (m™) 145E+01 | w3 (m™) 3.28E-01
Voranch () 1 Is () 1.20E+01 | I, (-) 2.50E+00
Jg (-) 1.33E+00 | J, (-) 2.94E-01
E, (day) 1.65E-04 | Ags(day™) 0.9 ALs(day™) 0.02
Yi(-) 0.644 ve (m™) 1.38E+01 | ws(m™) 3.04E-01
Ks (-) 5.50E+00 | K, (-) 3.00E+00
Lg (-) 3.67E+00 | L, () 1.00E+00
M (-) 1.00E+00 | M, (-) 1.67E-01

ns. For example, in this scenario the PRB reaction rate constants of species 1, 2, 3, and 4

are2d’, 1.2d", 1.1 d", and 0.9 d"' while in the aquifer the weaker reaction rates are 0.2
d'l, 0.05 d'l, 0.03 d'l, and 0.02 d'. The trend of decreasing reaction rates is intended to
simulate the decreasing dechlorination potential of each subsequent daughter species in
the aquifer [Wiedemeier et al., 1999] and in the PRB [Matheson and Tratnyek, 1994].

After inputting the reaction rate constants the programs calculate the values of v;, w;, E;,
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and the dimensionless ratios of the reactivities. Lastly, the user inputs the pertinent
stoichiometric yields and influent concentrations of each species. The programs then
calculate the concentration of each species at the designated POC (the x in Table 1),
which is downgradient of the PRB-aquifer interface.

The results of the RT3D numerical solution were exported and the concentration
distribution of each species was plotted along with select concentration points from the
steady-state analytical solutions of this study. As seen in Figures 3 and 4, the two
methods agree particularly well in the aquifer zone where the discrete concentration
points coincide with the lines representing the numerical solution. Two additional sets of
figures comparing the analytical solutions with VMOD are included in Appendix B.

Applying the spreadsheet programs in a real scenario is straightforward; the
designer inputs the site gradient and the conductivity of the aquifer (or groundwater
velocity only), the porosity and dispersivity of each medium, and the distance (x) to the
downgradient POC. The transport parameters required include the reaction rate

constants, stoichiometric yields, and influent concentrations. To determine B4, the
designer increases the value of B until all species meet the required concentration at the
POC; alternatively, the Microsoft Excel tool Goal Seek performs the same function. A
minimum input value of B,.q= 0.5 is recommended for goal seek to return a non-
negative width. It is worthwhile to note that these equations can be applied to any other
four species reacting in a serial chain reaction and to other types of dual domain systems.
For example, the equations can also be used for two adjacent aquifer zones where an

oxidizing zone transitions into a reducing zone. As another example, if the reaction
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involves only three species, then both y, and C,, are zero, and so on if only two species
react. Overall, the multi-species steady-state analytical solutions presented in this study
can be quickly implemented using the spreadsheet programs which are cost-effective
compared to the standard numerical program, hence the solutions are useful as PRB
design equations.

Once the barrier width is calculated the required mass of reactive material in the
PRB is currently determined using the EPA [1998] mass estimation calculation, which is
fundamentally derived from Eq. (24) without dispersion. For example, if dispersion is

neglected Eq. (24) becomes the common plug flow reactor equation

Breq = YB 1. (ﬂ) ¥, (CMCL) — W (CMCL) , (41)

"~ Zobs Cin Asaaspm Cin AsaasMs Cin
where My is the mass of the solid iron grains and ¥}, is the solution volume in the PRB,
as discussed above. In the case of a continuous PRB, the total volume is simply
Vi = ByeqA, where A is the designed area of the PRB normal to the groundwater flow
direction. Also, n =V, /V; is the PRB porosity, assuming installation in the saturated

zone where the volume of air is negligible. Therefore, V,, = nB,.,A and (41) becomes,

Msz—ﬂln(ﬂ):ﬂz—ﬂln(w), (42)

Asaas Cin A Asaas Cin
where Eq. (42) is the exact EPA [1998] mass estimation formula and Mg/A is the iron
mass per unit area. In this study, an alternative mass estimation calculation is derived.
The alternative calculation relies on first determining B,., from the attached
multispecies-reactive transport spreadsheet programs and subsequently utilizing the

relationship



25

Vp = Brqu =W+, (43)
where I is the volume of iron solids and the volume of air is neglected. Substituting the
iron grain (or particle) density p; = Mg/V; and iron mass concentration p, = Ms/V,

into Eq. (43) yields

Mg PgPm .

— = ———=RB.n or simpl

2 req Pg+Pm reqPm > ply

Ms

7 - Breqpb > (44)

where p, = M, /V; is the dry bulk density of ZVI, of which several values are reported
by Gavaskar et al. [2000] and the EPA [1998]. According to the EPA, ZVI bulk density
is typically 2.56 g/cm3. As an example of Eq. (44), the continuous PRB installed in the
U.S. Coast Guard (USCG) Support Center near Elizabeth City, North Carolina was

designed with a reactive cell height of 5.5 m, length of 46 m, thickness of 0.6 m, and 450

Mg

tons (408,233 kg) of granular iron [EPA, 1999]. Based on this data = pp = 2.69

ABreq
g/em’, which is well within the normal range of reported iron bulk densities. Therefore,
Eq. (44) can be used to estimate Mg/A once B4 and pj, are known. Lastly, PRBs tend
to be designed with a factor of safety applied to B, [Eykholt, 1997] and a reaction rate
correction adjustment factor due to lower subsurface temperatures [Gavaskar et al.,
2000]. Note that Egs. (44) and (40) provide the necessary flexibility to incorporate the

factor of safety and the reaction rate adjustment.
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4. MODEL DEVELOPMENT - PARALLEL DEGRADATION SOLUTIONS

Several authors including Wiedemeier et al. [1999] have noted the parallel
pathway by which TCE degrades to simultaneously produce 1,1-DCE, cis-1,2-DCE, and
trans-1,2-DCE. In practice, however, these isomers are typically lumped together into
one species. It is important to note that in reality each DCE isomer may have a unique
reaction rate and therefore acquire mass and contribute mass at a different rate. The
hydrogenolysis degradation model of PCE — TCE — DCE isomers — VC is the
sequential replacement of one chlorine atom with one hydrogen atom in which VC
acquires mass from convergent multi-parent reactions; i.e., the three DCE isomers
degrade to VC. In examining the abiotic reaction between the common chlorinated
ethylenes and ZVI, Roberts et al. [1996] and Arnold and Roberts [2000] expanded the
hydrogenolysis model to include a separate [-elimination pathway in which PCE —
dichloroacetylene — chloroacetylene — acytelene. Degradation in this expanded model
is a highly complex network of various multi-parent and multi-daughter reactions where
even the hydrogenolysis pathway and the [-elimination (or chlorinated acetylene)
pathway exchange mass. Complexity of this level is not practical for the purpose of
analytical modeling; hence this study considers the degradation network illustrated in
Figure 5 to be a reasonable simplification. The absence of the dichloroacetylene
intermediary from Figure 5 is justified since it tends to react very rapidly with ZVI
[Roberts et al., 1996; Arnold and Roberts, 2000]. After considering the model in Figure
5, the PRB and aquifer governing equations of species 1 and 2 are unchanged [Rodiguin

and Rodiguina, 1964]. However, the governing equations of species DCE1 (SP31),
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Figure 5: Conceptual view of the parallel degradation pathway of PCE. Y — denotes the
stoichiometric yield of the daughter product from the parent chemical. y — gamma denotes the
branch factor. Note: the sum of all branch factors should equal 1 to appropriately account for

mass.



DCE2 (SP32), DCE3 (SP33), and chloroacetylene (SP5) are revised as follows:

0Cp3i
— = L(Cp3i) — Ap3iCr3i + V3i¥3i52C2 »

Rps;

ac
Rps FBS = L(Cps) — ApsCps + ¥5Ys5Ap2Cpa ,

for the PRB, and for the aquifer:

ac i
Ry3; OL: = L(Cp3;) — A13iCr3i + V3iY3iA12CL2

ac
Rys a_fs = L(Crs) — A15Crs + V5YsA12C2

(45)

(46)

(47)

(48)
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where i is a counter from 1 to 3 and y is the branching ratio previously defined, which is

now less than one for each species but should satisfy y3; + V3, +y33+ys= 1

[Clement, 2001]. With the exception of the branching ratio not equaling 1, Eqgs. (45)

through (48) are equivalent in form to Egs. (2) and (5) of the serial degradation scenario

i=3; therefore, the steady-state analytical solution to Egs. (45) and (47) is equivalent in

form to Eq. (33), where a, [ and ¢ are unchanged. As seen in Table 3, the major

difference arises in the values of the dimensionless reactivity ratios; i.e., I3; =

A2/ Az = Au3i)s Jai = Aa/ Ay — A13i), where Igz; and Jps; pertain to the PRB.

Similarly, the steady-state dimensional forms of v and w are v3; = \/ up?/4Dg* + Ags3;i/Dp

and ws5; = JuL2/4DL2 + A;3i/D;, where i is the counter defined above. (The same

analyses apply to Is, Js, Ips, /g5, Us, and wgs which pertain to species 5.)



Table 3: Modeled Transport Parameters of SP37 and SP5
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Species 3-1 (1,1-DCE)

E;., (day) 1.05E-04 | Ags.s(day™) 1.10 ALs.q (day™) 0.03
Ysq(-) 0.738 Vas (M) 1.45E+01 | wsqs (M) 3.28E-01
Va1 (-) 0.25 Igs.1 (-) 1.20E+01 | li54 (- 2.50E+00
Jg3.1 (-) 1.33E+00 Jiz1 (-) 2.94E-01
Species 3-2 (Cis-1,2-DCE)
E;., (day) 1.05E-04 | Ags.o(day™) 1.10 ALs.2(day™) 0.03
Ysz(-) 0.738 Vi (M) 1.45E+01 | w3, (M) 3.28E-01
0 0.25 Igs.2 (-) 1.20E+01 | I3 (- 2.50E+00
Jpsz2 (-) 1.33E+00 Jiz2 (-) 2.94E-01
Species 3-3 (Trans-1,2-DCE,
E;; (day) 1.05E-04 | Ags.s(day™) 1.10 ALs.s(day™) 0.03
Yss(-) 0.738 Vas (M) 1.45E+01 | wss(m”) 3.28E-01
Yas () 0.25 Iga.5 (-) 1.20E+01 | I35 (- 2.50E+00
Jg3.3 (-) 1.33E+00 Ji3z(-) 2.94E-01
Species 5 (Chloroacetylene
Es (day) 1.05E-04 | Ags(day™) 1.10 Aus(day™) 0.03
Ys(-) 0.460 vs (m™) 1.45E+01 | ws(m™) 3.28E-01
vs () 0.25 Iss (-) 1.20E+01 | 15 (-) 2.50E+00
Jgs (<) 1.33E+00 | Ji5(-) 2.94E-01

The current version of RT3D preprogrammed in VMOD does not include this

type of parallel multispecies degradation model. To formally compare the analytical

solutions of Egs. (45)-(48) with a numerical model requires creating a program in the

user-defined RT3D reaction module programmed by Clement et al. [1998]. This study

presents an alternative method of testing the validity of the (parallel degradation)

solutions that is based on the conservation of total concentration between the serial and

parallel chains. For example, if each of the four branch factors equals 0.25 and all inter-
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species stoichiometric yields and first-order reaction rates are equal (as designated in
Table 3), then SP3i and SP5 gain and lose moles at the same rate. That is, SP3i and SP5
react (degrade) at the same rate. Therefore, it is expected that 1) at a selected POC SP3i
and SP5 exhibit identical concentrations and 2) the total of their summed concentrations
is equal to one effective SP3 concentration. This effective SP3 concentration should
exactly equal the SP3 concentration from the serial degradation pathway (discussed in
Section 2). A final assumption (which facilitates this test but is not required) is to treat
SP3i, SP5, and SP3 as daughter products of weathered TCE; i.e., their influent
concentrations are zero. This test was performed on several discrete points and with
several decay constants and found to be exactly as predicted. Additionally, it should be
pointed out that the spreadsheet program is sufficiently flexible to model only the
parallel hydrogenolysis pathway by neglecting the [-elimination pathway altogether.
Such an assumption is conservative in dealing with the chlorinated ethylenes and can be

accomplished simply by letting ys, Cs.

in’

and Cq, equal zero and assuring that y3; +

Y32 + ¥33 = 1. However, caution should be taken in establishing this assumption as the
norm. Chlorinated acetylenes are reported to be toxic [Roberts et al., 1996]. Although
they degrade rapidly in laboratory studies [Roberts et al., 1996; Arnold and Roberts,
2000], it is uncertain to what extent they accumulate as PRB effluents in the field.

The next chemical in Figure 5, SP4, gains mass from convergent multiparent

reactions. In this case the updated governing equations of SP4 are:

ac
Rp, af:M = L(Cp4) — ApaCpa + Ya1Ap31Cp31 + Va2Ap32Cp32 + Ya3dp33Cp33,  (49)

ac
R4 a_? = L(Cpq) — AaCpy + Y412131C31 + Ya2A132C132 + YazA133Cras » (50)
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[Rodiguin and Rodiguina, 1964] where y,;, V42, and y,; are generally distinctive
stoichiometric yields, but in this case they are equivalent due to the DCE isomers.

Applying the dimensionless parameters in Eq. (9) and the Laplace transform to Eqgs. (49)

and (50) gives
d?c, dc, = - =
dele — Upp dim — (RpaP + Agpa)Crpa = —Y4148p31CBp31 — Ya2ABD32CBD32 —

D D
3’43/13133363033 ) (51)
§%Cuns _y 9Cps _(p s ) NC = —yii Ay pas Conai—YasdinasCrnas —

P dx (RpaP + A1pa)Crps = —Ya1A1p31Crp31—Ya2ALp32CLp32

D D

Y43/1LD33ELD33 . (52)

Recall that in the case of the serial degradation pathway, the steady-state analytical
solution of SP4 was presented as Eq. (35). Also recall that in the serial degradation
pathway, the boundary conditions were applied once. After comparing the right-hand
side of Egs. (11) and (13) with the right-hand side of Egs. (51)-(52), it becomes apparent
that the general procedure used to determine Eq. (35) can also be used to solve Egs.
(51)-(52), with a slight variation. To solve Egs. (51)-(52), the boundary conditions are
now applied two additional times to the two additional terms on the right-hand side; i.e.,
the terms associated with Cp3, and Cps3. This realization allows one to quickly deduce
the analytical solution of SP4 for the parallel degradation pathway and avoid the very
long derivation required to manually solve Egs. (51)-(52). Therefore, the solution to a
daughter product that results from a convergent multi-parent reaction can be determined
by applying the boundary conditions once to each additional term on the right-hand side.
Inevitably, this procedure results in additional terms that are (at every algebraic step)

added to the derivation, resulting in a much longer analytical solution. The resulting
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steady-state analytical solution of SP4 is particularly long and is included in Appendix
A.

To test the validity of this solution, the concentration conservation technique
introduced above is revisited. In this case the following are assumed: let ys (or ys) and

Csi, equal zero, let all y,; equal each other, let y3; =vy3, =¥33 = 1/3, and let all

stoichiometric yields and first-order reaction rates pertaining to SP3i equal each other.
The physical representation of these assumptions is that SP4 gains the same amount of
moles from each SP3i isomer at the same rate. In this case, the SP3i variants again
mimic one effective SP3 chemical. Therefore, the SP4 concentration from the parallel
degradation pathway should exactly equal the SP4 concentration from the serial
degradation pathway. This test was performed on several discrete points and with
several decay constants and also found to be exactly as predicted. Table 4 below
presents the modified inputs of SP4 in the case of the parallel degradation reaction. As
seen in Table 4, the rate at which SP4 degrades is unchanged from the serial degradation
model; i.e., the values of v, and w, do not change from Table 2 to Table 4. However, the
additional terms on the right-hand-side of Egs. (49) and (50) require that the analytical
solution of SP4 account for potentially different rates of mass contribution from each of
the three DCE isomers. Hence K3;, L3;, and M3; are defined for the aquifer and Kps;,

Lps;, and Mgs; pertain to the PRB, where i is the counter from 1 to 3.
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Table 4: Modeled Transport Parameters of SP4

Species 4 (VC)
E, (day) 1.65E-04 | Ags(day™) 0.90 As(day™) 0.02
Y1 (-) 0.644 vs (m™) 1.38E+01 | w, (m™) 3.04E-01
Yays2(-) 0.644 Kgs.1 (-) 5.50E+00 | Kis.q (-) 3.00E+00
Yays3(-) 0.644 Lgss () 3.67E+00 | L5 (-) 1.00E+00
Mas.1 (-) 1.00E+00 | Mss (-) 1.67E-01
Kgs.z (-) 5.50E+00 | Kis.2(-) 3.00E+00
Lgsz (-) 3.67E+00 | L35 (-) 1.00E+00
Mas.2 (-) 1.00E+00 | Mgz (1) 1.67E-01
Kgs.s (-) 5.50E+00 | Kig.3(-) 3.00E+00
Lgss (-) 3.67E+00 | L;55(-) 1.00E+00
Mzs.5 (-) 1.00E+00 | M55 (-) 1.67E-01

The final chemical in Figure 5, SP6, results only from the degradation of

Chloroacetylene, hence its governing equations are:

dCpg

Rpe 0 L(Cps) — ApCpe + YsApsCps (53)
ac
Ri6 a_ie = L(Cpe) — A16Crs + Y6A15C1s (54)

Notice that Eqgs. (53) and (54) are equivalent in form to Egs. (2) and (5) of the serial
degradation scenario i=4. Therefore, the steady-state analytical solution of SP6 can be
validated by treating the f-elimination pathway as the sole serial degradation pathway
and neglecting the hydrogenolysis pathway. That is, let y3; (or y3;) = 0, y5 = 1, allow

¥s and yg to equal y; and y, (respectively), and assign the same reaction rates of SP4
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from Table 2 to SP6. In this case, the SP6 analytical solution is validated if SP6 exactly
matches the concentration of SP4 in the serial degradation section of this study. This
final test was performed on several discrete points and with several decay constants and

found to be exactly as predicted.
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5. SUMMARY AND CONCLUSIONS

In this study, the Park and Zhan [2009] solution technique is used to derive
steady-state analytical and transient semi-analytical solutions to multispecies reactive
transport in a PRB-aquifer (dual domain) system. The study focuses primarily on the
steady-state analytical solutions of the PCE serial degradation pathway and secondly on
the analytical solutions of the parallel degradation pathway. These solutions are not
restricted solely to the PRB-aquifer model since they can also be applied to other types
of dual domain systems with distinct flow and transport properties and up to four other
decaying species. Like the single-species Park and Zhan [2009] solution, these
additional solutions maintain flux and concentration continuity at the PRB-aquifer
interface and account for the potential existence of natural degradation in the
downgradient aquifer. Degradation in the aquifer can be incorporated into the solutions
when considering the required PRB thickness so that all species involved in the
degradation pathway achieve the regulatory limits at the POC.

In addition to the study, spreadsheet programs and appendices are included to
facilitate review of the derivations and prompt application of the steady-state solutions.
It is noted that the solution technique results in long equations, particularly in the parallel
decay network, but at this expense the solutions provide increased modeling flexibility.
For example: every species can have unique reaction rates, higher order daughter species
can be modeled solely as byproducts by neglecting their input concentrations, segments
of the parallel degradation pathway can be neglected depending on the desired

degradation model, and converging multi-parent reactions can be modeled. Additionally,
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it should be noted that although the transient semi-analytical solutions are not reviewed
here, they can be deduced from the derivations provided in Appendix A. However, a
numerical inversion program is needed to obtain a solution in the time domain.

Lastly, the transient solutions have the additional flexibility to incorporate
species-specific distribution coefficients (Kd;) and medium-dependent bulk densities;
therefore, retardation factors can vary from species to species and also vary due to a
change in medium, even if the species is the same. The ability to model with differing
retardation factors is an additional benefit of these solutions since differing retardation
factors are not possible in the Sun et al. [2004] solution technique and both species-
specific retardation factors and convergent reactions are not possible in the Sun et al.

[1999] solution.
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APPENDIX A

The derivational details of each species are provided here in supplementary
equations for the case of both the serial degradation pathway and the parallel degradation
pathway. Some procedures that are repeated for all species were omitted in the
derivation of higher order daughter species. Therefore, a more detailed derivation is
provided for species 2. Lastly, the semi-analytical solution of species 1 (SP1) — or more
generally the homogeneous (complementary) solution — is not included here, see Park

and Zhan [2009] for the full derivation.

Serial Degradation Pathway

This section provides the derivational details of SP2, SP3, and SP4 from Figure
2.

The governing equations of species 2 (SP2) can be inferred from Egs. (2) and (5)
when i = 2. After applying the dimensionless parameters in Eq. (9) and the Laplace
transform, the governing equations become Eqs. (11) and (13) for i = 2. Therefore the

general solution of the PRB and aquifer are:

I ugp +2v Upp — 2V - upp + 2v
- Ugp — 2V
+ Bp exp (—BD 2 D1 xD) (Sl)
Cipz = pexp (—uw;;wm xD) + A exp (—uw;;wm xD). (S2)

Notice that the last two terms in Eq. (S1) and the last term in Eq. (S2) represent the

particular solutions, hence it is assumed that



41

EBDZW” = ABexp (%zumxl)) + By exp (uB%vaxD), (S3)

= a Urp—2w

szpart = A exp (%xn), (54)
where the coefficients Ap, Bp, and A, must satisfy their respective homogeneous
solution, therefore:

dCpp; A +2 +2 ~ -2 -2
part _ upp Up1 upp Up1 upp Up1 upp UDp1
dxp Ap ( 2 ) exp ( 2 XD) + Bp ( ) exp ( 2 xD)’ (85)

d2Cgp» " 2 _ 2 _
part _ ugp+2up; ugp+2vpq = (uBp—2vp1 ugp—2Up
o’ = Ap (—2 exp(—  %p + By |/ ) exp — ) (S6)

To determine Ap:

2
A ugp+2vupq ugp+2vpq A Uugp+2vpq ugp+2vup, a
Ap (—2 ) exp (—2 Xp ) — Agug —  Jexr(——  *p)— Ap(Rgp +

upp+2vpq _ upp C —uBD+2UD1
Appz)exp (Txu) = —Ya2uppéxp (_2 )(Um - 6"*)Dl)}LBmEDlCmmexl’( 2 *D )5

(87)
which simplifies to

u u
J/ZuBDexp(%)(ele_UDl)ABDlEDl = _ YZuBDexP(%)(ele_UD1)ABD1ED1 =
T T T I (Rp1~Rp2)P+App1~ApD> Plin?

AAB=

(S8)

where the stoichiometric yield y; is the molecular weight of the daughter divided by the
molecular weight of the parent product [Clement et al., 1998]; i.e., one parent does not
exactly yield one daughter product. Therefore, the purpose of the stoichiometric yield is
to conserve molar concentrations as species react in the model. Also, at this point it is

beneficial to define a dimensionless ratio of the reactivities, let

Hp(p) = Agp1/[(Rp1 — Rp2)p + Agp1 — App2], therefore

u
2

AAB = Y2Uppexp (ﬁ) (Bwpy — UD1)HBED1ED1m- (59)
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Repeating the procedure outlined from Egs. (S5)-(S9) for Bg, and 4, gives

)

B = —quBDexp( ) (vpy + 9wD1)HBED1C , (S10)

~

Ay, = —2vpy,uspexp (“22) HEp,Cpa,, (S11)

where vp;, wp;, and Ej; were defined previously in this study and where H(p) is similar
to Hg (p) but pertains to the aquifer as defined below Eq. (27). With the coefficients A,
Bg, and A, known, Egs. (S1) and (S2) may now be solved for the unkowns a, 8, and ¢
utilizing the transformed boundary conditions of Eqs. (14)-(16). It is noted that the
subscript “D” is henceforth dropped for convenience, the derivation remains
dimensionless unless otherwise noted. Applying boundary condition (14) to Eq. (S1)

gives
ity — 20;)exp(—u;) + Blup + 20,)exp(v;) — 2y,Hyexp (“2) upC,,, =
2exp( )ugczm (S12)

Also, applying boundary condition (15) to Egs. (S1)-(S2) and solving for ¢ gives

¢ = a+f + 2v,yexp (“2) upky (H — Hy)Cy,. (S13)
Lastly, applying boundary condition (16) to Egs. (S1)-(S2) and solving for a gives

v,—0w, 2U193’2€Xp( )uBE1(H Hp)(w1- wZ)E

U2+9(1}2 U2+6(1)2 1’:71'

a=pf (S14)
Inserting Eq. (S14) into Eq. (S12) allows Eq. (S12) to be solved explicitly for S; i.e.,

B = uBexp( )(Uz + sz)Ezsz U19)’29xP( )UBE1E2(H Hg)(w; —

) (up — 20.)exp(—v,)Cx,, + y2Hgexp (“2) up (v + 00,)E,Cy . (S15)

Inserting Eq. (S15) into Eq. (S14) yields the explicit solution of



43

U1GJ/z€xp( )UBE1(H —Hp)(w1-w2) —

U2+9(4)2 1ln

Q@ = ugexp ( ) (v, — HwZ)EZEZin + [2 —

By (up — 20,) (v, — 0w;)exp(—v)] + yoHgexp (“2) up (v, — 00,)ECy,,  (S16)

therefore,

2v19yzexp( )uBE1(H Hp)(w1-w2)(1—p3) —
Clm +

a+f = ZUZuBexp( )EZsz +

U2+6(1}2

20,2 Hgexp (“2) ugE,Cy,, . (S17)

where u, = E,v,(ug — 2v,)exp(—v,) is in its dimensionless form. With a and S
known, Eq. (S1) is now fully determined in the Laplace domain. However, in practice

Eq. (S2) is the equation of interest. Therefore, inserting Eq. (S17) into Eq. (S13) gives

2“193’29xp( )UBE1(H —Hp)(w1—w2)(1-pz) —

U2+9(4)2 1in

¢ = ZUZUBQXP( )Ezczm + +

ZYZexP( )UB [v,E>,Hg + v1E (H — HB)]Clm ) (S18)
which in turn is inserted into Eq. (S2) to give the dimensionless transient solution in the
Laplace domain; i.e.,

2v10y,upE1 (H-Hp)(w1—w2)(1-uz) =
U2+9(l)2

ELDZ = [ZUZuBEzzzin + C + ZyZuB[UZHBEZ

Ul(H— HB)El]Elin]exp (uL;_;wzx+ 2) 2U1y2uBHE161 exp (ﬁx +U?B) (819)

This semi-analytical solution can be dimensionalized using Eq. (9) and
numerically inverted to obtain a concentration value in the time domain, however, this is
beyond the scope of this study. The steady-state analytical solution can be determined by

letting p — 0, applying the final value theorem, and assigning a constant influent
concentration so that EDiin (p) = Cpy, /psie.,

2910y, upEg1 (H—Hp)(wo1—wo2)(1—{io2) Clm_l_
Vo2+0wo2 14

limg), e Crpz = limy_o p {[ZUOZuBEOZ —n 4+
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uL_szZ

C1,
2y,uplvoaHpEoz + Vo1 (H — Hp)Ep4] %] exp (Tx + u?B) -

c1, _
2001y ugHEy, % exp (uLZ—Z;)le + %B)} , (S20)

where p in the denominator cancel out and

Vgi = 1/‘1,1,32/4- +/13i and Woi = w/uLZ/Ll' + 5/1Li , (821)

Eoi = 1/[(voiup + 20 wg;vo;)cosh(vy;) + (Bwoiup + ZUOiZ)Sinh(UOi)]a (S22)
H=211/(A1 — Ap) and Hg = Ag,/(Ap1 — Ap2), (523)

result from letting p = 0. Also, note that i = 1 or 2 in Egs. (S21)-(S23) and exp (1;—3)

Up—2wop;i

=5 x). Dimensionalizing Eq. (S20) gives the steady-state

was combined with exp(

analytical solution, see Eq. (32).

Species 3:

The governing equations of species 3 (SP3) can be inferred from Egs. (2) and (5)
when i = 3. After applying the dimensionless parameters in Eq. (9) and the Laplace
transform the governing equations become Egs. (11) and (13) for i = 3. For the purpose
of efficiency, it is beneficial at this point to include the branch ratio y =1 in the

governing Egs. (11) and (13), therefore:

d?c dc - -
dxilz)s — Upp di? — (Rp3p + App3)Crp3 = —Y3¥App2Chp2 (S24)
d?Crp3 dCLps3 = =

) dxp? Urp P (Ri3p + A1p3)Crp3 = —Y3¥A1p2Crpa. (S25)

The general solutions of Egs. (S24) and (S25) are:
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= ugp + 2v Upn — 2V R Unn + 2V
() () (22
2 2 5
D u B ZU A u + ZU e u — 2U
+ BB exp (%xl)) + CBexp (%xb> + DB exp( BD . D1 xD)

(S26)

CLD3 = {exp (uLD—zwme) + ALexp (uw—;wm ) + BLexp (uw—;wme) (S27)

where €, ¢ (iota), and { (zeta) are the new unknowns to solve for. For convenience the
subscript “D” is again dropped until the dimensionalizing procedure. As before, each
coefficient Ag, By, Cp, Dy, A;, and B, must satisfy its respective homogeneous solution,

hence:

~

Ap = =y vIga and By = —y,yIgf , (S28)
Cs = ¥y upexp (“2) (v — 6w)J yHpE Cy,, and

Dy = y3yy,upexp (-2) (vy + 0w1)] g HE Cy,, (S29)

~

Ay =—y.yl¢p and B, = 2v1y3yy2ugexp( )]HE Cq,, (S30)

where a«, [, and ¢ are Egs. (S15), (S16), and (S18) and

I'=22/[(Riz = Rpa)p + Az — Ap3] and J = A15/[(Ry1 — Riz)p + Ay — Az]. Note
that Iz and Jp are of equivalent form but pertain to the PRB. Applying boundary

condition (14) gives

e(up — 2v3)exp(—v3) + t(up + 2v3)exp(v3) + ysylpa(2v, — ug)exp(—v,) —

y3vIgB(ug + 2v;)exp(vy) + 2ysyyugexp (uf)]BHBEh = Zexp( )UBC3m (S31)

which is inconvenient due to the presence of large terms a and . However, Eq. (S31)

can be simplified further by letting a« = n + ¥ such that

_ 2U1QJ/ZQXP(uTB)uBE1(H—HB)(O)1—0)2) —

Ciy - (832)

Uy +9(1)2
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Up _
n= uBexP( )(Uz sz)Ezczm

vleyzexp( 2 )UBE1E2(H Hp)(w, — wy)(up — 2v,) (v, — Bwy)exp(—vy) _

1.
Uy + Qw, m

}’zHBexP( )uB(UZ Ha)z)Ezflm, (S33)

B = uBexP( )(Uz + ng)EZCZ

_vi8y,exp (*F) upEi Ex(H — Hp) (w3 - @) (tp = 20) (v + w)exp(~vz)
Uy + Ow, Lin

YZHBexP( )uB(UZ + 6’(*)z)Ezcl (S34)

Notice that Egs. (S33) and (S34) are equivalent, with the exception of the numerator
terms (v, — Ow,) and (v, + Bw,). These numerator terms can be factored out along
with  E,, hence 1= @,;—0w,)E;r and L= (,+0wy)E,T  where
v19yzexp( )UBE1(H Hp) (w1 — wz)(up — 2vz)exp(—vy) _

v, + 0w, Lin

T = uBexp (u_B) Ezln
+ y,Hgexp ( )uBClm (S35)

therefore Eq. (S31) becomes

e(ug — 2v3)exp(—v3) + t(ug + 2v3)exp(v3) — 2y3yIzT +

y3¥Ig(2v, — ug)exp(—v )Y + 2)’3)’)’2“333529( )]BHBC1 = Zexp( )UBC3m

(S36)
Note that expanding T and 1 allows for two large terms to cancel, such that
e(ug — 2v3)exp(—v3) + t(ug + 2vz)exp(v3) — 2y3yuBexp( )IBsz +
2y3yyaupexp () Hg(Jg — I5)Cx,, = 2exp (“2) ugCs,, . (S37)

replaces Eq. (S36). The procedure outlined from Eqgs. (S32)-(S37) applies to all
subsequent daughter species but for brevity is omitted below. Applying boundary

condition (15) gives
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e+ 1—ysylg(a+ B) + 2v,y3vJpy, Hpugexp (%B) E1E1in ={—ysylp +

20, 5Y)y, Hugexp (“2) E;Cy,, (S38)

where ¢ is Eq. (S13). Inserting Eq. (S13) into Eq. (S38) and solving for { yields

{=¢e+1+y;y(I—Ip)(a+B)+ 2v1y3yy,ugexp (u?B) Ey[JgHp —JH + I(H —

Hp)]C

1in®

(S39)
Lastly, applying boundary condition (16) gives

(V3 + 0wsz) + (Owz —v3) + y3¥Igua (B — @) = y3y8[w,l — w3(I — Ig)](a + B) +
20,5y yzupexp () 0E;Cy, [woI (H — Hyp) — 0y (JH — JpHp) — w5(JgHg — JH +

IH — IHy)], (S40)

where (f — a) is also inconvenient since it was not previously defined. This time using

a =1+ where ) = (v, — Ow,)T and B = (v, + Ow,)T where

Uﬂ)’zexp(uTB)uBEﬁz (H-Hp)(w1—w3)(up—2v;)exp(~vz) —

'U2+9(1)2 1’:71

y.Hpexp (%B) UBE2E1W (541)

T = ugexp (u?B) Ezfzm - +

and inserting 0 = y3yIlg0w,Y — y3v 150w,y in the left-hand-side of Eq. (S40) allows
Y3Y1pU2(B — a)+y3yIpbwa) — y3ylgbwah = ysylgOw,[2v,1] + ysylgbw,ih —
y3¥lp(vz + 0wz)Y = y3y¥Ig0wz(a+ B) — y3ylp(vz + 0w2)Y

which replaces the third term in Eq. (S40) and is more convenient to work with.

Therefore, Eq. (S40) becomes

v3—bws | y3y¥8U-Ip)(wz—w3) y3¥Ip(V2+6w,)
'U3+9(1)3 + U3+6(1)3 (a + ﬁ) + U3+6(1)3 lp +

2v1ysyy2exp(“E JupbE: Elin[(wl — w3)(JpHp — JH) + (w; — w3)(IH — [Hp)].  (842)

U3+9(l)3

Inserting Eq. (S42) into Eq. (S37) allows Eq. (S37) to be solved explicitly for ¢; i.e.,
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L= uBexP( )(U3 + 90)3)E3C3m - l}’3)’9(1 — Ig)(wy — w3)(up — 2v3)Esexp(—v;3)(a +
B) — ‘3’3]/13(”2 + 0w,)(up — 2v3)Ezexp(—v3)y — vlygyyzexp( )u39E151 [(w; —
3)(JsHg = JH) + (05 — w3)I(H — Hp)](ug — 203) Esexp(—vs) + ysylexp (22) up (v; +
90)3)E3C2m - }’3)’3’23352?( )U-BHBE3UB Ig)(vs + 9“3)E1L-n . (543)
Inserting Eq. (S43) into Eq. (S42) yields the explicit solution of ¢; i.e.,

1y3y8(I-Ip)(wz-w3)
2 v3+0ws [2 E3

£ = uBexp( )(v3 9w3)E3E3in += (ug — 2v3)(v3 —

Bwy)exp(—v)l(a + B) +3LVELLO) 15 (1 — 205) (v — Bws)exp(—va)l +

v3+0ws

U1J/3YJ’2€xP( )UB‘951
v3+0ws

C1pp (@1 — w3)(JpHp = JH) + (w2 — w3)I(H — Hp)][2 — E3(up —
2v3)(v3 — Bwsz)exp(—v3)] + y3yIBexp( )uBE3(v3 9w3)Ezm —

ysvyzexp (2)usHyEs (Jp — Is)(ws — 6w3)Cy,, (S44)
therefore,

E3C +y3y0(1 Ig)(wy—w3)(1-u3) (a+,8)+y3)’13(”2+9w2)(1 #3)1/}

v3+0ws v3+0ws

E+1= 2v3uBexp( )

2v13/3yyzexp( )uBBEl(l H3) =
v3+0ws

2”3)’3)/1399529( )UBE3C2m 2“33’3]’3’2995?( )uBHBE3(]B IB)E1m (545)
where s = Ejvs(ug — 2v3)exp(—vsg) is in its dimensionless form. Inserting Eq. (S45)

into Eq. (S39) yields {; i.e.,

Clm[(w1 w3)(JpHg —JH) + (w; — w3)I(H — Hp)] +

-1
(= 2v3uBexp( )E3C + % [us + 0w, — 0(w, — wy)us](a+ B) +

y3yIB(v2+9w2)(1—u3)l/)+2U1Y3VYZuBexP( )519(1 Hs)
U3+9(1}3 U3+9(1)3

(w; — w3)I(H — Hp)] + ZU3Y3YIBuBexP( )E3CZ

C1,,[(wy — w3)(JgHp — JH) +

2ysyysupexp (22) Cu,, [v:Ey(JpHp — JH + IH = IHg) — v3EsH(Jg — I)] . (S46)

The steady-state analytical solution C;3 (see Eq. (33)) can be determined by
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letting EDiin (p) — Cp;,,/p and p — 0 for all applicable terms, applying the final value

theorem, combining the two types of exponential terms, dimensionalizing Eq. (S46) and

Eq. (§27), and inserting Eq. (S46) into Eq. (S27).

Species 4:

The governing equations of species 4 (SP4) in the Laplace domain are

d?c dc - -
dlezn — Upp dﬁ? — (Rpap + Apa)Cpps = —Yalpp3Cap3 , (547)
d?c dc - -

) dx;g4 —Urp ﬁ — (Rpap + A1pa)Crps = —Yald1p3Cyrps3. (S48)

The general solutions of Eqs. (S47) and (S48) are:

Upp + 2Upy

— Ugp — 2V
Cgps = KEXp (TxD> + &exp (u

R ugp + 2v
xD) + Agexp (%3@)

~ Ugp — 2V ~ Ugp + 2v - Ugp — 2V
+ Byexp (gx[)) + Cpexp (yx[,) + Dy exp (uxD)

2
. Upp + 2V N Upp — 2V
+ Bpexp <¥xl,) + Py exp (%x[)) (S49)
—= Up — 2Wpy A Up — 2wp3 ~ Up — 2wp;
Cipa = cexp (T"D) +Aexp (Txn) +Brexp (T"D)
. Urp — 20
+ Crexp (%x[,) (S50)

where k (kappa), & (xi), and ¢ (rho variant) are the new unknowns to solve for. As before,

A A A~ A -~

the subscript “D” is dropped and each coefficient A, B, C, D, E, and F must satisfy its

respective homogeneous solution, therefore:
Ap =—y,Kpe and Bp=-y,Kp (S51)
Cp = y4Y3VIBLBa and Dp = y4Y3VIBLB:8 (S52)

EB = —y4y3yy2HB]BMBuBexp (HTB) (U1 — Ha)l)Elflm and
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Py = =y,y3vy,Hpl sMpugexp (L) (o, + 6w)ECy, (853)

= —y,K¢ (S54)
B, =y,y;yIL (S55)
o —2v1y,y,vy,H]/Mugexp ( )E161 (S56)

where a, 8, €, and ¢ are Egs. (S16), (S15), (S44), and (S43), respectively; and ¢ and ¢
are Egs. (S18) and (S46), respectively. In addition, K = A;3/[(Ry3 — Rp4)p + Az — Aral,
L=213/[(Ri2 — Rpa)p + A1z — Ara),and M = A5 /[(Rp1 — Rpa)p + A1 — Aral, while Kp,
Lg, and My pertain to the PRB. Applying boundary condition (14) to Eq. (S49) gives

K(ug — 2vy)exp(—v,) + E(ug + 2v,)exp(v,) — 2y, Kgugexp ( ) Cs, +
23’4)’3)/13“39?5?9( )(LB KB)sz + 2)’4)’3)/}’21'13“3335}9( )C1m [Ig(Lg — Kp) +
Js(Kg — Mp)] = 2exp (“2) uzCy,, - (857)
Note that Eq. (S57) is the result of repeating the procedure outlined from Eq. (S32) to

(S37) twice. In this process eight large terms cancel out but a new term (similar in

purpose to Y from SP3) is introduced; i.e.,

y3y(I—1g)0(w,y—w3) y3vIig(Ua+0wy) 2U1J/3V3/zuBexP( )51
v3+0ws ( +’8) + v3+0ws 1’0 + v3+0ws Clm[(wl

w3)(JgHp — JH) + (w; — w3)I(H — Hp)]. (S58)

o =

Applying boundary condition (15) and solving for o gives
@ =K +&+y,(K—Kp)(e+ 1)+ yaysyllp(Llp — K) = I(L = K)](a + B) +

201y2y5vY2upexp (“2) Byl JsHs (K — Mg) = JH(K — M) + I(H — Hg)(K — L)]C,
(359)



51

Lastly, applying the boundary condition (16) and repeating the procedure outlined from
Egs. (S40) to (S42) twice gives

K=& Va—Ow, +3’49(K_KB)(U)3_(U4-) (e+0) +

U4+9(A)4 U4+9(l)4

Y4Kp(w3+6ws) Y4y3Y6
o W, —wya)(Lglg —
U4+9(l)4 + U4+9(A)4 [( 2 4)( B'B

L) — K (w3 — wg)(Iy — D](a + p) — L2rkplo@etfos),, o

U4+9(A)4

2 2B)ugbE, ,.—
U13’4J/3V3/zexp( 2 )uB 1 chin , (860)

U4+9(l)4
where () is
Q= (w1 — w))(JHM — JgHpMp) + LI(w; — wy)(Hp — H) + K (w3 — w,)(Hp(Jp — 1) —
H(J-1D), (S61)
and Q is defined below. Inserting Eqs. (S60) into (S57) allows Eq. (S57) to be solved
explicitly for &; i.e.,

§= uBexP( ) (v + 9(‘)4)E4C4m - %)’49(1( — Kp) (w3 — wy)(upg — 2v4)Egexp(—v,) (e +
D — 53’41{3(1’3 + 0w3)(up — 2v4)Esexp(—vy)o — %)’4}’3]/5'49(“3 = 2vg)exp(—vy)[(w, —
wy)(Lglg — LI) — K(w3 — wy)(Ig — D](a + B) + %}’43’3VLBIB(U2 + 0wy)(up —

2v,)Eexp(—vg )y — U13’4}’3V3’23x19( )uBE1E49(uB — 2vy)exp(— U4)QC1 +

}’4KBexP( )UB (vy + 90)4)E4C3m - }’43’3]/3952?( )uBIBE4(LB Kp)(vy + 90)4)Ezin -
3’4)’3V)’29xp( )uBHBE4(U4 + 0wy )[Iglg + Kg(Jp — Ig) — MB]B]Clm . (562)

Inserting Eq. (S62) into Eq. (S60) yields the explicit solution of k

k= uBexP( )(U4 90)4)E4E4L-n - l)’4‘9(K — Kp)(w3 — w4)(up — 2v4) Esexp(—v,) (e +

(Wa—bBwy) 1 1
)(5;9:) - 53’41{3(1’3 + 0w3)(up — 2vy)Eqexp(— U4)0(U 00 ) - —y4y3yE49(uB

20)exp(—va)[(wp = 03) (L ls = L1) = K (w3 — w,) U = Dl (@ + ) 25228 +

(v4—Owy)

1
> Yay3YLplp(vy + 0wy) (up — 2v4)E4exp(—v4)¢m -
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(va—Bwy)

U1YaY3VY2€Xp ( )uBE1E49(uB — 2vy)exp(— v4)QC1m (0, +0,) + 3’4KBexP( )UB(U4

90)4)E4C3m - }’43’3]/3952?( )uBIBE4(LB Kp)(vg — 90)4)Ezin -

3’4)’3V)’29xp( )uBHBE4(U4 Owy)Iglp + Kg(Jp — Ig) — MB]B]E1m +

V40 (K=Kp)(w3—w,)
U4+9(1)4

J’4KB(U3+90)3)0_ + Y4y3Y0 [(wz _ w4)(LBIB _ LI) _ K(a)3 _

(s + L) + U4+9(l)4 U4+9(l)4

2 "B upbE; . —
(1)4)(13 o 1)](0( n ,3) _ Yay3YLplp(V2+0wy) 77[) n U1J/4J/3YJ/2€XP( 2 )uB 1 chin . (863)

Vy+0wy

Vy+0wy

Therefore,
K+¢=

2U4uBexp ( ) E4‘C4Ln + y4KB(U3+9(U3)(1_H4)

U4+9(l)4

Y40(K-Kp)(w3—w4)(1—py)
U4+9(A)4

(e+0)+

o+

Yay3v0(1—ps) [(wy — wy)(Lglg — LI) — K(w3 — w,)(Ig — D](a + B) +

V4+0wy

y4y3yLBIB(vz+9wz)(u4—1)l/) +2v1y4y3yyzexp( )uBE19(1 Ha)

U4_+9(1)4_ 1"n

+

U4_+9(1)4_

2v,y,exp ( )uBKBE4C3m + 2u4y,y3yexp ( )uBIBE4-(KB LB)EZin -
2v4y4y3)/yzexp( )uBHBE4-[IBLB + Kg(Jp — Ig) — MB]B]Clm 5 (S564)
where p, = E,u,(ug — 2v,)exp(—v,) is in its dimensionless form. Inserting Eq. (S64)
into Eq. (S59) yields g; i.e.,

Ya(K— KB)

0= 2v4uBexp( )E4C4m + [v4 +0w; — (w3 — wy)ua](e+ 1) +

Kg(wz+0ws3)(1— . Lglg(v,+0w -1
v4Kp(v3 3)(1—pq) 4 YaVs¥ Q(a +B) 4 Ya¥sYLp (V2 2) (U )1,0 n
Uy +0wy v +bw Va+Owy

201y4y3yy2exp(“EJupE16(1-ps)

U4_+9(1)4_

2V,y,y3Y€XP ( )uBIBE4(KB LB)sz + 2Y,Y3VY26Xp ( )UBQC1 (565)

QCli +2v4y4KBexp( )uBE4C3 +

where

Q= (Lglg — LI)(vy + 8w, — 8(wy — wy)uy) + K(Ug — 1) (0(w3 — wy)ps — V4 —
Ows), (566)
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QO =vE (JgHg(K — Mg) + JH(M — K) + I(H — Hg)(K — L)) + v E,Hg(I5(Kp —
Lg) +Jz(Mg — K3)), (S67)

are in their dimensionless form and () is defined by Eq. (S61). The steady-state
analytical solution of C;, (see Egs. (35)-(39)) can be determined by letting EDim (p) »
Cpi,,/p and p — 0, applying the final value theorem, combining the two types of

exponential terms, dimensionalizing Eqgs. (S65) and (S50), and inserting Eq. (S65) into
Eq. (S50).

Parallel Degradation Pathway

This section provides the derivational details of SP3i, SP5, SP4, and SP6 if the

degradation scenario of Figure 5 is assumed.

Species 3i and 5:

The governing equations of the parallel daughter products SP31, SP32, SP33,
and SP5 are Egs. (45) through (48). Applying the dimensionless parameters in Eq. (9)

and the Laplace transform gives the following general solutions:

- _ Uupp+2VUps;j UBp—2VUp3j N upp+2vp;
Cpp3i = €3;€Xp (—2 Xp ) ti€Xp(——— Xp + Apsiexp — - Xp)t

ugp+2vpq

xD) + ﬁBgi exp (uBszDlxD) (S68)

Bps; exp (IIB%ZUDZXD) + Cpsiexp ( >

- _ ULp—2Wp3{ 2 ULp—2Wp3 ) ULp—2Wp1
Crp3i = (3i€xp (—26 xD) + Apziexp (—26 xD) + By 3exp (—26 xD)

(S69)

ugp+2vps

Caps = esexp (T xD) T isexp (uB%ZUDS xD) + Apsexp (uBDJ;ZUD_Z XD) +

A upp—2Vp> A upp+2vp; A upp—2VUp1
Bps exp (TxD) + Cgsexp (Txl’) + Dps exp (Txl’)

(S70)
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- _ ULp—2Wps 2 ULp—2Wp2 5 ULp—2wWp1
Crps = {sexp (—25 xD) + Apsexp (—26 xD) + B sexp (—25 xD)

(S71)

where i is a counter from 1 to 3, vps;(p) = Vugp?/4 + Rgaip + Agpsi, wp3i(p) =

Jup?/4 + 8(Ry3ip + Ap3i) . Note that &35, t3;, {5; and &s, tg, (5 are the new
unknowns to solve for and that each governing equation is solved separately. Dropping

the subscript “D” and solving for coefficients 4, B, C, and D gives:

Apsi = =Yy V3 lpsi@ and Bps; = —y,.¥a.0p3if (572)
Cr3i = V3,V 3.y, Upexp (u73) (1 — 0w1)] y3;HpE1Cy,, and

Dp3i = ¥3,¥3,Y,ugexp (HTB) (1 + 0w1)] gy, HpE1Cy,,, (S73)
Az = —y3,¥3,05:9 and Bis; = 2v1y,,y5,y,Uupexp (“f)lgiHElflm , (S74)

where I3; = A5 /[(Ryz — Rpsidp + Ao — Azl J3i = A2/ [(Rpr — Risdp + Ay — Az,
and Ig3; and Jp3; are of equivalent form but pertain to the PRB. (The same analyses
apply to Is, Js, Igs, /g5, Us, and ws). The procedure to solve for C;3; and C;5 is exactly
as that of (3 described above. It should be noted that C3;, and Cs,  can be set to zero
such that SP3i and SP5 are effectively treated as byproducts of weathered TCE,
however, this is not required and differing input concentrations may be used. Lastly, to
appropriately account for mass ensure that y;; + ¥3, +¥33 +ys = 1 if all parallel

species are considered.

Species 4:

As seen in Egs. (51) and (52) the governing equations of SP4 in a parallel
degradation network need to account for mass contributed by all SP3i, hence Egs. (51)

and (52) carry the solutions of the parallel daughter products SP31, SP32, and SP33. As
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such the general solutions are

Chpa = Kexp (qu) +Sexp (uBD—ZUM ) +exp (u%xn) Yi-1 ApaiexpUpsixp) +

Bpy; exp(—vpzixp) + Cpaiexp(vpyxp) + Dpa; exp(—vpyxp) + Epgiexp(upixp) +

Fgai exp(=vp1xp), (S75)
CLpa = 0exp (M%;wmxu) + exp (%xo) Y1 ALsiexp ( - xD) + BL4Lexp( ) +
+Craiexp (“22xp), (S76)

It can be seen that the procedure to derive the analytical solution of Egs. (S75) and (S76)
is likely to be very long and tedious. Fortunately, governing equations with the right-
hand-side consisting only of y,145p31Crps1 and ya1A;p31Crp31 Were solved above with
general solutions (S49) and (S59), and with Eq. (35) as the steady-state analytical
solution. After comparing Egs. (S49) and (S50) with Egs. (S75) and (S76) it becomes
apparent that the procedure to arrive at Eq. (35) can be repeated at every algebraic step
two additional times. This procedure allows one to quickly deduce the form of the
solution to SP4, without performing the long derivation. Therefore, as before the
subscript “D” is dropped and it can be inferred that each coefficient A,;, By;, Cai, Dai, Eai,

and F,; must satisfy its respective homogeneous solution, such that

Apsi = =y, Kpsiesi and Bpsy; = —y, Kpsits; , (877)
Coai = ¥4, Y3;Y3ilB3ilpsia and Dps; = y,,V5. V3 p3iLlgsiB (S78)

Epy = 3’4[}’3[}’31}’21'1313311‘4331113exp( )(U1 0w,)ECy, ,

and Fpai = —=Y,,Y3V 3V, Hp giMpsiugexp () vy + 0w,)E1 Cy,, (S79)
AL4i = _yMKSi(gi > (880)
BLAI-i = y4iy3iy3i13il’3i¢7 (881)

Crai = =201Y,4,Y3,Y 3.7, Hl 5 Maupexp () E1Cy,, (S82)
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where  Kz; = A13i/[(Rpzi — Rua)p + Asi — Aral, Lai = Apsi/[(Riz — Rpadp + Az — Apal,
Ms; = A;3i/[(Rp1 — Rpa)p + A1 — 4], and Kpgs;, Lps;, and Mps; pertain to the PRB.
From here on the boundary conditions (14), (15), and (16) are applied to Egs. (S75) and
(S76) in the same manner as they were for the serial degradation pathway. Therefore,
the difference in working with a daughter product resulting from a convergent multi-
parent reaction is that the boundary conditions are also applied to the two additional
terms in the right-hand-side of Eqs. (51) and (52). This results in a significantly longer

solution of SP4. Based on these analyses, the dimensional steady-state form of g is:

Y4i(K3i—KpB3i) [
U4+96(1}4

0 = 2v4ugEyCy,, + ZL$=1 Uy + 06ws; — 06 (w3; — wy)ig](€3; + 13;) +

V4iKp3i(V3i+08w3;)(1—py) Y4iY3i¥3ib » Y4i¥3i¥3ilp3ilp3i(V2+08w2)(Ua—1)
U4+96(4)4 3t + U4+96(4)4 31( + ﬁ) + U4+96(4)4 lp +

2V1Y4iY3i¥3iV2uBE106(1—i4)
U4+66(1)4_

Q31'61m + 204Y4iKp3iupEsCsy;, +
204Y4;Y3iV3iUplp3iEa(Kpsi — LBBi)CZL-n + 2)’4i3’3iV3iY2uBﬁ3iC1in ) (S83)
in which exp (H?B) has been factored out of all applicable terms of Eq. (S83) and
combined with the exponential in Eq. (S89). From Eq. (S83) the following are defined:

€3 tl3; =

¥3i¥3i0U3i—1p3))6(wz—w3;) (1—pu3;) V3i¥3ilp3i(2+08wz) (1—psi)
2vuz;upEs;Cyy + vert 850, (a+pB)+ vertB0ms, Y+

200YsVsiYa b OB0QMSD ¢ [ (y; — wsy) (JpaiHp — JaiH) + (w3 — w3)l5i(H — Hg)] +

v3i+95(u3i

203iY3;V3ilp3iupEziCy,, — 203;Y3iV3:Y2upHpEsi(Jp3i — IB3i)C1ina (S84)

03; =

V3i¥3i(l3i—1p3:)06 (w2 —w3;) Y3i¥3ilB3i(v2+08w3) 2V1Y3V3iY2upE106
a Ci. [(wg —
v3i+08w3; (a+ '8) + U3i+08w3; L v3i+08w3; 1”1[( 1

w3;)(Jp3iHp — J3iH) + (wp — w3;)15;(H — Hp)], (S85)

Q3i = (Lpsilpsi — L3il3;) (%4 + 0w, — 6(w, — CU4)H4) + K3;(Upzi — I3i) (9(0)31' -

Wyl — = = 9(‘)31') : (S86)
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Q3; = (w1 — wy) (J3;HM3; — Jp3iHpMp3;) + L3ilzi(w, — wy)(Hp — H) +
Ksi(w3; — 0) (Hp(Jp3i — I3) — H(J3; = I31)) (S87)

Oy = v1Ey (Joy;Ha (Ksi — Mpsi) + JsH (Mag — Kap) + I (H — Hg) (Ka; — L)) ) +

v4E Hp (IB3i(KB3i — Lp3;) + Jp3i(Mp3; — KBBL’)) ) (S88)

where vs;, w3, Isi, Igsi, J3i, and Jg3; were defined above in SP3i but in Egs. (S83)-(S88) they
are in their steady-state dimensional form. With o completely defined the steady-state analytical

solution of C;, (in dimensional form) can now be determined; i.e.,

Uup—2Djw,

CLs = 0exp (Tx +

ugB

u ugB
ZDB) — [¥7-1 VaiK3:3iexp(—w3ix) ]exp (ﬁx + L) +

2Dp

-2D B
A= 1 VaiyaiVailsiLai] (HLT%szx + %) -

M y 4 207 (S89)
2D, 2Dg/”’

2v1y,ugHE  Cy,, [213=1 Yai¥3iV3i J3iMsilexp (
where g is Eq. (S83), ¢ is the dimensional steady-state version of (S18), and {3; is

V3i¥3i(I3; — Ip3;i)
Ug; + 950)31'

(3 = 2vu3;upks; Gy, + [vs; + 06w, — 06 (w, — w3z l(a + B) +

¥3i¥3ilB3i(V2+08w3)(1—p3;) 2V1Y3i¥3iY2uBE106(1—s3;) C
(w1 — w3 Hg — J3;H
Y. Y+ Vo t08wy; 1l (@1 — @3;) (JpsiHp — J3iH) +

(wy — w3))I5;(H — Hg)] + 203;Y3iV3ilp3iupE3iCayp) + 2Y3iY3iY2usChy, [U1E1(]B3iHB -

JaiH + I3;(H — Hp)) — v3;E3;Hg(J3; — Ip3i)] » (S90)

where pu3; = E3jv3;(ug — 2Dgvug;)exp(—Buvs;), and ¥ and a + f are all in their

respective steady-state dimensional forms.

Species 6:

The governing equations of SP6 are Eqgs. (53) and (54). Applying the
dimensionless parameters in Eq. (9) and the Laplace transform gives the following

general solutions:
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ugp+2vpg

Cppe = Ke€Xp (TxD) + Egexp (“B%Z“Dﬁxl)) + Agexp (uBDJ;ZUDS xD) 4

By exp (—uBD_ZZUDS xD) + Czexp (—uBDJ;ZUDZ xD) + Dy exp (—uBD_ZZUDZ xD) +

Egexp (%vaxl)) + Fyexp (uB%vaxD) (S91)
= Upp — 2wpg A Upp — 2wps 5 Upp — 2wp;
Cune = eaenp (<5520 ) + Ayexp (27520, ) + Brexp (27520
A Up — 2w
+ Crexp (%xl,) (S92)

The subscript “D” is dropped and each coefficient A, B, C, D, E, and F must satisfy its

respective homogeneous solution, therefore:
Ap =~y Kpses and Bp = —y Kgsis, (593)
éB = y6y5V5135L5’50( and D\B = y6y5)/5IBSLBS:85 (594)

E'B = _y6YSV5y2HB]BSMBSuBexp (uz_B) (Ul - gwl)Elflin ’

and Fp = —YysVsy,Hpl psMpsupexp (L) vy + 6w)E1Cy,, . (S95)
A, = -y K5, (S96)
B, =yysVslsLs¢ , (597)
C, = =201y, Y:V:Y,H] - Msugexp (%B) E.Cy, , (S98)

where Ks = A;5/[(Rys — Rie)P + A1s — Al » Ls = Aps/[(Riz — Rie)p + Az — A6l
Ms = A;5/[(R1 — Rig)p + A1 — Agl, and Kgs, Lgs, and Mps pertain to the PRB.
Also, Is = A5/[(Rz = Ris)p + Az — Aisls Js = A2/ [(Rps — Rus)p + Ay — A5l
where Igs and Jps pertain to the PRB. From here on the derivation procedure is
equivalent to SP4 of the serial degradation scenario. Applying boundary condition (14)
to Eq. (S91) gives
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K6 (s — 20)exp(—v) + £ (s + 205)exp(vg) — 2yeKpsuexp () Cs,, +
2)’6)’51’5135“399529( ) (Lps — KBS)Ezm + 2}’6}’51’5)’21'13“399529( ) 1in [Ips(Lps —
Kps) + Jps(Kis — Mps)] = 2exp (“2) u5Cs;, . (899)
Applying boundary condition (15) and solving for g4 gives

06 = K¢ &6 + ¥6(Ks — Kps) (€5 + t5) + Y6Vs¥sllps(Lps — Ks) — Is(Ls — Ks)](a +
B) + 201ysys¥syzugexp (“Z) Ey[ JasHp (Ks — Mys) — JsH (Ks — Ms) + I5(H —

Hp) (K5 — L5)]C1in. (S100)
Lastly, applying the boundary condition (16) and repeating the procedure outlined from
Egs. (S40) to (S42) twice gives

Vg—bws | ¥60(Ks—Kps)(ws—we)
U6+9(A)6 U6+9(A)6

_ YeKps(Us+0ws) Y6Y5Vs6
Ke = $6 (&5 +t5) +—vs+9ws 5t D etbwy [(w,

Lpel )
we)(Lpslgs — Lsls) — Ks(ws — wg) (Igs — )] (a + B) — LeXe¥5-ES (W 0w, Y+

U6+9(A)6

2 B 0E, .. —
U1Y63’5V53’23xp( 2 )uB 1 95C1m , (S101)

U6+9(1)6

After solving for kg, &g, and g the (dimensional) steady-state analytical solution C;4 can

be determined; i.e.,

Cre =

¥6(Ks—Kps) [

T Vg + 06ws — 06 (ws — we) el (es + t5) +

{2v6uBE6C6m +

Y6Kps(Us+05ws)(1—e) YeYs5Vs6 Y6YsYsLlpslps (V2 +08wy)(pe—1)
Ve +08wg 5+ Ve +08w Q s(@+p)+ Ve +08wg ¥+

2V1Y6Ys5V5Y2UpE106(1—ue)
Vgt+08wg

u,-2D upB u,-2D upB
23’6}’5V53’2u39561in}3x19 (—L ZDLL $x + %) — YeKs{sexp (—L DLL *X + ﬁ) +

Q5C1 + 206Y6KpsupEeCs,, + 206Y6YsYsuplpsEe(Kps — Lps)Cy,, +

2D 2D B
YeYs¥sLslspexp (LTL“”ZX+Z§) 201V Y5¥sYauaHJsMsEy Cy,, exp (Mot S ;%B)

(S102)
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Where He = E6U6(u3 - ZDBUG)exp(_BUG) and Where &g + ls, Os, Qs, ﬁs, ﬁs, and (5 are
Eqgs. (S84), (S85), (S86), (S87), (S88), and (S90) in which subscript “5” replaces all “3i”

subscripts and subscript “6” replaces all “4” subscripts where applicable.
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APPENDIX B

Two additional sets of figures comparing the analytical solutions with VMOD are
presented below. In addition, the tables below present the transport parameters used to
generate the figures. Note that other parameters such as discharge, gradient,
conductivity, porosity, groundwater seepage velocity, and stoichiometric yields did not

change from that of Table 1 and are not included in Tables B-1 and B-2.

Table B-1

Breqg (M) 1
ag (m) 0.1
a. (m) 2
Ag1 (day™) 1.5
AL (day™) 0.15
Agz (day™) 1.8
ALz (day™) 0.2
Ags (day™) 0.5
Az (day™) 0.03
Ass(day™) 1
ALs(day™) 0.05
Cyin (mg L") 10
Coin (mg L") 5
Csin (mg L) 8
Cain (mg L") 2
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Figure B-1A: Comparison of the analytical solutions & VMOD:
PCE & TCE
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Figure B-1B: Comparison of the analytical solutions & VMOD:

DCE & VC
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Table B-2
Breq (M) 1.5
ag (m) 0.15
a. (m) 2
Ags (day™) 1.3
A1 (day™) 0.25
Az (day™) 0.9
Az (day™) 0.09
Asz (day™) 1.1
Az (day™) 0.15
Ass (day™) 0.6
ALs(day™) 0.03
Cyin (mg L") 8
Cain (mg L) 6
Csin (mg L") 2
Cuin (mg L") 3
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Figure B-2A: Comparison of the analytical solutions & VMOD:
PCE & TCE
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Figure B-2B: Comparison of the analytical solutions & VMOD:
DCE & VC
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