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ABSTRACT

Dimensions of Bivariate Spline Spaces and Algebraic Geometry. (December 2009)
Youngdeug Ko, B.S., Hanyang University, Korea;
M.S., Texas A&M University

Chair of Advisory Committee: Dr. Peter Stiller

Splines are piecewise polynomial functions of a given order of smoothness 7.
Given complex A the set of splines of degree less than or equal to d forms a vector
space and is denoted by S;(A). For a simplicial complex A, Strang conjectured a
lower bound on the dimension of spline space S;(A) and it is known that the equality
holds for sufficiently large d. It is called the dimension formula.

In this dissertation, we approach the study of splines from the viewpoint of
algebraic geometry. This dissertation follows the works of Lau and Stiller. They
introduced the conformality conditions which lead to the machinery of sheaves and
cohomology which provided a powerful type of generalization of linear algebra.

First, we try to analyze effects in the dimensions of spline spaces when we re-
move or add certain faces in the given complex. We define the cofactor spaces and
cofactor maps from the given complexes and use them to interpret the changes in the
dimensions of spline spaces.

Second, given polyhedral complex A, we break it into two smaller complexes A!
and A% which are usually easier to handle. We will find conditions for A! and A?
which guarantee that the dimension formula holds for the original complex A.

Next, we use the previous splitting method on certain types of triangulations. We
explain how to break the given triangulation and show what kind of simple complexes
we end up with.

Finally, we study the “2r+1” conjecture on a certain triangulation. The “2r41"



v

conjecture is that the dimension formula holds on any triangulation for d > 2r + 1.
We know that the conjecture is sharp because the dimension formula fails on a certain
triangulation for d = 2r, but we do not know if it holds on the same triangulation

when d = 2r + 1. It is related to a Toeplitz matrix.
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CHAPTER I

INTRODUCTION
For a complex A whose support is a simply connected polygonal domain € in R",
splines are piecewise polynomial functions of a given order of smoothness r. The set
of splines of degree less than or equal to d forms a vector space and is denoted by
SH(A):
SHA):={seC"(Q): 5|, € Py, 0 € A},

where P, is the space of n-variable polynomials of degree at most d and ¢ is an
n-dimensional face.

Splines have many applications. For example, they have been used for solving
differential equations, in computer graphics, and to fit scattered data.

The main purpose of this dissertation is to explore the dimensions of certain
bivariate spline spaces.

We denote by A;, A? and A? respectively, the set of i-dimensional faces, i-
dimensional interior faces and i-dimensional boundary faces in A. Also, let f;(A), f2(A)
and f?(A) denote the cardinalities of the preceeding sets. We will omit A in these
notations if there is no ambiguity.

For a simplicial complex A, Strang made in [11] and [12] a conjecture for a lower

bound on dim Sj(A):

N O DAL I COR % R

f(()) d—r
where § = ZZ(r—l—j +1—jei)s, (m)y = max(m,0), and e; is the number of

i=1 j=1

This dissertation follows the style of Advances in Computational Mathematics.



distinct slopes at an interior vertex v;. We will denote the right-hand side in (1.1) by
(A).

Since this conjecture was made, the dimension of S7(A) has been studied for a
long time and Schumaker proved Strang’s conjecture in 1979 [10]. Later, Alfeld and
Schumaker proved the equality holds for d > 4r 4+ 1 [1].

This was extended to d > 3r + 2 [5]. To date, it is known that the formula still
holds for d > 3r + 1 for a generic triangulation [2].

In [9] it was conjectured that the formula actually holds for d > 2r+1 and in [13]
Tohaneanu showed that the “2r + 1”7 conjecture is tight, i.e., there is a triangulation
A such that S5,.(A) > 05, (A). We call this the “2r 4+ 17 conjecture. In [15] Whiteley

showed that dim Si(A) = (b}(A) for a generic triangulation A.

A. Definitions

For a more general case, we introduce the polyhedral complexes. [3]

Definition I.1. A finite family of polytopes, A is called a polyhedral complex if every
face of a polytope in A is a polytope in A and the intersection of any 2 elements of

A is a face of each of them.

A triangulation (simplicial complex) is a special case of a polyhedral complex

where all the polytopes in A are simplexes.

Definition I.2. For any face 7 in A, Star(7) is the complex of the collection of all

the members of A containing 7.

Note that for A C R? if v is an interior vertex then Star(v) has only one interior
vertex v. In particular, if A has at most one interior vertex, then it is known that
in [7]

dim SH(A) = Ib,(A) ford>r.



Because we are concerned with bivariate spline spaces in this dissertation, we
will assume our polyhedral complex is planar.

From now on, we place a few restrictions on the polyhedral complex A.

First, we assume it is pure. That is, all the maximal faces must be of dimension
2. Second, we require that complex is strongly connected, which means for any two
2-faces o and o’, there is a sequence of 2-faces, o1, ..., 0, such that oy = o, 0, = o’
and o; N o,y is an edge for 1 > ¢ < k. In this case, we will say that o; and g;,1 are
adjacent. Finally we assume the complex is simply connected. So, it does not have

any holes in it.

Definition I.3. A polyhedral complex is called regular if it satisfies the above con-

ditions.

From now on we will assume that all polyhedral complexes in this dissertation

are regular.

B. Conformality conditions

Let A be a polyhedral complex in R% Suppose f € S5(A) and 04,0, € A are 2-
faces which are adjacent and sharing a common interior edge e;;. Then, when [;; is a

defining equation vanishing on e;;, we have
l77l1j+1 (.fl - f])

where f; = f

o; and fj = f‘Uj' [7]

Using this fact gives the following:

Lemma 1.4. (Lau and Stiller [7]) For a polyhedral complex A, S5(A) is isomorphic

to the subspace W C Py @ --- @ Py (f2(A) copies) defined by the conditions that



lffl (fi = f;) for every interior edge e;; € A indexed by i and j which correspond to

the two 2-faces o; and o, and where l;; is a defining equation vanishing on e;;.
Proof. See [7] O

Note that lfj“ (fi — f;) implies that there exists g;; € Py_,_1 satisfying

fi— 1= l;flgij- (1.2)

Lau and Stiller gave in [7] the necessary and sufficient conditions on the g;;’s to
construct an element of S7(A). In order to do that, we need the following Lemma
which states the local conformality condition and we will extend it to the triangulation

A in Theorem 1.7.

Lemma I.5. (Lau and Stiller [7]) Let v be an interior vertez of A. The equation
> El g =0 (1.3)
€ij

where the sum runs over all interior edges e;; having v as a face,

is the necessary and sufficient condition to construct a unique spline f on Star(v).

Proof. See [7] O

The above condition is called the local conformality condition at v and we will
call g;; a smoothing cofactor associated with the edge e;;.
The choice of a sign above is determined by the orientation after we have put an

orientation on the given complex in some sense.

To get an idea of how this is done, let’s look at the triangulation above which

has only one interior vertex (see Figure 1):

Example 1.6. Let f = (f1, f2, f3) € S5(A) and e;; be the interior edge contained in

both o; and o;. Suppose that [;; are defining equations vanishing on e;;.
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Fig. 1. One interior vertex case

Then, the following relations should hold by Lemma 1.5

fi— =191 (1.4a)
fo—f3= l23 923 (1.4b)
fi—fs=13"g13 (1.4c)
Then, we have
LHS of ((1.4a) + (1.4b) — (1.4¢)) =0 (1.5)

= 113 12 + 153 ' gos — 113 13 = 0 (1.6)

Note that we got the minus sign above because the counterclockwise rotation
goes from higher indexed face to lower indexed face.
Conversely, suppose g2, g23, and gi3 satisfy (1.6) and a polynomial h € Py is

given. If we define a piecewise polynomial function f by

floy =1
flos =h+ 13" g1

flos = flos + 153 923 = h+ 113 g12 + 153 gos,



then it is easy to show that f € S}(A). Now, let V' be a subset of @&3P;_,_; satisfying
the local conformality condition at v as in (1.6) then V' is a vector space. Moreover,

by Lemma I.5 we have

SQ(A) =P, V.

If we keep this orientation at every interior vertex, we can extend it to the global

case.
Theorem 1.7. (Lau and Stiller [7]) Suppose that A is a polyhedral complex. Then,
SQ(A) = P,d V(A) C P, (@eijEA(l) Pd—r—l)

where V(A) (C &, en0 Pa—r-1) is the subspace consisting of tuples (..., gij, ...) which

satisfy (1.3) in Lemma 1.5 at every interior vertex.

Proof. See [7] O

01

¢}
o, 4

03

Fig. 2. Two interior vertices case

We call V(A) the cofactor space associated with S;(A). For example, let’s look

at the polyhedral complex in Figure 2. By Theorem 1.7 we have

Sy(A) = Pya V(A),



where the cofactor space V(A) is subject to all local conformality conditions at interior

vertices, i.e.,

V(A) =

{(9ij) € ®sPa—r—1] 113 912+ 15 925 — 11 913 = 0, 113 915 + 15 930 — 11 914 = 0}
(1.7)

This leads to an alternative approach to the construction of an element of S;(A).
Instead of finding polynomial functions on 2-faces, we look instead for smoothing
cofactors on edges constrained to satisfy the global conformality condition.

Starting with h; € P; on o;, we move to an adjacent 2-face, say o; by adding
(or subtracting depending on orientation) lffl gi; to (from) h; to get h; on o;, where
{gi;} is an element in V(A), i.e., the g;;’s satisfy the equation (1.3) at every interior

vertex.

C. Cofactor maps

In this section, we will go deeper into the relationship between cofactor spaces which
come from different complexes.

For the given polyhedral complex A, let V(A) be a cofactor space associated
with S5(A), a subspace of & 0 Pi—r—1, as in the Theorem L.7. Then, for any interior

edges {e1,ea,...,€es} we can define a linear map :
DlerenesH (D) 1 V(A) = ©pFy—y1

which maps a smoothing cofactor on e; in V(A) to itself in the ith component. We

call this map a cofactor map of Sj(A) over {ey,es,...,er}.

Proposition 1.8. Let W be the kernel of a cofactor map of Sjj(A) over{ei, e, ... er}



and let A" be a polyhedral complex obtained by removing e.s from A. Suppose that A’

is reqular and it has the same interior vertices as A has. Then, we have
SHAY = Py W.

Proof. 1t suffices to show that V(A') =2 W due to Theorem IL.7.

We can think of V(A') as a subspace of @ oa)Pa—r—1 by putting zero polynomials in
the places corresponding to e;’s. Then, V(A’) C V(A) and ¢(e, ey,....c;3 (D) v (ar = 0.
Thus, V(A") C W.

On the other hand, we can see W as a subspace of @ o) Py—r—1 by removing zero
polynomials corresponding to e;’s. Since A and A’ have the same interior vertices
and any element w in W satisfies the global conformality condition from A, regarding
w as an element in @ £9( aryPa—r—1, w satisfies the global conformality condition for A

Thus, W C V(47). O



Example 1.9. Look at the two triangulations in Figure 3.

A’ A

Fig. 3. Example of the kernel of the cofactor map ¢, ,(A)

D. An interior vertex with two edges

In this section, we will show that if the interior vertex v has only two edges with
distinct slopes then we can ignore the vertex v in the spline spaces with d < 2r + 1.
As we mentioned before, for a polyhedral complex A with only one interior vertex

we know that dim Sj(A) = [b(A):

Lemma 1.10. Let A be a polyhedral complex with one interior vertex v and f{ interior

edges. Then for d > r

dim S}(A) = (d‘f) +f{](d_;+1> - Kd‘;?) - (“52)} +o.  (18)

d—r

where §, = Z(r + 7+ 1 —je)y and e is the number interior edges with distinct slopes
j=1

emerging from v.

Proof. See [7] O
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Lemma I.11. Let A be a polyhedral complex with one interior vertex v and 2 interior

edges ey and ey with distinct slopes. Then, for r < d < 2r + 1 we have

dim ST(A) = (d ; 2)

Proof. If d =r, then it is clear from (1.8).

If r < d < 2r, then from (1.8) in Lemma [.10 we get

b= (1)1

+(r+(r—1)++ (25 + 1 d))
:2<d—r+1)+(r+2>+(3r+1—d)(d—r)

2 2 2
(d+2
— ) )
If 2r < d < 2r+1, then we have
. . _(d+2 d—r+1 d+2 r—+2 r+1
am )= (“37) (L) - {() - ()] (2
_ o d—r+1 n r+2 n r+1
N 2 2 2
=d®—2dr+2r*+d+r+1

(*>F?) ifd=2r

2

(%) ifd=2r+1
_ (d+2
=(",7)
O

This can be shown by means of conformality condition: let [y, [ be defining equa-

tions for two edges and then we need to solve the following conformality condition;

0+ 19, =0 (1.9)
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where g; € P;_,_1; however, if d < 2r+1 then equation (1.9) has no solutions because

degree of g; is not more than r and [;’s are distinct, i.e., splines should be trivial.

Remark I1.12. This says that if there are only 2 interior edges emerging from an
interior vertex v with distinct slope then the conformality condition at v forces the
smoothing cofactors corresponding to two edges to become zero. So if we have such

vertex v and edges e, es, we can ignore v, e;, and e, for the spline space.

Example 1.13. Let A' and A? be polyhedral complexes as in Figure 4. Then, for
r<d<2r+1

SH(AY) = S3(A%)

Fig. 4. A and A? in Example 1.13

E. Splines and cohomology groups

We now move onto algebraic geometry, where the machinery of sheaves and cohomol-
ogy provide a generalization of linear algebra that will allow us to approach questions
concerning the dimension of S}(A) and its behavior as r,d or A change.

For any linear form /;; which vanishes on an interior edge of A we can homogenize

it and regard it as a homogeneous polynomial of degree 1 over C.
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We can also identify the space of complex polynomials of degree d, P;, with the
global sections of the line bundle (’)pé(d) on PZ, complex projective 2-space. For
notational simplicity, I will omit the subscript P2 in Opz(d).

Let A be a polyhedral complex. We construct a map of vector bundles on P32
Of(d—r—1)— 08(d), (1.10)
which on the global section maps
(o) (o, Y gy, ), (1.11)

where the signs have been fixed by the orientation of A and the choice of an oriented
loop around each vertex as before. Here note that the kernel of the above map (1.11)
is isomorphic to the cofactor space V(A).

If we twist this map by tensoring with O(—d) we get
O (—r —1) — O

and we denote the kernel of this map by K, the cokernel by C, and the image by R.

Then, we have the exact sequence,
0— K(d) — 0 (d—r—1) - 0 (d) — ¢(d) — 0. (1.12)
It breaks down into two short exact sequences:
0— K(d) — O (d=—r—1) = R(d) — 0 (1.13)

and

0 — R(d) — O (d) — C(d) — 0. (1.14)
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Let’s look at the sequence of cohomology groups from (1.13):
0 — HY(K(d)) — HY (O (d —r — 1)) — H(R(d)).
By the definition of the map in (1.10) and (1.11) we have
HO(K(d)) =2 V(A). (1.15)
Then using Theorem 1.7 we have
ST(A) = HY(K(d)) @ Py. (1.16)

We will use the notation h'(F) to stand for the dimension of the cohomology group

H(F). Then from (1.16) we get

dim S(A) = W(K(d)) + (d ‘; 2) (1.17)

So, for the dimension of S%(A) we just need to compute h°(K(d)).

Let’s look at the vector bundle maps from the local conformality conditions at
interior vertices and take a direct sum.

For each interior vertex v;,i = 1,2,..., ), we can get the following exact se-

quence from Star(v;):
0— Ki(d) = O%(d—r—1) — O(d) — Ci(d) — 0, (1.18)

where s; is the number of interior edges of Star(v;). In [7] it was shown that if A is

a simplicial complex then

C(d) = @C;(d)

which induces

R(d) = &R.(d).
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Furthermore, it follows that H*(R(d)) = H*(K(d)) = 0 for d > 2r by using the above
facts.

Let us look at the long exact sequence of cohomology groups of the exact sequence

(1.13):

0 — H(K(d)) — H(O"(d —r — 1)) — H'(R(d))
— HY(K(d)) = HY(OR(d—r —1)) =0 — H'(R(d))

— H(K(d)) — HX (O (d —r —1)).
Similarly, from the exact sequence (1.14) we have the long exact sequence:
0 — HY(R(d)) — H(O%(d)) — H°(C(d)) — H'(R(d)) = 0.

Thus, using these in (1.17) yields that for d > 2r
d+2
dim S(A) = ( ; ) +RO(K(d))

= (d ; 2) + (O (d —r — 1)) = BO(R(d)) + h* (K(d))

- (d 2 2) +h(OF(d 7 = 1)) = [R(O%(d)) = K(C(d))] + k' (K(d))

—

d+2

dim S5(A)—h(K(d)) = ( ;

) +h2(OF (d—r—1)) =P (O (d))+h°(C(d)) (1.19)

Lau and Stiller [7] showed that the right-hand side of the equation (1.19) is the
same as the lower bound in (1.1), Ib}(A).

Thus, the “2r + 1”7 conjecture is equivalent to showing that
HY(K(d)) =0 for d > 2r + 1.

Remark 1.14. For d > 2r if ' (K(d)) = 0 then dim S5(A) = b(A).
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Moreover, by standard cohomology vanishing theorems [4] if d is sufficiently large

then H'(K(d)) will be zero and so we have S5(A) = Ib;(A) for d sufficiently large.
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CHAPTER II

PRELIMINARY

A. Introduction

The main idea we are going to use later is splitting the given partition into two pieces
and so reduce the given complex to a simpler one. In order to do that, we need to
define a new type of polyhedral complex which can be obtained from a triangulation

in a certain manner. First, we will define the following:

Definition II.1. For the given complex A, an interior edge o is called totally interior
edge if its two end points are interior vertices. Otherwise, it is called a non-totally

interior edge.

B. Flawed triangulations

Definition I1.2. A polyhedral complex A is called flawed triangulation if A has only

one non-simplicial 2-face ¢ and ¢ has a boundary vertex.

Note that for any flawed triangulation A with non-simplicial face o we can con-
struct a triangulation A from A by adding edges the e;’s inside ¢ so that in A e;’s are
non-totally interior edges and A and A have the same interior vertices. Conversely,

we can obtain A from A by removing non-totally interior edges e;’s. See Figure 5.

In the next theorem we will show that for any flawed triangulation A the di-
mension of the spline space on it has a lower bound which has the same form as the

triangulation case. i.e., it is bounded below by b;(A).
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Fig. 5. A and A

Theorem I1.3. Let A be a flawed triangulation. Then,
dim SH(A) > b5 (A).

Proof. Let A be a triangulation from which we are able to get A by removing some
non-totally interior edges ey, ..., e,. Set E = {e;},.
By Proposition 1.8 we have

ker ¢pp(A) =2 V(A)

which implies

dim V(A) = dim V(A) — dim img ¢p(A) (2.1)
because we have
dim ker ¢p(A) = dim V(A) — dim img ¢r(A).

Let vy, ..., v, be interior vertices of A such that v; is one of the end points of some

e; and let E; be the collection of e;’s which are emerging from v;. Then, we have
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{E;}7-, is disjoint and UE; = E because ¢;’s are not totally interior edges.
Let A,, = Star(v;) in A and A, = Star(v;) in A. Now for each v; consider
the map ngEj(Avj) and its image. Since the global conformality condition is subject

to the local conformality condition at every interior vertex, we have

img ¢p(A) C &_1img ¢p, (D)) (2.2)
which gives
dim img ¢p(A) <Y dim img ¢p,(A,)). (2.3)
j=1

Using this in equation (2.1) gives

dim V(A) = dim V(A) — dim img ¢p(A) (2.4)
> dim V(A) — Zdim img ¢, (Ay,) (2.5)
> 1 (A) — (d . 2) = 3" dim img o5, () (2.6)

In the last step above we used that dim V(A) + (dgz) = dimS5(A) > 1Ib5(A).
Since AUJ. and AUJ. have only one interior vertex v;, we can compute dim img ¢ E (Avj)

by using the fact that dim img ¢g,(A,,) = dim V(A,,) — dim V(A,,). Then,

dim img é5,(A,)) = |E,| <d o 1) +8(8) — (), (2.7)

where ¢; is the number of distinct slopes at v; in A, ¢; is the number of distinct slopes

at v; in A, and 6(t) =>, _(r+k+1—kt),.
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Then, from (2.6) we get

dim V(A) > 1b(A) — (

QL
o+
[\)
~~
|
5 3
[
5
VR
QL
|
N3
+
[—
~
+
g
Sgl

—508) - (

ISH
N+ o
)
~_
|
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VRS
ISH
|
o3
+
—_
~_
|
(7=
—
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because, even though A has m more interior edges than A has, A and A have the
same interior vertices and same number of distinct slopes at all interior vertices except

v;’s. Therefore,
2
dim Si(A) = dim V(A) + (d; ) > (A, (2.8)
0

For a simplicial complex A, we have C(d) = &C;(d) and R(d) = &R;(d). How-
ever, these decompositions are also true for a flawed triangulation. Next, we will see

why.

Definition II.4. Let A be a polyhedral complex and p € R?. G,(A) is a graph where
vertices correspond to those o € A, such that there exists an edge of ¢ whose linear
span contains p. Two vertices of G,(A) are joined if and only if the corresponding

2-faces share a common edge whose linear span contains p.

In [8], it was shown that the graph G,(A) is homotopic to a disjoint union
of circles and segments. In [7] Lau and Stiller showed that the skyscraper sheaf C is
supported at a point p whose corresponding graph G,(A) has a component homotopic
to a circle.

Now look at a flawed triangulation A. Suppose that G,(A) has a component

1 which is homotopic to a circle. Note that by the Definition I1.2 % has a node ,
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say vy, which should be corresponding to a triangular face o in A. Then, two edges
connected to v, are corresponding to edges belonging to ¢ in A. Since o is a triangle,
p should be an interior vertex contained in o.

This argument gives C is supported only on interior vertices of A and we have

the following:

Lemma I1.5. Let A be a flawed triangulation with interior vertices vy, vy, . . . ;U0
Let R,C be the sheaves discussed above from A and R;,C; be from Star(v;). Then,
we have

Moreover, for d > 2r

HY(R(d)) = H*(K(d)) = 0.

Thus, the statements in Remark [.14 still hold for a regular flawed triangulation.

That is, for d > 2r if H'(K(d)) = 0 then dim S5(A) = Ibj(A).

C. Splitting method

Let A be a flawed triangulation with interior vertices A) = {vy,va, . .. ,vpo}. Let A
and B be disjoint subsets of AJ such that AUB = A and suppose A' = U,,c4 Star(v;)
and A% = U,,cp Star(v;) are regular flawed triangulations.

Then, let e, e, ..., e, be interior edges of A contained in both A! and A? and

respectively. Note that W, and W5 are subspaces of vector space ®,,Py_r_1.
Also, let the kernel bundles that arise from A, Al, and A? be denoted by K, K;,

and ICo, respectively. Then, we have the following Lemma:

Lemma I1.6. For given r and d, suppose that H'(K1(d)) = 0 and H'(Ky(d)) = 0.



Then,
Wi+ Wy =&, Pi_r1 < HI(K(d)) =0.

In particular, if d > 2r then we have

Wi+ Wy =&, Pi_r_1 <= dim SQ(A) = le(A)

21

Proof. Let 7, fL., and f{, be the numbers of interior edges of A, A, and A?, respec-

tively.

As before, from A, A', and A? we can construct the exact sequences:

0— K(d) = O (d—r—1) = R(d) — 0 (2.9a)

0— Ki(d) »> Ofs(d—r—1) > Ry(d) — 0 (2.9b)

0 — Kao(d) = Ofi(d —r — 1) = Ry(d) — 0. (2.9¢)
Take the direct sum of (2.9b) and (2.9¢), we have

0 — Ki(d) @ Ka(d) — 04 (d — r — 1) = Ry(d) ® Ra(d) — 0. (2.10)
Now consider a map of vector bundles
Of(d—r—1)— ORHi(d—r—1)
which on the global section maps
(glv' e 7gf?) — <g17 <o 9my 91y -5 Gms et 1 - - 7gf?)7

where the map sends the first m coordinates twice and ¢y, ..., g,, are cofactor poly-
nomials on common interior edges of A' and A%, eq,...,en; the first m polynomials

in the target are for the interior edges, e¢; in A! and the second m polynomials in

the target are for the interior edges, e; in A2. This map is obviously injective with
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cokernel O™(d —r — 1) and the map
OfH(d—r—1) > O™(d—r—1) (2.11)
is defined on the global section by

(153950 440 ) = (91 = Gm1s - -+ Gn — Gom)-

Also, it induces an injective map 0 : K(d) — K1(d) & K2(d). Denote the cokernel
of this map by J.

Then, together with Lemma I1.5, we have the following diagram:
0

0 — K(d) — Ofd-r—-1) — R(d) — 0
6 6 H

0 —— Ki(d) ® Ko(d) —— OfH(d—r —1) —— Ry(d) ® Rao(d) —— 0

J Oo"d—-r—1)

0 0
In the above diagram we have R(d) = R4(d) & Rs(d) by Lemma IL.5.
By the snake Lemma, we get J = O™(d —r — 1). Let us look at the long exact

sequence of cohomology groups of the exact sequence involving the map f:

0 — HY(K(d)) — H(Ki(d)) & H(K(d)) = H(J) = H'(O™(d —r — 1))
— HY(K(d)) — HY(K.(d)) @ H (Kx(d)). (2.12)
Here, we have H'(K(d)) & H'(Ky(d))) = 0 by our assumption.

Thus, we have that the map « in (2.12) is surjective iff H(K(d)) = 0.
Notice that HO(K;(d)) = V(A') and H°(KCy(d)) = V(A?). Also, « is equivalent to
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the composition map of the following two maps
HO(K1(d)) & HO(KCx(d)) — HO(ORHi(d —r —1)) — HO(O™(d —r — 1)),

where the second map is from 6 in the above diagram.
So, the image of « is isomorphic to Wy + Wh.

Therefore, we have
Wi+ Wy = @nPar_1 (2 HY(O™(d — 1 —1))) <= H(K(d)) = 0.
In particular, if d > 2r then by Remark 1.14 we have
Wi+ Wy = @ Par_1 <= dim Sj(A) = by(A).
O

In other words, for d > 2r if dim S5(A') = Ib(A'), and dim ST(A?) = Ib;(A?)
then img ¢p(A') + img ¢p(A?) = @ Pi—r—1 implies dim S5(A) = b} (A).

Corollary I1.7. Let A, Ay, and As be the same as the above Theorem. If Ay and

As have no common edges, then
HY(Ky(d)) = H(Ky(d)) = 0 = H*(K(d)) = 0.

Note that if the given complex A is a triangulation, then A; and A, will be
triangulations and we will get the same conclusion as well.
This gives some idea of relationship of the dimension of the spline spaces on A

to those of its subtriangulations.

Lemma I1.8. Let A be a flawed triangulation with a non-simplicial 2-face o and let

v be an interior verter of A belonging to o.
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Let A be a complex obtained by adding some edges emerging from v inside of o
without generating any interior vertices. (See Figure 6)
Let K and K be kernel bundles from A and A, respectively. Then,

for fixed r and d > 2r we have

HY(K(d)) = 0= H*(K(d)) =0

and so
dim S5(A) = I,(A) = dim S5(A) = I0;(A).
Fig. 6. A and A
Proof. Let e, es,. .., e, be additional edges inside of o and let f? be the number of

interior edges of A.

Consider the following map:

O (d—r—1)— O t™(d —r —1) (2.13)
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which on the global section maps

(gl,...,gf9)|—>(gl,...,gf?,O,...,O). (2.14)

This map is obviously injective with cokernel O™(d — r — 1). Also, it induces an
injective map K(d) — K(d). Let J be the cokernel of this map.

Then, we have the following diagram:
0 0
0 — K(d) —— Of(d—r—1)

0 —— K(d) —— Of+m(d—r—1)

J O"(d—r—1)

0 0
Since H'(K(d)) = 0, we have the exact sequence:

0 — H°(K(d)) — H(K(d)) — H*(J) — 0. (2.15)

Note that, by equation (2.14), H°(J) is isomorphic to the image of cofactor map,
Cb{el ..... em}(A)'

Let A, be the Star(v) in A and A, be the Star(v) in A. Also, let K, and K, be
the kernel bundles from A, and A,, respectively. Then in the similar way as above

we have the following diagram:
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0

0 — Ky(d) —— 0% (d—r—1)

0 —— Ky(d) —— O9%tm(d—r—1)

T o"d—r—1)

0 0

where ¢? be the number of interior edges of A,,.

Since A, and A, are complexes with only one interior vertex, we have
H'(K,(d)) = H'(K,(d)) = 0.
As a result, we have

0 — H'(K,(d) — H°(K,(d)) — H*(J,) — 0. (2.16)

.....

Since A, is a subtriangulation of A and the global conformality condition from

A, is subject to only one local conformality condition at v, we have
H(T) C H(J,)

which implies

RO(T) < hY(T,). (2.17)
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Consequently, starting from (2.15) and using (2.16) and (2.17), we have
W (K(d)) = h*(K(d)) + h*(T)
< RO(K(d)) + h°(T,) (2.18)
= h*(K(d)) + h*(K(d)) — h*(KC,(d)).
Since we have
H'(K(d)) = H'(K,(d)) = H'(K,(d)) = 0,

we can compute the last values in the equation (2.18);

WK (d)) = dimV (A) = (A ( ‘5 )
WK (D)) = dimV (A) = 1br(A < ; )
d

WO(K,(d)) = dimV (A,) = I0y(A,) — (

+
5 )
It turns out that h°(K(d)) + h°(KC,(d)) — h°(K,(d)) is equal to the lower bound

of the dimension of the spline space on A minus (d;rz). Therefore,

) = i) - (157)

which implies

dim S5(A) = Ib5(A) and H'(K(d)) =
O

Lemma IL.9. Let A be a flawed triangulation with a non-simplicial 2-face o. Let A
be a triangulation obtained by adding some edges inside of o without generating any
interior vertices and where the added edges are not totally interior in A.

Then, for fized r and d > 2r we have

dim S;(A) = (A) = dim S;(A) = Ib(A).
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Proof. Let K and K be kernel bundles from A and A, respectively. Let vy, vs, ..., vs
be interior vertices of A belonging to o.
Let A! be a flawed triangulation obtained by adding edges connected to v; and
KC; be kernel bundle from Al
Then by Lemma IL.8,
H'(K:(d)) = 0.

Keep doing this until we have H'(K(d)) = 0. O
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CHAPTER III

INDUCTION

A. Introduction

We are interested in the dimension of the space S}(A) and the extent to which its
dimension depends on A. This is a rather subtle question because a small perturbation
of the interior vertices can result in a jump in the dimension.

A polyhedral complex is said to be generic if all sufficiently small perturbations
of the vertices do not change the dimension of the spline space.

Let A be a polyhedral complex. Let Ma be the moduli space of continuous
deformation of A. In [7], it was shown that M is an open set (in the Zariski

topology) in R?. Here f, is the number of vertices in A.

Theorem III.1. dimS;(A) will be an upper semi-continuous function for the natural

Zariski topology on Ma and there will be a generic dimension which will be minimum.
Proof. See [7]. O

We will be considering if it is possible to use induction in some way to prove the
“2r + 17 conjecture. In this chapter we will try to use induction on the number of

interior vertices to prove “2r + 1”7 conjecture for generic triangulations.

B. The idea of induction

To grasp the idea, let’s look at the following example. Let A and A be triangulations
as in Figure 7. Here, we obtain A from A by adding three edges €1, €, &5 inside o.
Let A’ be a triangulation obtained by removing the simplex o from A. Note that

A and A have the same interior vertices; furthermore, they have the same slopes at
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AN

Fig. 7. Adding edges emerging from v

every interior vertex.
As before, we are focusing on the kernel sheaves. Let K, K’, and Ky be the kernel
sheaves from A, A/, and Star(v) (in A), respectively. (See Figure 8)

From A’ we have the exact sequence
0— K'(d) — O 2(d—r—1) = O0F~1(d) - C'(d) — 0 (3.1)
which gives two short exact sequences:
0— K'(d) — O 2(d—r—1) =R (d) — 0 (3.2)

and

0— R'(d) — OF~(d) - C'(d) — 0, (3.3)

where R’ is the image sheaf.

Also, from Star(v) we have

0 — Ko(d) — O°(d—1r —1) — O(d) — Co(d) — 0 (3.4)
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which gives two short exact sequences:

0 — Ko(d) = O°(d—r —1) — Ro(d) — 0 (3.5)

and

0 — Ro(d) — O(d) — Cy(d) — 0, (3.6)

where Ry is the image sheaf.

Taking a direct sum of (3.2) and (3.5), we have
0— K'(d) ®Ko(d) » O 2(d—r—1)® O d—r—1) = R (d) & Ro(d) — 0 (3.7)
Next, from A we have the following two exact sequences:
0— K(d) — O3 d—r—1) > R(d) — 0 (3.8)

and

= 0

0 — R(d) — O%(d) — C(d) — 0. (3.9)
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Define a map of vector bundles
G0N 2d—r—1) @O (d—r—1)— ON*3(d —r—1) (3.10)
by

(glu ce 7gf?—27 h’lv R h5) — (glv cee 7gff—27 hlv h'27 h’3 - gf{)—47 h’4 - gf{)—?n h5 - gf?—Q)v

where 950459593, 902 correspond to the edges ey, e, e3 and hs, hy, hs correspond to
the edges ¢, €3, é3.

Then ¢ is an isomorphism and we have the following diagram:

0 — K(d) — ON+3(d—r—1) — R(d) — 0

We are now going to show R'(d) @ Ry(d) = R(d).

To do that let’s look at the following diagram:

0 — R()®Ro(d) — O Yd)@O(d) — C(d)&Cy(d) — 0

| i |
0 — R(d) — 0% (d) — C(d) — 0

Here, i is an identity map. We have C'(d) ® Cy(d) = C(d) because they are skyscraper

sheaves and supported on the interior vertices. Therefore, we have R'(d) & Ro(d) =

R(d) because they have the same slopes at every interior vertex.
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Consequently, for d > r we have H*(K'(d)) = 0 iff H*(K(d)) = 0 because it is
already known that H'(Ky(d)) =0 for d > r.
In other words, dimS;(A') = 1b5(A") iff dimS5(A) = 1b5(A).

Next, consider the following diagram:

— o
(_
— o

e
o
|
a
=
|

Ofd—r—1) —

by

=
|
e}

—
.
—

12

S — N — T
%

!? \
!

— O d—r—-1) —

N

S
l

o

!
L

O}d—r—1) —

|

0

O/ O

Here, j is the natural injective map. Again, here we have R(d) = R(d) because any
corresponding pair of vertices in A and A has the same slopes.
Using the long exact sequences of cohomologies from the left column sequence,

we have

0 — H(K(d)) — H(K(d)) & H(O*(d - r — 1)) — H'(K(d)) — H"(K(d)) = 0.

The map 1) can be interpreted as the projection map from V(A), smooth cofactor
space, to degree d —r — 1 homogeneous polynomial spaces over the additional interior
edges. (See Figure 9.) Recall that it is called the cofactor map over ey, é,, €3 and
denoted by ¢z, &.251 (A).

So, assuming dim.S%(A’) = [b5(A’), we get that 1 is onto if and only if H(K(d)) =

0 (i.e., ¢ is onto if and only if dimS}(A) = 1b;(A).) This gives an idea how to use
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Fig. 9. The map v

induction. However, the given triangulation A may not allow us to construct A.
However, if A is generic we can use Theorem III.1 to make A by a continuous defor-

mation of A so that S}(A) and S7(A) have the same dimension and we can construct

A.

C. Necessary and sufficient condition for dim Sj(A) = Ib,(A) for a generic triangu-

lation

In this section, we give equivalent conditions for dim Sj(A) = b (A) when A is a

generic triangulation.

Definition ITI.2. If a simplex in A has a boundary edge then it is called a boundary

simplex.

For a given generic triangulation A and a boundary simplex o in A, we denote
by A, the triangulation obtained by adding interior edges inside ¢ which are ex-

tended from existing total interior edges. (If necessary, we deform A to get A, before



35

AV
- A

VAV VAV

A A

gl

Fig. 10. Deformation (A, A, and A)

performing this operation to get A. See F igure 10.)

Theorem I11.3. Let d and r be fized non-negative integers. Then the following are

equivalent:

1. dimSy(A) = b5(A) for any generic triangulation A.

2. For any generic triangulation A, there is a boundary simplex o such that

where e;’s are interior edges added inside o.

Proof. 1 = 2. Assume that for any generic triangulation A we have dimS}(A) =
Ibh(A). Let A be a generic triangulation and o be any boundary simplex. Denote
by A’ the triangulation obtained by removing o from A. WLOG, we can assume
A’ is also generic. Then, our hypothesis gives dimS;(A") = b(A’) which implies

dimSy(A,) = Iby(A,). That allows us to compute the dimensions of V(A') and
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V(A,). Consider the following cofactor map:

.....

-----

is equal to dim V(A,) — dim V(A’). However,

dim V(A,) — dim V(A") = dimSy(A,) — dimPy — {dimS;(A") — dim Py}

= ,(A,) — dimPy — {Ib(A") — dim Py} (3.11)
= k(d'lm Pd—?”—l)

This implies ¢, .1 (A,) is onto.

2 = 1. We are going to use mathematical induction on the number of interior
vertices. For induction, Assume that if a generic triangulation A has n — 1 interior
vertices then dim Sj(A) = [b(A). Let A be a generic triangulation that has n interior

vertices and ¢ be a boundary simplex such that ¢, . c,1(A,) is onto. Let A’ be a

.....

triangulation obtained from A by taking off o. Then, A’ has n — 1 interior vertices.

By induction hypothesis, dim S5(A’) = Ib5(A’). Again, this implies dim S5(A,) =

-----

.....

= Iby(Ay) — dim Py — k(dim Py_,_;) (3.12)
Since the kernel of ¢, ¢, 1(A,) is isomorphic to V(A) and dim S5(A) = dim V(A)+

dim Py, we have

dim S5(A) = Ib(A).
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CHAPTER IV

DEFORMED TYPE-1 TRIANGULATION

A. Introduction

In this chapter, we are going to define deformed type-1 triangulation and we will be
concerned with the dimension of the spline space on it. We will provide sufficient

conditions for dim S;(A) = lby(A) for d > 2r + 1.

B. Uniform type-1 triangulation
Suppose

To < a1 < Tog < ...<Ty, k>1

Yo<y1 <y2<...<uy, [ >1.

Then, using a family of lines

yields a rectangular partition Ay;.

If both the {z;} and the {y,} are uniformly spaced, then we call A the uniform
rectangular partition [14].

The type-1 triangulation is a triangulation yielded by connecting diagonally with
positive slope at every rectangular cell based on the rectangular partition A;. It is
easy to understand that if the original rectangular partition is uniform, then the

type-1 triangulation yielded from uniform rectangular partition is a special cross-cut
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partition [14]. It is known in [6] that for a uniform type-1 triangulation A,

dim Sy(A) = Wy (A) ford>r>0.

C. Deformed type-1 triangulation

In this section, we introduce a deformed type-1 triangulation which is obtained by
perturbing vertices of the uniform type-1 triangulation. We denote it by A,(i). (See
Figure 11.)

Fig. 11. Ag3 and ALY

Let v;; be the vertex of A,(:l) corresponding to the vertex (x;, y;) of the rectangular
partition Ay;.

Let A be the triangulation obtained by removing two triangles at the top left and
the bottom right (i.e., removing (vg, v14, v —1) and (vg_1,0, Vk0,Vk1)). (See Figure

12)

It is easy to see that

d—r—+1

dim S5(AYY) = dim Sj(A) + 2( )

) ford>r=>0.
d—r—+1
2
interior edges (vo;—1,v1,;) and (vg_1,0,Vk1). Because neither of the end points of them

In the above equation, 2( ) corresponds to the smoothing cofactors on the
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Fig. 12. Aé? without two triangles

is an interior vertex, the set of smoothing cofactors on each edge is isomorphic to
Pir-a.

It is easy to check that dim SQ(A,(:I)) = lb:l(A,(fll)) < dim SH(A) = b (A).

As long as we are concerned with the dimension of spline spaces, we can assume
A,(:l) does not have these two triangles. From now on, we will use AIS) for a deformed
type-1 triangulation of size k by [ without these two triangles.

For the given A,(:l), let E(A,(;)) be the set of all interior edges having v;; as
the end point, i.e., F (A,(:l)) is the collection of interior edges corresponding to the
very top row interior edges in the corresponding rectangular partition. Note that
[B(AL)] = 2k — 2.

For the given A,(fll), define F' (AIS)) as the polyhedral complex obtained by re-
moving all edges in E(A,ill)) from A,(i). Then, F' (A,(:l)) becomes a regular flawed
triangulation. To show that dim S;’(A,(:l)) coincides with the lower bound, it suffices
to show that dim S;(F (A,(j))) coincides with the lower bound because of Lemma I1.9.

Let Wt,ill) be the collection of all F(A,%)), i.e.,

im,(;) ={F (A,(:l)) : A,gll) is a deformed type-1 triangulation}.

By using induction on the second index [ in EUI,(:I), we are going to show that the
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two conjectures below are sufficient conditions for

dim S5(F(AD)) = W (F(AY))  for d > 2r + 1.

D. Conjectures

Definition IV.1. If v is a vertex of a complex A, then we say that v is of degree n

provided that there are n edges with distinct slopes emerging from v.

Conjecture IV.2. Let A be the set of flawed triangulations having two interior ver-

tices vy and vy such that degree(v,) = 4 and degree(ve) = 3. Then, for d > 2r > 0
dim Sj(A) = Ib(A) VA € 2.

Example IV.3. Let A be the polyhedral complex in 2 depicted below in Figure 13.

2
1
(= U5
o 1 2 3

Fig. 13. A polyhedral complex in 2

Table I gives the dimension of S5 (A) and (b5, (A) for r < 10.
For A € sm,(jl), let R(A) be a flawed triangulation obtained by removing all

interior edges connected to vy, j =1,2,...,1 — 1. (See Figure 14.)

Conjecture IV.4. Define B = {R(A)|A € MY}



Table L. dim S5,(A) = 10}, (A) for A, the flawed triangulation in Example IV.3

dim S3,.(A)

105, (A)

6
16
31
o1
75

105
139
178
222
271

6
16
31
o1
75

105
139
178
222
271

41
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Fig. 14. F(AY) e MY and R(F(AL))
Then, for anyd > 2r +1 and r >0
dim SH(A) = Iby(A) VA € 8.

Example I'V.5. In this example, we choose a polyhedral complex A in 8 as in Figure

15 and compute the dimension of S5, (A) and b5, (A) for r < 10.

~l

O 1 2 4 6

Fig. 15. A polyhedral complex in 8

Table II gives the dimension of S35, (A) and 1b5,.,,(A) for r < 10.

Note IV.6. If A € MY, then we have dim S5(R(A)) = I0(R(A)) because R(A) €

% in Conjecture 1V .4.
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Table II. dim S5, (A) = b5, ,(A) for A, the flawed triangulation in Example IV.5

ro| dim S5, (A) | 15,1 (A)
1 18 18
2 34 34
3 56 56
4 83 83
5 115 115
6 154 154
7 197 197
8 245 245
9 299 299
10 359 359
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E. Induction

Provided that the Conjecture IV.2 and Conjecture IV.4 are true, we are going to show
that for d > 2r + 1 the spline space on a deformed type-1 triangulation has the lower
bound dimension by using induction on the second index [ in 93?1(5)

First, consider a flawed triangulation in Sﬁ,(ﬁll) Any flawed triangulation in Sﬁ,(cll)
has one 2-face and so splines on it are trivial.

Secondly, consider a flawed triangulation in 933,212) For k < 2, it is easy to show
that for d > 2r

dim S5(A) = Iy(A) VA € mL)

because A has at most one interior vertex.

Fig. 16. A € M)

Now consider A € imglz) as in Figure 16. It is clear that degree(v;) > 3 and
degree(vy;) > 3 because it is obtained by perturbing vertices of a type-1 triangulation.

If the degree of vy is 4 then by Conjecture IV.2 we have that for d > 2r
dim SH(A) = I(A).

Suppose that the degree of vy is 3. Then, two edges (v11,v91) and (vg,v31) should

have the same slope. Now let’s apply Lemma I1.6 to A! = Star(vy;) and A% =
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Star(vey ). It is clear that for d > 2r
dim Sh(A') = by (A") and dim Sj(A?) = b (A?)
because they have one interior vertex. By Lemma I1.6 all we need to show is
img ¢rey(A) +img ¢rey(A%) = Py_py.

However, it turns out that img ¢{e}(A2) = P;_,_1: let A’ be a flawed triangulation

yielded from A? by removing the edge e. Then,

dim img ¢y (A?) = dim V(A?) — dim V(A')
_ dz’mng(Az)l— (d_g? 2{dz’m Sg(i') - (d;z)]
— —r+1\ _ [(d+2\ (r+
[4< dir+)1 K fl+)2 ( i}j +63} (4.1)
HEOIE )
_ (et

d—r
where 05 = Y (r+j+1—3j).

J=1

Fig. 17. A € MY



46

Next, consider a flawed triangulation in 9715112). (See Figure 17.)
Let’s apply Lemma I1.6 to A' = U2, Star(v;) and A? = Star(vs). Since

Al € Sﬁéé), we have for d > 2r
dim Sg(Al) = lbg(Al)

from the above argument.
Also, since A? has only one interior vertex, dim Sj(A?) = Ib},(A?) for d > r.

By Lemma I1.6 we need to show that
img ¢rey(A) +img ¢rey(A?) = Py_yy.

There are 4 edges emerging from vs;. If the degree of vg; is 3, then img ¢ (A?) =
P;_._1 by the same reason before as in (4.1) and we are done.

Suppose that the degree of vs; is 4. Define A’ as a complex obtained from A! by
removing all interior edges connected to vy;.

We still have Sj(A') C S5(A') which implies img ¢ (A') C img P (AL).
Notice that deg(vg;) < 3 in A’. If deg(ve;) < 3 there are two edges having the same
slope as e and by the argument used in (4.1) we get img ¢rey(A’) = Py_r—1. So we

have
img Gy (AY) +img e (A?) D img ¢y (A') +img e (A?) = Py

If deg(vg;) = 3 then AUA’ € A because deg(ve;) = 3 and deg(vs;) = 4. By Conjecture

IV.2 we have that for d > 2r

dim SHAUA) = (AU A).
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Now, by Lemma IL.6 we have img ¢y (A")+img ¢ge1(A*) = Py_,—1. Thus, for d > 2r
ng (b{e} (Al) + ng (b{e} (A2> ) ng (b{e} (A/> + ng ¢{e}(A2> =Py r1.

We can do this for any A € 933,&12) Vk > 3.

Therefore, we can conclude that VA € fm,(:; ford>2r>0
dim S5 (A) = by (A)
provided that Conjecture IV.2 holds.

Lemma IV.7. Let d > 2r >0 and k > 1. Then,

for any A,(é), a deformed type-1 triangulation of size k by 2
dim Sy(AR) = W (AL).
Proof. Use the above arguments and Lemma II.9. O

Thirdly, we are going to look at a flawed triangulation in 9)?,93) If £ =1, then
for any A € smﬁ},} the dimension of S;(A) is the lower bound for all d > r > 0 since
A has no interior vertices. For k =2, any A € Sﬁ%) has two interior vertices and we
can use the argument that was used for a flawed triangulation in zmgl;

For k = 3 we can use Lemma I1.9 based on some flawed triangulation in 9B: if A
is in Sﬁ%), then R(A) is in B, where R is as in Conjecture IV.4. Thus, for d > 2r+1
we have

dim ST(A) = I(A) VA € MY

by Lemma II.9 and Conjecture IV 4.

Now, let A € imfé) like a flawed triangulation in Figure 18. We will deal with
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KA

Fig. 18. A € M.} and R(A)

Fig. 19. A! and A? for MY
R(A) (See Figure 18) and conclude that by Lemma I1.9 for d > 2r + 1
dim S5(A) = Iy(A) VA € mY

after showing dim ST(R(A)) = Ib(R(A)). Define A' and A? as in Figure 19:A! has

four interior vertices, v11, via, V21, and vee; A? has two interior vertices, vs; and vss.
Notice that since there are 3 edges connected to v3, and 4 edges connected to vz,

in A? we know that by using the same argument as for 93?&12) (if degree(vs;) = 4 use

the Conjecture IV.2 and if degree(vs;) = 3 use Lemma I1.6)

dim S5(A?) = 1by(A?) for d > 2r.
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Also, since Al € fmi%), for d > 2r + 1 we have
dim SH(AY) = Ib(AY).

Let E = {ey, e9,¢e3}, a set of common edges of A! and A?.

By Lemma II1.6 all we need to show is
img ¢p(A') +img ¢p(A?) = G3Py_r1.

Let A" = Star(vgy) U Star(vy). Then, A’z’nﬂﬁ%).

We are going to show that
img ¢op(A') = img ¢p(A")
and replace img ¢p(A') with img ¢p(A’). Tt is clear that
img ¢p(A') C img ¢p(A") (4.2)

because any spline on Al satisfies the conformality conditions at each interior vertex

of A’. On the other hand, we have

dim img ¢p(A') = dim V(AY) — dim V(R(A)) (43)
dim img ¢p(A") = dim V(A") — dim V(R(A"))

By Conjecture IV.2 we have for d > 2r

dim Sy(R(A")) = lbg(R(A"))
and by Conjecture IV.4 we have for d > 2r + 1

dim S5(R(AY)) = b5 (R(AY)).

Then, we know all values in the right-hand sides in the equation (4.3) so we can
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compute the values of the left-hand sides and it turns out that
dim img ¢p(A') = dim img ¢p(A") (4.4)
Using (4.2) and (4.4), we have
img ¢u(A') = img ¢p(A)
Since A’ U A% € B, by Conjecture IV.4 along with Lemma I1.6 we have that
img ¢p(A) +img ¢p(A?) = img ¢p(A') +img ¢p(A?) = G3Py_r_1.

Thus, spline space on R(A) has the lower bound dimension. We can do this induc-
tively for {Sﬁ%)}kzg in the same manner as above.
Finally, consider the general case, Sﬁ,%) for [ > 4. First, to perform the inductive

step, assume the inductive hypothesis that for d > 2r + 1
dim Sj(A) = IH(A) VA e M)

Let A € sm,(jl), A = {vi;1}7=}, and B be the complement of A in the set of interior
vertices of A. Define A' = U,epStar(v) and A? = U,caStar(v). We are going to use
Lemma I1.6. Notice that A% € sm,?j; and so the dimension of spline space on A? is the
lower bound. On the other hand, since F(A!) € 93?,(:}_1, by Lemma II1.9 along with
inductive hypothesis we have that the dimension of spline space on A! is the lower

bound. According to Lemma I1.6, all we need to show is
img ¢p(A') +img ¢p(A?) = ®p Par,

where E = E(A), the set of the common interior edges of A' and A?. Let A’ =
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Uf;llStar(vu_g). We are going to show that
img pp(A') = img ¢p(A")

and replace img ¢p(A') with img ¢p(A’). Since img ¢p(A') C img ¢p(4’), it

suffices to show that they have the same dimension. However, we have

dim img ¢p(A') = dim V(A') — dim V(F(A")) (45)
dim img ¢p(A') = dim V(A") — dim V(F(4A))

Since F'(A') € 933,212), we know dim S} (F(A")) and dim S (A"), which give dim V (F(A'))
and dim V(A'). The explicit computations of dimensions in the right-hand sides in
(4.5) give

dim img ¢p(A') = dim img ¢g(A") (4.6)

Since A’UA? € fm,%), by Lemma II.6 we have
img ¢p(A') +img ¢p(A*) = @ Pa-r-1,
Thus, we have
img ¢p(A') +img ¢p(A%) = img ¢p(A") + img ¢p(A*) = g Par1.
Now, we have the following Theorem:;

Theorem IV.8. If Conjecture IV.2 and Conjecture IV.4 are true, then for any d >
2r+1 the dimension of spline space on a deformed type-1 triangulation coincides with

the lower bound.
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CHAPTER V

SEMI-DEFORMED TYPE-2 TRIANGULATION

A. Introduction

In the previous chapter, we provided sufficient conditions for dim S} (A) = Ib,(A) Vd >
2r + 1 when A is a deformed type-1 triangulation. It was accomplished by reducing
the given complex to a simpler one. In this chapter, we will define a semi-deformed
type-2 triangulation which is obtained from a type-2 triangulation in some manner.
Then, we will give sufficient conditions for dim S3.(A) = 1b5,.(A).

The type-2 triangulation is a triangulation obtained by connecting two diagonals
in every rectangular cell. If the original rectangular partition is uniform, then it gives

a uniform type-2 triangulation and it is known that for a uniform type-2 triangulation

A

Y

dim Si(A) = Wb(A) ford>r>0 [6].

B. Semi-deformed type-2 triangulation

Let Ay, be a quadrilateral partition obtained by moving vertices of a rectangular
partion Ay, such that each of the quadrilateral cells is strictly convex. The semi-
deformed type-2 triangulation of size k by [ is a triangulation obtained by adding two
diagonals at every quadrilateral cell based on Ay, and we will denote it by A,(j). For
example, the complex in Figure 20 is one of our semi-deformed type-2 triangulation

of size 3 x 3.

In this section, we are concerned with the dimension of ET(A,(j)).

For the given semi-deformed type-2 triangulation A,(j), let v;; be the vertex of
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g

Fig. 20. Ay, Ags, and AY)

A,(fl) corresponding to the vertex (x;,y;) in Ay and let w;; be the vertex of A,(fl) that
is the intersection of two diagonals (v;_1 1, v; ;) and (vi—1j, Vs j—1)-

For the given semi-deformed type-2 triangulation A,(j), define B (A,(j)) as a trian-
gulation obtained by removing from A,(fl) all triangles in Al(j) which have a boundary

edge. (See the second one in Figure 21.)

SN

Fig. 21. AY, B(AY), and F(AY)

Lemma V.1. Let A,(j) be a semi-deformed type-2 triangulation. If the dimension
of S;T(B(A,(j))) coincides with the lower bound, lbgT(B(A,(j))), then we have that the

dimension of SQT(A,(j)) coincides with the lower bound, lbgr(A,(j)).

Proof. Let A' be a triangulation obtained by adding two triangles to B(A,(j)) SO
that A! has exactly one more interior vertex wy; than B (A,(j)) has. (See the second

complex in Figure 22.) Now, applying Lemma 1.6 to Star(w;;) and B AP gives
kl
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us that dim S5 (A!) is the lower bound. Next, let A? be a triangulation obtained by
adding a triangle to A! so that A? has one more interior vertex ws;. (See the third
complex in Figure 22.) Again, by Lemma I1.6 applied to Star(wy;) and A! we have
that dim S35 (A?) is the lower bound. We can repeat doing this inductively until we

get the desired result that dim SQT(A,(j)) is the lower bound. O
Note V.2. dim S5.(B(A2)) = b, (B(A®))) implies that

dim S5 (AY) = Ibh, (A7) Vi,

Fig. 22. B(AY)), Al and A2

For a semi-deformed type-2 triangulation A,(fl), let £ (A,(fl)) be the set of interior
edges ofB(A,(j)) connected to vy or wj fori =1,2,...,k—land j =1,2,3,...,k and
define F' (A](j)) as a polyhedral complex obtained from B (A,(j)) by removing all edges
in £ (A,(fl)) (See the third complex in Figure 20.) Then, F (A,(j)) becomes a regular
flawed triangulation. To show that the dimension of SgT(A,(j)) is the lower bound,
it suffices to show that the dimension of S% (F (A,(j))) is the lower bound because of
Lemma V.1 and Lemma II.9.

Let Dﬁ,(j) be the collection of all F’ (Az(j))
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C. Conjecture

Like what we did for the deformed type-1 triangulation case, we are going to show
that if Conjecture IV.2 and Conjecture V.3 (which will be stated below) hold then
for d = 2r the spline space on a semi-deformed type-2 triangulation has the lower
bound dimension. We will do it by using induction on the second index [ in Sﬁ,(j)
For A € sm,(j), let R(A) be a flawed triangulation obtained by removing all
interior edges connected to vy; or wy; for i =1,2,...,l =1 and j =2,3,...,1 — 1.

(See Figure 23)

Fig. 23. F(A%)) € Sﬁé? and R(F(Aéé)))

Conjecture V.3. Define € = {R(A)|A € Sﬁé?}
Then, for any r >0

dim S5.(A) = I, (A) VA € €,

Example V.4. Let A be the polyhedral complex depicted below in Figure 24.

In the table III, we compute the dimension of S, (A) and b}, (A) for r < 10.

Note V.5. If the Conjecture V.3 holds, then for A € Sﬁé? we have dim S} (A) =
[b5,.(A) by Lemma I1.9.
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Table II1. dim S5 (A) = 105, (A) for A, the flawed triangulation in Example V.4

dim S3,.(A)

105, (A)

10
28
o4
90
135
189
252
325
406
497

10
28
54
90
135
189
252
325
406
497
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(-2,-3) (6,—-3)

Fig. 24. A polyhedral complex in €

D. Induction

First, consider a semi-deformed type-2 triangulation of size k£ x 1. In this case, we can
directly deal with Al(fl) and show dim S;T,(Al(fl)) = lbgr(AIg)) by using Lemma I1.6. It
can be done by induction on the first index: assume that for any semi-deformed type-2
triangulation of size k x 1 the dimension of spline space on it is the lower bound. Let
A,(jzm be given. Let Al = U Star(w;;) and A? = Star(wgy11). Applying Lemma
1.6 to A and A%, we have the dimension of Sgr(A,(fjl,l) is the lower bound because
A; and A, do not have any common edges.

Secondly, consider flawed triangulations of size k x 2. However, by Lemma I1.9,
instead of dealing with flawed triangulations of size k x 2, we can play with flawed
triangulations in 933,222) It can be done by using induction on £ in the same way as
sm,(j; in Chapter III by assuming that Conjecture IV.2 holds.

Thirdly, we are going to look at flawed triangulations in i)ﬁ,%) If £k =2, it can
be done easily by using Conjecture IV.2.

Next, consider flawed triangulations in img? For any A in ﬁﬁé?, we can always

get A’ € C by removing non-totally interior edges in A. Now use Lemma I1.9 and
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Conjecture V.3 to get
dim S;.(A) = 1b5,.(A).

Usy
Usy

Fig. 25. A € M) and R(A)

Usy
U3y

Fig. 26. A! and A? for M)

Let A € Wtfé). We are going to show that spline space on R(A) has the lower
bound dimension. (See Figure 25.) Define A! and A? as in Figure 26: A! has 6
interior vertices, vi1, V12, Va1, U2, Waa, and wse; A? has two interior vertices, vs; and

v32. It is easy to show that by Conjecture IV.2

dim S5 (A?) = Ibh (A?).
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Note that we can show that with Conjecture V.3
dim S5 (AY) = Ib(AY)

from the following fact: if we remove the triangle (wss, v32,v3;) from Al then we get
a complex in imé? and so we just use Note V.5 and the proof of Lemma V.1 for the
desired result.

By Lemma II.6 all we need to show is
img ¢{ei};‘-‘:1(A1) +imyg ¢{ei}?:1(A2) = ®sP

where e;’s are the common interior edges of A! and A2,
Let A" = Star(ve) U Star(vey) U Star(wssz). (See Figure 27.) We are going
to show that img ¢{ei}g:1(A1) = img ¢,y (A') and replace imyg gb{ei}?:l(Al) with

img gb{ei}?:l (A/> :

w32

U32

v
V 32 -
31 U Usg

Fig. 27. A’ and A’ U A?

It is clear that
img deqs_ (AY) Cimg deya (A) (5.1)

because any spline on Al satisfies the conformality condition at each interior vertex
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of A’. On the other hand, by Remark 1.12 we have

dim img gb{ei};;:l(Al) = dim V(A") — dim V(R(A"))

dim img ¢pey1_ (A') = dim V(A) — dim V(R(A")) o
From the fact that all flawed triangulations A in smg? satisfy
dim S, () = 1bj, (A),
we get dim S5 (A") = 105, (A’) by using Lemma I1.9 and Lemma V.1.
On the other hand, by Conjecture V.3 we have that
dim S5 (AY) = Ib5(AY).
by using Lemma II.9 and Lemma V.1.
Then, explicit computation gives us that
dim img gb{ei}?:l(Al) = dim img ¢{ei}§:1(A/)- (5.3)

Using (5.1) and (5.3), we have img ¢.y1_ (A') = img dpeya_ (A).
Since A’UA? € € (See Figure 27), by Conjecture V.3 along with Lemma 1.6 we

have that

ng ¢{ei}§:1 (Al) + ng gb{ei}?:l (A2) = ng gb{ei}?:l (A,) + ng ¢{ei}§:1 (A2) = 694PT’—1'

Thus, we can conclude that dim S5,.(R(A)) = (b(R(A)) and so dim S5, (A) = 105, (A)
by Lemma I1.9. We can repeat doing these inductively for {mt,%)}kzg in the same way
as above.

Finally, consider the general case im,(j) for [ > 4. To perform the inductive step,
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assume the induction hypothesis:
dim S, (A) = by, (A) VA € M),

Let A € Sﬁ,(j), A = {v;;_1}¥7], and B be the complement of A in the set of interior
vertices of A. Define A! = U,epStar(v) and A? = U,caStar(v). We are going to use

Lemma I1.6. Notice that A2 € 93?,&22) and so
dim S5, (A2) = I (A?),

On the other hand, by our hypothesis along with Lemma I1.9 and Note V.2 we can
show that

dim S5 (AY) = Ib5 (AY).

According to Lemma I1.6, all we need to show is
img op(A') +img ¢p(A®) = & P,

where F is the set of the common interior edges of A' and A% and | E| is the cardinality
of E.

Let A = (U} Star(v,_2) U (U2 Star(w;;_1)). We are going to show that
img ¢p(A') =img ¢p(A’) and replace img ¢p(A') with img ¢p(A’).

We have img ¢p(A') C img ¢p(A’) and by Remark 1.12

dim img ¢p(A') = dim V(A') — dim V(F(A'))
dim img ¢p(A") = dim V(A") — dim V(F(A"))
Since F(A') € sm,f}_l, by our hypothesis dim S5 (F(A')) is the lower bound. Also,

F(A") e im,(f; Thus, we can compute the dimensions of img ¢g(A') and img ¢p(A’)

and it turns out that they are the same. So, we have img ¢g(A!) = img ¢p(A').
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Since A’ U A? ¢ fm,%), by Lemma II.6 we have
img ¢p(A") +img ¢p(A?) = img ¢p(A') + img ¢p(A*) = &g Pr_1.

Theorem V.6. If Conjecture IV.2 and Conjecture V.3 are true, then for d = 2r the
dimension of spline space on a semi-deformed type-2 triangulation coincides with the

lower bound.
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CHAPTER VI

A BASE CASE

A. Introduction

In [13], it was shown that the equality in (1.1) fails for d = 2r for some triangulation.

(See Figure 28.) That means the “2r 4+ 17 conjecture is sharp.

Fig. 28. Base triangulation

It is still unknown if the formula holds on the base triangulation for d = 2r + 1
and we will explore the dimension of the spline space on the base triangulation for
d=2r+1.

We can embed A in R? to form the cone A of A with the origin. It is known that
the set of splines on A is a graded module S"(A) over the polynomial ring R[z, y, 2]
and S7(A) is isomorphic to S™(A)y. Hence, it is sufficient to study S7(A) when
concerned with Sj(A).

Set the following two ideals occurring at the left and right interior vertices of A:

L=< (z—y)™" (x+y—22)"" > (y—2)™

and
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L=< (v4+y—42)"" (z —y—22)"" > (y — 2)"

Notice that y — z is the linear form vanishing on the totally interior edge.

From Lemma I1.6, the following

([1)d—r—1 + ([2)d—r—1 = R[ZIZ’, Y, Z]d—r—l

is sufficient to show
dim Sj(A) = 1b].
Set I = [1 + IQ.

Since I; and I, are homogeneous ideals, we have

([1)d—r—1 + ([2)d—r—1 = R[ZIZ’, Y, Z]d—r—l

= (R/D)gr1 =0

With the change of variables given by the matrix

1 1 =2
0 -2 2
1 1 -4

we can suppose that

I =<a (z+y) T >y tand [ =< 2T (2 + )" >0yt

B. (Rlz,y]/1)s

For any given n > 1, let T™ be an n X n upper triangular Toeplitz matrix such that

Gij = (gﬁz> :
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L) G (") ()

01 (7) (") (")

0 0 1 (") ()
T =

0 0 0 I

0 0 0 0 1

Let T)} be the p x p upper right corner submatrix of 7™.

We will show that if 77" is nonsingular for all p > £ then N, 1 (= (R/I),) = 0.
(i.e., the dimension of S%(A) is given by the lower bound when d = 2r + 1.)

We can look at the ideal I; as an ideal in A = Rz, y]. Then we have the following

Lemma.

Lemma VI.1. Suppose that T;H 1s nonsingular for all p > % Then,
We have that
-1
dim (A/L))s=r—s V TT <s<r.

r—1

Moreover, if <s<r-—1 then

(A/Il)s = span{y37 yS—lx’ o 7y2s—7«+1x7«_s_1}.

Proof. We need to break into two cases, depending on if r is odd or even.
First, let » = 2n — 1 for some n € N. From [13], we get the minimal free resolution
for A/IL:

0— A(—2n) — A(—n)*> — A — A/I.
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Calculating the Hilbert functions gives us
1 - 1 -2 1
dim (A/L)s = ST _gfs—ntl)y (s—ant
1 1 1
= s+1—-2(s—n+1)

= r—s

,
because <s<randr=2n-1.

Next, let 7 = 2n for some n € NU {0}. From [13], we get the minimal free

resolution for A/1;:
0—A(-2n—-1)— A(-n)®A(—n—-1) - A— A/L.
In the similar way as above, we get
dim (A/I)s =1 — s.

Notice that dim (A/I), = 0.

For the second part, since we know that
dim (A/L)s =1 — s,

it suffices to show that

r—s—1

Z ey =0in (A/L), = =0V k=0,...,r—s—1.
k=0

r—s—1
Set up g = Z crx™y* ™ and suppose g = 0 in (A/I),. That means g € I.
k=0
Since I, =< 2", (x + y)"* >: y"*!, there are two homogeneous polynomials,

hy and hy of degree s satisfying

gyt = ha"t (x4 y) (6.1)
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Let h; = Z a;z'y* " and hy = Z bjxjys_j. Then, substituting hq, ho and g into
i=0 Jj=0
(6.1) gives us

r—s—1 s s r+1
Z Ckxkys—k+r+1 _ Z aix2+r+1ys—z + Z Z bj (T ‘;‘ )x]+lys—3+r+1—l.
k=0 i=0 =0 1=0
Comparing coefficients of z*y*=**"+! for k =r —s,..., 54 r 4+ 1 gives the following
matrix equation:
STl 10 -+ 0 1 0 o 0 s 0
¥ty 01 -0 (" I 0 as—1 0
L oo 1 () (RL) e ao 0
7 A U A I i B b | =0
zoy 00 -~ 0 1 (" ("t bosr1r 0
gyt L 00 - 00 0 - (Y b 0
I UL, a 0
SN e N B , (6.2)
0o Tt b 0
where @ = (as, . .., a0)', b= (bs, ..., b)t, (-) is the transpose matrix of (-) and UL is

a unit lower triangular matrix.
r+1

r—1
Since s > — o we have s +1 > and (T7') is nonsingular.

Therefore, from the equation (6.2) we conclude

i=b=0,
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which implies

0 (e, cgk=0Vk=0,...,7r—s—1).

<
Il

Similarly, we can look at I as an ideal in B = Ry, z|. Then,
we have
—1
dim (B/Ly), =7 —s ¥ % <s<r

r—1

and if < s<r—1 then

(B/[2)5 = Span{ys’ ys_lz’ . ’y2s—7‘+1z71_s_1}

provided that T +1 is nonsingular for all p > T—ng

C. (Rlz,y,z]/1),

r—1

Note that if <s<r-—1and

8
Q
Ny
it
Q
Il
L[]
£
&N
Ny
vy
El
@)
ISH
~
i
S—

then

because I; can be obtained by replacing x with z in I;.

Lemma VI.2. Suppose that T;,"*l s monsingular for all p > % and let

T’—l—mxlzm—l o yr—l—ml,m—lzl‘

Pm,l:y
Then, P €1 for all0 <m <r—1and0<[<m.

Proof. If m =0 and [ = 0, then it is clear because F;,, = 0.
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For the induction on m, suppose that Py ; € I for all &k < m.
Without loss of generality, for the given P, ;, we can assume 2! < m. (If not, consider
—I'm € I )

Then, we have

m
—-1-1 > —1——
r r 5
r—1
- 2
because m < r — 1.
Thus, by Lemma VI.1,
l
yr—l—mzm—l = Zaiyr—l—l—izi (mod [2)
i=0
and
l
yr—l—mxm—l = Zaiyr—l—l—il,i (mod [1)
i=0

for some q; € R.

Plugging the above into P,,; gives

! !
P, = xl(z ay ) — zl(z a;y" ) (mod 1)
i=0 i=0
1
= Zai(yr—l—l—ixlzi o yr—l—l—ixizl) (mod I)
i=0
I
= ZaiPHM (mod I)
i=0
= 0 (mod I)
since 2] < m. 0

Lemma VI.3. Suppose that T;:;H s monsingular for all p > % Then,

dim N2r+1 = 0.



70

That means dim S5 (A) is given by lower bound in (1.1).

Proof. Since Ny,41 = (Rz,y, 2]/1),, it suffices to show that
(Rlz,y, 2]/I), = 0.

Let fimn = y'a™z" € Rlz,y, 2] with [+ m +n=r.
We will use mathematical induction on n.

For the base case,
fl,m,O = ylxm el
since [ +m = r and (R[z,y]/I;), = 0 from Lemma VI.1.
For the induction hypothesis, assume that
fimm €1 for all n <k.
Then, by symmetry of I; and I, we have

fimm €1 for all m < k. (6.3)

Let [ and m be any nonnegative integers satisfying [ +m + k = r.
If m =0 then fjo, € I and if m > 0 then
by Lemma VI.2, we have
P gma€el (6.4)

because r —1—[{<r—land (r—1—10)—(m—1) =k >0.



Multiplying (6.4) by z gives

2Pyt €1 = 2(yla™ T — gl eI
= ylxm—lzkﬂ _ ylxkzm cl

since y'a*2™ = Py, € I from (6.3)

= fim-1k+1 € 1.

Since [ and m were arbitrary, we are done.
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CHAPTER VII

SUMMARY
In this dissertation, we studied bivariate spline spaces. we approached the study of
splines from the viewpoint of algebraic geometry by using the conformality condition.
The conformality conditions leads to the machinery of sheaves and cohomology which
provided a powerful type of generalization of linear algebra.

First, we introduced cofactor spaces and cofactor maps. They were used to
interpret the change of dimensions when we removed non-totally interior edges. We
used this fact to analyse the relationship of dimensions of spline spaces between
complex and its subcomplexes.

Second, we built the sufficient and necessary condition of that the dimension of
spline spaces are equal to the lower bound, which were conjectured true for d > 2r+1
in Theorem III.3. For the proof we used mathematical induction on the number of
interior vertices.

Next, we defined a flawed triangulation and we splitted the given flawed trian-
gulation into smaller flawed triangulations which are relatively easier to compute the
dimension of spline spaces. Then, we applied this idea to deformed type-1 triangu-
lations and semi-deformed type-2 triangulations. We reduced any sizes of them to
specific type of smaller flawed triangulations. Also, we showed that if they are generic
triangulations then the dimensions of spline spaces are same as the lower bound for
d=2r+1and r < 10.

Finally, we studied the “2r + 1”7 conjecture on a certain triangulation. We know
that the conjecture is sharp because the dimension formula failed on a certain trian-
gulation for d = 2r, but we do not know if it holds on the same triangulation when

d = 2r + 1. Tt is related to a Toeplitz matrix.
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