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ABSTRACT

Masas and Bimodule Decompositions of
II; Factors. (August 2009)
Kunal Krishna Mukherjee, B.Sc., Calcutta University, Calcutta;
M.Stat., Indian Statistical Institute, Bangalore;
M.Tech., Indian Institute of Technology, Kharagpur

Chair of Advisory Committee: Dr. Kenneth Dykema

The measure-multiplicity-invariant for masas in II; factors was introduced by
Dykema, Smith and Sinclair to distinguish masas that have the same Pukdnszky
invariant. In this dissertation, the measure class (left-right-measure) in the measure-
multiplicity-invariant is studied, which equivalent to studying the structure of the
standard Hilbert space as an associated bimodule. The focal point of this analysis
is: To what extent the associated bimodule remembers properties of the masa. The
structure of normaliser of any masa is characterized depending on this measure class,
by using Baire category methods (Selection principle of Jankov and von Neumann).
Measure theoretic proofs of Chifan’s normaliser formula and the equivalence of weak
asymptotic homomorphism property (WAHP) and singularity is presented. Stronger
notions of singularity is also investigated. Analytical conditions based on Fourier
coefficients of certain measures are discussed, that partially characterize strongly
mixing masas and masas with nontrivial centralizing sequences. The analysis also
provide conditions in terms of operators and L? vectors that characterize masas whose
left-right-measure belongs to the class of product measure. An example of a simple
masa in the hyperfinite II; factor whose left-right-measure is the class of product
measure is exhibited. An example of a masa in the hyperfinite II; factor whose left-

right-measure is singular to the product measure is also presented. Unitary conjugacy



v

of masas is studied by providing examples of non unitary conjugate masas. Finally,
it is shown that for & > 2 and for each subset S C N, there exist uncountably many

non conjugate singular masas in L(IF;) whose Pukénszky invariant is S U {oo}.
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CHAPTER I

INTRODUCTION

The moral of this dissertation is: ‘The phenomena - reqularity, semireqularity,
singularity, weak asymptotic homomorphism property (WAHP), asymptotic homo-
morphism property (AHP) and strong mizing of masas in finite von Neumann al-
gebras, can all be explained by measure theory’. Throughout the entire manuscript
M will always denote a separable II; factor. Let A C M be a maximal abelian
self-adjoint subalgebra, henceforth abbreviated as a masa. It is a theorem of von
Neumann that A is isomorphic to L*([0,1],dz). So the study of masas in type I
factors is understanding its position up to automorphisms of the ambient von Neu-
mann algebra. For a masa A C M, Dixmier in [7] defined the group of normalizing

unitaries (or normaliser) of A to be the set
N(A) ={u e UM) : uAu™ = A},

where U (M) denotes the unitary group of M. He called

(1) A to be regular (also Cartan) if N(A)" = M,

(77) A to be semireqular if N(A)" is a subfactor of M,

(i7i) A to be singular if N(A) C A.

He also exhibited the presence of all three kinds of masas in the hyperfinite II; factor.
Two masas A, B of M are said to be conjugate if there is an automorphism 6 of

M such that §(A) = B. If there is an unitary u € M such that uAu* = B then A

and B are called unitarily (inner) conjugate.

Feldman and Moore in [12], [13] characterized pairs A C M, where A is a Car-

The journal model is Journal of Functional Analysis.



tan subalgebra, as those coming from r-discrete transitive measured groupoids with
a finite measure space X as base. Given such a groupoid, the algebra A is L>°(X)
and the group of bisections of the groupoid injects into U (M) as the normaliser of A.
It is a remarkable achievement of Connes, Feldman and Weiss [5] that any countable
amenable measured equivalence relation is generated by a single transformation of
the underlying space. When translated into the language of operator algebras via
the Feldman-Moore construction, this theorem together with a theorem of Krieger
[22] says that, if M is injective then any two Cartan subalgebras are conjugate by
an automorphism of M. However it follows from their theorem that, there are un-
countably many equivalence classes of Cartan masas up to unitary conjugacy in the
hyperfinite II; factor. See [28] for more examples. There exist 1I; factors with non
conjugate Cartan masas (see [6]). These masas were distinguished with the presence
or absence of nontrivial centralizing sequences. Recently Ozawa and Popa have ex-
hibited examples of II; factors with no or at most one Cartan masa up to unitary
conjugacy (see [27]).

The absence of Cartan masas in II; factors was first due to Voiculescu in [46]. In
fact, it was his amazing discovery that, for any diffuse abelian algebra A C L(F,,), the
standard Hilbert space (*(FF,,) as a A, A-bimodule contains a copy of L*(A4) ® L*(A).
His result was improved by Dykema in [10] to rule out the presence of masas in free
group factors with finite multiplicity.

Getting back to singular masas, in 1960 Pukanszky showed in [37] that there are
countable non conjugate singular masas in the hyperfinite II; factor by introducing an
algebraic invariant for masas in II; factors, today known as the Pukanszky invariant.

In 1983 Popa [33] succeeded in showing that all separable continuous semifinite
von Neumann algebras and all separable factors of type III, 0 < A < 1 have singu-

lar masas. Although they exist, citing explicit examples is a very hard job. In this



direction, Smith and Sinclair in [42] have given concrete examples of uncountably
many non conjugate singular masas in the hyperfinite II; factor. Their examples
come from analyzing the double coset structure of abelian subgroups of amenable icc
groups. White and Sinclair [41] have given explicit examples of a continuous path
of non conjugate singular masas (Tauer masas) in the hyperfinite II; factor. All the
masas in this path have the same algebraic invariant of Pukénszky. They were once
again distinguished by the presence or absence of nontrivial centralizing sequences
in appropriate compressions. Subsequently, White in [49] proved that, any possible
value of the Pukédnszky invariant can be realized in the hyperfinite II; factor, and any
MecDuff factor which contains a masa of Pukdnszky invariant {1}, contains masas of
any arbitrary Pukédnszky invariant.

Singularity is often quite hard to check (see [38]). In order to check if a masa is
singular, analytical properties ‘asymptotic homomorphism property’ (AHP) and ‘weak
asymptotic homomorphism property’ (WAHP) were discovered in [39], [40]. Subse-
quently Smith, Sinclair, White and Wiggins in [44] characterized pairs A C M,
where A is a singular masa in a II; factor M to be precisely those for which A sat-
isfies ‘WAHP’. All the theories that we have outlined have a common theme namely,
‘What is the structure of the standard Hilbert space as a w* A, A-bimodule’?

Although many invariants of masas in II; are known, the first successful at-
tempt to distinguish masas with a natural invariant, which have the same Pukéanszky
invariant, was due to Dykema, Smith and Sinclair in [11]. We call this the measure-
multiplicity-invariant. This invariant has two main components, a measure class and
a multiplicity function. This invariant is not a new one and has existed in the litera-
ture for quite some time. For Cartan masas this invariant has very deep meaning and
it is very hard to distinguish Cartan masas with this invariant. The term multiplic-

ity in the measure-multiplicity-invariant is actually the Pukdnszky invariant of the



masa, making it a stronger invariant. A slightly different invariant was considered by
Neshveyev and Stgrmer in [24].

Our intention is to study singular masas and distinguish them. In order to do
S0, it is necessary to think of singularity from a different point of view. The theory of
Cartan masas and singular masas has so far been viewed from two different angles.
While Cartan masas fit to the theory of orbit equivalence on one hand [13], singular
masas fit to the intertwining techniques of Popa on the other [44]. But we would like
to have an unique approach that explains all these phenomena. This is the primary
goal of this study. In this work, we characterize masas by studying the structure of
the standard Hilbert space as their associated bimodule.

Our second goal is to investigate that, after such a theory is outlined, whether
it is possible to obtain proofs of important theorems regarding masas, that were
obtained by a number of researchers using different ideas. Many old theorems can
indeed be proved but we will mainly prove Chifan’s result on tensor products [3] and
the equivalence of WAHP and singularity [44]. In fact, it seems that studying the
bimodule is the most natural way to approach these problems, as one can exploit a
lot of results from Real Analysis.

In order to distinguish singular masas which have the same multiplicity, under-
standing the measure in the measure-multiplicity-invariant is the most important
task. So we study this invariant thoroughly throughout this manuscript.

We have learnt later that Popa and Shylakhtenko in [35] have results of simi-
lar flavor in this direction. However our approach is completely different. We think
that what is really involved in understanding the types of masas are the measurable
selection principle of Jankov and von Neumann and a generalized version of Dye’s
theorem on groupoid normalisers. This is evident from [5], [12] and [13]. We present

completely measure theoretic proofs based upon Baire category methods (selection



principle). As an outcome of our approach, many theorems related to structure the-
ory of masas proved by different techniques just follow easily from our technique.

Singular masas are often constructed by considering weakly or strongly mixing
actions of infinite abelian groups on finite von Neumann algebras. We will show that
the definition of WAHP can be strengthened by considering Haar unitaries and Cesaro
sums which exactly resemble the definition of weakly mixing actions. Weakly mixing
actions are characterized by null sets of certain measures. The story of singular masas
is also similar.

Feldman and Moore constructed von Neumann algebras from Borel or measur-
able equivalence relations with countably many elements in each equivalence class,
on standard Borel spaces. So, firstly, it is important to understand, how an equiv-
alence relation is related to a masa or why is it so natural to consider any kind of
Borel equivalence relations. Most papers on singular masas will have the following
statement: ‘Singular masas are hard to construct’. We give the reasons for it in this
work.

The moral is, while Cartan masas correspond to countable equivalence relations,
singular masas correspond to continuous equivalence relations. This is the precise
reason, singular masas are so hard to construct, as there is no counterpart of Feldman-
Moore theory for continuous equivalence relations.

There are stronger notions for singularity of masas. One such phenomenon is
called strongly mizing which appeared in [18]. An even more stronger notion exists,
which we call uniformly mizing. Mixing is a term that has its roots in measure the-
ory and we will justify that the study of strongly mixing or uniformly mixing masas
can be linked to that of Fourier coefficients of certain measures. Thus, our analysis
will show that masas which do not arise from dynamical systems possess properties

similar to the ones arising from ergodic theory.



We will also present measure theoretic properties of masas that possess nontriv-
ial centralizing sequences. We will discuss conditions that prevent a masa to possess
nontrivial centralizing sequences. In this direction, the examples in [6] suggest that
through our approach, a complete characterization is not possible.

It is a long standing open problem in Ergodic Theory and Dynamical Systems
that :‘Is there a simple W*-dynamical system with pure Lebesque spectrum’? Trans-
lated to the theory of von Neumann algebras, it asks :‘Is there a Lebesgue probability
space (X, 1) and an infinite discrete abelian group G that implements a (free) weakly
mixing action on X by measure preserving transformations so that the group von Neu-
mann algebra L(G) inside the crossed product factor has multiplicity 1 (equivalently
the Pukanszky invariant of L(G) = {1}) and the spectrum is Lebesgue measure on
[0,1] x [0,1]’?7 An example of a masa with the properties ‘simple and Lebesgue spec-
trum’ is not known. We will exhibit that the hyperfinite II; factor has such a masa.
In fact, it a masa constructed by White and Sinclair [41]. Thus there is a chance that
the conjecture of simple dynamical system with pure Lebesgue spectrum might have
an affirmative answer.

The question of unitary conjugacy of masas and subalgebras has been investi-
gated by a number of experts. Although we can provide independent proofs of similar
conditions through our techniques, i.e, Baire category methods, we refrain from doing
so. Instead, we will use results from [36] to produce uncountably many non inner con-
jugate singular masas in the hyperfinite II; factor with identical bimodule structure.

Finally, borrowing ideas from [11], [41] we will show that, given any subset S
of N, there exist uncountably many non conjugate singular masas in the free group
factors with Pukédnszky invariant S U {oco}.

Experts have tried to distinguish singular masas by a number of invariants.

Our work will show that, the measure-multiplicity-invariant understands most of



the invariants that are available in the literature. However, the measure-multiplicity-
invariant is far from being a complete invariant. Nevertheless, it is a complete in-

variant as far as unitary conjugacy is concerned.



CHAPTER II

MEASURE MULTIPLICITY INVARIANT

This work relies on the theory of direct integrals and measure theory. So we
have divided this chapter into four sections. In Section A we give some well known
results about direct integrals of Hilbert spaces with respect to an abelian von Neu-
mann algebra. In Section B we give some preliminaries about masas in II; factors
and in Section C we will define the measure-multiplicity-invariant of masas in II;
factors. Section C has a subsection in which we discuss some facts on disintegration
of measures. Section D contains some technical results about measurable functions.

Notation: Throughout the entire manuscript No, will denote the set NU {oo}.

A. Direct Integrals

Let a separable Hilbert space ‘H be the direct integral of a p-measurable field of
Hilbert spaces {H,}.cx over the base space (X, u) where X is a o-compact space

and p is a positive, complete Borel measure.

Definition II.1. An operator 7' € B(H) is said to be decomposable relative to the
decomposition H = [ )e(a H.du(z) if there exists a p-measurable field of operators
T, € B(H,), such that z — || T,|| € L>®(X,pu) and T = f;f T.du(z).

If T, = c(x)Iy,, where ¢(z) € C for almost all x, then 7" is said to be diagonalizable.

It is easy to see that the fibres of a decomposable operator are uniquely determined
up to an almost sure equivalence. The collection of diagonalizable and decomposable
operators both form von Neumann subalgebras of B(H), with the later being the
commutant of the former. Whenever there is no danger of confusion we will use the

term measurable instead of py-measurable.



Theorem I1.2. Let A C B(H) be a diffuse abelian von Neumann algebra on a separa-
ble Hilbert space H. Then there exists a measure space (X, i), where X is a o-compact
space, |4 is a positive, Borel, non-atomic, complete measure on X and a measurable

field of Hilbert spaces {Hy}zex, such that H is unitarily equivalent to,

H /X Modu(n) (A1)

and A is (unitarily equivalent to) the algebra of diagonalizable operators on f;? Hdp(x)

with respect to this decomposition.

The dimension function of the decomposition in Thm. II.2 is defined as
m : X — Ng by, m(z) = dim(H,).

The dimension function m is g-measurable. Such results are known in greater gener-
ality. For a measure space (X, 1) we denote by [u] the equivalence class of measures
on X that are mutually absolutely continuous with respect to p. There is also an

uniqueness of the decomposition in Thm. I1.2.

Theorem I1.3. (Uniqueness) Let A C B(H) be a diffuse abelian von Neumann al-
gebra on a separable Hilbert space H. If (X, ) and (Y,v) are Borel measure spaces
where X, Y are o-compact spaces, |1, v are positive, Borel, non-atomic, complete mea-
sures on X, Y respectively, such that H abstractly decomposes (unitarily equivalent
to) into,

H /X rodur) = /Y H dvy) (A.2)

with multiplicity functions mx, my respectively, for measurable fields of Hilbert spaces
{Hateex, {Hy }yey and A is (unitarily equivalent to) the algebra of diagonalizable op-

erators with respect to both these decompositions, then there exists a Borel isomor-
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phism T : X — Y such that
[T.p) = [v] and mx o T~ =my, v a.e. (A.3)

We will be always working with finite measures. Since direct integrals of Hilbert
spaces does not change when the measures are scaled, we will most of the time assume

that the measures have total mass 1. Details of these facts can be found in [19], [25].

B. Basics on Masas in II; Factors

Definition I1.4. Given a type I von Neumann algebra B we shall write Type(B) for

the set of all those n € N, such that B has a nonzero component of type I,,.

Let M be a separable II; factor with the faithful, normal, tracial state 7. This
trace induces the two-norm ||z, = 7(z*2)"/? on M and we write L?(M) for the
Hilbert space completion of M with respect to this norm. Let M act on L*(M)
via left multiplication. Let J denote the anti-unitary conjugation operator on L*(M)
obtained by extending the densely defined map J(z) = z*. Inclusions of von Neumann
algebras will always be assumed to be unital until further notice.

Given a von Neumann subalgebra N of M, let Exs be the unique trace preserving
conditional expectation from M onto N . This conditional expectation is obtained by
restricting the orthogonal projection ey from L*(M) onto L*(N) to M.

Let A C M be a masa. Then the augmented algebra A = (AU JAJ)” is an
abelian algebra, with a type I commutant, the commutant being taken in B(L?*(M))
and the center of A’ is A. The Jones projection e4 onto L*(A) lies in A [43]. Hence,

A'(1 — e4) decomposes as,

A(1—en) = Bnen. AP, (B.1)
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where P, € A are orthogonal projections summing up to 1 —e4 and A’ P, is homoge-

nous algebra of type n whenever P, # 0.

Lemma IL.5. If A C M be a masa and B C M be any subalgebra, then (AU JBJ)"
15 diffuse.

Proof. 1f not, let p # 0 be a minimal projection in (AU JBJ)"”. Then Ap = C. Since
A= L>([0,1],dx) so f — fp, f € Ais a one dimensional normal representation of
A. Therefore there exists a L' function g > 0 so that f — fol fgdx implements this

representation, which is not a homomorphism unless g = 0. ]

Definition I1.6. The Pukdnszky invariant of a masa A in a II; factor M, denoted
by Puk(A) (or Puka(A) when the containing factor is ambiguous) is { n € Ny, :
P, # 0} which is precisely Type(A'(1 —e4)).

Definition IL.7. If A is an abelian von Neumann subalgebra of M, let GN(A) or
GN (A, M) be the normalising groupoid, consisting of those partial isometries v € M

that satisfy v*v,vv* € A and vAv* = Avv* = vo* A.

A theorem of Dye [8] says that, a partial isometry v € GN(A) if and only if
there is an unitary u € N(A) and a projection p € A such that v = up = (upu*)u.
Thus GN(A)” = N(A)". Popa in [34] connected the Pukdnszky invariant to the type
of a masa showing that if 1 ¢ Puk(A), then A is singular and that the Pukdnszky
invariant of a Cartan masa is {1}.

Singularity is difficult to verify. The following two conditions were introduced in
[40], [39] and [44] as they imply singularity and are often easier to verify in explicit

situations.

Definition II.8. (Smith, Sinclair) Let A be a masa in a II; factor M.

(7) A is said to have the asymptotic homomorphism property (AHP) if there exists an
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unitary v € A such that

lim [[E4(zv"y) —Ea(x)v"Ea(y)|l, =0 for all z,y € M.

In|—o0

(i) A has the weak asymptotic homomorphism property (WAHP) if, for each € > 0

and each finite subset x,--- ,x, € M there is an unitary u € A such that

HEA(xzua:;k) — EA<I'1‘)UEA($;)

‘2<efor1§z',j§n.

In [44] it was shown that singularity is equivalent to WAHP. We will prove that
WAHP is indeed the most natural property. The next proposition is well known, we

state it for completeness.

Proposition I1.9. Let N' C B(H) be a von Neumann algebra. Let x;; € N and
T, € N’ fori,j =1,2,--- ,n. Then the following conditions are equivalent:
(1) D pey Ty ; =0 forall 1 <id,j <n.

(it) There exist elements z;; € Z(N), 1,5 =1,2,--- ,n such that for all i, j
in7kzk7j =0, ZZZW;H = 5 ;.
k=1 k=1

C. The Invariant

We consider the conjugacy invariant for a masa A in a II; factor M derived
from writing the direct integral decomposition of its left-right action. More precisely,
we choose a compact Hausdorff space Y such that C(Y) C A, is a norm separable
unital C* subalgebra and C(Y') is w.o.t dense in A. The trace 7 restricted to C(Y)
gives rise to a probability measure v on Y so that A is isomorphic to L>(Y,7), with
7 a completion of v. For simplicity of notation we will use the same symbol v to

denote its completion. Now a ® b — aJb*J, a, b € C(Y) extends to an injective
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*-homomorphism 7 of C(Y)® C(Y) in L*(M). Indeed, as M is a factor so the map,

=1 =1

is injective by Prop. I1.9. Hence it induces a norm on C(Y) ®4, C(Y). Since abelian
C* algebras are nuclear, this norm must be the min norm, and therefore a®b +— aJb*J
extends to an injective representation of C'(Y)®C(Y) in L*(M). Therefore C(Y xY))
is a w.o.t dense unital subalgebra of A, so that A is isomorphic to L>=(Y X Y, nyxy)

for a complete, positive, Borel measure ny«y. By Lemma I1.5, 7y 4y is non-atomic.

Remark 11.10. In general, if we allow M to be a finite von Neumann algebra that is
not a factor, then measure will be supported on smaller sets. This is the reason we
consider factors, although most results of this manuscript go through even for finite

von Neumann algebras.

Thus in view of the uniqueness of direct integrals with respect to an abelian
algebra (see Thm. 1.2, I1.3), L*(M) admits a direct integral decomposition {H,,}
over the base space (Y X Y, nyyy) so that A = L®(Y X Y,nyyy) is the algebra
of diagonalizable operators with respect to this decomposition. Let my denote the
multiplicity function of the above decomposition. It is clear from the direct integral
decomposition that, the Pukdnszky invariant of A is the set of essential values of
my (also check Cor. 3.2, [24]). We will call [nyxy]| the left-right-measure of A. For
reasons that will become clear, we will in most situation use the same terminology for
the class of the measure 1y y when restricted to the off diagonal. This will be clear
from the context and will cause no confusion. A related invariant was considered by
Neshveyev and Stgrmer in [24], which was a complete invariant for the pair (A, J).

Although the existence of such a measure is guaranteed, we need an algorithm to

figure out the left-right-measure. In order to do so fix a nonzero vector £ € L*(M).
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The cyclic projection P with range [A¢] is in A" and hence decomposable. For f, g
€ C(Y), there exists a complete positive measure y¢ (we complete it if necessary) on

Y x Y such that
(fJg"JE, E) ramy = f(t)g(s)dpe(t, s). (C.1)
Y XY
AP; is a diffuse abelian algebra in B(P;(L*(M))) with a cyclic vector, so is maximal
abelian. Thanks to von Neumann, we have only one. Therefore,
@

P:(L*(M)) = / Cisdpe(t, s) where C;, = C. (C.2)

Y XY

Moreover AP is the diagonalizable algebra with respect to the decomposition in Eq.
(C.2).

Two orthogonal cyclic subspaces [A&;] and [A&] with cyclic vectors &, & does
not necessarily keep the fibres of its associated projections P, and P, orthogonal,
neither does assert that they are direct integrals over disjoint subsets of Y x Y.
However, using the ‘gluing lemma’ (Lemma 5.7, [11]) we single out a measure g, ¢,
so that (P, + P,)(L*(M)) has a direct integral decomposition with respect to (Y x
Y, ne, ¢,) and A(Fe, + Pe,) is the diagonalizable algebra respecting that decomposition.
This is the step where one will see the possible updates of the multiplicity function.
Since we are working on a separable Hilbert space, after at most a countable infinite
iterations of this procedure we will finally find a measure  on Y X Y so that

®

L*(M) = H. du(z) (C.3)

YxY
and A is diagonalizable with respect to the decomposition in Eq. (C.3). Modulo the
uniqueness of direct integrals we have found the measure. Needless to say, different
choices of cyclic subspaces will produce same measure modulo the uniqueness. How-

ever for purpose of explicit computation to distinguish masas one learns, that nice
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choices of cyclic projections (vectors) is perhaps a little too costly.
For a set X we denote by A(X) the set {(z, y) € X x X : z =y}. The restric-
tion of 7 to C(Y) C A gives rise to a Borel probability measure whose completion is

denoted by vy.

Lemma I1.11. The measure nyy has the following properties:
(7) [nyxy] is invariant under the flip map 6 :(s,t) — (t,s) on Y x Y.

(ii) If m1 and my denote the coordinate projections from'Y XY onto Y then,

[(7)enyy]| = [vy] fori=1,2. (C4)

(#ii) The subspace ff(y) Hisdny <y (t,8) is identified with L*(A) and my(t,t) = 1,
Nyxy a.e. on A(Y).

(iv) The topological (closed) support of ny <y is Y X Y.

(v) If E and F are measurable subsets of Y with vy(E) > 0 and vy (F) > 0 then
My sy (E % F) > 0.

The multiplicity function my has the property that
mY(S, t) = my(t, S),
Ny xy almost everywhere.

Proof. Most of Lemma II.11 is known so we only prove (v). The sets E and F
correspond to nonzero projections p and ¢ respectively in A. If ny.y(EF x F) =0
then pCq = 0 for all ¢ € L*(M). Thus pzq = 0 for all z € M. Thus we have two
nonzero projections in A whose central carriers are orthogonal. This violates that M

is a factor. ]

We are now almost ready to give the definition of the measure-multiplicity-

invariant of a masa in a separable II; factor. Let A be a masa in M. Let Y be any
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compact Hausdorff space such that the unital inclusion of C'(Y') in A is w.o.t dense and
C(Y') is norm separable. To each such Y, we associate a quadruple (Y, vy, [ny «y], my).
Define an equivalence relation on the quadruples (Y, vy, [y xy], my) by

(Y,vy, [ny<y]smy) ~mm (Y, vy, [nyrxy],my:) if and only if there exists a Borel

isomorphism F' : Y — Y’ such that,

F*Vy = Vyr,
(F' X F)u[nyxy] = [nyrxy] and (C.5)

my o (F x F)™' = my/, nyrxy ae.

We also have, [nyxy] = [77|A(Y)] + [77|A(Y)°]-

Therefore if (Y, vy, nyxv], my) ~mm (Y, vy7, [Nyrxy’], mys) then,

(F X F)u[mawe] = [mapel (C.6)

miay)e © (F x F)y = MiAy')es Tay')e &€

Lemma I1.12. If C(Y;) C C(Y2) € A C M be two w.o.t dense, unital, norm

separable C* subalgebras of A then (Y1, vy, [Nyixvils Myy) ~mm (Yo, vy, [NMvaxva ] My, ) -

Proof. The inclusion i : C'(Y;) < C(Y3) results from a continuous surjection 6 : Y5 —
Y1. Therefore for all f € C(Y7),
o) = [ g = [ if)dm = [ (Fo0)dm, = [ o)
v Ya Vs v

Therefore, 0,vy, = vy,.

The inclusion ¢ preserve least upper bounds at the level of continuous functions.
So i extends to a surjective *-homomorphism i between L (Y7, vy, ) and L® (Y3, vy,)
which is normal (Lemma 10.1.10 [19]). It is easy to see that i is also implemented by

6. That ¢ is injective is obvious. So 6 is a Borel isomorphism between the underlying
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measure spaces.

Arguing similarly it is easy to see that 6 x 6 : Y5 x Y5 — Y] x Y] implements an
isomorphism between L>®(Y] X Y1, ny,xy,) and L>®(Ys X Y2, ny,«y,). The statements
regarding the measure classes now follows easily.

The statement about the multiplicity function is obvious from the uniqueness
of direct integrals in Thm. I1.2, I1.3 and the fact L®(Y) X Y1, 7y, xy;) = L®(Ys X

}/2777Y2><Y2) gA ]

Proposition I1.13. Let A C M be a masa. The collection of quadruples (Y, vy, [y xy],
my) for'Y a compact Hausdorff space such that C(Y') C A is unital, norm separable
and w.o.t dense in A, under the equivalence relation ~., ., has exactly one equivalence

class.

Proof. If C(Y1), C(Ya) C A be two w.o.t dense, unital, norm separable subalge-
bras of A then C*(C(Y;) U C(Y3)) = C(Y3) for a compact Hausdorff space Y3, and

C(Y3) is unital, norm separable and w.o.t dense in A. Therefore by Lemma I1.12,

(}/37 Vys, [anng]ang) ~m.m (Ka Vy;, [UKxYJ»mYZ) for ¢ :17 2. O

Definition II.14. Let A C M be a masa. We define the measure-multiplicity-
invariant of A as the equivalence class of the quadruples (Y, vy, [maw)e], ma)e)
under ~,, ,, where,

(1) Y is a compact Hausdorff space such that C(Y) is an unital, norm separable and
w.o.t dense subalgebra of A.

(7i) vy is the completion of the probability measure obtained from restricting 7 on
C(Y).

(ii1) [ma(yye] is the equivalence class of the measure 7y y restricted to A(Y),

(iv) mja(y)e is the multiplicity function restricted to A(Y)¢,

obtained from the direct integral decomposition of L?*(M) over the base space (Y
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X Y, nyxy) so that A is the algebra of diagonalizable operators with respect to this

decomposition.

The measure-multiplicity-invariant is an tnvariant for masas in the following
sense. If A C M and B C N are masas in II; factors M, N respectively, and there is
an unitary U : L*(M) — L*(N) such that, UAU* = B and UJyAJpU* = JyBJy
then for any choice of compact Hausdorff spaces Yy, Yz with
CYA)™" = Aand C(Yp)™" = B, 1y € C(Ya), Iy € C(Yp) and C(Yy), C(Y)

norm separable, there exists a Borel isomorphism

Fy, vy : (Ya,vy,) = (YB,1y,) such that,

(Fy, vy )«Vy, = Vyy,
(FYA,YB X FYA,YB)*[MA(YAV] = [7I|A(YB)6] and (0-7)

m|A(yA)c 0] (FYA,YB X FYA7YB)_1 = 7TL|A(YB)C, n\A(YB)C a.ce.

We will denote the measure-multiplicity-invariant of a masa A by m.m(A) (or

m.ma(A) when the containing factor is ambiguous).

1. Conditional Measures and Masas

As we will see later, the measure-multiplicity-invariant contains substantial
information about the masa. In order to extract more information we need to establish
some house keeping results in measure theory.

Disintegration of measures is a very useful tool in ergodic theory, in the study
of conditional probabilities and descriptive set theory. Measurable selection principle
is a term closely linked to disintegration of measures and has been studied by a

number of mathematicians in the last century. A detailed exposition of the existence
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of disintegration can be found in [2].

For the general definition of disintegration of measures we will restrict to the
following set up. Let T' be a measurable map from (X, o0x) to (Y, 0y) where ox, 0y
are o-algebras of subsets of X, Y respectively. Let A be a o-finite measure on ox and
i a o-finite measure on oy. Here A is the measure to be disintegrated and p is often

the push forward measure T, \, although other possibilities for u is allowed.

Definition I1.15. We say that A has a disintegration {);};cy with respect to 7" and
wor a (T, ) disintegration if:

(i) \¢ is a o-finite measure on ox concentrated on {T" =t} (or T-{t}), i.e, \\({T #
t}) =0, for p-almost all ¢,

and for each nonnegative measurable function f on X

(13) t — M\(f) is measurable.

(id) Mf) =t () S [ () dpa(2).

In probability theory, the measures \; are called the disintegrating measures and
p is called the mixing measure. One also writes A(- | 7" =t) for A\;(-) on occasion.

When A and almost all \; are probability measures, one refers to the disintegrat-
ing measures as (regular) conditional distributions and ¢ — ), is called the transition
kernel.

The reader should be cautious that ‘measurable” in Defn. I11.15 (i), (¢i7) means

measurable with respect to the g-algebra of completion of .

Theorem I1.16. [2/(Ezistence Theorem) Let A be a o-finite Radon measure on a
metric space X and T be a measurable map into (Y,oy). Let pn be a o-finite measure
on oy such that T\ < p. If oy 1s countably generated and contains all singleton sets
{t}, then X has a (T, ) disintegration. The measures \; are uniquely determined up

to an almost sure equivalence: if A} is another (T, u) disintegration then p({t : A\ #
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AfH =0.

The condition T, A < g in Thm. I1.16 is actually necessary for the disintegration

to exist. The original version of Thm. II.16 is due to von Neumann.

Proposition I1.17. Let A be a Radon measure on a compact metric space X and
T be a measurable map into (Y,oy). Let p be a o-finite measure on oy such that
T\ < p. Assume that oy is countably generated and contains all singleton sets.

Let t — X\, denote the (T, ) disintegration of X. Let X, denote the set of atoms of

{Mhiey iee,
Xo={zeX| IteY : N{z})>0}.

Then X, is a measurable set, measurable with respect to the o-algebra of the comple-

tion of \.

Proof. There is a measurable set E C Y with u(E°¢) = 0 such that for t € E, )\
is concentrated on the set {T" = t}. We can assume without loss of generality that

E =Y. Now for t € Y, the measure )\; is concentrated on {1 = t}, so

{reXx| Itey :N{z)) >0 ={ze X | A\p({z}) >0}

Let B be a countable base for the topology on X. Then

{r € X | Apo({z}) >0} = U, X with

1
X§”>:{xeX| VUeB;er;sATI(U)ZE}
1
-N ((X\U)u{eruTz(U) > —})
UeB n
Therefore, {zr € X | 3t €Y : \({z}) > 0} is a measurable set by property (ii) of

disintegration. O
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The next few lemmas are undoubtedly known to probablists but we lack the
reference. So we record them for convenience. We will omit their proofs as they are

easy.

Lemma I1.18. Let \i, Ay be two Radon measures on a compact metric space X and
T be a measurable map into (Y,oy). Let p be a o-finite measure on oy such that
T, T < p. Assume oy is countably generated and contains all singleton sets
{t}. Let \},\? be the (T, ) disintegration of A\, Ay respectively. Let N} be the (T, )

disintegration of \y + Xa. Then
N =\ 4+ A - ae.

Lemma I1.19. Let A\i, Ay be two Radon measures on compact metric spaces X,Y and
T,S be measurable maps from X,Y into (Z,oy), (W,ow) respectively. Let u,v be
o-finite measures on oy, oy respectively such that T,y < i, Syl K V.

Assume oy, ow are countably generated and contains all singleton sets {t},{s} re-
spectively. Let \j, X be the (T, ), (S,v) disintegration of A1, A respectively. Let A]
be the (T'® S, p ® v) disintegration of \y @ Aa. Then

)\25 =N ®N -u®v ae.

Lemma 11.20. Let A\, Ay be two Radon measures on a compact metric space X
and T' be a measurable map into (Y, oy ). Let pn be a o-finite measure on oy such that
T < pand Ty < p. Assume oy is countably generated and contains all singleton
sets {t}. Let X}, A2 be the (T, ) disintegrations of \i, Ao respectively.

(i) Assume that \y < Xy < Ai. Then for p almost all t, \} < \? < \}. Moreover,
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. d\ ax;p
if g = then D2 = Gr a-e. fi, where

9{T=t} ON {T = t},
gt =
0 otherwise.

Conversely if \j K N2 < A\ for u almost all t then A\ < Ay < A;.
(i) If My L Ao then A} L A7 for u almost all t.

Lemma I1.21. Let \ be a Radon measure on X x X where X is a compact metric
space. Let u be a o-finite measure on X such that (m;) A < p where m;, i = 1,2 are
coordinate projections onto X.

Assume that X\ is invariant under the flip of coordinates i.e. O\ <K N K 0.,
where 0 © X x X — X x X by 0(x,y) = (y,z). Let AL, \? be the (my, ), (mo, 1)

disintegrations of \ respectively. Then for u almost all t,
A <O <AL

In particular, if for u almost all t, \? has an atom at (s,t), then \} has an atom at

(t,s) almost everywhere.

Theorem 11.22. Let A C M and B C N be masas in separable 11, factors M, N
Let C(X;) € A, C(X5) C B be w.o.t dense, norm separable, unital subalgebras of
A, B respectively, where X; are compact metric spaces for i« = 1,2. Let vy, denote
the tracial measures with respect to the w.o.t dense subalgebras on X; respectively for
i = 1,2. Let [\],[N\o] denote the left-right-measures of A and B respectively. All
the mentioned measures are assumed to be complete. Suppose there is an unitary
U: L* (M) L*(N) such that UAU* = B and UJyAJU* = JyBJy.

Then there is a Borel isomorphism F' : Xy — Xo such that, Fivx, = vx, and the

following is true:
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Denoting by A", A2 the (w1, vx, ), (wa, vx,) disintegrations of Ay respectively and

A2 NS the (m,vx,), (T, vx,) disintegrations of Ay respectively, one has

(A2 = [(F x F)*)\;’i(ft,], vx, almost all t',
N5Y2) = [(F x F). 28], vy, almost all s,

where 71, ™y denotes the projection onto the first and second coordinates respectively.

We need some auxiliary results on convergence of measures in total variation
norm. The set of finite signed measures on a measurable space (X, F) is a Banach
space equipped with the total variation norm |||, , also called the L;-norm, which
is defined by ||ul|,, = |p| (X) where |u| denotes the variation measure of p. It is well

known that for probability measures P, ()

1P~ Qll,, = 2 sup |P(B) — Q(B)| = / f — gl dx (C5)
BeF X

where f,g are density functions of P, () respectively with respect to any o-finite

measure A dominating both P, Q. (see [29]).

Lemma I1.23. Let \,, \, \g be Radon measures on a compact metric space X such
that, o # 0, A\, K A form =1,2,---, \g < X and N\, — X in |||, Let T be a
measurable map into (Y,oy). Let u be a o-finite measure on oy such that T\ < p.
Assume ayis countably generated and contains all singleton sets {t}. Let A\, A0, \; be
the (T, u) disintegrations of An, Ao, A respectively.

(1) Then there is a p null set E and a subsequence {ng} (ng < ngy1 for all k) such
that for all t € E°,

sup AR (A) = A)(A)] — 0 as k — oo.
AC{T=t},A Borel
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(13) Moreover, if for p almost all t one has A} is completely atomic (or completely

non-atomic) for all n, then so is X} almost everywhere.

Proof. For n = 1,2,---, the hypothesis guarantees the (T, u) disintegrations of \,

as well as Ag. Also A, (X) — Ag(X). Then denoting f, = ©= and g = £ we have

from the proof of Lemma I1.20, f, 47—y = %, IT=ty = Z—;\\% for p almost all ¢. (The

Radon-Nikodym derivatives are zero outside {T" = t}). Dropping to a subsequence

if necessary we can assume without loss of generality that inf),(X) # 0. We have
n

iz(é)) — 1. An easy triangle inequality argument shows that H% — % L 0.
Therefore
A(X) XX, Sx [A(X) Ae(X)
Jn 9

:/YM

Dropping to a further subsequence if necessary one can assume that there is a y null

o (X) )\O(X>‘)du(t)—>0asn—>oo.

set £ C Y such that

In g

DM ET ™ 2e(®)

')—>Oasn—>oo, (C.9)
(i) A # 0 and finite for all n, AY # 0 and finite

for all t € E°. Given € > 0 there is a ng € N such that ’1 — ’;Z(())?))‘ < € for all n > ny.

Fix t € E¢. Then

Mg —gh < [ fn<s>—M'dAt<s>

{T=t} )‘O(X)
An(X)
T /{} e 9(5) — 9(s) M)
< A (X)) ( )\n]z}) — )\oéJX) ‘) + € Hg\T=t||1,,\t for all n > ny.

Therefore A(|f, — g]) — 0 as n — oc.
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Now let A C {T =t} be a Borel set. Then

NHA) = N(A)| = n— g)d\
-l =| [ (-o
S)\t(|fn_g|)'

So sup IAP(A) = NV(A)| < N(|fn — g]) — 0 as m — oo. This proves the first
AC{T=t},A Borel

assertion.

(74) In this case throwing off another null set if necessary and naming it £ as well we

assume that in addition to (), (i7) in Eq. (C.9) one has A} is completely atomic, and

for all n, A} has at most countably many atoms for all t € E°. Fix t € E°.

Since A\'({T = t}) — N({T = t}), dropping to a subsequence depending on ¢ if

necessary one can make sure infA\?({7" = t}) > 0. An easy triangle inequality shows
that
A A

’ MNAT=t}) N{T=t})

Suppose there is a measurable subset B of {T' = ¢} such that A?(B) > 0 and B

— 0 as n — oc. (C.10)

t.v

contains no atoms of \?. We can assume without loss of generality that B does not
contain any atom of A} for all n. (There can only be countably many atoms of A}
almost everywhere for each n).
Given B > €1 > 0 there is a n; € N such that for all n > nq,

AP Al

A ({T=t})
‘ MAT =1 N{T=t})

Then the inequality in Eq. (C.11) is violated by using Eq. (C.8) and the set

t.v

B. So )\ is completely atomic. In the case when almost all fibres are completely

non-atomic, the conclusion is obvious from Eq. (C.10). O]

For a masa A C M, fix a compact Hausdorff space X such that C(X) C A
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is an unital, norm separable and w.o.t dense C* subalgebra. For ( € L*(M) let

ke 1 C(X) ® C(X) — C be the linear functional defined by
ri¢(a ®b) = (alb, ().
Then k¢ induces an unique Radon measure 7 on X x X given by
ke(a®b) = / a(t)b(s)dnc(t,s) (C.12)
XxX

and ncll,,, = [l

For (1,( € L*(M) let ne, ¢, denote the possibly complex measure on X x X

obtained from the vector functional

(aC1b, (o) = /X Xa(t)b(s)dngl,g2 (t,s), a,b e C(X). (C.13)

We will write n; ¢ = 1. Note that 7, is a positive measure for all ¢ € L*(M). It

is easy to see that the following polarization type identity holds:

Aneyco = Merees = Na—ca) T 1 (Meytica — Ner—ica) - (C.14)

Note that the decomposition of 1, ¢, in Eq. (C.14) need not be its Hahn decom-

position in general, but

4106l < Mave +Ma-¢) + (Matic, + Na—ic,) = 4, + Ny

So

M1.c ) < My + M- (C.15)

Lemma I1.24. If (,,¢ € L*(M) be such that, ¢, — ¢ in |||, then

T]Cn - T]C Zn ||.||t.1) :
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Proof. Obvious. O

Proposition I1.25. Let A C M be a masa. Let X be a compact Hausdorff space
such that C(X) C A is unital, norm separable and w.o.t dense in A and let v be
the tracial measure. Let 0 # ¢ € L*(N(A)"). Then ne,,ne, is completely atomic v
almost all t,s where n; is the measure defined in Eq. (C.12) and ne,,nc, are (m,v)

and (mo,v) disintegrations of n respectively.

Proof. We only prove for the (m,v) disintegration. If ( = u where u € N(A) then
the result is obvious as the measure 7, will be concentrated on the automorphism
graph. The span of N(A) being s.o.t dense in N(A)” it suffices by Lemma 11.24 and
I1.23 to prove the statement when ¢ = Y " | c;u; where u; € N(A) and ¢; € C for
1<i<n. Nowfora,be A
(a(z ciu; )b, (Z ciug)) = Z les| (ausb, us) + Z ;i (aub, uj).
i=1 i=1 i=1 itj=1

The measures given by a ® b — |¢;|* (aub, w;), a,b € C(X) are concentrated
on the automorphism graphs implemented by u; and hence definitely disintegrates
as atomic measures and so does their sum from Lemma I1.18. The measures given
by a ® b — c¢;i¢jlau;b,u;), a,b € C(X) for ¢ # j are possibly complex measures.
However Eq. (C.15) forces that these measures are also concentrated on the union of
the automorphism graphs implemented by u; and w;. Thus ny-» ., is concentrated
on the union of the automorphism graphs implemented by u;, 1 < ¢ < n. Hence the

result follows. H

D. Some Technical Results on Measurable Functions

Structure theorems of continuous and measurable functions are what that will

come into play, when we attempt to use the measurable selection principle of Jankov
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and von Neumann. So we develop some technical lemmas in this section.

Definition II.26. Let f : [0,1] — R be a function and E be a subset of [0,1]. Then
f is said to satisfy condition (N) or null condition of Lusin relative to E if f(A) is a

set of measure 0 whenever A C FE is a set of measure 0.

The definition implicitly assumes that there are two measures on [0, 1] and R.
For our purpose these measures will always be the Lebesgue measure, which we will

denote by A.

Proposition I1.27. (Tietze’s Extension Type) Let E C [0,1] be closed and let f :
E +—[0,1] be a continuous function that satisfy the property that for a measurable set
AC E, MA) =0 if and only if \(f(A)) = 0. Then there exists a continuous function
F :]0,1] — [0, 1] such that

(i) Fip = [,

(ii) F satisfies the property that for a measurable set A C [0, 1], AM(A) = 0 if and only
if A\(F(A)) =0.

Proof. Since E is closed it is a compact subset of [0, 1]. Therefore E has greatest and
least members m and M respectively. If m # 0 or M # 1 then extend f to a function
hon By = EU{0} U{1} by assigning the values f(m) and f(M) at the points 0 and
1 respectively. The function h is continuous on FE; and satisfies the same condition
as f relative to F. So without loss of generality we can assume 0,1 € F.

The complement of E is a open set in [0,1] and E C (0,1). Then E° can be
written as a countable disjoint union of intervals EJO (aj, b;). Then note that a;,b; € E

=1

for all 7.
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So we only have to define an extension on (a;, b;). Define

;

f(x) ifeeF,
M(a;)+ (1 =N f(b) if x = Xa; + (1 = N)b; € (a;,b;),
0 <A< 1and f(a;) # f(by),
W(ﬁ —a;) + fla;)  ifa; <o < 4f¥ and
flai) = f(b:) <1,
F(x) = 2082000 (b)) 4 £ (by) if %tb < 3 < b; and

ai—bi

flai) = f(b;) <1,

—22?:2“?) +1 ifa; <z < —‘“;“bi and
fla;) = f(b) =1,
Ao=bi) 11 if 2tbi < g < b, and

fla;) = f(b;) = 1.

\

The function F' is now continuous, as it is a linear interpolation obtained from

f and the construction satisfy the required conditions. ]

Theorem I1.28. (Foran, [14]) A necessary and sufficient condition for a continuous
function F : [0,1] — [0,1] to satisfy condition (N) relative to [0,1] is that there
exist a sequence of measurable sets £, C [0,1], n =0,1,---, such that the following
properties are true:

(i) (0,1] = U E,,

(17) AM(F(E)) < n\(Ey) for alln >0,

(ii) for each m > 0, F is one to one on E,.

Proposition I1.29. Let F': [0,1] — [0, 1] be a measurable function such that for any
measurable set A C [0,1], A(A) = 0 if and only if N(F(A)) = 0. Then there ezists a



30

measurable set E C [0, 1] such that A\(E') > 0 and F is one to one on E.
Moreover, if Yo C [0,1] is such that A\(Yy) > 0, then there exists Y1 C Y,y with

A(Y1) > 0 such that F is one to one on Y.

Proof. Let ¢ > 0. By Lusin’s theorem, choose a closed set H C [0, 1] such that
A([0,1]\ H) < € and Fy is continuous relative to H. Clearly, Fjy satisfy the property
that A C H, A(A) = 0 if and only if A(Fjz(A)) = 0. By Prop. 11.27, extend F to a
continuous function F : [0,1] ~— [0, 1] such that F has the property that for A C [0, 1],
AMA) = 0 if and only if A\(F(A)) = 0.

Now by Thm. II1.28, choose measurable subsets FE,, C [0,1] such that [0,1] =
:L:jJOEn, MF(E,)) < nA(E,) for all n = 0,1,---, and for each n > 0, F is one to one
on F,.

Since A(F(Ep)) = 050 A(Ey) = 0. If \(E,NH) =0 for all n. > 0 then \(H) = 0,
which is not the case. Therefore there is a nyg > 0 such that A\(E,, N H) > 0. But
FIEnOﬂH = FlEnOmH and clearly F'is one to one on E,, N H. Rename F = E,, N H.
This proves the first assertion.

Suppose A(Yy) > 0. By choosing ¢ > 0 small enough one can make sure that
the closed set H in the first part of the proof satisfies A(Yo N H) > 0. The same

argument as the first part applies, and there exists a ng > 0 such that F' is one to

oneon Yy =YyNHNE,, and \(Y7) > 0. O
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CHAPTER III

CHARACTERIZATION BY BAIRE CATEGORY METHODS

The study of Cartan masas in II; factors has received special attention by many
experts. Our approach of studying measure-multiplicity-invariant was also consid-
ered implicitly by Popa and Shlyakhtenko in [36]. In this chapter we will use an
alternative approach to characterize masas by their left-right-measure. This chapter
has four sections. Section A uses operator algebraic tools to generalize Dye’s theorem
on groupoid normalisers. Section B is very technical and contains measure theoretic
details to analyze bimodules. In Section C we provide a proof of Chifan’s normaliser
formula. Section D presents a direct proof of the equivalence of WAHP and singular-

ity using measure theory.

A. Fundamental Set and Generalized Dye’s Theorem

This section is intended to characterize some operators in the normalizing algebra
of a masa. Throughout this section N will denote a finite von Neumann algebra
gifted with a faithful, normal, normalized trace 7. B C N will denote a von Neumann
subalgebra of N.

As usual N will be assumed to be acting on L*(N, 7) by left multipliers. L*(N, 7)
is a B-B Hilbert w*-bimodule for any von Neumann subalgebra B C N. We know if
Ep denotes the unique trace preserving conditional expectation onto B, then Ep is

A~

given by the Jones projection ep associated to B via the formula Ep(z)l = ep(z1).

For by, by € B and ¢ € L*(N,7) one has

€B(b1Cb2) = bleB(C)bg. (Al)
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We will interchangeably use the symbols Eg and eg.

Definition III.1. For a subalgebra B C N define the fundamental set of B to be
N!(B) ={x € N': Bx = xB}.
Note that x € N/(B) implies 2* € N/(B).

Definition ITI.2. For a subalgebra B C N define the weak-fundamental set of B to
be
N{(B) = {¢ € L*(N,7) : B = (B},

Note that ¢ € NJ(B) implies ¢* € NJ(B) and N/(B) ¢ N{(B). When B is a
masa, ¢ € NJ(B) implies a,Ca € N (B) for all a € B.

To understand the normaliser of a masa the set NJ (B) will naturally arise into
the scene. However working with vectors in L?(N,7) is always a technical issue.
Polar decomposition of vectors and the theory of L' spaces are the tools we need, for
which we will give a short exposition. For details check Appendix B of [43]. To keep
it short we will omit most proofs. It is here, where one usually encounters unbounded
operators. For results proved in this section we have borrowed ideas from Roger
Smith and Stuart White.

The positive cone L*(N,7)* in L?(N, 7) is defined to be NF2 5 e, the closure
of the positive elements of N in L?(N,7). It can be shown that L*(N,7) is the
algebraic span of L*(N,7)*. For € N the equation ||z||, = 7(|z|) defines a norm
on N. The completion of A" with respect to ||-||, is denoted by L*(N, 7). It can be

shown that
[2ll, = sup{|7(zy)| : y € N, |ly|| < 1}. (A.2)

So |7(x)| < ||z||,. Thus by density of N in L'(N,7), 7 extends to a bounded linear
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functional on L*(N,7) which will also be denoted by 7. One can analogously define
the positive cone of L'(N,7) which we denote by L'(N,7)". Clearly ||z||, = ||z,
Consequently, the Tomita operator J extends to a surjective anti-linear isometry to
LY(N, 1) which will also be denoted by J. Moreover J? = 1. We will interchangeably
use the notations J¢ and ¢* for ¢ € LYWV, 7).

Both the spaces L'(N, 1) and L*(N,T) are unitary N-A bimodules. The space
LY(N,7) can be identified with the predual of N" and L*(N,7) is dense in L'(N, 7).
One also has 7(z¢) = 7((x) for x € N and ¢ € L*(N,7). Note that Ep is a

contraction from A onto B. It can be shown that for z € N/,
[Es(@)ll, < llzl;- (A.3)

Thus Ep has an unique bounded extension to a contraction from L'(N,7) onto
LY(B, 1), which will as well be denoted by Eg. This extension preserves the extension
of the trace 7, is B modular, positive and faithful. The bilinear map ¥ : N x N +— N

defined by ¥(z,y) = zy satisfies

G, )l < llzlly [yl (A.4)

by Cauchy-Schwarz inequality. Therefore W lifts to a jointly continuous map from
LA*(N,7) x L*(N, 1) into L' (N, 7). The extension is actually a surjection. Since W is
the product map of operators at the level of von Neumann algebra one calls W((3, ()

to be (1, for (1,¢ € LA(N, 7).

Lemma I11.3. (B.5.1, [43]) Let a,b € N be positives. Then

Elements of L'(N,7) and L?(N, T) can be regarded as unbounded operators on

1 1
az — b2

2
<2fa-bl,. (A5)
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L*(N, 7). By using the unbounded operator theory for operators affiliated to A/, for
each ¢ € L'(N,7)" there exists an unique 0 < (o € L*(NV, 1) such that ¢y = ¢& = C.
In this case, (; is said to be the square root of ¢ and one writes (y = /( = C%. For
¢ € L*(N,7) one has ¢*¢ € L*(N,7). From Eq. A4 and Lemma IIL3 it follows
that ¢*¢ € LY(N,7)". In particular, \/C*¢ € L*(N, 1) for any ¢ € L*(N, 1) and the
square root of any positive in L'(N,7) is an unique element of L?(A, 7). One also
writes |¢| = /(*C for ¢ € L*(N, 7). If ( € LY(N,7) be self adjoint i.e, ( = ¢* then
¢ = (¢, — ¢ where ¢+ € L'(N,7)" and this decomposition is unique by requiring
that ¢,2¢_2 = 0.

Let ¢ € L*(N, 7). Consider the projections p,q in B(L?(N, 7)) whose ranges
are W, JNJC respectively. Since the ranges of p, ¢ are invariant subspaces
of JN'J = N’ so p, q lies in N'. Using unbounded operators one obtains polar decom-

position of vectors (Eq. (A.7)) which we formalize below.

Theorem III.4. There is an unique partial isometry v € N with initial projection p

and final projection q which satisfy the following condition:
vJo* I/ (¢ = Jx*J(, v eN. (A.6)
In particular,

v/ C*¢ =C. (A.7)
(i) Let B C N be a masa, then ( € L*(B, ) imply p,q € B.

(it) For ¢ € LA (N, 7) if (*C € N then ( € N.

For ¢ € L*(N,7) we define the left and right kernel of ¢ to be respectively
Ker(¢() ={zx e N :{x =0} and Ker,(() = {z € N : x( = 0}. Then Ker,(-), Ker.(-)

are subspaces of N. Ker;(-), Ker,(-) are w.o.t and s.o.t closed.
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If ¢ € LY(N, 1) then the left and the right kernels of ¢ can be defined analogously.
We will denote the kernels of the L' vectors by Kery(-), Ker,(-) as well. This is slight

abuse of notation. In this case, they are norm closed subspaces of N.

For ¢ € L*(N,7) we have

Ker(¢) = Ker((\/C*¢) = Ker(C*C). (A.8)

However the righthand side is defined in L' sense. Therefore for ( € L*(N,7),
Ker;(¢*C) (respectively Ker,(((*)) are in fact w.o.t closed. Similar statements hold
for Ker,.(-) as well.

For ¢ € L*(N,7) we define the left and right ranges of ¢ to be respectively
Rany(¢) = {Cz : x € N} and Ran,(¢) = {z( : z € N'}.
Note that for ¢ € L*(WV, 1),

{reN:(x=0}={zeN:{{xr,y)=0foralyecN} (A.9)

={zeN:(z,("'y)=0foralyecN}

implies Ker;(¢) = Rany(¢*)* NN

Proposition II1.5. Let ¢ € L*(N,7) and let ¢ = v\/C*C be its polar decomposition.

Then v*v is the projection from L*(N,7) onto Ker;(¢)* and vv* is the projection

onto Rany(C).

Proposition II1.6. Let ¢ € L*(N,7) and let { = v|(| be its polar decomposition.

Then |C|2i’“ — v*v as k — 0o in ||-]],-

The proof of Prop. IIL.6 is a direct application of the monotone convergence

theorem.

Lemma IIL.7. Let A C N be a masa. Let ( € L'(N,7) be a nonzero vector such

that al = Ca for alla € A. Then ¢ € L*(A, 7).
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Proof. First assume ¢ > 0. Then use uniqueness of square roots of L vectors. In, the

general case write ( as a linear combination of four positives. We omit the details. [J

Proposition II1.8. Let A C N be a masa. Let 0 # ¢ € L*N,7)" be such that
AC = CA. Then ¢ € L'(A,1)7.

Proof. Let T = {a € A : a = 0}. Then Z is a weakly closed ideal (see Eq. (A.8)
and related discussion) in A and so has the form A(1 — p) for some projection p € A.
Then p{ = ¢, so ( = (p by operating with extended Tomita’s involution operator.
Thus Ap{ = A(p = (Ap.

For aj,ay € A if (ayp = Casp then ((a; — az)p = 0, so p(aj — a3)¢ = 0. Hence
p(a; —a3) € Z, but 1 —p is the identity for Z. So p(a} —a3) = 0 and hence a1p = asp.

This means there is a well defined map v : Ap — Ap such that

ap( = (Y (ap) for a € A.

Taking conditional expectation (see Eq. (A.3) and related discussion) one gets
(ap — ¥(ap))Ea(() = 0 (the left and the right action by elements of A coincides on
L'(A,7)). Suppose there is an operator a € A such that ap — ¢¥(ap) # 0. Write
ap — Y(ap) = bp for b € A. Then pb*bpE 4(¢) = 0, so E4(pb*bpl) = 0. Let ( = liTILn Tn

in ||-||; where x,, € N'*. Therefore
lim T(QS% (bp)*bpx%) = lim 7(pb*bpx,) = lim 7(E4(pb*bpx,)) = 0.

The last statement follows from Eq. (A.2) and Eq. (A.3). So li7rln bpxé =0in |,
and hence bp( = liT{n bpz, =0, in [|-||; by Lemma IIL.3 and Eq. (A.4). Thus bp € 7
so bp = bp(1 — p) = 0, a contradiction. Thus ¢ (ap) = ap for all a € A.

Now ¢ € LY(pN'p,7) and Ap is a masa in pNp, thus ¢ € L'(Ap,7) as ap{ =
C(ap) = Cap for all a € A, from Lemma II1.7. O
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Theorem II1.9. (Generalized Dye’s theorem-L? form) Let A C N be a masa. Then
¢ € NJ(A) if and only if ( = v€ for some & € L2(A,7) andv € GN(A). In particular,
spanNTA) 2 = 2(v Ay, 7).

Proof. Case 1: Assume ¢ € NJ(A) and ¢ > 0 ie. ¢ € N2 Then e L'N,7)"
as well. From Prop. I11.8 we get ¢ € L'(A, 1) N L*(N,7) = L*(A, 7).
Case 2: Let ¢ € NJ(A). We may without loss of generality assume that ||¢||, = 1.
Then as A = (A we also have A(* = (*A. So AC*( = (*A( = (*(A. From Prop.
118,

("¢ e L'(A,7)

and similarly we have (¢* € L*(A, 7). Then ||¢*C||, < 1.
Arguing as in Prop. II1.8, there are projections p;,ps € A such that J; = {a €
A:aC=0}=A(1l—py) and Jo ={a € A:(a =0} = A(l — py). Therefore we have

P16 = ¢ and (py = C.

Then there is a well defined map (as explained before) ¥ : Ap; — Aps such that

ap1C = CY(apy) for all a € A.

Let ¢ = v4/C*C be the polar decomposition of ¢ from Thm. II1.4. Then v is a partial
isometry in A and the initial space of v is
(VTCr 2 € N3 2 and the final space is {¢x : 2 € N}~ Ile. Moreover the projec-
tions v*v and vv* are in A.

Indeed, by Prop. IIL.5, v*v is the projection onto Ker;(¢)* and vv* onto RTI(C).
By Prop. 1116, v*v € A. Replacing ¢ by ¢* and using Ker,(¢)* = Rany(C*) (see Eq.

(A.9)), a similar argument will yield vo* € A. Clearly v*v = py and vv* = p;. Then

aprvy/C*C = v/ (apy).
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Now

Jo={be€ A:apvb=vby(ap,) for all a € A}

is a weakly closed ideal in A and its closure in |[|-||, is precisely the set
JO_”'”2 = {6 € L*(A,7) : apiv€ = v€(ap,) for all a € A}

which contains +/(*C.
Since the left and right action of A on L?(A,T) agree, so & € JO_H'”2 and a € A

implies that &a, a&y € J(;”'HQ.

Since the w.o.t closed ideal Jy in A is just a cutdown of A by a projection from
A, any positive (g € J, Mz 5 a limit in ||-||, of an increasing sequence of positive
operators from Jy. Now it follows that [C ]2% € Jy Mz for all & € N. Therefore by
Prop. I11.6 it follows that v*v = py € JO_H'”2 and hence py € Jy C A. Similarly arguing

with (¢* one shows p; € A. Therefore
apyvpy = vpath(apy) for all a € A.

Then
viav = (vps)*avps = vrapiv = v upe(apy) = Y (apy).
Therefore v* and hence v are groupoid normalisers. So
¢ = €.

for v € GN(A) and € = |¢| € L*(A,7)T. O
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B. Analysis of Bimodules through Measure Theory

Let A = L*(X,vx), B = L>®(Y,vy) be two diffuse commutative von Neumann
algebras, where vy, vy are probability measures. Let C'(A, B) denote the set of all
A, B-bimodules. This set C'(A, B) contains three distinguished subsets.

We will use the variable s to denote the first variable and ¢ to denote the second

variable. Following [36] we define:

Definition IT1.10. A discrete (respectively, diffuse) A, B-bimodule is a Hilbert space
H so that H = Z%LQ(XXY, ;) where for all ¢, u; disintegrates as y;(s,t) = ugi)(s)l/y(t)
with ,ugi) atomic (respectively non-atomic) for vy almost all t. The bimodule H is
mixed if uﬁ“ contains atoms on a set of positive vy measure for some i, and u,gj)

contains a non-atomic part on some set of positive vy measure for some j.

It is to be noted that in view of Lemma I1.20, the definition above only cares
about the equivalence class of the measures p; and not a particular member of the
class. The definition forces p; to be a non-atomic measure, and the existence of
such a disintegration actually forces the push forward of pu;’s on the space Y to
be dominated by vy. We will restrict ourselves to the case I is countable. Let
Ca(A, B),C,4(A, B),Cp(A, B) denote the set of all discrete, diffuse, mixed A, B-
bimodules respectively.

Denote by Cy(A) C Cy(A, A) C C(A, A) the set of those bimodules H € Cy(A, A)
for which H € Cy(A, A). Here H is the opposite Hilbert space of H with left and right
actions interchanged. Bimodules in C,;(A) are precisely those for which the associated
measures f;’s in Defn. II1.10 have a completely atomic disintegration along both vari-
ables. Similarly define C,, ,(A), C,,(A). Note that the spaces Cy(A), Cp.o(A), Crr(A)

are all closed with respect to taking sub bimodules.
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When A, B are masas in a II; factor M the standard Hilbert space L*(M)
is naturally a w*-continuous A, B bimodule, meaning it carries a pair of mutually
commuting normal representations of A and B.

Note that when we deal with the left-right-measure of a masa, knowing the
disintegration along the second variable enables us to know the disintegration along
the first variable as well, by pushing forward the former with the flip map (see Lemma
I1.21).

Before we proceed to the characterization of masas we will have to make few
definitions and statements that are very valuable tools yet not appear in standard

measure theory courses. For details see [16], [26].
Definition III.11. Let X be a Polish space. A subset B of X is said to have

Baire property if there is an open set O C X and a comeager set A C X such that
ANO=AnNB.

The collection of sets with Baire property forms a o-algebra which includes the
Borel o-algebra.
Definition ITI.12. Let X and Y be Polish spaces. A function f : X — Y is said
to be Baire measurable if the inverse image of any open set has Baire property. The
function f is said to be universally Baire measurable if given any Borel function g

into X the function f o g is Baire measurable.
Note that in particular every Borel function is Baire measurable.

Definition ITI.13. A subset E of a Polish space is said to be universally measurable

if it is measurable with respect to any complete Borel probability measure.

Definition IIT1.14. A subset E of a Polish space X is said to be X1 or analytic, if
there is a Polish space Y, a Borel subset B of Y and a Borel function f : Y — X

such that f(B) = E. In other words, X} sets are Borel images of Borel sets.
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Remark 1I1.15. The above definition of analytic sets is as per [16]. However in, [19]
continuous images rather than Borel images are used. The two definitions are in fact

equivalent.

A very nontrivial theorem of Lusin says the following.

Theorem II1.16. (Lusin) Every 31 set has Baire property. Every 3{ set is univer-

sally measurable.

For a function f:Y — X, the graph of f will be denoted by I'(f) = {(f(y),y) :

y € Y}. The next theorem is very crucial in all our analysis.

Theorem II1.17. (Selection Principle - Jankov, von Neumann) Let X,Y be Polish
spaces and let E C X x Y be in 1. Then E can be uniformized by a function that
is both Baire and universally measurable, in the sense that for some h : Y +— X we

have

L(Ajry(m)) € F

with the property that h™*(U) has the Baire property and is measurable with respect

to any Borel probability measure for all open U C X.

Remark 1I1.18. Let vx and vy be any two Borel probability measures on X, Y re-
spectively. Let o0,, and o0,, be the o-algebras associated to the measures vx, vy
respectively. If A is the function in Thm. III.17, then the inverse image of any Borel
set in X under i will lie in o, , because the collection of subsets of X whose inverse
images fall in o0,, is a o-algebra and contains all open sets. If in addition, h satis-
fies the property that vx(h(F)) = 0 if and only if vy (F) = 0, then h is (0., 0,y )

measurable.

Let A € M be a masa. Without loss of generality we assume that A =

L>([0,1], ) where X is the Lebesgue measure on [0,1]. Let [ 1x[0,1)] denote the
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left-right-measure of A. We are including the diagonal. Fix any member 1y 1)x(o,1
from the equivalence class. Since our base space is now fixed we will rename 7)o 1x[0,1
by 71 to reduce the notation. We assume that 7 is a finite measure.

Consider the set S, = ([0, 1] x [0,1]), as defined in Prop. II.17 with respect to
the disintegration along the y-axis i.e. the t variable. Then by Prop. 11.17, S, is a [n]-
measurable set, i.e. measurable with respect to the completion o-algebra associated

to n. Define measures

Na = N|(Sa\A([0,1])) AN Tn.a = 7(5e\A([0,1]))-

Then
(1) Maqo,))e = Ma + Mnas Ma L Mna-
(7i) Both 14, nn.. have disintegrations along the z,y axes with respect to \.

Note that the disintegration of the measure 7, along the z and y-axes must
have at most countably many atoms almost all fibres (see Lemma I1.21), otherwise
7 is an infinite measure. Since changing the measure 7, or n on a set of measure 0
does not change the measure class of 7, or 1, we can as well assume without loss of
generality that, the disintegration of the measure 7, along y-axis (second variable) has
at most countable number of atoms for all fibres. With this as set up we formalize the

characterization theorem of masas. Thm. II1.19 will be proved latter in this section.

Theorem I11.19. (Classification of Types) A masa A C M is

(1) Cartan if and only if Nn.q = 0 equivalently L*(A)*: € Cy(A),
(i) singular if and only if n, = 0 equivalently L*(A)*: € Cp.q(A),
(i11)A & N(A)" & M if and only if ng # 0, Np.a # 0 equivalently

L2(A)L € Cp(A).
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(1v) A is semiregular if and only if n,(E x F) > 0 whenever

ME) > 0, \(F) > 0 for measurable sets E, F C [0, 1].

Remark 111.20. First of all, in view of Lemma II1.18 and I1.20, the characterization
does not depend on any particular member of the left-right-measure.

Secondly, L*(A) is always included in Cy(A), the disintegration having one atom at
each point of the diagonal. This is the reason one excludes L?*(A) from statements in
Thm. III1.19.

Finally, from our discussion on direct integrals, it follows that L?(A)* is the direct
integral over [0,1] x [0, 1] with respect to the measure 7a[0,1))c, the measurable field
of Hilbert spaces depending on myo,1) or the Pukdnszky invariant. So the equivalent
statements regarding the type of bimodules and measure in Thm. III1.19 are obvious

statements.

The next technical lemma is the key to characterization of masas. There are sev-
eral measures involved in its statement and proof. Since there is danger of confusion

with measurability of objects involved we will always use phrases like ‘p-measurable’.

Lemma III1.21. Let n, # 0. Let Y C (A[0,1])¢ be a n-measurable set of strictly
positive n,-measure. There exists a A\-measurable set EY C [0,1] with A\(EY) > 0 and
a function hy : [0,1] — [0, 1] such that

) hy is A-measurable,

(¢

(13) T'(hy) is a n-measurable set,

(ii7) n(T(hy)) > 0 and (hy(t),t) €Y NS, fort € EY,
(

iv) for E C [0,1], A(E) =0 if and only if A(hy(E)) = 0.

Proof. We have
N(SaNY)=n,(5.NY)=n,(Y)>0.
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Consider the disintegration of 7y along the y-axis. There is a set F' Y C[0,1]
such that A(FY) > 0 and for each ¢t € F¥" the measure (7y); has atoms with at most
countable number of atoms and for ¢t € FY the same disintegration has no atoms.
This is true because 7 is a finite measure, the set F¥ being 7,(S, NY’), 7, denoting
the projection on to the y-axis. The set S, NY is n-measurable, so S,NY = BUN
where B is a Borel set in [0, 1] x [0, 1] and N is a n-null set. The set B is a continuous
image of a Polish space by Thm. 14.3.5 of [19] and so is m,(B). By Defn II.15,
A(my(N)) = 0. So F¥ is A-measurable set by Thm. IIL.16. Throwing off another
A-null set from FY if necessary we can as well assume without loss of generality that
FY is a Borel set.

Let Y = ((Y N'S,) N ([0, 1] x F¥)) which is p-measurable. Write F\' = EYUN;
where N is a p-null set and E) is a Borel set. Then by Thm. 14.3.5 of [19], E} is
in E&, in fact it is the continuous image of a Polish space. The hypothesis guarantees
n(Eg) > 0.

Let EY = 7, (EY). Then EY is in 2 and hence EY is A-measurable by Thm.
[11.16. Therefore by Def I1.15, A(EY) > 0. By Thm. II1.17 applied to EY, there
exists a function hy : [0, 1] — [0, 1] that is both Baire and universally measurable in
the sense of Thm. IIL.17, such that I'(hyzv) C EY .

The inverse image under hy of any Borel subset of [0, 1] belongs to o). Therefore
given € > 0, by Lusin’s theorem there is a closed subset G¥ C EY such that A(EY \
GY) < € and hy|cv is continuous. Then hy gy is Borel measurable. So by Cor. 2.11
of [25], I'(hy v ) is Borel measurable and hence n-measurable.

The disintegration along the y-axis of the measure NP (hy gv) is precisely the atom

at the point (hy(t),t) for each t € G¥ of the measure 7,. Outside G¥ we don’t care.
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If n(I'(hy|cv)) = 0 then by definition of disintegration

0= [ Tl )ane)

which implies that for A almost all ¢ € GY the point (hy(t),t) is not an atom of 7,
and hence cannot be in S,. So 7n(I'(hygv)) > 0.

Clearly, hy v satisfies the property that for any £ C GY, \(E) = 0 if and only
if A(hy(E)) = 0. Therefore by Thm. I1.27, extend hygv to a continuous function
hy which satisfies the property that for any £ C [0,1], A(E) = 0 if and only if
AMhy (E)) = 0. So by Rem II1.18, hy is (0y, 0) measurable. Rename hy to hy and

GY to EY. The rest is clear from construction. ]

Lemma II1.22. Let n, # 0. Let Y C (A[0,1]))¢ be a n-measurable set of strictly
positive ng-measure. Then U(A) & N(A), where U(A) denotes the unitary group of
A. More precisely, there exists a subset FY of [0,1] such that \(FY') > 0, a invertible

map hy : FY — hy(FY) and a nonzero vector (y € L*(N(A)") © L*(A) such that

(Z) Cy = Vy Py with vy € QN(A), Py € L2(A)+

®
) ACyA”.HQ o / Csedn(s,t), where Cgy = C,
I'(hy)

(ii1) T(hy) C Y N S,
(i) n(T(hy)) > 0,

(v)1 € Puk(A).

Proof. Using Lemma II1.21, choose the function hy that satisfies the conclusion of
that Lemma. Note that hy satisfies the conditions of Prop. 11.29. Apply Prop. 11.29

to the function hy and the set EY to extract a set F¥ C EY such that A(FY) > 0
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and hy is one to one on FY. So
hy : F¥ — hy(FY) is invertible.

Note that as A(FY) > 0 so n(I'(hygv)) > 0. There is no information of the
Pukdnszky invariant yet. So assume that Puk(A) = {n; : n; € Ny,7 € I}, where the

indexing set I could be finite or countable. Let
En, = A{(s,t) € A([0,1])° : mpo1)(s,t) = n;},

where myg 1) denotes the multiplicity function of the direct integral decomposition of
L*(M) over [0,1] x [0, 1] with respect to the measure 1. Then for each i € I it is well
known that E,, are n-measurable sets. Also
®
/E Cyidn(s,t) = L*(En,, 1) EB,,) ® C" where C{} = C™, and

& L*(Ep,,nip,,) ® C" = L}(M) 6 L*(A).

i€l
In the above equation C* stands for /?(N). Fix orthonormal bases {eg»m)}lgjgm

of C™ for all 4 € I. Then

D Xy oy 5, © €17

iel
where x denotes the indicator function, can be identified with a vector (y € (1 —

ea)(L*(M)) such that
ACyA = Aly = (v A. (B.1)

Eq. (B.1) is easy to check, in fact one only uses that fact that hy is locally one to
one and onto. That (y # 0 is due to the fact n(I'(hy|gv)) > 0. Then from Theorem
I11.9, it follows that (y = vypy where py = ((;*/Cy)% € L*(A)T and vy € GN(A).

Clearly, vy € A, as otherwise AQYAWHz C L?(A) would become the direct integral of
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complex numbers over some subset of the diagonal with respect to the measure A\,
where A : [0, 1] — [0,1] x [0, 1] is the map A(z) = (z, z).
Thus ¢y € L*(N(A)") and hence Ay A" C L2(N(A)"). Clearly,
&

Ay Al o / C,dn(s,t), where C,, = C. (B.2)

T(hy | py)

So A A L 12(A) and AGA" € Cy(A). Since AGA? C L2(N(A)") so
NI (hy pv) N Ey,) = 0 if n; > 2 from a result of Popa [34]. Thus 1 € Puk(A). O

Each partial isometry 0 # v € GN(A) implements a measure preserving local
isomorphism 7 : ([0,1], A) — ([0, 1], A) such that vav* = ao T~ for all @ € A. With
abuse of notation we will write v = T. Then I'(v) = {(T'(¢),t) : t € Dom(T)},

Dom(T) denoting the domain of 7T'.

Lemma II1.23. Let n, # 0. Let Y C (A[0,1]))¢ be a n-measurable set of strictly
positive ng-measure. Then there is a nonzero partial isometry v € GN (A) such that
I'v) CY.
Proof. By Lemma I11.22, there exists a subset F¥ of [0, 1] such that A(FY) > 0, a
invertible map hy : FY +— hy(FY) and a nonzero vector {y € L%(N(A)") © L?(A)
such that (y = vypy with vy € GN(A), py € L*(A)T and satisfying property (i),
(ti1), (iv) of Lemma III.22.

Let 7¢y, Ty be the measures on [0,1] x [0, 1] defined in Eq. (C.12). Let ¢y =
vyvy € A. With abuse of notation we will regard ¢y as a measurable subset of [0, 1]

as well. We claim that, ¢, < n,, < 1, . Indeed for a,b € C0, 1],

|t 0 = [ alspit)dn (s
[0,1]x[0,1] T(hy)

= 7(p} vy avyprd)

= 7(pyvyavybpy) (as pyb = bpy)
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= 7(vyavybpy py)
= 7(vyavybpy py)
= 7(vyavy py pyb)

afv t) oy ()| dA(t)

[ ot
[ el o ) ey (5.0

(UY)

B /[01] [0,1] a(s)b(t) |py(t)|2 dnoy (5, 1).

In the above string of equalities we have used the facts that 7 extends to a trace
like functional on L'(A) and the left and right actions of A on L?(A), L'(A) coincides.
Using Thm. III1.9, by standard arguments it follows that n;, < n,, << ¢, . Thus the

result follows with v = vy-. O

Suppose {v;};jes is a family of partial isometries in GN(A) such that Av; L Av;
whenever j # j'. Denote by [34]
ZAvj = {x eEM:z= Zajvj, for a; € A with Z llajv,]13 < oo} .
jeJ jeJ jeJ
Theorem II1.24. (Compare Cor. 2.5 [34]) Letn, # 0. Then A C N(A)". Moreover,
there is a sequence {v,}22, C GN(A) of nonzero partial isometries (with possibility

that the sequence could be finite) with vy = 1 such that,

(i) T(vn) NT(vy) =0 for n # m,

(%) na([0,1] x [0,1]) = Zna(r(v )
(41d) @2 Avy 12 = / v Cord(na + AN (s, 1) 22 LA (N(A)"),

neol'(vn)

(where Csy = C and A : [0,1] — [0,1] x [0,1] by A(z) = (z,x))
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(iv) N(A)" =Y Av,,

and A restricted to @j;o:oA_WMQ 15 diagonalizable with respect to the decomposition in
(iii).

Proof. First of all assuming that (i) in the statement is true it follows that Av,, L Av,,
whenever n # m. Indeed, A_vnH'”2 C L*(N(A)"). Now A restricted to A_vnw2 is an
abelian algebra with a cyclic vector, so it is maximal abelian. The projection ey,,
onto A_vnw2 is in A. So A_vnH'I|2 is the direct integral of complex numbers over a
subset X, of [0,1] x [0, 1] with respect to the measure n and A restricted to A_UnH'HQ
is diagonalizable with respect to this decomposition. But (X, Al'(v,)) = 0. Again
Nn.a(T'(vy)) = 0. So the direct integral as stated above is actually with respect to the
measure 1, + A \. The graphs being disjoint for n # m forces the orthogonality of
Av,, and Av,, whenever n # m. The sum in (ii7) therefore makes sense.

Using Lemma I11.23, choose a maximal family {vs}aen € GN(A), for some
indexing set A, such that I'(v,) C A([0,1])¢ for all & € A and T'(v,) NT(vg) = 0
whenever a # 3. Since Av, L Avg whenever a # ( (by similar argument as above)
so the indexing set must be countable by the separability assumption of L*(M). So
we index this maximal family by {v,}22,. Let vy = 1. So (4) follows by construction.

If 9,([0,1] x [0,1]) > >>° 1n.(T(vy,)) then S, \ U T'(v,) is a set of strictly
positive 1, measure. A further application of Lemma II1.23 violates the maximality
of {v,}22 ;. This proves (7).

By the argument of the first paragraph and Lemma 5.7 [11],

(&)
@gﬁﬂ%g/ Cudna(s,t) C L2(N(A)") © L2(A) (B.3)
@)

me1l'(vn)

and A restricted to @j’l":lAvn”'HQ is diagonalizable with respect to the decomposition
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in Eq. (B.3).

If 0 £ ¢ = ¢ € LAN(A)") © L*(A) is such that ¢ L Awv, for all n > 1 then
ACA L Aw, for all n > 0. By arguments similar to the first paragraph, mH.HQ is the
direct integral over a n-measurable set X;, of complex numbers with respect to the
measure 1 and A restricted to m”"b is diagonalizable respecting this decomposition.
If ¢ as a L? function stays nonzero on a set of positive A, \-measure then ¢ cannot
be perpendicular to L?*(A). By Prop. 11.25, m”'”z € C4(A) and hence by Theorem
I1.22 and Lemma 5.7 [11], we can assume X: C S, \ A([0,1]). Since ¢ # 0 so
n(X¢) = n.(X¢) > 0. Since 0, is concentrated on U2 I'(v,,), so X NI'(v,) has strictly
positive 7, and hence 1 measure for some n > 1. Note that ey € A and Aeyay =
A'enay from [34]. On the other hand, by Lemma 5.7 [11], L*(N(A)")© L*(A) will be
expressed as a direct integral over some subset of [0, 1] x [0, 1] with respect to 1, with
multiplicity strictly bigger than 1 on a set of positive n-measure. This contradicts
Aen(ayr is maximal abelian. Thus

a2 [ G AN ) = LN
USe_ T'(vn

with associated statements about diagonalizability of A. Finally

II-ll2

iAvn - f:Avn AM= (@;?ZOA_%“"|2> AM = LA(N(A)") N M = N(A)".
n=0 n=0
O

Remark 111.25. Thm. II1.24 generalizes Cor. 2.5 of [34]. In general we cannot hope
to find unitaries as was the case in Cor. 2.5 [34]. The situation in Cor. 2.5 of [34] was
completely different, where the assumption was that, the masa is Cartan. Assuming
the masa is Cartan, forces the disintegration of the measure 7, to have at least one

atom off the diagonal in almost every fibre. Such an assumption cannot be made for a
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general masa. For example consider the following situation. Let C' C R be a Cartan
masa and let S C R be a singular masa, where R denotes the hyperfinite II; factor.
Then C® S C R@® R is a masa, where the trace on R ®R is %TR @ %TR, Tr denoting
the unique, normal, faithful tracial state of R. Then C ® S C (R ®R) * R = L(F,)

(from [9]) is a masa for which such an assumption will fail from Prop. 5.10 [11].

We will now present the proof of Thm III.19.

Proof of 111.19. Case (i). The necessary and sufficient condition for Cartan masas
follows directly from Thm. II1.24.
Case (7i). The result for singular masas also follows from Thm. II1.24.
Case (i7i). Let A ¢ N(A)” ¢ M. If n, = 0 then, by conclusion of (i7), A would
become singular. Therefore 7, # 0. If 1,, = 0 then by conclusion of part (i), A
would be Cartan. Therefore 7, , # 0 as well.
Conversely, if 7,., # 0 and 7, # 0, then by Theorem 111.24, A & N(A)”" ¢ M.
Case (iv). First assume that N(A)” is a factor. From Thm. I11.24 it follows that

@

L3(N(A)') = / Curd(na + AN (5, 1), where Cyy = C

[0,1]x[0,1]
and A restricted to this subspace is diagonalizable, where A : [0,1] +— [0,1] x [0, 1]
is defined by A(z) = (,2). Therefore [, + A\ is the left-right-measure of the
inclusion A C N(A)”. Suppose there are measurable sets FE, F' C [0,1] such that
AME) > 0, A(F) > 0 and n,(E x F) = 0. Now E and F corresponds to nonzero
projections p, q respectively in A. Thus plq = 0 for all { € L?*(N(A)”) and hence
prq =0 for all z € N(A)". Thus C,C, = 0 where C,, C; denotes the central carriers
of p and ¢ respectively in N(A)"”. So N(A)"” cannot be a factor.

Conversely assume N(A)” has a nontrivial center. Let p € Z(N(A)”) be a
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projection which is different from 0 and 1. Then
N(A)"=N(A)"p& N(A)"(1-p).
Sope AANN(A)" and hence p € A. So
A=Ap® A(1 —p). (B.4)

It follows that are exists A-measurable sets Fy, F» C [0, 1] such that, A(F;) > 0 for
i = 1,2, where F corresponds to p and Fy corresponds to (1 — p).

With respect to the Eq. (B.4) let a = a1®ay and b = b1 @by be the decompositions
of a,b € C([0,1]). For ¢ € L*(N(A)") one has an analogous decomposition ¢ = (; &,

with ¢; = p(p and (; = (1 — p)¢(1 — p). The equation

(agb, ¢) = ((a1 ® a2)(C1 © G2)(b1 @ ba), (1 D C2)) = (a1Giby, (1) + (aalabs, C2)

shows that the left-right-measure of the inclusion A C N(A)” will be concentrated on

Fy x Fy U F, x Fy. This completes the proof. O

C. Consequences of the Characterization, Chifan’s Normaliser Formula

The following results about masas that were proved by experts in different ways,
are just easy consequences of the measurable selection principle as we have described

in the previous section.

Corollary II1.26. If A C M is a Cartan masa then A C B is a Cartan masa for

all von Neumann subalgebra A & B & M.

Proof. By Lemma 5.7 of [11] the left-right-measure of the inclusion A C M is [np +
npi] where [ng] is the left-right-measure of the inclusion A C B and ng L np..

It follows that np has atomic disintegration along both axes. The result is then
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immediate from Thm. I11.19 and Thm I11.24. O

Corollary II1.27. Let A C M be a masa and let Q) be a finite von Neumann algebra
such that dim(Q) > 2. Then Nauq(A) = Nm(A).

Proof. In this proof we consider left-right-measures restricted to the off diagonal.
First of all it well known that A C M % @ is a masa. Let [na] denote the left-
right-measure of the inclusion A C M. Write ny = 1 + 12 where 71 < A ® A and
ne L A® . Using Prop. 5.10 and Lemma 5.7 [11] it follows that the left-right-measure
[Mavwo] of the inclusion A C M * Q) is given by

mm+AR@A  ifng =0,

NMmxQ =

The rest is obvious from Thm. II1.19 and Thm. III1.24. O

Corollary IIL.28. Let A C M be a Cartan masa and let A C B C M be an

intermediate subalgebra. Then there is a v € GN(A) such that v L B.

Proof. By Lemma 5.7 [11], the left-right-measure of the inclusion A C M is [ng+np1]
where ng L npi and [np] is the left-right-measure of the inclusion A C B. Note

ngr # 0. Apply Lemma II1.23. ]

We prove the next theorem in the context of II; factors. But it can be easily
generalized to finite von Neumann algebras. Let M;, ¢ = 1,2 be separably acting II;
factors with normal, faithful tracial states 7; respectively. Let M; act on L*(M;, ;)
by left multiplication. Let A € M; and B C M, be masas. Fix compact Polish
spaces X,Y such that C(X) C A and C(Y) C B are unital, norm separable and
w.o.t dense. Let vy and vy denote the tracial measures for A, B respectively, which

will be assumed to be complete. Let the left-right-measure of A on X x X be [oy]
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and that of B on Y X Y be [0y]. Here we are allowing the diagonals, i.e, we are
assuming oija(x) = (AX)*VX and ooy = (Ay)*uy where Ay : X — X x X by
Ax(z) = (z,2) and Ay : Y =Y x YV by Ay (y) = (y,9).

By Tomita’s theorem on commutants AQB is a masa in M;®@M,. The space
X x Y is compact and Polish, and C'(X X Y') is unital, norm separable and w.o.t
dense in A®B. The standard Hilbert space and the Tomita’s involution operator
for Mi@My are L*(M;, 1) @ L*(My, 73) and Juy, @ Juq, respectively. The tracial
measure for AQB on X x Y is clearly vy ® vy. With this as set up we formulate the
next theorem which appeared in [3]. The same proof actually generalizes to infinite

tensor products.

Theorem II1.29. (Chifan’s Normaliser Formula) Let A C My and B C My be

masas in separably acting 11y factors My and Msy. Then
N(A®B)" = N(A)"®@N(B)".

Proof. Fix o1 and oy from the aforesaid class of left-right-measures. The left-right-

measure of AQB on (X xY) x (X x Y') which is denoted by [] is given by

dﬁ(SX, Sy, tX? tY) - dUl(SX7 tX>d02(SY7 tY)

from Prop. 5.2 [11]. Here s is the variable running along the first coordinate
(horizontal direction) and t along the second coordinate (vertical direction). Then
from Lemma I1.19 it follows that the disintegration of 3 along the ¢ variable (vertical

direction) is given by
ﬁtXxY = UltX X O'Qty, (tx,ty) - a.e Vyx X Vy, Where tXXy = (tx,ty).

For fixed txyxy = (tx,ty) € X x Y the measure 3, , has an atom at the point
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(sx,sy,tx,ty) if and only if oq,, has an atom at (sx,tx) and o9, has an atom at

(sy,ty). Therefore
(X XY)x (X xY))y=053(XxX),x (Y xY),),

where Sy 3 denotes the permutation (2,3) on four symbols (see Prop. 11.17). There-

fore,
Bl(XxY)x (XxY))a = OL|(XxX)a @ T2(Y xY)q-

Hence denoting C =C,C =C=C we have

SX,8y tx,ly sx,tx sy ,ty

@

L2(N(A®B)N) = / Csx,sy,tx,tydﬁ<SX7 Sy, th tY)
(XXY)X(XXY))a

5] @
g/ (Csx,txdal<SX7tX>®/ (Csy,tydo-2<SY7tY)
(

XxX)q (YXY)a

>~ [*(N(A)")® L*(N(B)") from Thm. I11.24.
Since the containment N(A)"®@N(B)"” C N(A®DB)" is obvious we are done. O
As a corollary we obtain the following result that was proved in [44].

Corollary II1.30. Let A C My and B C My be singular masas in separably acting
I, factors My and Msy. Then ARB is singular in M;Q@Mas.

D. Asymptotic Homomorphism and Measure Theory

The equivalence of WAHP and singularity is a nontrivial theorem [44]. In this
section we will give a direct proof of the equivalence of WAHP and singularity by
using measure theoretic tools. We will also present partial results about AHP. In
order to do so we will first have to relate certain norms to the left-right-measure. The
measure theoretic tools described in this section will be used in subsequent chapters

for explicit calculation of left-right-measures.



o6

Let A C M be a masa. Let A denote the Lebesgue measure on [0, 1] so that
A= L>([0,1],\). Then A is the tracial measure. Let [n] denote the left-right-measure
of A. We assume that 7 is a probability measure on [0, 1] x [0, 1] and n(A(]0, 1])) = 0.
Let B0, 1] denote the collection of all bounded measurable functions on [0, 1].
Notation: The disintegrated measures are usually written with a subscript ¢ +— 7,
in the literature. But in this section we will use the superscript notation ¢t — n' to
denote them. The (71, \) disintegration of measures will be indexed by the variable
t and the (mq, A) disintegration will be indexed by the variable s.

In all the following results that uses disintegration of measures, we will only state
or prove the result with respect to the (7, \) disintegration. Statements about the

(72, A) disintegration are analogous.

Lemma II1.31. Let x € M be such that E4(x) = 0. Let n, denote the measure on
[0,1] %[0, 1] defined in Eq. (C.12) of chapter 11. Then n, admits (m;, \) disintegrations
0,1 >t — n. and [0,1] > s — nS, where m;, i = 1,2 denotes the coordinate

projections. Moreover,
([0, 1] x [0,1]) = E4(z2")(t), A a.e.

Proof. From Lemma 5.7 of [11] it follows that there is a measure 7y such that (i)
no L 1, (i) [ne + no) is the left-right-measure of A. Therefore [(7;)«(n0 + 1) = [A]
by Lemma II.11 and hence (7;)+(n,) < A for i = 1,2. Consequently from Thm. II.16,
N, admits (m;, A) disintegrations for i = 1, 2.

Note that 7,([0,1] x [0,1]) = 7(zz*) = T(Ea(zz*)). From (i7) of Defn. II.15 it
follows that [0,1] 3 ¢ — n.(]0, 1] x [0, 1]) is measurable. Let E C [0,1] be any Borel
set. Then there exists a sequence of functions f, € C[0,1] such that 0 < f, <1

and f, — xg pointwise. By dominated convergence theorem we have n,(f, ® 1) —
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Nz(xg ® 1). On the other hand,
Ne(fo @ 1) = (for, ) = 7(farz”) = 7(fuBa(zz")) = /O SnOEa(z")(t)dA(t)
— /0 XE()EAs(zx™)(t)dA(t), as n — oo,
= /E]EA(x:c*)(t)d)\(t).

From Defn. I1.15 again we have

ne(s ® 1) = / 1 (xe ® 1)AA(t) = /E ([0.1] % [0, 1])dA(t).

Therefore for all Borel sets E C [0, 1] we have

/En;([o, 1] x [0, 1])dA(t) = /EEA(xx*)(t)dA(t).

Thus, % ([0, 1] x [0,1]) = E4(za*)(t) for A almost all t. O

Lemma II1.32. Let x € M be such that Eq(x) = 0. Let f € B[0,1]. Then the
functions [0,1] 5t — nt(1® f),[0,1] 3 s — ni(f @ 1) are in L>=([0,1], \).

Proof. We will only prove for the (m, ) disintegration. From Lemma II1.31 we
know that 7, admits a (7, \) disintegration. From Defn. II.15 we also know that

[0,1] 3¢ — nt(1® f) is measurable. Now if 0 <t <1 then
[ne(1® )] < [1£1na([0,1] x [0,1]).
Now use Lemma III.31. [
Lemma I11.33. Let x € M be such that E4(x) = 0. Let b,w € B[0,1]. Then
2 ! 2 2
[Ea(brwz™)ly = /0 ()] [ne(1 @ w)|” dA(?).

Proof. We have noted before that 7, admits (m;, \) disintegrations for i = 1,2. Sec-
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ondly, as b,w € B[0,1], so [0,1] 2 ¢ — b(t)nL(1 ® w) is in L>=([0,1],A) from Lemma

I11.32. Now
[Ea(bzrwz®)||3 = sup |(a, Ea(brwz®))|*
a€C[0,1]
||aH2§1

= sup |7(aBE4(bzwz*))?
a€C[0,1]
llalla<1

= sup |7(BEa(abzwz*))?
aeC[0,1]
llall,<1

2
= sup |7(abzwx™)]
aeC0,1]
llall,<1
2
= sup
a€C[0,1]
llall,<1

/[01} o a(t)b(t)w(s)dn.(t,s)

( from Eq. (C.12) of chapter 1)
2

= sup (from Defn. 11.15)
a€C[0,1]

||aH2§1

/0 a(b()L (1 ® w)dA ()

1
= / |b(t)[? (1 ® w)‘2 dA(t) (from Lemma [11.32).
0
O

The following facts are well known, we just record them for completeness. For
details we refer the reader to [20]. Recall that a subset S C Z is said to be of full

density if

hm#(s N [—TL, TL])
n 2n+1

=1

Definition IT1.34. A measure p on [0, 1] is called mizing (or sometimes Rajchman)

if its Fourier coefficients fi,, = fol e*™mtdu(t) converge to 0 as |n| — oo.
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By the Riemann-Lebesgue lemma any absolutely continuous measure is mixing.
However there are many mixing singular measures as well. Atomic measures can
never be mixing. The next proposition justifies why non-atomic measures are called

weak (or weakly) mizing measures.

Proposition II1.35. (Wiener) A measure p on [0,1] is non-atomic (diffuse) if and
only if for a set S C Z of full density

lim  f, =0.
nes,|n|—oo

From Prop. 2.5 and Prop. 2.19 of [20], mizing and weakly mizing are just not
properties of measures, they are in fact properties of equivalence class of measures.
We need the following fact from the calculus course. A bounded sequence of

complex numbers {a, }nez converges to 0 strongly in the sense of Cesaro i.e,

Z la,| =0 (D.1)

Nﬂoo QN +1

if and only if there is a set S C Z of full density such that

lim Ja,| = 0. (D.2)

nes,|n|—oo

Let x,y € M be such that E,(z) = Ea(y) = 0. Let a € A. Then the following

polarization identity holds:
4 Ea(ray”) = Ea((z + y)a(z +y)") — Eal(z — y)alz —y)") (D.3)
+i Ea((z + wy)a(z +iy)") — i BEa((z —dy)a(z — 1y)").

Thus WAHP for a masa is equivalent to the following. For each finite set

{z;}1-, € M with Eq(z;) = 0 for all 1 < ¢ < n and € > 0, there exists an uni-
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tary u € A such that
|Ea(ziux])||, < eforalll <i<mn.

We will only prove the harder part of the equivalence of singularity and WAHP.

Theorem II1.36. Let A C M be a masa such that L*(A)" € Cpo(A). Then A has
WAHP.

Proof. Suppose to the contrary A does not have WAHP. Then there is a ¢ > 0 and

operators 0 # x; € M, 1 <i < n with E4(x;) = 0 for all 4, such that

n
inf E 4 (zuzd)|? >
@&ME;HA@M%WQ_Q

where U(A) denotes the unitary group of A. Note that for all 1 <i < n, M‘Hb €
Chr.a(A) by Lemma 5.7 of [11] and Thm. II1.19. Equivalently, if ¢ — 7. and s — 7},
denote the (71, \) and (o, A) disintegrations respectively of 7,,, then for A almost all
t, the measure 77552_ is completely non-atomic and similar statements hold for n; .

Let v € A be the Haar unitary corresponding to the function ¢ + e?™. Then v

generates A. Now from Lemma II1.33 we have

n 1 n
Z |Ea(zv*a}) z = / Z . (1@ Uk)IQd)\(t) > e forall k € Z. (D.4)
i=1 0 =1

Throwing off a A-null set F' we assume that for ¢ € F° the measures 7., are
completely non-atomic, finite, concentrated on {t} x [0,1] and 7} ([0,1] x [0,1]) =

E4(z;zf)(t) for all 1 <i <n (see Lemma II1.31). Let

* keZtelo1]

a(t) = |k (1@ ")
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Then ay, is measurable for all k € Z. For k € Z and t € F° we have

n

S| )
[0,1]x[0,1]

i=1

2 n

<> (0, (10,1] x [0,1)))”.

i=1

Qg (t) =

Then by Lemma IT1.31, ax(t) < 20, [Ea(z27)(t)]> < oo, for all t € F€ and for all

k € 7Z. Define

N

Therefore, sy is measurable for all N € N. Since 7. is completely non-atomic

foralll1 <i<nandte F°so
sn(t) — 0as N — oo for all t € F° from Eq. (D.1),(D.2) and Prop I11.35.

Again since sy (t) < S0 |Ea(z2:) (1) for t € F¢ (from Lemma I11.31), so by

dominated convergence theorem
1
/ sn(t)dA(t) — 0 as N — oo.
0

Therefore,

/OSN(t)dA(t):2N1+1 Z /0 Z|n;i(1®vk)}2d/\(t)

1 & 2
= |Ea(zva)|| ) — 0 as N — oo.
2N +1 kz (Z 2

=1

Consequently from Eq. (D.2) there is a set S C Z of full density such that

n
2

: k _*
keslﬁioo 2 HEA(xiv z7)|], = 0.
This is a contradiction to Eq. (D.4). So A must have WAHP. O

The proof of Thm. II1.36 yields the following result.
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Theorem II1.37. Let A C M be a singular masa. Then given any finite set
{z;}1, C M with Ea(x;) =0 for all 4,

2N+1 Z (ZHE“‘“x

2

)—>OasN—>oo. (D.5)

where v is a Haar unitary generator of A.

Remark 111.38. Thus the unitary in the definition of WAHP can always be chosen to
be v* where k is a large integer and v is a Haar unitary generator of the masa. This
strengthens the definition of WAHP. Note that Eq. (D.5) is very closely related to

definition of weakly mixing actions of abelian groups on finite von Neumann algebras.

The measures 1%, n' are concentrated on {t} x [0, 1] for A almost all ¢. We will
denote by 7t 7' the restriction of the measures n’, and n' respectively on {t} x [0, 1].

Thus 7%, 7" can be regarded as measures on [0, 1].

Theorem I11.39. Let A C M be a masa. Let [n] denote the left-right-measure of A.
If for X almost all t the measures i are mixing, then A has AHP with respect to a

Haar unitary generator of A.

Proof. From Prop. 2.5 of [20] it follows that for A almost all ¢, any measure in the
equivalence class [7)'] is mixing. In view of Eq. (D.3), it is enough to show that for

all z € M with E4(z) =0,
[Ea(zv"z")[ly = 0as |n| — oo,

where v € A is a Haar unitary generator of A. Let v € A correspond to the function

s+ 2™ By Lemma II1.33

IEa(eo"a) |2 = / [0 (1 @ 0| dA(E)
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From Lemma 5.7 [11] we know that 1, < 7 and hence for A almost all ¢, nt. < n' from
Lemma I1.20. So 7!, < 7" for A almost all . Thus 7’ is mixing measure from Prop.
2.5 of [20] for A almost all ¢. Also from Lemma I11.31, the measures n’, are finite for A
almost all ¢t. Use Lemma II1.31 and apply dominated convergence theorem to finish

the proof. O
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CHAPTER IV

STRONGER NOTIONS OF SINGULARITY
In this chapter we study singular masas in II; factors that possess special prop-
erties. This chapter has four sections. First we make a common setup in Section A
that will be in force in all the remaining three sections. Notations and facts from
Section A will be used left and right in Sections B, C and D. Section B deals with
masas for which the left-right-measure is the class of product measure. In Section
C we study strongly mixing masas and its left-right-measure. Section D deals with

presence or absence of nontrivial centralizing sequences in masas.

A. The Common Setup

Let A C M be a masa. Let A denote the Lebesgue measure on [0, 1] so that
A = L>([0,1],\). Then A is the tracial measure. Let [] denote the left-right-measure
of A. We assume that 7 is a probability measure on [0, 1] x [0, 1] and n(A([0,1])) = 0.
Let B0, 1] denote the collection of all bounded measurable functions on [0, 1].

To understand the relation between properties of masas and its left-right-measure,
disintegration of measures will be used. For disintegration of measures we refer the
reader to the subsection ‘Conditional Measures and Masas’ of chapter II. If § in Defn.
I1.15 is a complex measure then the disintegration of (3 is obtained by decomposing
it into a linear combination of four positive measures, using the Hahn decomposition
of its real and imaginary parts.

Notation: The disintegrated measures are usually written with a subscript ¢ — [,
in the literature. But in this paper we will use the superscript notation t — 3¢ to
denote them. The (7, ) disintegration of measures on [0, 1] x [0, 1] will be indexed

by the variable ¢ (points of the z axis) and the (7, \) disintegration will be indexed
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by the variable s (points of the y axis), where m; are coordinate projections. We
will only consider the (m;, A) disintegration of the measures 7, 7¢, ¢, defined in Eq.
(C.12), Eq. (C.13) of chapter II. These disintegrations exist from Thm. II.16 (see
2]). The measures 7¢,7" are concentrated on {t} x [0, 1] and nZ,* are concentrated
on [0,1] x {s} for A almost all #,s. We will denote by 7¢,7" the restriction of the
measures ¢ and 7' respectively on {t} x [0,1]. Similarly define 77 and 7°. Thus
e, 7', 0¢,7° can be regarded as measures on [0, 1]. This notation will be used in the
subsequent sections.

The left-right-measure [n] of A has the following property. If 6 : [0,1] x [0,1] —
[0,1] x [0, 1] is the flip map i.e, 8(t, s) = (s,t) then 6,7 < n < 0,1 (see Lemma I1.11).
In fact, it is possible to obtain a choice of n for which 6,7 = 1. So in most of our
analysis we will only state theorems with respect to the (7, A) disintegration. An
analogous statement with respect to the (m, A) disintegration is also possible, which
we won't bother to state.

The discussion that follows will be used in our theorems. Let {a, }nen,, be such

that

a, > 0 if n € Puk(A)

a, =0if n & Puk(A)

and Y o an = 1. For Noo 3 n € Puk(A), let E, C [0,1] x [0,1] \ A([0, 1]) denote
the set where the multiplicity function in m.m(A) takes the value n. It is well known

that F, is n measurable. Then

PMeLl* (A~ & L*(E,ng)®C" (A1)

nePuk(A)

@
o [ Chdg e
n€Puk(A) J[0,1]x[0,1]

I
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where C}, = C" for (t,s) € E,, when n < oo, and C* = [5(N). Under this decompo-
sition one has

A(l—es)= @& L¥(E,,ng,)® M,(C),
nePuk(A)

where M, (C) is to be interpreted as B(lz(N)).

Consequently it follows that for N 3 n € Puk(A) the projections x g, ® 1, lie in
Z(A') = A, where 1,, denotes the identity of M,,(C) if n < oo and 1., = 1g(,()). For
n € Puk(A) choose vectors (™, 1 < i < n so that the projections P : L2(M)

2 )

AQ(”) A are mutually orthogonal, equivalent in A', """ | Pi(n = Xxg, ® 1,, and for

all a,b e C[0,1] C A

(P, — S, al)b(s)dn(t, 5), if n < 00

oo ono a(t)b(s)dn(t,s), if n = occ.

2’L

It follows that for all a,b € C]0, 1]

(a( ® (‘e"ac;")))b, @ (}é‘ag}”)): / a(t)b(s)dn(t, s).  (A.2)
nePuk(A) \i=1 nePuk(A) \i=1 [0,1]x[0,1]

With abuse of notation we will write e4(¢) = E4(¢) for L' and L? vectors.

B. Uniformly Mixing Masas

It is not always easy to describe properties of a singular masa based on its left-
right-measure. However, we can write nice properties of masas when the left-right-
measure is the class of product measure. Examples of such masas are easy to give
in many situations and many known masas, for example, the single generator masa,
the radial masa in the free group factors, the masas that arise out of Bernoulli shift

actions of abelian groups belong to this class. In this section we will give analytical
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conditions for the left-right-measure of a masa in any II; factor to be the class of
product measure.

The left-right-measure of any masa in the interpolated free group factors contains
A® A as a summand. This statement of Voiculescu [46] is one of the most important
theorem in the subject. This is the precise reason for absence of Cartan subalgebras
in the interpolated free group factors. Recently, the authors of [17] distinguished a II;
factor N from the interpolated free group factors, by showing N contains an exotic
masa whose left-right-measure is singular with respect to A®@ A, yet very close to A® \.
However, the factor N in their example resembles almost like the free group factors.
In many cases, the left-right-measures are hard to calculate. So we need conditions

in terms of operators that characterize the Lebesgue class.

Definition IV.1. A masa A C M is said to satisfy the uniformly mixing condition
if there exists a set S C M such that E4(x) =0 for all x € S and
(i) the linear span of S is dense in L*(M) & L*(A),

(it) there is an orthonormal basis {v,}°2, C A of L?*(A) such that

[e%s)
D Ea(zvaa)|l; < oo
n=1

for all z € S,
(i17) there is a nonzero vector ( € L*(M) & L*(A) such that E4(¢u"¢*) = 0 for all

n # 0, where u is a Haar unitary generator of A.

In this section we will prove that the uniformly mixing condition is sufficient
for the left-right-measure of A to be the class of product measure. We do not know
whether the same condition is necessary for the left-right-measure of any masa to
be of the product class. However, in Thm. IV.9 we provide an analogous condition

which is necessary for the left-right-measure to be of the product class. Note that
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the sum in Defn. IV.1 is independent of the choice of the orthonormal basis. This
just follows by expanding elements of one orthonormal basis with respect to another.
We suspect that condition (ii) in Defn. IV.1 is redundant and follows from the first
two conditions. Conditions (i) and (i7) in Defn. IV.1 forces that n < A ® A. To
assure A ® A < n we need condition (#i¢). To prove that uniformly mixing condition
implies the left-right-measure to be the class of product measure, we need to prove
some auxiliary lemmas. In Section D of chapter III we proved a result similar to the

following.

Lemma IV.2. Let (1,( € L*(M) be such that E4(&1) = 0 = Ea(G). Let ney e
denote the measure on [0,1] x [0, 1] defined in Eq. C.13 of chapter 11.
1°. Then ne, ¢, admils (m;, \) disintegrations [0,1] > ¢+ n¢ ., and [0,1] > s+ nZ .,

where m;, 1 = 1,2 denotes the coordinate projections. Moreover,

.6, ([0,1] x [0,1]) = E4(GG)(1), A ae.

2°. Let f € C[0,1]. Then the functions [0,1] > t — nf (1 ® f),[0,1] 5 5
N6 (f ®1) are in LY([0,1], \).

If G € M fori=1,2 then [0,1] 3t — nf, ,(1® f),[0,1] 3 5= n¢ ., (f ®1) are in
L>([0,1], A).

3. Let b,w € C[0,1]. If Ea(Ciw(y) € L2(A) then

1
IEA(bGwed)|2 = / D)2 [, o, (1 @ w) [ dA(2).

Proof. 1°. That n¢, ¢, admits the stated disintegrations follows from Eq. (C.14) of
chapter II, Lemma 5.7 [11] and Lemma II.11. The next statement in 1° follows from
an argument similar to the proof of Lemma III.32.

2°. From Eq. C.15 of chapter II, |7, ¢,| admits (m;, A) disintegrations. Use Hahn
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decomposition of measures and Lemma I1.20 to see that |, ¢, = ‘nzl’d for A almost

all £. The function ¢ +— nf, ., (1 ® f) is clearly measurable from Defn. I1.15 and from
Eq. (C.15) of chapter II,

[ Weie nlax

<A1 ot 00,17 0. )

< 11 ([ 0 0. ex) + [t 0,11 0. 1))
I UEAGE ], + IEAGE)) < oo

When ¢; € M a similar argument shows the stated functions are in L>([0, 1], \).
3° Since

00 > sup
a€C(0,1],]|all,<1

= sup |T(abEA((1wG>)|

QEC[O,].],”(IHQS].

/ a<t>b<t>EA<<1w<;><t>dx<t>\

= sup |7 (abliw()|
a€C0,1],]lall,<1

1

= sup /a(t)b(t)ném(l®w)d)\(t)’
aeco,1] |Jo

llalla<1

and ¢ 5 b(t)nt, ., (1® w) is in L'(X) so g is in L*(A) and

1
IEA(bCwe)|Z = / (1) 1y o, (1 ® w)| dA).

Let w := {w, }°, C C[0,1] be an orthonormal basis of L*(A).

Proposition IV.3. Let x; € L*(M) for i = 1,2 be such that Ex(z;) = 0. Let us
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suppose that

3 [Eaeruai)l < oo

n=1
If w' = {w]}52, be an orthonormal sequence in L*(A) with w], € C[0,1] for all n,
then there is a set F(w,w'") C [0, 1] which depends on w,w’ such that A\(F(w,w")) =0

and for all t € F(w,w')*

STt s @w) <3 0t (A @ w,)|* < oo,
n=1

n=1

Proof. Note that the hypothesis implies that for any a € C0, 1],

o
> Ealaziw,a)|; < oo

n=1
and this sum is independent of the choice of the orthonormal basis. Therefore for all
a € C|0,1]

o0 [e.e]
> [Eaaziwnap)ly < Y 1Ea(aziwaas)]f; -

n=1 n—1
Let » € A be a nonzero projection. Identify r with a measurable subset E, of
[0,1]. We can assume E, is a Borel set. We claim that
Lt eufan < [ S aewf oo ©)
If the claim is true then by standard measure theory arguments we are done.
First assume FE, is a compact set. Choose a sequence of continuous functions f;
such that 0 < f; < 1 and f; | xg, pointwise as [ — oo. Therefore by Lemma V.2

and monotone convergence theorem, for all [ we have,

1 oo e’
2 *
/0 720 it (1@ ul)dAE) = 3 [Eafiutas)|2
n=1 n=1
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< Z [EA(fiz1wns)|l3

/ fAt ]%@ 1 ®w,) \ dA(t

Passing to limits we see that Eq. (B.1) is true whenever E, is compact. Now use

regularity of A so see that Eq. (B.1) is true for all Borel sets of positive measure. [J

Let X = {f = (f1, f2, f3,---) : fr € C[0,1] ¥V k € N}. Equip X with the metric

d given by

1 - gl
WD =2 T -l (B2)

[~

Then (X, d) is a separable metric space. Also for a sequence f e X, f () 4,
as n — oo implies that £ — f; in |||, for all k € N.

Let O = {f € X : {fi}32, be an orthonormal sequence in L*([0,1],A)}. Then
O C (X,d) is a closed set. Note that (O, d) is separable.

Proposition IV.4. Let © € M be such that Eq(z) = 0. Let us suppose that
Z |EA(zwpz™) )5 < oo.

k=1

Then n, K A® A.

Proof. Let {w™}>_, C (O,d) be any countable dense set. From Prop. IV.3 and
Lemma IV.2, it follows that there is a set F' C [0,1] with A(F) = 0 such that for

t € F°, it is a finite measure and

o0

|

k=1

for all m € N. Let v = {0};2, € O. There exists a subsequence {w™}%, such
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that d(w™),v) — 0 as j — oo. Therefore for t € F°
3 et o= Sl
k=1
Sy
k=1

2
nt(1 (m]))} (by Dominated convergence)

2
(1 ®w(m1))‘

J

< limj inf Z

2
(1@ w™ ))’ (by Fatou’s Lemma)
k=1

< Z \ni(l ®wk)\2 < oo (ast € F°).
k=1

Therefore for each t € F*€,

sup Z ‘nx (1® fk Z (1 ®wk ? < . (B.3)

Fe0 o k=1

Fix t € F°. If it contains a part which is singular with respect to A then
the supremum on the left hand side of Eq. (B.3) is infinite. Indeed, for simplicity
assume 75 L X. Choose a compact set K C [0, 1] of almost full 7%, measure such that
AMK) = 0. Fix a large positive number N. By regularity of A, there is a open set
U containing K such that \(U) < % Using compactness of K we can find a finite
number of open intervals (a;, b;) and small positive numbers §; for i = 1,2, -- - m such
that the open intervals {(a; — d;,b; + 9;)}/, are disjoint and K C U™, (a;,b;) C
U, (a; — 04, b; +6;) C U. Define

(

=

lf(lZSSSbl

&2

(s—al)—i—N ifa; —0; < s<a
fi(s) =

otherwise.
\

Then f = 3", fi is continuous and |||, , = O(+5). Now consider g =



73

Inductively construct an orthonormal sequence in C[0, 1] with the first function as g,
orthogonal with respect to A measure. It is now clear that in this way the supremum
in Eq. (B.3) can be made to exceed any large number.

Consequently, it follows that for all t € F*©
i < A (B.4)
Finally from Lemma I1.20 it follows that n, < A ® A. ]

Remark TV.5. Note that the proof of Lemma IV.4 actually shows that 7% < A\ with

9 ¢ 12([0,1], A) for A almost all £,

The set of finite signed measures on the measurable space (X,ox) is a Banach
space equipped with the total variation norm |||, , also called the L;-norm, which
is defined by ||ul|,, = |p| (X) where |u| denotes the variation measure of p. It is well

known that for probability measures u, v

I — vl =2 sup [u(B) — v(B)| = / f—gldy (B.5)
Becox X

where f, g are density functions of u, v respectively with respect to any o-finite mea-

sure 7 dominating both p, v (see [29]).

Theorem IV.6. Let A C M be a masa satisfying the uniformly mizing condition.

Then the left-right-measure of A is the class of product measure.

Proof. Fix a set S C M such that E4(z) = 0 for all z € S, span gl — L*(A)* and
Y Ea(wupa)|; < oo
k=1
for all z € S, where {u;}?2, C C[0,1] is an orthonormal basis of L*(A). From Eq.
(A.2) there is a vector ¢ € L*(A)* such that |||, = 1 and 5 = 7. Choose a sequence

z, € span S such that ||z,|, =1 and z,, — ¢ in [|-||, as n — oco. Then (Lemma
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I1.24), we have n,, — nc =n in |||, ,. Write z,, = Zf;l CinYin Withy;,, € 5, ¢, € C

forall1<i¢<k,andneN. Asy,,, € S,soforallneN,1<i<k,

Z ”EA(yi,nUkyZn)H; < 00.
k=1

From Prop. IV.4 we have n,, < A ® A. But

kn kn,
I 2 =
nxn - ’ciyn’ nyi,n + Civncjvn/r/yi,nvyj,n .
=1 i#j=1

For 1 <i # j < k, the measures n,, .. are possibly complex measures but

from Eq. C.15 of chapter II,

in,n,yj,n| < Ny TNy K AN Therefore n,, KA.

Since 7),, are probability measures so from Eq. (B.5)

1
3o = el = [ 1) = a9 dAE N1 5) =0
[0,1]x[0,1]

as n,m — oo, where f, = d?gé’;). Thus there is a function f € L'([0,1] x [0, 1], A® \)

such that

,/ Falt.s) — F(t.9)|d(A @ Nt 5)
[0,1]%[0,1]

as n — 0o. As 1, is a probability measure for each n 5o || full[1(3gy) = 1 for all
n. Therefore || f|| 1 gy = 1 and 7, — fd(A® A) in |||, - By uniqueness of limits
n=fdA®M\).

We will now use condition (ii7) of Defn. IV.1 to show that A ® A < 7. Let

2mit

v € A be the Haar unitary corresponding to the function t — e“™. Suppose £ €

L*(M) & L*(A) is a nonzero vector such that E4(¢v™E*) = 0 for all n # 0. Then by

3° of Lemma IV.2 we have

ne(1®@v"™) = 0 for all n # 0 and for A almost all ¢.
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By standard theorems in Fourier analysis it follows that 772 is equal to A for A

almost all ¢. Finally by Lemma 5.7 [11] we have [n] = [A ® A]. O
The proof of the last part of Thm. IV.6 can be summarized in the corollary.

Corollary IV.7. Let A C M be a masa such that the left-right-measure of A contains
the product class as a summand. Then there is a nonzero & € L*(M) & L*(A) such

that EA(&u™E*) = 0 for all n # 0 where v is a Haar unitary generator of A.

The next result is strengthening the uniformly mizing condition. The idea of its

proof is hidden in the proof of Thm. IV.6.

Theorem IV.8. Let A C M be a masa. Then the following are equivalent.
(1) A satisfies (i) and (ii) of the uniformly mizing condition.
(2) There exists a set D C M such that Ex(x) = 0 for all x € D, D is dense in
L*(A)* and
Z IBA(z1v573)|13 < 00 for all x1, 25 € D
k=1

for some orthonormal basis {v;} C C[0,1] of L*(A).

Proof. (2) = (1) is obvious.

(1) = (2). Let v € A be the Haar unitary corresponding to the function ¢ — €™,
From Thm. IV.6 we get that the left-right-measure of A is dominated by A ® .
Let 21 = Y0, cyi, wo = D00 djyi with yf,y7 € S, ¢;,d; € Cfor all 1 <4 < m,

1 <7 < m. Note that for all i, j

D [Eatsiv s, < 00, 30 Byt )], < oo

kEZ keZ

dnyz
J

Then 7, Ny K A ® A with ()\@A)a dA®N)

€ L*(A ® \) (see Rem. IV.5 and
Lemma I1.20). As argued in the proof of Thm. IV.6, Myt < A ® A. But because
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Myly?| < My + 12 s0 we conclude that fo, 2, = d?f\égﬁf € L*(A® \). Therefore
ZHEA (z1v" 2} H2 Z/ ‘nmlm (1® " | dA(t (B.6)
keZ keZ

= [ S b @ ) i
keZ
1 1 2
= [ S]] et o] are

kEZ
2

dA(t)(Lemma I1.20)

/0 kEZ

= /() Hfm,xz (t7 )Hi2()\) dA(t)

_ / Foras (8, 8) 2N @ N)(t, 5) < oo.
[0,1]x[0,1]

/fmts ()dA(s)

Finally, let D = span S. [

When the left-right-measure of a masa belongs to the class of product measure,
the masa satisfies a condition very close to the uniformly mixing condition. This is

the content of the next theorem.

Theorem IV.9. Let A C M be a masa. Let the left-right-measure of A be the class
of product measure. Then there is a set S C L*(M) & L*(A) such that span S is
dense in L*(A)*,

Z IEA(CwnCH)|3 < 00 for all ¢ € S,
n=1

for some orthonormal basis {w,}>>, C A of L*(A) and there is a monzero £ €
L2(M) © L*(A) such that Eo(v"E*) = 0 for all n # 0 where v is a Haar unitary

generator of A.
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Proof. We will first consider the case Puk(A) = {1}. In this case
LA(M) & L*(A) = L*([0,1] x [0, 1] \ A([0, 1]), A @A),
the left and the right actions of A being given by
(af)(t,s) = a) (L, 5), (fb)(L, 5) = b(s) [ (L, 5)
where f € L*(A)* and a,b € A.
Let 0 # ¢ € L?(A)* be a continuous function. Then for a,b € C|0, 1]

(aCb, C) r2(my = (aCb, () r2(aaen)

_ /[0 oy AP TSN
_ /[0 IRCLOING )2 dN1)dA(s).

d(cf\g/\) — |¢|” which is bounded, in particular in L*(A ® \). We claim

that E4(CbC*) € L*(A) for any b € C[0,1]. Fix a € C[0,1]. Then

Therefore

/0 a(t)EA(CbC)(t)dA(t) = T(aE4(¢bC)) (T extends to L) (B.7)

(acb¢™)

I
\]

Il
—

[ a(t)b(s)dne(t, s)

0,1]x[0,1]

a(t)b(s) [¢] (. )AA(t)dA(s)

I
S—

[0,1]x[0,1]
1

a(HA(IC]” (2, )b)dA(?).

I
S~

Now consider the function [0,1] 3 ¢ % A(|¢|)* (¢,-)b). It is clearly A\-measurable

and

/01 INCP (8, b) 2 dA () = /01 (/01 e, s)b(s)d)\(s)>2d)\(t)



78

< ([ e s)dx<s>)2cu<t>
< [ [ 161 e spanmins) < oo

Therefore from Eq. (B.7) we get,

sup
aEC[O,I],HaHQSI

[ eEaacyonn = s / a<t>A<r<\2<t,‘>b>dA<t>\

:</ NS (8, )b)|” dA(t >é<oo.

Consequently it follows that E4(¢bC*) € L?*(A) and

A = [ NG G axe
Let v € A be the Haar unitary corresponding to the function ¢ + 2™, Then
{v"},ez is a orthonormal basis of L?(A) and by Plancherel’s theorem,

SRR =S [ P e )

neZ neL

= [ 32 ek e an

nez

:/0 /O I (8, $)dA(s)dA(£) < oo

Thus {¢ € L2(A)* 3,5 IEa(Com¢¥)||5 < oo} is dense in L2(A)*.

In the general case, write

, , e
L*(M)o L*(A) = @(A)<@AC )

n€Puk

where C-(") are vectors defined in Sec. 1. For each n € Puk(A) and 1 < i < n we

— Il
consider the left and right actions of A on A(; ™ A" to reduce the problem to a case

similar to having one bicyclic vector.
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Finally, let ¢ € L*(M) correspond to the function xa(ope. Then ne = A ®@ A.
By arguments exactly similar to the first part of the proof conclude that E4(Cal*) €
L*(A) for all a € A. But by 3° of Lemma IV.2 we get,

1
IEA(C"C)5 = / (1 @ v™)|* dA(t) = 0 for all n # 0.
0

C. Strongly Mixing Masas

The study of strongly mixing masas was initiated by Jolissaint and Stalder in
[18]. Their study was motivated from an algebraic point of view namely, inclusion of
groups and dynamical systems. Their approach is a way to generate nice examples
of such masas. In this section we study the same from a measure theoretic point of
view.

Recall from [18] that a subset E C U(M) is said to be almost orthonormal if
for every € > 0 and ¢ € M, there is a finite subset F' C E such that |¢(u)| < € for
all w € E\ F. An almost orthonormal subset is necessarily countable since M is
separable. As the definition says, such sets are weakly null i.e, elements of these sets

converge in w.o.t to 0. See Prop. 2.4 of [18] for more information.

Definition IV.10. [18] Let A C M be a diffuse abelian subalgebra. Then A is said

to be strongly mizing in M if for all almost orthonormal subgroups G C U(A),

lim_[|Ea(uzu’y) —Ea(2)Ea(y)ll, =0

U—00,UE

for all =,y € M.

In [18] it was shown that such an abelian algebra is automatically a singular

masa.
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Theorem IV.11. Let A C M be a diffuse abelian subalgebra that satisfies the uni-
formly mizing condition. Then for any almost orthonormal sequence {u,}>>, C A

and x,y € M such that E4(x) =E4(y) =0,
|Ea(uyzuny)|ly — 0 as n — oo.

In particular, A is a strongly mizing masa.

A slightly different version of this statement is proved in Sec 11.4 of [43], so we
skip its proof. We will show that masas for which the left-right-measure is the class
of product measure are strongly mixing. This will give a second proof of the fact that
the radial (laplacian) masa in L(Fy), 2 < k < oo is strongly mizing as its left-right-
measure is the class of product measure. The calculation of the left-right-measure of

the radial masa follows directly from Radulescu’s calculation (Lemma 3, [38]).

Theorem IV.12. Let ' be an icc group and let Z be an infinite abelian subgroup of
I. Suppose L(Z) C L(T") is a strongly mizing masa. Then the left-right-measure of
L(Z) is the class of product measure.

In particular, if Z is a malnormal subgroup of I' then the left-right-measure of

L(Z) is the class of product measure.

Proof. In [18] it was shown that the hypothesis is equivalent to the following condi-
tion:
(ST) For every finite subset F' C I' \ Z, there exists a finite subset E of Z such that
ggoh & Z for all go € Z\ FE and all g,h € F.

Now S! is the character group of Z. Let p be the normalized Haar measure on
St. The left-right-measure of L(Z) is naturally supported on S* x S*. Let u, € L(T)
be the unitary operator corresponding to the group element g € I'. Fix g € T'\ Z.

Then taking F' = {g, ¢~ '}, there is a finite subset E of Z such that Ez) (ugupul) =0
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for all h € Z\ E. Therefore n;, (1@ h) = 0 for p almost all t € S* and h € Z \ E,
where h is the canonical image of h in C(S'). By a theorem of F. Reisz and M. Reisz
(see for instance [15]), it follows that 7;, < for p almost all ¢. But note that % is
a trigonometric polynomial for y almost all ¢. Thus for u({s € S*: Zt’—:(s) =0})=0
for p almost all t. Thus p < ﬁng for p almost all ¢t. By Lemma I1.20 we have
Ny K & p L 1y, for each g € T'\ Z.

Now span {u, : g € T'\ Z} is dense in L*(L(Z))* in ||-||,. By approximation argu-
ments it follows that the left-right-measure of L(Z) is mutually absolutely continuous
with respect to pu ® pu.

The last statement follows by observing that Ep ) (ugupu;) = 0 for all b € Z\{0}

and g € '\ Z. O

The next theorem is a measure theoretic formulation the main results of [18].
Recall from chapter III, a finite measure p on the [0, 1] is called mizing (or sometimes
Rajchman) if its Fourier coefficients fi,, = fol e?™ ™ dy(t) converge to 0 as n — =+oo.

There is also an analogous definition of mixing measures on S*. By the Riemann-
Lebesgue lemma any measure absolutely continuous with respect to Lebesgue measure
is mixing. However there are many mixing singular measures as well. Any measure
absolutely continuous with respect to a mixing measure is mixing. Thus mixing is a
property of equivalence class of measures. Mixing measures can be characterized in
a geometric way as being asymptotically uniformly distributed.

Let N be a diffuse, separable, finite von Neumann algebra equipped with a
faithful, normal tracial state 7. Let I' be a countable discrete group which acts on N
by a 7-preserving action a. The action « is said to be strongly mixing [18] if, given

€ > 0 there exists a finite set £ C I' such that

|T(ag(x)y) — 7(z)7(y)| < eforall g €'\ £ and for all z,y € N.
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In [18] it was shown that, if I' is abelian then, L(I') C N x,I" is a strongly mixing
masa if and only if the action « is strongly mixing. In the next theorem, we relate
strongly mixing actions of countable discrete abelian groups to Fourier coefficients of
the left-right-measure of L(I'). Since we are not very familiar with abstract Harmonic

Analysis on groups, we will assume I" = Z.

Theorem IV.13. Let a be a free strongly mixzing action of Z on a diffuse, separable,
finite von Neumann algebra N, preserving a faithful, normal tracial state . If [n] is
the left-right-measure of L(Z) C N X, Z then, 7' is a mizing measure for X\ almost

all t.

Proof. Let M = N x, Z. The tracial state on M will be denoted by 7 as well. The
elements of M has a Fourier expansion of the form = = ZnEZ T,u, where z, € N
and u, € L(Z) are the canonical unitaries implementing the action. The Fourier
expansion of x converges in ||-||,. Suppose z € N and n,n;,ny € Z. Then the

equation

(U TUR Uy y TUy) = T (Upyy TUgy Uy Uy ) (C.1)

= T (Up, TUp, ")
implies that 7,,, =n, for all x € N and all n € Z. Again for ny,ny, € Z and x € N,

(Uny XUy, T) = T (U Ty T°) (C.2)
= T(n, (T)Uny 42, T")
= 7(2" (%) Uny4n)

= 7(2"p, (€))7 (Un, 4ny) by orthogonality.

Note that the left-right-measure of L(Z) C M is naturally supported on Z = S,

where Z is the character group of Z. Identify L(Z) = L*°(S', \y), where )y is the
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normalized Haar measure on S!, via the standard identification, which sends u,, to
the function e, (t) =", t € S, n € Z. Now for m € Z,

Er@z (zuma™) = Z(]EL(Z) (U x™), Up ) Uy

neL

= Z T(Er@) (0tumz™)u_p ),

neL

= Z T(TUp T U_p )

neL

= E Uy TUpx™)

neL

— Z (2" a_p(2))T(Up—p ) Uy, (from Eq. C.2)

neL

=T(x () Up,.

Therefore, 0 (1 ® e,,,) = T(x*a_p())em(t) for Ao almost all ¢ € S*. Since the
action « is strongly mixing so 7. is a mixing measure for Ay almost all ¢, whenever
7(x) = 0.

Let © = > 1" | x;ug, € M be such that Epz)(z) = 0. Therefore, (z,us,) = 0 for
all 1 <i <mn and hence 7(z;) = 0. Now from Eq. C.1 we get,

Z% + Z UR—
i#j=1
It is easy to see that Mg ayui; = (1 ® ep,—, )N, o; for all i # j. Thus from Eq.

C.15 of chapter II, Lemma II.20 it follows that,

Sy (9= [ 7S (5) 0 s o
51 LRI R 51 J

for Ao almost all ¢. This shows that n’, is a mixing measure for Ay almost all .
Let [n] denote the left-right-measure of L(Z). We assume n(A(S')) = 0 and 7

is a probability measure. From Eq. A.2, we know that there is a nonzero vector
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¢ € L*(M) & L*(A) such that n = n.. Let

kn
T, = Z :L’En)uén) e M with 2™ e N

i=1
be such that E4(x,) = 0, ||z,|, < 1 for all n € N and z,, — ( as n — oo in [|-||,.
Then n,, — nc =nin ||-||,, from Lemma II.24. Then from Lemma II.23, there is a
subsequence ny, with nj, < ng,; for all k and a set £ C S* with Xo(F) = 0, such that
for all t € E°,

sup ﬁink (A) —7"(A)| — 0 as k — oo.
ACS1, A Borel

Note that ﬁink are mixing measures for all £ and for Ay almost all ¢£. From standard

approximation arguments it follows 7} is a mixing for Ay almost all ¢. [

Theorem IV.14. Let A C M be a masa. Suppose the left-right-measure of A is the
class of product measure. Let x,y € M be such that Ex(z) =0 =Ea(y). Ifu, € A is
a bounded sequence that goes to zero in w.o.t then, Ea(zu,y*) goes to zero, \ almost

everywhere.

Before we prove Thm. IV.14, we need to make an observation. Let x € M
be such that E4(x) = 0. In all our results that involved disintegration of measures,
we have always worked with functions of the form [0,1] 5 ¢ — 7.(1 ® a) where
a € C[0,1] € A. The reason we chose a € C[0,1], was to assure that the function
[0,1] ¢t — nL(1 ® a) is A-measurable. However, if [n] = [\ ® \] then we can allow a
to be in L>([0, 1], A). In this case, measurability is not an issue. Now we prove Thm.

IV.14.

Proof. First, fix x € M with E4(x) = 0. Note that n, < A®A. Let g = d(‘fgk). Then

dig g: for A almost all ¢, where

g € L'(A® \). From Lemma I1.20, 7}, < X and %

g =g(t,") on {(t,s) : s € [0,1]}
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It is easy to verify that, [0,1] 3 ¢ — 7L(1 ® u,) is in L>([0, 1], \) for all n. For

a € A the equation

(a*, Ea(zu,x®)) = 7(aE4(zu,z™))

= 7(azu,z")
_ /0 a(t)nt (1 ® u,)dA(2)

implies that, E4(zu,x*)(t) = nL.(1 ®u,) for A almost all . Thus for A almost all ¢ we

have,

E(zunz®)(t) = 1, (1 ® up)

- / s ()g1()dA(s) — 0 as m — oo,

as {u,} is bounded and converges to zero in w.o.t. Now use Eq. D.3 of chapter III

to finish the proof. O

Definition IV.15. [21] Let U be an isometry on a Hilbert space H. A vector ¢ € H

is said to be a wandering vector for U if (U"(,U™() =0 for all n # m € Z.
In Defn. IV.15, we interpret U~" = U*" for n > 0.

Theorem IV.16. Let A C M be a uniformly mixing masa. Let v € A be a Haar

unitary generator of A. Then the span of the wandering vectors for v which are

orthogonal to A is dense in L*(A)*.

Proof. In this proof we will borrow notations and ideas explained in Eq. (A.1), Eq.
(A.2) and related discussions following Defn. IV.1.

Let € = {g = {€int1<i<nnePuk(A) : €in = :i:l}. Let v correspond to the function
t — 2™ Since A is uniformly mizing so from our results in section B, the left-right-

measure of A is [A® A]. For Ny, 3 n € Puk(A) there exists vectors Ci(n), 1<i<nso



86

—

that the projections me : L2(M) — AC}")A * are mutually orthogonal, equivalent
|| ll2

in A, A¢™ 1 L*A), AL, P™) is type I, and for a,b € C[0,1], and for all

e€l,

<a( & (eaemd”)) & (eaem<<“)> [ apeawne)
nePuk(A) nePuk(A) [0,1]x[0,1]

Fixeefandlet (= & 69 € n( . By Lemma IV.24 we find
- nePuk(A) i=

|EA(C" )|, = /0 IA(1 ®v™)|dA(t) =0, for all n # 0. (C.3)

Therefore for n # m

(0" = [ TG ™)

< EalCo™™)||, =

This establishes the existence of a wandering vector ¢} for v. Note that ¢ L L?(A).

For u € U(A) and b, c € A, from Eq. (C.3) we have
EA((b¢cu)v™(cCu)*) = bEA(Cv™C)c* = 0 for all n # 0.
In particular, b u is a wandering vector for v. Let
W = span {bu:uecU(A),bec Aec}.

It is easy to check that W is dense in L*(A)*. O

Theorem IV.17. Let A C M be a strongly mizing masa. Then Np(B) = A for
any diffuse subalgebra B C A where Ny(B) = {u € U(M) : uBu* = B}.

Proof. Fix a diffuse subalgebra B C A. Let v € B be a Haar unitary generator

t

of B. Then v* “3" 0 as |k| — oo. For any # € M with E4(z) = 0 we have

|EA(zvFa”)

— 0 as |k| — oo. Since ||[Eg(y)ll, < [[Ea(y)], for any y € M so

HEB zvha )|, — 0as k| — oo. Thus by arguments similar to the proof of Thm III.36,
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Thm. II1.37 of we get BzB' ¢ Cp.a(B). Thus L*(A)* € C,4(B) from Lemma 5.7
[11] and Lemma I1.24, I1.23. Now if ¢ € L?(M) is such that BCB' 2 € Cy(B) then

the decomposition

BCBH'HZ _ B]EA(C)BH‘IB @B EA)(C)B”%

shows that B(1 — ]E,,L‘)(C)B'l'u2 € Cy4(B), which is true only when (1 —E4)(¢) = 0.
But by using arguments similar to the proof of Thm. II1.19, ¢ € L*(N(B)") if and
only if BzB'2 ¢ Cq(B). Thus we are done. O

Remark 1V.18. The conclusion of Thm. IV.17 is false if A is just assumed to be
singular. There exists a singular masa A in the hyperfinite II; factor R that contains

a diffuse subalgebra B, so that B is a Cartan masa inside an infinite index subfactor

of R [41].

D. T and Non I' Masas

In this section we study properties of the left-right-measures of masas that possess
nontrivial centralizing sequences of the factor. We also study properties of the left-

right-measure that prevents a masa to possess nontrivial centralizing sequences.

Definition IV.19. A centralizing sequence in M is a bounded sequence {z,} C M
such that ||z,y — yz,|, — 0 as n — oo for all y € M.
The centralizing sequence {x,,} is trivial if there exists a sequence \,, € C so that

|20 — >‘n”2 — 0.

Definition IV.20. [41] Let A C M be a masa. Define

I'(A) = sup{7(p) :p € A is a projection and

Ap contains nontrivial centralizing sequences of pMp}.
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It is immediate that I'(A) = I'(A(A)) where 6 is an automorphism of M.

Theorem IV.21. Let A C M be a masa. Let the left-right-measure of A be [(A ®
A) + p] where p L AX® X. Then A cannot contain non trivial centralizing sequences

of M. Moreover, T'(A) = 0.

Proof. From Eq. (A.2) there exists a vector ( € L*(M) & L*(A) such that for
a,b e C[0,1]

(@Jb*JC,C) = Ma)AD) + ula @ b).
Therefore
(a¢,C) = Ma) + pla® 1) and (Ca,¢) = Ma) + u(l1 ®a) for a € C[0,1].  (D.1)

If possible, let a,, € A denote a non trivial centralizing sequence such that 7(a,) =
0 for all n. By making a density argument we can assume that a,, € C]0,1] for all
n. Assume that limsup ||a,||, = o > 0. A triangle inequality argument shows that

|lan¢ — Canll, — 0 as n — oco. However

HanC - Caan :<anC> anC> - <Can7 an<> - <an<a Can> + <Can7 Can> (D2)

=2Xapan) + plapan @ 1) + p(1 ® apan) — plan © a,) — play, © an).
But by Cauchy-Schwartz inequality;,

:u(a'zan & 1) + /L(l ® a;an) - :U(an ® a;kz) - N(a:; ® an)

~ [ wOPdues) - [ @)
A([0,1])e A([0,1])e

s Gt - [ G
A([0,1])e A([0,1])e

> / 0, (1) du(t, s)

A([0,1])e
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[NIES

-(/ a0 dute s>)é (f (P 9)

s ) du )
A([0,1])¢
([ ool )
A([0,1])¢

([, tm 0 e, )
_ {(/A([Ow |an(s)|2dp,(s,t))% - (/A([O’mc an(t)Qd,u(s,t))é}2 >0,

This shows from Eq. (D.2) that ||a,¢ — Can||5 # 0 as n — oo, a contradiction.

=

The last statement follows from the above argument by considering compressions of
M by projections in A because, for any nonzero projection p € A, identifying p as the
indicator of a measurable set F), it follows that the left-right-measure of the inclusion

Ap C pMp will be the class of the restriction of A ® A + p to E, x E,. ]

We state the next result without proof as its proof is similar to the proof of Thm.

IV.21.

Proposition IV.22. Let A C M be a masa. Let the left-right-measure of A restricted
to the projection pJqJ be the class of product tracial measure, where p,q are nonzero
projections in A. Then

(1) T'(A) < 1.

(ii) If r > p, q is any projection in A then Ar cannot contain nontrivial centralizing

sequences for rMr.
Recall that a von Neumann algebra A\ is called full if Int(N) is closed in Aut(N).

Corollary IV.23. (i) Let M be a 11, be factor such that for all masas A C M
there are nonzero projections p,q € A so that the left-right-measure of A contains the
product measure restricted to the projection pJqJ as a summand. Then M is a full

factor.
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(1) If Int(M) = Aut(M), then there is a masa A in M whose left-right-measure is
singular with respect to the product measure.
(1i1) Every strongly stable (McDuff) factor contains singular masas whose left-right-

measure is singular with respect to the product class.

Proof. (i) and (ii) follows from two theorems. A factor M is full if and only if
every centralizing sequence in M is trivial. Secondly, if a factor M possess nontrivial
centralizing sequences then there exists a masa A C M such that A contains nontrivial
centralizing sequences for M [4]. Finally use Prop. 1V.22.

(7i1) follows by tensoring any singular masa in a McDuff factor by the alternating

Tauer masa in R (see the section on Tauer masas). [

Making the appropriate changes to the proof of Lemma IV.2 we get the following
result. Its proof uses basic facts about L' spaces associated to finite von Neumann

algebras.

Lemma IV.24. Let ¢ € L*(M) be such that E4(¢) = 0. Let n; denote the measure
on [0,1] x [0,1] defined in Eq. (C.12) of chapter 11. Let b,w € C[0,1]. Then

IEA(b¢uc)]), = / b)) (1 @ w)| dA().

Proof. We have

[BalbCwC)ll, = sup — [(Ea(bCw(?), a)|

a€B0,1],]|al|<1

= sup |T(aEA(bCw(™))|

aeB[0,1],[la[|<1

= sup |T(Ea(ablw(™))|

a€B0,1],]|al|<1

= sup |7(abCw(”)|

aeB[0,1],[lal|<1
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= sup
a€BI0,1],]|al|<1

A)l] - a(t)b(t)w(s)dnc(t,s)

= sup
a€B[0,1],[lal|<1

/01 a(t)b(t)ne(1® w)d)\(t)‘ (from Defn. (II.15))
= /1 |b(t)nE(1 ® w)| dA(t) (from 2° of Lemma IV.2).
[

Definition IV.25. A finite measure p on [0,1] is called a-rigid for |o| = 1, if and
only if there is a subsequence fi,, of i, = fol e?™ ™y (t) that converges to au([0,1])

as k — o0o. A 1-rigid measure is called rigid or a Dirichlet measure.

We now recall some properties of a-rigid measures. For details check [23]. Let
p be a a-rigid measure on [0,1]. Any sequence ny along which f,, converges to
au([0,1]) is said to be a sequence associated with p. It is easy to see that, p is
a-rigid if and only if the sequence of functions [0,1] > ¢ +— 2™ converges to «
in p-measure. Thus v is a-rigid with associated sequence ny for any v < p. So
a-rigidity is a property of equivalence class of measures and hence can be thought of
as a property of unitary operators by considering appropriate Koopman operators.

Atomic measures are always rigid.

Theorem IV.26. Let A C M be a (singular) masa. Let v € A be a Haar unitary

generator of A. Suppose there exists a subsequence ny (ng < ngiy1 for all k) such that

for ally e M
o™y — yv™* ||, — 0 as k — oo.
Then the measures 1t are [B;-rigid for some complex number 3, € S*, X almost all t.

Proof. We can assume that v corresponds to the function [0,1] ¢ — 2™, Standard
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density arguments show that if £ € L?*(M) then
|v" & — Eu™ |, — 0 as k — oo.

From Eq. (A.2) we know that there is a nonzero vector ¢ € L*(M) & L*(A)
such that n = n.. Therefore we have [|[E4(v™"#Cv™(*) —Ea(((*)|l; — 0 as k — oo.

Consequently using similar arguments as in proof of Lemma IV.24 we have,

1
[Ea(v™":¢u"™¢") = Ea(CC]], = /O ety (1@ v™ ) — Ea(CCH) ()] dA(t) — 0

as k — oo. Hence there exists a further subsequence ny, and a subset £ C [0, 1] such

that A\(E) = 0 and for ¢t € E°,
e~ 2mimatnt(1 @ v™1) — EA(CCH)(t) — 0 as | — oo (D.3)

and E4(CC*)(t) = 7'([0,1]) < oo (Lemma IV.2).
Fix t € E°. Dropping to a subsequence if necessary which depends on ¢, we
assume that e 2! — 3, as | — oo for some complex number 3, € S*. Then 7t is

Be-rigid. ]

Remark TV.27. Examples of singular masas in the hyperfinite II; factor can be con-
structed that satisfies the hypothesis of Thm. IV.26. There exist weakly mixing

actions of a stationary Gaussian process that has the desired properties [47].

Remark TV.28. Suppose a masa A C M possesses nontrivial centralizing sequences
of M. Then identify A = L*°(S', \), where X is the normalized Haar measure on S'.
By Stone-Weierstrass theorem, we can always find a nontrivial centralizing sequence
of M consisting of trigonometric polynomials. We suspect that it is even possible
to extract a nontrivial centralizing sequence that consists of convex combinations of

fn(z) = 2" for n € Z. If the last statement is true, then we can show that 7' is



B-rigid for some complex number 3, € S, for A almost all ¢.
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CHAPTER V

EXAMPLES AND CONCLUSIONS
In this chapter we calculate the measure-multiplicity-invariant of some masas in
the hyperfinite II; factor and free group factors. For results proved in this chapter

we are indebted to Stuart White.

A. Tauer Masas in the Hyperfinite II; Factor

In this section we will calculate the left-right-measure of certain Tauer masas in
the hyperfinite II; factor R. The examples of the Tauer masas that we are interested

in are directly taken from [41].

Definition V.1. (White) A masa A in R is said to be a Tauer masa if there exists
a sequence of finite type I subfactors {N,,}>°; such that,

(i) Ny C N,y for all n,

(#6) (Ui Nn)" = R,

(i1i) AN N, is a masa in N, for every n.

This allows us to write structure of every Tauer masa A in R with respect
to the chain {N,}22, as follows. Switching to the notation of tensor products the
above definition means that we can find finite type I subfactors {M,,}>°, such that,
N, = G% M, for every n. For m > n the m-th finite dimensional approximation of A

r=1
can be written in terms of the n-th one as,

A= P ee Ay, (A1)
e€P(An)

where the direct sum is over the set of minimal projections P(A,,) in A,, and A,(fb?n is

m
amasain ® M,. Note that the Cartan masa arising as the infinite tensor product
r=n+1
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of diagonal matrices inside the hyperfinite II; factor is a Tauer masa. In [48], White
has shown that the Pukdnszky invariant of every Tauer masa is {1}. In fact, it follows
from his proof that the bicyclic vector for any Tauer masa can be chosen to be an
operator from R itself.

Sinclair and White [41] has exhibited a continuous path of singular masas in R
no two of which can be connected by automorphisms of R. We are interested in two
masas that correspond to the end points of this path. For all Tauer masas it is clear
that the Cantor set is the natural space where we have to build the measures. For
ease of calculation we need to index the minimal projections in the approximating
stages in a different fashion than that appeared in [41]. It is now time to introduce

some notation.

1° Notation : If N, = ® M k, (C), then the minimal projections of A,, will be denoted
r=1
by ) fymy , where t(n) = (t1,t,- -+ ,t,) with 1 <&; <k;, 1 <i <n,

The convention that we follow is

(n) _ (n—1) (n) (t1,t2, tn—1)
ft17t27'“7tn - ft17t2»"‘7tn—1 ® etn )

(t1,t2, tn—1)

(t1,t2, tn—1)
€ty nn—1

where () are the minimal projections of the algebra A , in accor-
dance with Eq. (A.1). The matrix units corresponding to these family of minimal pro-
jections will be denoted by (™ fi(n), s(n) and we will understand (n) fin), tin) = () Ji(n)-

For two tuples (t1,ts,--- ,t,) and (s1, 89, ,S,) such that ¢; = s; for 1 <i<n—1

and t,, # s, we will write (n)f;(n), s(n) = (n)f(-,tn),(-,sn)-

2° Notation: For any two subsets S,T C M, we will denote by S - T the set
span{ab : a € S,b € T'}. The normalized trace of M,,(C) will be denoted by tr,. The

unique normal tracial state of the hyperfinite factor R will be denoted by 7. This
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trace 7z when restricted to A gives rise to a measure on a Cantor set which will also
be denoted by 7. For a measure p on a space X and f € L'(u) we will denote by
f1v the measure on X obtained as fu(E) = [, fdpu.

The next lemma is very well known but we record it for completeness.

Lemma V.2. If A, B are two masas in M, (C) orthogonal with respect to the nor-
malized trace tr, then A- B = M, (C).

1. Tauer Masa of Product Class

Following Sinclair and White [41] we are going to calculate the measure-
multiplicity invariant of a Tauer masa A whose description we are going to elaborate
now. This Tauer masa has the I' invariant 0 (A is totally non-I"). We will show that
its left-right-measure belongs to the product class. This example is important as this
is the first example of a masa in R with simple multiplicity whose left-right-measure
is the class of product measure.

Let k1 = 2 and for each r > 2 let k, be a prime exceeding k1ks - - - k,._1. Set M, to
be the algebra of k, x k, matrices. By Thm. 3.2 [32] there is a family {7V DD},
of pairwise orthogonal masas in M,.. Let N,, = é/\/lr. There is a natural inclusion
x+— 2 ® 1 of N, inside N, 1 and one works in t;rl:e1 hyperfinite II; factor R obtained
as a direct limit of these N, with respect to the normalized trace. With respect to
the chain {N,}5°, of finite type I subfactors of R, A is constructed as follows.
Let A; = D5(C) C M, be the diagonal masa. Having constructed A,, one constructs

Ant1 as,

Api1 = @(n)ft(n) ® (1) ptn) (A.2)
t(n)

That (U, A,)" is a masa in R follows from a theorem of Tauer [45]. This Tauer

masa is singular from Prop. 2.1 [41].
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We denote by P n) the orthogonal projection from L?*(R) onto the subspace
™) £, LH(R)™ fyn) and let,

P = ZZZ Z Z AR (A.3)

n=1t1=1tx=1 tn—1=1tp#sp=1

Clearly, P ft yJ (n) fs(n)J and is in A. At the first sight it might not
be clear that the sum in Eq. (A.3) makes sense but we will show that projections
involved in the sum are orthogonal and sums to 1 — e4.

The following lemma, part of which is recorded by Sinclair and White [41] will

be crucial for our calculations.

Lemma V.3. For eachn € N let R =N, Q R, where R, = ( Q My, (C))", then

r=n+1

A= @ fym © AL, where (A.4)
t(n)

Ai(orleﬂ are Tauer masas in R, and whenever t(n) # s(n) we have

(i) Ai(g%“ and Aigzﬂ are orthogonal in R,

(1) (A s AXi) M2 = LA(Ra).

oco,n+1
Moreover, for each t(n) if {Am i1 tme=1 denotes the m-th approzimation of AOO i1 I
R, then,
Al = D DO g (A.5)
Air(LT—Ll-)l n+l — @ ®(m+1) De(nzf—l (AG)

eeP(AK™) )
where for each fivzed m and t(n), the family {(m+) MH} are pairwise orthogonal

masas in My, . . (C).

Proof. We only have to prove (ii). The rest of the statements are just rephrasing
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Lemma 5.6 of [41].
Use Lemma V.2, (i) and Eq. (A.5) to conclude

My © (A A ) e

Since A +1 and A +1 are orthogonal so is Am ne1 and AZ™Mforallm > n+1. Use

n1n+1

Lemma V.2 to conclude that ® M, (C) C (Atognzz-i-l As(n) )72 for all m > n41.
r=n+1
Hence by density of the algebraic tensor product of matrix algebras in L*(R,) we

finish the proof. [

For each n, let X, = {z{™ (", ... (n)} denote a set of k, points. Let Y™ =
ﬁXk, XM = H X and X = HXk, so that for each n, X = Y™ x X" Forn =
1?1141 = Dg((C)k j+(17(Y(1)). Hav1]:1gl identified A, Ay, - -+, A, with C(YD), C(Y®),

-, C(Y™) respectively, we identify A, with C(Y 1) as follows.

For each 1 <t; < k;, 1 <i<mn,t(n)=(t,...,t,), "ID = C(X,,1). Now
the projection ™ fy,,) € C(Y™) corresponds to the indicator of a set {xtl a:'g), e xtn)}
C Y™ . Therefore identify, (™ fin) ® (1) D) with () Jim)y ® C(Xpny1). Hence
Ap 2 O(Y®HD) Therefore, C(YW) c C(Y®) C --- c C(Y™) c O(Y("HD) C

- C C(X) C A where
X = lim Y™

o0—n

and C'(X) is norm separable and w.o.t dense in A. Write B = C'(X). Therefore
B =@ fim @ BL) (A.7)
t(n)
and Bigzﬂ =~ C(X ™)) (by a similar argument and using Lemma V.3) and is w.o.t

dense, norm separable C* subalgebra of Ai(o”T)L 41

Lemma V.4. For each n and t(n) # s(n),
(0)(A™ fo) s(m A) M2 = ) fy) LAR)™ fiay
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(ii) Fora, b € B,

<a(n)ft(n s(n) b (n)ft(n s(n) >T
kaky // ) Fuon O fumy ()a(DB(3) (7 @ 7)1, 9)

(i) (A™ fyny sy A) 12 is orthogonal to (A™ fy(n) sy A) 12 whenever t(n) # s(n),
t'(n) # s'(n) and (L(n), s(n)) # (£'(n), s'(n)).

Proof. For a,b € A, using Eq. (A.4) write

“= q? ™) fytn) ® gmy and b= & @ f) @b

n) - p(n)
for a,(m) € AOO a1 and by € 22"72 +1- By direct multiplication we get
a("™ fymy, s) @ 10 =" fym), stn) ® Ayin)bsn)-

Therefore (i) follows from Lemma V.3 (i7). Moreover for a,b € B

< ( ft ,sn)®173n) )ft(n s( ®1Rn>
= tr, (" fin)) TR, (@a(m)bs(n))

1
= 7 7 nbsn
k1k2-~-k5nTR"(%( bs(n))

= kika - knr(a(™ fym) © 1) 7R (0(" fym) ® 1))

(by orthogonality, Lemma V.3(i7))

ks //’ (@ fyy & DO fyy © 1)()d(7 @ ) (£, )

. (8 .
e /(1)>< xa{™ x X () /(1> (n) () ()bs(n) (5)d(TR ® TR)(Z, 5)

XX Tgn) X X (1)

= kiky--- k‘n/X . (n)ft(n) (t)(")fgn)(s)a(t)fs)d(ﬁg ® TR)(t, S).

This proves (). Clearly (iii) follows from (i) and the fact that ™ fy,) J® fy)J and

(”)fy(n)J(”)fﬁf(n)J are orthogonal projections in L*(R) if (t(n),s(n)) # (t'(n),s'(n)).
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ki ke Fon—
Lemma V.5. For m > n the projections Y, > - Z Z P(( t)n)( 5 and

t1=1t2=1 tn—1=1tpF#sp=1
P((-T,)n) (25m) with t, # S, are orthogonal. Moreover

oo ki

D WD D W NS

n=1t1=1ts=1 tn—1=1tp#sp=1
Proof. 1t follows from (iii) of Lemma V.4 that

EEI 5 ST DU S N

t1=1ta=1 tn_1=1tn#sp=1

is a projection. The projection P € A’ and hence is in A as A is maximal abelian

in B(L?(R)). Therefore P™ is decomposable. Denote

Eeto)(sn) = (xij’ X oo X :UEZ)_ X x§:) X X(”)) X (:vg) X e X 91:5:)_ X xg:) X X(")).

1 1

It is not hard to see from Lemma V.4 that

53]
PR [ Coudlrn © )t 5) where €1, =

E( tn),(sn)

and AP( ) (a5m) is the diagonalizable algebra with respect to this decomposition. For
and pr

(t’(n 1)), (n=1),s%,)

with t,, # s, and ¢ # s/, rests over disjoint subsets of X x X. Therefore

t(n—1) # t'(n—1) the direct integrals for P Hn—1),tn ) (E(—1),5m

&)
P®(I2(R)) = / C,.d(mr @ 7r)(t, ), where Cy, = C and

By =Ul - UrT U B e = AYTD) 5 A(X,)S x X0 x X0,

and AP™ is the diagonalizable algebra with respect to this decomposition. With

m > n and t,, # Sp, P("Zi)( sm) will be direct integral over the set (a:g) X - X
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xg:_—ln X xi:?) x X)) x (xﬁf) X e X IEZ__II) X xSZ’ x X (™)) which is disjoint from
A(Y D) x A(X,)¢ x X™ x X Therefore by direct integral theory P and

P((Tr)n) (5m) AT€ orthogonal. Now for z € R we have for all positive integer N

" (N) ()
D PMr= 3 BT == 3 Bivum® = (- Eay)(@)
HN)Z(N)

Since by a result of Popa [30] we have E4, (-) — Ea(-) pointwise in |[|.||, as N — oo,

by density of R in L*(R) we are done. O

Let ¢, =

T

k, forn > 1 and ¢ = 1.
1

n

oo k1 ko

k'n—l k?n
Proposition V.6. The vector > > > -+ > > L0 f 0 is a cyclic

Cn,
n=1t1=1ty=1 tn—1=1tpF#sn=1

ﬁ

vector for A(1 —ey4) and
®

(1 —ex)(L*(R)) = Cisd(tr @ T)(t, s), where C;, = C.

XxX

Moreover A(1 — ey) is the algebra of diagonalizable operators with respect to this

decomposition.

Proof. Fix n € N. Foreach 1 <t; < Fk;;, 1 <i:<n-—1,and 1 < ¢, # s, < ky,
working on with vectors \/%(”) Jet),(sn) We find using Lemma V.4 a positive measure
77((."2”) () SUPPOrted on

(@) o™ ezl s XY e (@l xox "D x 2l x X ™) such that

) oy = O fon (8)d(TR © TR)(E, 5).

By making arguments similar as in Lemma V.5 we find for each n a positive

measure 7™ on E, = A(Y™ D) x A(X,) x X" x X™ given by n™ = yp, d(tr ®
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Tr) such that

k1 ko 52

kn—1 kn,
PR =33 30 Y R B R) = [ Cudn®es)

t1=1ta=1 tn—1=1tn#sn=1 X x X

where C; , = C and AP™ is diagonalizable with respect to this decomposition. Note

that

2 _
M (X x X) = Coalbn ) 11 (A.8)

ca Cn-1  Cn

The proof of Lemma V.5 shows that the measures n(™ are supported on disjoints
sets. Hence by Lemma V.5 and Lemma 5.7 [11]

@ (o]
(1 —eq)(L3(R)) = Cyadn(s,t), where C,y =C, n=>Y n". (A.9)
n=1

XxX

Moreover A(1 — e4) is diagonalizable with respect to the decomposition in Eq.

A.9. Clearly

N—oo N—o0

N
n(X x X) = lim Zn(”)(XXX): lim ¢g —cny = 1.
n=1

Finally n = 7 ® 7. Indeed for a, b € C(X),

| apsnt =3 [ awpls)ane.s)
XxX n=1 Y XxX
(e e] k1 k‘71 kn
=>> > > a(t)b(s)dn") ) (o)t 5)
n=1t1=1 tn—1=1tn#sn=1
oo ki

kn—1 kn
B RTD DY a(t)b(s)™ f oy (™ fr s (5)

n=lt1=1  tp_1=ltp#sp=1
d(tr @ Tr)(t, 5).

o0 kl kn—l k}n

But > > -+ > > (”)f(.vtn)(t)(”)f(.ﬁn)(s) T Xa(x)e pointwise almost every-

n=1t1=1  ty_1=lt,#s,=1
where 7z ® 7r. Use dominated convergence theorem and the fact (tp ® 7 )(AX) =0

to conclude n = 7z ® 7. This completes the proof. [
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Since the Pukédnszky invariant of every Tauer masa is {1} we have thus computed
the measure-multiplicity-invariant of A. The above Tauer masa was denoted by A(0)
in [41]. There is a Tauer masa of exact opposite flavor than A(0) which we call as

the alternating Tauer masa.

2. Alternating Tauer Masa

The alternating Tauer masa A(1) is a singular Tauer masa in the hyperfinite II;
factor R constructed by White and Sinclair [41]. It contains nontrivial centralizing
sequences of R. In fact its I'-invariant is 1.

The chain for this masa is exactly similar as the masa of the product class de-
scribed before. Let A(1); = Do(C) C M; be the diagonal masa. Having constructed

A(1), C N, we construct A(1),; as,

A1), @ "D, 1, neven, "V D, ; the diagonal masa in My, ,, (C),
AD)ps1 =

D™ fymy @ VDU odd , "+ DEM pairwise orthogonal.

t(n) (A.10)

We will prove that the left-right-measure of A(1) is singular with respect to the
product measure. With the left-right-measure of A(0) and A(1) at our disposal we
can calculate the same for the entire path of masas exhibited in [41].

Write R = Repen@Rodq Where Rogq = 7%1./\/12,«1 and Repen = 7%1./\/[2,«. Also
denote Ny, epen = ®:~L=1,2|7~ M, and N, o0 = ®::17r51m0d(2) M,.. Then the subfactor
Roaa contains a Cartan masa B so that 1® B C A(1). By construction B is a infinite
tensor product of diagonal masas in the associated matrix algebras. Using similar

arguments like the product class Tauer masa we can identify C'(X) as a w.o.t dense

subalgebra of A where X = [[ X, and X, is a set of k, points.

r=1
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Lemma V.7. Let M; for i = 1,2 be II; factors with unique tracial states T; re-
spectively. Let B C My and A C M;®@M, be masas so that 1 @ B C A. Let
Pukyr e, (A) = {1}, Puky,(B) = {1}. Let C(X) C A and C(Y) C B be w.o.t
dense subalgebras with 1 @ C(Y) C C(X) and [nxxx|, [nvxy] denote the left-right-
measures for A and B respectively. If q : X — Y denotes the continuous surjection

associated with the inclusion of C(Y') in C(X) then nyxy] = [(¢ X @)«Nxxx]-

Proof. With abuse of notation we will denote 71 ® 75 to be the tracial measure on X
and 7 that on Y of A, B respectively. Then ¢,(m1 ® 75) = 75. Note that f N fo(gxq)
for f € C(Y xY) is a injective *-homomorphism from C(Y xY') into C'(X x X) which
preserves least upper bounds at the level of continuous functions. Therefore i extends
to a injective *-homomorphism i : L®(Y x Y, ny,y) — L®(X x X, nxxx) which is
normal (see Lemma 10.1.10, [19]). By Theorem 4.6 [25], [(¢ X ¢@)«Nxxx] = [Ny xy]-

The hypothesis guarantees that

@
L*(Mi®Msy) = L*(X x X, nxxx) = / Crsdnxxx(t,s),
XxX
®
L*(My) = L*(Y X Y, nyxy) = Cisdny sy (t,s)
Y XY

with respect to which (AU Jy,za, Advnsas,)” and (B U Ja, BJa, )" are respectively
diagonalizable. Therefore (¢ X q).nxxx qualifies to be the left-right-measure of B C
M. O]

Theorem V.8. The left-right-measure [n] of A(1) is singular with respect to [Taq) ®

Ta)] where Taqy is the tracial measure for A(1).

Proof. Fix a member 1 from the equivalence class. Let C(]] X,) be w.o.t dense in
n=1

A(1), then by virtue of construction C'( [[ Xas—1) is w.0.t densein B. Let ¢ : [[ X,, —

n=1 n=1

o
[] X2,._1 be the continuous surjection associated to the inclusion 1 ® B C A(1). Let

n=1
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n = f(Taq) @ Taq)) + v with 740y ® T4y L v and f € L'(r401) ® Ta1)) be the
decomposition of n with respect to 741y ® 74¢1) in the Lesbegue-Radon-Nikodym
theorem. Note that if 75 denotes the tracial measure for B with respect to the
subfactor Roqqa then 73 = ¢,741) (as the inclusion of B in A arises from ¢). Now

E C J] Xon-1 x J] X2n_1 is a null set for 75 ® 75, implies

n=1 n=1

(Ta) ® Ta)((g x q)'E) =0,

which in turn implies f(7401) ® Ta1))((¢ x ¢)7'E) = 0.

Therefore (¢ X q)«(f(Ta0) ®7a1))) K 78 @ Tp. Also (¢ X q).(f(Taq) ®Taq))) # 0
if f# 0. We have

(@ % q)«n = (¢ X @)«(f(Taq) ® Ta))) + (g X @)«

Decompose (¢ X q)«y = g(75 @ 78) + 3 where g € L' (13 ® ) and 3 L 75 @ 15.
It follows (g X q).n cannot be singular with 75 ® 75 if f # 0 or g # 0.
But [(¢ X ¢)«n] is the left-right-measure of B with respect to the subfactor R,qq
(Lemma V.7), which must be singular with 75 ® 75 as B is Cartan in R,qq. Therefore

[=0,9=0,7L740)®Taq) and (¢ X ¢q).n L 7 @ 75. d

The fact that the left-right-measure of the alternating Tauer masa is singular
with respect to the product measure will play a huge role in generating masas in
free group factors. The alternating masa will be denoted by A(1) in the subsequent

sections.

B. Examples of Singular Masas in the Free Group Factors

In this section we show that given any subset S of N there are uncountably many

non conjugate singular masas in L(Fy), & > 2 with Pukanszky invariant SU{oo}. All
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examples constructed in this section are constructed from examples appearing in [11],
[42]. For any masa A considered in this section, we assume A = L>([0, 1], A), where
A is the Lebesgue measure. If A C M is a masa and [n] be its left-right-measure,
then we will most of the time assume n(A[0, 1]) = 0. There are few exceptions to this
assumption in this section, in which case we will notify.

The next two corollaries are direct applications of results in [11]. They can be
generalized to give analogous statements about masas in the interpolated free group

factors.

Corollary V.9. Let k € N and k > 2. Let A C L(Fy) be a masa. If A is freely
complemented then Puk(A) = {oco} and is left-right-measure is the class of product

measure. In particular, A is singular.

Proof. Follows directly from Lemma 5.7 and Prop. 5.10 [11]. Singularity follows from

the characterization theorem in chapter II. O

Corollary V.10. Let k € N, and k > 2, let A C L(Fx) be a masa. Let A G B &
L(Fy) where B is a subalgebra and B is freely complemented.

(1) If the left-right-measure [ng] of the inclusion A C B is singular with respect to
A®@ X then Pukpw,)(A) = Pukg(A)U{oo} and the left-right-measure of the inclusion
A C L(Fy) is [ng + A @ A

(it) If the left-right-measure [ng] of the inclusion A C B is [A@)|, then Pukpw,)(A) =

{o0} and the left-right-measure of the inclusion A C L(Fy) is [A @ ]
Proof. Easy. Consult Lemma 5.7 and Prop 5.10 [11]. O

Let S be a nonempty subset of N. Let S = {n;} with n; < ng < ---. Define

S|
Ps=<a= {ank}‘kﬂl DO, >y, 0 < ap, < 1 forall k,Zank =15. (B.1)
k=1
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For a, B € Pg, we say a # 3 if o, # [, for some k.

Case: {1,00}
Fix a sequence a € Py. Consider the hyperfinite I1; factor R with the alternating

Tauer masa A(1). Let R, = @2, R. Equip R, with the faithful trace

TRa g anTR

Then A, A(1) is a singular masa in the hyperfinite algebra R, which is

el
still separable. It is still true that Pukgr,(A,) = {1}. The projections (0 & --- &
0®1®0---) where 1 appears at the n-th coordinate, is a central projection p, of
R, and it belongs to A,. The projections p, correspond to indicator of measurable
subsets F,, C ([0,1],\), so that F, N F,, is a set of A measure 0 for all n # m.
Upon applying appropriate transformations the left-right-measure of A(1) C R can
be transported on each F,, x F,, which we denote by [1,]. It follows from Thm V.8
that 7, is singular with respect to A ® A. We also assume n,,(F,, x F,,) = 1 for all n.

The left-right-measure of the inclusion A, C R, is then the class of

o0

1
2 5t

n=1
from Prop. 5.2 [11]. Consider (M, 7y) = (Ra, Tr, ) * (R, T7). Then M is isomorphic
to L(Fs) by a well known theorem of Dykema [9]. Then A, C L(F5) is a singular

masa by Theorem 2.3 [11]. The left-right-measure of the inclusion A, C L(F2) is

@A+ Z .
and Pukpr,)(Aa) = {1, 00} from Cor. V.10.

Theorem V.11. For each o € Py, there exists a singular masa A, C L(Fs) with
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Puk(A,) = {1,00}. If a # B are any two elements of Py then A, and Ag are not
conjugate.
In particular, for any countable discrete group 1" there exist uncountably many

non conjugate singular masas in L(Fy x T') each having multiplicity {1, c0}.

Proof. The construction of the masa A, C L(Fy) is established in the discussion
above. Since automorphisms of II; factors preserve traces of projections and orthogo-
nal projections the non conjugacy of A, and Az follows by considering the left-right-
measures.

The final statement follows from the fact [9] that
Ro*x(R*xL(T)) = (Ra*xR)x L(T') = L(Fy) x L(I') =2 L(Fy + T)
and Cor. V.10. O

Case: {0}

Fix a sequence o € Py as before. Consider the hyperfinite II; factor R with a
singular masa A such that Pukg(A) = {oo}. Consider the inclusion B = ®,. ;A C
®,.-4R. Since up to isomorphism there is one hyperfinite II; factor so B C R is a
singular masa from Chifan’s Normaliser formula, I'(B) = 1 and Pukg(B) = {oco}
from Lemma 2.4 [49]. The left-right-measure of the inclusion B C R clearly contains
as a summand (Lemma 5.2 [11]), a measure y which is singular with respect to A ® A.
In addition, v, # 0 for A almost all ¢, where [0,1] > t — ~ denotes the (7, \)
disintegration of . Now repeat the process described in Case: {1, 00} replacing A(1)

by B to conclude:

Theorem V.12. For each o € Py, there exists a singular masa A, C L(Fs) with
Puk(A,) = {oo}. If a # B are any two elements of Py then A, and Ag are not

conjugate.
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In particular, for any countable discrete group 1" there exist uncountably many

non conjugate singular masas in L(Fy x T") each having multiplicity {oo}.

Case: {1,n,0}, n#1

Let 1 # n € N. Consider the matrix groups

GnZ{({;T)IfEPma:GQ}, HnZ{({;?HfEPn}CGnWhere

Py = {1_) |paq€Z7pqudd }a‘nd
q

P,={f2"|f€ P kel},

of the multiplicative group of nonzero rational numbers. Then L(G),) is the hyperfinite
II; factor R and L(H,) C L(G,) is a singular masa with Pukdnszky invariant {n}.
The left-right-measure of the inclusion L(H,) C L(G,) is the class of product Haar
measure A g, ® A A, on I/-fn X ﬁIn, where ﬁ]n denotes the character group of H,,.

As R®R = R so L(H,)®A(1) is a singular masa in R from Chifan’s Normaliser
Formula. The Pukdnszky invariant of the inclusion L(H,)®A(1) C R is {1,n} from
Theorem 2.1 [42]. The left-right-measure of the inclusion L(H,)®A(1) C R is the

class of
A, @ Ag, @0+ A, @0+ Ag, ©Ag, @ AN

where [n] is the left-right-measure of the alternating Tauer masa restricted to the
off diagonal and A is the map that maps a set to its square by sending = — (z,x).
In this case we need to specify the measures on the diagonals as they are necessary.
Given a € Py replace the role of A(1) in the previous construction (Case: {1,00}) by

L(H,)®A(1) to construct a masa A, ,, C L(Fs).

Theorem V.13. For each o € Py and for each 1 # n € N there exists a singular
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masa Aan C L(Fy) with Puk(Aa,) = {1,n,00}. If o # [ are any two elements of
Py then A, and Ag are not conjugate.
In particular, for any countable discrete group 1" there exist uncountably many

non conjugate singular masas in L(Fy x T') each having multiplicity {1,n,0c0}.

Proof. First use Theorem 3.2 of [11] to see that Pukr,)(Aan) = {1,7,00}. Then
use Lemma 5.7, Prop. 5.10 of [11] to see that the left-right-measure of the inclusion
Ayn C L(F2) when viewed on [0, 1] x [0, 1] is of the same form as described in the
previous construction (Case: {1,00}). Non conjugacy and the final statement follows

for exactly similar reasons as in Theorem V.11. ]

Case: {n,o0}, n #1
Let 1 #n € N. Let H, C G, and H,, C G. Then L(H, x Hy) is a singular

masa in L(G,, X G) whose measure-multiplicity-invariant is the equivalence class of
(Hn X Hoo, 1], m)

where 7 is the sum of

~

(i) Haar measure on (H, x Hy) x (H, x Hy);

(7i) Haar measure on the subgroup

Dn = {(aaﬁlacKaﬁZ) ‘ [0S ﬁnaﬁlaﬁ? € j:—\[oo}a

(731) Haar measure on the subgroup

Do = {01, 8,02, 8) | o, 00 € Hy, 3 € Hy ¥
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and where the multiplicity function is given by

(

1, ~yeA(H,x Hy)

m(y)=<n, yeD,\A(H, x Hy)

oo, otherwise.
\

This was calculated in [11]. Note that 1 contains measures singular with respect
to product Haar measure as its summand off the diagonal A(ﬁ[n X [?oo)

For each a € Py, replace the role of A(1) in the previous construction (Case
{1,00}) by L(H,)®L(Hs) to construct a masa A, , C L(F3). Note that Pukg,)(Aan)
= {n, o0} from Thm. 3.2 [11]. The left-right-measure of the inclusion A,, C L(F3)

is of the same form as that of A, as in Case: {1, 00}.

Theorem V.14. For each o € Py and for each 1 # n € N there exists a singular
masa Ann C L(F2) with Puk(Ayn) = {n,o00}. If a # [ are any two elements of Py
then A, ., and Ag,, are not conjugate.

In particular, for any countable discrete group I' there exist uncountably many non

conjugate singular masas in L(Fq x T') each having multiplicity {n,co}.
Proof. Clear. We omit the details. ]

Theorem V.15. Let S = {n, : 1 = ny < ny < ---} be an arbitrary subset of N
that contains 1 and |S| > 2, let k € {2,3,--- ,00} be arbitrary and let T be any
arbitrary countable discrete group. For each o € Pg there exists a singular masa
Ans C L(Fy * I') whose Pukdnszky invariant is S U {oo}. If o # [ are any two

elements of Pg then A, s and Agg are not conjugate.

Proof. We first consider the case when I is trivial. Let P, and P, be the subgroups

of multiplicative group of rational numbers as before. Let G,,, n > 1, be the matrix
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group

1 =y
0 0 g

and H, the subgroup consisting of the diagonal matrices in G,,. Then as noted in
[42] G, is amenable and L(G,) = R. It is also true that L(H,) is a singular masa
in L(G,) with Pukdnszky invariant {n,oco} [11]. Consider M, = L(G,)®R = R
and consider the masa A, = L(H,)®A(1). Then A, C M, is a singular masa with
Puky, (A,) = {1,n,00} [42]. Now consider

M, = BpesM,, and A, = Spes A, where Ta, (+) = Z anTar, (+).

nes
A, is a singular masa in M. Then M, * L(Z) = M, * L(F;) = L(FFy) [9]. Moreover

for 3 < k < oo one has isomorphisms [9]

Mo # L(Fy_1) 2 My # (L(F;) * L(Fp_s)) 2 (Mg x L(F})) * L(Fy_s)

Then A, is singular in both M, and L(Fy) and Pukp,)(Aa) = S U {oo} from
Theorem 3.2 [11]. There exist orthogonal projections {p, },es C A, with the property
Y onesPn = 1 and 7w, (Pn) = on such that the left-right-measure of the inclusion
A, C L(Fg) has A ® A as a summand and measures singular with respect to A ® A
on the squares p, X p, (here by abuse of notation we think of p, as the measurable
set which corresponds to the projection p,). The singular part on p, X p, has the
property that its (7, \) disintegration is non zero almost everywhere on p,. Non

conjugacy of A, and Ag follows for o # 3 follows easily.
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The case when I' is non trivial follows from the fact that
M x (L(Fg) % L(T)) =2 (Mg * L(Fy)) * L(I') = L(Fy) « L(T")

and Cor. V.10. ]

Theorem V.16. Let S = {n, : n; < ng < ---} be an arbitrary subset of N that
does not contain 1 and |S| > 2, let k € {2,3,--- ,00} be arbitrary and let I' be any
arbitrary countable discrete group. For each o € Pg, there exists a singular masa
Ans C L(Fy * T') whose Pukdnszky invariant is S U {oo}. If o # [ are any two

elements of Pg then A, s and Ags are not conjugate.

Proof. Once again we first deal with the case when T' is trivial. Let G, H, for
n € N be the groups that were used in Thm. 6.2 [11]. Let M,, = L(G,, x G) and
A, =L(H, x Hy) for n € S. Fix o € Pg. Let Ry s = ®pesM,, and A, 5 = Bpesi,
where R,s is equipped with the trace 7z, (1) = D>, cq @nTar,(-). Replace the role
of the masa A, , in Theorem V.14 by A,g. We omit the details. The case when
I' is nontrivial follows by standard isomorphism theorems of free products of von

Neumman algebras as explained before. ]

The only case that is open is the one in which Puk(A) is an infinite subset of
N. The existence of such a masa in the free group factors is unknown. Such a masa
cannot be freely complemented by anything from Cor. V.9. We end this section with
the observation that the measure-multiplicity-invariant for masas in the free group

factors is far from being a complete invariant.

Theorem V.17. There ezist singular masas A, B in L(Fy), 2 < k < oo with same

measure-multiplicity-invariant.

Proof. Let R = []({0,1}, ) x Z where pu({0}) = p({1}) = % and the action is
neZ
Bernoulli shift. Then the copy of Z gives rise to a masa A C R whose multiplicity



114

is {oo} and whose left-right-measure is the class of product measure. Consequently,
for k>2, ACRx (EJR) = L(FFg) [9] is a singular masa whose left-right-measure is
the class of product measure and whose multiplicity function is m = oo. Let B be
the single generator masa or radial masa of L(Fy). From [38] the radial masa has the
same measure-multiplicity-invariant as A. The same holds for the single generator
masas as well. A is not conjugate B as the former is not maximally injective, while

the single generator and radial masas are maximally injective [1], [31]. O

C. Unitary Conjugacy

The question of deciding inner conjugacy of a pair of masa initially started in
the works of Feldman and Moore in [13]. In [36] several more equivalent conditions
were given that decides the inner conjugacy of masas. In this section we cite examples

of non inner conjugate singular masas in R and free group factors.

Definition V.18. [49] Given a pair of masas A, B in a II; factor M the mized-
Pukdnszky invariant of A and B denoted by Puk(A, B)(or Puk(A, B) if necessary)
is Type((A U JBJ)") where the commutant is taken in B(L*(M)).

Let A, B be two masas in a II; factor M. Let X, Y be compact Hausdorff spaces
such that C'(X) C A and C(Y) C B are unital, norm separable and w.o.t dense C*
subalgebras. To each such pair X, Y we associate a tuple (X, Y, vx, vy, [Nxxy], Mxxy)
where nyxy is the measure on X X Y, mxyy is the multiplicity function that is
obtained from the direct integral decomposition of L*(M) over (X X Y,nxxy) so
that (AU JBJ)"” is unitarily equivalent to the algebra of diagonalizable operators
with respect to this decomposition, and vy, vy are completion of probability mea-
sures on X, Y respectively obtained by restricting the trace to C'(X) and C(Y).

Analogously as before we define an equivalence relation on the collection of tuples
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(X, Y, vx, vy, [Nxxy], mxxy) indexed by compact Hausdorff spaces X, Y as above by,
(X, Y ux, vy, [Nxxv],mxxy) ~jmm (XY, vx, vy, [xrxy], mxixy) if and only if

there exist Borel isomorphisms,

F:(X,vx)— (X' vx), G: (Y,vy) — (Y, 1y/) such that,

F*VX = lVxr, G*I/y = Vyv,
(F' % G)u[nxxv] = [nxxy’] and

-1
Mxxy © (F X G) = Mx/xy’ , N]x'xy’ a.c.

Working as in chapter II one can show that ~;,,,, has exactly one equivalence

class.

Definition V.19. Let A, B C M be masas in a II; factor M. The joint-measure-

multiplicity invariant of the pair A and B, is the equivalence class of

(Xv Y, vx, vy, [UXxY],mXxY)/ ~im.m

where X | Y are compact Hausdorff spaces such that C(X) C A, C(Y) C B are unital,
norm separable and w.o.t dense subalgebras, vx, vy are the complete probability
measures obtained from restricting 7 on C'(X) and C(Y') respectively, nxxy is the
measure and myxy is the multiplicity function, obtained from the direct integral
decomposition of L*(M) over (X x Y,nxxy) so that (AU JBJ)" is the algebra of

diagonalizable operators with respect to this decomposition.

The measure class [nxxy] is said to be the left-right-measure of the pair (A, B)
and the joint-measure-multiplicity invariant of a pair (A, B) is denoted by j.m.m(A, B).
Note that the Pukdnszky invariant and mized-Pukdnszky invariant are the es-

sential values of the multiplicity functions in m.m(A) and j.m.m(A, B) respectively.
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The joint-measure-multiplicity invariant is an invariant for pair of masas in the fol-
lowing sense. If A, B C M and C, D C N are masas in II; factors M, N respectively,
and there is a unitary U : L*(M) — L*(N) such that, UAU* = C,UJyBJpU* =
JnyDJy then for any choice of compact Hausdorff spaces Yy, Yz, Yo, Yp with C(Yy),
C(Yg), C(Ye), C(Yp) unital, norm separable and w.o.t dense subalgebras of A, B, C, D

respectively, there exist Borel isomorphisms

FYA,YC . (YA, VYA) — (Yc, I/yc> and FYB,YD : (YB, VYB) = (YD, I/YD> such that

(FYAvYC)*VYA = Vvg, (FYB,YD)*VYB = Vyp,
(FYAch x FYvaD)*[T}YAXYB] = [UYCXyD] and

—1
My, xvs © (Fyaye X Fypyp)™ = Myeyps Mexyp a.e.

Also note that j.m.m(A, A) is the same as m.m(A) except for the fact that, the

information on the diagonal is absent in m.m(A).

Proposition V.20. Let A and B be two masas in a 11y factor M. Let u,v be
unitaries in M. Then jom.m(uAu*, vBv*) = jm.m(A, B). In particular, if A and B

are inner conjugate then jm.m(A, B) = jm.m(A, A).

Proof. The automorphism Ad(uJvJ) of B(L?*(M)) takes A to uAu* and JBJ to
JuvBv*J. So the result follows. O

Let (X, 1) be a Lebesgue probability space with a free, ergodic, measure preserv-
ing action 7" of a countable discrete abelian group G. The crossed product algebra
Ry = L>®(X, u) X7 G has two distinguished masas, the image Cr of L*>°(X, u) and
the masa St generated by the canonical unitaries in Ry implementing the action.

The masa C7 is always Cartan.
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Corollary V.21. jm.mg,.(Cr, Sr) = (X,G, p, A, (@ Agl, 1)/ ~ j.m.m where \g
is the normalised Haar measure on G. In particular, if St is Cartan (for example

irrational rotation of Z) then Cp, St are not inner conjugate.

Proof. The masas Cr and St are orthogonal and span{ab: a € Cr, b € Sy} is dense
in L?(Rr). In particular 1 is a cyclic vector for (Cr U JS7J)”. The first statement
now follows easily. The left-right-measure of Cp is concentrated on the union of
automorphism graphs implemented by the group unitaries. The final statement is

now obvious. O]

Recently, White has exhibited pairs of Cartan masas (4,, B,), for n > 2 such

that Puk(A,, B,) = {n} [49]. So A, and B, are not inner conjugate from Prop. V.20.

Let A, B C M be masas. Identify A = L*°([0,1],\) and B = L>°([0,1], A) where
A is the Lebesgue measure. The bimodules that decide the inner conjugacy of masas

A and B are AﬁBH'”2 and BSA”'HQ, where ¢ = 1.

Theorem V.22. [36] Let A,B C M be masas. Then A = uBu* for some unitary
we M if and only if AEB""? € Cy(A, B) and BEA'"? € Cy(B, A).

For examples constructed in the next couple of results we refer the reader back

to the section on Tauer masas.

———Fs.o.t

Lemma V.23. Suppose A,B C M are masas. Let A = UX A, and B =
ms'o't where A, C Ani1, B, C Bni1 are finite dimensional subspaces for all
n. If 7(ab) = 7(a)7(b) for a € A, and b € B,, and for all n then 7(ab) = 7(a)7(b) for
alla € A, b € B.

Now we show the presence of two non inner conjugate singular masas in R

which have the same measure-multiplicity-invariant. For notations related to indexing
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minimal projections we refer the reader to the section on Tauer masas.

Given a rapidly increasing sequence of primes k, with k& = 2 one can always
ensure k, >> ky---k,_; for all r > 1. This allows one to construct different Tauer
masas with respect to the same chain in the following way. Let A; = Dy(C) and

B, = {(g 2) ca, 0 € (C}. Having constructed A,,, B, we construct A, .1, B,,1 as,

Apir = @( Fum (n+1) A() (C.1)
t(n)

Bt = @(n)fz(n),B ® (n+1)DLB(n)’
t(n)

where the family {(”“)Di‘(n), (”“)Dg”)} oo € all orthogonal in My, ., (C). Let
t(n),A,B
s.0.t

A=U2 A, and B = ms'o't. Then A, B are Tauer masas in R for both of
which the left-right-measure is the class of product measure. We claim that 7(ab) =
7(a)T(b) for all @ € A, b € B. In view of Lemma V.23 we need to show that
7(ab) = 7(a)7(b) for a € A, and b € B,,. This is definitely true for n = 1. Suppose
we have proved the assertion for £k =1,2,--- . n. For a € A,1, b € B,,;1 decompose
a, b with respect to Eq. (C.1) as

a= & i ® as.a: b= & fuu 5 © bagn.-

Then by using orthogonality,

m(ab) =7((& )ft A® aym.a)( & " fotn),B @ sy, B))
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where ¢; = 1 and for n > 1, ¢, = [[/_, k.. Therefore induction hypothesis proves
the claim. It follows that A§+BH'”2 ¢ Cy(A, B) and B—§AH'”2 ¢ Cy(B, A), where € = 1.
Therefore A, B are not inner conjugate.

We will now construct uncountably many non inner conjugate singular masas in
R and the free group factors with same measure-multiplicity-invariant. Fix a Cantor
set C' =[] ~, C,, where |C,| = ¢, and ¢,41 > ¢, for all n. For each (ry,r9,---) € C
where 1 < r; < ¢; we will construct a Tauer masa A, ... The left-right-measure
of A¢, ry,..y Will be the class of product measure for each (ry,72,---) € C.

Set k; = 2. The initial approximation to the Tauer masas we are going to

construct is Dy(C) i.e,

(A(Tl,TQ,-" ))1 = DQ((C)

Choose a prime ko >> ky such that My, (C) has at least kjc; orthogonal masas.
Fix such a family of kic; orthogonal masas and name it {Dy),, f1(1),1<r<c;. Now

define the second approximations to the Tauer masas as

(Arirae))2 = t%(l) @Dy, 1< <,

where ) fl({f)) are the minimal projections of (A, ry,.))1.
Choose a prime k3 so large that ks >> c¢jcokika. So My, (C) has at least ¢ieakq ko
orthogonal masas. Fix such a family and name it {Dy2) v, r, }1<ri<c1,1<ra<c,. Construct

the third approximations of the Tauer masas as
(A(rl,rg,m))?) = t%g)@)ffél)) b2y Dﬁ(?), 1,729 1 <r < Ci7i = 17 27

where () ft({;)) are the minimal projections of (A, ry...))2.

Continuing inductively we can construct Tauer masas A, ,, ...y where 1 < r; < ¢;.
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Identify A¢, ry..y = L([0,1], A) where ) is the Lebesgue measure and the projections
(60) € Ay gy and (39) € Ay sy, as indicator of Borel sets 2 and F respectively.
The left-right-measure of each A, ., ...y is the class of A ® A from Prop. V.6.

For ¢ = (ry,r9,--+) and ¢ = (r],ry,--+) with ¢ # ¢’ the measure arising out the
vector functional a ® b +— 7(ab), a € A. and b € A. will be xgpxpurxrd(A @ A) from

Lemma V.3.

Theorem V.24. Given any Cantor set C' = [, C,, with |Cyiq| > |Cy| for all n,
there exist a family of non inner conjugate Tauer masas {A.}eec in R the left-right-
measure of each of which is the class of product measure.

In particular, there is an uncountable family of non inner conjugate masas in L(Fy),

k > 2 of product class and multiplicity {1,00}.

Concluding Remarks: So far, we have not been able to fully characterize strongly
mixing masas. This problem is under investigation and we think that a masa A C M
is strongly mixing, if and only if, 7' is a mixing measure for A almost all ¢. In the
same direction, we suspect that the converse to Thm. IV.17 is true. Furthermore, we
think that the measures 7 must be (;-rigid, A almost all ¢, if A contains nontrivial
centralizing sequences of M.

All these questions are technical in nature, and we suspect that sophisticated
approximation techniques from Fourier analysis will help to solve these questions.
Even though these questions originate in operator algebras but finally they reduce to
two technical questions in analysis, namely,

1. Under what conditions, a bounded sequence of measurable functions on [0, 1]
converge almost everywhere with respect to A, and,
2. When can we interchange integrals and limits ?

We have produced uncountably many non conjugate singular masas in the free
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group factors, having same multiplicity function. We have also given an example
to show that measure-multiplicity-invariant is not a complete invariant. Thus the
real question regarding the measure-multiplicity-invariant is: ‘When are two masas
with the same measure-multiplicity-invariant conjugate’? A very similar question
was asked by Popa regarding Cartan masas.

We end by asking the following question: Suppose M = M;®Ms be the tensor
product of two II; factors then, does there exist a masa A C M, whose left-right-

measure is singular to A ® A?
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