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ABSTRACT

Analysis of a PML Method Applied to Computation of Resonances in Open
Systems and Acoustic Scattering Problems. (August 2009)
Seungil Kim, B.S., Seoul National University;
M.S., Seoul National University

Chair of Advisory Committee: Dr. Joseph E. Pasciak

We consider computation of resonances in open systems and acoustic scattering
problems. These problems are posed on an unbounded domain and domain truncation
is required for the numerical computation. In this paper, a perfectly matched layer
(PML) technique is proposed for computation of solutions to the unbounded domain
problems.

For resonance problems, resonance functions are characterized as improper eigen-
function (non-zero solutions of the eigenvalue problem which are not square inte-
grable) of the Helmholtz equation on an unbounded domain. We shall see that the
application of the spherical PML converts the resonance problem to a standard eigen-
value problem on the infinite domain. Then, the goal will be to approximate the eigen-
values first by replacing the infinite domain by a finite computational domain with
a convenient boundary condition and second by applying finite elements to the trun-
cated problem. As approximation of eigenvalues of problems on a bounded domain
is classical [12], we will focus on the convergence of eigenvalues of the (continuous)
PML truncated problem to those of the infinite PML problem. Also, it will be shown
that the domain truncation does not produce spurious eigenvalues provided that the
size of computational domain is sufficiently large.

The spherical PML technique has been successfully applied for approximation

of scattered waves [13]. We develop an analysis for the case of a Cartesian PML



v

application to the acoustic scattering problem, i.e., solvability of infinite and truncated
Cartesian PML scattering problems and convergence of the truncated Cartesian PML
problem to the solution of the original solution in the physical region as the size of

computational domain increases.
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CHAPTER I

INTRODUCTION

Wave phenomena in many applications take place in unbounded domains. For the
numerical study of the wave propagation it is required to truncate the unbounded
domain to a finite region of computational interest. For this purpose many numerical
techniques have been proposed, and over the last decay a fictitious layer technique,
so-called a perfectly matched layer (PML), has attracted attention of mathematicians,
physicists and engineers and has been successfully applied to many wave propagation
problems.

In this dissertation, we investigate the application of PML techniques to com-
pute resonances in open systems and solve acoustic scattering problems. Resonance
problems in open systems are important since they arise in many applications, for
example, the modeling of slat and flap noise from an airplane wing, designing pho-
tonic band gap devices for wave guides and quantum mechanical systems. Scattering
theory is a framework to study and understand the acoustic properties of objects and
shape recognition from scattered fields.

These problems are set on an unbounded domain and, in case of resonances,
have solutions which grow exponentially at infinity. For approximation of solutions
to problems posed on an unbounded domain, domain truncation is required. For
this purpose many numerical methods have been designed, including boundary ele-
ment methods [17, 33, 39], infinite element methods [11, 28] and artificial boundary
condition approaches [8, 25, 26, 32, 42].

The original PML technique was introduced by Bérenger in the seminal papers

The dissertation model is STAM Journal on Numerical Analysis.



[9, 10]. PML is a domain truncation approach which involves the use of a fictitious
absorbing layer outside of the region of computational interest. A properly defined
PML method absorbs waves propagating into it without producing spurious reflections
and results in an exponentially decaying solution. Because of this exponential decay
it is natural to truncate the problem to a bounded domain with a convenient outer
boundary condition, e.g., a homogeneous Dirichlet boundary condition. The PML
technique has been applied to approximation of solutions to Maxwell’s equations
[9, 10, 13, 14, 20], elasticity problems [15, 34| and acoustic resonances [35, 36] as well
as acoustic scattering problems [13, 43].

PMLs are classified according to shapes of the layers, e.g., spherical /cylindrical
PML, Cartesian PML or elliptical PML. Initially, the PML technique was introduced
by Bérenger for electromagnetic scattering problems on unbounded domains in Carte-
sian coordinates [9, 10]. Subsequently, Chew and Weedon [18] interpreted it using
a complex coordinate stretching for each component in Cartesian coordinates. In
[20, 43] a coordinate stretching viewpoint for PMLs was extended to a curvilinear
coordinate system. A more general PML with a convex geometry was developed in
[44].

First, we consider application of a spherical/cylindrical PML to resonance prob-
lems in three dimensional space. The model operators of resonance problems are a

perturbation of the negative Laplacian, i.e.,
L - —A + L1

where L; is symmetric and supported in a compact set in R3. Resonance functions

are characterized as non-zero solutions v to

Lap = k1



with an outgoing condition at infinity, and their k£ in the problem are called reso-
nances. A resonance value k corresponds to an improper eigenvalue problem, and the
corresponding eigenvector (resonance function) grows exponentially.

There are two difficulties in computing resonances. One is that the problem is
posed on the infinite domain, and the other is that resonance functions grows rapidly
at infinity. In order to circumvent these difficulties the PML technique is utilized. In
time dependent wave propagation problems one introduces a wave number dependent
PML stretching which results in wave number independent decay. In contrast, for res-
onance problems we define a PML stretching which is independent of wave numbers,
yielding wave number dependent decay. For this reason, the wave number indepen-
dent PML stretching provides certain resonance functions with stronger exponential
decay than their exponential growth. This stronger exponential decay changes the
resonance functions of the original problem to eigenfunctions of the PML problem (on
the infinite domain). In other words, the application of PML converts the resonance
problem to a standard eigenvalue problem (on the infinite domain). The exponential
decay of PML eigenfunctions enables us to truncate the problem to a finite domain,
and impose a convenient boundary condition on the artificial boundary, which reduces
the eigenvalue problem on the infinite domain to one on a finite domain.

The numerical approximation of resonance values consists of two steps: the first
step is domain truncation which converts the infinite domain eigenvalue problem to
one on truncated domains and the second is the finite element approximation on
the truncated domain. As the convergence of the eigenvalues associated with the
finite element approximation to those of the PML problem on the truncated domain
is standard (See, e.g., [12]), we will focus on the convergence of eigenvalues of the
truncated PML problem to those of the infinite PML problem as the truncated domain

is increasing.



The second part of this dissertation introduces the analysis of a Cartesian PML

approximation of acoustic scattering problems in R?

,
Here k is real and positive and € is a bounded domain with a Lipschitz continuous
boundary contained in the square’ [—a, a]? for some positive a.

The application of spherical /cylindrical PML to the acoustic scattering problem
is well understood [13, 43], but unfortunately the compact perturbation argument
[47, 54], that was used in [13], is not applicable to the problem reformulated in terms
of a Cartesian PML. We need to follow a significantly different approach to establish
well-posedness of the Cartesian PML problem.

The first important ingredient for the analysis is the construction of solutions to
the PML equation in terms of integrals. In the case of the Helmholtz equation with a
real and positive wave number k, these results are classical. These results are alluded
to for the PML Helmholtz equation based on a smooth convex geometry by Lassas
and Somersalo [44]. Such results are needed for proving uniqueness and exponential
decay of solutions to the PML problem on the infinite domain.

Another critical component for the analysis is examination of the essential spec-
trum of the Cartesian PML operator. By identifying the essential spectrum of the
Cartesian PML operator, we will show that any point on the real axis excluding the
origin is either in the resolvent set or is in the discrete spectrum (i.e., an isolated
point of spectrum of finite algebraic multiplicity). Once uniqueness of solutions is

"We consider a domain in R? for convenience. The extension to domains in R? is
completely analogous.



established for all real k£ # 0, we conclude stability of the PML scattering problem on
the infinite domain. This is one of the main ingredients in the subsequent analysis of
the truncated Cartesian PML problem.

Finally, the outline of this dissertation follows. In Chapter II we introduce
Sobolev spaces, traces and regularity results. From Chapter III through Chapter VI
we study an application of spherical PML to compute resonances in open systems.
Chapter III introduces the Helmholtz equation and an outgoing condition, and finds
two important representations of solutions to the Helmholtz equation with the out-
going condition. In Chapter IV we define a perfectly matched layer in terms of a
complex coordinate stretching in spherical geometry and reformulate the original res-
onance problem into a weak form in the spherical PML framework. Also, we establish
a one-to-one correspondence between some of resonance values of the original problem
and eigenvalues of the spherical PML problem (on the infinite domain), and verify
exponential decay of generalized eigenfunctions of the spherical PML problem. Chap-
ter V shows that the truncated PML problem does not produce spurious eigenvalues
provided that the truncated domain is large enough, and that its generalized eigen-
functions decay exponentially. In Chapter VI, as the main result, we prove that the
eigenvalues of truncated problems converges to those of the infinite PML problem as
the size of the computational domain increases. The numerical results illustrating the
theory will be provided here.

From Chapter VII through Chapter IX we study an analysis of a Cartesian PML
approximation to acoustic scattering problems in R2. In Chapter VII we reformulate a
model problem with a Cartesian PML and find a fundamental solution of a Cartesian
PML Helmholtz equation and its exponential decay. Chapter VIII examines the
essential spectrum of the Cartesian PML associated with the scattering problem. As

the main result, Chapter IX shows the solvability of the Cartesian PML problem in



both of infinite and truncated domains. Here we prove that exponential convergence
of solutions to truncated problems to those of the infinite domain problem as the
thickness of PML increases. This chapter concludes with the numerical experiments

that illustrate the convergence of finite element PML approximations



CHAPTER II

PRELIMINARIES
In this chapter, we recall the definition and properties of Sobolev spaces, trace the-
orems and regularity for second-order elliptic problems to be used throughout this
dissertation. We shall start with defining Sobolev spaces and introduce a Sobolev

embedding theorem. A trace theorem and interior and global regularity theorem will

be stated here. The results quoted can be found in [2, 19, 27, 29, 31].

A. Sobolev spaces

Let  be an open subset of RY and 9 denote the boundary of Q. Here N is the
space dimension. C*(€2) is denoted by the set of functions defined on € which have
continuous k-th order derivatives. For 1 < p < oo, the LP(2) space is a Banach space

of the functions on ) with the norm

1/p
||l (o) = </Q |u(z)[P dx) )

We define a multi-index oo = (aq, ag, . . ., ) where «; is a non-negative integer
fori =1,2,..., N. The length of  is defined by || = 32V, a;. With this multi-index

let
ol

D* =
a1 (D) aN
0x{' 0x5? - - - Oy

denote the weak derivatives.

Definition II.1. Let Q be an open subset of RY. For a non-negative integer k and
1 < p < oo, the Sobolev space W¥P?(Q) consists of functions u such that for each

multi-index a with |a| < k, D%u exists in the weak sense and belongs to LP(2).



The Sobolev space W*P(Q) is equipped with the norm

1/p

lllwioe = | / D*uf? da

o<k
WkP(Q) is a Banach space with the norm defined above. If p = 2, in particular, then
WHk2(Q) is commonly written as H*(Q) for k = 0,1,.... In this case, H*(Q) is a
Hilbert space with the corresponding inner product

(u,v) gr) = /DauDo‘v dz.

|a| <k

We define WJP(Q) to be the closure of C°(Q), the space of infinitely differentiable
functions on  whose support is compact, in W*P(Q2). In case of p = 2, we write
HE(Q) = WFPAQ) for k=0,1,....

For a non-integer k = m + s with m being a non-negative integer and 0 < s < 1,
the Sobolev space W*P(Q) is defined as the set of functions u which are bounded

with respect to the Sobolev norm

1/p

| D*u(x) — D*u(y)|”
il = 1oy + 32 [ [ PR anty

laj=m

See [2, 19, 27, 29] for properties of Sobolev spaces. Here, we recall a Sobolev em-
bedding theorem that describes continuous inclusions between certain Sobolev spaces.
We assume that the boundary of the domain {2 under consideration is regular in the

following sense: (It is taken from [31])

Definition I1.2. Let Q be an open subset of RY. We say that its boundary I is
Lipschitz-continuous (m times continuously differentiable or C™) if for every x € T’
there exists a neighborhood O of z in RY and new orthogonal coordinates {y1,...,yn}

such that



(a) O is an hypercube in the new coordinates:
O={(y,...,yn) | —aj<y;<aj, 1<j<N},

(b) there exists a Lipschitz-continuous (m times continuously differentiable or C™)

function ¢, defined in
O ={ (Y,y2, - yynv) | —aj<y;<a;, 1<j<N-—1}

and such that

|60(?//)| < @N/Q for every ?// = (ylay2> .. ayN—l) S O/,
QN0 = {y=U"uyn) €O |yn <)},

rno = {y=u,yn) €0 |yny =)}

In other words, a Lipschitz-continuous boundary is thought as locally being a
graph of a Lipschitz-continuous function. We shall that €2 is Lipschitz-continuous
when it has a Lipschitz-continuous boundary.

Finally, we need Holder spaces to state the Sobolev embedding theorem. For any
non-negative integer k and 0 < v < 1, C*7(Q) denotes the space of all functions in
C*(Q)) whose k-th derivatives satisfy a Hélder’s condition with exponent v: there is

a non-negative constant C' such that for z,y € Q and |o| = &,
|D%u(z) — D*u(y)| < Cla —y[".

The space C*7(Q) is a Banach space with the norm

{1Drute)Deut |

|z —y|

lullora@y = Y sup [u(z)| + > sup
€

T —, x,yc
o<k lal=k 25,

Theorem I1.3. Let Q be a Lipschitz-continuous and bounded domain in R . For all
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integer k>0 and all 1 < p < oo, the following inclusion holds:

(

L (Q) with o =+ — &, if k<72,
L1(9) forall g€ [l,00), if k= %,
WE(Q) C § CORNp(Q), if Y<k<Ng,
C%(Q) forall 0 <~y<1, if k= % +1,
| CH(Q), if Y+1<k.

This embedding theorem implies that in R! the functions in H'({2) are continu-
ous, whereas in R? or R? this may not hold. If N = 2 or 3 then functions in H?()

are continuous.

B. Trace theorems

Functions on Lipschitz-continuous boundaries will play an important role throughout
this dissertation . In this section, we define Sobolev spaces on a Lipschitz-continuous
boundary and discuss the boundary values of functions defined on Lipschitz-continuous

bounded domains.

Definition II.4. Assume that Q be a Lipschitz-continuous bounded domain of R¥

with a boundary I'. Let @ be a function defined on O’ by

P(y') = (v, 0(y))

with ¢ given in Definition I1.2. A function u on I' belongs to W*?(T") for 0 < k < 1
if u o @ belongs to WkP(O' N #~1(' N O)) for all possible O and ¢ fulfilling the

assumption of Definition II.2.

Let (O;, ©j)1<j<s be any atlas of I" such that each (O;, ®;) satisfies the assump-
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tions of Definition I1.4. One possible Banach norm on W*?(T") is

1/p
w= (Z lwo @51y nn olne- FmO’))) : (IL.1)

In case when 0 < k < 1, the norm defined in (II.1) is equivalent to

u u L/p
u — u + T o IN—1+kp ’
(/F||pd5 / ||x()| (y)? deS)

where dS denotes the surface measure of I' [31].

Theorem I1.5. Let 1 < p < oo and QQ be a Lipschitz-continuous bounded domain
with a boundary I'. Let q denote the number such that 1/p+ 1/q = 1. Then there
exists a linear operator

Yo 1 WH(Q) — WHer(T)

such that

(i) o is surjective,
(i) o) llwr/army < Cllullwrire),
(ii1) Yo(u) = ulp if u € WHP(Q) N CHQ),

(iv) The kernel of vy is Wy (Q).
The constant C' in (ii) depends only on p and Q.

If p =2, we set H/2(T') = WY22(T). Every function in H*/?(T) is a trace of a
function in H*(2). In addition, the subjectivity of the trace operator and the open

mapping theorem implies the following corollary.

Corollary I1.6. Let 1 < p < oo and €2 be a Lipschitz-continuous bounded domain

with a boundary T'. Let q denote the number such that 1/p+ 1/q = 1. Then there
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exists a constant C' such that for f € WY4P(T') there exists uy € WP(Q) satisfying
Yo(ug) = f and lugllwre) < Cllflwvesr)

C. Regularity

In this section, we shall introduce the interior and global regularity results of uniformly

elliptic operators of the form

Z 8:@ a( 8x +Zbl 8xlujtc(x)u,

i,7=1 J =1
with
N
Z )6 > NEPP, forall z€Q, € €RY. (IL.2)

We will state the regularlty results. See e.g., [27, 29| for detail.

Theorem I1.7. Let Q be an open subset of RY. Let u € HY(Q) be a weak solution
of the equation Lu = f in Q where L is strictly elliptic in Q, the coefficients a¥
fori,j =1,...,N are uniformly Lipschitz continuous in €, the coefficients b',c for
i=1,...,N are essentially bounded in 0 and the function f is in L*(Q2). Then for

any subdomain ) CC Q (strictly contained in ), we have u € H*(Q') and
[ull 72y < Cllull @) + 1 fllz2 ) (IL.3)
for C' = C(N,\, K,l), where X is given by (11.2),
K = max{][|a"![|co(q), 11|z, [l =@} and 1= dist(Q',00).

Furthermore, u satisfies the equation

N
N o ..\ 0 0
__§ ij ij § ' i _
Lu (a 8xi8xju ((%cia )83:3 ) baxlu cu=f

1,7=1
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almost everywhere in €.

We note that in the estimate (I1.3), ||u|| g1 (o) may be replaced by ||u||z2(q). Under
an appropriate smoothness condition on the boundary I' of {2 the preceding interior

regularity result can be extended to all of €.

Theorem 11.8. Let us assume, in addition to the hypothesis of Theorem I1.7, that T’
is of class C* and that there exists a function ¢ € H*(Q) for which u — ¢ € H} ().
Then we have also u € H*(Q) and

lullrz@) < Cllullzz@) + [[fll22@) + |6 H2()
where C'= C (N, \, K, 02).

In case when we assume €2 to be convex without the assumption of smoothness
of the domain, we again obtain the regularity of the solution to the Poisson problem.

See e.g., [31, 40]

Theorem I1.9. Let Q be a convex, bounded and open subset of RY. Then for each

f e L*(Q), there exists a unique u € H?(Y) satisfying

Au=f in Q,

u=0 on I.

Moreover, there ezists a constant C = C(Q) such that

|ullm20) < Cllfllz2(0)-
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CHAPTER III

THE HELMHOLTZ EQUATION AND OUTGOING RADIATION CONDITION
In this chapter we introduce the Helmholtz equation and define an outgoing radiation
condition. As model problems under consideration reduce to the Helmholtz equation
on the outside of a bounded domain, understanding solutions to the Helmholtz equa-
tion is important. We introduce two ways to describe solutions to the Helmholtz
equation. One is a series representation using spherical Hankel functions and spher-
ical harmonics. The other is an integral formula using the fundamental solution to
the Helmholtz equation. These representation formulae will be used to develop the
computational technique based on PML. In addition to the Helmholtz equation, reso-
nance functions satisfy a certain outgoing radiation condition at infinity. This is also

discussed in this chapter.

A. The Helmholtz equation and model problems

Consider the wave equation

Here ¢ is the speed of a wave such as light or sound. U is a velocity potential and

has a relation with the velocity field v and pressure p as follows:

1 oU
= VU = ___ III.1
v £o ’ P 81& ( )

with the density pg at a steady state. If we assume that solutions of the wave equation
are time-harmonic, then solutions are of the form U(z,t) = u(z)e*™* with frequency

w. There are two choices of a time dependence of e¥™*. The choice is arbitrary as long

+iwt

as it is used consistently. Substituting U(z,t) with u(z)e™" produces the Helmholtz
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equation

Au + k*u =0,

where k = w/c is called the wave number.

As a model problem, we shall consider a resonance problem in three dimensional
space which results from a compactly supported perturbation of the negative Lapla-
cian, i.e.,

Lu = —Au+ Lyu,

where L; is symmetric and lives on a bounded domain Q C R3. A resonance value

is defined as k such that there are non-trivial functions v satisfying
Loy = k) (I11.2)

and an outgoing radiation condition corresponding to the wave number k. In Section C
we will discuss the outgoing radiation condition to be imposed on the model problem.
We note that the equation reduces to the Helmholtz equation outside of €2. General
solutions to the Helmholtz equation are examined in the following sections.

The model problem has only the essential spectrum on [0, 00) and has no eigen-
values. It has resonance values instead of eigenvalues. We will see that resonance
functions of the model problem grow exponentially and hence can be thought as
“improper eigenfunctions”.

A simple example of the model problem is the problem that stems from classical
scattering theory such as the time-harmonic acoustic waves by a penetrable bounded
inhomogeneous medium and by a bounded impenetrable obstacle. In case of a pene-
trable bounded inhomogeneous medium, the problem is to find non-trivial solutions
v and k such that

A+ K*a(r)y =0 in R®
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and 1) satisfies an outgoing radiation condition. Here a is the refractive index defined
by the ratio of the square of the phase velocity of a wave in a host medium to the
square of the phase velocity in the inhomogeneous medium, i.e., if ¢ denotes the
phase velocity function on R? such that c is a constant ¢y on the host medium, then
a = c¢/c®. The continuity of the pressure and of the normal velocity across the

interface leads to transmission conditions at the interface of two media:

e continuity of ¢ (that is obtained from the continuity of pressure in (IIL.1)),

0
e continuity of cz—w (that is obtained from the continuity of the normal velocity

on
across the interface in (III.1) and the fact that py is proportional to 1/c?).
A similar situation occurs in the study of a photonic crystal membrane resonator. In
this case the continuity of u and its normal derivative at the interface is required. Due
to variable dielectric constants in each medium this structure produces resonances.
In case of an impenetrable Lipschitz continuous obstacle €2, the problem is to

find non-trivial solutions ¢ and k such that

A+ E*) =0 in R*\ Q,

oy
8_n_0 on 0f),

and 1) satisfies an outgoing radiation condition. This problem arises from, for example,
the study on aerodynamic noise such as slat and flap noise from an airplane wing.
On the other hand, resonance phenomenon occurs in quantum mechanics as well,

for instance, resonance values of a Schrodinger equation
—AYp+Vip=k%) in R?

with a compactly supported potential V. These resonances are identified as eigenval-

ues of a spectrally deformed Schrodinger operator and they are interpreted as states



17

with finite lifetimes of unstable atoms or molecules.

B. Series representation for solutions to the Helmholtz equation

We shall find a general solution to the Helmholtz equation in the exterior of a sphere
in R3. To do this, we first deliver a short description for spherical harmonics and

spherical Bessel functions.

Definition III.1. A spherical harmonic of order n is the restriction of a homogeneous

harmonic polynomial of degree n to the unit sphere.

Recall that in terms of spherical coordinates

10,0
A—ﬁa (T 5)+A52,

where Ag: is the Laplace-Beltrami operator on the sphere or spherical Laplacian

defined by
1 1 2
A52 a (sin 9 g) + a

T 12sinf 00 r2sin2 0 ¢
(here 6 represents the polar angle from z-axis and ¢ the azimuthal angle in xy-plane).
Every homogeneous polynomial of degree n is of the form H, = r"Y,(0,¢). If H, is

harmonic, i.e., AH, = 0, then it satisfies

10 (. oY, 1 &,
sin 6 99 (Sme BT, ) T g - Mt e

In other words, the spherical harmonic Y,, is an eigenfunction of the spherical Lapla-
cian Ag2 on the unit sphere associated with the eigenvalue —n(n-+1). Some important

properties of spherical harmonics are given in the following theorem (See, for instance,

[21]):

Theorem III1.2. Let S? be the unit sphere in R3.
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1. There exist exactly 2n + 1 linearly independent spherical harmonics of order n,

which are denoted by Y™ for —n < m < n.

2. Suitably normalized spherical harmonics Y, for n = 0,1,2,..., and |m| < n

form an orthonormal basis in L?(S?).

We look for solutions to the Helmholtz equation of the form

u(x) = f(k|z[)Yn(2),

where Y, is a spherical harmonic of order n and & = x/|z| for z # 0. wu solves the

Helmholtz equation provided that f satisfies the spherical Bessel differential equation
r2f"(r) +2rf'(r) + (r* —n(n + 1)) f(r) = 0.

There are two linearly independent solutions 7, and ¥, to the spherical Bessel differ-
ential equation, which are called spherical Bessel functions of order n. j, and y, are

defined recursively by the formula: for f, = j, or f, =y, and forn=1,2,...,

fae1(r) 4 fasr(r) = 2n+ D)r~ fu(r)

with ) .
, sinr , sinr  cosr
Jo(r) = ) Jir) = 2
r r r
() = _cosr () = _cosr  sinr
Yo ) Y1 2 .

The linear combinations
Rl = jn + iy, hZ = j, — iy,

are called spherical Hankel functions of the first kind and second kind of order n,
respectively. See e.g., [1, 21] for properties of the spherical Hankel functions.

We give a brief description of properties that are required to develop our theory.
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The spherical Hankel functions are of the form

»neir n Ao, .ne—ir n G,
i (r) = (=) ;{HZT%}, hi(r) =i — {1+Zr—f;} (I11.3)

p=1

with complex coefficients ay,, ..., a,,. The recursive formula for the spherical Bessel

functions implies
h’gn(_r> = h’%n(r) and h’%n—l(_r) = _h;n—l(r) (1114)

for n = 0,1,2,.... From (II1.3) the asymptotic behavior of the spherical Hankel

functions for large argument is obtained:

Al (r) = —eF=%3) {1 +0 (—) } , T — 00, (IIL.5)
r r
1’ 1 +i(r—"27) 1
h,, (r) = —e 2)d14+0(-)p, 1o (I11.6)
r r

with [ = 1,2. [ = 1 is attached to the upper sign in the double signs and the lower
sign for [ = 2.

We shall be interested in C? solutions to the Helmholtz equation on domains
away from the origin. Tt is enough to find solutions on an annulus A,,,, = {r € R? :
ro < || < r1} with any two positive numbers 7o < r;. From here on, r denotes the

distance from the origin to z, and & = x/|z| for x # 0.

Theorem II1.3. Let k be a complex number in C\R~. Suppose that u € C*(A,, ,,).

If w satisfies the Helmholtz equation in A,, ,,, then u is of the form

w(@) =YY (anmhi, (kla]) + by mh? (kl2])) Y, (2). (I11.7)

n=0 m=—n

The series converges in L? sense on || =1 withrg <1 <71y and in L*(Apyry)-

Proof. Since the spherical harmonics comprise an complete orthonormal system,
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can be written as

u(@) =Y D famn)Y(@)

n=0 m=—n

with
Fanlr) = [ ulrd) V) .
S2
Here the series converges in L? sense on each |z| = r with ro < r < r; and dz is

the surface element on the unit sphere. Since the integrand in the integral above is

C*(Argry)s frm is in C?((rg,m1)). Moreover, f, ., satisfies
P2 Ly () + 20 f (1) 4 PPk = n(n 4 1)) fam(r) = 0. (II1.8)

Indeed, consider x € C§°((ro,r1)) and define x(z) = x(|z))Y,"(z) € C(Aryry). Us-
ing the integration by parts with respect to r and the orthonormality of the spherical
harmonics,

0= / (Au + K*u) Ydz
A

70571

= [t [ (P50 T@) - o+ DROITEG) + 24T | ana

— " o) {i <r2dz(r)) n(n+ D) + TZkQX(r)} ar

ro dr

- / {Tzddﬁ;m (r) + zrdJ;Zm (r) + (r2k2 — n(n + 1)) fn,m(r)] X(r) dr. (I11.9)

Since (II1.9) holds for any x € C§°((ro,71)), we obtain (IIL.8).

The initial value problem (III.8) with the initial conditions

Funtr0) = [ atrod) ¥ @) ds and £, (m) = [ Sewdyr@a ()
S2 S2

has a unique solution. It follows that f,,, is of the form

fom(r) = an,mh;(kr) + bn,mhi(kr)
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for some constants a,,, and by, .

If u, is a partial sum of the series, then by the Parseval’s theorem
lu(r, ) = wn(r, )I7agsz) < llulr,-)l[72(s2) for each 7 € [ro,m].

Since the right-hand function |ju(r, ')||%2(s2) is integrable over [rg,r], by the domi-
nated convergence theorem

T1

lim |u(z) — un(z)))*dor = lim lu(r, ) — un(r, ~)H%2(52)r2 dr
n—00 Ay n—oo J.-
I
= [ i ) = ) e
7o
— 0,
which shows the convergence of u,, in L*(A,, ) O

C. Outgoing radiation condition

For a spherical harmonic Y,,, there are two types of solutions to the Helmholtz equa-
tion:

u(@) = hy(klz])Yo(2) and v(z) = hy(k|2])Ya(2).

When we determine whether a wave is incoming or outgoing, we need to go to the time-
harmonic solutions to the wave equation. The leading terms of expression (II1.3) of
hl and h? determine the behavior of the waves. The following are the leading terms

of the waves corresponding to hl(kr)e=™' h2(kr)e=™t hl(kr)e“! and h?(kr)e™!,
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respectively:

eikr—iwt e—Im(k)(r—ct)

g . [cos(Re(k)(r — ct)) + i sin(Re(k)(r — ct))], (II1.11)
e tkr—iwt eIm(k)(r-i—ct)
i ik [cos(Re(k)(r + ct)) — isin(Re(k)(r + ct))], (111.12)
ptkrtiwt e—Im(k)(r—i—ct)
e g [cos(Re(k)(r + ct)) + isin(Re(k)(r + ct))], (TI1.13)
e—ikr-i—iwt eIm(k)(r—ct)
i ik [cos(Re(k)(r — ct)) — isin(Re(k)(r — ct))]. (I11.14)

Among them, only Al (kr)e™™' and h2(kr)e™! are traveling out from the origin and
represent outgoing waves. Therefore, when a series representation (II1.7) for solutions

is available, the expansion with spherical Hankel functions of the first kind

e}

> i i, (Rr) Y, (2) (I11.15)

n=0 m=—n

—iwt

coupled with the time variable function e represents an outgoing wave. On the

other hand,

DD bumhl (kr)Y(#) (I11.16)
n=0 m=—n
coupled with e*! is outgoing. Since (II1.16) with wave number k& can be written as
(II1.15) with wave number —k, we will say that a solution to the Helmholtz equation
satisfies the outgoing radiation condition at infinity if it has a series representation

(ITI.15). This outgoing radiation condition will be imposed to the model problem.

Remark I1I1.4. For k£ € R, we have a uniqueness result for (II1.2) with the outgoing
radiation condition (II1.15) by the proof of Theorem IV.4 without an essential change.
If Im(k) > 0, then Al (kr) decays exponentially and hence solutions to (II1.2) that
could be expanded as (III1.15) away from the origin are square integrable. Since the

model problem has no non-trivial solutions in L?*(IR?), resonance values must appear
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in the region of Im(k) < 0. The negative imaginary part of resonance values k& makes
the waves associated with k grow exponentially at infinity at a fixed time but damped

at each point, where the series expansion is available, with time increasing by (III1.11).

Remark IIL.5. If we choose (III1.16) for a definition of an outgoing radiation con-
dition, then resonance values will be located in the region of Im(k) > 0. However,
the resonance functions pertained to k are identical to ones that are defined with the
outgoing radiation condition (II1.15) with —k. Obviously, & and —k have the same
square and the resonance function is the improper eigenfunction to (II1.2) associated
with k2. The important role of the definition of an outgoing radiation condition is
that functions satisfying an outgoing radiation condition are expanded with only one

type of spherical Hankel functions.

D. Green’s representation theorem

In this section we discuss an integral formula for solutions to the Helmholtz equation
with Im(k) > 0. To do this, we first introduce a boundary condition at infinity.
For exterior problems, a boundary condition at infinity is required in order to have

uniqueness of solutions to the Helmholtz equation.

Definition III.6. Let u be a solution to the Helmholtz equation in the exterior of
a bounded domain. w is said to satisfy the Sommerfeld radiation condition provided

that v fulfills the condition
Tlirrolor (% — zku) =0 (II1.17)
uniformly in all directions & = x/|z|.

This condition was proposed by Sommerfeld [53] for a scattering problem for k

real and positive.
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Assume that Im(k) > 0. From (IIL.5)

dnl (kr)

L ikhl (kr) = kh'(kr) — ikhl (kr)
.

_ (w)%if {1 +0 (%) } - ($z’)"k:ii:r {1 +0 (%) }

oo (1)

r

with [ = 1, 2. Tt follows that h! (k|x|) satisfies the Sommerfeld radiation condition, but
h2(k|z|) does not. This condition gets rid of blowing-up functions h?(k|z|) and takes
decaying functions hl(k|x|). For Im(k) > 0, the Sommerfeld radiation condition
(II1.17) is equivalent to the series expansion (III.15) (See, e.g., [21]). In [22], it is
shown that the Sommerfeld radiation condition makes solutions decay and ensures
uniqueness for solutions to scattering problems.

The Green’s integral formula is deduced from the fundamental solution to the
Helmholtz equation

ciklz—y]

O(z,y) = ——
(z,9) prp—T

that satisfies

—A®(z,y) — K*®(z,y) = 0(z —y),

where §(x) is the Dirac delta function. There are two possible fundamental solution
to the Helmholtz equation:
etklz—yl e~ tklz—y|
dxfe =yl M Aoy
® is the one satisfying the Sommerfeld radiation condition. Indeed, for a fixed y € R?

B 1 ) eik|:c—y| r—y
lx —y|) 4rlz —y| |z —y|’

V,®(z,y) = (m
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and
1
o —y|=|z|—&-y+O (W) . (IIL18)
X
Then
0P )
ar (z,y) — ik®(z,y)
k( ) eikr B eik\x—y\ (l’—y) .
Ix—yllafl drlz —y|  dwlr —y)? o — yl|z]
k<|93|2+|93—y|2 ly|? 1) ezl eFle=vl (z—y) -z
/L — J—
|z — yl|z| drlz —y|  dwlr —y|? |z — yl|z]
k( | — |z — y|)? Iylz) eyl eMle=vl (z —y) -z
/L J—
|z — yl|z] drlz —y|  dwlr —yl? |z — yl|z]
1
O<|_)’ 7] = co
l’

because (x| — |z —y|)* — |y|* = O(1) by (I11.18) and |z||z — y| = O(|z|?).
Let © be a bounded domain of class C? and n denote the unit normal vector to the
boundary 02 directed into the exterior of 2. Then we have the Green’s representation

theorem [22].

Theorem IIL.7. Let u € C*(R3\ Q) N C(R®*\ Q) be a solution to the Helmholtz
equation

Au+Kku=0 in R*\Q

with Im(k) > 0 satisfying the Sommerfeld radiation condition (I11.17). Then

u(zr) = /aQ [u(y) Oq)a(i;y) gz (y)®(z,y)| dS, for z € R*\ Q.

Here dS, is the surface element on OS).
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CHAPTER IV

PERFECTLY MATCHED LAYER AND RESONANCE PROBLEMS

In this chapter we introduce the basic idea of the perfectly matched layer (PML)
method and reformulate the resonance model problem. The perfectly matched layer
is an artificial boundary condition technique which can be thought of introducing
an artificial absorbing layer. The goal is to create a layer surrounding a bounded
scatterer or inhomogeneous medium which damps all waves that strike it without
producing reflected waves. Due to the damping property of the PML, some of the
resonance functions are converted to exponentially decaying functions. This means
that PML transforms the resonance problem into a standard eigenvalue problem.

We will show that the PML problem in the infinite domain gives rise to a well-
posed in a variational formulation. The resulting well-defined inverse operator 7'
from H'(R3) to H'(R?) follows. We will show exponential decay of eigenfunctions of
the PML problem in the infinite domain, which will play a key role in analyzing the

convergence of approximate eigenvalues.

A.  Perfectly matched layer

The PML method can be well illustrated by example. Consider a simple one-dimensional

scattering problem

u” +k*u=0 on (0,00)

u(0) =g

with the Sommerfeld radiation condition

d
d—z—iku:o.



27

Here k is a positive wave number and g is a given Dirichlet data. The general solution

to the Helmholtz equation in R is of the form
u(x) = ¢ + e

with some constants ¢; and ¢;. The Sommerfeld radiation condition takes only the

outgoing function so that the analytic solution to the problem is
u(z) = g™ for € (0,00).

Now we want to approximate the solution in a bounded domain of computa-
tional interest, e.g., Qg = (0,ry) using finite elements. There are two difficulties in
approximating the solution: one is that the domain is infinite and the other is that
the real and imaginary part of the solution are oscillating. PML enables us to avoid

these difficulties. PML is introduced by using a complex coordinate stretching

r if 0<r<nry,

r+i/ o(s)ds if rg <,

T0

=
I

where o is a positive function. A simple example for ¢ is a constant function oy. The
plot of 7 with ry = 1 and 0y = 0.2 is shown in Figure 1(a). By the definition, 7 is equal
to r for 0 < r < ry and complexified for » > rg, and the PML is the region on which
r is deformed into the complex plane. We define the PML solution @(r) := u(7). Let

d denote the derivative of 7 and so d is defined as

1 it 0<r<nry,
d=

1+i0g if rg <.

Then u preserves u in the region of 0 < r < rg, and is attenuated inside the PML as

in Figure 1(b). The PML acts like an absorbing material without producing reflected
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PML(absorbing region)

PML(absorbing region)

1 2 3 1 2 3
Re(r) X

(a) Complex coordinate stretching (b) Graphs of the real part of v and @

Fig. 1. Complex stretching and a PML solution

waves. The PML solution @ satisfies

11\
y <ga’) +Kk*a=0 for r€ (0,79) U (rg,00).

with the continuity of @'/d across the interface r = ry, which is deduced from the
continuity of v’ at the interface. Utilizing the continuity of @'/d at the interface, a
corresponding weak formulation on the infinite domain is to find @ € H*((0, 00)) such

that 4(0) = ¢g and satisfying

Too 1 _ Too _
/ gil'qb’ dr — / E*dugdr =0 for all ¢ € Hj((0,00)).
0 0

Due to the exponential decay of the PML solution u, we can truncate the problem to
a finite domain 5 = (0, 7o) with a sufficiently large ro, > ry and impose a convenient
boundary condition at the artificial boundary r = r., e.g, the homogeneous Dirichlet
boundary condition. Although no longer the exact solution inside, the difference
between u and u; on (0,ry) is exponentially small. A finite elements method on the
truncated domain can gives an approximation for the exact solution u on (0, 79).

So far, we discussed the basic idea of the PML method for a scattering problem in
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R. The complex stretching function we have chosen in the example does not depend
on frequency w and hence the attenuation rate in the PML varies depending on the
wave number. In contrast, Collino and Monk [20] used a complex stretching function

depending on frequency such as

r if 0<r<my,

7“—|——/ o(s)ds if rg <.

W Jro
In this case, the attenuation rate is independent of frequency w because the PML

solution w is of the form

Ceikre=k/w [rgo(s)ds _ ke j=1/c [y o(s) ds

for r > rg, where ¢ is a constant phase velocity of the wave on a host medium.

For PML resonance problems, we will use a complex stretching independent of the
wave number as in the example. This results in wave number dependent decay. When
this decay is stronger than the exponential growth of the resonance eigenfunction, this
eigenfunction is transformed into a proper eigenfunction for the PML equation on the

infinite domain.

B. Spherical PML reformulation for the resonance problem

We consider a linear operator

L=-A+1L,

where L; is a linear operator with support contained in the ball Qy centered at the
origin of radius r¢. For example, we can consider Schrédinger operators —A + V' with
a real valued potential V' supported in Q. We shall concentrate on this example as

more general applications are similar.
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We consider the Helmholtz problem:
Lu—FKu=f on R’ (IV.1)

Here k is a complex number and the support of f is contained in 5. We need to
set a “boundary condition” at infinity. We consider solutions which are outgoing.
Since L coincides with —A outside of €}y, u can be expanded in terms of spherical
Hankel functions and spherical harmonics. Because the solutions are outgoing, this

expansion takes the form
w@) =Y > anmhy(kr)Y; (&) for > 1. (IV.2)

n=0 m=—n

We shall be interested in weak solutions of (IV.1) which are, at least, locally
in H'. This means that the series (IV.2) converges in H'/?(I'y), where Ty is the
boundary of Q4. It follows that the series converges in H! on any annular domain

ro < r < R (see Theorem IV.2 below).

Remark IV.1. Resonances are solutions of (IV.1) with f = 0 satisfying the outgoing
condition. For resonances, the resonance value k has a negative imaginary part and so
u increases exponentially as r becomes large. Accordingly, the Sommerfeld radiation

condition

Tli_)rg()r <% - ZkU) =0 (IV.3)

is not satisfied in this case. There are no exponentially decreasing eigenfunctions for

this equation corresponding to any k£ with non-zero imaginary part.

We consider using a complex coordinate stretching to define a perfectly matched
layer surrounding the support of V. A non-smooth complex stretching was utilized
in the previous example in R. In the higher dimensional space we will use a spherical

PML such that the complex stretching function is C? and the resulting PML equation
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is reduced to a Helmholtz equation with a complex constant coefficient outside of the
ball. The second condition enables us to easily show the rapid decay of eigenfunctions
of the PML equation'.

The PML approach [13] provides a convenient way to deal with (IV.1) with the
outgoing radiation condition. Let r; be greater than ry and §2; denote the open ball
of radius r; centered at the origin with the boundary I';.

The PML problem is defined in terms of a function 6 € C?(R") satisfying

0 for 0 <r <,
o(r) =4 increasing for 7o <7 <7y, (IV.4)
09 for r <.

A typical C? function in [rg, r;] with this property is given by

/ (= )2 — )2t

L]

/n (1= 10)(r — )2t

To

a(x) = oy

The PML approximation can be thought of as a formal complex shift in coordi-
nate system with 7 = r(1 + i (r)). See Figure 2 for the graph of the imaginary part

of 7 as a function of r. The PML solution is defined by

u(x), for |z| <,

u(z) = o n (IV.5)
Z Z anmhy (KF)Y,(7), for r=|z| > .
n=0 m=—n
Here a,, ,,, is coefficients from the series for u.
Clearly, @ and u coincide for |z| < ro. Moreover, @ satisfies
Li—Ka=f in R (IV.6)

fThis is not true in the Cartesian case.



32

Im(7)

Slope of the line = gy

7o T Re(7)

Fig. 2. Complex coordinate stretching

where L coincides with L for |x| < rg and is given, in spherical coordinates (r, @, ¢),

oo (L 9 d*r? Ov L] 9 (g
v d~2d7“2 or d Or d~2r251n989 00

Lo L Py Ly
—— v.
d?r2? sin? 6 0¢?

or, in Cartesian coordinates, by

by

(IV.7)

1
L'U: —~—V

+ V.
d2d

(ng(x) +d(I — P(a:))) Vv

Here P(z) is the orthogonal projection onto the & = z/|z|-direction, and d = 1 + i
and d =7 =1+i0 with c =6 +rd’.

We shall see that (IV.6) has a well-posed variational formulation in H'(R?) when
k is real and positive. Let x be in C{°(R?). Assuming that @ is locally in H*(R?), we

have

A, x) = K*B(i, x) = (d°f, X)s, (IV.8)
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where .
- _(d*0u O [x 1 0u Oy
s (BRI, - (5%,
+ _1 o0 + (Va, x) |
r2sin? 0 0¢’ 0o RS X
and
B(a, x) = (d*@, x)gs. (IV.10)

For an open set D C R3, (-,+)p denotes the L? Hermitian inner-product on D.

The PML problem corresponding to a scattering problem was studied in [13]
however the techniques there easily extend to our problem. We consider first the case
when k is real and positive. In this case, the Sommerfeld radiation condition can be
used as a replacement of the outgoing condition. To obtain a uniqueness result for
the PML problem for k real and positive, we introduce the following theorem as in

Theorem II1.3. Let A,,,, be an annulus bounded by two spheres of radius ¢ < rs.

Theorem IV.2. Let k be a non-zero complex number not on the negative real axis.

Suppose that u € H'(A,, ) satisfies A(u,v) = k*B(u,v) for allv € C§°(Asyry), then

w(@) =Y Y (anmhi (kF) + by mh2 (k7)) Y (2), (IV.11)

n=0 m=—n

and the series converges in H' (A .r,)-

Proof. By the orthonormality of Y, u can be written as

u(@) =Y > famz)Y"(2) (IV.12)

n=0 m=—n

with

fam(r) = /S 2 u(ra)Y () da.

The series above converges in the L? sense on each sphere |z| = 7 with 7o <7 < ry,

and also converges in L?(A,,,,). See the proof of Theorem III.3.
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As the first step of the proof, we prove that f, ,,(r) is in H?*((r,72)) and of the
form a, bl (k7) + by mh? (k7). On |x| = r € [rg, 2] by Parseval’s theorem
[ ul)as =3 37 ()l <o,
|z|=r n=0 m=—n

where dS is the surface element of the sphere of |z| =r, i.e., dS = r?di. Then

o0 n

r2
HUHLZ(AT r 2|fnm |2dT<OO
0> 2

"0 p=0m=-n
which implies

T2
/ 72| fom(r)]?dr < co forall |m|<mn, and n=0,1,....

0
Thus f, ., is in L*((rg, 2)).
Consider x € C§°((ro,2)) and define x(x) = x(|z])Y;"(z) € C§°(Aryr,). Thus,

[t E 0 z/TQ/(mwwq%)%wmr
/32 /TO (rz)drdz

"2 8u

S2 Jrg

:_/A g_:f( )%(:c)d:c

70:72

(r&) X(ré) drda

which implies that

50 | < i Il
It follows from the Riesz representation theorem that there exists g € L?*((rg,r2))
such that
| aeroar=— [ e
Consequently, f nm oexists in the weak sense and it belongs to L?((rg,72)).
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We will use the fact that u satisfies A(u,v) —k?*B(u,v) = 0 for all v € C§°(Ary 1)

to show that the second derivative of f,, ,, is in L?*((ro,72)). With x(z) as above,
0= /S / [%Pg_:% (%) + %g—g + sinl2eg_;g_§ — k%%%i] drdz
= _/52 /T:Q [u% (?aﬁr (%)) +ur*Agex + k2r2cz2u§] drdz
_ _/ o [% (#d% (%)) + (k220 — n(n +1))x| dr

"2 T2d~2 d.fn m d <Y) 2,232
= ————— | =) = (kr*d" —n(n+1)) fumx| dr (IV.13)
/,,O [ d dr dr \d

Thus

T2 .2 72 - ) N 272 31
[ ER Xy, _ [Ufzrw i+ 1))+ dfn,m] s
T To

, d* dr dr d3 dr
:—/ hx dr

for some h € L?((rg,72)). It follows that TZ‘? W 35 in H'((rg, ). Since ”Z‘f is in

Cl, % belongs to H'((rg,r9)) and hence f, ,, is in H*((rg, ra)).

From (IV.13) we have

m1d (drrdf -
- n,m k2d2 2 1 o Yvdr =
/m (ddr(d dr>+< r =it )>f’>>“" 0

for all x € C§°(A;yr,). Thus f, ,, satisfies the differential equation

1 d (rd®dfm , n(n+1)
—— ’ - =0. V.14
Bid ( R ) + (k eYe ) fam =0 (IV.14)

It is easy to show that (IV.14) has two linearly independent solutions hl(k7) and
h2 (k7). With the initial conditions f, n (7o) and f;, ,,(ro) it follows that f, , is of the
form

Fam(T) = anmhl (kF) + by b2 (k7)
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for some constants a,,, and by, .

Next, we will see the series (IV.11) converges in H'(A,,,,). Using the L*-
orthogonality of {Y,™}, it is not hard to see that a function g € L*(T;) is in H'(T;)
for j = 0,2 if and only if the series

> > A+ + )Yl = gl
n=0 m=—n
is finite. By interpolation [16], g is in HY2(T;) if and only if the series
D> (knln+ 1)l Y = alier,
n=0 m=—n
is finite. This shows that the series (IV.12) at ry and ry converge in H'/?(I'y) and
HY2(Ty) respectively. Let @ denote a partial sum in the series (IV.11) and §; denote
its trace to I';, for j = 0,2. We note that @ € H'(A,,,,) satisfies the variational

problem,

AT, dg) = k*B(1,dg) for all ¢ € Hy(Aryr,),
u=go on I,
u=gy on I%s.
Examining the coefficients appearing in the form on the left hand side above, we see
that this is a well-posed variational problem since the real parts of d2 /d and d are

positive and uniformly (as r varies) bounded away from zero. It follows that

@l 1 (arg,ry) < CUlE L20A5, 1y) + (G0l 2oy + 192l mr/2(rs))

which implies convergence of (IV.11) in H'(A,,,).
U

The uniqueness of solutions to the PML problem (IV.8) now follows from the

above theorem and the proof of [20, Theorem 1|. For completeness we present



37

the proof here. For this, the following unique continuation result (see e.g., [46,

Lemma 4.15]) is required.

Lemma IV.3. Let Q be a connected domain in R® and suppose that v € H* () is a

real-valued function that satisfies
|Av] < C(|Vo] + [v])

almost everywhere in 2, where C' is a constant. If v vanishes identically in a neigh-

borhood of a point x € ), then v s identically zero in ).

Theorem IV.4. The PML problem (IV.8) has at most one solution in H'(R3) when

k is real and positive.

Proof. Assume that f = 0 and u is a solution to (IV.8) with u € H*(R?). Then u
satisfies

—Au+Vu=Fku on Q.

By the second Green’s identity

Ju _Ou . _ _
/FO (u% - u%) dz = /QO (uAu — uAu) dz = 0. (IV.15)

It follows from Theorem IV.2 that u has a series representation (IV.11) for r > 7.
Since hZ(k7) grows exponentially as r — oo, we must have b, ,, = 0 and hence u is

of the form

w(@) =Yty mhy (k7)Y (2). (IV.16)

n=0 m=—n

Using (IV.16) and the orthonormality of the spherical harmonics (note that d = 1 on
[y), we find that the left hand side of (IV.15) is

EY Y lanml’ (B (kro)h2 (kro) — B (kro)h) (kro)) = 0.

n=0 m=—n
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Since the Wronskian of the spherical Hankel functions of the first and second kind is
ha ()03 (2) = oy (2)hy, (2) = =227,

we conclude a,,, = 0 for all n = 0,1,..., and |m| < n. Therefore u = 0 in R®\ Q.
Now the unique continuation principle Lemma IV.3 shows that u = 0 in R3, which

completes the proof. O

To prove the well-posedness of the variational problem (IV.8) we require the fol-
lowing theorem which follows from the Peetre-Tartar lemma (See, e.g., [30, Theorem

2.1],[47, 54]).

Theorem IV.5. Let A(-,-) be a bounded sesquilinear form on a complex Hilbert space
V with norm || - ||y,. Let W be another Hilbert space with norm ||-|lw and T a compact

operator from V' to W. Suppose that the only solution of
A(u,v) =0 forall veV
is u =0 and that

ullv < Cy (sup A, v)l + ||Tu||W) for all uweV.

vev  |[llv

Then there exists Cy > 0 such that for allu €V,

A
ully < Co SUPM‘
vev vllv

The proof of the well-posedness theorem follows [13, Theorem 3.1].

Theorem IV.6. Let Ay(-,-) = A(-,-) — k*B(-, ) and k is real and positive. Then for
f € L*(R3), the problem

Ap(u,v) = B(f,v) for all v e H'(R?) (IV.17)
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has a unique solution u satisfying

|ull 1 @3y < Ol fllz2(ms)-

Proof. Using Theorem IV.5, we will show an inf-sup condition for Ag(-, ). The unique-
ness of solutions to (IV.17) follows from Theorem IV.4. We break the form Ag(-,-)

into two parts:

Ap(u,v) = A(u,v) + I(u,v)

where ~
g(u v) = (dj@ @) + (i@ @)
’ d?0r’ Or ) g 12007 00 ) ps (IV.18)
(71 Ou @) — d2k? (u, v)s
r2sin 0 0¢" 0p ) gs  ° TR
and

~ 2d’ du
I(u,v) = B*((d3 — d*)u, v)q, — (?E’ v)g + (Vu,v)q,.
Since A(-, -) is coercive and A (-, ) is a low order perturbation of A(-,-) on a bounded
domain, the inf-sup condition,

A
|ull g1 rsy < Ck sup M for all v € H'(R?) (IV.19)
o (®3) ||l m (s
follows from Theorem IV.5 (see [13] for details). The analogous inf-sup condition for

the adjoint operator holds as well:

A
Pl sy < C sup [Ax(w, 9)] for all ¢ € H'(R?). (IV.20)

uGHl(RS) ||u||H1(R3)
This easily follows from

Au(u, &) = An(3/d, d). (IV.21)

By the generalized Lax-Milgram Lemma, there exists a unique u € H'(R?) satisfying

(IV17) and ||u||H1(R3) S C||f||L2(R3) U
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Fix k = 1 above. We define T' : L2(R3) — H'(R3) of L — k? as follows. For

f € L*(R?) we define T'(f) = w where w is the unique solution of
A(w,6) = B(f,9) forall ¢ H'(R®)
It follows from Theorem IV.6 that

||T(f)||H1(R3) < C||f||L2(R3)-

We can clearly restrict T' to an operator on H'(R?) and so its resolvent and spectrum
are well-defined.

The complex stretching that we introduced is a special case of general stretching,
i.e., exterior dilations, given by the Aguilar-Balslev-Combes-Simon (ABCS) Theorem
[3, 5, 38, 52, 48]. The deformed operator using an exterior dilation is defined as follows.
Let h: R® — R3 be a C? function such that h(z) = 0 for |z| < ro and h(z) = x for
|| > ry with 0 < 79 < ry. An exterior dilation is a C* function ¢, with a parameter
n € R, which is defined by ¢, (z) = x+nh(z). Let J, denote the Jacobian determinant
of ¢,. For sufficiently small n € R, U, defined by U,(f(z)) = Jé/zf(wn(:c)) is an

unitary operator in L*(R?). Then the deformed operator L, is defined by
L,=U,LU, L

Since U, is unitary for small n € R, the spectrum of L, is the same as that of L
for such 1. On the other hand, according to the ABCS theory when L, is continued
analytically to a small neighborhood of the origin, some of resonance values of L
become isolated eigenvalues of L,. We produce this results using PML, and discuss
now how PML can be used for computing resonance values.

In order to see the relation of the PML operator L and the spectrally deformed

operator L,, when o, (z) = dz = (1415 (r))z is the exterior dilation, we will first com-



41

pute the Jacobian matrix J of ¢, for real n > —1/(20),) where o)y = max,>o{o(r)}.

Since ¢, ;(z) = (1 + no(r))z;,

&pl ~ or -
Jij = 2 s+ ——dl
J 01']- ]+0xj .

_d<5w+x]drd ;.

In the last equality we have used d = (rd)’ = d + rd'. Finally, we have
J=d(I —P)+dP.

Thus the Jacobian determinant J, is dd?. Note that for real n > —1/(20)), J, is
positive. In addition, 0 < arg(J,) < 37/2 for n with Re(n) > 1/(20), and hence
there is a branch cut for J,%/ ? for such 7).

Let .J, be the Jacobian determinant of ¢, !. For f,g € Cg°(R®) and real 5 with
n>—1/(20u)
—AU ) (@)U g) () da
@) - V(U g)(x) de
)f (e

) (@) VI 2 (@)g(e; (2)) da.

I = [ ~UaU gty de = [ A
( -1

\PARE

I,
I,
/.
Using the change of variables = = ¢, (y) gives

1) = [ T @V ) ) - T 0V o) dy

= /Ra dd? [d—zp +d (1 — P)} VI NI g dy

_ _J—1/2
L

As will be seen later, I(n) is an analytic function of non {z € C : Re(z) > —1/(20x)}

a2 _
V- (EP +d(I - P)) vJ, 1/2f] gdy.
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and

A, = Jn_1/2 J77_1/2

V~<§P+a1—m>v

_ 71/2A 7-1/2
= JPAJR

It is easy to show that the resolvent sets of the PML operator and the spectrally de-
formed operator are the same and hence these two operators have the same spectrum.

Although the ABCS theory provides a one-to-one correspondence between res-
onance values of the original operator and eigenvalues of the spectrally deformed
operator, we present a simple proof which works when the solutions of the PML
problem are available in the explicit form (IV.5).

Given a solution of (IV.1), we defined the PML solution @ by (IV.5) and noting
that @ satisfied (IV.6). Conversely, given a function @ satisfying (IV.5), we can define
u(a) by

() for 0 <r <y,
u(@)(r) = ¢ &

Z Z b (k)Y (2)  for ro <7,

n=0 m=—n

where a,, ., are coefficients from the series for @. The following theorem connects the

resonance values with the eigenvalues of the PML operator T'.

Theorem IV.7. Let Im(dok) be greater than zero and set X\ = 1/(k? —1). If there
is a non-zero outgoing solution u (locally in H') satisfying (IV.1) with f = 0, then
u given by (IV.5) is an eigenfunction for T with an eigenvalue X. Conversely, if @ is
an eigenfunction for T with an eigenvalue X, then @ is of the form (IV.5) for r > rq

and u = u(u) satisfies the outgoing condition and (IV.1) with f =0 and
For the proof of the above theorem, we shall require the following proposition.

Proposition IV.8. Let 3 be a constant with positive imaginary part and g be given
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in HY/2(T'}). There is a unique w € H*(Q$) satisfying w = g on I'y and
Aw+ B*w =0 on Q. (IV.22)

Moreover, w is outgoing (the series representation given by Theorem IV.2 has van-

ishing by ).
Proof. Consider the sesquilinear form
a(u,v) = (Vu, Vo)ge — (8%u, v)q

for u,v € H'(Q). Since Im(a(u, —1/Bu)) > C||u||§{1(9§) with C' = Im(3) max{1,1/|8|},

it is straightforward to see that there is a unique w in H'(€) satisfying

a(w,v) =0 for all ve Hy(Q),
(IV.23)

w=g on I}.

Terms involving b, ,, in the series of Theorem IV.2 blow up exponentially at infinity.

The presence of any one results in a function not in H*(€)), i.e., w is outgoing. [

Remark I'V.9. It follows from the above proposition and the proof of Theorem IV.2
that an outgoing series (with such 3) which coincides with a function in H'/2(T';), in

fact, converges in H'(Qf).

Proof of Theorem IV.7. Suppose that u is outgoing, locally in H* and satisfies (IV.1)
with f = 0. Then u has a series representation (IV.2). The resulting @ defined by
(IV.5) converges uniformly on compact sets of €2f. It follows from the definition of L

and the uniform convergence that o satisfies
(L — k)i =0.

Outside of €, this coincides with (IV.22) with § = dok. Theorem IV.2 and Re-
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mark IV.9 imply that the series for @ converges in H'(€QS), i.e., u € H'(R3). For
¢ € C5*(RY),

This is the same as

Ay(a, ¢) = (k* — 1)B(1, ¢). (IV.24)

Thus, @ = (k* — 1)Ta.

Suppose, conversely, that @ € H'(R?) is an eigenfunction for T with eigenvalue
A. Then @ satisfies (IV.24). By Theorem IV.2, @ can be written as a series (IV.11)
for |z| > ro. Proposition IV.8 implies that @ is outgoing. Then u = wu(a) satisfies

(IV.1) with f = 0 and is also outgoing. This completes the proof of the theorem. [

Remark IV.10. It is clear that the PML method is only guaranteed to gives the
resonances which satisfy Im(dpk) > 0, i.e., those which are in the sector bounded by
the positive real axis and the line arg(z) = arg(1/dy). To get the resonances to the

left of this line, we need to increase og.

The ABCS theory provides additional information about the spectrum of the

PML operator L. Specifically, these results imply that the essential spectrum of Lis
Oess(L) = {2 | arg(2) = —2arg(1 + ioo)}

(cf. Theorem 18.6 [38]). These type of results are also proved in Theorem VIII.20.

This implies that the eigenvalues of L corresponding to resonances are isolated and

of finite multiplicity. Note that if z is in 0.g(L), then Im(dyk) = 0.
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C. Exponential decay of eigenfunctions of the spherical PML problem in the infinite

domain

We are interested in finding isolated eigenvalues A of T', which are mapped via the
map A = 1/(k? — 1) into the sector bounded by the positive real axis and the line
arg(z) = 2arg(l/dy). Let A be an isolated eigenvalue of T' that is mapped into
this sector and V' denote the generalized eigenspace of T' associated with A. Since
the multiplicity of A is finite, V is a finite dimensional subspace of H'(R?). In this
section, we shall show that every function in V' decays exponentially. We start with

the following lemma.

Lemma IV.11. Suppose that w is in H*(Q) and satisfies
Aw+ Pw=f in Q (IV.25)

with Im(3) positive and f € L*(Q). If f decays exponentially, i.e., there are positive
constants o, Cy and M > 1y such that |f(z)| < Cre=l for |x| > M, then there are

positive constant o, C7 and My > M such that
w(@)] < e (wlop + I Fllzap +Cr) (1V.26)
and
[wll 2.y < Cre™ (lwll g + | fll2s) + Cr)
for |x|,6 > My. Here ay, Cy and M can be chosen independently of w, f and 6.

Proof. Choose any Ml > M. For |z| > Ml let Q) and €2z be open balls centered at
the origin of radius M and 2|z|, respectively. Let I'j; and I'g denote their boundaries.

By Green’s theorem, we have for |z| > M,

ww) == [ |G e G| 4+ [ o) . 1y

Ty
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where n is the outward normal vector on the boundaries of D = Qg \ Qj and
®(x,y) = —eP@¥/(47|z — y|) is the fundamental solution of the Helmholtz equation
with wave number (3.

Note that for |z| > M,

ds, ds, 4 M?
Tt < S T
ry [T =Yl ry (2] = M)> = (M; — M)

By Schwarz’s inequality and the properties of ®,

/FM [g—:(y)d)(x,y) - w(y)g—i(z,y)} ds,

—otm@)a| [ OW ds
< Ce 2m(B)le] <H—||L2 Tar) + HUJHL2 FM)) / s
Ty

|z —y|?

2

< Ce MmOl (o2 ey + 11 2

For the last inequality above, we used an interior regularity estimate, i.e., since w
satisfies (IV.25), its H2-norm in a neighborhood of T'j; can be bounded by the H'-
norm of w and the L?-norm of f in a slightly larger neighborhood. The analogous

inequality bounding the integral on ' holds and hence

2

oy L0200~ 0 10005

< Ce MO (Jwllin g + 1F 172 ag)- (IV.28)

For the volume integral in (IV.27), let & = min{c, Im(3)}. Then

—Im(B)|z—y|

dy

O(x,y)dy <C’C’f/ e_o‘“"e
D |z —y

- 1
< CCye ol / dy
p |l =yl

< OCy|z|Pedll < OC el (IV.29)

for || > M, and 0 < a; < @&. The first inequality of Lemma IV.11 now follows from
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inequalities (IV.28) and (IV.29).
For the second inequality, let D; C S, be open sets such that S, is a 7-
neighborhood of I'y, with y independent of § and D; C S,,. Using an interior regularity

estimate and integrating (IV.26) over S, gives

[wllzrrzwey < Cllwllazo, < Cllwllzs,)

< Cem ([lwllmag) + 1 fll20) + Cy)
which completes the proof. O

The following lemma shows the pointwise exponential decay of the generalized
eigenfunctions of 7. An important remark is that the decay rate depends only the
eigenvalue of interest and its algebraic multiplicity. This rapid decay of the eigenfunc-
tions gives a motivation to truncate the infinite domain to approximate the resonance

values.

Lemma IV.12. Let V be as above. Then there are constants o, C' and M > ry such

that for all ¢ € V,
(@) < Ce gl for |2l > M. (1V.30)
Proof. Let m be the (algebraic) multiplicity of A\. For any non-zero ¢ € V,
(T — AXI)™p = 0.
There exists a positive integer n < m, such that
(T —X)" " #0 and (T — X)) =0. (IV.31)

We will show that there exist constants a, C' and M depending only on A\, T" and n

such that v satisfies (IV.30) with these constants. The proof is by induction on n.
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The case of n = 1 corresponds to an eigenfunction ¢ and immediately follows from

Lemma IV.11 since v satisfies
AY(z) 4 (dok(N)*p(x) =0, for |z| > 7.

Let ¢ satisfy (IV.31) with 2 < n < m and denote ¢; = (T' — XI)" ¢ for
j =1,...,n. Assume that (IV.30) holds for ¢; for j = 1,...,n — 1 with constants
depending only on A, T, and j. We need to estimate the decay of ¢,,. Then (T —
M), = 1,1 so outside of €,

A + NAY, + ditbn) = — (A1 + dithn_r).

A straightforward computation gives

[y

n—

Aty + (dok(N))* o = dj

J

(_1)j+1
N+

o (IV.32)
1

Since the function on the right of (IV.32) decays exponentially by the inductive
assumption, by Lemma IV.11 there exist a = (T, \,n),C = C(T,\,n) and M =
M (T, X\,n) such that 1, satisfies

()| < Ceml! Z 1951 1wy (IV.33)
=1

for |z| > M. In addition, from the continuity of T'— Al and the definition of ¢; there

is a constant C' = C(T, A\, n) such that

||wj||H1(R3) < C||¢n||H1(R3)

for j =1,...,n— 1. Thus, from (IV.33), there exist a = a(T, A\,n),C = C(T, \,n),
and M = M (T, A\, n) such that [, (z)| < Ce=l||¢),, || g1 rsy for |z| > M. O
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CHAPTER V

TRUNCATED PML PROBLEM
In this chapter we analyze the PML problem in a truncated domain. As indicated
by Lemma [V.12, the generalized PML eigenfunctions decay exponentially. It is then
natural to approximate them on a bounded computational domain with a convenient
boundary condition, for example, the homogeneous Dirichlet boundary condition. To
this end, we introduce a bounded (computational) domain {25 whose boundary is
denoted by [s.

We will prove the theorems for the PML problem in the truncated domain that
are analogous to those for the PML problem in the infinite domain in the previous
chapter. We will show that the PML problem in a truncated domain 25 has a well-
posed variational formulation. The well-posedness of the PML problem in €25 leads
to a well-defined inverse operator Ts. We will consider its restriction to H(R?), Ty :
HY(R3) — H}(Qs) € H'(R?), for eigenvalues. Our goal will be to study convergence
of eigenvalues of Ts to those of T'. As the first result, we will prove that the resolvent
set for Ts approaches that of T" as the domain €25 becomes large. Exponential decay

of the generalized eigenfunctions of Ty will be covered here.

A. Well-posedness of the spherical PML problem in a truncated domain

We shall always assume that the transition layer is in {25, i.e., €21 C Q5. We assume
that the outer boundary of €25 is given by dilation of a fixed boundary by a parameter
0, e.g., Qs is a cube of side length 20.

The following theorem is the well-posedness result for the truncated PML prob-
lem for ¢ large enough. Its proof was given in [13]. We provide a proof for complete-

ness.
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Theorem V.1. There exists &g > 0 such that if § > &y, then for f € L*(Qs) the
problem

Ay(u,v) = B(f,v) for all v e Hy(Qys) (V.1)

has a unique solution u € H} () satisfying

[ullz@s) < Cllf L2y,
where C' does not depend on §.

Proof. We will show that the sesquilinear form A (-, ) still satisfies an inf-sup condi-
tion on Hy(€s) provided that § > &y and dy is sufficiently large, i.e., for u € H} (),

A1 (u, 9|

. (V.2)
(bEH&(Q(;) ||¢||H1(Q(;)

[ull s < €

Here and in the remainder of this paper, C' is independent of § once ¢ is sufficiently
large. Once we have the inf-sup condition, by (IV.21) the inf-sup condition for the

adjoint operator holds as well: for ¢ € HJ ()

9]l 0s) <€ sup M (V.3)

weri(@y) 1Wllmies)
Then the generalized Lax-Milgram theorem completes the proof.
We start with (IV.19) to verify (V.2). The test function ¢ appearing in (IV.19)

is decomposed ¢ = ¢g + @1, where ¢; solves

Al(X, ¢1) =0 fOI' all X c Hol(QOO \ Ql),
¢1 - 0 on Qla (V4)

o1 =¢ on €.
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This problem is uniquely solvable. Indeed, let y € H}(25 \ Q) and v = i/dy. Then

Ai(vx, x) = vD(x, x) — dgv(x. x)-

Here D(-,-) denotes the Dirichlet form. Since v and —d2y have a positive real part,

| A1 (v )| = Cllxlzn onan-

The unique solvability of (V.4) follows and by the stability of (V.4) and Lemma I1.5

we have
1611l ey < Cll Ml (rs)- (V.5)
Next for u € H}(Qs), we write u = ug + uy, where
Ai(ur,x) =0 forall y € Hy(Qs\ ),
u; =u on €, (V.6)
up =0 on £25.

As above, this problem is also uniquely solvable and

ur]| sy < Cllull gy

We then have

Ai(u, @) = Ai(u, ¢o) + Ar(uo, ¢1) + Ar(ur, d1)
= Ai(u, ¢o) + Ar(u1, ¢1).
Now, let u; solve
Ay, m) =0 for all 5 e H(SS),

U =u on 2.

The argument showing unique solvability of (V.4) works as well here.
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We then have

Ay(ur, 1) = Ar(ug — Uy, ¢1) + Ai(tn, ¢1) = Ar(ur — @, é1).

Now

Al(ul - ’ELl,’U) =0 forall v c H&(Q(g \ Ql) D H&(Qg),

from which it follows that
lur = @l gsy < Cllanll ey < Ce™llull g,

We used Lemma IV.11 and the stability of the problem (V.7) for the last inequality

above. It then follows from (V.5) and a standard trace estimate that

| Ay (ur, ¢1)| < Ce™|ull g |0l ze)-

Thus,

Aq(u, @ o
lulloy <€ sup AL GIL L cmonyy o (V.8)

socti(@y) 9ol (s

The inf-sup condition (V.2) follows taking dy large enough so that Ce=*% < 1.

B. Convergence of the resolvent sets of the operators in truncated domains

Because of the well-posedness of the PML problem in a truncated domain, we can
define the operator Ts : H'(R®) — Hj(Qs) € H'(R?) by Tsf = u, where u € H}(£25)

is the unique solution to
Ai(u,0) = B(f,9) for all ¢ € HL(Q).

The following theorem shows that the resolvent set for Ty approaches that of T as ¢

goes to infinity. This means that the truncated problem does not result in spurious
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eigenvalues in the region of interest, Im(dpk) > 0.

Theorem V.2. Let U be a compact subset of p(T'), the resolvent set of T', whose
image under the map z — /(1 + 2)/z = k(z) satisfies Im(dok(z)) > 0 for all z € U.
Here we have taken —m < arg(k(z)) < 0. Then, there exists a 6y (depending on U)
such that for 6 > 6y, U C p(T5).

We shall need the following proposition for the proof of the above theorem.

Proposition V.3. Assume that w is in H'(R?) and satisfies (IV.22) in QS with
(% = d3k(2)? and z € U as in Theorem V.2. Then there is a positive number a and

0o > 11 such that for 6 > d
Wl g2y < Ce_a6||w||H1/2(r1)-
The constants C' and a can be taken independently of z € U and § > dy.

Proof. Since U is compact, it follows that «; in Lemma IV.11 can be chosen inde-

pendent of z € U. The proposition follows from Lemma IV.11. O

Proof of Theorem V.2. Let R.(T) = (T—zI)~" be the resolvent operator and || R.(T)|| g1 (rs)
denote its operator norm. This norm depends continuously for z € p(T") so there is a

constant C' = Cyy such that
|Ro(T)|| 13y < C for all z € U.

For u € H*(R?), set ¢ = (T — zI)u. Then for z € U, using (IV.19),
Ai(p,v
lull i gy < Ol <€ sup 20l
vem (&) [[0]lare)

A,
0wy Aol
UEHl(RS) ||UHH1(R3)

(V.9)
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Here we have set Ez(, ) = B(+,) — zA4(+,+). The inf-sup condition for the adjoint
problem holds as well by similar reasoning.
We will show that the corresponding inf-sup conditions on the truncated domain

hold for all z € U if d; is large enough. Namely, for u € Hj(Qq),

A,
lull oy < € sup [4:(u, v)] (V.10)
vEHE (Q) HUHHl(ﬂs)
and
A, (v,
fullnoy <€ sup o] V)

vEH (Q5) HUHHl(ﬂs)'

Once we show (V.10) and (V.11), then it follows that the solution v € H}(€s) to the

variational problem
A.(v,¢) = Ai(w, ¢) for all ¢ € HY(Qu) (V.12)
satisfies
(Ts — zI)v = w.

This shows that z is in p(T).
The idea of the proof for (V.10) is essentially the same as one for (V.2). The

only modification needed is
e inf-sup condition of A (-,-) on H'(R3),
e coercivity of A.(-,-) on HL(Qs \ Q) and HL(QS),
e exponential decay of solutions to the problem

A(u,¢) =0 forall ¢ e H}(Q)

with a Dirichlet boundary condition on I'j, (that is, exponential decay of solu-

tions to the Helmholtz equation with a complex coefficient 3? = d2k(z)* and
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z € U in the sense of Proposition V.3).

Once the above conditions for A,(-,-) are verified, then the proof for (V.10) will be
completed.

Because of the inf-sup condition (V.9) of A.(-,-) on H*(R?) and Proposition V.3,
it suffices to show that A, (-, -) is coercive on HZ(X) where X = Q5 \ Q; or Q. Now,

let x € H}(X) and v be in C. Then

A (vx, x) = 2(vd3k(2)*(x. x) — YD (X, X))-

Since U is compact, there is an € with 0 < € < 7 such that € < arg(d2k(z)?) < « for
all z € U. Taking v = exp(—ie/2) above implies that both —y and vd2k(z)? have a

positive imaginary part. It follows that

|A. (7 )] = Clixlin ),

from which the unique solvability is obtained.

The proof of (V.11) is similar. This completes the proof of the theorem. O

C. Exponential decay of eigenfunctions of the spherical PML problem in the trun-

cated domain

As mentioned in Chapter IV, the eigenvalues of T corresponding to resonances are
isolated and of finite multiplicity. Let A be such an eigenvalue. Since A is isolated,
there is a neighborhood of it with all points excluding X in p(7"). Let n > 0 be such
that the circle of radius 7 centered at A is in this neighborhood. We denote this circle
by I'. By Theorem V.2, p(T5) contains I' for sufficiently large §. Let Vs be a subspace
of H}(2s) spanned by the generalized eigenfunctions associated with the eigenvalues

of Ts inside I'.
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As Ty is compact, the generalized eigenspace Vs has a finite dimension and a
basis of the form ¢; j, i =1,...,k, j = 1,...,m(i). Here if \! is an eigenvalue of T}

inside I" for 2 = 1,..., k, we may take
big = (T = X)) je1 and (T5 — A))tq = 0.

A priori we do not have a bound on the dimension of V5. To deal with this, we
consider subspaces of V5 of dimension at most dim (V') + 1. Specifically, let Vs have a
basis of the form {¢;;}, ¢, i =1,...,k, j = 1,...,m(:i) with {¢;,} as above and
>o,m(i) < dim(V) + 1. The space Vs is invariant under Tj and P2. The following
lemma gives a decay estimate for functions in V5. The constant can be taken so that

it only depends on the dimension of V' provided that ¢ is large enough. We will first

prove the result for the truncated problem analogous to Lemma IV.11.

Lemma V.4. If ¢; € H}(Qs\ Q) satisfies
Avps + B*ps = f in Qs \

with Im(B) positive, f € L*(Qs \ Q1) and there exist positive constants o, C' and M
such that | f(x)| < Cre=l for |z| > M > ry, then there exist positive constants o,

C1 and My independent of 15, f and d such that

[¥s(2)] < Cre™ ! (15| m@nan) + 11|20 + C) (V.13)
for |x| > M .

Proof. We start by decomposing 15 = ¢ + w, where v is defined to be equal to s in
), and satisfies
AY+p5% = f in Qf,
Y = s on I,

(V.14)
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where f is the zero extension to €2 . Then w satisfies the equations

Aw—l—ﬁ2w == 0 in Qoo\Qla
w = 0 on I},
w = —Y on I'y.

Note that ¢ decays exponentially by Lemma IV.11 and the stability of (V.14) implies

()] < Cre™® ™ (1vs]l i opnan) + 11 z20pan) + Cr) (V.15)

for |z| > M;. So we have only to show exponential decay of w.

We do this by showing that

[l m2an00) < CsllYllm2(s.n0s)s (V.16)

where S, is an e-neighborhood of I'y for ¢ > 0. Here Cj only grows as a polynomial

of 0. Using (V.16) gives (for ¢ > ¢ independent of ¢)

w2 @p000) < Csllvl s, )
< Coe™ ([l ag) + 11l 2@p01) + Cr) (V.17)
< Cre™ ! (05l menan + 1 z2@snan) + Cr) -
Here we absorbed the polynomial growth in Cs by making s < a;. Combining the
above inequalities with a Sobolev embedding theorem proves (V.13).
Finally, to prove (V.16), we decompose w = w + wy, where w = —x1 and x

is a cutoff function which is defined on Qs \ Q;, is one in a neighborhood of I'; and

vanishes outside of S, N (25 \ Q). We need only show that

|woll 2 2\00) < Csll¥ ] 2(s.n0) -
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Note that wy satisfies

Awg + FPwy = g in Q5 \ Qy,
0 + 7w g s\ (V1)
Wy = 0 on Fl U F(;,

where g = —(Aw + %) is in L2(S. N (Qs \ 1)). Clearly, |woll rr1.(5\0,) 18 bounded
by Cllgl L2(5\01)-

Let €25 be a ball centered at the origin and of radius 7o > 71, independent of ¢,
and contained in Q5. Let x; be a cutoff function on Qs \ Q;, which is one on Q5 \ Q,
and vanishes near I'y. Then (1 — x;)wg and xjw (extended by zero in €);) satisfy
equations similar to (V.18) on domains Q, \ €; and €, respectively. The data for
these problems involves g above and at most first order derivatives of wy and hence is
controlled in L2(Qs \ ©). It follows from a regularity on the smooth domain Qy \

that

I =)woll 20,00 = 11 = X)woll 2001y < CUl9NIL2 @200 + wollr@2000))-

Finally, by dilation to a fixed sized domain,

Ixwollr2@p00) = Ixwollrz@s) < Cs(llgllz@pan + lwollm @pan)-

The inequality (V.16) follows combining the above.
U

The same technique as used in the proof of Lemma IV.12 will justify the following

lemma.

Lemma V.5. Let ‘7;; be as above. Then there are constants o, C' and M > ri such

that for 6 > M and s € ‘725,

1W5(x)| < Ce ™ |||l sy for all || > M. (V.19)
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Proof. Let /= >, m(i). For any non-zero 1 € V,

k m

1@ =X 0™0g =TT - M) =0,

=1 i=1

with the obvious definition of S\Z There is a positive integer n < m such that

n—1

[T = XDy #0 and J](T5 - ND)y = 0.

1=1 1=1

Setting v, = ¢ and ¢; = (T5 — an_jl)z/)jﬂ fory=1,...,n—1, we have

2 o« (-1
Aty + (dok(M))* by = d3 » R Yo in Q.
j=1 =1

Recall that the norm of 75 is bounded by a constant independent of § from (V.2)
and (V.3) and \;, for each i, is inside I' and so that Im(dok();)) > 0. The induction

argument used in the proof of Lemma IV.12 completes the proof.
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CHAPTER VI

EIGENVALUE CONVERGENCE

In this chapter we will show the eigenvalue convergence as the main result. The
eigenvalue convergence consists of two parts. One is the convergence of eigenvalues of
Ts with 0 increasing in the continuous level, and the second part is the convergence of
eigenvalues of the corresponding discrete operators T/ with a mesh size h converging
to zero in the discrete level. Because the second part is standard [12], the first part
will be the focus. To develop this result, we will use the exponential decay property of
generalized eigenfunctions of T" and T that we provided in Chapter IV and Chapter V.

Numerical experiments illustrating these results will also be given. Specifically,
we will consider a resonance problem in a penetrable inhomogeneous media of one and
two space dimension. Although some experiments appear to have spurious numerical

eigenvalues, we will explain how this relates to the theory.

A.  Convergence of eigenvalues

In the previous two chapters, we studied the inverse of the operator L on L?*(R3) and
L*(Qs), specifically T : HY(R3) — H'(R3) and Ts : H'(R?) — H(Qs) € H'(R3).
Our goal is to now show that the eigenvalues of Ts converge to those of T as ¢
increases. The typical approach for proving eigenvalue convergence results involves
norm convergence (see, e.g., [41]). Unfortunately, this approach is not viable in this
case because the approximate operator T is compact while the full operator 7' is not,
which means that Tj can not converge to T in norm as 0 grows. Thus the analysis
of the eigenvalue convergence will be developed in a non-standard way based on the
exponential decay property of eigenfunctions of the operator T" and Ts. First we will

show that Tj converges to 1" on a subspace of exponentially decaying functions.
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Lemma VI.1. Suppose that u € H*(R?) satisfies
u@)| < Ce™ ull e (VL)
for |x| > M > ry. Then there exist positive constants oy, Cy and My > M such that
(T = Ts)ull sy < Cre™**[|ull i es)
for & > M;.

Proof. The H'-estimate for (T' — Ts)u will be computed in two subdomains Q, and

2¢,. First, note that since T'u is the solution to the problem
Ay(Tu,¢) = B(u,¢) for ¢ € H'(R?),
it satisfies
ATu+ diTu = —dju in Qf. (V1.2)

It follows from Lemma IV.11 that
||TU||H1/2(FO<,) < Cle_alé(HTUHHl(Qg) + llull#rg)) (VL3)

for 6 > M.
Take M; > ¢ in Theorem V.2. In Q,, ¥ = (T — Ts)u is the unique solution to

the problem
Ai(,¢) = 0 forall ¢e HY(Q),

Y = Tu on I'y,
so that by stability and (VI.3),

(T = Ts)ullmon)y < ClTull gz,

S 016_a15(||Tu||H1(R3) + ||u||H1(R3)) (VI4)
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for 6 > M;.
In Q$, ¢ = (T — Ts)u = Tu is the unique solution to (VI.2) with the boundary

condition Tu on I',. By stability,
| Tul| 1 0g) < Cl|ull2g) + 1 Twl grrzr.))-
Integrating the square of (VI.1) over Q$ and using (VI.3) gives

||TuHHl(Qg) < 056_a15 <||u||H1(R3) + ||TUHH1(R3)) . (VI.5)

for 6 > M; and Cj a linear function of . The d-dependence in the constant can be
removed by making a4 slightly smaller. The result follows from (VI.4), (VL.5) and

the boundedness of T O

Before stating the main theorem, we shall recall the finite dimensional subspaces
V and Vs in H*(R®) defined in the previous chapters. We are considering A, an
isolated eigenvalue of finite multiplicity of 7', and I" is a circle of radius 7 centered
at A contained in p(7T"). n is chosen so small enough that all points in the interior
of T' except for A belong to p(T'). Furthermore, it is guaranteed that I' C p(T5)
for sufficiently large 0 due to Theorem V.2. V is the generalized eigenspace of T
associated with A\ and Vj is the space spanned by the generalized eigenfunctions
associated with the eigenvalues of Ty inside I'. ‘7;; denotes a Tj-invariant subspace
of Vs of dimension < dim(V) + 1 defined in Chapter V. We observe that V is a
R, (T)-invariant space for z € I, since V' is finite-dimensional and invariant under the
action of the injective operator T — zI. For the same reason, ‘75 is R, (Tj)-invariant
for z € I.

We define the Riesz projections Pr and P2 onto V and Vj, respectively: For
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u e HY(R?)

Pr(u) = % /F R.(T)ud= (VL6)
and

P (u) = % /F R.(Ts)udz. (VL)

Since I is contained in p(Tj) for sufficiently large &, P2 is well-defined for such 4.

We are now in a position to prove the eigenvalue convergence.
Theorem VI1.2. For any n sufficiently small, there is a 61 > 0 such that
dim (V') = dim(Vj)
for d > 0.

Remark VI.3. The above theorem shows that the eigenvalues for the truncated
problem converge to those of the full problem since the radius n of I' is arbitrary
small. This convergence respects the eigenvalue multiplicity in the sense that the sum
of the multiplicities of the eigenvalues inside the circle of radius n for the truncated
problem equals the multiplicity of A for any 7 provided that § > d;(n) is sufficiently

large.

Proof of Theorem VI.2. We first note that for z € ',
1R (T) |11 sy < €

In addition, for 6 > dy in Theorem V.2, (V.10) and (V.11) implies that
| R.(T5) | msy < C

with C' independent of §. It follows that Pr and P2 are bounded operators in H!(IR?).
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Let ¢ be in V. Since V is invariant under the action of R,(7), by Lemma VI.1,

(T = T5) Ro(T) | 1oy < Ce™ ||| sy

We also have

s 1
(I—-P)P = %/F(RZ(T) — R.(T5))Prdz
1
e /F R.(T)(T = T5)Ru(T) Py d.

Thus,

I(I — POl ge)

1
1 [ R~ TR e

IN

1
o /F 1R (T5) || 11y (T = T5) Ro (T )| 1 () 2

< Ce ] an), (VL)

We choose §; > &g so that Ce™®19 is less than one. For (VIL.8) to hold, it is necessary
that the rank of P2 be greater than or equal to dim(V), i.e., dim(Vj) > dim(V).
For the other direction, we let ¢ be in ‘75 with ‘75 as above. An argument similar

to that used above (using the invariance of Vs under P?) gives

(I = Pr)|| i rsy < Ce™ || ws).

Choosing & > &y so that Ce % < 1 then leads to dim(V) > dim(Vj). This
implies that there is no subspace 175 C Vs with dimension greater than dim(V), i.e.,

dim(Vj) = dim(V). O

So far, we studied convergence of eigenvalues of Ty to those of T" in the continuous
level as ¢ is increasing. Now we shift our concern to the problem in a discrete level.
For a fixed 6 > d;(n) in Theorem VI.2 we discretize the system with finite elements.

Let h represent the diameters of elements of a triangulation of the domain 5 and
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Sy, denote a finite dimensional subspace of HJ(£2;). Then for a given f € L*(€s) the

problem to find u; € S, such that

Ay (un, ¢n) = B(f, ¢n) forall ¢, € Sy, (VL9)

is solvable. The solvability of the problem (VI.9) follows from the Aubin-Nitsche
duality argument [50]. In fact, if u;, satisfies (VI.9) with an exact solution w, then by

the duality argument there exists s > 1/2 such that
||U—uh||L2(Qé) S C’h8||u—uh||H1(Qé). (VIIO)

Now, from coercivity of A(-,-) in (IV.18), Galerkin orthogonality, boundedness of
Ai(+,+), and (VI.10) we obtain

|ﬁ(u — Up, U — Up)|

| — unl| 1y < C
HuhHHl(Q(;)

| Ay (u,u = up)| + [lu— w225 v — unl| o) (VL.11)

<C

|u — uh||H1(Q5)

< Cllull gy + CR|lu — up || g1 (ay)-

Consequently, for h with Ch® < 1
[ — unll (05 < Cllullmay). (VI.12)

Since S}, is finite dimensional, for the solvability of (VI.9), it suffices to show that
(VL.9) has a unique solution. To this end, assume that f = 0. Then v = 0 and it
follows from (VI.12) that uj, = 0.

Therefore, for f € H'(R?) we can define T2(f) by the unique solution to the
problem

Al(Téhfv (bh) = B(fv ¢h) for all ¢h € Sh-
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Fig. 3. Spectrum of a one dimensional resonance problem

From (VI.10),
1T — T3l 22y < ORI T |11

Thus there is a one-parameter family of compact operators TP : HY(R?) — S), C
H'(R3) converging to T5 as h — 0. An eigenvalue convergence result for Ts and T7

is standard and it is presented in the following lemma [12].

Lemma VI1.4. Let X\ be a non-zero eigenvalue of Ts with algebraic multiplicity m
and let T be a circle centered at \ which lies in p(Ts) and contains no other points of
o(Ty). If | Ts — T 1205 — 0 as h — 0, then there is an hg such that, for 0 < h < hy,
there are exactly m eigenvalues (counting algebraic multiplicities) of TL lying inside

[ and all points of o(TF) are bounded away from T.

B. Numerical results

In this section, we will give simple one and two dimensional resonance problems
illustrating the behavior of finite element approximations of the PML eigenvalue

problem. Although some experiments appear to have spurious numerical eigenvalues,
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we shall see that they can be controlled by keeping the transition layer close to the
non-homogeneous phenomena, i.e. the region where the operator differs from the
Laplacian.

We start with a one dimensional problem, i.e.,

—aAu=kKu in R

with the outgoing wave condition. Here a is a piecewise constant function defined by

1/4 if |2 < 1,

1  otherwise.

We impose the continuity of v and au’ at * = +1. The analytic resonances corre-

sponding to this problem are given by

b=y

forn € Z and n > 0.

For the first experiment, we choose the PML parameters ro = 2, r; =4, § = 8,
0o = 1 and discretize the system with a mesh size h = 1/50. Figure 3 shows the
resulting eigenvalues. Note that the eigenvalues labeled “true resonances” are very
close to the analytic resonances given above. In Figure 4, we report the error observed
when approximating the resonance of smallest magnitude as a function of ¢ for fixed
values of h. The PML parameters were rq = 1, 11 = 2 and 09 = 1. As expected,
increasing ¢ for a fixed value of A improves the accuracy to the point where the mesh
size errors dominate.

The remaining eigenvalues in Figure 3 either correspond to those clearly approx-
imating the essential spectrum or spurious eigenvalues. Those far away from the true

resonances and those to the left of the essential spectrum are easily ignored. However
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Fig. 4. Eigenvalue error for the resonance of smallest magnitude

the group of spurious eigenvalues running below and parallel to the true resonances
are somewhat disturbing, especially so since they do not move much when either the
mesh size is decreased (at least, within reasonable parameters) or the computational
region is increased. This will be discussed in the next section in detail.

We next consider a model problem on R2. Let Qg be the open unit disk in R?
and consider

—aAu = k*u in R?

with the outgoing wave condition and the transmission conditions of the continuity

of u and aVu at the interface, where

1/4 if (z,y) €,

1 otherwise.

An outgoing solution bounded in ) is of the form (in polar coordinates)

e}

Z n Jn(2kr)e™ for (z,7) € Qo,

ury) =9
Z boH! (kr)e™ for (z,y) € QF,

n=—oo

where J,, are Bessel functions of the first kind of order n and H! are Hankel functions
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of the first kind of order n. The continuity conditions at the interface lead to
andn(2K) = boHI(K)  and %anj,g(zk;) — b (H(R)Y.
Non-zero solutions exist when £ satisfies
J'(2k)H ! (k) — 2J,(2k)(H}(k)) = 0. (VI.13)

This equation can be solved by iteration and its solutions are used as a reference. It
is easy to see that each solution k to the problem (VI.13) for n > 0 is of multiplicity
2.

For the one dimensional case, we simply computed all eigenvalues using MatLab.
This approach fails for the two dimensional problem as the problem size is much too
large. We clearly have to be more selective. Our goal is to focus on computing the
eigenvalues corresponding to resonances which are close to the origin. We are able
to do this by defining a related eigenvalue problem which transforms the eigenvalues
of interest into the eigenvalues of greatest magnitude. These eigenvalues can then
be selectively computed using a general eigensolver software. Specifically, we use the
software package SLEPc [37], which is a general purpose eigensolver built on top of
PETSc [4].

The computational eigenvalue problem (after introducing PML, truncating the

domain and applying finite elements) can be written
Su = k*Nu

for appropriate complex valued matrices S and N. The idea is to use linear fractional

transformations. We consider (5 o (; where

. d0+iZ
N d()—’l.z.

Cl(z)zé and  (»(2)



Approximate PML Resonances
Resonances Multiplicity
h =1/100 h =1/120

1.1169 — 0.23937 | 1.1165 — 0.2392¢ | 1.1155 — 0.23967 1
2.7211 — 0.26677 | 2.7200 — 0.2665¢ | 2.7167 — 0.26657 1
1.8264 — 0.2916¢ | 1.8256 — 0.29144

1.8238 — 0.29214 2
1.8264 — 0.2916¢ | 1.8256 — 0.29144
2.4021 — 0.3759:¢ | 2.4009 — 0.3755¢

2.3981 — 0.3781¢ 2
2.4026 — 0.3761¢ | 2.4012 — 0.3757¢
2.8249 — 0.3182:¢ | 2.8242 — 0.3173¢

2.8161 — 0.3161¢ 2
2.8249 — 0.31827 | 2.8242 — 0.3173¢
3.4066 — 0.1881:¢ | 3.4058 — 0.1877:

3.3993 — 0.1851¢ 2
3.4068 — 0.1885: | 3.4059 — 0.1880:
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Table 1. Numerical results for the first ten resonances of the two dimensional problem

The first transformation maps points near the origin to points of large absolute
value. Under this transformation, the sector 2arg(1/dy) < arg(z) < 0 maps to the
sector 0 < arg(z) < 2arg(dy). The second transformation gets rid of the “essential
spectrum” (which was mapped to arg(z) = 2arg(dy)) by mapping arg(z) = 2 arg(dp)
to the interior of the unit disk and anything in the sector 0 < arg(z) < arg(dp) to the
exterior of the unit disk. Thus, we look for the eigenvalues of largest magnitude for
the operator

(doS + iN)u = pu(dyS — iN)u
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and recover k? from the formula

(n+1)i
(b —1)do

k* =

We consider computing on a square domain of side length 20. Table 1 gives

the values of the first ten numerical and analytical resonances for the above problem
as a function of h. The truncated domain corresponded to 6 = 5 and the PML
parameters were oy = 1, rg = 1 and r; = 4. Note that errors of less than one percent
were obtained and improved results were observed when the mesh size was decreased.

These are relatively large problems, indeed, the case of h = 1/120 corresponds to

almost a million and a half complex unknowns.

C. Spurious resonances

Spurious eigenvalues appearing in PML approximations to resonance problems have
been discussed elsewhere in the literature. In particular, Zworski [56] explains this
phenomenon in terms of the pseudo-spectra concept (cf. [55]). While the set of the

pseudo-spectrum of selfadjoint operators H
A(H)={z€C : [[(H—-2D)"|<e'}

is exactly the same as the e-neighborhood of the spectrum of H, we can not expect
this result for non-selfadjoint operators, and A (H) may be larger than that. In other
words, the norms of the resolvent of a non-selfadjoint operator can be quite large
for points located far away from the spectrum. We shall demonstrate that this is
an important issue for the PML eigenvalue problem. Note that the central theorems

(Theorem V.2 and Theorem VI.2) require that § is large enough that

C(|R-(T)[e~* < 1 (VL.14)
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(See the inequalities (V.9) and (V.8) with A (-, -) replaced with A, (-, -)). The situation
at the discrete level is worse. To guarantee eigenvalue convergence without spurious
eigenvalues from the discretization, the problem (T} — z)u, = f, or equivalently

A, (up, on) = A1(fn, o) for fr, € S, and z € p(Ts) needs to be uniquely solvable. For

this, assume that f;, = 0. Let x be the solution to the adjoint problem

AVZ(QS, X) = A1(€h, ¢) for all ¢ S H&(Q6)

with the error e, = uy. Since A;(-,-) is coercive for sufficiently small A from (VI.11),
lenll i,y < ClAi(ens en)l = ClA.(en, X)| = ClA.(en, x — vn)] (VL15)

for any v;, € Sj,. Applying an interpolation estimate ||x — vp| g1, < ChlX|| 52(0,)
for some v, € Sy, and the regularity ||x| a2, < C([|R-(T5)|)|len| a1, to (VI.15),

it follows that

lenllZr oy < CUR(T5)IDAllenllz qy)-

To achieve a unique solution u; = 0, one needs to have that h < hg with hg satisfying
C([|R.(T5)[))ho < 1. (VL.16)

Thus, in cases where the norm of the resolvent is large, to get rid of the spurious
eigenvalues, it appears to be necessary to make h too small to be practical.

To shed some light on the behavior of the resolvent, we consider the above one
dimensional problem. Let k& be a complex number with Im(k) < 0, Im(dpk) > 0 and

k not a resonance. The function f(x) = etkdlzl gatisfies the PML equation

1/1

(L— K f = — <3f/), —K*f=0 for |z| > 1. (VI.17)

Note that with ro > 1, f increases exponentially from |z| = 1 to |z| = ro while
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Fig. 5. Spurious eigenfunction

decreasing exponentially outside of the transition region. Figure 5 shows magnitude
of the second spurious eigenfunction. Because f is relatively small for |x| < 1 and
satisfies (VL.17), ||[(L—k?2) f|| is much smaller than || f||. This implies that the constant
in the inf-sup condition (V.9) is large. This constant is directly proportional to the
norm of the resolvent R,(T') (see the proof of Theorem V.2 for details). Accordingly,
to keep the norm of R,(T) manageable, we need to avoid a large region allowing
exponential increase. This can be attained by keeping the start of the transitional
region as close as possible to the region of inhomogeneity, i.e., |z| = 1. The analysis
for problems of dimension greater than one is similar.

The behavior of the spurious resonances as a function of the location of the
transitional layer is illustrated in Figure 6. Notice that the spurious eigenvalues can
be moved away from the true resonances simply by placing the transition region
closer to one. In fact, the best results are obtained by starting the transition region
on the interface. This also illustrates the fact that there does not need to be any area

extending outside of €2 where the original equation is retained.
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Fig. 6. Eigenvalues from different PML’s (rq is the radius of the inside boundary of
PML)
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CHAPTER VII

APPLICATION OF CARTESIAN PML TO ACOUSTIC SCATTERING
PROBLEMS
From this chapter on we study an application of Cartesian PML to acoustic scatter-
ing problems. When PML is introduced in a Cartesian geometry, each coordinate is
stretched independently. The analysis of Cartesian PML problems requires a signifi-
cantly different approach from that of spherical PML problems. This chapter provides
preliminaries for the analysis in the subsequent chapters. We start with reformulat-
ing acoustic scattering problems in the Cartesian PML framework and introduce a
complexified distance between two complex stretched points. We also discuss the

fundamental solution to the Cartesian PML Helmholtz equation.

A. Cartesian PML reformulation

We consider the exterior Helmholtz problem with Sommerfeld radiation condition,
—Au—Fk*u=0 in Q°

u=g on 0f, (VIL.1)

lim /2 = 0.

ou .
- iku

Here k is real and positive and €2 is a bounded domain with a Lipschitz continuous
boundary contained in the square’ [—a, a]? for some positive a.
The simplest example of a Cartesian PML approximation involves an even func-

"We consider a domain in R? for convenience. The extension to domains in R? is
completely analogous.



76

Fig. 7. Cartesian perfectly matched layer in R?
tion ¢ € C? satisfying

g(x) =0 for |z| <a,
G(z) : increasing for a <z <b, (VIL2)
o(x) =09 for |z|>b.
Here 0 < a < b and 0 > 0 is a parameter that represents the PML strength.
We shall use the sequence of the strictly increasing square domains, Q; = (—a, a)?,
Qs = (=b,b)? (a and b are defined as above) and €5 = (—6,d)? such that Q C Qy C
Q; C Qy C Qs (see Figure 7). Here Q is an auxiliary square domain between 2 and
(2. Let I'; denote the boundary of 2, for j = 0,1,2 and J. In particular, as we shall
see, the infinite domain PML model preserves the solution of (VIL.1) in ©; and Q5\Q
is the domain of numerical computation. Here we assume that the origin is inside the

scatterer 2 and the sides of square domains are parallel to the coordinate axes.
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We shall use the following notations: for j = 1,2

Tj(zy) = 25(1 +i6(x;5)),

(VIL3)
J(x) = d(z1)d(x2),
d T d T
< | A0
0 d(z1)/d(x2)
Then, the Cartesian PML Laplacian is defined by
~ 1 0 1 0 1 0 1 0
1
= WV -H(x)V.

Sometimes we shall use Em for A in order to indicate that the operator acts on
functions of z.
The PML reformulation leads to the study of a source problem: for f € L?(°),

find @ € H}(Q°) satisfying

A(t, ¢) = k*(d(21)d(x2)a, ¢) = (d(z1)d(22) f, ¢) for all ¢ € Hy(Q).  (VIL5)

Here d(zs) Qu 05 d(zy) Ou 0O
i) u v T U v
A 5 - + )
(U U) /c [d(:):l) 81’1 0:)31 d(l’g) 01'2 81’2 o (VII6)
(f.9) = g fgdz.

In [13], an analysis of the source problem on the infinite domain with spherical
PML was given by first showing that the resulting form was coercive up to a lower
order perturbation on a bounded domain. A standard argument by compact pertur-

bation [47, 54] then shows stability of the source problem once uniqueness has been
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established. Unfortunately, this perturbation approach fails for Cartesian PML. The
problem is, e.g., that the coefficient of the x; derivatives in the form on the left hand
side of (VIL5) equals —k~2 times that of the zeroth order term when x; € (—a,a),
i.e., when d(x;) = 1. As Q°N ((—a,a) x R) is an unbounded domain, we cannot
restore coercivity by a zeroth order perturbation on a BOUNDED domain.

We need to circumvent the compact perturbation approach. We do this by
analyzing the essential spectrum of the unbounded operator L : H™1() — H~()
with domain H((Q°) defined for v € H}(Q¢) by Lv = f, where f € H'()) is given
by

< f,d(x1) d(z2)p >= A(v,¢) for all ¢ € Hy(QF). (VIL7)

Here < -,- > denotes the duality pairing. As usual, if f € L?*(Q°), then the du-
ality pairing coincides with the L?-inner product. We shall see that Lis a (well-
defined) closed unbounded operator on H~!(2¢) with domain H{(Q¢) provided that
& is smooth enough. Note that L is a weak form of the operator —A given by (VIL.4).

We take the definition of essential spectrum o.ss(L) to be the set of points in

the spectrum (the complement of the resolvent p(L)) excluding those in the discrete
spectrum o4(L) (isolated points of the spectrum with finite algebraic multiplicity).
There are other notions of essential spectrum, some of which are discussed in [24].
We will identify the essential spectrum o..s(L) (see Figure 8) and conclude that
0ess(L) intersects the real axis only at the origin (in Chapter VIII).  This means
that the only way that k? (for real k with k& # 0) can fail to be in the resolvent
set for L is that there is an eigenvector of L associated with k2. Thus by showing
uniqueness of solutions for k? (in Chapter IX), we conclude that &% is in the resolvent

set of L for any real nonzero k. This conclusion implies the “inf-sup” conditions for

the variational problem (VIIL.5) and leads to existence, uniqueness and stability of its
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Im(z2) Tm(z) —2arg(l +io90)

Re(z) @ Re(z)

—2arg(1 + iog) —2arg(l +io1o)

0(—A) = 0ess(—A) 0(=A)= 0css(—A)

(a) The case of 019 = 099 = 0p. (b) The case when o1g # 0.

Fig. 8. The essential spectrum of —A on L%(R?) (which coincides with that of L on
H=H(Q9))

solution (for suitable f).

Remark VII.1. In the above, we consider a simple PML example where the same
stretching function is used in each direction. In an application where the domain
more naturally fits into a rectangle [—ay, a;] X [—ag, as], it is more reasonable (and
computationally efficient) to use direction dependent PML stretching functions. For
example, we use even functions 6; for j = 1,2 satisfying (VIL.2) with a,b and oy
replaced by a;,b; and ojg, respectively. The only changes in (VIL5) and (VIL7)
involve replacement of d(z;) by d;(z;) = 1+ i(z;6,(x;)). As the analysis presented
below is identical for direction dependent PML stretching, for convenience of notation,

from here on, we shall revert back to the case of ; = 6, = 7.

B. Complexified distance

In this section we present some technical lemmas that will be used in the following

sections. We first shall generalize the complex stretching functions. Let o), denote
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the maximum of o, o)y = maxycr{o(t)}, and
U={z€C : Re(z)>—-1/(20m)}.

For z € U, we define 7% = x;(1 + 26 (x;)) and d*,0%,d?, J* in (VIL3) with z in
place of i in (VIL.3). We also introduce a “stretched” differential operator A given

by

X 1 0 1 0 N 1 0 1 0
n dz(l'l) 0:)31 dz(l'l) 81’1 dz(l’g) 81’2 dz(l'g) 01'2 )
Finally, we define a complexified distance between * = (Z7, Z5) and §* = (975, 93)

by

7= V(@ - g+ (35— 5)
The properties of 7* are presented in the following lemmas. In case of z = i, we will

use  and 7 without z dependency.

Lemma VIIL.2. For z € U there exists € > 0 such that for x # v,
—m+¢e <arg((7f — 97)° + (75 - 53)°) <7 —e

The constant € appearing above depends on |Im(z)| and hence holds uniformly on
subsets

Us={2€U : [Im(z)| < f},
i.e., € =¢(B) on Us.

Proof. We first consider the case of Im(z) > 0. Let z # y. By the mean value

theorem,

z;0(x;) — y;0(y;) = o(&) (x5 — ;)
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for some &; between z; and y; and hence

Re(Z; — ;) = (1 + Re(2)a (&) (x; — ),
(VILS)
Im(Z; — ;) = Im(2)o (&) (75 — ;).
Since Re(z) > —1/(20),

(1+Re(2)o(¢;)) > 1/2 (VIL.9)
and so for ; —y; > 0

1 Im(2)a(E;)

1+ Re(2)o (&) <tan" (20yIm(z)) <

0 < arg(Z; — g;) = tan~ —¢/2 (VIL10)

o

for some € > 0. Therefore, it follows immediately that
0 < arg((z; —g;)%) <7 —e.

It also holds for the case of Z; — ¢; < 0.
Now the sector Sy ,—. = {n € C :0 < arg(n) <m— ¢} is closed under addition
so it follows that
0 < arg((#1 — 51)* + (T2 — 52)*) < 7 —e.
When Im(z) < 0, the argument is the same except both terms end up in the sector

S—7r+a,0~

O

The following lemma shows that || is equivalent to the Euclidean distance be-

tween x and y.

Lemma VIL.3. For z € U and x,y € R?, there exist positive constants C; and C

depending on z such that

Cilz —y| < |77 < Cylz —y|. (VIL.11)
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Moreover, the constants C; = Ci(a) and Cy = Cy(a) can be chosen independent of

z € U provided that |z| < a.

Proof. The upper inequality is immediate from (VIL.8) as |1 + zo(&;)| is uniformly
bounded when z is uniformly bounded, |z| < a.
For the lower, we again consider the case of Im(z) > 0 and the other case is
verified in the same way. We observe that
P = 1@ = 30)” + (@2~ 32)°[
= |21 = 9" + T2 = Gol* = 2171 — §1[*|Z2 — Gal* cos(m — 6),
where 6 is the positive angle between (7, — ;)% and (%3 — 92)? (See Figure 9). Since
the angle 6 is in [0, 7 —¢| (from the previous proof), there exists a constant C. = C.(«)
such that
—1<cos(mr—0) < C. < 1. (VIL.12)

Then by a Schwarz inequality

(712 > (31— " + |32 — Gol* = Cel|1 — " + 32 — 2] ")

(1= Co)(|31 — Ga|* + T2 — G2|")
(1-0C.)
25

v

(lzr =y l* + |21 — )

For the last inequality above, we used the arithmetic-geometric mean inequality,

(VIL.8) and (VIIL.9). This completes the proof of the lemma. O

Lemma VIL.4. There is a constant o« > 0 such that for y € [—a,a)? and ||z|| > D,
Im(7) > a|z|. (VIIL.13)

In addition, (VIL.13) holds also if y € [-m,m]?, ||z||ec = R > 2m and m > b.
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Fig. 9. 72 in the complex plane C

Proof. Let y be in [—a,a]® and ||z]|s > b. Assume without loss of generality that

21| = ||z||oe. Then

f2 = (xl — y1)2 — (0'0{171)2 —+ 2(1’1 — yl)O'(]LL’li

+ (29 — y2)? — (6(z2)T2)? + 2(T9 — Y2) 5 (wo)oi (VIL14)
=Ry + Lt + Ry + Iyi = Ry + I3i.

Now I; > 0 and Iy > 0 and there is a positive constant c¢; satisfying
2Re(F)Im(F) = Iy > I > e[|, (VIL15)

Moreover, the proof of Lemma VII.2 shows that the real part of 7 is non-negative,
and using Lemma VII.3

Re(7) < |7 < ea|z|so- (VIL.16)
An elementary calculation using (VII.15) and (VII.16) gives

C1

2\/502

For the second case, we start with (for j = 1,2)

|

- 1
I > — o] >
m(F) > 5ol >

Ty — gy = (r; —y;) + (6(x5)z; — 7 (yy)y;)i.
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Now,

aas)ey — ) = [ 7 o(s)ds = o(G)(; — ) (VIL17)

Yj

for some (; between x; and y;. Assume without loss of generality that |z1| = ||z .

We expand 7 analogous to (VIL.14), i.e.,
7 = Ry + Li+ Ry + Iyi = Ry + Lsi.

Now, (VII.17) and the fact that ¢ > 0 implies that I > 0. Moreover, the integral

representation of the difference in (VIL.17) implies that if z; > 2m, then

0o

3(1’1 — y1> > 0.

/ " o(s)ds > oo(a1 — b) >

Y1

Thus

20 o
I > ?0(1'1 —yl)2 > 30”1'”30

The same argument implies the above inequality when z; < 0. Thus, (VIL.15) and
(VIL.16) follow for this case as well, and the conclusion of the lemma immediately

follows as above. O

C. Fundamental solution to the Cartesian PML Helmholtz equation

In this section we will find the fundamental solution to the Cartesian PML Helmholtz
equation in R?. The fundamental solution to the Helmholtz equation in R? satisfying
the Sommerfeld radiation condition at infinity with & real and positive is ®(r) =

LH{(kr). We have

/RZ(_(Ay + E)u(y)®(|lz — y|) dy = u(z) for u € C°(R?). (VIIL.18)
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Here H] = Jy + 1Yy is the Hankel function of the first kind of zero order and J; and

Y, are the Bessel functions of the first and second kind, respectively. We have

and for z € C\ (—o0, 0]

Yo(2) = %Jo(z) In 2+ Wo(2)

for an entire function Wy(z) with lim, o Wy(2) = 2y/m, where v = 0.57721566 - - -

Euler’s constant (See, e.g., [45]). Thus

Hi(z) = %Jo(z) I+ B(2),
() =2 (Jg(z) I+ Jo(z)%) L E(2)

18

for an entire function F(z) with lim, ¢ E(z) = 1 + 2vi/x. It follows that there exist

Cy > 0 and r, > 0 such that

|@(2)] < Gyl Inz]],

| (2)]

]

o (VIL19)
< b

on B(0,7) \ ((—75,0] x 0). Here B(0,7,) C C is a ball of radius r;, centered at z = 0.

On the other hand, for large |z|, we have

o2
h%@»:(;;) eﬂ%ﬂ®<1+6)<

9 1/2
’ .
H(:)l (Z) = (E) €Z(z+ﬂ/4) (1 + O (

with arbitrary small € [1, 45].

) for anete)| < 7 -

ISR N

) for ane(e)] <7 -

(VIL.20)



86

Theorem VIL.5. Assume that z € U. Then ®*(z,y) = J*(y)®(#) satisfies

u(z) = /R 2(—(&; + E)u(y))®*(z, y) dy (VIL.21)

for all uw € C(R?). Moreover, for z € U with Im(z) > 0 and any compact set

K C R?, a)z(x, y) decays exponentially uniformly for x € K as |y| — oo.

To prove (VII.21), for u € C§°(R?) and x € R?, we define
Fe) = [ (G4 )8 )y = [ 70+ R)u)e) dy
and we shall show that F'(z) is analytic on U. This will be treated in the following
lemmas.
First, we need to justify that the integral in (VII.21) is well-defined. To this end,
fix z € R?, set P(y,2) = Jz(y)(ﬁz + kE*)u(y) and G(y,z) = P(y,2)®(7*). For any

2y € U there exists € > 0 such that B(zp,€) C U.

Lemma VIL6. Let zg, € and G(y, 2) be defined as above. Then, G(-, z) and £G(-, 2)
are integrable for each z € B(zy,€). In addition, there exists an integrable function

G(y) such that

0

5Gl.2)

< G(y) forall z € B(zy,€) and y # x. (VIL.22)

Proof. Note that ®(7*) is a continuous function of y except at y = x. By Lemma VII.3,
there exists 0 < s such that |[7*| < r}, for (y,2) € B(z,s) x B(zg,€). It follows from
(VIL.19) and Lemma VIL.3 that there exists a constant Cl;,, > 0 such that

@) < Gyl < Cungllnlz —yll,
(VIL.23)

Cb < Csing

@/,};Z <
TOLE RS oy

for (y,z) € B(x,s) x B(z,¢). Here B(x, s) denotes B(x, s) \ {x}.
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Moreover,

9 by, 2)| < Colaul)] + [Vuly)] + [u(y)]) for all yeRE (VIL24)

Py, 2, | -

with C, independent of z € B(z,€).

By (VIL.23)-(VIL.24), G(-, 2) is integrable on the neighborhood B(z,s) for all
z € B(zp,€). Its integrability outside of B(z,s) follows from (VII.24) and the fact
that u is compactly supported (since ®(7%) is bounded on supp(u) \ B(z, s)).

For the derivative

5609 = (§-P:2)) 8) + Ply.2) 5 2 -

>4

or

= (%P(y, z)) O(7%) + Py, z)q)'(fz)a.

Except for the derivative of 7* with respect to z, the functions in (VII.25) are esti-
mated as above.
For 07*/0z, we observe z;6(x;) — y,;6(y;) = 0(&;)(x; —y;) for &; between x; and

yj. Thus for z € B(zp, €),

o | 22m12(@ — §) (w0 (25) — y;0(y;))
0z | 7 ( )
VII.26
_ 'ijm(%' — yj)2~(1 +20(&5))o (&) < Cila—yl.
TZ
where we used Lemma VII.3.
Let h(y) be defined by
Cing for y € B(x, s),
hiy)={ lz—=vl

Clsup for y € R?\ B(xz,s),

where Cy,, is the supremum of |®(7%)| and |®'(7*)| for y € supp(u) \ B(z,s) and
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2 € B(zp,€). Since |In|x —y|| < 1/|x —y| for |z —y| < s < 1,
[©(7)], 19'(7F*)| < h(y) on supp(u).

Then applying (VIL.23), (VIL.24) and (VIL.26) to (VIL.25) gives

‘%G(y, 2)

< Go([Au)] + [Vuy)] + [uy) Dh(y) (1 + Crfz — yl)
and (VIL.22) follows. This completes the proof. O

Lemma VIL7. For u € C°(R?) and x € R?, F(2) defined as above is analytic on

U.

Proof. For zy € U choose € as in Lemma VIL.6. It suffices to show that the limit of
(F(z+4+ h) — F(2))/h as h — 0 exists for z € B(zg,€). This, in turn, will follow by
dominated convergence once we show that there exists an integrable function G (v)

such that

‘G(y, z+h)—G(y, 2)

- < G(y).

Then,

dZ R2 h—0 h

0
/R2 @G(y,Z) dy.

By applying the mean value theorem and the Cauchy-Riemann equations, it is

easy to show that for an analytic function w,

dw
|w(z1) — w(z2)| < 2|21 — 22| max 5(@21 + (1 —a)z)|.

a€e(0,1)

Thus, by (VIIL.22),

G(y,z+ h) — G(y, 2)
h

< 2G(y) for z € B(z,¢€),
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which completes the proof. O

Proof of Theorem VIL.5. First, we will prove (VII.21) for real z € U. In this case the
mapping y — ¢~ is a diffeomorphism of R? with the Jacobian J*(y) and 7 is |Z* — 37|,
[>norm of 7* — ¢* in R?. Let u € C§°(R?) and define v(g*) = u(y). By change of

variables and (VII.18),
FE) = [ P03+ () e(a - ) dy
= [ (@5 + )@ = i) i
= 0(7%) = u(x),
which means that F(z) is constant on U N R. Since F(z) is analytic on U by
Lemma VIL.7 and constant on U NR, F(z) must be constant. Therefore F'(z) = u(x)

forall z € U.

0

Remark VII.8. The formula (VIL.21) can be extended to u € H*(R?) with compact

support.

For each x € R?, the function ®(7%) (as a function of y) satisfies the Cartesian

PML Helmholtz equation as noted in the following lemma.

Lemma VIL.9. Assume that y # x in R?> and z € U. Then
(A + k)@ (i) = 0.
Proof. Let x,y, z be as above. We note that

F(z) = (A2 + B)D(7) = @ (7) + %@’(W) + E*®(77). (VIL.27)

As F(z) is analytic on U and vanishes for real z € U, F(z) vanishes identically. [
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CHAPTER VIII

THE SPECTRUM OF A CARTESIAN PML LAPLACE OPERATOR
In this chapter we study the spectrum of a Cartesian PML Laplace operator on an
unbounded domain. It is important to understand the structure of the spectrum of
the Cartesian PML Laplace operator because the solvability of the problem (VIL.5)
is intimately related to the spectrum of the operator.

The outline of this chapter is as follows. In Section A, we give some prelimi-
naries and state some tools for identifying the boundary of the essential spectrum of
operators from their behavior at infinity. In Section B, we study the spectrum of the
one dimensional PML operator. These results are used in Section C to identify the
essential spectrum of the operator —A defined on L?(R?) and subsequently that of L
on H~1(Qe).

A. Preliminary tools

We give some preliminary results and tools for the analysis of the spectrum of oper-

ators in this section.

Remark VIIL.1. We assumed that the PML function & is in C*(R). This will be
sufficient to guarantee that the unbounded operators discussed in the previous chapter

are well-defined and closed.

We next show that L is well-defined. Indeed, for v € HE(Q°),

|A(v, )| < CHloll e 9]l iy for all ¢ € Hg(2°).

iHere and in the remainder of the dissertation, C' denotes a generic positive
constant which may take on different values in different places often depending on
the spectral parameter (z or zp).
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As multiplication by a bounded C! function whose absolute value is bounded away

from zero gives an isomorphism of H}(Q¢) onto HE(€°), it follows that

|[A(v, (d(21)d(22)) 7 0)| < Cllvllmae) 6]l ey
so there is a unique f € H~'(Q) satisfying (VIL7) and L is well-defined. Moreover,
L)l 10y < Cllv]l e for all v e Hy(Q°). (VIIL1)

Examining the properties of 6(z), it follows that there are real numbers o > 0

and 0 < 0 < /2 satisfying

Re(d(z)/d(y)) > a and Re(e “d(x)d(y)) > a for all =,y € R.

This implies that for zg = —e™,

|A(u, u) — zo(d(xq)d(z)u, u)| > ozHqul(Qc) for all u € Hy(Q°). (VIIL.2)

This, and the discussion above, implies that given f € H~(Q°), there is a unique

u € H () satisfying
Au, @) — zo(d(z1)d(z2)u, @) =< f,d(x1)d(x2)p > forall ¢ € Hy(Q). (VIIL3)

Moreover,

lull 1 @ey < Cllflla-1q0)- (VIIL.4)

It is immediate that (L—zol)u = f and so 2 is in the the resolvent set p(L). This
implies that the operator L is closed, its resolvent set is non-empty and its spectrum
is well-defined.

Now, we define an extended operator (still denoted by L) defined for v € H*(R?)
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by Lv = f, where f € H-'(R?) is defined by
< f,d(z1)d(x2)p >= A(v,¢) forall ¢ € H'(R?). (VIIL5)

Clearly, d(x) is well-defined for all x € R and (VIIL.5) makes sense. For f € L?*(R?)
the duality pairing is the integral (-, -)ge.

The argument above shows that zy € p(z) for the extended operator and so Lis
closed, its resolvent set is non-empty, and its spectrum is well-defined.

To develop the same properties for —A as an operator on L?(R?) with domain
H?(R?), elliptic regularity comes into play. Specifically since ¢ is C?*(R), classical
arguments involving difference quotients (see, also, [13, 49]) can be used to show that
when f € L*(R?), the solution u of the extended version of (VIIIL.3) is in H*(R?) and
satisfies

Jull 22y < Cl fllL2e)- (VIIL6)

This means that « is in the domain of —A and satisfies

(—A — zpD)u = f,

ie., zg € p(—A). This immediately gives the desired results as above.
In this chapter, we describe the essential spectrum of Lon H ~1(Q°) by studying
the spectrum of —A on L2(R2) and L on H *(R2). As a first step, we have the

following theorem.

Theorem VIIL.2. The spectrum of L as an unbounded operator on H~'(R2) (with
domain H'(R?)) is the same as the spectrum of —A on L2(R?) (with domain H2(R?)).

Before proving the theorem, we observe the following lemma.

Lemma VIIL.3. The point z is in p(L) (as an operator on H Y(R?)) if and only if
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the following two inf-sup conditions hold: For all u in H*(R?),

A (u,
ser (&) |]lm @2
and
A.(o,

sem @) |0l mre)’

where A,(-,-) = A(+,-) — z(d(z1)d(x2)-, - )ge.

Proof. The inf-sup conditions immediately imply that the map L—zI:H HR?) —
H~'(R?) is an isomorphism. This means that if the inf-sup conditions hold for z,
then z is in the resolvent set p(L).

We already know from (VIII.2) that the inf-sup conditions hold for zy. It suffices
to prove the first inf-sup condition as the second follows from it since the coefficients
of A,(+,-) are complex symmetric (but not Hermitian).

Suppose that z is in p(L). To prove (VIIL.7), let u be in C§°(R?) and v € H'(R?)

be the unique function satisfying (cf., (VIIIL.2))
A (v,0) = A.(u,¢) forall ¢ € H(R?).
Setting up = u — v, a simple computation gives
A, (ug, d) = (2 — z)(d(x1)d(z2)v, ¢)ge for all ¢ € H'(R?)

(L — zI)ug = (z — z)v. (VIIL9)

Since z € p(L),
|uol| r-1m2) < Cl|v]|g-1(r2).- (VIIL.10)
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Also,
Az (1o, ¢) = (2 — 20)(d(21)d(22)[v + o], @)re for all ¢ € H'(R?)
and hence by (VIIL.4) and (VIII.10)
ol i rey < Cllvlla-1(r2).-
Thus, using (VIIL.2) gives

ull ey < ||l @2y + [[uoll a1 @2y < Cllv]l g @2

A, (v, A (u,
T RPN RO |

peri(r2) |0l m®2) per(®2) [0l m ®2)
This proves (VIII.7) and completes the proof of the lemma. a

Remark VIIL4. The lemma holds for L defined on H ~1(Q°) with the inf-sup con-

ditions involving the supremum over H}(2¢). The proof is identical.

Corollary VIIL5. If z in p(—A) (as an operator on L2(R2)), then (VIILT) and

(VIIL.8) hold for z and hence z € p(L) on H™'(R?).

Proof. The proof that z € p(—A) implies (VIIL.7) and (VIII.8) is essentially identical

to that of the lemma except that (VIII.10) is replaced by
[uoll 22y < Cflv]|22re).- (VIIL11)

0

Remark VIIL.6. Let Qs denote the square domain [—6,d]?> with § > b. We fix
2 € p(=A) (as an operator on L2(R?)). For the analysis of the truncated PML
problem in Chapter IX, we shall require that the inf-sup conditions of Lemma VIII.3
still hold with H'(R?) replaced by H{ () uniformly for § > §y = dy(z). Examining

the proof of the above lemma, we see that for this to hold it suffices to show that
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for § > o, z € p(As) (as an operator on L2(Qs) with domain H2(Qs) N HE(€s)) and

there is a constant C' depending only on dy and z satisfying
1(=As — 2I) 7Y 20, < C (VIIL.12)

for all 6 > dy. The existence of §y and C will be verified in the proof of Theo-
rem VIII.22.

Proof of Theorem VIIL2. That p(—A) is contained in p(L) is given by the above
corollary. The other direction, p(L) C p(—A), follows from Lemma VIIL3, the two
inf-sup conditions and elliptic regularity (the argument is identical that used earlier

in this section to show zy € p(—A)). O

To connect the spectrum of the extended operators to that of Lon H ~1(Q°), we
require the concepts of local compactness of operators, the Weyl spectrum and the

Zhislin spectrum. Let U be Q¢ or R™ for m = 1, 2.

Definition VIIL.7. For B C U, let xp denote the characteristic function on B. If a
closed operator T with p(T') # 0 satisfies the condition that xz(T — AI)~! is compact
for any bounded open set B C U and for some X\ € p(T') (and so any A € p(T")), then

T is called locally compact.

Definition VIIL.8. Let T be a closed operator on a Hilbert space H. A Weyl
sequence {u,} for T and A € C is a sequence such that ||u,|x = 1, u, — 0 weakly
and ||(T"— Al )uy||l7x — 0. The set of all A such that a Weyl sequence exists for 7" and

A is called the Weyl spectrum W (T') of T

The Weyl spectrum W(T') of a closed operator T' is related to the essential

spectrum o.45(71") of T as follows.
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Theorem VIIL.9. /23, Theorem 3.1] Let T' be a closed operator on a Hilbert space
H with p(T) # 0. Then W(T) C 0.ss(T) and the boundary of o.ss(T) is contained
in W(T). Finally, W(T) = 0ess(T) if and only if each connected component of the

complement of W(T) contains a point of p(T).

Definition VIIIL.10. Let T be a closed operator on H = H Y(U) or L?*(R™) for
m =1,2. A Zhislin sequence u, for T and A € C is a sequence such that ||u,| =1,
supp(u,) N K = () for each compact set K C U and for all n large, and such that
(T — M )uy||¢ — 0 as n — oo. The set of all A such that a Zhislin sequence exists

for T and A is called the Zhislin spectrum Z(T') of T.

Since every Zhislin sequence converges to zero weakly, it is obvious that Z(T') C
W (T). In general, these two sets are not necessarily equal but sometimes they coincide

as shown in the following theorems.

Theorem VIII.11. Let T be a locally compact, closed operator on L*(R™) such that
p(T) # 0 and C3°(R™) is a core. Let x € C3°(R™) be such that x|po, = 1 for
some r > 0, where B(0,r) is a ball centered at the origin and of radius r. We define
Xn(x) = x(z/n). Suppose that there exists €(n) such that £(n) — 0 as n — oo, and
that for all u € C5°(R™)

1T Xl 2gemy < ()1 Tl am) + lul 2gemy). (VIIL13)

Here [T, xy] is the commutator of T and xn: [T, xnJu = T(xau) — xnTu for u €
C*(R™). Then Z(T) = W(T).

This result for operators on L*(R™) is given in [23, Theorem 3.2]. We note that
Cee () is still a core of L on H*(Q¢) and we have a similar theorem. Its proof is

essentially the same as that of Theorem VIII.11 in [23].



97

Theorem VIIL.12. Let T be a locally compact, closed operator on H~Y(U) with
domain HY(U) such that p(T) # 0. Let x, be as in the previous theorem. Suppose

that there exists e(n) such that e(n) — 0 as n — oo, and that for all u € H}(U)

T X1y < ) (1Tl -1y + lla-10): (VIIL14)

Then Z(T) = W(T).

B. Spectrum of the one dimensional PML operator on L*(R)

In this section, we consider the spectrum of the one dimensional stretched operator

on L?*(R) with domain H?(R) defined b
y

D= _d(lx)% (d(lx)%) ‘

A weak form corresponding to Du = f for f € L*(R) is given by: find u € H'(R)

satisfying
a(u,v) = (d(z)f,v)r forall v e H'(R),

where

a(u,v) = (ﬁu’,v’) for all u,v € H'(R).
R

The arguments showing that D is well-defined as an operator on L*(R) with domain

H2(R) are identical to those given in Section 2 for —A. In fact, z is in p(D).

Additional properties are given in the following lemma.
Lemma VIIL13. The operator D on L2(R) is locally compact and satisfies (VII1.13).

Proof. The local compactness of D immediately follows from the compact embedding

of H?(B) as a subset of L?(B) for bounded B (we take A = 2z € p(D)).
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It remains to show that D satisfies (VIIL.13). As in Section 2, for u € C°(R),
o3y < @~ Re(d(x) "o/, u')z = o~ Re(Bu, d(z)u)z.

Thus,

Expanding [15, XnJu and noting that all terms cancel except those involving differen-

tiation of y,, gives

D, Xalull 2wy < Cllxnullzze + Xt 2w + [IXnullzzm)-

Since || x5 ]loos IX0 ]l < C/n for large n, by (VIIL.15),

C
(1wl 2wy + 1wl L2w))

|| [Da Xn]u||L2(R) < g
¢
n

< —([|IDull 2@y + llullz2w)),

which completes the proof. O

Proposition VIII.14. Let D be as above. Then

0(D) = 0ess(D) = {z € C : arg(z) = —2arg(l +iop)}.

Proof. Let S = —(1 + i0y)20%/92* be defined on L*(R) with domain H?*(R). Note
that S coincides with D for z ¢ [—b,b]. Lemma VIIL.13 holds for S so

W(S) = Z(S) = Z(D) = W(D) (VIIL16)
by Theorem VIII.11. Moreover,
0(8) = 0ess(S) = {2 € C : arg(z) = —2arg(l + i0g)} = W(9), (VIIL.17)

where the last equality followed from Theorem VIIL.9. Applying Theorem VIIL9 to
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D and using (VIIL.16) shows that o, (D) is also given by (VIIL17).
To complete the proof, we will show that the discrete spectrum of D is empty.
Indeed, if X is in the discrete spectrum of D, then there is an eigenvector u € H2(R)

such that Du = Au. It is easy to see that
u(z) = Clei\/Xx(Hz’&(x)) + C2€—i\/X:c(1+i&(:c))' (VIIL18)

For x ¢ [—b,b),

u(z) = OtV Ae(+ion) | oy o=V Aa(1+io0)

Examining this expression, it is clear that the only way that u can be in L?(R) is

that C7 = Cy =0, i.e., u = 0. This completes the proof of the lemma. O

C. The spectrum of L on H~1(€))

We prove the main theorem concerning the essential spectrum of Lon H ~1(Q°) in this
section. We start by examining the spectrum of —A on L?(R?). We first consider the
tensor product operator associated with components coming from the one dimensional
operator 15, specifically

T=DoIl+1®D. (VIII.19)

This operator is defined on L*(R) ® L*(R) = L*(R?) with domain H*(R) ® H*(R).
We note that H%(R) ® H2(R) is dense in H2(R?) and that 7 coincides with —A on
H2(R) ® H%(R). This means that —A is the closure of 7.

To characterize the spectrum of —E, we introduce the following theorem on

tensor product operators.

Theorem VIIIL.15. [48, Theorem XII1.35] Let A and B be the generators of bounded
holomorphic semigroups on a Hilbert space H. Let dom(A) and dom(B) be the do-

mains of A and B in H, respectively. If C is the closure of the operator AQI+1®B
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defined on dom(A)®@dom(B), then C generates a bounded holomorphic semigroup and
o(C) =0o(A) +a(B).

The next theorem provides a criterion for an operator to be a generator of a

holomorphic semigroup. First, the following definition is required.

Definition VIII.16. Let T be a closed operator on a Hilbert space H. T is called
m-sectorial with a vertex at z = 0 and a semi-angle 6 € [0,7/2) if the numerical
range of T, N(T) = {(Tu,u) € C : u € dom(T) with ||u|ly = 1}, is contained in a
sector S5 = {2 € C : |arg(z)| <6} and (C\ S5) N p(T) # 0.

Theorem VIII.17. [/1, IX Theorem 1.24] Let T be an m-sectorial operator on a

Hilbert space H. Then T generates a bounded holomorphic semigroup.

Lemma VIII.18. There exist a real and positive constant 3 and a complex constant

n such that T = 7715 + A1 is m-sectorial.

Proof. The spectrum of T is a line from [ to infinity and hence (C\ S5) N p(T) # 0
for any 0 € [0,7/2).

Let n = 1+ioy, where oy = maxyer{o(t)}. It suffices to show that for a positive
3, there exists a positive constant C' such that Re(Tu,u)g > C|Im(Tu,u)g| for all
u € H*(R) with ||ul|z2@) = 1 since this implies that the numerical range N (T') of T
is contained in the sector S5 with a vertex at z = 0 and a semi-angle 6 = tan~'(1/C).

Now, for v € Cg°(R) with |lul/z2m®) =1

_ U 3 1 0_u - 2

B n |Ou 2 d n 1 /8u7d 9
= R—d(l’)2 % x + Rm m a—xu l"“ﬁHuHLz(R)

(VIII.20)
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Note that there exist positive constants ¢; and ¢y such that

() [t ()

Using (VIII.21), applying the Schwarz inequality and the arithmetic-geometric mean

< . (VIIL.21)

inequality gives that for any positive =,

Co
Re(Tu, )z > c1||u'||72r) + BllullZom) — 5(vllu’||%z<m +1/79]ull72w))
(VIIIL.22)

= (c1 = ve2/2) 1| Loy + (B — c2/ (27)) [ullLoz).

Choosing v small enough and 3 large enough implies
Re(Tu, w)s > Crlul3 sy
On the other hand, it easily follows that
I (T'u, w)e| < Crllul|fn . (VIIL.23)

Combining these results and noting that C§°(R) is dense in H?(R) finishes the proof

of the lemma. O

Combining the above results gives the following theorem concerning the spec-
trum of —&, which we state for the more general PML formulation discussed in

Remark VII.1. Let

S={2€C : —2arg(l+ioy) <arg(z) < —2arg(l +ioy)}
when 019 < 099 and

S={ze€C : —2arg(l +ioy) < arg(z) < —2arg(l +ioy)}

when o9 > o99.
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Theorem VIIL19. The spectrum of —A on L2(R2) with domain H2(R?) is given by

0(—A) = 0.55(—A) =S (VIIL.24)
(see Figure 8.).

Proof. We first consider the case when 019 = 099 = 0. Since 7715 + (1 is m-sectorial,
it follows from Theorem VIII.17 that nYS + (1 generates a bounded holomorphic

semigroup. By Theorem VIII.15
o(—nA +281) = o(nD + BI) + o(nD + BI) = o(nD + 231).
Translating by —24 and multiplying by 1/n gives
o(=A) =o(D).

In the case when o1y # 9, 151, 52 are D defined with 01, 09, respectively for each

component. As above, we have

o(—A) = 0(Dy) + o(D,) = S.
This completes the proof of the theorem. O
We are now in a position to state and prove the main result of this chapter.

Theorem VIIL20. The essential spectrum of L on H=Y(Q¢) with domain HL(Q) is

contained in S.

Proof. The spectrum of —A on L%(R2) is the same as L on H'(R2) by Theo-
rem VIIL2. Clearly, both L on H'(R2?) and L on H'(Q) are locally compact.

To finish the proof of the theorem, it suffices to show that they satisfy (VIII.14).
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Indeed, in that case, we apply Theorem VIII.12 to conclude that

S 2 W(L)(on H™'(R%) = Z(L)(on H'(R?))

— Z(L)(on H~1(Q°)) = W(L)(on H1(Q)).

The theorem follows from Theorem VIIL9 since W (L)(on H~1(Q°)) contains the

boundary of 0. (L) (on H~(Q°)).
We verify (VIIL.14) in the case of H~1(Q°). The other case is essentially identical.

For x,, defined in Theorem VIII.12 and u € HZ(Q¢), a simple computation shows that
for ¢ € C°(Q°),

<L xalu, d(z1) d(22)9 > = Alxats, §) = Alu, Xud)
_ (d(z2) Oxn 09 d(x1) Oxn 00
N (d(l'1> 81’1 u’ 82[‘1) * (d(IQ) 81’2 u’ 82[‘2)

B (d(l’g)&X”% ¢) B (d(xl)ﬁxn% ¢)
d(l’l) 81’1 81’1’ d(l’g) 81’2 81’2’ )

Using the fact that the first derivatives of x, can be bounded by C/n gives
~ - - C
| < Ly Xalu, d(z1) d(22)¢ > | < —lull e |0] -
Now
lull ey < CIE = z0D)ull 10y < CUILul g-re) + lull r-rae)-  (VITL25)
Combining the above results shows that
- L C -~
| < L Xalu, d(z1) d(z2)d > | < —([Lull 100y + lull 100 )19l 11 0e)-

The desired result (VIII.14) follows as in the proof of (VIIL.1). This completes the

proof of the theorem. O
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R2 Rl RQ
Qs %571
R R
1 24 5n 1
|
2b
R2 R1 R2

Fig. 10. The reflection subdomains
Remark VIII.21. By cutting down functions of the form

fla,y) = e/ (+ioo)+y/(iow)]

with v and 3 positive, it is possible to show that
V(1 +i010)* + B%/(1 +iow)? € Z(L).
As any point of S can be obtained this way, oess(L) (on H™'(€)) equals S.

The following result provides uniform inf-sup conditions for the truncated prob-

lem.

Theorem VIIL.22. Let z be in p(—A). Then there is a 8y such that for all § > &

and u in HE(Qs),

AZ U,Qb
lillgp < C sup 12O (VIIL26)

and

A.(d,u
lullgay < C sup 2@ (VIIL27)
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Proof. Let z be in p(—ﬁ). As observed in Remark VIIL.6, it suffices to verify
(VIIL.12). If the constants in (VIII.12) are not uniformly bounded as § goes to

infinity, then there is a sequence {(d,,u,)} satisfying

u, € H*(Qs,) N Hy (82s,), dp — 00 asn — 0o,

_ 1
I(=A = 2Dunllz@) <~ Hlenllzzes,) = 1.

We assume that 9,, > 20. We next extend wu,, to €135, /2 by odd reflection. Specifi-
cally, we define the extended function u,, by first doing an odd reflection across 025,
into the regions labeled R; in Figure 10. Next, we do another odd reflection (across
the boundary between R; and Ry) from the regions labeled R; into those labeled Rs.
The values obtained in a R, region are independent of the choice of component of R;
used in the reflection. It is easy to see that the resulting function ,, is in H?({s5, /2)

Moreover, (—A — 21, () for any & € Q35,2 \ s, coincides with +(—=A — 21 )u,(x)

where x is the point in {25, which reflects into . Accordingly,

(=4 = 20)iy |2

S|

) < 2(=A = zDunll2(05,) <

(35, /2

Let x be a smooth function on R? with values in [0, 1] satisfying x(z) = 1 on
[—1,1]% and x(x) = 0 outside of (—3/2,3/2)% Define x"(z) = x(x/d,). We shall
show that

. (VIIL.28)

- C
113, X120, < —

Note that if (VIII.28) holds, then w,, = X, 4, is in H*(R) and satisfies:

lwnll2@) 2 llunllz2,,) =1

and

I(=A = 2D)wn| 2@y < A, X Vil L2245, )

3Q

+ HX"(—A - Zf)anHH(Q&sn/z) <
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This contradicts the fact that z € p(—A) (—A as an operator on L?(R?)).
To verify (VIIL.28), we first note that by (VIIIL.2),

[unllrey,) < Clllunllze,,) + [Alun, u)l)-
Now, u, is in H?(s,) N Hi(Qs,) and integration by parts gives
Aty up)| = (= Ay, d(x1) d(w2)un)o,, < CllAun|r20,,) ltnll 20, )
from which it follows that
ltnll i @s,) < Cllunlliz@s,) + (=4 = 2Dunl|2(0;,))-
Because of the reflection construction, this inequality extends to
[t 171 (25, 12) < 2C (1tinllz2(25,) + (=2 = 2D 22(0,)) < C- (VIIL.29)

Expanding [&, X"| gives

e ) . 1,
Bt = g () + s

1 (VIIL.30)

d(y) dy d(y)XZﬁ) F
We note that d~!(z) and d'(z) are uniformly bounded and ||x2|| Lo ®2), || X2e| 1o ®2):
Xy llz@2y and [[x}, ||z ®2) are all bounded by C/n. Thus (VIIL.28) follows from
integrating (VIIL.30), using the above estimates, (VII[.29) and the triangle inequality.

This completes the proof of the theorem. O
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CHAPTER IX

CARTESIAN PML APPROXIMATION TO ACOUSTIC SCATTERING
PROBLEMS
In this chapter we study the solvability of a Cartesian PML approximation to acous-
tic problems on infinite and truncated domains in R%. We first show uniqueness
of solutions to the infinite domain problem using the Green’s integral formula of
Chapter VII. Once uniqueness of solutions is established, the spectral structure of
the Cartesian PML operator given in Chapter VIII will be used to show the well-
posedness of the infinite domain problem. We also show that truncated problems are
well-posed provided that computational domains are large enough and their solutions
converge exponentially to that of the infinite domain problem as the thickness of
PML increases. Analysis of finite element approximations on the truncated domains
is then classical. Numerical experiments illustrating the results of the Cartesian PML

approach will be given.

A. Solvability of the PML problem in the infinite domain

From this section on, we take z = 7 and z-dependency in notations will be omitted
for simplicity. Also, C' and « represent generic constants which do not depend on §.

We first derive an integral formula of solutions to (A + k2)u = 0 on .

Theorem IX.1. Assume that u € H'() satisfies (A + k2)u =0 on Q°. Then, for
HARS R2 \ Qo,

B oD() _ Ou
u(x) = /FO {u(y) on, —q)(r)ﬁ—n(y) ds,, (IX.1)

where n is the outward unit normal vector on I'y.

Proof. We verify the theorem for z € [—m,m|* with m > b. Let Qg be a square
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domain (—R, R)? with R > 2m and D'y its boundary. Let D = Qg \ Q. Since u is
in H?

loc

(), u is in H? on a neighborhood D of D. Using a cutoff function, which is
one on D and supported on 5, we can define a compactly supported extension @ in
H?(R?) of u defined on D. For x € D it follows from Theorem VII.5 and Remark VII.8

that

~u(e) = [ (By+ BBl 9) dy
= [ @+ )@y + [ (B, BB dy

By integration by parts and Lemma VII.9
u(x) = —/ [@(F)n'HVu(y) — u(y)n' HV®(F)] dS,
To
+/ [@(F)n' HVu(y) — u(y)n' HV®(F)] dS,,
Tr

where n is the outward unit normal vector on the boundaries of 2y and Qp.
Since |d(y;)| for j = 1,2 is bounded above and below away from zero, by a

Schwarz inequality

I =

/ [@(F)n' HV u(y) — u(y)n' HVS()] dS,
I'r
< O (oM 20m VUl L20g) + el L20p) VR |20z ) -

Set S, = {z € R? : dist(x,T'g) < v} with v independent of R and small enough so

that S, C Q§. Using a trace inequality and an interior regularity result,

[ullz2rgp) < Cllullmige)  and
: (IX.2)

IVullr2@g) < Cllulluzs,) < Cllullm ).
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It follows from (VII.20) and Lemma VII.4 that
|B(7)| < Ce ™ m) < Cemaklyl, (IX.3)
This implies

1/2 1/2
( / | (7)|? dSy) <C ( / e 20kR dSy) < Cem ™kl (IX.4)
I'r Tr

for some 0 < oy < . To estimate the derivatives of ®(7), using Lemma VIIL.3,

(VIL.20) and the above lemma, we see that

‘ 00 (7)
y;

v/(7) - gj)f_dwj))' <C(F) < Cet (IX5)

7

A simple computation as in (IX.4) shows that
IVO(F) || p2(ry) < Ce™FE (IX.6)
for some positive ;. Combining (IX.2), (IX.4), and (IX.6) gives
I < Ce " B \ul| g rey.

Since I converges to zero as R tends towards infinity, there is no contribution of
the outer boundary I'g. Finally, we obtain (IX.1) since H is the identity on I'y.
U

The following proposition shows the uniqueness of solutions to the Cartesian

PML problem in the infinite domain (VIL5).

Proposition IX.2. The Cartesian PML problem (VIL.5) with f = 0 has only a trivial

solution in H}(Q°).

Proof. Let @ be a solution to (VIL5) with f = 0 in H}(Q°). By Theorem IX.1, @ can
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be expressed in the integral formula

o) - [ {a@)a@(“—@(f@(y) ds, (1X.7)

on,

for x € R?\ Q.
Define
u(x) for €\ Q,
u(z) = 09| O
_ —y i ~
[ 0™ oo - 0G| s, for w0
Y
’ (IX.8)
Note that the transition at (g is smooth since ®(|x — y|) coincides with ®(7) near

Q. It follows that u satisfies (VIL.1) with ¢ = 0. As (VII.1) has unique solutions, u

and, hence, u must vanish identically. O

We combine the sesquilinear forms in (VIL.5) and define
Apa () = A(-, ) — K2(J -, -).

We then have the following lemma which provides stability of the PML problem on

Qe.

Lemma IX.3. For any real k # 0, the following two inf-sup conditions hold: For u
in H(Q°),

Az (u, ¢
ul| r1gey £ € sup. M
oeri(@e) 10llm @0

)

and

|Ak2(¢au)|
|l grgey < C sup .
oeri(@e) 10l @e

Proof. Tt follows from Lemma VIII.3 and Theorem VIII.20, that for any real k # 0,

either the above two inf-sup conditions hold or there is an eigenvector corresponding
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to k2, i.e., a non-zero function w € HZ(Q°) satisfying
Az (w,¢) =0 for all ¢ € Hy(Q°).
The lemma follows since Proposition 1X.2 prohibits such a w. O

We have now the first main result of solvability of the infinite domain problem

(VIL5).

Theorem IX.4. Let k be real and positive, and g € HY*(T'). Then there exists a

unique solution i € H*(Q) to the problem
A2 (i, 0) =0 for all ¢ € Hy(Q) (IX.9)

with @ = g satisfying ||i| g1qey < Cllgllgrzey- In addition, the solution @ decays
exponentially, i.e., there exist C > 0 and a > 0 independent of x and d such that for

|z]|o > b and § > b,

ae)] < Ce gl gy and allgzyy < Ce®lglmne.  (1X10)

Proof. The solvability of (IX.9) easily follows from Lemma IX.3 and we conclude that

the problem (IX.9) has a unique weak solution @ € H*(Q°) satisfying

]| 1 ey < Cllgll iz qry-

Because of interior regularity estimates, @ is in H?((—3b/2,3b/2)? \ [—b, b]?) and
hence it suffices to prove (IX.10) for ||z|/s > 3b/2 and 6 > 3b/2. This will follow from
the integral formula (IX.1), Lemma VII.4, and exponential decay of the fundamental

solution (IX.3) and (IX.5). Indeed, by a Schwarz inequality and an interior regularity
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as in (IX.2)

[a(x)[* =

i) 22D _ 52 45|
[ i) - )5 as, )

< C€_2ak‘x‘(||ﬂ||2m(r0) + ||Vﬂ||%2(ro)) < Ce_zak‘x‘||ﬂ||ip(s‘zc)-

For v = b/8 let S, be a y-neighborhood of I's and set ' = b/4. Clearly S, C S, and
both are contained in the complement of [—b,b]%. Applying an interior regularity on

S, C S, and integrating (IX.11) over S, gives

[@ll e,y < Cllallmzes,) < Cllafls,)

< 8¢ il s < Cem il e

The factor of § is absorbed by choosing a slightly smaller oy < a.

Remark IX.5. Theorem IX.4 holds for the adjoint problem as well.

B. Solvability of the truncated Cartesian PML problem

Our goal is to study the truncated Cartesian PML problem on Qs \ Q. The analysis
involves an iteration involving the solution of the exterior problem (on Q°¢) and a full
truncated problem (on Qs = (—4,9)?).
We start by considering the full truncated variational problem: Find u € H} ()
satisfying
ar2(u,0) =< F,0 > for all 6 € H) (). (IX.12)

Here F is a bounded linear functional on HJ(£2s), < -, > denotes the duality pairing

and

B d(zz) Ou 0v d(z1) Ou 9o, _
B (U,U) N /Qa [d(ml) 825‘1 825‘1 * d(l’g) 81’2 81’2 g J(x)uv dr.

It was shown in Chapter VIII that there is a positive constant &y (cf. Re-
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mark VIIL.6 and Theorem VIII.22) such that the solution of (IX.12) exists and is
unique provided that 0 > dy. Moreover, there is a constant C' independent of
satisfying

lull 2 0s) < CNE sy

These results hold for the adjoint problem as well. The following proposition is an

immediate consequence.
Proposition IX.6. Let g be in H/*(T's) with § > &. Then the problem

ar2(u, ¢) =0 for all ¢ € Hy(Qy) (IX.13)
with uw = g on I's has a unique solution satisfying

[ull @) < Cllgllmey)- (IX.14)

The same result holds for the adjoint solution, i.e., (IX.13) replaced by

a2 (¢, u) =0 for all ¢ € Hy(Qys).
Here C' is independent of 9.

The next proposition provides an inf-sup condition for the truncated PML prob-

lem (on Qs \ Q).
Proposition IX.7. There is a constant &y and C = C(SO) such that if § > 0o,

‘CL[@(U,(?)‘
|ull g <C sup

for all w e Hi(Qs\ Q). (IX.15)
oeri(©,\Q) 10l 51 @50

In the above inequality, we have extended u and ¢ by zero to all of Qs (in az(u, @) ).

Proof. Let u be in H}(25\ Q). To prove (IX.15), we construct a solution ¢ € Hg (s \
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) of the adjoint equation
a2 (‘9, ¢) = (97U>H1(95\Q) for all 0 € HOI(Q(; \ Q)

satisfying
19l 00 < Cllull proa)-
The proposition then follows since

ar2\U, ap2\U,

Nullgopo 191l 5 0500

To construct ¢, we start by letting ¢ € HZ(Q¢) solve the exterior problem
Aj2(0,0) = (0,u) gy Tor all 6 € Hy(QF),
where we extend u by zero outside of €25 \ Q. By Lemma IX.3, gz~5 is well-defined and

160110y < Clluellarr ey
Thus, we need only to construct a function y satisfying:
X=¢ on Iy and x=0 on T,
ar2(0,x) =0 forall § € Hy(Qs\Q), (IX.16)
X[l 5 @5\0) < Cllull g @,a)-

Indeed, then ¢ = ¢~> — x has the desired properties.
We construct y by iteration on I's. To start, we set yo = gz; on I's. Clearly,
Xo € HY?(Ts). We set up a sequence {x;} C HY?(s) by induction. Given y;, we

first define wjl- € H'(Qs) for § > dy in Proposition IX.6 to be the unique solution of

a2(0,wj) =0 for all 0 € Hy(y)
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with w} = x; on T's. Next we define w} € H'(Q¢) by
Apz(0,w?) =0 for all § € Hy(2)

and wf- = wjl» on I'. We finally set x,4+1 = wjz» on ['s.

Now, by Proposition IX.6 and Theorem 1X.4,

lwill o) < Clxllmem,

and

Il avasy = W e,y < Cem ™ lwjll g
J Ts) J Ts) J ) (IX.17)

< Ce *™||y; | £172(rs)-

We set &y by v = Ce=* < 1 for C' in (IX.17) so that

Xl 72 mg) < 7 Ixoll ez y)-

Because of this, the telescoping sequence

o0

Xo =Y _(Xj = Xj+1)
=0
converges in H'/?(I's) and the corresponding sequence
Z(wjl —w?) (IX.18)
=0

j
converges in H'(€5 \ ). By construction, the limit (which we denote by x) equals
¢ on T's. By the definitions of w! and w?, it is also clear that each term in (IX.18)

vanishes on I' and satisfies the homogeneous equation

a2(0,wj —wi) =0 forall §€ Hy(Qs\ Q)

J

and so these properties hold for x as well. Finally, by Theorem 1X.4 and Proposi-
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tion IX.6

x|l 0) < Z Jw; — w}|| 0,0
=0

< CZ HXjHHl/Q(F(;) < C||X0||H1/2(F5) < CHuHHl(Qg\Q)-
j=0

Thus, x satisfies all of the conditions of (IX.16) and the proof is completed. O

Remark IX.8. The inf-sup condition for the adjoint problem follows immediately

from (IX.15) and the fact that the coefficients in the forms are symmetric.

The following theorem shows exponential convergence of solutions of the trun-

cated problems.

Theorem IX.9. For § > &y, there exists a unique solution i, € H'(Qs \ Q) to the
problem

A2 (i, ¢) =0 for all ¢ € Hy(Qs\ Q) (IX.19)
with 4, = g on I and u; = 0 on s satisfying
el g0y < Cllgll gz (IX.20)

Here C' is independent of 6. In addition, if u is the solution to the infinite PML
problem (I1X.9), then

@ — @l on0) < Ce gl regry- (IX.21)

Proof. The existence and uniqueness of @; and (IX.20) are an immediate consequence
of Proposition IX.7 and Remark IX.8.
Note that @ — u; satisfies
A2 (T — Ty, ¢) = 0 for all ¢ € HY(Qs\ Q),

u—u =0 on I' and w—u; =u on [Y.
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Proposition IX.7 and Remark IX.8 then implies that

% — @] i1 o) < CllE[ vy

and (IX.21) follows from Theorem IX 4. O

C. Finite element analysis

In this section, we discuss properties of the finite element approximation of the so-
lution 4, of the variational problem (IX.19). As this analysis is standard, we only
give a brief sketch of the arguments. For simplicity, we assume that ' is polygonal
as the errors which result from the finite element method associated with boundary
approximation are well understood.

Let 7}, denote a partition of shape-regular triangular (or quadrilateral) meshes of
Qs \ Q, and h represents the diameters of elements, e.g., h = maxger, diam(K). Let
S, denote a subspace of H'(Qs \ Q) consisting of piecewise polynomial finite element
functions and 52 denote the subset of functions in S;, which vanish on I' U T's. We
assume that g is the trace of a function in our approximation space as the additional
errors associated with boundary quadrature in the finite element method are well
understood. Let S, be the set of functions in S), which coincide with g on I' and
vanish on I's. In this case, the finite element approximation to w; is the function in
iy, € S), satisfying

a2 (ip,0) =0 forall § € S).

The unique solvability of 4, is a consequence of an argument of Schatz [50].
Since the real parts of the elements of H are uniformly bounded from below by a
positive constant and J is bounded, the sesquilinear form az (-, -) satisfies a Garding

inequality.
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Given g € L2(Q5\ Q), let ¢ € HL (25 \ Q) be the solution to the adjoint problem:
ap2(0,0) = (0,g) forall §c H(Qs\ Q).

As the coefficients defining & are C?, the elliptic regularity for the adjoint problem is
determined by its behavior near T, i.e., ¢ € H*5(Q; \ Q) for some s > 1/2.
Under these conditions, the technique of [50] (see, also, [51]) gives that there is
a positive number hg such that for h < hg, @, is uniquely defined and satisfies
|t — tn |l g0 < C inf ld; — dnll gro,0)-
$rESh
Remark IX.10. In contrast to earlier sections, the analysis suggested in this section

leads to constants (i.e., hg and C' above) which may depend on §.

D. Numerical experiments

As a numerical example, we consider a scattering problem (VII.1) with a square
scatterer 2 = (—1,1)? in R? with the wave number k = 2. The boundary condition
is given by g = e H{(kr) on ', where (r,6) is the polar coordinate of z. Clearly,
u(z) = e Hl(kr) satisfies (VIL1).

A Cartesian PML with the parameters
a:3,b:4,00:1

is applied to (VII.1) and we will observe that finite element PML solutions converges
to the exact one on the region of computational interest [—3,3]?\ [—1, 1]?. For numer-
ical computation, the infinite domain is truncated to a finite domain [—5, 5>\ [—1, 1]
with § = 5.

The numerical results obtained using the finite element library deal.Il [6, 7] are



(b) Real part of the finite ele-
ment PML solution

(c) Imaginary part of the ex- (d) Imaginary part of the fi-
act solution nite element PML solution

Fig. 11. Exact solution and its finite element PML approximation
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Table 2. Convergence of the real part of the finite element PML approximate solutions

0.00
-0.10 "
-0.204

-0.30"

-0.40

h | # dofs real H'-error real L2-error

1 240 || 1.678e+00 | ratio | 5.621e-01 | ratio
1/2 864 || 9.791e-01 | 1.71 | 2.955e-01 | 1.90
1/4 3264 || 5.642e-01 | 1.74 | 1.949e-01 | 1.90
1/8 12672 || 2.104e-01 | 2.68 | 3.957e-02 | 4.93
1/16 | 49920 || 9.913e-02 | 2.12 | 1.042e-02 | 3.80
1/32 | 198144 || 4.866e-02 | 2.04 | 2.646e-03 | 3.94
1/64 | 789504 || 2.421e-02 | 2.01 | 6.643e-04 | 3.98

1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0
Distance from the point (-5,2)

(a) Real part at xo = 2

-0.10
;
;
-0.20 |

-0.30"

1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0
Distance from the point (-5,2)

(b) Imaginary part at xo = 2

Fig. 12. Graphs of real and imaginary parts of the exact solution (dashed curves) and

the finite element PML approximation (solid curves for h = 1/32) at xo = 2

as functions of x; in [—5, 5]
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given in Figure 11 and Table 2. As shown in Figure 11, the finite element PML
solution is very close to the exact solution in [—3,3]? \ [-1,1]?, and decays rapidly
outside. This is also illustrated in Figure 12. Figure 12 shows the graphs of the real
and imaginary parts of the exact solution and the finite element PML approximation
at x9 = 2 as functions of z; with —5 < z; <5.

To further illustrate convergence of the finite element PML solutions, the errors
between the interpolant of the exact solution u and finite element PML solution i,
are reported in Table 2 on the region [—3,3]*\ [—1,1]? for different h. Note that
the finite element PML solution w; approximates the truncated PML solution y,
which is not available analytically. The table suggests the first order convergence
in H'(Q5 \ Q) and second order convergence in L?()s \ ). This is not surprising
because the truncated solution i is exponentially close to w in [—3,3]? \ [~1,1] by

Theorem IX.7.
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CHAPTER X

CONCLUSIONS
We have studied a domain truncation method for an artificial boundary condition
based on perfectly matched layer (PML) approach. This technique was applied to
resonance problems in open systems and acoustic scattering problems.

In the first part of this dissertation, from Chapter II through Chapter VI, we
discussed application of spherical PML to resonance problems posed on unbounded
domains. We observed that application of PML converted the resonance problems
to an eigenvalue problem (on the infinite domain) and its eigenfunctions decayed ex-
ponentially. This exponential decay made it possible to truncate the infinite domain
eigenvalue problem to one on a finite domain with a convenient boundary condition,
e.g., a homogeneous Dirichlet boundary condition. We proved that the domain trun-
cation does not produce spurious eigenvalues provided that computational domains
are large enough. Moreover, the corresponding eigenvalues converge to those of the
infinite domain problem counted with their algebraic multiplicity as the size of com-
putational domains increases. The numerical experiments presented confirmed these
results.

In the second part, from Chapter VII through Chapter IX, we investigated a
Cartesian PML approximation to acoustic scattering problems. We examined the
essential spectrum of the Cartesian PML operator associated with the scattering
problem with a real and positive wave number and established uniqueness of solu-
tions. We verified the well-posedness of the Cartesian PML scattering problem on
the infinite domain and exponential decay of its solutions. These results played an
important role in the proof that truncated problems are well-posed provided that

the computational domain is large enough. Moreover, the solution to the truncated
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domain problem is exponentially close to that of the infinite domain problem on the

region of computational interest. The numerical experiments illustrated these results.
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