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ABSRACT

Much work has been done in the past for calculating the economic pipe
diameter for Newtonian fluids, but there has been very little done to date
for the case of non-Newtonian fluids; i.e.,a fluld whose viscosity is not
constant with increasing shear rate. Since so many fluids that occur
industrially do not behave as a Newtonian fluid, there is a great need
for a way to determine the optimum economic pipe diameter for these non-
ideal fluids. This paper presents a method of finding the economic pipe
diameter for Bingham plastics and pseudoplastics knowing all the flow
parameters except D. Figures V and VI on pages 17 and 20 are dimension-
less plots which show the economic Reynold's number as a function of two
variables which are independent of D. ¥ incorporates all the economic
variables and was calculated in this report to be equal to 0.11507
ft(p_l)SB/lbm, but,if desired, a new ¥ can be calculated from equation (13)

and still be used with the charts.

A preliminary part of the work involve deriving a simple empirical
equation for the friction factor of Bingham plastics. The equation that
was derived 1s presented on page 13, and the comparison with a friction

factor chart show in figure III on page 6.
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INTRODUCTION

With the costs of constructing and operating a pipeline constantly
increasing, it has become extremely important for an engineer to build
the pipeline at the most economic diameter. The costs associated with
pumping a fluid are directly related to the diameter of the pipe. As
the inside pipe diameter increases, the operating costs decrease due to
less friction loss. At the same time, however, the capital costs
increase due to more material, Especially when the pipeline is to
transport a fluid over a great distance, it is an engineer's design
strategy to determine the pipe diameter at which the total yearly costs
are minimized; i.e., the optimum economic pipe diameter (OEPD) (see

figure I,page 2).

While much has been done in the area of Newtonian fluids, very
little has been done in determining the OEPD for non-Newtonian fluids.
A non-Newtonian fluid may be simply described as one whose viscosity
does not remain constant with changing shear rate. In this study Bing-

ham plastics and pseudoplastics were investigated.

The objective of this research was to present a simple method of
determining the OEPD to use in pumping a Bingham plastic or pseudoplastic.

The final results are presented in the form of dimensionless plots.
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LITERATURE REVIEW

Much work has been done in developing methods of finding the OEPD
for Newtonian fluids. Peters and Timmerhaus present empirical equa-
tions to calculate the OEPD (see reference (6), pp. 380 - 381), while
Perry provides a nomograph for this purpose (see reference (5), p. 5-31).
These are only two examples of numerous efforts in this area. Not all
fluids used industrially, though, are Newtonian. In fact, most fluids
are probably non-Newtonian. Easy to use methods are not readily avail-

able to engineers for this broader case of fluids.

The first fluid to be considered is Bingham plastics. A Bingham
plastic is a fluid that will not flow until a certain critical shear
stress,‘t&, is applied (see figure IIb, page 4). Examples of Bingham
plastics are certain water suspensions of rock, sand, and grainy drilling
muds,; sewage sludge; and greases. The Reynold's number for Bingham
plastics is defined in terms of the plastic viscosity,??, rather than

the normal Viscosity,/4.

N e _ . m

Re 7[ D‘7] (1)

&

Another dimensionless variable used in describing the characteristic of
a Bingham plastic is the Hedstrom number, which is dependent on the
critical shear stress.
g D"
He %

i
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The friction factor for Bingham plastics is a function of N_ and

Re
NHe’ as shown in figure III, page 6 . The laminar region is described
by the implicit equation
L
N N
R Re 3fL NRe

The transition and turbulent region of the chart was determined by a

semi-empirical equation including a complicated integral (see reference
(3)). One objectivc of this research was to create a simple empirical
equation which would relate the friction factor to NRe and NHe' (Note:

There is evidence to support the assumption that the pipe roughness does

not affect the friction factor significantly for non-Newtonian fluids.)

For a pseudoplastic, the relationship between the shear stress and

shear rate is not linear, but generally can be related by the power law

equation.

T -k (%)n ()

where n ¢ 1.0 for a pseudoplastic. K and n are not easily determined
experimentally, but similar pair of rhealogical parameters, K' and n',
can be readily found from a series of capillary viscometer experiments.

The sets of variables are related by the fact that for most cases

n' o= n (5)



(from Hanks and Dadia, see referenc
Re

+ Friction factor for Bingham plastics.
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(from Skelland, Non-Newtonian Flow and Heat Transfer, p. 194)




Examples of pseudoplastics are many slurries, oils, and polymers.

The friction factor for pseudoplastics is generally determined in

terms of K' and n'. The generalized Reynold's number for pseudoplastics

is defined as

Dn’ V(Z—n’)p I;1(2—r1‘) /O(n'-i) (4)(2-1@’)

Re T g(0D) g pU3m 0D o A %

The most accepted correlation for the friction factor is from the work

by Dodge and Metzner. Figure IV, page 7, shows f as a function of N

Re
and n'. The equation for the laminar region is well established.
16
A (8)
L NRe

Dodge and Metzner's equation for turbulent flow is

4,0 [ (1-n/2) 0.4
I logt\IRe fip ] -T2 (9)

T n

H)ll’—‘

These relationships were accepted and used in this investigation.

It is interesting to note that Newtonian fluids are a special class
of both Bingham plastics and power law fluids. If 2&20, then NHe =0
and Q:ﬁ/u and equations (1) and (3) reduce to the case for Newtonian

fluids. The same is true for the case of pseudoplastics where n' = 1.0,

The method used to calculate the OEPD is developed fully by Skelland
(see reference(7), pp. 240 - 265). Basically, the operating costs per
year per foot diameter are directly proportional to the amount of work
required to overcome friction losses.

-8 -



_ 2PC T o (4/n02 (10)

Coper 5 2
gc D pe B

(Note : Coper also includes other terms related to kinetic and potential
energy, but these terms are not a function of pipe diameter and eventually

cancel out.)

The yearly capital costs can be expressed as a fraction of the total

initial investment cost for the pipeline,

C = ¢ x-DP (11)
cap

where CC includes the fraction of the initial investment that must be
allotted yearly to depreciation, maintenance, etc.; X includes all pur-
chased and installed costs per foot; and p will vary from 1.0 to 1.5

depending on the pipe material and wall thickness.

The total yearly cost is the sum of equations (10) and (11). OEPD
is the diameter where the total cost is a minimum; i.e., where (bCT/bD)

= 0,
3 1
D= |y (ua)F| O (12)
/32
where ¥ incorporates all the economic variables.

10 PC
\“) - gC,X,P.E-CC (13)

Equation (12) is implicit in that f is a function of D through the

_9_



Reynold's number, and the Hedstrom number for Bignham plastics. Though
the equation does converge after only a few iterations, it is not easy

to use for most situations.

- 10 -



RESULTS

BEconomic Variables

Data was obtained from Earl and Wright Consulting Engineers of
Houston, Texas in order to determine values for the economic variables
in equation (13). To calculate the variables in equation (11), the
inside pipe diameter was plotted against the cost of pipe per mile on
a log-log graph (see figure VII, page 26). The following results were

obtained.

130,600 $/(ni £1P) = 24,728 $/pt(P*)

<
1

p =1.193

These values are for 400# ANSI pipe and include all reasonable purchase

installation costs.

Likewise, the pump station operating costs were plotted versus
horsepower, and the points were fitted to a liear equation (see figure

VIII, page 27).

Coper = 172,860 + 450.818 hp

The constant term would be eliminated when the cost equation was differ-

antiated; therefore, PC could simply be expressed as
PC = 450.818 $/(hp yr)

Values of CC and E may be approximated as

CC = 0.15 yr 1

- 11 -



E =0.50

By plugging the above values into equation (13),% was calculated.

Y - o.1507 (P 3 1t

- 12 -



Bingham Plastics

The first task in dealing with this problem was to derive an empir-
ical equation for the friction factor. To account for all regions of
flow, including the transition region, the equation was expressed in a

form similar to the Churchill equation.
£o (28 4281/ (14)

Equation (3) was used for laminar flow.

B u
N N
16 1 "He 1 He
e o ()
& NRe 6 NRe 3 fL3 NRZ

An equation for f., was derived using figure III, page 6. The N o lines

T H

turbulent flow were all assumed to be parallel, with the placement on

the chart determined as a function of NHe'

A
10
fr = ~0.193 (15)
N
Re

A= -1.378 [1+0.146 exp(-2.9x16° )]

Equation (15) is only for NHe greater than 1000 since there is a great

deal of uncertainty as to fT for NHe between 0 and 103.

To complete equation (14), ¥ was determined as a function of NRe'

¥ =1.7+—F— (16)

S



The results of equation (14) are plotted in red on figure III, page 6.

In the problem of determining the OEPD, it was assumed that all
other fluid properties would be known, including the mass flow rate.
Therefore, the optimum diameter would also correspond to the optimum
Reynold's number. The obJjective of a dimensionless plot would be to
present the optimum N from dimensionless variables which do not in-

Re

clude diameter. These other variables were determined by combining

the dimensionless numbers f, NRe’ and NHe in a couple of forms. Equa-
tion (12) was rearranged into
e (17)
Y nm

This was combined with the Reynold's number, equation (1), in such a way
that the D's cancelled.

- (24p) 2 (E)(BJ@) (18)

(54p) _ m
T Npe - W.,?(Smi 0f

Likewise, the Hedstrom number, equation (2), was combined with N to form

Re
g ’C’I;IZ/,) 2
2 _ _0_.‘2___(&)
NHe NRe a bh T (19)
There was found to be a definite relationship between N, , N, N 2,
Re He "Re

(5+p) . . .
and T NRe . Knowing the relationship between NRe’ NHe’ and f, the
chart in figure V, page 17, was generated on the computer (see the progran

on pages 29 - 31). Knowing ¢ and all the fluid parameters of a system

- 14 -



except D, equations (18) and (19) can be used to calculate f NRi5+P) and

2
.t N . . . .
NHe NRe' From the char Re €21 be easily found, which specifies the

OEPD to use.

2
A1l lines of NHe NRe have the same asymptote. It was interesting
to note that the asymptote corresponded to turbulent flow, and laminar

flow occurs where the NHe NRi line branches off.

Example 1.
Consider the case where the OEPD is wanted to pump a Bingham plas-
tic at a rate of 200,000 lbm/hr. The following fluid properties are

known:

1l

/O
/)?

2
Ty = 023 1b./ft

100 1bm/ft3

1l

Q! lbm/(ft sec)

Using equation (18) and (19)

£ NR(5+P) _ 7.816 x 1016 => 6l¢ Ny 5P) = 653.9
e e
2 10
Ny Neo = 2.78 X 10

On figure V, 654 was found on the abscissa and followed up to the
10 . .
point where N, NRi would be approximately 2.8X 107 . This point cor-

responded to

,/NRe = 25 = Np, = 625

From the definition of Np_, equation (1), D was calculated.

D =1.132 ft

To confirm this result, the answer was checked with equation (12).

Equation (2) was used to calculate NHe'

SN



o L
NHe = 7.117 X 10

The friction factor was found from NRe and NHe using either figure III

or equation (14).
f =0.38

Plugging this value into equation (12) gave
D =1.132 ft

This shows that figure V agrees with equation (12).

- 16 -
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Pseudoplastics

The case for pseudoplastics was handled in much the same way as
Bingham plastics. However, it was not necessary to derive an equation
for the friction factor since correlations already existed. Equations

(8) and (9) were used.

Again, two dimensionless variables independent of D were used to
determine NRe' One of these variables was simply n'. The other var-
iable was evaluated by combining equation (17) with the generalized

Reynold's number, equation (7).

(h3m). (54p) LU PHE1)d] : [p-2+(4-p)nl,, 2+2p+(1-p)n]
f Mg “f(u—an') g+ (5+p) 8(5+p)(?~TF](ﬁ)[

The relationship between N , and f(u_Bn?NRé5+P) is shown in

Re’ 2
figure VI, page 20. This chart was generated by the computer program
on pages 32 - 36. As with the previous case, equation (20) can be

evaluated without the diameter of the pipeline. With this and n', fig-

ure VI can be used to find NRe’ and from this D can be calaulated.

Example 2.

It was necessary to find the OEPD with which to pump 200,000 1bm/hr
of a pseudoplastic. The fluid properties are shown below.
- 3
=100 1b_/ft

K'

Il

0.5 1b_ socln-2) £i-1

0.6

n'

— 8=



Using equation (20),

f(4’3n)NRg5+P) - 1.183 x 1ot*

6\/1‘(L“‘Bn')NR((f“L'PA7 = 221.6

On figure VI, 221.6 was found on the abscissa and followed up to the

line for n'=0.6. This point corresponded to N, on the ordinate.

Re

/NRe = 2645 = Np, = 702.25
The diameter was then found using equation (7).

D = 0.6616 ft

Again, this result was compared with equation (12). Since NRe was

so low, equation (8) was used to calculate the laminar friction factor.
f = 0.0228

When this value was pluéged into equation (12), the result was
D = 0.6552 ft

This represented a difference of less than 1%, proving the method.

= lione
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CONCLUSION
both
Even though equation (14) is not valid for cases where N, is less
than 1000 and NRe is greater than 2100, the asymptotic line in figure V
is identical to the line in figure VI for Newtonian fluids; i.e., n'=1.0.

This implies that figure V is even good for Hedstrom numbers down to zero.

Figures V and VI were actually generated without using the economic
variables, Therefore, the plots will be accurate regardless of the
value for Y. If the value for ¥ presented here is unacceptable, a new
value for ¥ can be calculated from equation (13) and figures V and VI
can still be used. A change in the value for p will affect the charts

some, but not much since p generally only varies from 1.0 to 1.5.

It would be impossible to prove the results of this report indus-
trially; i.e., to construct pipelines of several diameters and see which
one operates most economically. However, each part of the method has
been proven by previous investigators and are accepted by the engineering
community. It was reasonably assumed that if each step was correct, the

combination of the steps would also be correct.

With figures V and VI, the engineer now has a simple method with
which to calculate the optimum economic pipe diameter for a non-Newtonian
fluid. These results are shown in this form for the first time and are

very useful in a world where most fluids are not ideally Newtonian.

- 21 -



APPENDIX A : Data for Determining Economic Variables
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NORMAL PIPELINE INSTALLATION COSTS

($/MILE-1980 3)

_ 2l _

ANST ANST ANST ANSI ANST
Nom. 30C# 400¢# 600%# 900#%# 1500¢#
-Diam. (720 PSIG) (9606 PSIG) (1440 PSIG) (2160 PSIG) (3600 PSIG)
4" 38,500 38,500 46,600 59,500 77,100
6" 55,100 55,100 62,300 74,900 103,100
8" 70,400 70,400 87,400 108,100 150,700
io" 94,000 95,900 113,400 152,500 212,900
12" 118,600 122,200 149,300 190,600 281,900
14" 141,800 144,700 174,000 209,900 310,100
16" 161,600 166,700 203,000 256,000 392,200
18" 184,800 192,400 241,700 311,800 478,700
20" 207,700 216,100 294,600 367,500 542,100
22" 229,800 239,500 344,500 425,800 683,500
24" 248,800 261,900 391,000 501,600 776,500
26" 289,100 322,700 428,100 593,900 865,800
30" 351,400 391,600 , f517,000l 715,900 -
32" 372,800 416,500 gnp\§l3j600f 826,900 -
34" 417,200 463,300 648,300 859,600 -
36" 456,200 511,200 683,300 - -
Notes
(1) Does not include cost of major river crossings but does
include small stream crossings.
(2) Pipe required includes a 20-mil corrosion and erosion
allowance.
(3) Installed Cost Assumptions
(a) Length of pipeline at least 125 miles.
(b) Flat to rolling terrain with some rock.
(¢) Normal valve spacing.
(a) On-stream pigging facilities provided.
(e) Population centers avoided to provide for type I
construction except road, highway and RR crossings.
(4) Impresssed current cathodic protection system included.
(5) Plasticized coal tar with reinforced felt inner wrap and
reinforced kraft paper external wrap.
(6) Costs do not include a communications and "Scada" system.
(7) Costs include hydrostatic testing and dewatering.
- (8) All wall thicknesses for pipe are standard to 1/64".



NORMAL PUMPING STATION COSTS

(1280 $)
Station $/HP
HP Low (1) High (2) Median
0-100 700 1000 850
500 650 940 800 9

1000 600 840 720 729,0
1500 500 750 625 §37,50°¢
2000 410 650 530 il
2500 400 640 520 N5
3000 390 630 510 1,530
3500 380 620 500 7%
4000 365 615 490

5000 365 610 - 480

5000 & Over 350 610 480

Notes

(1)

(2)

(1

Electric motor driven reciprocating units includes all
electrical switch gear and controls but does not
include power sub-station.

Diesel engine driven reciprocating units includes fuel

fuel system and storage tanks and shutdown and control
panels.

Includes pump, driver, pulsation dampensers, recircu-
lation system, check valves, suction and discharge
valves, duplex suction strainer, pump and driver skids,
reduction system and couping, foundations, instrument-

. ation etc.

(4)

Although these costs are for reciprocating pump install-
ations, the same costs would be applicable to centrifugal
installations with only minor cost differences.

25 =
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Wo~NU P (CRIVE o

//BINGHAM J0O8 (X007¢301F¢S02¢0029JM) g*MELSON '

//*MAIN USER=U255%JMeORG=2CC

//*TAMU HOLDOUT

J/*PASSWORD A% # 2 h s st 2 A kA Ak A A d A AR R AR E A AR b A 2R R AR R A AR R A IR R R RR R R PR AR R A h kb
//*WATF IV

REAL NREY4NHEDg¢NR
WRITE (6 ¢90)
90 FORMAT(®' 1%, *NHED*#NREY**2 NREY® 9 7Xe*NHED*sBX ¢'FF ? 94Xy
XYFF*NREY *%P 41 X9 *SQRT(NREY)® ¢2Xg * (FNREP) #%1/6°)
6192735

1
.
AR/250C.)

=z
p o
m
LS
Hj
0
©
pel
0-4H
No<O

NHED VAR/NREY**?

CALL FRICT(NREY ¢NHED ¢FF)

FNREP=FF *NREY * #P

ROOT=FNREP#*(1e/64)

NR=SQRT (NREY)
WRITE(591CO)VARGNREY ¢NHED¢FF ¢ FNREP¢NR4ROOT
FORMAT(? ®*43010e39F 7e49E10e392E10C03)
IF(FF «GT «15)G0OTO 10

CONTINUE

CONTINUE

WRITE(54120)

FORMAT(*1")

STOP

END

-
o oy ©

SUBROUTINE FRICT(NREYeNHEDoFF)
REAL MSFLWeNREY¢NHED
PI=3.141592
FL1=0e.1

2 FLZ16 «/NREY #(1 e +NHED/(NREY *6 ¢ ) =NHED* #4/ (NREY #2723 *F | 1#%+3))
IF(ABSC(FL=FL1)/FL) eLTeleE~=5)G0TO 6
FLI1=FL
GOTO 2

& IF(NHEDeGTe4eES)IGCTO 8
X=10e** (=e2 012 *EXP(=2¢9E=-5*NHICD) )
GOTO 9

8 X=1

9 FT=e041BE82X /NREY**,193

GAMMA =14 744 «FE 4/NREY
IF(GAMMA ¢GTe15e)GAMMA=1S,
FF=(FL**GCAMMA+FT**GAMMA) x*2(1,/GAMMA)
RETURN
END

//3DATA
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//PSEUDO JOB (U255¢4301E¢S02¢002¢JUM) ¢ *MELSON?
//*MAIN USER=U255% UJMyORG=2CC

J /2P ASSWORD % kdk A x 2 2 A A A X R A A 2 A A F A X AR XA R AR AR RN R AR R RRA TP R RN d bk kR

//*WATFIV

1 REAL N¢NREY
2 P=6.¢192735
z N=1e1l
4 WRITE (€4100)
o3 100 FORMAT(* 1%,y " NREY * ¢S Xqg'FF®* g8Xe *FNRE )
6 DO 10 I=149
7 N=N=e¢ 1
8 WRITE (€£4110)N
9 110 FORMATC(? N = *¢F3.1)
10 NREY=2.E8
11 DO 20 J=1424
12 NREY=NREY/2 «
13 CALL FRICT(N¢NREY FF)
14 FNRESFFx» 2 (4 ¢=3 «*N)*NREY* P
15 WRITE (659 120)INREY eFF oFNRE
16 120 FORMAT(?® *9[011e493X9Fbeb9E14e4)
N7 20 CONTINUE
18 10 CONTINUE
19 STOP
20 END
21 SURROUTINE FRICT(N¢NREY ¢FF)
22 REAL No¢NREY
23 FL=16 «/NREY
24 IF(NREY«LT«2000)GOTO 10
25 FT=e01
26 1 T=4 e/ N2 g 75 2ALOGIO0O(NREYAFT o2 (1 e=N/2e))meb/Nx%x1,2
27 FTI=C(1le/ T)w 2
28 IF(ABS((FT1=FT)/FT1)elLTel1esE=5)GO0TO 2
29 FT=FT1
30 G070 1
31 2 IF(NREY«GT«4000)GOTO 12
22 FTRANS=NREY *%2]1 32921 0e** (e6*N-T7e14)
33 IF(FLeGT FTRANS)GOTO 10
34 IF(FT1.LT«FTRANS)IGOTO 12
25 FF=FTRANS
36 RETURN
37 10 FF=FL
38 RETURN
39 12 FF=FT1
4e RETURN
41 END
//$DATA
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APPENDIX D : Nomenclature

CC - fraction of initial capital investment that must be yearly alloted

for depreciation, maintenance, etc., see equation (11) (yr_l)

Cc“p - yearly capital costs ($/(yr £t))

Coper - yearly operating costs ($/(yr ft))

Cp - total yearly costs, (= Ccap + Coper) ($/(yr £t))

D - inside pipe diameter (ft)
-1
dV/dy - shear rate (sec ~)
E - pump efficiency (dimensionless)
f - friction factor (dimensionless)

fL - friction factor for laminar flow (dimensionless)

f - friction factor for turbulent flow (dimensionless)

g, - eravitational constant (=32.2 b ft/(lbf secz))
h - length of yearly operation (hr)
ec(n_z) ft_l)

K - fluid consistency index (lbm S

K' - modified fluid consistency index (lbm sec(n-z) ft—l)

m - mass flow rate (1bm/hr)

n - flow behavior index (dimensionless)

n' - modified flow behavior index (dimensionless)
NHe - Hedstrom number for Bingham plastics, defined by equation(2)
(dimensionless)
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NRe - Reynold's number, defined for Bingham plastics by equation (1),

defined for pseudoplastics by equation (7), (dimensionless)
OEPD - optimum economic pipe diameter
p - exponent in pipe cost equation (11) (dimensionless)
PC - power cost ($/(hp yr))

v

velocity (ft/sec)

X - purchased and installed cost of pipe for D=1 ft ($/ft(p+1))
¥ - exponent in friction factor equation (14) (dimensionless)
ﬁ - plastic viscosity (1bm/(ft sec))

44 - viscosity for Newtonian fluid (1bm/(ft sec))

0 - fluid density (1bm/ft3)

T - shear stress (lbf/ftz)

t& - critical shear stress of Bingham plastic (1bf/ft2)

V - economic variable, defined in equation (13) (ft(P-i) secB/lbm)
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