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ABSTRACT

A steady state transonic airfoil analysis code has been modified to
include the presence of a vortex near the airfoil. The objective was to
provide quasi-steady analysis of blade/vortex interaction for studying or
predicting impulsive rotor noise. Results of BVI in low speed flows
compare well with the results of incompressible methods in both 1ift
coefficients and pressure distributions. In high speed flows, the code
breaks down in the fine grid near the center of the vortex because the
program does not model a compressible vortex. The code must be altered to
correctly model the flow near the center of the vortex before it will be

useful in the study of impulsive rotor noise.
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NOMENCLATURE

local speed of sound or
circle radius (App. D)

chord

1ift coefficient

pressure coefficient

complex potential function

constant

panel length

Mach number

speed

complex variable

radius or distance

surface coordinate

vortex position angle

horizontal velocity

velocity

vertical velocity

complex variable

relaxation coefficient

horizontal flowfield coordinate

vertical flowfield coordinate

complex variable

angle of attack

panel orientation angle

vortex circulation

circulation density

damping coefficient

vertical coordinate in computational grid
angle measured from branch cut

source strength

horizontal coordinate in computational grid
potential
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Superscripts:
*

Subscripts:

§ <CwosSrrw-—o

old value or critical (Fig.

complex conjugate
modified

circulatory
counter
counter
lTower
normal
zero-lift
streamwise
upper
vortex
freestream
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INTRODUCTION

To produce 1ift, helicopter blades must have a high pressure region
beneath the blade and a region of lower pressure above the blade. This
pressure difference causes air to be sucked around the tip of the blade,
forming a vortex. The vortices from the blade tips of a forward-moving
helicopter form an approximate epicycloid pattern, due to the combination
of forward speed and blade rotation, when viewed from abovel. The
vortices convect downward from the disc plane and distort from the
epicycloid pattern under the influence of self-induced velocities.

During some flight regimes, a particular blade may pass near the
vortex trailing from a previous blade or its own vortex from a previous
passage. Such an occurrence of blade/vortex interaction, BVI, is governed
by the advance ratio of the rotor and the helicopter's rate of descentl.
This interaction is negligible if the vortex center is more than 1.5 blade
chords from the rotor plane2. BVI typically occurs in low-power
descending flight and in maneuvers3.

Surendraiah? measured tangential velocities in a straight line vortex
and found magnitudes as high as 47% of the freestream velocity. The
tangential velocity in the core increases outward exponentially from the
center and then decreases inversely proportional to the distance from the

vortex center.

*Style from AIAA Journal.




The vortex passage causes strong, unsteady velocity disturbances
which rapidly alter local blade aerodynamicsl. The disturbances are
generally irregular. The induced velocities of the vortex may generate
regions of transonic flow on the blade. Transonic flow is characterized
by shock waves, strong pressure gradients that decelerate the flow from
supersonic to subsonic, that cause acoustic problems due to their motion
relative to an observer.

The aerodynamic phenomenon is strongly dependent on the orientation
and proximity of the vortex to the blade3. The aerodynamic loads
fluctuate rapidly, building up faster than they decay. The magnitude of
the change in 1ift coefficient, a nondimensional expression of the 1ift
force, is greatest when the vortex axis is parallel to the blade chord.
The rate of change of the 1ift coefficient is a maximum with the vortex
axis about 70 degrees from the chord line of the rotor blade. The rate of
change of the 1ift coefficient is about 75% of its maximum value when the
vortex axis is parallel to the blade span2. The rate of change of the
1ift coefficient increases as the blade passes closer to the center of the
vortex. After BVI, an azimuth travel of about 50 degrees is required for
the flow to return to a normal condition.

BVI is known to be a cause of impulsive rotor noise, or blade slap.
This noise is characterized by a distinctive low-frequency nature, high
intensity, and crispness and is annoying and undesirable for botn military
and civilian helicoptersl. The total sound energy per unit time varies
with the square of the time rate of change of the blade loadingZ, and the
intensity can approach 90 dBl. The sharpness of the disturbance increases

the annoyance?. The acoustic radiation is usually a maximum ahead of the
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rotor at approximately 30 degrees below the rotor p]anel.

The impulsive rotor noise is similar to a sonic boom. The mechanism
responsible has not yet been determined. George5 suggests that the
increased flow velocities during BVI cause shocks to form on the blade.
As the vortex passes on by, the shocks move forward on the blade,
eventually propagating off the front end of the blade. Schlieren
techniques on small, Mach number scaled rotors have shown discrete bow
shock waves during BVIL. Isomb suggests that the disturbances caused by
the unsteady loading of the blade are so large that as they propagate,
they steepen and break, forming shocks.

To investigate the aerodynamic cause of blade slap, an existing
transonic airfoil analysis code, TRANDES/, has been modified to determine
the flow field of blade/vortex interaction. TRANDES incorporates a finite
difference solution to the full perturbation potential equation for
irrotational, inviscid transonic flow. Second-order central differences
are used in regions of subsonic flow and first-order backwards (upwind)
differences are used in regions of supersonic flow to reflect the
hyperbolic character of the equation for supersonic flow. A rotated
finite difference scheme introduced by South and Jameson8 is used to
simulate a local rotation to coordinates along and normal to the local
velocity vector. This scheme not only has the correct zone of dependence
for the upwind differencing used in regions of supersonic flow, but it
also does not require alignment of the computational grid with the flow.
In TRANDES, a coordinate transformation maps an infinite flowfield onto a
finite computational grid described by Cartesian coordinates9.

TRANVOR, the modified version of TRANDES, has two primary
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limitations. First, as in TRANDES, the flow is two-dimensional, so that
the axis of the vortex is assumed to be parallel with the blade span.
Secondly, the BVI is analyzed with a quasi-steady approach. A series of
steady-state solutions for several positions of the vortex along a path
are produced. This method may show the build-up of a shock, but it will
probably not show the decay.

LTRAN210 is an unsteady code that will solve the unsteady aerodynamic
problem of BVI. It is a small disturbance code with a correction for flow
at the leading edge of the airfoil. The primary drawback of LTRAN2 is the
computer time required for a run.

The objective of the development of TRANVOR is to provide a quick,
inexpensive method to approximately model BVI and determine if impulsive
rotor noise is likely to result for any blade/vortex orientation. If the
existence of a BVI problem is determined, the quasi-steady results of
TRANVOR might suffice for further analysis, or an appeal to LTRAN2 might

be necessary. In any case, the existence of the problem can be signalled

cheaply by TRANVOR.



METHOD

The finite difference scheme and the formulation of the boundary
conditions in TRANDES were examined to determine the alterations necessary
to represent a vortex in the flow field.

The full potential equation in TRANDES is valid for the flow about a
vortex, so the form of the finite difference scheme was not altered. The
finite difference formulation incorporates a mixture of old and new values
for the perturbation potential, providing a tridiagonal system of
equations that can be implicitly solved for one column of new potential
values at a time as the computational grid is traversed. Additional terms
ensure stability and hasten convergence of the system of equations. The
various forms of the finite difference equations are given in Appendix A.

The presence of the vortex in the flowfield does not alter the
surface boundary condition of the airfoil; the flow must still be tangent
to the airfoil surface.

The infinity boundary condition of the vortex is treated identically
to the infinity boundary condition of the airfoil. The potential at
infinity due to the circulation of the vortex is superimposed onto the
potential at infinity due to the circulation of the airfoil. This is
depicted for a general case in Figure 1.

The perturbation potential for a vortex is:

®=-%% M
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For the perturbation potential of the flow to satisfy this equation, a
branch cut in the potential field is necessary. A difference of potential
equal to the strength of the vortex must exist across the branch cut which
extends from the vortex center to infinity. The branch cut extends upward
from the vortex center if the vortex is above the chordline of the airfoil
and downward if the vortex is below the chordline. An example of this cut
can be seen in Figure 1. To establish a vortex in the flowfield, this
discontinuity of the potential across the cut must be established and
maintained in the computational grid. To accomplish this, programming

segments were added to TRANDES performing the following tasks:

Input the position and strength of the vortex.
Locate the center of the vortex in the computa-
tional grid.

(3) At the infinity boundary, add the potential
specified by the boundary conditions of the
vortex to the potentials resulting from the
airfoil's circulation.

(4) Alter the horizontal difference in potential
across the cut so that the velocities and other
derivatives of the potential are continuous.

(5) Correct the interpolated values of the potential

near the cut when the grid mesh size is halved.

,-V-\
N =
R

Changes in the program are referenced to the card numbers that occupy
columns 73-80 of the original TRANDES code’/. Line numbers refer to the

listing of TRANVOR in Appendix E.

Task 1:

The strength and position of the vortex are entered as nondimensional
values through the namelist for real variables. The vortex strength is

divided by the freestream velocity and the chord length to
-6 -



nondimensionalize it. A positive vortex strength (VORCIR) will induce
clockwise rotation in the flowfield. The position of the vortex is
described by a horizontal (XV) and a vertical (YV) distance from the
midchord of the airfoil, as shown in Figure 2a. These distances are
normalized by the airfoil chord since TRANDES assumes a unit chord. The
addition of the variables VORCIR, XV, and YV to the namelist FINP follows
card 31. These three variables are placed in a new common block, titled
VORTEX, that contains only variables associated with the vortex. This
addition follows card 28. The default value of the vortex strength is

zero, specified following card 88.

Task 2:

The vortex position in the computational grid is determined in lines
144-154 following card 110. Line 144 checks for the existence of a
vortex. Lines 145-148 and 149-152 determine the horizontal and vertical
position of the vortex in the computational grid. IVOR is the number of
horizontal grid lines below the vortex and JVOR is the number of vertical
grid lines to the left of the vortex. The value of the variable IVLOC is
determined in lines 153-154. Values of positive or negative one indicate
the vortex is located above or below the chordline, respectively. The
default vortex strength of zero indicates no vortex is present in the

flowfield. Lines 180-181 print the vortex location in the computational

grid and its strength.



Task 3:

The boundary conditions at infinity are altered for the circulation
of the vortex in the subroutine VORBCI, placed in the code following the
original TRANDES subroutines. This subroutine is called in line 299
following card 208. The increment of potential is calculated just Tike
the original values for the airfoil alone, except the circulation is the
vortex strength and the potential discontinuity does not extend
horizontally from the trailing edge to infinity. The angle in the vortex
potential equation is referenced to a 1ine extending from the center of
the vortex to infinity.

The potential at the corners of the computational grid are calculated
in lines 3174-3177 and lines 3179-3182 for vortices located below and
above the airfoil chordline, respectively. The values of the corner
potentials are calculated to fall between the potentials on the adjacent
sides, though the specific values are not critical to the numerical
scheme.

TRANVOR handles angles of attack by rotating the freestream relative
to the x-axis, keeping the airfoil chord on the x-axis. the freestream is
rotated through the boundary condition at infinity. Since the vortex is
located with respect to the airfoil chordline, the angle of attack affects
the infinity boundary condition of the vortex in the same manner it
affects the infinity boundary conditions of the airfoil. Therefore, the

value of the potential at infinity for the vortex is given by equation

(2).
@ == Tan[ £ tan (6-4] (2)

-8 -



Lines 3217-3223 and lines 3225-3231 adjust the infinity boundary
potentials for vortices below or above the airfoil chordline,
respectively, when the angle of attack is zero. In this case, it is easy
to see that the boundary at infinity is treated 1ike four sides of a
rectangle. At infinity, four positions relative to the airfoil are
considered: behind, above, in front of, and below the airfoil. Each of
these positions is represented by the corresponding side of a rectangle.
The values of the potential at infinity may be assigned by substituting
the angle of the direction perpendicular to each side into equation (2).
For example, all points on the top side of the rectangle are considered to
be an infinite distance above the airfoil and their potential is
calculated using 90 degrees as the directional angle. Thus the potential
is constant along a side of the rectangle, though each side has a
different value. A side intersected by a branch cut is an exception--the
potential will have one value before the cut, and another value after the
cut. The difference between the segments is the circulation about the
airfoil or vortex that is connected to the infinity boundary by the cut.

The cases of positive and negative angles of attack must be treated
separately because of the properties of the arctangent function. For a
vortex below the chordline, the potentials at infinity are adjusted in

lines 3186-3199. Lines 3201-3214 do the same for a vortex above the

chordline.

Task4:

In TRANDES, the potential is incremented by the circulation of the

airfoil when the branch cut of the airfoil is crossed in a
-9 -



counter-clockwise manner. This convention was repeated in TRANVOR for the
potential increment across a cut used to establish a vortex; so that when
sweeping from left to right, the vortex circulation is added across the
cut for a vortex below the chordline and subtracted across the cut for a
vortex above the chordline. This change of sign is the reason the
variable IVLOC, which indicates the vortex position relative to the
chordline, has a value of positive or negative unity. When horizontal
velocities are calculated near the cut, the vortex circulation must either
be added to or subtracted from difference equations involving two grid
points on opposite sides of the cut to maintain continuity of the
horizontal velocity component.

The velocity field is calculated in the main program for the Mach
chart and in subroutine SOLVE to determine the flow type and for use in
the system of finite difference equations. The velocity correction, found
in lines 432-433, 462-463, 482-483, and 1807-1808, is preceded by two
statements that determine the necessity of the adjustment. This
correction removes the circulation from the potential difference between
two points on opposite sides of the cut.

Second derivatives of the potential should also be continuous. The
tridiagonal matrix representing the finite difference equations of
Appendix A is set up in subroutine SOLVE. On the right-hand side of the
equations, differences between the values of the potential at various grid
locations are calculated repeatedly. Each time a difference is calculated
between potentials on opposite sides of a cut, the increment of potential
across the cut (the circulation of the vortex) must be removed from the
difference. Table 1 shows the various conditions for which the right side

(RS) terms need adjustment and the proper adjustment for each case. Most



of the adjustments have opposite signs for vortices above and below the

chordline, so the variable IVLOC is used to provide the proper sign.

Lines 1905-1932 of TRANVOR, inserted in the subroutine SOLVE following

card 1679, represent the conditions and statements listed in Table 1.

Table 1: Adjustments to the Finite Difference Scheme
Subsonic Points
AND IF THEN

IVLOC=1 and j>JVOR
or
IVLOC=-1 and j«JVOR

IVLOC=1 and j>JVOR
or
IVLOC=-1 and jeJVOR

RS'= RS+ %%’ (‘31—,%). (%?)J _Z%ﬂ

- 11 -



Table 1 (cont.)

Supersonic Points

IVLOC=1 and j>»JVOR v‘cn)(dq -
L=IVOR b RS= R S-IVLOC o (= T —x,
IVLOC=-1 and j=JVOR o \AX/i\Ax)iey (43)

=1V - g e uv (d8) (dn) T
1 OR J=J(V)6R+1 RS RS qz(a—;):(dy)" A})A-rl

. IVLOC=1 and j»JVOR

i=IVOR+1 or RS=RS-1vLOC(|- 1)%(%\_:);{%;_‘1%“

IVLOC=-1 and j€JVOR
f;;_g__;—--_3;396§l1_;58_5;6?6 ________________ ;—_;_;__—; ______
e §=0VR and veo.0 TR A G, 75
o nocl and poveR ; ---------------
i=IVOR+1 e e jéJVOR+lRS=RS’IVLOCq (g )&&l(AQz

- ' Ro. 4Y (4% T
i=IVOR+1 J oA R=Rs+ 2% (§2), (40 man
T UUIVL0C|L and JPOVR
i=IVOR+2 or Re'=RS+1vLOC(1-Z )&ﬁ%my

IVLOC=-1 and j<JVOR

2=



Task 5:

Lines 155-179 restore the proper increment of potential across the
cut when the grid spacing is halved by subroutine HALVE to increase the
detail of the solution. In this subroutine, each new grid point is
assigned the average potential of adjacent grid points. When a new grid
point is located beside the cut, it should be assigned the average
potential of adjacent grid points as if they were both on the same side of
the cut as the new grid point. To make the interpolation for the
potential values of new grid points correct, the potential increment
across the cut must be removed from the average of the potentials of

adjacent grid points.

- 13 -



RESULTS

Six minutes of CPU time is typically required for TRANVOR to run on
the AMDAHL 360.

Initially TRANVOR was tested to discover limitations on its use.
Results were obtained for various positions of the vortex in the flow.
Vortex positions very near the airfoil surface (less than .1c) have not
been tested. The modifications did not hinder the viscous boundary layer
analysis. The effect of vortices with strengths up to .6 has been
analyzed successfully. Analysis with higher strengths has not been
attempted.

High freestream velocities cause problems. For example, one case
with a freestream Mach number of .6 broke down in the Tast grid because
the square of the local speed of sound was calculated to be negative.
This was the result of very high velocities encountered near the center of
the vortex. Since the vortex is place midway between grid lines, the
maximum velocity measured near the vortex center increases as the grid
becomes finer, doubling each time the mesh size is halved.

TRANVOR does not model the vortex correctly for compressible flow.
The tangential velocity does not continually increase towards the center
of a vortex in compressible flow. Rather, as shown in Figure 3, the Mach
number becomes infinite at a certain radius, rpin. The region within rypin
must be empty of flow or else contain a solid core.

Three incompressible methods for analyzing BVI were used to check the
- 14 -



accuracy of TRANVOR for low speed flows. A flat plate approximation, a
source-panel method, and a conformal mapping technique are discussed in
Appendices B, C, and D, respectively. Results at any subsonic flow speed
may be scaled by the Prandtl-Glauert rulelO for comparison with results at
another subsonic speed.

Each method was applied to the ten cases shown in Figure 4 with a
zero angle of attack. TRANVOR and the source-panel method solved the
flowfield around a NACA 0012 airfoil. The conformal mapping technique
produced results for a Joukowski airfoil of comparable thickness. The
airfoils are compared in Figure 5.

Lift coefficients were calculated in two ways: (1) directly from the
circulation about the airfoil using the Kutta-Joukowski theoremll or (2)
by integrating the pressure distribution on the surface of the airfoil.
The 1ift coefficients obtained by both approaches are listed in Table 2

and compared in Figure 6.

- 15 -



Table 2: A Comparison of Results for Low Speed Flows

c1 from circulation c1 from pressure

Flat  Conformal Source  Conformal
Case TRANVOR Plate  Mapping TRANVOR Panel Mapping

1 .3318 + 3892 .3528 .2838 w3133 .2796
2 - +3332 -.3392 -.3528 -.3200 -.3651 -.3318
3 29333 »3392 =9528 .3314 <3091 <5318
4 -.3319 -.3992 -.3528 -.2727 -.3133 -.2796
5 .1681 +1615 .1666 .1366 .1433 .1270
6 .6637 .6785 .7056 .5314 .5747 .5069
7 -.4134 -.3952 -.4149 -.5448 ~«5359 -.4954
8 .4095 +3952 .4149 .3659 .3652 .3252
9 .5984 <6133 .6394 .5943 .6446 5797
10 -.5991 -.6133 -.6394 -.5830 -.6446 -.5797

The 1ift coefficients calculated from the airfoil circulation differ
by lTess than 7% in all cases. The maximum difference for the 1ift
coefficients found by integration was 14.9%. Part of the significant
disagreement is probably due to the inaccuracy of the numerical
integration of the pressure distribution. Disagreement between the two
groups of 1ift coefficients was largest when the vortex was near the
airfoil surface or had a large strength.

- 16 -



Cases 1&4, 2&3, and 9&10 were symmetrical--the results for each pair
should have been mirror images. The non-iterative codes showed exact
symmetry. The 1ift coefficients of TRANVOR were within 4% of being
symmetrical.

Pressure distributions obtained for three cases are compared in
Figures 7, 8, and 9. The close agreement between TRANVOR and the
source-panel method indicate that the conformal mapping technique is
probably in error. The difference in the airfoil shapes is not really
significant between the leading edge and about midchord, so the pressure
distributions should be more similar. With the cusped trailing edge, the
flow should not slow down as much on the Joukowski airfoil as on the NACA
0012. To determine if the conformal mapping technique was indeed wrong,
the coordinates of the Joukowski airfoil were entered into TRANVOR and
Case 1 was repeated. Figure 10 compares the results of TRANVOR and the
comformal mapping technique with the same airfoil. The fairly
proportional relationship between the pressure distributions suggests that
the tangential velocities are too low in the conformal mapping technique.
The results of TRANVOR with the Joukowski airfoil are believed to be valid
because they agree with results with the NACA 0012 airfoil for this case
until around the midchord.

The pressure distribution of Case 8 (see Figure 8) exhibits the
influence of the vortex particularly well. The counter-clockwise flow of
the vortex retards the velocity on the lower surface of the airfoil, while
the flow on the upper surface is hardly affected. The increased pressure
on the lower surface generates 1ift even though the airfoil is not

inclined to the freestream flow.



CONCLUSIONS

The modifications made to TRANDES to model a vortex in the flowfield
produce valid solutions for BVI in low speed flows and do not interfere
with boundary layer calculations.

The code is not useful for indicating or analyzing the aerodynamic
mechanism responsible for impulsive rotor noise because it will not
iterate on the final computational grid with high speed flows. The flow
around the center of the vortex must be modelled differently before

accurate solutions will be obtained for high speed flows.
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Fiqure 3 Compressible Vortex
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APPENDIX B:
The Flat PTate Approximationll

The airfoil is modelled as a flat plate. The flat plate is
represented by a finite number of panels. A bound vortex is located at
the quarter chord of each panel. At the three-quarters chord of each
panel is a control point as shown in Figure Al.

A unique vorticity distribution is determined by applying the tangent
flow boundary condition at the control point of each panel. Each bound
vortex with circulation density 13 at xj will induce a velocity normal to
a control point at xj.

V. = ¥, ax
Yo 2T(XimXp)

A component of the freestream flow may be normal to each panel, depending
on the angle of attack.

The free vortex in the flowfield will also induce a velocity at each
control point normal to the p]ate

Vi = cosT

The sum of the normal ve]oc1t1es induced by each bound vortex, the
normal component of the freestream, and the normal velocity induced by the
free vortex must equal zero at each control point if the flow is tangent.

}i Vo, + Voo, Ve, = O

This equation can be rearranged and a system of np simultaneous equations
solved for the circulation density of each panel, where np is the number
of panels.

z [21r(x x,) szmo( 2—;;|COS or izl,np

The Kutta Joukowski theorem provides a simple relationship between
the 1ift coefficient of the airfoil and the total circulation of the bound

vortex distribution.
Cj"-21Tﬂ AZ.EE X l&Xc

izl

A theoretical correction factorl? for the thickness of the airfoil is
applied to the results of this method.

= (14 25t ¢4
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APPENDIX C:
The Source-Panel Methodll

The airfoil surface is represented by a finite number of panels. The
tangent flow boundary condition is satisfied at a control point on the
midpoint of each panel. The tangent flow is achieved by placing a source
sheet of constant strength on each panel. To generate 1ift, the Kutta
condition must be satisfied. A vortex sheet of constant circulation
density is placed on each panel to provide the circulation required to
satisfy the Kutta condition of smooth flow at the trailing edge. See
Figure Cl.

The source strength and circulation density of each panel must be
determined so that the flow is tangent to the surface at each control
point and the smooth at the trailing edge. Since the partial differential
equation governing incompressible potential flow is linear, this problem
can be solved in parts and the final solution realized by superimposing
the flow of each part.

The first flow considered is that of the freestream past the airfoil
and the vortex in the flowfield without considering the Kutta condition,
so there is no circulation about the airfoil. A source strength
distribution that makes the flow tangent is calculated. The normal
component of the flow at control point (xj,yi) induced by the source sheet
on panel j with strength )J is found by integrating along panel j.

v)nu ZT‘, )‘ an (l/n r;J)AS
The free vortex also induces a f]ow normal to each panel.

Vor =1 sin(T-4)

2T\,

A component of the freestream may also be normal to the panel.
\/m;-: cos (Bi~w)

The sum of the normal velocities induced by each source sheet and
the free vortex and the normal component of the freestream velocity will
equal zero if the flow is tangent.

SV, + Vo + Vo = O

This equation is rearranged and a system of np simultaneous equations is
solved for the source strength of each panel, where np is the number of

panels. np
ZAJ[Z“'-,\—):%,{LA )0\5)‘ - COS (ﬁ ) 2—;_—“’; Sm(T ‘ﬂ)

This system of equations is solved twice with a uniform flow of unit
velocity, at zero and ninety degree angles of attack. The speed of the
tangential flow on the surface of the airfoil is calculated separately for
each angle of attack by summing the tangential components of the flow
induced by each of the source sheets and adding the tangential component
of the freestream velocity.
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Vs. —i ) 55 % [Inr)as; + sin (B; ~o) +L ’(, cos (T, ‘M

Now the tangent1a1 velocity distribution for any angle of attack and
magnitude of the freestream velocity is found by using the appropriate
superposition of the known velocity distributions.

Vo = Vo (Vs cosar + W sina)
| -
(x=0°) («=90
The second flow considered is purely circulatory about the airfoil.
Each panel is assigned a unit vortex density. A source strength
distribution is found to make this circulatory flow tangent to the airfoil
surface. The normal component of the flow induced at the control point of
panel i by the vortex sheet on panel j with circulation density j is
found by integrating along panel j.
Vo = 2 [ frar 2200
The sum of the normal ve]oc1t1es induced by each vortex sheet and source
sheet must equal zero at each bontrol point if the flow is tangent.

i Vﬂ) Vna = O

3=
This equation is rearranged and a system of np simultaneous equations is
solved for the source strength of each panel.

;2/15 [2-17—\'5&56;«(0/" "'-j)ASj] = - g {;“' 5}% (‘\"om“ H)O\SJ for i=),np

From the resulting distribution of source strengths and the unit
circulation density distribution, the tangential speed of this circulatory
flow is calculated at each control point.

dd < il
Vc.' = Z. Z_AT!T_jJ 3%; {ﬂm r:j\l?\sj _‘-2 2—7\"51 3%: (Tan" H‘ASJ
Sk s

The final solution is found by superimposing enough of the
circulatory flow on the zero-1ift flow to satisfy the Kutta condition.
The flow at the trailing edge will be smooth if the tangential velocity at
the last panel on the upper and lower surfaces is equal. A constant is
calculated from the zero-lift and circulation velocities of these panels.

k= Vo._‘ Vo!.g
Vey = Ve,

Now the velocity distribution of the circulatory flow is multiplied by
this constant and superimposed on the velocity distribution of the

zero-1ift flow.
Vi= Vo + &V

The resulting flow satisfies the tangent flow boundary condition at each
control point and is smooth at the trailing edge.
Pressure coefficients are calculated on eacn panel.

e 1 - ()
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The 1ift coefficient of the airfoil is calculated by integrating the
vertical component of the pressure force on the surface.

C_Q': Z Cp;ﬁ.’ 5’tV\(g;

NOTE:

A1l of the integrals involved have a similar form after the

integrands are differentiated.
g b-cs;
1= Lsestds

Only two sets of integrals need to be calculated to use this method. The
coefficients of the integrand are identical for the normal velocity
induced by a source sheet and the tangential velocity induced by a vortex
sheet. The coefficients of the numerator have opposite signs for the
tangential velocity induced by a source sheet and the normal velocity
induced by a vortex sheet. The best approach is to solve the two sets of
integrals and store the results rather than solving the integrals each
time they are encountered.
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APPENDIX D:
The Conformal Mapping Techniquel3

Two-dimensional incompressible, irrotational, inviscid flow can be
described by a complex potential function. The velocity field is the
conjugate of the gradient of the potential function. The potential
functions for various flows given in Table D1 may be added to superimpose
flows since the governing equation is linear.

Table D1: Potential funct1ons

Uniform flow: F,(W)=
Vortex at Wy: Fa (W) = m (W W)
Uniform flow past a vortex at Wy: F, (W)= F,(W)-rF(W)

The circle theoreml4 determines the potential function for a flow is
a circle of radius a is introduced into the flowfield.

RW)= R (W) () = Ve (W&) = 5 o ( 2=000)

The circle theorem is applicable to a flow if there are no rigid
boundaries in the flow and the singularities of the potential function are
all at a distance greater than a, the radius of the circle, from the
origin.

A circulatory flow about the circle is superimposed by adding another
term to the potential function.

F (W)= (W) + il () Ty

Now the potential function describes a uniform flow passing a circle with
circulatory flow and a free vortex somewhere in the flowfield.

If an analytic function R(W) is used to map the circle to another
shape in the R-plane, the potential function F(R) will describe the flow
about the new shape. The objective is to map the circle into a shape
resembling an airfoil.

Two consecutive transformations are used as shown in Figure D1.
First the circle is shifted horizontally and the radius is increased. The
second transformation results in a shape called a Joukowski airfoil.

The potential function Fg(Z) describes a uniform flow past a
Joukowski airfoil with a vortex present in the flowfield. Since the
velocity is the conjugate of the gradient of the potential function, their

magnitudes are equal. e
i(Z}
Vi zJ f

Rather than stumbling through the tedious algebra required to determine
the potential function F(Z) and differentiate it, the chain rule is used
to expand the derivative.

4F (W) daW 4R

}V(Z)’: AW AR 4Z

The pressure distribution is calculated from the velocities and integrated
to determine the 1ift coefficient of the airfoil due to the presence of
- 40 -




the vortex in the flowfield.

The derivative dR/dZ approaches infinity at the trailing edge,
implying an infinite velocity. The Kutta conditionl? requires smooth flow
at the trailing edge. The flow will have a finite velocity at the
trailing edge only if one of the first two derivatives goes to zero at the
trailing edge. The derivative dW/dR is constant, so the derivative dF/dW
should equal zero for the value of W corresponding to the trailing edge.

(4%)-a= O

The constraint of the Kutta condition provides a relationship
between the circulation of the free vortex and the circulation of the

airfoil.
T_‘ :[ -2a(a-uv)] 'rvq

(a-u)* + VS

The Kutta-Joukowski theoremll relates the 1ift of an airfoil to its
circulation, so the 1ift coefficient can be calculated as a function of
the position and circulation of the vortex in the flowfield.

CR‘:Z.T\
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APPENDIX E:

TRANVOR Program Listing
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