BACKWARD TIME BEHAVIOR OF DISSIPATIVE PDE

A Dissertation
by
RADU DASCALIUC

Submitted to the Office of Graduate Studies of
Texas A&M University
in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

December 2005

Major Subject: Mathematics



BACKWARD TIME BEHAVIOR OF DISSIPATIVE PDE

A Dissertation

by
RADU DASCALIUC

Submitted to the Office of Graduate Studies of
Texas A&M University
in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

Approved by:

Chair of Committee, Ciprian Foias
Committee Members, R. Lee Panetta

Carl Pearcy

Jay Walton
Head of Department, Al Boggess

December 2005

Major Subject: Mathematics



111

ABSTRACT

Backward Time Behavior of Dissipative PDE. (December 2005)
Radu Dascaliuc, Dipl., Al. I. Cuza University, lasi, Romania;
M.S., Texas A&M University

Chair of Advisory Committee: Dr. Ciprian Foias

We study behavior for negative times ¢ of the 2D periodic Navier-Stokes equa-
tions and Burgers’ original model for turbulence. Both systems are proved to have
rich sets of solutions that exist for all £ € R and increase exponentially as t — —oo.
However, our study shows that the behavior of these solutions as well as the geomet-
rical structure of the sets of their initial data are very different. As a consequence,
Burgers original model for turbulence becomes the first known dissipative system that
despite possessing a rich set of backward-time exponentially growing solutions, does

not display any similarities, as t — —oo, to the linear case.
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CHAPTER I

INTRODUCTION

A. Motivation

Forward time behavior of the dissipative partial differential equations (PDE) is char-
acterized by the fact that all their solutions exist for all positive times and converge
uniformly to a certain compact set called the global attractor (A). This set can be
described as the biggest bounded set invariant to the flow. As a consequence a lot of
the studies of the dissipative systems are concentrated on the global attractor and the
ways of approximating it. It is remarkable however, that many dissipative systems
possess unbounded invariant sets, in particular the set of initial data for which the
solutions exist for all times ¢ € R and increase exponentially as t — —oo. Existence
of such a set is trivial in the linear case; its full decription is provided later in this
chapter. Surprisingly, some nonlinear systems still retain a lot of similarities in their
backward time dynamics with the linear case. These studies were pioneered in [1]
where the two dimensional Navier-Stokes equations were considered.

Among other results, it was proved that a solution u(t) increases exponentially
as t — —oo if and only if its Dirichlet quotient |AY2u(t)|?/|u(t)|*> — A, as t — —o0
(here |- is the L?-norm, A is the Stokes operator, and ), is one of its eigenvalues - see
Section B.2 for more precise definitions). The invariant set M, of all the trajectories
of these solutions is proved to project entirely onto the spectral space associated with
the first n eigenvalues of the Stokes operator (see [1]). This fact implied the only
known partial answer to the Bardos-Tartar conjecture (see [1]). This conjecture (see

[2]) affirms that the set of initial data for which solutions of the 2-D space periodic

The journal model is IEEE Transactions on Automatic Control.



Navier-Stokes equations exist for all times is dense in the phase space equipped with
the energy norm (a.e. the L?-norm in this case). However, in [1] the density was
proved in the norm |[A~Y/2 ..

The paper [1] also raised a number of questions regarding the geometric structure
of M,,. For example, it would be interesting to investigate the relationship between
these sets and the other invariant sets of the Navier-Stokes equations, namely the
global attractor and inertial manifolds.

Another open question is whether U,, M,, is dense in the energy norm of the phase
space, which, if answered affirmatively, would solve the Bardos-Tartar conjecture in
the energy norm. The study of higher order quotients on the sets M,, is of particular
interest in this respect. In fact, a good result about boundedness of the quotients of
the form |A%u|?/|u|? would imply the desired density result for U, M,, via the method
presented in [1].

Similar results are established for the 2-D space periodic Navier-Stokes a-model
and 2-D space periodic Kelvin-filtered Navier-Stokes equations. The analogs of the
sets M,, defined for these systems have very similar properties compared to the
Navier-Stokes case. In particular for the 2-D space periodic Navier-Stokes a-model,
UpM,, is dense in the L? norm, which is still weaker than the energy norm for that
system (see [3]). On the other hand, for the 2-D space periodic Kelvin-filtered Navier-
Stokes equations the density is proved in their energy norm (see [4]). The Lorenz
system, after a suitable transformation, again displayed a similar picture (see [5]).

However, not all dissipative systems have the same kind of behavior for negative
times. For example, in the case of the 1-D space periodic Kuramoto-Sivashinsky
equation it was established that all the solutions outside the global attractor will
blow up backward in finite time (see [6], [7]). That implied that all the invariant set

of the Kuramoto-Sivashinky flow are contained inside the global attractor.



This dissertation is an attempt to answer some of the questions left by the pre-
vious studies as well as to resolve more general problems of backward time dynamics

of dissipative systems. In particular, we were motivated by the following questions:
e What are the other dissipative PDE that have similar invariant sets?
e What are the geometrical properties of the sets M,,?
e How to classify dissipative PDE by their backward-time dynamics?

After providing some preliminary results in Chapter I we discuss in Chapter II
further developments in the 2D Navier-Stokes case. In particular, we show that is a
solution increases exponentially as ¢ — —oo, then in does so in any Sobolev norm
allowed by the force. We also give a geometric characterization of the sets M,,.

Chapter III deals with the Burgers’ original model for turbulence. We show
that this system displays significant differences in backward time behavior from both
Navier-Stokes and Kuramoto-Sivashinsky equations. In particular, we show that while
this model has a variety of the solutions that increase exponentially as ¢ — —o0, their
structure is completely different from the linear case.

We conclude with systematizing the results in the view of classifying the dissipa-
tive PDE by their backward time behavior, as well as pose some open questions and
possible directions of further research.

These studies are important for several reasons.

First, in fluid mechanics, once the driving force is fixed, the Reynolds numbers
of flows on the global attractor are bounded. The study of flows with huge Reynolds
numbers automatically places their dynamics far away from the global attractor.
To classify these flows, one needs to find invariant sets of the dynamical system

in a neighborhood of the infinity in the phase space. In analogy with the local



theory near a fixed point, one looks for the sets of solutions which exist for all times
and have exponential growth for t — —oo. In fact, by an involution in the phase
space, the study of the behavior near the infinity becomes equivalent to the study of
the transformed dynamical system near a fixed point, for which the classical theory
(because of singularities) does not apply. Nevertheless, even for some of these systems
one can still prove existence of a rich exponentially stable invariant “manifold”.

A second reason to find out if a dissipative system has global solutions with
exponential growth as ¢ — —oo arose in the applications of the numerical meth-
ods introduced in [8] and [9]. These methods use the classical Caratheodory and
Nevanlinna-Pick interpolation algorithms to decide if the point in the phase space is
on the global attractor. It turned out that the algorithms have difficulty in distin-
guishing the solutions on the global attractor (i.e. globally bounded) from the global
solutions with low exponential growth for ¢ — —oo. In particular, the main result of
Chapter III (Theorem F.1) suggests that the approximation of the global attractor
of Burgers’ original model for turbulence by the methods in [8] and [9] may be not
sharp, while for the Kuramoto-Sivashinky equation they give a useful characterization

of the global attractor attractor (see [7]).

B. Preliminaries and background

Many of the dissipative partial differential equations have the following form:

u; + vAu + B(u,u) = f € H
' (u,u) = f 1)
U(O):UQEH,

where H is a suitable Hilbert space, u(t) is the unknown function, v > 0 is a positive
constant, A is an unbounded positive self-adjoint linear operator with a dense domain

and a compact inverse, B is a nonlinearity of a quadratic type, ug, f are given.



We denote by {\, }nen the eigenvalues of the operator A arranged in the increas-
ing order. For every n € N we denote by P, the orthogonal projector of the space
H onto the space generated by the eigenvectors corresponding to Ay, ..., \,. We also
denote R,, = P,—P,_1,n > 1 (R; = P)) the orthogonal projector onto the eigenspace
corresponding to \,. Note that the structure of A implies that for every n € N, P, H
is a finite dimensional subspace of H and U,cnP, H is dense in H.

Among the typical PDE that have the form (1.1) are the 2D periodic Navier-
Stokes equations ([10, 11, 12, 13, 14, 15]), the 1D periodic Kuramoto-Sivashinsky
equation ([14, 16, 17, 18]), and the original Burgers model for turbulence ([19, 20,
21, 22, 18, 23]). For each ug these equations have a unique solution u(t) = S(t)ug
which exists for all times ¢t > 0. Moreover, as t — oo, S(t)u converges to the global
attractor A that can be characterized as the set of all the initial data for which the
solutions exist for all times and remain bounded as t — —oo ([24, 14, 25, 26, 27]).
The supplemental regularity properties of these equations imply that the uniqueness
result for (1.1) is also valid backward in time, which allows to pose a problem of

extension of S(t)ug for ¢ < 0.

Definition B.1. We say that a solution u(t) of the equation (1.1) is global if it exists

for all times, both positive and negative.

Note that u(t) = S(t)ug is global if and only if

Uy € mS(t)H

Notation B.1. Denote

G=[\StH

t>0

the set of initial date for which u(t) = S(t)ug is global.

In this section we will provide an overview of the previous studies of the global



solutions of (1.1)

1. Linear case

The simplest case, which is instructive in all the subsequent work is B = 0 in (1.1).
This case was presented as motivation for the similar study of the 2-D Navier-Stokes

equations in [1]. The system (1.1) becomes the linear system

u +vAu=feH

(1.2)

u(0) =y € H.

The solution of this equation has the form
AN Alf
u(t) = S(t)uy = +e Uy — : (1.3)
v v
Note that
—1
lim u(t) = A f,
t—00 14

And thus the global attractor is

A:{Aylf}.

Besides the global attractor, equation (1.2) has a whole variety of global solutions.

For example, if ug is such that
|R,(ug — A7V f /v)| < e ?onby,,

where s, — oo as n — oo and Y b2 < oo, then u(t) given by (1.3) exists for all

times and
u(—s,) — A7 f/uP <Y el 4 N2
m=1 m=n-+1

Some of these solutions grow exponentially as ¢t — —oo.



Theorem B.1. A global solution u(t) of (1.2) increases at most exponentially as
t — —oo if and only if there exists n € N such that u(t) — A~ f/v € P,H for all

teR.

Proof. 1t is clear that if ug € P,H, then u(t) given by (1.3) exists for all ¢ € R with
u(t) — A7 f /v € P,H and |u(t)] = O(e ™) as t — —oo0.

Conversely, if u(t) increases at most exponentially as t — oo, then there exists
n € N such that |u(t)] = O(e ) as t — —oo. In this case, if R,,(ug — A7 f/v) #0

for some m > n, then
|u(t) — A_lf/y|2 Z |Rm(u(t) o A_lf/y)|2 — €—2Amt|Rm<uO o A_lf/lj)|2 — O(g_)\mt)7

which contradicts the fact that |u(t)] = O(e™*?!) as t — —oo. Thus, R,,(uy —

AL f/v) =0 for all m > n, and consequently u(t) — A~ f/v € P,H forallt e R. O

Corollary B.1. Ifu(t) ¢ A of increases at most exponentially ast — —oo then there
exists n € N such that
u(t)— A~'f/v € P,H\P,_H;

L [APu@))?
oo fu(t) "

lu(t)| = O(e™"), as t— —oo

We denote

M, ={ug € G: |S({t)ug| = O(e™") as t — —oo}. (1.4)
Note that for (1.2), the sets M,, have the following properties

_JAYES (t)ug|?
P.H = | — =),
+ AU {UO €g Jim S

v

M,




Also,

Thus, U, M,, is dense in H.

2. 2-D Navier-Stokes equations

We consider the 2-D space periodic Navier-Stokes Equations (NSE) in = [0, L]*:

p

Lu—vAu+ (u-Vyu+Vp=f

V-u=0

u,p Q—periodic, [u =0,
\ Q

where u(t) : R? — R? p(t) : R? — R are unknown functions and v > 0, f € L?(Q)
(f is Q-periodic, [, f = 0) are given.
Let H be the closure in L*(2)? of

{v € L*()*: v Q—periodic trigonometric polynomial, V - v = 0, / v = O} )
Q

(v, w) ::/v-w

o] = (0,0)

We denote

and

the inner product and the norm in H.

Let A = —PpA be the Stokes operator (defined on D(A) = H N H?(2)?), where
Py, is the orthogonal projection from L?(2)? onto H. Observe that A : D(A) — H is
an unbounded positive self-adjoint operator with a compact inverse. Its eigenvalues

are (2m/L)?*(k? + k%), where (ki, k) € N*\{0,0}. We arrange them in the increasing



sequence:

(27T/L)22)\1<)\2<...

We will need the following fact about {\,} (see [24]).

limsup (A1 — ) = 00.

n—oo

Also, it is obvious that

)\n+1_)\n2)\17 nZ 17
and

lim A\, = oc.

Next we denote B(u,v) = Pr((v-V)w)) and b(u,v,w) = (B(u,v),w), u,w € H,
v € D(A). Observe that

b(u,v,w) = =b(u,w,v), u€ H, v,we D(A),
b(u,u, Au) =0, ue€ D(A).
We will also use the following inequality for b:
[b(u, v,w)[ < colu|/2|AY2ul 2| AV [w] 2 AV Pw] V2, (1.5)

where u, v, w € D(AY?)(= HN HY(Q)?).
Finally, denote g = P, f.

Then the NSE can be written as

%u+uAu+B(u,u) =g. (1.6)

We denote by S(t)ug the solution of the NSE which is ug at ¢ = 0.
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Let
A= {uo €G: sup|S(t)ug| < oo} (1.7)

teR

be the global attractor of the equation (1.6). Refer to [10], [12] or [13] for the com-
prehensive treatment of the equation (1.6).

We will study the S(t)-invariant sets M,,, which can be written as

1/2 2 _
M, = AU {uo € G: limsup AT S(E)uo| < An F At = )\n} . (1.8)

to—oo  |S()uel? T 2

We will use the following known facts about M, (see [1]).

Theorem B.2. The set U, M,, is dense in H with the topology of the norm |A=1/2.].
Also:

u(t) € M, if and only if
lu(t)| = O(e™*"), ast — —oo. (1.9)

o u(t) € M,\M,_1 if and only if

A1/2 2
lim AHOE (1.10)
t==oo  |u(t)[?
Moreover in this case,
t
lim inf Ju()l > 0; (1.11)

t——00 efu)\nt

also, there ezists t,, — —oo, and an eigenvector w € R, H, |w| =1 such that

lim u(tn)
n—oo |u(ty)|

= w; (1.12)

and, finally, if

2
|uo| > 7o := max {%‘qj, 1/} (1.13)
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then

[AV2S (uol® _
— < 1.14
|S<t)U0|2 — )\T”H ( )

for allt <0.

3. Kuramoto-Sivashinsky equation

The 1-D periodic Kuramoto-Sivashinsky equation (KSE) in the domain 2 = [0, L]

has the following form

u(0) = uo(x)

ug is L-periodic, fOL updx = 0.

We define
L
H = {u(z): u — L — periodic, locally in L?, / u =0},
0

which is a Hilbert space with the inner product

For every uy € H, KSE has a unique solution u(t) = S(t)uo that exist for all
t > 0. This solution, for ¢ > 0, is an analytic function in time and space [14].

There is an important difference of KSE from the NSE-like dissipative systems,
namely its linear part ;.. + Uz, 18 N0t positive when L > 27, in fact, the low modes
of the solution of KSE become unstable, and, as a result, the dissipativity of this
equation does not follow similarly to the NSE case. Nevertheless, the dissipativity of
KSE for odd initial data was established in [16], while in [17] and [28] the oddness

condition was removed.
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In particular, it was proved that there exists R > 0 such that for every uy € H,
there exists T'(|ug|) > 0 such that |S(T(|uo|))uo| < Ry and |S(t)ue| < 2Ry, for all

t > T(up). Moreover, KSE has a global attractor
A={ug € G: sup|S(t)u| < oo}.
teR

However, as was shown in [7], KSE does not have any other global solutions

besides those on the global attractor.

Theorem B.3. Any solution of the KSE which does not belong to the global attractor

cannot be extended for all negative times.
As a consequence ([6]), there are no solutions growing exponentially for ¢ — —oo.

Corollary B.2. For alln € N,
M, =A.

Also, Theorem B.3 implies the following fact about invariant sets of the KSE

(7).
Corollary B.3. The global attractor is the biggest invariant set of the KSE.

The method provided in [7] can be easily adapted to prove the same results for

the generalized Burgers equation
Up — Uz — PU+ vty = f

with the parameter § € R and the same boundary conditions as KSE.
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CHAPTER II

2D NAVIER-STOKES EQUATION*
As we mentioned in the introduction, the NSE is a typical case of dissipative system
(1.1), which for ¢ — —oo display many similarities to the linear case (see Section
[.LB.2, for the preliminary information and the summary of the known facts about
the NSE system). In particular, the it was proved that u(t) grows exponentially as
t — —oo if and only its Dirichlet quotient |A"2u(t)|?/|u(t)|? is bounded as t — —oo
(see [1]).

In this chapter we prove that the quotients |A%u|?/|u|**

are bounded on any M,,.
(see Theorem A.1 and its Corollary A.1). Our bounds, however, are not sufficient to
prove the density of U, M,, in the energy norm of the phase space. But as a corollary
we show that if a solution of the 2-D space periodic Navier-Stokes equation exists
for all times and increases exponentially in the energy norm (as t — —o0), than it
increases exponentially in any Sobolev norm, provided the driving force is regular
(see Corollary A.2). In particular, the L norm of any derivative of such a solution
grows at most exponentially as ¢t — —oo.

It is worth mentioning that by a slight modification of the proofs given in this

paper one can prove similar results for the 2-D space periodic Navier-Stokes a-model

and 2-D space periodic Kelvin-filtered Navier-Stokes equations.

A. Main result

For every 6 > 0 and g € D(A?) define a generalized Grashoff number as follows

*Some of the results in this chapter are reprinted with permission from R. Dascal-
iuc, “On backward-time behavior of the solutions to the 2-D space periodic Navier-
Stokes equations”, Ann. Inst. H. Poincaré Anal. Non Lindire vol. 22, Iss. 4, pp.
385-519,(c) 2005, available on-line at www.sciencedirect.com.
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Alq
GG: |2 9+|1’
2D

(2.1)

Our main goal is to prove the following

Theorem A.1. Let 0 = k/2, k € N\{0}, and g € D(A?). Then for every uy € M,
such that |ug| > o, there exists a positive constant My(Gy) depending only 0, cq

(where ¢y the constant from (1.5)), and Gy such that

0, |2
| A% u| < Mg(GQ)A—29.

|u0|49 - pAe-2 n (22)

Moreover, if 0 > 1 than there exists a positive constant No(Gg—1/2), that depends only

on 0, co, and Gg_y/5 such that

to
|A9u|2 NQ(G9_1/2)—2971
] dr < 103 A, (2.3)
where u(t) is a solution of the NSE satisfying u(ty) = uo.
Also, if 0 > 1/2 then
Alu(t)|?
lim AOF (2.4)

t==oo |u(t)|*
Observe that (2.2) expands the estimate (1.14) from Theorem B.2 to the quotients
involving higher powers of the operator A. In fact, these estimates hold for any power

of the operator.

Corollary A.1. Let a > 1/2 and g € D(A?), where § = ([2a]+1)/2. Then for every
up € M, with |ug| > 7o, there is a constant M, (depending only on 6, G (j20]+1)/2,and
o) such that

|A°‘u0|2 Ma —2a

|u0|4a — pha—2 n
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Proof. Let 0 = ([2a] 4+ 1)/2. Observe that § > «. Then, by interpolation,

A 2 Af 2 33—:11 A1/2 2 2599_——21(1
| A%uq| <(| u0|) (| U0|)

4 46 2
|| | |uo
2a—1 2a—1
< (Mo AN = Mt S
— \ p46-2"" n o pha—2 7

20—1
and thus, (2.5) holds with M, = M,/*".
U

Another consequence of Theorem A.1 is that on M, any Sobolev norm of a

solution will grow exponentially for negative time.

Corollary A.2. Suppose u(t) € M,\A and g € D(A™?) then
|Am/2u(t)|2 < O(e‘zm”)‘"t), t — —00.

Moreover, if m > 2, then for any o = (o, ag) with aj,as >0, a3 +ay <m —2, we

have
| Do = O(e—(a1+a2+2)mnt)’ t — —o0,
where
aal-i-azu
D%u(xy, 29) = ———————.
( ’ ) 0110214

In particular, when g € C*(Q), any solution u of the NSE which exists for all
times and increases exponentially ast — —oo in the phase space H, will also increase
exponentially as t — —oo in any Sobolev space H]' (Q)* = W2(Q)* (m > 0).

Moreover, the L™ norm of any (space) derivative of u will also increase exponentially

ast — —oo.

Proof. Recall that the Sobolev norm in H™ (2) is equivalent to the norm

per

| . |m - (|Am/2 . |2)1/2'
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Note that by Theorem B.2 u(t) € M,\ A implies that |u(t)|,, grows at least expo-
nentially as t — —oo, and |u(t)|? = O(e ") as t — —o0.

On the other hand, according to Theorem A.1,

M,,
|Am/2u(t)\2 < /2 )\klu|2m _ 0(672mu)\nt)'

p2m—2"""

Thus, u(t) increases exponentially in H? (Q)* as t — —o0.
To prove the second part of the corollary we apply the Sobolev Embedding
Theorem to obtain that

|Do‘u|oo S C|DaU|H2(Q),

for any multi-index o = (a1, az) € N2, Here we are writing

aa1+a2u
D%u(xy, x9) = ————————.
( ’ ) aal{L‘laaQZL‘g

Observe that by the first part of the corollary, | Du(t)|pz) = O(e~(1Fe2t2rAnt) g
t — —oo. Consequently, we also have that | D%, = O(e~(@F2F2vAat) a5 ¢ — oo,

O

B. The proof of the main result

For convenience we will use the following notation:

Notation B.1.




3 >\n+1 + /\n
N, = ol A
2
|A%ul?
Hom ‘= m_ "
Jul

First, we will prove the following useful lemma.

17

Lemma B.1. Let u be a solution of the NSE that exists for all times and satisfies

|u(to)| > 7o for some tg. Then for any t <ty and any m > 1,

o) 2 ]
mw WﬂW T T

Also, if u(ty) € M,\A, then

t

2 2 l9?
v [ Al Par < 502 - () + i

—00

and

y/t M(T)dTgo(m(lt)IQ), fort — —o0,

—0o0

Proof. From (1.6) we obtain

1d
Zlul® +vAlul = (g, ),

from which we get

1 1 d| |+ A U
——|ul+r—— = .
[ 12 dt [ 95 |2

Thus

/ww t/@wﬁﬁﬁzéwaﬂ

— o
Notice that for t < ¢t

t t

[ (o) /Mml < [ (&) e

[e.9] —00

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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t
; /

< —v

T2 Iul’" =32 Iul’"

since |u(t)| > 70(> 2g/(vA1)) and A(t) > A for all ¢ < to. Thus, returning to (2.10)

”lﬁ% /ww <
/m|“+”/ww >

for all t < ¢y, from which the relation (2.6) readily follows.

we get

3

and

In order to prove (2.7), we observe that

2dt|A1/2u|2 + v|Aul* = (g, Au), (2.11)

which, together with (2.9), implies that

1d

2 2_ (9
from which we obtain
1d Agl?
——)\2 vAEP? < )
2dt €F = viul?

By integrating the relation above, using (2.6) for m = 2 as well as the fact that

A(t) — A\, as t — —oo (see results from [1] summarized in Theorem B.2), we get

t

1 lg*
—(A%(t) — A2 MéPdr < —2—
5000 =)+ [ ePar < s

which implies the inequality (2.7) from the statement of the lemma.

Finally, to prove (2.8) consider
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1d X —v|Au]* 4 (g, Au) ) A —v|AYV2u? 4 (g, u)
2dt [ul* Jul* |ul? Jul?

from where

Consequently

d A g|? A2 Mgl
a4 <t g 28
R R PR

Thus, by itegrating the previous inequality and using (2.6) we obtain

y/_tooﬂ(f) dr <0 (ﬁ) for t — —o0.

Let u(t) be a solution of the NSE such that u(t) € M,,. Our first result is

Proposition B.1. If g € D(A) and

|u(0)] = 70,
then for every t < 0 we have
t
et Ki\2 + (13/4)e'x:
" -3 dr < £_(02 — \2(¢ 171 n
() + v [ Arutr) dr < S0 = () + S,

where Ky = e*(coGo + G1) with co- the constant from the inequality (1.5). Moreover,

t 2
v s [ |AYuf? et Ki\2 + (13/4)e*),
— dr < — (A7 — \*(t

— 00

for any t <0.
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Proof. Observe that since g € D(A), we have

li,u _ _V|A3/2U|2—b(AU>U>AU)—|—(Ag,Au)_QM—I/|A1/2u|2+(g,u)
2dt e uf? )
S0,
1d b(Au, u, Au) = (Ag, Au) (9,u)
——p = - — 2uA) — _ 9,94
2dt" v gz = 2410) [Tl M
Thus,
1d 9 N3 b(Au,u, Au)
S = —vlo)?+ s — - 2.12
qatt T Vol + 5 |ul? PR (2:12)
Ag Au) o u
ul? P ) A\ P )
Note that
[b(Au, u, Aw)| - b(Aw — Au,u, Au— M) _ cog] |AM2E] |AYul
|ul* B |ul* - |ul?
A1/2 5 3\ /2
= angliE g (lop - 35
|ul 4 Jul
and thus
b(Au,u, Au)| &, v 9 5 \3
P 5 T < S0P+ 2 M-S
e < g M+ 5 (o™ + A AME

Now, going back to (2.12) we get
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v 5u A3 N 9y A3
8 [ul* 4 [ul?

>, |Ag] 1/2 u
- Iz g — .
- G = (o)
Observe that

|Agl 1/2 1 |AgP? Mo
|ul? — 28\ |ul? 2 |ul?

Consequently

d 3\ U
4 A < Y L
it v = Lm2 @wwﬂ}”

5  CoN o 1 (13v 5 |Ag|?
- ‘A A .
ol + e oo (Ba0 4

Note that the conditions of the proposition imply that A(t) < X, for all t < 0. Let

us denote

Brv— |Ag|?
r, =YX ,
g v3\2

V3)\1 u
7= TP GWMQ

Then, by the Gronwall inequality,

t
¢ A t
) < wlto)e®s 4 [ (<vlo = oot Sagp+ ) Foar (213)

to

Observe that see Theorem B.2,
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2
lim inf [u(®)]

t——00 efl/)\lt

>0,

and so ((7) is bounded and absolutely integrable on the interval (—oo,t]. Moreover,
by Lemma B.1, (cov)A|€]? 4+ T, \/|ul? is also absolutely integrable on (—oo,t]. On the
other hand, from (2.8) we conclude that there exists a sequence tY — —oo such that

u(t2) — 0. Thus, by taking to = t° and letting n — oo, the inequality (2.13) yields:

t t
r,\
p(t) + cv /(|0’|2 + Ap)dr < ¢ / <C—O)\|§|2 + | "|2) dr, (2.14)
v U
where
&1 (t) = ﬁlrréf; efzmﬁa
and

¢o(t) = sup el 7P,

T<t

Observe that the relation (2.6) from Lemma B.1 implies that

/md __ L
T .
ul> 7 vlu(®)]?

Using this, together with (2.7), in the inequality (2.14), we obtain

t

2 €20 1 2 2 |g|2 ol
,u(t)—l—cll//(|a| + A\p)dr < i (2 (A2 = X(1) + 1/2|u(t)|2) - EIER (2.15)

—00

Observe that from (2.15) we can infer that u(t) is bounded, while |o|* and Au are
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integrable on (—oo,t], and thus

t t
|Ag/2u|2 / C2Co /2 2 C0|g|2 Co
dr < 3uAd —— (N = N\ (t I,
611// np drsav | 3 T+ 53 (A2 (t) + T O

—00 —00

Using (2.15) again to estimate c¢v ffoo 3uA dr, we obtain

t

A3/2 2 2 2 4
011//| ul” 4y < 20200 (Ai—AQ(t))+<C°|g| +Fn) 2 oo (2.16)

ult T w2 v v]u(t)?

—00

Observe that from (2.6) we obtain that

t

A 3
v —dr < )
|ul 2[u(?)]

— 00

Hence,

4|g| —6lg]

0
el > eif—oo ul > erAu(O] > e 3

and, since |u| > vy > v,

w2 6lgl
elu@P Tia @l < @143 — o4,

VAN

Finally, if we define
Kl(Go, Gl) = 64(60G0 + Gl),

and use (2.15) and (2.16) we will obtain the desired estimates from the proposition.

O

The following proposition allows us to deduce the boundedness of higher order

quotients based on the boundedness on the lower ones.
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Proposition B.2. Let g € D(A™/2) with § = k/2 and k € N. Suppose that for

every u(t) € M, |u(to)] > ~vo we have

to
|A9u(t)|2dt < Og7m(G9_1/2))\—k71
u(t)|™ i "

where Cy (+) is a positive increasing function. Then there exist positive increasing
functions Cp, (), Kom(), such that

to

0 2 0+1/2 2 ' (Ga)
ETCH L a0 e B0

|u(to)[™*? |u(t)[m+2) ym
and
|A9+1/2u(t)|2 < K97m(G9+1/2))\—k+1
u(t)|mtd = 2 noo-
Moreover,
A9+1/2 t 2 A@ t 2
g AT Cu@F o A
t——oco |u(t)[(m+4) t——oo |u(t)|(m+2)

Proof. Using (1.6) we get the following equation for the Galerkin approximations u®

(see [10] for the facts about the Galerkin approximations for the NSE)

1d v —vAPT2N2 4 (g, APuN) — b(u Wl APl
9 g Hom+2 = [uN |(m+2)
M2 AP = (g, )
+T/"L97m+2 |uN|2

Applying Theorem 1 from the Appendix as well as the Cauchy-Schwarz inequality,

we get
ld y N |A%] N 12
5%”9,m+2 S Vg1 /2me2 T Wﬂe,mm
| AT N[ [ AN | AN 2 m+2 gl ~

(here cop = 6([0] + (20 — [0])2%°72) is the constant from Theorem 1). Now, using the
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Jensen inequality, we obtain

1d y 8 1 |A%)? VA1 N
o gpttom+2 < g Hot1/2,me2 + 2, [uN|0n 1D + 5 Hom+2
cicl m + 2 m+2 g
=+ %56 )‘N:ug,[m +v )\N:ug,]m—i—Q + 2 |UN| :ué\,]m—f—Q'

Hence,
912
N N |A%|
g Hom+2 + Vg1 /2,mia = VA |ulN |0 +2)

A iy im0 | e+ 2lgl)
TR P ui ) e

Since g € D(A%1/2), we can integrate from t to to (¢t < to) and pass to the limit

N — oo. Taking into the account that A(¢) < A, we get

to

(A% [ _dr
,ue,m+2(to)+V/,u9+1/2,m+2d7' < fgm2(t) + N ) Tae

t

t

0
2 2
CoCagy 1 ( o (m—|—2)|g|)}/
+ An + v\ +vim+2)\, + ——7 mdT.
[ g (ot e B .

Since
to

Com(Go_1/2) —k—
/[L97md7'< —omi ( ’ 1/2))\nk 17

Vm—l

—0o0

there exists a sequence t; — —oo such that

H gg. (1) = 0(= Hm pig,m2(t))-

Thus, by letting t = t; — —o0, we get

to

A@ 2 to dr
Me,m+2(t0)+V/M9+1/2,m+2d7§l gl /

V>\1 (%s) |u|m+2

— 00
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to

2.2 o 1 o 2
g iU <I/)\1 +u(m+2)N, + Mﬂ / 19 mdT.

v |u(to)]? |u(to)]
Hence,
i g mo(f) = 0.
Moreover, since according to Lemma B.1,
/to A g 2 1
V _—
a2 = e 2 ()

we obtain

to

[A%* 2 1

Ho,mt2(to) + /Me+1/2,m+2d7' <

— 00

V2N m4 240

ez~ 1 —
+ |: OI/ >\n—|——2 (1/)\1—|—1/(m—|—2))\n—1—

(m + 2)‘9|)} CH,m(Ge—l/Q))\—kq
0 L

Yo ym—1

Observe that by the Poincaré inequality, Gg > Gy_1/2. Thus Cy,n(Go—1/2) < Com(Gy).
Using this fact, together with the definition of vy, we can define the positive increasing
functions Cp, . (Gy) from the statement of the proposition as follows:

2

+ a5 (14 20+ )] GG

0 VA17Y0

2|A9g‘2ym

(m + 2)p2\FHFymt2

2 3

2 3 ,

On the other hand, again for the Galerkin approximaximations, we have

1d N _V|A9+1uN|2 + (g,AZGJrluN) _ b(uN,uN,A29+1uN)
§Eﬂ9+1/2,m+4 = [N [+ D)
m+4 n v|AV2uN]? — (g, u™)

+T'U’9+1/2,m+4 |UN|2 )
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and similarly to what was done above we get

to

| A0+1/2g|2 f dr
m4(t maadT < mral(t
Ho+1/2, a( 0)+V//l49+1, +44T = Ho+1/2, +4(t) + v\ /lul(m+4)
t t

to

1 J—
[u(to)]? <V)\1 +(m+ DA, + il )>} /N6+1/2,m+2d7'
t

An +

4 Cgcgeﬂ—
|u(to)]

(here again cgp41 is the constant from Theorem 1) By the same argument as in the

previous case, when ¢ — —oo we obtain

to

t b AT [ dr
pov1/2ma(to) + v | pos1meadr < Y MCE)

to

n Cgcgeﬂxn 4 1 AL+ (m 4 4) (v, + ﬂ) [40+1/2,m+2dT.
v TP "

uteo)l’) ]/
Thus
A g 1/2,mea(t) = 0,
and
M9+1/2,m+4(t) < iifﬁxi“,
where

2 3
K@,m(G9+1/2) = mGg+l/2 + (C%C§9+1 + §m + 7) Cé7m<G9+1/2).

Observe that Ky, satisfies conditions from the proposition, since

2|A9+1/2g‘2ym+4 . { . 2

9] :
— (1 4)(1 c, (G
(1 + 4) AN C0029+1+73( + (m + 4)( +)\1ny0) 0.m(Go)
2

3
= —m _I_ 4G3+1/2 + (CSC§9+1 + §m + 7) Cé’m(G9> S K@,m(GG_Fl/Q)-
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Proof of the main theorem.
We will prove Theorem A.1 by induction on k = 26.
When k = 1 the Theorem holds (see (1.14)).
When k = 2 the Theorem is valid via Proposition B.1. Observe that this propo-

sition allows us to choose, for example,

15
MQ(Gl) = <(C() + 1)G1 + I) 64'
Moreover, Proposition B.1 gives us that
N3/2 = 463M2.

Thus, applying Proposition B.2, we conclude that the theorem holds when k = 3.
Suppose now that the theorem is true for some integer £ > 3. Then there exists

a positive increasing function Np(-), such that

to
|A9u|2d _ Ne(Ge_1/2)X2971
a4 AG—3

where § = k/2. But according to Proposition B.2, if g € D(A%*1/2), then there exist

positive increasing functions Mpyq/2(-) and Ngjq/2(-) such that

pa0—1 n

/ |A9+1/2 |49 df < N9+1/2(G9)X29

| A0/ 2|2 MGH/Q(GQH/Z)X%H

|u0 |4€+2 - Y n

and
0+1/2 2
lim —lA u(®)| =0,
e (B

which shows that the theorem is true for the integer & + 1, and by induction, the

proof is complete. O
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CHAPTER III

BURGERS’ ORIGINAL MODEL FOR TURBULENCE*
A. Background

In the 1940’s Burgers wrote a sequence of papers (see [19, 20, 21]) in which a model
for turbulence in hydrodynamical systems was presented. In particular, in [21] he
introduced a simplified model for turbulent flow in a channel. This model consists of

a coupled system of differential equations:

bLU(t) =P —

SR

U -1 bfvz(t, y) dy

So(t,y) = tU(0)o(t,y) + viso(t,y) — 20(t,y) Zo(t,y) .

(3.1)

The functions U(t) and v(y, t) represent velocities (U is the mean motion of the fluid
and v is the secondary motion, modeling random fluctuations of the velocity around
the mean motion), ¢ is the time variable, and y is the space variable perpendicular
to the channel, which has constant width . The function v is assumed to be zero
on the walls y = 0 and y = b. The constant v is the viscosity coefficient. Finally,
the constant P represents the energy per unit of mass provided by the driving force.
The term Uv/b in the second equation results from the energy transmitted from the
primary motion U to the secondary motion v.

Such a system is a typical case of an abstract dissipative evolution PDE (see
e.g. [25], [24], [26], [14]), for which many of the standard results, like existence
and uniqueness of solutions, as well as existence of the global attractor are valid.

It is important to stress that unlike the classical Burgers equation (which is the

*Some of the results in this chapter are reprinted with permission from R. Das-
caliuc, “On backward-time behavior of Burgers’ original model for turbulence,”
Nonlinearity, vol. 16, no. 6, pp. 1945-1965,c) 2003, available on-line at
stacks.iop.org/Non/16/1945.
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second equation of (3.1) with U = 0), Burgers’ original model for turbulence has
nontrivial dynamics. In particular, (3.1) has a global attractor of fractal dimension
of order \/W/V2 (see [22]), an exponential attractor of fractal dimension of order
(Pv?/ 1/2)15/ ® (sce [18]), as well as an inertial manifold (see [23]). Moreover, there is
some numerical evidence that the global attractor may have complicated geometrical
structure (see [29]).

Our interest in Burgers’ original model for turbulence was motivated by the
supposition that as an analog to the Navier-Stokes equations (both being dissipative
with a quadratic nonlocal nonlinearity), it may have similar backward-time behavior,
including, eventually, validity of some form of the Bardos-Tartar conjecture. (Observe
that we can place (3.1) in the same settings as problems in [1, 5, 6, 7, 3, 4], if we give
it the suitable functional framework (see Section A)).

However, our results show significant differences in backward-time dynamics be-
tween Burgers’ original model for turbulence and the space-periodic 2-D Navier-Stokes
equations (see Section H for the detailed discussion of these differences).

Note that the classical 1-D periodic Burgers equation displays the same backward-
time behavior as the Kuramoto-Sivashinsky equation, namely: all of its solutions
outside the global attractor blow up backward in finite time as was mentioned in
Chapter I (see also [6], [7]). But from our results presented later in this chapter, it
follows that the system (3.1) has a rich (invariant) set of global solutions that grow

exponentially for t — —oo.

B. Preliminaries

Let us establish precisely the mathematical problem to be treated. Equations (3.1)

become, after a simple scaling transformation:
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4ty =R~ U(t) - gl“vg(t,f) dg

(3.2)
v(t,z) = U(t)v(t, ) + vee(t, ) — 20(t, 2)v.(t, x)

where v, v, and v,, stand for Ov/dt, Ov/Ox, and &?v/dx? respectively; x € [0, 1],
v(t,0) = v(t,1) = 0, and R = Pb?/v? - the equivalent of the Reynolds number for
this model. If we extend v on [—1,0] by the formula v(¢,z) = —v(t, —z), we obtain

the solution for the system
(3.3)

satisfying
u(t,—1) =v(t,1) (3.4)

and

/_ u(t,€) dé = 0. (3.5)

1

In the present paper we will consider the more general problem in which (U, v) is a
solution of (3.3) satisfying periodic boundary condition (3.4), together with condition
(3.5). To represent this problem in functional settings, we will need the Hilbert space
1

Li(—1,1) = {w € L*(—1,1): /

-1

w(z)dr = O}
(we will denote by | - | the L?-norm on L3(—1,1)). and the direct sum
H=R®L;(-1,1)

equipped with the inner product

1

((r1,w1), (r2, w2)) gy = r17m2 + 5(11)1, w2>L2(71,1)- (3.6)
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We will also need the the space

1

H)(—1,1) = {w € H'(-1,1): w(-1) =w(1), /_ w(z) dr = 0}

1
(equipped with the norm [[w||* = [22]?), and the direct sum

V=R®H,(-1,1)

equipped with the inner product

1, 0w, Ow
(((r1,w1), (r2, wa)))v = 1172 + §<a—;, a—;>L2(—1,1)- (3.7)
We will denote by |- |g and || - ||y the corresponding norms in H and V. It is easy to
check that Poincaré inequalities
fulr < |ullys weV (3.8)
and
elul < llull, w e H(~1,1) (39

are valid, and hence V C H and H)(—1,1) C Lg(—1,1).
Let A: D(A) C H — H, with D(A) =V N(R& H*(—1,1)), be the unbounded

operator given by the matrix

I 0
0 A

82
T 922

Also, let B : V @&V — H be the bounded bilinear operator given by:

where Ay =

l<7le,7»U2>L2(71 1)
B ((r1, w1), (r2, wa)) = ’ 7

—Towy + %wl(wQ)z + %wz(wl)w
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Moreover, denote

R
0

Then (3.3) can be written in a general form as an evolution equation:

4y + Au+ B(u,u) =
a (u,u) f. (3.10)
’LL(O):U()EH

As we mentioned before, this type of evolution equation enjoys existence, unique-
ness, as well as some important regularity properties of its solutions (see [26, section
7.4]). Moreover, by using the method given in [15], one can easily see that the solu-

tions of (3.10) are analytic functions in space and time for ¢ > 0.

C. Some general results about backward-time dynamics

Let uw = (U, v) be a solution of (3.10). Observe that if we take the scalar product in

H of both sides of (3.10) with u = (U, v), we obtain:

1d, ) R U _ R}
2dt|u|H—i—||u||V RU < 5 + 5 =5 + i (3.11)

Whence,
Cully+ lully < R
Thus by (3.8),
Ll + Juf}y < B
So,
uly < ol + R(1— 7).

Hence given uy € H, there is a time ty(|ug|) such that for all ¢t > ¢

lu(t)| < 2R (3.12)
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For convenience we will call a solution u(-) a global solution, if it satisfies (3.10) for
all times ¢ € (—o0, 00).

Let us recall that the global attractor A for the system (3.10) consists of all
uy € H such that the solution u(-) with u(0) = g is global and bounded in H on the
whole (—o0,00). In fact, in the definition of A, H can be replaced with V' or D(A)
(see e.g. [14, section II1.1] for details). Therefore we can conclude that on the global
attractor, estimate (3.12) holds for all ¢t € (—o0, 00).

First, we will treat the trivial case of v = 0 in (3.3):

Proposition C.1. Ifv(0) =0 in Li(—1,1), then the solution of (5.10) has the form
u(z,t) = (R+(Up— R)e ", 0). It converges as t — oo to the stationary solution (R,0)

exponentially and lim;_, o In ju(t)|g/t = 1.

Proof. Note that if ug = (Up, 0), then u(z,t) = (R+ (Uy — R)e™*,0) will solve (3.10).

Obviously, lim; .« u(t) = (R,0) and lim; o In|u(t)|g/t = 1. O

Because of the proposition above, in what follows we can and will assume that
v(t) is not zero in L3(—1,1) for all ¢ (Note that a sufficient condition for this is
v(to) # 0 in L3(—1,1) for some ¢g).

Next we will present several results that will be useful in the describing backward-

time behavior of the solutions of (3.10).

Lemma C.1. Suppose that U(t;) < 0. Then there exists a 71 < t; (depending
on U(ty) and |v(ty)|) such that, if w is defined on [1y,t1], then U(T) > 0 for some

T E [7'1, tl]
Proof. Suppose U < 0 on [tg, t1]. Then, the second equation of (3.3) will imply that

520l < =l < —7of”.
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So, for any s € [to, t1]:

[o(s)[? = [u(t) PP (7).

After integrating the first equation of (3.3) from ¢y to ¢;, we will have

t1
1
0 > U(to) = R+ (U(t1) = R)e" ™™ + 3 / lu(s)|2e~ (=% ds
to
t

1
1
> R+ (U(ty) — R)etl—to 4 §|U<t1)|262w2t1—t0 /e—(27r2—1)s ds
to
|U(t1)|262ﬂ2t17t0
2(2m2 — 1)
2(2m* — 1) 2(272 — 1)

( —(2m2-Dty _ 67(27r271)t1)

= R+ (U(t)) — R)e" " +
[o(t)[Pe* 000,

= R-— (R—U(t1)+

Then

1 1 2
> _ _ t —  Ju(+)]? T ()2 Dt —to)

So,

o 1 20272 — 1) (R = U(ty)) + |v(t1)]?
tOZTl .—t1—2ﬂ2_11n( |U(t1)|2 )7

and the lemma holds for any = < T3.

As an immediate corollary we have the following:

Proposition C.2. Ifu = (U,v) is an arbitrary global solution of (3.10), then limsup U (t) >

t——o0

0 and for any Ty there exists a t; < Ty such that U(t;) > 0.
The key result of this section is the next theorem:

Theorem C.1. Suppose u = (U,v) is a global solution for (3.3) with u(0) ¢ A and
v(0) # 0. Then limjnf U(t)e! > 0.
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Proof. Observe that the first equation of (3.3) implies that
U(t) > R+ (U(ty) — R)eo™?

for any ¢t < t¢, and so, if there exists to such that U(ty) > R, then U(t) > R for t < t
and liminf, , ., U(t)e’ > 0 . Thus if the theorem is false, then U(t) < R for all ¢. In

this case, equation (3.11) implies that

S lu®lE = —lu®If + RU®) < —|u(t)]; + RU(®)

< 2R*+R*=-R? (3.13)

as long as |u(t)]% > 2R?. Since the solution u is not in the global attractor, there
exists a to with |u(to)|% > 2R% Because estimate (3.13) holds for g, it follows that
lu(t)|% > |u(to)]? > 2R? for all t < ty, and hence, (3.13) holds for all ¢ < ty, which
implies that

lim |u(t)|3; = oc. (3.14)

t——00
In order to continue, we will establish the following claim.
Claim C.1. Under the hypothesis of Theorem C.1, suppose U(t) < R for all t. Then

there exists t, such that U(t) > —R for all t < t;.

Proof. By Proposition C.2, limsup,_,_., U(t) > 0 > —R. Assume that we also have

3
l}m_inf Ut) < —ZR. (3.15)
Then there exists a decreasing sequence {t,,} with lim ¢, = —oo, such that U(t,) =

—1R and % (t,) > 0 for any n. Observe that

1 1 1
[ultn)lr = U%(ta) + Slo(tn) = 7R + Slo(ta)

So, by (3.14), lim,, . |v(t,)]*> = co. Thus there exists ng for which |v(¢,,)|?> > 5R.
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But

dU

1
E(tno):R—U(tno)—§|fu(tno)|2§ R— R—-R=-R<0.

NNV
DO | Ot

[0(tno)|* <

N o
DO | —

This contradiction proves that liminf, , . U(t) > —(3/4)R, which obviously implies
the claim.

O

Let us return to the proof of Theorem C.1. Under the assumption of the previous
claim, for ¢ < ¢, |u(t)|} = U?(t) + 3|v(t)]* < R* + [v(¢)|>. Then (3.14) forces
|v(t)]* — oo as t — —o0. So, we can choose to < t; such that |v(¢)|? > 6R for t < t,.

Then, for t < ts,

d 1 1
d—(t](t) = R—U() — ()P <2R— JJo(H) < 2R~ 3R = —R

Consequently lim; , ., U(t) = oo, which contradicts our initial assumption that
limsup,_,_. U(t) < R and concludes the proof.
O

Corollary C.1. A global solution u = (U,v) (with v # 0) is outside the global

attractor if and only if there exists a time to such that U(tg) > R.

Proof. The “if” part follows directly from the first equation in (3.3). The “only if”

part is a direct consequence of the previous theorem. O

D. Dirichlet quotients and backward-time blow up

Backward-time behavior of u depends in part on the nature of Dirichlet quotients
A= [|v|[?/|v]? and A = ||u||?/|u|%. In fact, for the space periodic 2-D Navier-Stokes
equations and their a-model, the set of initial data for which limsup, , A < oo is

a rich set in the space of all initial data (see [1], [3], and [4]). Namely it is dense in
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an appropriate topology in H. On the other hand, in the case of the space periodic
1-D Kuramoto-Sivashinsky equation, all the solutions that backward in time have no
more than exponential rate of growth are globally bounded (see [6]). We should note
that in both [1] and [6] A = A and so, there is only one Dirichlet quotient for these
equations.

In this and in the following three sections we will concern ourselves with the case

when Dirichlet quotients for (3.3) are bounded.

Proposition D.1. Suppose u is a global solution of (3.10) and there exists A and t,
such that A(t) <A for all t < to. Then limsup, . |u(t)|ge™ < co.
Moreover, if u(t) € A and there exists X such that \(t) < X, for all t < to, then

0< lgm inf |u(t)|ze’ < limsup Ju(t)|ge’ < cc. (3.16)

t——00

More precisely, there exist positive constants K1, Ko, C1,Cy and a time 19 < to such
that

Kie " <U(t) < Ky (3.17)

and

t

0 < |u(t)]? < Cret-Cae” (3.18)

for allt < 7.

Proof. Note that if u(t) € A then u is bounded, and hence in this case we will
obviously have limsup, , . |u(t)|ze™ = 0 < co. If u(t) & A, then by Theorem C.1,
without loss of generality we can assume that U(ty) > R.

Under this assumption, using (3.11) we obtain

1d _
Sl = —llull} + RU 2 ~KJul?,

Thus limsup, , . |u(t)|ze? < oo.
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If moreover A(t) < X, then by taking the scalar product in L?(—1, 1) of the second

equation of (3.3) with v, we obtain
5= v = Ul — [[v][* > (U = N)[v]”. (3.19)

Thus for ¢ < tg,
X (to—t)— tjg U(t) dt)
t

lo(t)]” < |’v(to)|2€2< (3.20)

Also, from the first equation of (3.3), for t < to, we get
U(t) > R+ (U(ty) — R)e™". (3.21)

Hence there exists K1 > 0 and t; < ty such that for any ¢ < ¢; we have U(t) > Kie™".
Then (3.20) implies the existence of positive constants C; and Cy such that |v(t)|* <
Cre=C2¢" for all ¢ < ;. Going back to the first equation of (3.3), it is easy to see
that there must exist Ky > 0 and 79 < 1 such that U(t) < Kse " for all t < 79. These
estimates for U and v imply that 0 < liminf, , . |u(t)|ge* < limsup, o |u(t)|get <
oo, which concludes the proof.

O

By the previous proposition, the fact that a Dirichlet quotient is bounded, implies
backward-time exponential growth of the solution. When the quotient A is bounded,
the estimate (3.18) allows us to establish more facts about this case which we will

discuss in the next two sections.

E. Properties of global solutions with bounded quotient A

Observe that from (3.3),

1

UOI®I* = [loa @I - / (va(8,€))° dE. (3.22)

-1

Ldo()][2 _
2 dt
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Then using (3.19), we obtain

1
Ld ol Uloll® = [loll” = J2y(0a)*dE |o] 2U]o]* = [[o]]?)
2dt o2 BE BE
1
_||Ua:||2 [|v]|* fq(vx)g d§

_ ) 3.23
of Tl T P (3.23)

Now we estimate the last term of (3.23) as follows:
5/4 1/4
o L g2 oz 00 — g (L1 Ml /||
RTE T T O ) "
/4 2\ 1/4
||v||2 ’ 1 vall
( st (i 4 T
5/4\ 4/3 1/4\ 4
< 3y (I R (eytrs (eIl /
T4\ (4e)tt v 4 v

4/3 5/3
3l (RPN ell?
JIEBRE o o

‘f  (v2) d€

[of?

with any € € (0, 1) (above we used Agmon’s inequality v < co|v['/?||v]||"/?). Observe

that s
4(340 )1/3 o] < e
if
[v] < 7oe, (3.24)

where o = 4/(co3%/%).

Returning to (3.23), if (3.24) holds, then, because |IZIL2 > 1,

1d [jv]]? o> o]l [Jv]|*
< —(1-— - 2 3.25
2t o =TI T ) T (329
or equivalently,
2
1)\’ <—(1-¢|(A —)\)i + 2e\?
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82

where Ag = — 5.

Thus we have proved

Lemma E.1. There ezists a universal constant o > 0 for equations (3.3), such that

for any € > 0, if

[v(®)] < 06, (3.26)

for all t in some interval J C R, then

EX(0) < ~(1— ) |(dg — M) |+ 2e0%(0) (3.27)

forallt e J.
In what follows we will denote \; = (im)? - the eigenvalues of Aj.

Proposition E.1. Suppose u = (U, v) is a global solution of equations (3.3) such that

Ai <limsup,_,_  A(t) < Aip1. Then limy, o A(2) = ;.

Proof. Let [ := limsup, , . A(t).

Suppose [ > A;. Choose v > 0 small enough such that [I —~,1+7] C (s, A1)
Observe that there exists ¢, for which A(t) < [+ for all < t,. Also, by Proposition
D.1, for any € > 0 there exists a t. < t, such that inequality (3.26) from Lemma E.1

holds for all ¢ < .. Note that whenever \(t) € [[ —~,]+ 7] and ¢ < t., we have

(Ao — A(2))
where § := min{(l —v — \;)?, (A\iy1 — [ —7)%}. Thus

1
5X(t) < —(1—€)d +2eA7,,. (3.28)
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Now choose € = 6/(2\i;1° + + 1). Then
1 /
5)\ (1) < —e, (3.29)

whenever A(t) € [l — 7,1+ 7] and t < t.. Since | = limsup,_,_ A(t), there exists a

t <t so that A\(f) € [l — v, +7]. Hence inequality (3.29) holds for all ¢+ <  and
I+y>Mt) > 1 —y+2e(t—1)

for all ¢ < t, which is impossible. This contradiction forces I = \;.

Suppose now that [ := liminf, . A(t) < I = \;,. Then we can choose a v €
(0,1/2) such that [ < A; — 2. Under these conditions, for any A € (\; — 2y, A\; — )
there exists a t) < t. with A(t)) = A. Repeating the argument that led to inequality
(3.28), we obtain

1
5X(t) < —(1—e)y?+2e)’ <0, (3.30)

whenever \(t) € [A\; —27, \i —]. We choose now ¢ < 72/(2)\;> +7?). Then inequality
(3.30) implies that A(t) > A for t < t,, and thus liminf, , . A(t) > \; — 0 > [, which
is a contradiction. Hence we must have liminf, , . A(t) = limsup,_, _ . A(t) = \;.

O
We are now ready to present the main theorem of this section.

Theorem E.1. Suppose u = (U,v) is a global solution of (3.10) with the bounded

Dirichlet quotient . Then there exists an eigenvalue \; of the operator Ay such that

Hm A(¢) = A (3.31)

t——o00

and, moreover, there exists a unit eigenvector w; that corresponds to X\;, and a se-

quence t, — —oo such that

ty
lim v(tn)
n—oo [v(ty)]

= w;. (3.32)
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Proof. Identity (3.31) follows immediately from Proposition E.1. What is left to
prove is that (3.32) holds for some sequence t,, — —oo and a unit vector w; with
Agw; = Mw;.

Observe that by Proposition D.1, for any ¢ > 0 there exists t. such that (3.27)

holds for all ¢ < t.. Thus,

%()\(to +1) = Ato)) < —(1 — ) / ‘(Ao — A1)

to

v(t)
v ()]

’ dt + 2e)\7,

provided ¢y + 1 < t.. Actually, because of (3.31), we can choose t. so that

/toJrl
to

to+1

()

(Ao — A(t)) ﬁ}gi' ’ dt < (?—_*; + 1) e.

Thus

’dt—>0 as tg — —o0.
to
Then there exists a sequence ¢, \, —oo such that

[
U( ) ’ — 0 as n — 00.
[v(tn)]

(o= A1)

Let @; be an orthogonal projection on the eigenspace associated with the eigenvalue

A;. Then for n large enough,

v(t,)

o (tn)]

(24572) |- @ < [t = xeir - @)t o

2 [o(tn)]

as n — oo. That is
v(tn)

()

Then by passing to a subsequence if necessary, we can assume that v(t,)/|v(t,)]

(I — @)

converges to some unit vector w; satisfying Aqw; = \;w;.
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Observe that a similar result is valid for the 2-D space periodic Navier-Stokes
equations (see [1]). However in that case, the convergence holds for the entire scaled
solution u/|ul, and not for a part of it. In our case, as we will see later, if A(¢) is
bounded for ¢ < 0, then u(t)/|u(t)|y will always converge in H to (1,0) (as t — —o0)

and never to any of the other eigenvectors of A.

F. Existence of global solutions with bounded quotient A

Let S(t)(Uo, vo) = (S1(vo, t)Uo, S2(Up, t)vpy) be the continuous semigroup of solutions
of (3.10). Denote by P; the orthogonal projection onto the spectral space of Agy
corresponding to the eigenvalues {1, Ao, ..., A\;} .

The key step to proving existence is the following preliminary result:

Proposition F.1. For any eigenvalue \; there exist ¢; € (0,1) and M; > 0 such
that for any n € N there are Uy € R,v} € P,LA(—1,1), for which (U,(t),v,(t)) =
S(t) (U, vy) has the following properties:

L foa(t)] < e, An(t) = 22 <\ 41/2, ¢ € [0, n);

2. R < Uy(n) < M, (2/3)e; < |on(n)] < €1, A1) > As.

We will start with the following useful lemma:

Lemma F.1. For any eigenvalue \; of the operator Ay there exists a positive €; <
min{1, R/2} (¢; depends only on X\;), such that if a solution (U(t),v(t)) satisfies
1. AMto) < N +1/2;
2. Jv(t)] < €, t € [to, 1],
then \(t) < X\i +1/2 for all t € [to, t1].
If on the other hand,
3. At) > N —1/2;
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4. ()] < e, t € to, 4],

then A(t) > \; — 1/2 for all t € [to, t1].

Proof. Observe that under the conditions of the lemma, inequality (3.27) holds with
€ = €/7-

Suppose that the first part of the lemma is not true. This means that although
Conditions 1 and 2 from the lemma are satisfied, there exists a t € [to,?;] such that
A(#) > X\ +1/2. Then we can find a # € [to,?] for which A\(f) = \; + 1/2. Observe

that for any t € [ty, ;] such that A(t) = \; + 1/2, the inequality (3.27) yields:

%X(t) < —(1—¢) (%)2 + 2e ()\Z- + %)2 <0, (3.33)

if 0 < ¢; < min {2()\,+(11//22))221°(1/2)2, g} and € = ¢; /7. With this choice of ¢;, Inequality
(3.33) forces A(t) > \; + 1/2 for all ¢ € [tg,t]. This contradicts Condition 1: A(tg) <
Ai +1/2. Thus A(t) < A\; + 1/2 for all ¢ € [to, t1].

The proof of the second part of the lemma is similar and is omitted. O

Now we are ready to start the proof of Proposition F.1.

Proof of Proposition F.1. Let ¢; € (0,1) be from Lemma F.1, and let U} =
(3/2 + X\)e™ + Ry, where Ry = R — ¢;%/2.

Observe that if |v,| < ¢ on [0,%,], t, < n, then by the first equation of (3.3), it
follows that

(Uy — Ro)e™" + Ry < Uy(t) t € [0,,), (3.34)

which with our choice of the U[' implies that
Un(t) > max{\; +3/2, R}, t € [0,t,], t, <n.

Moreover, if |v,(t)] < € on [0,t,] (t, < n) with \"(0) < \; 4+ 1/2, then by Lemma
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F1,

and consequently, from (3.19),

%Ivn(t)l = Un(@)|vn(t)] = A" () ]on ()] > |vn(t)] (3.35)

for all t € [0,1,].

Define a function 6, : B; — [0,1] (B; is the closed ball in P;L3(—1,1), centered
in zero of radius ¢;), 6,(vg) = sup{ty € [0,n] : |v(t)] < & Vt € [0,%y)}, where
v(t) = So(Uf, t)vo.

Claim F.1. 6, is a continuous function.

Proof. Let wi* — vg in P;L3(—1,1) (vo and w§* are from B; ) and let ty = 6,,(vy),
tm = On(w'). Then by the continuity of the semigroup S, we obtain that w,,(t) :=
So(Uy, t)wgt — v(t), as m — oo, for all ¢ > 0. Observe that by (3.35), |v(t)] is
increasing for ¢ € [tg, o + ¢] and a 6 > 0 small enough. Then using the convergence
of the sequence {wy,,(t)} to v(t) for all ¢, we infer that there exists ms such that
|wy(to + 6/2)] > |v(ty)| for any m > ms. This inequality implies that 6, (w{') <
to + 0/2. By making § — 0, we obtain that limsup,,_, . 0. (wg") < to.

If to = 0 the proof is complete, otherwise suppose that liminf,, . 0,(wy") =
7o < to. By passing to a subsequence we can assume that lim,, . 0,(wg") = 7.
Moreover, from the definition of ¢, combined with the assumption that 7y < ¢y, we
see that the subsequence can be chosen so that |w,,(t,,)| = € with ¢,, <ty < n for
any m.

From the fact that the function |v(t)| increases on [0, to] (see (3.35)), it follows
that |v(t)| < |v(to)| < & for any t < to. Choose a v € (0,tg — 79). Let pu =

¢; — |v(1o+y)|. Then by continuity of the solutions of (3.3) with respect to the initial



47

data, there exists an m, such that |w,,(t) — v(t)| < p for any m > m,, and for any

t € [0,to]. Observe that
|wm ()] < Jwm(t) = v(®)] + o) < p+ )] < & —[o(ro+)| + v+ =&

for any t € [0, 79 + 7]. Then because of (3.35), it follows that |w,,(t)| is increasing
on [0,7 + v]. Also, lim,, o t,, = 7y implies that there exists m, > m, such that
tm < To + 7y for all m > mgs. Then €; = |wy,(ty)| < |wn (170 +7)| < € for all m > mg,
a contradiction. Thus, liminf,, . 0, (w{*) > to.

In this way, for any vy € B; and any sequence {w§'} C B; with lim,, ., w{' = vo,

limy,, o0 0n (W) = 0, (vo). This concludes the proof of the claim. O

Resuming the proof of Proposition F.1, we define the function ¥,, : B; — B;,
U, (vg) = Pi(So(Uf, 0n(vo))vg). Observe that U, is continuous and W, (vg) = vy if
|vg| = €. Then by Brouwer’s Theorem, V¥, is an onto map. It follows then, that
for any py € (P, — Pi_1)LA(—1,1), |po] = (2/3)e;, there exists a vy € P,L3(—1,1),
[vg| < € such that U, (vf) = po.

Since |po| < €, it follows that ¢, := 6,(vy) > 0 and |Pv,(t,)| = |po] = (2/3)e;.

Clearly A*(0)(= ‘}z:gg;}f) < A\ + 1/2, and by the definition of 6,,, |v(t)| < ¢ for all

t €10,t,]. Lemma F.1 implies that \"(t) < \; + 1/2 for all ¢ € [0, ¢,,].

Observe that

1 Pon(ta)ll* + 11(1 = Pua(t) I = llon(t)]I* < (A + 1/2)vn(tn) |

= (i + 1/2)(|Pa(tn)] + (I = Pva(ta)]?),
and since Py, (t,) € (P, — Pi_1)L(—1,1), it follows that

il Prvn(ta)[* + X |(1 = P)vn(ta)]”

< (N + 1/2)(| Poa(ta)* + [(1 = Po)oa(ta) ),
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and thus
(I = P)va(ta)? < (1/2)|Pon(tn)[* = (1/2)(4/9)(e:)*.

Then
|on (tn) [ = [Povn(tn) | + (I = P)va(ta) | < (14+1/2)(4/9)(e:)* < (e)*.

This means that 6,,(v]) = n and (2/3)e; < |v,(n)] < €. Observe that we also have
A'(n) > \; (from the fact that Py = py € (P, — P,—1)L%(—1,1)). Moreover, from

the first equation of (3.3),

Un(n) < (Ug = R)e™™ + R=((3/2+ X)e" + Ro — R)je™™ + R

< v+ (3/2)+ R = M,

In this way, (Uj,v§) will satisfy the conclusions of the proposition.
O
Now we are ready to prove existence of global solutions of system (3.3) with

bounded quotient .

Theorem F.1. For every \; - eigenvalue of Ay, there exists a nontrivial unbounded

global solution u(t) = (U(t),v(t)) of the (3.3) such that lim;_,_ A\(t) = ;.

Proof. Obviously, Proposition F.1 with the appropriate time translations implies that
there exist constants M;, ¢; > 0 and a sequence of solutions u,(t) = (U,(t), v,(t)) such

that u,(t) is defined at least for t € [—n, 00), (2/3)e; < |v,(0)] < €&, R < U,(0) < M;,

lu(t)| < ¢ and \*(t) = ‘}gzgg}f <\ +1/2 for t € [—n,0] with A"(0) > X;. Then there
is a subsequence u,,, (0) convergent to some uy # 0 in H. It is clear that u(t) = S(t)ug
is a solution for (3.3) such that w,, (t) — wu(t) for any ¢ > 0.

Let 7 < 0. By eliminating a finite number of members of {n;} we can suppose

that 7 > —ny, for all k. From the conditions above, the sequence {u,, (7)} is rel-
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atively compact in H, and if a subsequence u,, (7) converges to a u, in H, then
S(t)tn,, (0) — S(t)up = S(t — 7)u, for any ¢ > 7. This means that the only limit
point of {u,, (7)} is u,, and consequently, kh—>I£lo Up, (T) = u,. Thus u(t) can be ex-
tended to [, 00] for any 7 < 0 with limy_,c up, = u(t) for all ¢ € [7,00]. By making
T — —o0, we obtain a global solution w(t) such that w,, (¢) — w(t) for any ¢ € R.
From this convergence it follows that |v(t)| < ¢; and A(t) = |I581‘; < \; +1/2 for any
t < 0; and, moreover, (2/3)e; < |v(0)|] < ¢, U(0) > R, and A(0) > \;. The second

part of Lemma F.1 yields that A(t) > A\; — 1/2 for any ¢t < 0. Then by Theorem
E.1, A(t) — A\ as t — —oo. Finally, (2/3)e; < |v(0)| < ¢; means that v # 0, while

U(0) > R assures the unboundedness of u (see Corollary C.1). O

This theorem shows that in fact there is a variety of backward-time exponentially
growing solutions, which is a big contrast with the 1-D space periodic Kuramoto-

Sivashinsky case (see [6]).

G. Properties of the global solutions with bounded quotient A

Now we will turn to the study of the quotient A, as well as to the link that exists
between A and \.
First, observe that if A\ is bounded then A is bounded as well. In fact, in this

case A(t) — 1 as t — —oo very fast:

Proposition G.1. Suppose A(t) < X for t < 0. Then there exist some positive

constants M and C, as well as a time 79 < 0 such that
A(t) -1 S MeZ(Xfl)tfceft

for allt <.
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Proof. By the definition of A,

:U2+%|U|2:1 A—1  Juf? - A—1 v
e = e S T e

If we choose 7y from Proposition D.1, then for t < 7,

X -1 01€2Xt—0267t _ L
A—1< - M 2(A—1)t—Cse
- 2 Kle*t ¢ ’

where M = %% and C = (5.

O

Proposition D.1 shows that if A is bounded, the possible backward behaviors of
the solutions of (3.3) are quite different from the case treated in [1]. However in our
problem, the true correspondent of the Dirichlet quotient studied in [1] is the quotient

A. The next proposition treats the case of limsup, , . A < oo.

Proposition G.2. Suppose that v = (U,v) is a global solution of (3.3) for which
A#) <A and A(t) > A(>1) fort <0 . Then

: @) _
1 <A-1
S ey
and
2
fmint OO0 S 4
t——o0 2U(t)
Proof. Let us denote
_ P
22U
Then
. (|U|2)t |U|2 o 1 2 2 |U|2 L o
po = L= U = (U~ [lell?) - s (R— U~ 5loP)
1 R
= (U 2l +20%) — St
1 R
= WUIoP = 2AJuly +2U%) = Zp+ i+ 12
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1 R
= WP =20 =U* = AP*) =+ p+p”

R
= QUM—Q(A—l)U—zAu—ﬁ/mLqu/P.

Observe that if A < A, then

- R
,UtZZUu—Z(A—l)U—ZA,u—E,U—i—,u—i-,uz.

Hence,

_ — R — — R
—A), > 2U — A — — —A 2U — A — —
(h—4), = (/H U U) (n )+<M+ U U)
R — R\ —
——(A=-14+—=|A]|.
(- ()
By Theorem C.1, for any o < 1 there exists t; such that
— R R — R\ —
1— 2U-AN——=)>—|=—-(A-14+=]A
e (=R p) = (- (e g))

for all t < t1. Thus for t < ty,
_ — R —_ — R
(p—A), > u+2U—A—E (b—A)+« M+2U_A_E )
This shows that for ¢ < t,
_ R _

Thus

_ _ - 2U—A-E)dr
ult) ~ K+ a < (ulty) - K+aye 10200

Consequently, by Theorem C.1,

limsup pu(t) — A < —a

t——o00

for any a < 1, which readily implies the first part of the proposition.
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If A> A, then
R 2
e < 20p =200 = DU = 20p = mp+ i+
And analogously to the previous case, we get

liminf pu(t) — A > —a

t——o0

for every o > 1, which concludes the proof.

O

Remark G.1. The conclusions of the proposition above hold if A = liminf, ., A(t)

and A = limsup, , __ A(t).
As an immediate consequence, we obtain

Corollary G.1. If A = limsup, . . A(t) then for any M > A —1 there exists a time
t; < 0 such that |v(t)|?> < 2MU(t) for all t < t;. Likewise, If A = liminf, . . A(¢)
then for any m < A — 1 there exists a time to < 0 such that |v(t)|* > 2mU(t) for all

t<tp.

Proposition G.1 shows that when A(¢) is bounded for ¢ < 0, then so is A(t).

However if A(t) is bounded, then A(¢) might be unbounded.

Proposition G.3. Suppose A = liminf, . A(t) and A = limsup, , . A(t). If

A > 1 then limsup, . A(t)/U(t) > 1. If moreover, A > 1 then

Also, in this case
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Proof. From the definition of A,

[V

v|

A=

<
M

1+
1+

G- |
o
d

%)
<

Thus
1 Jof? Afvf?
AMl+—=——)—-1=—=—.
( T 2U) U 20
Taking upper limit of the previous equation as ¢ — —oo, using Proposition G.2 we

obtain

—_ 1 2 2
ot = e (1 g ) <1

2 p—

A A
< e sy 7 < B 1),

If A > 1, then the preceding inequality yields

1 <1 A
< limsup —.
U

t——o00
Now, if we consider a sequence {t,}, such that ¢, — —oo and lim, ., A(t,)/U(t,) =
limsup,_,_ A(t)/U(t), then

— 1 2 2 o2

Kot = B A ) <Ll
2

> i 7 miat 7 > s (4~ )

Thus, if A > 1, then

1i i<—A_1
PP AT

The identities for the lower limits can be established in a similar way:.

O

Remark G.2. Observe that when limsup, . _ A(t) = A < oo, most of the back-

ward growth of |u|g is carried by the U component of u (see Corollary G.1). This
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means that lim;, o u(t)/|u(t)|z = (1,0), which is an eigenvector of the operator A
corresponding to the eigenvalue 1 (which may not coincide with A). In contrast, for
A(t) = A then A is

the 2-D space periodic Navier-Stokes equations, if limsup, , _

an eigenvalue for the Stokes operator and, for some ¢, — —oo, u(t,)/|u(t,)|z will

2

2 (R, H), to an eigenvector corresponding to the eigenvalue A.

converge, at least in L

H. L* estimates and backward-time exponential growth

Consider again u = (U, v) - a global solution of the system (3.3), with v(0) # 0 and
u(0) ¢ A. By Theorem C.1, U increases backward in time at least exponentially
(i.e. bounded below by an exponential). Thus without loss of generality, we can
assume that U(0) > R. Also, the fact that U(t) increases at least exponentially for
t — —oo implies that |u(t)|y increases at least exponentially for ¢ — —oo as well.
Moreover, if |v| grows backward in time at most exponentially (i.e bounded above by
an exponential), the first equation of (3.3) implies that so does U, which means that
|u| g must also increase at most exponentially backward in time.

The results in Section G suggest that backward in time, the growth of |v| (and
consequently, of |u|z) might be controlled by the backward-time growth of U for any
unbounded global solution u. This would imply that if U grows backward in time (at
most) exponentially, than |v| will grow backward in time at most exponentially. The

following two theorems address precisely these questions.

Theorem H.1. For any u(t) = (U(t),v(t)) - unbounded global solution of (3.3) and
any o > 1,

@)
Jim B =0 (3.36)

Proof. Since we can assume U(t) > R for all ¢ < 0, the first equation of (3.3) implies

Ut)> (U0)—R)e "+ R> (U(0)— R)e " (3.37)



Divide both sides of the first equation of (3.3) by U®:

U'(t) R 1 lo(#)|?

Uty U@ U@t 20()e

Thus
d 1 1 R o))
dt(a — VU@L T U@~ U@ 2000

Using (3.37) we obtain

d 1 . 1 S @®P
di (@ — DU @)1

Integrate from ¢ < 0 to 0 to obtain

_ (a=1)t 0 2
1 1 l—e S / lv(T)] ir
¢ 2U0(7)”

(@ - DU (a-DOMOED  {a-D00) - B) -

o)
/_ 2U<7_)ad7' < 00,

o0

It follows that

and thus, (3.36) holds.

Using the last result we can prove the following theorem.

95

Theorem H.2. let u = (U,v) be a global solution of (3.3) which does not lie inside

the global attractor A. Then |u(t)| g will grow backward in time at least exponentially,

and the following are equivalent ast — —oo:

(i) |u(t)|g grows at most exponentially;
(ii) U(t) grows at most exponentially;

(iii) |v(t)|r2 grows at most exponentially.

Proof. Observe that by time translation, we can assume U(0) > R. As we saw

in Theorem C.1, U(t) grows, backward in time, at least exponentially, which will
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force |u(t)|y to grow at least exponentially too. At the beginning of this section, we
discussed the case (iii)=-(ii)=-(i). It is clear that (i)=-(ii) and (i)=-(iii). To complete
the proof of the equivalence, it is sufficient to prove (ii)=-(iii). But, if (ii) holds, there
exist positive constants 7, C' such that U(t) < Ce " for ¢ < 0. By Theorem H.1, for

a > 1 there exists £y < 0, such that
o) < U@)* < (Ce‘”)a = O

for any t < t5. Thus (iii) is true.

O

It turns out that even the L> norm of the local term v of (3.3) is bounded by
the nonlocal term U for negative times. To show this we will need some additional
estimates for v.

If we take a derivative with respect to x of the second equation of (3.3), we get
(v2), = Uvy + (vz),,, — 20(0s), — 2(v,)*. (3.38)

Denote m(t) = max, v,(t,z). Observe that m(t) > 0 for any ¢. For every t let

x; be such that v,(t, x;) = m(t). Then

Ve (t, 1) — 0o (T, 1¢)  Ovy

D_m)(t) := 1l —
(D-m)(?) 1r£1/s:1p t—71 Tt t—T ot

(t, l't) .
Thus (3.38) implies that

(Dm)(t) < 2 (s, ) = U(m(E) + (02),, (1, 20) — 2m°(1).

Since in the point (¢,2;) the value of (v,),, is nonpositive, we obtain:

(D_m)(t) < U(t)m(t) — 2m>(t).
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Assume that m(t) > U(t) for to <t <t;. Then

(D_m)(t) < —m*(t) (3.39)

for t() §t§t1

To obtain an estimate for m we will need the following lemma.

Lemma H.1. Let M € C* ([to, t1]) be the function satisfying

M) ==-Mt) (3.40)
M(my) = mf(t1)

Then m(t) > M(t) for everyt € [to,t1].

Proof. Observe that if a function ¢ € C ([to,t1]) with D_¢ < 0, then ¢ is non-
increasing (the above conditions on ¢ imply that for any € > 0, ¢(t) < ¢(7) +e(t — 1)
with tg < 7 <t < t; which forces ¢ to be nondecreasing).

Now consider the following IVP:
U(t) = —m?(t)
U(ty) = m(ty)
Then D_(m — 1) < 0. Hence by the above, m(t) — (t) > m(t;) — ¥ (t;) = 0 for

to <t < ty. Consequently, m(t) > ¥ (t) > m(t;) > 0 for toc <t < t;. Then

Y(t) < —3(t)
Y(t) = m(t)

We combine this system with (3.40) to obtain

(¢ = M)'(t) < —=((t) — M (1)) (¥(t) + M(t))
Y(t) — M(t)) =0



o8

The Gronwall inequality implies that

t
[ +M(r)) dr

(Y = M)(t) = (¥ — M)(t)e?

Thus ¥ (t) > M(t) on [tg,t;]. Because we also have m(t) > (), the conclusion of

the lemma follows.

U
Solving (3.40), we will obtain
! t t
M(ty) M)
So, by the lemma above,
1 1
—_—— —— 2>t =1 3.41
mty)  m(t) = (341)
for t € [to, t1]. Obviously we must have
1 1
to >ty — —— >t — —— =:0(t1).
0=y ST oy )

In this way we have established the following result.

Proposition H.1. If (U,v) is a global solution of (3.3) with U(0) > R, then for all

t there is 7 € [0(t),t] such that v, (1, x) < U(7), for all z € [—1,1].
This proposition has two interesting consequences.

Corollary H.1. If (U,v) is a global solution of (3.3) with U(0) > R, then for every

t <0, m(t) = max, v, (t,z) < U(O(t)).

Proof. Assume that for some ¢ < 0, m(t) > U(6(t)). Since m(-) and U(-) are decreas-
ing, we see that m(r) > U(0(t)) > U(r) for all 7 in [(¢), ], which contradicts the

previous proposition. Therefore m(t) < U(6(t)) holds for all ¢ < 0.
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Corollary H.2. If (U,v) is a global solution of (3.3) with U(0) > R, then for every
t <0,

[o(B) 2= sup [o(t,2)] < 20(6()

Proof. Fix t < 0. Because the z-average of v is assumed to be zero, there is a point x;
such that v(t, ;) = 0. By a translation of the solution in z we can assume z; = —1.

Then using the previous corollary, we obtain

T

ot z) = /Uza,g) dg < U (6(t)) (x + 1) < 2U (8(1)).

|
Observe, that if (U(t), v(t, z)) solves (3.3), then (U(t), —v(t, —z)) will also solve (3.3).

By the above, —v(t, —z) < 2U(0(t)). Consequently
jo(t, 2)] < 20 (8(2))
Thus (i) is true. O

Corollary H.1 gives us a bound on v, in terms of U. Actually, v, (¢, x) is bounded

above by U(t) "most” of the time as ¢t — —oc:

Proposition H.2. For a global solution (U,v), with U(0) > R, the Lebesgue measure
of the set S(t1) ={t >t;: m(t) > U(t)} does not exceed 1/U(ty).

Proof. Since m and U are continuous, it follows that S(t1) = J.—, I,, where I,, =
(ton, tin) is a sequence of disjoint intervals with ¢1 > t1,, > ton > ti(n41) for any n. The

measure of S(t1)is Y - I(I,), where I(I,) = (t1, —ton) - the length of the interval I,,.

n

Observe that m(t;,) = U(tsy,) for any i = 0,1 and n € N. Inequality (3.41) written

on [, gives us
1 1
— > 41, — ton = I(1,,).
Ulty) Ulten) = ™ ()
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Thus, for any natural number N,

il([”) = Nl <U(;n) N U(ion))

1 PV | 1 1 1
T U(tn) Z (U(tOn) N U(tl(n+1))) ~ Ulton) = Utn)’

n=1
because U(tl()n) — U(tl(l ) > 0. This means that
- 1 1
l [n S S )
2100 = 565 = oy
and the proof is complete. O

Proposition H.2 has the following immediate consequence.

Corollary H.3. Let u = (U,v) be an unbounded global solution of (3.3). Then the

Lebesgue measure of the set S(t) goes to 0 ast — —oo at least exponentially.

Proof. Proposition H.2 implies that 1(S5(t)) - the Lebesgue measure of the set S(t),
satisfies u(S(t)) < 1/U(t) for any t < 0. But by Theorem C.1, U(t) > Ce™" for some
C > 0 and every t < 0. Thus u(S(t)) < (1/C)e* for all t < 0, which concludes the

proof.

I. Comparison with the other dissipative PDE

To compare Burgers’ original model for turbulence to similar systems of differential
equations, we discern three possible behaviors of a solution as ¢ — —oo: it can
be globally bounded, blow up exponentially, or, perhaps, blow up faster than any
exponential. It is interesting that there are no global solutions that blow up with a

t

rate less than e~ as t — —oo (as was proved is Theorem C.1). The existence of a
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variety of globally bounded solutions follows from the fact that the global attractor
of (3.3) is quite a rich set (see [22]).

In this chapter we were able to prove existence of a family of global solutions that
blow up exponentially backward in time, namely those for which the Dirichlet quotient
A(t) is bounded for t < 0 (see Theorem F.1). This fact shows a clear difference
in backward-time behavior form the 1-D space periodic Kuramoto-Sivashinsky case
studied in [6, 7]. Moreover, similar to the 2-D space periodic Navier-Stokes equations

(see [1]), for any eigenvalue \; of Ay = —8‘9—; there exist solutions u = (U,v) with

v(tn)
|v(tn)]

limy o A(f) = A, and lim,_ = w; for some sequence {t,} decreasing to

—oo and some unit vector w; satisfying Aqw; = M\w; (see Theorems E.1 and F.1).
However unlike in the 2-D Navier-Stokes case, for a suitable ¢ > 0, |v(t)| = o(e=*"")
as t — —oo (see Proposition D.1).

The behavior of global solutions of system (3.3) with bounded Dirichlet quotient
A is also interesting. While we were unable to prove existence of any global solutions
with lim sup,_,_ . A(t) > 1, the fact that if A is bounded, then lim, ., % = (1,0)

(see Remark G.2), establishes another important difference with the 2-D Navier-

Stokes equations studied in [1]. In that case, for any eigenvalue of the Stokes operator

u(tn)
" ultn) | H

there exists a solution u such that for a sequence {t,} decreasing to —oo
converges in a specific space H to an eigenvector corresponding to that eigenvalue.
The results presented above make Burgers’ original model for turbulence a very
peculiar example of a dynamical system with a rich set of backward-time exponentially
blowing up solutions which, unlike the 2-D space-periodic Navier-Stokes equations and

their a-model, does not display any similarity to the linear case.
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CHAPTER IV

CONCLUSIONS

Since the introduction in 1995 in [1] of the attractor-like sets M, there is still very
little known about their geometrical structure and the relationship between these
sets and other invariants of the dissipative PDE, in particular, global and exponen-
tial attractors, and inertial manifolds. For the 2-D periodic Navier-Stokes equations
(NSE) we were able to obtain new geometric properties of these sets and show that
the solutions on this sets will grow exponentially in any Sobolev norm (see Chapter
IT). A further study is needed in order to resolve whether in this case the sets M,,
have a manifold structure and whether their union is dense in H. As we mentioned
in Chapter I, a remarkable similarity in the properties of M,, between the NSE and
the linear case, are in the sharp contrast with the Kuramoto-Sivashinsky equation
(KSE), for which there are no unbounded invariant sets at all. On the other hand,
various NSE-like systems still displayed NSE-like behavior for negative-times. The
Burgers’ original model for turbulence (BOMT) is the first known dissipative PDE
that has a completely different backward-time dynamics from both NSE and KSE
cases (as is described at the end of Chapter III).

We can in fact characterize dissipative PDE by their backward-time behavior as

follows:

1. Linear-like systems, with M, rich for all n, and all the rates of exponential

growth present (NSE, Kelvin-filtered NSE);

2. Equations with the fast backward-time growth, i.e. satisfying M,, = A for all
n (KSE);

3. Equations which admit some backward-time exponentially growing solutions,
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but with a very non-linear negative-time dynamics (BOMT).

Additionally, I am working on several remaining problems related to the better
understanding the backward time behavior of the PDEs described above. In particu-
lar, for the Burgers’ original model for turbulence more studies are needed to answer

the following questions:
1. Are there any M, # M7
2. Are there any solutions on M that have unbounded A(¢)?
3. Is U,M,, dense, at least in some sense, in H?
4. What are the geometrical properties of M,,?
The questions about the NSE are:
1. What is the geometrical structure of M,,?
2. Can the density property of U, M,, be improved?

The answers to the questions above will help better understanding of the struc-

ture of the sets M,, and make the classification more precise.
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APPENDIX A

ESTIMATE FOR THE NONLINEAR TERM (SEE [30])

Lemma 1. For eachn € N (n > 2) and every uw € D(A"™):

n—1
b(u,u, A"u) = — Z b(AMu, u, A" M), (A.1)
h=1
Proof. Observe first that

A(B(u,v) + B(v,u)) = B(u, Av) + B(v, Au) — B(Au,v) — B(Av, u).

Thus, if n is odd, then

n (n+1)/2
A B(AM, A ) = Y A(B(AMu, A M) + B(AM M, AMu))
h=0 h=0
(n+1)/2 (n+1)/2
_ Z B(Ahu,A"_hHu) + Z B(An_hU,Ah+1U))
h=0 h=0
(n+1)/2 (n+1)/2
_ Z B(Athlu’Anfhu) _ Z B(Anchrlu’Ahu))
h=0 h=0

= B(u, A""'u) — B(A" M, u).

Consequently, in this case,

b(AMu, u, A" ) = — Zb(Ahu, A"y u) =

h=0 h=0
— <AZ B(AMu, AV, A1u> -

h=0
—b(u, A" A7 ) + b(A M, u, A7)

= b(u, A" u, A"u) — b(A" M u, A, u) = 0,



since
b(Av,v,w) = b(w, v, Av)

for every v € D(A) and w € H.

If n is even, we have

n n/2

69

A " B(AM, A7) = AB(AMu,u) + Y A (B(A"u, A" M) + B(A" M, AMu))

b(AMu, u, A" M) = =Y b(AMu, AV, u) =
h=0 h=0

(AZB P, AV M), A—1u> -
— (AB(A™Mu,u), A ') — b(u, A" ru, A7) + b(A u, u, A7)

= b(A"u,u,u)+ 0= 0.

Consequently the identity from the lemma holds for all n.

Theorem 1. For eachn € N (n > 2) and every u € D(A™):

|b(u,u,Anu)| < CocnlAn/2u| |A(n+1)/2u| |A1/2u|,
where ¢, = 6([n/2 + (n — [1/2)2").

Proof. Observe that going to the Fourier coefficients:

= AB(A"u,u) + B(u, A"u) — B(A"u, u).

(A.2)
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bu,v,0)[ = | D> (x| < Y al 5] byl el = blu, v, w).

j+k+1=0€22 J+k+1=0€22

u(z) = Z ak6(27rz‘/L)(k;.x)7 v(z) = Z bje(27rz‘/L)(J‘.:c)7 w(z) = Z Cl€(27ri/L)(l-z)7

keZ2 JEZ2 €72
with u,w e H,ve V.
Using the previous lemma we get

1
|b(u, u, A"u)| < |b( A", u, A" )| < b(A M, u, A" ).

1

3
—
3

I

>
Il

>
Il

1

Observe that

—_

3

n—1
b(AMu,u, A ) =3 > k[P k] ] ag] el 170

h—1 h=1 j+k+1=0€2?
< A+B+C,
where
n—1
A= 2 kP a] 131 s Jadl 1P,
h=1 j+k+1=0€Z2,|k|<min{|j],|I|}
n—1
B = 2 [KP*ae] 151 la ] 17,
h=1 j+k-+1=0€Z2,|j|<min{|k|,|I|}
and
n—1
C = > R a1 ] ] 1.
h=1 j+k+1=0€Z2,|l|<min{|j|,|k|}

Because of the symmetry we have that A = C.
Also,



n—1
B>, > [ ag| 17170 aj |ai] |I] = C(= A),

h=1 j+k+1=0€Z2,|k|<min{|;],|I|}

and thus we get

n—1

bluu, A <3B<3Y2 > [k ael il lag| ]
h=1 " j+k-+I=0€Z2,|j|<|l|<|k]
n/2]

=6 > (K[> 1] ] lad] 212"

h=1 j+k-+I=0€Z2,j|<|l|<|k|
1

6y > (K[> 1] ] lad] 212"

h=[n/2]+1 j+k+I=0€Z2|j|<|l|<|k|
[n/2]

<6 > [E[* e 7] las] |aal [I]*
h=1 j+k-+1=0€22,|j|<|l|<|k]

n—1

+6 Y > [ x| 7] lag] aq |12,

h=[n/2]+1 j+k+1=0€Z2,|j|<|l|<|k|

Observe that in the previous sums, |k| = [j +1| < |j| + |{| < 2|l|. Thus,

n—1

6 > > [ k] 7] lag! a] 11"

h=[n/2]+1 j+k+1=0€Z2,|j|<|l|<|k]

n—1
<6 > R L) [ak] [7] ay| ] 122"
h=[n/2]+1 j+k+1=0€Z2,|7|<|l|<|k|
< 6(n — [n/2])2"72 > k"] 7] [as] adl |2

JHk+1=0€22,|5|<[l|<|k|

Also,

[n/2]

6 > K" |ax | 5] las| [aa 11"

=1 j4k+1=06Z2,|j|<[i|<|k]
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< 6([n/2]) > K" a] 1] ag] lad 2]"-
J+k+HI=0€Z2,|5|<|I|<|k|
Consequently,
b, u, A"u)| < 6([n/2] + (n — [n/2])2"7%) > K" el 1] ag] lad 2]"-

J+k+HI=0€Z2,|5|<|l|<|k]|

Let ¢, = 6([n/2] + (n — [n/2])2"72). From the above we conclude that

1b(u, u, A™0)| < e,b(AY?u,u, AV?u) = cn/¢(:c)w(:c)C(x) dx,

Q
where we denote ¢(z) = 3 T/ EFay | [K]", o (x) = 32 eI "]a ][], and ((x) =
k J

S e/t g, 11", Applying Schwartz inequality we get
I

|b(w, u, A"u)| < cp|d|pa|t|r2|C|pa.

Now apply Ladyzhenskaya inequality
|74 < colwlpwl g2

to estimate @[+ and |(|z+ and obtain

|b(u,u,Anu)| < COCn|An/2u| |A(n+1)/2u| |A1/2u|.
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