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ABSTRACT

Compactness of the O-Neumann Problem
and Stein Neighborhood Bases. (May 2006)
Sonmez Sahutoglu, B.S., Middle East Technical University;
M.S., Middle East Technical University

Chair of Advisory Committee: Dr. Emil J. Straube

This dissertation consists of two parts. In the first part we show that for 1 <
k <n—1, a complex manifold M of dimension at least k in the boundary of a smooth
bounded pseudoconvex domain € in C" is an obstruction to compactness of the 0-
Neumann operator on (p, ¢)-forms for 0 < p < k < n, provided that at some point
of M, the Levi form of bQ) has the maximal possible rank n — 1 — dim(M) (i.e. the
boundary is strictly pseudoconvex in the directions transverse to M). In particular,
an analytic disc is an obstruction to compactness of the O-Neumann operator on
(p, 1)-forms, provided that at some point of the disc, the Levi form has only one
vanishing eigenvalue (i.e. the eigenvalue zero has multiplicity one). We also show
that a boundary point where the Levi form has only one vanishing eigenvalue can
be picked up by the plurisubharmonic hull of a set only via an analytic disc in the
boundary.

In the second part we obtain a weaker and quantified version of McNeal’s Prop-
erty (]5) which still implies the existence of a Stein neighborhood basis. Then we give

some applications on domains in C? with a defining function that is plurisubharmonic

on the boundary.
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CHAPTER I

INTRODUCTION
This dissertation concerns compactness of the 9-Neumann problem and the existence
of Stein neighborhood bases for the closure of smooth bounded pseudoconvex do-
mains.

Pseudoconvex domains are central objects in several complex variables as they are
natural domains of existence of holomorphic functions. It is known that a domain is
pseudoconvex if and only if there exists a holomorphic function that is not extendable
through any boundary point of the domain. It turns out that boundaries of domains
play a leading role in the theory of several complex variables. In particular, it is
important to study the interplay of the complex geometry of C" with the geometry of
the boundary of a domain. The 9-Neumann problem, via its boundary conditions, is
very much connected to this interplay. For example, Catlin([12, 13, 14]) showed that a
smooth bounded pseudoconvex domain is of finite type in the sense of D’Angelo(]20])
if and only if the O-Neumann problem of the domain satisfies a subelliptic estimate.

Global regularity properties of the d-Neumann problem are important from the
partial differential equations perspective as well as from that of several complex vari-
ables. The reason is that many function theoretic problems reduce to solving the
O-Neumann problem with some regularity properties. In the last couple of decades
it has become clear that global regularity is very subtle [9, 16]. Compactness, on the
other hand, is known to be more robust than global regularity. For example, com-
pactness is a local property whereas global regularity is not. Another motivation for

studying the compactness of the d-Neumann problem comes from its connections to
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Toeplitz operators ([31] and its references), semiclassical analysis of Schrédinger op-
erators [17, 32], and kernels solving 0 [35]. Our motivation for studying compactness
of the 9-Neumann problem, however, comes from its connections to the geometry of
the boundaries of pseudoconvex domains. To be more precise, we would like to know
if it is possible to have an analytic disc (or plurisubharmonic hulls in general) in the
boundary of a smooth bounded pseudoconvex domain when the d-Neumann operator
is compact. This problem has been solved by Catlin in C2, but the problem is still
open in general.

Let 0 <p<n,1<g<k<n-—1and{2 beasmooth bounded pseudoconvex
domain whose Levi form of has at most k vanishing eigenvalues. (That is, the Levi
form is of rank at least n — k — 1 at every point on b).) We show that when
the 0-Neumann operator of  on (p, ¢)-forms is compact there cannot be a complex
manifold of dimension & in b€2. In particular, if the Levi form has at most one vanishing
cigenvalue and the d-Neumann operator of Q on (p, 1)-forms is compact then there
cannot be an analytic disc in bS2. Although we believe that the conclusion of the
theorem should not depend on the rank of the Levi form, our methods do not give
a more general result. We also show that in case the Levi form has at most one
vanishing eigenvalue, absence of analytic discs in 0§ is equivalent to KN = KNbQ

for any compact set K C €2, where K is the plurisubharmonic hull of K.

The second part of the thesis deals with the existence of a Stein neighborhood
basis for the closure of a smooth bounded pseudoconvex domain in C". Let 2 be
a domain in C". Then  is said to have a Stein neighborhood basis if for every
neighborhood V' of Q there exists another pseudoconvex domain Qy such that Q C
Qy C V. That is,  has a neighborhood basis that consists of pseudoconvex domains.
The problem of whether the closure of every smooth bounded pseudoconvex domain

has a Stein neighborhood basis first appeared in the literature in [4]. It is motivated



in part by the fact that any pseudoconvex domain can be exhausted by smooth
pseudoconvex domains. Approximation from outside, however, is not always possible.
For example, neither the closed Hartogs triangle nor the closure of the worm domain
of Diederich and Fornaess([21]), a smooth bounded pseudoconvex domain in C?, have
a Stein neighborhood basis. Therefore it is interesting to know when the closure of a
domain has a Stein neighborhood basis.

Existence of a Stein neighborhood basis for € is known to be connected to global
regularity of the d-Neumann problem [55] and the Mergelyan approximation prop-
erty [19]. In fact, all classes of smooth domains whose closure is known to have a
Stein neighborhood basis have the Mergelyan approximation property. On the other
hand, it is still open whether some sort of approximation property, like Mergelyan or
Runge, implies the existence of a Stein neighborhood basis for the closure of a smooth
bounded pseudoconvex domain.

One way to get a Stein neighborhood basis for the closure is through McNeal’s

property (P). Sibony([53, 54]) showed that if a smooth bounded pseudoconvex do-

main satisfies property (ﬁ) then there exists a plurisubharmonic function f that
vanishes on the domain and stays strictly positive outside of the domain. Hence one
can get a Stein neighborhood basis out of level sets of f. In fact, Q is uniformly
H-convex. On the other hand, McNeal([46]) showed that property (P) is sufficient
for compactness of the -Neumann problem. This suggests that there might be some
connections between compactness of the d-Neumann problem and existence of a Stein
neighborhood basis for the closure. Examining the proof of Sibony one can see that

property (P) is much stronger than what is needed. We will introduce a weaker and
a quantitative version of property (]5) that still implies the existence of a Stein neigh-
borhood basis for the closure. Additionally, we will give an application on domains

in C? with a defining function that is plurisubharmonic on the boundary.



CHAPTER II

BACKGROUND
A domain €2 in C” is said to have C*-smooth boundary, 1 < k < oo, if there exists a
neighborhood U of Q and a real valued C*-smooth function p defined on U such that
O={2€U:p(z)<0},Q0={2€U:p(z)=0},U\Q={z€U:p(z) >0}, and
the gradient of p does not vanish on the boundary b2 of €2. In this case p is called
a defining function for Q. In case p is a C%-smooth defining function we define the

complex Hessian of p at z € bS) as follows:

_ "L 9%p(2) -
L,(z;A,B) = 02’;2) a;by,
=1 JULE

J

where A and B are vectors of type (1,0) in C" with A = 377, ajé%? and B =
Z?zl bja%j' For convenience we will denote L,(z; A, A) by L,(z; A) and suppress z
when it is not confusing.

A function is said to be plurisubharmonic on an open set V' if its restriction on
any complex line that passes through V is subharmonic. One can check that a C2-

smooth function f is plurisubharmonic on V' if and only if L;(z; W) >0, for z € V

and any vector W of type (1,0).

Definition 1. A domain Q) C C" is said to be pseudoconvezr if there exists a contin-
uous plurisubharmonic function p on 0 such that {z € Q : p(z) < ¢} is a precompact

subset of ) for any real number ¢ > 0.

Notice that in this definition no smoothness is assumed. When the domain
has at least twice continuously differentiable boundary it is a well known fact that
pseudoconvexity can be defined using the Levi form. We refer the reader to the

books [42, 50] for a proof of the following theorem and other equivalent definitions of



pseudoconvexity.

Theorem 1. A domain Q with C?-smooth boundary in C*,n > 2, is pseudoconvex

if and only if it has a defining function p such that L,(z;W) > 0 for z € bQ and

W(p)(z) = S0, 22Cys = 0 where W = S Wi

J=1 "9z Bz

A vector W of type (1,0) is called complex tangential to b2 at ¢ if W (p)(¢q) =0
for a defining function p of 2. One can check that, in the above theorem, the complex
Hessian of any defining function is non-negative on complex tangential vectors of type
(1,0) on the boundary. Therefore, pseudoconvexity is independent of the defining
function. The restriction of the complex Hessian on the space of complex tangential

vectors is called the Levi form.

A. The O-Neumann Problem

Studying the 0-Neumann problem was proposed by Garabedian and Spencer([33]) in
order to study the d-problem. Morrey([47]) proved an a priori estimate on (0, 1)-forms
and later Kohn([40]) generalized the a priori estimates, proved the existence of the
0-Neumann operator on (p, ¢)-forms and showed the boundary regularity on strongly
pseudoconvex domains. Hoérmander([37]) used weighted L?-theory to solve the O-
problem (and hence the d-Neumann problem) in L? (without weights) on bounded
pseudoconvex domains.

In this section we sketch the setup of the 0-Neumann problem. We refer the
reader to the books [15, 24] and a survey [9] for a more detailed treatment of the
topic.

Let 2 be a bounded domain in C",n > 2, and 0 < p, ¢ < n. We denote the space
of square integrable and smooth (p, g)-forms by L%n q)(Q) and C7 q)(Q), respectively.

Let z = (21,...,2,) denote the complex coordinates for C". Any square integrable



(p, q)-form f can be written as

/
F=Y" frdz Nz,
17

where I = (i1,...,4p) and J = (ji1,...,j,) are multiindices, dz; = dz;; A ... Ndz,,
dzy =dz; N\ ... \Ndz;, and Y~" denotes the summation over strictly increasing multi-
indices.

For the sake of simplicity we will drop the indices from E(M) and just write 0.

L2

(p.g)(§2) s a Hilbert space with the inner product coming from the following norm:

1fII? = | fr?dV

where dV is the volume element on C". When f is a smooth (p, ¢)-form we define the

action of 9 as follows:

_ ' 0
of=>_>Y" ajzk‘]dzk/\dzj/\dzj.
I,J k

Then we extend 0 to its weak closure and still denote it by 9. Hence u € Dom(d) if

u € L%p,q)(Q) and Ju € L%MH)(Q) where Ou is defined in the distribution sense. One

can check that 0 is a linear, closed, and densely defined operator. Then the Hilbert

space adjoint a9 - L%M +1)(Q) — L%p,q)(Q) is linear, closed and densely defined. A

square integrable (p, ¢)-form f belongs to Dom(8") if there exists g € L%ﬂ o(§2) such

that

<f, 590> ={(g,9) for o€ Dom(0)NL? (Q)

(p,9)

where (.,.) is the inner product on the corresponding Hilbert spaces. When (2 is a
bounded domain one can easily see that C7 (Q) € Dom(0). But for a (p, q)-form

f to be in Dom(a*) it must satisfy a boundary condition in the weak sense. In

case € has C'! boundary, using integration by parts, one can show that a C'-smooth



(p, q)-form f is in the domain of 9" if and only if it satisfies the following:

0
Zf[,kK—p =0 on b
8zk
k
for all strictly increasing multiindices I, K such that |I| = p and |K| = ¢q — 1.
Let A denote the exterior product of forms. One can show that f € C’(ln 2 Q)N
Dom(g*) if and only if dp V f = 0 on b2 where the interior product V is defined as

follows:
{gNOp,f)={g.0pV [)

for any (p, ¢)-form f and a smooth (p,q — 1)-form g. Now we will define the complex

Laplacian U, ).

Definition 2. [, = 5(1%‘1—1)5?1%) + 5?p,q+1>5<p7q> is a linear operator defined on
L?M)(Q) such that a square integrable (p, q)-form f is in Dom(0,q)) if and only if

s

f € Dom(0p.q) N Dom(d,,, ) and Of € Dom@zp’qﬂ)),g*f € Dom(9p4-1))-

One can check that (g, 4 is a densely defined closed (unbounded) linear operator

2

. q)(Q). The O-Neumann problem is defined as finding a solution to Opaf =9

on L
on D for f € Dom(0,,)). Existence of a solution for the O0-Neumann problem on
pseudoconvex domains is guarantied by the following theorem. We refer the reader

to [15] for a proof.

Theorem 2 (Hérmander). Let Q be a bounded pseudoconver domain in C",n > 2,
and e be the base of the natural logarithm. For each 0 < p < n,1 < q < n, there exists

a bounded operator, called the O-Neumann operator, N : L%M)(Q) — L? () such

(p,9)

that

(1) Range(N(M)) C Dom(D(M)), and
Np.oBwe = BwgNee =1 on Dom(Op,g))-



(2) Forany f € L2, ,(Q), f =00 Ny f &8 ONgg [
(3) ONipq) = Nipgr1y0 on Dom(9),1 < g <n—1.
(4) 9 Nipg) = Npg1d on Dom(9),2 < g <n.

(5) Let § be the diameter of 2. The following estimates hold for any f € L? (Q):

(,9)

ed?

[INwpo fll < 7Hf||,

— ed?
[ONq [l < 7||f||,

—% 652
10 Npgp fI| < \/7Hf||-

We note that N, ) has a similar existence theorem. The main difference between
Npoy and N, q) for ¢ > 1 is that O, o) is not onto. We refer the reader to [15] for
more information on this matter. Using the above theorem one can show that when
Q is bounded and pseudoconvex, an L? solution to the d-problem exists. In fact,
the solution operator with minimal norm in the L? sense is N, (p.q)» as the following

corollary shows.

Corollary 1. Let 2 be a bounded pseudoconver domain in C" n > 2. Assume that

0<p<n,1<g<n,g€ L%M)(Q), and Og = 0. Then f = E*N(M)g satisfies Of = g

and

171 < 4/ lall (2.1)

f is the unique solution to Ou = g that is orthogonal to Ker(0).

N, (p,g) 15 called the canonical solution operator for the O-problem.



B. Compactness of the 9-Neumann Problem

In this section we introduce compactness of the 9-Neumann problem. We refer the
reader to [30, 31, 32, 46] for more information.

We will use the notation W, 1(€2) for (p, ¢)-forms with coefficient functions from
the Sobolev space W*(2). The norm on W#*(Q2) is denoted by ||.||s. Compactness of

the O-Neumann problem can be formulated in several useful ways:

Lemma 1. Let Q) be a bounded pseudoconvexr domain, 0 < p < n,1 < q < n. Then

the following are equivalent:

i) The 0-Neumann operator, Nip.q), s compact from L?p’q)(ﬂ) to itself.

ii) The embedding of the space Dom(8) N Dom(d"), provided with the graph norm

u — ||Qul| + |0 ul|, into L?

(p.q)(§2) s compact.

iwi) For every e > 0 there exists a constant C. > 0 such that
lull < (O]l + 107 ull) + Cellull—1, for u € Dom(d") N Dom().

iv) The canonical solution operators E*N(p’q) : L(QM)(Q) — L%M_l)(Q) and E*N(p,qH) :

LY, iy (Q) — LT, (Q) are compact.

The statement in (7i7) is called a compactness estimate. The equivalence of (i7)
and (7ii) is a result of Lemma 1.1 in [41]. The general L?-theory and the fact that
L%ﬂ o (§2) embeds compactly into W(;vlq)(Q) shows that (i) is equivalent to (i7) and

(71). Finally, the equivalence of (i) and (iv) follows from the formula
Nipg) = (0 Npg))"0 Npg) + 0 Npgi1) (0 Nipgi1))”

(see [24], p.5bb, [49]). We refer the reader to [46] for similar calculations.
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The following lemma is well known but has not appeared in the literature. So

we will give a proof for the convenience of the reader.

Lemma 2. Let ) and €y be two bounded pseudoconver domains in C*,n > 2, and
F : Q — Qs be a biholomorphism that is smooth up to the boundary. Then the
0-Neumann problem on (p,q)-forms on Qy is compact if and only if the -Neumann

problem on (p, q)-forms on Qy is compact for 0 <p <n,1 < q<n.

Proof. The proof of this lemma is implicit in [30]. N, is compact if and only if
5*N(p7q) and E*N(pgﬂ) are compact. (See iv) in Lemma 1). Therefore it is enough
to show that compactness of 5*]\7(,,,(1) and E*N(p,qﬂ) are invariant under biholomor-
phisms. Let €2 and 25 be two pseudoconvex domains and F': 2; — €25 be a biholo-
morphism. Let {f;} be a sequence of bounded d-closed forms in L%qu)(QQ). Since F is
holomorphic, F*, which pulls back forms, and d commute. Therefore {F*(f;)} is a se-
quence of bounded 9-closed forms in L?, (Q)). If 8 Ny, : L?

(p,9) (g

)(Ql> — L )(Ql)

(p,g—1

is compact then {9 N, ,F*(f;)} has a convergent subsequence in L%}L o-1)(§1). By
passing to a subsequence if necessary we may assume that {('_9*N(p7q)F *(f;)} is con-
vergent. Since F' is a biholomorphism {(# _1)*5*N(p,q)F *(f;)} is convergent too. One

can check that
AF )0 Ny F*(f;) = (F71)90 Nipoy F*(f;) = f;

Therefore (F _1)*5*N(p,q)F * is a compact solution operator for  on (p, q)-forms on
Qy. We get E*N(p,q) on )y by applying the projection on the complement of the
kernel of  to this solution operator (see 1). Hence the operator E*N(pﬁq) on €y is
compact. Similarly one can show that compactness of E*N(p,qﬂ) is invariant under

biholomorphisms. O

Now we will introduce another characterization for compactness that has not
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appeared in the literature before.

Let Q be a smooth bounded domain in C", K C b2 and U be an open neighbor-
hood of K. Define

/
ooy (U) = { Z frsdzr Ndzy : fr5 € CSO(U)}
\T1=p,|71=q

for 0 < ¢ < n where C§°(U) denotes the space of smooth functions with compact
support in U. Define A, 4)(U) as follows: For 0 <p <n, 1 <g<n

10£11” + 19" 11
I1F11?

Ay (U) = inf{ : f € Dom(9) N C55 (U, f # 0} :

where Dom((8") refers to the domain of 8 on 2, and

Al - o
Ap,0)(U) = inf { ||||f||”2 : f € (Kerd)t N ooy U), [# 0}
where (Kerd)* is the orthogonal complement of (Kerd) in L%p’ »(82). Notice that

)‘(p,q)(U) < /\(p,q)(v) itV cu.

Theorem 3. Let 2 be a smooth bounded pseudoconvexr domain in C". Let 0 < p,q <

n, be given. Then the following are equivalent:

(i) The O-Neumann operator Nip,q) of 2 is compact on square integrable (p, q)-forms

on €2

(ii) for all K C b2 and M > 0 there exists an open neighborhood U of K such that
Apa)(U) > M,

(iii) for all M > O there exists an open neighborhood U of the set of infinite type

points in b)Y such that \.q(U) > M.

Proof. We'll show the equivalences for 0 < p < n,1 < g < n. The proof can be

mimicked for the case ¢ = 0 using the following: Compactness of Ny is equivalent to
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the following compactness estimate: Ve > 0, 3D, > 0 such that
lgll* < ellogll* + Dellgl2; for g € (Kerd)™ N Dom(d)

(i) = (ii) : Assume that the d-Neumann operator of §) is compact, and there exist
K C bQ and M > 0 such that X\, (U) < M for all open neighborhoods U of K.
We may assume that there exist a sequence of open neighborhoods {U} of K, and a

sequence of nonzero (p, q)-forms {fx} such that

U1 CC Ux, K C (Us CVQ, fi € Dom(3") N C55, 0 (Uk),

,(p,9)
k=1

Ifell =1, and ||0ful® + |0 fell> < M for k=1,2,3,---

Let’s choose fi, = fi. Since K C (o, Uk, Ups1 CC Uy, || fxll = 1, and f; €
Cop.g)(Ur) there exists ky such that fQ\Uk Ifi > > 1/2. So ||fi, — [wll® = 1/2.
Similarly, we can choose a subsequence { fi, } so that || fx, — fi,[|* > 1/2 for s # t. We
denote this subsequence by { fr}. Compactness of the O-Neumann operator is equiva-
lent to the following so called compactness estimate (see Lemma 1): Ve > 0,3D. > 0

such that
gl < e([|9g]|* + 10"g||*) + D:||g||*, for g € Dom(D") N Dom(0) (2.2)

Choose ¢ = ——. Since Dom(d") N C3

T o) (Uk) C Dom(8") N Dom(9) using (2.2) we

get

1
2
_ >

>0 for k #1 (2.3)

The imbedding from L*(Q2) to W(Q) is compact and {f;} is a bounded sequence

: 2
n L(p,q

(2.3).

)(D). Hence { fi} has a convergent subsequence in W(;lq)(Q). This contradicts

(74) = (417) : This part is obvious because the set of infinite type points is compact.
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(7i1) = (i) : Let K be the set of infinite type points in b2 and u € Dom(g*)ﬂC’(‘Zq) Q).
Assume that A q)(Ux) > k where {Uy} is a sequence of open neighborhoods of K
such that Uy CC Uy, K C (e, Up C 0. Let ¢, € C5°(Uy) such that 0 < ¢, <1
and ¢ = 1 in a neighborhood of K. Define ¥, = 1 — (. Notice that v is supported
away from K. We will use general constants in the following estimates. That is the
constants we use won’t depend on u but they might change at each step. Away from
K we have subelliptic estimates as b2\ K is the set of finite type points. Hence, there

exists s > 0 such that Ve > 0 4D, > 0 such that

lwull® < ellnully + Dellvwull2,

eCr(10(ku) |1 + 110" (%) [I*) + CrDelful?, (2.4)

IN

< eCrl10ul® + 118 ull® + Jul®) + CxD-lull2,

The first inequality follows because L? imbedds compactly into W* for s > 0. We
used the subelliptic estimate for the second inequality. If we use A, q)(Ur) > k we

get:

1, - —
lrull® < E(I|0(90W)|I2+I|0 (eru)|?)

1, = — C
< (Bl + 7wl + ZE (25)

where & = 0 in a neighborhood of K and &, = 1 in a neighborhood of support of .

Calculations that are similar to ones in (2.4) show that
lépull® < &' CrlllOull® + 18 ull? + Ilull®) + CrDarllull2, (2.6)

By choosing ¢,¢’ small enough and combining (2.4) and (2.6)we get: For all k =

1,2,3, - there exists D, > 0 such that

lull® < Z(18ull? + 10" ul® + [[ull*) + Dllull?; for w € Dom(d") NCFy,(Q)  (2.7)

E N
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Dom(d°) N Coa (Q) is dense in Dom(d") N Dom(d). Therefore, the above estimate
(2.7) holds on Dom(8") N Dom(d). That is, the d-Neumann operator of € is compact

on (p, q)-forms for 0 <p <n,1 < g <n. O
One of the nice properties of compactness is that it localizes.

Lemma 3 ([31]). Let Q2 be a bounded pseudoconvex domain in C*,n > 2, and N,

be the O-Neumann operator on L?p q)(Q) where 0 < p<n,1<qg<n.

1) If for every boundary point p there exists a pseudoconvex domain U that contains
p such that the O-Neumann operator on (the domain) U N is compact, then

Np,q) s compact.

2) If U is smooth bounded and strictly pseudoconvex and U N is a domain, then

if Nip,q) is compact, so is the corresponding 0-Neumann operator on U N Q.

In the introduction we mentioned that compactness of the O-Neumann problem

is weaker than global regularity. Actually more is true:

Theorem 4 ([41]). Let Q be a bounded pseudoconvex domain in C" with smooth

2

boundary. If N, q) is compact on L(p,q

(), then N is compact (in particular, contin-

uous) as an operator from W¢, () to itself, for all s > 0.

We would like to remark that in the above theorem, the implication in the other

direction is valid as well. That is, if IV, ;) is a compact operator on W(; q)(Q) for some

2

s > 0, then N, ) is compact in L(pq

)(2). This implication follows from a theorem
about compact operators over Banach spaces, symmetric with respect to a scalar
product (see, e.g., [43], Corollary 2).

In case of convex domains, compactness of the 9-Neumann problem is completely

understood:
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Theorem 5 ([30]). Let Q be a bounded conver domain in C". Let 1 < q <mn. The

following are equivalent:

1) There exists a compact solution operator for @ on (p,q)-forms.

2) The boundary of Q2 does not contain any affine variety of dimension greater than

or equal to q.

3) The boundary of Q0 does not contain any analytic variety of dimension greater

than or equal to q.

4) The 0-Neumann operator Np.q) s compact.

C. Stein Neighborhood Bases

In this section we will discuss existence of a Stein neighborhood basis for the closure of
a smooth bounded pseudoconvex domain in C". There are two sources of existence of
Stein neighborhood bases for the closure. The first is through existence of transversal
holomorphic vector fields on a neighborhood of the weakly pseudoconvex points on
the boundary. This method has been developed by Fornsess and Nagel in [26] (see
also [2]).

Theorem 6 ([26]). Let Q be a C3-smooth bounded pseudoconvex domain in C" with a
defining function p, and let K be the set of weakly pseudoconvex points in b§2. Assume
that there exist an open neighborhood U of K and a vector field F = (Fy, ..., F,) on
U such that Fj is holomorphic for j =1,...,n and Re (Z?Zl Fj%) >0 on UNKD.

Then Q has a Stein neighborhood basis.

The condition Re (Z;;l Fj%) > () enables us to push the boundary out. More-

over, since F' has holomorphic components the pseudoconvexity of the boundary is
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preserved. We give a proof simpler than the one in [26] for the convenience of the

reader.

Proof. Choose open sets V7, V5 in C" such that K CcC V; CcC V, CcC U and a smooth
compactly supported function ¢ on V5 such that 0 < ¢ < 1, and ¢ = 1 on V;. We may
choose a neighborhood U; of bQ2 and a defining function r of 2 such that £,.(z;7) > 0
for € U; \ Vi, 7 € C"\ {0}. Let

HE) = 0P G)+ (1= 06:) (5 55 ).

Now we define 7. such that r(z) = r.(A%(2)) for A°(z) = z + €H(z). Notice that H
pushes the boundary out and so r. is a defining function for a domain that includes

Q. We have

or Or. 0AS or. 0AC
T = Zawsa—zk Zawsazk
97 NP DATOAT O 0. 0AF OAC
95,071 >3 2.5

wOws 0z 0z w 0wy 0z 0z

"%, 0A504: N 0%r. 0AC0AS
Z 3 + Z 3

wtaws 82; (9zk ’th@u‘)s 82[ 8Zk

Or. 0?A° 87’5 0?AS
+ Z ow, 07,0z, SZ 0w, 07,07y,

Let f be a differentiable function from an open set in C" into C™ and Jy(f) denote

the matrix {27]2} . Therefore, we have
jk

Lo(zi7) = ZMugme)ﬂtuame)ﬂs+£7«5<A€<z>;Ja<A€>T>

= Ow 0w,
. 0?r.(As(z . -
oL 0 + 3 TR A A,
- Or:(A%(2)) 62A§(z) B - Or:(A®(2)) 82/_12(2) B
+ 5;1 ow.  0mdm T ;1 ow. 005
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0AS 82A{=;(z)
0z ) 0z,0zy

, and PAE) are of order ¢ for 1 < s,l, k < n. Therefore, every

Notice that 87,071,

term on the right hand side of the equality above is of order € except the second one.

Namely we get the following formulas:

L.(z;7) = Ly (z+eH(2);7+edy(H)T)+O(e) for z € Uy \ V}

L(z;7) = Ly (24+cH(2);T7+edy(H)T) for z € V)

Using Sard’s theorem, one can choose a positive decreasing sequence {a,} that con-
verges to 0 such that the domains U,, = {z € C" : r,, (2) < 0} have smooth boundary.

Moreover, Q CC U, and

L,, (z;7) >0 for z € bU,, and Z 87”5”(,2) -
%

J=1

=0.

Therefore © has a Stein neighborhood basis. ]

The second source of existence of a Stein neighborhood basis for the closure is

property (P).

Definition 3 ([13, 46]). A domain Q C C" is said to satisfy property (P) (property
(ﬁ)) if for every M > 0 there exists ¢y € C%(Q) such that for every vector W =

Z?Zl wj% of type (1,0) the following inequalities are satisfied:
J

)00y <1on @ (IW(a)(2) < Loy, (W) for 2 € Q)

i) Loy (W) > MYTT | |w;|* for 2 € b

By exponentiating and scaling the functions one can show that property (P)

implies property (P). As mentioned in the introduction, Sibony showed that for a
smooth bounded pseudoconvex domain, property (ﬁ) implies the existence of a Stein
neighborhood basis for the closure. Although he stated the theorem for property (P)

his proof shows that only property (ﬁ) is needed:
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Theorem 7 ([53]). Let Q be a smooth bounded pseudoconvex domain in C". Assume

that Q) satisfies property (]5) Then Q has a Stein neighborhood basis.

When a pseudoconvex domain has a “well behaving” vector field it does not

necessarily satisfy property (]3) For example, any convex domain with an analytic
disc in its boundary has a holomorphic vector field that is transversal to the boundary.
However, because of the disc in the boundary it does not satisfy property (P) (see
[57], section 2.2). It will be interesting to know if and how these two methods are

connected.
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CHAPTER III

COMPACTNESS OF THE 0-NEUMANN PROBLEM*
Basic definitions and results about compactness of the d-Neumann problem have
already been discussed in the previous chapter. In this chapter we will state and
prove our results.

Throughout this chapter by the d-Newmann problem we mean the d-Neumann
problem on (0, 1)-forms unless otherwise specified. There have been two different
approaches for compactness of the O-Neumann problem. The first is a potential theo-
retic approach. Catlin in [13] introduced property (P) and showed that it implies the
compactness of the -Neumann problem. Later, Sibony([53]) undertook a systematic
study of property (P) under the name B-regularity. He showed that it is equivalent
to the property that any continuous function on the boundary of the domain can
be extended to a function that is continuous on the closure and plurisubharmonic
on the domain. Recently, McNeal introduced property (ﬁ), and showed that it still
implies compactness of the 9-Neumann problem. While it is easy to see that prop-
erty (P) implies property (ﬁ), the precise relations between the two properties is not
understood. The second approach is geometric in nature. Recently, Straube([56])
introduced a geometric condition that implies compactness of the 9-Neumann oper-
ator on domains in C2. We still do not know how property (P) or (P) interact with
Straube’s geometric condition.

It is well known that analytic discs in the boundary of a smooth bounded pseu-

doconvex domain are a violation of all sufficient conditions for compactness discussed

*This chapter is reprinted with kind permission of Springer Science and Business
Media from “Analytic discs, plurisubharmonic hulls, and non-compactness of the 0-
Neumann operator” by Sonmez Jahutoglu and Emil J. Straube, 2006. Mathematische
Annalen (Accepted). 2006 by Springer-Verlag.



20

in the previous paragraph. So it will be interesting to know whether analytic discs
in the boundary cause an obstruction for compactness of the O-Neumann problem as
well. Catlin, in his unpublished result, showed that presence of an analytic disc in the
boundary is an obstruction for compactness in case the domain is in C?. A proof for
the case of domains with Lipschitz boundary is in [31]. It is folklore that the methods
that work in C? also show that, in any dimension n, if the 0-Neumann operator is
compact, then the boundary cannot contain an (n—1)-dimensional complex manifold.
Matheos, on the other hand, showed that absence of analytic discs in the boundary is
not sufficient for compactness of the 9-Neumann operator. He constructed a smooth
bounded complete Hartogs domain without an analytic disc in the boundary, with a
noncompact d-Neumann operator [31, 45]. The problem is still open in general. That
is, it is still open whether presence of an analytic disc in the boundary is a violation
of compactness of the 9-Neumann operator in C*,n > 2. However, we show that
the answer is still yes if the disc contains a point at which the Levi form is of rank
n — 2. That is, the boundary is strictly pseudoconvex in the directions transversal to
the disc. More generally, we show that it is enough to have a complex manifold of

dimension equal to the number of vanishing eigenvalues of the Levi form.

Theorem 8. Let Q be a smooth bounded pseudoconver domain in C*,n > 2; and
0<p<n,1<q<k<n—1. Let zyp € b2 and assume that the Levi form of bS2
at zo has at most k vanishing eigenvalues. (That is, the Levi form is of rank at least
n—k—1 at z). If there exists a compact solution operator for 0 on (p,q)-forms (in
particular, if the O-Neumann operator on (p,q)-forms is compact), then b2 does not

contain a k-dimensional complex manifold through zy.

We would like to note that the above theorem generalizes Theorem 1.1 in [39],

where the domains are fibered over a Reinhardt domain in C2. In case the Levi form
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has at most one vanishing eigenvalue on the boundary, compactness of the 9-Neumann
operator implies that there isn’t any analytic disc in the boundary. It is a well known
result that if the set of Levi flat boundary points (where all the eigenvalues are zero)
has nonempty interior with respect to relative topology on the boundary, then it is
foliated by (n — 1)-dimensional complex manifolds. So, this is an obstruction for
compactness of the O-Neumann operator. It is an easy consequence of Theorem 8
that this result holds for the (in general much bigger) set of weakly pseudoconvex

points.

Corollary 2. Let 2 be a smooth bounded pseudoconvex domain in C*,n > 2. If
there exists a compact solution operator for @ on (0,1)-forms (in particular, if the
0-Neumann operator on € is compact), then the set of weakly pseudoconvex points in

b2 has empty (relative) interior.

We would like to remark that the higher the number of vanishing eigenvalues
the “flatter” the boundary is. In general, one would expect this situation to be
even more favorable to noncompactness of the 9-Neumann operator. However, our
present methods do not give this. The reason is that having a zero eigenvalue in the
transversal direction to the complex manifold allows for complications in the geometry

of the boundary.

Let Q be a smooth bounded pseudoconvex domain in C",n > 2, and P(£2) denote
the plurisubharmonic functions on €2 that are continuous up to the boundary of €.
Define the plurisubharmonic hull, K . of a compact set K C § as follows:

K= {Z € Q: f(z) < sup f(w) for all f € P(ﬁ)}
weK

We get exactly the same hull as K if we define it with respect to any of the following:

plurisubharmonic functions that are smooth up to the boundary, the absolute value
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of holomorphic functions that are smooth up to the boundary, or the absolute value
of holomorphic functions that are continuous up to the boundary (see for example
[10, 11, 34]). We say that Q satisfies the hull condition if K NbQ = K NS for every
compact set K C €. Catlin in his thesis [10] showed that in C? a smooth bounded
pseudoconvex domain {2 satisfies the hull condition if and only if there is no analytic
disc in the boundary of €2. He also showed that this is not true in higher dimensions.
So for smooth bounded pseudoconvex domains in C? compactness of the -Neumann
problem implies the hull condition. We will generalize this result to C" under the

restriction that the Levi form has at most one vanishing eigenvalue on the boundary.

Theorem 9. Let 2 be a smooth bounded pseudoconvex domain in C*,n > 2. Let p
be a boundary point where the Levi form of bS2 has at most one vanishing eigenvalue.
Then there is a compact subset K of Q with p € K \ K if and only if b2 contains an

analytic disc through p.

The proof of Theorem 9 will be along the lines of the proof for the C? case given
in [10], but some additional work is needed. The details will be given in Section B of
this chapter.

Sibony([52]) showed that in C™ the hull condition is equivalent to the L? -
hypoellipticity of the 0-problem. That is, the -problem can be solved in L2 topol-
ogy preserving the singular support on the closure of the domain. Therefore, L7 -
hypoellipticity of the -problem follows from compactness of the -Neumann problem
under the restriction that the Levi form has at most one vanishing eigenvalue. At

present there is no direct proof, even in C?. Such a direct proof would be very

interesting to have.
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A.  Proofs of Theorem 8 and Corollary 2

Using the following lemma we will be able to simplify the boundary locally near a

point of a complex manifold in the boundary.

Lemma 4. Let ) be a smooth bounded pseudoconver domain in C*, M a complex
manifold of dimension k in b§2, and p € M. Then there is a ball B centered at p, a
biholomorphic map G : B — G(B) such that

(i) G(p) =0
(ii)) GIM N B) ={w € G(B)|wgs1 = -+ = w, =0}
(111) the real normal to G(bSXN B) at points of G(M N B) is given by the Re(w,,)-azis.
In other words, there is a local holomorphic change of coordinates so that in the

new coordinates, M is affine and the (real) unit normal to the boundary is constant

on M.

Proof of Lemma 4 . Using holomorphic change of coordinates we may assume that
p =0, and M is locally given by {z|zx+1 = - -+ = 2, = 0}. In these coordinates, let p be

a defining function for b2 near 0 such that 9p/0z, # 0. There exists a real-valued C*

function A in a neighborhood of 0 such that the normal e” (O, -0, ai’il, s %”n) is
conjugate holomorphic on M (each component is conjugate holomorphic). This can
be shown by adapting the argument in the proof of Lemma 1 in [3] where the same
result is shown in case M is an analytic disc. Alternatively, the statement is a special
case of the theorem in [58], specifically the equivalence of (i) and (iv). Note that the
form a appearing in (iv) of that theorem is real, and its restriction to M is closed by
the lemma in section 2 of [8]. Therefore, there is a real valued function h such that
d(—h) = a on M (near 0). The proof of (ii) < (iv) in [58] shows that any real-valued

C* extension of h to a full neighborhood of 0 will do.
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We now define a biholomorphic change of coordinates (near 0) by

n

~ 0
G(Zl, e 7271) — (Zl7 e Znl1, Z Zjeh(zhm’zk’o’m’o)_p(Zl, Cee 2k, 07 e 70))

Z.
j=k+1 0 J

Then G(M) C {z41 = -+ = 2, = 0}, and the complex tangent space to b is
mapped onto the complex hypersurface {z, = 0} by the the complex derivative of
G at points of M. Notice that the image of the complex normal is not necessarily
parallel to the vector (0,---,0,1). In these new coordinates (which we again denote
by (z1,---,2n)), M is of the same form as before, but the complex tangent space to
b2 is constant, namely it is the hyperplane {z, = 0}. Consider now the real unit
normal to b§2. Since it is perpendicular to complex tangential space its restriction to
M is of the form (0,---,0,¢?). Using Lemma 1 from [3] once more shows that the
function 6 is harmonic on each disc in M, i.e. it is pluriharmonic on M. Denote by

hy a pluriharmonic conjugate. The final coordinate change

—h1(z1,,25,0,+,0)=i0(21,++,25,0,++,0
(217"'72n)_> (217"'727171,2”6 1(1 k ) (1 k ))

keeps the complex tangential space the same and rotates the real normal so that
the unit normal becomes constant on M. Combining the three local biholomorphic

coordinate changes gives the map G with the properties required in Lemma 4. ]

The following lemma will be essential in the proof of Theorem 8. Let A(D)

denote the Hilbert space of square integrable holomorphic functions on D.

Lemma 5. Let Q) be a bounded pseudoconvexr domain in C", smooth near the strictly
pseudoconvex boundary point p. Assume the pseudoconvexr domain €21 is contained in
Q, shares the boundary point p, and is smooth near p. Then the restriction operator

from A(Q2) to A(€) is not compact.
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Proof of Lemma 5. The proof of the lemma uses ideas from [30], p. 637. First we
construct a sequence of norm 1 functions in A(£2) which has no convergent subse-
quence in A(€;). Let {p;}32; be a sequence of points on the common interior normal
to bQ and by at p such that lim; ... p; = p. Let f;(2) = Ka(z,p;)/Ka(pj,p;)"/?
where Kq denotes the Bergman kernel of 2. Notice that || f; ||z2= 1 for all j. For
z € () fixed, the function Kq(z,-) is smooth up to the boundary near p (in fact, the
subelliptic estimates for the O-Neumann problem near p have considerably stronger
consequences for the kernel function [5, 6]), and Kq(p;,p;) — o0 as j — oo (see e.g.
[37], Theorem 3.5.1). Consequently, f;(z) — 0 for all z € Q. On the other hand,

| Kol p;) H%Q(Ql) S Ka(pj, ;)
Ka(pj,pi)  — Ko, (pj,pj)

I fi 2= >C>0.
(1)

The first inequality follows by applying the reproducing property of Kq, to the func-
tion Kq(-,p;) viewed as an element of A(€);) together with an argument using Hélder’s
inequality. The second inequality follows from the fact that both €2 and €2, are strictly
pseudoconvex at p, and hence the kernel asymptotics at p are the same ([37], The-
orem 3.5.1), and the second inequality follows. We conclude that {f;}32, has no

subsequence that converges in A(£2y), and the proof of Lemma 5 is complete. O

Proof of Theorem 8. Since the theory of (p, q)-forms and (0, ¢)-forms is the same for
the 0-Neumann problem we will prove the theorem for p = 0. If @ has a compact
solution operator on (0, ¢)-forms then E*N(qu) is compact. We will show that if the
boundary contains a k-dimensional complex manifold through z; and the rank of the
Levi form at z, is n — k — 1, then the d-Neumann operator on (0, ¢)-forms on € is
not compact for 1 < ¢ < k. The following facts will be useful in simplifying the
proof: Compactness of the d-Neumann problem on (0, ¢)-forms is invariant under

biholomorphisms (Lemma 1); and it is a local property (Lemma 3). First we will
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use Lemma 4 to pass to a coordinate system where the boundary geometry is simple
around 2. Then we will construct a sequence of d-closed (0, ¢)-forms that will lead
to a contradiction when combined with compactness of the 5*]\[(0@) on . A very
similar argument appeared in [30], section 4, and [31], proof of Proposition 4.1. In
turn, those arguments draw substantially on ideas from [12] and [23]. Using Lemma
1, Lemma 3, Lemma 4, and scaling if necessary we may assume that M = {(2/, 2”,0) :
12| + 27| < 2} C bQ2, where 2/ = (z1,..., %), 2" = (2441, -, 2), and the unit (real)
normal to the boundary is (0,...,0,1) along M. Let 2" = (241,...,2,) and 4 be
the (n — k)-dimensional slice of 2 in 2" variables. We note that when k = ¢ the
variable z” is not defined and z = (Z/, 2””). Since the normal to b2 is constant along
M we can choose a ball ©, in C"~* (in 2" variables) centered at (0,...,0, —d) with
radius 6 > 0 such that {(2/,2") € CF: |2/| < 1/2,]2"] < 1/2} xQy C Q. Since the rank
of the Levi form is preserved under biholomorphisms §2; is strongly pseudoconvex at
0. Therefore Lemma 5 shows that we can choose a sequence of holomorphic functions
{f;} in A(€4) without any convergent subsequence in A(£22). The rest of the proof
is essentially the same as the proof of (1) = (2) of Theorem 1.1 in [30]. We put the
details here for the convenience of the reader.

We use the Ohsawa-Takegoshi extension theorem [48] to extend f; to get a
bounded sequence {F;} in A(Q?). Let a; = Fj(#/,2",2")dz; N --- A\ dZz,. Then {a;}
is a O-closed bounded sequence in L%()’ q)(Q). Let g; = 5*N(0,q)ozj and g; denote the
form obtained from g; by omitting the terms containing dz; with ¢ +1 < j <n. We
still have 9./g; = «a; for fixed (2", 2") where 9, is the d in 2’ variables. Let (.,.)
denote the standard pointwise inner product in 2’ variables and x € C§°(—o00,00) be
a cut-off function such that 0 < x <1, x(¢) = 1 when |t/ < 1/4 and x(¢) = 0 when
[t| > 2/5. Let B(z) = x(|#'|)dz1 A - - - AdZ,;. In the following equalities we will use the

mean value properties of holomorphic functions. There exists C, D > 0 such that for
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|2"| < 1/2 and 2" € €y fixed we have

’}71‘7(07 Z/I’Z///) _ Fk(O,Z”,Z//I)’ — C

/ (o — ag, BV (<)
|2'|<1/2

= C

/ (G5 — i, 9 B)dV ()
[2'|<1/2

1/2
eo{ [ l-abwve)
|2/|<1/2

We apply the submean value property for the plurisubharmonic functions | £3(0, 2", 2")—

IN

Fy.(0,2",2")|?. So there exists E > 0 such that
|fj(21//) . fk(zm)|2 S EQ/ . |f7j(072//72///) o Fk(O,Z”,ZW)|2dV(2H)
2!"<1/2

If we integrate out 2 and combine the previous estimates we get:

1f5 = fellz2a) < CDENG; = gillez, @) < CDElg; = gellzz, )

—1

{f;} has no convergent subsequence therefore neither does {g;}. This is a contradic-

tion to compactness of 5*]\7(07,1). O]

The idea of slicing a domain arises in other contexts too. For example, it can
be used to analyze the asymptotic behavior of the Bergman kernel in terms of the
distance to the boundary.

Let dyo(z) be the function defined on €2 that measures the (minimal) distance
from z € Q to bS)2. The Bergman kernel function of {2 on the diagonal can be defined
by

Ko(z,z) = sup{|f ()" : f € Li(Q), I/l 120 < 1}

For more information on the Bergman kernel function we refer the reader to [38].

Proposition 1. Let Q be a bounded pseudoconvex domain in C* with C? boundary

near p € bS). If the Levi form has rank k at p then there exist a constant C' > 0 and
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a neighborhood U of p such that

Ka(z,2) 2 -5 —
dyg? ()

for ze UNK.

Fu ([29]) proved the above proposition when (2 is a weakly pseudoconvex domain
in C" (i.e., k = 0). One can give a proof for this case by following the same proof
except that at the last step, one should use the asymtotics of the Bergman kernel for

strongly pseudoconvex domains [37], (rather than for planar domains, as in [29]). We

next prove Corollary 2.

Proof of Corollary 2. Let V be a nonempty open subset of b{2 contained in the set
of weakly pseudoconvex points. Define m to be the maximum rank of the Levi form
on V and let p € V' be a point where the Levi form has rank m (such a point exists,
since the rank assumes only finitely many values on V). Then near p, the rank is at
least m, hence equal to m. Therefore, bS2 is foliated, near p, by complex manifolds of
dimension n — 1 — m (see for example [28]). Theorem 8 (for Kk = n — 1 — m) implies
that the O-Neumann operator on 2 is not compact. This contradicts the assumption

in Corollary 2. ]

B. Proof of Theorem 9

The following simple lemma appears in [44] as Lemma 2.1. We give a proof of it for

the convenience of the reader.

Lemma 6. Let Q be a smooth bounded pseudoconvexr domain in C*,n > 3 and p be
a defining function. Assume that the Levi form L,(.,.) has at least n — 2 positive
eigenvalues at p € b§2. Then there exist a neighborhood U of p and complex tangent
vector fields Xy, -+, X,—1 of type (1,0) defined on U such that L,(X;, Xx) = 0 if
j#kand j,k=1,2,--- . n—1, and L,(X;) =1 for j=2,3,--- ,n—1
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Proof. Without loss of generality we may assume that 8‘97’; =latp=0,|V(r)| =1
on b, L,(z%) >0 for j =2,3,---,n—1, and L,(3%) = 0. Let

-1
el ()22 i
8zj

Then the Levi form is positive definite on the space spanned by {Ys,Y3,---, Y, 1} at
p. By continuity there exists a neighborhood U of p such that the Levi form £,(.,.)
is positive definite on the space spanned by {Y3,Y3,---,Y, 1} on U. Using Gram-
Schmidt orthogonalization process with the inner product coming from the Levi form
we get an orthonormal frame consisting of vector fields { X5, X3, -+, X,,—1} on U such
that £,(X;, X) = dj; for 2 < j, k <n — 1 where J;;, is the Kronecker delta function.
Define X1 =Y; — L,(Y1,X5) Xy — -+ — L,(Y1, X,,-1)X;,—1. Then L,(Xq,X;) =0 for

j#L =

Let J denote the complex structure map of (the tangent bundle of) C" and
A% = cos(0)A + sin(0)J(A). We will denote the flow generated by the (real) vector
field A by F'(p). Namely, F'(p) is the point that is reached by flowing along A for

a time ¢.

Proof of Theorem 9. Assume that r is a defining for €. If there is an analytic disc in
the boundary one can choose K to be the boundary of the disc and p to be the center.
Then K is the disc, and K NbQ # K NS For the other direction we may assume
that there exists a weakly pseudoconvex point p € b2 and a compact set K C § such
that p € K \ K. Using Lemma 6 we can diagonalize the Levi form locally around p.
That is, we can choose an open neighborhood V' of p and complex tangential smooth
vector fields Xy, Xy, ..., X,,_1 of type (1,0) that diagonalize the Levi form on V N <.

Furthermore, we can choose the vector fields such that the Levi form vanishes only
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in X; direction. Let’s define A = Re(X;) and
Ms:{Fig(p):O§t<3,0§9§27r} for 0 < s

Then M, is a two dimensional smooth manifold.

Claim 1. Let’s choose sg > 0 such that My, CC VNS Then either M is a complex
manifold for some 0 < s < sq or there exist sequences {s;}32, and {0;}52, of positive
numbers such that lim; ... s; = 0, 6; € [0,27] and the Levi form of r is positive at

Sj
F?,

(p) in the direction X; = A —iJ(A).

Proof of the Claim 1. Assume that there exists s > 0 such that the Levi form of
7 is zero at F',(p) in the direction X; = A —iJ(A) for 0 <t < s and 6 € [0, 27].
We will show that the real two-dimensional manifold M, is a complex manifold. We
follow [10] and indicate the necessary modifications. It suffices to show that the
tangent space of Mj is spanned by A and J(A) because an even dimensional smooth
manifold is a complex manifold if and only if at each point the (real) tangent space

is J invariant(see for example Proposition 1.3.19 in [1]). Let f(¢,6) = F",(p). Using

the chain rule we get the following ordinary differential equation in ¢t with parameter

0:
_ oA%0f aA9
= +
( 9) "oz 90 (31)
(0 = 0
where %~ a ® is the Jacobian of A?. One can check that (3.1) is equivalent to the following
system:
f — 9AY
(0 = 0

where D% A% is the Lie derivative of A? by 2 69 We will find a solution to (3.2) in
6

the form a(t)A 4 b(t)J(A). Then 2 the unique solution of (3.2), is of this form.

89’
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Therefore, both % and % are linear combinations of A and J(A). This will complete
the proof of Claim 1. If we substitute a(t)A + b(t).J(A) for % into (3.2) use the fact

that Dy W — Dy V = [V, W] we get:

0 = d()A+ (alt)sin(d) — b(t) cos(8))[J(A), A] (3.3)

+b'(t)J(A) 4 sin(0) A — cos(6)J(A)

Suppose that we can show that [J(A), A] is a linear combination of A and J(A) at
points of M, with smooth coefficient functions. Then after collecting terms containing
A and J(A), respectively, (3.3) becomes an initial value problem for (a(t),b(t)) that
has a (unique) solution, and we are done. Cartan’s formula shows that if X is complex
tangential vector field of type (1,0) then £,(X) gives the component of [X, X| that
is not complex tangential. Therefore, [J(A), A] is complex tangential at points of M;
because A —iJ(A) is a Levi null direction. In C?; this means that it is a (real) linear
combination of A and J(A). The argument so far comes entirely from [10]. In higher
dimensions, some additional work is needed.

Since X; = A — iJ(A) the commutator we are interested in is [Xl,Xl =
2i[A, J(A)]. If X, is a Levi null field in a full neighborhood of p, then [X;, X]
would likewise be ([28]). However, we only know that £,(X;, X;) = 0 on M,. What
we can assert is that [Xl,fl} =Y —Y 4+ ¢(L, — L,), where Y is a smooth complex
tangential field of type (1,0), L, is the complex normal to the boundary, and ¢ is a
smooth, nonnegative function that vanishes on M;. The nonnegativity of ¢ is a con-

sequence of the pseudoconvexity of 2. What we need is that on M, Y is a multiple

of X;. The Jacobi identity for X;, X;, and X} gives

Y =Y + (L, — L), Xpe| + [[X1, X&), Xa] + [[Xi, X1], X1] =0, (3.4)
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fork=1,---,n—1. We have replaced [Xl, m in the first term by Y =Y +o(L,, — L,).
We will use the the following fact : let X and Y be two complex tangential vector
fields of type (1,0). Then [X,Y] is complex tangential at ¢ if X or Y is in Levi null
direction at ¢q. The second and third commutators in (3.4) are complex tangential
at points of M, if k& > 2. To see this, note that X; is in the nullspace of the Levi
form at points of M, and that both the commutators [Xj, X;] and [Yl, Xk] are
complex tangential in a full neighborhood of p in b2 (the latter because X1, -+, X, 4
diagonalize the Levi form near p). Consequently, the first commutator is complex
tangential at points of M as well. Since ¢ is nonnegative in a neighborhood of Mj
in b$) and vanishes on M, its first order tangential derivatives vanish at points of
M. Therefore, [gp(Ln —L_n),Xk] is zero, and [Y -Y, Xk] and [7, Xk} are complex
tangential at points of M. It follows that at points of My, Y is in the nullspace of
the Levi form and thus is a multiple of X;. This completes the proof of Claim 1. We
remark that a similar use of the Jacobi identity occurs in [28].

Once Lemma 6 and Claim 1 are in hand, the proof of Theorem 9 can be completed
as in [10], with only small modifications. Assume that there is a compact subset K
of  and a boundary point p € K \ K and there is no analytic disc in the boundary
through p. Then p is a weakly pseudoconvex point and by assumption zero is an
eigenvalue (with multiplicity one) of the Levi form at p. By Lemma 6 take V' to be
a neighborhood of p small enough so that VN K = () and so that there are complex
tangential fields X, .-+, X,,_1 of type (1,0) which diagonalize the Levi form in a
neighborhood of ¥Q NV, with £,(X;,X;)(p) = 0. By Claim 1, there exist § and
to > 0 such that Fﬁfg (p) € V and F;O,, (p) is a strongly pseudoconvex point, where
A = X; + X;. Near p, choose a boundary coordinate system (ti,tq,- -, to,_1,7)
such that A% = 8%1. Without loss of generality we may assume that V' is contained

in this coordinate patch. We will follow [10] to show that the integral curve of A’
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from ¢; = 0 to t; = ¢y, and hence p, can be separated by the level set of a strictly
plurisubharmonic function from any compact subset of Q\ V. This contradiction (to
p e K \ K for some compact K) will complete the proof. As in [10], consider the
auxiliary function

_ bt o
S lEmA (B4 1)

g(ti,ta, -+ tap—1,7)

and the sets S. = {(t1,t2,,t2,-1,0) : g(t1,te, -+, t2,-1,0) = ¢,0 < t; < to}.
Choose m sufficiently large such that S. CC VNbQ2 for all ¢ with 1/m < ¢ < ty+1/m.
By shrinking V' if necessary we may assume that any point in the set {z € bQ NV :
t1(z) > to} is strongly pseudoconvex. In [10], g is modified, but the modification is
specified to be of order r2. Here, it is important to also have a term that is of order
r. Specifically, set h = g+ ur + vr? for p, v positive numbers to be determined. Now

we want to calculate the Levi form of the hypersurface {z € V' : h(z) = (} on bS2.

n—1
Lu(M) = L,(M) + 2o + 1Y oy PL(X;)
7=1

n—1

+ QMRG (Z ana_j['r(Xnan)> +N|an|2£T(Xn)

=1

where M = 37" a;X; and M(h) = 37, a; X;(g) + po, = 0,377 |oy[* = 1. Using

the inequality 2ab < ea? + 1b? for e > 0 and M(h) = 0 we get the following: There

exists C' > 0 such that |L,(M)],|£,(X;, Xi)| < C for j,k=1,---,n. Hence we have

Ly(M) 2Ly(M) + (2 — pC) o [* + po 2(\0@'\2&(?{]’) = 2C|ana)

j=1

— 2)uC? —
> (-0 = P 0 i3 ) - )
=2

_2N0|ana_1|
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Using M(h) = >"7_, a; X;(g) + pay, = 0 we get

Lol <2V_uc —2nC )|anr2+u2|aj| ~ o)

— 202C | 2uC|X,(9)] 2
20‘”' el X501~ (R + T )'“"'

|X1

n—1
C|X:(g)]?
2—C+2V\&n|2+u2(£r(Xj)—5 1% (9) )’ a;[®

X2 (9)
B (n=2)pC*  2u°C  2uC1Xa(g)| | (n=2)pCY
(“(” B R O 0] )' o

Notice that [X1(g)| > 0 on U and £,(X;) =1 for j = 2,---,n — 1. So by choosing

sufficiently small € > 0 and sufficiently large u, v we get
M n

Li(M) 2 =C+35 22 ||
=

There exists 0 < § < 1 such that |a;| < 1 — . Hence If we choose u sufficiently large
we get a smooth function whose level surfaces are strongly pseudoconvex on V' M b2.
Let 15 be a smooth real valued function such that 14(t1) = 1 for t; < g, 0s(t;) =0

for t; > s. Choose s > 0 such that

{(t1,t2, -+ ton—1,0) t s(t1)g(t1, ta, - -, t2n—1,0) > 1/m} CC V N L.

Let A(2) = ¢™2) where 7 is a real number. For sufficiently large 7 the function A(z)
is strongly plurisubharmonic in a neighborhood of V' Nb2. The function ¢ (t1(z))\(2)
is strongly plurisubharmonic at all points z € V N b2 where ¢;(z) < t.

From here on, the argument is exactly as in [10], p. 54-55; we only sketch it.
To deal with the direction transverse to the boundary, Catlin applies his construc-
tion in [10], Theorem 3.1.6 (see also [11], Proposition 3.1.6). In our situation, this

construction yields a strictly plurisubharmonic function on a neighborhood V; of p
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with {Fl,(p) : 0 < t < to} CC Vi CC V, whose superlevel set determined by p
is a compact subset of V;. Composition with a suitable convex increasing function
finally results in a plurisubharmonic function defined on all of Q (by extension by 0)
that separates p from any compact subset of Q\ V. This completes the proof of (the

nontrivial direction of) Theorem 9. O
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CHAPTER IV

STEIN NEIGHBORHOOD BASES
In this chapter we state and prove our main result about the existence of a Stein
neighborhood basis for the closure. We finish the chapter with some applications.
We first introduce some notation. We identify C™ with the (1,0) tangent bundle
of C". Namely, (a1,...,a,) is identified with 37 ajd . We denote 3", |wy|* by
|W||*, where W = (wy,...,w,) € C". Let 7i(z) € R* (= C" by the standard
identification) be the unit outward normal vector of b2 at z. We denote the directional

derivative in the direction 7i(z) at the point z by d . We define

d 1 d
dr(z)  [[Vr(2)ll dri(z)’

Here, 7 is a defining function for the domain. Therefore, the gradient of r, Vr(z),

does not vanish on the boundary. We define
Co={(zW)ebQxC":W(r)(z)=0,[|W| =1,L.(2; W) = 0}.

For a vector (of type (1,0)) A € C™ and z € b2 we will denote

AL, (z; A)
dr(z)
D,(z;A) = |A(1H||VT||)( i
or 0
NT N Z@ZJ 82]" and
4

E.(z;A) = W‘L r(23 4, N,

Cr(2; A)

J=1

where 7 is a defining function for 2. We note that C,., E,. and D, are not independent
of the defining function r. However, D, = 0 for a defining function r with the property

that ||Vr(z)|| =1 for z € bQ2. Now we can state the main theorem of the chapter.
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Theorem 10. Let Q be a C3-smooth bounded pseudoconvex domain in C*,n > 2.
Assume that there exist ¢ > 0,h € C?*(Q) and a defining function r of Q with the
property that:

i) [W(h)(2)* < Lu(z: W)

| Bz

it) Lp(z; W) >4(1+¢) (QET(Z; W)D,(z; W) .

for (z,W) € L. Then Q has a Stein neighborhood basis.

The conditions we have in Theorem 10 may be viewed as a quantified version of
property (ﬁ) in that the eigenvalues of the complex Hessians are only required to have
a lower bound depending on the defining function of the domain. In the literature, the
inequality i) in Theorem 10 is referred to as having self-bounded complex gradient.

We will construct a defining function for the domain such that the level sets that

are sufficiently close to the closure will be boundaries of pseudoconvex domains.

Proof of Theorem 10. Assume that {2 satisfies the conditions in Theorem 10. Then
Q has a defining function, 7, and there exists a function h € C%(Q) and ¢ > 0 such
that i) and ii) in Theorem 10 are satisfied. We extend h to C" as a C* function and
call the extension h. We scale h, if necessary, so that there is a neighborhood of £ on
which the conditions of the theorem are still satisfied. We define p(z) = r(z)eM(),
where 2A\(1 + ¢) = 1. We will build a Stein neighborhood basis as follows: we will
show that there exists a neighborhood V' of Q such that Vp is nonvanishing on V' \ 2,
and the Levi form of p is nonnegative on vectors complex tangential to the level sets
of pin V' \ Q. Since Q is bounded and ||Vp|| is continuous and strictly positive on
bS), the first part of the above argument follows immediately. Since €2 is bounded it
suffices to argue near a boundary point q.

Using translation and rotation we can move any point, g € bS2, to the origin such

that the y,-axis is the outward normal direction at 0. There exists a neighborhood
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U of 0 on which 887’; does not vanish. If W = (wy,...,w,) is a complex tangential

vector to the level set of p at z € U\ Q (i.e. W(p)(z) = 0) then

== (( 0z ) ) Z 82] (41)

We introduce an auxiliary real valued function f to show the level sets of p are

pseudoconvex locally. We define f on (U \ ) x C"! as follows:
J W) = e ML (W),

where W = (wy,...,w,) and W' = (wy, ..., w,_1), with w,, given by (4.1).

Claim 2. To satisfy the local property above it is enough to have

df (z, W')

dilp) e >0 (4.2)

for any (p,W) € (UNDbQ) x C*) N Ty,

Proof of Clatm 2. The localization can be phrased in terms of f as follows: for every
pE U NbS) there exists a neighborhood, U,, of p such that f(z, W) > 0 for z € U, \ Q
and W’ € C" . Due to the continuity of the Levi form this is always true for a strongly
pseudoconvex point p € U N bQ. So we only need to consider weakly pseudoconvex
points in p € U N b2. We choose an open neighborhood U of 0 such that U CC U.
Let S = {W' € C* ' : ||W'| = 1}. Notice that (UNbQ) x S is compact; and it
is enough to show that f(z,W') > 0 for z € U\ Q and W' € S. Assume that the
conditions in Claim 2 are satisfied for (p, W,) € (U N Q) x C*) N q. Then there
exist a neighborhood U, of p and an ¢, > 0 such that f(z, W) > 0 for z € U, \ Q2
and [|[W, — W'|| < g,. This follows because f is nonnegative on (UNbY) x C"L, the
variable W’ is independent of the variable of differentiation z and the left hand side

of (4.2) is continuous. Then we can cover the compact set (U NbQY) x S by finitely
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many sets open in C* x C"~!. We now choose an open set U; DD U N b2 such that

f(z,W') >0 for (2, W) e U x S. O

Let 2 € U \ Q, and W € C", be a complex tangential vector to the level set of p

at z. Namely,
W(p)(2) = M (W) (2) + Ar(2)W(R)(2)) = 0. (4.3)

Now we will calculate the Levi form of p at z in the direction W. So first we differ-

entiate p with respect to z; to get

9P (1) = M Oy 4 ap(z)eMie

5z, 2 ——(2) (4.4)

and if we differentiate (4.4) with respect to z; we get

0?p A (2) O*r () O\ Or a(z) O\ Oh
2
+ AQT(z)eAh(Z)g—i(z)g—z(z) + )\T(z)e)‘h(z) Oh

02,0z,

Using (4.3) in the last equality we get
L(z W) = M) (/\r(z)ﬁh(z; W) + L, (2; W) — )\2r(z)|W(h)(z)|2>.
Therefore
FG W) = Mr(2) La(z; W) + L, (2 W) = Nr(2)[W (h)(2)]? (4.5)

for z € U\ Q and W = (W', w,) where w, is defined by (4.1). We will examine the
vector field W = (W', w,) with W’ € C"! fixed and w, given by (4.1). Recall that
(p, W(p)) € Iq. Differentiate f(z, W’) with respect to r(z) at p € bS). Using (4.5) we
get:

AL(p: W) + Colp W) + 2Re (L, W, dTW fdr)) = W ()G (46)
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Since W is a weakly pseudoconvex direction we only need to compute the complex
normal component of jr—”;) at p to estimate the third term of the above expression.
Hence, we need to compute d‘(”) (r)(p) which represents the following: first we differ-
entiate W by W at p then apply the result to r and evaluate at p. If we differentiate
the left hand side of

W(r)(z) + Ar(z)W(h)(z) =0

we get:
WO VY| - v(Z
dr(p) =p )+ Z i HV?” ”2 v (azj) )
+AW(h)( )
dW 1 2
= M@+ (In [IV7]1%) (p) + AW (h)(p)
AW

= 2y @+ W [Vr)E) + AW () ().

We note that the second term in the first equality consists of a summation of dot

product of vectors. Thus we have:

AW
dr(p)

If Y = 7N, + £ where £ is the complex tangential component of Y then

Y(r)(p) _ 4Y(r)(p)
N (r)(p)  IVr(p)II*

(r)(p) + W [Vr)(p) + AW (h)(p) = 0. (4.7)

T =

Then using the above observation with (4.7) we conclude that the absolute value of

the third term in (4.6) is bounded from above by

2L, (55 W) (Do (0 W) + AW () (1))
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Hence we want
N30 W) = AW (R)(9) 2 = 2, (s W) (AW (R)(p)| + Dy(25 W) + Colp; W) (48)

to be positive for (p, W) € I'q. Using the following inequalities

A, (W) () )] < X () )+ LT
2A(1+&)[W(h) (D) < Li(p;s W),
and
AL W) > 2(28, (), () + LI )
with 2A(1 4+ €) = 1 one obtains that (4.8) is positive for (p, W) € I'q. O

Remark 1. We cannot expect to obtain a plurisubharmonic defining function because
even a bounded pseudoconvex domain with real analytic boundary need not have
a plurisubharmonic defining function (see for example [25]). Regardless, when we
have a function h satisfying the conditions of Theorem 10 we can produce a defining
function whose level sets give a Stein neighborhood basis. In that case we get a
uniformly H-convex domain, which also has the Mergelyan approximation property
[18]. Indeed, all examples of smooth domains whose closures are known to have a
Stein neighborhood basis are uniformly H-convex. It would be interesting to know
if it is possible for a closure of a smooth domain to have a Stein neighborhood basis

without being uniformly H-convex or without satisfying the Mergelyan approximation

property.

We denote the diameter of a set S by 7¢. For a defining function r we define

C, = inf{Cr(z; W) : (z; W) € Tn},

D, = sup{D.(z; W) : (z; W) € T},
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E, = sup{E,(z;W):(z;W) e g}

Corollary 3. Let 2 be a smooth bounded pseudoconvex domain in C",n > 2, with
defining function r and K be the set of weakly pseudoconvex points in bS). Assume

that one of the following properties is satisfied:

1
E.=0 and C,>—

1 4.9
o (1.9
E,.>0 and 2E.D,—C, <0, or (4.10)
2
E, >0, 2E.D,—C.>0 and (E +\2E.D, — Cr> <z (a1
Tk

Then Q has a Stein neighborhood basis.

Proof. Without loss of generality we may assume that K is contained in a ball centered

at the origin with radius of 7. Let h(z) = =-||z/|*. Then
K

= £h(2’; W)

for (z,W) € Q x C". So the first condition in Theorem 10 is satisfied. Additionally,

L B

sup {QET(Z; W)D,(z; W) .

(Z;W)EFQ

E 2

We will show that if one of (4.9), (4.10), or (4.11) is satisfied, then there exists ¢ > 0

such that

(1+e¢) <2ETDT LB C,) <! (4.12)

- =)
That is, the second condition in Theorem 10 is satisfied. It is easy to see that (4.12) is
satisfied for small enough € > 0 if (4.9) holds. If (4.10) is satisfied then one can choose

e > 0 large enough so that the left hand side of (4.12) is negative. If (4.11) is satisfied
1

with 2F,.D,—C,. = 0, one can choose ¢ > 0 large enough so that (1—1—1/5)(Er)2 < R
Tk

On the other hand, if (4.11) is satisfied with 2E,D, — C, > 0, the minimum of the
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2
left hand side of (4.12) is (Er +/2E,.D, — CT> and it is attained when

E,
—— 8
V2E.D, — C,

Thus one can choose € > 0 so that (4.12) is satisfied. O

0.

Remark 2. We would like to note that when the defining function r is plurisubhar-
monic at z the Levi form (complex Hessian) is a positive semi-definite, self-adjoint
matrix. Then we can use Cauchy-Schwarz inequality to get E, = 0 when the do-
main has a defining function r that is plurisubharmonic on the boundary. This class
of domains has recently been studied in connection with global regularity of the 0-

Neumann problem and the Bergman projection. See for example [7, 9, 36].

A. Applications

Let ﬁ]\fp = n + 4T where T is the “bad” (real tangential) direction, n is the unit
outward real normal vector, and p is a defining function. For X = Z;‘:l Q% and a
J

vector field Y we define: Dy X = Y7 | Y (&)5= and Dy X = Y7, Y(fj)a%j.

i
Theorem 11. Let Q be a smooth bounded pseudoconvex domain in C*. Assume that
there exists a defining function p that is plurisubharmonic on K and K = K, such
that for any p € K, there exist two sequences {x;} and {y;} of K that converge to p
and two smooth one real dimensional curves vy and 4 (in C") with linearly independent
complex tangential (real) vectors at p such that x; € v,y; € 4. Then Q has a Stein

netghborhood basis.

Proof. Since Q is pseudoconvex we have T'(L,(z; X)) = 0 for a complex tangential

vector field X of type (1,0) and z € K. Therefore

[Vell®

Cp(z,X) = Np(L,(2 X)) = Np(ﬁp(Z§X)) =n,(Ly(2: X)) ER
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for z € K. For a vector field W of type (1,0) one can easily check that:

X(Ly(5 X, W)) = WI(Ly(5X, X))+ Ly(z: DxX, W) + L,(2:. X, DgW)

—[,p(z; DwX, 7) — £p<Z; X, DWy>

Also D5 X (p)(2) = X(X(p))(2) — L£,(2; X). Since X is complex tangential (X (p) = 0
on bQ2) we have DX (p)(z) = —L,(2; X). Let’s take W, = ﬁNp- Therefore D¢ X
is complex tangential at weakly pseudoconvex points and L£,(z; X, Np) = 0 implies

that

Co(2,X)=X(L,(2 X, W,) €R (4.13)

for » € K. We will show that C,(z, X) > é for z € K. By Corollary 3 that is
sufficient to get a Stein neighborhood basis (recall that E, = 0, since p is plurisub-
harmonic on K;). Let X = A —iJ(A),X = B —4J(B) for A=+ and B = 4 and
L,(z; X,W,) = a+iB. By assumption a = 3 = 0 on {x;} U {y,;}. Then by smooth-
ness of p and the mean value theorem applied to o and 3 on v and 7 respectively we
get A(a) = A(f) = B(a) = B(#) = 0 at p. Since A and B are linearly independent
and complex tangential at p we can write J(A) as a linear combination of A and B.

Therefore using (4.13) we conclude that C,(p, X) = A(a) + J(A)(6) =0 on K,. O

If a domain has a plurisubharmonic defining function and the set of weakly
pseudoconvex points is the closure of a set foliated by complex manifolds then it
satisfies the conditions in the above theorem. And hence has a Stein neighborhood

basis. Therefore, we have the following corollary.

Corollary 4. Let 2 be a smooth bounded pseudoconvex domain in C?> and K be a
subset of bS) such that for any p € K there exists an analytic disc D, C bS) that passes
through p. Assume that p is a defining function of 2 that is plurisubharmonic on bS2

and every point in b\ K is strongly pseudoconvex. Then Q has a Stein neighborhood
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basis.

Remark 3. When the set of weakly pseudoconvex points K is very thin (for example
if K = ()) or very thick (if K is an open set in the boundary foliated by complex
manifolds) existence of a defining function that is plurisubharmonic on the boundary
is sufficient for the existence of a Stein neighborhood basis for the closure. Therefore
we expect that existence of a Stein neighborhod basis should be independent of the
size and geometry of the set of weakly pseudoconvex points under the assumption

that the defining function is plurisubharmonic on the boundary.

Remark 4. Existence of a Stein neighborhood basis for the closure when K is
foliated by complex manifolds has been studied by many authors including Bed-
ford and Forneess([2]), Straube and Sucheston([58]), and Forstneric and Laurent-
Thiebaut([27]). They all use the method of “transversal holomorphic vector field”
developed by Fornaess and Nagel in [26] to get a Stein neighborhood basis for the
closure (See Theorem 6). In all those results to guarantee the existence of the vec-
tor field some restrictions on the “geometry” of the foliation are required. However,
in our case we have no condition on the foliation whatsoever. In fact, Theorem 11
does not require any foliation at all. In case K; is foliated by complex manifolds
but the domain does not have a defining function that is plurisubharmonic on the
boundary there may not be any Stein neighborhood basis. For example, using a sim-
ilar construction as in [21], Bedford and Forngess([2, page 21]) constructed a smooth
bounded pseudoconvex domain in C? with the following properties: weakly pseudo-
convex points constitute a Levi flat hypersurface in C? foliated by complex manifolds,

and the closure of the domain does not have a Stein neighborhood basis.

Corollary 5. Let Q be a smooth bounded pseudoconvexr domain in C* n > 2, with

a plurisubharmonic (on Q) defining function p. Assume that for any weakly pseudo-
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convex direction on the boundary (z,W) (i.e. (2,W) € I'q) there exists a sequence
{(z, W;)} in Qx C" that converges to (z, W) such that L,(z;; W;) = 0 for all j. Then

Q has a Stein neighborhood basis.

Proof. Using plurisubharmonicity of p on b2 one can check that £, = 0. To satisfy
the first condition in Corollary 3 we only need to show that C, = 0. Let f(z, W) =
L,(z;W). Then f is a nonnegative real valued function on 2 x C" and hence any
first derivative of it vanishes on (z;, W;) for all j. Since f is smooth on Q x C" we

conclude that C, = 0. O

The following proposition is useful in producing examples of domains whose
closures have Stein neighborhod bases. In theory, it could happen that the set of
weakly pseudoconvex points is the finite union of disjoint compact sets such that
each is “good” for the purpose of having a pseudoconvex surface sufficiently close to
the closure. In that case we show that the closure of the domain still has a Stein
neighborhood basis. The idea is to “glue” the defining functions away from the set

of weakly pseudoconvex points.

Proposition 2. Let €2 be a smooth bounded pseudoconvex domain in C*,n > 2.
Assume that the set of weakly pseudoconvexr points in the boundary is the finite union
of pairwise disjoint compact sets {Ki,..., Ky}. Assume further that for every j €
{1,...,k} there exist a neighborhood U; of K; and p; € C*(U;) such that

i) UyNQ={2€C":p;(2) <0}, U N ={2€C":p;(2) =0}, U; \Q = {z €

C": pj(2) > 0} and the gradient of p; does not vanish on U; N bSY.

i) L, (z; W) >0 for z€ U; \ Q and W(p;)(z) = 0.

Then Q has a Stein neighborhood basis.



47

Proof. Since there are only finitely many of them, we shrink each Uj, if necessary,
to get a finite collection of pairwise disjoint open sets {U,...,Us}. For every j €
{1,...,k} we choose open neighborhoods U;, U; of K; and ¢; € Cs°(U,) such that
i) K; ccU; cc U; cc Uj and,
ii) O§¢j§1,¢jzlonﬁj and¢j:00utof(7j

We also choose a defining function p for {2 and define ¢ =1 — Z?Zl ¢, and

r=dp+Y ;.
j=1

One can easily check that r is a defining function for €. Since r = p; on U ; we have
W(r)(z) = W(p;)(z) and L,(2; W) = L,,(z; W) on ﬁj. Therefore, by assumption the

level sets of r give pseudoconvex surfaces in <U§:1[7 j) \ €. Since

szm\<05J

is compact and any z € S is strongly pseudoconvex, by continuity of the Levi form
there exists a neighborhood V' of S such that £,.(z; W) > 0 for z € V and W(r)(z) = 0.

Therefore

ko
chU:Vu(UUJ

j=1
and for any z € U and W(r)(z) = 0 we have L.(z; W) > 0. By Sard’s theorem we

can choose a Stein neighborhood basis for Q out of the level sets of r. [
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CHAPTER V

SUMMARY
In chapter I we gave some motivation for studying the compactness of the -Neumann
problem and Stein neighborhood bases for the closure of a smooth domain in C".

In the first part of chapter II we gave the set-up of the 9-Neumann problem. Then
we defined the compactness property and gave basic properties of the compactness
of the 0-Neumann problem. We also we gave a “potential theoretic” characterization
of compactness. In the second part we gave some background as well as sufficient
conditions for Stein neighborhood bases for the closure of a smooth domain in C™.

In chapter III we stated the main theorems about compactness and gave the
proofs. We showed that a complex manifold M of dimension at least ¢ for 1 < g <
n — 1 in the boundary of a smooth bounded pseudoconvex domain €2 in C" is an
obstruction to compactness of the O-Neumann operator on (p, q)-forms for 0 < p < n,
on {2, provided that at some point of M, the boundary is strictly pseudoconvex in the
directions transverse to M. Although we believe that the conclusion of the theorem
should not depend on the rank of the Levi form our methods do not give a more
general result. We also showed that a boundary point where the Levi form has only
one vanishing eigenvalue can be picked up by the plurisubharmonic hull of a set only
via an analytic disc in the boundary.

In chapter IV we obtained a weaker and quantified version of McNeal’s Property
(ﬁ) which still implies the existence of a Stein neighborhood basis. Then we give some
applications on domains in C? with a defining function that is plurisubharmonic on

the boundary.
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