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____________________________________________________________________________ 
PREFACE 
 
To Volume 1 
 
This work represents our effort to present the basic concepts of vector and tensor analysis.  Volume 
I begins with a brief discussion of algebraic structures followed by a rather detailed discussion of 
the algebra of vectors and tensors.  Volume II begins with a discussion of Euclidean Manifolds 
which leads to a development of the analytical and geometrical aspects of vector and tensor fields.  
We have not included a discussion of general differentiable manifolds.  However, we have included 
a chapter on vector and tensor fields defined on Hypersurfaces in a Euclidean Manifold. 
 
 In preparing this two volume work our intention is to present to Engineering and Science 
students a modern introduction to vectors and tensors.  Traditional courses on applied mathematics 
have emphasized problem solving techniques rather than the systematic development of concepts.   
As a result, it is possible for such courses to become terminal mathematics courses rather than 
courses which equip the student to develop his or her understanding further. 
 

As Engineering students our courses on vectors and tensors were taught in the traditional 
way.  We learned to identify vectors and tensors by formal transformation rules rather than by their 
common mathematical structure.  The subject seemed to consist of nothing but a collection of 
mathematical manipulations of long equations decorated by a multitude of subscripts and 
superscripts.  Prior to our applying vector and tensor analysis to our research area of modern 
continuum mechanics, we almost had to relearn the subject.  Therefore, one of our objectives in 
writing this book is to make available a modern introductory textbook suitable for the first in-depth 
exposure to vectors and tensors.  Because of our interest in applications, it is our hope that this 
book will aid students in their efforts to use vectors and tensors in applied areas. 
 

The presentation of the basic mathematical concepts is, we hope, as clear and brief as 
possible without being overly abstract.  Since we have written an introductory text, no attempt has 
been made to include every possible topic.  The topics we have included tend to reflect our  
personal bias.  We make no claim that there are not other introductory topics which could have 
been included. 
 

Basically the text was designed in order that each volume could be used in a one-semester 
course.  We feel Volume I is suitable for an introductory linear algebra course of one semester.   
Given this course, or an equivalent, Volume II is suitable for a one semester course on vector and 
tensor analysis.  Many exercises are included in each volume.  However, it is likely that teachers 
will wish to generate additional exercises.  Several times during the preparation of this book we 
taught  a one semester course to students with a very limited background in linear algebra and no 
background in tensor analysis.  Typically these students were majoring in Engineering or one of the 
Physical Sciences.  However, we occasionally had students from the Social Sciences.  For this one 
semester course, we covered the material in Chapters 0, 3, 4, 5, 7 and 8 from Volume I and selected 
topics from Chapters 9, 10, and 11 from Volume 2.  As to level, our classes have contained juniors, 
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seniors and graduate students.  These students seemed to experience no unusual difficulty with the 
material. 
 

It is a pleasure to acknowledge our indebtedness to our students for their help and 
forbearance.  Also, we wish to thank the U. S. National Science Foundation for its support during 
the preparation of this work.  We especially wish to express our appreciation for the patience and 
understanding of our wives and children during the extended period this work was in preparation. 
 
Houston, Texas R.M.B. 
 C.-C.W. 
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__________________________________________________________ 
Chapter 0 
 
 
ELEMENTARY MATRIX THEORY 
 
 

When we introduce the various types of structures essential to the study of vectors and 
tensors, it is convenient in many cases to illustrate these structures by examples involving matrices.  
It is for this reason we are including a very brief introduction to matrix theory here.  We shall not 
make any effort toward rigor in this chapter.  In Chapter V we shall return to the subject of matrices 
and augment, in a more careful fashion, the material presented here. 
 

An M  by N  matrix A  is a rectangular array of real or complex numbers ijA arranged in 
M rows and N  columns.  A matrix is often written 
 

 

11 12 1

21 22 2

1 2

N

N

M M MN

A A A
A A A

A

A A A

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅ ⋅⎢ ⎥

= ⋅⎢ ⎥
⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

 (0.1) 

 
and the numbers ijA  are called the elements or components of A .  The matrix A  is called a real 
matrix or a complex matrix according to whether the components of A  are real numbers or 
complex numbers. 
 

A matrix of M rows and N  columns is said to be of order M by N  or M N× .  It is 
customary to enclose the array with brackets, parentheses or double straight lines.  We shall adopt 
the notation in (0.1).  The location of the indices is sometimes modified to the forms ijA , i

jA , or 
j

iA .  Throughout this chapter the placement of the indices is unimportant and shall always be 
written as in (0.1).  The elements 1 2, ,...,i i iNA A A are the elements of the ith row of A , and the 
elements 1 2, ,...,k k NkA A A  are the elements of the kth column. The convention is that the first index 
denotes the row and the second the column. 
 

A row matrix is a 1 N×  matrix, e.g., 
 
 [ ]11 12 1NA A A⋅ ⋅ ⋅  
 
while a column matrix is an 1M ×  matrix, e.g., 
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11

21

1M

A
A

A

⎡ ⎤
⎢ ⎥
⎢ ⎥
⋅⎢ ⎥

⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥
⎣ ⎦

 

 
 

The matrix A  is often written simply 
 
 ijA A⎡ ⎤= ⎣ ⎦  (0.2) 
 
A square matrix is an N N×  matrix.  In a square matrix A , the elements 11 22, ,..., NNA A A  are its 
diagonal elements.  The sum of the diagonal elements of a square matrix A  is called the trace and 
is written tr A .  Two matrices A  and B  are said to be equal if they are identical.  That is, A  and 
B have the same number of rows and the same number of columns and 
 
 , 1,..., , 1,...,ij ijA B i N j M= = =  
 
A matrix, every element of which is zero, is called the zero matrix and is written simply 0 . 
 

If ijA A⎡ ⎤= ⎣ ⎦  and ijB B⎡ ⎤= ⎣ ⎦  are two M N×  matrices, their sum (difference) is an M N×  

matrix A B+  ( )A B−  whose elements are ij ijA B+  ( )ij ijA B− .  Thus 
 
 ij ijA B A B⎡ ⎤± = ±⎣ ⎦  (0.3) 
 
Two matrices of the same order are said to be conformable for addition and subtraction.  Addition 
and subtraction are not defined for matrices which are not conformable.  If λ  is a number and A  is 
a matrix, then Aλ  is a matrix given by 
 
 ijA A Aλ λ λ⎡ ⎤= =⎣ ⎦  (0.4) 
 
Therefore, 
 
 ( 1) ijA A A⎡ ⎤− = − = −⎣ ⎦  (0.5) 
 
These definitions of addition and subtraction and, multiplication by a number imply that 
 
 A B B A+ = +  (0.6) 
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 ( ) ( )A B C A B C+ + = + +  (0.7) 
 
 0A A+ =  (0.8) 
 
 0A A− =  (0.9) 
 
 ( )A B A Bλ λ λ+ = +  (0.10) 
 
 ( )A A Aλ μ λ μ+ = +  (0.11) 
 
and 
 
 1A A=  (0.12) 
 
where ,A B  and C are as assumed to be conformable. 
 

If A  is an M N×  matrix and B is an N K×  matrix, then the product of B by A  is written 
AB and is an M K×  matrix with elements 

1

N
ij jsj

A B
=∑ , 1,...,i M= , 1,...,s K= .  For example, if  

 

 
11 12

11 12
21 22

21 22
31 32

and
A A

B B
A A A B

B B
A A

⎡ ⎤
⎡ ⎤⎢ ⎥= = ⎢ ⎥⎢ ⎥ ⎣ ⎦⎢ ⎥⎣ ⎦

 

 
then AB is a 3 2×  matrix given by 
 

 

11 12
11 12

21 22
21 22

31 32

11 11 12 21 11 12 12 22

21 11 22 21 21 12 22 22

31 11 32 21 32 12 32 22

A A
B B

AB A A
B B

A A

A B A B A B A B
A B A B A B A B
A B A B A B A B

⎡ ⎤
⎡ ⎤⎢ ⎥= ⎢ ⎥⎢ ⎥ ⎣ ⎦⎢ ⎥⎣ ⎦

+ +⎡ ⎤
⎢ ⎥= + +⎢ ⎥

+ +⎢ ⎥⎣ ⎦

 

 
The product AB  is defined only when the number of columns of A  is equal to the number 

of rows of B .  If this is the case, A  is said to be conformable to B  for multiplication.  If A  is 
conformable to B , then B is not necessarily conformable to A .  Even if BA  is defined, it is not 
necessarily equal to AB .  On the assumption that A , B ,and C  are conformable for the indicated  
sums and products, it is possible to show that 
 
 ( )A B C AB AC+ = +  (0.13) 
 
 ( )A B C AC BC+ = +  (0.14) 
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and 
 
 ( ) ( )A BC AB C=  (0.15) 
 
 
However, AB BA≠ in general, 0AB =  does not imply 0A =  or 0B = , and AB AC= does not 
necessarily imply B C= . 
 

The square matrix I defined by 
 

 

1 0 0
0 1 0

0 0 1

I

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅ ⋅⎢ ⎥
⋅⎢ ⎥

= ⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

 (0.16) 

 
is the identity matrix.  The identity matrix is a special case of a diagonal matrix which has all of its 
elements zero except the diagonal ones.  A square matrix A  whose elements satisfy 0ijA = , i j> , 
is called an upper triangular matrix , i.e., 
 

 

11 12 13 1

22 23 2

33

0
0 0

0 0 0

N

N

NN

A A A A
A A A

A
A

A

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅ ⋅⎢ ⎥

⋅ ⋅ ⋅⎢ ⎥
⎢ ⎥= ⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

 

 
A lower triangular matrix can be defined in a similar fashion.  A diagonal matrix is both an upper 
triangular matrix and a lower triangular matrix. 
 

If A  and B  are square matrices of the same order such that AB BA I= = , then B  is called 
the inverse of A  and we write 1B A−= .  Also, A is the inverse of B , i.e. 1A B−= .  If A  has an  
inverse it is said to be nonsingular. If A  and B are square matrices of the same order with inverses 

1A− and 1B− respectively, then 
 
 1 1 1( )AB B A− − −=  (0.17) 
 
Equation (0.17) follows because 
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 1 1 1 1 1 1( ) ( )AB B A A BB A AIA AA I− − − − − −= = = =  
 
and similarly 
 
 1 1( )B A AB I− − =  
 

The matrix of order N M×  obtained by interchanging the rows and columns of an M N×  
matrix A  is called the transpose of A  and is denoted by TA .  It is easily shown that 
 
 ( )T TA A=  (0.18) 
 
 ( )T TA Aλ λ=  (0.19) 
 
 ( )T T TA B A B+ = +  (0.20) 
 
and 
 
 ( )T T TAB B A=  (0.21) 
 
A square matrix A  is symmetric if TA A= and skew-symmetric if TA A= − .  Therefore, for a 
symmetric matrix 
 
 ij jiA A=  (0.22) 
 
and for a skew-symmetric matrix 
 
 ij jiA A= −  (0.23) 
 
Equation (0.23) implies that the diagonal elements of a skew symmetric-matrix are all zero.  Every 
square matrix A  can be written uniquely as the sum of a symmetric matrix and a skew-symmetric 
matrix, namely 
 

 1 1( ) ( )
2 2

T TA A A A A= + + −  (0.24) 

 
If A  is a square matrix, its determinant is written det A .  The reader is assumed at this 

stage to have some familiarity with the computational properties of determinants.  In particular, it 
should be known that 
 
 det det and det (det )(det )TA A AB A B= =  (0.25) 
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If A  is an N N×  square matrix, we can construct an ( 1) ( 1)N N− × −  square matrix by removing 
the ith row and the jth column.  The determinant of this matrix is denoted by ijM and is the minor of 

ijA .  The cofactor of ijA  is defined by 
 
 cof ( 1)i j

ij ijA M+= −  (0.26) 
 
For example, if 
 

 11 12

21 22

A A
A

A A
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 (0.27) 

 
then 
 
 11 22 12 21 21 12 22 11,M A M A M A M A= = = =  
 11 22 12 21cof cof , etc.A A A A= = −  
 
The adjoint of an N N× matrix A , written adj A , is an N N×  matrix given by 
 

 

11 21 1

12 22 2

1 2

cof cof cof
cof cof cof

adj

cof cof cof

N

N

N N NN

A A A
A A A

A

A A A

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅ ⋅⎢ ⎥

⋅⎢ ⎥
= ⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

 (0.28) 

 
The reader is cautioned that the designation “adjoint” is used in a different context in Section 18.  
However, no confusion should arise since the adjoint as defined in Section 18 will be designated by 
a different symbol.  It is possible to show that 
 
 (adj ) (det ) (adj )A A A I A A= =  (0.29) 
 
We shall prove (0.29) in general later in Section 21; so we shall be content to establish it for 2N =  
here.  For 2N =  
 

 22 12

21 11

adj
A A

A
A A

−⎡ ⎤
= ⎢ ⎥−⎣ ⎦

 

 
Then 
 



Chap. 0 • ELEMENTARY MATRIX THEORY 9 

 11 12 22 21 11 22 12 21

21 22 12 11 11 22 12 21

0
(adj )

0
A A A A A A A A

A A
A A A A A A A A

− −⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

 
Therefore 
 
 11 22 12 21(adj ) ( ) (det )A A A A A A I A I= − =  
 
Likewise 
 
 (adj ) (det )A A A I=  
 
If det 0A ≠ , then (0.29) shows that the inverse 1A− exists and is given by 
 

 1 adj
det

AA
A

− =  (0.30) 

 
Of course, if 1A− exists, then 1(det )(det ) det 1 0A A I− = = ≠ .  Thus nonsingular matrices are those 
with a nonzero determinant. 
 

Matrix notation is convenient for manipulations of systems of linear algebraic equations.   
For example, if we have the set of equations 
 

 

11 1 12 2 13 3 1 1

21 1 22 2 23 3 2 2

1 1 2 2 3 3

N N

N N

N N N NN N N

A x A x A x A x y
A x A x A x A x y

A x A x A x A x y

+ + + ⋅⋅ ⋅ + =
+ + + ⋅ ⋅ ⋅ + =

⋅
⋅
⋅

+ + + ⋅⋅ ⋅ + =

 

 
then they can be written 
 

 

11 12 1 1 1

21 22 2 2 2

1 2

N

N

N N NN N N

A A A x y
A A A x y

A A A x y

⋅ ⋅ ⋅⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⋅ ⋅ ⋅⎢ ⎥ ⎢ ⎥ ⎢ ⎥

=⎢ ⎥ ⎢ ⎥ ⎢ ⎥⋅ ⋅ ⋅⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⋅ ⋅ ⋅
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⋅ ⋅ ⋅⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

 
The above matrix equation can now be written in the compact notation 
 
 AX Y=  (0.31) 



10 Chap. 0 • ELEMENTARY MATRIX THEORY 

and if A is nonsingular the solution is 
 
 1X A Y−=  (0.32) 
 
For 2N = , we can immediately write 
 

 1 22 12 1

2 21 11 2

1
det

x A A y
x A A yA

−⎡ ⎤ ⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 (0.33) 

 
 
Exercises 
 
0.1 Add the matrices 
 

 
1 5
2 6

−⎡ ⎤ ⎡ ⎤
+⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
 

 
 Add the matrices 
 

 
2 3 7 2 2 5 4
5 4 3 4 3 3
i i i

i i i i i
+ −⎡ ⎤ ⎡ ⎤

+⎢ ⎥ ⎢ ⎥+ − + −⎣ ⎦ ⎣ ⎦
 

 
0.2 Add 
 

 
1 5

3
2 6

i
i

−⎡ ⎤ ⎡ ⎤
+⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
 

 
0.3 Multiply 
 

 
2 8

2 3 7 2
1 6

5 4 3
3 2

i
i i

i
i i

i

⎡ ⎤
+⎡ ⎤ ⎢ ⎥

⎢ ⎥ ⎢ ⎥+⎣ ⎦ ⎢ ⎥⎣ ⎦

 

 
0.4 Show that the product of two upper (lower) triangular matrices is an upper lower triangular 

matrix.  Further, if 
 
 ,ij ijA A B B⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦  
 

are upper (lower) triangular matrices of order N N× , then 
 
 ( ) ( )ii ii ii iiAB BA A B= =  
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for all 1,...,i N= .  The off diagonal elements ( )ijAB and ( )ijBA , i j≠ , generally are not 
equal, however. 

 
0.5 What is the transpose of 
 

 
2 3 7 2
5 4 3
i i

i i
+⎡ ⎤

⎢ ⎥+⎣ ⎦
 

 
0.6  What is the inverse of 
 

 
5 3 1
0 7 2
1 4 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 

 
0.7  Solve the equations 
 

 
5 3 2

4 9
x y

x y
+ =
+ =

 

 
by use of (0.33).



 

 

 



 13 

 
___________________________________________________________ 
Chapter 1 
 
 
SETS, RELATIONS, AND FUNCTIONS 
 
 

The purpose of this chapter is to introduce an initial vocabulary and some basic concepts.  
Most of the readers are expected to be somewhat familiar with this material; so its treatment is 
brief. 
 
 
Section 1. Sets and Set Algebra 
 
 The concept of a set is regarded here as primitive.  It is a collection or family of things 
viewed as a simple entity.  The things in the set are called elements or members of the set.  They  
are said to be contained in or to belong to the set.  Sets will generally be denoted by upper case 
script letters, , , , ,A B C D …, and elements by lower case letters , , , ,a b c d ….  The sets of complex 
numbers, real numbers and integers will be denoted by C , R , and I , respectively.  The notation 
a∈A means that the element a  is contained in the set A ; if a is not an element of A , the 
notation a∉A is employed.  To denote the set whose elements are , , ,a b c and ,d  the notation 
{ }, , ,a b c d is employed.  In mathematics a set is not generally a collection of unrelated objects like a 
tree, a doorknob and a concept, but rather it is a collection which share some common property like 
the vineyards of France which share the common property of being in France or the real numbers 
which share the common property of being real.  A set whose elements are determined by their 
possession of a certain property is denoted by { }( )x P x , where x denotes a typical element and 

( )P x  is the property which determines x to be in the set. 
 

If A and B are sets, B is said to be a subset of A if every element of B  is also an element 
of A .  It is customary to indicate that B  is a subset of A  by the notation ⊂B A , which may be 
read as “B is contained in A ,” or ⊃A B  which may be read as “ A  contains B .”  For example, 
the set of integers I  is a subset of the set of real numbers R , ⊂I R .  Equality of two sets A and 
B  is said to exist if A is a subset of B  and B is a subset of A ; in equation form 
 
  and ⇔ ⊂ ⊂A = B A B B A  (1.1) 
 
A nonempty subset B of A  is called a proper subset of A if B is not equal to A .  The set of 
integers I  is actually a proper subset of the real numbers.  The empty set or null set is the set with 
no elements and is denoted by ∅ .  The singleton is the set containing a single element a  and is 
denoted by { }a .  A set whose elements are sets is often called a class. 
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Some operations on sets which yield other sets will now be introduced.  The union of the 
sets A and B  is the set of all elements that are either in the set A or in the setB .  The union of 
A and B  is denoted by A B  
 
 { |  or }a a a   A B A B  (1.2) 
 
It is easy to show that the operation of forming a union is commutative, 
 
   A B B A  (1.3) 
 
and associative 
 
 ( ) ( )    A B C A B C  (1.4) 
 
The intersection of the sets A and B is the set of elements that are in both A and B .  The 
intersection is denoted by A B  and is specified by 
 
 { |  and }a a a   A B A B  (1.5) 
 
Again, it can be shown that the operation of intersection is commutative 
 
   A B B A  (1.6) 
 
and associative 
 
 ( ) ( )    A B C A B C  (1.7) 
 
Two sets are said to be disjoint if they have no elements in common, i.e. if 
 
  A B  (1.8) 
 
The operations of union and intersection are related by the following distributive laws: 
 

 
( ) ( ) ( )

( ) ( ) ( )

     

     

A B C A B A C

A B C A B A C

 (1.9) 

 
The complement of the setB with respect to the set A is the set of all elements contained in A  but 
not contained inB .  The complement of B with respect to the set A is denoted by /A B  and is 
specified by 
 
 / { |  and }a a a  A B A B  (1.10) 
 
It is easy to show that 
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 /( / )     for     A A B B B A  (1.11) 
 
and 
 
 /    A B A A B  (1.12) 
 
 
Exercises 
 
1.1 List all possible subsets of the set  , , ,a b c d . 

1.2 List two proper subsets of the set  ,a b . 
1.3 Prove the following formulas: 
 (a)    A A B B A . 
 (b)  A A . 
 (c)  A A A . 
1.4 Show that  I R I . 
1.5 Verify the distributive laws (1.9). 
1.6 Verify the following formulas: 
 (a)    A B A B A . 
 (b)  A . 
 (c)  A A A . 
1.7 Give a proof of the commutative and associative properties of the intersection operation. 
1.8 Let  1, 2, 3, 4    A ,  1,0,1,2,3,7 B ,  0C , and  7, 5, 3, 1,1,2,3    D .  List 

the elements of , , , , , /     A B A B A C B C A B C A B , and ( / )D C A . 
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Section 2. Ordered Pairs, Cartesian Products, and Relations 
 

The idea of ordering is not involved in the definition of a set.  For example, the set { , }a b  is 
equal to the set { , }b a .  In many cases of interest it is important to order the elements of a set.  To 
define an ordered pair ( , )a b  we single out a particular element of { , }a b , say a , and define ( , )a b  
to be the class of sets; in equation form, 
 
 ( , ) {{ },{ , }}a b a a b≡  (2.1) 
 
This ordered pair is then different from the ordered pair ( , )b a  which is defined by 
 
 ( , ) {{ },{ , }}b a b b a≡  (2.2) 
 
It follows directly from the definition that 
 
 ( , ) ( , )  and a b c d a c b d= ⇔ = =  
 
Clearly, the definition of an ordered pair can be extended to an ordered N -tuple 1 2( , ,..., )Na a a . 
 
 The Cartesian Product of two sets A andB is a set whose elements are ordered pairs ( , )a b  
where a is an element of A and b is an element ofB .  We denote the Cartesian product of 
A andB by ×A B . 
 
 { }( , ) | ,a b a b× = ∈ ∈A B A B  (2.3) 
 
It is easy to see how a Cartesian product of N  sets can be formed using the notion of an ordered N-
tuple. 
 

Any subset K of ×A B  defines a relation from the set A to the setB .  The notation a bK is 
employed if ( , )a b ∈K ; this notation is modified for negation as a b/K  if ( , )a b ∉K .  As an 
example of a relation let A be the set of all Volkswagons in the United States and let B be the set 
of all Volkswagons in Germany.  Let be ⊂ ×K A B  be defined so that a bK  if b is the same color 
as a . 
 
 If =A B , then K is a relation on A .  Such a relation is said to be reflexive if a aK  for all 
a∈A , it is said to be symmetric if a bK  whenever b aK  for any a and b in A , and it is said to be 
transitive if a bK  and b cK imply that a cK  for any ,a b and c in A .  A relation on a set A is said 
to be an equivalence relation if it is reflexive, symmetric and transitive.  As an example of an 
equivalence relation K on the set of all real numbers R let a b a b⇔ =K for all ,a b .  To verify that 
this is an equivalence relation, note that a a= for each a∈K (reflexivity), a b b a= ⇒ =  for each 
a∈K (symmetry), and ,a b b c a c= = ⇒ = for ,a b and c in K (transitivity). 
 



Sec. 2 • Ordered Pairs, Cartesian Products, Relations 17 

A relation K on A is antisymmetric if a bK then b aK  implies b a= .  A relation on a set 
A is said to be a partial ordering if it is reflexive, antisymmetric and transitive.  The equality 
relation is a trivial example of partial ordering.  As another example of a partial ordering on R , let 
the inequality ≤be the relation.  To verify that this is a partial ordering note that a a≤ for every 
a∈R (reflexivity), a b≤ and b a a b≤ ⇒ = for all ,a b∈R (antisymmetry), and a b≤ and 
b c a c≤ ⇒ ≤ for all , ,a b c∈R (transitivity).  Of course inequality is not an equivalence relation 
since it is not symmetric. 
 
 
Exercises 
 
2.1 Define an ordered triple ( , , )a b c  by 
 
 ( , , ) (( , ), )a b c a b c=  
 

and show that ( , , ) ( , , ) ,a b c d e f a d b e= ⇔ = = , and c f= . 
 
2.2 Let A be a set and K an equivalence relation on A .  For each a∈A consider the set of all 

elements x that stand in the relation K  to a ;  this set is denoted by { }|x a xK , and is called 
an equivalence set. 

 (a) Show that the equivalence set of a contains a . 
(b) Show that any two equivalence sets either coincide or are disjoint. 

 
Note:  (a) and (b) show that the equivalence sets form a partition of A ;  A is the disjoint 
union of the equivalence sets. 

 
2.3 On the set R of all real numbers does the strict inequality <  constitute a partial ordering on 

the set? 
 
2.4 For ordered triples of real numbers define 1 1 1 2 2 2( , , ) ( , , )a b c a b c≤ if 1 2 1 2 1 2, ,a a b b c c≤ ≤ ≤ .  

Does this relation define a partial ordering on × ×R R R ? 



18 Chap. 1 • SETS, RELATIONS, FUNCTIONS 

 

 
 
Section 3. Functions 
 
 A relation f from X  to Y  is said to be a function (or a mapping) if 1( , )x y f∈  and 

2( , )x y f∈ imply 1 2y y=  for all x∈X .  A function is thus seen to be a particular kind of relation 
which has the property that for each x∈X there exists one and only one y∈Y such that 
( , )x y f∈ .  Thus a function f  defines a single-valued relation.  Since a function is just a 
particular relation, the notation of the last section could be used, but this is rarely done.  A standard 
notation for a function from X to Y is 
 

:f →X Y  
 
or 
 
 ( )y f x=  
 
which indicates the element y∈Y that f associates with x∈X .  The element y is called the value 
of f  at x .  The domain of the function f  is the set X .  The range of f  is the set of all y  for 
which there exists an x such that ( )y f x= .  We denote the range of f  by ( )f X .  When the domain 
of f  is the set of real numbers R , f  is said to be a function of a real variable.  When ( )f X is 
contained inR , the function is said to be real-valued.  Functions of a complex variable and 
complex- valued functions are defined analogously. A function of a real variable need not be real-
valued, nor need a function of a complex variable be complex-valued. 
 

If 0X is a subset of 0, ⊂X X X , and :f →X Y ,the image of 0X  under f  is the set  
 
 { }0 0( ) ( ) |f f x x≡ ∈X X  (3.1) 
 
and it is easy to prove that 
 
 0( ) ( )f f⊂X X  (3.2) 
 
Similarly, if 0Y  is a subset ofY , then the preimage of 0Y under f  is the set 
 
 { }1

0 0( ) | ( )f x f x− ≡ ∈Y Y  (3.3) 
 
and it is easy to prove that 
 
 1

0( )f − ⊂Y X  (3.4) 
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A function f is said be into Y if ( )f X  is a proper subset of Y , and it is said to be ontoY if 
( )f =X Y .  A function that is onto is also called surjective.  Stated in a slightly different way, a 

function is onto if for every element y∈Y there exists at least one element x∈X such that 
( )y f x= .  A function f is said to be one-to-one (or injective) if for every 1 2,x x ∈X  

 
 1 2 1 2( ) ( )f x f x x x= ⇒ =  (3.5) 
 
In other words, a function is one-to-one if for every element ( )y f∈ X there exists only one 
element x∈X such that ( )y f x= .  A function f is said to form a one-to-one correspondence (or 
to be bijective) fromX toY if ( )f =X Y , and f is one-to-one.  Naturally, a function can be onto 
without being one-to-one or be one-to-one without being onto.  The following examples illustrate 
these terminologies. 
 

1. Let 5( )f x x=  be a particular real valued function of a real variable.  This function is 
one-to-one because 5 5x z= implies x z= when ,x z∈R and it is onto since for every 
y∈R there is some x  such that 5y x= . 

2. Let 3( )f x x= be a particular complex-valued function of a complex variable.  This 
function is onto but it is not one-to-one because, for example, 

 

 31 3 1 3(1) ( ) ( ) 1
2 2 2 2

f f i f i= − + = − − =  

 
where 1i = − . 

3. Let ( ) 2f x x=  be a particular real valued function of a real variable where x denotes 
the absolute value of x .  This function is into rather than onto and it is not one-to-one. 

 
If :f →X Y  is a one-to-one function, then there exists a function 1 : ( )f f− →X X  which 

associates with each ( )y f∈ X  the unique x∈X  such that ( )y f x= .  We call 1f −  the inverse of 
f , written 1( )x f y−= .  Unlike the preimage defined by (3.3), the definition of inverse functions is 

possible only for functions that are one-to-one.  Clearly, we have 1( ( ))f f− =X X .  The 
composition of two functions :f →X Y and :g → →Y Z is a function :h →X Z  defined by 

( ) ( ( ))h x g f x=  for all x∈X .  The function h is written h g f= .  The composition of any finite 
number of functions is easily defined in a fashion similar to that of a pair.  The operation of 
composition of functions is not generally commutative, 
 
 g f f g≠  
 
Indeed, if g f  is defined, f g  may not be defined, and even if g f and f g  are both defined, 
they may not be equal.  The operation of composition is associative 
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 ( ) ( )h g f h g f=  
 
if each of the indicated compositions is defined.  The identity function :id →X X  is defined as 
the function ( )id x x=  for all x∈X .  Clearly if f is a one-to-one correspondence from X to Y , 
then 
 
 1 1,f f id f f id− −= =X Y  
 
where idX and idY  denote the identity functions of X andY , respectively. 
 

To close this discussion of functions we consider the special types of functions called 
sequences.  A finite sequence of N terms is a function f whose domain is the set of the first 
N positive integers { }1,2,3,..., N .  The range of f is the set of N elements { }(1), (2),..., ( )f f f N , 

which is usually denoted by { }1 2, ,..., Nf f f .  The elements 1 2, ,..., Nf f f of the range are called terms 

of the sequence.  Similarly, an infinite sequence is a function defined on the positive integers +I .   
The range of an infinite sequence is usually denoted by { }nf , which stands for the infinite set 

{ }1 2 3, , ,...f f f .  A function g whose domain is +I and whose range is contained in +I is said to be 

order preserving if m n<  implies that ( ) ( )g m g n<  for all ,m n +∈I .  If f is an infinite sequence 
and g is order preserving, then the composition f g  is a subsequence of f .  For example, let 
 
 1 ( 1) , 4n

n nf n g= + =  
 
Then 
 
 ( ) 1 (4 1)nf g n = +  
 
is a subsequence of f . 
 
 
Exercises 
 
3.1 Verify the results (3.2) and (3.4). 
3.2 How may the domain and range of the sine function be chosen so that it is a one-to-one 

correspondence? 
3.3 Which of the following conditions defines a function ( )y f x= ? 
 
 2 2 1, 1, , .x y xy x y+ = = ∈R  
 
3.4 Give an example of a real valued function of a complex variable. 
3.5 Can the implication of (3.5) be reversed? Why? 
3.6 Under what conditions is the operation of composition of functions commutative? 
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3.7 Show that the arc sine function 1sin− really is not a function from R to R .  How can it be 
made into a function?
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_______________________________________________________________________________ 
Chapter 2 
 
 
GROUPS, RINGS, AND FIELDS 
 
 

The mathematical concept of a group has been crystallized and abstracted from numerous 
situations both within the body of mathematics and without. Permutations of objects in a set is a 
group operation.  The operations of multiplication and addition in the real number system are group 
operations.  The study of groups is developed from the study of particular situations in which 
groups appear naturally, and it is instructive that the group itself be presented as an object for 
study.  In the first three sections of this chapter certain of the basic properties of groups are 
introduced.  In the last section the group concept is used in the definition of rings and fields. 

 

Section 4.  The Axioms for a Group 
 

Central to the definition of a group is the idea of a binary operation.  If G  is a non-empty 
set, a binary operation on G  is a function from ×C C  to G .  If ,    ,a b ∈ G  the binary operation 
will be denoted by ∗  and its value by a b∗ .  The important point to be understood about a binary 
operation on G  is that G  is closed with respect to∗ in the sense that if ,  a b∈G  then a b∗ ∈G  also.  
A binary operation ∗on G  is associative if 

 

 ( ) ( ) for all , ,a b c a b c a b c∗ ∗ = ∗ ∗ ∈G  (4.1) 
 

Thus, parentheses are unnecessary in the combination of more than two elements by an associative 
operation.  A semigroup is a pair ( ),∗G consisting of a nonempty set G  with an associative binary 
operation ∗ .  A binary operation ∗on G  is commutative if 

 

 for all ,a b b a a b∗ = ∗ ∈G  (4.2) 
 

The multiplication of two real numbers and the addition of two real numbers are both examples of 
commutative binary operations.  The multiplication of two N by N matrices (N > 1) is a 
noncommutative binary operation.  A binary operation is often denoted by , ,a b a b⋅ or ab  rather 
than by a b∗ ; if the operation is commutative, the notation a b+  is sometimes used in place of 
a b∗ . 

 

An element e∈G that satisfies the condition 
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 for all e a a e a a∗ = ∗ = ∈G  (4.3) 
 

is called an identity element for the binary operation ∗  on the set G .  In the set of real numbers 
with the binary operation of multiplication, it is easy to see that the number 1 plays the role of 
identity element.  In the set of real numbers with the binary operation of addition, 0 has the role of 
the identity element.  Clearly G  contains at most one identity element in e .  For if 1e is another 
identity element in G , then 1 1e a a e a∗ = ∗ =  for all a∈G  also.  In particular, if we choose a e= , 
then 1e e e∗ = .  But from (4.3), we have also 1 1e e e∗ = .  Thus 1e e= .  In general, G  need not 
have any identity element.  But if there is an identity element, and if the binary operation is 
regarded as multiplicative, then the identity element is often called the unity element; on the other 
hand, if the binary operation is additive, then the identity element is called the zero element. 

 

In a semigroup G  containing an identity element e  with respect to the binary operation ∗ , 
an element 1a−  is said to be an inverse of the element a  if 

 

 1 1a a a a e− −∗ = ∗ =  (4.4) 
 

In general, a  need not have an inverse.  But if an inverse 1a−  of  a  exists, then it is unique, the 
proof being essentially the same as that of the uniqueness of the identity element.  The identity 
element is its own inverse.  In the set { }/ 0R  with the binary operation of multiplication, the 
inverse of a number is the reciprocal of the number.  In the set of real numbers with the binary 
operation of addition the inverse of a number is the negative of the number. 

 

A group is a pair ( ),∗G  consisting of an associative binary operation ∗  and a set G  which 
contains the identity element and the inverses of all elements of G  with respect to the binary 
operation∗ .  This definition can be explicitly stated in equation form as follows. 

 

Definition.  A group is a pair ( ),∗G where G  is a set and ∗  is a binary operation satisfying the 
following: 

(a) ( )( )a b c a b c∗ ∗ = ∗ ∗ for all , ,a b c∈G . 

(b) There exists an element e∈G such that a e e a a∗ = ∗ =  for all a∈G . 

(c) For every a∈ G there exists an element 1a− ∈  G  such that  1 1 .a a a a e− −∗ = ∗ =  

 

If the binary operation of the group is commutative, the group is said to be a commutative (or 
Abelian) group. 



Sec. 4 • The Axioms for a Group 25 

 

The set { }/ 0R  with the binary operation of multiplication forms a group, and the set R  
with the binary operation of addition forms another group.  The set of positive integers with the 
binary operation of multiplication forms a semigroup with an identity element but does not form a 
group because the condition © above is not satisfied. 

 

A notational convention customarily employed is to denote a group simply by G  rather than 
by the pair ( ),∗G .  This convention assumes that the particular ∗  to be employed is understood.  
We shall follow this convention here. 

 

 

Exercises 
 

4.1 Verify that the set { }1, ,-1,-i i∈G , where 2 1i = − , is a group with respect to the binary 
 operation of multiplication. 

4.2 Verify that the set G  consisting of the four 2 2× matrices 

 

1 0 0 1 0 1 1 0
, , ,

0 1 1 0 1 0 0 1
− −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤

⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦
 

 

constitutes a group with respect to the binary operation of matrix multiplication. 

4.3 Verify that the set G  consisting of the four 2 2×  matrices 

 

1 0 1 0 1 0 1 0
, , ,

0 1 0 1 0 1 0 1
− −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤

⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦
 

  

constitutes a group with respect to the binary operation of matrix multiplication. 

4.4 Determine a subset of the set of all 3 3× matrices with the binary operation of matrix 
multiplication that will form a group. 

4.5 If A  is a set, show that the set G , { }: ,  is a one-to-one correspondencef f f= →G A A  
is a one-to-one correspondence}constitutes a group with respect to the binary operation of 
composition. 
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Section 5. Properties of a Group 
 

In this section certain basic properties of groups are established.  There is a great economy 
of effort in establishing these properties for a group in general because the properties will then be 
possessed by any system that can be shown to constitute a group, and there are many such systems 
of interest in this text.  For example, any property established in this section will automatically hold 
for the group consisting of { }/ 0R  with the binary operation of multiplication, for the group 
consisting of the real numbers with the binary operation of addition, and for groups involving 
vectors and tensors that will be introduced in later chapters. 

 

The basic properties of a group G  in general are: 

1. The identity element e∈G  is unique. 

2. The inverse element 1a−  of any element a∈G  is unique.  The proof of Property 1 
was given in the preceding section.  The proof of Property 2 follows by essentially the same 
argument. 

If n  is a positive integer, the powers of a∈G are defined as follows:  (i) For 11,n a a= = .  

(ii) For 11, .n nn a a a−> = ∗   (iii) 0 .a e=   (iv) ( )1 .
nna a− −=   

3. If , ,m n k  are any integers, positive or negative, then for a∈G  

 

( ), ( ) ,
km n m n m n mn m n mk nka a a a a a a+ + +∗ = = =  

 

In particular, when 1m n= = − , we have: 

4. ( ) 11a a
−− =  for all a∈G  

5. ( ) 1 1 1a b b a− − −∗ = ∗ for all ,a b∈G  

 

For square matrices the proof of this property is given by (0.17); the proof in general is exactly the 
same. 

The following property is a useful algebraic rule for all groups; it gives the solutions x  and 
y  to the equations x a b∗ =  and ,a y b∗ =  respectively. 

6. For any elements ,a b in G , the two equations x a b∗ =  and a y b∗ =  have 
the unique solutions 1x b a−= ∗  and 1 .y a b−= ∗  
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Proof. Since the proof is the same for both equations, we will consider only the equation 
.x a b∗ =   Clearly 1x b a−= ∗ satisfies the equation ,x a b∗ =  

 

( ) ( )1 1x a b a a b a a b e b− −∗ = ∗ ∗ = ∗ ∗ = ∗ =  

 

Conversely, ,x a b∗ = implies 

 

( ) ( )1 1 1x x e x a a x a a b a− − −= ∗ = ∗ ∗ = ∗ ∗ = ∗  

 

which is unique.  As a result we have the next two properties. 

7. For any three elements , ,a b c  in G , either a c b c∗ = ∗  or c a c b∗ = ∗  implies that 
a b= . 

8. For any two elements ,a b  in the group G , either a b b∗ =  or b a b∗ =  implies that 
a  is the identity element. 

A non-empty subset 'G  of G  is a subgroup of G  if 'G  is a group with respect to the binary 
operation of G , i.e., 'G  is a subgroup of G  if and only if (i) 'e∈G  (ii) 1' 'a a−∈ ⇒ ∈G G  (iii) 

, ' 'a b a b∈ ⇒ ∗ ∈G G . 

9. Let 'G  be a nonempty subset of G .  Then 'G  is a subgroup if 
1, ' 'a b a b−∈ ⇒ ∗ ∈G G . 

 
Proof.  The proof consists in showing that the conditions (i), (ii), (iii) of a subgroup are satisfied.  
(i) Since 'G  is non-empty, it contains an element a , hence 1 'a a e−∗ = ∈G .  (ii) If 'b∈G  then 

1 1 'e b b− −∗ = ∈G .  (iii) If , 'a b∈G , then ( ) 11 'a b a b
−−∗ = ∗ ∈G . 

If G  is a group, then G  itself is a subgroup of G , and the group consisting only of the element e  is 
also a subgroup of G .  A subgroup of G  other than G  itself and the group e  is called a proper 
subgroup of G .. 

10. The intersection of any two subgroups of a group remains a subgroup. 

 

 

Exercises 
 
5.1 Show that e  is its own inverse. 

5.2 Prove Property 3. 
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5.3 Prove Properties 7 and 8. 

5.4 Show that x y=  in Property 6 if G  is Abelian. 

5.5 If G  is a group and a∈G  show that a a a∗ =  implies a e= . 

5.6 Prove Property 10. 

5.7 Show that if we look at the non-zero real numbers under multiplication, then (a) the rational 
numbers form a subgroup, (b) the positive real numbers form a subgroup, (c) the irrational 
numbers do not form a subgroup. 
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Section 6. Group Homomorphisms 
 

A “group homomorphism” is a fairly overpowering phrase for those who have not heard it 
or seen it before.  The word homomorphism means simply the same type of formation or structure.  
A group homomorphism has then to do with groups having the same type of formation or structure. 

 

Specifically, if G  and H  are two groups with the binary operations ∗  and ,  respectively, 
a function :f →G H is a homomorphism if 

 

 ( ) ( ) ( ) for all  ,f a b f a f b a b∗ = ∈G  (6.1) 
 

If a homomorphism exists between two groups, the groups are said to be homomorphic.  A 
homomorphism :f →G H  is an isomorphism if f  is both one-to-one and onto.  If an 
isomorphism exists between two groups, the groups are said to be isomorphic.  Finally, a 
homomorphism :f →G G  is called an endomorphism and an isomorphism :f →G G  is called an 
automorphism.  To illustrate these definitions, consider the following examples: 

 

1. Let G  be the group of all nonsingular, real, N N×  matrices with the binary operation of 
matrix multiplication.  Let H  be the group { }/ 0R with the binary operation of scalar 
multiplication.  The function that is the determinant of a matrix is then a homomorphism 
from G  to H . 

2. Let G  be any group and let H  be the group whose only element is .e   Let f  be the 
function that assigns to every element of G  the value ;e  then f is a (trivial) 
homomorphism. 

3. The identity function id : →G G  is a (trivial) automorphism of any group. 

4. Let G  be the group of positive real numbers with the binary operation of multiplication and 
let H   be the group of real numbers with the binary operation of addition.  The log function 
is an isomorphism between G  and H . 

5. Let G  be the group { }/ 0R  with the binary operation of multiplication.  The function that 
takes the absolute value of a number is then an endomorphism of G  into G .  The restriction 
of this function to the subgroup H  of H  consisting of all positive real numbers is a 
(trivial) automorphism of H , however. 

 

From these examples of homomorphisms and automorphisms one might note that a 
homomorphism maps identities into identities and inverses into inverses.  The proof of this 
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observation is the content of Theorem 6.1 below.  Theorem 6.2 shows that a homomorphism takes 
a subgroup into a subgroup and Theorem 6.3 proves a converse result. 

Theorem 6.1.  If :f →G H  is a homomorphism, then ( )f e  coincides with the identity element 

0e of H  and  

 

 ( ) ( ) 11f a f a −− =  
 

Proof. Using the definition (6.1) of a homomorphism on the identity ,a a e= ∗ one finds that  

 

 ( ) ( ) ( ) ( )f a f a e f a f e= ∗ =  
 

From Property 8 of a group it follows that ( )f e  is the identity element 0e  of H .  Now, using this 

result and the definition of a homomorphism (6.1) applied to the equation 1 ,e a a−= ∗  we find  

 

 ( ) ( ) ( ) ( )1 1
0e f e f a a f a f a− −= = ∗ =  

 

It follows from Property 2 that ( )1f a− is the inverse of ( ).f a  

Theorem 6.2.  If :f →G H  is a homomorphism and if 'G  is a subgroup of G , then ( ')f G  is a 
subgroup of H . 

Proof. The proof will consist in showing that the set ( ')f G satisfies the conditions ( ) ( ) ( ), ,i ii iii of 

a subgroup.  ( )i Since 'e∈G  it follows from Theorem 6.1 that the identity element 0e  of H  is 

contained in ( ')f G .  ( )ii For any 'a∈G , ( ) 1 ( ')f a f− ∈ G  by Theorem 6.1.  ( )iii For any , 'a b∈G , 

( ) ( ) ( ')f a f b f∈ G since ( ) ( ) ( ) ( ')f a f b f a b f= ∗ ∈ G . 

 

As a corollary to Theorem 6.2 we see that ( )f G is itself a subgroup of H . 

 

Theorem 6.3.  If :f →G H  is a homomorphism and if 'H is a subgroup of H  , then the 
preimage 1( ')f − H is a subgroup of G . 

 

The kernel of a homomorphism :f →G H is the subgroup ( )1
0f e− of G .  In other words, 

the kernel of f  is the set of elements of G   that are mapped by f  to the identity element 0e  of H .  
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The notation ( )K f will be used to denote the kernel of f .  In Example 1 above, the kernel of f  
consists of N N× matrices with determinant equal to the real number 1, while in Example 2 it is 
the entire group G .  In Example 3 the kernel of the identity map is the identity element, of course. 

 

Theorem 6.4.  A homomorphism :f →G H is one-to-one if and only if ( ) { }.K f e=  

 

Proof. This proof consists in showing that ( ) ( )f a f b=  implies a b= if and only if ( ) { }.K f e=  

If ( ) ( ) ,f a f b=   then ( ) ( ) 1
0 ,f a f b e− =  hence ( )1

0,f a b e−∗ = and it follows that 

( )1 .a b K f−∗ ∈   Thus, if ( ) { },K f e= then 1a b e−∗ =  or .a b=   Conversely, now, we assume f  
is  

one-to-one and since ( )K f is a subgroup of G  by Theorem 6.3, it must contain e. If 

( )K f contains any other element a such that ( ) 0,f a e= we would have a contradiction since f  is 

one-to-one; therefore ( ) { }.K f e=  

 

Since an isomorphism is one-to-one and onto, it has an inverse which is a function from H  
onto G .  The next theorem shows that the inverse is also an isomorphism. 

 

Theorem 6.5.  If :f →G H is an isomorphism, then 1 :f − →H G is an isomorphism. 

 

Proof Since f  is one-to-one and onto, it follows that 1f − is also one-to-one and onto (cf. Section 
3).  Let 0a be the element of H  such that ( )1

0a f a−=  for any a∈G ;  then 

( ) ( )1 1
0 0 .a b f a f b− −∗ = ∗   But a b∗ is the inverse image of the element 0 0a b ∈H because 

( ) ( ) ( ) 0 0f a b f a f b a b∗ = = ∗  since f  is a homomorphism.  Therefore 

( ) ( ) ( )1 1 1
0 0 0 0 ,f a f b f a b− − −∗ =  which shows that 1f − satisfies the definition (6.1) of a 

homomorphism. 

 

Theorem 6.6.  A homomorphism :f →G H is an isomorphism if it is onto and if its kernel 
contains only the identity element of G . 

 

The proof of this theorem is a trivial consequence of Theorem 6.4 and the definition of an 
isomorphism. 
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Exercises 
 

6.1 If :f →G H and :g →H M  are homomorphisms, then show that the composition of the 
 mappings f  and g  is a homomorphism from G  to M . 

6.2 Prove Theorems 6.3 and 6.6. 

6.3 Show that the logarithm function is an isomorphism from the positive real numbers under 
multiplication to all the real numbers under addition. What is the inverse of this 
isomorphism? 

6.4 Show that the function :f ( ) ( ): , ,f ++ → ⋅R R defined by ( ) 2f x x=  is not a 
homomorphism. 
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Section 7. Rings and Fields 
 

Groups and semigroups are important building blocks in developing algebraic structures.  In 
this section we shall consider sets that form a group with respect to one binary operation and a 
semigroup with respect to another.  We shall also consider a set that is a group with respect to two 
different binary operations. 

 

Definition.  A ring is a triple ( , , )+ ⋅D  consisting of a set D  and two binary operations +  and ⋅ such 
that 

 

(a) D  with the operation +  is an Abelian group. 

(b) The operation ⋅  is associative. 

(c) D  contains an identity element, denoted by 1, with respect to the operation ⋅ , i.e., 

 
 1 1a a a⋅ = ⋅ =  
 

for all a∈D . 

(d) The operations +  and ⋅  satisfy the distributive axioms 

 

 
( )

( )
a b c a b a c

b c a b a c a

⋅ + = ⋅ + ⋅

+ ⋅ = ⋅ + ⋅
 (7.1) 

 

The operation + is called addition and the operation ⋅  is called multiplication.  As was done with 
the notation for a group, the ring ( , , )+ ⋅D  will be written simply as D .  Axiom (a) requires that D  
contains the identity element for the +  operation.  We shall follow the usual procedure and denote 
this element by 0 .  Thus, 0 0 .a a a+ = + =  Axiom (a) also requires that each element a∈D  have 
an additive inverse, which we will denote by a− , ( ) 0a a+ − = .  The quantity a b+ is called the 

sum of a  and b , and the difference between a  and b  is ( ) ,a b+ − which is usually written as 
.a b−   Axiom (b) requires the set D  and the multiplication operation to form a semigroup.  If the 

multiplication operation is also commutative, the ring is called a commutative ring.  Axiom (c) 
requires that D  contain an identity element for multiplication;  this element is called the unity 
element of the ring and is denoted by 1.  The symbol 1 should not be confused with the real number 
one.  The existence of the unity element is sometimes omitted in the ring axioms and the ring as we 
have defined it above is called the ring with unity.  Axiom (d), the distributive axiom, is the only 
idea in the definition of a ring that has not appeared before.  It provides a rule for the interchanging 
of the two binary operations. 
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The following familiar systems are all examples of rings. 

1. The set I  of integers with the ordinary addition and multiplication operations form a ring. 

2. The set aR  of rational numbers with the usual addition and multiplication operations form a 
 ring. 

3. The set R  of real numbers with the usual addition and multiplication operations form a ring. 

4. The set C  of complex numbers with the usual addition and multiplication operations form a 
 ring. 

5. The set of all N by N matrices form a ring with respect to the operations of matrix addition 
 and matrix multiplication.  The unity element is the unity matrix and the zero element is the 
 zero matrix. 

6. The set of all polynomials in one (or several) variable with real (or complex) coefficients 
 form a ring with respect to the usual operations of addition and multiplication. 

 

Many properties of rings can be deduced from similar results that hold for groups.  For 
example, the zero element 0 , the unity element 1 , the negative element a−  of an element a  are 
unique.  Properties that are associated with the interconnection between the two binary operations 
are contained in the following theorems: 

 

Theorem 7.1.  For any element a∈D , 0 0 0.a a⋅ = ⋅ =  

 

Proof. For any b∈D  we have by Axiom (a) that 0 .b b+ =   Thus for any a∈D it follows that 
( 0) ,b a b a+ ⋅ = ⋅  and the Axiom (d) permits this equation to be recast in the form 0 .b a a b a⋅ + ⋅ = ⋅   
From Property 8 for the additive group this equation implies that 0 0.a⋅ =   It can be shown that 

0 0a ⋅ = by a similar argument. 

 

Theorem 7.2.  For all elements ,a b∈D  

 

 ( ) ( ) ( )a b a b a b− ⋅ = ⋅ − = − ⋅  
 

This theorem shows that there is no ambiguity in writing a b− ⋅  for ( ).a b− ⋅  

 

Many of the notions developed for groups can be extended to rings;  for example, subrings 
and ring homomorphisms correspond to the notions of subgroups and group homomorphisms.  The 
interested reader can consult the Selected Reading for a discussion of these ideas. 

 

The set of integers is an example of an algebraic structure called an integral domain. 



Sec. 7 • Rings and Fields  35 

 

Definition.  A ring D is an integral domain if it satisfies the following additional axioms: 

 

(e) The operation ⋅ is commutative. 

(f) If , ,a b c  are any elements of D  with 0,c ≠  then 

 

 a c b c a b⋅ = ⋅ ⇒ =  (7.2) 
 

The cancellation law of multiplication introduced by Axiom (f) is logically equivalent to the 
assertion that a product of nonzero factors is nonzero.  This is proved in the following theorem. 

 

Theorem 7.3.  A commutative ring D  is an integral domain if and only if for all elements ,a b∈D , 
0a b⋅ ≠  unless 0a =  or 0.b =  

 

Proof.  Assume first that D  is an integral domain so the cancellation law holds.  Suppose 0a b⋅ =  
and 0.b ≠   Then we can write 0a b b⋅ = ⋅ and the cancellation law implies 0.a =   Conversely, 
suppose that a product in a commutative ring D  cannot be zero unless one of its factors is zero.  
Consider the expression ,a c b c⋅ = ⋅  which can be rewritten as 0a c b c⋅ − ⋅ = or as ( ) 0.a b c− ⋅ =   
If 0c ≠  then by assumption 0a b− = or .a b=   This proves that the cancellation law holds. 

 

The sets of integers I , rational numbers aR , real numbers R , and complex numbers C  are 
examples of integral domains as well as being examples of rings.  Sets of square matrices, while 
forming rings with respect to the binary operations of matrix addition and multiplication, do not, 
however, form integral domains.  We can show this in several ways; first by showing that matrix 
multiplication is not commutative and, second, we can find two nonzero matrices whose product is 
zero, for example, 

 

 
5 0 0 0 0 0
0 0 0 1 0 0
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

=⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

 

The rational numbers, the real numbers, and the complex numbers are examples of an 
algebraic structure called a field. 

 

Definition.  A field F  is an integral domain, containing more than one element, and such that any 
element { }/ 0a∈F has an inverse with respect to multiplication. 
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It is clear from this definition that the set F  and the addition operation as well as the set 
{ }/ 0F and the multiplication operation form Abelian groups.  Hence the unity element 1 , the zero 

element 0 , the negative ( ),a−  as well as the reciprocal ( )1/ , 0,a a ≠  are unique.  The formulas of 
arithmetic can be developed as theorems following from the axioms of a field.  It is not our purpose 
to do this here;  however, it is important to convince oneself that it can be done. 

 

The definitions of ring, integral domain, and field are each a step more restrictive than the 
other.  It is trivial to notice that any set that is a field is automatically an integral domain and a ring.  
Similarly, any set that is an integral domain is automatically a ring. 

 

The dependence of the algebraic structures introduced in this chapter is illustrated 
schematically in Figure 7.1.  The dependence of the vector space, which is to be introduced in the 
next chapter, upon these algebraic structures is also indicated. 

 
 

 

Semigroup 

Group 

Abelian group Ring 

Commutative ring 

Integral domain 

Field 

Vector space

Figure 1.  A schematic of algebraic structures. 
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Exercises 
 

7.1 Verify that Examples 1 and 5 are rings. 

7.2 Prove Theorem 7.2. 

7.3 Prove that if , , ,a b c d  are elements of a ring D , then 

(a) ( ) ( ) .a b a b− ⋅ − = ⋅  

(b) ( ) ( )1 1 .a a a− ⋅ = ⋅ − = −  

(c) ( ) ( ) .a b c d a c a d b c b d+ ⋅ + = ⋅ + ⋅ + ⋅ + ⋅  

7.4 Among the Examples 1-6 of rings given in the text, which ones are actually integral 
 domains, and which ones are fields? 

7.5 Is the set of rational numbers a field? 

7.6 Why does the set of integers not constitute a field? 

7.7 If F  is a field, why is { }/ 0F an Abelian group with respect to multiplication? 

7.8 Show that for all rational numbers ,x y , the set of elements of form 2x y+ constitutes a 
 field. 

7.9 For all rational numbers , ,x y z , does the set of elements of the form 2 3x y z+ +  form a 
 field?  If not, show how to enlarge it to a field.
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_____________________________________________________________________________ 
Chapter 3 
 
 
VECTOR SPACES 
 
 
Section 8. The Axioms for a Vector Space 
 

Generally, one’s first encounter with the concept of a vector is a geometrical one in the 
form of a directed line segment, that is to say, a straight line with an arrowhead.  This type of 
vector, if it is properly defined, is a special example of the more general notion of a vector 
presented in this chapter.  The concept of a vector put forward here is purely algebraic.  The 
definition given for a vector is that it be a member of a set that satisfies certain algebraic rules. 

A vector space is a triple ( ), , fV F  consisting of (a) an additive Abelian group V , (b) a 
field F , and (c) a function :f × →F V V called scalar multiplication such that 

 

 

( )( ) ( )
( ) ( ) ( )
( ) ( ) ( )

( )

, , ,

, , ,

, , ,

1,

f f f

f f f

f f f

f

λ μ λμ

λ μ λ μ

λ λ λ

=

+ = +

+ = +

=

v v

u u u

u v u v

v v

 (8.1) 

 

for all ,λ μ∈F  and all , ∈u v V .  A vector is an element of a vector space.  The notation 
( ), , fV F for a vector space will be shortened to simply V .  The first of (8.1) is usually called the 
associative law for scalar multiplication, while the second and third equations are distributive laws, 
the second for scalar addition and the third for vector addition. 

 

It is also customary to use a simplified notation for the scalar multiplication function f .  
We shall write ( ),f λ λ=v v and also regard λv  and λv  to be identical.  In this simplified notation 
we shall now list in detail the axioms of a vector space.  In this definition the vector +u v  in V  is 
called the sum of u  and v  and the difference of u  and v  is written −u v and is defined by 

 

 ( )− = + −u v u v  (8.2) 
 

Definition.  Let V  be a set and F  a field.  V  is a vector space if it satisfies the following rules: 

(a) There exists a binary operation in V  called addition and denoted by +  such that 
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(1) ( ) ( )+ + = + +u v w u v w  for all , , ∈u v w V . 
(2) + = +u v v u  for all , ∈u v V . 
(3) There exists an element ∈0 V  such that + =u 0 u  for all .∈u V  
(4) For every ∈u V there exists an element .− ∈u V such that ( )+ − =u u 0 . 

(b) There exists an operation called scalar multiplication in which every scalar λ ∈F  
can be combined with every element ∈u V  to give an element λ ∈u V such that 

(1) ( ) ( )λ μ λμ=u u  

(2) ( )λ μ λ μ+ = +u u u  

(3) ( )λ λ λ+ = +u v u v  
(4) 1 =u u  
for all ,λ μ∈F and all , ∈u v V . 

 

If the field F employed in a vector space is actually the field of real numbers ,R  the space is 
called a real vector space.  A complex vector space is similarly defined. 

 

Except for a few minor examples, the material in this chapter and the next three employs 
complex vector spaces.  Naturally the real vector space is a trivial special case.  The reason for 
allowing the scalar field to be complex in these chapters is that the material on spectral 
decompositions in Chapter 6 has more usefulness in the complex case.  After Chapter 6 we shall 
specialize the discussion to real vector spaces.  Therefore, unless we provide some qualifying 
statement to the contrary, a vector space should be understood to be a complex vector space. 

 

There are many and varied sets of objects that qualify as vector spaces.  The following is a 
list of examples of vector spaces: 

1. The vector space NC  is the set of all N-tuples of  the form  ( )1 2, ,..., Nλ λ λ=u , where N is a 

positive integer and 1 2, ,..., Nλ λ λ ∈C .  Since an N-tuple is an ordered set, if 

( )1 2, ,..., Nμ μ μ=v  is a second N-tuple, then andu v are equal if and only if 
 

 for all  1,2,...,k k k Nμ λ= =  
 

The zero N-tuple is ( )0,0,...,0=0  and the negative of the N-tuple u  is 

( )1 2, ,..., Nλ λ λ− = − − −u .  Addition and scalar multiplication of N-tuples are defined by the 
formulas 

 
( )1 1 2 2, ,..., N Nμ λ μ λ μ λ+ = + + +u v  
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and 

 

( )1 2, ,...., Nμ μλ μλ μλ=u  
 

 
respectively.  The notation NC  is used for this vector space because it can be considered to 
be an Nth Cartesian product ofC . 

2. The set V  of all N M×  complex matrices is a vector space with respect to the usual 
operation of matrix addition and multiplication by a scalar. 

3. Let H  be a vector space whose vectors are actually functions defined on a set A with 
values in C .  Thus, if ∈h H , x∈A then ( )x ∈h C  and : →h A C .  If k is another vector of 
H then  equality of vectors is defined by  

 
( ) ( ) for allx x x= ⇔ = ∈h k h k A  

 

The zero vector is the zero function whose value is zero for all x .  Addition and scalar 
multiplication are defined by 

 
( ) ( ) ( ) ( )x x x+ = +h k h k  

 

and 

( ) ( ) ( )( )x xλ λ=h h  
respectively. 

4. Let P denote the set of all polynomials u of degree N of the form 
 

2
0 1 2

N
Nu x x xλ λ λ λ= + + + ⋅⋅ ⋅ +  

 
where 0 1 2, , ,..., Nλ λ λ λ ∈C .  The set P forms a vector space over the complex numbers C if 
addition and scalar multiplication of polynomials are defined in the usual way. 

5. The set of complex numbers ,C with the usual definitions of addition and multiplication by 
a real number, forms a real vector space. 

6. The zero element 0  of any vector space forms a vector space by itself. 
 

The operation of scalar multiplication is not a binary operation as the other operations we 
have considered have been.  In order to develop some familiarity with the algebra of this operation 
consider the following three theorems. 
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Theorem 8.1.  0λ λ= ⇔ =u 0  or =u 0 . 

 

Proof. The proof of this theorem actually requires the proof of the following three assertions: 
(a)  0 ,     (b) ,      (c) 0 or λ λ λ= = = ⇒ = =u 0 0 0 u 0 u 0  

To prove (a), take 0μ =  in Axiom (b2) for a vector space; then 0 .λ λ= +u u u   Therefore 

 
0λ λ λ λ− = − +u u u u u  

 
and by Axioms (a4) and (a3) 

 
0 0= + =0 0 u u  

 
which proves (a). 

 

To prove (b), set =v 0  in Axiom (b3) for a vector space; then .λ λ λ= +u u 0   Therefore 

 
λ λ λ λ λ− = − +u u u u 0  

 
and by Axiom (a4) 

 
λ λ= + =0 0 0 0  

 
 

To prove (c), we assume .λ =u 0  If 0,λ =  we know from (a) that the equation λ =u 0  is 
satisfied.  If 0,λ ≠  then we show that u must be zero as follows: 

 

( ) ( )1 1 11 λ λ
λ λ λ

⎛ ⎞= = = = =⎜ ⎟
⎝ ⎠

u u u u 0 0  

 
Theorem 8.2.  ( )λ λ− = −u u  for all ,λ ∈ ∈uC V . 

 

Proof. Let 0μ = and replace λ  by λ−  in Axiom (b2) for a vector space and this result follows 
directly. 

 

Theorem 8.3.  ( )λ λ− = −u u  for all ,λ ∈ ∈uC V . 
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Finally, we note that the concepts of length and angle have not been introduced.  They will 
be introduced in a later section.  The reason for the delay in their introduction is to emphasize that 
certain results can be established without reference to these concepts. 

 
 
Exercises 
 
8.1 Show that at least one of the axioms for a vector space is redundant.  In particular, one 

might show that Axiom (a2) can be deduced from the remaining axioms.  [Hint: expand 
( ) ( )1 1+ +u v by the two different rules.] 

8.2 Verify that the sets listed in Examples 1- 6 are actually vector spaces.  In particular, list the 
zero vectors and the negative of a typical vector in each example. 

8.3 Show that the axioms for a vector space still make sense if the field F is replaced by a ring.  
The resulting structure is called a module over a ring. 

8.4  Show that the Axiom (b4) for a vector space can be replaced by the axiom 
 

( )4 0 orb λ λ′ = ⇔ = =u 0 u 0  

 

8.5 Let V and U be vector spaces.  Show that the set ×V U  is a vector space with the 
definitions 

 
( ) ( ) ( ), , ,+ = + +u x v y u v x y  

and 

 
( ) ( ), ,λ λ λ=u x u x  

 
where , ∈u v V ; , ∈x y U ; and λ ∈F  

8.6  Prove Theorem 8.3. 
8.7  Let V  be a vector space and consider the set .×V V   Define addition in ×V V by 
 

( ) ( ) ( ), , ,+ = + +u v x y u x v y  
 

and multiplication by complex numbers by 

 
( ) ( ) ( ), ,iλ μ λ μ μ λ+ = − +u v u v u v  

 
where , .λ μ∈R   Show that ×V V  is a vector space over the field of complex numbers. 
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Section 9. Linear Independence, Dimension, and Basis 
 

The concept of linear independence is introduced by first defining what is meant by linear 
dependence in a set of vectors and then defining a set of vectors that is not linearly dependent to be 
linearly independent.  The general definition of linear dependence of a set of N vectors is an 
algebraic generalization and abstraction of the concepts of collinearity from elementary geometry. 

 

Definition.  A finite set of ( )1N N ≥ vectors { }1 2, ,..., Nv v v in a vector space V  is said to be 

linearly dependent if there exists a set of scalars { }1 2, ,..., Nλ λ λ , not all zero, such that 

 

 
1

N
j

j
j

λ
=

=∑ v 0  (9.1) 

 

The essential content of this definition is that at least one of the vectors { }1 2, ,..., Nv v v  can 

be expressed as a linear combination of the other vectors.  This means that if 1 0,λ ≠  then  

1 2

N j
ji

μ
=

= ∑v v ,where 1/j jμ λ λ= −  for 2,3,..., .j N=   As a numerical example, consider the two 
vectors 

 
( ) ( )1 21,2,3 , 3,6,9= =v v  

 
from 3.R   These vectors are linearly dependent since  

 
2 13=v v  

 
The proof of the following two theorems on linear dependence is quite simple. 

 

Theorem 9.1.  If the set of vectors { }1 2, , , Nv v v"  is linearly dependent, then every other finite set 

of vectors containing { }1 2, , , Nv v v" is linearly dependent. 

 

Theorem 9.2.  Every set of vectors containing the zero vector is linearly dependent. 
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A set of ( )1N N ≥ vectors that is not linearly dependent is said to be linearly independent.  

Equivalently, a set of  ( )1N N ≥ vectors { }1 2, ,..., Nv v v  is linearly independent if (9.1) implies 
1 2 ... 0Nλ λ λ= = = = .  As a numerical example, consider the two vectors ( )1 1,2=v  and 

( )2 2,1=v  from 2.R   These two vectors are linearly independent because 

 
( ) ( )1 2 1,2 2,1 2 0,2 0λ λ λ μ λ μ λ μ+ = + = ⇔ + = + =v v 0  

 

and 

 

2 0, 2 0 0, 0λ μ λ μ λ μ+ = + = ⇔ = =  
 
Theorem 9.3.  Every non empty subset of a linearly independent set is linearly independent. 

 

A linearly independent set in a vector space is said to be maximal if it is not a proper subset 
of any other linearly independent set.  A vector space that contains a (finite) maximal, linearly 
independent set is then said to be finite dimensional.  Of course, if V  is not finite dimensional, 
then it is called infinite dimensional.  In this text we shall be concerned only with finite-
dimensional vector spaces. 

 

Theorem 9.4.  Any two maximal, linearly independent sets of a finite-dimensional vector space 
must contain exactly the same number of vectors. 

 

Proof. Let { }1,..., Nv v  and { }1,...., Mu u  be two maximal, linearly independent sets of .V   Then we 

must show that .N M=   Suppose that ,N M≠  say .N M<   By the fact that { }1,..., Nv v  is 

maximal, the sets { } { }1 1 1,..., , ,..., ,..., ,N N Mv v u v v u  are all linearly dependent.  Hence there exist 
relations 

 

 
11 1 1 1 1

1 1

N N

M MN N M M

λ λ μ

λ λ μ

+ + + =

+ + + =

v v u 0

v v u 0

"
#

"
 (9.2) 

 
where the coefficients of each equation are not all equal to zero.  In fact, the coefficients 1,..., Mμ μ  
of the vectors 1 ,..., Mu u  are all nonzero, for if 0iμ =  for any i , then 

 
1 1i iN Nλ λ+ + =v v 0"  
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for some nonzero 1,...,i iNλ λ  contradicting the assumption that { }1,..., Nv v  is a linearly independent 

set.  Hence we can solve (9.2) for the vectors { }1,...., Mu u  in terms of the vectors{ }1,..., Nv v , 
obtaining 

 

 
1 11 1 1

1 1

N N

M M MN N

μ μ

μ μ

= + +

= + +

u v v

u v v

"
#

"
 (9.3) 

 
where /ij ij iμ λ μ= −  for 1,..., ; 1,...,i M j N= = . 

 

Now we claim that the first N equations in the above system can be inverted in such a way 
that the vectors { }1,..., Nv v  are given by linear combinations of the vectors { }1,...., Nu u .  Indeed, 

inversion is possible if the coefficient matrix ijμ⎡ ⎤⎣ ⎦ for , 1,...,i j N=  is nonsingular.  But this is 

clearly the case, for if that matrix were singular, there would be nontrivial solutions { }1,...., Nα α  to 
the linear system 

 

 
1

0, 1,...,
N

i ij
i

j Nα μ
=

= =∑  (9.4) 

 

Then from (9.3) and (9.4) we would have 

 

1 1 1

N N N

i i i ij j
i j i

α α μ
= = =

⎛ ⎞= =⎜ ⎟
⎝ ⎠

∑ ∑ ∑u v 0  

 
contradicting the assumption that set { }1,..., Nu u ,being a subset of the linearly independent set 

{ }1,..., Mu u , is linearly independent. 

 

Now if the inversion of the first N equations of the system (9.3) gives 

 

 
1 11 1 1

1 1 ...

N N

N N NN N

ξ ξ

ξ ξ

= + +

= + +

v u u

v u u

"
#  (9.5) 
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where ijξ⎡ ⎤⎣ ⎦  is the inverse of ijμ⎡ ⎤⎣ ⎦  for , 1,...,i j N= ,we can substitute (9.5) into the remaining 
M N−  equations in the system (9.3), obtaining 

 

1 1
1 1

1 1

N N

N N j ji i
j i

N N

M Mj ji i
j i

μ ξ

μ ξ

+ +
= =

= =

⎛ ⎞= ⎜ ⎟
⎝ ⎠

⎛ ⎞= ⎜ ⎟
⎝ ⎠

∑ ∑

∑ ∑

u u

u u

 

 
But these equations contradict the assumption that the set { }1,...., Mu u  is linearly independent.  
Hence M N>  is impossible and the proof is complete. 

 

An important corollary of the preceding theorem is the following. 

 

Theorem 9.5.  Let { }1,...., Nu u be a maximal linearly independent set in ,V  and suppose that 

{ }1,..., Nv v  is given by (9.5).  Then { }1,..., Nv v  is also a maximal, linearly independent set if and 

only if the coefficient matrix ijξ⎡ ⎤⎣ ⎦  in (9.5) is nonsingular.  In particular, if i i=v u for 

1,..., 1, 1,...,i k k N= − +  but k k≠v u , then { }1 1 1,..., , , ,...,k k k N− +u u v u u  is a maximal, linearly 

independent set if and only if the coefficient kkξ  in the expansion of kv  in terms of { }1,..., Nu u  in 
(9.5) is nonzero. 

 

From the preceding theorems we see that the number N of vectors in a maximal, linearly 
independent set in a finite dimensional vector space V  is an intrinsic property of .V   We shall call 
this number N the dimension of ,V written dim ,V  namely dimN = ,V and we shall call any 
maximal, linearly independent set of V  a basis of that space.  Theorem 9.5 characterizes all bases 
of V  as soon as one basis is specified.  A list of examples of bases for vector spaces follows: 

 

1. The set of N vectors 

( )
( )
( )

( )

1,0,0,...,0

0,1,0,...,0

0,0,1,...,0

0,0,0,...,1
N
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is linearly independent and constitutes a basis for C ,N  called  the standard basis. 

2. If 2 2×M  denotes the vector space of all 2 2×  matrices with elements from the complex 
numbers ,C  then the four matrices 

1 0 0 1 0 0 0 0
, , ,

0 0 0 0 1 0 0 1
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

 
form a basis for 2 2×M  called the standard basis. 

3. The elements 1 and 1i = −  form a basis for the vector space C  of complex numbers over 
 the field of real numbers. 

 
The following two theorems concerning bases are fundamental. 

 

Theorem 9.6.  If { }1 2, ,..., Ne e e  is a basis for ,V  then every vector in V  has the representation 

 

 
1

N
j

j
j

ξ
=

= ∑v e  (9.6) 

 

where { }1 2, ,..., Nξ ξ ξ  are elements of C  which depend upon  the vector ∈v V . 

 

The proof of this theorem is contained in the proof of Theorem 9.4. 

 

Theorem 9.7.  The N scalars { }1 2, ,..., Nξ ξ ξ  in (9.6) are unique. 

 

Proof. As is customary in the proof of a uniqueness theorem, we assume a lack of uniqueness.  
Thus we say that v has two representations, 

 

1 1

,
N N

j j
j j

j j

ξ μ
= =

= =∑ ∑v e v e  

 
Subtracting the two representations, we have 

 

( )
1

N
j j

j
j

ξ μ
=

− =∑ e 0  
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and the linear independence of the basis requires that 

 
, 1,2,...,j j j Nξ μ= =  

 
The coefficients { }1 2, ,..., Nξ ξ ξ  in the representation (9.6) are the components of v with respect to 

the basis { }1 2, ,..., Ne e e .  The representation of vectors in terms of the elements of their basis is 
illustrated in the following examples. 

1. The vector space 3C  has a standard basis consisting of 1 2 3, ,and ;e e e   

 
( ) ( ) ( )1 2 31,0,0 , 0,1,0 , 0,0,1= = =e e e  

 
A vector ( )2 ,7,8 3i i= + +v  can be written as 

 

( ) ( )1 2 32 7 8 3i i= + + + +v e e e  
 

2. The vector space of complex numbers C over the space of real numbersR has the basis 
 { }1, .i   Any complex number z can then be represented by 

 
z iμ λ= +  

 
where ,μ λ ∈R . 

3. The vector space 2 2×M of all 2 2x  matrices with elements from the complex numbers C
 has the standard basis 
 

11 12 21 22

1 0 0 1 0 0 0 0
, ,

0 0 0 0 1 0 0 1
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= = = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

e e e e  

 
Any 2 2x  matrix of the form 

v
μ λ

ξ
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

v  

 
where , , , ,vμ λ ξ ∈C  can then be represented by 

 
11 12 21 22vμ λ ξ= + + +v e e e e  
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The basis for a vector space is not unique and the general rule of change of basis is given by 
Theorem 9.5.  An important special case of that rule is made explicit in the following exchange 
theorem. 

 

Theorem 9.8.  If { }1 2, ,..., Ne e e is a basis for V and if { }1 2, ,..., K= b b bB  is a linearly independent 

set of ( )K N K≥  in ,V then it is possible to exchange a certain K of the original base vectors with 

1 2, ,..., Kb b b  so that the new set is a basis for .V  

 

Proof. We select 1b  from the set B and order the basis vectors such that the component 1ξ  of 1b  is 
not zero in the representation 

 

1
1

N
j

j
j

ξ
=

= ∑b e  

 
By Theorem 9.5, the vectors { }1 2, ,..., Nb e e  form a basis for .V   A second vector 2b  is selected 

from V and we again order the basis vectors so that this time the component 2λ  is not zero in the 
formula 

 
1

2 1
2

N
j

j
j

λ λ
=

= +∑b b e  

 
Again, by Theorem 9.5 the vectors { }1 2 3, , ,..., Nb b e e form a basis forV .  The proof is completed by 
simply repeating the above construction 2K −  times. 

 

We now know that when a basis for V  is given, every vector in V  has a representation in 
the form (9.6).  Inverting this condition somewhat, we now want to consider a set of vectors 

{ }1 2, ,..., M= b b bB  of V with the property that every vector ∈v V  can be written as 

 

1

M
j

j
j

λ
=

= ∑v b  

 
Such a. set is called a generating set of V  (or is said to span V ).  In some sense a generating set is 
a counterpart of a linearly independent set.  The following theorem is the counter part of Theorem 
9.1. 
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Theorem 9.9.  If { }1,..., M= b bB  is a generating set of V , then every other finite set of vectors 
containing B is also a generating set of V . 

 

In view of this theorem, we see that the counterpart of a maximal, linearly independent set 
is a minimal generating set, which is defined by the condition that a generating set { }1,..., Mb b  is 
minimal if it contains no proper subset that is still a generating set.  The following theorem shows 
the relation between a maximal, linearly independent set and a minimal generating set. 

 

Theorem 9.10.  Let { }1,..., M= b bB  be a finite subset of a finite dimensional vector spaceV .  
Then the following conditions are equivalent: 

(i) B is a maximal linearly independent set. 
(ii) B is a linearly independent generating set. 
(iii)B is a minimal generating set. 

 

Proof. We shall show that ( )( ) ( ) ( ).i ii iii i⇒ ⇒ ⇒  

(i)⇒ (ii).  This implication is a direct consequence of the representation (9.6). 

(ii)⇒ (iii).  This implication is obvious.  For if B is a linearly independent generating set but 
not a minimal generating set, then we can remove at least one vector, say ,Mb  and the remaining 
set is still a generating set.  But this is impossible because ,Mb  can then be expressed as a linear 
combination of { }1 1,..., ,M −b b  contradicting the linear independence of .B  

(iii)⇒ (i).  If B  is a minimal generating set, then B must be linearly independent because 
otherwise one of the vectors of B , say ,Mb  can be written as a linear combination of the vectors 
{ }1 1,..., .M −b b   It follows then that { }1 1,..., M −b b  is still a generating set, contradicting the 

assumption that { }1,..., Mb b  is minimal.  Now a linearly independent generating set must be 

maximal, for otherwise there exists a vector ∈b V such that { }1,..., ,Mb b b  is linearly independent.  

Then b cannot be expressed as a linear combination of { }1,..., ,Mb b  thus contradicting the 
assumption that B is a generating set. 

 

In view of this theorem, a basis B can be defined by any one of the three equivalent 
conditions (i), (ii), or (iii). 

 
 

Exercises 
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9.1 In elementary plane geometry it is shown that two straight lines determine a plane if the 
straight lines satisfy a certain condition.  What is the condition?  Express the condition in 
vector notation. 

9.2  Prove Theorems 9.1-9.3, and 9.9. 
9.3 Let 3 3×M  denote the vector space of al1 3 3×  matrices with elements from the complex 

numbers .C  Determine a basis for 3 3×M  
9.4 Let 2 2×M  denote the vector space of all 2 2×  matrices with elements from the real numbers 

.R  Is either of the following sets a basis for 2 2×M ? 
 

1 0 0 6 0 1 0 1
, ,

0 0 0 2 3 0 6 8

1 0 0 1 0 0 0 0
, , ,

0 0 0 0 0 1 0 0

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎩ ⎭

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎩ ⎭

 

 
9.5 Are the complex numbers 2 4i+  and 6 2i+  linearly independent with respect to the field of 

real numbersR ?  Are they linearly independent with respect to the field of complex 
numbers? 
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Section 10.  Intersection, Sum and Direct Sum of Subspaces 
 

In this section operations such as “summing” and “intersecting” vector spaces are 
discussed.  We introduce first the important concept of a subspace of a vector space in analogy with 
a subgroup of a group.  A non empty subset U  of a vector space V  is a subspace if: 

(a) , for all  , .∈ ⇒ + ∈ ∈u w u w u wU U   U  
(b) for all  .λ λ∈ ⇒ ∈ ∈u uU U    C  

 
Conditions (a) and (b) in this definition can be replaced by the equivalent condition: 

(a ' ) , for all  .λ μ λ∈ ⇒ + ∈ ∈u w u wU U   C  

 

Examples of subspaces of vector spaces are given in the following list: 

1. The subset of the vector space NC  of all N-tuples of the form ( )2 30, , ,..., Nλ λ λ  is a subspace of 
NC . 

2. Any vector space V is a subspace of itself. 
3. The set consisting of the zero vector { }0 is a subspace of V . 
4. The set of real numbers R  can be viewed as a subspace of the real space of complex  numbers 

.C  
 
The vector spaces { }0  and V itself are considered to be trivial subspaces of the vector space V .  If  
U  is not a trivial subspace, it is said to be a proper subspace of V . 

 

Several properties of subspaces that one would naturally expect to be true are developed in 
the following theorems. 

 

Theorem 10.1.  If U  is a subspace of ,V  then ∈0 U.  

 
Proof. The proof of this theorem follows easily from (b) in the definition of a subspace above by 
setting 0.λ =  

 

Theorem 10.2.  If U  is a subspace of V , then dim U dim≤ .V  

 

Proof. By Theorem 9.8 we know that any basis of U can be enlarged to a basis of ;V  it follows 
that dim U dim≤ .V  
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Theorem 10.3.  If U  is a subspace of ,V  then dim U dim V  if and only if .U V  

 

Proof.  If ,U V  then clearly dim dim .U V   Conversely, if dim dim ,U V  then a basis for U  
is also a basis for .V   Thus, any vector v V is also in ,U  and this implies .U V  

 

Operations that combine vector spaces to form other vector spaces are simple extensions of 
elementary operations defined on sets.  If U  and W  are subspaces of a vector space ,V  the sum of 
U and ,W  written ,U W  is the set 

 
 ,    u w u wU W U W  

 
Similarly, if U  and  W  are subspaces of a vector space ,V  the intersection of U  and ,W denoted 
by ,U W  is the set 

 

 and   u u uU W U W  

 

The union of two subspaces ,and ofU W V  denoted by ,U W  is the set 

 

 or   u u uU W U W  

 

Some properties of these three operations are stated in the following theorems. 

 

Theorem 10.4.  If U  and W are subspaces of ,V   then U W  is a subspace of .V  

 

Theorem 10.5.  If U  and W  are subspaces of ,V  then U  and W  are also subspaces of .U W  

 

Theorem 10.6.  If U and W are subspaces of ,V  then the intersection U W  is a subspace of ,V  

 

Proof.  Let ,  u w U W .  Then , u w W and  , .u w U   Since U and W  are subspaces, 
 u w W and  u w U  which means that   u w U W  also.  Similarly, if  u U W ,then for 

all  R .    u U W . 
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Theorem l0.7.  If U and W are subspaces of ,V  then the union ∪U W  is not generally a subspace 
of .V  

 

Proof. Let , ,∈ ∉u uU W and let ∈w W and ;∉w U  then + ∉u w U and ,+ ∉u w W  which means 
that .+ ∉ ∪u w U W  

 

Theorem 10.8.  Let v  be a vector in ,+U W  where U  and W are subspaces of .V   The 
decomposition of ∈v U +W  into the form ,= +v u w where ∈u U and ,∈w W  is unique if and 
only if { }∩ = 0U W . 

 

Proof. Suppose there are two ways of decomposing v ; for example, let there be a u and ′u  in U  
and a w and 'w  in W  such that 

 

and ' '= + = +v u w v u w  

 

The decomposition of v is unique if it can be shown that the vector ,b  

 
' '= − = −b u u w w  

 
vanishes.  The vector b  is contained in ∩U W  since u  and 'u are known to be in ,U  and w  and  

'w  are known to be in W .  Therefore  { }∩ = 0U W  implies uniqueness.  Conversely, if we have 

uniqueness, then { }∩ = 0U W , for otherwise any nonzero vector ∈ ∩y U W has at least two 
decompositions .= + = +y y 0 0 y  

 

The sum of two subspaces U and W is called the direct sum of U  and W and denoted by 
{ }if .⊕ ∩ = 0U W U W   This definition is motivated by the result proved in Theorem 10.8.  If 

,⊕ =U W V  then U  is called the direct complement of W  in .V   The operation of direct 
summing can be extended to a finite number of subspaces 1 2 Q, ,..., .ofV V V V   The direct sum  

1 2 Q⊕ ⊕ ⊕V V V"  is required to satisfy the conditions 

 

{ }
1

1 1

1,2, ,
QK R

R K R K
K K R

for R Q
= −

= = +

∩ ∩ = =∑ ∑ 0V V +V V …  
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The concept of a direct sum of subspaces is an important tool for the study of certain concepts in 
geometry, as we shall see in later chapters.  The following theorem shows that the dimension of a 
direct sum of subspaces is equal to the sum of the dimensions of the subspaces. 

 

Theorem 10.9.  If U and W are subspaces of ,V  then 

 
dim dim dim⊕ = +U W U W  

 
Proof.  Let { }1 2, ,..., Ru u u  be a basis for U and { }1 2, ,..., Qw w w  be a basis for .W .  Then the set of 

vectors { }1 2 1 2, , , , , , ,R Qu u u w w w… …  is linearly independent since { }∩ = 0U W .  This set of 
vectors generates ⊕U W  since for any ∈ ⊕v U W  we can write 

 

1 1

QR
j j

j j
j j

λ μ
= =

= + = +∑ ∑v u w u w  

 
where ∈u U  and .∈w W   Therefore by Theorem 9.10, dim R Q⊕ = +U W . 

 

The result of this theorem can easily be generalized to 

 

( )1 2
1

dim dim
Q

Q i
j=

⊕ ⊕ ⋅⋅ ⋅⊕ = ∑V V V V  

 
The designation “direct sum” is sometimes used in a slightly different context.  If V and U  

are vector spaces, not necessarily subspaces of a common vector space, the set ×V U can be given 
the vector space structure by defining addition and scalar multiplication as in Exercise 8.5.  The set 

×V U  with this vector space structure is also called the direct sum and is written .⊕V U   This 
concept of direct sum is slightly more general since V and U  need not initially be subspaces of a 
third vector space.  However, after we have defined ,⊕U V  then U  and V  can be viewed as 
subspaces of ⊕U V ; further, in that sense, ⊕U V is the direct sum of U  and V  in accordance 
with the original definition of the direct sum of subspaces. 

 
 
Exercises 
 
10.1 Under what conditions can a single vector constitute a subspace? 
10.2 Prove Theorems 10.4 and 10.5. 
10.3 If U and W  are subspaces of V , show that any subspace which contains ∪U W  also 

contains .+U W  
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10.4 If V and U are vector spaces and if ⊕V U  is their direct sum in the sense of the second 
definition given in this section, reprove Theorem 10.9. 

10-5 Let 3,V = R  and suppose that U  is the subspace spanned by ( ){ }0,1,1  and W  is the 

subspace spanned by ( ) ( ){ }1,0,1 , 1,1,1 .  Show that .= ⊕V U W   Find another subspace 

U such that .= ⊕V U W  
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Section 11. Factor Space 
 

In Section 2 the concept of an equivalence relation on a set was introduced and in Exercise 
2.2 an equivalence relation was used to partition a set into equivalence sets.  In this section an 
equivalence relation is introduced and the vector space is partitioned into equivalence sets.  The 
class of all equivalence sets is itself a vector space called the factor space. 

 

If U  is a subspace of a vector space ,V then two vectors w  and v  in V  are said to be 
equivalent with respect toU , written v w∼ , if −w v  is a vector contained inU .  It is easy to see 
that this relation is an equivalence relation and it induces a partition of V  into equivalence sets of 
vectors.  If ,∈v V  then the equivalence set of ,v denoted by v ,1 is the set of all vectors of the form 

,+v u  where u  is any vector of ,U  

 

{ }= + ∈v v u u U  
 

To illustrate the equivalence relation and its decomposition of a vector space into 
equivalence sets, we will consider the real vector space 2 ,R  which we can represent by the 
Euclidean plane.  Let u  be a fixed vector in 2 ,R and define the subspace U  of 2R  by { }uλ λ ∈R .  
This subspace consists of all vectors of the form λu , λ ∈R , which are all parallel to the same 
straight line.  This subspace is illustrated in Figure 2.  From the definition of equivalence, the 
vector v  is seen to be equivalent to the vector w  if the vector −v w  is parallel to the line 
representing .U  Therefore all vectors that differ from the vector v  by a vector that is parallel to the 
line representing U  are equivalent.  The set of all vectors equivalent to the vector v  is therefore the 
set of all vectors that terminate on the dashed line parallel to the line representing U in Figure 2.  
The equivalence set of , ,v v is the set of all such vectors.  The following theorem is a special case 
of Exercise 2.2 and shows that an equivalence relation decomposes V  into disjoint sets, that is to 
say, each vector is contained in one and only one equivalence set. 

 

                                                 
1 Only in this section do we use a bar over a letter to denote an equivalence set.  In other sections, unless otherwise 
specified, a bar denotes the complex conjugate. 



Sec. 11 • Factor Space  61 

 
Theorem 11.l.  If ,≠v w  then ∩ =∅v w . 

 

Proof. Assume that ≠v w but that there exists a vector x  in ∩v w .  Then ∈x v , x v∼ , and 
∈x w , x w∼ .  By the transitive  property of the equivalence relation we have v w∼ , which 

implies =v w  and which is a contradiction.  Therefore ∩v w  contains no vector unless ,=v w  in 
which case ∩ =v w v . 

We shall now develop the structure of the factor space.  The factor class of U , denoted by 
/V U  is the class of all equivalence sets in V  formed by using a subspace U  of V .  The factor 

class is sometimes called a quotient class.  Addition and scalar multiplication of equivalence sets 
are denoted by 

 
+ = +v w v w  

 
and 

 

λ λ=v v  
 
respectively.  It is easy to verify that the addition and multiplication operations defined above 
depend only on the equivalence sets and not on any particular vectors used in representing the sets.  
The following theorem is easy to prove. 

 

v

w

Figure 2 

U  



62  Chap. 3  • VECTOR SPACES 

Theorem 11.2.  The factor set /V U  forms a vector space, called a factor space, with respect to 
the operations of addition and scalar multiplication of equivalence classes defined above. 

 

The factor space is also called a quotient space.  The subspace U  in /V U  plays the role of 
the zero vector of the factor space.  In the trivial case when =U V , there is only one equivalence 
set and it plays the role of the zero vector.  On the other extreme when { }= 0U ,then each 

equivalence set is a single vector and { }/ =0V V . 

 

 

Exercises 
 

11.1 Show that the relation between two vectors v  and ∈w V  that makes them equivalent is, in 
 fact, an equivalence relation in the sense of Section 2. 

11.2 Give a geometrical interpretation of the process of addition and scalar multiplication of 
 equivalence sets in 2R in Figure 2. 

11.3 Show that V  is equal to the union of all the equivalence sets in V .  Thus /V U  is a class 
of nonempty, disjoint sets whose union is the entire spaceV . 

11.4 Prove Theorem 11.2. 
11.5 Show that ( )dim dim - dim=V U V U . 
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Section 12. Inner Product Spaces 
 

There is no concept of length or magnitude in the definition of a vector space we have been 
employing.  The reason for the delay in the introduction of this concept is that it is not needed in 
many of the results of interest.  To emphasize this lack of dependence on the concept of magnitude, 
we have delayed its introduction to this point.  Our intended applications of the theory, however, do 
employ it extensively. 

 

We define the concept of length through the concept of an inner product.  An inner product 
on a complex vector space V  is a function :f × →V V C   with the following properties: 

(1)  ( ) ( ), ,f f=u v v u ; 

(2)  ( ) ( ), ,f fλ λ=u v u v ; 

(3)  ( ) ( ) ( ), , ,f f f+ = +u w v u v w v ; 

(4)  ( ) ( ), 0  and , 0f f≥ = ⇔ =u u u u u 0 ; 
 

for all , , ∈u v w V  and .λ ∈C   In Property 1 the bar denotes the complex conjugate.  Properties 2 
and 3 require that f  be linear in its first argument; i.e., ( ) ( ) ( ), , ,f f fλ μ λ μ+ = +u v w u w v w  
for all , , ∈u v w V  and all ,λ μ∈C .  Property 1 and the linearity implied by Properties 2 and 3 
insure that f  is conjugate linear in its second argument;  i.e.,  
( ) ( ) ( ), , ,f f fλ μ λ μ+ = +u v w u v u w  for all , , ∈u v w V  and all ,λ μ∈C .  Since Property 1 

ensures that ( ),f u u  is real, Property 4 is meaningful, and it requires that f  be positive definite.  
There are many notations for the inner product.  We shall employ the notation of the “dot product” 
and write 

 

( ),f = ⋅u v u v  
 

An inner product space is simply a vector space with an inner product.  To emphasize the 
importance of this idea and to focus simultaneously all its details, we restate the definition as 
follows. 

 

Definition.  A complex inner product space, or simply an inner product space, is a set V  and a 
field C  such that: 

(a) There exists a binary operation in V called addition and denoted by +  such that: 
(1) ( ) ( )+ + = + +u v w u v w for all , , ∈u v w V . 
(2) + = +u v v u  for all , ∈u v V . 
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(3) There exists an element 0 V  such that  u 0 u  for all u V . 
(4) For every u V  there exists an element  u V  such that    u u 0 . 

(b) There exists an operation called scalar multiplication in which every scalar  C  
can be combined with every element u V  to give an element  u V  such that: 
(l)      u u ; 

(2)       u u u ; 

(3)      u v u v ; 
(4) 1 u u ; 

 for all , ,  C  and all , u v V ; 

(c) There exists an operation called inner product by which any ordered pair of vectors 
u  and v  in V  determines an element of C  denoted by u v  such that 
(1)   u v v u ; 
(2)     u v u v ; 

(3)       u w v u v w v ; 
(4)  u u 0  and 0   u u 0 u ; 

for all , , u v w V  and  C . 

 

A real inner product space is defined similarly.  The vector space NC  becomes an inner product 
space if, for any two vectors , .Nu v C where  1 2, ,..., N  u  and  1 2, ,..., ,N  v  we define 
the inner product of u  and v  by 

1

N

j j
j

 


  u v  

 
The length of a vector is an operation, denoted by , that assigns to each nonzero vector v V  a 
positive real number by the following rule: 

 

  v v v  (12.1) 
 

Of course the length of the zero vector is zero.  The definition represented by (12.1) is for an inner 
product space of N  dimensions in general and therefore generalizes the concept of “length” or 
“magnitude” from elementary Euclidean plane geometry to N-dimensional spaces.  Before 
continuing this process of algebraically generalizing geometric notions, it is necessary to pause and 
prove two inequalities that will aid in the generalization  process. 

 
Theorem 12.1.  The Schwarz inequality, 
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 ⋅ ≤u v u v  (12.2) 
 
is valid for any two vectors ,u v  in an inner product space. 

 

Proof.   The Schwarz inequality is easily seen to be trivially true when either u  or v  is the 
0 vector, so we shall assume that neither u  nor v  is zero.  Construct the vector 
( ) ( )⋅ − ⋅u u v v u u and employ Property (c4), which requires that every vector have a nonnegative 
length, hence 

 
( ) ( )( )2 2 2 0− ⋅ ⋅ ≥u v u v u v u  

 

Since u  must not be zero, it follows that 

 
( ) ( )2 2 2≥ ⋅ ⋅ = ⋅u v u v u v u v  

 

and the positive square root of this equation is Schwarz’s inequality. 

 
Theorem 12.2.  The triangle inequality 

 
 + ≤ +u v u v  (12.3) 
 

is valid for any two vectors ,u v  in an inner product space. 

 

Proof: The squared length of +u v  can be written in the form 

 
( ) ( )

( )

2 2 2

2 2 2 Re

+ = + ⋅ + = + + ⋅ + ⋅

= + + ⋅

u v u v u v u v u v v u

u v u v
 

 
where Re  signifies the real part.  By use of the Schwarz inequality this can be rewritten as 

 

( )22 2 2 2+ ≤ + + = +u v u v u v u v  
 
Taking the positive square root of this equation, we obtain the triangular inequality. 

For a real inner product space the concept of angle is defined as follows.  The angle between two 
vectors u  and ,v  denoted by ,θ  is defined by 
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 cosθ ⋅
=

u v
u v

 (12.4) 

 

This definition of a real-valued angle is meaningful because the Schwarz inequality in this case 
shows that the quantity on the right-hand side of (12.4) must have a value lying between 1  and 1,−  
i.e., 

1 1⋅
− ≤ ≤ +

u v
u v

 

 
Returning to complex inner product spaces in general, we say that two vectors u  and v  are 
orthogonal if ⋅u v  or ⋅v u  is zero.  Clearly, this definition is consistent with the real case, since 
orthogonality then means / 2θ π= . 

 

The inner product space is a very substantial algebraic structure and parts of the structure 
can be given slightly different interpretations.  In particular it can be shown that the length v of a 
vector ∈v V  is a particular example of a mathematical concept known as a norm, and thus an 
inner product space is a normal space.  A norm on V  is a real-valued function defined on V  
whose value is denoted by v  and which satisfies the following axioms: 

(1) 0≥v and 0= ⇔ =v v 0 ; 

(2) λ λ=v v ; 

(3) + ≥ +u v u v ; 
 
for all , ∈u v V  and all λ ∈C .  In defining the norm of ,v  we have employed the same notation as 
that for the length of v  because we will show that the length defined by an inner product is a norm, 
but the converse need not be true. 

 

Theorem 12.3.  The operation of determining the length v  of ∈v V  is a norm on .V  

 

Proof.  The proof follows easily from the definition of length.  Properties (c1), (c2), and (c4) of an 
inner product imply Axioms l and 2 of a norm, and the triangle inequality is proved by Theorem 
12.2. 

 

We will now show that the inner product space is also a metric space.  A metric space is a 
nonempty set M  equipped with a positive real-valued function × →M M R ,called the distance 
function that satisfies the following axioms: 
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(1) ( ), 0d ≥u v and ( ), 0d = ⇔ =u v u v ; 

(2) ( ) ( ), ,d d=u v v u ; 

(3) ( ) ( ) ( ), , ,d d d≤ +u w u v v w ; 
 

for all , , .∈u v w M   In other words, a metric space is a set M  of objects and a positive-definite, 
symmetric distance function d satisfying the triangle inequality.  The boldface notation for the 
elements of M  is simply to save the introduction of yet another notation. 

 

Theorem 12.4.  An inner product space V  is a metric space with the distance function given by 

 

 ( ),d = −u v u v  (12.5) 
 

Proof. Let = −w u v ;  then from the requirement that 0≥w and 0= ⇔ =w w 0  it follows that 

 

0− ≥u v  and 0− = ⇔ =u v u v  

 

Similarly, from the requirement that ,= −w w  it follows that 

 
− = −u v v u  

 
Finally, let u  be replaced by −u v  and v by −v w  in the triangle inequality (12.3); then 

 
− ≤ − + −u w u v v w  

 
which is the third and last requirement for a distance function in a metric space. 

 

The inner product as well as the expressions (12.1) for the length of a vector can be 
expressed in terms of any basis and the components of the vectors relative to that basis.  Let 
{ }1 2, ,..., Ne e e be a basis of V and denote the inner product of any two base vectors by jke , 

 

 jk j k kje e≡ ⋅ =e e  (12.6) 
 

Thus, if the vectors u and v  have the representations 
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1 1

,
N N

j k
j k

j k

λ μ
= =

= =∑ ∑u e v e  (12.7) 

 

relative to the basis { }1 2, ,..., Ne e e  then the inner product of u  and v  is given by 

 

 
1 1 1 1

N N N N
j k j k

j k jk
j k j k

eλ μ λ μ
= = = =

⋅ = ⋅ =∑ ∑ ∑∑u v e e  (12.8) 

 

Equation (12.8) is the component expression for the inner product. 

 

From the definition (12.1) for the length of a vector ,v  and from (12.6) and (12.7)2, we can 
write 

 

 
1/2

1 1

N N
j k

jk
j k

e μ μ
= =

⎛ ⎞
= ⎜ ⎟
⎝ ⎠
∑∑v  (12.9) 

 

This equation gives the component expression for the length of a vector.  For a real inner product 
space, it easily follows that 

 

 1 1
1/ 2 1/ 2

1 1 1 1

cos

N N
j k

jk
j k

N N N N
p r s l

pr sl
p r l s

e

e e

μ λ
θ

μ μ λ λ

= =

= = = =

=
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠

∑∑

∑∑ ∑∑
 (12.10) 

 

In formulas (12.8)-(12.10) notice that we have changed the particular indices that indicate 
summation so that no more than two indices occur in any summand.  The reason for changing these 
dummy indices of summation can be made apparent by failing to change them.  For example, in 
order to write (12.9) in its present form, we can write the component expressions for v  in two 
equivalent ways, 

 

1 1

,
N N

j k
j k

j k

μ μ
= =

= =∑ ∑v e v e  

 
and then take the dot product.  If we had used the same indices to represent summation in both 
cases, then that index would occur four times in (12.9) and all the cross terms in the inner product 
would be left out. 
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Exercises 
 
12.1 Derive the formula 
 

( ) ( )2 2 2 22 1 1i i i i⋅ = + + + − + − +u v u v u v u v  
 

which expresses the inner product of two vectors in terms of the norm.  This formula is 
known as the polar identity. 

12.2 Show that the norm  induced by an inner product according to the definition (12.1) must 
satisfy the following parallelogram law; 

 
2 2 2 22 2+ + − = +u v u v v u  

 
for all vectors u and .v   Prove by counterexample that a  norm in general need not be an 
induced norm of any inner product. 

12.3 Use the definition of angle given in this section and the properties of the inner product to 
derive the law of cosines. 

12.4 If V and U are inner produce spaces, show that the equation 
 

( ) ( )( ), , ,f = ⋅ + ⋅v w u b v u w b  
 

where , ∈v u V  and , ,∈w b U defines an inner product on .⊕V U  

12.5 Show that the only vector in V that is orthogonal to every other vector in V is the zero 
vector. 

12.6 Show that the Schwarz and triangle inequalities become equalities if and only if the vectors 
concerned are linearly dependent. 

12.7 Show that 1 2 1 2− ≥ −u u u u  for all 1 2,u u  in an inner product space .V  

12.8 Prove by direct calculation that 
1 1

N N j k
jkj k

e μ μ
= =∑ ∑  in (12.9) is real. 

12.9 If U  is a subspace of an inner product space ,V  prove that U  is also an inner product 
space. 

12.10 Prove that the N N×  matrix jke⎡ ⎤⎣ ⎦  defined by (12.6) is nonsingular. 
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Section 13. Orthonormal Bases and Orthogonal Complements 
 

Experience with analytic geometry tells us that it is generally much easier to use bases 
consisting of vectors which are orthogonal and of unit length rather than arbitrarily selected 
vectors.  Vectors with a magnitude of 1 are called unit vectors or normalized vectors.  A set of 
vectors in an inner product space V  is said to be an orthogonal set if all the vectors in the set are 
mutually orthogonal, and it is said to be an orthonormal set if the set is orthogonal and if all the 
vectors are unit vectors.  In equation form, an orthonormal set { }1,..., Mi i satisfies the conditions 

 

 
1 if
0 ifj k jk

j k
j k

δ
=⎧

⋅ = ≡ ⎨ ≠⎩
i i  (13.1) 

 
The symbol jkδ  introduced in the equation above is called the Kronecker delta. 

 

Theorem 13.1.  An orthonormal set is linearly independent. 

 

Proof.  Assume that the orthonormal set { }1 2, ,..., Mi i i  is linearly dependent, that is to say there 

exists a set of scalars { }1 2, , , ,Mλ λ λ…  not all zero, such that 

 

1

M
j

j
j

λ
=

=∑ i 0  

 

The inner product of this sum with the unit vector ki  gives the expression 

 
1

1
1

0
M

j M k
jk k Mk

j

λ δ λ δ λ δ λ
=

= + + = =∑ "  

 
for 1,2,..., .k M=   A contradiction has therefore been achieved and the theorem is proved. 

 

As a corollary to this theorem, it is easy to see that an orthonormal set in an inner product 
space V can have no more than dimN = V  elements.  An orthonormal set is said to be complete in 
an inner product space V  if it is not a proper subset of another orthonormal set in the same space.  
Therefore every orthonormal set with dimN = V  elements is complete and hence maximal in the 
sense of a linearly independent set.  It is possible to prove the converse:  Every complete 
orthonormal set in an inner product space V has dimN = V  elements.  The same result is put in a 
slightly different fashion in the following theorem. 
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Theorem 13.2.  A complete orthonormal set is a basis forV ; such a basis is called an orthonormal 
basis. 

 

Any set of linearly independent vectors can be used to construct an orthonormal set, and 
likewise, any basis can be used to construct an orthonormal basis.  The process by which this is 
done is called the Gram-Schmidt orthogonalization process and it is developed in the proof of the 
following theorem. 

 

Theorem 13.3.  Given a basis { }1 2, , , Ne e e… of an inner product spaceV , then there exists an 

orthonormal basis { }1, , Ni i…  such that { }1 , ke e…  and { }1, , ki i…  generate the same subspace kU of 
V , for each 1, , .k N= …  

 

Proof.  The construction proceeds in two steps; first a set of orthogonal vectors is constructed, then 
this set is normalized.  Let { }1 2, ,..., Nd d d denote a set of orthogonal, but not unit, vectors.  This set 

is constructed from { }1 2, ,..., Ne e e  as follows:  Let 1 1=d e  and put 

 
2 2 1ξ= +d e d  

 
The scalar ξ will be selected so that 2d  is orthogonal to 1;d  orthogonality of 1d  and 2d requires 
that their inner product be zero; hence 

 
2 1 2 1 1 10 ξ⋅ = = ⋅ + ⋅d d e d d d  

 
implies 

 
2 1

1 1

ξ ⋅
= −

⋅
e d
d d

 

 
where 1 1 0⋅ ≠d d since 1 0.≠d   The vector 2d  is not zero, because 1e  and 2e are linearly 
independent.  The vector 3d  is defined by 

 
2 1

3 3 2 1ξ ξ= + +d e d d  
 
The scalars 2ξ  and 1ξ  are determined by the requirement that 3d  be orthogonal to both 1d and 2d ; 
thus 
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1

3 1 3 1 1 1 0ξ⋅ = ⋅ + ⋅ =d d e d d d  
 

2
3 2 3 2 2 2 0ξ⋅ = ⋅ + ⋅ =d d d d d d  

 
and, as a result, 

 
1 1 1

1 1

,ξ ⋅
= −

⋅
e d
d d

 2 3 2

2 2

ξ
⋅

= −
⋅

e d
d d

 

 

The linear independence of 1 2, ,e e and 3e  requires that 3d  be nonzero.  It is easy to see that this 
scheme can be repeated until a set of N orthogonal vectors { }1 2, , , Nd d d…  has been obtained.  The 
orthonormal set is then obtained by defining 

 
/ , 1,2, ,k k k k N= =i d d …  

 
It is easy to see that { } { }1 1, , , , ,k ke e d d… … and, hence, { }1, , ki i…  generate the same subspace for 
each k. 

 

The concept of mutually orthogonal vectors can be generalized to mutually orthogonal 
subspaces.  In particular, if U  is a subspace of an inner product space, then the orthogonal 
complement of U  is a subset of V , denoted by ,⊥U  such that 

 

 { }0 for all  ⊥ = ⋅ = ∈v v u uU U  (13.2) 
 

The properties of orthogonal complements are developed in the following theorem. 

 

Theorem 13.4.  If U  is a subspace of V , then (a) ⊥U  is a subspace of V  and (b) .⊥= ⊕V U U  

 

Proof. (a) If 1u  and 2u  are in ,⊥U  then 

 

1 2 0⋅ = ⋅ =u v u v  
 
for all ∈v U .  Therefore for any 1 2, ,λ λ ∈C  
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( )1 1 2 2 1 1 2 2 0λ λ λ λ+ ⋅ = ⋅ + ⋅ =u u v u v u v  

 
Thus 1 1 2 2 .λ λ ⊥+ ∈u u U  

(b) Consider the vector space .⊥+U U   Let .⊥∈ ∩v U U   Then by (13.2), 0,⋅ =v v  which 
implies .=v 0   Thus .⊥ ⊥+ = ⊕U U U U   To establish that ,⊥= ⊕V U U  let { }1, , Ri i… be an 
orthonormal basis for .U  Then consider the decomposition 
 

( ) ( )
1 1

R R

q q q q
q q= =

⎧ ⎫
= − ⋅ + ⋅⎨ ⎬
⎩ ⎭

∑ ∑v v v i i v i i  

 
The term in the brackets is orthogonal to each qi and it thus belongs to .⊥U   Also, the second term 

is in U   Therefore ,⊥ ⊥= + = ⊕V U U U U  and, the proof is complete. 

 

As a result of the last theorem, any vector ∈v V  can be written uniquely in the form 

 

 = +v u w  (13.3) 
 

where ∈u U  and .⊥∈w U   If v is a vector with the decomposition indicated in (13.3), then 

 
2 2 2 2 2 2= + = + + ⋅ + ⋅ = +v u w u w u w w u u w  

 
It follows from this equation that 

 
2 2 2 2,≥ ≥v u v w  

 
The equation is the well-known Pythagorean theorem, and the inequalities are special cases of an 
inequality known as Bessel’s inequality. 

 
 
Exercises 
 
13.1 Show that with respect to an orthonormal basis the  formulas (12.8)-(12.10) can be written 

as 
 

 
1

N
j j

j

λ μ
=

⋅ = ∑u v  (13.4) 
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 2

1

N
j j

j

μ μ
=

= ∑v  (13.5) 

 
and, for a real vector space, 

 

 
( ) ( )

1
1/ 2 1/ 2

1 1

cos
N j j
j

N Np p l l
p l

λ μ
θ

μ μ μ μ

=

= =

=
∑

∑ ∑
 (13.6) 

 
13.2 Prove Theorem 13.2. 
13.3 If U  is a subspace of the inner product space V , show that 
 

( )⊥⊥ =U U  
 
13.4 If V  is an inner product space, show that 
 

{ }⊥ = 0V  
 

Compare this with Exercise 12.5. 

13.5 Given the basis 
 

( ) ( ) ( )1 2 31,1,1 , 0,1,1 , 0,0,1= = =e e e  
 

for ,3R  construct an orthonormal basis according to the Gram-Schmidt orthogonalization 
process. 

13.6 If U  is a subspace of an inner product space V , show that 
 

dim dim - dim⊥ =U V U  
 
13.7 Given two subspaces 1V  and 2V  of V , show that 

 

( )1 1 22

⊥ ⊥ ⊥+ = ∩V V V V  
 

and 

 

( )1 1 22

⊥ ⊥ ⊥∩ = +V V V V  
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13.8 In the proof of Theorem 13.4 we used the fact that if a vector is orthogonal to each vector 
qi  of a basis { }1, , Ri i… of U , then that vector belongs to .⊥U   Give a proof of this fact. 
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Section 14. Reciprocal Basis and Change of Basis 
 

In this section we define a special basis, called the reciprocal basis, associated with each 
basis of the inner product space V .  Components of vectors relative to both the basis and the 
reciprocal basis are defined and formulas for the change of basis are developed. 

 

The set of N vectors { }1 2, ,..., Ne e e  is said to be the reciprocal basis relative to the basis 

{ }1 2, ,..., Ne e e  of an inner product space V  if 

 

 , , 1,2, ,k k
s s k s Nδ⋅ = =e e …  (14.1) 

 

where the symbol k
sδ  is the Kronecker delta defined by 

 

 
1,
0,

k
s

k s
k s

δ
=⎧

= ⎨ ≠⎩
 (14.2) 

 

Thus each vector of the reciprocal basis is orthogonal to 1N −  vectors of the basis and when its 
inner product is taken with the Nth  vector of the basis, the inner product has the value one.  The 
following two theorems show that the reciprocal basis just defined exists uniquely and is actually a 
basis for V . 

 

Theorem 14.1.  The reciprocal basis relative to a given basis exists and is unique. 

 

Proof. Existence.  We prove only existence of the vector 1;e  existence of the remaining vectors 
can be proved similarly.  Let U  be the subspace generated by the vectors 2 ,..., ,Ne e  and suppose 
that ⊥U  is the orthogonal complement of U .  Then dim 1N= −U , and from Theorem 10.9, 
dim 1.⊥ =U   Hence we can choose a nonzero vector .⊥∈w U   Since 1∉e U , 1e  and w are not 
orthogonal, 

 
1 0⋅ ≠e w  

 

we can simply define 

 

1

1

1
≡

⋅
e w

e w
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Then 1e  obeys (14.1) for 1k = . 

 

Uniqueness.  Assume that there are two reciprocal bases, { }1 2, ,..., Ne e e and { }1 2, ,..., Nd d d  relative 

to the basis  { }1 2, ,..., Ne e e of V .  Then from (14.1) 

 

and for , 1,2, ,k k k k
s s s s k s Nδ δ⋅ = ⋅ = =e e d e …  

 

Subtracting these two equations, we obtain 

 

 ( ) 0, , 1,2, ,k k
s k s N− ⋅ = =e d e …  (14.3) 

 

Thus the vector k k−e d must be orthogonal to { }1 2, ,..., Ne e e  Since the basis generates V , (14.3) is 
equivalent to 

 

 ( ) 0 for allk k− ⋅ = ∈e d v v V  (14.4) 
 

In particular, we can choose v  in (14.4) to be equal to k k−e d , and it follows then from the 
definition of an inner product space that 

 

 , 1,2, ,k k k N= =e d …  (14.5) 
 

Therefore the reciprocal basis relative to { }1 2, ,..., Ne e e is unique. 

 

The logic in passing from (14.4) to (14.5) has appeared before; cf. Exercise 13.8. 

 

Theorem 14.2.  The reciprocal basis { }1 2, ,..., Ne e e  with respect to the basis { }1 2, ,..., Ne e e of the 
inner product space V  is itself a basis forV . 

 

Proof. Consider the linear relation 

 

1

N
q

q
q

λ
=

=∑ e 0  
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If we compute the inner product of this equation with ke , 1, 2,...,k N= , then 

 

1 1

0
N N

q q
q k q k k

q q

λ λ δ λ
= =

⋅ = = =∑ ∑e e  

 
Thus the reciprocal basis is linearly independent.  But since the reciprocal basis contains the same 
number of vectors as that of a basis, it is itself a basis for V . 

 

Since ke , 1, 2,...,k N= , is in V , we can always write 

 

 
1

N
k kq

q
q

e
=

= ∑e e  (14.6) 

 

where, by (14.1) and (12.6), 
 

 
1

N
k k kq

s s qs
q

e eδ
=

⋅ = = ∑e e  (14.7) 

 

and 

 

 
1

N
k j kq j kj jk

q
q

e e eδ
=

⋅ = = =∑e e  (14.8) 

 

From a matrix viewpoint, (14.7) shows that the 2N  quantities kqe  ( ), 1, 2, ,k q N= …  are the 

elements of the inverse of the matrix whose elements are qse .  In particular, the matrices kqe⎡ ⎤⎣ ⎦  and 

qse⎡ ⎤⎣ ⎦  are nonsingular.  This remark is a proof of Theorem 14.2 also by using Theorem 9.5.  It is 
possible to establish from (14.6) and (14.7) that 

 

 
1

N
k

s sk
k

e
=

= ∑e e  (14.9) 

 
To illustrate the construction of a reciprocal basis by an algebraic method, consider the real 

vector space 2 ,R  which we shall represent by the Euclidean plane.  Let a basis be given for 2R  
which consists of two vectors 45° degrees apart, the first one, 1,e  two units long and the second 
one, 2 ,e one unit long.  These two vectors are illustrated in Figure 3. 
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To construct the reciprocal basis, we first note that from the given information and equation 
(12.6) we can write 

 

 11 12 21 224, 2, 1e e e e= = = =  (14.10) 
 

Writing equations (14.7)2 out explicitly for the case 2N = , we have 

 

 

11 12 21 22
11 21 11 21

11 12 21 22
12 22 12 22

1, 0

0, 1

e e e e e e e e

e e e e e e e e

+ = + =

+ = + =

 (14.11) 

 

Substituting (14.10) into (14.11), we find that 

 

 11 12 21 221 , 1 2 , 2
2

e e e e= = = − =  (14.12) 

 

 
 
 
When the results (14.2) are put into the special case of (14.6) for 2,N =  we obtain the explicit 
expressions for the reciprocal basis { }1 2, ,e e  

 

 1 2
1 2 1 2

1 1 1, 2
2 2 2

= − = − +e e e e e e  (14.13) 

 

The reciprocal basis is illustrated in Figure 3 also. 

 

1e  

2e

Figure 3.  A basis and reciprocal basis for 2R  

2e  

1e
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Henceforth we shall use the same kernel letter to denote the components of a vector relative 
to a basis as we use for the vector itself.  Thus, a vector v  has components kv , 1,2,...,k N=  
relative to the basis { }1 2, ,..., Ne e e and components kv , 1, 2,...,k N= , relative to its reciprocal basis, 

 

 
1 1

,
N N

k k
k k

k k

v v
= =

= =∑ ∑v e v e  (14.14) 

 

The components 1 2, ,..., Nv v v  with respect to the basis { }1 2, ,..., Ne e e  are often called the 
contravariant components of ,v  while the components 1 2, ,..., Nv v v  with respect to the reciprocal 

basis { }1 2, ,..., Ne e e are called covariant components.  The names covariant and contravariant are 
somewhat arbitrary since the basis and reciprocal basis are both bases and we have no particular 
procedure to choose one over the other.  The following theorem illustrates further the same remark. 

 

Theorem 14. 3.  If { }1,..., Ne e is the reciprocal basis of { }1,..., Ne e  then { }1,..., Ne e  is also the 

reciprocal basis of { }1,..., Ne e . 

 

For this reason we simply say that the bases { }1,..., Ne e  and { }1,..., Ne e are (mutually) 
reciprocal.  The contravariant and covariant components of v are related to one another by the 
formulas 

 

 
1

1

N
k k qk

q
q

N
q

k k qk
q

v e v

v e v

=

=

= ⋅ =

= ⋅ =

∑

∑

v e

v e

 (14.15) 

 
where equations (12.6) and (14.8) have been employed.  More generally, if u  has contravariant 
components iu  and covariant components iu relative to { }1,..., Ne e and { }1,..., Ne e , respectively, 
then the inner product of u and v can be computed by the formulas 

 

 
1 1 1 1 1 1

N N N N N N
i i ij i j

i i i j ij
i i i j i j

u v u v e u v e u v
= = = = = =

⋅ = = = =∑ ∑ ∑∑ ∑∑u v  (14.16) 

 

which generalize the formulas (13.4) and (12.8). 
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As an example of the covariant and contravariant components of a vector, consider a vector 
v  in 2R  which has the representation 

 

1 2
3 2
2

= +v e e  

 

relative to the basis { }1 2,e e  illustrated in Figure 3.  The contravariant components of v  are then 

( )3/ 2,2 ;  to compute the covariant components, the formula (14.16)2 is written out for the case 
2,N =  

 
1 2 1 2

1 11 21 2 12 22,v e v e v v e v e v= + = +  
 
Then from (14.10) and the values of the contravariant components the covariant components are 
given by 

 

( )1 26 2 2, 3 2 2v v= + = +  

hence 

 

( ) ( )1 26 2 2 3 2 2= + + +v e e  

 
The contravariant components of the vector v  are illustrated in Figure 4.  To develop a geometric 
feeling for covariant and contravariant components, it is helpful for one to perform a vector 
decomposition of this type for oneself. 

 

 
 

A substantial part of the usefulness of orthonormal bases is that each orthonormal basis is 
self-reciprocal; hence contravariant and covariant components of vectors coincide.  The self-

1e  

2e

Figure 4.  The covariant and contravariant components of a vector in 2R . 

2e  

1e
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reciprocity of orthonormal bases follows by comparing the condition (13.1) for an orthonormal 
basis with the condition (14.1) for a reciprocal basis.  In orthonormal systems indices are written 
only as subscripts because there is no need to distinguish between covariant and contravariant 
components. 

 

Formulas for transferring from one basis to another basis in an inner product space can be 
developed for both base vectors and components.  In these formulas one basis is the set of linearly 
independent vectors { }1,..., Ne e , while the second basis is the set { }1ˆ ˆ,..., Ne e .  From the fact that 
both bases generate V , we can write 

 

 
1

ˆ , 1, 2,...,
N

s
k k s

s

T k N
=

= =∑e e  (14.17) 

 

and 

 

 
1

ˆ ˆ , 1,2,...,
N

k
q q k

k

T q N
=

= =∑e e  (14.18) 

 

where ˆ k
qT  and s

kT are both sets of 2N  scalars that are related to one another.  From Theorem 9.5 the 

N N×  matrices s
kT⎡ ⎤⎣ ⎦  and ˆ k

qT⎡ ⎤⎣ ⎦  must be nonsingular. 

 

Substituting (14.17) into (14.18) and replacing qe  by 
1

N s
q ss

δ
=∑ e , we obtain 

 

1 1 1

ˆ
N N N

k s s
q q k s q s

k s s

T T δ
= = =

= =∑∑ ∑e e e  

 

which can be rewritten as 

 

 
1 1

ˆ
N N

k s s
q k q s

s k

T T δ
= =

⎛ ⎞− =⎜ ⎟
⎝ ⎠

∑ ∑ e 0  (14.19) 

 

The linear independence of the basis { }se requires that 

 

 
1

ˆ
N

k s s
q k q

k

T T δ
=

=∑  (14.20) 
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A similar argument yields 

 

 
1

ˆ
N

q k q
k s s

k

T T δ
=

=∑  (14.21) 

 

In matrix language we see that (14.20) or (14.21) requires that the matrix of elements k
qT be the 

inverse of the matrix of elements ˆ q
kT .  It is easy to verify that the reciprocal bases are related by 

 

 
1 1

ˆˆ ˆ,
N N

k k q q q k
q k

q k

T T
= =

= =∑ ∑e e e e  (14.22) 

 

The covariant and contravariant components of v∈V relative to the two pairs of reciprocal bases 
are given by 

 

 
1 1 1 1

ˆ ˆˆ ˆ
N N N N

k k q q
k k q q

k k q q

v v v v
= = = =

= = = =∑ ∑ ∑ ∑v e e e e  (14.23) 

 

To obtain a relationship between, say, covariant components of ,v  one can substitute (14.22)1 into 
(14.23), thus 

 

1 1 1

ˆ ˆˆ
N N N

k q q
k q q

k q q

v T v
= = =

=∑∑ ∑e e  

 
This equation can be rewritten in the form 

 

1 1

ˆˆ
N N

k q
q k q

q k

T v v
= =

⎛ ⎞− =⎜ ⎟
⎝ ⎠

∑ ∑ e 0 

 
and it follows from the linear independence of the basis { }ˆ qe  that 

 

 
1

ˆ
N

k
q q k

k

v T v
=

= ∑  (14.24) 

 

In a similar manner the following formulas can be obtained: 
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1

ˆˆ
N

q q k
k

k

v T v
=

= ∑  (14.25) 

 

 
1

ˆ
N

k k q
q

q

v T v
=

= ∑  (14.26) 

 
and 

 

 
1

ˆ ˆ
N

q
k k q

q

v T v
=

= ∑  (14.27) 

 
 
Exercises 
 

14.1 Show that the quantities s
qT  and ˆ k

qT  introduced in formulas (14.17) and (14.18) are given 
by the expressions 

 
 ˆˆ ˆ,s s k k

q k q qT T= ⋅ = ⋅e e e e  (14.28) 
 
14.2 Derive equation (14.21). 
14.3 Derive equations (14.25)-(14.27). 
14.4 Given the change of basis in a three-dimensional inner  product space V , 
 

1 1 2 3 2 1 3 3 1 2 32 , , 4 6= − − = − + = − +f e e e f e e f e e e  
 

find the quantities s
kT  and ˆ .k

qT  

14.5 Given the vector 1 2 3= + +v e e e  in the vector space of the problem above, find the 
covariant and contravariant components of v  relative to the basis { }1 2 3, , .f f f  

14.6 Show that under the basis transformation (14.17) 
 

, 1

ˆ ˆˆ
N

s q
kj k j k j sq

s q

e T T e
=

= ⋅ = ∑e e  

and 

, 1

ˆ ˆˆ ˆˆ
N

kj k j k j sq
s q

s q

e T T e
=

= ⋅ = ∑e e  

14.7 Prove Theorem 14.3. 
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___________________________________________________________________________ 
Chapter 4 
 
 
LINEAR TRANSFORMATIONS 
 
 
Section 15 Definition of Linear Transformation 
 

In this section and in the other sections of this chapter we shall introduce and study a special 
class of functions defined on a vector space.  We shall assume that this space has an inner 
product, although this structure is not essential for the arguments in Sections 15-17.  If V and U  
are vector spaces, a linear transformation is a function : →A V U  such that 

 

(a) ( ) ( ) ( )A u + v = A u + A v  

(b) ( ) ( )λ λ=A u A u  
 

for all ∈u, v V  and λ ∈C .  Condition (a) asserts that A  is a homomorphism on V  with respect 
to the operation of addition and thus the theorems of Section 6 can be applied here.  Condition 
(b) shows that A , in addition to being a homomorphism, is also homogeneous with respect to the 
operation of scalar multiplication.  Observe that the +  symbol on the left side of (a) denotes 
addition inV , while on the right side it denotes addition in U .  It would be extremely 
cumbersome to adopt different symbols for these quantities.  Further, it is customary to omit the 
parentheses and write simply Au  for ( )A u  when A  is a linear transformation. 

 

Theorem 15.1. If  : →A V U  is a function from a vector space V  to a vector space ,U  then 
A is a linear transformation if and only if 

 

( ) ( ) ( )+ = +λ μ λ μA u v A u A v  

 

for all ∈u, v V and ,λ μ∈C . 

 

The proof of this theorem is an elementary application of the definition.  It is also 
possible to show that  

 

 ( )1 2 1 2
1 2 1 2

R R
R Rλ λ λ λ λ λ+ + ⋅⋅ ⋅ + = + + ⋅⋅ ⋅ +A v v v Av Av Av  (15.1) 
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for all 1,..., R ∈v v V  and 1,..., Rλ λ ∈C . 

 

By application of Theorem 6.1, we see that for a linear transformation : →A V U  

 

 ( )and =− −A0 = 0 A v Av  (15.2) 

 

Note that in (15.2)1 we have used the same symbol for the zero vector in V  as in .U  

 

Theorem 15.2.  If { }1 2, , , Rv v v… is a linearly dependent set in V and if : →A V U is a linear 

transformation, then { }1 2, , , RAv Av Av… is a linearly dependent set inU . 

 

Proof  Since the vectors 1,..., Rv v  are linearly dependent, we can write  

 

1

R
j

j
j

λ
=

=∑ v 0  

 

where at least one coefficient is not zero. Therefore  

 

1 1

R R
j j

j j
j j

λ λ
= =

⎛ ⎞
= =⎜ ⎟

⎝ ⎠
∑ ∑A v Av 0  

 

where (15.1) and (15.2) have been used.  The last equation proves the theorem. 

 

If the vectors 1, , Rv v… are linearly independent, then their image set { }1 2, , , RAv Av Av…  
may or may not be linearly independent.  For example, A might map all vectors into .0   The 
kernel of a linear transformation : →A V U  is the set 

 

( ) { }K =A v Av = 0  

 



Sec. 15 • Definition  87 

In other words, ( )K A is the preimage of the set { }0  in .U   Since { }0  is a subgroup of the 

additive group ,U  it follows from Theorem 6.3 that ( )K A  is a subgroup of the additive group .V  
However, a stronger statement can be made. 

 

Theorem 15.3.  The set ( )K A is a subspace of V . 

 

Proof.  Since ( )K A  is a subgroup, we only need to prove that if ( )K∈v A , then ( )Kλ ∈v A  
for all .λ ∈C   This is clear since 

 

( )λ λ= =A v Av 0  

 

for all v  in ( )K A . 

 

The kernel of a linear transformation is sometimes called the null space.  The nullity of a 
linear transformation is the dimension of the kernel, i.e., ( )dim K A .  Since ( )K A  is a subspace 
of ,V we have, by Theorem 10.2, 

 

 ( )dim dimK ≤A V  (15.3) 

 
Theorem 15.4.  A linear transformation : →A V U  is one-to-one if and only if ( ) { }K =A 0 . 

 

Proof. This theorem is just a special case of Theorem 6.4.  For ease of reference, we shall repeat 
the proof.  If ,Au = Av  then by the linearity of A , ( )- =A u v 0 .  Thus if ( ) { },K =A 0  then 

Au = Av  implies ,u = v  so that A  is one-to-one.  Now assume A  is one-to-one.  Since ( )K A  

is a subspace, it must contain the zero in V  and therefore A0 = 0 .  If ( )K A  contained any other 
element ,v  we would have ,Av = 0  which contradicts the fact that A is one-to-one. 

 

Linear transformations that are one-to-one are called regular linear transformations.  The 
following theorem gives another condition for such linear transformations. 

 

Theorem 15.5.  A linear transformation : →A V U is regular if and only if it maps linearly 
independent sets in V  to linearly independent sets in .U  
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Proof.  Necessity.  Let { }1 2, , , Rv v v…  be a linearly independent set in V  and : →A V U  be a 
regular linear transformation. Consider the sum 

 

1

R
j

j
j

λ
=

=∑ Av 0  

This equation is equivalent to  

1

R
j

j
j

λ
=

⎛ ⎞
=⎜ ⎟

⎝ ⎠
∑A v 0  

 

Since A  is regular, we must have 

 

1

R
j

j
j

λ
=

=∑ v 0  

 

Since the vectors 1 2, , , Rv v v…  are linearly independent, this equation shows 
1 2 0Rλ λ λ= = ⋅⋅ ⋅ = = , which implies that the set { }1, , RAv Av…  is linearly independent. 

 

Sufficiency.  The assumption that A  preserves linear independence implies, in particular, that 
≠Av 0  for every nonzero vector ∈v V since such a vector forms a linearly independent set.  

Therefore ( )K A  consists of the zero vector only, and thus A  is regular. 

 

For a linear transformation : →A V U  we denote the range of A  by 

 

( ) { }R = ∈A Av v V  

 

It follows form Theorem 6.2 that ( )R A  is a subgroup of .U   We leave it to the reader to prove 
the stronger results stated below. 

 

Theorem 15.6.  The range ( )R A  is a subspace of .U  
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We have from Theorems 15.6 and 10.2 that 

 

 ( )dim dimR ≤A U  (15.4) 

 

The rank of a linear transformation is defined as the dimension of ( )R A , i.e., ( )dim .R A   A 
stronger statement than (15.4) can be made regarding the rank of linear transformation A . 

 

Theorem 15.7.  ( ) ( )dim min dim ,dim .R ≤A V U  
 
Proof. Clearly, it suffices to prove that ( )dim dimR ≤A V , since this inequality and (15.4) 

imply the assertion of the theorem.  Let { }1 2, , , Ne e e…  be a basis forV , where dimN = V .  
Then ∈v V  can be written 

 

1

N
j

j
j=

= ∑v v e  

 

Therefore any vector ( )R∈Av A can be written 

 

1

N
j

j
j

v
=

= ∑Av Ae  

 

Hence the vectors { }1 2, , , NAe Ae Ae… generate ( )R A .  By Theorem 9.10, we can conclude 

 

 ( )dim dimR ≤A V  (15.5) 

 

A result that improves on (15.5) is the following important theorem. 

 

Theorem 15.8.  If : →A V U  is a linear transformation, then 

 

 ( ) ( )dim dim dimR K= +A AV  (15.6) 
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Proof. Let ( )dim ,P K= A  ( )dim ,R R= A  and dim .N = V   We must prove that .N P R= +   

Select N  vectors in V  such that { }1 2, , , Pe e e…  is a basis for ( )K A  and 

{ }1 2 1, , , , , ,P P N+e e e e e… …  a basis for V .  As in the proof of Theorem 15.7, the vectors 

{ }1 2 1, , , , , ,P P N+Ae Ae Ae Ae Ae… …  generate ( )R A .  But, by the properties of the kernel, 

1 2 p= = ⋅ ⋅ ⋅ = =Ae Ae Ae 0 .  Thus the vectors { }1 2, , ,P P N+ +Ae Ae Ae…  generate ( )R A .  If we can 
establish that these vectors are linearly independent, we can conclude from Theorem 9.10 that 
the vectors { }1 2, , ,P P N+ +Ae Ae Ae… form a basis for ( )R A and that ( )dim .R R N P= = −A  
Consider the sum 

 

1

R
j

P j
j

λ +
=

=∑ Ae 0  

 

Therefore 

1

R
j

p j
j

λ +
=

⎛ ⎞
=⎜ ⎟

⎝ ⎠
∑A e 0  

 

which implies that the vector ( )1

R j
P jj

Kλ +=
∈∑ e A .  This fact requires that 

1 2 0Rλ λ λ= = = =" , or otherwise the vector 
1

R j
P jj

λ +=∑ e  could be expanded in the basis 

{ }1 2, , , Pe e e… , contradicting the linear independence of { }1 2, , , Ne e e… .  Thus the set 

{ }1 2, , ,P P N+ +Ae Ae Ae…  is linearly independent and the proof of the theorem is complete. 

 

As usual, a linear transformation : →A V U  is said to be onto if ( ) ,R =A U  i.e., for 
every vector ∈u U there exists ∈v V  such that Av = u . 

 

Theorem 15.9.  ( )dim dimR =A U  if and only if A  is onto. 

 

In the special case when dim dim ,=V U  it is possible to state the following important 
theorem.  

 

Theorem 15.10.  If : →A V U  is a linear transformation and if dim dim ,=V U  then A  is a 
linear transformation onto U  if and only if A  is regular. 
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Proof. Assume that : →A V U  is onto ,U  then (15.6) and Theorem 15.9 show that 

 

( )dim dim dim dim K= = + AV U U  

 

Therefore ( )dim 0K =A  and thus ( ) { }K =A 0 and A  is one-to-one.  Next assume that A  is 

one-to-one.  By Theorem 15.4, ( ) { }K =A 0 and thus ( )dim 0K =A .  Then (15.6) shows that 

 

( )dim dim dimR= =AV U  

 

By using Theorem 10.3, we can conclude that  

 

( )R =A U  

 

and thus A  is onto. 

 

 

Exercises 
 

15.1 Prove Theorems 15.1, 15.6, and 15.9 
15.2 Let : →A V U be a linear transformation, and let 1V be a subspace of .V   The 

restriction of A  to 1V  is a function 1
1: →A

V
V U  defined by 

 
1A v = Av

V
 

 

for all 1.∈v V  Show that 1A
V

 is a linear transformation and that 

( ) ( )1
1K K= ∩A A

V
V  

15.3 Let : →A V U  be a linear transformation, and define a function ( ): / K →A AV U  by 
 

=Av Av  
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for all .∈v V   Here v denotes the equivalence set of v  in ( )/ .K AV   Show that A  is a 

linear transformation.  Show also that A is regular and that ( ) ( ).R R=A A  

15.4 Let 1V be a subspace of V , and define a function 1: /→P V V V by 
 

=Pv v  

for all v  in V .  Prove that P  is a linear transformation, onto, and that ( ) 1.K =P V   The 

mapping P  is called the canonical projection from V to 1/V V . 

 

15.5 Prove the formula 
 
 ( )1 1dim dim / dim= +V V V V  (15.7) 

 

of Exercise 11.5 by applying Theorem 15.8 to the canonical projection P  defined in the 
preceding exercise.  Conversely, prove the formula (15.6) of Theorem 15.8 by using the 
formula (15.7) and the result of Exercise 15.3. 

15.6 Let U  and V be vector spaces, and let ⊕U V  be their direct sum.  Define mapping 
1 : ⊕ →P U V U  and 2 : ⊕ →P U V V  by  

 
( )1 ,P u, v = u  ( )2P u, v = v  

 

for all ∈u U  and .∈v V   Show that 1P and 2P  are onto linear transformations.  Show 
also the formula 

 

( )dim dim dim⊕ +U V = U V  

 

of Theorem 10.9 by using these linear transformations and the formula (15.6).  The 
mappings 1P and 2P  are also called the canonical projections from ⊕U V to U and V , 
respectively. 
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Section 16.  Sums and Products of Liner Transformations 
 

In this section we shall assign meaning to the operations of addition and scalar 
multiplication for linear transformations.  If A  and B  are linear transformations →V U , then 
their sum +A B  is a linear transformation defined by 

 

 ( )+ = +A B v Av Bv  (16.1) 

 

for all .∈v V   In a similar fashion, if ,λ ∈C  then λA  is a linear transformation →V U defined 
by  

 

 ( ) ( )λ λ=A v Av  (16.2) 

 

for all .∈v V   If we write ( );L V U  for the set of linear transformations from V  to U , then 

(16.1) and (16.2) make ( );L V U  a vector space.  The zero element in ( );L V U is the linear 
transformation 0 defined by 

 

 0v = 0  (16.3) 

 

for all .∈v V   The negative of  ( );∈A L V U  is a linear transformation ( );− ∈A L V U defined 
by 

 

 1− = −A A  (16.4) 

 

It follows from (16.4) that -A  is the additive inverse of ( );∈A L V U .  This assertion follows 
from 

 

 ( ) ( ) ( ) ( )1 1 1 1 1 0− = + − = + − = − = =A + A A A A A A A 0  (16.5) 
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where (16.1) and (16.2) have been used.  Consistent with our previous notation, we shall write 
−A B  for the sum ( )+ −A B  formed from the linear transformations A  and B .  The formal 

proof that ( );L V U  is a vector space is left as an exercise to the reader. 

 

Theorem 16.1.  ( )dim ; dim dim .=L V U V U  

 
Proof. Let { }1,..., Ne e be a basis for V  and { }1,... Mb , b  be a basis forU .  Define NM  linear 

transformations :k
α →A V U  by 

 

 
, 1, , ; 1, ,

,

k
k

k
p

k N M

k p
α α

α

α= = … = …

= ≠

A e b

A e 0
 (16.6) 

 

If A  is an arbitrary member of ( );L V U , then k ∈Ae U , and thus 

 

1

, 1,...,
M

k kA k Nα
α

α=

= =∑Ae b  

 

Based upon the properties of k
αA , we can write the above equation as 

 

1 1 1

M M N
k s

k k k s k
s

A Aα α
α α

α α= = =

= =∑ ∑∑Ae A e A e  

 

Therefore, since the vectors 1,..., Ne e  generate V , we find 

 

1 1

M N
s

s
s

Aα
α

α= =

⎛ ⎞−⎜ ⎟
⎝ ⎠

∑∑A A v = 0  

 

for all vectors .∈v V   Thus, from (16.3), 

 

 
1 1

M N
s

s
s

Aα
α

α= =

= ∑∑A A  (16.7) 
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This equation means that the MN  linear transformations s
αA  ( )1,..., ; 1,...,s N Mα= =  generate 

( );L V U .  If we can prove that these linear transformations are linearly independent, then the 
proof of the theorem is complete.  To this end, set 

 

1 1

M N
s

s
s

Aα
α

α= =

=∑∑ A 0  

 

Then, from (16.6), 

 

( )
1 1 1

M N M
s

s p p
s

A Aα α
α α

α α= = =

= =∑∑ ∑A e b 0  

 

Thus 0pAα = , ( )1,..., ; 1,...,p N Mα= =  because the vectors 1,..., Mb b  are linearly independent 

in U .  Hence { }s
αA  is a basis of ( );L V U .  As a result, we have 

 

 ( )dim ; dim dimMN= =L V U U V  (16.8) 

 

If : →A V U  and : →B U W  are linear transformations, their product is a linear 
transformation →V W , written BA , defined by 

 

 ( )BAv = B Av  (16.9) 

 

for all .∈v V   The properties of the product operation are summarized in the following theorem. 

 

Theorem 16.2.   

 

 
( ) ( )

( )
( )
λ μ λ μ

λ μ λ μ

+ = +

+ = +

C BA = CB A

A B C AC BC

C A B CA CB

 (16.10) 
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for all ,λ μ∈C  and where it is understood that , ,andA B C  are defined on the proper vector 
spaces so as to make the indicated products defined. 

 

The proof of Theorem 16.2 is left as an exercise to the reader. 

 

 

Exercises 
16.1 Prove that ( );L V U  is a vector space 
16.2 Prove Theorem 16.2. 
16.3 Let , ,andV U W be vector spaces. Given any linear mappings : →A V U  and 

: →B U W , show that  
 

( ) ( ) ( )( )dim min dim ,dimR R R≤BA A B  

 

16.4 Let : →A V U  be a linear transformation and define ( ): / K →A AV U as in Exercises 

15.3.  If ( ): / K→P AV V  is the canonical projection defined in Exercise 15.4, show 
that 

 
A = AP  

 

This result along with the results of Exercises 15.3 and 15.4 show that every linear 
transformation can be written as the composition of an onto linear transformation and a 
regular linear transformation. 
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Section 17.  Special Types of Linear Transformations 
 

In this section we shall examine the properties of several special types of linear 
transformations.  The first of these is one called an isomorphism.  In section 6 we discussed 
group isomorphisms.  A vector space isomorphism is a regular onto linear transformation 

: →A V U .  It immediately follows from Theorem 15.8 that if : →A V U  is an isomorphism, 
then  

 

 dim dim=V U  (17.1) 

 

An isomorphism : →A V U  establishes a one-to-one correspondence between the elements of 
V and U .  Thus there exists a unique inverse function : →B U V  with the property that if 

 

 u = Av  (17.2) 

 

then 

 

 ( )v = B u  (17.3) 

 

for all ∈u U and ∈v V .  We shall now show that B  is a linear transformation.  Consider the 
vectors 1u  and 2 ∈u U  and the corresponding vectors [as a result of (17.2) and (17.3)] 1v  and 

2 ∈v V .  Then by (17.2), (17.3), and the properties of the linear transformation A ,  

 

( ) ( )
( )( )

( ) ( )

1 2 1 2

1 2

1 2

1 2

λ μ λ μ

λ μ

λ μ
λ μ

+ = +

= +

= +

= +

B u u B Av Av

B A v v

v v
B u B u

 

 

Thus B  is a linear transformation.  This linear transformation shall be written 1−A .  Clearly the 
linear transformation 1−A  is also an isomorphism whose inverse is A ; i.e., 

 

 ( ) 11 −− =A A  (17.4) 
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Theorem 17.1.  If : →A V U  and : →B U W are isomorphisms, then : →BA V W  is an 
isomorphism whose inverse is computed by 

 

 ( ) 1 1 1− − −=BA A B  (17.5) 

 

Proof. The fact that BA  is an isomorphism follows directly from the corresponding properties 
of A  and B .  The fact that the inverse of BA  is computed by (17.5) follows directly because if  

 
 andu = Av w = Bu  

 

then 
 
 and-1 -1v = A u u = B w  

 
Thus  
 

( ) 1 1 1− − −= =v BA w A B w  

 

Therefore ( )( )1 1 1− − −−BA A B w = 0  for all ∈w W , which implies (17.5). 

 

The identity linear transformation : →I V V  is defined by 

 

 Iv = v  (17.6) 

 

for all v  in .V   Often it is desirable to distinguish the identity linear transformations on different 
vector spaces.  In these cases we shall denote the identity linear transformation by IV .  It follows 
from (17.1) and (17.3) that if A  is an isomorphism, then 

 

 1 1and− −= =AA I A A IU V  (17.7) 

 

Conversely, if A  is a linear transformation from V  toU , and if there exists a linear 
transformation : →B U V such that =AB IU  and =BA IV , then A  is an isomorphism and 
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1.−B = A   The proof of this assertion is left as an exercise to the reader.  Isomorphisms are often 
referred to as invertible or nonsingular linear transformations. 

 

A vector space V and a vector space U are said to be isomorphic if there exists at least 
one isomorphism from V toU . 

 

Theorem 17.2.  Two finite-dimensional vector spaces V and U  are isomorphic if and only if 
they have the same dimension. 

 

Proof. Clearly, if V and U  are isomorphic, by virtue of the properties of isomorphisms, 
dim dimV = U .  If U  and V  have the same dimension, we can construct a regular onto linear 
transformation : →A V U as follows.  If { }1, , Ne e…  is a basis for V and { }1, , Nb b…  is a basis 
for U , define A  by 

 

 , 1,...,k k k N= =Ae b  (17.8) 

 

Or, equivalently, if  

1

N
k k

k

v
=

= ∑v e  

then define A  by 

 

 
1

N
k

k
k

v
=

= ∑Av b  (17.9) 

 

A  is regular because if ,Av = 0  then .v = 0  Theorem 15.10 tells us A  is onto and thus is an 
isomorphism. 

 

As a corollary to Theorem 17.2, we see that V  and the vector space ,NC  where 
dim ,N = V  are isomorphic. 

 

In Section 16 we introduced the notation ( );L V U for the vector space of linear 

transformations from V  to U .  The set ( );L V V  corresponds to the vector space of linear 

transformations →V V .  An element of ( );L V V is called an endomorphism ofV . This 
nomenclature parallels the previous usage of the word endomorphism introduced in Section 6.  If 
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an endomorphism is regular (and thus onto), it is called an automorphism.  The identity linear 
transformation defined by (17.6) is an example of an automorphism.  If ( ); ,∈A L V V then it is 
easily seen that  

 

 AI = IA = A  (17.10) 

 

Also, if A  and are in ( );L V V , it is meaningful to compute the products AB and BA ; 
however, 

 

 ≠AB BA  (17.11) 

 

in general.  For example, let V  be a two-dimensional vector space with basis { }1 2,e e  and define 
A  and B  by the rules 

 
2 2

1 1

andj j
k k j k k j

j j

A B
= =

= =∑ ∑Ae e Be e  

 

where j
kA and j

kB . , 1,2k j = , are prescribed.  Then 
 

2 2

, 1 , 1

andj l j l
k k j l k k j l

j l j l

A B B A
= =

= =∑ ∑BAe e ABe e  

 
An examination of these formulas shows that it is only for special values of  j

kA and j
kB that 

.AB = BA  

 

The set ( );L V V  has defined on it three operations.  They are (a) addition of elements 

of ( );L V V , (b) multiplication of an element of ( );L V V  by a scalar, and (c) the product of a 

pair of elements of ( );L V V .  The operations (a) and (b) make ( );L V V into a vector space, 

while it is easily shown that the operations (a) and (c) make ( );L V V  into a ring.  The structure 

of ( );L V V  is an example of an associative algebra. 
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The subset of ( );L V V that consists of all automorphisms of V  is denoted by ( ).GL V   

It is immediately apparent that ( )GL V  is not a subspace of ( );L V V , because the sum of two 
of its elements need not be an automorphism.  However, this set is easily shown to be a group 
with respect to the product operation.  This group is called the general linear group.  Its identity 
element is I  and if ( ) ,∈A GL V  its inverse is ( )1 .− ∈A GL V  

 

A projection is an endomorphism ( );∈P L V V  which satisfies the condition 

 

 2 =P P  (17.12) 

 

The following theorem gives an important property of a projection. 

 

Theorem 17.3.  If : →P V V  is a projection, then 

 

 ( ) ( )R K= ⊕P PV  (17.13) 

 

Proof. Let v  be an arbitrary vector in V .  Let 

 

 -w = v Pv  (17.14) 

 

Then, by (17.12), ( ) .− = −Pw = Pv P Pv Pv Pv = 0   Thus, ( ).K∈w P   Since ( ) ,R∈Pv P  
(17.14) implies that  
 

( ) ( )R K= +P PV  

 

To show that ( ) ( ) { },R K∩ =P P 0  let ( ) ( )R K∈ ∩u P P .  Then, since ( )R∈u P  for some 

∈v V , =u Pv .  But, since u  is also in ( )K P , 

 

( )0 = Pu = P Pv = Pv = u  

 

which completes the proof. 
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The name projection arises from the geometric interpretation of (17.13).  Given any 
∈v V , then there are unique vectors ( )R∈u P  and ( )K∈w P  such that  

 

 v = u + w  (17.15) 

 

where  

 

 andPu = u Pw = 0  (17.16) 

 

Geometrically, P  takes v  and projects in onto the subspace ( )R P  along the subspace ( )K P .  

Figure 5 illustrates this point for 2=V R . 

 
 

Given a projection P , the linear transformation −I P  is also a projection.  It is easily 
shown that  

 

( ) ( )R K= − ⊕ −I P I PV  

 

v  

=u Pv

( )= −w I P w  

Figure 5 



Sec. 17 • Special Types  103 

and  

 

( ) ( ) ( ) ( ),R K K R− = − =I P P I P P  

 

It follows from (17.16) that the restriction of P  to ( )R P  is the identity linear transformation on 

the subspace ( )R P .  Likewise, the restriction of −I P  to ( )K P  is the identity linear 

transformation on ( )K P .  Theorem 17.3 is a special case of the following theorem. 

 

Theorem 17.4.  If kP , 1,...,k R= ,  are projection operators with the properties that 

 

 
2 , 1,...,

,    
k k

k q

k R
k q

= =
= ≠

P P
P P 0

 (17.17) 

 

and 

 

 
1

R

k
k=

= ∑I P  (17.18) 

 

then 

 

 ( ) ( ) ( )1 2 RR R R= ⊕ ⊕⋅⋅ ⋅⊕P P PV  (17.19) 

 

The proof of this theorem is left as an exercise for the reader.  As a converse of Theorem 
17.4, if V  has the decomposition 

 

 1 R= ⊕ ⋅⋅ ⋅⊕V V V  (17.20) 

 

then the endomorphisms :k →P V V defined by 
 
 , 1,...,k k k R= =P v v  (17.21) 
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where 
 
 1 2 R= + + ⋅⋅ ⋅ +v v v v  (17.22) 

 
are projections and satisfy (17.18).  Moreover, ( )k kR= PV , 1, ,k R= … . 
 
 
Exercises 
 

17.1 Let : →A V U  and : →B U V  be linear transformations. If ,AB = I  then B  is the right 
inverse of A . If ,BA = I  then  B  is the left inverse of A .  Show that A  is an 
isomorphism if and only if it has a right inverse and a left inverse. 

17.2 Show that if an endomorphism A of V  commutes with every endomorphism B  of V , 
then A  is a scalar multiple of .I  

17.3 Prove Theorem 17.4 
17.4 An involution is an endomorphism L such that 2 .=L I   Show that L  is an involution if 

and only if ( )1
2

= +P L I  is a projection. 

17.5 Consider the linear transformation 1
1: →A

V
V U  defined in Exercise 15.2.  Show that if 

( )1 ,K= ⊕ AV V  then 1A
V

is am isomorphism from 1V to ( ).R A  
17.6 If A  is a linear transformation from V  to U  where dim dim ,=V U  assume that there 

exists a linear transformation : →B U V such that ( )or .= =AB I BA I   Show that A is 

an isomorphism and that 1.−=B A  
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Section 18.  The Adjoint of a Linear Transformation 
 

The results in the earlier sections of this chapter did not make use of the inner product 
structure onV .  In this section, however, a particular inner product is needed to study the adjoint 
of a linear transformation as well as other ideas associated with the adjoint. 

 

Given a linear transformation : →A V U , a function :∗ →A U V  is called the adjoint of 
A  if 

 

 ( ) ( )∗⋅ = ⋅u Av A u v  (18.1) 

 

for all ∈v V  and ∈u U .  Observe that in (18.1) the inner product on the left side is the one in 
U , while the one for the right side is the one in V .  Next we will want to examine the properties 
of the adjoint.  It is probably worthy of note here that for linear transformations defined on real 
inner product spaces what we have called the adjoint is often called the transpose.  Since our 
later applications are for real vector spaces, the name transpose is actually more important. 

 

Theorem 18.1.  For every linear transformation : →A V U , there exists a unique adjoint 
:∗ →A U V  satisfying the condition (18.1). 

 

Proof.  Existence.  Choose a basis { }1, , Ne e…  for V  and a basis { }1, , Mb b… for U .  Then A  

can be characterized by the M N× matrix kAα⎡ ⎤⎣ ⎦  in such a way that 

 

 
1

, 1,...,
M

k kA k Nα
α

α=

= =∑Ae b  (18.2) 

 

This system suffices to define A  since for any ∈v V  with the representation 

 

1

N
k

k
k

v
=

= ∑v e  

 

the corresponding representation of Av  is determined by kAα⎡ ⎤⎣ ⎦ and kv⎡ ⎤⎣ ⎦ by 
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1 1

M N
k

k
k

A vα
α

α= =

⎛ ⎞= ⎜ ⎟
⎝ ⎠

∑ ∑Av b  

 

Now let { }1, , Ne e… and { }1,..., Mb b be the reciprocal bases of { }1, , Ne e…  and { }1, , Mb b… , 

respectively.  We shall define a linear transformation ∗A  by a system similar to (18.2) except 
that we shall use the reciprocal bases.  Thus we put 

 

 
1

N
k

k
k

Aα α∗ ∗

=

= ∑A b e  (18.3) 

 

where the matrix kA α∗⎡ ⎤⎣ ⎦  is defined by 

 

  k kA Aα α∗ ≡  (18.4) 

 

for all 1,..., Mα =  and 1,...,k N= .  For any vector  ∈u U  the representation of ∗A u  relative to 
{ }1,..., Ne e  is then given by 

1 1

N M
k

k
k

A uα α
α

∗ ∗

= =

⎛ ⎞= ⎜ ⎟
⎝ ⎠

∑ ∑A u e  

 

where the representation of u  itself relative to { }1,..., Mb b  is  

 

1

M

u α
α

α=

= ∑u b  

 

Having defined the linear transformation ∗A , we now verify that A  and ∗A  satisfy the relation 
(18.1).  Since A  and ∗A  are both linear transformations, it suffices to check (18.1) for u equal to 
an arbitrary element of the basis { }1,..., Mb b , say α=u b , and for v  equal to an arbitrary element 

of the basis { }1,..., Ne e , say kv = e .  For this choice of u  and v  we obtain from (18.2) 
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1 1

M M

k k k kA A Aα α β β α α
β β

β β

δ
= =

⋅ = ⋅ = =∑ ∑b Ae b b  (18.5) 

 

and likewise from (18.3) 

 

 
1 1

N N
l l

k l k l k k
l l

A A Aα α α αδ∗ ∗ ∗ ∗

= =

⎛ ⎞⋅ = ⋅ = =⎜ ⎟
⎝ ⎠
∑ ∑A b e e e  (18.6) 

 

Comparing (18.5) and (18.6) with (18.4), we see that the linear transformation ∗A  defined by 
(18.3) satisfies the condition 

 

k k
α α∗⋅ = ⋅b Ae A b e  

 

for all 1,..., Mα =  and 1,...,k N= , and hence also the condition (18.1) for all ∈u U  and ∈v V . 

 

Uniqueness.  Assume that there are two functions 1 :∗ →A U V  and 2 :∗ →A U V  which 
satisfy (18.1).  Then 

 

( ) ( ) ( )1 2
∗ ∗⋅ = ⋅ = ⋅A u v A u v u Av  

 

Thus 

( )1 2 0∗ ∗− ⋅ =A u A u v  

 

Since the last formula must hold for all ∈v V , the inner product properties show that 

 

1 2
∗ ∗=A u A u  

 

This formula must hold for every ∈u U  and thus 

 

1 2
∗ ∗=A A  
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As a corollary to the preceding theorem we see that the adjoint ∗A  of a linear 
transformation A  is a linear transformation.  Further, the matrix kA α∗⎡ ⎤⎣ ⎦  that characterizes ∗A  

by (18.3) is related to the matrix kA α⎡ ⎤⎣ ⎦  that characterizes A  by (18.2).  Notice the choice of 
bases in (18.2) and (18.3), however. 

 

Other properties of the adjoint are summarized in the following theorem. 

 

Theorem 18.2. 
  (18.7) 

(a) ( )∗ ∗ ∗+ = +A B A B          (18.7)1 

(b) ( )∗ ∗ ∗=AB B A           (18.7)2 

(c) ( )λ λ∗ ∗=A A           (18.7)3 

(d) ∗ =0 0            (18.7)4 
(e) ∗ =I I            (18.7)5 
(f) ( )∗∗ =A A           (18.7)6 

 
and 

(g) If A  is nonsingular, so is *A and in addition, 
 
 * 1 1− − ∗=A A  (18.8) 

 
In (a), A and B  are in ( );L V U ; in (b), ( );∈B L V U and ( );∈A L U W ; in (c), ;λ ∈C  

in(d), 0  is the zero element; and in (e), I  is the identity element in ( );L V V .  The proof of the 
above theorem is straightforward and is left as an exercise for the reader. 

 

Theorem 18.3.  If : →A V U  is a linear transformation, then V and U  have the orthogonal 
decompositions 

 

 ( ) ( )R K∗= ⊕A AV  (18.9) 

 

and 
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 ( ) ( )R K ∗= ⊕A AU  (18.10) 

 

where 

 

 ( ) ( )R K ⊥∗ =A A  (18.11) 

 

and 

 

 ( ) ( )R K
⊥∗=A A  (18.12) 

 

Proof. We shall prove (18.11) and (18.12) and then apply Theorem 13.4 to obtain (18.9) and 
(18.10).  Let u  be and arbitrary element in ( )K ∗A .  Then for every ∈v V , 

( ) ( ) 0∗⋅ = ⋅ =u Av A u v .  Thus ( )K ∗A  is contained in ( )R ⊥A .  Conversely, take ( )R ⊥∈u A ; 

then for every ∈v V , ( ) ( ) 0∗ ⋅ = ⋅ =A u v u Av , and thus ( )∗ =A u 0 , which implies that 

( )K ∗∈u A  and that ( )R ⊥A  is in ( )K ∗A .  Therefore, ( ) ( )R K⊥ ∗=A A , which by Exercise 13.3 

implies (18.11).  Equation (18.11) follows by an identical argument with Α  replaced by ∗A .  As 
mentioned above, (18.9) and (18.10) now follow from Theorem 13.4. 

 

Theorem 18.4.  Given a linear transformation : →A V U , then Α  and ∗A  have the same rank.  

 

Proof. By application of Theorems 10.9 and 18.3, 

 

( ) ( )dim dim dimR K= +*A AV  

 

However, by (15.6), 
 

( ) ( )dim dim dimR K= +A AV  

 

Therefore, 
 
 ( ) ( )dim dimR R= *A A  (18.13) 
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which is the desired result. 

 

An endomorphism ( );∈A L V V  is called Hermitian if ∗A = A and skew-Hermitian if 
∗= −A A .  It should be pointed out, however, that the terms symmetric and skew-symmetric are 

often used instead of Hermitian and skew-Hermitian for linear transformations defined on real 
inner product spaces.  The following theorem, which follows directly from the above definitions 
and from (18.1), characterizes Hermitian and skew-Hermitian endomorphisms. 

 

Theorem 18.5.  An endomorphism A is Hermitian if and only if  

 

 ( ) ( )1 2 1 2⋅ = ⋅v Av Av v  (18.14) 

 

for all 1 2, ,∈v v V  and it is skew-Hermitian if and only if 

 

 ( ) ( )1 2 1 2⋅ = − ⋅v Av Av v  (18.15) 

 

for all 1 2, ∈v v V . 

 

We shall denote by ( );S V V and ( );A V V  the subsets of ( );L V V  defined by 

 

( ) ( ){ }; ;  and ∗= ∈ =A A A AS V V L V V  

 

and 

 

( ) ( ){ }; ;  and ∗= ∈ = −A A A AA V V L V V  

 

In the special case of a real inner product space, it is easy to show that ( );S V V  and ( );A V V  

are both subspaces of ( );L V V .  In particular, ( );L V V  has the following decomposition: 

 

Theorem 18.6.  For a real inner product space, 
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 ( ) ( ) ( ); ; ;= ⊕L V V S V V A V V  (18.16) 

 

Proof. An arbitrary element ( );∈L L V V can always be written 

 

 L = S + A  (18.17) 

 

where 

 

 ( ) ( )1 1and
2 2

T T T T= + = = − = −S L L S A L L A  

 

Here the superscript T  denotes that transpose, which is the specialization of the adjoint for a real 
inner product space.  Since ( );∈S S V V and ( );∈A A V V , (18.17) shows that 

 

( ) ( ) ( ); ; ;=L V V S V V + A V V  

 

Now, let ( ) ( ); ;∈ ∩B S V V A V V .  Then B  must satisfy the conditions 

 
T=B B   and  T= −B B  

 

Thus, =B 0 and the proof is complete. 

 

We shall see in the exercises at the end of Section 19 that a real inner product can be 
defined on ( );L V V  in such a fashion that the subspace of symmetric endomorphisms is the 
orthogonal complement of the subspace of skew-symmetric endomorphisms.  For complex inner 
product spaces, however, ( );S V V  and ( );A V V  are not subspaces of ( );L V V .  For 

example, if  ( );∈A S V V , then iA  is in ( );A V V  because  ( )i i i i∗ ∗ ∗= = − = −A A A A , where 
(18.7)3 has been used. 

 

A linear transformation ( );∈A L V U  is unitary if  
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 2 1 2 1⋅ = ⋅Av Av v v  (18.18) 

 

for all 1 2, ∈v v V .  However, for a real inner product space the above condition defines A  to be 
orthogonal.  Essentially, (18.18) asserts that unitary (or orthogonal) linear transformations 
preserve the inner products. 

 

Theorem 18.7.  If A  is unitary, then it is regular. 
 
Proof. Take 1 2= =v v v  in (18.18), and by (12.1) we find 
 
 =Av v  (18.19) 

 
Thus, if Av = 0 , then v = 0 , which proves the theorem. 

 

Theorem 18.8.  ( );∈A L V U  is unitary if and only if =Av v  for all ∈v V . 

 

Proof. If A  is unitary, we saw in the proof of Theorem 18.7 that =Av v .  Thus, we shall 

assume =Av v  for all ∈v V and attempt to derive (18.18).  This derivation is routine 
because, by the polar identity of Exercise 12.1, 

 

( ) ( ) ( ) ( )2 2 2 2
1 2 1 2 1 2 1 22 1i i i⋅ = + + + − + +Av Av A v v A v v Av Av  

 

Therefore, by (18.19), 

 

( ) ( )2 2 2 2
1 2 1 2 1 2 1 2 1 22 1 2i i i⋅ = + + + − + + = ⋅Av Av v v v v v v v v  

 

This proof cannot be specialized directly to a real inner product space since the polar identity is 
valid for a complex inner product space only.  We leave the proof for the real case as an exercise. 

 

If we require V  and U  to have the same dimension, then Theorem 15.10 ensures that a 
unitary transformation A  is an isomorphism.  In the case we can use (18.1) and (18.18) and 
conclude the following 
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Theorem 18.9.  Given a linear transformation ( );∈A L V U , where dim dim=V U ; then A  is 
unitary if and only if it is an isomorphism whose inverse satisfies 

 

 1− ∗=A A  (18.20) 

 

Recall from Theorem 15.5 that a regular linear transformation maps linearly independent 
vectors into linearly independent vectors.  Therefore if { }1, , Ne e…  is a basis for V  and 

( );∈A L V U  is regular, then { }1, , NAe Ae…  is basis for ( )R A  which is a subspace in U .  If 

{ }1, , Ne e…  is orthonormal and A  is unitary, it easily follows that { }1, , NAe Ae…  is also 
orthonormal.  Thus the image of an orthonormal basis under a unitary transformation is also an 
orthonormal set.  Conversely, a linear transformation which sends an orthonormal basis of V  
into an orthonormal basis of ( )R A  must be unitary.  To prove this assertion, let { }1, , Ne e…  be 

orthonormal, and let { }1, , Nb b… be an orthonormal set in ,U  where k k=b Ae , 1, ,k N= … .  
Then, if 1v  and 2v are arbitrary elements of V , 

 

1 1 2 2
1 1

and
N N

k l
k l

k l

v v
= =

= =∑ ∑v e v e  

 

we have  

 

 1 1 2 2
1 1

and
N N

k k
k l

k l

v v
= =

= =∑ ∑Av b Av b  

 

and, thus, 

 

 1 2 1 22 1 22 1 2
1 1 1

N N N
k l k l

k l
k l k

v v v v
= = =

⋅ = ⋅ = = ⋅∑∑ ∑Av Av b b v v  (18.21) 

 

Equation (18.21) establishes the desired result. 

 

Recall that in Section 17 we introduced the general linear group ( )GL V .  We define a 

subset ( )U V of ( )GL V by 
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( ) ( ){ }1and − ∗= ∈ =A A A AU V GL V  

 

which is easily shown to be a subgroup.  This subgroup is called the unitary group ofV . 

 

In Section 17 we have defined projections : →P V V  by the characteristic property 

 

 2 =P P  (18.22) 

 

In particular, we have showed in Theorem 17.3 that V has the decomposition 

 

 ( ) ( )R K= ⊕P PV  (18.23) 

 

There are several additional properties of projections which are worthy of discussion here. 

 

Theorem 18.10.  If P  is a projection, then ( ) ( )R K ⊥∗= ⇔ =P P P P . 

 

Proof. First take ∗=P P  and let v  be an arbitrary element ofV .  Then by (18.23) 

 
v = u + w  

 

where u = Pv  and −w = v Pv .  Then 

 

( )
( ) ( )
( ) ( )
( ) ( )2

0

∗

⋅ ⋅ −

= ⋅ − ⋅

= ⋅ − ⋅

= ⋅ − ⋅

=

u w = Pv v Pv

Pv v Pv Pv

Pv v P Pv v

Pv v P v v

 

 

where (18.22), (18.1), and the assumption that P  is Hermitian have been used.  Conversely, 
assume 0⋅ =u w  for all ( )R∈u P  and all ( )K∈w P .  Then if 1v  and 2v  are arbitrary vectors in 
V  
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( )1 2 1 2 2 2 1 2⋅ = ⋅ + − = ⋅Pv v Pv Pv v Pv Pv Pv  

 

and, by interchanging 1v  and 2v  

 

2 1 2 1⋅ = ⋅Pv v Pv Pv  

 
Therefore, 

( )1 2 2 1 1 2⋅ = ⋅ = ⋅Pv v Pv v v Pv  

 

This last result and Theorem 18.5 show that P  is Hermitian. 

 

Because of Theorem 18.10, Hermitian projections are called perpendicular projections. 
In Section 13 we introduced the concept of an orthogonal complement of a subspace of an inner 
product space. A similar concept is that of an orthogonal pair of subspaces.  If 1V  and 2V are 
subspaces of V , they are orthogonal, written 1 2⊥V V , if 1 2 0⋅ =v v  for all 1 1∈v V  and 2 2∈v V  

 

Theorem 18.11.  If 1V  and 2V  are subspaces of V , 1P  is the perpendicular projection of V onto 

1V , and 2P  is the perpendicular projection of P onto 2V , then 1 2⊥V V  if and only if 2 1 =P P 0 . 

 

Proof. Assume that 1 2⊥V V ; then 1 2
⊥∈P v V  for all ∈v V  and thus 2 1 =P P v 0  for all ∈v V  

which yields 2 1 =P P 0 .  Next assume 2 1 =P P 0 ; this implies that 1 2
⊥∈P v V  for every ∈v V .  

Therefore 1V  is contained in 2
⊥V  and, as a result, 1 2⊥V V . 

 

 

Exercises 
 

18.1 Prove Theorem 18.2 

18.2 For a real inner product space, prove that ( ) ( )1dim ; 1
2

N N= +S V V  and 

( ) ( )1dim ; 1
2

N N= −A V V , where dimN = V .   

18.3 Define ( ) ( ): ; ;→Φ L V V L V V  and ( ) ( ): ; ;→Ψ L V V L V V  by 
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( )1
2

T=ΦA A + A  and  ( )1
2

T= −ΨA A A  

 

where V  is a real inner product space.  Show that Φ  and Ψ  are projections. 

18.4 Let 1V  and 2V be subspaces of V  and let 1P  be the perpendicular projection of V  onto 

1V and 2P be the perpendicular projection of V onto 2V .  Show that 1 2+P P  is a 
perpendicular projection if and only if 1 2⊥V V . 

18.5 Let 1P  and 2P  be the projections introduced in Exercise 18.4.  Show that 1 2−P P  is a 
projection if and only if 2V  is a subspace of 1V . 

18.6 Show that ( );∈A L V V  is skew-symmetric =0⇔ ⋅v Av  for all ∈v V , where V  is real 
vector space 

18.7 A linear transformation ( );∈A L V V  is normal if ∗ ∗=A A AA .  Show that A  is normal 
if and only if 

 
1 2 1 2

∗ ∗⋅ = ⋅Av Av A v A v  

 

for all 1 2,v v  in V . 

18.8 Show that ( )( )∗⋅v A + A v  is real for every ∈v V  and every ( );∈A L V V . 

18.9 Show that every linear transformation ( );∈A L V V , where V  is a complex inner 
product space, has the unique decomposition 

 
i+A = B C  

 

where B and C  are both Hermitian. 

18.10 Prove Theorem 18.8 for real inner product spaces. Hint: A polar identity for a real inner 
product space is  

 
2 2 22 ⋅ = + − −u v u v u v  

 

18.11 Let A  be an endomorphism of 3R  whose matrix relative to the standard basis is  
 

1 2 1
4 6 3
1 0 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦
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What is ( )K A ?  What is ( )TR A ?  Check the results of Theorem 18.3 for this particular 
endomorphism. 
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Section 19. Component Formulas 
 

In this section we shall introduce the components of a linear transformation and several 
related ideas.  Let ( );∈A L V U , { }1, , Ne e…  a basis forV , and { }1, , Mb b…  a basis for U .  The 
vector kAe  is in U  and, as a result, can be expanded in a basis of U  in the form  

 

 
1

M

k kA α
α

α=

= ∑Ae b  (19.1) 

 

The MN  scalars kA α  ( )1, , ; 1, ,M k Nα = =… …  are called the components of A  with respect to 

the bases.  If { }1, , Mb b…  is a basis of  U  which is reciprocal to{ }1, , Mb b… , (19.1) yields 

 

 ( )k kAα α= ⋅Ae b  (19.2) 

 

Under change of bases in V  and U defined by [cf. (14.18) and (14.22)1] 

 

 
1

ˆ ˆ
N

j
k k j

j

T
=

= ∑e e  (19.3) 

 

and 

 

 
1

ˆ
M

Sα α β
β

β =

= ∑b b  (19.4) 

 

(19.2) can be used to derive the following transformation rule for the components of A : 

 

    
1 1

ˆ ˆ
M N

j
k j k

j

A S A Tα α β
β

β = =

= ∑∑  (19.5) 

 

where 
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( )   
ˆ ˆˆj jAβ β= ⋅Ae b  

 

If ( );∈A L V V , (19.1) and (19.5) specialize to 

 

 
1

N
q

k k q
q

A
=

= ∑Ae e  (19.6) 

 

and 

 

   
, 1

ˆ ˆ
N

q q s j
k s j k

s j

A T A T
=

= ∑  (19.7) 

 

The trace of an endomorphism is a function ( )tr : ; →L V V C defined by 

 

 
1

tr
N

k
k

k

A
=

= ∑A  (19.8) 

 

It easily follows from (19.7) and (14.21) that tr A  is independent of the choice of basis ofV .  
Later we shall give a definition of the trace which does not employ the use of a basis. 

 

If ( );∈A L V U , then ( );∗ ∈A L U V .  The components of ∗A are obtained by the same 
logic as was used in obtaining (19.1).  For example, 

 

 
1

N
k

k
k

Aα α∗ ∗

=

= ∑A b e  (19.9) 

 

where the MN  scalars kA α∗  ( )1,..., ; 1,...,k N Mα= =  are the components of ∗A  with respect to 

{ }1,..., Mb b and { }1,..., Ne e .  From the proof of Theorem 18.1 we can relate these components of 
∗A  to those of A in (19.1);  namely, 
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 s sA Aα α∗ =  (19.10) 

 

If the inner product spaces U  and V  are real, (19.10) reduces to  

 

 T
s sA Aα α=  (19.11) 

 

By the same logic which produced (19.1), we can also write 

 

 
1

M

k kA α
α

α=

= ∑Ae b  (19.12) 

 

and  

 

 
1 1

M M
k k

k A Aα α
α α

α α= =

= =∑ ∑Ae b b  (19.13) 

 

If we use (14.6) and (14.9), the various components of A  are related by  

 

 
1 1 1 1

N M N M
s s

k ks ks k
s s

A A e b A e A bα α βα βα
β β

β β= = = =

= = =∑ ∑∑ ∑  (19.14) 

 

where 

 

 andb b b bαβ α β βα
αβ α β βα= ⋅ = = ⋅ =b b b b  (19.15) 

 

A similar set of formulas holds for the components of ∗A .  Equations (19.14) and (19.10) can be 
used to obtain these formulas.  The transformation rules for the components defined by (19.12) 
and (19.13) are easily established to be 

 

 ( )
1 1

ˆ ˆ ˆ
M N

j
k k j k

j

A S A Tβ
α α α β

β = =

= ⋅ = ∑∑Ae b  (19.16) 
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 ( )
1 1

ˆ
M N

k k j k
j

j

A S A Tα α α β
β

β = =

= ⋅ = ∑∑Ae b  (19.17) 

 

and  
 

 ( )
1 1

ˆ ˆ
M N

k k j k
j

j

A S A Tβ
α α α β

β = =

= ⋅ = ∑∑Ae b  (19.18) 

 
where 
 
 ( )ˆ ˆˆj jAβ β= ⋅Ae b  (19.19) 

 
 
 ( )ˆ ˆˆj jAβ β= ⋅Ae b  (19.20) 

 
and 

 

 ( )ˆ ˆˆj jAβ β= ⋅Ae b  (19.21) 

 

The quantities Ŝ β
α  introduced in (19.16) and (19.18) above are related to the quantities Sα

β  by 
formulas like (14.20) and (14.21). 

 

 

Exercises 
 

19.1 Express (18.20), written in the form ∗Α A = I , in components. 
19.2 Verify (19.14) 
19.3 Establish the following properties of the trace of endomorphisms of V : 
 

( )
( )

tr dim
tr tr tr

tr tr
tr tr
λ λ

=

= +

=

=

I
A + B A B

A A
AB BA

V
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and  

tr tr∗ =A A  

 

19.4 If ( ), ;∈A B L V V , where V  is an inner product space, define 
 

tr ∗⋅ =A B AB  

 

Show that this definition makes ( );L V V  into an inner product space. 

19.5 In the special case when V  is a real inner product space, show that the inner product of 
Exercise 19.4 implies that ( ) ( ); ;⊥A V V S V V . 

19.6 Verify formulas (19.16)-(19.18). 
19.7 Use the results of Exercise 14.6 along with (19.14) to derive the transformation rules 

(19.16)-(19.18) 
19.8 Given an endomorphism ( );∈A L V V , show that  
 

1

tr
N

k
k

k

A
=

= ∑A  

 

where ( )q q
k kA = ⋅Ae e .  Thus, we can compute the trace of an endomorphism from (19.8) 

or from the formula above and be assured the same result is obtained in both cases.  Of 
course, the formula above is also independent of the basis ofV . 

19.9 Exercise 19.8 shows that tr A can be computed from two of the four possible sets of 

components of A .  Show that the quantities 
1

N kk
k

A
=∑  and 

1

N
kkk

A
=∑  are not equal to each 

other in general and, moreover, do not equal tr A .  In addition, show that each of these 
quantities depends upon the choice of basis of V . 

19.10 Show that  

 

( )

( )

k k k

k k k

A A

A A

α α α

α α α

∗ ∗

∗ ∗

= ⋅ =

= ⋅ =

A b e

A b e

 

 

and 
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( )k k kA Aα α α
∗ ∗= ⋅ =A b e
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Chapter 5 
 
 
DETERMINANTS AND MATRICES 
 
 

In Chapter 0 we introduced the concept of a matrix and examined certain manipulations one 
can carry out with matrices.  In Section 7 we indicated that the set of 2 by 2 matrices with real 
numbers for its elements forms a ring with respect to the operations of matrix addition and matrix 
multiplication.  In this chapter we shall consider further the concept of a matrix and its relation to a 
linear transformation. 
 
Section 20. The Generalized Kronecker Deltas and the Summation Convention 
 

Recall that a M N×  matrix is an array written in any one of the forms 
 

 

1 1
11 11

11

1 11 1
1 1

1 1

,

,

NN

j j

M M
M MNN

N N

j j

N M MN
M M

A AA A

A A A A

A AA A

A A A A

A A A A

A A A A

α
α

α
α

⋅ ⋅ ⋅⎡ ⎤⋅ ⋅ ⋅ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⋅⋅⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎡ ⎤ ⎡ ⎤= = = ⋅ =⎢ ⎥⋅ ⎣ ⎦⎣ ⎦⎢ ⎥ ⎢ ⎥⋅⋅⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⋅ ⋅ ⋅⋅ ⋅ ⋅ ⎣ ⎦⎣ ⎦

⎡ ⎤ ⎡ ⎤⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⎢ ⎥ ⎢ ⎥⋅ ⋅⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎡ ⎤ ⎡ ⎤= = = =⋅ ⋅⎣ ⎦ ⎣ ⎦⎢ ⎥ ⎢ ⎥
⋅ ⋅⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⋅ ⋅ ⋅ ⋅ ⋅ ⋅⎣ ⎦⎣ ⎦

 (20.1) 

 
Throughout this section the placement of the indices is of no consequence.  The components of the 
matrix are allowed to be complex numbers.  The set of M N×  matrices shall be denoted by M N×M .  
It is an elementary exercise to show that the rules of addition and scalar multiplication insure that 

M N×M  is a vector space.  The reader will recall that in Section 8 we used the set M N×M  as one of 
several examples of a vector space.  We leave as an exercise to the reader the fact that the 
dimension of M N×M  is MN . 
 

In order to give a definition of a determinant of a square matrix, we need to define a 
permutation and consider certain of its properties.  Consider a set of K  elements{ }1,..., Kα α .  A 

permutation is a one-to-one function from { }1,..., Kα α  to{ }1,..., Kα α .  If σ  is a permutation, it is 
customary to write 
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 1 2

1 2( ) ( ) ( )
K

K

α α α
σ

σ α σ α σ α
⋅ ⋅ ⋅⎛ ⎞

= ⎜ ⎟⋅ ⋅ ⋅⎝ ⎠
 (20.2) 

 
It is a known result in algebra that permutations can be classified into even and odd ones:  The 
permutation σ  in (20.2) is even if an even number of pairwise interchanges of the bottom row is 
required to order the bottom row exactly like the top row, and σ  is odd if  that number is odd.  For 
a given permutation σ , the number of  pairwise interchanges required to order the bottom row the 
same as  the top row is not unique, but it is proved in algebra that those numbers are either all even 
or all odd.  Therefore the definition forσ  to be even or odd is meaningful.  For example, the 
permutation 
 

 
1 2 3
2 1 3

σ ⎛ ⎞
= ⎜ ⎟
⎝ ⎠

 

 
is odd, while the permutation 
 

 
1 2 3
2 3 1

σ ⎛ ⎞
= ⎜ ⎟
⎝ ⎠

 

 
is even. 
 
 The parity of σ , denoted by σε , is defined by 
 

 
1 if  is an even permutation

-1 if   is an odd permutation
σ

σ
ε

σ

+⎧
⎪= ⎨
⎪⎩

 

 
All of the applications of permutations we shall have are for permutations defined on  ( )K K N≤  
positive integers selected from the set of N  positive integers{ }1,2,3,..., N .  Let { }1,..., Ki i  and 

{ }1,..., Kj j  be two subsets of { }1,2,3,..., N .  If we order these two subsets and construct the two K -

tuples ( )1,..., Ki i  and ( )1,..., Kj j , we can define the generalized Kronecker delta as follows:  The 
generalized Kronecker delta, denoted by 
 
 1 2

1 2

...
...

K

K

i i i
j j jδ  

 
is defined by 
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( ) ( )

( ) ( )
{ } { }

1 2

1 2

1 1

1 1

1 1
...
...

0 if the integers ,...,  or ,...,  are not distinct

0 if the integers ,...,  and ,...,  are distinct

   but the sets ,...,  and ,...,  are not equal

 if the intege

K

K

K K

K K

K K
i i i
j j j

i i j j

i i j j

i i j j

σ

δ
ε

=

( ) ( )
{ } { }

1 1

1 1

1 2

1 2

rs ,...,  and ,...,  are distinct

     and the sets ,...,  and ,...,  are equal, where

    

K K

K K

K

K

i i j j

i i j j

i i i
j j j

σ

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪

⋅ ⋅ ⋅⎪ ⎛ ⎞
= ⎜ ⎟⎪ ⋅ ⋅ ⋅⎝ ⎠⎩

 

 
It follows from this definition that the generalized Kronecker delta is zero whenever the 
superscripts are not the same set of integers as the subscripts, or when the superscripts are not 
distinct, or when the subscripts are not distinct.  Naturally, when 1K =  the generalized Kronecker 
delta reduces to the usual one.  As an example, 1 2

1 2

i i
j jδ has the values 

 
 12 12 13 13 11

12 21 12 21 121,     1,     0,     0,     0,     etc.δ δ δ δ δ= = − = = =  
 
It can be shown that there are ! ! ( )!N K N K−  nonzero generalized Kronecker deltas for given 
positive integers K and N . 
 

An ε  symbol is one of a pair of quantities 
 
 1 2 1 2

1 2 1 2

... ... 12...
12... ... ...orN N

N N

i i i i i i N
N j j j j j jε δ ε δ= =  (20.3) 

 
For example, take 3N = ;  then 
 

 

123 312 231

132 321 213

112 221 222 233

1
1

0, etc.

ε ε ε

ε ε ε

ε ε ε ε

= = =

= = = −

= = = =

 

 
As an exercise, the reader is asked to confirm that 
 
 1 1

1 1

... ...
... ...

N N

N N

i i i i
j j j jε ε δ=  (20.4) 

 
 An identity involving the quantity ijq

lmsδ  is 
 

 
1

( 2)
N

ijq ij
lmq lm

q

Nδ δ
=

= −∑  (20.5) 
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To establish this identity, expand the left side of (20.5) in the form 
 

 1
1

1

N
ijq ij ijN
lmq lm lmN

q

δ δ δ
=

= + ⋅ ⋅ ⋅ +∑  (20.6) 

 
Clearly we need to verify (20.5) for the cases i j≠ and { } { }, ,i j l m=  only, since in the remaining 
cases (20.5) reduces to the trivial equation 0 0= .  In the nontrivial cases, exactly two terms on the 
right-hand side of (20.6) are equal to zero:  one for i q=  and one for j q= .  For , ,i j l , and m not 
equal to q , ijq

lmqδ  has the same value as ij
lmδ .  Therefore, 

 

 
1

( 2)
N

ijq ij
lmq lm

q

Nδ δ
=

= −∑  

 
which is the desired result (20.5).  By the same procedure used above, it is clear that 
 

 
1

( 1)
N

ij i
lj l

j

Nδ δ
=

= −∑  (20.7) 

 
Combining (20.5)and (20.7), we have 
 

 
1 1

( 2)( 1)
N N

ijq i
ljq j

j q

N Nδ δ
= =

= − −∑∑  (20.8) 

 
Since 

1

N i
ij

Nδ
=

=∑ , we have from (20.8) 

 

 
1 1 1

!( 2)( 1)( )
( 3)!

N N N
ijq
ijq

i j q

NN N N
N

δ
= = =

= − − =
−∑∑∑  (20.9) 

 
Equation (20.9) is a special case of 
 

 1 2

1 2

1 2

...
...

, ,..., 1

!
( )!

K

K

K

N
i i i
i i i

i i i

N
N K

δ
=

=
−∑  (20.10) 

 
Several other numerical relationships are 
 

 1 1 1

1 1 1

1 2

... ... ...

... ... ...
, ,..., 1

( )!
( )!

R R K R

R R K R

R R K

N
i i i i i i
j j i i j j

i i i

N R
N K

δ δ+

+

+ + =

−
=

−∑  (20.11) 

 

 1 1 1

1 1 1

1

... ... ...
... ... ...

,..., 1

( )!K K N K

K K N K

K N

N
i i i i i i

j j i i j j
i i

N Kε ε δ+

+

+ =

= −∑  (20.12) 
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 1 1 1 1 1

1

1

... ... ... ... ...
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,..., 1

( )!K K N K N K K N

K N

K N

N
i i i i j j i i j j

i i
i i

N Kε δ ε+ + +

+

+ =

= −∑  (20.13) 

 

 1 1 1 1 1

1 1 1 1 1

1
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( )!K K R K R K K R

K K R K R K K R

K R

N
i i i i j j i i i i
j j j j l l j j l l

j j

R Kδ δ δ+ + +

+ + +

+ =

= −∑  (20.14) 

 

 1 1 1 1

1 1 1 1

1 1

... ... ... ...

... ... ... ...
,..., 1 ,..., 1

( )! ( )!
( )!

K K R K R K

K K R K R K

K R K R

N N
i i i i j j i i
j j j j i i j j

j j i i

N K R K
N R

δ δ δ+ +

+ +

+ += =

−
= −

−∑ ∑  (20.15) 

 
It is possible to simplify the formal appearance of many  of our equations if we adopt a 

summation convention:  We automatically sum every repeated index without writing the 
summation sign.  For example, (20.5) is written 
 
 ( 2)ijq ij

lmq lmNδ δ= −  (20.16) 
 
The occurrence of the subscript q and the superscript q implies the summation indicated in (20.5).  
We shall try to arrange things so that we always sum a superscript on a subscript.  It is important to 
know the range of a given summation, so we shall use the summation convention only when the 
range of summation is understood.  Also, observe that the repeated indices are dummy indices in 
the sense that it is unimportant which symbol is used for them.  For example, 
 
 ijs ijt ijq

lms lmt lmqδ δ δ= =  
 
Naturally there is no meaning to the occurrence of the same index more than twice in a given term.  
Other than the summation or dummy indices, many equations have free indices whose values in the 
given range { }1,..., N  are arbitrary.  For example, the indices , ,j k l  and m are free indices in 
(20.16).  Notice that every term in a given equation must have the same free indices; otherwise, the 
equation is meaningless. 
 

The summation convention will be adopted in the remaining portion of this text.  If we feel 
it might be confusing in some context, summations will be indicated by the usual summation sign. 
 
 
Exercises 
 
20.1 Verify equation (20.4). 
20.2 Prove that dim M N MN× =M . 
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Section 21. Determinants 
 

In this section we shall use the generalized Kronecker deltas and theε symbols to define the 
determinant of a square matrix. 
 

The determinant of the N N×  matrix ijA A⎡ ⎤= ⎣ ⎦ , written det A , is a complex number 
defined by 
 

 1

1 2

11 12 1

21 22 2

31
...

1 2

1 2

det N

N

N

N

i i
i i i N

N N NN

A A A
A A A
A

A A A A

A A A

ε

⋅ ⋅ ⋅
⋅ ⋅ ⋅

= ⋅ = ⋅ ⋅ ⋅
⋅
⋅

⋅ ⋅ ⋅

 (21.1) 

 
where all summations are from 1 to N.  If the elements of the matrix are written ijA⎡ ⎤⎣ ⎦ , its 
determinant is defined to be 
 

 1 2

1

11 12 1

21 22 2

1 2
...

1 2

det N

N

N

N

i Ni i
i i

N N NN

A A A
A A A

A A A A

A A A

ε

⋅ ⋅ ⋅
⋅ ⋅ ⋅

⋅
= = ⋅ ⋅ ⋅

⋅
⋅

⋅ ⋅ ⋅

 (21.2) 

 
Likewise, if the elements of the matrix are written i

jA⎡ ⎤⎣ ⎦  its determinant is defined by 
 

 1 2

1

1 1 1
1 2

2 2 2
1 2

... 1 2

1 2

det N

N

N

N

ii i
i i N

N N N
N

A A A
A A A

A A A A

A A A

ε

⋅ ⋅ ⋅
⋅ ⋅ ⋅

⋅
= = ⋅ ⋅ ⋅

⋅
⋅

⋅ ⋅ ⋅

 (21.3) 
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A similar formula holds when the matrix is written j
iA A⎡ ⎤= ⎣ ⎦ .  The generalized Kronecker delta 

can be written as the determinant of ordinary Kronecker deltas.  For example, one can show, using 
(21.3), that 
 

 
i i

ij i j i jk l
kl k l l kj j

k l

δ δ
δ δ δ δ δ

δ δ
= = −  (21.4) 

 
Equation (21.4) is a special case of the general result 
 

 

1 1 1

1 2

2 2 2

1 2

1

1

1

...

...

K

K

K

K

K K

K

i i i
j j j
i i i
j j j

i i
j j

i i
j j

δ δ δ
δ δ δ

δ

δ δ

⋅ ⋅ ⋅
⋅ ⋅ ⋅

⋅
=

⋅
⋅

⋅ ⋅ ⋅ ⋅

 (21.5) 

 
It is possible to use (21.1)-(21.3) to show that 
 
 1

1 1 1

...
... det N

N N N

i i
j j i j i jA A Aε ε= ⋅ ⋅ ⋅  (21.6) 

 
 1 1 1

1

...
...detN N N

N

j j i ji j
i iA A Aε ε= ⋅ ⋅ ⋅  (21.7) 

and 
 
 1

1 1 1... ...det N

N N N

ii
j j i i j jA A Aε ε= ⋅ ⋅ ⋅  (21.8) 

 
It is possible to use (21.6)-(21.8) and (20.10) with N K=  to show that 
 

 1 1

1 1

... ...1det
!

N N

N N

j j i i
i j i jA A A

N
ε ε= ⋅ ⋅ ⋅  (21.9) 

 

 1 1

1 1... ...
1det

!
N N

N N

i ji j
j j i iA A A

N
ε ε= ⋅ ⋅ ⋅  (21.10) 

 
and 
 

 1 1

1 1

...
...

1det
!

N N

N N

j j ii
i i j jA A A

N
δ= ⋅⋅ ⋅  (21.11) 

 
Equations (21.9), (21.10) and (21.11) confirm the well-known result that a matrix and its transpose 
have the same determinant.  The reader is cautioned that the transpose mentioned here is that of the 
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matrix and not of a linear transformation.  By use of this fact it follows that (21.1)-(21.3) could 
have been written 
 
 1

1

...
1det N

N

i i
i NiA A Aε= ⋅ ⋅ ⋅  (21.12) 

 
 1

1

1
...det N

N

Nii
i iA A Aε= ⋅ ⋅ ⋅  (21.13) 

 
and 
 
 1

1

... 1det N

N

i i N
i iA A Aε= ⋅ ⋅ ⋅  (21.14) 

 
A similar logic also yields 
 
 1

1 1 1

...
... det N

N N N

i i
j j j i j iA A Aε ε= ⋅ ⋅ ⋅  (21.15) 

 
 1 1 1

1

...
...detN N N

N

j j j ij i
i iA A Aε ε= ⋅ ⋅ ⋅  (21.16) 

and 
 
 1 1 1

1

... ...detN N N

N

j j i i jj
i iA A Aε ε= ⋅ ⋅ ⋅  (21.17) 

 
The cofactor of the element s

tA  in the matrix i
jA A⎡ ⎤= ⎣ ⎦  is defined by 

 
 1 11

1 2 ... 1 1 1cof t t t N

N

i i i iis
t i i i t s t NA A A A Aε δ− +

− += ⋅ ⋅ ⋅ ⋅ ⋅ ⋅  (21.18) 
 
As an illustration of the application of (21.18), let 3N =  and 1s t= = .  Then 
 

 

1
1 1 2 3

1 2 3

2 3 3 2
2 3 2 3

cof i j k
ijk

j k
jk

A A A

A A

A A A A

ε δ

ε

=

=

= −

 

 
Theorem 21.1. 
 

 
1 1

cof det and   cof det
N N

s s t q s q
q t q t t s

s t

A A A A A Aδ δ
= =

= =∑ ∑  (21.19) 

 
Proof.  It follows from (21.18) that 
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ε

ε δ
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− +
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− +
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=

∑

 

 
where the definition (21.3) has been used.  Equation (21.19)2 follows by a similar argument. 
 

Equations (21.19) represent the classical Laplace expansion of a determinant.  In Chapter 0 
we promised to present a  proof for (0.29) for matrices of arbitrary order.  Equations (21.19) fulfill 
this promise. 
 
 
Exercises 
 
21.1 Verify equation (21.4). 
21.2 Verify equations (21.6)-(21.8). 
21.3 Verify equationa (21.9)-(21.11). 
21.4 Show that the cofactor of an element of an N N×  matrix A  can be written 
 

 11 2

1 1 2

...
...

1cof
( 1)!

N N

N N

j j ii i
j i i j jA A A

N
δ= ⋅⋅ ⋅

−
 (21.20) 

 
21.5 If A  and B  are N N×  matrices use (21.8) to prove that 
 
 det det detAB A B=  
 
21.6 If I  is the N N×  identity matrix show that det 1I = . 
21.7 If A  is a nonsingular matrix show, that det 0A ≠  and that 
 

 1 1det
det

A
A

− =  

 
21.8 If A  is an N N×  matrix, we define its K K×  minor (1 )K N≤ ≤  to  be the determinant of 

any K K×  submatrix of A , e.g., 
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1 1
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1 1 1

1 1 1
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⎢ ⎥

⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦
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 (21.21) 

 
In particular, any element i

jA  of A  is a 1 1× minor of A .  The cofactor of the K K×  minor 
1

1

...
...

K

K

i i
j jA  is defined by 

 

 11 1

1 1 1

......
... ..

1cof
( )!

N NK K

K N K N

j j ii i i
j j i i j jA A A

N K
δ +

+
≡ ⋅ ⋅ ⋅

−
 (21.22) 

 
 
which is equal to the ( ) ( )N K N K− × −  minor complementary to the K K×  minor 1

1

...
...

K

K

i i
j jA  

and is assigned an appropriate sign.  Specifically, if 1( ,..., )K Ni i+  and 1( ,..., )K Nj j+  are 
complementary sets of 1( ,..., )Ki i  and 1( ,..., )Kj j  in (1,..., )N , then 
 

 1 11

1 1 1

... ......
... ... ...cof (no summation)N K NK

K N K N

i i i ii i
j j j j j jA Aδ +

+
=  (21.23) 

  
Clearly (21.22) generalizes (21.20).  Show that the formulas that generalize (21.19) to 
K K×  minors in general are 
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 (21.24) 

  
21.9 If A  is nonsingular, show that 
 
 1 1

1 1

... ...1
... ...(det )cof( )K K

K K

i i j j
j j i iA A A−=  (21.25) 

 
and that 

 

 1 1 1
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i i k k i i
k k j j j j
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In particular, if 1K =  and A  is replaced by 1A−  then (21.25) reduces to 
 

 1 1( ) (det ) cofi j
j iA A A− −=  (21.27) 

 
 
which is equation (0.30). 
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Section 22. The Matrix of a Linear Transformation 
 

In this section we shall introduce the matrix of a linear transformation with respect to a 
basis and investigate certain of its properties.  The formulas of Chapter 0 and Section 21 are purely  
numerical formulas independent of abstract vectors or linear transformations.  Here we show how a 
certain matrix can be associated with a linear transformation, and, more importantly, we show to 
what extent the relationship is basis dependent. 
 

If ( ; )∈A L V U , { }1,..., Ne e is a basis for V , and { }1,..., Mb b  is a basis for U , then we can 
characterize A  by the system (19.1): 
 
 k kAα

α=Ae b  (22.1) 
 
where the summation is in force with the Greek indices ranging from 1 to M. The matrix of A with 
respect to the bases { }1,..., Ne e and { }1,..., Mb b , denoted by ( , , )kM αA e b  is 
 

 

1 1 1
1 2

2 2 2
1 2

1 2

( , , )

N

N

k

M M M
N

A A A
A A A

M

A A A

α

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅ ⋅⎢ ⎥
⎢ ⎥⋅

= ⎢ ⎥
⋅⎢ ⎥

⎢ ⎥⋅
⎢ ⎥

⋅ ⋅ ⋅⎢ ⎥⎣ ⎦

A e b  (22.2) 

 
As the above argument indicates, the matrix of A depends upon the choice of basis for V and U .  
However, unless this point needs to be stressed, we shall often write ( )M A  for the matrix of A  
and the basis dependence is understood.  We can always regard M  as a function 

: ( ; ) M NM ×→L U V M .  It is a simple exercise to confirm that 
 
 ( ) ( ) ( )M M Mλ μ λ μ+ = +A B A B  (22.3) 
 
for all ,λ μ∈C  and , ( ; )∈A B L U V .  Thus M  is a linear transformation.  Since 
 
 ( ) 0M =A  
 
implies =A 0 , M  is one-to-one.  Since ( ; )L U V  and M N×M  have the same dimension (see 
Theorem 16.1: and Exercise 20.2), Theorem 15.10 tells us that M is an automorphism and, thus, 

( ; )L U V  and M N×M  are isomorphic.  The dependence of ( , , )kM αA e b  on the bases can be 
exhibited by use of the transformation rule (19.5).  In matrix form (19.5) is 
 
 1ˆˆ( , , ) ( , , )k kM SM Tα α

−=A e b A e b  (22.4) 
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where S  is the M M× matrix 
 

 

1 1 1
1 2
2 2 2
1 2

1 2

M

M

M M M
M

S S S
S S S

S

S S S

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅ ⋅⎢ ⎥
⎢ ⎥⋅

= ⎢ ⎥
⋅⎢ ⎥

⎢ ⎥⋅
⎢ ⎥

⋅ ⋅ ⋅⎢ ⎥⎣ ⎦

 (22.5) 

 
and T is the N N×  matrix 
 

 

1 1 1
1 2
2 2 2

1 2

1 2

N

N

N N N
N

T T T
T T T

T

T T T

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅ ⋅⎢ ⎥
⎢ ⎥⋅

= ⎢ ⎥
⋅⎢ ⎥

⎢ ⎥⋅
⎢ ⎥

⋅ ⋅ ⋅⎢ ⎥⎣ ⎦

 (22.6) 

 
Of course, in constructing (22.4) from (19.5) we have used the fact expressed by (14.20) and 
(14.21) that the matrix 1T −  has components ˆ j

kT , , 1,...j k N= . 
 

If A  is an endomorphism, the transformation formula (22.4) becomes 
 
 1ˆ ˆ( , , ) ( , , )k q k qM TM T −=A e e A e e  (22.7) 
 
We shall use (22.7) to motivate the concept of the determinant of an endomorphism.  The 
determinant of ( , , )k qM A e e , written det ( , , )k qM A e e , can be computed by (21.3).  It follows from  
(22.7) and Exercises 21.5 and 21.7 that 
 

 
1ˆ ˆdet ( , , ) (det )(det ( , , ))(det )

ˆ ˆdet ( , , )
k q k q

k q

M T M T

M

−=

=

A e e A e e

A e e
 

 
Thus, we obtain the important result that det ( , , )k qM A e e  is independent of the choice of basis for 
V .  With this fact we define the determinant of an endomorphism ( ; )∈A L V V , written det A , by 
 
 det det ( , , )k qM=A A e e  (22.8) 
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By the above argument, we are assured that det A  is a property of A  alone.  In Chapter 8, we shall 
introduce directly a definition for the determinant of an endomorphism without use of a basis. 
 

Given a linear transformation ( ; )∈A L V U , the adjoint * ( ; )∈A L U V * is defined by the 
component formula (19.9)  Consistent with equations (22.1) and (22.2), equation (19.9) implies that  
 

 

* 1 * 2 *
1 1 1

* 1 * 2 *
2 2 2

*

* 1 * 2 *

( , , )

M

M

k

M
N N N

A A A
A A A

M

A A A

α

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅ ⋅⎢ ⎥
⎢ ⎥⋅

= ⎢ ⎥
⋅⎢ ⎥

⎢ ⎥⋅
⎢ ⎥

⋅ ⋅ ⋅⎢ ⎥⎣ ⎦

A b e  (22.9) 

 
Notice that the matrix of *A  is referred to the reciprocal bases { }ke and { }αb .  If we now use 
(19.10) and the definition (22.2) we see that 
 
 *( , , ) ( , , )k T

kM Mα
α=A b e A e b  (22.10) 

 
where the complex conjugate of a matrix is the matrix formed by taking the complex conjugate of 
each component of the given matrix.  Note that in (22.10) we have used the definition of the 
transpose of a matrix in Chapter 0.  Equation (22.10) gives a simple comparison of the component 
matrices of a linear transformation and its adjoint.  If the vector spaces are real, (22.10) reduces to 
 
 ( ) ( )T TM M=A A  (22.11) 
 
where the basis dependence is understood.  For an endomorphism ( ; )∈A L V V , we can use 
(22.10) and (22.8) to show that 
 
 *det det=A A  (22.12) 
 

Given a M N×  matrix kA Aα⎡ ⎤= ⎣ ⎦ , there correspond M 1 N×  row matrices and N 1M ×  
column matrices.  The row rank of the matrix A  is equal to the number of linearly independent 
row matrices and the column rank of A  is equal to the number of linearly independent column 
matrices.  It is a property of matrices, which we shall prove, that the row rank equals the column 
rank.  This common rank in turn is equal to the rank of the linear transformation whose matrix is 
A .  The theorem we shall prove is the following. 
 
Theorem 22.1.  kA Aα⎡ ⎤= ⎣ ⎦  is an M N×  matrix, the row rank of A  equals the column rank of A . 
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Proof.  Let ( ; )∈A L V U  and let ( ) kM A Aα⎡ ⎤= = ⎣ ⎦A  with respect to bases { }1,..., Ne e  for V and 

{ }1,..., Mb b  for U .  We can define a linear transformation : M→B U C  by 
 
 1 2( , ,..., )Mu u u=Bu  
 
where uα

α=u b .  Observe that B  is an isomorphism.  The product BA  is a linear transformation 
M→V C ;  further, 

 
 ( )1 2( ) , ,..., M

k k k k k kA A A A Aα α
α α= = =BAe B b Bb  

 
Therefore kBAe  is an M -tuple whose elements are those of the kth column matrix of A .  This 
means dim ( )R BA = column rank of A .  Since B is an isomorphism, BA  and A  have the same 
rank and thus column rank of dim ( )A R= A .  A similar argument applied to the adjoint mapping 

*A  shows that row rank of *dim ( )A R= A .  If we now apply Theorem 18.4 we find the desired 
result. 
 

In what follows we shall only refer to the rank of a matrix rather than to the row or the 
column rank. 
 
Theorem 22.2.  An endomorphism A  is regular if and only if det 0≠A . 
 
Proof. If det 0≠A , equations (21.19) or, equivalently, equation (0.30), provide us with a formula 
for the direct calculation of 1−A  so A  is regular.  If A  is regular, then 1−A  exists, and the results 
of Exercises 22.3 and 21.7 show that det 0≠A . 
 

Before closing this section, we mention here that among the four component matrices 

kAα⎡ ⎤⎣ ⎦ , [ ]kAα , kAα⎡ ⎤⎣ ⎦ , and kAα⎡ ⎤⎣ ⎦  defined by (19.2), (19.16), (19.17), and (19.18), respectively, the 

first one, kAα⎡ ⎤⎣ ⎦ , is most frequently used.  For example, it is that particular component matrix of an 
endomorphism A  that we used to define the determinant of A , as shown in (22.8).  In the sequel, 
if we refer to the component matrix of a transformation or an endomorphism, then unless otherwise 
specified, we mean the component matrix of the first kind. 
 
 
Exercises 
 
22.1 If A  and B  are endomorphisms, show that 
 
 ( ) ( ) ( ) and det det detM M M= =AB A B AB A B  
 
22.2 If : →A V V  is a skew-Hermitian endomorphism, show that 
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 dimdet ( 1) det= −A AV  
 
22.3 If ( ; )∈A L V V  is regular, show that 
 
 1 1( ) ( )M M− −=A A  
 
22.4 If ( ; )∈P L V V  is a projection, show that there exists a basis for V such that 
 

 

1
1
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1
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0
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0
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R R
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N R

⎡ ⎤ ⎫
⎢ ⎥ ⎪
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=⎢ ⎥ ⎬⋅⎢ ⎥ ⎪

⎢ ⎥ ⎪⋅
⎢ ⎥ ⎪

⎭⎢ ⎥= ⎢ ⎥ ⎫⎢ ⎥ ⎪⎢ ⎥ ⎪⎢ ⎥⋅ ⎪⎢ ⎥ −⎬⋅⎢ ⎥ ⎪
⎢ ⎥ ⎪⋅
⎢ ⎥ ⎪⎢ ⎥⎣ ⎦ ⎭

P

P  

 
22.5 If ( ; )∈A L V V is Hermitian, show that the component version of this fact is 
 
 , , andi i i i

ij ji j j ik j ji kA A A A e A e A= = =  
 

where ik i ke = ⋅e e , and where { }1,..., Ne e  is the basis used to express the transformation 
formulas (19.16)-(19,18) in matrix notation. 

22.6 If ( ; )∈A L V V  we have seen it has four sets of components which are denoted by j
iA , 

i
jA , ijA , and ijA .  Prove that det ijA⎡ ⎤⎣ ⎦  and det ijA⎡ ⎤⎣ ⎦  do depend upon the choice of basis for 

V . 
22.7 Show that 
 
 det( ) detNα α=A A  (22.13) 
 

for all scalars α .  In particular, if =A I , then from Exercise 21.6 
 
 det( ) Nα α=I  (22.14) 
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22.8 If A  is an endomorphism of an N-dimensional vector space V , show that det( )λ−A I  is a 
polynomial of degree N in λ .
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Section 23. Solution of Systems of Linear Equations 
 

In this section we shall examine the problem system of M  equations in N  unknowns of 
the form 
 
 , 1,..., , 1,...,k

kA v u M k Nα α α= = =  (23.1) 
 
where the MN  coefficients kAα and the M  data uα  are given.  If we introduce bases bases 
{ }1,..., Ne e  for a vector space V and { }1,..., Mb b  for a vector space U , then (23.1) can be viewed as 
the component formula of a certain vector equation 
 
 =Av u  (23.2) 
 
which immediately yields the following theorem. 
 
Theorem 23.1.  (23.1) has a solution if and only if u  is in ( )R A . 
 

Another immediate implication of (23.2) is the following theorem. 
 
Theorem 23.2.  If (23.1) has a solution, the solution is unique if and only if A  is regular. 
 

Given the system system of equations (23.1), the associated homogeneous system is the set 
of equations 
 
 0k

kA vα =  (23.3) 
 
Theorem 23.3.  The set of solutions of the homogeneous system (23.3) whose coefficient matrix is 
of rank R  form a vector space of dimension N R− . 
 
Proof. Equation (23.3) can be regarded as the component formula of the vector equation 
 
 Av = 0  
 
which implies that kv  solves (23.3) if and only if ( )K∈v A .  By (15.6) 
dim ( ) div dim ( )K R N R= − = −A AV . 
 

From Theorems 15.7 and 23.3 we see that if there are fewer equations than unknowns (i.e. 
M N< ), the system (23.3) always has a nonzero solution.  This assertion is clear because 

0N R N M− ≥ − > , since ( )R A  is a subspace of U  and dimM = U . 
 

If in (23.1) and (23.3) M N= , the system (23.1) has a solution for all ku  if and only if 
(23.3) has the trivial solution 1 2 0Nv v v= = ⋅⋅ ⋅ = =  only.  For, in this circumstance, A is regular 
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and thus invertible.  This means det 0kAα⎡ ⎤ ≠⎣ ⎦ , and we can use (21.19) and write the solution of 
(23.1) in the form 
 

 
1

1 (cof )
det

N
j

j
k

v A u
A

α α
α

α=

=
⎡ ⎤⎣ ⎦

∑  (23.4) 

 
which is the classical Cramer's rule and is to N dimension of equation (0.32). 
 
 
Exercise 
 
23.1 Given the system of equations (23.1), the augmented matrix of the system is the matrix 

obtained from kAα⎡ ⎤⎣ ⎦  by the addition of a co1umn formed from 1,..., Nu u .  Use Theorem 

23.1 and prove that the system (23.1) has a solution if and only if the rank of kAα⎡ ⎤⎣ ⎦  equals 
the rank of the augmented matrix.
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_______________________________________________________________________________ 
Chapter 6 
 
 
SPECTRAL DECOMPOSITIONS 
 
 

In this chapter we consider one of the more advanced topics in the study of linear 
transformations.  Essentially we shall consider the problem of analyzing an endomorphism by 
decomposing it into elementary parts. 

 

Section 24. Direct Sum of Endomorphisms 
 

If A is an endomorphism of a vector space V , a subspace 1V  of V  is said to be A -
invariant if A  maps 1V  to 1V .  The most obvious example of an A -invariant subspace is the null 
space ( )K A .  Let 1 2, ,..., LA A A  be endomorphisms of V ;  then an endomorphism A  is the direct 
sum of 1 2, ,..., LA A A  if 

 1 2 L= + + ⋅⋅ ⋅ +A A A A  (24.1) 
 
and 

 

 i j i j= ≠A A 0  (24.2) 
 
For example, equation (17.18) presents a direct sum decomposition for the identity linear 
transformation. 

 

Theorem 24.1.  If ( ; )∈A L V U  and 1 2 L= ⊕ ⊕⋅⋅ ⋅⊕V V V V , where each subspace jV  is A -
invariant, then A  has the direct sum decomposition (24.1), where each iA  is given by 

 

 i i i=A v Av  (24.3)1 
 
for all i i∈v V  and 

 

 i j =A v 0  (24.3)2 
  (24.3) 



146 Chap 6 • SPECTRAL DECOMPOSITIONS 
 

For all j j∈v V , i j≠ , for 1,...,i L= .  Thus the restriction of A to jV  coincides with that of jA ;  
further, each iV  is jA -invariant, for all 1,...,j L= . 

 

Proof.  Given the decomposition 1 2 L= ⊕ ⊕⋅⋅ ⋅⊕V V V V , then ∈v V  has the unique representation 

1 L= + ⋅⋅ ⋅ +v v v , where each i i∈v V .  By the converse of Theorem 17.4, there exist L  projections 

1,..., LP P  (19.18) and also ( )j j∈v P V .  From (24.3), we have j j=A AP , and since jV  is A -
invariant, j j=AP P A .  Therefore, if i j≠ , 

 
 i j i j i j= = =A A APAP AAPP 0  
 
where (17.17)2 has .been used.  Also 

 

 
1 2 1 2

1 2( )
L L

L

+ + ⋅⋅ ⋅ + = + + ⋅⋅ ⋅ +
= + + ⋅ ⋅ ⋅ +
=

A A A AP AP AP
A P P P
A

 

 
where (17.18) has been used. 

 

When the assumptions of the preceding theorem are satisfied, the endomorphism A is said 
to be reduced by the subspaces 1,..., LV V .  An important result of this circumstance is contained in 
the following theorem. 

 

Theorem 24.2.  Under the conditions of Theorem 24.1, the determinant of the endomorphism A  is 
given by 

 1 2det det det det L= ⋅⋅ ⋅A A A A  (24.4) 
 
where kA  denotes the restriction of A to kV  for all 1,...,k L= . 

 

The proof of this theorem is left as an exercise to the reader. 

 
 
Exercises 
 
24.1 Assume that ( ; )∈A L V V  is reduced by 1,..., LV V  and select for the basis of V  the union 

of some basis for the subspaces 1,..., LV V .  Show that with respect to this basis ( )M A has 
the following block form: 
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1

2

0

( )

0 L

A
A

M

A

⎡ ⎤
⎢ ⎥
⎢ ⎥

= ⋅⎢ ⎥
⎢ ⎥⋅⎢ ⎥
⎢ ⎥⎣ ⎦

A  (24.5) 

 
where jA  is the matrix of the restriction of A  to jV . 

24.2 Use the result of Exercise 24.1 and prove Theorem 24.2. 
24.3 Show that if 1 2 L= ⊕ ⊕⋅⋅ ⋅⊕V V V V , then ( ; )∈A L V V  is reduced by 1,..., LV V  if and only if 

j j=AP P A  for 1,...,j L= , where jP  is the projection on jV  given by (17.21). 
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Section 25  Eigenvectors and Eigenvalues 
 

Given an endomorphism ( ; )∈A L V V , the problem of finding a direct sum decomposition 
of A is closely related to the study of the spectral properties of A .  This concept is central in the 
discussion of eigenvalue problems. 

 

A scalar λ  is an eigenvalue of ( ; )∈A L V V  if there exists a nonzero vector ∈v V  such 
that 

 

 λ=Av v  (25.1) 
 

The vector v  in (25.1) is called an eigenvector of A  corresponding to the eigenvalue λ .  
Eigenvalues and eigenvectors are sometimes refered to as latent roots and latent vectors, 
characteristic roots and characteristic vectors, and proper values and proper vectors.  The set of 
all eigenvalues of A is the spectrum of A , denoted by ( )σ A .  For any ( )λ σ∈ A , the set 

 

 { }( )λ λ= ∈ =v Av vV V  
 

is a subspace of V , called the eigenspace or characteristic subspace corresponding to λ .  The 
geometric multiplicity of λ  is the dimension of ( )λV . 

 

Theorem 25.1.  Given any ( )λ σ∈ A , the corresponding eigenspace ( )λV  is A -invariant. 

 

The proof of this theorem involves an elementary use of (25.1).  Given  any ( )λ σ∈ A , the 
restriction of v  to ( )λV , denoted by ( )λAV , has the property that 

 

 ( )λ λ=A u uV  (25.2) 
 

for all u  in ( )λV .  Geometrically, ( )λAV  simply amplifies u  by the factor λ .  Such linear 
transformations are often called dilatations. 

 

Theorem 25.2.  ( ; )∈A L V V  is not regular if and only if 0  is an eigenvalue of A ; further, the 
corresponding eigenspace is ( )K A . 
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The proof is obvious.  Note that (25.1) can be written as ( )λ− =A I v 0 , which shows that 

 

 ( ) ( )Kλ λ= −A IV  (25.3) 
 

Equation (25.3) implies that λ  is an eigenvalue of A  if and only if λ−A I  is singular.  Therefore, 
by Theorem 22.2, 

 

 ( ) det( ) 0λ σ λ∈ ⇔ − =A A I  (25.4) 
 

The polynomial ( )f λ  of degree dimN = V  defined by 

 

 ( ) det( )f λ λ= −A I  (25.5) 
 

is called the characteristic polynomial of A .  Equation (25.5) shows that the eigenvalues of A are 
roots of the characteristic equation 

 

 ( ) 0f λ =  (25.6) 
 

 

Exercises 
25.1 Let A  be an endomorphism whose matrix ( )M A  relative to a particular basis is a 

triangular matrix, say 

 

 

1 1 1
1 2

2
2

( )

0

N

N
N

A A A
A

M

A

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥
⎢ ⎥
⎢ ⎥⋅ ⋅

= ⎢ ⎥
⋅ ⋅⎢ ⎥

⎢ ⎥⋅ ⋅
⎢ ⎥
⎢ ⎥⎣ ⎦

A  

 

What is the characteristic polynomial of A ?  Use (25.6) and determine the eigenvalues of 
A . 

25.2 Show that the eigenvalues of a Hermitian endomorphism of an inner product space are all 
real numbers and the eigenvalues of a skew-Hermitian endomorphism are all purely 
imaginary numbers (including the number 0 0i= ). 
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25.3 Show that the eigenvalues of a unitary endomorphism all have absolute value 1  and the 
eigenvalues of a projection are either 1 or 0. 

25.4 Show that the eigenspaces corresponding to different eigenvalues of a Hermitian 
endomorphism are mutually orthogonal. 

25.5 If ( ; )∈B L V V  is regular, show that 1−B AB  and A  have the same characteristic equation.  
How are the eigenvectors of 1−B AB  related to those of A ? 
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Section 26 The Characteristic Polynomial 
 

In the last section we found that the eigenvalues of ( ; )∈A L V V  are roots of the 
characteristic polynomial 

 

 ( ) 0f λ =  (26.1) 
 

where 

 

 ( ) det( )f λ λ= −A I  (26.2) 
 

If { }1 2,...,e e  is a basis for V , then by (19.6) 

 

 j
k k jA=Ae e  (26.3) 

 

Therefore, by (26.2) and (21.11), 

 

 1 1 1

1 1 1

...
...

1( ) ( ) ( )
!

N N N

N N N

j j i ii i
i i j j j jf A A

N
λ δ λδ λδ= − ⋅⋅ ⋅ −  (26.4) 

 

If (26.4) is expanded and we use (20.11), the result is 

 

 1
1 1( ) ( ) ( ) ( )N N

N Nf λ λ μ λ μ λ μ−
−= − + − + ⋅ ⋅ ⋅ + − +  (26.5) 

 

where 

 

 1 1

1 1

,...,
,...,

1
!

j j

j j

q q ii
j i i q qA A

j
μ δ= ⋅⋅ ⋅  (26.6) 

 

Since ( )f λ  is defined by (26.2), the coefficients jμ , 1,...,j N= , are independent of the choice of 
basis for V .  These coefficients are called the fundamental invariants of A .  Equation (26.6) 
specializes to 
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 { }2 2
1 2

1tr , (tr ) tr , and det
2 Nμ μ μ= = − =A A A A  (26.7) 

 

where (21.4) has been used to obtain (26.7)2.  Since ( )f λ  is a Nth degree polynomial, it can be 
factored into the form 

 

 1 2
1 2( ) ( ) ( ) ( ) Ld d d

Lf λ λ λ λ λ λ λ= − − ⋅⋅ ⋅ −  (26.8) 
 

where 1,..., Lλ λ  are the distinct foots of ( ) 0f λ =  and 1,..., Ld d  are positive integers which must 

satisfy 
1

L
jj

d N
=

=∑ .  It is in writing (26.8) that we have made use of the assumption that the scalar 

field is complex.  If the scalar field is real, the polynomial (26.5), generally, cannot be factored. 

 

In general, a scalar field is said to be algebraically closed if every polynomial equation has 
at least one root in the field, or equivalently, if every polynomial, such as ( )f λ , can be factored 
into the form (26.8).  It is a theorem in algebra that the complex field is algebraically closed.  The 
real field, however, is not algebraically closed.  For example, if λ  is real the polynomial equation 

2( ) 1 0f λ λ= + =  has no real roots.  By allowing the scalar fields to be complex, we are assured 
that every endomorphism has at least one eigenvector.  In the expression (26.8), the integer jd is 
called the algebraic multiplicity of the eigenvalue jλ .  It is possible to prove that the algebraic 
multiplicity of an eigenvalue is not less than the geometric multiplicity of the same eigenvalue.  
However, we shall postpone the proof of this result until Section 30. 

 

An expression for the invariant jμ  can be obtained in terms of the eigenvalues if (26.8) is 
expanded and the results are compared to (26.5).  For example, 

 

 
1 2

1 1 1 2 2

1 2

tr

det L

L L

d d d
N L

d d dμ λ λ λ

μ λ λ λ

= = + + ⋅ ⋅ ⋅ +

= = ⋅ ⋅ ⋅

A

A
 (26.9) 

 

The next theorem we want to prove is known as the Cayley-Hamilton theorem.  Roughly 
speaking, this theorem asserts that an endomorphism satisfies its own characteristic equation.  To 
make this statement clear, we need to introduce certain ideas associated with polynomials of 
endomorphisms.  As we have done in several places in the preceding chapters, if ( ; )∈A L V V , 

2A  is defined by 

 

 2 =A AA  
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Similarly, we define by induction, starting from 

 

 0 =A I  
 

and in general 

 

 1 1k k k− −≡ =A AA A A  
 

where k is any integer greater than one.  If k  and l  are positive integers, it is easily established by 
induction that 

 

 k l l k l k+= =A A A A A  (26.10) 
 

Thus kA  and lA commute.  A polynomial in A is an endomorphism of the form 

 

 1
0 1 1( ) M M

M Mg α α α α−
−= + + ⋅ ⋅ ⋅ + +A A A A I  (26.11) 

 

where M  is a positive integer and 0,..., Mα α  are scalars.  Such polynomials have certain of the 
properties of polynomials of scalars.  For example, if a scalar polynomial 

 

 1
0 1 1( ) M M

M Mg t t t tα α α α−
−= + + ⋅⋅ ⋅ + +  

 

can be factored into 

 

 0 1 2( ) ( )( ) ( )Mg t t t tα η η η= − − ⋅ ⋅ ⋅ −  
 

then the polynomial (26.11) can be factored into 

 

 0 1 2( ) ( )( ) ( )Mg α η η η= − − ⋅ ⋅ ⋅ −A A I A I A I  (26.12) 
 

The order of the factors in (26.12) is not important since, as a result of (26.10), the factors 
commute.  Notice, however, that the product of two nonzero endomorphisms can be zero.  Thus the 
formula 
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 1 2( ) ( )g g =A A 0  (26.13) 
 

for two polynomials 1g  and 2g  generally does not imply one of the factors is zero.  For example, 
any projection P  satisfies the equation - =P(P I) 0 , but generally P  and -P I  are both nonzero. 

 

Theorem 26.1.  (Cayley-Hamilton). If ( )f λ  is the characteristic polynomial (26.5) for an 
endomorphism A , then 

 

 1
1 1( ) ( ) ( ) ( )N N

N Nf μ μ μ−
−= − + − + ⋅ ⋅ ⋅ + − + =A A A A I 0  (26.14) 

 

Proof. :  The proof which we shall now present makes major use of equation (0.29) or, 
equivalently, (21.19).  If adj( )λ−A I  is the endomorphism whose matrix is adj p p

q qA λδ⎡ ⎤−⎣ ⎦ , where 

( )p
qA M⎡ ⎤ =⎣ ⎦ A , then by (26.2) and (0.29) (see also Exercise 40.5) 

 

 (adj( ))( ) ( )fλ λ λ− − =A I A I I  (26.15) 
 

By (21.18) it follows that adj( )λ−A I  is a polynomial of degree 1N −  in λ .  Therefore 

 

 1 2
0 1 2 1adj( ) ( ) ( ) ( )N N

N Nλ λ λ λ− −
− −− = − + − + ⋅ ⋅ ⋅ + − +A I B B B B  (26.16) 

 

where 0 1,..., N−B B  are endomorphisms determined by A .  If we now substitute (26.16) and (26.15) 
into (26.14) and require the result to hold for all λ , we find 

 

 

0

0 1 1

1 2 2

2 1 1

1

N N N

N N

μ
μ

μ
μ

− − −

−

=
+ =
+ =

⋅
⋅
⋅

+ =
=

B I
B A B I
B A B I

B A B I
B A I

 (26.17) 
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Now we multiply (26.17)1 . by ( )N−A , (26.17)2 by 1( )N−−A , (26.17)3 by 2( )N−−A ,…,(26.17)k by 
1( )N k− +−A , etc., and add the resulting N  equations, to find 

 

 1
1 1( ) ( ) ( )N N

N Nμ μ μ−
−− + − + ⋅ ⋅ ⋅ + − + =A A A I 0  (26.18) 

 

which is the desired result. 

 

 

Exercises 
 

26.1 If dimN = V  is odd, and the scalar field is R , prove that the characteristic equation of any 
( ; )∈A L V V  has at least one eigenvalue. 

26.2 If dimN = V  is odd and the scalar field is R , prove that if det 0( 0)> <A , then A  has at 
least one positive (negative) eigenvalue. 

26.3 If dimN = V  is even and the scalar field is R  and det 0<A , prove that A  has at least one 
positive and one negative eigenvalue. 

26.4 Let ( ; )∈A L V V  be regular.  Show that 

 

 1 1 1det( ) ( ) det det( )Nλ λ λ− − − −− = − −A I A A I  
 

where dimN = V . 

26.5 Prove that the characteristic polynomial of a projection : →P V V  is 

 

 ( ) ( 1) (1 )N N Lf λ λ λ− −= − −  
 

where dimN = V  and dim ( )L = P V . 

26.6 If ( ; )∈A L V V  is regular, express 1−A  as a polynomial in A . 

26.7 Prove directly that the quantity jμ  defined by (26.6) is independent of the choice of basis 
for V . 

26.8 Let C  be an endomorphism whose matrix relative to a basis { }1,..., Ne e  is a triangular 
matrix of the form 
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0 1 0 0
0 1 0

( )
0

0 1
0 0

M

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥
⎢ ⎥

⋅ ⋅ ⋅⎢ ⎥
⎢ ⎥= ⋅ ⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

C  (26.19) 

 

i.e. C  maps 1e  to 0 , 2e  to 1e , 3e  to 2e ,….  Show that a necessary and sufficient condition 
for the existence of a component matrix of the form (26.19) for an endomorphism C  is that 

 

 1butN N−= ≠C 0 C 0  (26.20) 
 

 

We call such an endomorphism C  a nilcyclic endomorphism and we call the basis 
{ }1,..., Ne e  for the form (26.19) a cyclic basis for C . 

26.9 If 1,..., Nφ φ  denote the fundamental invariants of 1−A , use the results of Exercise 26.4 to 
show that 

 

 1(det )j N jφ μ−
−= A  

 

for 1,...,j N= . 

26.10 It follows from (26.16) that 

 

 1 adjN− =B A  
 

Use this result along with (26.17) and show that 

 

 1 2
1 1adj ( ) ( )N N

Nμ μ− −
−= − + − + ⋅ ⋅ ⋅ +A A A I  

 

26.11 Show that 

 

 1 tr(adj )Nμ − = A  
 



Sec. 26 • The Characteristic Polynomial 157 
 

and, from Exercise (26.10), that 

 

 { }1 2
1 1 2

1 tr( ) tr( ) tr( )
1

N N
N NN

μ μ μ− −
− −= − − + − + ⋅ ⋅ ⋅ + −

−
A A A  
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Section 27. Spectral Decomposition for Hermitian Endomorphisms 
 

An important problem in mathematical physics is to find a basis for a vector space V  in 
which the matrix of a given ( ; )∈A L V V  is diagonal.  If we examine (25.1), we see that if V  has 
a basis of eigenvectors of A , then ( )M A  is diagonal and vice versa;  further, in this case the 
diagonal elements of ( )M A  are the eigenvalues of A .  As we shall see, not all endomorphisms 
have matrices which are diagonal.  Rather than consider this problem in general, we specialize here 
to the case where A ,.then ( )M A  is Hermitian and show that every Hermitian endomorphism has a 
matrix which takes on the diagonal form.  The general case will be treated later, in Section 30.  
First, we prove a general theorem for arbitrary endomorphisms about the linear independence of 
eigenvectors. 

 

Theorem 27.1.  If 1,..., Lλ λ  are distinct eigenvalues of ( ; )∈A L V V  and if 1,..., Lu u  are 
eigenvectors corresponding to them, then { }1,..., Lu u  form a linearly independent set. 

 

Proof. If { }1,..., Lu u  is not linearly independent, we choose a maximal, linearly independent 

subset, say { }1,..., Su u , from the set { }1,..., Lu u ;  then the remaining vectors can be expressed 

uniquely as linear combinations of { }1,..., Su u , say 

 

 1 1 1S S Sα α+ = + ⋅ ⋅ ⋅ +u u u  (27.1) 
 

where 1,..., Sα α  are not all zero and unique, because { }1,..., Su u  is linearly independent.  Applying  
A  to (27.1) yields 

 

 1 1 1 1 1( ) ( )S S S S Sλ α λ α λ+ + = + ⋅ ⋅ ⋅ +u u u  (27.2) 
 

Now if 1 0Sλ + = , then 1,..., Sλ λ  are nonzero because the eigenvalues are distinct and (27.2) 
contradicts the linear independence of { }1,..., Su u ;  on the other hand, if 1 0Sλ + ≠ , then we can 

divide (27.2) by 1Sλ + , obtaining another expression of 1S+u  as a linear combination of { }1,..., Su u  
contradicting the uniqueness of the coefficients 1,..., Sα α .  Hence in any case the maximal linearly 
independent subset cannot be a proper subset of { }1,..., Lu u ;  thus { }1,..., Lu u  is linearly 
independent. 
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As a corollary to the preceding theorem, we see that if the geometric multiplicity is equal to 
the algebraic multiplicity for each eigenvalue of A , then the vector space V  admits the direct sum 
representation 

 

 1 2( ) ( ) ( )Lλ λ λ= ⊕ ⊕⋅⋅ ⋅⊕V V V V  
 

where 1,..., Lλ λ  are the distinct eigenvalues of A .  The reason for this representation is obvious, 
since the right-hand side of the above equation is a subspace having the same dimension as V ;  
thus that subspace is equal to V .  Whenever the representation holds, we can always choose a 
basis of V  formed by bases of the subspaces 1( ),..., ( )Lλ λV V .  Then this basis consists entirely of 
eigenvectors of A becomes a diagonal matrix, namely, 

 

 

1

1

2

2

0

( )

0
L

L

M

λ

λ
λ

λ

λ

λ

⎡ ⎤
⎢ ⎥⋅⎢ ⎥

⋅⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅

= ⎢ ⎥
⎢ ⎥
⎢ ⎥⋅
⎢ ⎥

⋅⎢ ⎥
⎢ ⎥
⎢ ⎥

⋅⎢ ⎥
⎢ ⎥⋅⎢ ⎥
⎢ ⎥⎣ ⎦

A  (27.3)1 

 

where each Kλ  is repeated kd  times, kd  being the algebraic as well as the geometric multiplicity of 

Kλ .  Of course, the representation of V  by direct sum of eigenspaces of A  is possible if A  has 
dimN = V  distinct eigenvalues.  In this case the matrix of A  taken with respect to a basis of 

eigenvectors has the diagonal form 
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1

2

3

0

( )

0

N

M

λ
λ

λ

λ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥⋅⎢ ⎥
⎢ ⎥⎣ ⎦

A  (27.3)2 

 

If the eigenvalues of v  are not all distinct, then in general the geometric multiplicity of an 
eigenvalue may be less than the algebraic multiplicity.  Whenever the two multiplicities are 
different for at least one eigenvalue of A , it is no longer possible to find any basis in which the    
matrix of A  is diagonal.  However, if V  is an inner product space and if A  is Hermitian, then a 
diagonal matrix of A  can always be found; we shall now investigate this problem. 

 

Recall that if u  and v  are arbitrary vectors in V , the adjoint *A  of ( ; )∈A L V V  is 
defined by 

 

 *⋅ = ⋅Au v u A v  (27.4) 
 

As usual, if the matrix of A  is referred to a basis { }ke , then the matrix of *A  is referred to the 

reciprocal basis { }ke  and is given by [cf. (18.4)] 

 

 *( ) ( )TM M=A A  (27.5) 
 

where the overbar indicates the complex conjugate as usual.  If A  Hermitian, i.e., if *=A A , then 
(27.4) reduces to 
 

 ⋅ = ⋅Au v u Av  (27.6) 
 

for all , ∈u v V . 

 

Theorem 27.2.  The eigenvalues of a Hermitian endomorphism are all real. 

 

Proof. Let ( ; )∈A L V V  be Hermitian.  Since λ=Au u  for any eigenvalue λ , we have 
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 λ ⋅
=

⋅
Au u
u u

 (27.7) 

 

Therefore we must show that ⋅Au u  is real or, equivalently, we must show ⋅ = ⋅Au u Au u .  By 
(27.6) 

 

 ⋅ = ⋅ = ⋅Au u u Au Au u  (27.8) 
 

where the rule ⋅ = ⋅u v v u  has been used.  Equation (27.8) yields the desired result. 

 

Theorem 27.3.  If A is Hermitian and if 1V  is an A -invariant subspace of V , then 1
⊥V  is also A -

invariant . 

 

Proof. If 1∈v V  and 1
⊥∈u V , then ⋅ =Av u 0  because 1∈Av V .  But since A is Hermitian, 

0⋅ = ⋅ =Av u v Au .  Therefore, 1
⊥∈Au V , which proves the theorem. 

 
Theorem 27.4.  If A  is Hermitian, the algebraic multiplicity of each eigenvalue equa1s the 
geometric multiplicity. 

 

Proof Let 0( )λV  be the characteristic subspace associated with an eigenvalue 0λ .  Then the 
geometric multiplicity of 0λ  is 0dim ( )M λ= V .  By Theorems 13.4 and 27.3 

 

 0 0( ) ( )λ λ ⊥⊕V =V V  (27.9) 
 

Where 0( )λV  and 0( )λ ⊥V  are A -invariant.  By Theorem 24.1 

 

 1 2= +A A A  
 

and by Theorem 17.4 

 

 1 2= +I P P  
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where 1P  projects V  onto 0( )λV , 2P  projects  V  onto 0( )λ ⊥V , 1 1=A AP , and 2 2=A AP .  By 
Theorem 18.10, 1P  and 2P  are Hermitian and they also commute with A .  Indeed, for any ∈v V , 

1 0( )λ∈P v V  and 2 0( )λ ⊥∈P v V , and thus 1 0( )λ∈AP v V  and 2 0( )λ ⊥∈AP v V .  But since 

 

 1 2 1 2( )= + = +Av A P P v AP v AP v  
 

we see that 1AP v  is the 0( )λV  component of Av  and 2AP v is the 0( )λ ⊥V  component of Av .  
Therefore 

 

 1 1 2 2,= =P Av AP v P Av AP v  
 

for all ∈v V , or, equivalently 

 

 1 1 2 2,= =P A AP P A AP  
 

Together with the fact that 1P , and 2P  are Hermitian, these equations imply that 1A  and 2A  are 
also Hermitian.  Further, A  is reduced by the subspaces 0( )λV  and 0( )λ ⊥V , since 

 

 2
1 2 1 2 1 2= =A A AP AP A P P  

 

Thus if we select a basis { }1,..., Ne e  such that { }1,..., Me e  span 0( )λV  and { }1,...,M N+e e  span 

0( )λ ⊥V , then by the result of Exercise 24.1 the matrix of A  to { }ke  takes the form 

 

 

1 1
1

1
1 1

1

1

0

( )

0

M

M M
M

M M
M N

N N
M N

A A

A A
M

A A

A A

+ +
+

+

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅

= ⎢ ⎥
⋅ ⋅ ⋅⎢ ⎥

⎢ ⎥⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅⎢ ⎥

⋅ ⋅ ⋅⎢ ⎥⎣ ⎦

A  
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and the matrices of 1A  and 2A  are 

 

 

1 1
1

1
1

2 1 1
1

1

0

( )

0 0

0 0

( )

0

M

M M
M

M M
M N

N N
M N

A A

A A
M

M
A A

A A

+ +
+

+

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

= ⎢ ⎥⋅ ⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅
⎢ ⎥

⋅ ⋅ ⋅⎢ ⎥⎣ ⎦

A

A  (27.10) 

 

which imply 

 

 
0 0

1 ( ) 2 ( )
det( ) det( )det( )λ λ

λ λ λ ⊥− = − −A I A I A IV V
 

 

By (25.2), 
01 0 ( )λλ=A IV ; thus by (21.21) 
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0

0 2 ( )
det( ) ( ) det( )M

λ
λ λ λ λ ⊥− = − −A I A I

V
 

 

On the other hand, 0λ  is not an eigenvalue of 2A .  Therefore 

 

 
0

2 ( )
det( ) 0

λ
λ ⊥− ≠A I

V
 

 

Hence the algebraic multiplicity of 0λ  equals M, the geometric multiplicity. 

 

The preceding theorem implies immediately the important result that V  can be represented 
by a direct sum of eigenspaces of A  if A  is Hermitian.  In particular, there exists a basis 
consisting entirely in eigenvectors of A , and the matrix of A  relative to this basis is diagonal.  
However, before we state this result formally as a theorem, we first strengthen the result of 
Theorem 27.1 for the special case that A  is Hermitian. 

 

Theorem 27.5.  If A  is Hermitian, the eigenspaces corresponding to distinct eigenvalues 1λ  and 

2λ  are orthogonal. 

 

Proof. Let 1 1 1λ=Au u  and 2 2 2λ=Au u .  Then 

 

 1 1 2 1 2 1 2 2 1 2λ λ⋅ = ⋅ = ⋅ = ⋅u u Au u u Au u u  
 

Since 1 2λ λ≠ , 1 2 0⋅ =u u , which proves the theorem. 

 

The main theorem regarding Hermitian endomorphisms is the following. 

 

Theorem 27.6.  If A  is a Hermitian endomorphism with (distinct) eigenvalues 1 2, ,..., Nλ λ λ , then 
V  has the representation 

 

 1 1 2( ) ( ) ( )Lλ λ λ= ⊕ ⊕⋅⋅ ⋅⊕V V V V  (27.11) 
 

where the eigenspaces ( )kλV  are mutually orthogonal. 
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The proof of this theorem is a direct consequence of Theorems 27.4 and 27.5 and the 
remark following the proof of Theorem 27.1. 

 

Corollary (Spectral Theorem).  If A  is a Hermitian endomorphish with (distinct) eigenvalues 
1,..., Lλ λ  then 

 

 
1

N

j j
j

λ
=

= ∑A P  (27.12) 

 

where jP  is the perpendicular projection of V  onto ( )jλV , for 1,...,j L= . 

 

Proof. By Theorem 27.6, A  has a representation of the form (24.1).  Let u  be an arbitrary element 
of V , then, by (27.11), 

 

 1 L= + ⋅⋅ ⋅ +u u u  (27.13) 
 

where ( )j jλ∈u V .  By (24.3), (27.13), and (25.1) 

 

 j j j j j jλ= = =A u A u Au u  
 

But j j=u P u ; therefore 

 

 (no sum)j j jλ=A P  
 

which, with (24.1) proves the corollary. 

 

The reader is reminded that the L  perpendicular projections satisfy the equations 

 

 
1

L

j
j=

=∑P I  (27.14) 

 

 2
j j=P P  (27.15) 
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 *
j j=P P  (27.16) 

and 

 

 j i i j= ≠P P 0  (27.17) 
 

These equations follow from Theorems 14.4, 18.10 and 18.11.  Certain other endomorphisms also 
have a spectral representation of the form (27.12);  however, the projections are not perpendicular 
ones and do not obey the condition (27.17). 

 

Another Corollary of Theorem 27.6 is that if A  is Hermitian, there exists an orthogonal 
basis for V  consisting entirely of eigenvectors of A .  This corollary is clear because each 
eigenspace is orthogonal to the other and within each eigenspace an orthogonal basis can be 
selected.  (Theorem 13.3 ensures that an orthonormal basis for each eigenspace can be found.)  
With respect to this basis of eigenvectors, the matrix of A is clearly diagonal.  Thus the problem of 
finding a basis for V  such that ( )M A  is diagonal is solved for Hermitian endomorphisms. 

 

If ( )f A  is any polynomial in the Hermitian endomorphism, then (27.12),(27.15) and 
(27.17) can be used to show that 

 

 
1

( ) ( )
L

j j
j

f f λ
=

= ∑A P  (27.18) 

 

where ( )f λ  is the same polynomial except that the variable A  is replaced by the scalar λ .  For 
example, the polynomial 2P  has the representation 

 

 2 2

1

N

j j
j

λ
=

= ∑A P  

 

In general, ( )f A  is Hermitian if and only if ( )jf λ  is real for all 1,...,j L= .  If the eigenvalues of    
A  are all nonnegative, then we can extract Hermitian roots of A  by the following rule: 

 

 1/ 1/

1

N
k k

j j
j

λ
=

= ∑A P  (27.19) 

 

where 1/ 0k
jλ ≥ .  Then we can verify easily that ( )1/ kk =A A .  If A has no zero eigenvalues, then 
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 1

1

1L

j
j jλ

−

=

= ∑A P  (27.20) 

 

which is easily confirmed. 

 

A Hermitian endomorphism A  is defined to be 

 

 

positive definite 0
positive semidefinite 0

  if   
negative semidefinite 0
negative definite 0

>⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪≥⎪ ⎪ ⎪ ⎪⋅⎨ ⎬ ⎨ ⎬≤⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪<⎩ ⎭ ⎩ ⎭

v Av  

 

all nonzero v ,  It follows from (27.12) that 

 

 
1

L

j j j
j

λ
=

⋅ = ⋅∑v Av v v  (27.21) 

 

where 

 

 
1

L

j
j=

= ∑v v  

 

Equation (27.21) implies the following important theorem. 

 

Theorem 27.7  A Hermitian endomorphism A  is 

 

positive definite
positive semidefinite
negative semidefinite
negative definite

⎧ ⎫
⎪ ⎪⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪⎩ ⎭

 

 

if and only if every eigenvalue of A  is 
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0
0
0
0

>⎧ ⎫
⎪ ⎪≥⎪ ⎪
⎨ ⎬≤⎪ ⎪
⎪ ⎪<⎩ ⎭

 

 

As corollaries to Theorem 27.7 it follows that positive-definite and negative-definite 
Hermitian endomorphisms are regular [see (27.20)], and positive-definite and positive-semidefinite 
endomorphisms possess Hermitian roots. 

 

Every complex number z  has a polar representation in the form iz re θ= , where 0r ≥ .  It 
turns out that an endomorphism also has polar decompositions, and we shall deduce an important 
special case here. 

 

Theorem 27.8.  (Polar Decomposition Theorem).  Every automorphism A  has two unique 
multiplicative decompositions 

 

 and= =A RU A VR  (27.22) 
 
 

where R  is unitary and U  and V  are Hermitian and positive definite. 

 

Proof. : For each automorphism A , *A A  is a positive-definite Hermitian endomorphism, and 
hence it has a spectral decomposition of the form 

 

 *

1

L

j j
j

λ
=

= ∑A A P  (27.23) 

 

where 0, 1,...,j j Lλ > = .  We define U  by 

 

 ( )1/ 2* 1/ 2

1

L

j j
j

λ
=

= = ∑U A A P  (27.24) 

 

Clearly U  is Hermitian and positive definite.  Since U  is positive definite it is regular.  We now 
define 
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 1−=R AU  (27.25) 
 

By this formula R  is regular and satisfies 

 

 * 1 * 1 1 2 1− − − −= = =R R U A AU U U U I  (27.26) 
 

Therefore R is unitary.  To prove the uniqueness, assume 

 

 1 1=RU R U  (27.27) 
 

and we shall prove 1=R R  and 1=U U .  From (27.27) 

 

 2 * * 2
1 1 1 1 1( ) ( )= = = =U UR RU RU RU R U R U U  

 

Since the positive-definite Hermitian square root of 2U  is unique, we find 1=U U .  Then (27.27) 
implies 1=R R .  The decomposition (27.22)2 follows either by defining 2 *=V AA , or, 
equivalently, by defining *=V RUR  and repeating the above argument. 

 

A more general theorem to the last one is true even if A  is not required to be regular.  
However, in this case R  is not unique. 

 

Before closing this section we mention again that if the scalar field is real, then a Hermitian 
endomorphism is symmetric, and a unitary endomorphism is orthogonal.  The reader may rephrase 
the theorems in this and other sections for the real case according to this simple rule. 

 

 

Exercises 
 

27.1 Show that Theorem 27.5 remains valid if A  is unitary or skew-Hermitian rather than 
Hermitian. 

27.2 If ( ; )∈A L V V  is Hermitian, show that A  is positive semidefinite if  and only if the 
fundamental invariants of A  are nonnegative. 

27.3 Given an endomorphism A , the exponential of A  is an endomorphism exp A  defined by 
the series 
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1

1exp
!

j

j j

∞

=

= ∑A A  (27.28) 

 

It is possible to show that this series converges in a definite sense for all A .  We shall 
examine this question in Section 65.  Show that if ( ; )∈A L V V  is a Hermitian 
endomorphism given by the representation (27.12), then 

 

 
1

exp j
L

j
j

eλ

=

= ∑A P  (27.29) 

 

This result shows that the series representation of exp A  is consistent with (27.18). 

27.4 Suppose that A  is a positive-definite Hermitian endomorphism;  give a definition for log A  
by power series and one by a formula similar to (27.18), then show that the two definitions 
are consistent.    Further, prove that 

 

 logexp =A A  
 

27.5 For any ( ; )∈A L V V  show that *A A  and *AA  are Hermitian and positive semidefinite.  
Also, show that A  is regular if and only if *A A  and *AA  are positive definite. 

27.6 Show that k k=A B  where k  is a positive integer, generally does not imply =A B  even if 
both A  and B  are Hermitian. 
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Section 28. Illustrative Examples 
 

In this section we shall illustrate certain of the results of the preceding section by working 
selected numerical examples.    For simplicity, the basis of V  shall be taken to be the orthonormal 
basis { }1,..., Ni i  introduced in (13.1).  The vector equation (25.1) takes the component form 

 

 kj j kA v vλ=  (28.1) 
 

where 

 

 j jv=v i  (28.2) 
 

and 

 

 j kj kA=Ai i  (28.3) 
 

Since the basis is orthonormal, we have written all indices as subscripts, and the summation 
convention is applied in the usual way. 

 

Example 1. Consider a real three-dimensional vector space V .  Let the matrix of an 
endomorphism ( ; )∈A L V V  be 

 

 
1 1 0

( ) 1 2 1
0 1 1

M
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

A  (28.4) 

 

Clearly A  is symmetric and, thus, the theorems of the preceding section can be applied.  By direct 
expansion of the determinant of ( )M λ−A I  the characteristic polynomial is 

 

 ( ) ( )(1 )(3 )f λ λ λ λ= − − −  (28.5) 
 

Therefore the three eigenvalues of A  are distinct and are given by 
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 1 2 30, 1, 3λ λ λ= = =  (28.6) 
 

The ordering of the eigenvalues is not important.  Since the eigenvalues are distinct, their 
corresponding characteristic subspaces are one-dimensional.  For definiteness, let ( )pv  be an 
eigenvector associated with pλ .  As usual, we can represent ( )pv  by 

 

 ( ) ( )p p
k kv=v i  (28.7) 

 

Then (28.1), for 1p = , reduces to 

 

 (1) (1) (1) (1) (1) (1) (1)
1 2 1 2 3 2 30, 2 0, 0v v v v v v v+ = + + = + =  (28.8) 

 

The general solution of this linear system is 

 

 (1) (1) (1)
1 2 3, ,v t v t v t= = − =  (28.9) 

 

for all t∈R .  In particular, if (1)v  is required to be a unit vector, then we can choose 1 3t = ± , 
where the choice of sign is arbitrary, say 

 

 (1) (1) (1)
1 2 31 3 , 1 3 , 1 3v v v= = − =  (28.10) 

 

So 

 

 (1)
1 2 3(1 3) (1 3) (1 3)= − +v i i i  (28.11) 

 

Likewise we find for 2p =  

 

 (2)
1 3(1 2) (1 2)= −v i i  (28.12) 

 

and for 3p =  

 

 (3)
1 2 3(1 6) (2 6) (1 6)= + +v i i i  (28.13) 
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It is easy to check that { }(1) (2) (3), ,v v v  is an orthonormal basis. 

 

By (28.6) and (27.12), A  has the spectral decomposition 

 

 1 2 30 1 3= + +A P P P  (28.14) 
 

where kP  is the perpendicular projection defined by 

 

 ( ) ( ) ( ), ,k k j
k k j k= = ≠P v v P v 0  (28.15) 

 

for 1,2,3k = .  In component form relative to the original orthonormal basis { }1 2 3, ,i i i  these 
projections are given by 

 

 ( ) ( ) (no sum on )k k
k j j l iv v k=P i i  (28.16) 

 

This result follows from (28.15) and the transformation law (22.7) or directly from the 
representations 

 

 

(1) (2) (3)
1

(1) (3)
2

(1) (2) (3)
3

(1 3) (1 2) (1 6)

(1 3) (2 6)

(1 3) (1 2) (1 6)

= + +

= − +

= − +

i v v v

i v v

i v v v

 (28.17) 

 

since the coefficient matrix of  { }1 2 3, ,i i i  relative to { }(1) (2) (3), ,v v v  is the transpose of that of 

{ }(1) (2) (3), ,v v v relative to { }1 2 3, ,i i i . 

 

There is a result, known as Sylvester’s Theorem, which enables one to compute the 
projections directly.  We shall not prove this theorem here, but we shall state the formula in the 
case when the eigenvalues are distinct.  The result is 
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 1;

1;

( )
( )

N
k j k k

j N
k j k k j

λ
λ λ

= ≠

= ≠

−
=

−
I A

P  (28.18) 

 

The advantage of this formula is that one does not need to know the eigenvectors in order to find 
the projections.  With respect to an arbitrary basis, (28.18) yields 

 

 1;

1;

( ( ) ( ))
( )

( )

N
k j k k

j N
k j k k j

M M
M

λ
λ λ

= ≠

= ≠

−
=

−
I A

P  (28.19) 

 

Example 2.  To illustrate (28.19), let 

 

 
2 2

( )
2 1

M ⎡ ⎤
= ⎢ ⎥−⎣ ⎦

A  (28.20) 

 

with respect to an orthonormal basis.  The eigenvalues of this matrix are easily found to be 
1 22, 3λ λ= − = .  Then, (28.19) yields 

 

 1 2 2 1

1 0 2 2 1 21( ) ( )
0 1 2 1 2 45

M λ λ λ
−⎛ ⎞⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= − − =⎜ ⎟⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎝ ⎠
P  

 

and 

 

 2 1 2 1

1 0 2 2 4 21( ) ( )
0 1 2 1 2 15

M λ λ λ
⎛ ⎞⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= − − =⎜ ⎟⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎝ ⎠
P  

 

The spectral theorem for this linear transformation yields the matrix equation 

 

 
1 2 4 22 3( )
2 4 2 15 5

M
−⎡ ⎤ ⎡ ⎤

= − +⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦
A  

 

 

Exercises 
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28.1 The matrix of ( ; )∈A L V V  with respect to an orthonormal basis is 

 
2 1

( )
1 2

M ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

A  

 

(a) Express ( )M A  in its spectral form. 

(b) Express 1( )M −A  in its spectral form. 

(c) Find the matrix of the square root of A . 

28.2 The matrix of ( ; )∈A L V V  with respect to an orthonormal basis is 

 

 
3 0 2

( ) 0 2 0
1 0 3

M
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

A  

 

Find an orthonormal basis for V  relative to which the matrix of A is diagonal. 

28.3 If ( ; )∈A L V V  is defined by 

 

 
1 1 2

2 1 2

2 2 2

3 1( 2 1) (3 2)
2 2

= −

= + + −

Ai i i

Ai i i

 

and 

 

 3 3=Ai i  
 

where { }1 2 3, ,i i i  is an orthonormal basis for V , determine the linear transformations R , 
U , and V  in the polar decomposition theorem. 
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Section 29 The Minimal Polynomial 
 

In Section 26 we remarked that for any given endomorphism A there exist some 
polynomials ( )f t  such that 

 

 ( )f =A 0  (29.1) 
 

For example, by the Cayley-Hamilton theorem, we can always choose, ( )f t  to be the characteristic 
polynomial of A .  Another obvious choice can be found by observing the fact that since ( ; )L V V  
has dimension 2N , the set 

 

 { }20 1 2, , ,..., N=A I A A A  

 

is necessarily linearly dependent and, thus there exist scalars { }20 1, ,...,
N

α α α , not all equal to zero, 
such that 

 

 
2

2
1

0 1
N

N
α α α+ + ⋅⋅ ⋅ + =I A A 0  (29.2) 

 

For definiteness, let us denote the set of all polynomials f  satisfying the condition (29.1) for a 
given A  by the symbol ( )AP .  We shall now show that ( )AP  has a very simple structure, called 
a principal ideal. 

 

In general, an ideal I is a subset of an integral domain D  such that the following two 
conditions are satisfied: 

1. If f  and g  belong to I , so is their sum f g+ . 

2. If f  belongs to I  and h  arbitrary element of D , then fh hf=  also belong to I . 

 

We recall that the definition of an integral domain is given in Section 7.  Of course, D  itself 
and the subset { }0  consisting in the zero element of D  are obvious examples of ideals, and these 
are called trivial ideals or improper ideals.  Another example of ideal is the subset ⊂I D  
consisting in all multiples of a particular element g∈D , namely 
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 { },hg h= ∈I D  (29.3) 
 

It is easy to verily that this subset satisfies the two conditions for an ideal.  Ideals of the special 
form (29.3) are called principal ideals. 

 

For the set ( )AP  we choose the integral domain D  to be the set of all polynomials with 
complex coefficients.  (For real vector space, the coefficients are required to be real, of course.)  
Then it is obvious that ( )AP  is an ideal in D , since if f  and g  satisfy the condition (29.1), so 
does their sum f g+  and similarly if f  satisfies (29.1) and h  is an arbitrary polynomial, then 

 

 ( )( ) ( ) ( ) ( )hf h f h= = =A A A A 0 0  (29.4) 
 

The fact that ( )AP  is actually a principal ideal is a standard result in algebra, since we have the 
following theorem. 

 

Theorem 29.1.  Every ideal of the polynomial domain is a principal ideal. 

 

Proof.  We assume that the reader is simi1iar with the operation of division for polynomials.  If f  
and 0g ≠  are polynomials, we can divide f  by g  and obtain a remainder r  having  degree less 
than g , namely 

 

 ( ) ( ) ( ) ( )r t f t h t g t= −  (29.5) 
 

Now, to prove that ( )AP  can be represented by the form (29.3), we choose a polynomial 0g ≠  
having the lowest degree in ( )AP .  Then we claim that 

 

 { }( ) ,hg h= ∈AP D  (29.6) 
 

To see this, we must show that every ( )f ∈ AP  can be devided through by g  without a remainder.  
Suppose that the division of f  by g  yields a remainder r  as shown in (29.5).  Then since ( )AP  
is an ideal and since , ( )f g∈ AP , (29.5) shows that ( )r∈ AP  also.  But since the degree of r  is 
less than the degree of , ( )g r∈ AP  is possible if and only if 0r = .  Thus f hg= , so the 
representation (29.6) is valid. 
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A corollary of the preceding theorem is the fact that the nonzero polynomial g  having the 
lowest degree in ( )AP  is unique to within an arbitrary nonzero multiple of a scalar.  If we require 
the leading coefficient of g  to be 1 , then g  becomes unique, and we call this particular 
polynomial g  the minimal polynomial  of the endomorphism A . 

 

We pause here to give some examples of minimal polynomials. 

 

Example 1. The minimal polynomial of the zero endomorphism 0  is the polynomial ( ) 1f t =  of 
zero degree, since by convention 

 

 0( ) 1f = =0 0 0  (29.7) 
 

In general, if ≠A 0 , then the minimal polynomial of A  is at least of degree 1 , since in this case 

 

 01 1= ≠A I 0  (29.8) 
 

Example 2.  Let P  be a nontrivial projection.  Then the minimal polynomial g  of P  is 

 

 2( )g t t t= −  (29.9) 
 

For, by the definition of a projection, 

 

 2 ( )− = − =P P P P I 0  (29.10) 
 

and since P  is assumed to be non trivial, the two lower degree divisors t  and 1t −  no longer 
satisfy the condition (29.1) for P . 

 

Example 3. For the endomorphism C  whose matrix is given by (26.19) in Exercise 26.8, the 
minimal polynomial g  is 

 

 ( ) Ng t t=  (29.11) 
 

since we have seen in that exercise that 
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 1butN N−= ≠C 0 C 0  
 

For the proof of some theorems in the next section we need several other standard results in 
the algebra of polynomials.  We summarize these results here. 

 

Theorem 29.2.  If f  and g  are polynomials, then there exists a greatest common divisor d  which 
is a divisor (i.e., a factor) of f  and g  and is also a multiple of every common divisor of f  and g . 

 

Proof. We define the ideal I  in the polynomial domain D  by 

 

 { },  ,hf kg h k≡ + ∈I D  (29.12) 
 

By Theorem 29.1, I  is a principal ideal, and thus it has a representation 

 

 { },  hd h≡ ∈I D  (29.13) 
 

We claim that d  is a greatest common divisor of f  and g .  Clearly, d  is a common divisor of f  
and g , since f  and g  are themselves members of I , so by (29.13) there exist h  and k  in D  
such that 

 

 ,f hd g kd= =  (29.14) 
 

On the other hand, since d  is also a member of I , by (29.12) there exist also p  and q  in D  such 
that 

 

 d pf qg= +  (29.15) 
 

Therefore if c  is any common divisor of f  and g , say 

 

 ,f ac g bc= =  (29.16) 
 

then from (29.15) 

 

 ( )d pa qb c= +  (29.17) 
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so d  is a multiple of c .  Thus d  is a greatest common divisor of f  and g . 

 

By the same argument as before, we see that the greatest common divisor d  of f  and g  is 
unique to within a nonzero scalar factor.  So we can render d  unique by requiring its leading 
coefficient to be 1 .  Also, it is clear that the preceding theorem can be extended in an obvious way 
to more than two polynomials.  If the greatest common divisor of 1,..., Lf f  is the zero degree 
polynomial 1 , then 1,..., Lf f  are said to be relatively prime.  Similarly 1,..., Lf f  are pairwise prime 
if each pair , ,i jf f i j≠ , from 1,..., Lf f  is relatively prime. 

 

Another important concept associated with the algebra of polynomials is the concept of the 
least common multiple. 

 

Theorem 29.3.  If f  and g  are polynomials, then there exists a least common multiple m  
which is a multiple of f  and g  and is a divisor of every common multiple of f  and g . 

 

The proof of this theorem is based on the same argument as the proof of the preceding 
theorem, so it is left as an exercise. 

 

 

Exercises 
 

29.1 If the eigenvalues of an endomorphism A  are all single roots of the characteristic equation, 
show that the characteristic polynomial of A  is also a minimal polynomial of A . 

29.2 Prove Theorem 29.3. 

29.3 If f  and g  are nonzero polynomials and if d  is their greatest common divisor, show that 
then 

 

 /m fg d=  
 

is their least common multiple and, conversely, if m  is their least common multiplies, then 

 

 /d fg m=  
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is their greatest common divisor.
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Section 30. Spectral Decomposition for Arbitrary Endomorphisms 
 

As we have mentioned in Section 27, not all endomorphism have matrices which are 
diagonal.  However, for Hermitian endomorphisms, a decomposition of the endomorphism into a 
linear combination of projections is possible and is given by (27.12).  In this section we shall 
consider the problem in general and we shall find decompositions which are, in some sense, closest 
to the simple decomposition (27.12) for endomorphisms in general. 

 

We shall prove some preliminary theorems first.  In Section 24 we remarked that the null 
space ( )K A  is always A -invariant.  This result can be generalized to the following 

 

Theorem 30.1.  If . f  is any polynomial, then the null space ( ( ))K f A  is A -invariant. 

 

Proof. Since the multiplication of polynomials is a commutative operation, we have 

 

 ( ) ( )f f=A A A A  (30.1) 
 

Hence if ( ( ))K f∈v A ,  then 

 

 ( ) ( )f f= = =A Av A A v A0 0  (30.2) 
 

which shows that ( ( ))K f∈Av A .  Therefore ( ( ))K f A  is A -invariant. 

 

Next we prove some theorems which describe the dependence of ( ( ))K f A  on the choice of 
f . 

 

Theorem 30.2.  If f  is a multiple of g , say 

 

 f hg=  (30.3) 
 

Then 

 

 ( ( )) ( ( ))K f K g⊃A A  (30.4) 
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Proof. This result is a general property of the null space.  Indeed, for any endomorphisms B  and 
C  we always have 

 

 ( ) ( )K K⊂BC C  (30.5) 
 

So if we set ( )h =A B  and ( )g =A C , then (30.5) reduces to (30.4). 

 

The preceding theorem does not imply that ( ( ))K g A  is necessarily a proper subspace of 
( ( ))K f A , however.  It is quite possible that the two subspaces, in fact, coincide.  For example, if 

g  and hence f  both belong to ( )AP , then ( ) ( )g f= =A A 0 , and thus 

 

 ( ( )) ( ( )) ( )K f K g K= = =A A 0 V  (30.6) 
 

However, if m  is the minimal polynomial of A , and if f  is a proper divisor of m (i.e., m  is not a 
divisor of f ) so that ( )f ∉ AP , then ( ( ))K f A  is strictly a proper  subspace of ( ( ))K m= AV .  
We can strengthen this result to the following 

 

Theorem 30.3.  If f  is a divisor (proper or improper) of the minimal polynomial m  of A , and if 
g  is a proper divisor of f , then ( ( ))K g A  is strictly a proper subspace of ( ( ))K f A . 

 

Proof. By assumption there exists a polynomial h  such that 

 

 m hf=  (30.7) 
 

We set 

 

 k hg=  (30.8) 
 

Then k  is a proper divisor of m , since by assumption, g  is a proper divisor of f .  By the remark 
preceding the theorem, ( ( ))K k A  is strictly a subspace of V , which is equal to ( ( ))K m A .  Thus 
there exists a vector v  such that 

 

 ( ) ( ) ( )k g h= ≠A v A A v 0  (30.9) 
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which implies that the vector ( )h=u A v  does not belong to ( ( ))K g A .  On the other hand, from 
(30.7) 

 

 ( ) ( ) ( ) ( )f f h m== = =A u A A v A v 0  (30.10) 
 

which implies that u  belongs to ( ( ))K f A .  Thus ( ( ))K g A  is strictly a proper subspace of 
( ( ))K f A . 

 

The next theorem shows the role of the greatest common divisor in terms of the null space. 

 

Theorem 30.4.  Let f  and g  be any polynomials, and suppose that d  is their greatest common 
divisor.  Then 

 

 ( ( )) ( ( )) ( ( ))K d K f K g= ∩A A A  (30.11) 
 

Obviously, this result can be generalized for more than two polynomials. 

 

Proof. Since d  is a common divisor of f  and g , the inclusion 

 

 ( ( )) ( ( )) ( ( ))K d K f K g⊂ ∩A A A  (30.12) 
 

follows readily from Theorem 30.2.  To prove the reversed inclusion, 

 

 ( ( )) ( ( )) ( ( ))K d K f K g⊃ ∩A A A  (30.13) 
 

recall that from (29.15) there exist polynomials p  and q  such that 

 

 d pf qg= +  (30.14) 
 

and thus 

 

 ( ) ( ) ( ) ( ) ( )d p f q g= +A A A A A  (30.15) 
 

This equation means that if ( ( )) ( ( ))K f K g∈ ∩v A A , then 
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( ) ( ) ( ) ( ) ( )

( ) ( )
d p f q g

p q
= +
= + =

A v A A v A A v
A 0 A 0 0

 (30.16) 

 

so that ( ( ))K d∈v A .  Therefore (30.13) is valid and hence (30.11). 

 

A corollary of the preceding theorem is the fact that if f  and g  are relatively prime then 

 

 { }( ( )) ( ( ))K f K g∩ =A A 0  (30.17) 
 

since in this case the greatest common divisor of f  and g  is ( ) 1d t = , so that 

 

 { }0( ( )) ( ) ( )K d K K= = =A A I 0  (30.18) 
 

Here we have assumed ≠A 0  of course. 

 

Next we consider the role of the least common multiple in terms of the null space. 

 

Theorem 30.5.  Let f  and g  be any polynomials, and suppose that l  is their least common 
multiplier.  Then 

 

 ( ( )) ( ( )) ( ( ))K l K f K g= +A A A  (30.19) 
 

 

where the operation on the right-hand side of (30.19) is the sum of subspaces defined in Section 10.  
Like the result (30.11), the result (30.19) can be generalized in an obvious way for more than two 
polynomials. 

 

The proof of this theorem is based on the same argument as the proof of the preceding 
theorem, so it is left as an exercise.  As in the preceding theorem, a corollary of this theorem is that 
if f  and g  are relatively prime (pairwise prime if there are more than two polynomials) then 
(30.19) can be strengthened to 

 

 ( ( )) ( ( )) ( ( ))K l K f K g= ⊕A A A  (30.20) 
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Again, we have assumed that ≠A 0 .  We leave the proof of (30.20) also as an exercise. 

 

Having summarized the preliminary theorems, we are now ready to state the main theorem 
of this section. 

 

Theorem 30.6.  If m  is the minimal polynomial of A  which is factored into the form 

 

 1
1 1( ) ( ) ( ) ( ) ( )La a

L Lm t t t m t m tλ λ= − ⋅⋅ ⋅ − ≡ ⋅ ⋅ ⋅  (30.21) 
 

where 1,..., Lλ λ  are distinct and 1,..., La a  are positive integers, then V  has the representation 

 

 1( ( )) ( ( ))LK m K m= ⊕ ⋅⋅ ⋅⊕A AV  (30.22) 
 

Proof. Since 1,..., Lλ λ  are distinct, the polynomials 1,..., Lm m  are pairwise prime and their least 
common multiplier is m .  Hence by  (30.20) we have 

 

 1( ( )) ( ( )) ( ( ))LK m K m K m= ⊕ ⋅⋅ ⋅⊕A A A  (30.23) 
 

But since ( ) 0m =A , ( ( ))K m =A V , so that (30.22) holds. 

 

Now from Theorem 30.1 we know that each subspace ( ( )),. 1,...,iK m i L=A  is A -invariant;  
then from (30.22) we see that A  is reduced by the subspaces 1( ( )),..., ( ( ))LK m K mA A .  k{  ,{  )))  
.1 kfmL(6)).  Therefore, the results of Theorem 24.1 can be applied.  In particular, if we choose a 
basis for each ( ( ))iK m A  and form a basis for V  by the union of these bases, then the matrix of A  
takes the form (24.5) in Exercise 24.1.  The next theorem shows that, in some sense, the 
factorization (30.21) gives also the minimal polynomials of the restrictions of A  to the various A -
invariant subspaces from the representation (30.22). 

 

Theorem 30.7.  Each factor km  of m  is the minimal polynomial of the restriction of A  to the 
subspace ( ( ))kK m A .  More generally, any product of factors, say 1 Mm m⋅ ⋅ ⋅  is the minimal 
polynomial of the restriction of A  to the corresponding subspace 1( ( )) ( ( ))MK m K m⊕⋅⋅ ⋅⊕A A  
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Proof : We prove the special case of one factor only, say 1m ;  the proof of the general case of 
several factors is similar and is left as an exercise.  For definiteness, let A  denote the restriction of 
A  to 1( ( ))K m A   Then 1( )m A  is equal to the restriction of 1( )m A  to 1( ( ))K m A , and, thus 

1( )m =A 0 , which means that 1 ( )m ∈ AP .  Now if g  is any proper divisor of 1m , then ( )g ≠A 0 ;  
for otherwise, we would have 2( ) ( ) ( )Lg m m⋅ ⋅ ⋅A A A , contradicting the fact that m  is minimal for 
A .  Therefore 1m  is minimal for A  and the proof is complete. 

 

The form (24.5), generally, is not diagonal.  However, if the minimal polynomial (30.21) 
has simple roots only, i.e., the powers 1,..., La a  are all equal to 1 , then 

 

 ( )i im λ= −A A I  (30.24) 
 

for all i .  In this case, the restriction of A  to ( ( ))iK m A  coincides with iλ I  on that subspace, 
namely 

 

 ( )i iλ λ=A IV  (30.25) 
 

Here we have used the fact from (30.24), that 

 

 ( ) ( ( ))i iK mλ = AV  (30.26) 
 

Then the form (24.5) reduces to the diagonal form (27.3)1 or (27.3)2. 

 

The condition that m  has simple roots only turns out to be necessary for the existence of a 
diagonal matrix for A  also, as we shall now see in the following theorem. 

 

Theorem 30.8.  An endomorphism A  has a diagonal matrix if and only if its minimal polynomial 
can be factored into distinct factors all of the first degree. 

 

Proof. Sufficiencyhas already been proven.  To prove necessity, assume that the matrix of A  
relative to some basis { }1,..., Ne e  has the form (27.3)1.  Then the polynomial 

 1( ) ( ) ( )Lm t t tλ λ= − ⋅⋅ ⋅ −  (30.27) 
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is the minimal polynomial of A .  Indeed, each basis vector ie  is contained in the null space 
( )kK λ−A I  for one particular k .  Consequently ( ( ))i K m∈e A  for all 1,...,i N= , and thus 

 

 ( ( ))K m =A V  (30.28) 
 

or equivalently 

 

 ( )m =A 0  (30.29) 
 

which implies that ( )m∈ AP .  But since 1, , , Lλ λ  are distinct, no proper divisor of m  still belongs 
to ( )AP .  Therefore m  is the minimal polynomial of A . 

 

As before, when the condition of the preceding theorem is satisfied, then we can define 
projections 1,..., LP P  by 

 

 
1

( ) ( ), ( ) ( )
L

i i i jj
j i

R Kλ λ
=
≠

= = ⊕P PV V  (30.30) 

 

for all 1,...,i L= , and the diagonal form (27.3)1 shows that A  has the representation 

 

 1 1
1

L

L L i i
i

λ λ λ
=

= + ⋅⋅ ⋅ + = ∑A P P P  (30.31) 

 

It should be noted, however, that in stating this result we have not made use of any inner product, 
so it is not meaningful to say whether or not the projections 1,..., LP P  are perpendicular;  further, the 
eigenvalues 1,..., Lλ λ  are generally complex numbers.  In fact, the factorization (30.21) for m  in 
general is possible only if the scalar field is algebraically closed, such as the complex field used 
here.  If the scalar field is the real field, we should define the factors 1,..., Lm m  of m  to be powers 
of irreducible polynomials, i.e., polynomials having no proper divisors.  Then the decomposition 
(30.22) for V  remains valid, since the argument of the proof is based entirely on the fact that the 
factors of  m  are pairwise prime. 

 

Theorem 30.8 shows that in order to know whether or not A  has a diagonal form, we must 
know the roots and their multiplicities in the minimal polynomial m  of A .  Now since the 
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characteristic polynomial f  of A  belongs to ( )AP , m  is a divisor of f .  Hence the roots of m  
are always roots of f ,  The next theorem gives the converse of this result. 

Theorem 30.9.  Each eigenvalue of A  is a root of the minimal polynomial m  of A  and vice 
versa. 

 

Proof. Sufficiency has already been proved.  To prove necessity, let λ  be an eigenvalue of A .  
Then we wish to show that the polynomial 

 

 ( )g t t λ= −  (30.32) 
 

is a divisor of m .  Since g  is of the first degree, if g  is not a divisor of m , then m  and g  are 
relatively prime.  By (30.17) and the fact that ( )m∈ AP , we have 

 

 { } ( ( )) ( ( )) ( ( )) ( ( ))K m K g K g K g= ∩ = ∩ =0 A A A AV  (30.33) 
 

But this is impossible, since ( ( ))K g A , being the characteristic subspace corresponding to the 
eigenvalue λ , cannot be of zero dimension. 

 

The preceding theorem justifies our using the same notations 1,..., Lλ λ  for the (distinct) 
roots of the minimal polynomial m , as shown in (30.21).  However it should be noted that the root 

iλ  generally has a smaller multiplicity in m  than in f , because m  is a divisor of f .  The 
characteristic polynomial f  yields not only the (distinct) roots 1,..., Lλ λ  of m , it determines also 
the dimensions of their corresponding subspaces 1( ( )),..., ( ( ))LK m K mA A  in the decomposition 
(30.22)  This result is made explicit in the following theorem. 

 

Theorem 30.10.  Let kd  denote the algebraic multiplicity of the eigenvalue kλ  as before; i.e., kd  is 
the multiplicity of kλ  in f  [cf. (26.8)].  Then we have 

 

 dim ( ( ))k kK m d=A  (30.34) 
 

Proof We prove this result by induction.  Clearly, it is valid for all A  having a diagonal form, 
since in this case ( )k km λ= −A A I , so that ( ( ))kK m A  is the characteristic subspace corresponding 
to kλ  and its dimension is the geometric multiplicity as well as the algebraic multiplicity of kλ .  
Now assuming that the result is valid for all A  whose minimal polynomial has at most M  multiple 
roots, where 0M =  is the starting induction hypothesis, we wish to show that the same holds for 
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all A  whose minimal polynomial has 1M +  multiple roots.  To see this, we make use of the 
decomposition (30.23) and, for definiteness, we assume that 1λ  is a multiple root of m .  We put 

 

 2( ( )) ( ( ))LK m K m= ⊕ ⋅⋅ ⋅⊕A AU  (30.35) 
 

Then U  is A =invariant.  From Theorem 30.7 we know that the minimal polynomial mU  of the 
restriction AU  is 

 

 2 Lm m m= ⋅⋅ ⋅U  (30.36) 
 

which has at most M  multiple roots.  Hence by the induction hypothesis we have 

 

 2 2dim dim ( ( )) dim ( ( ))L LK m K m d d= + ⋅ ⋅ ⋅ + = + ⋅⋅ ⋅ +A AU  (30.37) 
 

But from (26.8) and (30.23) we have also 

 

 1 2

1 2dim ( ( )) dim ( ( )) dim ( ( ))
L

L

N d d d
N K m K m K m
= + + ⋅⋅ ⋅ +
= + + ⋅⋅ ⋅ +A A A

 (30.38) 

 

Comparing (30.38) with (30.37), we see that 

 

 1 1dim ( ( ))d K m= A  (30.39) 
 

Thus the result (30.34) is valid for all A  whose minimal polynomial has 1M +  multiple roots, and 
hence in general. 

 

An immediate consequence of the preceding theorem is the following. 

 

Theorem 30.11.  Let kb  be the geometric multiplicity of kλ , namely 

 

 dim ( ) dim ( ( )) dim ( )k k k kb K g Kλ λ≡ ≡ ≡ −A A IV  (30.40) 
 

Then we have 
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 1 1k k kb d a≤ ≤ − +  (30.41) 
 

where kd  is the algebraic multiplicity of kλ  and ka  is the multiplicity of  kλ  in m ,as shown in 
(30.21).  Further, k kb d=  if and only if 

 

 2( ( )) ( ( ))k kK g K g=A A  (30.42) 
 

Proof.   If kλ  is a simple root of m , i.e., 1ka =  and k kg m= , then from (30.34) and (30.40) we 
have k kb d= .  On the other hand, if kλ  is a multiple root of m , i.e., 1ka >  and ka

k km g= , then the 
polynomials ( 1)2, ,..., ka

k k kg g g −  are proper divisors of km .  Hence by Theorem 30.3 

 

 ( 1)2( ) ( ( )) ( ( )) ( ( )) ( ( ))ka
k k k k kK g K g K g K mλ −= ⊂ ⊂ ⋅⋅ ⋅ ⊂ ⊂A A A AV  (30.43) 

 

where the inclusions are strictly proper and the dimensions of the subspaces change by at least one 
in each inclusion.  Thus (30.41) holds. 

 

The second part of the theorem can be proved as follows: If kλ  is a simple root of m , then 

k km g= , and, thus 2( ( )) ( ( )) ( )k k kK g K g λ= =A A V .  On the other hand, if kλ  is not a simple root 
of m , then km  is at least of second degree.  In this case kg  and 2

kg  are both divisors of m .  But 
since kg  is also a proper divisor of 2

kg , by Theorem 30.3, ( ( ))kK g A  is strictly a proper subspace 
of 2( ( ))kK g A , so that (30.42) cannot hold, and the proof is complete. 

 

The preceding three theorems show that for each eigenvalue kλ  of A , generally there are 
two nonzero A -invariant subspaces, namely, the eigenspace ( )kλV  and the subspace ( ( ))kK m A .  
For definiteness, let us call the latter subspace the characteristic subspace corresponding to kλ  and 
denote it ‘by the more compact notation ( )kλU .  Then ( )kλV  is a subspace of ( )kλU  in general, 
and the two subspaces coincide if and only if kλ  is a simple root of m .  Since kλ  is the only 
eigenvalue of the restriction of A  to ( )kλU , by the Cayley-Hamilton theorem we have also 

 

 ( ) (( ) )kd
k kKλ λ= −A IU  (30.44) 
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where kd  is the algebraic multiplicity of kλ , which is also the dimension of ( )kλU .  Thus we can 
determine the characteristic subspace directly from the characteristic polynomial of  A  by (30.44). 

 

Now if we define kP  to be the projection on ( )kλU  in the direction of the remaining 
( ),j j kλ ≠U , namely 

 
1

( ) ( ), ( ) ( )
L

k k k j
j
j k

R Kλ λ
=
≠

= = ⊕P PU U  (30.45) 

 

and we define kB  to be k kλ−A P  on ( )kλU  and 0  on ( ),j j kλ ≠U , then A  has the spectral 
decomposition by a direct sum 

 

 
1

( )
L

j j j
j

λ
=

= +∑A P B  (30.46) 

 

where 

 

 

2

1,...,

,   1j

j j

j j j j j

a
j j j

j L

a d

⎫=
⎪⎪= = =⎬
⎪

= ≤ ≤ ⎪⎭

P P

P B B P B

B 0

 (30.47) 

 

 , , 1,...,

,

j k

j k k j

j k

j k j k L

⎫=
⎪

= = ≠ =⎬
⎪= ⎭

P P 0

P B B P 0

B B 0

 (30.48) 

 

In general, an endomorphism B  satisfying the condition 

 

 a =B 0  (30.49) 
 

for some power a  is called nilpotent.  From (30.49) or from Theorem 30.9 the only eigenvalue of a 
nilpotent endomorphism is 0 , and the lowest power a satisfying (30.49) is an integer ,1a a N≤ ≤ , 
such that Nt  is the characteristic polynomial of B  and at  is the minimal polynomial of B .  In view 
of (30.47) we see that each endomorphism jB  in the decomposition (30.46) is nilpotent and can be 
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regarded also as a nilpotent endomorphism on ( )jλU .  In order to decompose A  further from 
(30.46) we must determine a spectral decomposition for each jB .  This problem is solved in 
general as follows. 

 

First, we recall that in Exercise  26.8 we have defined a nilcylic endomorphism C  to be a 
nilpotent endomorphism such that 

 

 1butN N−= ≠C 0 C 0  (30.50) 
 

Where N  is the dimension of the underlying vector space V .  For such an endomorphism we can 
find a cyclic basis { }1,..., Ne e  which satisfies the conditions 

 

 1 1
1 2 1 1, ,...,N N

N N
− −

−= = =C e 0 C e e Ce e  (30.51) 
 

or, equivalently 

 

 1 2
1 2 2 1, ,...,N N

N N N
− −

−= = =C e e C e e Ce e  (30.52) 
 

so that the matrix of C  takes the simple form (26.19).  Indeed, we can choose Ne  to be any vector 
such that 1N

N
− ≠C e 0 ;  then the set { }1,..., Ne e  defined by (30.52) is linearly independent and thus 

forms a cyclic basis for C .  Nilcyclic endomorphisms constitute only a special class of nilpotent 
endomorphisms, but in some sense the former can be regarded as the building blocks for the latter.  
The result is made precise by the following theorem. 

 

Theorem 30.12.  Let B  be a nonzero nilpotent endomorphism of V  in general, say B  satisfies the 
conditions 

 

 1buta a−= ≠B 0 B 0  (30.53) 
 

for some integer a  between 1  and N .  Then there exists a direct sum decomposition for V : 

 

 1 M= ⊕ ⋅⋅ ⋅⊕V V V  (30.54) 
 

and a corresponding direct sum decomposition for B  (in the sense explained in Section 24): 
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 1 M= + ⋅ ⋅ ⋅ +B B B  (30.55) 
 

such that each jB  is nilpotent and its restriction to jV  is nilcyclic.  The subspaces 1,..., MV V  in the 
decomposition (30.54) are not unique, but their dimensions are unique and obey the following 
rules:  The maximum of the dimension of 1,..., MV V  is equal to the integer a  in (30.53); the number 

aN  of subspaces among 1,..., MV V  having dimension a  is given by 

 

 1dim ( )a
aN N K −= − B  (30.56) 

 

More generally, the number bN  of subspaces among 1,..., MV V  having dimensions greater than or 
equal to b  is given by 

 

 1dim ( ) dim ( )b b
bN K K −= −B B  (30.57) 

 

for all 1,...,b a= .  In particular, when 1b = , 1N  is equal to the integer M  in (30.54), and (30.57) 
reduces to 

 

 dim ( )M K= B  (30.58) 
 

Proof. We prove the theorem by induction on the dimension of V .  Clearly, the theorem is valid 
for one-dimensional space since a nilpotent endomorphism there is simply the zero endomorphism 
which is nilcylic.  Assuming now the theorem is valid for vector spaces of dimension less than or 
equal to 1N − , we shall prove that the same is valid for vector spaces of dimension N . 

 

Notice first if the integer a  in (30.53) is equal to N , then B  is nilcyclic and the assertion is 
trivially satisfied with 1M = , so we can assume that 1 a N< < .  By (30.53)2, there exists a vector 

a ∈e V  such that 1a
a

− ≠B e 0 .  As in (30.52) we define 

 

 1
1 1,...,a

a a
−

−=B e e Be  (30.59) 
 

Then the set { }1,... ae e  is linearly independent. We put 1V  to ‘be the subspace generated by 

{ }1,... ae e .  Then by definition 1dim a=V , and the restriction of B  on 1V  is nilcyclic. 
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Now recall that for any subspace of a vector space we can define a factor space (cf. Section 
11).  As usual we denote the factor space of V  over 1V  by 1V V .  From the result of Exercise 11.5 
and (30.59), we have 

 

 1dim 1N a N= − < −V V  (30.60) 
 

Thus we can apply the theorem to the factor space 1V V .  For definiteness, let us use the notation 
of Section 11, namely, if ∈v V , then v  denotes the equivalence set of v  in 1V V .  This notation 
means that the superimposed bar is the canonical projection from V  to 1V V .  From (30.59) it is 
easy to see that 1V  is B -invariant.  Hence if u  and v  belong to the same equivalence set, so do 
Bu  and Bv .  Therefore we can define an endomorphism B  on the factor space 1V V , by 

 

 =Bv Bv  (30.61) 
 

for all ∈v V  or equivalently for all 1∈v V V ,  Applying  (30.60) repeatedly, we have also 

 

 k k=B v B v  (30.62) 
 

 

for all integers k .  In particular, B  is nilpotent and 

 

 a =B 0  (30.63) 
 

By the induction hypothesis we can then find a direct sum decomposition of the form 

 

 1 1 p= ⊕ ⋅⋅ ⋅⊕V V U U  (30.64) 
 

for the factor space 1V V  and a corresponding direct sum decomposition 

 

 1 p= + ⋅⋅ ⋅B F F  (30.65) 
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for B .  In particular, there are cyclic bases in the subspaces 1,..., pU U   for the nilcyclic 
endomorphisms which are the restrictions of 1, , , , , pF F  to the corresponding subspaces.  For 

definiteness, let { }1,..., bf f  be a cyclic basis in 1U , say 

 

 1
1 1, ,...,b b

b b b b
−

−= = =B f 0 B f f Bf f  (30.66) 
 

From (30.63), is necessarily less than or equal to a . 

 

From (30.66)1 and (30.62) we see that b
bB f  belongs to 1V  and, thus can be expressed as a 

linear combination of { }1,..., ae e , say 

 

 1
1 1 1 1( )b a

b a a a a aα α α α α−
−= + ⋅ ⋅ ⋅ + = + ⋅ ⋅ ⋅ + +B f e e B B I e  (30.67) 

 

Now there are two possibilities: (i) b
b =B f 0  or (ii) b

b ≠B f 0 .  In case (i) we define as before 

 

 1
1 1,...,b

b b b
−

−= =B f f Bf f  (30.68) 
 

Then { }1,..., bf f  is a linearly independent set in V , and we put 2V  to be the subspace generated by 

{ }1,..., bf f ,  On the other hand, in case (ii) from (30.53) we see that b  is strictly less than a ;  
moreover, from (30.67) we have 

 

 1
1 1 1( )a a a b

b a b a a a b a bα α α α− −
− + − += = + ⋅⋅ ⋅ + = + ⋅⋅ ⋅ +0 B f B B e e e  (30.69) 

 

which implies 

 

 1 0a b aα α− += = ⋅ ⋅ ⋅ = =  (30.70) 
 

or equivalently 

 

 1
1( )b a b

b a b aα α−
−= + ⋅ ⋅ ⋅ +B f B B e  (30.71) 

 

Hence we can choose another vector 'bf  in the same equivalence set of bf  by 
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 1
1 1 1' ( )a b

b b a b a b b a b aα α α α− −
− + −= − + ⋅⋅ ⋅ + = − − ⋅⋅ ⋅ −f f B I e f e e  (30.72) 

 

which now obeys the condition 'b
b =B f 0 , and we can proceed in exactly the same way as in case 

(i).  Thus in any case every cyclic basis { }1,..., bf f  for 1U  gives rise to a cyclic set { }1,..., bf f  in V . 

 

Applying this result to each one of the subspaces 1,..., pU U  we obtain cyclic sets { }1,..., bf f , 

{ }1,..., cg g ,…, and subspaces 2 1,..., p+V V  generated by them in V .  Now it is clear that the union of 

{ } { } { }1 1 1,..., , ,..., , ,...,a b ce e f f g g ,…, form a basis of V  since from (30.59), (30.60), and (30.64) 
there are precisely N  vectors in the union; further, if we have 

 

 1 1 1 1 1 1 a a b b c cα α β β γ γ+ ⋅ ⋅ ⋅ + + + ⋅ ⋅ ⋅ + + + ⋅⋅ ⋅ + + ⋅ ⋅ ⋅ =e e f f g g 0  (30.73) 
 

then taking the canonical projection to 1V V  yields 

 

 1 1 1 1 b b c cβ β γ γ+ ⋅ ⋅ ⋅ + + + ⋅ ⋅ ⋅ + + ⋅ ⋅ ⋅ =f f g g 0  
 

which implies 

 

 1 1 = b cβ β γ γ⋅ ⋅⋅ = = = ⋅ ⋅ ⋅ = = ⋅ ⋅ ⋅ = 0  
 

and substituting this result back into (30.73) yields 

 

 1 0aα α= ⋅⋅ ⋅ = =  
 

Thus V has a direct sum decomposition given by (30.54) with 1M p= +  and B  has a 
corresponding decomposition given by (30.55) where 1,..., MB B  have the prescribed properties. 

 

Now the only assertion yet to be proved is equation (30.57).  This result follows from the 
general rule that for any nilcylic endomorphism C  on a L-dimensional space we have 
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 1 1 for  1
dim ( ) dim( )

0 for  
k k k L

K
k L

− ≤ ≤⎧
− = ⎨ >⎩

C C  

 

Applying this rule to the restriction of jB  to V  for all 1,...,j M=  and using the fact that the 

kernel of kB  is equal to the direct sum of the kernel of the restriction of ( )k
jB  for all 1,...,j M= , 

prove easily that (30.57) holds.  Thus the proof is complete. 

 

In general, we cannot expect the subspaces 1,..., MV V  in the decomposition (30.54) to be 
unique.  Indeed, if there are two subspaces among 1,..., MV V  having the same dimension, say 

1 2dim dim a= =V V , then we can decompose the direct sum 1 2⊕V V  in many other ways, e.g., 

 

 1 21 2⊕ = ⊕V V V V  (30.74) 
 

and when we substitute (30.74) into (30.54) the new decomposition 

 

 1 2 3 N= ⊕ ⊕ ⊕⋅⋅ ⋅⊕V V V V V  
 

possesses exactly the same properties as the original decomposition (30.54).  For instance we can 
define 1V  and 2V  to be the subspaces generated by the linearly independent cyclic set { }1,..., ae e  

and { }1,..., af f , where we choose the starting vectors ae  and af  by 

 

 ,a a a a a aα β γ δ= + = +e e f f e f  
 

provided that the coefficient matrix on the right hand side is nonsingular. 

 

If we apply the preceding theorem to the restriction of kλ−A I  on kU , we see that the 
inequality (30.41) is the best possible one in general.  Indeed, (30.41)2 becomes an equality if and 
only if kU  has the decomposition 

 

 1k k kM= ⊕ ⋅⋅ ⋅⊕U U U  (30.75) 
 
where the dimensions of the subspaces 1,...,k kMU U  are 
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 1 2dim , dim dim 1k k k kMa= = ⋅⋅ ⋅ = =U U U  
 

If there are more than one subspaces among 1,...,k kMU U  having dimension greater than one, then 
(30.41)2 is a strict inequality. 

 

The matrix of the restriction of kλ−A I  to kU  relative to the union of the cyclic basis for 

1,...,k kMU U  has the form 

 

 

1

2

0

0

k

k

k

kM

A
A

A

A

⎡ ⎤
⎢ ⎥
⎢ ⎥

⋅⎢ ⎥
= ⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥
⎣ ⎦

 (30.76) 

 

where each submatrix kjA  in the diagonal of kA  has the form 

 

 

1 0
1

1
0

k

k

kj

k

A

λ
λ

λ

⎡ ⎤
⎢ ⎥
⎢ ⎥

⋅⎢ ⎥
= ⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥
⎣ ⎦

 (30.77) 

 

Substituting (30.76) into (24.5) yields the Jordan normal form for A : 
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11

12

2

0

0

( ) 0

0 M

A
A

M
A

A

⎡ ⎤
⎢ ⎥
⎢ ⎥

⋅⎢ ⎥
⎢ ⎥⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥

⋅⎢ ⎥
⎢ ⎥⋅
⎢ ⎥

⋅⎢ ⎥
⎢ ⎥⎣ ⎦

A  (30.78) 

 

The Jordan normal form is an important result since it gives a geometric interpretation of an 
arbitrary endomorphism of a vector space.  In general, we say that two endomorphisms A  and 'A  
are similar if the matrix of A  relative to a basis is identical to the matrix of 'A  relative to another 
basis.  From the transformation law (22.7), we see that A  and 'A  are similar if and only if there 
exists a nonsingular endomorphism T  such that 

 

 1'  −=A TAT  (30.79) 
 

Clearly, (30.79) defines an equivalence relation on ( ; )L V V .  We call the equivalence sets relative 
to (30.79) the conjugate subsets of ( ; )L V V .  Now for each ( ; )∈A L V V  the Jordan normal form 
of A  is a particular matrix of A  and is unique to within an arbitrary change of ordering of the 
various square blocks on the diagonal of the matrix.  Hence A  and 'A are similar if and only if 
they have the same Jordan normal form.  Thus the Jordan normal form characterizes the conjugate 
subsets of ( ; )L V V  

 

 

Exercises 
 

30.1 Prove Theorem 30.5. 

30.2 Prove the general case of Theorem 30.7. 

30.3 Let U  be an unitary endomorphism of an inner product space V .  Show that U  has a 
diagonal form. 

30.4 If V  is a real inner product space, show that an orthogonal endomorphism Q  in general 
does not have a diagonal form, but it has the spectral form 
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1 1

1 1

1

1 0
1

( )

1
cos sin

0 sin cos

cos sin
sin cos

L L

L L

M

θ θ
θ θ

θ θ
θ θ

⎡ ⎤
⎢ ⎥⋅⎢ ⎥

⋅⎢ ⎥
⎢ ⎥⋅⎢ ⎥
⎢ ⎥
⎢ ⎥−⎢ ⎥
⎢ ⎥⋅
⎢ ⎥

⋅⎢ ⎥= ⎢ ⎥⋅
⎢ ⎥

−⎢ ⎥
⎢ ⎥−
⎢ ⎥
⎢ ⎥
⎢ ⎥⋅⎢ ⎥

⋅⎢ ⎥
⎢ ⎥−⎢ ⎥
⎢ ⎥⎣ ⎦

Q

 

 

where the angles 1,..., Lθ θ  may or may not be distinct. 

30.5 Determine whether the endomorphism A  whose matrix relative to a certain basis is 

 

 
1 1 0

( ) 0 1 0
0 1 1

M
⎡ ⎤
⎢ ⎥= ⎢ ⎥

−⎢ ⎥⎣ ⎦

A  

 

can have a diagonal matrix relative to another basis.  Does the result depend on whether the 
scalar field is real or complex? 

30.6 Determine the Jordan normal form for the endomorphism A  whose matrix relative to a 
certain basis is 

 

 
1 1 1

( ) 0 1 1
0 0 1

M
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

A  
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Chapter 7 
 
 
TENSOR ALGEBRA 
 
 

The concept of a tensor is of major importance in applied mathematics.  Virtually every 
discipline in the physical sciences makes some use of tensors.  Admittedly, one does not always 
need to spend a lot of time and effort to gain a computational facility with tensors as they are 
used in the applications.  However, we take the position that a better understanding of tensors is 
obtained if we follow a systematic approach, using the language of finite-dimensional vector 
spaces.  We begin with a brief discussion of linear functions on a vector space. Since in the 
applications the scalar field is usually the real field, from now on we shall consider real vector 
spaces only. 

 

Section 31.  Linear Functions, the Dual Space 
 

Let V  be a real vector space of dimension .N   We consider the space of linear functions 
( );L V R  from V  into the real numbers .R   By Theorem 16.1, ( )dim ; dim =N=L V R V .  

Thus V and ( );L V R are isomorphic.  We call ( );L V R  the dual Space of ,V  and we denote it 

by the special notation ∗V .  To distinguish elements of V  from those of ∗V , we shall call the 
former elements vectors and the latter elements covectors.  However, these two names are 
strictly relative to each other.  Since ∗V  is a N-dimensional vector space by itself, we can apply 
any result valid for a vector space in general to ∗V  as well as to .V   In fact, we can even define 
a dual space ( )∗∗V  for ∗V  just as we define a dual space ∗V  for .V   In order not to introduce 

too many new concepts at the same time, we shall postpone the second dual space ( )∗∗V  until the 

next section.  Hence in this section V  shall be a given N-dimensional space and ∗V  shall denote 
its dual space.  As usual, we denote typical elements of V by , , ,…u v w .  Then the typical 
elements of ∗V are denoted by , , ,...* * *u v w .  However, it should be noted that the asterisk here is 
strictly a convenient notation, not a symbol for a function from V to ∗V .  Thus ∗u  is not related 
in any particular way to .u   Also, for some covectors, such as those that constitute a dual basis to 
be defined shortly, this mutation becomes rather cumbersome.  In such cases, the notation is 
simply abandoned.  For instance, without fear of ambiguity we denote the null covector in ∗V  by 
the same notation as the null vector in ,V  namely ,0  instead of ∗0 . 

If ,∗ ∗∈v V  then ∗v  is a linear function fromV  to R , i.e., 

 

:∗ →v V R  
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such that for any vectors , ,∈u v V  and scalars , ,α β ∈R  

 

( ) ( ) ( )α β α β∗ ∗ ∗+ = +v u v v u v v  
 

Of course, the linear operations on the right hand side are those of R  while those on the left hand 
side are linear operations in .V   For a reason the will become apparent later, it is more 
convenient to denote the value of ∗v  at v  by the notation ,∗v v .  Then the bracket  ,   
operation can be viewed as a function 

 

 ,  : ∗ × →V V R  
 

It is easy to verify that this operation has the following properties: 

 

 

*

( ) , , ,

( ) , , ,

( ) For any given , ,  vanishes for all  if and only if * .

( ) Similarly, for any given , ,  vanishes for all *  if and only if .

i

ii

iii

iv

α β α β

α β α β

∗ ∗ ∗ ∗

∗ ∗ ∗

∗ ∗

∗

+ = +

+ = +

∈ =

∈ =

v u v v v u v

v u v v u v v

v v v v v 0

v v v v v 0

V

V

(31.1) 

 

The first two properties define ,  to be a bilinear operation on ∗ ×V V , and the last two 

properties define ,  to be a definite operation.  These properties resemble the properties of an 

inner product, so that we call the operation ,  the scalar product.  As we shall see, we can 
define many concepts associated with the scalar product similar to corresponding concepts 
associated with an inner product.  The first example is the concept of the dual basis, which is the 
counterpart of the concept of the reciprocal basis. 

 

If { }1, Ne e…  is a basis for V , we define the dual basis to be a basis { }1, Ne e… for 
∗V such that  

 

 ,j j
i iδ=e e  (31.2) 
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for all , 1, , .i j N= …   The reader should compare this condition with the condition (14.1) that 
defines the reciprocal basis.  By exactly the same argument as before we can prove the following 
theorem. 

 

Theorem 31.1.  The dual basis relative to a given basis exists and is unique. 

 

Notice that we have dropped the asterisk notation for the covector je  in a dual basis; the 
superscript alone is enough to distinguish { }1, Ne e…  from  { }1, .Ne e…   However, it should be 

kept in mind that, unlike the reciprocal basis, the dual basis is a basis for ,∗V not a basis for .V   
In particular, it makes no sense to require a basis be the same as its dual basis.  This means the 
component form of a vector ∈v V  relative to a basis { }1, Ne e… , 

 

 i
iv=v e  (31.3) 

 

must never be confused with the component form of a covector ∗ ∗∈v V  relative to the dual 
basis, 

 

 i
iv∗ =v e  (31.4) 

 

In order to emphasize the difference of these two component forms, we call iv  the contravariant 
components of v and iv  the covariant components of .∗v   A vector has contravariant 
components only and a covector has covariant components only.  The terminology for the 
components is not inconsistent with the same terminology defined earlier for an inner product 
space, since we have the following theorem. 

 

Theorem 31.2.  Given any inner product on ,V  there exists a unique isomorphism  

 

 : ∗→G V V  (31.5) 

 

which is induced by the inner product in such a way that 

 

 , , ,= ⋅ ∈Gv w v w v w V  (31.6) 
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Under this isomorphism the image of any orthonormal basis { }1, , Ni i…  is the dual basis 

{ }1, , Ni i… , namely 

 

 , 1, ,k
k k N= =Gi i …  (31.7) 

 

and, more generally, if { }1, Ne e…  is an arbitrary basis, then the image of its reciprocal basis 

{ }1, Ne e… , is the dual basis { }1, ,Ne e…  namely 

 

 , 1, ,k k k N= =Ge e …  (31.8) 

 

Proof.  Since we now consider only real vector spaces and real inner product spaces, the right-
hand side of (31.6), clearly, is a linear function of w  for each .∈v V   Thus G  is well defined by 
the condition (31.6).  We must show that G is an isomorphism.  The fact that G  is a linear 
transformation is obvious, since the right-hand side of (31.6) is linear in v  for each .∈w V   
Also, G  is one-to-one because, from (31.6), if ,=Gu Gv  then ⋅ = ⋅u w v w for all w  and thus 

.=u v   Now since we already know that dim dim ∗=V V , any one-to-one linear transformation 
from V  to ∗V  is necessarily onto and hence an isomorphism.  The proof of (31.8) is obvious, 
since by the definition of the reciprocal basis we have 

 

 , , 1, ,i i
j j i j Nδ⋅ = =e e …  

 

and by the definition of the dual basis we have 

 

 , , , 1, ,i i
j j i j Nδ= =e e …  

 

Comparing these definitions with (31.6), we obtain 
 
 , , , 1, ,i i

j j i j N= = =Ge e e e …  

 
which implies (31.8) because { }1, Ne e… is a basis of .V  
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Because of this theorem, if a particular inner product is assigned on ,V  then we can 
identify V with ∗V  by suppressing the notation for the isomorphisms G and 1.−G   In other 
words, we regard a vector v  also as a linear function on :V  

 

 , ≡ ⋅v w v w  (31.9) 

 

According to this rule the reciprocal basis is identified with the dual basis and the inner product 
becomes the scalar product.  However, since a vector space can be equipped with many inner 
products, unless a particular inner product is chosen, we cannot identify V  with ∗V  in general. 
In this section, we shall not assign any particular inner product in ,V so V  and ∗V are different 
vector spaces. 

 

We shall now derive some formulas which generalize the results of an inner product 
space to a vector space in general.  First, if ∈v V  and ∗ ∗∈v V  are arbitrary, then their scalar 
products ,∗v v  can be computed in component form as follows:  Choose a basis { }ie  and its 

dual basis { }ie for V  and ,∗V  respectively, so that we can express and ∗v v  in component form 
(31.3) and (31.4).  Then from (31.1) and (31.2) we have 

 

 , , ,i j j i j i i
i j i j i j iv v v v v v v vδ∗ = = = =v v e e e e  (31.10) 

 

which generalizes the formula (14.16).  Applying (31.10) to ,i∗ =v e  we obtain 

 

 ,i iv=e v  (31.11) 

 

which generalizes the formula (14.15)1; similarly applying (31.10) to ,j=v e  we obtain 

 

 , i iv∗ =v e  (31.12) 

 

which generalizes the formula (14.15)2 
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Next recall that for inner product spaces V and U we define the adjoint ∗A of a linear 
transformation : →A V U  to be a linear transformation :∗ →A U V such that the following 
condition [cf.(18.1)] is satisfied: 

 

 , ,∗⋅ = ⋅ ∈ ∈u Av A u v u vU V  

 

If we do not make use of any inner product, we simply replace this condition by  

 

 , , , ,∗ ∗ ∗ ∗ ∗= ∈ ∈u Av A u v u vU V  (31.13) 

 

then ∗A  is a linear transformation from to ,∗ ∗U V  

 

 :∗ ∗ ∗→A U V  

 

and is called the dual of .A   By the same argument as before we can prove the following 
theorem. 

 

Theorem 31.3.  For every linear transformation : →A V U  there exists a unique dual 
:∗ ∗ ∗→A U V  satisfying the condition (31.13). 

 

If we choose a basis { }1, Ne e…  for V and a basis { }1, , Mb b…  for U  and express the 

linear transformation A  by (18.2) and the linear transformation  ∗A  by (18.3), where { }αb  and 

{ }ke  are now regarded as the dual bases of { }αb  and { },ke  respectively, then (18.4) remains 
valid in the more general context, except that we now have 

 

 k kA Aα α∗ =  (31.14) 

 

since we no longer consider complex spaces.  Of course, the formulas (18.5) and (18.6) are now 
replaced by 

 

 , k kAα α=b Ae  (31.15) 
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and 

 

 , k kAα α∗ ∗=A b e  (31.16) 

 

respectively. 

 

For an inner product space the orthogonal complement of a subspace ofU V  is a 
subspace ⊥U  given by [cf.(13.2)] 

 

 { }0 for all⊥ = ⋅ = ∈v u v uU U  

 

By the same token, if V  is a vector space in general, then we define the orthogonal complement 
of U  to be the subspace of⊥ ∗U V given by 

 

 { }, 0 for all⊥ ∗ ∗= = ∈v v u uU U  (31.17) 

 

In general if ∈v V and ∗ ∗∈v V  are arbitrary, then and ∗v v  are said to be orthogonal  to each 
other if , 0.∗ =v v   We can prove the following theorem by the same argument used previously 
for inner product spaces. 

Theorem 31.4.  If U  is a subspace of ,V  then 

 
 dim dim dim⊥+ =U U V  (31.18) 

 
However, V  is no longer the direct sum of and ⊥U U since ⊥U  is a subspace of ,∗V  not a 
subspace of .V  

 

Using the same line of reasoning, we can generalize Theorem 18.3 to the following. 

 

Theorem 31.5.  If : →A V U  is a linear transformation, then 

 



210  Chap. 7 • TENSOR ALGEBRA 

 ( ) ( )K R ⊥∗ =A A  (31.19) 

 
and 

 

 ( ) ( )K R
⊥∗=A A  (31.20) 

 

Similarly, we can generalize Theorem 18.4 to the following. 
 
Theorem 31.6.  Any linear transformation A and its dual ∗A have the same rank. 
 
 Finally, formulas for transferring from one basis to another basis can be generalized from 
inner product spaces to vector spaces in general.  If { }1, Ne e… and { }1ˆ ˆ, Ne e… are bases for ,V  
then as before we can express one basis in component form relative to another, as shown by 
(14.17) and (14.18).  Now suppose that { }1, Ne e… and { }1ˆ ˆ, Ne e… are the dual bases of { }1, Ne e…  

and{ }1ˆ ˆ, Ne e… , respectively.  Then it can be verified easily that  
 
 ˆˆ ˆ,q q k q q k

k kT T= =e e e e  (31.21) 

 
where q

kT and ˆ q
kT  are defined by (14.17) and (14.18), i.e., 

 
 ˆ ˆ ˆ,q q

k k q k k qT T= =e e e e  (31.22) 

 
From these relations if ∈v V  and ∗ ∗∈v V  have the component forms (31.3) and (31.4) relative 
to { }ie and { }ie and the component forms 
 
 ˆ ˆi

iυ=v e  (31.23) 

 
and 
 
 ˆ ˆ i

iυ
∗ =v e  (31.24) 

 
relative to { }ˆ ie and { }ˆ ,ie respectively, then we have the following transformation laws: 
 
 ˆ k

q q kTυ υ=  (31.25) 
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 ˆˆq q k
kTυ υ=  (31.26) 

 
 ˆ ˆk k q

qTυ υ=  (31.27) 

 
and 
 
 ˆ ˆq

k k qTυ υ=  (31.28) 

 
which generalize the formulas (14.24)-(14.27), respectively. 
 
 
Exercises 
 
31.1 If : →A V U  and : →B U W are linear transformations, show that 
 

( )∗ ∗ ∗=BA A B  
 
31.2 If : →A V U and : →B V U are linear transformations, show that  
 

( )α β α β∗ ∗ ∗+ = +A B A B  
 
and that 
 

∗ = ⇔ =A 0 A 0  
 

These two conditions mean that the operation of taking the dual is an isomorphism 
( ) ( ): ; ;∗ ∗∗ →L V U L U V . 

31.3 : →A V U is an isomorphism, show that :∗ ∗ ∗→A U V is also an isomorphism; 
moreover, 

 

( ) ( ) 11 ∗ −− ∗=A A  
 
31.4 If V has the decomposition 1 2= ⊕V U U  and if : →P V V  is the projection of V on 

1U along 2,U show that ∗V has the decomposition 1 2
∗ ⊥ ⊥= ⊕V U U and that  :∗ ∗ ∗→P V V is 

the projection of ∗V on 2
⊥U along 1 .⊥U  

31.5 If 1 2andU U are subspaces of ,V show that 
 

( ) ( )1 2 1 2 1 2 1 2and⊥ ⊥ ⊥ ⊥ ⊥ ⊥+ = = +U U U U U U U U∩ ∩  
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31.6 Show that the linear transformation : ∗→G V V defined in Theorem 31.2 obeys the 

condition 
 

, ,=Gv w Gw v  
 
31.7 Show that an inner product on ∗V is induced by an inner product on V by the formula 
 
 1 1∗ ∗ − ∗ − ∗⋅ ≡ ⋅v w G v G w  (31.29) 

 
whereG is the isomorphism defined in Theorem 31.2. 

31.8 If { }ie is a basis for V and { }ie is its dual basis in ,∗V show that { }iGe is the reciprocal 

basis of { }ie with respect to the inner product on ∗V defined by (31.29) in the preceding 
exercise. 
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Section 32.  The Second Dual space, canonical Isomorphisms  
 

In the preceding section we defined the dual space ∗V of any vector space V to be the 
space of linear functions ( );L V R from V to .R   By the same procedure we can define the dual 

space ( ) of
∗∗ ∗V V by 

 
 ( ) ( ) ( )( ); ; ;

∗∗ ∗= =V L V R L L V R R  (32.1) 

 
For simplicity let us denote this space by ∗∗V , called the second dual space of .V  Of course, the 
dimension of ∗∗V is the same as that of ,V namely 
 
 dim dim dim∗ ∗∗= =V V V  (32.2) 

 
Using the system of notation introduced in the preceding section, we write a typical element of 

∗∗V  by .∗∗v   Then ∗∗v is a linear function on ∗V  
 
 :∗∗ ∗ →v V R  

 
Further, for each ∗ ∗∈v V  we denote the value of ∗∗V at ∗v by , .∗∗ ∗v v  The , operation is now 

a mapping from ∗∗ ∗×V V to R and possesses the same four properties given in the preceding 
section. 
 

Unlike the dual space ,∗V the second dual space ∗∗V can always be identified as 
V without using any inner product. The isomorphism 
 
 : ∗∗→J V V  (32.3) 

 
is defined by the condition 
 
 , , , ,   ∗ ∗ ∗ ∗= ∈ ∈Jv v v v v vV V  (32.4) 

 
Clearly, J is well defined by (32.4) since for each ∈v V the right-hand side of (32.4) is a linear 
function of .∗v   To see that J is an isomorphism, we notice first that J is a linear transformation, 
because for each ∗ ∗∈v V the right-hand side is linear in .v   Now J also one-to-one, since if 

,=Jv Ju then (32.4) implies that  
 
 , , ,∗ ∗ ∗ ∗= ∈v v v u v V  (32.5) 
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which then implies .=u v   From (32.2), we conclude that the one-to-one linear transformation J  
is onto, and thus J  is an isomorphism.  We summarize this result in the following theorem. 
 
Theorem 32.1.  There exists a unique isomorphism J  from to ∗∗V V satisfying the condition 
(32.4). 
 

Since the isomorphism J is defined without using any structure in addition to the vector 
space structure on ,V its notation can often be suppressed without any ambiguity.  We shall 
adopt such a convention here and identify any ∈v V as a linear function on ∗V  
 

: ∗ →v V R  
 
by the condition that defines J , namely  
 
 , , , for all∗ ∗ ∗ ∗= ∈v v v v v V  (32.6) 

 
In doing so, we allow the same symbol v  to represent two different objects: an element of the 
vector space V and a linear function on the vector space ,∗V and the two objects are related to 
each other through the condition (32.6). 
 

To distinguish an isomorphism such as ,J whose notation may be suppressed without 
causing any ambiguity, from an isomorphism such as ,G defined by (31.6), whose notation may 
not be suppressed, because there are many isomorphisms of similar nature, we call the former 
isomorphism a canonical or natural isomorphism.  Whether or not an isomorphism is canonical 
is usually determined by a convention, not by any axioms.  A general rule for choosing a 
canonical isomorphism is that the isomorphism must be defined without using any additional 
structure other than the basic structure already assigned to the underlying spaces; further, by 
suppressing the notation of the canonical isomorphism no ambiguity is likely to arise.  Hence the 
choice of a canonical isomorphism depends on the basic structure of the vector spaces.  If we 
deal with inner product spaces equipped with particular inner products, the isomorphism G can 
safely be regarded as canonical, and by choosing G to be canonical, we can achieve much 
economy in writing.  On the other hand, if we consider vector spaces without any pre-assigned 
inner product, then we cannot make all possible isomorphisms G canonical, otherwise the 
notation becomes ambiguous. 
 

It should be noticed that not every isomorphism whose definition depends only on the 
basis structure of the underlying space can be made canonical.  For example, the operation of 
taking the dual: 
 

( ) ( ): ; ;∗ ∗∗ →L V U L U V  
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is defined by using the vector space structure of and V U only.  However, by suppressing the 
notation ,∗  we encounter immediately much ambiguity, especially when U is equal to .V  
Surely, we do not wish to make every endomorphism : →A V V self-adjoint!  Another example 
will illustrate the point even clearer.  The operation of taking the opposite vector of any vector is 
an isomorphism 
 

:− →V V  
 
which is defined by using the vector space structure alone.  Evidently, we cannot suppress the 
minus sign without any ambiguity. 
 

To test whether the isomorphism J can be made a canonical one without any ambiguity, 
we consider the effect of this choice on the notations for the dual basis and the dual of a linear 
transformation.  Of course we wish to have { },ie when considered as a basis for ,∗∗V to be the 

dual basis of { },ie and ,A when considered as a linear transformation from ∗∗V  to ∗∗U , to be the 

dual of .∗A   These results are indeed correct and they are contained in the following. 
 
Theorem 32.2.  Given any basis { }ie for ,V then the dual basis of its dual basis { }ie is { }.iJe  
 
Proof. This result is more or less obvious. By definition, the basis { }ie and its dual basis { }ie are 
related by 
 
 ,i i

j jδ=e e  

 
for , 1, , .i j N= …   From (32.4) we have 
 
 , ,i i

j j=Je e e e  

 
Comparing the preceding two equations, we see that 
 
 , i i

j jδ=Je e  

 
which means that { }1, , NJe Je…  is the dual basis of { }1, .Ne e…  
 

Because of this theorem, after suppressing the notation for J  we say that { } { }and j
ie e are 

dual relative to each other.  The next theorem shows that the relation holds between and .∗A A  
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Theorem 32.3.  Given any linear transformation : ,→A V U the dual of its dual ∗A  is -1J AJU V .  
Here JV denotes the isomorphism from V to ∗∗V defined by (32.4) and JU denotes the 
isomorphism from to ∗∗U U defined by a similar condition. 
 
Proof. By definition A and ∗A are related by (31.13) 
 

, ,∗ ∗ ∗=u Av A u v  
 
for all , .∗ ∗∈ ∈u vU V   From (32.4) we have 
 

, , , , ,∗ ∗ ∗ ∗ ∗ ∗= =u Av J Av u A u v J v A uU V  
 
Comparing the preceding three equations, we see that 
 
 ( )-1 , ,∗ ∗ ∗=J AJ J v u J v A uU V V V  

 

Since JV is an isomorphism, we can rewrite the last equation as 
 
 -1 , ,∗∗ ∗ ∗∗ ∗ ∗=J AJ v u v A uU V  

 
Because ∗∗ ∗∗∈v V and ∗ ∗∈u U are arbitrary, it follows that -1J AJU V is the dual of .∗A   So if we 
suppress the notations for and ,J JU V then and ∗A A are the duals relative to each other. 
 

A similar result exists for the operation of taking the orthogonal complement of a 
subspace; we have the following result. 
 
Theorem 32.4.  Given any subspace of ,U V the orthogonal complement of its orthogonal 
complement ⊥U  is ( )J U . 
 

We leave the proof of this theorem as an exercise.  Because of this theorem we say that 
and ⊥U U are orthogonal to each other.  As we shall see in the next few sections, the use of 

canonical isomorphisms, like the summation convention, is an important device to achieve 
economy in writing.  We shall make use of this device whenever possible, so the reader should 
be prepared to allow one symbol to represent two or more different objects. 
 

The last three theorems show clearly the advantage of making J a canonical 
isomorphism, so from now on we shall suppress the symbol for J .  In general, if an isomorphism 
from a vector space V to a vector space U is chosen to be canonical, then we write 
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 ≅V U  (32.7) 

 
In particular, we have 
 
 ∗∗≅V V  (32.8) 

 
 
Exercises 
 
32.1 Prove theorem 32.4. 
32.2 Show that by making J a canonical isomorphism essentially we have identified V  with 

, , ,∗∗ ∗∗∗∗V V …  and ∗V  with , ,∗∗∗ ∗∗∗∗V V … .  So a symbol or ,∗v v in fact, represents 
infinitely many objects. 
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Section 33.  Multilinear Functions, Tensors 
 

In Section 31 we discussed the concept of a linear function and the concept of a bilinear 
function.  These concepts can be generalized in an obvious way to multilinear functions.  In 
general if 1, , ,s…V V is a collection of vector spaces, then a s-linear function is a function 
 
 1: s× × →A V V R"  (33.1) 

 
that is linear in each of its variables while the other variables are held constant.  If the vector 
spaces 1, , ,s…V V are the vector space V or its dual space ,∗V  then A is called a tensor on .V   
More specifically, a tensor of order (p, q) on ,V where andp q are positive integers, is a (p+q)-
linear function 
 
 

times times

* *
p q

× × × × × →V V V V R" "���	��
 ��	�
  (33.2) 

 
We shall extend this definition to the case 0p q= =  and define a tensor of order ( )0,0 to be a 

scalar in .R  A tensor of order ( ),0p is a pure contravariant tensor of order p and a tensor of 

order ( )0,q is a pure covariant tensor of order .q   In particular, a vector ∈v V is a pure 
contravariant tensor of order one.  This terminology, of course, is defined relative to a given 
vector space V as we have explained in Section 31.  If a tensor is not a pure contravariant tensor 
or a pure covariant tensor, then it is a mixed tensor, and for a mixed tensor of order ( ), ,p q p is 
the contravariant order and q is the covariant order. 
 

For definiteness, we denote the set of all tensors of order ( ),p q on V by the symbol 

( )p
qT V .  However, the set of pure contravariant tensors of order p shall be denoted simply by 

( )pT V and the set of pure covariant tensors of order q shall be denoted simply ( )qT V .  Of 

course, tensors of order ( )0,0 form the set R and 
 
 ( ) ( )1

1, ∗= =T V V T V V  (33.3) 

 
Here we have made use of the identification of with ∗∗V V as explained in Section 32. 
 

We shall now give some examples of tensors. 
 

Example 1.  If A is an endomorphism of ,V then we define a function ˆ : ∗ × →A V V R by 
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 ( )ˆ , ,∗ ∗≡A v v v Av  (33.4) 

 
for all and .∗ ∗∈ ∈v vV V  Clearly Â is bilinear and thus ( )1

1
ˆ .∈A T V   As we shall see later, it is 

possible to establish a canonical isomorphism from ( ),L V V to ( )1
1T V in such a way that the 

endomorphism A is identified with the bilinear function ˆ .A   Then the same symbol A shall 
represent two objects, namely, an endomorphism of V and a bilinear function of .∗ ×V V   Then 
(33.4) becomes simply 
 
 ( ), ,∗ ∗≡A v v v Av  (33.5) 

 
Under this canonical isomorphism, the identity automorphism of V is identified with the scalar 
product, 
 
 ( ), , ,∗ ∗ ∗= =I v v v Iv v v  (33.6) 

 
Example 2.  If v is a vector in and ∗vV is a covector in ,∗V  then we define a function 
 
 :∗ ∗⊗ × →v v V V R  (33.7) 

 
by 
 
 ( ), , ,∗ ∗ ∗ ∗⊗ ≡v v u u u v v u  (33.8) 

 
for all , .∗ ∗∈ ∈u uV V   Clearly, ∗⊗v v is a bilinear function, so ( )1

1 .∗⊗ ∈v v T V   If we make 

use of the canonical isomorphism to be established between ( )1
1T V and ( ); ,L V V  the tensor 

∗⊗v v  corresponds to an endomorphism of V such that 
 
 ( ), ,∗ ∗ ∗ ∗⊗ = ⊗v v u u u v v u  

 
or equivalently 
 
 , , ,∗ ∗ ∗ ∗= ⊗u v v u u v v u  

 
for all , .∗ ∗∈ ∈u uV V   By the bilinearity of the scalar product, the last equation can be rewritten 
in the form 
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 , , ,∗ ∗ ∗ ∗= ⊗u v u v u v v u  

 
Then by the definiteness of the scalar product, we have 
 
 *, , for all∗ = ⊗ ∈v u v v v u u V  (33.9) 

 
which defines ∗⊗v v as an endomorphism of .V   The tensor or the endomorphism ∗⊗v v is 
called the tensor product of and .∗v v  
 

Clearly, the tensor product can be defined for arbitrary number of vectors and covectors.  
Let 1, , p…v v be vectors in V  and 1, , qv v…  be covectors in .∗V   Then we define a function 
 
 1

1
times times

: * *q
p

p q

⊗ ⊗ ⊗ ⊗ ⊗ × × × × × →v v v v V V V V R" " " "���	��
 ��	�
  

 
by 
 

 
( )1 1

1 1

1 1
1 1

, , , , ,

, , , ,

q p
p q

p q
p q

⊗ ⊗ ⊗ ⊗ ⊗

≡

v v v v u u u u

u v u v v u v u

" " … …

" "
 (33.10) 

 
for all 1, , q ∈u u V…  and 1, , q ∗∈u u V… .  Clearly this function is ( )p q+ − linear, so that 

( )1
1

q p
p q⊗ ⊗ ⊗ ⊗ ⊗ ∈v v v v T V" " , is called the tensor product of 1

1, , and , , .q
pv v v v… …  

 
Having seen some examples of tensors on ,V we turn now to the structure of the set 

( )p
qT V .  We claim that ( )p

qT V  has the structure of a vector space and the dimension of 

( )p
qT V  is equal to ( )p qN + , where N is the dimension of .V   To make ( )p

qT V a vector space, 

we define the operation of addition of any ( ), p
q∈A B T V and the scalar multiplication of A by 

α ∈R by 
 

 
( )( )

( ) ( )

1
1

1 1
1 1

, , , ,

, , , , , , , ,

p
q

p p
q q

+

≡ +

A B v v v v

A v v v v B v v v v

… …

… … … …
 (33.11) 

 
and 
 
 ( )( ) ( )1 1

1 1, , , , , , , ,p p
q qα α≡A v v v v A v v v v… … … …  (33.12) 
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respectively, for all 1, , p ∗∈v v V…  and 1, , q ∈v v V… .  We leave as an exercise to the reader the 
proof of the following theorem. 
 
Theorem 33.1.  ( )p

qT V is a vector space with respect to the operations of addition and scalar 

multiplication defined by (33.11) and (33.12).  The null element of ( )p
qT V ,of course, is the 

zero tensor :0  
 
 ( )1

1, , , , , 0p
q =0 v v v v… …  (33.13) 

 

for all 1, ,  p ∗∈v v V… and 1, , q ∈v v V… . 
 

Next, we determine the dimension of the vector space ( )p
qT V  by introducing the 

concept of a product basis. 
 
Theorem 33.2.  Let { } { }and i

ie e be dual bases for and .∗V V   Then the set of tensor products 
 

 { }1
1 11

, , , , , , 1, ,
ij q

i i p qp
i i j j N⊗ ⊗ ⊗ ⊗ ⊗ =e e e e" " … … …  (33.14) 

 
forms a basis for ( )p

qT V , called the product basis.  In particular, 
 
 ( ) ( )dim p qp

q N +=T V  (33.15) 

 
Proof.  We shall prove that the set of tensor products (33.14) is a linearly independent generating 
set for ( )p

qT V .  To prove that the set (33.14) is linearly independent, let 
 
 

,...,1 1
,...,1 1

i i ijp q
j j i iq p

A ⊗ ⊗ ⊗ ⊗ ⊗ =e e e e 0" "  (33.16) 

 
where the right-hand side is the zero tensor given by (33.13).  Then from (33.10) we have 
 

 

( )1 1
1 1 1

... 1 11
1 11

... ...1 11 1
1 1 1 1

0 , , , , ,

, , , ,

i i j j kkp q q p
j j i i l lq p q

jk jki i p qp
i i l lj j p qq

i i k j k kk jp p q p
j j i i l l l lq p q q

A

A

A Aδ δ δ δ

= ⊗⋅⋅⋅⊗ ⊗ ⊗⋅⋅⋅⊗

= ⋅⋅⋅

= ⋅⋅⋅ ⋅⋅ ⋅ =

e e e e e e e e

e e e e e e e e

…
…

…

… …

… …

"  (33.17) 
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which shows that the set (33.14) is linearly independent.  Next, we show that every tensor 
( )p

q∈A T V can be expressed as a linear combination of the set (33.14).  We define 
( )p qN + scalars { }1

1

...
... 1 1, ... , 1, ,p

q

i i
j j p qA i i j j N=… … by 

 
 ( )1 1

1 1
, , , , ,p p

j jq q

i i ii
j jA = A e e e e…

… … …  (33.18) 

 
Now we reverse the steps of equation (33.17) and obtain 
 

 
( )

( )
1 1 1

1 1 1

1

1

, , , ,

, , , ,

p q p
j jq p q

p

q

i i j kj k
i i l l

kk
l l

A ⊗ ⊗ ⊗ ⊗ ⊗

=

e e e e e e e e

A e e e e

…
… " " … …

… …
 (33.19) 

 
for all 1 1, , , , , 1, ,p qk k l l N=… … … .  Since A is multilinear and since { }ie and { }ie are dual bases 

for and ,∗V V the condition (33.19) implies that 
 

 
( )

( )

1 1

1 1

1
1

1
1

, , , ,

, , , ,

p q
j j pq

i i jj p
i i q

p
q

A ⊗ ⊗ ⊗ ⊗ ⊗ …

=

e e e e v v v v

A v v v v

…
… " " …

… …
 

 
for all 1, , q ∈v v V…  and 1, , p ∗∈v v V…  and thus 
 
 1 1

1 1

p q
j jq p

i i jj
i iA= ⊗ ⊗ ⊗ ⊗ ⊗A e e e e…

… " "  (33.20) 

 
Now from Theorem 9.10 we conclude that the set (33.14) is a basis for ( )p

qT V . 
 

Having determined the dimension of ( )p
qT V , we can now prove that ( )1

1T V is 

isomorphic to ( );L V V , a result mentioned in Example 1.  As before we define the operation 
 
 ( ) ( )1

1: ; →L V V T V�  

 
by the condition (33.4).  Since from (16.8) and (33.15), the vector space ( );L V V  and ( )1

1T V  

are of the same dimension, namely 2,N it suffices to show that the operation �  is one-to-one.  
Indeed, let ˆ .=A 0   Then from (33.13) and (33.4) we have 
 
 , 0∗ =v Av  
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for all ∗ ∗∈v V and all .∈v V   Now since the scalar product is definite, this condition implies 
 
 =Av 0  

 
for all ,∈v V and thus .=A 0   Consequently the operation �  is an isomorphism. 
 

As remarked in Example 1, we shall suppress the notation �  by regarding the 
isomorphism it represents as a canonical one.  Therefore, we can replace the formula (33.4) by 
the formula (33.5). 
 

Now returning to the space ( )p
qT V in general, we see that a corollary of Theorem 33.2 is 

the simple fact that the set of all tensor products of the form (33.10) is a generating set for 
( )p

qT V .  We define a tensor that can be represented as a tensor product to be a simple tensor.  It 
should be noted, however, that such a representation for a simple tensor is not unique.  Indeed, 
from (33.8), we have 
 

 ( ) 12
2

∗ ∗⎛ ⎞⊗ = ⊗⎜ ⎟
⎝ ⎠

v v v v  

 
for any ∈v V and ∗ ∗∈v V since 
 

 
( ) ( )

( )

1 12 , ,2 ,
2 2

, , ,

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

⎛ ⎞⊗ =⎜ ⎟
⎝ ⎠

= = ⊗

v v u u u v v u

u v v u v v u u
 

 
for all and .∗u u   In general, the tensor product, as defined by (33.10), can be regarded as a 
mapping 
 
 ( )

times times

: p
q

p q

∗ ∗⊗ × × × × × →V V V V T V" "��	�
 ��	�
  (33.21) 

 
given by 
 
 ( )1 1

1 1: , , , , , q q
p p⊗ = ⊗ ⊗ ⊗ × ⊗v v v v v v v v" " " "  (33.22) 

 
for all 1, , p ∈v v V…  and 1, , q ∗∈v v V… .  It is easy to verify that the mapping ⊗ is multilinear in 
the usual sense, i.e., 
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( ) ( )

( )
1 1

1

, , , , , , , ,

, , , ,

q q

q

α β α

β

⊗ + = ⊗

+ ⊗

v v u v v v v

v u v

" … " …

" …
 (33.23) 

 
where α β+v u , v  and u  all take the same position in the argument of ⊗  but that position is 
arbitrary.  From (33.23), we see that 
 

 
( )

( )

1
1 2

1
1 2

q
p

q
p

α

α

⊗ ⊗ ⊗ ⊗ ⊗ ⊗

= ⊗ ⊗ ⊗ ⊗ ⊗ ⊗

v v v v v

v v v v v

" "

" "
 

 
We can extend the operation of tensor product from vectors and covectors to tensors in general.  
If ( )p

q∈A T V  and ( )r
s∈B T V , then we define their tensor product ⊗A B to be a tensor of 

order ( ),p r q s+ + by 
 

 
( )

( ) ( )

1
1

1 1
1 1

, , , ,

, , , , , , , , ,

p r
q s

p p p r
q q q s

+
+

+ +
+ +

⊗

=

A B v v v v

A v v v v B v v v v

… …

… … … …
 (33.24) 

 
for all 1, , p r+ ∗∈v v V…  and 1, , q s+ ∈v v V… .  Applying this definition to arbitrary tensors 

andA B  yields a mapping 
 
 ( ) ( ) ( ): p r p r

q s q s
+

+⊗ × →T V T V T V  (33.25) 

 
 

Clearly this operation can be further extended to more than two tensor spaces, say 
 
 ( ) ( ) ( )11

1 1
: k k

k k

p p pp
q q q q

+ +
+ +⊗ × × →T V T V T V"
""  (33.26) 

 
in such a way that 
 
 ( )1 1, , k k⊗ = ⊗ ⊗A A A A… "  (33.27) 

 
where ( ) ,  1, ,i

i

p
i q i k∈ =A T V … .  It is easy to verify that this tensor product operation is also 

multilinear in the sense generalizing (33.23) to tensors.  In component form 
 
 ( ) 1 1 1

1 11

... ...
... ...

p r p p p r

q q q sq s

i i i i i i
j j j jj j

+ + +

+ ++
⊗ =A B A B…

…
 (33.28) 
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which can be generalized obviously for (33.27) also.  From (33.28), or from (33.24), we see that 
the tensor product is not commutative, but it is associative and distributive. 
 

Relative to a product basis the component form of a tensor ( )p
q∈A T V  is given by 

(33.20) where the components of A can be obtained by (33.18).  If we transfer the basis 
{ } { }ˆtoi ie e as shown by (31.21) and (31.22), then the components of A as well as the product 

basis relative to { }ie must be transformed also.  The following theorem gives the transformation 
laws. 
 
Theorem 33.3.  Under the transformation of bases (31.21) and (31.22) the product basis (33.14) 
for ( )p

qT V transforms according to the rule 
 

 
1

1

1 1 1

1 1 1

ˆ ˆ ˆ ˆ

ˆ ˆ

q

p

p q q

p q p

jj
i i

k j lk j l
i i l l k kT T T T

⊗ ⊗ ⊗ ⊗ ⊗

= ⊗ ⊗ ⊗ ⊗ ⊗

e e e e

e e e e

" "

" " " "
 (33.29) 

 
and the components of any tensor ( )p

q∈A T V transform according to the rule. 
 
 1 11 1

1 1 1 1

...ˆ ˆ ˆp p q p

q p q q

i i i l k ki l
j j k k j j l lA T T T T A= …
… …" "  (33.30) 

 
The proof of these rules involves no more than the multilinearity of the tensor product ⊗  

and the tensor .A   Many classical treatises on tensors use the transformation rule such as (33.30) 
to define a tensor.  The next theorem connects this alternate definition with the one we used. 
 
Theorem 33.4.  Given any two sets of ( )p qN + scalars { }1

1

p

q

i i
j jA …
… and { }1

1

ˆ p

q

i i
j jA …
… related by the 

transformation rule (33.30), there exists a tensor ( )p
q∈A T V whose components relative to the 

product bases of { } { }ˆtoi ie e are { }1

1

p

q

i i
j jA …
… and { }1

1

ˆ p

q

i i
j jA …
…  provided that the bases are related by 

(31.21) and (31.22). 
 

This theorem is obvious, since we can define the tensor A by (33.20); then the 
transformation rule (33.30) shows that the components of A  relative to the product basis of 
{ }ie are { }1

1

p

q

i i
j jA …
… .  Thus a tensor A  corresponds to an equivalence set of components, with 

the transformation rule serving as the equivalence relation. 
 

As an illustration of the preceding theorem, let us examine whether or not there exists a 
tensor whose components relative to the product basis of any basis are the values of the 
generalized Kronecker delta introduced in Section 20.  The answer turns out to be yes, since we 
have the identify 
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 1 1 1 1

1 1 1 1
ˆ ˆr r r r

r r r r

i i i i l l k k
j j k k j j l lT T T Tδ δ≡… …
… …" "  (33.31) 

 
which follows from the fact that i

jT⎡ ⎤⎣ ⎦  and ˆ i
jT⎡ ⎤⎣ ⎦  are the inverse of each other.  We leave the 

proof of this identity as an exercise for the reader.  From Theorem 33.4 and the identity (33.31), 
we see that there exist a tensor ,K of order ( ),r r such that 
 

 1 1

1 1

1
!

r r

r r

i i j j
r j j i ir

δ= ⊗ ⊗ ⊗ ⊗ ⊗K e e e e…
… " "  (33.32) 

 
relative to any basis { }.ie   This tensor plays an important role in the next chapter. 
 

By the same line of reasoning, we may ask whether or not there exists a tensor whose 
components relative to the product basis of any basis are the values of the symbolsε − also 
introduced in Section 20.  The answer turns out to be no, since we have the identities 
 
 

1
ˆdet l N

N l N l N

j ji
i i j i i j jT T Tε ε⎡ ⎤= ⎣ ⎦… …"  (33.33) 

 
and 
 
 1 ˆ ˆdet l NN l N

l N

i il j ji i
j j jT T Tε ε⎡ ⎤= ⎣ ⎦

…… "  (33.34) 

 
which also follows from the fact that i

jT⎡ ⎤⎣ ⎦  and ˆ i
jT⎡ ⎤⎣ ⎦  are the inverses of each other [cf. (21.8)].  

Since these identities do not agree with the transformation rule (33.30), we can conclude that 
there exists no tensor whose components relative to the product basis of any basis are always the 
values of the symbolsε − .  In other words, if the values of the symbolsε −  are the components of 
a tensor relative to the product basis of one particular basis { },ie then the components of the 
same tensor relative to the product basis of another basis generally are not the values of the 

symbolsε − , unless the transformation matrices i
jT⎡ ⎤⎣ ⎦  and ˆ i

jT⎡ ⎤⎣ ⎦  have unit determinant. 

 
In the classical treatises on tensors, the transformation rules (33.33) and (33.34), or more 

generally 
 
 1 11 1

1 1 1 1
ˆ ˆdetp p q p

q p q q

wi i i l k ki li
j j j k k j j l lA T T T T T Aε ⎡ ⎤= ⎣ ⎦

… …
… …" "  (33.35) 

 
are used to define relative tensors.  The exponent w and the coefficient ε on the right-hand side 
of (33.35) are called the weight and the parity of the relative tensor, respectively.  A relative 
tensor is called polar if its parity has the value +1 in all transformations, while a relative tensor is 
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called axial if ε is equal to the sign of the determinant of the transformation matrix i
jT⎡ ⎤⎣ ⎦ .  In 

particular, (33.33) shows that { }l Ni iε … are the components of an axial covariant tensor of order N 

and weight 1− , while (33.34) shows that { }l Ni iε …  are the components of an axial contravariant 

tensor of order N and weight 1+ .  We shall see some more examples of relative tensors in the 
next chapter. 
 
 
Exercises 
 
33.1 Prove Theorem 33.1. 
33.2 Prove equation (33.31). 
33.3 Under the canonical isomorphism of ( );L V V with ( )1

1 ,T V show that an endomorphism 

: →A V V and its dual :
∗∗ ∗→A V V correspond to the same tensor. 

33.4 Define an isomorphism from ( ) ( )( ); ; ;L L V V L V V to ( )2
2T V independent of any 

basis. 
33.5 If ( )2 ,∈A T V show that the determinant of the component matrix ijA⎡ ⎤⎣ ⎦ of A defines a 

polar scalar of weight two, i.e., the determinant obeys the transformation rule 
 

 ( )2ˆdet det detk
ij l ijA T A⎡ ⎤ ⎡ ⎤ ⎡ ⎤= ⎣ ⎦⎣ ⎦⎣ ⎦  

 
33.6 Define isomorphisms from ( ); ∗L V V  to ( )2T V , ( );∗L V V to ( )2T V , and from 

( );∗ ∗L V V  to ( )1
1T V  independent of any basis. 

 
33.7 Given a relation of the form 
 
 ( )

1 1
,1,

p pi i klm i iA B k m C=… …  

 
where { }1 pi i klmA …  and { }1 pi iC …  are components of tensors with respect to any basis, show 

that the set ( ){ }, ,B k l m , likewise, can be regarded as components of a tensor, belonging 

to ( )3T V in this case.  This result is known as the quotient theorem in classical treatises 
on tensors. 

33.8 If ( )p q+∈A T V , define a tensor ( )pq p q+∈A T VT  by 
 
 ( ) ( )1 1 1 1, , , , , , , , , ,pq q p p q≡A u u v v A v v u uT … … … …  (33.36) 
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for all 1 1, , , , , .q p ∈u u v v V… …   Show that the operation 
 
 ( ) ( ):pq p q p q+ +→T V T VT  (33.37) 

 
is an automorphism of ( )p q+T V .  We call pqT  the generalized transpose operation.  What is the 
relation between the components of A  and pqAT ? 
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Section 34.  Contractions 
 

In this section we shall consider the operation of contracting a tensor of order ( ),p q to 

obtain a tensor of order ( )1, 1 ,p q− − where ,p q are greater than or equal to one.  To define this 

important operation, we prove first a useful property of the tensor space ( )p
qT V .  In the 

preceding section we defined a tensor of order ( ),p q to be a multilinear function 
 

times times

: * *
p q

× × × × × →A V V V V R" "���	��
 ��	�
  

 
Clearly, this concept can be generalized to a multilinear transformation from the ( ),p q -fold 

Cartesian product of and ∗V V to an arbitrary vector space ,U namely 
 
 

times times

: * *
p q

× × × × × →Z V V V V U" "��	�
 ���	��
  (34.1) 

 
The condition that Z  be a multilinear transformation is similar to that for a multilinear function, 
namely, Z  is linear in each one of its variables while its other variables are held constant, e.g., 
the tensor product ⊗ given by (33.21) is a multilinear transformation. The next theorem shows 
that, in some sense, any multilinear transformation Z of the form (34.1) can be factored through 
the tensor product ⊗ given by (33.21).  This fact is known as the universal factorization property 
of the tensor product. 
 
Theorem 34.1.  If Z is an arbitrary multilinear transformation of the form (34.1), then there 
exists a unique linear transformation 
 
 ( ): p

q →T V UC  (34.2) 

 
such that 
 
 ( ) ( )1 1

1 1, , , , q q
p p= ⊗ ⊗ ⊗ ⊗ ⊗v v v v v v v vZ C… … " "  (34.3) 

 
for all 1

1 , and , , .q
p

∗∈ ∈v v v vV V… …  
 
Proof. Since the simple tensors form a generating set of ( )p

qT V , if the linear transformation C  
satisfying (34.3) exists, then it must be unique.  To prove the existence of C , we choose a basis 
{ }ie for V and define the product basis (33.14) for ( )p

qT V as before.  Then we define 
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 ( ) ( )1 1

1 1
, , , , ,q q

p p

j jj j
i i i i⊗ ⊗ ⊗ ⊗ ⊗ ≡e e e e Z e e e eC " " … …  (34.4) 

 
for all 1 1, , , , , 1, ,p qi i j j N=… … …  and extend C to all tensors in ( )p

qT V  by linearity.  Now it is 
clear that the linear transformation C defined in this way satisfies the condition (34.3), since both 
C  and Z are multilinear in the vectors 1, , pv v… and the covectors 1, , ,qv v… and they agree on 

the dual bases { }ie  and { }ie  for V  and ∗V , as shown in (34.4).  Hence they agree on all 

( )1
1, , , , , q

pv v v v… … . 
 

If we use the symbol ⊗ to denote the multilinear transformation (33.21), then the 
condition (34.3) can be rewritten as 
 
 = ⊗Z C D  (34.5) 

 
where the operation D  on the right-hand side of (34.5) denotes the composition as defined in 
Section 3.  Equation (34.5) expresses the meaning of the universal factorization property.  In the 
modern treatises on tensors, this property is often used to define the tensor product and the tensor 
spaces.  Our approach to the concept of a tensor is a compromise between this abstract modern 
concept and the classical concept based on transformation rules; the preceding theorem and 
Theorems 33.3 and 33.4 connect our concept with the other two. 
 

Having proved the universal factorization property of the tensor product, we can now 
define the operation of contraction.  Recall that if ∈v V  and ∗ ∗∈v V , then the scalar product 

, ∗v v is a scalar.  Here we have used the canonical isomorphism given by (32.6).  Of course, the 
operation 
 
  ,  : ∗× →V V R  

 
is a bilinear function.  By Theorem 34.1 ,  can be factored through the tensor product  
 
 ( )1

1: ∗⊗ × →V V T V  

 
i.e., there exists a linear map 
 
 ( )1

1: →T V RC  (34.6) 

 
such that 
 
  ,  = ⊗C D  
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or, equivalently, 
 
 ( ), ∗ ∗= ⊗v v v vC  (34.7) 

 
for all ∈v V  and ∗ ∗∈v V .  This linear function C is the simplest kind of contraction operation.  
It transforms the tensor space ( )1

1T V to the tensor space ( ) ( )1 1 0
1 1 0

−
− = =T V T V R . 

 
In general if ( )p

q∈A T V is an arbitrary simple tensor, say 
 
 1

1
q

p= ⊗ ⊗ ⊗ ⊗ ⊗A v v v v" "  (34.8) 

 
then for each pair of integers ( ),i j , where 1 , 1i p j q≤ ≤ ≤ ≤ , we seek a unique linear 
transformation 
 
 ( ) ( )1

1:i p p
j q q

−
−→T V T VC  (34.9) 

 
such that 
 
 1 1 1

1 1 1,i j j j q
j i i i p

− +
− += ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗A v v v v v v v v v vC " " " "  (34.10) 

 
for all simple tensors A .  A more compact notation for the tensor product on the right-hand side 
is 
 
 1

1
j q

i p⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗v v v v v v� �" " " " "  (34.11) 

 
Since the representation of a simple tensor by a tensor product is not unique, the existence of 
such a linear transformation i

jC is by no means obvious.  However, we can prove that i
jC does 

exist and is uniquely determined by the condition (34.10).  Indeed, using the universal 
factorization property, we can prove the following theorem. 
 
Theorem 34.2.  A unique contraction operation i

jC satisfying the condition (34.10) exists. 
 
Proof. We define a multilinear transformation of the form (34.1) with ( )1

1
p

q
−

−=U T V  by 
 

 
( )1

1

1
1

, , , ,

,

q
p

j j q
i i p= ⊗ ⊗ ⊗ ⊗ ⊗

Z v v v v

v v v v v v v v

… …
� �" " " "

 (34.12) 
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for all 1, , p ∈v v V…  and 1, q ∗∈v v V… .  Then by Theorem 34.1 there exists a unique linear 

transformation i
jC of the form (34.9) such that (34.10) holds, and thus the proof is complete. 

 
Next we express the contraction operation in component form. 

 
Theorem 34.3.  If ( )p

q∈A T V  is an arbitrary tensor of order ( ),p q , then in component form 

relative to any dual bases { }ie  and { }ie we have 
 

 ( ) 1 1 1 1

1 1 11

i p i i p

j j qj q

k k k k k tk ki
j l l tl ll l l

A − +

− +
=AC

�
… … … …

� … …… …
 (34.13) 

 
Proof.  Since the contraction operation is linear applying it to the component form (33.20), we 
get 
 
 1 1

1 1
,p j j q

q i i p

k k l l lli
j l l k k k kA= ⊗ ⊗ ⊗ ⊗ ⊗A e e e e e e e eC …

…
� �" " " "  (34.14) 

 
which means nothing but the formula (34.13) because we have ,j j

i i

l l
k kδ=e e . 

 
In particular, for the special case C given by (34.6) we have 

 
 ( ) t

tA=AC  (34.15) 

 
for all ( )1

1∈A T V .  If we now make use of the canonical isomorphism  
 
 ( ) ( )1

1 ;≅T V L V V  

 
we see that C coincides with the trace operation defined by (19.8). 
 

Using the contraction operation, we can define a scalar product for tensors.  If 
( )p

q∈A T V  and ( )q
p∈B T V , the tensor product ⊗A B is a tensor in ( )p q

p q
+

+T V and is defined 
by (33.24).  We apply the contraction 
 
 1 11 1

1 11 1

timestimes

q q

pq

+ +=C C CC C D D"DD"D ���	��
��	�

 (34.16) 

 
to ,⊗A B then the result is a scalar , ,A B namely 
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 ( ), ≡ ⊗A B A BC  (34.17) 

 
called the scalar product of and .A B   It is a simple matter to see that ,   is a bilinear and 
definite function in the sense similar to those properties of the scalar product of 

and ∗v v explained in Section 31.  We can use the bilinear function 
 
 ( ) ( ) ,  : p q

q p× →T V T V R  (34.18) 

 
to identify the space ( )p

qT V with the dual space ( )q
p

∗
T V of the space ( )q

pT V  or equivalently, 

we can define the dual space ( )q
p

∗
T V  abstractly as usual and then introduce a canonical 

isomorphism from ( )p
qT V to ( )q

p
∗

T V  through (34.17).  Thus we write 
 
 ( ) ( )p q

q p
∗≅T V T V  (34.19) 

 
Of course we shall also identify the second dual space ( )q

p
∗∗

T V  with ( )q
pT V  as explained in 

general in Section 32.  Hence, we have 
 
 ( ) ( )p q

q p
∗ ∗∗≅T V T V  (34.20) 

 
which follows also by interchanging andp q in (34.19).  From (34.13) and (34.16), the scalar 
product ,A B  is given by the component form 
 
 1 1

1 1
, p p

q p

i i j j
j j i iA B=A B … …
… …  (34.21) 

 
relative to any dual bases { }ie  and { }ie for V  and ∗V . 
 
 
Exercises 
 
34.1 Show that 
 
 ( )1 1

1 1, , , , , ,p p
q q⊗ ⊗ ⊗ ⊗ ⊗ =A v v v v A v v v v" " " "  

 
 for all ( )p

q∈A T V , 1, , q ∈v v V"  and 1, , p ∗∈v v V" . 
34.2 Give another proof of the quotient theorem in Exercise 33.7 by showing that the 

operation 
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 ( ) ( ) ( )( ): ;r p p s

s q q r
−

−→T V L T V T VJ  

 
defined by 

 
 ( ) ( )1 1 1 1

1 1 1 1s s

s times r times

+ +≡ ⊗A B A BJ C C C CD"D D D"D��	�
 ���	��
  

 
for all ( )r

s∈A T V  and ( )p
q∈B T V  is an isomorphism.  Since there are many such 

isomorphisms by choosing contractions of pairs of indices differently, we do not make 
any one of them a canonical isomorphism in general unless stated explicitly. 

34.3 Use the universal factorization property and prove the existence and the uniqueness of the 
generalized transpose operation pqT defined by (33.36) in Exercise 33.8.  Hint:  Require 

pqT to be an automorphism of ( )p q+T V such that 
 
 ( )1 1 1 1p q q p

pq ⊗ ⊗ ⊗ ⊗ ⊗ = ⊗ ⊗ ⊗ ⊗ ⊗v v u u u u v vT " " " "  (34.22) 

 
 for all simple tensors ( )1 1p q

p q+⊗ ⊗ ⊗ ⊗ ⊗ ∈v v u u T V" " . 

34.4 { }1

1

q

p

jj
i i⊗ ⊗ ⊗ ⊗ ⊗e e e e" " is the product basis for ( )p

qT V induced by the dual bases 

{ }ie  and { }ie ;  construct its dual basis in ( )q
pT V with respect to the scalar product 

defined by (34.17).
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Section 35.  Tensors on Inner Product Spaces 
 

The main result of this section is that if V is equipped with a particular inner product, 
then we can identify the tensor spaces of the same total order by means of various canonical 
isomorphisms, a special case of these being the isomorphism G from to ,∗V V which we have 
introduced in Section 31 [cf. (31.5)]. 
 

Recall that the isomorphism : ∗→G V V  is defined by the condition [cf. (31.6)] 
 
 ( ), , , ,= = ⋅ ∈Gu v Gv u u v u v V  (35.1) 

 
In general, if A is a simple, pure, contravariant tensor of order p , say 
 
 1 p= ⊗ ⊗A v v"  

 
then we define the pure covariant representation of A  to be the tensor 
 
 ( )1

p
p p= ⊗ ⊗ ∈A Gv Gv T VG "  (35.2) 

 
By linearity, pG can be extended to all of ( )pT V .  Equation (35.2) means that 
 
 ( ) ( ) ( )1 1 1 1 1, , , ,p

p p p p p= = ⋅ ⋅A u u Gv u Gv u v u v uG … " "  (35.3) 

 
for all 1, , p ∈u u V… .  Equation(35.3) generalizes the condition (35.1) from v  to 1 p⊗ ⊗v v" .  
Of course, because the tensor product is not one-to-one, we have to show that the covariant 
tensor pAG  does not depend on the representation of A .  This fact follows directly from the 
universal factorization of the tensor product.  Indeed, if we define a p-linear map 
 
 ( ): p

p times

× × →Z V V T V"��	�
  

 
by 
 
 ( )1 1, , p p≡ ⊗ ⊗Z v v Gv Gv… "  (35.4) 

 
then Z can be factored through the tensor product ⊗ , i.e., there exists a unique linear 
transformation pG from ( )pT V  to ( )pT V , 



236  Chap. 7 • TENSOR ALGEBRA 

 
 ( ) ( ):p p

p→T V T VG  (35.5) 

 
such that 
 
 p= ⊗Z G D  

 
or, equivalently, 
 
 ( ) ( )1 1, , p p

p p≡ ⊗ ⊗ =Z v v v v AG G… "  (35.6) 

 
Comparing (35.6) with (35.4) we see that pG obeys the condition (35.2), and thus pAG  is well 
defined by (35.3). 
 

It is easy to verify that pG is an isomorphism.  Indeed ( ) 1p −
G  is the unique linear 

transformation from ( )pT V  to ( )pT V  such that 
 
 ( ) ( )1 1 1 1 1p p p− − −⊗ ⊗ = ⊗ ⊗v v G v G vG " "  (35.7) 

 
for all 1, , p ∗∈v v V… .  Thus pG makes ( )pT V  and ( )pT V  isomorphic, just as G makes V  

and ∗V  isomorphic.  In fact, 1=G G . 
 

Clearly, we can extend the preceding argument to mixed tensor spaces on V also.  If A is 
a mixed simple tensor in ( )p

qT V , say 
 
 1

1
q

p= ⊗ ⊗ ⊗ ⊗ ⊗A v v u u" "  (35.8) 

 
then we define the pure covariant representation of A to be the tensor 
 
 1

1
p q
q p= ⊗ ⊗ ⊗ ⊗A Gv Gv u uG " "  (35.9) 

 
and p

qG is an isomorphism from ( )p
qT V  to ( )p q+T V , 

 
 ( ) ( ):p p

q q p q+→T V T VG  (35.10) 

 
Indeed, its inverse is characterized by 
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 ( ) ( )1 1 1 1 1 1 1p p q p q
q

− − −⊗ ⊗ ⊗ ⊗ ⊗ = ⊗ ⊗ ⊗ ⊗ ⊗v v u u G v G v u uG " " " "  (35.11) 

 
for all 1 1, , , , ,p q ∗∈v v u u V… … .  Clearly, by suitable compositions of the operations p

qG  and 
their inverses, we can define isomorphisms between tensor spaces of the same total order.  For 
example, if 1 1andp q  are another pair of integers such that 
 
 1 1p q p q+ = +  

 
then ( )p

qT V is isomorphic to ( )1

1

p
qT V by the isomorphism 

 
 ( ) ( ) ( )1 1

1 1

1
:p pp p

q q q q

−
→T V T VG GD  (35.12) 

 
In particular, if 1 10,q p p q= = + , then for any ( )p

q∈A T V the tensor ( ) ( )1p q p p q
q

−+ +∈A T VG G  
is called the pure contravariant representation of A .  For example, if A  is given by (35.8), then 
its pure contravariant representation is given by 
 
 ( ) 1 1 1 1

1
p q p q

q p

−+ − −= ⊗ ⊗ ⊗ ⊗ ⊗A v v G u G uG G " "  

 
We shall now express the isomorphism p

qG in component form.  If ( )p
q∈A T V  has the 

component representation 
 
 1 1

11
p q

p

i i ij
j j i iq

A= ⊗ ⊗ ⊗ ⊗ ⊗A e e e e…
… " "  (35.13) 

 
then from (35.9) we obtain 
 
 1 1

1
1

p q

p

i i jjp
q j j i i

q
A= ⊗ ⊗ ⊗ ⊗ ⊗A Ge Ge e eG …

… " "  (35.14) 

 
This result can be written as  
 
 1 1

1
1

p q

p

i i jjp
q j j i i

q
A= ⊗ ⊗ ⊗ ⊗ ⊗A e e e eG …

… " "  (35.15) 

 
where { }ie is a basis in ∗V reciprocal to { }ie , i.e., 
 
 j j

i iδ⋅ =e e  (35.16) 
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since it follows from (19.1), (12.6), and (35.1) that we have 
 
 j

i i jie= =e Ge e  (35.17) 

 
where 
 
 ji j ie = ⋅e e  (35.18) 

 
Substituting (35.17) into (35.15), we obtain 
 
 1 1

1 1... ...
p q

p q

i ji jp
q i i j jA= ⊗ ⊗ ⊗ ⊗ ⊗A e e e eG " "  (35.19) 

 
where 
 
 1

1 1 1 1 1

...
... ... ...

p

p q p p q

k k
i i j j i k i k j jA e e A= "  (35.20) 

 
This equation illustrates the component form of the isomorphism p

qG .  It has the effect of 

lowering the first p superscripts on the components { }1

1

...
...

p

q

i i
j jA .  Thus ( )p

q∈A T V and 

( )p
q p q+∈A T VG have the same components if the bases in (35.13) and (35.15) are used.  On the 

other hand, if the usual product basis for ( )p
qT V  and ( )p q+T V are used, as in (35.13) and 

(35.19), the components of A  and p
q AG are related by (35.20). 

 
Since p

qG  is an isomorphism, its inverse exists and is a linear transformation from 

( )p q+T V  and ( )p
qT V .  If ( )p q+∈A T V  has the component representation 

 
 1 1

1 1... ...
p q

p q

i ji j
i i j jA= ⊗ ⊗ ⊗ ⊗ ⊗A e e e e" "  (35.21) 

 
then from (35.11) 
 
 ( ) 1 1

1 1

1 1 1
... ...

p q

p q

i ii jp
q i i j jA

− − −= ⊗ ⊗ ⊗ ⊗ ⊗A G e G e e eG " "  (35.22) 

 
By the same argument as before, this formula can be rewritten as  
 
 ( ) 1 1

1 1

1

... ...
p q

p q

i ji jp
q i i j jA

−
= ⊗ ⊗ ⊗ ⊗ ⊗A e e e eG " "  (35.23) 
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where { }ie is a basis of V reciprocal to { }ie , or equivalently as 
 
 ( ) 1 1

1 1

1 ...
...

p q

q p

i i jjp
q j j i iA

−
= ⊗ ⊗ ⊗ ⊗ ⊗A e e e eG " "  (35.24) 

 
where 
 
 1 1 1

1 1 1

...
... ... ...

p p p

q p q

i i i ki k
j j k k j jA e e A= "  (35.25) 

 

Here of course ije⎡ ⎤⎣ ⎦ is the inverse matrix of ije⎡ ⎤⎣ ⎦  and is given by 
 
 ij i je = ⋅e e  (35.26) 

 
since 
 
 1i i ij

je−= =e G e e  (35.27) 

 
Equation (35.25) illustrates the component form of the isomorphism ( ) 1p

q

−
G .  It has the effect of 

raising the first p  subscripts on the components { }1 1... ...p qi i j jA . 

 
Combining (35.20) and (35.25), we see that the component form of the isomorphism 

( )1

1

1p p
q q

−
G GD  in (35.12) is given by raising the first 1p p− subscripts of ( )p

q∈A T V  if 1p p> , or 

by lowering the last 1p p−  superscripts of A  if 1p p> .   Thus if A  has the component form 

(35.13), then ( )1

1

1p p
q q

−
AG G  has the component form 

 

 ( ) 11 1 1 1

1 1 1 11

1 ...
...

p q

q p

i i jp jp
q q j j i iA

−
= ⊗ ⊗ ⊗ ⊗ ⊗G G A e e e e" "  (35.28) 

where 
 

 1 1 1 11 1 1
... ...1 11 1 11

... ...
... 1ifkp p p pp p

k k j jp p qq

i i ii i i k
j jA A e e p p−+

−
= >"  (35.29) 

 
and 
 
 1 11 1 1

1 1 1 11 1 1 1 1

... ... ...
... ... 1ifp p p p

q p p q p p p p

i i i i k
j j j j k j k jA A e e p p−

− + − −
= >"  (35.30) 
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For example, if ( )1
2∈A T V has the representation 

 
 i j k

jk iA= ⊗ ⊗A e e e  

 
then the covariant representation of A  is 
 
 1

2
i j k i l j k l j k

jk i jk il ljkA A e A= ⊗ ⊗ = ⊗ ⊗ = ⊗ ⊗A e e e e e e e e eG  

 
the contravariant representation of A is 
 
 ( ) 13 1

2
i j k i jl km ilm

jk i jk i l m i l mA A e e A
−

= ⊗ ⊗ = ⊗ ⊗ ≡ ⊗ ⊗A e e e e e e e e eG G  

 
and the representation of A in ( )2

1T V is 
 
 ( ) 12 1

1 2
i j k i jl k il k

jk i jk i l k i lA A e A
−

= ⊗ ⊗ = ⊗ ⊗ ≡ ⊗ ⊗A e e e e e e e e eG G  

 
etc.  These formulas follow from (35.20), (35.24), and (35.29). 
 
 Of course, we can apply the operations of lowering and raising to indices at any position, 
e.g., we can define a “component” 31

2

   ... ...
 ...   ...

a

b

i ii
j jA  for ( )r∈A T V by 

 
 3 3 31 1 1

2 1 2

    ... ...
  ...   ... ...

a a a

b r

i i i j i ji i j
j j j j jA A e e e≡ " " (35.31) 

 
However, for simplicity, we have not yet assigned any symbol to such representations whose 
“components” have an irregular arrangement of superscripts and subscripts.  In our notation for 
the component representation of a tensor ( )p

q∈A T V  the contravariant superscripts always 

come first, so that the components of A are written as 1

1

...
...

p

q

i i
j jA as shown in (35.13), not as 

1

1

...
...

p

q

i i
j jA or as any other rearrangement of positions of the superscripts 1 pi i… and the 

subscripts 1 qj j… , such as the one defined by (35.31).  In order to indicate precisely the position 
of the contravariant indices and the covariant indices in the irregular component form, we may 
use, for example, the notation 
 
 

( ) ( ) ( ) ( ) ( )1 2 3 a b

∗ ∗⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗V V V V V" " "  (35.32) 

 
for the tensor space whose elements have components of the form on the left-hand side of 
(35.31), where the order of V and ∗V in (35.32) are the same as those of the contravariant and 
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the covariant indices, respectively, in the component form.  In particular, the simple notation 
( )p

qT V now corresponds to 
 
 

( ) ( ) ( ) ( )1 1p p p q

∗ ∗

+ +
⊗ ⊗ ⊗ ⊗ ⊗V V V V" "  (35.33) 

 
Since the irregular tensor spaces, such as the one in (35.32), are not convenient to use, we shall 
avoid them as much as possible, and we shall not bother to generalize the notation p

qG  to 
isomorphisms from the irregular tensor spaces to their corresponding pure covariant 
representations. 
 
 So far, we have generalized the isomorphism G for vectors to the isomorphisms p

qG for 

tensors of type ( ),p q in general.  Equation (35.1) forG , however, contains more information 
than just the fact that G is an isomorphism.  If we read that equation reversely, we see that G can 
be used to compute the inner product onV .  Indeed, we can rewrite that equation as  
 
 1⋅ = ≡v u Gv,u v,uG  (35.34) 

 
This idea can be generalized easily to tensors.  For example, if A and B are tensors in ( )rT V , 
then we can define an inner product ⋅A B  by 
 
 r⋅ ≡A B A,BG  (35.35) 

 
We leave the proof to the reader that (35.35) actually defines an inner product ( )rT V .  By use 
of (34.21) and (35.20), it is possible to write (35.35) in the component form 
 
 1 1

1 1... ...
r r

r r

i j i j
j j i iA e e B⋅ =A B "  (35.36) 

 
or, equivalently, in the forms 
 

 

1

1

1 1

1

1 1

2 1 1

...
...

...
...

...
... , etc.

r

r

r r r

r r

r

r

i i
i i

i i i j
j i i

i i j
i i i j

A B

A e B

A B e

−

⎧
⎪⎪⋅ = ⎨
⎪
⎪⎩

A B  (35.37) 

 
Equation (35.37) suggests definitions of inner products for other tensor spaces besides ( )rT V .  

If A and B are in ( )p
qT V , we define ⋅A B by 
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 ( ) ( ) ( )1 1 1
,p q p p q p p p q p

q q q q

− − −+ + +⋅ ≡ ⋅ =A B A B A BG G G G G G G  (35.38) 

 
Again, we leave it as an exercise to the reader to establish that (35.38) does define an inner 
product on ( )p

qT V ; moreover, the inner product can be written in component form by (35.37)
(35.37) also. 
 
 In section 32, we pointed out that if we agree to use a particular inner product, then the 
isomorphism G can be regarded as canonical.  The formulas of this section clearly indicate the 
desirability of this procedure if for no other reason than notational simplicity.  Thus, from this 
point on, we shall identify the dual space ∗V withV , i.e., 
 
 ∗≅V V  

 
by suppressing the symbolG .  Then in view of (35.2) and (35.7), we shall suppress the symbol 

p
qG  also.  Thus, we shall identify all tensor spaces of the same total order, i.e., we write 

 
 ( ) ( ) ( )-1

1
r r

r≅ ≅ ≅T V T V T V"  (35.39) 

 
By this procedure we can replace scalar products throughout our formulas by inner products 
according to the formulas (31.9) and (35.38). 
 
 The identification (35.39) means that, as long as the total order of a tensor is given, it is 
no longer necessary to specify separately the contravariant order and the covariant order.  These 
separate orders will arise only when we select a particular component representation of the 
tensor.  For example, if A is of total order r , then we can express A by the following different 
component forms: 
 

 

1

1

1 1

1 1

1

1

...

...

...

r

r

r r

r r

r

r

i i
i i

i i j
j i i

j j
j j

A

A

A

−

−

= ⊗ ⊗

= ⊗ ⊗ ⊗

= ⊗ ⊗

A e e

e e e

e e

"

"
#

"

 (35.40) 

 
where the placement of the indices indicates that the first form is the pure contravariant 
representation, the last form is the pure covariant representation, while the intermediate forms 
are various mixed tensor representations, all having the same total order r .  Of course, the 
various representations in (35.40) are related by the formulas (35.20), (35.25), (35.29), and 
(35.30).  In fact, if (35.31) is used, we can even represent A by an irregular component form 
such as 
 
 1 3 2

2 1 3

 ...  
    ...  ...

a b

b a

i i i jj
j j i i iA= ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗A e e e e e" " "  (35.41) 



Sec. 35 • Tensors on Inner Product Spaces 243 

 
provided that the total order is unchanged. 
 
 The contraction operator defined in Section 34 can now be rewritten in a form more 
convenient for tensors defined on an inner product space.  If A is a simple tensor of (total) 
order , 2r r ≥ , with the representation 
 
 1 r= ⊗ ⊗A v v"  

 
then ijAC , where 1 i j r≤ < ≤ , is a simple tensor of (total) order 2r − defined by (34.10), 
 
 ( ) 1ij i j i j r≡ ⋅ ⊗ ⊗A v v v v v vC � �" " "  (35.42) 

 
By linearity, ijC can be extended to all tensors of order r .  If ( )r∈A T V has the representation 
 
 1

1...
r

r

k k
k kA= ⊗ ⊗A e e"  

 
then by (35.42) and (35.26) 
 

 

( )1

1

1

1

1

1

...

     
... ... ...

r

r

i j ji r

r

j j r

j r i

k k
ij k k ij

k k kkk k
k k

k kk k
k k k k

ji

A

e A

A

= ⊗ ⊗

= ⊗ ⊗

= ⊗ ⊗

A e e

e e e e

e e e e

C C

…

"
� �" " "
� �" " "

 (35.43) 

 
It follows from the definition (35.42) that the complete contraction operator C  [cf. (35.16)] 
 
 ( )2: r →T V RC  

 
can be written 
 
 ( )12 13 1 1r+=C C C CD D"D  (35.44) 

 
Also, if A and B are in ( )rT V , it is easily establish that [cf. (34.17)] 
 
 ( )⋅ = ⊗A B A BC  (35.45) 
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 In closing this chapter, it is convenient for later use to record certain formulas here.  The 
identity automorphism I of V corresponds to a tensor of order 2.  Its pure covariant 
representation is simply the inner product 
 
 ( ) ⋅I u, v = u v  (35.46) 

 
The tensor I can be represented in any of the following forms: 
 
 i j ij i j j i

ij i j j i i je e δ δ= ⊗ = ⊗ = ⊗ = ⊗I e e e e e e e e  (35.47) 

 
There is but one contraction for I , namely 
 
 12 tr i

i Nδ= = =I IC  (35.48) 

 
In view of (35.46), the identity tensor is also called the metric tensor of the inner product space. 
 
 
Exercises 
 
35.1 Show that (35.45) defines an inner product on ( )rT V  
35.2 Show that the formula (35.38) can be rewritten as  
 

 ( ) 1
,q p

p pq q

−
⋅ =A B A BG T G  (35.49) 

 
where pqT is the generalized transpose operator defined in Exercises 33.8 and 34.3.  In 
particular, if A and B  are second order tensors, then (35.49) reduces to the more familiar 
formula: 

 
 ( )tr T⋅ =A B A B  (35.50) 

 
35.3 Show that the linear transformation 
 
 ( ) ( ):p p

p→T V T TG  

 
 defined by (35.2) can also be characterized by 
 
 ( )( ) ( )1 1, , , ,p

p p≡A u u A Gu GuG … …  (35.51) 
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 for all ( )p V∈A T and all 1, , p ∈u u V… . 
35.4 Show that if A is a second-order tensor, then 
 
 ( )23= ⊗A I AC  

 
 

 What is the component form of this identity?
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_______________________________________________________________________________ 
Chapter 8 
 
 
EXTERIOR ALGEBRA 
 
 

The purpose of this chapter is to formulate enough machinery to define the determinant of 
an endomorphism in a component free fashion, to introduce the concept of an orientation for a 
vector space, and to establish a certain isomorphism which generalizes the classical operation of 
vector product to a N-dimensional vector space.  For simplicity, we shall assume throughout this 
chapter that the vector space, and thus its associated tensor spaces, are equipped with an inner 
product.  Further, for definiteness, we shall use only the pure covariant representation; 
transformations into other representations shall be explained in Section 42. 
 
Section 36 Skew-Symmetric Tensors and Symmetric Tensors 
 

If ( )r∈A T V  and σ  is a given permutation of { }1,..., r , then we can define a new tensor 
( )rσ ∈A T VT  by the formula 

 
 1 (1) ( )( ,.., ) ( ,.., )r rσ σ σ=A v v A v vT  (36.1) 
 
for all 1,.., r ∈v v V .  For example, the generalized transpose operation pqT  defined by (33.36) in 
Exercise 33.8 is a special case of σT  with σ  given by 
 

 
1 1

1 1
q q q p

p p q p
σ

⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ +⎛ ⎞
= ⎜ ⎟+ ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅⎝ ⎠

 

 
Naturally, we call σAT  the σ -transpose of A  for any σ  in general.  We have obtained the 
components of the transpose pqT  in Exercise 33.8.  For an arbitrary permutation σ  the components 
of σAT  are related to those of A  by 
 
 

1 (1) ( )... ...( )
r ri i i iA

σ οσ =AT  (36.2) 
 
Using the same argument as that of Exercise 34.3, we can characterize σT  by the condition that 
 
 

1 11 (1) ( )( )r rσ σ
σ

− −

⊗ ⋅⋅ ⋅⊗ = ⊗⋅⋅ ⋅⊗v v v vT  (36.3) 
 
for all simple tensors 1 ( )r

r⊗⋅⋅⋅⊗ ∈v v T V  
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If σ =A AT  for all permutations σ  A  is said to be (comp1etely) symmetric. On the other 
hand if σ σε=A AT  for all permutations σ , where σε  denotes the parity of σ  defined in Section 
20, then A  is said to be (complete1y) skew-symmetric.  For example, the identity tensor I  given by 
(35.30) is a symmetric second-order tensor, while the tensor ⊗ − ⊗u v v u , for any vectors 

, ∈u v V , is clearly a skew-symmetric second-order tensor.  We shall denote by ˆ( )rT V  the set of 

all skew-symmetric tensors in ( )rT V .  We leave it to the reader to establish the fact that ˆ( )rT V  is 

a subspace of ( )rT V .  Elements of ˆ( )rT V  are often called r-vectors or r-forms. 
 
Theorem 36.1.  An element ˆ( )r∈A T V  assumes the value 0  if any two of its variables coincide. 
 
Proof: We wish to establish that 
 
 1( ,..., ,..., ,..., )r =A v v v v 0  (36.4) 
 
This result is a special case of the formula 
 
 1 1( ,..., ,..., ,..., ) ( ,..., ,..., ,..., )s t r t s r= − =A v v v v A v v v v 0  (36.5) 
 
which follows by the fact that 1σε = −  for the permutation which switches the pair of indices ( , )s t ) 
while leaving the remaining indices unchanged.   If we take s t= =v v v  in (36.5), then (36.4) 
follows. 
 
Corollary.  An element ˆ( )r∈A T V  assumes the value zero if it is evaluated on a linearly 
dependent set of vectors. 
 

This corollary generalizes the result of the preceding theorem but is itself also a direct 
consequence of that theorem, for if { }1,..., rv v  is a linearly dependent set, then at least one of the 
vectors can be expressed as is a linear combination of the remaining ones.  From the r-linearity of 
A , 1( ,..., )rA v v  can then be written as the linear combination of quantities which are all equal to 
zero because which are the values of A  at arguments having at least two equal variables. 
 
Corollary.  If . r  is greater than N , the dimension of V  , then { }ˆ( )r = 0T V . 
 

This corollary follows from the last corollary and the fact that every set of more than N 
vectors in a N- dimensional space is linearly dependent. 
 
 
Exercises 
 
36.1 Show that the set of symmetric tensors of order r  forms a subspace of ( )rT V . 
36.2 Show that 
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 στ σ τ=T T T  
 

for all permutations σ  and τ .  Also, show that σT  is the identity automorphism of ( )rT V if 
and only if σ  is the identity permutation. 
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Section 37 The Skew-Symmetric Operator 
 

In this section we shall construct a projection from ( )rT V  into ( )rT V .  This projection is 
called the skew-symmetric operator.  If ( )r∈A T V , we define the skew-symmetric projection rAK  
of A  by 
 

 1
!r r σ σ

σ

ε= ∑A AK T  (37.1) 

 
where the summation is taken over all permutations σ  of { }1,..., r .  The endomorphism 
 
 : ( ) ( )r r r→T V T VK  (37.2) 
 
defined in this way is called the skew-symmetric operator. 
 
Before showing that rK  has the desired properties, we give one example first.  For simplicity, let 
us choose 2r = .  Then there are only two permutations of { }1,2 , namely 

 

 
1 2 1 2

,
1 2 2 1

σ σ⎛ ⎞ ⎛ ⎞
= =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (37.3) 

 
and their parities are 
 
 1 and 1σ σε ε= = −  (37.4) 
 
Substituting (37.3) and (37.4) into (37.1), we get 
 

 ( )2 1 2 1 2 2 1
1( )( , ) ( , ) ( , )
2

= +A v v A v v A v vK  (37.5) 

 
for all 2 ( )∈A T V  and 1 2, ∈v v V .  In particular, if A  is skew-symmetric, namely 
 
 2 1 1 2( , ) ( , )= −A v v A v v  (37.6) 
 
then (37.5) reduces to 
 
 2 1 2 1 2( )( , ) ( , )=A v v A v vK  
 
or, equivalently, 
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 2 2̂, ( )= ∈A A A T VK  (37.7) 
 
Since from (37.5), 2 2̂ ( )∈A T VK for any 2 ( )∈A T V ????, by (37.7) we then have 
 
 2 2 2( ) =A AK K K  
 
or, equivalently 
 
 2

2 2=K K  (37.8) 
 
which means that 2K  is a projection.  Hence, for second order tensors, 2K  has the desired 
properties.  We shall now prove the same for tensors in general. 
 
Theorem 37.1.  Let : ( ) ( )r r r→T V T VK  be defined by (37.1).  Then the range of rK  is ˆ( )rT V , 
namely 
 
 ˆ( ) ( )r rR = T VK  (37.9) 
 
Moreover, the restriction of rK  on ˆ( )rT V  is the identity automorphism of ˆ( )rT V , i.e., 
 
 ˆ, ( )r r= ∈A A A T VK  (37.10) 
 
Proof. We prove the equation (37.10) first.  If ˆ( )r∈A T V , then by definition we have 
 
 σ σε=A AT  (37.11) 
 
 
for all permutations σ .  Substituting (37.11) into (37.1), we get 
 

 21 1 ( !)
! !r r

r rσ
σ

ε= = =∑A A A AK  (37.12) 

 
Here we have used the familiar fact that there are a total of !r  permutations for r  numbers 
{ }1,..., r . 
 

Having proved (37.10), we can conclude immediately that 
 
 ˆ( ) ( )r rR ⊃ T VK  (37.13) 
 
since ˆ( )rT V  is a subspace of ( )rT V .  Hence, to complete the proof it suffices to show that 
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 ˆ( ) ( )r rR ⊂ T VK  
 
This condition means that 
 
 ( )r rτ τε=A AT K K  (37.14) 
 
for all ( )r∈A T V .  From (37.1), ( )rτ AT K  is given by 
 

 ( )1( )
!r rτ σ τ σ

σ

ε= ∑A AT K T T  

 
From the resu1t of Exercise 36.2, we can rewrite the preceding equation as 
 

 1( )
!r rτ σ τσ

σ

ε= ∑A AT K T  (37.15) 

 
 
Since the set of all permutations form a group, and since 
 
 τ σ τσε ε ε=  
 
the right-band side of (37.15) is equal to 
 

 1
!r τ τσ τσ

σ

ε ε∑ AT  

 
or, equivalently, 
 

 1
!rτ τσ τσ

σ

ε ε∑ AT  

 
which is simply another way of writing rτε K A , so (37.14) is proved. 
 

By exactly the same argument leading to (37.14) we can prove also that 
 
 ( )r rτ τε=A AK T K  (37.16) 
 
Hence rK  and τT  commute for all permutations τ .  Also, (37.9) and (37.10) now imply that 

2
r r=K K , for all r .  Hence we have shown that rK  is a projection from ( )rT V  to ˆ( )rT V .  From a 

result for projections in general [cf. equation (17.13)], ( )rT V  can be decomposed into the direct 
sum 
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 ˆ( ) ( ) ( )r r rK= ⊕T V T V K  (37.17) 
 
where ( )rK K  is the: kernel of rK  and is characterized by the following theorem. 
 
Theorem 37.2.  The kernel ( )rK K  is generated by the set of simple tensors 1 r⊗⋅⋅ ⋅⊗v v  having at 
least one pair of equal vectors among the vectors 1,..., rv v . 
 
Proof. : Since ( )rT V  is generated by simple tensors, it suffices to show that the difference 
 
 ( )1 1r r

r⊗⋅⋅ ⋅⊗ − ⊗⋅⋅ ⋅⊗v v v vK  (37.18) 
 
can be expressed as a linear combination of simple tensors having the prescribed property.  From 
(36.3) and (37.1), the difference (37.18) can be written as 
 

 ( )1 (1) ( )1
!

r r

r
σ σ

σ
σ

ε⊗ ⋅⋅ ⋅⊗ − ⊗⋅⋅ ⋅⊗∑ v v v v  (37.19) 

 
We claim that each sum of the form 
 
 1 (1) ( )r rσ σ

σε⊗ ⋅⋅ ⋅⊗ − ⊗⋅⋅ ⋅⊗v v v v  (37.20) 
 
can be expressed as a sum of simple tensors each having at least two equal vectors among the r  
vectors forming the tensor product.  This fact is more or less obvious since in Section 20 we have 
mentioned that every permutation σ  can be decomposed into a product of permutations each 
switching only one pair of indices, say 
 
 1 2 1k kσ σ σ σ σ−= ⋅ ⋅ ⋅  (37.21) 
 
where the number k  is even or odd corresponding to σ  being an even or odd permutation, 
respectively.  Using the decomposition (37.21), we can rewrite (37.20) in the form 
 

 

( )
( )

( )

1 1

1 1 2 1 2 1

1 1 1 1

(1) ( )1

(1) ( ) (1) ( )

(1) ( ) (1) ( )k k

rr

r r

r r

σ σ

σ σ σ σ σ σ

σ σ σ σ σ σ
σε − −⋅⋅⋅ ⋅⋅⋅

+ ⊗ ⋅ ⋅ ⋅⊗ + ⊗⋅⋅ ⋅⊗

− ⊗⋅⋅ ⋅⊗ + ⊗⋅⋅ ⋅⊗

+ ⋅ ⋅ ⋅
− ⋅ ⋅ ⋅

− ⊗ ⋅⋅ ⋅⊗ + ⊗⋅⋅ ⋅⊗

v v v v

v v v v

v v v v

 (37.22) 

 
where all the intermediate terms 1 1(1) ( )j j rσ σ σ σ⋅⋅⋅ ⋅⋅⋅⊗ ⋅ ⋅ ⋅⊗v v , 1,..., 1j k= −  cancel in the sum.  Since 
each of 1,..., kσ σ  switches only one pair of indices, a typical term in the sum (37.22) has the form 
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 a s t b a t s b⊗⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⊗ + ⊗⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⊗v v v v v v v v  
 
which can be combined into three simple tensors: 
 
 ( ) ( )a b⊗⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⊗v u u v  
 
where ,s t=u v v , and s t+v v .  Consequently, (37.22) is a sum of simple tensors having the 
property prescribed by the theorem.  Of course, from (37.16) all those simple tensors belong to the 
kernel ( )rK K .  The proof is complete. 
 

In view of the decomposition (37.17), the subspace ˆ( )rT V  is isomorphic to the factor space 

( ) ( )r rKT V K .  In fact, some authors use this structure to define the space ˆ( )rT V abstractly 

without making ˆ( )rT V  a subspace of ( )rT V .  The preceding theorem shows that this abstract 

definition of ˆ( )rT V  is equivalent to ours. 
 

The next theorem gives a useful property of the skew-symmetric operator rK . 
 
Theorem 37.3.  If ( )p∈A T V  and ( )q∈B T V , then 
 

 

( ) ( )
( )
( )

p q p q q

p q p

p q p q

+ +

+

+

⊗ = ⊗

= ⊗

= ⊗

A B A B

A B

A B

K K K

K K

K K K

 (37.23) 

 
Proof. Let τ  be an arbitrary permutation of { }1,...,q .  We define 
 

 
1 2 2
1 2 (1) ( )

p p p q
p p p q

σ
τ τ

⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ +⎛ ⎞
= ⎜ ⎟⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ +⎝ ⎠

 

 
 
Then σ τε ε=  and 
 
 ( )τ σ⊗ = ⊗A B A BT T  
 
 
Hence from (37.14) we have 
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( ) ( )( ) ( )

( )
p q p q p q

p q

τ σ σ

τ

ε

ε
+ + +

+

⊗ = ⊗ = ⊗

= ⊗

A B A B A B

A B

K T K T K

K
 

 
 
or, equivalently, 
 
 ( ) ( )p q p qτ τε+ +⊗ = ⊗A B A BK T K  (37.24) 
 
Summing (37.24) over all τ , we obtain (37.23)1,  A similar argument implies (37.23). 
 

In closing this section, we state without proof an expression for the skew-symmetric 
operator in terms of the components of its tensor argument.  The formula is 
 

 1 1

1 1

...

... ...
1
!

r r

r r

i i j j
r j j i iA

r
δ= ⊗⋅⋅ ⋅⊗A e eK  (37.25) 

 
We leave the proof of this formula as an exercise to the reader.  A classical notation for the 
components of rAK  is 

1[ ... ]rj jA , so from (37.25) 
 

 1

1 1 1

...
[ ... ] ... ...

1
!

r

r r r

i i
j j j j i iA A

r
δ=  (37.26) 

 
Naturally, we call rAK  the skew-symmetric part of A .  The formula (37.25) and the quotient 
theorem mentioned in Exercise 33.7 imply that the component formula (33.32) defines a tensor rK  
of order 2r , a fact proved in Section 33 by means of the transformation law. 
 
 
Exercises 
 
37.1 Let ( )r∈A T V  and define an endomorphism rS  of ( )rT V by 
 

 1
!r r σ

σ

≡ ∑A AS T  

 
where the summation is taken over all permutations σ  of { }1,..., r  as in (37.1).  Naturally 

rS  is called the symmetric operator.  Show that it is a projection from ( )rT V  into the 
subspace consisting of completely symmetric tensors of order r .  What is the kerne1 
( )rK S ?  A classical notation for the components of rAS  is 

1( ... )rj jA . 
37.2 Prove the formula (37.25). 
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Section 38. The Wedge Product 
 

In Section 33 we defined the concept of the tensor product ⊗ , first for vectors, then 
generalized to tensors.  We pointed out that the tensor product has the important universal 
factorization property.  In this section we shall define a similar operation, called the wedge product 
(or the exterior product), which we shall denote by the symbol ∧ .  We shall define first the wedge 
product of any set of vectors. 

 

If ( )1,..., rv v  is any r-triple of vectors, then their tensor product 1 r⊗⋅⋅ ⋅⊗v v  is a simple 

tensor in ( )rT V  [cf. equation (33.10)].  In the preceding section, we have introduced the skew-

symmetric operator rK , which is a projection from ( )rT V  onto ˆ( )rT V .  We now define 

 

 ( ) ( )1 1 1,..., !r r r
rr∧ ⋅⋅ ⋅ ∧ ≡ ∧ ≡ ⊗⋅⋅ ⋅⊗v v v v v vK  (38.1) 

 

for any vectors 1,..., rv v .  For example, if 2r = , from (37.5) for the special case that 1 2= ⊗A v v  
we have 

 

 1 2 1 2 2 1∧ = ⊗ − ⊗v v v v v v  (38.2) 
 

In general, from (37.1) and (36.3) we have 

 

 

( )

( )
( )

1 1

1 1

(1) ( )

(1) ( )

r r

r

r

σ σ
σ

σ σ
σ

σ

σ σ
σ

σ

ε

ε

ε

− −

∧ ⋅ ⋅ ⋅ ∧ = ⊗⋅⋅ ⋅⊗

= ⊗⋅⋅ ⋅⊗

= ⊗⋅⋅ ⋅⊗

∑

∑

∑

v v v v

v v

v v

T

 (38.3) 

 

where in deriving (38.3), we have used the fact that 

 

 1σ σ
ε ε −=  (38.4) 

 

and the fact that the summation is taken over all permutations σ  of { }1,..., r . 
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We can regard (38.1)2 as the definition of the operation 

 

 
 times

ˆ: ( )p
r

∧ ×⋅ ⋅ ⋅× →V V T V  (38.5) 

 

which is called the operation of wedge product.  From (38.1)3 it is clear that this operation, like the 
tensor product, is multilinear; further, ∧  is a (completely) skew-symmetric operation in the sense 
that 

 

 (1) ( ) 1( ,..., ) ( ,..., )r rσ σ
σε∧ = ∧v v v v  (38.6) 

 

for all 1,..., r ∈v v V  and all permutations σ  of { }1,..., r .  This fact follows directly from the skew 
symmetry of rK  [cf. (37.16)].  Next we show that the wedge product has also a universal 
factorization property which is the condition asserted by the following. 

 

Theorem 38.1.  If W  is an arbitrary completely skew-symmetric multilinear transformation 

 

 
 times

:
r

×⋅⋅ ⋅× →W V V U  (38.7) 

 

where U  is an arbitrary vector space, then there exists a unique linear transformation 

 

 ˆ: ( )r →T V UD  (38.8) 
 

such that 

 

 ( ) ( )1 1,..., r r= ∧ ⋅⋅ ⋅ ∧W v v v vD  (38.9) 
 

for all 1,..., r ∈v v V .  In operator form, (38.9) means that 

 

 = ∧W D  (38.10) 
 

Proof We can use the universal factorization property of the tensor product (cf. Theorem 34.1) to 
decompose W  by 
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 = ⊗W C  (38.11) 
 

where C  is a linear transformation from ( )rT V  to U , 

 

 : ( )r →T V UC  (38.12) 
 

Now in view of the fact that W  is skew-symmetric, we see that the particular linear transformation 
C  has the property 

 

 ( ) ( )(1) ( ) 1r rσ σ
σε⊗ ⋅⋅ ⋅⊗ = ⊗⋅⋅ ⋅⊗v v v vC C  (38.13) 

 

for all simple tensors 1 ( )r
r⊗⋅⋅ ⋅⊗ ∈v v T V  and all permutations σ  of { }1,..., r .  Consequently, if 

we multiply (38.13) by σε  and sum the result over all σ , then from the linearity of C  and the 
definition (38.3) we have 

 

 
( ) ( )

( )

1 1

1

!

! ,...,

r r

r

r

r

∧ ⋅⋅ ⋅ ∧ = ⊗⋅⋅ ⋅⊗

=

v v v v

W v v

C C
 (38.14) 

 

for all 1,..., r ∈v v V .  Thus the desired linear transformation D  is simply given by 

 

 ˆ ( )

1
! rr

=
T V

D C  (38.15) 

 

where the symbol on the right-hand denotes the restriction of C  on ˆ( )rT V  as usual. 

 

Uniqueness of D  can be proved in exactly the same way as in the proof of Theorem 34.1.  
Here we need the fact that the tensors of the form 1 ˆ( )r

r∧ ⋅⋅ ⋅ ∧ ∈v v T V , which may be called 

simply skew-symmetric tensors for an obvious reason, generate the space ˆ( )rT V .  This fact is a 
direct consequence of the following results: 

 

(i) ( )rT V  is generated by the set of all simple tensors 1 r⊗⋅⋅ ⋅⊗v v . 

(ii) rK  is a linear trans formation from ( )rT V  onto ˆ( )rT V . 
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(iii) Equation (38.1) which defines the simple skew-symmetric tensors 1 r∧ ⋅⋅ ⋅ ∧v v . 

 

Knowing that the simple skew-symmetric tensors 1 r∧ ⋅⋅ ⋅ ∧v v  form a generating set of 
ˆ( )rT V , we can conclude immediately that the linear transformation D  is unique, since its values 

on the generating set are uniquely determined by W  through the basic condition (38.9). 

 

As remarked before, the universal factorization property can be used to define the tensor 
product abstractly.  The preceding theorem shows that the same applies to the wedge product.  In 
fact, by following this abstract approach, one can define the vector space ˆ( )rT V  entirely 
independent of the vector space ( )rT V  and the operation ∧  entirely independent of the operation 
⊗ . 

 

Having defined the wedge product for vectors, we can generalize the operation easily to 
skew-symmetric tensors.  If ˆ ( )p∈A T V  and ˆ( )q∈B T V , then we define 

 

 ( )r

r
p

⎛ ⎞
∧ = ⊗⎜ ⎟

⎝ ⎠
A B A BK  (38.16) 

 

where, as before, 

 

 r p q= +  (38.17) 
 

and 

 

 ( 1) ( 1) !
! ! !

r r r r p r
p p p q

⎛ ⎞ − ⋅ ⋅ ⋅ − +
= =⎜ ⎟

⎝ ⎠
 (38.18) 

 

We can regard (38.16) as the definition of the wedge product from ˆ ˆ ˆ( ) ( ) ( )p q r× →T V T V T V , 

 

 ˆ ˆ ˆ: ( ) ( ) ( )p q r∧ × →T V T V T V  (38.19) 
 

Clearly, this operation is bilinear and is characterized by the condition that 
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 1 1 1 1( ) ( )p q p q∧ ⋅⋅ ⋅ ∧ ∧ ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ ∧ ∧ ⋅ ⋅ ⋅ ∧v v u u v v u u  (38.20) 
 
for all simple skew-symmetric tensors 1 ˆ ( )p

p∧ ⋅⋅ ⋅ ∧ ∈v v T V  and 1 ˆ( )q
q∧ ⋅⋅ ⋅ ∧ ∈u u T V .  We leave 

the proof of this simple fact as an exercise to the reader.  In component form, the wedge product 
∧A B  is given by 

 

 1 1

1 1 1

...

... ... ...
1
! !

r r

r p p r

i i j j
j j i i i iA B

p q
δ

+
∧ = ⊗⋅⋅ ⋅⊗A B e e  (38.21) 

 

relative to the product basis of any basis { }je  for V . 

 

In view of (38.20), we can generalize the wedge product further to an arbitrary member of 
skew-symmetric tensors.  For example, if ˆ ( )a∈A T V , ˆ( )b∈B T V  and ˆ( )c∈C T V , then we have 

 

 ( ) ( )∧ ∧ = ∧ ∧ = ∧ ∧A B C A B C A B C  (38.22) 
 

Moreover, ∧ ∧A B C  is also given by 

 

 ( )( )
( )!

! ! ! a b c
a b c

a b c + +
+ +

∧ ∧ = ⊗ ⊗A B C A B CK  (38.23) 

 

Further, the wedge product is multilinear in its arguments and is characterized by the associative 
law such as 

 

 ( ) ( ) ( )1 1 1

1 1 1

a b c

a b c

∧ ⋅⋅ ⋅ ∧ ∧ ∧ ⋅ ⋅ ⋅ ∧ ∧ ∧ ⋅ ⋅ ⋅ ∧

= ∧ ⋅ ⋅ ⋅ ∧ ∧ ∧ ⋅⋅ ⋅ ∧ ∧ ∧ ⋅⋅ ⋅ ∧

v v u u w w

v v u u w w
 (38.24) 

 

for all simple tensors involved. 

 

From (38.24), the skew symmetry of the wedge product for vectors [cf. (38.6)] can be 
generalized to the condition such as 

 

 ( 1) pq∧ = − ∧B A A B  (38.25) 
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for all ˆ ( )p∈A T V  and ˆ( )q∈B T V .  In particular, if A  is of odd order, then 

 

 ∧ =A A 0  (38.26) 
 

since from (38.25) if the order p  of A  is odd, then 

 

 
2

( 1) p∧ = − ∧ = − ∧A A A A A A  (38.27) 
 

A special case of (38.26) is the elementary result that 

 

 ∧ =v v 0  (38.28) 
 

 

which is also obvious from (38.2). 

 

 

Exercises 
 

38.1 Verify (38.6), (38.20), (38.22)1, and (38.23). 

38.2 Show that (38.23) can be rewritten as 

 

 1

1

1 1...
...

r

r

i ir r
i iδ∧ ⋅ ⋅ ⋅ ∧ = ⊗⋅⋅ ⋅⊗v v v v  (38.29) 

 

where the repeated indices are summed from 1  to r . 

38.3 Show that 

 

 

1 1
1

1
1

1

( ,..., ) det

r

r
r

r r
r

⎡ ⎤⋅ ⋅ ⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥∧ ⋅ ⋅ ⋅ ∧ = ⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅ ⋅ ⋅⎣ ⎦

v u v u

v v u u

v u v u

 (38.30) 

 

for all vectors involved. 
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38.4 Show that 

 

 1 1

1 2 1

...

...( ,..., )r r

r

i i i i
j j j jδ∧ ⋅⋅ ⋅ ∧ =e e e e  (38.31) 

 

 

for any reciprocal bases { }ie  and { }ie . 
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Section 39. Product Bases and Strict Components 
 

In the preceding section we have remarked that the space ˆ( )rT V  is generated by the set of 
all simple skew-symmetric tensors of the form 1 r∧ ⋅⋅ ⋅ ∧v v .  This generating set is linearly 
dependent, of course.  In this section we shall determine a linear1y independent generating set and 
thus a basis for ˆ( )rT V  consisting entirely of simple skew-symmetric tensors .  Naturally, we call 

such a basis a basis a product basis for ˆ( )rT V . 
 

Let { }ie  be a basis for V  as usual.  Then the simple tensors { }1 ri i⊗⋅⋅⋅⊗e e  form a product 

basis for ( )rT V .  Since ˆ( )rT V  is a subspace of ( )rT V , every element ˆ( )r∈A T V  has the 
representation 
 
 1

1...
r

r

i i
i iA= ⊗⋅⋅ ⋅⊗A e e  (39.1) 

 
where the repeated indices are summed from 1  to N , the dimension of ( )rT V .  Now, since 

ˆ( )r∈A T V , it is invariant under the skew-symmetric operator rK , namely 
 
 ( )1

1...
r

r

i i
r i i rA= = ⊗⋅⋅ ⋅⊗A A e eK K  (39.2) 

 
Then from (38.1) we can rewrite the representation (39.1) as 
 

 1

1...
1
!

r

r

i i
i iA

r
= ∧ ⋅⋅ ⋅ ∧A e e  (39.3) 

 
Thus we have shown that the set of simple skew-symmetric tensors { }1 ri i∧ ⋅⋅ ⋅ ∧e e  already forms a 

generating set for ˆ( )rT V . 
 

The generating set { }1 ri i∧ ⋅⋅ ⋅ ∧e e  is still not linearly independent, however.  This fact is 

easily seen, since the wedge product is skew-symmetric, as shown by (38.6).  Indeed, if 1i  and 2i  
are equal, then 1 ri i∧ ⋅⋅ ⋅ ∧e e  must vanish.  In general if σ  is any permutation of { }1,..., r , then 

(1) ( )ri iσ σ∧ ⋅ ⋅ ⋅ ∧e e  is linearly related to 1 ri i∧ ⋅⋅ ⋅ ∧e e  by 
 
 (1) ( ) 1r ri i i iσ σ

σε∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧e e e e  (39.4) 
 
Hence if we eliminate the redundant elements of the generating set { }1 ri i∧ ⋅⋅ ⋅ ∧e e  by restricting the 

range of the indices 1( ,..., )ri i  in such a way that 
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 1 ri i< ⋅⋅ ⋅ <  (39.5) 
 
 
the resulting subset { }1

1,ri i
ri i∧ ⋅⋅ ⋅ ∧ < ⋅ ⋅ ⋅ <e e  remains a generating set of ˆ( )rT V .  The next theorem 

shows that this subset is linearly independent and thus a basis for ˆ( )rT V , called the product basis. 
 
Theorem 39.1.  The set { }1

1,ri i
ri i∧ ⋅⋅ ⋅ ∧ < ⋅ ⋅ ⋅ <e e  is  linearly independent. 

 
Proof. Suppose that the set { }1

1,ri i
ri i∧ ⋅⋅ ⋅ ∧ < ⋅ ⋅ ⋅ <e e  obeys the homogeneous linear equation 

 
 1

1

1

...
r

r

r

i i
i i

i i

C
<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧∑ e e  (39.6) 

 
where { }1... 1,

ri i rC i i< ⋅⋅ ⋅ <  are scalars, and where the summation is taken over all indices 1,..., ri i  

from 1 to N  subject to the condition (39.5).  Then we must show that 
1... ri iC  vanishes completely.  

From (38.31), if we evaluate the tensor (39.6) at the argument ( )1
,...,

ri ie e , where { }je  denotes the 

reciprocal basis of { }ie  as usual, we get 
 
 1

1 1

1

...
... ... 0r

r r

r

i i
i i j j

i i

C δ
<⋅⋅⋅<

=∑  (39.7) 

 
for all 1,..., rj j  ranging from 1  to N .  In particular, if we choose 1 rj j< ⋅⋅ ⋅ < , then the summation 
reduces to only one term, namely 

1... rj jC  and the equation yields 
 
 

1... 0
rj jC =  

 
which is the desired result. 
 

It is easy to see that there are only 
N
r
⎛ ⎞
⎜ ⎟
⎝ ⎠

 number of elements in the product basis 

 
 { }1

1,ri i
ri i∧ ⋅⋅ ⋅ ∧ < ⋅ ⋅ ⋅ <e e  (39.8) 

 
Thus we have 
 

 !ˆdim ( )
!( )!r

N N
r r N r
⎛ ⎞

= =⎜ ⎟ −⎝ ⎠
T V  (39.9) 

 
In particular, we recover the coro11ary of Theorem 36.1, that is 
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 ˆdim ( ) 0r =T V  
 
if r N> . 
 

Returning now to the representation (39.3) for an arbitrary skew-symmetric tensor 
ˆ( )r∈A T V , we can rewrite that representation as 

 
 1

1

1

...
r

r

r

i i
i i

i i

A
<⋅⋅⋅<

= ∧ ⋅ ⋅ ⋅ ∧∑A e e  (39.10) 

 
The reason that we can replace the full summation in (39.3) by the restricted summation is because 
for each increasing r-tuple 1( ,..., )ri i  there are precisely !r  permutations of { }1,..., ri i .  Further, their 
corresponding !r  terms in the full summation (39.3) are all equal to one another, since both 

1... ri iA  

and 1 ri i∧ ⋅⋅ ⋅ ∧e e  are completely skew-symmetric in the indices 1( ,..., )ri i , so for any permutation σ  
of { }1,..., ri i  we have 
 
 (1) ( ) 1 1

(1) ( ) 1 1

2
... ... ...

r r r

r r r

i i i i i i
i i i i i iA A Aσ σ

σ σ σε∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧e e e e e e  
 
In view of (39.10), we see that the scalars 
 
 { }1... 1,

ri i rA i i< ⋅⋅ ⋅ <  
 
are the components of A  relative to the product basis (39.8).  For definiteness, we call these 
scalars the strict components of A . 
 

As an illustration of this concept, let us compute the strict components of the simple skew-
symmetric tensor 1 ˆ( )r

r∧ ⋅⋅ ⋅ ∧ ∈v v T V .  As usual we represent the vector iv  in component form 

relative to { }je  by 
 
 i i j

jv=v e  
 
for all 1,...,i r= .  Using the skew-symmetry of the wedge product, we have 
 
 1 1 1

1 1 1

1

...1 1 1
...

r r r

r r r

r

j j j j i ir r r
j j j j i i

i i

v v v v δ
<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ⋅ ⋅ ⋅ ∧ ⋅ ⋅ ⋅ ∧ = ⋅ ⋅ ⋅ ∧ ⋅ ⋅ ⋅ ∧∑v v e e e e  (39.11) 

 
which means that the strict components of 1 r∧ ⋅⋅ ⋅ ∧v v  are 
 
 { }1

1 1

...1
... 1,r

r r

j jr
j j i i rv v i iδ⋅ ⋅ ⋅ < ⋅ ⋅ ⋅ <  
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Next, we consider the transformation rule for the strict components in general. 

 
Theorem 39.2.  Under a change of basis from { }je  to { }ˆ je , the strict components of a tensor 

ˆ( )r∈A T V  obey the transformation rule 
 
 1

1 1 1

1

...
... ... ...

ˆ r

r r r

r

i i
j j j j i i

i i

A T A
<⋅⋅⋅<

= ∑  (39.12) 

 
where 1

1

...
...

r

r

i i
j jT  is an r r×  minor of the transformation matrix i

jT⎡ ⎤⎣ ⎦  as defined by (21.21).  Of course, 
i
jT  is given by 

 
 i i

j jT = ⋅e e  
 
as usual [cf. (31.21)], where { }ˆ je  is the reciprocal basis of { }ˆ je . 
 
Proof. Since the strict components are nothing but the ordinary tensor components restricted to the 
subset of indices in increasing order [cf. (39.5)], we can compute their values in the usual way by 
 
 

1 1...
ˆ ˆ ˆ( ,..., )

r rj j j jA = A e e  (39.13) 
 
Substituting the strict component representation (39.10) into (39.13) and making use of the formula 
(38.30) we obtain 
 

 

( )1

1 1 1

1

1 1

1

1

1

1

... ...

...

ˆ ˆ ˆ,...,

ˆ ˆ

det

ˆ ˆ

r

r r r

r

r

r

r

r r

r

i i
j j i i j j

i i

i i
j j

i i
i i

i i
j j

A A

A

<⋅⋅⋅<

<⋅⋅⋅<

= ∧ ⋅ ⋅ ⋅ ∧

⎡ ⎤⋅ ⋅ ⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅=
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅ ⋅ ⋅⎣ ⎦

∑

∑

e e e e

e e e e

e e e e

 

 
which is the desired result. 
 
From (21.25), we can write the transformation rule (39.12) in the form 
 
 ( )1

1 1 1

1

...
... ... ...

ˆ ˆdet cof r

r r r

r

j ja
j j b i i i i

i i

A T T A
<⋅⋅⋅<

⎡ ⎤= ⎣ ⎦ ∑  (39.14) 

 
As al1 illustration of (39.12), take r N= .  Then (39.9) implies 
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 ˆdim ( ) 1N =T V  (39.15) 
 
And (39.12) reduces to 
 
 12... 12...

ˆ det i
N j NA T A⎡ ⎤= ⎣ ⎦  (39.16) 

 
Comparing (39.16) with (33.15), we see that the strict component of an N-vector transforms 
according to the rule of an axial scalar of weight 1 [cf. (33.35)].  N-vectors are also called densities 
or density tensors. 
 

Next take 1r N= − .  Then (39.9) implies that 
 
 1

ˆdim ( )N N− =T V  (39.17) 
 
In this case the transformation rule (39.12) can be rewritten as 
 
 ˆ ˆdetk i k l

j lA T T A⎡ ⎤= ⎣ ⎦  (39.18) 
 
where the quantities ˆ kA  and lA  are defined by 
 
 12... ..

ˆ ( 1)k N k
k NA A−≡ −  (39.19) 

 
and similarly 
 
 12... ..( 1)l N l

l NA A−≡ −  (39.20) 
 
Here the symbol ˘ over k  or l  means k  or l  are deleted from the list of indices as before.  To 
prove (39.18), we make use of the alternative form (39.14), obtaining 
 
 ( )12... ...

12... ... 12... ... 12... ...
ˆ ˆdet cofa k N

bk N l N l N
l

A T T A⎡ ⎤= ⎣ ⎦∑  

 
Multiplying this equation by ( 1)N k−−  and using the definitions (39.19) and (39.20), we get 
 
 ( )12... ...

12... ...
ˆ ˆdet ( 1) cofk a k l k N l

b l N
l

A T T A+⎡ ⎤= −⎣ ⎦∑  

 
But now from (21.23), it is easy to see that the cofactor of the ( 1)( 1)N N− −  minor 12... ...

12... ...
ˆ k N

l NT  in the 

matrix ˆ a
bT⎡ ⎤⎣ ⎦  is simply ( 1)k l+−  times the element ˆ k

lT .  Thus (39.18) is proved. 
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From (39.19) or (39.20) we see that the quantities ˆ kA  and lA , like the strict components 

12... ...
ˆ

k NA  and 12... ...l NA  characterize the tensor A  completely.  In view of the transformation rule 

(39.18), we see that the quantity lA  transforms according to the rule of the component of an axial 
vector of weight 1 [cf. (33.35)]. ( 1)N −  vectors are often called (axial) vector densities. 
 

The operation given by (39.19) and (39.20) can be generalized to ˆ ( )N r−T V  in general.  If 

1... N ri iA
−

 is a strict component of ˆ ( )N r−∈A T V , then we define a quantity 1... rj jA  by 
 

 

1 11

1

1

1 1

1

... ......
...

... ...
...

1
( )!

N r rr

N r

N r

N r r

N r

i i j jj j
i i

i i

i i j j
i i

A A

A
N r

ε

ε

−

−

−

−

−

<⋅⋅⋅<

=

=
−

∑
 (39.21) 

 
When 1r = , (39.21) reduces to (39.20).  Recall that 1... Ni iε  transforms according to the rule of an 
axial contravariant tensor of order N and weight 1.  Moreover, since 1... rj jA  is skew-symmetric in 

1( ,..., )rj j , we can write the transformation rule as 
 
 1 1 1

1

1

... ... ...
...

ˆ ˆdetr r r

r

r

j j j j i ia
b i i

i i

A T T A
<⋅⋅⋅<

⎡ ⎤= ⎣ ⎦ ∑  (39.22) 

 
where 1

1

...
...

ˆ r

r

j j
i iT  is an r r×  minor of the transformation matrix a

bT⎡ ⎤⎣ ⎦ .  When 1r = , (39.22) reduces to 
(39.18). 
 

As an illustration of (39.20), we take 3N = ;  then (39.20) yields 
 
 1 2 3

23 13 12, ,A A A A A A= = − =  (39.23) 
 
As we shall see, this operation is closely related to the classical operation of cross product (or 
vector product) which assigns an axial vector to a skew- symmetric two-vector on a three-
dimensional space. 
 

Before closing this section, we note here a convenient condition for determining whether or 
not a given set of vectors is linearly dependent by examining their wedge product. 
 
Theorem 39.3.  A set of r  vectors { }1,..., rv v  is linearly dependent if and only if their wedge 
product vanishes, i.e., 
 
 1 r∧ ⋅⋅ ⋅ ∧ =v v 0  (39.24) 
 
Proof. Necessity is obvious, since if { }1,..., rv v  is linearly dependent, then at least one of the 
vectors can be expressed as a linear combination of the other vectors, say 
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 1 1

1 1
r r

rα α −
−= + ⋅ ⋅ ⋅ +v v v  (39.25) 

 
Then (39.24) follows because 
 

 
1

1 1 1

1

r
r r j

j
j

α
−

−

=

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ ∧ =∑v v v v v 0  

 
as required by the skew symmetry of the wedge product.  Converse1y, if { }1,..., rv v  is linearly 

independent, then it can be extended to a basis { }1,..., Nv v  (cf. Theorem 9.8).  From Theorem 39.1, 

the simple skew-symmetric tensor 1 N∧ ⋅⋅ ⋅ ∧v v  forms a basis for the one-dimensional space 
ˆ ( )NT V  and thus is nonzero, so that this factor 1 r∧ ⋅⋅ ⋅ ∧v v  is also nonzero. 

 
Corollary.  A set of N  covectors { }1,..., Nv v  is a basis for V  if and only if 1 N∧ ⋅⋅ ⋅ ∧ ≠v v 0 . 
 
 
Exercises 
 
39.1 Show that the product basis of ˆ( )rT V  satisfies the following transformation rule: 
 
 1 1 1

1

1

...
... ˆ ˆr r r

r

r

i i i i j j
j j

j j

T
<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧∑e e e e  (39.26) 

 
 

re1ative to any change of basis from { }ˆ ie  to { }je  with transformation matrix i
jT⎡ ⎤⎣ ⎦ . 

39.2 For the skew-symmetric tensor space ˆ( )rT V  it is customary to define the inner produce 
 
 ˆ ˆ: ( ) ( )r r∗ × →T V T V R  (39.27) 
 

by requiring the product basis of an orthonormal basis be orthonormal with respect to ∗ .  In 
other words, relative to an orthonormal basis { }1,..., Ni i  the inner produce ∗A B  of any 

ˆ, ( )r∈A B T V  is given by 
 
 

1 1

1

... ...r r

r

i i i i
i i

A B
<⋅⋅⋅<

∗ = ∑A B  (39.28) 

 
Show that this inner product is related to the ordinary inner product ⋅  on ˆ( )rT V , regarded 
as a subspace of ( )rT V , by 
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 1
!r

∗ = ⋅A B A B  (39.29) 

 
 

for all ˆ, ( )r∈A B T V . 
39.3 Relative to the inner product ∗ , show that 
 

 ( ) ( )

1 1 1

1 1

1

det

r

r r

r r r

⎡ ⎤⋅ ⋅ ⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥∧ ⋅ ⋅ ⋅ ∧ ∗ ∧ ⋅⋅ ⋅ ∧ = ⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅ ⋅ ⋅⎣ ⎦

v u v u

v v u u

v u v u

 (39.30) 

 
 

for all simple skew- symmetric tensors 1 r∧ ⋅⋅ ⋅ ∧v v  and 1 r∧ ⋅⋅ ⋅ ∧u u  in ˆ( )rT V . 

39.4 Relative to the product basis of any basis { }ie , show that the inner product ∗A B  has the 
representation 

 

 

1 1 1

1 1

1
1

1

... ...det

r

r r

r
r

r r r

i j i j

i i j j
i i
j j

i j i j

e e

A B

e e

<⋅⋅⋅<
<⋅⋅⋅<

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥∗ = ⋅ ⋅
⎢ ⎥
⋅ ⋅⎢ ⎥

⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑A B  (39.31) 

 
 

where ije  is given by 
 
 ij i je = ⋅e e  (39.32) 
 

as before [cf. (14.8)].  In particular, if { }ie  is orthonormal, then ij ije δ=  and (39.31) 
reduces to (39.28). 

39.5 Prove the transformation rule (39.22).
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Section 40. Determinant and Orientation 
 

In the preceding section we have shown that the strict component of an N-vector over an N- 
dimensional space V  transforms according to the rule of an axial scalar of weight 1.  For brevity, 
we call an N-vector simply a density or a density tensor.  From (39.15), the space ˆ ( )NT V  of 

densities on V  is one-dimensional, and for any basis { }ie  a product basis for ˆ ( )NT V  is 
1 N∧ ⋅⋅ ⋅ ∧e e .  If D  is a density, then it has the representation 

 
 1

12...
N

ND= ∧ ⋅⋅ ⋅ ∧D e e  (40.1) 
 
where the strict component 12...ND  is given by 
 
 ( )12... 1,...,N ND = D e e  (40.2) 
 
{ }ie  being the reciprocal basis of { }je  as usual.  The representation (40.1) shows that every 
density is a simple skew-symmetric tensor, e.g., we can represent D  by 
 
 ( )1

12...
N

ND= ∧ ⋅⋅ ⋅ ∧D e e  (40.3) 
 
This representation is not unique, of course. 
 

Now if A  is an endomorphism of V , we can define a linear map 
 
 ˆ ˆ: ( ) ( )N Nf →T V T V  (40.4) 
 
by the condition 
 
 ( ) ( ) ( )1 1N Nf ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧v v Av Av  (40.5) 
 
for all 1,..., N ∈v v V .  We can prove the existence and uniqueness of the linear map f  by the 
universal factorization property of ˆ ( )NT V  as shown by Theorem 38.1.  Indeed, we define first the 
skew-symmetric multilinear map 
 
 ˆ: ( )NF ×⋅⋅ ⋅× →V V T V  (40.6) 
 
by 
 
 ( ) ( ) ( )1 1,..., N NF = ∧ ⋅⋅ ⋅ ∧v v Av Av  (40.7) 
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where the skew symmetry and the multilinearity of F  are obvious.  Then from (38.10) we can 
define a unique linear map f  of the form (40.4) such that 
 
 F f= ∧  (40.8) 
 
which means precisely the condition (40.5). 
 

Since ˆ ( )NT V  is one-dimensional, the linear map f  must have the representation 
 
 ( )1 1N Nf α∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧v v v v  (40.9) 
 
where α  is a scalar uniquely determined by f  and hence A .  We claim that 
 
 detα = A  (40.10) 
 
Thus the determinant of A  can be defined free of any basis by the condition 
 
 ( ) ( )1 1(det )N N∧ ⋅⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧Av Av A v v  (40.11) 
 
 
for all 1,..., N ∈v v V . 
 

To prove (40.10), or, equivalently, (40.11), we choose reciprocal basis { }ie  and { }ie  for V  
and recall that the determinant of A  is given by the determinant of the component matrix of A .  
Let A  be represented by the component forms 
 
 ,j i i j

i i j jA A= =Ae e Ae e  (40.12) 
 
where (40.12)2 is meaningful because V  is an inner product space.  Then, by definition, we have 
 
 det det detj i

i jA A⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦A  (40.13) 
 
Substituting (40.12)2 into (40.5), we get 
 
 ( ) 1

1

1 1 N

N

jjN N
j jf A A∧ ⋅⋅ ⋅ ∧ = ⋅ ⋅ ⋅ ∧ ⋅ ⋅ ⋅ ∧e e e e  (40.14) 

 
The skew symmetry of the wedge product implies that 
 
 11 ,,, 1N Nj j jj Nε∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧e e e e  (40.15) 
 
where the ε  symbol is defined by (20.3).  Combining (40.14) and (40.15), and comparing the 
resu1t with (40.9), we see that 
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 1

1

,,,1 1 1N

N

j jN N N
j jA Aα ε∧ ⋅⋅ ⋅ ∧ = ⋅ ⋅ ⋅ ∧ ⋅ ⋅ ⋅ ∧e e e e  (40.16) 

 
or equivalently 
 
 1

1

,,,1 N

N

j jN
j jA Aα ε= ⋅⋅ ⋅  (40.17) 

 
since 1 N∧ ⋅⋅ ⋅ ∧e e  is a basis for ˆ ( )NT V .  But by definition the right-hand side of (40.17) is equal to 

the determinant of the matrix i
jA⎡ ⎤⎣ ⎦  and thus (40.10) is proved. 

 
As an illustration of (40.11), we see that 

 
 det 1=I  (40.18) 
 
 
since we have 
 
 ( ) ( )1 1 1(det )N N N∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧Iv Iv v v I v v  
 
More generally, we have 
 
 det( ) Nα α=I  (40.19) 
 
Since 
 
 ( ) ( ) ( ) ( )1 1 1N N N Nα α α α α∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧Iv Iv v v v v  
 
 
It is now also obvious that 
 
 det( ) (det )(det )=AB A B  (40.20) 
 
since we have 
 

 
( ) ( ) ( ) ( )1 1

1

(det )

(det )(det )

N N

N

∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧

= ∧ ⋅⋅ ⋅ ∧

ABv ABv A Bv Bv

A B v v
 

 
for all 1,..., N ∈v v V .  Combining (40.19) and (40.20), we recover also the formula 
 
 det( ) (det )Nα α=A A  (40.21) 
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Another application of (40.11) yields the result that A  is non-singular if and only if det A  
is non-zero.  To see this result, notice first the simple fact that A  is non-singular if and only if A  
transforms any basis { }je  of V  into a basis { }jAe  of V .  From the corollary of Theorem 39.3, 

{ }jAe  is a basis of V  if and only if ( ) ( )1 N∧ ⋅⋅ ⋅ ∧ ≠Ae Ae 0 .  Then from (40.11), 

( ) ( )1 N∧ ⋅⋅ ⋅ ∧ ≠Ae Ae 0  if and only if det 0≠A .  Thus det 0≠A  is necessary and sufficient for A  
to be non-singular. 
 

The determinant, of course), is just one of the invariants of A .  In Chapter 6, Section 26, 
we have introduced the set of fundamental invariants { }1,..., Nμ μ  for A  by the equation 
 
 ( ) 1

1 1det N N
N Nt t t tμ μ μ−
−+ = + + ⋅ ⋅ ⋅ + +A I  (40.22) 

 
Since we have shown that the determinant of any endomorphism can be characterized by the 
condition (40.11), if we apply (40.11) to the endomorphism t+A I , the result is 
 
 ( ) ( ) ( )1 1 1 1

1 1
N N N N N

N Nt t t t tμ μ μ−
−+ ∧ ⋅⋅ ⋅ ∧ + = + + ⋅⋅ ⋅ + + ∧ ⋅ ⋅ ⋅ ∧Av v Av v v v  

 
Comparing the coefficient of N kt −  on the two sides of this equation, we obtain 
 
 1 2

1

1 1 K

K

i i iN N
K

i i

μ
<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ ∧ ⋅ ⋅ ⋅ ∧ ∧ ⋅ ⋅ ⋅ ∧ ∧ ⋅ ⋅ ⋅ ∧∑v v v Av Av Av v  (40.23) 

 

where there are precisely 
N
K

⎛ ⎞
⎜ ⎟
⎝ ⎠

 terms in the summation on the right hand side of (40.23), each 

containing K  factors of A  acting on the covectors 1 ,..., Ki iv v .  In particular, taking K N= , we 
recover the result 
 
 ( ) ( )1 1N N

Nμ ∧ ⋅⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧v v Av Av  
 
which is the same as (40.11) since 
 
 detNμ = A  
 
Likewise, taking 1K = , we obtain 
 

 1 1
1

1

N
N i N

i

μ
=

∧ ⋅⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧ ∧ ⋅⋅ ⋅ ∧∑v v v Av v  (40.24) 

 
which characterizes the trace of A  free of any basis, since 
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 1 trμ = A  
 
Of course, we can prove the existence arid the uniqueness of Kμ  satisfying the condition (40.23) 
by the universal factorization property as before. 
 

Since the space ˆ ( )NT V  is one-dimensional, it is divided by 0  into two nonzero segments.  
Two nonzero densities 1D  and 2D  are in the same segment if they differ by a positive scalar factor, 
say 2 1λ=D D , where 0λ > .  Conversely, if 1D  and 2D  differ by a negative scalar factor, then they 

belong to different segments.  If { }ie  and { }ˆ ie  are two basis for V , we define their corresponding 

product basis 1 N∧ ⋅⋅ ⋅ ∧e e  and 1ˆ ˆ N∧ ⋅⋅ ⋅ ∧e e  for ˆ ( )NT V  as usual;  then we say that { }ie  and { }ˆ ie  

have the same orientation and that the change of basis is a proper transformation  if 1 N∧ ⋅⋅ ⋅ ∧e e  
and 1ˆ ˆ N∧ ⋅⋅ ⋅ ∧e e  belong to the same segment of ˆ ( )NT V .  Conversely, opposite orientation and 
improper transformation are defined by the condition that 1 N∧ ⋅⋅ ⋅ ∧e e  and 1ˆ ˆ N∧ ⋅⋅ ⋅ ∧e e  belong to 
different segments of ˆ ( )NT V .  From (39.26) for the case r N= , the product basis 1 N∧ ⋅⋅ ⋅ ∧e e  and 

1ˆ ˆ N∧ ⋅⋅ ⋅ ∧e e  are related by 
 
 1 1ˆ ˆdetN i N

jT⎡ ⎤∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧⎣ ⎦e e e e  (40.25) 
 
Consequently, the change of basis is proper or improper if and only if det i

jT⎡ ⎤⎣ ⎦  is positive or 
negative, respectively. 
 

It is conventional to designate one segment of ˆ ( )NT V  positive and the other one negative.  

Whenever such a designation has been made, we say that ˆ ( )NT V  and, thus, V , are oriented.  For 

an oriented space V  a basis { }ie  is positively oriented or right-handed if its product basis 
1 N∧ ⋅⋅ ⋅ ∧e e  belongs to the positive segment of ˆ ( )NT V ;  otherwise, the basis is negatively oriented 

or left-handed.  It is customary to restrict the choice of basis for an oriented space to positively 
oriented bases only.  Under such a restriction, the parity ε  [cf, (33.35)] of all relative tensors 
always has the value 1+ , since the transformation is restricted to be proper.  Hence, in this case it is 
.not necessary to distinguish relative tensors into axial ones and polar ones. 
 

As remarked in Exercise 39.2, it is conventional to use the inner product ∗  defined by 
(39.29) for skew-symmetric tensors.  For the space of densities ˆ ( )NT V  the inner product is given 
by [cf. (39.31)] 
 
 12... 12...det ij

N Ne A B⎡ ⎤∗ = ⎣ ⎦A B  (40.26) 
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where 12...NA  and 12...NB  are the strict component of A  and B  as defined by (40.2).  Clearly, there 

exists an unique unit density with respect to ∗  in each segment of ˆ ( )NT V .  If ˆ ( )NT V  is oriented, 
the unit density in the positive segment is usually denoted by E , then the unit density in the 
negative segment is −E .  In general, if D  is any density in ˆ ( )NT V , then it has the representation 
 
 d=D E  (40.27) 
 
In accordance with the usual practice, the scalar d  in (40.27), which is the component of D  
relative to the positive unit density E , is also called a density or more specifically a density scalar, 
as opposed to the term density tensor for D .  This convention is consistent with the common 
practice of identifying a scalar α  with an element 1α  in R , where R  is, of course, an oriented 
one-dimensional space with positive unit element 1 . 
 

If { }ie  is a basis in an oriented space V , then we define the density e∗  of { }ie  to be the 

component of the product basis 1 N∧ ⋅⋅ ⋅ ∧e e  relative to E , namely 
 
 1 N e∗∧ ⋅ ⋅ ⋅ ∧ =e e E  (40.28) 
 
In other words, e∗  is the density of the product basis of { }ie .  Clearly, { }ie  is positively oriented or 

negatively oriented depending on whether its density e∗  is positive or negative, respectively.  We 
say that a basis { }ie  is unimodular if its density has unit absolute value. i.e., 1e∗ = .  All 
orthonormal bases, right-handed or left-handed, are always unimodular.  A unimodular basis in 
general need not be orthonormal, however. 
 

From (40.28) and (40.26), we have 
 
 

2

det ije e e e∗ ∗ ∗ ⎡ ⎤= ∗ = ⎣ ⎦E E  (40.29) 
 
for any basis { }ie .  Hence the absolute density e∗  of { }ie  is given by 
 

 ( )1/ 2
det ije e∗ ⎡ ⎤= ⎣ ⎦  (40.30) 

 
Substituting (40.30) into (40.28), we have 
 

 ( )1/ 21 detN ijeε ⎡ ⎤∧ ⋅ ⋅ ⋅ ∧ = ⎣ ⎦e e E  (40.31) 

 
where ε  is 1+  if { }ie  is positively oriented and it is 1−  if { }ie  is negatively oriented. 
 

From (40.25) and (40.27) the density of a basis transforms according to the rule 
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 ˆdet i

je T e∗ ∗⎡ ⎤= ⎣ ⎦  (40.32) 
 
under a change of basis from { }je  to { }ˆ je .  Comparing (40.32) with (33.35), we see that the 
density of a basis is an axial relative scalar of weight 1− . 
 

An interesting property of a unit density ( E  or −E ) is given by the following theorem. 
 
Theorem 40.1.  If U  is a unit density in ˆ ( )NT V , then 
 
 ( ) ( )1 1 detN N i j⎡ ⎤ ⎡ ⎤ ⎡ ⎤∗ ∧ ⋅ ⋅ ⋅ ∧ ∗ ∧ ⋅⋅ ⋅ ∧ = ⋅⎣ ⎦⎣ ⎦ ⎣ ⎦U v v U u u v u  (40.33) 

 
for all 1,..., Nv v  and 1,..., Nu u  in V . 
 
Proof. Clearly we can represent U  as the product basis of an orthonormal basis, say { }ki , with 
 
 1 N= ∧ ⋅⋅ ⋅ ∧U i i  (40.34) 
 
 
From (40.34) and (39.30), we then have 
 
 ( )1 det detN i i

j jv⎡ ⎤ ⎡ ⎤∗ ∧ ⋅⋅ ⋅ ∧ = ⋅ =⎣ ⎦ ⎣ ⎦U v v i v  
 
and 
 
 ( )1 det detN i i

j ju⎡ ⎤ ⎡ ⎤∗ ∧ ⋅⋅ ⋅ ∧ = ⋅ =⎣ ⎦ ⎣ ⎦U u u i u  
 
where i

jv  and i
ju  are the j th components of iv  and iu  relative to { }ki , respectively.  Using the 

product rule and the transpose rule of the determinant, we then obtain 
 

 

( ) ( )

( )
1 1

1

det det

det det det

det det

N N i k
j l

T Ti k i k
j l j l

N
i i i j
k k

k

v u

v u v u

v u
=

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤∗ ∧ ⋅ ⋅ ⋅ ∧ ∗ ∧ ⋅ ⋅ ⋅ ∧ = ⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤= = ⋅⎢ ⎥ ⎣ ⎦⎣ ⎦
∑

U v v U u u

v u

 

 
which is the desired result. 
 

By exactly the same argument, we have also the following theorem. 
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Theorem 40.2.  If U  is a unit density as before, then 
 
 ( ) ( )1 1,..., ,..., detN N i j⎡ ⎤= ⋅⎣ ⎦U v v U u u v u  (40.35) 
 
for all 1,..., Nv v  and 1,..., Nu u  in V . 
 
 
Exercises 
 
40.1 If A  is an endomorphism of V  show that the determinant of A  can be characterized by 

the following basis-free condition: 
 
 ( ) ( ) ( )1 1,..., det ,...,N N=D Av Av A D v v  (40.36) 
 

for all densities ˆ ( )N∈D T V  and all vectors 1,..., Nv v  in V . 
Note. A complete proof of this result consists of the following two parts: 

(i) There exists a unique scalar α , depending on A , such that 
 
 ( ) ( )1 1,..., ,...,N Nα=D Av Av D v v  
 

for all ˆ ( )N∈D T V  and all vectors 1,..., Nv v  in V . 
(ii) The scalar α  is equal to det A . 

40.2 Use the formula (40.36) and show that the fundamental invariants { }1,..., Nμ μ  of an 
endomorphism A  can be characterized by 

 
 ( ) ( )1

1

1 1,..., ,..., ,..., ,...,
K

K

k N i i N
i i

μ
<⋅⋅⋅<

= ∑D v v D v Av Av v  (40.37) 

 
for all 1,..., N ∈v v V  and all ˆ ( )N∈D T V .  Here the summation on the right-hand side of 

(40.37) is similar to that of (40.23), i.e., there are 
N
K

⎛ ⎞
⎜ ⎟
⎝ ⎠

 terms in the summation, each 

containing the value of D  at the argument with K  vectors 
1
,...,

Ki iv v , acted on by A .  In 
particular, taking K N= , we recover the formula (40.36), and taking 1K = , we obtain 

 

 ( ) ( )1 1
1

(tr ) ,..., ,..., ,...,
N

N i N
i=

= ∑A D v v D v Av v  (40.38) 

 
40.3 The Gramian is a function (not multilinear) G  of K  vectors defined by 
 
 ( )1,..., detN i jG ⎡ ⎤= ⋅⎣ ⎦v v v v  (40.39) 
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where the matrix i j⎡ ⎤⋅⎣ ⎦v v  is K K× , of course,  Use the result of Theorem 40.2 and show 
that 

 
 ( )1,..., 0NG ≥v v  (40.40) 
 

and that the equality holds if and only if { }1,..., Kv v  is a linear dependent set.  Note.  When 
2K = , the result (40.40) reduces to the Schwarz inequality. 

40.4 Use the results of this section and prove that 
 
 det det T=A A  
 

for an endomorphism ( ; )∈A L V V . 
40.5 Show that adjA , which is used in (26.15), can be defined by 
 
 1 2 1 2(adj ) N N∧ ∧ ⋅⋅ ⋅ ∧ = ∧ ∧ ⋅⋅ ⋅ ∧A v v v v Av Av  
 
40.6 Use (40.23) and the result in Exercise 40.5 and show that 
 
 1 tr adjNμ − = A  
 
40.7 Show that 
 

 ( )
( ) ( )

1

2

adj adj adj

det adj det

adj adj det

N

N

−

−

=

=

=

AB B A

A A

A A A

 

 
and 

 

 ( ) ( )
2( 1)det adj adj det N−=A A  

 
for , ( ; )∈A B L V V  and dimN = V . 
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Section 41. Duality 
 

As a consequence of (39.9), the dimension of the space ˆ( )rT V  is equal to that of ˆ ( )N r−T V .  

Hence the spaces ˆ( )rT V  and ˆ ( )N r−T V  are isomorphic.  The purpose of this section is to establish a 
particular isomorphism, 
 
 ˆ ˆ: ( ) ( )r r N r−→T V T VD  (41.1) 
 
called the duality operator, for an oriented space V .  As we shall see, this duality operator gives 
rise to a definition to the operation of cross product or vector product when 3N =  and 2r = . 
 

We recall first that ˆ( )rT V  is equipped with the inner product ∗  given by (39.29).  Let E  be 

the distinguished positive unit density in ˆ ( )NT V  as introduced in the preceding section.  Then for 

any ˆ( )r∈A T V  we define its dual rAD  in ˆ ( )N r−T V  by the condition 
 
 ( ) ( )r∗ ∧ = ∗E A Z A ZD  (41.2) 
 
for all ˆ ( )N r−∈Z T V .  Since the left-hand side of (41.2) is linear in Z , and since ∗  is an inner 
product, rAD  is uniquely determined by (41.2).  Further, from (41.2), rAD  depends linearly on 

A , so rD , is a linear transformation from ˆ( )rT V  to ˆ ( )N r−T V . 
 
Theorem 41.1.  The duality operator rD  defined by the condition (41.2) is an isomorphism. 
 
Proof. Since ˆ( )rT V  and ˆ ( )N r−T V  are isomorphic, it suffices to show that rD  is an isometry, i.e., 
 
 ( ) ( )r r∗ = ∗A A A AD D  (41.3) 
 
for all ˆ( )r∈A T V .  The polar identity 
 

 ( ) ( ){ }1
2

∗ = ∗ + ∗ − − ∗ −A B A A B B A B A B  (41.4) 

 
then implies that rD  preserves the inner product also; i.e., 
 
 ( ) ( )r r∗ = ∗A B A BD D  (41.5) 
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for all A  and B  in ˆ( )rT V .  To prove (41.3), we choose an arbitrary right-handed orthogonal basis 

{ }ji  of V .  Then E  is simply the product basis of { }ji  
 
 1 N= ∧ ⋅⋅ ⋅ ∧E i i  (41.6) 
 
Of course, we represent ,A Z , and rAD  in strict component form relative to { }ji  also;  then (41.2) 
can be written as 
 
 ( )

1 1 1 1 11
1 1
1

... ... ... ... ......r N r r N r N rN r
r N r

N r

i i j j i i j j r j jj j
i i j j
j j

A Z Zε
− − −−

−
−

<⋅⋅⋅< <⋅⋅⋅<
<⋅⋅⋅<

=∑ ∑ AD  (41.7) 

 
Since Z  is arbitrary, (41.7) implies 
 
 ( )

1 1 11
1

... ... ...... r N r rN r
r

r i i j j i ij j
i i

Aε
−−

<⋅⋅⋅<

= ∑AD  (41.8) 

 
This formula gives the strict components of rAD  in terms of those of A  relative to a right-handed 
orthonormal basis. 
 

From (41.8) we can compute the value of left-hand side of (41.3) by 
 

 

( ) ( )
1 1 1 1 1 1

1
1
1

1 1

1

... ... ... ... ... ...

... ...

r N r r N r r r

r
r
N r

r r

r

r r i i j j k k j j i i k k
i i
k k
j j

i i i i
i i

A A

A A

ε ε
− −

−

<⋅⋅⋅<
<⋅⋅⋅<
<⋅⋅⋅<

<⋅⋅⋅<

∗ =

= = ∗

∑

∑

A A

A A

D D

 

 
which is the desired result. 
 

Having proved that rD  is an isomorphism from ˆ( )rT V  to ˆ ( )N r−T V  relative to the inner 
product ∗ , we can now use the condition (41.2) and (41.5) to compute the inverse of rD .  Indeed, 
from the skew symmetry of the wedge product [cf. (38.25)] we have 
 
 ( )( 1)r N r−∧ = − ∧A Z Z A  (41.9) 
 
Hence (41.2) yields 
 
 ( ) ( )( )( 1)r N r

r N r
−

−∗ = − ∗A Z A ZD D  (41.10) 
 
for all ˆ( )r∈A T V  and ˆ ( )N r−∈Z T V .  On the other hand. (41.5) yields 
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 ( ) ( ) ( )1
r r

−∗ = ∗A Z A ZD D  (41.11) 
 
when we chose r =B ZD .  Comparing (41.10) with (41.11), we obtain 
 
 1 ( )( 1)r N r

r N r
− −

−= −D D  (41.12) 
 
which is the desired result. 
 

We notice that the equations (41.8) and (39.21) are very similar to each other, the only 
difference being that (39.21) applies to all bases while (41.8) is restricted to right-handed 
orthonormal bases only.  Since the quantities given by (39.21) transform according to the rule of an 
axial tensor density, while the dual rAD  is a tensor in ˆ ( )N r−T V , the formula (41.8) is no longer 

valid if the basis is not right-handed and orthogonal,  If { }ie  is an arbitrary basis, then E  is given 

by (40.31).  In this case if we represent ,A Z , and rAD  again by their strict components relative to 

{ }ie , then from (39.21) and (40.28) the condition (41.2) can be written as 
 

 ( )

11 1

1 1

1 1 11
1 1
1 1

1

... ...
... ... ......

det

N r

r N r

r N r N rN r
r N r

N r N r

N r N r N r

k jk j

i i j j
i i j j r j jk k

i i k k
j j j j

k j k j

e e

A Z e Z

e e

ε

−

−

− −−
−

− −

− − −

∗

<⋅⋅⋅< <<
<⋅⋅⋅< <⋅⋅⋅<

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥= ⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑ ∑ AD (41.13) 

 
Since Z  is arbitrary, (41.13) implies 
 

 ( )

11 1

1 1

1 1
1 1

1

... ...
... ...

det

N r

r N r

r N r
r N r

N r N r N r

k jk j

i i j j
i i r k k

i i k k

k j k j

e e

A e

e e

ε

−

−

−
−

− − −

∗

<⋅⋅⋅< <<

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥= ⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑ ∑ AD  (41.14) 

 
We can solve (41.14) for the components of rAD  in the following way.  We multiply (41.14) by 
 

 

1 1 1

1

det

N r

N r N r N r

j l j l

j l j l

e e

e e

−

− − −

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦
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and sum on 1,..., N rj j −  in increasing order, then we obtain 
 

 ( )

1 1 1

1 1

11
1
1

1

... ...
......

det

N r

r N r

rN r
r

N r

N r N r N r

j l j l

i i j j
r i il l

i i
j j

j l j l

e e

A e

e e

ε

−

−

−

−

− − −

∗

<⋅⋅⋅<
<⋅⋅⋅<

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥= ⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑AD  (41.15) 

 
which is the desired result.  In deriving (41.15) we have used the identity (21.26) for the matrix 

ije⎡ ⎤⎣ ⎦  and its inverse ije⎡ ⎤⎣ ⎦  in order to obtain the formula 
 

 

11 1
1 1 1

1

1

1

1
1

...
...det det

N r
N r

N r

N r

N r

N r N r N r
N r N r N r

k jk j
j l j l

k k
l l

j j

k j k j
j l j l

e ee e

e ee e

δ

−
−

−

−

−

− − −

− − −

<⋅⋅⋅<

⋅ ⋅ ⋅⎡ ⎤⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⎢ ⎥ ⋅ ⋅⋅ ⋅ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥ =⋅ ⋅⋅ ⋅
⎢ ⎥⎢ ⎥ ⋅ ⋅⋅ ⋅ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥ ⋅ ⋅ ⋅⋅ ⋅ ⋅⎣ ⎦ ⎣ ⎦

∑  (41.16) 

 
Equation (41.15) follows, since we have 
 
 ( ) ( )1

1 1 1
1

...
... ... ...

N r

N r N r N r
N r

k k
l l r rk k l l

k k

δ −

− − −
−<⋅⋅⋅<

=∑ A AD D  (41.17) 

 
Notice that (41.8) is a special case of (41.15) when the basis is right-handed and orthonormal, since 
in this case 1, ij ije e δ∗ = = , and, from (21.5), 
 

 

1 1 1

1

1

1

...
...det

N r

r

r

N r N r N r

j l j l

j j
l l

j l j l

δ δ

δ

δ δ

−

− − −

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥ =⋅ ⋅
⎢ ⎥

⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

 

 
Then as in (41.17) we have 
 
 1 1 1 11

1

1

.. .. .. .....
...

r N r r N rr

r

N r

i i j j i i l lj j
l l

j j

ε δ ε− −

−<⋅⋅⋅<

=∑  

 
And thus (41.15) reduces to (41.8). 
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The duality operator can be used to define the cross product or the vector product for an 
oriented three-dimensional space.  If we take 3N = , then 2D  is an isomorphism from 2̂ ( )T V  to 

1̂( )T V  
 
 2 2 1

ˆ ˆ: ( ) ( )→ =T V T V VD  (41.18) 
 
so for any u  and ∈v V , ( )2 ∧u vD  is a vector in V .  We put 
 
 ( )2× ≡ ∧u v u vD  (41.19) 
 
called the cross product of u  with v . 
 

We now prove that this definition is consistent with the classical definition of a cross 
product.  This fact is more or less obvious.  From (41.2), we have 
 
 ( ) ( ) for all ∗ ∧ ∧ = ⋅ × ∈E u v w u v w w V  (41.20) 
 
where we have replaced the ∗  inner product on the right-hand side by the ⋅  inner product since 
×u v  and w  belong to V .  Equation (41.20) shows that 

 
 ( ) ( ) 0× ⋅ = × ⋅ =u v u u v v  (41.21)1 
 
so that ×u v  is orthogonal to v .  That equation shows also that × =u v 0  if and only if ,u v  are 
linearly dependent.  Further, if ,u v  are linearly independent, and if n  is the unit normal of u  and 
v  such that { }, ,u v n  from a right-handed basis, then 
 
 ( ) 0× ⋅ >u v n  (41,21)2 
 
which means that ×u v  is pointing in the same direction as n .  Finally, from (40.33) we obtain 
 

 

( ) ( ) ( ) ( )

( )

( )

2 2 2

2 2 2 22 2

0
det 0

0 0 1

1 cos sinθ θ

∗ ∧ ∧ ∗ ∧ ∧ = × ⋅ ×⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
⋅ ⋅⎡ ⎤

⎢ ⎥= ⋅ ⋅ = − ⋅⎢ ⎥
⎢ ⎥⎣ ⎦

= − =

E u v w E u v w u v u v

u u u v
v u v v u v u v

u v u v

 (41.22) 

 
where θ  is the angle between u  and v .  Hence we have shown that ×u v  is in the direction of n  
and has the magnitude sinθu v , so that the definition of ×u v , based on (41.20), is consistent 
with the classical definition of the cross product. 
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From (41.19), the usual properties of the cross product are obvious; e.g., ×u v  is bilinear 

and skew-symmetric in u  and v .  From (41.8), relative to a right-handed orthogonal basis 
{ }1 2 3, ,i i i  the components of ×u v  are given by 
 
 ( ) ( )ijk i j j i ijk i jk

i j

u v u v u vε ε
<

× = − =∑u v  (41.23) 

 
where the summations on ,i j  in the last term are unrestricted.  Thus we have 
 

 

( )
( )
( )

2 3 3 21

3 1 1 32

1 2 2 13

u v u v

u v u v

u v u v

× = −

× = −

× = −

u v

u v

u v

 (41.24) 

 
On the other hand, if we use an arbitrary basis { }ie , then from (41.15) we have 
 
 ( ) ( ) ijk ijk

i j j i kj kl i jl
i j

u v u v e e e e u vε ε∗ ∗

<

× = − =∑u v  (41.25) 

 
where e∗  is given by (40.31), namely 
 
 ( )1/ 2

det ije eε∗ ⎡ ⎤= ⎣ ⎦  

 
 
Exercises 
 
41.1 If ˆ ( )N∈D T V , what is the value of N DD ? 

41.2 If { }ie  is a basis of V , determine the strict components of the dual ( )1 ri i
r ∧ ⋅⋅ ⋅ ∧e eD . 

Hint. The strict components of 1 ri i∧ ⋅⋅ ⋅ ∧e e  are { }1

1

...

... 1,r

r

i i
j j rj jδ < ⋅⋅ ⋅ <  since as in (41.17) we 

have 
 
 1 1 1

1

1

...

...
r r r

r

r

i i j j i i
j j

j j

δ
<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧∑ e e e e  (41.26) 

 
41.3 If A  is an endomorphism of a three-dimensional oriented inner product space V , show 

that 
 
 ( ) ( ) ( )det⋅ × = ⋅ ×Au Av Aw A u v w  (41.27) 
 

and if A  is invertible, show that 
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 ( ) ( )1det

T−× = ×Av Aw A A v w  (41.28) 
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Section 42. Transformation to the Contravariant Representation 
 

So far we have used the covariant representations of skew-symmetric tensors only.  We 
could, of course, develop the results of exterior algebra using the contravariant representations or 
even the mixcd representations of skew-symmetric tensors, since we have a fixed rule of 
transformation among the various representations based on the inner product, as explained in 
Section 35.  In this section, we shall demonstrate the transformation from the covariant 
representation to the contravariant representation. 

 

Recall that in general if A  is a tensor of order r , then relative to any reciprocal bases { }ie  

and { }ie  the contravariant components 1... ri iA  of A  are related to the covariant components 
1... ri iA  of 

A  by [cf. (35.21)] 

 

 1 1 2

1

...
...

r r r

r

i i i j i j
j jA e e A= ⋅⋅ ⋅  (42.1) 

 

This transforn1ation rule is valid for all rth order tensors, including skew-symmetric ones. 
However, as we have explained in Section 39, for skew-symmetric tensors it is convenient to use 
the strict components.  Their transformation rule no longer has the simple form (42.1), since the 
summations on the repeated indices 1 rj j⋅ ⋅ ⋅  on the right-hand side of (42.1) are unrestricted.  We 
shall now derive the transformation rule between the contravariant and the covariant strict 
components of a skew-symmetric tensor. 

 

Recall that the strict components of a skew-symmetric tensor are simply the ordinary 
components restricted to an increasing set of indices, as shown in (39.10).  In order to obtain an 
equivalent form of (42.1) using the strict components of A  only, we must replace the right-hand 
side of that equation by a restricted summation.  For this purpose we use the identity [cf. (37.26)] 

 

 1

1 1 1 1

...
... [ ... ] ... ...

1
!

r

r r r r

k k
j j j j j j k kA A A

r
δ= =  (42.2) 

 

where, by assumption, A  is skew-symmetric.  Substituting (42.2) into (42.1), we obtain 

 

 1 1 1 1

1 1

.. ...
... ...

1
!

r r r r

r r

i i k k i j i j
j j k kA e e A

r
δ= ⋅⋅ ⋅  (42.3) 
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Now, since the coefficient of 
1... rk kA  is skew-symmetric, we can restrict the summations on 1 rk k⋅ ⋅ ⋅  

to the increasing order by removing the factor 1
!r , that is 

 

 1 1 1 1

1 1

1

.. ...
... ...

r r r r

r r

r

i i k k i j i j
j j k k

k k

A e e Aδ
<⋅⋅⋅<

= ⋅ ⋅ ⋅∑  (42.4) 

 

This is the desired transformation rule from the covariant strict components to the contravariant 
ones.  Clearly, the inverse of (42.4) is 

 

 1 1

1 1 1 1

1

... ...
.. ...

r r

r r r r

r

j j k k
i i k k i j i j

k k

A e e Aδ
<⋅⋅⋅<

= ⋅ ⋅ ⋅∑  (42.5) 

 

which is the transformation rule from the contravariant strict components to the covariant ones. 

 

From (21.21) we see that (42.4) is equivalent to 

 

 

1 1 1

1

1

1 1 1

1

1

1

.. .. , ...
...

...det

r r r

r

r

r

r

r

r r r

i i i i k k
k k

k k

i k i k

k k
k k

i k i k

A e A

e e

A

e e

<⋅⋅⋅<

<⋅⋅⋅<

=

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥= ⋅ ⋅
⎢ ⎥
⋅ ⋅⎢ ⎥

⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑

∑
 (42.6) 

 

while (42.5) is equivalent to 

 

 

1

1 1 1

1

1 1 1

1

1

1

...
.. .. , ...

...det

r

r r r

r

r

r

r

r r r

k k
i i i i k k

k k

i k i k

k k

k k

i k i k

A e A

e e

A

e e

<⋅⋅⋅<

<⋅⋅⋅<

=

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅⎢ ⎥
⋅ ⋅⎢ ⎥=

⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑

∑
 (42.7) 

 

In particular, when r N= , we have 



Sec. 42 • Contravariant Representation 289 

 

 1... 1...
1... 1...det , detN ij N

N N ijA e A A e A⎡ ⎤ ⎡ ⎤= = ⎣ ⎦⎣ ⎦  (42.8) 
 

From the transformation rules (42.6) and (42.7), or directly from the skew-symmetry of the 
wedge product, we see that the product basis of any reciprocal bases { }ie  and { }ie  obeys the 
following transformation rules: 

 

 

1 1 1

1

1

1

1

det

r

r

r

r

r r r

i k i k

i i
k k

k k

i k i k

e e

e e

<⋅⋅⋅<

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧⋅ ⋅
⎢ ⎥
⋅ ⋅⎢ ⎥

⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑e e e e  (42.9) 

 

and 

 

 

1 1 1

1

1

1

1

det

r

r

r

r

r r r

i k i k

k k
i i

k k

i k i k

e e

e e

<⋅⋅⋅<

⋅ ⋅ ⋅⎡ ⎤
⎢ ⎥⋅ ⋅⎢ ⎥
⋅ ⋅⎢ ⎥∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅ ⋅ ⋅ ∧

⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

∑e e e e  (42.10) 

 

In deriving (42.9) and (42.10) we have used the fact that the strict covariant components of 
1 ri i∧ ⋅⋅ ⋅ ∧e e  are 

 

 { }1

1

...

... 1,r

r

i i
j j rj jδ < ⋅⋅ ⋅ <  

 

and, likewise, the strict contravariant components of 
1 ri i∧ ⋅⋅ ⋅ ∧e e  are 

 

 { }1

1

...
... 1,r

r

j j
i i rj jδ < ⋅ ⋅ ⋅ <  

 

as shown by (41.26). If we apply (42.9) and (42.10) to the product bases 1 N∧ ⋅⋅ ⋅ ∧e e  and 
1 N∧ ⋅⋅ ⋅ ∧e e , we get 
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1

1

1
1

det

det

N ij
N

N
N ij

e

e

⎡ ⎤∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧⎣ ⎦
⎡ ⎤∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧⎣ ⎦

e e e e

e e e e
 (42.11) 

 

The product bases 

 

 { } { }1

11 1, and ,r

r

i i
r i i ri i i i∧ ⋅⋅ ⋅ ∧ < ⋅ ⋅ ⋅ < ∧ ⋅ ⋅ ⋅ ∧ < ⋅ ⋅ ⋅ <e e e e  

 

are reciprocal bases with respect to the inner product ∗ , since from (39.30) we have 

 

 ( ) ( )

1 1

1

1 1

1 1

1

...

...det

r

r r

r r

ir
r

r

i i
j j

i i i i
j j j j

i
j j

δ δ

δ

δ δ

⎡ ⎤⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅⎢ ⎥
⎢ ⎥⋅ ⋅∧ ⋅ ⋅ ⋅ ∧ ∗ ∧ ⋅⋅ ⋅ ∧ = =
⎢ ⎥
⋅ ⋅⎢ ⎥

⎢ ⎥⋅ ⋅ ⋅⎣ ⎦

e e e e  (42.12) 

 

In particular, when r N=  we have 

 

 ( ) ( )1
1 1N

N∧ ⋅⋅ ⋅ ∧ ∗ ∧ ⋅⋅ ⋅ ∧ =e e e e  (42.13) 
 

From (42.12), we can compute the ∗  inner product of any two rth order skew-symmetric tensors 

 

 1 1

1 1

1 1

... ...
... ...

r r

r r

r r

k k k k
k k k k

k k k k

A B A B
<⋅⋅⋅< <⋅⋅⋅<

∗ = =∑ ∑A B  (42.14) 

 

These formulas are equivalent to the formula (39.31), which is based on the covariant strict 
components of A  and B . 

 

For an oriented space we have defined the density e∗  of a basis { }ie  to be the components 

of 1 N∧ ⋅⋅ ⋅ ∧e e  relative to the positive unit density E , namely 

 

 1 N e∗∧ ⋅ ⋅ ⋅ ∧ =e e E  (42.15) 
 

as shown by (40.28).  Clearly we can define a similar component for the basis { }ie , namely 
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 1 N e∧ ⋅⋅ ⋅ ∧ =e e E  (42.16) 
 

Further, from (42.13) the components e  and e∗  are related by 

 

 1ee∗ =  (42.17) 
 

In view of this relation, we call e  the volume of { }ie .  Then { }ie  is positively oriented or right-

handed if its volume e  is positive;  otherwise, { }ie  is negatively oriented or left-handed.  As 

before, a unimodular basis { }ie  is defined by the condition that the absolute volume e  is equal to 
unity. 

 

We can compute the absolute volume by 

 

 2 det ije e⎡ ⎤= ⎣ ⎦  (42.18) 
 

or equivalently 

 

 ( )1/ 2
det ije e⎡ ⎤= ⎣ ⎦  (42.19) 

 

The proof is the same as that of (40.29) and (40.30).  Substituting (42.19) into (42.17), we have 
also 

 

 ( )1/ 2

1 detN ijeε ⎡ ⎤∧ ⋅ ⋅ ⋅ ∧ = ⎣ ⎦e e E  (42.20) 

 

where ε  is +  if { }ie  is positively oriented and it is −  if { }ie  is negatively oriented. 

 

Using the contravariant components, we can simplify the formulas of the preceding section 
somewhat;  e.g., from (42.6) we can rewrite (41.15) as 

 

 ( ) 1 1 1

1

1

... ... ...
...

N r r N r

r

r

j j i i j j
r i i

i i

A e ε− −∗

<⋅⋅⋅<

= ∑AD  (42.21) 
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which is equivalent to 

 

 ( ) 1

1 11
1

...
... ......

r

r N rN r
r

i i
r i i j jj j

i i

A eε
−−

<⋅⋅⋅<

= ∑AD  (42.22) 

 

Similarly, (41.25) can be rewritten as 

 

 ( )k ijk
i je u vε∗× =u v  (42.23) 

 

which is equivalent to 

 

 ( ) i j
ijkk

e u vε× =u v  (42.24) 
 

 

Exercises 
 

42.1 Prove the formula (42.22). 

42.2 Use the result of Exercise 41.2 or the transformation rules (42.21)and (42.22) and show that 

 

 ( ) 1 11

1

1

... ...r N rr

N r

r

i i j ji i
r j j

j j

e ε −

−

∗

<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧∑e e e eD  (42.25) 

 

which is equivalent to 

 

 ( ) 1

1 1 1

1

... ...
N r

r r N r

r

jj
r i i i i j j

j j

e ε −

−

∗

<⋅⋅⋅<

∧ ⋅ ⋅ ⋅ ∧ = ∧ ⋅⋅ ⋅ ∧∑e e e eD  (42.26) 

 

42.3 Show that has the representations 

 

 1 1

1 1

...
...

1
N N

N N

i i jj
i i j je

e
ε ε= ⊗⋅⋅ ⋅⊗ = ⊗⋅⋅ ⋅⊗E e e e e  (42.27) 

 

 

where 
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 1 1 1

1

...
...

1
N N N

N

i i i ji j
j je e e

e
ε ε= ⋅ ⋅ ⋅  (42.28) 

 

and 

 

 ( )1/ 2
det ije eε ⎡ ⎤= ⎣ ⎦  (42.29) 
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tensor, 220, 224 
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Proper divisor, 185 

Proper subgroup, 27 

Proper subset, 13 

Proper subspace, 55 

Proper transformation, 275 

Proper value, 148 

Proper vector, 148 

Pure contravariant representation, 237 

Pure covariant representation, 237 

Pythagorean theorem, 73 

 

Quotient class, 61 

Quotient theorem, 227 

 

Radius of curvature, 391 

Range of a function, 18 

Rank 

of a linear transformation, 88 

of a matrix, 138 

Rational number, 28, 34 

Real inner product space, 64 

Real number, 13 

Real valued function, 18 

Real vector space, 42 

Reciprocal basis, 76 

Reduced linear transformation, 147 

Regular linear transformation, 87, 113 

Relation, 16 

equivalence, 16 

reflective, 16 

Relative tensor, 226 

Relatively prime, 180, 185, 189 

Restriction, 91 
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449 

Riemannian coordinate system, 432 

Riemannian parallelism, 423 

Right inverse, 104 

Right-handed vector space, 275 

Right-invariant field, 515 

Ring, 33 

commutative, 333 

with unity, 33 

Roots of characteristic polynomial, 148 

Row matrix, 3 

Row rank, 138 

r-form, 248 

r-vector, 248 

 

Scalar addition, 41 

Scalar multiplication 

for a linear transformation, 93 

for a matrix, 4 

for a tensor, 220 

for a vector space, 41 

Scalar product 

for tensors, 232 

for vectors, 204 

Schwarz inequality, 64, 279 
Screw field, 404 

Second dual space, 213-217 

Sequence 

finite, 20 
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complement of, 14 

disjoint, 14 

empty or null, 13 

intersection of, 14 

open, 300 

retractable, 383 

simply connected, 383 

singleton, 13 

star-shaped, 383 

subset, 13 

union, 14 

Similar endomorphisms, 200 

Simple skew-symmetric tensor, 258 

Simple tensor, 223 

Singleton, 13 

Skew-Hermitian endomorphism, 110 

Skew-symmetric endomorphism, 110 

Skew-symmetric matrix, 7 

Skew-symmetric operator, 250 

Skew-symmetric tensor, 247 

Solenoidal field, 399-401 

Spanning set of vectors, 52 

Spectral decompositions, 145-201 

Spectral theorem 

for arbitrary endomorphisms, 192 

for Hermitian endomorphisms, 165 

Spectrum, 148 

Square matrix, 4 

Standard basis, 50, 51 

Standard representation of Lie algebra, 470 

Stokes’ representation for a vector field, 402 

Stokes theorem, 508 

Strict components, 263 

Structural constants, 474 

Subgroup, 27 

proper,27 

Subsequence, 20 

Subset, 13 

Subspace, 55 

characteristic, 161 

direct sum of, 54 

invariant, 145 

sum of, 56 

Summation convection, 129 

Surface 

 area, 454, 493 

 Christoffel symbols, 416 

 coordinate systems, 408 

covariant derivative, 416-417 

 exterior derivative, 413 

 geodesics, 425 

Lie derivative, 412 

metric, 409 

Surjective function, 19 

Sylvester’s theorem, 173 

Symmetric endomorphism, 110 

Symmetric matrix, 7 

Symmetric operator, 255 

Symmetric relation, 16 

Symmetric tensor, 247 

σ -transpose, 247 
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Tangent plane, 406 

Tangent vector, 339 
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Tensor algebra, 203-245 
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of tensors, 224 

universal factorization property of, 
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of vectors, 270-271 

Tensors, 218 

axial, 227 

contraction of, 229-234, 243-244 

contravariant, 218 

covariant, 218 

on inner product spaces, 235-245 

mixed, 218 

polar, 226 

relative, 226 

simple, 223 

skew-symmetric, 248 

symmetric, 248  

Terms of a sequence, 20 

Torsion, 392 

Total covariant derivative, 433, 439 

Trace 

of a linear transformation, 119, 274, 
278 

of a matrix, 4 

Transformation rules 
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for Christoffel symbols, 343-345 

for components of linear 
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for components of tensors, 225, 226, 
239, 266, 287, 327 
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210-211, 325 

for product basis, 225, 269 

for strict components, 266 

Translation space, 297 

Transpose 

of a linear transformation, 105 

of a matrix, 7 

Triangle inequality, 65 

Triangular matrices, 6, 10 

Trivial ideal, 176 

Trivial subspace, 55 

Trkalian field, 405 

Two-point tensor, 361 

 

Unimodular basis, 276 

Union of sets, 14 

Unit vector, 70 

Unitary group, 114 

Unitary linear transformation, 111, 200 

Unimodular basis, 276 

Universal factorization property, 229 

Upper triangular matrix, 6 

 

Value of a function, 18 

Vector line, 390 

Vector product, 268, 280 

Vector space, 41 

basis for, 50 

dimension of, 50 

direct sum of, 57 
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factor space of, 60-62 

with inner product, 63-84 

isomorphic, 99 

normed, 66 

Vectors, 41 

angle between, 66, 74 

component of, 51 

difference,42 

length of, 64 

normalized, 70 

sum of, 41 

unit, 76 

Volume, 329, 497 

 

Wedge product, 256-262 

Weight, 226 

Weingarten’s formula, 434 

 

Zero element, 24 

Zero linear transformation, 93 

Zero matrix,4 

Zero N-tuple, 42 

Zero vector, 42 




