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PREFACE

To Volume 1

This work represents our effort to present the basic concepts of vector and tensor analysis. Volume
I begins with a brief discussion of algebraic structures followed by a rather detailed discussion of
the algebra of vectors and tensors. Volume Il begins with a discussion of Euclidean Manifolds
which leads to a development of the analytical and geometrical aspects of vector and tensor fields.
We have not included a discussion of general differentiable manifolds. However, we have included
a chapter on vector and tensor fields defined on Hypersurfaces in a Euclidean Manifold.

In preparing this two volume work our intention is to present to Engineering and Science
students a modern introduction to vectors and tensors. Traditional courses on applied mathematics
have emphasized problem solving techniques rather than the systematic development of concepts.
As a result, it is possible for such courses to become terminal mathematics courses rather than
courses which equip the student to develop his or her understanding further.

As Engineering students our courses on vectors and tensors were taught in the traditional
way. We learned to identify vectors and tensors by formal transformation rules rather than by their
common mathematical structure. The subject seemed to consist of nothing but a collection of
mathematical manipulations of long equations decorated by a multitude of subscripts and
superscripts. Prior to our applying vector and tensor analysis to our research area of modern
continuum mechanics, we almost had to relearn the subject. Therefore, one of our objectives in
writing this book is to make available a modern introductory textbook suitable for the first in-depth
exposure to vectors and tensors. Because of our interest in applications, it is our hope that this
book will aid students in their efforts to use vectors and tensors in applied areas.

The presentation of the basic mathematical concepts is, we hope, as clear and brief as
possible without being overly abstract. Since we have written an introductory text, no attempt has
been made to include every possible topic. The topics we have included tend to reflect our
personal bias. We make no claim that there are not other introductory topics which could have
been included.

Basically the text was designed in order that each volume could be used in a one-semester
course. We feel Volume I is suitable for an introductory linear algebra course of one semester.
Given this course, or an equivalent, Volume Il is suitable for a one semester course on vector and
tensor analysis. Many exercises are included in each volume. However, it is likely that teachers
will wish to generate additional exercises. Several times during the preparation of this book we
taught a one semester course to students with a very limited background in linear algebra and no
background in tensor analysis. Typically these students were majoring in Engineering or one of the
Physical Sciences. However, we occasionally had students from the Social Sciences. For this one
semester course, we covered the material in Chapters 0, 3, 4, 5, 7 and 8 from VVolume | and selected
topics from Chapters 9, 10, and 11 from Volume 2. As to level, our classes have contained juniors,
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seniors and graduate students. These students seemed to experience no unusual difficulty with the
material.

It is a pleasure to acknowledge our indebtedness to our students for their help and
forbearance. Also, we wish to thank the U. S. National Science Foundation for its support during
the preparation of this work. We especially wish to express our appreciation for the patience and
understanding of our wives and children during the extended period this work was in preparation.

Houston, Texas R.M.B.
C.-C.W.
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Chapter 0

ELEMENTARY MATRIX THEORY

When we introduce the various types of structures essential to the study of vectors and
tensors, it is convenient in many cases to illustrate these structures by examples involving matrices.
It is for this reason we are including a very brief introduction to matrix theory here. We shall not
make any effort toward rigor in this chapter. In Chapter V we shall return to the subject of matrices
and augment, in a more careful fashion, the material presented here.

An M by N matrix A is arectangular array of real or complex numbers A, arranged in
M rows and N columns. A matrix is often written

| A11 A12 I AlN ]
A21 Azz . AZN
A=| - (0.2)
_AM1 AMZ A AMN_

and the numbers A; are called the elements or components of A. The matrix A is called a real

matrix or a complex matrix according to whether the components of A are real numbers or
complex numbers.

A matrix of M rows and N columns is said to be of order M by N orM xN . Itis
customary to enclose the array with brackets, parentheses or double straight lines. We shall adopt

the notation in (0.1). The location of the indices is sometimes modified to the forms A”, Aij , or

A’. Throughout this chapter the placement of the indices is unimportant and shall always be
written as in (0.1). The elements A, A,,..., A, are the elements of the i row of A, and the
elements A,,A,,,.., A, are the elements of the k™ column. The convention is that the first index
denotes the row and the second the column.

A row matrix isa 1x N matrix, e.g.,

[An A12 T AiN]

while a column matrix isan M x1 matrix, e.g.,
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As
Ao

A ]

The matrix A is often written simply
A= [AJ 0.2)
A square matrix isan N x N matrix. In a square matrix A, the elements A, A,,,..., A, areits
diagonal elements. The sum of the diagonal elements of a square matrix A is called the trace and

is written tr A. Two matrices A and B are said to be equal if they are identical. Thatis, A and
B have the same number of rows and the same number of columns and

A matrix, every element of which is zero, is called the zero matrix and is written simply 0.

If A=[A;] and B=[B; | aretwo M x N matrices, their sum (difference) isan M x N
matrix A+B (A-B) whose elements are A; +B; (A;—B;). Thus

A+B=[A £B] (0.3)

Two matrices of the same order are said to be conformable for addition and subtraction. Addition
and subtraction are not defined for matrices which are not conformable. If A isanumber and A is
a matrix, then AA is a matrix given by

AA=[AA =AM (0.4)
Therefore,
~A=(-DA=[-A] (0.5)

These definitions of addition and subtraction and, multiplication by a number imply that

A+B=B+A (0.6)
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A+(B+C)=(A+B)+C (0.7)
A+0=A (0.8)
A—A=0 (0.9)
A(A+B)=A1A+ 1B (0.10)
(A+ 1)A=AA+ uA (0.11)
and
1A= A (0.12)

where A, B and C are as assumed to be conformable.

If Aisan M xN matrix and Bisan N x K matrix, then the product of Bby A is written
ABandisan M x K matrix with elements ZLAJ.B i=1..,M, s=1..,K. Forexample, if

js

Ac A, 5 o
A=A, A, and B:{ " 12}
A3 A3 BZl BZZ
1 2
then ABisa 3x2 matrix given by
AB=| A, A,
A3 A3 BZl BZZ

1 2

AilBll + A12 le AuBlz + A12 Bzz
= A21Bll + Azz 821 Alelz + Azz Bzz
A3lBll + Asz B21 A32 BlZ + Asz Bzz

The product AB is defined only when the number of columns of A is equal to the number
of rows of B.. If this is the case, A is said to be conformable to B for multiplication. If A is
conformable to B, then B is not necessarily conformable to A. Even if BA is defined, it is not
necessarily equal to AB. On the assumption that A, B ,and C are conformable for the indicated
sums and products, it is possible to show that

A(B+C)=AB+ AC (0.13)

(A+B)C = AC +BC (0.14)
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and

A(BC) =(AB)C (0.15)
However, AB = BAin general, AB =0 does notimply A=0 or B=0, and AB = AC does not
necessarily imply B=C .

The square matrix | defined by

10 0
0 1 0

| =| (0.16)
_0 0o - . . 1_

is the identity matrix. The identity matrix is a special case of a diagonal matrix which has all of its
elements zero except the diagonal ones. A square matrix A whose elements satisfy A; =0, i> j,

is called an upper triangular matrix , i.e.,

i A11 A12 A13 I AiN
0 Azz A23 I AZN
0 0 A,
A=
L 0 0 0 - - - Au i

A lower triangular matrix can be defined in a similar fashion. A diagonal matrix is both an upper
triangular matrix and a lower triangular matrix.

If A and B are square matrices of the same order such that AB=BA=1, then B is called
the inverse of A and we write B= A™. Also, Ais the inverse of B,i.e. A=B™. If A hasan

inverse it is said to be nonsingular. If A and B are square matrices of the same order with inverses
A'and B respectively, then

(AB)'=BA" (0.17)

Equation (0.17) follows because
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(AB)B*A'=ABBH)A'=AIAT=AA" =
and similarly
(B*AMAB =1

The matrix of order N x M obtained by interchanging the rows and columns of an M x N
matrix A is called the transpose of A and is denoted by A" . It is easily shown that

(A1) = A (0.18)
(AA)" = AAT (0.19)
(A+B) = A" +B' (0.20)
and
(AB)T =BT AT (0.21)

A square matrix A is symmetric if A= A" and skew-symmetric if A=—A". Therefore, for a
symmetric matrix

A=A, (0.22)
and for a skew-symmetric matrix

A =-A (0.23)
Equation (0.23) implies that the diagonal elements of a skew symmetric-matrix are all zero. Every

square matrix A can be written uniquely as the sum of a symmetric matrix and a skew-symmetric
matrix, namely

A:%(A+ AT)+%(A—AT) (0.22)

If A isasquare matrix, its determinant is written det A. The reader is assumed at this
stage to have some familiarity with the computational properties of determinants. In particular, it
should be known that

det A=det A and det AB = (det A)(det B) (0.25)
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If Aisan N xN square matrix, we can construct an (N —1) x (N —1) square matrix by removing
the i™ row and the j™ column. The determinant of this matrix is denoted by M and is the minor of

A, . The cofactor of A, is defined by

cof A, =(-D)"™'M, (0.26)
For example, if
A{Au /ﬂz} ©.27)
A Ay,

then

M11:A22' M12:A21 M21:A12 M22:A11
cof A,=A, cof A,=-A,, etc.

The adjoint of an N x N matrix A, written adjA, isan N x N matrix given by

[cof A, cofA, - - - cofA,]
cof A, cofA, - - - cofA,
adjA=| (0.28)
(cof A, cof A - - - cof Ay |

The reader is cautioned that the designation “adjoint” is used in a different context in Section 18.
However, no confusion should arise since the adjoint as defined in Section 18 will be designated by
a different symbol. It is possible to show that

A(adj A) = (det A)1 = (adj A) A (0.29)

We shall prove (0.29) in general later in Section 21; so we shall be content to establish it for N =2
here. For N =2

ade:{ Azz _A12:|

- A21 An

Then
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A(ade){gi ﬁﬁfi _A/?}:PAB;%AH AMAH?AZAM
Therefore
AGUIA) = (AR, — AgA,) = (det A)
Likewise

(adjA)A=(det A)I
If det A= 0, then (0.29) shows that the inverse A™*exists and is given by

Al adjA
det A

|

(0.30)

Of course, if Aexists, then (det A)(det A™*) =detl =1=0. Thus nonsingular matrices are those

with a nonzero determinant.

Matrix notation is convenient for manipulations of systems of linear algebraic equations.

For example, if we have the set of equations

A11X1+A12X2+A13X3+"'+A1NXN =¥
A21X1+A22X2+A23X3+"'+A2NXN =Y,

AN1X1+AN2X2+AN3X3+"'+ANNXN =Y

then they can be written

_Au Ai2 . AJ.N__Xl_ _yl_
A Ay A || % | | Ya
_ANl ANZ T ANN__XN_ _yN_

The above matrix equation can now be written in the compact notation

AX =Y

(0.31)
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and if Ais nonsingular the solution is
X =AY (0.32)

For N =2, we can immediately write
|:X1:|: 1 { Azz _A1.2:||:yl} (O 33)
X, det A _A21 An Y,

Exercises

0.1 Add the matrices

Add the matrices

2i 3 7+2i+ 2 5i -4
5 4+3i i —4i 3+3i i

s

0.2 Add

0.3 Multiply
] . 8
2i 3 7+2i .
. . 1 6i
5 4+3i i .
3 2

0.4  Show that the product of two upper (lower) triangular matrices is an upper lower triangular
matrix. Further, if

A=[A] B=[B]

are upper (lower) triangular matrices of order N x N , then

(AB); = (BA); = AB;
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forall i=1,..,N. The off diagonal elements (AB);and (BA);, i= |, generally are not

equal, however.

ij ?
0.5  What is the transpose of

2i 3 T7+2i
5 4+3i i

0.6 What is the inverse of

o o
AN W
o N

0.7  Solve the equations

5x+3y=2
X+4y=9

by use of (0.33).






Chapter 1

SETS, RELATIONS, AND FUNCTIONS

The purpose of this chapter is to introduce an initial vocabulary and some basic concepts.
Most of the readers are expected to be somewhat familiar with this material; so its treatment is
brief.

Section 1. Sets and Set Algebra

The concept of a set is regarded here as primitive. It is a collection or family of things
viewed as a simple entity. The things in the set are called elements or members of the set. They
are said to be contained in or to belong to the set. Sets will generally be denoted by upper case
script letters, «,%,%,9, ..., and elements by lower case letters a,b,c,d, .... The sets of complex
numbers, real numbers and integers will be denoted by ¢, Z, and .#, respectively. The notation
a € & means that the element a is contained in the set «; if ais not an element of «, the
notation a ¢ &7 is employed. To denote the set whose elements are a,b,c,andd, the notation

{a,b, c,d } is employed. In mathematics a set is not generally a collection of unrelated objects like a

tree, a doorknob and a concept, but rather it is a collection which share some common property like
the vineyards of France which share the common property of being in France or the real numbers
which share the common property of being real. A set whose elements are determined by their

possession of a certain property is denoted by {x|P(x)} , where x denotes a typical element and
P(x) is the property which determines xto be in the set.

If & and % are sets, % is said to be a subset of .« if every element of Z is also an element
of & . Itis customary to indicate that # is a subset of «/ by the notation # — </, which may be
read as “ 4 is contained in &« ,” or &« > % which may be read as “ ./ contains Z.” For example,
the set of integers .# is a subset of the set of real numbers £, 4 c Z. Equality of two sets .« and
4 is said to exist if &/ is a subset of Z and 4 is a subset of .« ; in equation form

A -BoAdcBand Bc A (1.2)
A nonempty subset # of .« is called a proper subset of 7 if 4 is not equal to /. The set of
integers # is actually a proper subset of the real numbers. The empty set or null set is the set with

no elements and is denoted by &. The singleton is the set containing a single element a and is
denoted by {a}. A set whose elements are sets is often called a class.

13
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Some operations on sets which yield other sets will now be introduced. The union of the
sets & and Z is the set of all elements that are either in the set «/ or in the set# . The union of
& and % is denoted by &/ U %

du#={alae orac} (1.2)

It is easy to show that the operation of forming a union is commutative,
A VB=B0A (1.3)
and associative
A IV(BUE)=(L VB)UEF (1.4)

The intersection of the sets o/ and & is the set of elements that are in both o/ and & . The
intersection is denoted by & N % and is specified by

ZNnF={alae« and aec %} (1.5)

Again, it can be shown that the operation of intersection is commutative
ANB=BNA (1.6)
and associative
IN(BNE)=(ALNB)NE .7
Two sets are said to be disjoint if they have no elements in common, i.e. if
ANE =7 (1.8)
The operations of union and intersection are related by the following distributive laws:

AN(BUE)=(ANB)U(LNEF)
(1.9)
AV BNE)=(LVB)N (L UTF)

The complement of the set Z with respect to the set « is the set of all elements contained in & but
not contained in% . The complement of % with respect to the set .« is denoted by .« /% and is
specified by

1% ={a|laec« and a ¢ B} (1.10)

It is easy to show that
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ANt |B) =3 for Bco (1.11)

and

AIB=oA S ANB=D (1.12)

Exercises

1.1 Listall possible subsets of the set {a,b,c,d}.

1.2 List two proper subsets of the set {a,b}.

1.3 Prove the following formulas:
@) A=A VB S>BCA.
(b) A=A VD.
(©) A=A .
1.4  Showthat FNZ =7
1.5  Verify the distributive laws (1.9).
1.6 Verify the following formulas:
@) A ANL=HA .
(b) IND=0.
(©) ANA=4d .
1.7  Give a proof of the commutative and associative properties of the intersection operation.
1.8  Let #={-1-2,-3-4}, #={-1,012,37}, #={0},and 9 ={-7,-5,-3,-1,1,2,3}. List

the elementsof # VG, A "B, A VE,BNEC, A VB IE, A%, and (9/¢)0 A .
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Section 2. Ordered Pairs, Cartesian Products, and Relations

The idea of ordering is not involved in the definition of a set. For example, the set {a,b} is
equal to the set {b,a}. In many cases of interest it is important to order the elements of a set. To
define an ordered pair (a,b) we single out a particular element of {a,b}, say a, and define (a,b)
to be the class of sets; in equation form,

(a,b) ={{a}.{a,b}} (2.1)

This ordered pair is then different from the ordered pair (b,a) which is defined by

(b,a)={{b}.{b,a}} (2.2)
It follows directly from the definition that

(a,b)=(c,d)=a=candb=d
Clearly, the definition of an ordered pair can be extended to an ordered N -tuple (a,,a,,...,a,) .

The Cartesian Product of two sets .7 and 4 is a set whose elements are ordered pairs (a,b)
where ais an element of .« and b is an element of Z . We denote the Cartesian product of
dand B by oL x B .

sxB={(ab)|acsbed) (2.3)

It is easy to see how a Cartesian product of N sets can be formed using the notion of an ordered N-
tuple.

Any subset o of o x # defines a relation from the set 7 to the set% . The notation axbis
employed if (a,b) € & ; this notation is modified for negation as a#'b if (a,b) ¢ #. Asan
example of a relation let 7 be the set of all Volkswagons in the United States and let % be the set
of all Volkswagons in Germany. Letbe # c &/ x% be defined so that ax#b if b is the same color
as a.

If o =% ,then A isarelation ons/. Such a relation is said to be reflexive if axa for all
ae«, itissaid to be symmetric if a##b whenever b#a forany aand bin o/, and it is said to be
transitive if ax#’b and bocimply that ax#c forany a,band cin /. A relation on a set « is said
to be an equivalence relation if it is reflexive, symmetric and transitive. As an example of an
equivalence relation & on the set of all real numbers Zlet a#b< a=Dbforall a,b. To verify that
this is an equivalence relation, note that a = a for each a € & (reflexivity), a=b = b =a for each
ae (symmetry),and a=b,b=c=a=cfor a,band cin x (transitivity).
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A relation & on & is antisymmetric if ax#’bthen bo#a implies b=a. A relation on a set
& is said to be a partial ordering if it is reflexive, antisymmetric and transitive. The equality
relation is a trivial example of partial ordering. As another example of a partial ordering on #, let
the inequality <be the relation. To verify that this is a partial ordering note that a < a for every
a e 4 (reflexivity), a<band b<a—=a=Dbforall a,b e £ (antisymmetry), and a <band
b<c=a<cforall a,b,c e Z (transitivity). Of course inequality is not an equivalence relation
since it is not symmetric.

Exercises

2.1  Define an ordered triple (a,b,c) by
(a,b,c)=((a,b),c)
and show that (a,b,c)=(d,e,f)<a=d,b=e,and c=1"1.

2.2  Let &/beasetand & an equivalence relation on«/ . For each a e .« consider the set of all
elements xthat stand in the relation o to a; this set is denoted by {x |a9{x}, and is called

an equivalence set.
@ Show that the equivalence set of a contains a.
(b) Show that any two equivalence sets either coincide or are disjoint.

Note: (a) and (b) show that the equivalence sets form a partition of «/; .« is the disjoint
union of the equivalence sets.

2.3 Onthe set Z of all real numbers does the strict inequality < constitute a partial ordering on
the set?

2.4 For ordered triples of real numbers define (a;,b,,c,) <(a,,b,,c,)if a, <a,,b <b,,c <c,.
Does this relation define a partial orderingon Zx%x % ?
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Section 3.  Functions

A relation f from £ to % is said to be a function (or a mapping) if (x,y,) e f and
(x,y,)e fimply y, =y, forallxe 2 . A function is thus seen to be a particular kind of relation
which has the property that for each x € £ there exists one and only one y € % such that
(x,y) e f. Thus afunction f defines a single-valued relation. Since a function is just a

particular relation, the notation of the last section could be used, but this is rarely done. A standard
notation for a function from £ to #'is

f: ¥ ->u
or
y=f(x)

which indicates the element y € #'that f associates with x e 2. The element vy is called the value
of f at x. The domain of the function f isthe set 2. The range of f isthe setofally for
which there exists an x such that y = f (x) . We denote the range of f by f(%£"). When the domain
of f is the set of real numbers £, f issaid to be a function of a real variable. When f (%)is

contained inZ, the function is said to be real-valued. Functions of a complex variable and
complex- valued functions are defined analogously. A function of a real variable need not be real-
valued, nor need a function of a complex variable be complex-valued.

If 2 isasubsetof ,2, % ,and f:% — % the image of %, under f is the set
F(2)={T(9Ixe %) (3.1)
and it is easy to prove that
f(4;) c f(2) (3.2)
Similarly, if% is a subset of #, then the preimage of % under f is the set
%) = {x| f(x) %) (33)
and it is easy to prove that

f YY) cx (3.4)
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A function f issaid be into #'if f(%) is a proper subset of %, and it is said to be onto %' if

f (%) =% . A function that is onto is also called surjective. Stated in a slightly different way, a
function is onto if for every element y e % there exists at least one element x € £ such that

y = f(x). Afunction f is said to be one-to-one (or injective) if for every x,,X, € &

f(x)=1(x)=x=X (3.5)

In other words, a function is one-to-one if for every element y € f (£) there exists only one
element x € Z such thaty = f(x). A function f is said to form a one-to-one correspondence (or
to be bijective) fromZ to# if f(2) =%, and f is one-to-one. Naturally, a function can be onto
without being one-to-one or be one-to-one without being onto. The following examples illustrate
these terminologies.

1. Let f(x)=x’ be a particular real valued function of a real variable. This function is
one-to-one because x°> =z’ implies x = zwhen x,z € Zand it is onto since for every
y € # there is some x such that y = x°.

2. Let f(x)=x%be a particular complex-valued function of a complex variable. This
function is onto but it is not one-to-one because, for example,

By i

f(l)=f(—%+i73)=f(—%—i > ) =13

where i =v/-1.

3. Let f(x)=2|x| be a particular real valued function of a real variable where || denotes
the absolute value of x. This function is into rather than onto and it is not one-to-one.

If f:2 — % isaone-to-one function, then there exists a function f*: f (%) — 2 which
associates with each y e f (%) the unique x € & suchthat y= f(x). Wecall f* the inverse of
f, written x = f *(y). Unlike the preimage defined by (3.3), the definition of inverse functions is

possible only for functions that are one-to-one. Clearly, we have f*(f(%))=%. The
composition of two functions f : % —> % and g > % — Zisafunction h: & — % defined by
h(x) = g(f(x)) forall xe % . The function h is written h=go f . The composition of any finite

number of functions is easily defined in a fashion similar to that of a pair. The operation of
composition of functions is not generally commutative,

gof=fog

Indeed, if go f isdefined, f og may not be defined, and even if go f and f o g are both defined,
they may not be equal. The operation of composition is associative
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ho(ge f)=(hog)ef

if each of the indicated compositions is defined. The identity function id : & — & is defined as
the function id(x) = x forall xe % . Clearly if f isa one-to-one correspondence from " to %,

then
fof=id,, fof™*=id,
where id, and id, denote the identity functions of 2 and#’, respectively.

To close this discussion of functions we consider the special types of functions called
sequences. A finite sequence of N terms is a function f whose domain is the set of the first

N positive integers {1,2,3,...,N}. Therange of f isthe setof N elements {f (1), f(2),..., f(N)},
which is usually denoted by {f,, f,,..., f,}. Theelements f, f,,..., f, of the range are called terms

of the sequence. Similarly, an infinite sequence is a function defined on the positive integers #*.
The range of an infinite sequence is usually denoted by { f,}, which stands for the infinite set

{f., f,, f5,...}. Afunction gwhose domain is .#*and whose range is contained in .#*is said to be

order preserving if m <n implies that g(m) < g(n) forall m,ne#". If f isan infinite sequence
and g is order preserving, then the composition f o g is a subsequence of f . For example, let

f,=1/(n+1), g,=4"
Then
fog(n)=1/(4"+1)

is a subsequence of f .

Exercises

3.1  Verify the results (3.2) and (3.4).

3.2  How may the domain and range of the sine function be chosen so that it is a one-to-one
correspondence?

3.3 Which of the following conditions defines a function y = f(x) ?

X +y =1 xy=1 X, Y €.

3.4  Give an example of a real valued function of a complex variable.
3.5  Can the implication of (3.5) be reversed? Why?
3.6 Under what conditions is the operation of composition of functions commutative?
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3.7 Show that the arc sine function sin *really is not a function from %£to 2. How can it be
made into a function?






Chapter 2

GROUPS, RINGS, AND FIELDS

The mathematical concept of a group has been crystallized and abstracted from numerous
situations both within the body of mathematics and without. Permutations of objects in a set is a
group operation. The operations of multiplication and addition in the real number system are group
operations. The study of groups is developed from the study of particular situations in which
groups appear naturally, and it is instructive that the group itself be presented as an object for
study. In the first three sections of this chapter certain of the basic properties of groups are
introduced. In the last section the group concept is used in the definition of rings and fields.

Section 4. The Axioms for a Group

Central to the definition of a group is the idea of a binary operation. If ¢ is a non-empty
set, a binary operation on ¢ is a function from #x% to ¢ If a, b € ¥, the binary operation
will be denoted by * and its value bya=*b. The important point to be understood about a binary
operation on ¢ is that ¢ is closed with respect to* in the sense that if a,be¥% then a*be ¢ also.
A binary operation *on ¢ is associative if

(a*b)*xc=ax(bxc) foralla,b,ce¥ (4.1)

Thus, parentheses are unnecessary in the combination of more than two elements by an associative
operation. A semigroup is a pair (¢,*) consisting of a nonempty set ¢ with an associative binary

operation *. A binary operation *on ¢ is commutative if

ax*b=bxa foralla,be¥ 4.2)

The multiplication of two real numbers and the addition of two real numbers are both examples of
commutative binary operations. The multiplication of two N by N matrices (N > 1) is a
noncommutative binary operation. A binary operation is often denoted by a-b, a-b, or ab rather

than bya *b; if the operation is commutative, the notation a+b is sometimes used in place of
ax*b.

An element e e ¢ that satisfies the condition

23
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exa=a*e=a forallae¥ (4.3

is called an identity element for the binary operation * on the set ¢ . In the set of real numbers
with the binary operation of multiplication, it is easy to see that the number 1 plays the role of
identity element. In the set of real numbers with the binary operation of addition, 0 has the role of

the identity element. Clearly ¢ contains at most one identity element ine. For if e'is another
identity element in ¢, then e' *a=ax*e" =a forall ae G also. In particular, if we choose a=¢,

then e' e =e. But from (4.3), we have also ' xe=¢'. Thus ' =e. Ingeneral,  need not
have any identity element. But if there is an identity element, and if the binary operation is
regarded as multiplicative, then the identity element is often called the unity element; on the other
hand, if the binary operation is additive, then the identity element is called the zero element.

In a semigroup ¢ containing an identity element e with respect to the binary operation *,
an element a™ is said to be an inverse of the element a if

a*a'=a'*a=¢ (4.4)

In general, a need not have an inverse. But if an inverse a™ of a exists, then it is unique, the
proof being essentially the same as that of the uniqueness of the identity element. The identity
element is its own inverse. In the set #/{0} with the binary operation of multiplication, the

inverse of a number is the reciprocal of the number. In the set of real numbers with the binary
operation of addition the inverse of a number is the negative of the number.

A group is a pair (%,*) consisting of an associative binary operation * and a set ¢ which

contains the identity element and the inverses of all elements of ¢ with respect to the binary
operation*. This definition can be explicitly stated in equation form as follows.

Definition. A group is a pair (¢,*)where ¢ isasetand * is a binary operation satisfying the
following:

(a) (axb)xc=a=(b=c) forall a,b,ce¥.

(b) There exists an element e e such that a*e=e*a=a forall ae¥%.

-1

(c)  Forevery ae G thereexistsanelement a' € G suchthat a*a™ =a"' *a=e.

If the binary operation of the group is commutative, the group is said to be a commutative (or
Abelian) group.
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The set 9?/{0} with the binary operation of multiplication forms a group, and the set #

with the binary operation of addition forms another group. The set of positive integers with the
binary operation of multiplication forms a semigroup with an identity element but does not form a
group because the condition © above is not satisfied.

A notational convention customarily employed is to denote a group simply by & rather than
by the pair (¢,*). This convention assumes that the particular * to be employed is understood.

We shall follow this convention here.

Exercises

4.1  Verify that the set ¢ {1, i,-l,-i}, where i* = -1, is a group with respect to the binary
operation of multiplication.

4.2 Verify that the set ¢ consisting of the four 2 x 2 matrices

EJF S P B PO B P

constitutes a group with respect to the binary operation of matrix multiplication.
4.3  Verify that the set ¢ consisting of the four 2 x2 matrices

3 S PV PR O PRt

constitutes a group with respect to the binary operation of matrix multiplication.

4.4 Determine a subset of the set of all 3x3matrices with the binary operation of matrix
multiplication that will form a group.

4.5 If o isaset, showthattheset ¥, ¢ = { f| f:o —> , T isaone-to-one correspondence}

IS a one-to-one correspondence}constitutes a group with respect to the binary operation of
composition.
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Section 5. Properties of a Group

In this section certain basic properties of groups are established. There is a great economy
of effort in establishing these properties for a group in general because the properties will then be
possessed by any system that can be shown to constitute a group, and there are many such systems
of interest in this text. For example, any property established in this section will automatically hold

for the group consisting of 92/{0} with the binary operation of multiplication, for the group

consisting of the real numbers with the binary operation of addition, and for groups involving
vectors and tensors that will be introduced in later chapters.

The basic properties of a group ¢ in general are:
1. The identity element e €  is unique.

2. The inverse element a™ of any element a € 4 is unique. The proof of Property 1
was given in the preceding section. The proof of Property 2 follows by essentially the same
argument.

If n is a positive integer, the powers of a €  are defined as follows: (i) For n=1,a' = a.
(i) For n>1,a" =a"* *a. (iii) a’ =e. (iv) a™ :(a‘l)n .

3. If m,n,k are any integers, positive or negative, then for a e g
am *an — am+n (am )n — a-mn (am+n )k — am|<+nk

In particular, when m=n=-1, we have:

4. (a’l)_1 —a forall ae¥

5. (axb)" =b™ xaforall a,be¥

For square matrices the proof of this property is given by (0.17); the proof in general is exactly the
same.

The following property is a useful algebraic rule for all groups; it gives the solutions x and
y to the equations x*a=b and a*y =Db, respectively.

6. For any elements a,bin ¢, the two equations x*a=Db and a*y =D have
the unique solutions x =b*a™" and y=a" *b.
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Proof. Since the proof is the same for both equations, we will consider only the equation
x*a=Db. Clearly x =b=a"satisfies the equation x*a =b,

x+*a=(b*a')*a=bx(a’*a)=b*e=b
Conversely, x=*a =b,implies
x=x*e=x*(a*a')=(x*a)*a ' =h*a’

which is unique. As a result we have the next two properties.

7. For any three elements a,b,c in ¢, either a*xc=b=*c or c*a=c=*b implies that
a=b.

8. For any two elements a,b in the group ¢, either a*b=b or b*a=b implies that
a is the identity element.

A non-empty subset ' of ¢ isasubgroup of ¢ if ' is a group with respect to the binary
operation of ¢, i.e., ' is a subgroup of ¢ ifandonly if (i) ec ' (i) ac¥' =a* ¥’ (iii)
abe¥y =axbe?'.

9. Let ¢' be a nonempty subset of . Then ¢' is a subgroup if
abe? =axbte¥".

Proof. The proof consists in showing that the conditions (i), (ii), (iii) of a subgroup are satisfied.
(i) Since ¢' is non-empty, it contains an element a, hence a*a™ =ee@"'. (i) If be %' then

exb? =b? eg'. (iii)If abed’ then ax(b?) =axbed".
If 4 isagroup, then 7 itself is a subgroup of Z, and the group consisting only of the element e is

also a subgroup of ¢ . A subgroup of ¢ other than ¢ itself and the group e is called a proper
subgroup of .

10. The intersection of any two subgroups of a group remains a subgroup.

Exercises

51 Show that e is its own inverse.
5.2 Prove Property 3.
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5.3
5.4
5.5
5.6
5.7

Chap. 2 . GROUPS, RINGS, FIELDS

Prove Properties 7 and 8.
Show that x =y in Property 6 if ¢ is Abelian.

If ¢ isagroupand ae¥ show that a*xa=a implies a=¢e.
Prove Property 10.

Show that if we look at the non-zero real numbers under multiplication, then (a) the rational
numbers form a subgroup, (b) the positive real numbers form a subgroup, (c) the irrational
numbers do not form a subgroup.
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Section 6.  Group Homomorphisms

A “group homomorphism” is a fairly overpowering phrase for those who have not heard it
or seen it before. The word homomorphism means simply the same type of formation or structure.
A group homomorphism has then to do with groups having the same type of formation or structure.

Specifically, if ¢ and s are two groups with the binary operations * and o, respectively,
a function f :¢ — s is a homomorphism if

f(axb)="f(a)of(b) forall a,be¥ (6.1)

If a homomorphism exists between two groups, the groups are said to be homomorphic. A
homomorphism f :4 — 4 is an isomorphism if f is both one-to-one and onto. If an

isomorphism exists between two groups, the groups are said to be isomorphic. Finally, a
homomorphism f :9 — % is called an endomorphism and an isomorphism f : 4 — ¢ is called an

automorphism. To illustrate these definitions, consider the following examples:

1. Let 4 be the group of all nonsingular, real, N x N matrices with the binary operation of
matrix multiplication. Let s be the group @/{O}With the binary operation of scalar
multiplication. The function that is the determinant of a matrix is then a homomorphism
from ¢ to #.

2. Let ¢ be any group and let »# be the group whose only element ise. Let f be the
function that assigns to every element of ¢ the value e; then f isa (trivial)
homomorphism.

The identity function id: ¢ — ¢ is a (trivial) automorphism of any group.

4. Let 4 be the group of positive real numbers with the binary operation of multiplication and
let # Dbe the group of real numbers with the binary operation of addition. The log function
IS an isomorphism between ¢ and .

5. Let 4 be the group %/{0} with the binary operation of multiplication. The function that

takes the absolute value of a number is then an endomorphism of ¢ into ¢ . The restriction
of this function to the subgroup # of # consisting of all positive real numbers is a
(trivial) automorphism of s, however.

From these examples of homomorphisms and automorphisms one might note that a
homomorphism maps identities into identities and inverses into inverses. The proof of this
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observation is the content of Theorem 6.1 below. Theorem 6.2 shows that a homomorphism takes
a subgroup into a subgroup and Theorem 6.3 proves a converse result.

Theorem 6.1. If f:% — s isa homomorphism, then f (e) coincides with the identity element
e,of o# and

f(at)=1(a)"

Proof. Using the definition (6.1) of a homomorphism on the identity a = a *e, one finds that

f(a)=f(axe)="f(a)of(e)

From Property 8 of a group it follows that f (e) is the identity element e, of #. Now, using this
result and the definition of a homomorphism (6.1) applied to the equation e =a*a™, we find

& =f(e)= f(a*a‘l): f(a)of (a‘l)

It follows from Property 2 that f (a)is the inverse of f (a).

Theorem 6.2. If f:% — s isahomomorphism and if ' is a subgroup of ¢, then f(%') isa
subgroup of .

Proof. The proof will consist in showing that the set f (¢") satisfies the conditions (i), (ii), (iii) of
a subgroup. (i)Since e " it follows from Theorem 6.1 that the identity element e, of # is
contained in f(¢'). (ii)Forany ae¥', f (a)_l e f(¢") by Theorem 6.1. (iii)Forany a,be¥",
f(a)o f(b)e f(¢")since f(a)o f(b)="f(a*b)e f(¥¢").

As a corollary to Theorem 6.2 we see that f (%) is itself a subgroup of #.

Theorem 6.3. If f:% — s isahomomorphism and if 2#"is a subgroup of »# , then the
preimage f (") is a subgroup of ¥ .

The kernel of a homomorphism f : ¢ — s is the subgroup ™ (e,)of ¢ . In other words,
the kernel of f is the set of elements of ¢ that are mapped by f to the identity element e, of #.
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The notation K( f) will be used to denote the kernel of f . In Example 1 above, the kernel of f

consists of N x N matrices with determinant equal to the real number 1, while in Example 2 it is
the entire group ¢ . In Example 3 the kernel of the identity map is the identity element, of course.

Theorem 6.4. A homomorphism f :¢ — # is one-to-one if and only if K( f)={e}.

Proof. This proof consists in showing that f (a)= f (b) implies a=bif and only if K( f)=/{e}.
If f(a)=f(b), then f(a)of(b) =g, hence f(a*b™)=e,and it follows that
a*b™eK(f). Thus,if K(f)={e} then a*b™ =e or a=b. Conversely, now, we assume f
is

one-to-one and since K ( f ) is a subgroup of ¢ by Theorem 6.3, it must contain e. If

K ( f ) contains any other element a such that f (a)=e, we would have a contradiction since f is
one-to-one; therefore K (f)={e}.

Since an isomorphism is one-to-one and onto, it has an inverse which is a function from #
onto 4. The next theorem shows that the inverse is also an isomorphism.

Theorem 6.5. If f : ¢ — #is an isomorphism, then f™:# — ¢ is an isomorphism.

Proof Since f is one-to-one and onto, it follows that f is also one-to-one and onto (cf. Section
3). Let a,be the element of # suchthat a=f ™ (a,) forany ae % then

a*b=f"(a,)*f*(by). Butaxbisthe inverse image of the element a, ob, € /# because
f(axb)=f(a)o f(b)=a,*h, since f isahomomorphism. Therefore

f™(a,)* f ()= (ah,), which shows that f ™ satisfies the definition (6.1) of a
homomorphism.

Theorem 6.6. A homomorphism f :% — s is an isomorphism if it is onto and if its kernel
contains only the identity element of ¢ .

The proof of this theorem is a trivial consequence of Theorem 6.4 and the definition of an
isomorphism.
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Exercises

6.1 If f:9—>#and g:# — .4 are homomorphisms, then show that the composition of the
mappings f and g is a homomorphism from ¢ to .4 .

6.2 Prove Theorems 6.3 and 6.6.

6.3  Show that the logarithm function is an isomorphism from the positive real numbers under
multiplication to all the real numbers under addition. What is the inverse of this
isomorphism?

6.4  Show that the function f: f :(2%,+)—(#',-)defined by f(x)=x*isnota
homomorphism.
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Section 7. Rings and Fields

Groups and semigroups are important building blocks in developing algebraic structures. In
this section we shall consider sets that form a group with respect to one binary operation and a
semigroup with respect to another. We shall also consider a set that is a group with respect to two
different binary operations.

Definition. Aringis atriple (2,+,-) consisting of a set 2 and two binary operations + and -such
that

€)) 9 with the operation + is an Abelian group.
(b) The operation - is associative.
(© 9 contains an identity element, denoted by 1, with respect to the operation -, i.e.,

l-a=a‘l=a

forall ae 9.
(d) The operations + and - satisfy the distributive axioms

a-(b+c)=a-b+a-c 7.)
(b+c)-a=h-a+c-a '

The operation + is called addition and the operation - is called multiplication. As was done with
the notation for a group, the ring (2,+,-) will be written simply as 2. Axiom (a) requires that 2

contains the identity element for the + operation. We shall follow the usual procedure and denote
this element by 0. Thus, a+0=0+a=a. Axiom (a) also requires that each element a € 9 have

an additive inverse, which we will denote by —a, a+(-a)=0. The quantity a+bis called the

sum of a and b, and the difference between a and b is a+(—b), which is usually written as

a—b. Axiom (b) requires the set 2 and the multiplication operation to form a semigroup. If the
multiplication operation is also commutative, the ring is called a commutative ring. Axiom (c)
requires that 2 contain an identity element for multiplication; this element is called the unity
element of the ring and is denoted by 1. The symbol 1 should not be confused with the real number
one. The existence of the unity element is sometimes omitted in the ring axioms and the ring as we
have defined it above is called the ring with unity. Axiom (d), the distributive axiom, is the only
idea in the definition of a ring that has not appeared before. It provides a rule for the interchanging
of the two binary operations.
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The following familiar systems are all examples of rings.

1. The set # of integers with the ordinary addition and multiplication operations form a ring.
2. The set 4 of rational numbers with the usual addition and multiplication operations form a
ring.

The set Z of real numbers with the usual addition and multiplication operations form a ring.

4, The set # of complex numbers with the usual addition and multiplication operations form a
ring.

5. The set of all N by N matrices form a ring with respect to the operations of matrix addition
and matrix multiplication. The unity element is the unity matrix and the zero element is the
zero matrix.

6. The set of all polynomials in one (or several) variable with real (or complex) coefficients

form a ring with respect to the usual operations of addition and multiplication.

Many properties of rings can be deduced from similar results that hold for groups. For
example, the zero element 0, the unity element 1, the negative element —a of an element a are
unique. Properties that are associated with the interconnection between the two binary operations
are contained in the following theorems:

Theorem 7.1. Foranyelementae9, a-0=0-a=0.

Proof. Forany be 2 we have by Axiom (a) that b+0=b. Thus for any a € 2 it follows that
(b+0)-a=b-a, and the Axiom (d) permits this equation to be recast in the form b-a+0-a=b-a.

From Property 8 for the additive group this equation implies that 0-a =0. It can be shown that
a-0=0Dby a similar argument.

Theorem 7.2. For all elements a,be 2
(-a)-b=a-(-b)=—(a-b)
This theorem shows that there is no ambiguity in writing —a-b for —(a- b).

Many of the notions developed for groups can be extended to rings; for example, subrings
and ring homomorphisms correspond to the notions of subgroups and group homomorphisms. The
interested reader can consult the Selected Reading for a discussion of these ideas.

The set of integers is an example of an algebraic structure called an integral domain.
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Definition. Aring 2is an integral domain if it satisfies the following additional axioms:

(e) The operation -is commutative.
()] If a,b,c are any elements of 2 with ¢ =0, then

a-c=b-c=a=>b (7.2)

The cancellation law of multiplication introduced by Axiom (f) is logically equivalent to the
assertion that a product of nonzero factors is nonzero. This is proved in the following theorem.

Theorem 7.3. A commutative ring 2 is an integral domain if and only if for all elements a,b e 9,
a-b=0 unless a=0 or b=0.

Proof. Assume first that 2 is an integral domain so the cancellation law holds. Suppose a-b=0
and b=0. Then we can write a-b=0-band the cancellation law implies a =0. Conversely,
suppose that a product in a commutative ring 2 cannot be zero unless one of its factors is zero.

Consider the expression a-c =b-c, which can be rewrittenas a-c—b-c=0o0ras (a—b)-c=0.
If ¢ #0 then by assumption a—b=00r a=h. This proves that the cancellation law holds.

The sets of integers .#, rational numbers 4, real numbers £, and complex numbers # are

examples of integral domains as well as being examples of rings. Sets of square matrices, while
forming rings with respect to the binary operations of matrix addition and multiplication, do not,
however, form integral domains. We can show this in several ways; first by showing that matrix
multiplication is not commutative and, second, we can find two nonzero matrices whose product is

zero, for example,
5 00 0] (0O
0 0][0 1| [0 O

The rational numbers, the real numbers, and the complex numbers are examples of an
algebraic structure called a field.

Definition. A field & is an integral domain, containing more than one element, and such that any
element a € # /{0} has an inverse with respect to multiplication.
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It is clear from this definition that the set # and the addition operation as well as the set
Z {0} and the multiplication operation form Abelian groups. Hence the unity element 1, the zero

element 0, the negative (—a), as well as the reciprocal (1/a),a =0, are unique. The formulas of

arithmetic can be developed as theorems following from the axioms of a field. It is not our purpose
to do this here; however, it is important to convince oneself that it can be done.

The definitions of ring, integral domain, and field are each a step more restrictive than the
other. It is trivial to notice that any set that is a field is automatically an integral domain and a ring.
Similarly, any set that is an integral domain is automatically a ring.

The dependence of the algebraic structures introduced in this chapter is illustrated
schematically in Figure 7.1. The dependence of the vector space, which is to be introduced in the
next chapter, upon these algebraic structures is also indicated.

Semigroup

Group

l

Ring < Abelian group

l

Commutative ring

l

Integral domain

!

Field

T

Vector space

Figure 1. A schematic of algebraic structures.
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Exercises

7.1  Verify that Examples 1 and 5 are rings.
7.2 Prove Theorem 7.2.
7.3  Provethatif a,b,c,d are elements of aring 2, then

(a) (-a)-(-b)=a-b.
b (-1)-a=a-(-1)=-a
() (a+b)(c+d)=a-c+a-d+b-c+b-d.

7.4 Among the Examples 1-6 of rings given in the text, which ones are actually integral
domains, and which ones are fields?

7.5 Is the set of rational numbers a field?

7.6 Why does the set of integers not constitute a field?

1.7 If # isafield, why is ﬂ/{o}an Abelian group with respect to multiplication?

7.8 Show that for all rational numbers X,y , the set of elements of form x + y\/§ constitutes a
field.

7.9 Forall rational numbers x,y,z, does the set of elements of the form x +y./2 +z+/3 forma
field? If not, show how to enlarge it to a field.
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Chapter 3

VECTOR SPACES

Section 8.  The Axioms for a Vector Space

Generally, one’s first encounter with the concept of a vector is a geometrical one in the
form of a directed line segment, that is to say, a straight line with an arrowhead. This type of
vector, if it is properly defined, is a special example of the more general notion of a vector
presented in this chapter. The concept of a vector put forward here is purely algebraic. The
definition given for a vector is that it be a member of a set that satisfies certain algebraic rules.

A vector space is a triple (¥, f) consisting of (a) an additive Abelian group 7", (b) a
field # , and (c) a function f :# x¥ — ¥ called scalar multiplication such that

(8.1)

forall ,ue# andall u,v e¥ . A vector is an element of a vector space. The notation
(7, #, f)for a vector space will be shortened to simply 7. The first of (8.1) is usually called the

associative law for scalar multiplication, while the second and third equations are distributive laws,
the second for scalar addition and the third for vector addition.

It is also customary to use a simplified notation for the scalar multiplication function f .
We shall write f (1,v)=A4vand also regard Av and vA to be identical. In this simplified notation

we shall now list in detail the axioms of a vector space. In this definition the vector u+v in ¥ is
called the sum of u and v and the difference of u and v is written u—vand is defined by

u-v=u+(-v) (8.2)

Definition. Let 7 beasetand # afield. ¥ isa vector space if it satisfies the following rules:

@) There exists a binary operation in ¥~ called addition and denoted by + such that

41
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(1) (u+v)+w=u+(v+w) forall u,v,wev .
2 u+v=v+u forall uvey .
3) There exists an element 0 €7 such that u+0=u forall uev..

(4)  Forevery ue? there exists an element —u e7".such that u+(-u)=0.

(b) There exists an operation called scalar multiplication in which every scalar 1 € #
can be combined with every element u ¥ to give an element Au €7 such that

(1) A(pu)=(Au)u
(2 (A+p)u=Au+pu
(3  A(u+v)=Au+Aav

4) lu=u
forall A, ueZ andall u,ve? .

If the field # employed in a vector space is actually the field of real numbers £, the space is
called a real vector space. A complex vector space is similarly defined.

Except for a few minor examples, the material in this chapter and the next three employs
complex vector spaces. Naturally the real vector space is a trivial special case. The reason for
allowing the scalar field to be complex in these chapters is that the material on spectral
decompositions in Chapter 6 has more usefulness in the complex case. After Chapter 6 we shall
specialize the discussion to real vector spaces. Therefore, unless we provide some qualifying
statement to the contrary, a vector space should be understood to be a complex vector space.

There are many and varied sets of objects that qualify as vector spaces. The following is a
list of examples of vector spaces:

1. The vector space " is the set of all N-tuples of the form u= (ﬂl,ﬂz,...,iN ) where N is a
positive integer and 4,,4,,...,4, €% . Since an N-tuple is an ordered set, if

V= (,ul,,uz RN ) is a second N-tuple, then uandv are equal if and only if

u =4 forall k=12,..,N

The zero N-tuple is 0=(0,0,...,0) and the negative of the N-tuple u is

~U=(=4,~4,...~Ay ). Addition and scalar multiplication of N-tuples are defined by the
formulas

u+V:(/“1+/11uuz Ay e iy +/1N)
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and

y7v =(;1/11,yﬂ ,....,y/"LN)

respectively. The notation #" is used for this vector space because it can be considered to
be an Nth Cartesian product of ¢ .

The set 7~ of all NxM complex matrices is a vector space with respect to the usual

operation of matrix addition and multiplication by a scalar.
Let s be a vector space whose vectors are actually functions defined on a set .7 with

valuesin . Thus, if he s#, xe« then h(x)e% and h:o % . If kis another vector of
# then equality of vectors is defined by

h=k < h(x)=k(x) forall xe.«

The zero vector is the zero function whose value is zero for all x. Addition and scalar
multiplication are defined by

(h+k)(x)=h(x)+k(x)

and

(2h)(x)=4(h(x))
respectively.
Let £ denote the set of all polynomials u of degree N of the form

U= Ay + A X+, X7+ 4 A XN

where 4,,4,,4,,..., 4, €€ . The set £ forms a vector space over the complex numbers # if
addition and scalar multiplication of polynomials are defined in the usual way.

The set of complex numbers ¢, with the usual definitions of addition and multiplication by
a real number, forms a real vector space.
The zero element 0 of any vector space forms a vector space by itself,

The operation of scalar multiplication is not a binary operation as the other operations we

have considered have been. In order to develop some familiarity with the algebra of this operation
consider the following three theorems.
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Theorem 8.1. Au=0<=A=0o0ru=0.

Proof. The proof of this theorem actually requires the proof of the following three assertions:
@ Ou=0, (b)10=0, ()Au=0=4A=00ru=0

To prove (a), take =0 in Axiom (b2) for a vector space; then Au = Au+0u. Therefore

AU—Au=AUu—-Au+0u

and by Axioms (a4) and (a3)
0=0+0u=0u
which proves (a).
To prove (b), set v =0 in Axiom (b3) for a vector space; then Au= Au+ A0. Therefore

AU—-Au=Au-Au+ A0

and by Axiom (a4)

0=0+40=40

To prove (c), we assume Au=0. If 2 =0, we know from (a) that the equation Au=0 is
satisfied. If 4 =0, then we show that umust be zero as follows:

u=1u :;t(%ju :%(iu):%(o) 0

Theorem 8.2. (-1)u=—-Au forall A e%,uev .

Proof. Let #=0and replace 2 by —4 in Axiom (b2) for a vector space and this result follows
directly.

Theorem 8.3. —Au=A(-u) forall A e¢,ue? .
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Finally, we note that the concepts of length and angle have not been introduced. They will

be introduced in a later section. The reason for the delay in their introduction is to emphasize that
certain results can be established without reference to these concepts.

Exercises

8.1

8.2

8.3

8.4

8.5

8.6
8.7

Show that at least one of the axioms for a vector space is redundant. In particular, one
might show that Axiom (a2) can be deduced from the remaining axioms. [Hint: expand

(1+1)(u+v) by the two different rules.]

Verify that the sets listed in Examples 1- 6 are actually vector spaces. In particular, list the
zero vectors and the negative of a typical vector in each example.

Show that the axioms for a vector space still make sense if the field & is replaced by a ring.
The resulting structure is called a module over a ring.

Show that the Axiom (b4) for a vector space can be replaced by the axiom

(b4) Au=0e2=00ru=0

Let ¥ and % be vector spaces. Show that the set " x % is a vector space with the
definitions

(ux)+(v,y)=(u+v,x+y)
and

A(u,x) = (Au, Ax)

where u,ve? ; X,ye#;and 1%

Prove Theorem 8.3.
Let ¥ be a vector space and consider the set ¥" x¥". Define addition in " x ¥ by

(U Vv)+(x,y)=(u+x,v+y)
and multiplication by complex numbers by
(A+iu)(u,v)=(Au—pv, uu+Av)

where A, ue4%. Show that ¥ x¥  is a vector space over the field of complex numbers.
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Section 9.  Linear Independence, Dimension, and Basis

The concept of linear independence is introduced by first defining what is meant by linear
dependence in a set of vectors and then defining a set of vectors that is not linearly dependent to be
linearly independent. The general definition of linear dependence of a set of N vectors is an
algebraic generalization and abstraction of the concepts of collinearity from elementary geometry.

Definition. A finite set of N (N >1)vectors {v,,v,,.., Vv, }in a vector space ¥  is said to be

linearly dependent if there exists a set of scalars {/11,/12 ey AN } , hot all zero, such that

N
D> Alv; =0 (9.1)
j=1

The essential content of this definition is that at least one of the vectors {v,,v,,..., v, } can
be expressed as a linear combination of the other vectors. This means that if A* =0, then
Vv, = Ziz,ujvj where g/ =—-11 /4 for j=2,3,...,N. Asanumerical example, consider the two
vectors

v, =(12,3), v, =(36,9)
from #°. These vectors are linearly dependent since
vV, =3V,

The proof of the following two theorems on linear dependence is quite simple.

Theorem 9.1. If the set of vectors {v,,v,,---,v, } is linearly dependent, then every other finite set

of vectors containing {v,,v,,---,v, }is linearly dependent.

Theorem 9.2. Every set of vectors containing the zero vector is linearly dependent.
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Asetof N (N > 1) vectors that is not linearly dependent is said to be linearly independent.
Equivalently, asetof N (N >1)vectors {v,,V,,...,v,} is linearly independent if (9.1) implies
At =2% =...=A" =0. Asanumerical example, consider the two vectors v, =(1,2) and
v, =(2,1) from %#°. These two vectors are linearly independent because

AV, + AV, =A(L2)+ 1(21)=0= A+24=0,2A+u=0
and

A+2u=0, 24+ u=0=41=0, u=0

Theorem 9.3. Every non empty subset of a linearly independent set is linearly independent.

A linearly independent set in a vector space is said to be maximal if it is not a proper subset
of any other linearly independent set. A vector space that contains a (finite) maximal, linearly
independent set is then said to be finite dimensional. Of course, if ¥~ is not finite dimensional,
then it is called infinite dimensional. In this text we shall be concerned only with finite-
dimensional vector spaces.

Theorem 9.4. Any two maximal, linearly independent sets of a finite-dimensional vector space
must contain exactly the same number of vectors.

Proof. Let {v,,..,v,} and {u,,....,u,, } be two maximal, linearly independent sets of #". Then we
must show that N = M. Suppose that N = M, say N <M. By the fact that {v,,...,v, } is

maximal, the sets {vl,...,vN , ul},...,{vl,...,vN,uM} are all linearly dependent. Hence there exist
relations

AV +eH AV + U =0
: (9.2)
A Vy + o+ AV F 44y Uy =0

where the coefficients of each equation are not all equal to zero. In fact, the coefficients ..., 1,
of the vectors u,,...,u,, are all nonzero, for if z =0 forany i, then
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for some nonzero 4,,..., 4, contradicting the assumption that {v,,...,v, } is a linearly independent

set. Hence we can solve (9.2) for the vectors {u,,....,u,, } in terms of the vectors{v,,..., v, },
obtaining

Uy =, Vy + 4 1 \Vy
: (9.3)

Uy =My Vy o+ Yy

where g =—-A4; /g fori=1..,M;j=1.,N.

Now we claim that the first N equations in the above system can be inverted in such a way
that the vectors {v,,...,v, | are given by linear combinations of the vectors {u,,....,u, }. Indeed,

inversion is possible if the coefficient matrix [,uij]for i, j=1,...,N isnonsingular. But this is

clearly the case, for if that matrix were singular, there would be nontrivial solutions {c, ..., } to
the linear system

N
D ayu; =0, j=1..,N (9.4)
i=1

Then from (9.3) and (9.4) we would have

contradicting the assumption that set {u,,...,u, } ,being a subset of the linearly independent set
{Uy,...,uy, }, is linearly independent.

Now if the inversion of the first N equations of the system (9.3) gives

V= é:llul +"'+§1NUN
' (9.5)

Vy = §N1u1 t.o.+ §NNUN
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where | & | is the inverse of | 4 | for i, j=1...,N we can substitute (9.5) into the remaining
M — N equations in the system (9.3), obtaining

N /N
Uy = z ZﬂN+lj§jijui
=1 \i=1

Uy = Z ZIUMjé:ji]ui

But these equations contradict the assumption that the set {u,,....,u,, } is linearly independent.
Hence M > N is impossible and the proof is complete.

An important corollary of the preceding theorem is the following.

Theorem 9.5. Let {u,,....,u, } be a maximal linearly independent set in ¥*, and suppose that
{Vy,..., vy } isgiven by (9.5). Then {v,,..,v,} isalsoamaximal, linearly independent set if and
only if the coefficient matrix [;j] in (9.5) is nonsingular. In particular, if v, = u, for
i=1..,k-1k+1..,N but v, #u,,then {u,...u,_;,V,,Uy,,...Uy | isamaximal, linearly
independent set if and only if the coefficient &, in the expansion of v, in terms of {u,,...,u, } in
(9.5) is nonzero.

From the preceding theorems we see that the number N of vectors in a maximal, linearly
independent set in a finite dimensional vector space ¥~ is an intrinsic property of ¥". We shall call
this number N the dimension of ¥, written dim ¥, namely N =dim %7, and we shall call any
maximal, linearly independent set of ¥~ a basis of that space. Theorem 9.5 characterizes all bases
of 7 as soon as one basis is specified. A list of examples of bases for vector spaces follows:

1. The set of N vectors
(1,0,0,...,0)
(0,1,0,...,0)
(0,0,1,...,0)
(0,0,0,...,l)

[
N
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is linearly independent and constitutes a basis for C ", called the standard basis.

2. If .4 denotes the vector space of all 2x2 matrices with elements from the complex
numbers ¢, then the four matrices

o o) Lo o) La o) |o]

form a basis for .#>? called the standard basis.

3. The elements 1 and i = +/—1 form a basis for the vector space ¢ of complex numbers over
the field of real numbers.

The following two theorems concerning bases are fundamental.

Theorem 9.6. If {e,,e,,...,e } is abasis for 7", then every vector in " has the representation

N
v=>Y &le, (9.6)
=1
where {£',£%,..., £V} are elements of ¢ which depend upon the vector ve ¥’ .

The proof of this theorem is contained in the proof of Theorem 9.4.

Theorem 9.7. The N scalars {51,52,...,5’“} in (9.6) are unique.

Proof. As is customary in the proof of a uniqueness theorem, we assume a lack of uniqueness.
Thus we say that v has two representations,

v:ig"ej, v:iy"ej
=L =L

Subtracting the two representations, we have
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and the linear independence of the basis requires that
=4, j=12,..N

The coefficients {51,52,...,,5“} in the representation (9.6) are the components of v with respect to

the basis {e,,e,,...ey}. The representation of vectors in terms of the elements of their basis is
illustrated in the following examples.

1. The vector space #° has a standard basis consisting of e,,e,,ande;;
e, =(10,0), e,=(0,10), e,=(0,01)

A vector v=(2+i,7,8+3i) can be written as
v=(2+i)e,+7e,+(8+3i)e,

2. The vector space of complex numbers # over the space of real numbers £ has the basis
{1, i}. Any complex number z can then be represented by

Z=pu+A
where y,A1e4.

3. The vector space .#*?of all 2x2 matrices with elements from the complex numbers #
has the standard basis

10 01 00 00
ell:O ol e12:0 0 621210, 622201

Any 2x2 matrix of the form
A
V= H
-

where u,4,v,& €€, can then be represented by

V= ue, + e, +ve, +S&e,,
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The basis for a vector space is not unique and the general rule of change of basis is given by
Theorem 9.5. An important special case of that rule is made explicit in the following exchange
theorem.

Theorem 9.8. If {e, e,,....e, } is a basis for ¥ and if Z={b,,b,,...,b, } is a linearly independent
set of K(N >K) in 7/, then it is possible to exchange a certain K of the original base vectors with
b,,b,,....b, so that the new set is a basis for 7.

Proof. We select b, from the set Z and order the basis vectors such that the component &' of b, is
not zero in the representation

N .
b1=Z§JeJ—
=1

By Theorem 9.5, the vectors {b,,e,,....e, } form a basis for #". A second vector b, is selected

from ¥ and we again order the basis vectors so that this time the component A? is not zero in the
formula

b,=4'b,+> Ale

Again, by Theorem 9.5 the vectors {b,,b,,e,,...,e, } form a basis for7". The proof is completed by
simply repeating the above construction K —2 times.

We now know that when a basis for ¥~ is given, every vector in ¥~ has a representation in
the form (9.6). Inverting this condition somewhat, we now want to consider a set of vectors

B = {bl, b,,...by, } of ¥ with the property that every vector v e ¥~ can be written as

M .
v=>Y Alb,
i1

Such a. set is called a generating set of ¥~ (or is said to span #”). In some sense a generating set is
a counterpart of a linearly independent set. The following theorem is the counter part of Theorem
9.1.
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Theorem 9.9. If Z={b,,...,b,,} isagenerating set of 7", then every other finite set of vectors
containing Z is also a generating set of 7.

In view of this theorem, we see that the counterpart of a maximal, linearly independent set
is @ minimal generating set, which is defined by the condition that a generating set {b,,...,b,, } is

minimal if it contains no proper subset that is still a generating set. The following theorem shows
the relation between a maximal, linearly independent set and a minimal generating set.

Theorem 9.10. Let Z={b,,...,b,,} be afinite subset of a finite dimensional vector space 7.
Then the following conditions are equivalent:

(i) 4 isamaximal linearly independent set.
(ii) 4 is a linearly independent generating set.
(iii) Z is a minimal generating set.

Proof. We shall show that (i) = (ii) = (iii) = (i).

()= (ii). This implication is a direct consequence of the representation (9.6).

(it)= (ii1). This implication is obvious. For if £ is a linearly independent generating set but
not a minimal generating set, then we can remove at least one vector, say b,,, and the remaining

set is still a generating set. But this is impossible because b,,, can then be expressed as a linear
combination of {b,,...,b,,_,}, contradicting the linear independence of .

(iii)=(i). If # is a minimal generating set, then % must be linearly independent because
otherwise one of the vectors of £, say b,,, can be written as a linear combination of the vectors
{b,,...by_}. Itfollows then that {b,,...,b,, ,} is still a generating set, contradicting the
assumption that {bl,..., bM} is minimal. Now a linearly independent generating set must be
maximal, for otherwise there exists a vector b € ¥ such that {b,,...,b,,,b} is linearly independent.

Then bcannot be expressed as a linear combination of {b,...,b,, }, thus contradicting the
assumption that 4 is a generating set.

In view of this theorem, a basis # can be defined by any one of the three equivalent
conditions (i), (ii), or (iii).

Exercises
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9.1 In elementary plane geometry it is shown that two straight lines determine a plane if the

straight lines satisfy a certain condition. What is the condition? Express the condition in
vector notation.

9.2 Prove Theorems 9.1-9.3, and 9.9.

9.3 Let .#*° denote the vector space of al1 3x3 matrices with elements from the complex
numbers €. Determine a basis for .#>°

9.4  Let .#* denote the vector space of all 2x2 matrices with elements from the real numbers
4. s either of the following sets a basis for .#>*?

loo) o2k [2 o) [& 4]
o o Loob o2} o 5]

9.5  Arethe complex numbers 2+4i and 6+ 2i linearly independent with respect to the field of

real numbers Z? Are they linearly independent with respect to the field of complex
numbers?
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Section 10. Intersection, Sum and Direct Sum of Subspaces

In this section operations such as “summing” and “intersecting” vector spaces are
discussed. We introduce first the important concept of a subspace of a vector space in analogy with
a subgroup of a group. A non empty subset % of a vector space ¥ is a subspace if:

@ uwe%=u+weforall uwe.
b)) ue# = Auec forall 1€¢%.

Conditions (a) and (b) in this definition can be replaced by the equivalent condition:
@)uwe%= Au+uwe forall 1e¢.

Examples of subspaces of vector spaces are given in the following list:

1. The subset of the vector space #" of all N-tuples of the form (0, 4,, 4,,..., 4 ) is a subspace of
g".

2. Any vector space 7 is a subspace of itself.

3. The set consisting of the zero vector {O} is a subspace of 7.

4. The set of real numbers £ can be viewed as a subspace of the real space of complex numbers
?.

The vector spaces {0} and 7 itself are considered to be trivial subspaces of the vector space ¥ . If
% is not a trivial subspace, it is said to be a proper subspace of 7 .

Several properties of subspaces that one would naturally expect to be true are developed in
the following theorems.

Theorem 10.1. If % is a subspace of 7/, then 0 e %

Proof. The proof of this theorem follows easily from (b) in the definition of a subspace above by
setting 4 =0.

Theorem 10.2. If % is a subspace of ¥, then dim # <dim ¥".

Proof. By Theorem 9.8 we know that any basis of % can be enlarged to a basis of #'; it follows
that dim # <dim v,
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Theorem 10.3. If % is a subspace of 7/, then dim % =dim ¥ ifandonly if  =v".

Proof. If # =¥, then clearly dim % =dim»". Conversely, if dim  =dim¥”, then a basis for #
is also a basis for ¥". Thus, any vector v e ¥ is also in %, and this implies  =v¥".

Operations that combine vector spaces to form other vector spaces are simple extensions of
elementary operations defined on sets. If  and ¥ are subspaces of a vector space 7", the sum of

% and ¥, written  +¥, is the set

02/+"///:{U+W|Ue021,WE1//}

Similarly, if  and # are subspaces of a vector space ¥, the intersection of # and #,denoted
by # N\, is the set

%W ={uluezandue¥|
The union of two subspaces # and # of ¥, denoted by % U ¥/, is the set
oW ={uluezoruev|

Some properties of these three operations are stated in the following theorems.

Theorem 10.4. If % and # are subspaces of ¥", then % +# is a subspace of 7.
Theorem 10.5. If % and # are subspaces of ¥, then  and ¥ are also subspaces of % + ¥
Theorem 10.6. If % and ¥ are subspaces of ¥, then the intersection # N is a subspace of 7/,

Proof. Let uuweZ ¥ . Then u,we# and u,we%. Since % and # are subspaces,
u+we#and u+w e % which means that u+w e # n# also. Similarly, if ue % ~¥ ,then for
all AeZ. lueuny.
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Theorem 10.7. If % and # are subspaces of 7, then the union  w ¥ is not generally a subspace
of 7.

Proof. Let ue%,ug#,and let we# and w ¢ %; then u+w ¢ Zand u+w ¢ ¥, which means
that u+r+wegZu¥.

Theorem 10.8. Let v be avectorin # +#, where % and # are subspaces of 7. The
decomposition of ve % .# into the form v=u+w, where ue % and w € ¥, is unique if and

only if # nw ={0}.

Proof. Suppose there are two ways of decomposing v ; for example, let there be a uand u’ in #
anda wand w' in # such that

v=u+wand v=u'+w'

The decomposition of v is unique if it can be shown that the vector b,

b=u-u'=w'-w

vanishes. The vector b is contained in  n# since u and u'are known to be in %, and w and
w' are known to be in #'. Therefore ¥ = {0} implies uniqueness. Conversely, if we have
uniqueness, then Z N\ = {0} , for otherwise any nonzero vector y € % n# has at least two
decompositions y =y +0=0+Yy.

The sum of two subspaces % and # is called the direct sum of  and ¥ and denoted by
UOHIFUNY = {O} This definition is motivated by the result proved in Theorem 10.8. If
A®w =y, then % is called the direct complement of # in ¥". The operation of direct
summing can be extended to a finite number of subspaces ¥,%;,...,%, of ¥". The direct sum

YO, ®@--- @Y, isrequired to satisfy the conditions

K=R-1 Q
Ve D VYo Y ¥ ={0} for R=12,...,Q

K=1 K=R+1
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The concept of a direct sum of subspaces is an important tool for the study of certain concepts in
geometry, as we shall see in later chapters. The following theorem shows that the dimension of a
direct sum of subspaces is equal to the sum of the dimensions of the subspaces.

Theorem 10.9. If # and # are subspaces of 7/, then

dm#z ®¥ =dim% +dimyw

Proof. Let {u,,u,,...,u,} beabasis for % and {Wl,WZ,...,WQ} be a basis for #.. Then the set of

vectors {ul,uz,...,UR,Wl,WZ,...,WQ } is linearly independent since % n# ={0}. This set of
vectors generates # @ ¥ since forany ve # @ % we can write

R Q

_ _ j j

VEU+W= AU+ E MW
j=1 j=1

where ue % and w e #. Therefore by Theorem 9.10, dm#Z ® ¥ =R +Q.
The result of this theorem can easily be generalized to

dim(% ® %, ®---® %):idim%

=

The designation “direct sum” is sometimes used in a slightly different context. If ¥ and %
are vector spaces, not necessarily subspaces of a common vector space, the set ¥ x % can be given
the vector space structure by defining addition and scalar multiplication as in Exercise 8.5. The set
¥ x 9 with this vector space structure is also called the direct sum and is written ¥ @ %. This
concept of direct sum is slightly more general since ¥ and % need not initially be subspaces of a
third vector space. However, after we have defined # @ 7", then 4 and ¥~ can be viewed as
subspaces of # ® v ; further, in that sense, # ® ¥  is the direct sum of % and ¥  in accordance
with the original definition of the direct sum of subspaces.

Exercises

10.1  Under what conditions can a single vector constitute a subspace?

10.2  Prove Theorems 10.4 and 10.5.

10.3 If # and # are subspaces of 7", show that any subspace which contains # w# also
contains Z + .
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10.4 If ¥ and % are vector spaces and if ¥ @ % is their direct sum in the sense of the second
definition given in this section, reprove Theorem 10.9.
10-5 Let ¥ - 4%°, and suppose that % is the subspace spanned by {(0,1,1)} and # isthe

subspace spanned by {(1,0,1), (11,1)}. Show that ¥ =% @ . Find another subspace
a suchthat v =% @ .
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Section 11. Factor Space

In Section 2 the concept of an equivalence relation on a set was introduced and in Exercise
2.2 an equivalence relation was used to partition a set into equivalence sets. In this section an
equivalence relation is introduced and the vector space is partitioned into equivalence sets. The
class of all equivalence sets is itself a vector space called the factor space.

If % isa subspace of a vector space 7/, then two vectors w and v in ¥~ are said to be
equivalent with respect to% , written v ~w , if w—V is a vector contained in% . It is easy to see
that this relation is an equivalence relation and it induces a partition of ¥~ into equivalence sets of
vectors. If v e, then the equivalence set of v, denoted by Vv, is the set of all vectors of the form
vV + U, where u is any vector of %,

V:{v+u|UG%}

To illustrate the equivalence relation and its decomposition of a vector space into
equivalence sets, we will consider the real vector space %°, which we can represent by the

Euclidean plane. Let u be a fixed vector in %7, and define the subspace # of %* by {/1u|/1 69’2}.

This subspace consists of all vectors of the form Au, 4 € £, which are all parallel to the same
straight line. This subspace is illustrated in Figure 2. From the definition of equivalence, the
vector v is seen to be equivalent to the vector w if the vector v—w is parallel to the line
representing %. Therefore all vectors that differ from the vector v by a vector that is parallel to the
line representing % are equivalent. The set of all vectors equivalent to the vector v is therefore the
set of all vectors that terminate on the dashed line parallel to the line representing % in Figure 2.
The equivalence set of v,V, is the set of all such vectors. The following theorem is a special case
of Exercise 2.2 and shows that an equivalence relation decomposes ¥~ into disjoint sets, that is to
say, each vector is contained in one and only one equivalence set.

! Only in this section do we use a bar over a letter to denote an equivalence set. In other sections, unless otherwise
specified, a bar denotes the complex conjugate.
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Figure 2

Theorem 11.1. If V2w, then Vhw=O.

Proof. Assume that V = W but that there exists a vector X in VvAw. Then xeV, x~v, and
XeW, X ~w. By the transitive property of the equivalence relation we have v ~ w, which
implies V=W and which is a contradiction. Therefore VAW contains no vector unless v=w, in
which case VW =V,

We shall now develop the structure of the factor space. The factor class of % , denoted by
v 1 is the class of all equivalence sets in ¥~ formed by using a subspace # of ¥ . The factor
class is sometimes called a quotient class. Addition and scalar multiplication of equivalence sets
are denoted by

<
+
=]
1l

<
+
s

and

AV =Av

respectively. It is easy to verify that the addition and multiplication operations defined above
depend only on the equivalence sets and not on any particular vectors used in representing the sets.
The following theorem is easy to prove.
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Theorem 11.2. The factor set ¥ /% forms a vector space, called a factor space, with respect to
the operations of addition and scalar multiplication of equivalence classes defined above.

The factor space is also called a quotient space. The subspace % in ¥ /% plays the role of
the zero vector of the factor space. In the trivial case when % = ¥, there is only one equivalence

set and it plays the role of the zero vector. On the other extreme when % = {O} ,then each
equivalence set is a single vector and ¥ /{0} =¥".

Exercises

11.1  Show that the relation between two vectors v and w € ¥~ that makes them equivalent is, in
fact, an equivalence relation in the sense of Section 2.

11.2  Give a geometrical interpretation of the process of addition and scalar multiplication of
equivalence sets in %°in Figure 2.

11.3  Show that ¥ is equal to the union of all the equivalence setsin ¥". Thus ¥ /% is a class
of nonempty, disjoint sets whose union is the entire space 7.

11.4 Prove Theorem 11.2.

115 Show that dim(¥ /%) =dim¥ -dim.
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Section 12. Inner Product Spaces

There is no concept of length or magnitude in the definition of a vector space we have been
employing. The reason for the delay in the introduction of this concept is that it is not needed in
many of the results of interest. To emphasize this lack of dependence on the concept of magnitude,
we have delayed its introduction to this point. Our intended applications of the theory, however, do
employ it extensively.

We define the concept of length through the concept of an inner product. An inner product
on a complex vector space ¥ is a function f : ¥ x¥ — ¢ with the following properties:

(1) f(uv)="f(v,u);

(2) Af(u,v)=f(Au,v);

(3) f(u+w,v)="f(uv)+f(wv);

(4) f(uu)=0and f(uu)=0<u=0;

forall u,v,we7 and A e¢€. InProperty 1 the bar denotes the complex conjugate. Properties 2
and 3 require that f be linear in its first argument; i.e., f (Au+uv,w)=Af (u,w)+uf (v,w)
forall u,v,wev andall 1, €% . Property 1 and the linearity implied by Properties 2 and 3
insure that f is conjugate linear in its second argument; i.e.,
f(uAv+puw)=2f(uv)+zf(uw) forall uvwey andall 1, ue®. Since Property 1
ensures that f (u,u) is real, Property 4 is meaningful, and it requires that f be positive definite.

There are many notations for the inner product. We shall employ the notation of the “dot product”
and write

f(uv)=u-v

An inner product space is simply a vector space with an inner product. To emphasize the
importance of this idea and to focus simultaneously all its details, we restate the definition as
follows.

Definition. A complex inner product space, or simply an inner product space, isaset ¥ and a
field € such that:

€)) There exists a binary operation in ¥ called addition and denoted by + such that:
(1)  (u+v)+w=u+(v+w)forall uv,wev .
2 u+v=v+u forall uvevy .
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3) There exists an element 0 € " such that u+0=u forall uev .
(4)  Forevery ue? there exists an element —u e 7 such that u+(-u)=0.

(b) There exists an operation called scalar multiplication in which every scalar 1 €%
can be combined with every element u e ¥ to give an element Au € ¥~ such that:

0] A(pu)=(Au)u;
(2 (A+p)u=Au+pu;
(3  A(u+v)=Au+Av;
4) lu=u;
forall A,u,e¥¢ andall u,ve? ;

(© There exists an operation called inner product by which any ordered pair of vectors
u and v in ¥ determines an element of ¢ denoted by u-v such that
(1) u-v=v-u;
(2)  Au-v=(Au)-v;
B (u+w)v=u-v+w-v;
4) u-u>0andu-u=0<u=0;
forall u,v,we7 and 1€¢.

A real inner product space is defined similarly. The vector space #" becomes an inner product
space if, for any two vectors u,v e #".where u=(4,4,,...4,) and v =z, tt,..., Ay ), We define
the inner product of u and v by

N
u-v:zl“/ljﬁj
J:

The length of a vector is an operation, denoted by | |, that assigns to each nonzero vector ve 7 a
positive real number by the following rule:

[v|=+v-v (12.1)

Of course the length of the zero vector is zero. The definition represented by (12.1) is for an inner
product space of N dimensions in general and therefore generalizes the concept of “length” or
“magnitude” from elementary Euclidean plane geometry to N-dimensional spaces. Before
continuing this process of algebraically generalizing geometric notions, it is necessary to pause and
prove two inequalities that will aid in the generalization process.

Theorem 12.1. The Schwarz inequality,
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IRVE Y (122)

is valid for any two vectors u,Vv in an inner product space.

Proof. The Schwarz inequality is easily seen to be trivially true when either u or v is the
0 vector, so we shall assume that neither u nor v is zero. Construct the vector

(u-u)v—(v-u)uand employ Property (c4), which requires that every vector have a nonnegative
length, hence

(I = (u-v)(u-v))ulf = 0
Since u must not be zero, it follows that
ol vl > (u-v){u-v) =Ju-vf
and the positive square root of this equation is Schwarz’s inequality.
Theorem 12.2. The triangle inequality
Ju-+v]<ful +|v] (12:3)

is valid for any two vectors u,Vv in an inner product space.

Proof: The squared length of u+v can be written in the form

||u+v||2 :(u+v)-(u+v):||u||2+||v||2+u~v+v~u

=[ulf +[vI| +2Re(u-v)
where Re signifies the real part. By use of the Schwarz inequality this can be rewritten as
2
Ju+v < ulf+ 7+ 2Jull ] = (lu] + v])
Taking the positive square root of this equation, we obtain the triangular inequality.

For a real inner product space the concept of angle is defined as follows. The angle between two
vectors u and v, denoted by &, is defined by
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cosé = (12.4)

u-v
Jullivi

This definition of a real-valued angle is meaningful because the Schwarz inequality in this case
shows that the quantity on the right-hand side of (12.4) must have a value lying between 1 and -1,
i.e.,

u-v
1 —2 <41
Julliv]

Returning to complex inner product spaces in general, we say that two vectors u and v are
orthogonal if u-v or v-u is zero. Clearly, this definition is consistent with the real case, since

orthogonality then means |6|=7/2.

The inner product space is a very substantial algebraic structure and parts of the structure
can be given slightly different interpretations. In particular it can be shown that the length |v|of a

vector v e ¥ is a particular example of a mathematical concept known as a norm, and thus an
inner product space is a normal space. A normon ¥ is a real-valued function defined on ¥

whose value is denoted by |v|| and which satisfies the following axioms:

(1)  |v|z0and |v|=0<v=0;
@ favl=[Aflvi;
@ vl v

forall u,vey andall 2 e¢%. Indefining the norm of v, we have employed the same notation as

that for the length of v because we will show that the length defined by an inner product is a norm,
but the converse need not be true.

Theorem 12.3. The operation of determining the length |v| of ve¥ isanormon 7.

Proof. The proof follows easily from the definition of length. Properties (c1), (c2), and (c4) of an
inner product imply Axioms | and 2 of a norm, and the triangle inequality is proved by Theorem
12.2.

We will now show that the inner product space is also a metric space. A metric space is a
nonempty set .# equipped with a positive real-valued function .# x .# — % ,called the distance
function that satisfies the following axioms:
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(1) d(uv)=0andd(u,v)=0cu=v;
(2) d(uv)
(3)  d(uw)<d(u,v)+d(v,w);

Il
o
—~
<
c
SN

for all u,v,w e .#. In other words, a metric space is a set .# of objects and a positive-definite,
symmetric distance function d satisfying the triangle inequality. The boldface notation for the
elements of .# is simply to save the introduction of yet another notation.

Theorem 12.4. An inner product space ¥~ is a metric space with the distance function given by
d(u,v)=|u-v| (12.5)

Proof. Let w=u—v; then from the requirement that |w||> Oand |\w| =0 < w =0 it follows that
lu-v|>0and [u-v|=0=u=v

Similarly, from the requirement that |w/| = [-w|, it follows that
Ju=vi=[v-ul
Finally, let u be replaced by u—v and vby v—w in the triangle inequality (12.3); then
Ju—w]<fu=v]+]v-w|

which is the third and last requirement for a distance function in a metric space.

The inner product as well as the expressions (12.1) for the length of a vector can be
expressed in terms of any basis and the components of the vectors relative to that basis. Let

{e,.,,....e } be a basis of 7 and denote the inner product of any two base vectors by e,

€, =€, € =§ (12.6)

Thus, if the vectors uand v have the representations
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N N
u=> Ale;, v=> ue, (12.7)
j=1 k=1

relative to the basis {e,,e,,....e, } then the inner product of u and v is given by

N N N

N . .
u-v:;ﬂjej-z/j‘ek => > Al'ey (12.8)
j=

k=1 j=1 k=1

Equation (12.8) is the component expression for the inner product.

From the definition (12.1) for the length of a vector v, and from (12.6) and (12.7),, we can
write

N N - 1/2
(S 3enn 129
j=1 k=1

This equation gives the component expression for the length of a vector. For a real inner product
space, it easily follows that

cos = 2k (12.10)

(iieprﬂpﬂjlz (iieslm'jm

p=1 r=1

In formulas (12.8)-(12.10) notice that we have changed the particular indices that indicate
summation so that no more than two indices occur in any summand. The reason for changing these
dummy indices of summation can be made apparent by failing to change them. For example, in
order to write (12.9) in its present form, we can write the component expressions for v in two
equivalent ways,

V:ZN:yjej, v:iykek
j=1 k=1

and then take the dot product. If we had used the same indices to represent summation in both
cases, then that index would occur four times in (12.9) and all the cross terms in the inner product
would be left out.
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Exercises

12.1  Derive the formula
2u-v = ||u + v||2 +i ||u + iv||2 -1+ i)||u||2 —(1+ i)||v||2

which expresses the inner product of two vectors in terms of the norm. This formula is
known as the polar identity.

12.2  Show that the norm || || induced by an inner product according to the definition (12.1) must
satisfy the following parallelogram law;

Juse v +Ju =] = 2|M" + 2]uf

for all vectors uand v. Prove by counterexample that a norm in general need not be an
induced norm of any inner product.

12.3  Use the definition of angle given in this section and the properties of the inner product to
derive the law of cosines.
12.4 If ¥ and % are inner produce spaces, show that the equation

f((v,w),(u,b))=v-u+w-b

where v,ue? and w,b e %, defines an inner product on v @ %.

12,5 Show that the only vector in 7 that is orthogonal to every other vector in ¥ is the zero
vector.

12.6  Show that the Schwarz and triangle inequalities become equalities if and only if the vectors
concerned are linearly dependent.

12.7  Show that |[u, — u,[ >u,|- |u,| for all u,,u, inan inner product space 7.
12.8  Prove by direct calculation that Z?:lz:':lejkyjﬁk in (12.9) is real.

12,9 If # isasubspace of an inner product space ¥°, prove that # is also an inner product
space.

12.10 Prove that the N x N matrix [ e;, | defined by (12.6) is nonsingular.
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Section 13. Orthonormal Bases and Orthogonal Complements

Experience with analytic geometry tells us that it is generally much easier to use bases
consisting of vectors which are orthogonal and of unit length rather than arbitrarily selected
vectors. Vectors with a magnitude of 1 are called unit vectors or normalized vectors. A set of
vectors in an inner product space ¥~ is said to be an orthogonal set if all the vectors in the set are
mutually orthogonal, and it is said to be an orthonormal set if the set is orthogonal and if all the

vectors are unit vectors. In equation form, an orthonormal set {i,,...,i,, } satisfies the conditions

. 1 if j=k
Q=6 = 13.1
ol = On {o it jzk (13

The symbol &, introduced in the equation above is called the Kronecker delta.

Theorem 13.1. An orthonormal set is linearly independent.

Proof. Assume that the orthonormal set {i,,i,,...,i,, } is linearly dependent, that is to say there

exists a set of scalars {/11, A2 AM } not all zero, such that

M

> Al =0

j=1

The inner product of this sum with the unit vector i, gives the expression

M .
N A8, = Aoy e+ ANy = A€ =0

j=1

for k =1,2,...,M. A contradiction has therefore been achieved and the theorem is proved.

As a corollary to this theorem, it is easy to see that an orthonormal set in an inner product
space ¥ can have no more than N =dim¥~ elements. An orthonormal set is said to be complete in
an inner product space ¥  if it is not a proper subset of another orthonormal set in the same space.
Therefore every orthonormal set with N =dim ¥~ elements is complete and hence maximal in the
sense of a linearly independent set. It is possible to prove the converse: Every complete
orthonormal set in an inner product space ¥ has N =dim¥  elements. The same result is put in a
slightly different fashion in the following theorem.
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Theorem 13.2. A complete orthonormal set is a basis for ¥ ; such a basis is called an orthonormal
basis.

Any set of linearly independent vectors can be used to construct an orthonormal set, and
likewise, any basis can be used to construct an orthonormal basis. The process by which this is
done is called the Gram-Schmidt orthogonalization process and it is developed in the proof of the
following theorem.

Theorem 13.3. Given a basis {e,,e,,...,e, } of an inner product space ¥, then there exists an

orthonormal basis {i,,...,i, } suchthat {e,....e,} and {i,,...,i,} generate the same subspace % of
v ,foreach k=1,...,N.

Proof. The construction proceeds in two steps; first a set of orthogonal vectors is constructed, then
this set is normalized. Let {d,,d,,...,d, }denote a set of orthogonal, but not unit, vectors. This set

is constructed from {e,,e,,...,e } as follows: Let d, =e, and put

dz =€, +§d1

The scalar & will be selected so that d, is orthogonal to d,; orthogonality of d; and d,requires
that their inner product be zero; hence

d,-d,=0=e, d, +&d, -d,

implies

where d, -d, #0since d, #0. The vector d, is not zero, because e, and e, are linearly
independent. The vector d, is defined by

d,=e,+&%d, +&£'d,

The scalars £% and &' are determined by the requirement that d, be orthogonal to both d,and d,;
thus
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d,-d, =e,-d, + &', -d, =0
d,-d,=d,-d,+&%d,-d, =0

and, as a result,

The linear independence of e,,e,,and e, requires that d, be nonzero. Itis easy to see that this
scheme can be repeated until a set of N orthogonal vectors {d,,d,,...,d } has been obtained. The
orthonormal set is then obtained by defining

i, =d/||d], k=12..,N

It is easy to see that {e,...,e,}, {d,,...,d,},and, hence, {i,,...,i,} generate the same subspace for
each k.

The concept of mutually orthogonal vectors can be generalized to mutually orthogonal
subspaces. In particular, if % is a subspace of an inner product space, then the orthogonal

complement of % is a subset of ¥, denoted by %", such that

@+ ={v|v-u=0forallue} (13.2)
The properties of orthogonal complements are developed in the following theorem.
Theorem 13.4. If % is a subspace of ¥, then (a) %" is a subspace of ¥ and (b) ¥ =% ® %".

Proof. (a) If u, and u, are in #*, then

u-v=u,-v=0

forall ve % . Therefore forany 4,4, €%,
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(AU, +A,U,)- V=AU, -V+ AU, -v=0

Thus Au, + LU, e %"

(b) Consider the vector space % +%*. Let ve#n%". Thenby (13.2), v-v =0, which
implies v=0. Thus #+%" =% ® %". Toestablishthat ¥’ =% ® @", let {i,,...,i;}bean
orthonormal basis for %. Then consider the decomposition

The term in the brackets is orthogonal to each i and it thus belongs to *. Also, the second term
isin # Therefore ¥ =+ =% ® %", and, the proof is complete.

As a result of the last theorem, any vector v € ¥~ can be written uniquely in the form

V=Uu+w (13.3)
where ue# and we%". If visa vector with the decomposition indicated in (13.3), then
I =+ i =+l - w =+
It follows from this equation that
M=l v

The equation is the well-known Pythagorean theorem, and the inequalities are special cases of an
inequality known as Bessel’s inequality.

Exercises

13.1  Show that with respect to an orthonormal basis the formulas (12.8)-(12.10) can be written
as

N
u-v=>y A'n (13.4)
=1
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N - -
M =27 (135)
j=

and, for a real vector space,

13.2
13.3

13.4

135

13.6

13.7

and

N
Zjﬂll,ul

cosd = N 172 N 172
p,,P [
(awwr) (X

(13.6)

Prove Theorem 13.2.
If % is a subspace of the inner product space ¥, show that

(v°) =2
If ¥~ is an inner product space, show that

7 ={0}
Compare this with Exercise 12.5.
Given the basis

e, =(111), e,=(011), e,=(0,01)

for 22°, construct an orthonormal basis according to the Gram-Schmidt orthogonalization
process.

If % is asubspace of an inner product space ¥, show that
dim#* =dimy -dim#

Given two subspaces ¥, and ¥, of ¥, show that
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13.8 Inthe proof of Theorem 13.4 we used the fact that if a vector is orthogonal to each vector
i, of abasis {i,,...,i, }of #, then that vector belongs to %*. Give a proof of this fact.
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Section 14. Reciprocal Basis and Change of Basis

In this section we define a special basis, called the reciprocal basis, associated with each
basis of the inner product space ¥". Components of vectors relative to both the basis and the
reciprocal basis are defined and formulas for the change of basis are developed.

The set of N vectors {el,ez,...,eN} is said to be the reciprocal basis relative to the basis

{e,.e,,....e, } of aninner product space ¥ if

e“-e.=0, ks=12...,N (14.1)

where the symbol &' is the Kronecker delta defined by

‘ {1,
Sk = (14.2)

Thus each vector of the reciprocal basis is orthogonal to N —1 vectors of the basis and when its
inner product is taken with the Nth vector of the basis, the inner product has the value one. The
following two theorems show that the reciprocal basis just defined exists uniquely and is actually a
basis for 7.

Theorem 14.1. The reciprocal basis relative to a given basis exists and is unique.

Proof. Existence. We prove only existence of the vector e'; existence of the remaining vectors
can be proved similarly. Let % be the subspace generated by the vectors e,,...,e,, and suppose

that %" is the orthogonal complement of % . Then dim% = N -1, and from Theorem 10.9,
dim#* =1. Hence we can choose a nonzero vector w e #*. Since e, %, e, and ware not
orthogonal,

e,-w=0

we can simply define
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Then e' obeys (14.1) for k =1.

Uniqueness. Assume that there are two reciprocal bases, {el,ez,...,eN}and {dl,dz,...,dN} relative
to the basis {e, e,,...,e, }of 7". Then from (14.1)

e“e, =05 and d“-e, =5 for k,s=1,2,...,N
Subtracting these two equations, we obtain
(e*-d*)-e,=0, k,5=12...,N (14.3)

Thus the vector e*—d* must be orthogonal to {e,,e,,....e,} Since the basis generates ", (14.3) is
equivalent to

(e*~d*)-v=0 forall vey (14.4)

In particular, we can choose v in (14.4) to be equal to e*—d*, and it follows then from the
definition of an inner product space that

e“=d*, k=12...,N (14.5)

Therefore the reciprocal basis relative to {e,,e,,...,e, } is unique.

The logic in passing from (14.4) to (14.5) has appeared before; cf. Exercise 13.8.

Theorem 14.2. The reciprocal basis {el,ez,...,eN} with respect to the basis {e,,e,,...,e, } of the

inner product space 7 is itself a basis for 7.

Proof. Consider the linear relation

iﬂqeq =0
g=1
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If we compute the inner product of this equation withe,, k=1, 2,...,N , then

N N
> At e =>280=2=0
g=1 q=1

Thus the reciprocal basis is linearly independent. But since the reciprocal basis contains the same
number of vectors as that of a basis, it is itself a basis for 7.

Since e, k=1, 2,...,N , isin ¥, we can always write

N
ek =) elle, (14.6)
=1
where, by (14.1) and (12.6),
k k 4 ki
— — q
e“-e, = _lee €4 (14.7)
=
and
K i N kS K _ Ak
e -e’:Z;eq@;:e‘:e’ (14.8)
q:

From a matrix viewpoint, (14.7) shows that the N? quantities e (k,q=12,..., N) are the
elements of the inverse of the matrix whose elements are e .. In particular, the matrices [ekq] and

[eqS] are nonsingular. This remark is a proof of Theorem 14.2 also by using Theorem 9.5. It is
possible to establish from (14.6) and (14.7) that

e, = e (14.9)

N
k=1

To illustrate the construction of a reciprocal basis by an algebraic method, consider the real
vector space #°, which we shall represent by the Euclidean plane. Let a basis be given for %
which consists of two vectors 45° degrees apart, the first one, e,, two units long and the second

one, e,,one unit long. These two vectors are illustrated in Figure 3.
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To construct the reciprocal basis, we first note that from the given information and equation
(12.6) we can write

ey =4, €,=6,= \/E' €, =1 (14.10)

Writing equations (14.7), out explicitly for the case N =2, we have

e''e, +€%e, =1, e’'e, +e%e, =0
(14.11)
e''e, +e'e, =0, e’'e, +e%e,, =1
Substituting (14.10) into (14.11), we find that
plt :%’ el? — 2l _1/\/5, 2 -2 (14.12)

»
'e]_

e1

Figure 3. A basis and reciprocal basis for %°

When the results (14.2) are put into the special case of (14.6) for N =2, we obtain the explicit
expressions for the reciprocal basis {el, ez},

e! :%e1

e’ = —ie1 +2e, (14.13)

1
NG 72

The reciprocal basis is illustrated in Figure 3 also.
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Henceforth we shall use the same kernel letter to denote the components of a vector relative
to a basis as we use for the vector itself. Thus, a vector v has components v, k =1,2,...,N

relative to the basis {e,,e,,...,e, } and components v, , k =1, 2,...,N , relative to its reciprocal basis,

N
v=>) v, v=) ve* (14.14)
k=1

The components v*,v?,...,v" with respect to the basis {e,,e,,....e,} are often called the
contravariant components of v, while the components v,,v,,...,v,, with respect to the reciprocal
basis {el,ez,...,eN } are called covariant components. The names covariant and contravariant are

somewhat arbitrary since the basis and reciprocal basis are both bases and we have no particular
procedure to choose one over the other. The following theorem illustrates further the same remark.

Theorem 14. 3. If {¢',...,e" }is the reciprocal basis of {e,,....e } then {e,,....e, } is also the

reciprocal basis of {e',....e"}.

For this reason we simply say that the bases {e,,...,e, } and {e",...,e" are (mutually)

reciprocal. The contravariant and covariant components of vare related to one another by the
formulas

N
K _\ .ok _ qk
V—VE—Equ

g=1

(14.15)

N

Ve=V-g = e,V
g=1

where equations (12.6) and (14.8) have been employed. More generally, if u has contravariant
components u' and covariant components u, relative to {e,,...ey}and {el,...,eN}, respectively,

then the inner product of uand v can be computed by the formulas

u-v:iuivi :iuivi :iie”uivj :iieijuivj (14.16)
i=1 i=1

i=1 j=1 i=1 j=1

which generalize the formulas (13.4) and (12.8).
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As an example of the covariant and contravariant components of a vector, consider a vector
v in #° which has the representation

v:geﬁZe2

relative to the basis {e,, e, } illustrated in Figure 3. The contravariant components of v are then
(3/2,2); to compute the covariant components, the formula (14.16); is written out for the case

N =2,
1 2 1 2
vV, =€,V +6,V°, V,=6,V +86,V

Then from (14.10) and the values of the contravariant components the covariant components are
given by

V=6+2v2, v, =(3/42)+2

hence
v=(6+2v2)e"+(3/v2+2)¢’

The contravariant components of the vectorv are illustrated in Figure 4. To develop a geometric
feeling for covariant and contravariant components, it is helpful for one to perform a vector
decomposition of this type for oneself.

el

Figure 4. The covariant and contravariant components of a vector in %°.

A substantial part of the usefulness of orthonormal bases is that each orthonormal basis is
self-reciprocal; hence contravariant and covariant components of vectors coincide. The self-
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reciprocity of orthonormal bases follows by comparing the condition (13.1) for an orthonormal
basis with the condition (14.1) for a reciprocal basis. In orthonormal systems indices are written
only as subscripts because there is no need to distinguish between covariant and contravariant
components.

Formulas for transferring from one basis to another basis in an inner product space can be
developed for both base vectors and components. In these formulas one basis is the set of linearly

independent vectors {e,,...,e, }, while the second basis is the set {é,,...,& }. From the fact that
both bases generate ¥, we can write

& =>.Te, k=12..,N (14.17)
s=1
and
N .
e, =§quk, q=12,.,N (14.18)

where qu and T, are both sets of N? scalars that are related to one another. From Theorem 9.5 the

N x N matrices | T} | and ['I:H must be nonsingular,

N

Substituting (14.17) into (14.18) and replacing e, by ZS oce., we obtain

=1 q°s’

which can be rewritten as

y NTAkaS—as .=0 (14.19)
q q

The linear independence of the basis {es} requires that

N ~
DT T =6 (14.20)
k=1
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A similar argument yields

N ~
DT =47 (14.21)

k=1

In matrix language we see that (14.20) or (14.21) requires that the matrix of elements qu be the

inverse of the matrix of elements 'fkq . It is easy to verify that the reciprocal bases are related by

N N —
e =T e, e =) Tk (14.22)
q=1 k=1

The covariant and contravariant components of v €V relative to the two pairs of reciprocal bases
are given by

i i =i0“éq=i%é“ (14.23)
k=1

To obtain a relationship between, say, covariant components of v, one can substitute (14.22); into
(14.23), thus

and it follows from the linear independence of the basis {éq} that

iT— (14.24)

In a similar manner the following formulas can be obtained:
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N ~
V=D TV (14.25)
k=1
N
V=Y T (14.26)
g=1
and
N ~_
Ve = 2 TN, (14.27)
g=1
Exercises
14.1  Show that the quantities T; and qu introduced in formulas (14.17) and (14.18) are given
by the expressions
T =8¢, TS =e, & (14.28)
14.2  Derive equation (14.21).
14.3  Derive equations (14.25)-(14.27).
14.4  Given the change of basis in a three-dimensional inner product space 7~ ,
f,=2e,-e,-¢e,, f,=—e +e, f,=4e —e,+0e,
find the quantities T, and T
145 Given the vector v =e, +¢€, + ¢, in the vector space of the problem above, find the
covariant and contravariant components of v relative to the basis {f,,f,,f,}.
14.6  Show that under the basis transformation (14.17)
R R R N -
6, =88, =D TTe,
s,q=1
and

14.7

Prove Theorem 14.3.



Chapter 4

LINEAR TRANSFORMATIONS

Section 15 Definition of Linear Transformation

In this section and in the other sections of this chapter we shall introduce and study a special
class of functions defined on a vector space. We shall assume that this space has an inner
product, although this structure is not essential for the arguments in Sections 15-17. If ¥ and %
are vector spaces, a linear transformation is a function A : ¥ — % such that

(@) A(u+v)=A(u)+A(v)
(b) A(Au)=1A(u)

forall u,ve¥ and 1 €% . Condition (a) asserts that A is a homomorphism on ¥~ with respect
to the operation of addition and thus the theorems of Section 6 can be applied here. Condition
(b) shows that A , in addition to being a homomorphism, is also homogeneous with respect to the
operation of scalar multiplication. Observe that the + symbol on the left side of (a) denotes
addition in¥, while on the right side it denotes addition in % . It would be extremely
cumbersome to adopt different symbols for these quantities. Further, it is customary to omit the

parentheses and write simply Au for A(u) when A is a linear transformation.

Theorem 15.1. If A:¥ — 4 is a function from a vector space ¥~ to a vector space %, then
Ais a linear transformation if and only if

A(Au+pv)=2A(u)+ uA(v)
forall uyvev and 4, uc?.

The proof of this theorem is an elementary application of the definition. It is also
possible to show that

A(Avy+ APV, o+ ATV ) = AAY, + AAv, +---+ ARAv, (15.1)

85
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forall v,,..,v,e7 and 2',..,A% e¥.

By application of Theorem 6.1, we see that for a linear transformation A: 7 — %

A0=0 and  A(-v)=-Av

Note that in (15.2); we have used the same symbol for the zero vector in ¥~ asin %.

(15.2)

Theorem 15.2. If {v,,v,,...,v.}is a linearly dependent setin ¥ and if A:¥ — % is a linear

transformation, then {Av,,Av,,...,Av,}is a linearly dependent set in% .

Proof Since the vectors v,,..., v, are linearly dependent, we can write

where at least one coefficient is not zero. Therefore

A(izjvjj =ZR‘/11AVJ. =0

=1 j=1

where (15.1) and (15.2) have been used. The last equation proves the theorem.

If the vectors v,,..., v, are linearly independent, then their image set {Av,,Av,,...

AV, |

may or may not be linearly independent. For example, A might map all vectors into 0. The

kernel of a linear transformation A : ¥ — % is the set

K(A)={v|Av=0]
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In other words, K (A)is the preimage of the set {0} in%. Since {0} is a subgroup of the

additive group %, it follows from Theorem 6.3 that K (A) is a subgroup of the additive group .
However, a stronger statement can be made.

Theorem 15.3. The set K (A)is a subspace of 7.

Proof. Since K(A) is a subgroup, we only need to prove that if ve K(A), then Ave K(A)
forall Ae#. Thisis clear since

A(Av)=21Av=0

forall v in K(A).

The kernel of a linear transformation is sometimes called the null space. The nullity of a
linear transformation is the dimension of the kernel, i.e., dimK(A). Since K(A) is a subspace

of 7, we have, by Theorem 10.2,
dim K (A) <dim¥ (15.3)
Theorem 15.4. A linear transformation A:% — % is one-to-one if and only if K (A)={0}.

Proof. This theorem is just a special case of Theorem 6.4. For ease of reference, we shall repeat
the proof. If Au= Av, then by the linearity of A, A(u-v)=0. ThusifK(A)={0}, then

Au= Av implies u=v, sothat A is one-to-one. Now assume A is one-to-one. Since K(A)

is a subspace, it must contain the zero in ¥~ and therefore A0O=0. If K(A) contained any other
element v, we would have Av =0, which contradicts the fact that A is one-to-one.

Linear transformations that are one-to-one are called regular linear transformations. The
following theorem gives another condition for such linear transformations.

Theorem 15.5. A linear transformation A : ¥ — 4% is regular if and only if it maps linearly
independent sets in ¥ to linearly independent sets in %.
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Proof. Necessity. Let {v,,v,,...,v,} bealinearly independent setin " and A: ¥ — % bea
regular linear transformation. Consider the sum

ixlevj =0

j=1

This equation is equivalent to

R -
A[Zﬂ‘v jj =0
j=1
Since A is regular, we must have
R -
> Alv,=0
j=1

Since the vectors v,,v,,..., v, are linearly independent, this equation shows
At=2%=---=2% =0, which implies that the set {Av,,...,Av.} is linearly independent.

Sufficiency. The assumption that A preserves linear independence implies, in particular, that
Av = 0 for every nonzero vector v € ¥ since such a vector forms a linearly independent set.

Therefore K (A) consists of the zero vector only, and thus A is regular.
For a linear transformation A : ¥ — % we denote the range of A by
R(A)={Avlve7|

It follows form Theorem 6.2 that R(A) is a subgroup of %. We leave it to the reader to prove
the stronger results stated below.

Theorem 15.6. The range R(A) is a subspace of #.
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We have from Theorems 15.6 and 10.2 that

dimR(A) <dim# (15.4)

The rank of a linear transformation is defined as the dimension of R(A), i.e,, dimR(A). A
stronger statement than (15.4) can be made regarding the rank of linear transformation A .

Theorem 15.7. dimR(A)<min(dim¥,dim#%).

Proof. Clearly, it suffices to prove that dimR(A)<dim¥", since this inequality and (15.4)

imply the assertion of the theorem. Let {e,,e,,...,e,} be abasis for¥", where N =dim¥".
Then v e can be written

N .
v=> vle,
=1
Therefore any vector Av e R(A)can be written

Av=iviAej

j=1
Hence the vectors {Ae,, Ae,,..., Ae, } generate R(A). By Theorem 9.10, we can conclude
dimR(A)<dim¥ (15.5)

A result that improves on (15.5) is the following important theorem.

Theorem 15.8. If A:¥ — % is a linear transformation, then

dimy =dimR(A)+dimK (A) (15.6)
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Proof. Let P=dimK(A), R=dimR(A), and N =dim?". We must prove that N =P +R.
Select N vectors in ¥ such that {e,,e,,...,e,} isabasis for K(A) and
{e,e,,....€ep,€,,,...,€, } abasis for ¥'. Asin the proof of Theorem 15.7, the vectors

{Ae,, Ae,,...,Ae;, Ae, ..., Ae, | generate R(A). But, by the properties of the kernel,

Ae, = Ae, =---= Ae, =0. Thus the vectors {Ae,,,,Ae, ,,...,Ae, | generate R(A). If we can

establish that these vectors are linearly independent, we can conclude from Theorem 9.10 that
the vectors {Ae,,,, Ae,.,.,..., Ae, } form a basis for R(A)and that dimR(A)=R=N —P.

Consider the sum

R .
> AlAe,, =0

i1

Therefore

A(iljepﬂ}zﬂ

=1

which implies that the vector Z?zlijepﬂ. e K(A). This fact requires that

At=2%=...= AR =0, or otherwise the vector Z';/%"epﬂ could be expanded in the basis

{e,.e,,...,e, }, contradicting the linear independence of {e, e,,...,e, }. Thus the set
{Ae,,;, Ae,,,,...,Ae | is linearly independent and the proof of the theorem is complete.

As usual, a linear transformation A : 7" — % is said to be onto if R(A) =4, i.e., for
every vector u € % there exists v e ¥~ such that Av=u.

Theorem 15.9. dimR(A)=dim# if and only if A is onto.

In the special case when dim¥” =dim%;, it is possible to state the following important
theorem.

Theorem 15.10. If A: ¥ — % is a linear transformation and if dim¥ =dim%, then A isa
linear transformation onto % if and only if A is regular.
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Proof. Assume that A:¥" — % isonto %, then (15.6) and Theorem 15.9 show that
dimy =dim# =dim% +dimK (A)

Therefore dimK (A)=0 and thus K(A)={0}and A is one-to-one. Nextassume that A is
one-to-one. By Theorem 15.4, K (A)={0}and thusdimK (A)=0. Then (15.6) shows that

dimy =dimR(A)=dim%
By using Theorem 10.3, we can conclude that
R(A)=%

and thus A is onto.

Exercises

15.1 Prove Theorems 15.1, 15.6, and 15.9
15.2 Let A:¥ — % be a linear transformation, and let ¥ be a subspace of ¥". The
restriction of A to#* is a function A 9 ¥ — 4 defined by

A

Vlv=AV

for all ve¥*. Show that A
K(A|,.)=K(A)n?*

» is a linear transformation and that

15.3 Let A:¥ — % be alinear transformation, and define a function A : ¥ /K (A) —> U by

AV = Av
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forall ve¥". Here vdenotes the equivalence setof v in 7' /K(A). Showthat A isa

linear transformation. Show also that A is regular and that R(A)= R(K).

Let ¥ be a subspace of ¥, and define a function P: ¥ — v /¥ by

Pv=vV
forall v in ¥ . Prove that P is a linear transformation, onto, and that K (P)=7". The
mapping P is called the canonical projection from » to ¥ /7.

Prove the formula
dimy” =dim(¥ /%) +dimy* (15.7)
of Exercise 11.5 by applying Theorem 15.8 to the canonical projection P defined in the

preceding exercise. Conversely, prove the formula (15.6) of Theorem 15.8 by using the
formula (15.7) and the result of Exercise 15.3.

Let  and ¥ be vector spaces, and let @ 7~ be their direct sum. Define mapping
P:2®Y >% and P, % ®Y — ¥ by

P (uw,v)=u, P,(u,v)=v

forall ue# and vev". Show that P,and P, are onto linear transformations. Show
also the formula

dim(Z®7)-dim# +dim»

of Theorem 10.9 by using these linear transformations and the formula (15.6). The
mappings P,and P, are also called the canonical projections from # @ ¥ to % and v,

respectively.
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Section 16. Sums and Products of Liner Transformations

In this section we shall assign meaning to the operations of addition and scalar
multiplication for linear transformations. If A and B are linear transformations ¥ — %, then
their sum A + B is a linear transformation defined by

(A+B)v=Av+Byv (16.1)

forall ve¥ . Inasimilar fashion, if 1 €%, then AA is a linear transformation ¥v" — % defined
by

(AA)v=1(Av) (16.2)

forall vey'. Ifwewrite ¢(7;%) for the set of linear transformations from 7" to % , then
(16.1) and (16.2) make ¢ (7";%) a vector space. The zero element in % (7";%)is the linear

transformation 0 defined by

0v=0 (16.3)

forall vey'. Thenegative of A e (7;%) isa linear transformation —A € % (¥";% ) defined
by

~A=-1A (16.4)

It follows from (16.4) that -A is the additive inverse of A € ,?(V;%) . This assertion follows
from

A+(-A)=A+(-1A)=1A +(-1A) = (1-1)A = 0A =0 (16.5)
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where (16.1) and (16.2) have been used. Consistent with our previous notation, we shall write

A —B for the sum A+(—B) formed from the linear transformations A andB. The formal

proof that & (¥";%) is a vector space is left as an exercise to the reader.

Theorem 16.1. dim.% (7 ;%)=dim7 dim%.

Proof. Let {e,,...,e, } be a basis for 7" and {b,,...,b,, } be a basis for# . Define NM linear
transformations A* : ¥ — % by

A¥e =b,, k=1..,N; a=1..,M

16.6
Ale,=0, k=#p (169

If A is an arbitrary member of % (¥";%), then Ae, €%, and thus

Based upon the properties of A, we can write the above equation as

M M N
Ae, = ZA?AZek = ZZAQZAZGK
a=1

a=1 s=1

Therefore, since the vectors e,,...,e, generate ¥, we find

[A—ii&“Ai]v=0

a=1 s=1

for all vectors ve¥". Thus, from (16.3),

M N

A=) NAS (16.7)

a=1 s=1



Sec. 16 . Sums and Products 95

This equation means that the MN linear transformations A} (s=1,...,N;a =1,...,M) generate

Z(¥;%). If we can prove that these linear transformations are linearly independent, then the
proof of the theorem is complete. To this end, set

M N

DAL =0

a=1 s=1

Then, from (16.6),

M N

22 AA(e) =2 Ab, =0

a=1 s=1

Thus A7 =0, (p=1..,N; @=1,..,M) because the vectors b,,...,b,, are linearly independent
in @ . Hence {A} isabasis of £ (¥;4). Asaresult, we have

dim #(7;2)=MN =dim#dim» (16.8)

If A:¥v —> % and B:% — w are linear transformations, their product is a linear
transformation ¥~ — ¥, written BA , defined by

BAv =B(Av) (16.9)

forall ve . The properties of the product operation are summarized in the following theorem.

Theorem 16.2.

C(BA)=(CB)A
(A + uB)C = 2AC + uBC (16.10)
C(AA + uB)= ACA + uCB
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forall A, €% and where it is understood that A,B,and C are defined on the proper vector
spaces so as to make the indicated products defined.

The proof of Theorem 16.2 is left as an exercise to the reader.

Exercises

16.1  Prove that #(¥";4) is a vector space

16.2 Prove Theorem 16.2.
16.3 Let 7, %,and ¥ be vector spaces. Given any linear mappings A:7 — % and

B:% — W , show that

dimR(BA) <min(dimR(A),dimR(B))

16.4 Let A:7 — % be alinear transformation and define A :¥"/K(A)— % as in Exercises

153. If P:¥v > v /K (A) is the canonical projection defined in Exercise 15.4, show
that

This result along with the results of Exercises 15.3 and 15.4 show that every linear
transformation can be written as the composition of an onto linear transformation and a
regular linear transformation.
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Section 17. Special Types of Linear Transformations

In this section we shall examine the properties of several special types of linear
transformations. The first of these is one called an isomorphism. In section 6 we discussed
group isomorphisms. A vector space isomorphism is a regular onto linear transformation
A7 — 9 . Itimmediately follows from Theorem 15.8 that if A:¥ — % is an isomorphism,
then

dim¥ =dim% (17.1)

An isomorphism A : ¥ — % establishes a one-to-one correspondence between the elements of
v and % . Thus there exists a unique inverse function B: % — ¥ with the property that if

u=Av (17.2)
then

v=B(u) (17.3)

forall we % and ve v . We shall now show that B is a linear transformation. Consider the
vectors u, and u, € % and the corresponding vectors [as a result of (17.2) and (17.3)] v, and

v, €¥ . Then by (17.2), (17.3), and the properties of the linear transformation A ,

B(Au, + zm,) =B(AAv, + uAv,)
=B(A(Av,+uv,))
=Av, + uv,
=AB(u,)+ uB(u,)

Thus B is a linear transformation. This linear transformation shall be written A™. Clearly the
linear transformation A~ is also an isomorphism whose inverse is A ; i.e.,

(A7) =aA (17.4)
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Theorem 17.1. If A:¥ — % and B: % — # are isomorphisms, then BA: 7 — # is an
isomorphism whose inverse is computed by

(BA) ' =A"B™ (17.5)

Proof. The fact that BA is an isomorphism follows directly from the corresponding properties
of A and B. The fact that the inverse of BA is computed by (17.5) follows directly because if

then

Thus

V= (BA)fl w=A"B'w
Therefore ((BA)fl —~ A‘lB‘l)w =0 for all we ¥ , which implies (17.5).

The identity linear transformation 1:7 — ¥ is defined by
Iv=v (17.6)

forall v in 7. Often it is desirable to distinguish the identity linear transformations on different
vector spaces. In these cases we shall denote the identity linear transformation by I, . It follows

from (17.1) and (17.3) that if A is an isomorphism, then
AA'=1, and AA=1, (17.7)

Conversely, if A is a linear transformation from ¥~ to% , and if there exists a linear
transformation B: % — ¥ such that AB =1, andBA =1, then A is an isomorphism and
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B=A". The proof of this assertion is left as an exercise to the reader. Isomorphisms are often
referred to as invertible or nonsingular linear transformations.

A vector space ¥ and a vector space % are said to be isomorphic if there exists at least
one isomorphism from ¥ to% .

Theorem 17.2. Two finite-dimensional vector spaces ¥ and % are isomorphic if and only if
they have the same dimension.

Proof. Clearly, if ¥ and % are isomorphic, by virtue of the properties of isomorphisms,
dim¥ -dim#% . If  and ¥~ have the same dimension, we can construct a regular onto linear

transformation A : 7" — % as follows. If {e,...,e} is abasis for 7 and {b,,...,b} isa basis
for % , define A by

Ae =b,,  k=1..N (17.8)

Or, equivalently, if

then define A by

Av =) Vb, (17.9)

A isregular because if Av=0, then v=0. Theorem 15.10 tells us A is onto and thus is an
isomorphism.

As a corollary to Theorem 17.2, we see that ¥~ and the vector space #", where
N =dimv, are isomorphic.

In Section 16 we introduced the notation % (¥; %) for the vector space of linear
transformations from 7" to % . The set #(#";7") corresponds to the vector space of linear

transformations 7" — 7". An element of #(7";7") is called an endomorphism of 7. This
nomenclature parallels the previous usage of the word endomorphism introduced in Section 6. If
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an endomorphism is regular (and thus onto), it is called an automorphism. The identity linear
transformation defined by (17.6) is an example of an automorphism. If A e #(7;7),thenitis

easily seen that
Al=TA=A (17.10)

Also, if A andarein#(¥;¥), itis meaningful to compute the products ABand BA ;
however,

AB % BA (17.11)

in general. For example, let ¥~ be a two-dimensional vector space with basis {el,ez} and define
A and B Dby the rules

2 2
Ae, => Ale, and  Be, =) Ble,
=1 j=1

where A’ and B’, . k, j=1,2, are prescribed. Then

2 ) 2 )
BAe, =Y AlB'le, and ABe, =) B Ae

jl=1 jl=1

An examination of these formulas shows that it is only for special values of A’ and B/, that
AB =BA.

The set Z(7';7") has defined on it three operations. They are (a) addition of elements
of £(¥;%), (b) multiplication of an element of ¢ (¥";¥") by a scalar, and (c) the product of a
pair of elements of #(¥";%"). The operations (a) and (b) make % (7";7") into a vector space,
while it is easily shown that the operations (a) and (c) make #(¥";#") into a ring. The structure
of £(¥;%') is an example of an associative algebra.
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The subset of #(7;%) that consists of all automorphisms of ¥ is denoted by 4.4 (7).

It is immediately apparent that 4% (¥") is not a subspace of #(7";%"), because the sum of two

of its elements need not be an automorphism. However, this set is easily shown to be a group
with respect to the product operation. This group is called the general linear group. Its identity

elementis I and if A e%% (), itsinverseis A™ e 42 (7).

A projection is an endomorphism P e ¢ (7';7") which satisfies the condition

P°=P (17.12)
The following theorem gives an important property of a projection.

Theorem 17.3. If P:¥ — ¥ is a projection, then
¥ =R(P)®K(P) (17.13)
Proof. Let v be an arbitrary vector in ¥". Let
w=v-Pv (17.14)

Then, by (17.12), Pw=Pv—P(Pv)=Pv—Pv=0. Thus, we K(P). Since PveR(P),
(17.14) implies that

¥ =R(P)+ K (P)

To show that R(P) K (P)={0}, let ue R(P)nK(P). Then, since ueR(P) for some
ve? , u=Pv. But,since u isalso inK(P),

0=Pu=P(Pv)=Pv=u

which completes the proof.
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The name projection arises from the geometric interpretation of (17.13). Given any
v e 7, then there are unique vectors u e R(P) and w € K (P) such that

v=u+tw (17.15)

where

I
=
QD
>
o
-
=
I
<

Pu (17.16)

Geometrically, P takes v and projects in onto the subspace R(P) along the subspace K (P).
Figure 5 illustrates this point for ¥ = %°.

w=(I-P)w

u=Pv

Figure 5

Given a projection P, the linear transformation I—P is also a projection. It is easily
shown that

¥ =R(1-P)®K (I-P)
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and

It follows from (17.16) that the restriction of P to R(P) is the identity linear transformation on

the subspace R(P). Likewise, the restriction of I-P to K(P) is the identity linear
transformation on K (P). Theorem 17.3 is a special case of the following theorem.

Theorem 17.4. If P, k =1,...,R, are projection operators with the properties that

P’ =P, k=1..,R
(17.17)
PP =0, k#q
and
R
I=)P (17.18)
k=1
then
¥ =R(P)®R(P,)®--®R(P;) (17.19)

The proof of this theorem is left as an exercise for the reader. As a converse of Theorem
17.4,if ¥ has the decomposition

YV =¥® DY (17.20)

then the endomorphisms P, : ¥~ — ¥ defined by

Pv=v, k=1..R (17.21)
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where

V=V, +V,+ 4V, (17.22)

are projections and satisfy (17.18). Moreover, %, =R(P,), k=1....,R.

Exercises

171 Let A:7 —> % and B: % — 7 be linear transformations. If AB =1, then B is the right
inverse of A. If BA=1, then B isthe left inverse of A. Show that A isan
isomorphism if and only if it has a right inverse and a left inverse.

17.2  Show that if an endomorphism A of ¥~ commutes with every endomorphism B of 7,
then A is a scalar multiple of L

17.3  Prove Theorem 17.4

17.4  An involution is an endomorphism L such that L =1. Show that L is an involution if

and only if P = %(L +1) is a projection.

17.5 Consider the linear transformation A
¥ =7 ®K(A), then A

17.6 If A isalinear transformation from ¥ to  where dim¥ =dim%, assume that there
exists a linear transformation B: % — ¥ such that AB =1 (or BA =1). Show that A is

an isomorphism and that B=A".

, -9 — 9 defined in Exercise 15.2. Show that if

. is am isomorphism from 7"to R(A).
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Section 18. The Adjoint of a Linear Transformation

The results in the earlier sections of this chapter did not make use of the inner product
structure on¥". In this section, however, a particular inner product is needed to study the adjoint
of a linear transformation as well as other ideas associated with the adjoint.

Given a linear transformation A : " — % , a function A*: % — ¥ is called the adjoint of
A if

u-(Av)= (A*u)-v (18.1)

forall ve? and ue% . Observe that in (18.1) the inner product on the left side is the one in

% , while the one for the right side is the one in ¥". Next we will want to examine the properties
of the adjoint. It is probably worthy of note here that for linear transformations defined on real
inner product spaces what we have called the adjoint is often called the transpose. Since our
later applications are for real vector spaces, the name transpose is actually more important.

Theorem 18.1. For every linear transformation A : ¥~ — % , there exists a unique adjoint
A" : Y — v satisfying the condition (18.1).

Proof. Existence. Choose a basis {e,....,e,} for " and a basis {b,,...,b,, } for %. Then A

can be characterized by the M x N matrix | A“, | in such a way that
M
Ae, =Y A%b,, k=1..,N (18.2)
=1
This system suffices to define A since for any v € ¥~ with the representation
N
v=>) Ve
k=1

the corresponding representation of Av is determined by | A*, |and | v* |by
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Av = i(i A“kvkjba

a=1\ k=1

Now let {¢',...,e" fand {b',....b" } be the reciprocal bases of {e,,...,e,} and {b,,...,b,},

respectively. We shall define a linear transformation A* by a system similar to (18.2) except
that we shall use the reciprocal bases. Thus we put

AD =) A, %e* (18.3)

where the matrix [A*k“ is defined by
A =AY (18.4)

forall «=1,...,M and k =1,...,N. For any vector ue % the representation of A*u relative to
{el,...,eN} is then given by

N M
A'u= (Z A*k“ua})k
P

a=1

where the representation of u itself relative to {b*,...,b"} is

M
u= ZU(Zb“
a=1

Having defined the linear transformation A*, we now verify that A and A" satisfy the relation
(18.1). Since A and A" are both linear transformations, it suffices to check (18.1) for uequal to

an arbitrary element of the basis {bl,...,bM } say u=b“, and for v equal to an arbitrary element

of the basis {e,,...,e\ }, say v=e,. For this choice of u and v we obtain from (18.2)
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M M
b?-Ae, =b*-> A'\b, => A5y = A% (18.5)
p=1 p=1
and likewise from (18.3)
N N
A'b“ e, = (Z A e ) e =) A=A (18.6)
1=1 I=1

Comparing (18.5) and (18.6) with (18.4), we see that the linear transformation A" defined by
(18.3) satisfies the condition

b”-Ae, = A'b” -e,
forall =1,...,M and k =1,...,N, and hence also the condition (18.1) forall ue # and ve ¥ .

Uniqueness. Assume that there are two functions A : % — ¥  and A} : % — ¥  which
satisfy (18.1). Then

(Aiu) V= (A;u) v=u-(Av)

Thus
(AIu —A;u) -v=0

Since the last formula must hold for all v € ¥”, the inner product properties show that
Alu=A’u
This formula must hold for every u €  and thus

Al =A;
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As a corollary to the preceding theorem we see that the adjoint A* of a linear
transformation A is a linear transformation. Further, the matrix [A*k“ that characterizes A*

by (18.3) is related to the matrix [A“a} that characterizes A by (18.2). Notice the choice of
bases in (18.2) and (18.3), however.

Other properties of the adjoint are summarized in the following theorem.

Theorem 18.2.

@ (A+B) =A"+B’ (18.7);

(b) (AB) =B’A" (18.7),

© (1A) =2A° (18.7)s

(d) 0°=0 (18.7)4

(e) I'=1 (18.7)s

(f) (A7) =A (18.7)
and

(g) If A is nonsingular, so is A”and in addition,
AT =AT" (18.8)
In(a), Aand B arein ¢(7;%);in(b), Be (¥;%)and Ae Z(;¥);in(c), 1€¢;

in(d), 0 is the zero element; and in (e), I is the identity element in #(7";¥"). The proof of the
above theorem is straightforward and is left as an exercise for the reader.

Theorem 18.3. If A:7 — % isa linear transformation, then ¥ and % have the orthogonal
decompositions

7 =R(A")®K(A) (18.9)

and
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% =R(A)©K(A") (18.10)
where
R(A")=K(A)" (18.11)
and
R(A)=K(A") (18.12)

Proof. We shall prove (18.11) and (18.12) and then apply Theorem 13.4 to obtain (18.9) and
(18.10). Let u be and arbitrary element in K (A"). Then for everyve v,

1

u-(Av)=(A"u)-v=0. Thus K(A") is contained in R(A)". Conversely, take ue R(A)";
then for every ve ¥, (A'u)-v=u-(Av)=0, and thus (A'u)=0, which implies that
ue K(A*) and that R(A)" isin K(A*). Therefore, R(A)" = K(A*) , which by Exercise 13.3

implies (18.11). Equation (18.11) follows by an identical argument with A replaced by A*. As
mentioned above, (18.9) and (18.10) now follow from Theorem 13.4.

Theorem 18.4. Given a linear transformation A : ¥ — % , then A and A" have the same rank.
Proof. By application of Theorems 10.9 and 18.3,

dimy =dimR(A")+dimK (A)

However, by (15.6),

dim¥ =dimR(A)+dimK(A)

Therefore,

dimR(A)=dimR(A") (18.13)
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which is the desired result.

An endomorphism A € #(7/;7') is called Hermitian if A = A"and skew-Hermitian if

A =—A". Itshould be pointed out, however, that the terms symmetric and skew-symmetric are
often used instead of Hermitian and skew-Hermitian for linear transformations defined on real
inner product spaces. The following theorem, which follows directly from the above definitions
and from (18.1), characterizes Hermitian and skew-Hermitian endomorphisms.

Theorem 18.5. An endomorphism A is Hermitian if and only if
v,-(Av,) = (Av,)-v, (18.14)
forall v,,v, e, and it is skew-Hermitian if and only if
v, (Av,)=—(Av,)-v, (18.15)
forall v,,v,e? .
We shall denote by % (7;7 )and o (7';7) the subsets of ¢ (7";7") defined by
F(vv)={AlAeg(v;¥)and A=A"}
and
d(V:)={A|Ae2(¥;¥) and A=-A"|

In the special case of a real inner product space, it is easy to show that #(7;7") and & (¥/;7")
are both subspaces of ¢ (7";%"). In particular, #(¥";%") has the following decomposition:

Theorem 18.6. For a real inner product space,
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LV )= (Vv )L (V) (18.16)
Proof. An arbitrary element L e f(% 4 )can always be written

L=S+A (18.17)
where

S:%(L+LT):ST and A:%(L—LT):—AT

Here the superscript T denotes that transpose, which is the specialization of the adjoint for a real
inner product space. Since Se ¥ (¥;¥ )and A e« (7;7), (18.17) shows that

LIV ) =S (V9 ) (VY
Now, let Be #(¥;% )N (¥;¥). Then B must satisfy the conditions

B=B' and B=-B'
Thus, B =0and the proof is complete.

We shall see in the exercises at the end of Section 19 that a real inner product can be
defined on #(¥";7") in such a fashion that the subspace of symmetric endomorphisms is the

orthogonal complement of the subspace of skew-symmetric endomorphisms. For complex inner
product spaces, however, & (7";%") and & (7";7") are not subspaces of #(7;7"). For

example, if AeZ(¥;7),then iA isin «(¥;7) because (iA) =7A"=-iA"=-iA, where
(18.7)3 has been used.

A linear transformation A e ,?(V;%) is unitary if



112 Chap.4 - LINEAR TRANSFORMATIONS

Av,-Av, =v, vV, (18.18)

forall v,,v, € 7. However, for a real inner product space the above condition defines A to be

orthogonal. Essentially, (18.18) asserts that unitary (or orthogonal) linear transformations
preserve the inner products.

Theorem 18.7. If A is unitary, then it is regular.

Proof. Take v, =v, =v in (18.18), and by (12.1) we find

Jav]=I¥] (18.19)
Thus, if Av=20, then v=0, which proves the theorem.

Theorem 18.8. A € #(¥;) is unitary if and only if [Av|=|v| forall vey .

Proof. If A is unitary, we saw in the proof of Theorem 18.7 that |Av||=|v|. Thus, we shall

assume |Av| =|v| forall v e¥ and attempt to derive (18.18). This derivation is routine
because, by the polar identity of Exercise 12.1,

2AV,-Av, = HA(V1 +v, )H2 +i HA(Vl + in)H2 -(1+ i)(||AV1||2 + ||AV2||2)
Therefore, by (18.19),
2Av, -Av, = ||Vl + v2||2 +1i ||v1 + iV2||2 -(1+ i)(||v1||2 + ||V2||2) =2V,-V,

This proof cannot be specialized directly to a real inner product space since the polar identity is
valid for a complex inner product space only. We leave the proof for the real case as an exercise.

If we require ¥~ and % to have the same dimension, then Theorem 15.10 ensures that a
unitary transformation A is an isomorphism. In the case we can use (18.1) and (18.18) and
conclude the following
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Theorem 18.9. Given a linear transformation A e y("//;%) , Where dim¥ =dim# ; then A is
unitary if and only if it is an isomorphism whose inverse satisfies

Al=A" (18.20)

Recall from Theorem 15.5 that a regular linear transformation maps linearly independent
vectors into linearly independent vectors. Therefore if {e,,..., e} is a basis for ¥ and

AeZ(7;%) isregular, then {Ae,,...,Ae | isbasis for R(A) which is a subspace in % . If
{e,,...,ey } is orthonormal and A is unitary, it easily follows that {Ae,,...,Ae, } is also

orthonormal. Thus the image of an orthonormal basis under a unitary transformation is also an
orthonormal set. Conversely, a linear transformation which sends an orthonormal basis of ¥

into an orthonormal basis of R(A) must be unitary. To prove this assertion, let {e,,...,e, } be
orthonormal, and let {b,,...,b, } be an orthonormal set in %, where b, = Ae,, k=1,...,N.
Then, if v, and v,are arbitrary elements of 7,

N N
v, = ZV1kek and v, = szlel
k=1 1=1
we have
N N
Av, =) Vb, and  Av,=>v,'b,
k=1 1=1
and, thus,
N N N
AV, -AV, =Y Y VT, b =D VT, =v v, (18.21)
k=1 1=1 k=1

Equation (18.21) establishes the desired result.

Recall that in Section 17 we introduced the general linear group 4. (7"). We define a
subset % (7") of % (¥ )by
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%(v)={A|AegZ (¥ )and A" = A’}
which is easily shown to be a subgroup. This subgroup is called the unitary group of 7.
In Section 17 we have defined projections P: ¥ — ¥ by the characteristic property
P°=P (18.22)
In particular, we have showed in Theorem 17.3 that ¥ has the decomposition
¥ =R(P)®K(P) (18.23)
There are several additional properties of projections which are worthy of discussion here.

Theorem 18.10. If P is a projection, then P =P* < R(P)=K(P) .

Proof. Firsttake P =P" and let v be an arbitrary element of 7". Then by (18.23)
v=ut+w

where u=Pv and w=v—-Pv. Then

where (18.22), (18.1), and the assumption that P is Hermitian have been used. Conversely,
assume u-w =0 forall ue R(P) and all we K(P). Thenif v, and v, are arbitrary vectors in

v
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Pv,-v, =Pv,-(Pv,+v,—Pv,)=Pv,-Py,

and, by interchanging v, and v,

Pv,-v,=Pv,-Pv,

Therefore,

Pv,-v,=Pv, v, =v,-(Pv,)

This last result and Theorem 18.5 show that P is Hermitian.

Because of Theorem 18.10, Hermitian projections are called perpendicular projections.
In Section 13 we introduced the concept of an orthogonal complement of a subspace of an inner

product space. A similar concept is that of an orthogonal pair of subspaces. If ¥ and ¥#; are

subspaces of ¥~ they are orthogonal, written ¥, L #;, if v,-v,=0 forall v,e¥ and v, €7,

Theorem 18.11. If ¥/ and ¥, are subspaces of ¥, P, is the perpendicular projection of ¥ onto
¥, ,and P, is the perpendicular projection of Ponto ¥, ,then ¥, L ¥, ifand only if P,P, =0.

Proof. Assume that¥ L ¥;;then Pve¥," forall vey andthus P,Pv=0 forall ve¥
which yieldsP,P, =0 . Next assume P,P, = 0; this implies that Pv e ¥," for everyve ¥ .
Therefore ¥/ is contained in %, and, as aresult, ¥ L ¥;.

Exercises

18.1 Prove Theorem 18.2
18.2  For areal inner product space, prove that dim.%(¥;%") :%N (N +1) and

dimd(%;%):%N(N —1), where N =dim7".

18.3 Define ®: 2(7;7)>Z(v;¥)and Y: £ (V¥ ) > ZL(V;7) by
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1 1
(I)A:E(A+AT) and ‘PA:E(A—AT)

where ¥ is a real inner product space. Show that @ and ¥ are projections.

18.4 Let ¥/ and ¥, be subspaces of ¥~ and let P, be the perpendicular projection of ¥~ onto
¥, and P, be the perpendicular projection of ¥” onto?,. Show that P, + P, isa
perpendicular projection if and only if 7, L ¥; .

18,5 Let P, and P, be the projections introduced in Exercise 18.4. Show that P, —P, isa
projection if and only if ¥, is a subspace of 7; .

18.6 Showthat A e Z(¥;¥) is skew-symmetric < v-Av=0 forall ve ¥ , where 7 is real

vector space
18.7 A linear transformation A e $(V;V) isnormal if A"A = AA”™. Show that A is normal

if and only if

Av,-Av,=A"v,-A'v,

forall v,,v, in 7.

18.8  Show that v- ((A +A*)v) is real for everyv e 7 and everyA e £(7;7).

18.9  Show that every linear transformation A € #(7";%"), where 7" is a complex inner
product space, has the unique decomposition

A=B+iC

where B and C are both Hermitian.

18.10 Prove Theorem 18.8 for real inner product spaces. Hint: A polar identity for a real inner
product space is

20y =[] = uf" v

18.11 Let A be an endomorphism of %° whose matrix relative to the standard basis is

R =
o o N
o w



Sec. 18 . Adjoint 117

What is K (A)? What is R(AT ) ? Check the results of Theorem 18.3 for this particular
endomorphism.
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Section 19. Component Formulas

In this section we shall introduce the components of a linear transformation and several
related ideas. LetA e #(¥;%), {e,,...,e,} abasisfor¥",and {b,,...,b,, } abasis for . The

vector Ae, isin % and, as a result, can be expanded in a basis of # in the form
M
Ae, =Y A’D, (19.1)
a=1

The MN scalars A“ (a=1,...,M;k=1...,N) are called the components of A with respect to
the bases. If {b',...,b"} is a basis of # which is reciprocal to{b,,...,b,, }, (19.1) yields

A%, =(Ae,)-b* (19.2)

Under change of bases in ¥~ and % defined by [cf. (14.18) and (14.22),]

e, = TJe, (19.3)
j=1
and
M N
b* =>"Sib” (19.4)
=1

(19.2) can be used to derive the following transformation rule for the components of A :
M N ~ AL
A% =2 SeA T (19.5)

where
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A, =(A&,)-b’

] ]

If AeZ(¥;7), (19.1) and (19.5) specialize to

N
Ae, =Y Ale, (19.6)
g=1
and
N ~ ~ .
Al =D TIAT) (19.7)

The trace of an endomorphism is a function tr: #(7";%") — ¢ defined by
N
trA=> A (19.8)
k=1

It easily follows from (19.7) and (14.21) that tr A is independent of the choice of basis of 7.
Later we shall give a definition of the trace which does not employ the use of a basis.

If Ae #(¥;%),then A" e #(%;¥"). The components of A”are obtained by the same
logic as was used in obtaining (19.1). For example,

A =D A e (19.9)

where the MN scalars A" “ (k=1,...,N;a =1,...,M) are the components of A" with respect to
{b',...b"}and {e',....e" }. From the proof of Theorem 18.1 we can relate these components of
A" to those of A in (19.1); namely,
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A= A7 (19.10)
If the inner product spaces # and ¥~ are real, (19.10) reduces to

AT = A (19.12)

By the same logic which produced (19.1), we can also write

M
Ae, =Y A,b” (19.12)
=1
and
M M
Ae, =Y A%b, =D A'b* (19.13)
a=1 a=1

If we use (14.6) and (14.9), the various components of A are related by

N M N M
Ay = Z A%, = Zzbﬂa Aﬂseks = Z Aﬂkbﬂa (19.14)
s=1 p=1 s=1 p=1
where
b,=b,-b,=b,, and b¥=b"-b’ =b" (19.15)

A similar set of formulas holds for the components of A*. Equations (19.14) and (19.10) can be
used to obtain these formulas. The transformation rules for the components defined by (19.12)
and (19.13) are easily established to be

M N — . ..
A, =(Ae,)b, = ZZszﬁkaJ (19.16)
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and
M N —
AK=(Ae")b, =3 /AT,
p=1 j=1
where
Aﬂj :(Aéj) f)ﬁ
A% =(A&')-b
and
Aﬂj :(Aéj) b,

121

(19.17)

(19.18)

(19.19)

(19.20)

(19.21)

The quantities §f introduced in (19.16) and (19.18) above are related to the quantities S; by

formulas like (14.20) and (14.21).

Exercises

19.1 Express (18.20), written in the form A*A =1, in components.
19.2  Verify (19.14)
19.3  Establish the following properties of the trace of endomorphisms of 7 :

tri=dimv”
tr(A+B)=trA+trB
tr(1A)=AtrA
tr AB =trBA
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194

195

19.6
19.7

19.8

19.9

19.10
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and
trA* =trA

If A,Be¥(¥;¥),where ¥ isan inner product space, define

A-B=trAB’

Show that this definition makes % (#";%#") into an inner product space.

In the special case when ¥ is a real inner product space, show that the inner product of
Exercise 19.4 implies thate/ (v;7 ) L # (V7).

Verify formulas (19.16)-(19.18).
Use the results of Exercise 14.6 along with (19.14) to derive the transformation rules
(19.16)-(19.18)

Given an endomorphism A € (%), show that

trA = iAkk
k=1

where A 4 = (Aeq)-ek . Thus, we can compute the trace of an endomorphism from (19.8)

or from the formula above and be assured the same result is obtained in both cases. Of
course, the formula above is also independent of the basis of 7.

Exercise 19.8 shows that tr A can be computed from two of the four possible sets of
components of A. Show that the quantities Z:Zl A and sz:lAw are not equal to each

other in general and, moreover, do not equal tr A . In addition, show that each of these

quantities depends upon the choice of basis of 7.
Show that

A*ka — (A*ba)' ek — Aak

A, =(Ab,)-e =A

ak

and
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A, =(AD,)-e = A}

a a






Chapter 5

DETERMINANTS AND MATRICES

In Chapter 0 we introduced the concept of a matrix and examined certain manipulations one
can carry out with matrices. In Section 7 we indicated that the set of 2 by 2 matrices with real
numbers for its elements forms a ring with respect to the operations of matrix addition and matrix
multiplication. In this chapter we shall consider further the concept of a matrix and its relation to a
linear transformation.

Section 20. The Generalized Kronecker Deltas and the Summation Convention

Recall thata M x N matrix is an array written in any one of the forms

(20.1)

All AlN A11 AiN
A= :[Aaj]’ A= :[Aaj]
LAY A"y LA A |
B Ail AiN ] B A11 AlN T
A= Aaj] A= :I:Aaj:l
AMl AMN A;\/Il AMN

Throughout this section the placement of the indices is of no consequence. The components of the

matrix are allowed to be complex numbers. The set of M x N matrices shall be denoted by .#™*" .
It is an elementary exercise to show that the rules of addition and scalar multiplication insure that

4™ is a vector space. The reader will recall that in Section 8 we used the set .#"*" as one of
several examples of a vector space. We leave as an exercise to the reader the fact that the

dimension of "™ isMN .

In order to give a definition of a determinant of a square matrix, we need to define a
permutation and consider certain of its properties. Consider a set of K elementS{al, aK}. A

permutation is a one-to-one function from {e;, ..., } to{e,... o }. If o isa permutation, it is
customary to write

125
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az( “a R % j (20.2)

ole) ola,) - - - ola)

It is a known result in algebra that permutations can be classified into even and odd ones: The
permutation o in (20.2) is even if an even number of pairwise interchanges of the bottom row is
required to order the bottom row exactly like the top row, and o is odd if that number is odd. For
a given permutation o, the number of pairwise interchanges required to order the bottom row the
same as the top row is not unique, but it is proved in algebra that those numbers are either all even
or all odd. Therefore the definition for o to be even or odd is meaningful. For example, the
permutation

is odd, while the permutation

is even.

The parity of o, denoted by ¢_, is defined by

+1if o is an even permutation

-1if o isan odd permutation

All of the applications of permutations we shall have are for permutations defined on K (K < N)
positive integers selected from the set of N positive integers{1,2,3,..., N}. Let {il,...,iK} and

{ i1~ jx } betwo subsets of {1,2,3,...,N}. If we order these two subsets and construct the two K -

tuples (i,...,i, ) and( j,,..., j ), we can define the generalized Kronecker delta as follows: The
generalized Kronecker delta, denoted by

iy i
hha - Jk

is defined by
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0 if the integers (iy,...,ix ) Or ( ;- jx ) are not distinct

0 if the integers (i,,...,i, ) and (jy,..., j, ) are distinct
but the sets {i,...,i,} and {}j,,..., j} are not equal

iy i
ik T

¢, if the integers (i;,...,i, ) and (j,,..., j ) are distinct
and the sets {i,...,i,} and {],,..., j} are equal, where

[il i2 .. iK j
o=\ . . .
L L Kk

It follows from this definition that the generalized Kronecker delta is zero whenever the
superscripts are not the same set of integers as the subscripts, or when the superscripts are not
distinct, or when the subscripts are not distinct. Naturally, when K =1 the generalized Kronecker

delta reduces to the usual one. As an example, 5}f;2 has the values

51122 =1 52112 =-1 51123 =0, 5215’ =0, 51121 =0, etc.

It can be shown that there are N!K/(N —K)! nonzero generalized Kronecker deltas for given
positive integersK and N .

An & symbol is one of a pair of quantities
ghortn = g or & =5 (20.3)

Jkodn Jido-

For example, take N =3; then

112 — 221 — 222 — 8233 — 0, etC.
As an exercise, the reader is asked to confirm that
iy Gy
¢ 8]1---]N - 5j1---jN (204)

An identity involving the quantity 59 is

Ims

mq

36 = (N - 23! (205)
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To establish this identity, expand the left side of (20.5) in the form

Z@'#?q =Gy 70+ Oy (20.6)

Clearly we need to verify (20.5) for the cases i = jand {i, j} ={I,m} only, since in the remaining

cases (20.5) reduces to the trivial equation 0=0. In the nontrivial cases, exactly two terms on the
right-hand side of (20.6) are equal to zero: one for i =q and one for j=q. For i, j,I, and m not

equal to g, 5, has the same value as &, . Therefore,

Z@l’fq =(N -2)5p,

which is the desired result (20.5). By the same procedure used above, it is clear that

N
2.5 =(N-D)¢ (20.7)
j=1
Combining (20.5)and (20.7), we have
N N )
D> 60 = (N -2)(N -1)5; (20.8)
j=1 g=1

Since Z 1.6 =N, we have from (20.8)

D2 =(N-2)N DN = o (209)

Equation (20.9) is a special case of

v N
) T (20.10)

ig,ip i =1

Several other numerical relationships are

Z 5;1...|J_R|im1...|:< (N R) 5] " (2011)
1 JRIR1 Ik (N K)l 1 IR

IR41iR 2 ik =1

N S
2, e g, = (NSRS (20.12)

Iicatmnin =1
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N i i1 - - .
Z gll"'|K|K+1- Ay é‘liKll NJN — (N _ K)!g'l"'IKJK+1"'JN (2013)
i gy =1
N
Yo Syl gl = (R— K)ot (20.14)
Jks1mJr=1
N N
Z Z 5'1 Ay lr 5JK+1 R MY TN (N K) (R )|5|l |K (2015)

b Jk ke Jr T Tk edR (N R)|

Ik Jr=Llik g enig=l

It is possible to simplify the formal appearance of many of our equations if we adopt a
summation convention: We automatically sum every repeated index without writing the
summation sign. For example, (20.5) is written

Imq

The occurrence of the subscript g and the superscript g implies the summation indicated in (20.5).
We shall try to arrange things so that we always sum a superscript on a subscript. It is important to
know the range of a given summation, so we shall use the summation convention only when the
range of summation is understood. Also, observe that the repeated indices are dummy indices in
the sense that it is unimportant which symbol is used for them. For example,

5ijs :5ijt :5ijq

Ims Imt Imqg

Naturally there is no meaning to the occurrence of the same index more than twice in a given term.
Other than the summation or dummy indices, many equations have free indices whose values in the

given range {l N} are arbitrary. For example, the indices j,k,I and m are free indices in

(20.16). Notice that every term in a given equation must have the same free indices; otherwise, the
equation is meaningless.

The summation convention will be adopted in the remaining portion of this text. If we feel
it might be confusing in some context, summations will be indicated by the usual summation sign.
Exercises

20.1  Verify equation (20.4).
20.2 Prove that dim.#"™™ = MN .

S = (N =2)51 (20.16)
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Section 21. Determinants

In this section we shall use the generalized Kronecker deltas and the £ symbols to define the
determinant of a square matrix.

The determinant of the N x N matrix A= [Aj] , written det A, is a complex number
defined by

A11 A12 I AiN
A21 Azz I AZN
Ay
detA=| - =" NALA L ALy (21.1)
ANl AN 2 - ANN

where all summations are from 1 to N. If the elements of the matrix are written [A“] ,its
determinant is defined to be

All A12 A A A AlN
A21 A22 A A A A2 N

detA=| =g, ATA AN (21.2)
AN 1 AN 2 3 3 ) ANN

Likewise, if the elements of the matrix are written [A‘j] its determinant is defined by
All Alz . AlN
AZ1 AZ2 ot AZN

ip.iy Ai11Ai22 o A N (21-3)

detA=| =&

ANl ANz T ANN
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A similar formula holds when the matrix is written A= [Aj] . The generalized Kronecker delta

can be written as the determinant of ordinary Kronecker deltas. For example, one can show, using
(21.3), that

S
5)

é‘li
é‘lj

i _
K~

=56 — 66 (21.4)

Equation (21.4) is a special case of the general result

G O G
A

5;1IJKK: . (21.5)
o

It is possible to use (21.1)-(21.3) to show that

€y GBLA= VA o A (21.6)

ghhidetA=g , Ah... Ak (21.7)
and

g, JetA=g | A, ... AN i (21.8)

It is possible to use (21.6)-(21.8) and (20.10) with N = K to show that

det A= %gh---l'wgil---iw A,A (21.9)
1 i i)

detA=—g. & . Aih... Al (21.10)
NI jiee dn Clpedy

and

L chiupn

det A=——ghoh Al L. Al (21.11)
N! heIn h IN

Equations (21.9), (21.10) and (21.11) confirm the well-known result that a matrix and its transpose
have the same determinant. The reader is cautioned that the transpose mentioned here is that of the
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matrix and not of a linear transformation. By use of this fact it follows that (21.1)-(21.3) could

have been written

det A= gt A, Ay

detA=¢ ; Al ... AN
and

det A= gt AL ... AY,
A similar logic also yields

iy det A= ghin A, A

J Inin
gh"']N det A= 8i1...iN A11'1 AJN'N

and

gl det A= gh-n Ajlil - Al

In

The cofactor of the element A°, in the matrix A=| A | is defined by

s i i <l Ak i
cof A, = &, iy Ay A a0 Aty AN

As an illustration of the application of (21.18), let N =3 and s=t=1. Then
cof A", = g, 0, A1, A’
= 51jkAj2Ak3

= A22A33 - Asz A23
Theorem 21.1.

N N
> A cof A° =5, det A and > A% cof A° =57 det A

s=1 t=1

Proof. It follows from (21.18) that

(21.12)

(21.13)

(21.14)

(21.15)

(21.16)

(21.17)

(21.18)

(21.19)
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N
D A cof A =g,

s=1

o Al s Sh Al .. Aln
A1 A t—lAq5sA t+1 A N

iy

— b Al i its1
g, o Al A AR A

.. Aln
= &, iy Ay
_ b Al oAk Al ST
=& Al AT AYAY - AN,

:§f1 det A

tl

where the definition (21.3) has been used. Equation (21.19), follows by a similar argument.

Equations (21.19) represent the classical Laplace expansion of a determinant. In Chapter 0
we promised to present a proof for (0.29) for matrices of arbitrary order. Equations (21.19) fulfill
this promise.

Exercises

21.1  Verify equation (21.4).

21.2  Verify equations (21.6)-(21.8).

21.3  Verify equationa (21.9)-(21.11).

21.4  Show that the cofactor of an element of an N x N matrix A can be written

1 sihpn A (21.20)
(N _1)| ..y I In

cof A", =
215 If A and B are N xN matrices use (21.8) to prove that
det AB =det Adet B

21.6 If | isthe N x N identity matrix show that detl =1.
21.7 If A isanonsingular matrix show, that det A= 0 and that

detA™ = 1
det A

21.8 If Alisan N xN matrix, we define its K x K minor (1<K < N) to be the determinant of
any K x K submatrix of A, e.g.,
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ik ) _ okike Al L Ak
Ak = det =0 A A

(21.21)
= G A AT,

In particular, any element Aij of A isa 1x1minorof A. The cofactor of the K x K minor
A is defined by

cof A;lIITK = ﬁé‘ﬁhl,\,m Aimle+l . AiN i (2122)

which is equal to the (N —K) x (N — K) minor complementary to the K x K minor A}lljl'.inK
and is assigned an appropriate sign. Specifically, if (i, ,,....iy) and (jy.;s--0 Jyy) are
complementary sets of (i,...,i,) and (j,,..., j) in (4,...,N), then

cof Al-h =g Ayl (no summation) (21.23)

b I K DN

Clearly (21.22) generalizes (21.20). Show that the formulas that generalize (21.19) to
K x K minors in general are

i 1 S ani e i

5j1...jK det A= mk .%::1 A<1...k,< cof Ajl...kJK
(21.24)

e 1 N k... k kg ...k

Shidedet A=—= > A% cof At

-k K | o -k - Jk

21.9 If A isnonsingular, show that
Ay = (det A) cof(A’l)i’f_jjiiK (21.25)
and that
1 . ... —1y\k;...k ...

a2 AT (A = e (21.26)
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In particular, if K =1 and A is replaced by A™ then (21.25) reduces to

(A™)', = (det A)™* cof A (21.27)

which is equation (0.30).



136 Chap 5 . DETERMINANTS AND MATRICES

Section 22. The Matrix of a Linear Transformation

In this section we shall introduce the matrix of a linear transformation with respect to a
basis and investigate certain of its properties. The formulas of Chapter 0 and Section 21 are purely
numerical formulas independent of abstract vectors or linear transformations. Here we show how a
certain matrix can be associated with a linear transformation, and, more importantly, we show to
what extent the relationship is basis dependent.

If AceZ(7;%), {e,,...e, }isabasis for ¥, and {b,,...,b,, } is a basis for # , then we can
characterize A by the system (19.1):

Ae, = A%b, (22.1)

where the summation is in force with the Greek indices ranging from 1 to M. The matrix of A with
respect to the bases {e,,....e, fand {b,,...,b,, }, denoted by M(A,e,,b,) is

All Alz A AlN
AZ1 A22 A AZN
M(Ae.b )= (22.2)
_AM1 A" 2 T A" N

As the above argument indicates, the matrix of A depends upon the choice of basis for ¥ and % .
However, unless this point needs to be stressed, we shall often write M (A) for the matrix of A

and the basis dependence is understood. We can always regard M as a function
M: 2@ 7)— 4"" . ltis asimple exercise to confirm that

M (AA + uB) = AM (A) + uM (B) (22.3)
forall A, ue® and A,Be % (%;7). Thus M is a linear transformation. Since
M(A)=0

implies A=0, M is one-to-one. Since #(%;7") and .4™" have the same dimension (see
Theorem 16.1: and Exercise 20.2), Theorem 15.10 tells us that M is an automorphism and, thus,
Z(;v) and 4™ are isomorphic. The dependence of M (A,e,,b,) on the bases can be
exhibited by use of the transformation rule (19.5). In matrix form (19.5) is

M(A,e.b,)=SM(AE, b )T (22.4)
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where S isthe M x M matrix

S S, Su
SHE Su
S=| (22.5)
S S Sw |
and Tisthe N x N matrix
T T} T!
le TZ2 TN2
T=| (22.6)
_TlN TZN L. TNN |

Of course, in constructing (22.4) from (19.5) we have used the fact expressed by (14.20) and
(14.21) that the matrix T~* has components 'I:k" , Jk=1,..N.

If A is an endomorphism, the transformation formula (22.4) becomes
M(A.e.e)=TM(A§ 8 )T (22.7)

We shall use (22.7) to motivate the concept of the determinant of an endomorphism. The
determinant of M (A,e,,e ), written detM (A,e,,e,), can be computed by (21.3). It follows from

(22.7) and Exercises 21.5 and 21.7 that

detM(A,e,.e,) = (detT)(detM(A,&,&,))(detT™)
=detM(A,&,.&,)

Thus, we obtain the important result that det M (A, e, ,e,) is independent of the choice of basis for
¥ . With this fact we define the determinant of an endomorphism A € #(¥;¥"), written det A, by

detA=detM(A,e.e,) (22.8)
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By the above argument, we are assured that det A is a property of A alone. In Chapter 8, we shall
introduce directly a definition for the determinant of an endomorphism without use of a basis.

Given a linear transformation A € (¥; %), the adjoint A" € Z(%;¥") * is defined by the
component formula (19.9) Consistent with equations (22.1) and (22.2), equation (19.9) implies that

A*ll A*12 A A A A*lM ]
A*z1 A*z2 A*ZM
M(A" b e)=| (22.9)
_A*Nl A*NZ A*NM |

Notice that the matrix of A" is referred to the reciprocal bases {e*}and {b“}. If we now use
(19.10) and the definition (22.2) we see that

M(A",b“,e)=M(Ae,b,) (22.10)

where the complex conjugate of a matrix is the matrix formed by taking the complex conjugate of
each component of the given matrix. Note that in (22.10) we have used the definition of the

transpose of a matrix in Chapter 0. Equation (22.10) gives a simple comparison of the component
matrices of a linear transformation and its adjoint. If the vector spaces are real, (22.10) reduces to

M(AT) =M (A) (22.11)

where the basis dependence is understood. For an endomorphism A e % (¥";¥"), we can use
(22.10) and (22.8) to show that

det A" =detA (22.12)

Givena M x N matrix A:[A“k] , there correspond M 1x N row matricesand N M x1

column matrices. The row rank of the matrix A is equal to the number of linearly independent
row matrices and the column rank of A is equal to the number of linearly independent column
matrices. It is a property of matrices, which we shall prove, that the row rank equals the column
rank. This common rank in turn is equal to the rank of the linear transformation whose matrix is
A. The theorem we shall prove is the following.

Theorem 22.1. A= [A“k} isan M xN matrix, the row rank of A equals the column rank of A.
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Proof. Let Ae Z(7 ;%) and let M(A) = A= [A“k] with respect to bases {e,...,e, } for ¥ and

{b,,....b,} for % . We can define a linear transformation B: % — #" by
Bu = (u*,u?,...,u™)

where u=u“b,. Observe that B is an isomorphism. The product BA is a linear transformation
v —¢"; further,

BAe, =B(A%b,) = A"Bb, =(A\, A’ ... A", )

Therefore BAe, isan M -tuple whose elements are those of the kth column matrix of A. This
means dim R(BA)= column rank of A. Since B is an isomorphism, BA and A have the same
rank and thus column rank of A=dimR(A). A similar argument applied to the adjoint mapping

A" shows that row rank of A=dimR(A"). If we now apply Theorem 18.4 we find the desired
result.

In what follows we shall only refer to the rank of a matrix rather than to the row or the
column rank.

Theorem 22.2. An endomorphism A is regular if and only if detA =0.

Proof. If detA =0, equations (21.19) or, equivalently, equation (0.30), provide us with a formula

for the direct calculation of A™ so A isregular. If A isregular, then A™ exists, and the results
of Exercises 22.3 and 21.7 show that det A = 0.

Before closing this section, we mention here that among the four component matrices
[A% ], [Ax]. [A™ ], and [ A" ] defined by (19.2), (19.16), (19.17), and (19.18), respectively, the

first one, [A“k], is most frequently used. For example, it is that particular component matrix of an
endomorphism A that we used to define the determinant of A, as shown in (22.8). In the sequel,

if we refer to the component matrix of a transformation or an endomorphism, then unless otherwise
specified, we mean the component matrix of the first kind.

Exercises

22.1 If A and B are endomorphisms, show that

M(AB)=M(A)M(B) and detAB=detAdetB

22.2 If A:¥ — ¥ isaskew-Hermitian endomorphism, show that
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det A = (=1)“™" det A
22.3 If AeZ(7;7) isregular, show that
M(A™)=M(A)™
224 If PeZ(v;¥) is aprojection, show that there exists a basis for ¥ such that

1

R =dimR(P)

M(P) =

0

225 If AeZ(7;7)is Hermitian, show that the component version of this fact is

A=A A :E and e A’ =¢;A'

where e, =e, -e,, and where {e,,...,e, } is the basis used to express the transformation
formulas (19.16)-(19,18) in matrix notation.
22.6 If AeZ(¥,7) we have seen it has four sets of components which are denoted by A/,

A, A',and A;. Provethat det| A, | and det[ A’ ] do depend upon the choice of basis for

v .
22.7 Show that

det(aA) = a" det A
for all scalars « . In particular, if A =1, then from Exercise 21.6

det(al) = "

(22.13)

(22.14)
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22.8 If A isanendomorphism of an N-dimensional vector space ¥, show that det(A—Al) isa
polynomial of degree N in 4.
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Section 23. Solution of Systems of Linear Equations

In this section we shall examine the problem system of M equations in N unknowns of
the form

A” VS =u”, a=1..,.M, k=1..,N (23.1)

where the MN coefficients A* and the M data u“ are given. If we introduce bases bases

{e,,....ey } fora vector space ¥ and {b,,...,b,,} fora vector space %, then (23.1) can be viewed as
the component formula of a certain vector equation

Av =u (23.2)
which immediately yields the following theorem.

Theorem 23.1. (23.1) has a solution if and only if u isin R(A).

Another immediate implication of (23.2) is the following theorem.
Theorem 23.2. 1f (23.1) has a solution, the solution is unique if and only if A is regular.

Given the system system of equations (23.1), the associated homogeneous system is the set
of equations

A“ V=0 (23.3)

Theorem 23.3. The set of solutions of the homogeneous system (23.3) whose coefficient matrix is
of rank R form a vector space of dimension N —R.

Proof. Equation (23.3) can be regarded as the component formula of the vector equation
Av=0

which implies that v* solves (23.3) if and only if v e K(A). By (15.6)
dimK(A)=divy —dimR(A)=N —R.

From Theorems 15.7 and 23.3 we see that if there are fewer equations than unknowns (i.e.
M < N), the system (23.3) always has a nonzero solution. This assertion is clear because
N—-R>N-M >0, since R(A) isasubspace of  and M =dim#.

If in (23.1) and (23.3) M = N, the system (23.1) has a solution for all u* if and only if
(23.3) has the trivial solution v' =v* =---=v" =0 only. For, in this circumstance, A is regular



Sec. 23 . Systems of Linear Equations 143

and thus invertible. This means det[A"‘k] # 0, and we can use (21.19) and write the solution of
(23.1) in the form

1 N
= f A” Ju” 23.4
det[Aak];(CO J)U ( )

v
which is the classical Cramer's rule and is to N dimension of equation (0.32).

Exercise
23.1  Given the system of equations (23.1), the augmented matrix of the system is the matrix
obtained from [A“k] by the addition of a column formed from u',...,u™ . Use Theorem

23.1 and prove that the system (23.1) has a solution if and only if the rank of [A“k] equals
the rank of the augmented matrix.






Chapter 6

SPECTRAL DECOMPOSITIONS

In this chapter we consider one of the more advanced topics in the study of linear
transformations. Essentially we shall consider the problem of analyzing an endomorphism by
decomposing it into elementary parts.

Section 24. Direct Sum of Endomorphisms

If Ais an endomorphism of a vector space ¥, a subspace ¥, of 7 issaid to be A -
invariant if A maps 7, to ¥,. The most obvious example of an A -invariant subspace is the null
space K(A). Let A,A,,...,A_beendomorphisms of ¥"; then an endomorphism A is the direct
sumof A A,,...A_If

A=A+A,++A, (24.1)

and

AA =0 %] (24.2)

For example, equation (17.18) presents a direct sum decomposition for the identity linear
transformation.

Theorem 24.1. If Ae 4(¥ ;%) and ¥ =¥/ ® ¥, ®---® ¥, where each subspace ¥] is A -
invariant, then A has the direct sum decomposition (24.1), where each A, is given by

AV, =Ay, (24.3),

forall v, e ¥ and

Av =0 (24.3)2

145
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Forall v;e;, i=j,fori=1..L. Thusthe restriction of Ato ¥; coincides with that of A;
further, each ¥ is A, -invariant, forall j=1,..,L.

Proof. Given the decomposition ¥ =7/ ®@ ¥, ®---® ¥, then v e ¥ has the unique representation
V=V, +---+V , Where each v, € 7/ . By the converse of Theorem 17.4, there exist L projections
P,...P_(19.18) and also v; € P;(¥") . From (24.3), we have A; = AP,, and since 7] is A -
invariant, AP, =P,A. Therefore, if i = j,

AA; =APAP, = AAPP, =0
where (17.17);, has .been used. Also

A+A,+-+A =AP +AP, +---+ AP,
=AP+P,+---+P)
=A

where (17.18) has been used.

When the assumptions of the preceding theorem are satisfied, the endomorphism A is said
to be reduced by the subspaces 7;,...,7, . An important result of this circumstance is contained in

the following theorem.

Theorem 24.2. Under the conditions of Theorem 24.1, the determinant of the endomorphism A is
given by
det A =detA detA, --detA, (24.4)

where A, denotes the restriction of Ato ¥, forall k=1,...,L.

The proof of this theorem is left as an exercise to the reader.

Exercises

24.1 Assumethat Ae Z(¥;7") isreduced by 7,...,# and select for the basis of ¥~ the union
of some basis for the subspaces ¥,...,#, . Show that with respect to this basis M (A) has
the following block form:
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M(A)=| o (24.5)

where Aj is the matrix of the restriction of A to Vj.

24.2  Use the result of Exercise 24.1 and prove Theorem 24.2.
24.3 Showthatif ¥ =% @v,®---@¥,then Ae Z(¥;¥") isreduced by ¥/,...,7, if and only if

AP, =PA for j=1,..,L,where P, is the projection on %] given by (17.21).



148 Chap 6 . SPECTRAL DECOMPOSITIONS

Section 25 Eigenvectors and Eigenvalues

Given an endomorphism A e %(7";7"), the problem of finding a direct sum decomposition

of A'is closely related to the study of the spectral properties of A. This concept is central in the
discussion of eigenvalue problems.

A scalar A is an eigenvalue of A e #(7";7") if there exists a nonzero vector v e ¥  such
that

Av = Av (25.1)

The vector v in (25.1) is called an eigenvector of A corresponding to the eigenvalue 4.
Eigenvalues and eigenvectors are sometimes refered to as latent roots and latent vectors,
characteristic roots and characteristic vectors, and proper values and proper vectors. The set of
all eigenvalues of A is the spectrum of A, denoted by o(A). Forany A e o(A), the set

¥ (A)={ve?|Av=2Av|

is a subspace of ¥, called the eigenspace or characteristic subspace correspondingto A. The
geometric multiplicity of A is the dimension of 7'(1).

Theorem 25.1. Givenany A € o(A), the corresponding eigenspace ¥ (A1) is A -invariant.

The proof of this theorem involves an elementary use of (25.1). Given any A e o(A), the
restriction of v to ¥°(1), denoted by A, ,,, has the property that

A, nHu=4u (25.2)

forall u in ¥/(1). Geometrically, A, ,, simply amplifies u by the factor 4. Such linear
transformations are often called dilatations.

Theorem 25.2. A e Z(7';¥") is not regular if and only if O is an eigenvalue of A ; further, the
corresponding eigenspace is K(A).
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The proof is obvious. Note that (25.1) can be written as (A — Al)v =0, which shows that

V(1) = K(A-Al) (25.3)

Equation (25.3) implies that A is an eigenvalue of A if and only if A— A1 issingular. Therefore,
by Theorem 22.2,

Aeo(A) < det(A-11)=0 (25.4)

The polynomial f (1) of degree N =dim¥~ defined by

f (1) = det(A - A1) (25.5)

is called the characteristic polynomial of A. Equation (25.5) shows that the eigenvalues of A are
roots of the characteristic equation

f(1)=0 (25.6)

Exercises

25.1 Let A be an endomorphism whose matrix M (A) relative to a particular basis is a
triangular matrix, say

All Alz o7 AlN

M (A) =

0 A"

What is the characteristic polynomial of A? Use (25.6) and determine the eigenvalues of
A.

25.2  Show that the eigenvalues of a Hermitian endomorphism of an inner product space are all
real numbers and the eigenvalues of a skew-Hermitian endomorphism are all purely
imaginary numbers (including the number 0=10).
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25.3  Show that the eigenvalues of a unitary endomorphism all have absolute value 1 and the
eigenvalues of a projection are either 1 or 0.

25.4  Show that the eigenspaces corresponding to different eigenvalues of a Hermitian
endomorphism are mutually orthogonal.

255 If Be Z(v;7) isregular, show that B AB and A have the same characteristic equation.
How are the eigenvectors of B™'AB related to those of A ?
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Section 26 The Characteristic Polynomial

In the last section we found that the eigenvalues of A € #(¥";7") are roots of the
characteristic polynomial

f(1)=0 (26.1)
where
f (1) =det(A-Al) (26.2)
If {e,,...,e,} isabasis for 7", then by (19.6)
Ae, =Ale, (26.3)
Therefore, by (26.2) and (21.11),
1 vyl [ [ [
f(A) :mdij_{fi'N’N (A, —A6})- (A", —4d)) (26.4)

If (26.4) is expanded and we use (20.11), the result is

F(2) = A" + (A" ot gy (A + (26.5)
where
S A (26.6)

Since f(4) is defined by (26.2), the coefficients x;, j=1,...,N, are independent of the choice of

basis for ¥". These coefficients are called the fundamental invariants of A. Equation (26.6)
specializes to
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1 2 2
w=1rA, 1L, :E{(trA) ~tr A%}, and g, =detA (26.7)

where (21.4) has been used to obtain (26.7),. Since f (1) isa Nth degree polynomial, it can be
factored into the form

F() =4 =) (% =) (A - D)™ (26.8)

where A4,,...,4_ are the distinct foots of f(41)=0 and d,,...,d, are positive integers which must
satisfy Z;dj =N . Itisin writing (26.8) that we have made use of the assumption that the scalar

field is complex. If the scalar field is real, the polynomial (26.5), generally, cannot be factored.

In general, a scalar field is said to be algebraically closed if every polynomial equation has
at least one root in the field, or equivalently, if every polynomial, such as f (1), can be factored

into the form (26.8). It is a theorem in algebra that the complex field is algebraically closed. The
real field, however, is not algebraically closed. For example, if A is real the polynomial equation

f (1) =A% +1=0 has no real roots. By allowing the scalar fields to be complex, we are assured
that every endomorphism has at least one eigenvector. In the expression (26.8), the integer d; is
called the algebraic multiplicity of the eigenvalue 4;. Itis possible to prove that the algebraic

multiplicity of an eigenvalue is not less than the geometric multiplicity of the same eigenvalue.
However, we shall postpone the proof of this result until Section 30.

An expression for the invariant 4, can be obtained in terms of the eigenvalues if (26.8) is
expanded and the results are compared to (26.5). For example,

w=trA=dA+d,4,+---+d 4
(26.9)
py =detA =520 A%

The next theorem we want to prove is known as the Cayley-Hamilton theorem. Roughly
speaking, this theorem asserts that an endomorphism satisfies its own characteristic equation. To
make this statement clear, we need to introduce certain ideas associated with polynomials of
endomorphisms. As we have done in several places in the preceding chapters, if Ae Z(7";7),

A? is defined by

A% = AA
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Similarly, we define by induction, starting from

A’ =1
and in general
Ak = AAk—l — Ak—lA

where K is any integer greater than one. If k and | are positive integers, it is easily established by
induction that

ACA = AlAK = Al (26.10)
Thus A* and A' commute. A polynomial in A is an endomorphism of the form
g(A) =, A" + A"+t A+, (26.11)

where M is a positive integer and «,, ..., ,, are scalars. Such polynomials have certain of the
properties of polynomials of scalars. For example, if a scalar polynomial

gt) = t" + a4t + oyt @,
can be factored into
gt) =a,(t—n)(t—m,) - (t—my)
then the polynomial (26.11) can be factored into

9(A) = ap(A - )(A-7,1) - (A=n,1) (26.12)

The order of the factors in (26.12) is not important since, as a result of (26.10), the factors
commute. Notice, however, that the product of two nonzero endomorphisms can be zero. Thus the
formula
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9,(A)g,(A) =0 (26.13)

for two polynomials g, and g, generally does not imply one of the factors is zero. For example,
any projection P satisfies the equation P(P-1) =0, but generally P and P-1 are both nonzero.

Theorem 26.1. (Cayley-Hamilton). If f (1) is the characteristic polynomial (26.5) for an
endomorphism A, then

FA) =AY + (A T+ (A) + 1,1 =0 (26.14)

Proof. : The proof which we shall now present makes major use of equation (0.29) or,
equivalently, (21.19). If adj(A —Al) is the endomorphism whose matrix is adj[qu —/wqp] , Where

[ A°,]=M(A), then by (26.2) and (0.29) (see also Exercise 40.5)

(adj(A - AN)(A - A1) = f ()] (26.15)

By (21.18) it follows that adj(A — A1) is a polynomial of degree N —1 in A. Therefore

adj(A— A1) = By(~A)" " +B,(-A)" 7 +---+ B, _,(-4) + B, , (26.16)

where B,,...,B,_, are endomorphisms determined by A. If we now substitute (26.16) and (26.15)
into (26.14) and require the result to hold for all 1, we find

B, = |
B,A+B, =l
B,A+B, =l

(26.17)

By A +By =4l
ByA =yl
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Now we multiply (26.17); . by (—=A)", (26.17), by (~A)", (26.17)3 by (=A)"2,...,(26.17) by
(—=A)N " etc., and add the resulting N equations, to find

(FA 4 (At g (A + 1 =0 (26.18)

which is the desired result.

Exercises

26.1 If N =dim7¥ is odd, and the scalar field is #, prove that the characteristic equation of any
A e Z(7;7) has at least one eigenvalue.

26.2 If N =dim¥ is odd and the scalar field is £, prove that if det A >0(<0), then A has at
least one positive (negative) eigenvalue.

26.3 If N =dim¥ iseven and the scalar field is £ and det A <0, prove that A has at least one
positive and one negative eigenvalue.

264 Let AeZ(7;7") beregular. Show that

det(A — A7) = (=2) ™ det A det(A — A1)

where N =dimv".

26.5 Prove that the characteristic polynomial of a projection P: 7 — ¥ is

f(A)=(-)" 2" 1-2)

where N =dim¥” and L =dimP(¥").
266 If Acg(v;¥) isregular, express A as a polynomial in A .

26.7  Prove directly that the quantity x; defined by (26.6) is independent of the choice of basis
for v .

26.8 Let C be an endomorphism whose matrix relative to a basis {e,...,e, } is a triangular
matrix of the form
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M (C) = S (26.19)

i.e. Cmapse to0, e, toe, e, toe,,... Show that a necessary and sufficient condition
for the existence of a component matrix of the form (26.19) for an endomorphism C is that

c" =0 but  C %0 (26.20)

We call such an endomorphism C a nilcyclic endomorphism and we call the basis
{e,,....ey} for the form (26.19) a cyclic basis for C.

If 4,...,4, denote the fundamental invariants of A™, use the results of Exercise 26.4 to
show that

¢, = (det A_l)/uN—j

for j=1,..,N.
It follows from (26.16) that

B,,=adjA
Use this result along with (26.17) and show that
adjA = (A" + 1 (A T+
Show that

Uy, =tr(adjA)
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and, from Exercise (26.10), that

1
N-1

Hy =7~ {tr(_A)N_l + (A gy, tl’(—A)}
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Section 27. Spectral Decomposition for Hermitian Endomorphisms

An important problem in mathematical physics is to find a basis for a vector space 7~ in
which the matrix of a given A e Z(7";7") is diagonal. If we examine (25.1), we see that if ¥~ has

a basis of eigenvectors of A, then M (A) is diagonal and vice versa; further, in this case the
diagonal elements of M (A) are the eigenvalues of A. As we shall see, not all endomorphisms

have matrices which are diagonal. Rather than consider this problem in general, we specialize here
to the case where A ,.then M (A) is Hermitian and show that every Hermitian endomorphism has a

matrix which takes on the diagonal form. The general case will be treated later, in Section 30.
First, we prove a general theorem for arbitrary endomorphisms about the linear independence of
eigenvectors.

Theorem 27.1. If 4,,..., 4, are distinct eigenvalues of Ae #(¥;¥) and if u,,...,u_ are
eigenvectors corresponding to them, then {u,,...,u, } form a linearly independent set.

Proof. If {u,,...,u_} is not linearly independent, we choose a maximal, linearly independent
subset, say {u,,...,us}, from the set {u,,...,u,}; then the remaining vectors can be expressed
uniquely as linear combinations of {u,,...,us}, say

Ug,, = U, +-- -+ agUg (27.1)

where a;,..., a5 are not all zero and unique, because {u,...,us} is linearly independent. Applying
A to (27.1) yields

AsaUs = (@A)U; +-- -+ (s A )Us (27.2)

Now if A, =0,then 4,..., A are nonzero because the eigenvalues are distinct and (27.2)
contradicts the linear independence of {u,,...,us}; on the other hand, if A, # 0, then we can
divide (27.2) by A
contradicting the uniqueness of the coefficients ¢,,...,a5. Hence in any case the maximal linearly
independent subset cannot be a proper subset of {u,,...,u, }; thus {u,,..,u,} is linearly
independent.

+1

obtaining another expression of ug., as a linear combination of {u,,...,u}
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As a corollary to the preceding theorem, we see that if the geometric multiplicity is equal to
the algebraic multiplicity for each eigenvalue of A, then the vector space 7~ admits the direct sum
representation

V=V (R) OV (1) D ¥ ()

where A4,,...,4_ are the distinct eigenvalues of A. The reason for this representation is obvious,

since the right-hand side of the above equation is a subspace having the same dimension as ¥ ;
thus that subspace is equal to 7. Whenever the representation holds, we can always choose a
basis of ¥~ formed by bases of the subspaces ¥'(4,),...,# (4,). Then this basis consists entirely of

eigenvectors of A becomes a diagonal matrix, namely,

A

M (A) = ' (27.3)

L ﬂ’L_
where each A, is repeated d, times, d, being the algebraic as well as the geometric multiplicity of

A . Of course, the representation of ¥~ by direct sum of eigenspaces of A is possible if A has

N =dim¥  distinct eigenvalues. In this case the matrix of A taken with respect to a basis of
eigenvectors has the diagonal form
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M (A) = : (27.3),

A

If the eigenvalues of v are not all distinct, then in general the geometric multiplicity of an
eigenvalue may be less than the algebraic multiplicity. Whenever the two multiplicities are
different for at least one eigenvalue of A, it is no longer possible to find any basis in which the
matrix of A is diagonal. However, if ¥ is an inner product space and if A is Hermitian, then a
diagonal matrix of A can always be found; we shall now investigate this problem.

Recall that if u and v are arbitrary vectors in ¥, the adjoint A" of A Z(v;%) is
defined by

Au-v=u-A'v (27.4)

As usual, if the matrix of A is referred to a basis {e, }, then the matrix of A" is referred to the

reciprocal basis {e"} and is given by [cf. (18.4)]

M(A") = M (A) (27.5)

where the overbar indicates the complex conjugate as usual. If A Hermitian, i.e., if A=A", then
(27.4) reduces to

Au-v=u-Av (27.6)

forall u,vey .
Theorem 27.2. The eigenvalues of a Hermitian endomorphism are all real.

Proof. Let Ae % (¥;7") be Hermitian. Since Au= Au for any eigenvalue 4, we have
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(27.7)

Therefore we must show that Au-u is real or, equivalently, we must show Au-u=Au-u. By
(27.6)

Au-u=u-Au=Au-u (27.8)
where the rule u-v =v-u has been used. Equation (27.8) yields the desired result.

Theorem 27.3. If Ais Hermitian and if % is an A -invariant subspace of ¥, then %" isalso A -
invariant .

Proof. If ve¥ and ue ¥, then Av-u=0 because Av e ¥ . Butsince A is Hermitian,
Av-u=v-Au=0. Therefore, Aue %", which proves the theorem.

Theorem 27.4. If A is Hermitian, the algebraic multiplicity of each eigenvalue equals the
geometric multiplicity.

Proof Let ¥ (4,) be the characteristic subspace associated with an eigenvalue 4,. Then the
geometric multiplicity of 4, is M =dim¥'(4,). By Theorems 13.4 and 27.3

V-V (A) OV (4)* (27.9)
Where 7°(4,) and ¥ (4,)" are A -invariant. By Theorem 24.1
A=A +A,
and by Theorem 17.4

| =P, +P,
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where P, projects ¥ onto ¥'(4,), P, projects ¥ onto ¥'(4,)", A, =AP,,and A, =AP,. By

Theorem 18.10, P, and P, are Hermitian and they also commute with A. Indeed, forany ve v,
Pve¥(4,) and Pve¥ ()", and thus APv e ¥ (4,) and AP,ve ¥ (4,)". Butsince

Av =A(P, +P,)v=APVv+AP,Vv

we see that AP,v is the 7'(4,) component of Av and AP,vis the #'(4,)" component of Av.
Therefore

PAv =APyv, P,Av = AP,v
forall ve 7, or, equivalently
PA=AP, P,A =AP,

Together with the fact that P, and P, are Hermitian, these equations imply that A, and A, are
also Hermitian. Further, A is reduced by the subspaces ¥ (4,) and ¥'(4,)", since

AA, =APAP, = A’PP,

Thus if we select a basis {e,,...,e, } such that {e,,...e, } span 7 (4,) and {e,,.,,....e,} span
¥ (4,)", then by the result of Exercise 24.1 the matrix of A to {e.} takes the form

M (A) =

M+1 M+1
A M A N

+1

A A"

M+1
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and the matrices of A, and A, are

163

Al1 Al,\,I
M M
M(Al): A : A M
0
M(A,) = . .
2 AM 1M+1 AM lN
0
L ANM+1 ANN |
which imply
det(A - A1) = det(A, - 21, ) det(A, =21, , )

By (25.2), A, =4l thus by (21.21)

¥ (do) *

(27.10)
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det(A — A1) = (4, — )™ det(A, — Al

V(ﬂo)i)

On the other hand, 4, is not an eigenvalue of A,. Therefore

det(A, — Al 0

V(Aof) >

Hence the algebraic multiplicity of 4, equals M, the geometric multiplicity.

The preceding theorem implies immediately the important result that ¥~ can be represented
by a direct sum of eigenspaces of A if A is Hermitian. In particular, there exists a basis
consisting entirely in eigenvectors of A, and the matrix of A relative to this basis is diagonal.
However, before we state this result formally as a theorem, we first strengthen the result of
Theorem 27.1 for the special case that A is Hermitian.

Theorem 27.5. If A is Hermitian, the eigenspaces corresponding to distinct eigenvalues A4, and
A, are orthogonal.

Proof. Let Au, = Au, and Au, = 4,u,. Then
AU, -u,=Au, -u, =u,-Au, = 4,U, - U,
Since A4, #4,, u,-u, =0, which proves the theorem.
The main theorem regarding Hermitian endomorphisms is the following.

Theorem 27.6. If A is a Hermitian endomorphism with (distinct) eigenvalues 4, 4,,..., 4, , then
7" has the representation

Y =H(h) OV (1)@ (4) (27.11)

where the eigenspaces 7(4,) are mutually orthogonal.
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The proof of this theorem is a direct consequence of Theorems 27.4 and 27.5 and the
remark following the proof of Theorem 27.1.

Corollary (Spectral Theorem). If A is a Hermitian endomorphish with (distinct) eigenvalues
Ay A then

N
A=Y AP, (27.12)
j=1
where P; is the perpendicular projection of ¥* onto ¥'(4;), for j=1,...,L.

Proof. By Theorem 27.6, A has a representation of the form (24.1). Let u be an arbitrary element
of ¥, then, by (27.11),

u=u,+---+U_ (27.13)
where u; e ¥'(4,;). By (24.3), (27.13), and (25.1)
Au=Au; =Au; =4u;

But u;= Pju : therefore

A =1P (no sum)

] 1

which, with (24.1) proves the corollary.

The reader is reminded that the L perpendicular projections satisfy the equations

Y P =1 (27.14)

P?=P (27.15)
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P. =P (27.16)
and

PP =0 i # | (27.17)

These equations follow from Theorems 14.4, 18.10 and 18.11. Certain other endomorphisms also
have a spectral representation of the form (27.12); however, the projections are not perpendicular
ones and do not obey the condition (27.17).

Another Corollary of Theorem 27.6 is that if A is Hermitian, there exists an orthogonal
basis for ¥ consisting entirely of eigenvectors of A. This corollary is clear because each
eigenspace is orthogonal to the other and within each eigenspace an orthogonal basis can be
selected. (Theorem 13.3 ensures that an orthonormal basis for each eigenspace can be found.)
With respect to this basis of eigenvectors, the matrix of A is clearly diagonal. Thus the problem of
finding a basis for ¥~ such that M (A) is diagonal is solved for Hermitian endomorphisms.

If f(A) isany polynomial in the Hermitian endomorphism, then (27.12),(27.15) and
(27.17) can be used to show that

f(A)= X1 (4,)P, 271.18)

where f (A1) is the same polynomial except that the variable A is replaced by the scalar 4. For
example, the polynomial P? has the representation

N
AT =D 4P,
=1

In general, f(A) is Hermitian if and only if f(4;) isreal forall j=1,.,L. If the eigenvalues of
A are all nonnegative, then we can extract Hermitian roots of A by the following rule:

N
AV =" 2P, (27.19)
j=1

k

where 2;" > 0. Then we can verify easily that (Al’k) A. If Ahas no zero eigenvalues, then
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L
1
At=> —P,
i 4 J

which is easily confirmed.

A Hermitian endomorphism A is defined to be

positive definite
positive semidefinite
negative semidefinite

if

negative definite

all nonzero v, It follows from (27.12) that

L
v-Av=Zl:}tjvj-vj
j=

where

Equation (27.21) implies the following important theorem.

Theorem 27.7 A Hermitian endomorphism A is

positive definite

positive semidefinite
negative semidefinite

negative definite

if and only if every eigenvalue of A is

>
Vv-Av
<

167

(27.20)

(27.21)
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>0
>0
<0
<0

As corollaries to Theorem 27.7 it follows that positive-definite and negative-definite
Hermitian endomorphisms are regular [see (27.20)], and positive-definite and positive-semidefinite
endomorphisms possess Hermitian roots.

Every complex number z has a polar representation in the form z =re'’, where r>0. It
turns out that an endomorphism also has polar decompositions, and we shall deduce an important
special case here.

Theorem 27.8. (Polar Decomposition Theorem). Every automorphism A has two unique
multiplicative decompositions

A=RU and A=VR (27.22)

where R is unitary and U and V are Hermitian and positive definite.

Proof. : For each automorphism A, AA is a positive-definite Hermitian endomorphism, and
hence it has a spectral decomposition of the form

L
A'A=> AP, (27.23)
j=1

where 4,>0,j=1..,L. Wedefine U by

U=(AA)" = S (27.24)

j=1

Clearly U is Hermitian and positive definite. Since U is positive definite it is regular. We now
define
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R=AU" (27.25)

By this formula R is regular and satisfies

RR=U'A'AU'=U'UU* =1 (27.26)

Therefore R is unitary. To prove the uniqueness, assume
RU=R,U, (27.27)

and we shall prove R=R, and U =U,. From (27.27)

U? =UR'RU = (RU)'RU = (R,U,)R,U, = U?

Since the positive-definite Hermitian square root of U? is unique, we find U =U,. Then (27.27)
implies R = R,. The decomposition (27.22), follows either by defining V> = AA”, or,
equivalently, by defining V = RUR” and repeating the above argument.

A more general theorem to the last one is true even if A is not required to be regular.
However, in this case R is not unique.

Before closing this section we mention again that if the scalar field is real, then a Hermitian
endomorphism is symmetric, and a unitary endomorphism is orthogonal. The reader may rephrase
the theorems in this and other sections for the real case according to this simple rule.

Exercises

27.1  Show that Theorem 27.5 remains valid if A is unitary or skew-Hermitian rather than
Hermitian.

27.2 If AeZ(¥;7) is Hermitian, show that A is positive semidefinite if and only if the
fundamental invariants of A are nonnegative.

27.3  Given an endomorphism A, the exponential of A is an endomorphism exp A defined by
the series
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expA = Z%AJ’ (27.28)

j=1

It is possible to show that this series converges in a definite sense for all A. We shall
examine this question in Section 65. Show that if A e Z(7";7") is a Hermitian

endomorphism given by the representation (27.12), then

L
expA = e"P, (27.29)
j=1
This result shows that the series representation of exp A is consistent with (27.18).

Suppose that A is a positive-definite Hermitian endomorphism; give a definition for log A

by power series and one by a formula similar to (27.18), then show that the two definitions
are consistent.  Further, prove that

logexpA=A

Forany A e % (¥ ;7) showthat A"”A and AA™ are Hermitian and positive semidefinite.
Also, show that A is regular if and only if A"A and AA™ are positive definite.

Show that A* = B¥ where k is a positive integer, generally does not imply A =B even if
both A and B are Hermitian.
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Section 28. [Illustrative Examples

In this section we shall illustrate certain of the results of the preceding section by working
selected numerical examples. For simplicity, the basis of ¥~ shall be taken to be the orthonormal

basis {i,,...,iy } introduced in (13.1). The vector equation (25.1) takes the component form

AV, = AV, (28.1)
where
V=V (28.2)
and
Ai; = Aji, (28.3)

Since the basis is orthonormal, we have written all indices as subscripts, and the summation
convention is applied in the usual way.

Example 1.  Consider a real three-dimensional vector space ¥~ . Let the matrix of an
endomorphism Ae %(¥';¢") be

M (A) = (28.4)

o B
=N e
=)

Clearly A is symmetric and, thus, the theorems of the preceding section can be applied. By direct
expansion of the determinant of M (A — Al) the characteristic polynomial is

f(4) = (=A)1-1)(3B-1) (28.5)

Therefore the three eigenvalues of A are distinct and are given by
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2,=0, 4, =1 4 =3 (28.6)

The ordering of the eigenvalues is not important. Since the eigenvalues are distinct, their
corresponding characteristic subspaces are one-dimensional. For definiteness, let v(” be an
eigenvector associated with 4. As usual, we can represent v(® by

VP =y, (28.7)
Then (28.1), for p =1, reduces to
v v =0, vO +2vP +vPP =0, v +vlP =0 (28.8)
The general solution of this linear system is
v =t, v =, v =t (28.9)

forall te 4. Inparticular, if v® is required to be a unit vector, then we can choose t = +1/+/3,
where the choice of sign is arbitrary, say

v =1/4/3, v =-1/43, v =1/{3 (28.10)

So

v® = (W/V3)i, - (1/V3)i, + (1/V3)i, (28.11)

Likewise we find for p=2

v® = (1/2)i, - 1/V2)i, (28.12)

and for p=3

v® = (1/V6)i, + (2/V6)i, + (1/ V)i, (28.13)
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It is easy to check that {v®,v®,v®} is an orthonormal basis.

By (28.6) and (27.12), A has the spectral decomposition

A=0P,+1P, + 3P, (28.14)

where P, is the perpendicular projection defined by

Pv® =v®  pyD =g, jk (28.15)

for k =1,2,3. In component form relative to the original orthonormal basis {i,,i,,i,} these
projections are given by

P, = viovii, (no sum on k) (28.16)

This result follows from (28.15) and the transformation law (22.7) or directly from the
representations

i, = /B + (Y2)v® + (1 VBV
i, = (/B + 2/ o) (28.17)
i, = (1/BVY - W2V + 1/ VB)v®

since the coefficient matrix of {i,,i,,i,} relative to {v®,v® v} is the transpose of that of

{v(”,v(z),v(”} relative to {i,,i,,i,}.

There is a result, known as Sylvester’s Theorem, which enables one to compute the
projections directly. We shall not prove this theorem here, but we shall state the formula in the
case when the eigenvalues are distinct. The result is
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E:l;j;tk (j’kl - A)

= 28.18
T, G ) (28.18)

The advantage of this formula is that one does not need to know the eigenvectors in order to find
the projections. With respect to an arbitrary basis, (28.18) yields

H’I:lzl;#k (ﬂ’kM (I) -M (A))

M (P.) = 28.19
( J) HE:l;#k(ﬂ’k _/1]) ( )

Example 2. To illustrate (28.19), let
M(A){i _ZJ (28.20)

with respect to an orthonormal basis. The eigenvalues of this matrix are easily found to be
A =-2,1,=3. Then, (28.19) yields

oo} 2 2 -t 7

and

M(Pz){ﬂ{é cl)Hz _ZlD/”f“:%E ﬂ

The spectral theorem for this linear transformation yields the matrix equation
1 -2 4 2
5/|-2 4] 5|2 1

Exercises
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28.1 The matrix of A e %(¥";¥") with respect to an orthonormal basis is
M(A) = 2 1
|12

@) Express M (A) in its spectral form.

(b) Express M (A™) in its spectral form.

(©) Find the matrix of the square root of A.
28.2 The matrix of A e Z(¥";¥") with respect to an orthonormal basis is

3
M(A)=|0
1

o N O
w o N

Find an orthonormal basis for ¥ relative to which the matrix of A is diagonal.
283 If AcZ(v;7) is defined by

Ai, = 2/2i, - 2i,

Ai, =(gﬁ+1)il+(3—%\/§)i2

and
Ai, =1,

where {i,,i,,i,} is an orthonormal basis for ¥, determine the linear transformations R ,
U, and V in the polar decomposition theorem.
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Section 29 The Minimal Polynomial

In Section 26 we remarked that for any given endomorphism A there exist some
polynomials f(t) such that

f(A)=0 (29.1)

For example, by the Cayley-Hamilton theorem, we can always choose, f(t) to be the characteristic
polynomial of A. Another obvious choice can be found by observing the fact that since Z(7";7")

has dimension N?, the set
{AO - I,Al,Az,...,ANZ}

is necessarily linearly dependent and, thus there exist scalars {ao,al,...,aNz} , hot all equal to zero,
such that

ol + A+ o AV =0 (29.2)

For definiteness, let us denote the set of all polynomials f satisfying the condition (29.1) for a
given A by the symbol #(A). We shall now show that 2(A) has a very simple structure, called
a principal ideal.

In general, an ideal # is a subset of an integral domain 2 such that the following two
conditions are satisfied:

1. If f and g belongto .#, soistheirsum f +g.
2. If f belongsto # and h arbitrary element of 2, then fh=hf also belongto .~ .

We recall that the definition of an integral domain is given in Section 7. Of course, 2 itself
and the subset {0} consisting in the zero element of 2 are obvious examples of ideals, and these

are called trivial ideals or improper ideals. Another example of ideal is the subset 4 — 9
consisting in all multiples of a particular element g € 2, namely
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J ={hg,h e 2} (29.3)

It is easy to verily that this subset satisfies the two conditions for an ideal. ldeals of the special
form (29.3) are called principal ideals.

For the set #(A) we choose the integral domain 2 to be the set of all polynomials with

complex coefficients. (For real vector space, the coefficients are required to be real, of course.)
Then it is obvious that #(A) isanideal in 2, since if f and g satisfy the condition (29.1), so

does their sum f + g and similarly if f satisfies (29.1) and h is an arbitrary polynomial, then

(hf)(A) = h(A) f (A) = h(A)0 =0 (29.4)

The fact that #(A) is actually a principal ideal is a standard result in algebra, since we have the
following theorem.

Theorem 29.1. Every ideal of the polynomial domain is a principal ideal.

Proof. We assume that the reader is similiar with the operation of division for polynomials. If f
and g =0 are polynomials, we can divide f by g and obtain a remainder r having degree less
than g, namely

r(t) = f(t)—h(t)g(t) (29.5)

Now, to prove that #(A) can be represented by the form (29.3), we choose a polynomial g #0
having the lowest degree in £(A). Then we claim that

#(A) ={hg,h e 9} (29.6)

To see this, we must show that every f e #£(A) can be devided through by g without a remainder.
Suppose that the division of f by g yields a remainder r as shown in (29.5). Then since #(A)
is an ideal and since f,g e 2(A), (29.5) shows that r € #(A) also. But since the degree of r is
less than the degree of g,r € #(A) is possible if and only if r=0. Thus f =hg, so the
representation (29.6) is valid.
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A corollary of the preceding theorem is the fact that the nonzero polynomial g having the
lowest degree in Z(A) is unique to within an arbitrary nonzero multiple of a scalar. If we require
the leading coefficient of g to be 1, then g becomes unique, and we call this particular
polynomial g the minimal polynomial of the endomorphism A .

We pause here to give some examples of minimal polynomials.

Example 1.  The minimal polynomial of the zero endomorphism 0 is the polynomial f(t) =1 of
zero degree, since by convention

f(0)=10°=0 (29.7)

In general, if A =0, then the minimal polynomial of A is at least of degree 1, since in this case

1A° =11 =0 (29.8)

Example 2. Let P be a nontrivial projection. Then the minimal polynomial g of P is

g(t) =t* —t (29.9)

For, by the definition of a projection,

P?-P=P(P-1)=0 (29.10)

and since P is assumed to be non trivial, the two lower degree divisors t and t—1 no longer
satisfy the condition (29.1) for P.

Example 3.  For the endomorphism C whose matrix is given by (26.19) in Exercise 26.8, the
minimal polynomial g is

g(t) =t" (29.11)

since we have seen in that exercise that
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c"=0 but  C"*=%0

For the proof of some theorems in the next section we need several other standard results in
the algebra of polynomials. We summarize these results here.

Theorem 29.2. If f and g are polynomials, then there exists a greatest common divisor d which
is a divisor (i.e., a factor) of f and g and is also a multiple of every common divisor of f and g.

Proof. We define the ideal .# in the polynomial domain 2 by

# ={hf +kg, h,k e 2} (29.12)

By Theorem 29.1, .# is a principal ideal, and thus it has a representation

S ={hd, he 9} (29.13)

We claim that d is a greatest common divisor of f and g. Clearly, d is a common divisor of f
and g, since f and g are themselves members of 4, so by (29.13) there exist h and k in 9
such that

f =hd, g =kd (29.14)

On the other hand, since d is also a member of .#, by (29.12) there exist also p and g in 2 such
that

d = pf +qg (29.15)

Therefore if ¢ is any common divisor of f and g, say
f =ac, g=>hbc (29.16)
then from (29.15)

d =(pa+gb)c (29.17)
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so d is a multiple of ¢c. Thus d is a greatest common divisor of f and g.

By the same argument as before, we see that the greatest common divisor d of f and g is

unique to within a nonzero scalar factor. So we can render d unique by requiring its leading
coefficient to be 1. Also, it is clear that the preceding theorem can be extended in an obvious way
to more than two polynomials. If the greatest common divisor of f,..., f_ is the zero degree

polynomial 1, then f,..., f, are said to be relatively prime. Similarly f,..., f_ are pairwise prime
if each pair f,, f,i= j, from f,..., f_isrelatively prime.

ir

Another important concept associated with the algebra of polynomials is the concept of the
least common multiple.

Theorem 29.3. If f and g are polynomials, then there exists a least common multiple m
which is a multiple of f and g and is a divisor of every common multiple of f and g.

The proof of this theorem is based on the same argument as the proof of the preceding
theorem, so it is left as an exercise.

Exercises

29.1 If the eigenvalues of an endomorphism A are all single roots of the characteristic equation,
show that the characteristic polynomial of A is also a minimal polynomial of A .

29.2 Prove Theorem 29.3.

29.3 If f and g are nonzero polynomials and if d is their greatest common divisor, show that
then

m= fg/d

is their least common multiple and, conversely, if m is their least common multiplies, then

d=fg/m
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is their greatest common divisor.
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Section 30. Spectral Decomposition for Arbitrary Endomorphisms

As we have mentioned in Section 27, not all endomorphism have matrices which are
diagonal. However, for Hermitian endomorphisms, a decomposition of the endomorphism into a
linear combination of projections is possible and is given by (27.12). In this section we shall
consider the problem in general and we shall find decompositions which are, in some sense, closest
to the simple decomposition (27.12) for endomorphisms in general.

We shall prove some preliminary theorems first. In Section 24 we remarked that the null
space K(A) isalways A -invariant. This result can be generalized to the following

Theorem 30.1. If. f isany polynomial, then the null space K(f(A)) is A -invariant.

Proof. Since the multiplication of polynomials is a commutative operation, we have
Af (A) = f(A)A (30.1)
Hence if ve K(f(A)), then
f(A)Av=Af(A)v=A0=0 (30.2)

which shows that Av e K(f(A)). Therefore K(f(A)) is A -invariant,

Next we prove some theorems which describe the dependence of K(f (A)) on the choice of

Theorem 30.2. If f isa multiple of g, say
f =hg (30.3)
Then

K(f(A)) > K(g(A) (30.4)
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Proof. This result is a general property of the null space. Indeed, for any endomorphisms B and
C we always have

K(BC) c K(C) (30.5)

So if we set h(A)=B and g(A) =C, then (30.5) reduces to (30.4).

The preceding theorem does not imply that K(g(A)) is necessarily a proper subspace of
K(f(A)), however. Itis quite possible that the two subspaces, in fact, coincide. For example, if
g and hence f both belong to 2(A), then g(A)= f(A)=0, and thus

K(f(A)) =K(g(A)) =K(0) =7 (30.6)

However, if m is the minimal polynomial of A, and if f isa proper divisor of m (i.e., m isnota
divisor of f)sothat f ¢ #(A), then K(f(A)) is strictly a proper subspace of ¥ = K(m(A)).
We can strengthen this result to the following

Theorem 30.3. If f isa divisor (proper or improper) of the minimal polynomial m of A, and if
g isaproper divisor of f ,then K(g(A)) is strictly a proper subspace of K(f(A)).

Proof. By assumption there exists a polynomial h such that

m = hf (30.7)

We set

k = hg (30.8)

Then k is a proper divisor of m, since by assumption, g is a proper divisor of f . By the remark
preceding the theorem, K(k(A)) is strictly a subspace of ¥, which is equal to K(m(A)). Thus
there exists a vector v such that

K(A)V = g(A)h(A)V %0 (30.9)
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which implies that the vector u=h(A)v does not belong to K(g(A)). On the other hand, from
(30.7)

f(A)u== f (A)N(A)V=m(A))V =0 (30.10)

which implies that u belongs to K(f(A)). Thus K(g(A)) is strictly a proper subspace of
K(f(A)).

The next theorem shows the role of the greatest common divisor in terms of the null space.

Theorem 30.4. Let f and g be any polynomials, and suppose that d is their greatest common
divisor. Then

K(d(A)) = K(T(A)NK(g(A)) (30.11)

Obviously, this result can be generalized for more than two polynomials.

Proof. Since d isacommon divisor of f and g, the inclusion

K(d(A)) = K(T(A) N K(g(A)) (30.12)

follows readily from Theorem 30.2. To prove the reversed inclusion,

K(d(A)) o K(f(A)nK(g(A)) (30.13)

recall that from (29.15) there exist polynomials p and g such that

d =pf +qg (30.14)

and thus

d(A) = p(A)T(A)+a(A)g(A) (30.15)

This equation means that if v e K(f(A))nK(g(A)), then
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d(A)v=p(A)f(A)v+aq(A)g(A)v

= p(A)0+q(A)0=0 (30.16)

so that ve K(d(A)). Therefore (30.13) is valid and hence (30.11).

A corollary of the preceding theorem is the fact that if f and g are relatively prime then

K(f(A) N K(g(A)) = {0} (30.17)
since in this case the greatest common divisor of f and g is d(t) =1, so that
K(d(A)) =K(A%) =K(l) ={0} (30.18)
Here we have assumed A =0 of course.
Next we consider the role of the least common multiple in terms of the null space.

Theorem 30.5. Let f and g be any polynomials, and suppose that | is their least common
multiplier. Then

K(I(A)) = K(T(A)) + K(g(A)) (30.19)

where the operation on the right-hand side of (30.19) is the sum of subspaces defined in Section 10.
Like the result (30.11), the result (30.19) can be generalized in an obvious way for more than two
polynomials.

The proof of this theorem is based on the same argument as the proof of the preceding
theorem, so it is left as an exercise. As in the preceding theorem, a corollary of this theorem is that
if f and g are relatively prime (pairwise prime if there are more than two polynomials) then

(30.19) can be strengthened to

K(I(A)) = K(f(A)) @ K(g(A)) (30.20)
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Again, we have assumed that A =0. We leave the proof of (30.20) also as an exercise.

Having summarized the preliminary theorems, we are now ready to state the main theorem
of this section.

Theorem 30.6. If m is the minimal polynomial of A which is factored into the form

m(t) = (t=4)% - (t=4)" =my(1)---m,(t) (30.21)

where 4,,...,4, aredistinctand a,,...,a, are positive integers, then ¥~ has the representation

¥ = K(m,(A) @ ® K(m_(A)) (30.22)

Proof. Since A4,,...,4, are distinct, the polynomials m,,...,m,_ are pairwise prime and their least
common multiplier is m. Hence by (30.20) we have

K(M(A)) = K(m,(A) & ® K(m_(A) (30.23)

But since m(A) =0, K(m(A)) =7, so that (30.22) holds.

Now from Theorem 30.1 we know that each subspace K(m.(A)),.i=1,...,L is A -invariant;
then from (30.22) we see that A is reduced by the subspaces K(m,(A)),...,K(m_(A)). k{ .{)))

.1 kfmL(6)). Therefore, the results of Theorem 24.1 can be applied. In particular, if we choose a
basis for each K(m,(A)) and form a basis for ¥~ by the union of these bases, then the matrix of A

takes the form (24.5) in Exercise 24.1. The next theorem shows that, in some sense, the
factorization (30.21) gives also the minimal polynomials of the restrictions of A to the various A -
invariant subspaces from the representation (30.22).

Theorem 30.7. Each factor m, of m is the minimal polynomial of the restriction of A to the
subspace K(m, (A)). More generally, any product of factors, say m, ---m,, is the minimal
polynomial of the restriction of A to the corresponding subspace K(m,(A))®---@ K(m,, (A))
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Proof : We prove the special case of one factor only, say m, ; the proof of the general case of

several factors is similar and is left as an exercise. For definiteness, let A denote the restriction of
A to K(m,(A)) Then m,(A) is equal to the restriction of m (A) to K(m,(A)), and, thus

m,(A) = 0, which means that m, € Z(A). Now if g is any proper divisor of m,, then g(A) #0;
for otherwise, we would have g(A)m,(A)---m_(A), contradicting the fact that m is minimal for
A. Therefore m, is minimal for A and the proof is complete.

The form (24.5), generally, is not diagonal. However, if the minimal polynomial (30.21)
has simple roots only, i.e., the powers a,,...,a_ are all equal to 1, then

m(A)=A-A4l (30.24)
forall i. In this case, the restriction of A to K(m,(A)) coincides with A1 on that subspace,
namely

Ay =4l (30.25)

Here we have used the fact from (30.24), that

7 (4) =K(m(A)) (30.26)
Then the form (24.5) reduces to the diagonal form (27.3); or (27.3),.

The condition that m has simple roots only turns out to be necessary for the existence of a
diagonal matrix for A also, as we shall now see in the following theorem.

Theorem 30.8. An endomorphism A has a diagonal matrix if and only if its minimal polynomial
can be factored into distinct factors all of the first degree.

Proof. Sufficiencyhas already been proven. To prove necessity, assume that the matrix of A
relative to some basis {el,...,eN} has the form (27.3);. Then the polynomial

m(t) = (t—4) - (t—4) (30.27)
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is the minimal polynomial of A . Indeed, each basis vector e, is contained in the null space
K(A - A1) for one particular k. Consequently e, € K(m(A)) forall i =1,...,N, and thus

K(m(A)) =7 (30.28)
or equivalently
m(A)=0 (30.29)

which implies that m € #(A). Butsince 4,,,,4, are distinct, no proper divisor of m still belongs
to #(A). Therefore m is the minimal polynomial of A.

As before, when the condition of the preceding theorem is satisfied, then we can define
projections P,,...,P, by

R(R) =7(4), K(P)=9 7 (4) (30.30)

j#i

forall i =1,...,L, and the diagonal form (27.3); shows that A has the representation

L
A=AP ++ AP => AP (30.31)

i=1

It should be noted, however, that in stating this result we have not made use of any inner product,
so it is not meaningful to say whether or not the projections P,,...,P,_ are perpendicular; further, the
eigenvalues 4,,...,4, are generally complex numbers. In fact, the factorization (30.21) for m in
general is possible only if the scalar field is algebraically closed, such as the complex field used
here. If the scalar field is the real field, we should define the factors m,,...,m,_of m to be powers
of irreducible polynomials, i.e., polynomials having no proper divisors. Then the decomposition

(30.22) for ¥~ remains valid, since the argument of the proof is based entirely on the fact that the
factors of m are pairwise prime.

Theorem 30.8 shows that in order to know whether or not A has a diagonal form, we must
know the roots and their multiplicities in the minimal polynomial m of A. Now since the
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characteristic polynomial f of A belongsto £(A), m isadivisor of f. Hence the roots of m
are always roots of f, The next theorem gives the converse of this result.

Theorem 30.9. Each eigenvalue of A is a root of the minimal polynomial m of A and vice
versa.

Proof. Sufficiency has already been proved. To prove necessity, let 4 be an eigenvalue of A.
Then we wish to show that the polynomial

glt) =t— 4 (30.32)

is a divisor of m. Since g is of the first degree, if g is not a divisor of m, then m and g are
relatively prime. By (30.17) and the fact that m € #(A), we have

{0} = K(M(A) " K(g(A) =7 nK(g(A)) = K(g(A)) (30.33)

But this is impossible, since K(g(A)), being the characteristic subspace corresponding to the
eigenvalue A, cannot be of zero dimension.

The preceding theorem justifies our using the same notations 4,,...,4, for the (distinct)

roots of the minimal polynomial m, as shown in (30.21). However it should be noted that the root
A generally has a smaller multiplicity in m thanin f , because m is adivisor of f. The

characteristic polynomial f yields not only the (distinct) roots 4,,...,4, of m, it determines also
the dimensions of their corresponding subspaces K(m,(A)),..., K(m_(A)) in the decomposition
(30.22) This result is made explicit in the following theorem.

Theorem 30.10. Let d, denote the algebraic multiplicity of the eigenvalue 4, as before; i.e., d, is
the multiplicity of 4, in f [cf. (26.8)]. Then we have

dimK (m, (A)) =d, (30.34)

Proof We prove this result by induction. Clearly, it is valid for all A having a diagonal form,
since in this case m, (A) = A— 4,1, so that K(m, (A)) is the characteristic subspace corresponding

to 4, and its dimension is the geometric multiplicity as well as the algebraic multiplicity of 4, .

Now assuming that the result is valid for all A whose minimal polynomial has at most M multiple
roots, where M =0 is the starting induction hypothesis, we wish to show that the same holds for



190 Chap 6 . SPECTRAL DECOMPOSITIONS

all A whose minimal polynomial has M +1 multiple roots. To see this, we make use of the
decomposition (30.23) and, for definiteness, we assume that 4, is a multiple root of m. We put

U = K(M,(A)) @ ®K(m_(A)) (30.35)

Then % is A =invariant. From Theorem 30.7 we know that the minimal polynomial m,, of the
restriction A, is

m, =m,---m_ (30.36)

which has at most M multiple roots. Hence by the induction hypothesis we have

dim@ = dim K (m,(A)) +- -+ dimK(m_(A)) =d, +---+d, (30.37)

But from (26.8) and (30.23) we have also

N=d +d,+---+d,

: . . (30.38)
N =dimK(m,(A)) +dimK(m,(A)) +---+dimK(m_(A))
Comparing (30.38) with (30.37), we see that
d, =dimK(m,(A)) (30.39)

Thus the result (30.34) is valid for all A whose minimal polynomial has M +1 multiple roots, and
hence in general.

An immediate consequence of the preceding theorem is the following.

Theorem 30.11. Let b, be the geometric multiplicity of A, , namely

b, =dim¥ (4,) = dimK(g, (A)) = dimK (A - A1) (30.40)

Then we have
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1<b <d, —a, +1 (30.41)

where d, is the algebraic multiplicity of 4, and a, is the multiplicity of A, in m,as shown in
(30.21). Further, b, =d, if and only if

K(9,(A)) = K(g:(A)) (30.42)

Proof. If A, isasimplerootof m,i.e., a =1 and g, =m,, then from (30.34) and (30.40) we
have b, =d,. On the other hand, if 4, isa multiple root of m,i.e., a, >1 and m_=g.*, then the
polynomials g,,9/,...,g*™ are proper divisors of m, . Hence by Theorem 30.3

7 (%) = K(9(A)) € K(gg(A)) -+ < K(g* 7 (A)) € K(m, (A)) (30.43)

where the inclusions are strictly proper and the dimensions of the subspaces change by at least one
in each inclusion. Thus (30.41) holds.

The second part of the theorem can be proved as follows: If 4, is a simple root of m, then
m, =g,, and, thus K(g,(A)) = K(g/(A)) =7 (4). On the other hand, if 4_is not a simple root
of m, then m, is at least of second degree. In this case g, and g/ are both divisors of m. But
since g, is also a proper divisor of g7, by Theorem 30.3, K(g, (A)) is strictly a proper subspace
of K(g:(A)), so that (30.42) cannot hold, and the proof is complete.

The preceding three theorems show that for each eigenvalue 4, of A, generally there are
two nonzero A -invariant subspaces, namely, the eigenspace 7(4,) and the subspace K(m, (A)).
For definiteness, let us call the latter subspace the characteristic subspace corresponding to 4, and
denote it ‘by the more compact notation #(4,). Then ¥'(4,) is a subspace of #(4,) in general,
and the two subspaces coincide if and only if A4, is a simple root of m. Since A, isthe only
eigenvalue of the restriction of A to #(4,), by the Cayley-Hamilton theorem we have also

(%) = K((A-21)%) (30.44)
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where d, is the algebraic multiplicity of A, , which is also the dimension of #(4,). Thus we can
determine the characteristic subspace directly from the characteristic polynomial of A by (30.44).

Now if we define P, to be the projection on #(4,) in the direction of the remaining
U(4;), j =k, namely

R(P)=%(4),K(P,) :-Cé A(4,) (30.45)

jzk

and we define B, tobe A—-AP, on %(4) and 0 on #%(4;), j=k, then A has the spectral
decomposition by a direct sum

L
A=> (1P, +B)) (30.46)
j=1
where

2
Py =P,

PB;=B;P; =B, j=1..L (30.47)
BY =0, 1<a, <d,

PP, =0
PB, =B/, =0 j=k, jk=1..L (30.48)
B,B, =0,

In general, an endomorphism B satisfying the condition

B*=0 (30.49)

for some power a is called nilpotent. From (30.49) or from Theorem 30.9 the only eigenvalue of a
nilpotent endomorphism is 0, and the lowest power a satisfying (30.49) is an integer a,1<a<N,

such that t" is the characteristic polynomial of B and t* is the minimal polynomial of B. In view
of (30.47) we see that each endomorphism B in the decomposition (30.46) is nilpotent and can be
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regarded also as a nilpotent endomorphism on #(4;). In order to decompose A further from

(30.46) we must determine a spectral decomposition for each B;. This problem is solved in
general as follows.

First, we recall that in Exercise 26.8 we have defined a nilcylic endomorphism C to be a
nilpotent endomorphism such that

c'=0 but  CY'%0 (30.50)

Where N is the dimension of the underlying vector space ¥". For such an endomorphism we can
find a cyclic basis {e,,....e, } which satisfies the conditions

Cc'e,=0, CV'e,=e,..Ce,=¢,, (30.51)

or, equivalently

C'e, =e,, CV?%,=¢e,,..,Ce,=¢€,, (30.52)
so that the matrix of C takes the simple form (26.19). Indeed, we can choose e, to be any vector

such that C" e #0; then the set {e,,....e, } defined by (30.52) is linearly independent and thus

forms a cyclic basis for C. Nilcyclic endomorphisms constitute only a special class of nilpotent
endomorphisms, but in some sense the former can be regarded as the building blocks for the latter.
The result is made precise by the following theorem.

Theorem 30.12. Let B be a nonzero nilpotent endomorphism of ¥ in general, say B satisfies the
conditions

B*=0 but  B*'%0 (30.53)

for some integer a between 1 and N . Then there exists a direct sum decomposition for ¥ :

V=4® DY, (30.54)

and a corresponding direct sum decomposition for B (in the sense explained in Section 24):
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B=B,+ +B (30.55)
1 M

such that each B; is nilpotent and its restriction to ] is nilcyclic. The subspaces %,...,%;, inthe

decomposition (30.54) are not unique, but their dimensions are unique and obey the following
rules: The maximum of the dimension of ¥;,...,7;, is equal to the integer a in (30.53); the number

N, of subspaces among 7,...,%, having dimension a is given by

N, = N —dimK (B*?) (30.56)

More generally, the number N, of subspaces among ¥;,...,%;, having dimensions greater than or
equal to b is given by

N, =dimK(B") -dimK(B" ™) (30.57)

forall b=1,...,a. In particular, when b=1, N, isequal to the integer M in (30.54), and (30.57)
reduces to

M =dim K (B) (30.58)

Proof. We prove the theorem by induction on the dimension of ¥~ . Clearly, the theorem is valid
for one-dimensional space since a nilpotent endomorphism there is simply the zero endomorphism
which is nilcylic. Assuming now the theorem is valid for vector spaces of dimension less than or
equal to N —1, we shall prove that the same is valid for vector spaces of dimension N .

Notice first if the integer a in (30.53) is equal to N, then B is nilcyclic and the assertion is
trivially satisfied with M =1, so we can assume that 1<a < N. By (30.53),, there exists a vector

e, €7 suchthat B*'e, 0. Asin (30.52) we define

B*'e, =e,,...,Be,, (30.59)

a

Then the set {el,...ea} is linearly independent. We put #; to ‘be the subspace generated by
{e,,...e,}. Then by definition dim¥; =a, and the restriction of B on ¥ is nilcyclic.
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Now recall that for any subspace of a vector space we can define a factor space (cf. Section
11). As usual we denote the factor space of ¥ over ¥ by ¥/¥,. From the result of Exercise 11.5

and (30.59), we have
dim7/#=N-a<N-1 (30.60)

Thus we can apply the theorem to the factor space 7'/%, . For definiteness, let us use the notation
of Section 11, namely, if v e ¥, then V denotes the equivalence set of v in ¥’/% . This notation
means that the superimposed bar is the canonical projection from ¥ to ¥'/¥; . From (30.59) it is
easy to see that #; is B -invariant. Hence if u and v belong to the same equivalence set, so do
Bu andBv. Therefore we can define an endomorphism B on the factor space ¥/, , by

BV =Bv (30.61)

forall vev orequivalently forall ve /¥, Applying (30.60) repeatedly, we have also

BV =B'v (30.62)

for all integers k . In particular, B is nilpotent and

B =0 (30.63)

By the induction hypothesis we can then find a direct sum decomposition of the form
VIV =UD - DU (30.64)

for the factor space 7/#; and a corresponding direct sum decomposition

B=F+F (30.65)
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for B. In particular, there are cyclic bases in the subspaces %,...,%, forthe nilcyclic

endomorphisms which are the restrictions of F,,,,,F, to the corresponding subspaces. For

definiteness, let {f,,....T,} be a cyclic basis in %, say

B"f, =0, B"'f,=f,...Bf, =1, (30.66)

From (30.63), is necessarily less than or equal to a.

From (30.66); and (30.62) we see that B"f, belongs to ¥ and, thus can be expressed as a
linear combination of {e,,...,e,}, say

Ebfb — alel + o4 aaea = (alBa{L +-- 4 aa_lB + aal)ea (3067)

Now there are two possibilities: (i) B°f, =0 or (ii) B"f, #0. In case (i) we define as before

B*'f =f,...Bf =f (30.68)

Then {f,,...f,} isalinearly independent set in 7", and we put ¥, to be the subspace generated by

{f,,....f,}, On the other hand, in case (ii) from (30.53) we see that b is strictly less than a;
moreover, from (30.67) we have

0=B%, =(a,, B+ +a,B e, =a, .6+ +ag (30.69)
which implies
—q = =a,=0 (30.70)
or equivalently
B’f, =(a,B** +---+a, B")e, (30.72)

Hence we can choose another vector f,' in the same equivalence set of f, by
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f'=f, (B "'+ -+ e, =f —ae,,——a, e (30.72)

a

which now obeys the condition B°f,' =0, and we can proceed in exactly the same way as in case

(i). Thus in any case every cyclic basis {ﬁfb} for % gives rise to a cyclic set {f,,...,f,} in 7.

Applying this result to each one of the subspaces %, ..., %, we obtain cyclic sets {fl, -..,fb} ,
{9;,.-.9.} ..., and subspaces 7%;,...,7,,, generated by them in »". Now it is clear that the union of

{ey e}, {fnf}0{9,0,-,9, ) ..., form a basis of 7 since from (30.59), (30.60), and (30.64)
there are precisely N vectors in the union; further, if we have

o +-+ae, +p f++ 4 +19,+ - +y9.+--=0 (30.73)

then taking the canonical projection to 7/, yields

B f1""""‘/Bbfb""7/151""""'7/(:@:""":0

which implies

B==f=p==p,=-=0

and substituting this result back into (30.73) yields

a==a,=0

Thus 7 has a direct sum decomposition given by (30.54) with M = p+1 and B has a
corresponding decomposition given by (30.55) where B,,...,B,, have the prescribed properties.

Now the only assertion yet to be proved is equation (30.57). This result follows from the
general rule that for any nilcylic endomorphism C on a L-dimensional space we have
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1 for 1<k<L

dimK(C*) —dim(C*?) =
mK(C) - dim(c™) {O for k> L

Applying this rule to the restriction of B; to 7" forall j=1,...,M and using the fact that the

kernel of B¥ is equal to the direct sum of the kernel of the restriction of (Bj)k forall j=1,.,.M,
prove easily that (30.57) holds. Thus the proof is complete.

In general, we cannot expect the subspaces 7;,...,7;, in the decomposition (30.54) to be
unique. Indeed, if there are two subspaces among %,..., %, having the same dimension, say
dim¥, =dim¥, =a, then we can decompose the direct sum ¥ @ ¥, in many other ways, e.g.,

VDN =V 1DV (30.74)

and when we substitute (30.74) into (30.54) the new decomposition

V=A1®V DY D-- DY
possesses exactly the same properties as the original decomposition (30.54). For instance we can

define ¥/ and ¥, to be the subspaces generated by the linearly independent cyclic set {él,...,éa}

and {f,,....f, |, where we choose the starting vectors &, and f, by

&, =ae, + ff,, f, =ye, +5f,
provided that the coefficient matrix on the right hand side is nonsingular.

If we apply the preceding theorem to the restriction of A—A4,1 on %, we see that the

inequality (30.41) is the best possible one in general. Indeed, (30.41), becomes an equality if and
only if % has the decomposition

U = Uy D -~ D Uy, (30.75)

where the dimensions of the subspaces %, ...,%,, are



Sec. 30 . Arbitrary Endomorphisms 199
dim%, =a,, dim%,=---=dim%,, =1

If there are more than one subspaces among %,,,...,%,, having dimension greater than one, then
(30.41), is a strict inequality.

The matrix of the restriction of A— 4,1 to % relative to the union of the cyclic basis for
U,,.... %y, hasthe form

Aq 0
Ac

A = ' | (30.76)

where each submatrix A, in the diagonal of A has the form

A1 0
A1
A, = ' . (30.77)
1
0 A

Substituting (30.76) into (24.5) yields the Jordan normal form for A :
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Au 0
A,

M(A)=| 0 (30.78)

0 I

The Jordan normal form is an important result since it gives a geometric interpretation of an
arbitrary endomorphism of a vector space. In general, we say that two endomorphisms A and A’
are similar if the matrix of A relative to a basis is identical to the matrix of A" relative to another
basis. From the transformation law (22.7), we see that A and A" are similar if and only if there
exists a nonsingular endomorphism T such that

A'=TAT™ (30.79)

Clearly, (30.79) defines an equivalence relation on £(7";7"). We call the equivalence sets relative
to (30.79) the conjugate subsets of #(¥";7"). Now for each A € #(7;#") the Jordan normal form

of A isa particular matrix of A and is unique to within an arbitrary change of ordering of the
various square blocks on the diagonal of the matrix. Hence A and A'are similar if and only if
they have the same Jordan normal form. Thus the Jordan normal form characterizes the conjugate
subsets of Z(7";7)

Exercises

30.1 Prove Theorem 30.5.
30.2 Prove the general case of Theorem 30.7.

30.3 Let U be an unitary endomorphism of an inner product space ¥”. Show that U has a
diagonal form.

30.4 If ¥ isareal inner product space, show that an orthogonal endomorphism Q in general
does not have a diagonal form, but it has the spectral form
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M(Q) =

cosg, -sing
0 sing, cosé,

cosg, —sing,
sing,  cosf, |

where the angles 6,,...,6, may or may not be distinct.

30.5 Determine whether the endomorphism A whose matrix relative to a certain basis is

1 1 0
M(A)=|0 1 0
0 -1 1

can have a diagonal matrix relative to another basis. Does the result depend on whether the
scalar field is real or complex?

30.6 Determine the Jordan normal form for the endomorphism A whose matrix relative to a
certain basis is

M (A) =

o O K
o R Bk
N N






Chapter 7

TENSOR ALGEBRA

The concept of a tensor is of major importance in applied mathematics. Virtually every
discipline in the physical sciences makes some use of tensors. Admittedly, one does not always
need to spend a lot of time and effort to gain a computational facility with tensors as they are
used in the applications. However, we take the position that a better understanding of tensors is
obtained if we follow a systematic approach, using the language of finite-dimensional vector
spaces. We begin with a brief discussion of linear functions on a vector space. Since in the
applications the scalar field is usually the real field, from now on we shall consider real vector
spaces only.

Section 31. Linear Functions, the Dual Space

Let ¥~ be a real vector space of dimension N. We consider the space of linear functions
&(v;#) from 7 into the real numbers #. By Theorem 16.1, dim.%(7";%#)=dim¥ =N .

Thus 7 and & (¥';%)are isomorphic. We call #(¥";#) the dual Space of ¥, and we denote it

by the special notation ¥™. To distinguish elements of ¥~ from those of 7, we shall call the
former elements vectors and the latter elements covectors. However, these two names are

strictly relative to each other. Since 7 is a N-dimensional vector space by itself, we can apply
any result valid for a vector space in general to 7 as well as to #". In fact, we can even define

a dual space ("//) for ¥ just as we define a dual space ¥ for #". In order not to introduce

too many new concepts at the same time, we shall postpone the second dual space("// : ) until the

next section. Hence in this section ¥~ shall be a given N-dimensional space and 7™ shall denote
its dual space. As usual, we denote typical elements of ¥" by u,v,w,.... Then the typical

elements of ¥ *are denoted by u™,v",w’,.... However, it should be noted that the asterisk here is

strictly a convenient notation, not a symbol for a function from ¥ to ¥™. Thus u” is not related
in any particular way to u. Also, for some covectors, such as those that constitute a dual basis to
be defined shortly, this mutation becomes rather cumbersome. In such cases, the notation is

simply abandoned. For instance, without fear of ambiguity we denote the null covector in ¥~ by
the same notation as the null vector in #°, namely 0, instead of 0*.

If vie?™, then v* is a linear function from¥ to £, i.e.,
VY >R

203
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such that for any vectors u,v,e ¥” and scalars «, f,€ £

Vi(au+pBv)=av'(u)+pv'(v)

Of course, the linear operations on the right hand side are those of £ while those on the left hand
side are linear operations in #". For a reason the will become apparent later, it is more

convenient to denote the value of v* at v by the notation <v*,v>. Then the bracket < : }
operation can be viewed as a function

(VY xV >R

It is easy to verify that this operation has the following properties:

(i) <av*+ﬁu*,v>=a<v*,v>+ﬂ<u*,v>
(i) <v*,au+ﬂv>:a<v*,u>+ﬂ<v*,v> 211
(iii) For any given v*,<v*, v> vanishes for all v e 7" if and only if v*=0. (1)

(iv) Similarly, for any given v,<v*, v> vanishes for all v*e ¥~ if and only if v = 0.

The first two properties define () to be a bilinear operation on ¥” x ¥, and the last two
properties define <> to be a definite operation. These properties resemble the properties of an

inner product, so that we call the operation <> the scalar product. As we shall see, we can

define many concepts associated with the scalar product similar to corresponding concepts
associated with an inner product. The first example is the concept of the dual basis, which is the
counterpart of the concept of the reciprocal basis.

If {e,,...e} isabasis for 7", we define the dual basis to be a basis {el,...eN } for
¥ such that

(e)e)=05 (31.2)
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forall i, j=1,...,N. The reader should compare this condition with the condition (14.1) that

defines the reciprocal basis. By exactly the same argument as before we can prove the following
theorem.

Theorem 31.1. The dual basis relative to a given basis exists and is unique.

Notice that we have dropped the asterisk notation for the covector e’ in a dual basis; the
superscript alone is enough to distinguish {el,...eN} from {el,...eN}. However, it should be

kept in mind that, unlike the reciprocal basis, the dual basis is a basis for ¥, not a basis for 7.
In particular, it makes no sense to require a basis be the same as its dual basis. This means the
component form of a vector v e ¥ relative to a basis {e,,...e},

v=Ve (31.3)

must never be confused with the component form of a covector v* € 7™ relative to the dual
basis,

Vi =ve' (31.4)

In order to emphasize the difference of these two component forms, we call v' the contravariant
components of vand v, the covariant components of v*. A vector has contravariant

components only and a covector has covariant components only. The terminology for the
components is not inconsistent with the same terminology defined earlier for an inner product
space, since we have the following theorem.

Theorem 31.2. Given any inner product on ¥, there exists a unique isomorphism
G: v -7 (31.5)
which is induced by the inner product in such a way that

(Gv,w)=v-w, V,We¥ (31.6)
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Under this isomorphism the image of any orthonormal basis {i,,...,i} is the dual basis

{i*,....i"}, namely
Gi, =i, k=1...,N (31.7)

and, more generally, if {el,...eN} is an arbitrary basis, then the image of its reciprocal basis

{@1,..@’“}, is the dual basis {el,...eN}, namely

Ge* =¢¥, k=1...,N (31.8)

Proof. Since we now consider only real vector spaces and real inner product spaces, the right-
hand side of (31.6), clearly, is a linear function of w for each ve¥". Thus G is well defined by
the condition (31.6). We must show that G is an isomorphism. The fact that G is a linear
transformation is obvious, since the right-hand side of (31.6) is linear in v for each w e 7.

Also, G is one-to-one because, from (31.6), if Gu =Gy, then u-w =v-w for all w and thus

u=v. Now since we already know that dim¥ =dim¥™, any one-to-one linear transformation

from ¥~ to ¥ is necessarily onto and hence an isomorphism. The proof of (31.8) is obvious,
since by the definition of the reciprocal basis we have

g-e =5, ij=1...,N
and by the definition of the dual basis we have
<e‘,ej>:5}, i,j=1...,N
Comparing these definitions with (31.6), we obtain
<G§‘:ej>:<ei,ej>, i,j=1...,N

which implies (31.8) because {e,,...e, } is a basis of ¥".



Sec. 31 . Linear Functions, the Dual Space 207

Because of this theorem, if a particular inner product is assigned on ¥°, then we can

identify ¥ with ¥ by suppressing the notation for the isomorphisms G and G™. In other
words, we regard a vector v also as a linear function on 7":

(v, w)=v-w (31.9)

According to this rule the reciprocal basis is identified with the dual basis and the inner product
becomes the scalar product. However, since a vector space can be equipped with many inner

products, unless a particular inner product is chosen, we cannot identify ¥~ with ™ in general.
In this section, we shall not assign any particular inner product in ¥7,s0 ¥~ and ¥ are different
vector spaces.

We shall now derive some formulas which generalize the results of an inner product
space to a vector space in general. First, ifve ¥ and v' € ™ are arbitrary, then their scalar
products <v*,v> can be computed in component form as follows: Choose a basis {ei} and its

dual basis {e‘} for ¥ and 7", respectively, so that we can express vandv" in component form
(31.3) and (31.4). Then from (31.1) and (31.2) we have

<v*,v> = <viei ,vjej> =vv/ <ei,ej> =vV!§ = vV (31.10)
which generalizes the formula (14.16). Applying (31.10) to v* =¢', we obtain

<e‘,v> =% (31.11)

(vie)=v, (31.12)

which generalizes the formula (14.15),
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Next recall that for inner product spaces 7" and # we define the adjoint A of a linear

transformation A:¥ — % to be a linear transformation A" : % — ¥ such that the following
condition [cf.(18.1)] is satisfied:

u-Av=Au-v, ue#%, Vvev
If we do not make use of any inner product, we simply replace this condition by
<u*,Av>:<A*u*,v>, uea, ve? (31.13)
then A" is a linear transformation from " to7™",
AU v

and is called the dual of A. By the same argument as before we can prove the following
theorem.

Theorem 31.3. For every linear transformation A:% — % there exists a unique dual
A" : 4" — v satisfying the condition (31.13).

If we choose a basis {e,,...e,} for ¥"and a basis {b,,...,b,,} for % and express the
linear transformation A by (18.2) and the linear transformation A” by (18.3), where {b“} and

{ek} are now regarded as the dual bases of {b_} and {e}, respectively, then (18.4) remains
valid in the more general context, except that we now have

AL =A% (31.14)

since we no longer consider complex spaces. Of course, the formulas (18.5) and (18.6) are now
replaced by

(b, Ae, )= A", (31.15)
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and

(AD" e )= A" (31.16)

respectively.

For an inner product space the orthogonal complement of a subspace # of ¥ is a

subspace % given by [cf.(13.2)]

u* :{v|u-v:0 forall u e%}

By the same token, if 7~ is a vector space in general, then we define the orthogonal complement
of % to be the subspace %" of ¥ given by

a* ={v* (v',u)=0 forallu e@} (31.17)

In general if ve¥ and v* e 7™ are arbitrary, then vandv" are said to be orthogonal to each
other if <v*,v> =0. We can prove the following theorem by the same argument used previously

for inner product spaces.

Theorem 31.4. If % is a subspace of 7, then

dim# +dim* = dimv’ (31.18)

However, ¥ is no longer the direct sum of #and%™"since %" is a subspace of ¥, not a

subspace of 7.

Using the same line of reasoning, we can generalize Theorem 18.3 to the following.

Theorem 31.5. If A:¥ — # is a linear transformation, then
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K(A")=R(A)" (31.19)

and
K(A)=R(A") (31.20)

Similarly, we can generalize Theorem 18.4 to the following.

Theorem 31.6. Any linear transformation A and its dual A*have the same rank.

Finally, formulas for transferring from one basis to another basis can be generalized from
inner product spaces to vector spaces in general. If {e,,...e, }and {€,,...&} are bases for ¥,

then as before we can express one basis in component form relative to another, as shown by
(14.17) and (14.18). Now suppose that {e",...e" } and {&",...&"} are the dual bases of {e,,...e,}

and{é,,...& } , respectively. Then it can be verified easily that

A
A

g =Tk, e"=TJ" (31.21)
where T.%and T are defined by (14.17) and (14.18), i.e.,
e =TJ% e =TJe, (31.22)

From these relations if ve ¥ and v € ¥~ have the component forms (31.3) and (31.4) relative
to {e;} and {e‘} and the component forms

e, (31.23)
and

v =08 (31.24)
relative to {¢} and {&'}, respectively, then we have the following transformation laws:

0, =T, 0, (31.25)

q
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0 =T (31.26)
O =T 0 (31.27)

and
v, =T, (31.28)

which generalize the formulas (14.24)-(14.27), respectively.

Exercises
311 If A:¥ —> % and B: % — # are linear transformations, show that
(BA) =A'B’
312 If A:¥v > %and B: ¥ — % are linear transformations, show that
(aA+pB) =aA" + BB’
and that

A"=0=A=0

These two conditions mean that the operation of taking the dual is an isomorphism
L (Vu)> LUy

31.3 A:7 — % isanisomorphism, show that A" : %" — 7" is also an isomorphism;
moreover,

31.4 If ¥ has the decomposition ¥ =% @ %, andif P:7 — ¥ is the projection of ¥ on
9 along %, show that ¥ has the decomposition ¥ =% ® %" and that P": ¥~ — ¥"is
the projection of ¥“on %" along %".

315 If ¢ and 4, are subspaces of ¥/, show that

(%+%) =24 "Na"  and (%N%) ' =%" +%"



212 Chap. 7 . TENSOR ALGEBRA

31.6  Show that the linear transformation G : ¥ — 7 "defined in Theorem 31.2 obeys the
condition

(Gv,w)=(Gw,V)

31.7  Show that an inner product on ¥ is induced by an inner product on ¥ by the formula
vView =GV -GTw (31.29)

where G is the isomorphism defined in Theorem 31.2.
31.8 If {e}is a basis for ¥ and {ei} is its dual basis in 7", show that {Ge, } is the reciprocal

basis of {e'| with respect to the inner product on ¥ defined by (31.29) in the preceding
exercise.
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Section 32. The Second Dual space, canonical Isomorphisms

In the preceding section we defined the dual space ¥ of any vector space ¥ to be the
space of linear functions & (7';#) from ¥ to #. By the same procedure we can define the dual

space (7 ) of ¥ by
(v) =2(via)=2(2(v:2):2) (32.1)

For simplicity let us denote this space by ¥, called the second dual space of ¥". Of course, the
dimension of »™ is the same as that of ¥*, namely

dimy =dimy™ =dimy™ (32.2)

Using the system of notation introduced in the preceding section, we write a typical element of
¥ by v*. Then v™is a linear function on ¥

(VA Gy

Further, for each v’ € ¥~ we denote the value of ¥ at v*by <vv> The <,>operation is now

a mapping from 7™ x 7" to % and possesses the same four properties given in the preceding
section.

Unlike the dual space 7, the second dual space 7™ can always be identified as
¥ without using any inner product. The isomorphism

v sy (32.3)

is defined by the condition

<Jv,v*>:<v*,v>, ve?, V ey (32.4)

Clearly, Jis well defined by (32.4) since for each v € ¥ the right-hand side of (32.4) is a linear
function of v*. To see that Jis an isomorphism, we notice first that Jis a linear transformation,

because for each v* € ¥ the right-hand side is linear in v. Now J also one-to-one, since if
Jv =Ju, then (32.4) implies that

<v*,v>:<v*,u>, Viey”® (32.5)



214 Chap. 7 . TENSOR ALGEBRA

which then implies u=v. From (32.2), we conclude that the one-to-one linear transformation J
is onto, and thus J is an isomorphism. We summarize this result in the following theorem.

Theorem 32.1. There exists a unique isomorphism J from ¥ toy ™ satisfying the condition
(32.4).

Since the isomorphism J is defined without using any structure in addition to the vector
space structure on ¥, its notation can often be suppressed without any ambiguity. We shall

adopt such a convention here and identify any v € ¥"as a linear function on 7~
ViV >R
by the condition that defines J, namely

(vov)=(v'v), forallv'ey” (32.6)

In doing so, we allow the same symbol v to represent two different objects: an element of the
vector space ¥ and a linear function on the vector space ¥, and the two objects are related to
each other through the condition (32.6).

To distinguish an isomorphism such as J, whose notation may be suppressed without
causing any ambiguity, from an isomorphism such as G, defined by (31.6), whose notation may

not be suppressed, because there are many isomorphisms of similar nature, we call the former
isomorphism a canonical or natural isomorphism. Whether or not an isomorphism is canonical
is usually determined by a convention, not by any axioms. A general rule for choosing a
canonical isomorphism is that the isomorphism must be defined without using any additional
structure other than the basic structure already assigned to the underlying spaces; further, by
suppressing the notation of the canonical isomorphism no ambiguity is likely to arise. Hence the
choice of a canonical isomorphism depends on the basic structure of the vector spaces. If we
deal with inner product spaces equipped with particular inner products, the isomorphism G can
safely be regarded as canonical, and by choosing G to be canonical, we can achieve much
economy in writing. On the other hand, if we consider vector spaces without any pre-assigned
inner product, then we cannot make all possible isomorphisms G canonical, otherwise the
notation becomes ambiguous.

It should be noticed that not every isomorphism whose definition depends only on the

basis structure of the underlying space can be made canonical. For example, the operation of
taking the dual:

*:3("/;%)—)3(%*;%")
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is defined by using the vector space structure of 7" and % only. However, by suppressing the
notation *, we encounter immediately much ambiguity, especially when % is equal to ¥".
Surely, we do not wish to make every endomorphism A: ¥ — ¥ self-adjoint! Another example

will illustrate the point even clearer. The operation of taking the opposite vector of any vector is
an isomorphism
Y >Y

which is defined by using the vector space structure alone. Evidently, we cannot suppress the
minus sign without any ambiguity.

To test whether the isomorphism J can be made a canonical one without any ambiguity,
we consider the effect of this choice on the notations for the dual basis and the dual of a linear

transformation. Of course we wish to have {e, }, when considered as a basis for ¥, to be the
dual basis of {ei} ,and A, when considered as a linear transformation from ¥ to #™, to be the

dual of A". These results are indeed correct and they are contained in the following.

Theorem 32.2. Given any basis {e, } for ', then the dual basis of its dual basis {e'} is {Je,}.

Proof. This result is more or less obvious. By definition, the basis {e;} and its dual basis {ei} are
related by

<e‘,ej> =5,
for i, j=1,...,N. From (32.4) we have
<Jej,e‘>=<e‘,ej>
Comparing the preceding two equations, we see that
<Jej ,e‘> =5
which means that {Je,,...,Je, } is the dual basis of {e',...e"}.

Because of this theorem, after suppressing the notation for J we say that {ei}and{ej} are

dual relative to each other. The next theorem shows that the relation holds between Aand A”.
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Theorem 32.3. Given any linear transformation A:7 — %, the dual of its dual A" is J,AJ;,.
Here J, denotes the isomorphism from 7 to ¥ defined by (32.4) and J,, denotes the
isomorphism from % to%™ defined by a similar condition.

Proof. By definition Aand Aare related by (31.13)
<u*,Av> = <A*u*,v>
forall u" e #*,vev. From (32.4) we have
<u*, Av> = <J%AV, u*>, <A*u*,v> = <JVV,A*U*>
Comparing the preceding three equations, we see that

(3,A35(3,v).u7) = (3,v,AU7)

Since J,, is an isomorphism, we can rewrite the last equation as
<J%Aij**,u*> = <v**,A*u*>

Because v e ¥ and u” e %" are arbitrary, it follows that J,AJ; is the dual of A". So if we
suppress the notations for J,andJ,,,then Aand A" are the duals relative to each other.

A similar result exists for the operation of taking the orthogonal complement of a
subspace; we have the following result.

Theorem 32.4. Given any subspace % of ¥, the orthogonal complement of its orthogonal
complement %" is J(%).

We leave the proof of this theorem as an exercise. Because of this theorem we say that
% and %* are orthogonal to each other. As we shall see in the next few sections, the use of
canonical isomorphisms, like the summation convention, is an important device to achieve
economy in writing. We shall make use of this device whenever possible, so the reader should
be prepared to allow one symbol to represent two or more different objects.

The last three theorems show clearly the advantage of making Ja canonical
isomorphism, so from now on we shall suppress the symbol forJ. In general, if an isomorphism
from a vector space 7 to a vector space % is chosen to be canonical, then we write
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V= (32.7)

In particular, we have

=y (32.8)

Exercises

32.1 Prove theorem 32.4.
32.2  Show that by making Ja canonical isomorphism essentially we have identified ¥~ with

vy, and ¥ with v 7 L. . So asymbol vor v, in fact, represents
infinitely many objects.
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Section 33. Multilinear Functions, Tensors

In Section 31 we discussed the concept of a linear function and the concept of a bilinear
function. These concepts can be generalized in an obvious way to multilinear functions. In
general if 7,...,%,1s a collection of vector spaces, then a s-linear function is a function

A x XV >R (33.1)

that is linear in each of its variables while the other variables are held constant. If the vector
spaces ¥;,...,¥;,are the vector space ¥ or its dual space ¥, then Ais called a tensor on 7.
More specifically, a tensor of order (p, q) on ¥, where pand qare positive integers, is a (p+q)-
linear function

VEX XY EXY XY SR (33.2)

p times q times

We shall extend this definition to the case p=q =0 and define a tensor of order (0,0) to be a
scalar in £. A tensor of order ( p,0)is a pure contravariant tensor of order p and a tensor of

order (0,q)is a pure covariant tensor of order g. In particular, a vector v e ¥ is a pure

contravariant tensor of order one. This terminology, of course, is defined relative to a given
vector space 7 as we have explained in Section 31. If a tensor is not a pure contravariant tensor

or a pure covariant tensor, then it is a mixed tensor, and for a mixed tensor of order (p,q), pis
the contravariant order and q is the covariant order.

For definiteness, we denote the set of all tensors of order ( p, q) on 7 by the symbol
T.° ("// ) . However, the set of pure contravariant tensors of order p shall be denoted simply by
7 *(¥")and the set of pure covariant tensors of order qshall be denoted simply 7 (¥"). Of
course, tensors of order (0,0) form the set #and

T()=v, F(¥)=7" (33.3)
Here we have made use of the identification of ¥ with ¥ as explained in Section 32.

We shall now give some examples of tensors.

Example 1. If Aisan endomorphism of ¥/, then we define a function AV <Y >R by
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A(v*,v) = <v*,Av> (33.4)

forall v:e¥“and ve¥. Clearly Ais bilinear and thus A e T (7). Aswe shall see later, it is
possible to establish a canonical isomorphism from g(% 7')to 711(%) in such a way that the

endomorphism A is identified with the bilinear function A. Then the same symbol A shall
represent two objects, namely, an endomorphism of ¥ and a bilinear function of ¥ x¥". Then
(33.4) becomes simply

A(v',v)=(v',Av) (33.5)

Under this canonical isomorphism, the identity automorphism of ¥ is identified with the scalar
product,

I(v*,v):<v*,lv>:<v*,v> (33.6)

Example 2. If visa vectorin ¥ andv"is a covector in 7™, then we define a function
VRV ¥ " x¥ >R (33.7)
by
v®v*(u*,u)s<u*,v><v*,u> (33.8)
forall u"e¥",uev. Clearly, v®Vv'is a bilinear function, so v®v" e 7' (7). If we make

use of the canonical isomorphism to be established between 7' (7 )and (7" 7'), the tensor
v® Vv’ corresponds to an endomorphism of ¥ such that

v®v*(u*,u) = <u*,v®v*u>
or equivalently
<u*,v><v*,u> = <u*,v® v*u>

forall u” € 7",ue 7. By the bilinearity of the scalar product, the last equation can be rewritten
in the form
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<u*,<v*,u>v> = <u*,v®v*u>
Then by the definiteness of the scalar product, we have

<v*,u>v=v®v*u, forallue v (33.9)

which defines v ® v*as an endomorphism of ¥". The tensor or the endomorphism v® v'is
called the tensor product of vandv".

Clearly, the tensor product can be defined for arbitrary number of vectors and covectors.
Let v,,...,v be vectorsin " and Vv',...,v" be covectorsin 7. Then we define a function

V@ ®V @V @@V * X XV XY XXV >R

p times q times

Vl®...®vp®v1®---®vq(ul,...,up,ul,...,uq)

= (U v )+ (uP, v ) (VEu, ) (Ve uy )

forall uy,...,u, € and u',...,u? e 7", Clearly this function is (p+q)—|inear, so that

(33.10)

V,®-- @V ®V®---®Vvied(7),is called the tensor product of v,,...,v andV',...,v".

Having seen some examples of tensors on ¥, we turn now to the structure of the set

T,? (7). We claim that 7,” (7") has the structure of a vector space and the dimension of
T.°(7') is equal to N ("9 'where N is the dimension of . To make 7,° (7") a vector space,

q
we define the operation of addition of any A,B € 7" (“//) and the scalar multiplication of A by
a R by

(33.12)

and

(aA)(Vl,...,Vp,Vl,...Vq)EaA(Vl,...,Vp,Vl,...Vq) (33.12)
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respectively, for all v*,...,vP e¥™ and Vy,...,V, €77, We leave as an exercise to the reader the
proof of the following theorem.

Theorem 33.1. 7.° ("// ) IS a vector space with respect to the operations of addition and scalar

multiplication defined by (33.11) and (33.12). The null element of 7" (V) ,of course, is the
zero tensor O:

O(V',. VP, vy, v, ) =0 (33.13)

%
forall v',...,vPe7" and v,,...,v €7 .

Next, we determine the dimension of the vector space ., (#") by introducing the
concept of a product basis.

Theorem 33.2. Let {ei}and{e‘} be dual bases for ¥"and 7. Then the set of tensor products

{eil®---®eip®ejl®---®e'q,il,...,ip,jl,...,j :l,...,N} (33.14)

q

forms a basis for 7."(7"), called the product basis. In particular,
dimZ;"(7) = NP (33.15)

Proof. We shall prove that the set of tensor products (33.14) is a linearly independent generating
set for 7.7 (7). To prove that the set (33.14) is linearly independent, let

Ail """ ip_ jqei1®“.®eip ®ej1 ®...®eiq =0 (3316)

where the right-hand side is the zero tensor given by (33.13). Then from (33.10) we have

0= A" (e ®--Q ®ejq®---®ejq(eki,...,ek",eI veeer € )
g 1 p 1 q

h

:Ail"'ipj j <ek1’ei >...<ekp,ei ><ejl’e| >...<ejq’e| > (3317)
---Jq W p 1 q

AT sML s gl o pe
jl...jq ] 'p I1 Iq Il“"q
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which shows that the set (33.14) is linearly independent. Next, we show that every tensor
Aedr (V) can be expressed as a linear combination of the set (33.14). We define
N ("% scalars {Ail"'ip o

ooy JieJg =1 N by
€€ | (33.18)

Now we reverse the steps of equation (33.17) and obtain

Ail...ipJ e ®--®e ®ek ®..-Qel (e"l, “’ekp,el vee € )
1---0g b p ! d

:A(ekl,...,e"",e,l,...e,q) 3519

forall k;,....k,, L,...,I, =1,...,N . Since Ais multilinear and since {e;} and {e‘}are dual bases
for ¥’ and ¥, the condition (33.19) implies that

AT e, ®--®e, ®eh @@ (V.. VPV, v, )

=A(v,...v vy, vq)

forall v,,...,v,e7 and V',...,v? € 7" and thus

A=A" e ®--®¢ ®e'®--@e (33.20)

Now from Theorem 9.10 we conclude that the set (33.14) is a basis for 7 ° (V)

Having determined the dimension of 7,”(¥"), we can now prove that 7' (¥")i

isomorphic to ,?(V;"//), a result mentioned in Example 1. As before we define the operation
LV ) TP

by the condition (33.4). Since from (16.8) and (33.15), the vector space ¢ (¥;%") and ;" (¥)

are of the same dimension, namely N?, it suffices to show that the operation i

is one-to-one.
Indeed, let A=0. Then from (33.13) and (33.4) we have

<v*,Av>:0
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forall vie7"andall ve?. Now since the scalar product is definite, this condition implies

Av=0

forall ve 7 ,and thus A=0. Consequently the operation " isan isomorphism.

As remarked in Example 1, we shall suppress the notation ’ by regarding the
isomorphism it represents as a canonical one. Therefore, we can replace the formula (33.4) by
the formula (33.5).

Now returning to the space 7" (#7)in general, we see that a corollary of Theorem 33.2 is

the simple fact that the set of all tensor products of the form (33.10) is a generating set for
TP (V) . We define a tensor that can be represented as a tensor product to be a simple tensor. It

should be noted, however, that such a representation for a simple tensor is not unique. Indeed,
from (33.8), we have

forany ve ¥ and v € ¥ since

(2v)®(%v*](u*,u)

<u*,2v><%v*,u>

<u*,v><v*,u>= ve v (u',u)

for all u*andu. In general, the tensor product, as defined by (33.10), can be regarded as a
mapping

QY X xY XY X xV" > TP (V) (33.21)
p times q times
given by
®:(vl,---,vp,vl,---,vq)=vl®---®vp®v1><---®vq (33.22)

forall v,,...,v €7 and vi,...,vie . Itis easy to verify that the mapping ® is multilinear in
the usual sense, i.e.,
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®(Vy, @V + Bu,.. V) =a ® (Vg V.., V)

(33.23)
+B OV, U, V)

where av+ fSu, v and u all take the same position in the argument of ® but that position is
arbitrary. From (33.23), we see that

(av,)®V,®--®V, OV ®---®V’
=V, ®(av,)® Qv OV ® @V

We can extend the operation of tensor product from vectors and covectors to tensors in general.
If AcZ.”(7") and Be 7" (7"), then we define their tensor product A®B to be a tensor of

order (p+r,q+s)by

A®B(V1,...,vp”,vl, Vv )

s Vits

(33.24)

_ 1 p p+l p+r
= AV VPV BV VPV V)

forall v*,...,vP" €% and Vi,..s Vo €7 . Applying this definition to arbitrary tensors
AandB yields a mapping

®:T (V)X T (V) = T2 (¥) (33.25)

q g+s

Clearly this operation can be further extended to more than two tensor spaces, say

®: T (F ) x T () > TE () (33.26)
in such a way that
Q(A,... A )=A R -®A, (33.27)

where A ﬂgl"i ("//) i=1...,k. Itiseasy to verify that this tensor product operation is also
multilinear in the sense generalizing (33.23) to tensors. In component form

(A@ B)Il...lpﬂ _ Ail,..ip quipﬂ...ip+r

j1~-~jq+s -

(33.28)

Jq+1“'lq+s
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which can be generalized obviously for (33.27) also. From (33.28), or from (33.24), we see that
the tensor product is not commutative, but it is associative and distributive.

Relative to a product basis the component form of a tensor A € 7.° (V) is given by

(33.20) where the components of A can be obtained by (33.18). If we transfer the basis
{e;} to{&;} as shown by (31.21) and (31.22), then the components of A as well as the product

basis relative to {ei} must be transformed also. The following theorem gives the transformation
laws.

Theorem 33.3. Under the transformation of bases (31.21) and (31.22) the product basis (33.14)
for 7.°(7) transforms according to the rule

§,® - ®8 ®E®. @8

(33.29)
=T R TOTh The, ®--@e, @' ®- ®c"
and the components of any tensor A e ﬂgp ("//) transform according to the rule.
Al =T TR TR A, (33.30)

The proof of these rules involves no more than the multilinearity of the tensor product ®
and the tensor A. Many classical treatises on tensors use the transformation rule such as (33.30)
to define a tensor. The next theorem connects this alternate definition with the one we used.

Theorem 33.4. Given any two sets of N(**% scalars {Ail“'i" }and { AT }related by the
transformation rule (33.30), there exists a tensor A € .7, p( ¥") whose components relative to the

product bases of {e;}to{é, } are {A'1 g }and { A P } provided that the bases are related by
(31.21) and (31.22).

This theorem is obvious, since we can define the tensor A by (33.20); then the
transformation rule (33.30) shows that the components of A relative to the product basis of

{e,} are {Ail”'i"h__.jq} . Thus atensor A corresponds to an equivalence set of components, with
the transformation rule serving as the equivalence relation.

As an illustration of the preceding theorem, let us examine whether or not there exists a
tensor whose components relative to the product basis of any basis are the values of the
generalized Kronecker delta introduced in Section 20. The answer turns out to be yes, since we
have the identify
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St = fk'll .. .fkirrTj'll .. .TJ_'rr 5Ifllrkr (33.31)

S e

which follows from the fact that [Tﬂ and [‘Iﬂ are the inverse of each other. We leave the

proof of this identity as an exercise for the reader. From Theorem 33.4 and the identity (33.31),
we see that there exist a tensor K, of order (r, r) such that

K= %%i:ijﬂeh ®--®¢, @e" @ @er (33.32)

r

relative to any basis {ei}. This tensor plays an important role in the next chapter.

By the same line of reasoning, we may ask whether or not there exists a tensor whose
components relative to the product basis of any basis are the values of the &£ —symbols also

introduced in Section 20. The answer turns out to be no, since we have the identities

6y, =det[T]T T,

b N

(33.33)

and

v = det I:le il-ll-\ji: .. '-l'-\ji: g h-dn (3334)

J ]

Since these identities do not agree with the transformation rule (33.30), we can conclude that
there exists no tensor whose components relative to the product basis of any basis are always the
values of the £ —symbols . In other words, if the values of the ¢ —symbols are the components of

a tensor relative to the product basis of one particular basis {ei}, then the components of the
same tensor relative to the product basis of another basis generally are not the values of the
& —symbols, unless the transformation matrices [Tji] and [‘Iﬂ have unit determinant.

which also follows from the fact that [T.‘] and ['I:.i} are the inverses of each other [cf. (21.8)].

In the classical treatises on tensors, the transformation rules (33.33) and (33.34), or more
generally

Ay medet[ T) T T T TRAR (33:39)

JlJ q

are used to define relative tensors. The exponent wand the coefficient € on the right-hand side
of (33.35) are called the weight and the parity of the relative tensor, respectively. A relative
tensor is called polar if its parity has the value +1 in all transformations, while a relative tensor is
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called axial if € is equal to the sign of the determinant of the transformation matrix [Tj‘]. In

particular, (33.33) shows that {gi|...iN }are the components of an axial covariant tensor of order N

and weight -1, while (33.34) shows that {g“""“ } are the components of an axial contravariant

tensor of order N and weight +1. We shall see some more examples of relative tensors in the
next chapter.

Exercises

33.1 Prove Theorem 33.1.
33.2  Prove equation (33.31).

33.3  Under the canonical isomorphism of & (7";¥ )with ' (7"), show that an endomorphism

A:¥ > v anditsdual A":¥ — ¥ correspond to the same tensor.

33.4  Define an isomorphism from (& (¥%); 4(¥;¥ ))to Z,%(¥) independent of any
basis.

335 If AeZ,(7),show that the determinant of the component matrix [A“ } of Adefinesa

polar scalar of weight two, i.e., the determinant obeys the transformation rule
~ 2
det[AJ:(det[le}) det| A; |

33.6  Define isomorphisms from #(7%") to 7,(¥), £(¥";¥ )to 7*(¥), and from
£(v"7") to (7)) independent of any basis.

33.7 Given arelation of the form

Al...ipklmB(kala m) =C. .

iy dp

where {Al...ipklm} and {Chmip} are components of tensors with respect to any basis, show

that the set {B(k,l,m)} , likewise, can be regarded as components of a tensor, belonging

to 73(V) in this case. This result is known as the quotient theorem in classical treatises

on tensors.
338 If Aeg (7)), defineatensor T Aed, (7) by

p+q p

T A(Up U Vi,V ) 2 A(Vy, VU, Uy (33.36)

pq e Mg Vi r Vpr ¥y
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forall u,...,u,,v,,...,v, €¥. Show that the operation

T TP T (¥) (33.37)

pq p+q p+q

is an automorphism of 7 . ("// ) We call T, the generalized transpose operation. What is the
relation between the components of A and T A?
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Section 34. Contractions

In this section we shall consider the operation of contracting a tensor of order (p,q)to
obtain a tensor of order ( p-14 —1), where p,qare greater than or equal to one. To define this
important operation, we prove first a useful property of the tensor space .7 " (7). Inthe
preceding section we defined a tensor of order ( p,q)to be a multilinear function

A:’V*X"'X’V*X’VX...X'V_)‘%

p times q times

Clearly, this concept can be generalized to a multilinear transformation from the ( p,q)-fold

Cartesian product of ¥ and ¥ to an arbitrary vector space %, namely

L.V X XY XY T x YV F Y (34.1)

p times q times

The condition that Z be a multilinear transformation is similar to that for a multilinear function,
namely, Z is linear in each one of its variables while its other variables are held constant, e.g.,
the tensor product ® given by (33.21) is a multilinear transformation. The next theorem shows
that, in some sense, any multilinear transformation Z of the form (34.1) can be factored through
the tensor product ® given by (33.21). This fact is known as the universal factorization property
of the tensor product.

Theorem 34.1. If Zis an arbitrary multilinear transformation of the form (34.1), then there
exists a unique linear transformation

C: 7 (¥)>u (34.2)

such that

Z(Vyeo VoV V) =C(v, @@V, OV ®---® V1) (34.3)

forall v,...,v, e7andV',...,vie?"

Proof. Since the simple tensors form a generating set of 7" (7") , if the linear transformation C

satisfying (34.3) exists, then it must be unique. To prove the existence of C, we choose a basis
{e,} for 7 and define the product basis (33.14) for Z."(7") as before. Then we define



230 Chap. 7 . TENSOR ALGEBRA

C(eil®---®eip®ejl®---®ej“)zz(e ,...,eip,ejl,...,ejq) (34.4)

iy

forall i,...,i,, j;,..., j;=1...,N and extend Cto all tensors in 7,”(¥") by linearity. Now itis

clear that the linear transformation C defined in this way satisfies the condition (34.3), since both
C and Zare multilinear in the vectors v,...,v and the covectors v',...,v% and they agree on

the dual bases {e,} and {e'} for " and ¥, as shown in (34.4). Hence they agree on all

(Vireo Vo Vi V).

If we use the symbol ® to denote the multilinear transformation (33.21), then the
condition (34.3) can be rewritten as

Z=Co® (34.5)

where the operation o on the right-hand side of (34.5) denotes the composition as defined in
Section 3. Equation (34.5) expresses the meaning of the universal factorization property. In the
modern treatises on tensors, this property is often used to define the tensor product and the tensor
spaces. Our approach to the concept of a tensor is a compromise between this abstract modern
concept and the classical concept based on transformation rules; the preceding theorem and
Theorems 33.3 and 33.4 connect our concept with the other two.

Having proved the universal factorization property of the tensor product, we can now
define the operation of contraction. Recall thatif ve¥ and v' € ¥, then the scalar product

<v,v*> is a scalar. Here we have used the canonical isomorphism given by (32.6). Of course, the
operation

() V=V >4
is a bilinear function. By Theorem 34.1 < : >can be factored through the tensor product
®: ¥V xV > I (V)

i.e., there exists a linear map

C: L (7V)>2 (34.6)

such that
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or, equivalently,
<v,v*>=C(v®v*) (34.7)

forall ve¥ and v*e¥™. This linear function Cis the simplest kind of contraction operation.
It transforms the tensor space ;" (7")to the tensor space 7 (7 )=%"(7)=%.

In general if A" (¥)is an arbitrary simple tensor, say

A=v,®-®V OV ®: - ®V (34.8)

then for each pair of integers (i, j), where 1<i < p,1< j <q, we seek a unique linear
transformation

Ci: 7P (v)> I (7) (34.9)
such that

CA=(V/ V)V, ® @V, ,®V,,® -0V, OV ® -0V ' ®v'e.-@v! (34.10)

for all simple tensors A. A more compact notation for the tensor product on the right-hand side
IS

V,® @V, @V, ® @V @ @V (34.11)

Since the representation of a simple tensor by a tensor product is not unique, the existence of
such a linear transformation C‘j is by no means obvious. However, we can prove that C‘j does

exist and is uniquely determined by the condition (34.10). Indeed, using the universal
factorization property, we can prove the following theorem.

Theorem 34.2. A unique contraction operation Cij satisfying the condition (34.10) exists.
Proof. We define a multilinear transformation of the form (34.1) with % = 7,7 (¥") by

1
Z(Vyyeor Vo VLV )

_ _ (34.12)
=(VLV)V, @@V, @V @V OV
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forall v,,...,v €7 and v',...v? e ¥, Then by Theorem 34.1 there exists a unique linear
transformation Cij of the form (34.9) such that (34.10) holds, and thus the proof is complete.

Next we express the contraction operation in component form.

Theorem 34.3. If AcJ.° (V) is an arbitrary tensor of order ( p,q), then in component form

relative to any dual bases {e,} and {e'} we have

P VK ki 1o Ktk K
(CjA) ) = pkekitia (34.13)

oo digthyg.
b djdg A A A

Proof. Since the contraction operation is linear applying it to the component form (33.20), we
get

CiJA - Aklmkph..]q <eIJ leki>ek1 ®--8 "'®ekp ®e @8- @e" (34.14)

which means nothing but the formula (34.13) because we have <e'j 8y > = §k" :

In particular, for the special case C given by (34.6) we have

C(A)=A (34.15)

forall Ae 7' (7). If we now make use of the canonical isomorphism
T ()22 (r7)

we see that C coincides with the trace operation defined by (19.8).

Using the contraction operation, we can define a scalar product for tensors. If
Ac g (¥)and Be g (¥), the tensor product A®B is a tensor in .7.%:% (%) and is defined

p+q
by (33.24). We apply the contraction

C:Cio---oCioCl 0.0 Ct

g+1 ' q+1

(34.16)

q times p times

to A®B, then the result is a scalar (A, B), namely
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(A,B)=C(A®B) (34.17)

called the scalar product of AandB. It is a simple matter to see that < : > is a bilinear and

definite function in the sense similar to those properties of the scalar product of
vand v’ explained in Section 31. We can use the bilinear function

() TPV )T N(V)> % (34.18)

q

to identify the space 7,° (%) with the dual space 7,°(#") of the space .7,%(¥") or equivalently,
we can define the dual space J* (“// ) abstractly as usual and then introduce a canonical
isomorphism from 7, (¥")to 7,%(¥)" through (34.17). Thus we write

T () =T(V) (34.19)

qa

Of course we shall also identify the second dual space 7 (%) with 7° ("//) as explained in
general in Section 32. Hence, we have

TP =70(7v)" (34.20)

q

which follows also by interchanging pandqin (34.19). From (34.13) and (34.16), the scalar
product <A, B> Is given by the component form

(AB)=A", B

j L

(34.21)

p

relative to any dual bases {e,} and {e'| for ¥ and 7".

Exercises

34.1 Show that
<A,V1®---®Vq ®V1®---®Vp>:A(Vl,---,Vp,Vl,---,Vq)

forall Ae 7,°(¥), v,,---,v,e? and V', V" ey,

34.2  Give another proof of the quotient theorem in Exercise 33.7 by showing that the
operation
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defined by

(JA)B=C! 0-:0Cl o C orr0Cl
_

s+l s+l

(A®B)

s times r times

forall Ac 7" (7") and Be J.°(7) is an isomorphism. Since there are many such

isomorphisms by choosing contractions of pairs of indices differently, we do not make
any one of them a canonical isomorphism in general unless stated explicitly.

Use the universal factorization property and prove the existence and the uniqueness of the
generalized transpose operation T defined by (33.36) in Exercise 33.8. Hint: Require

T, to be an automorphism of 7, (#")such that

T (V@ @V OU®-®U)=U'®- BU OV ®-- @V (34.22)

for all simple tensors V' ®--- @V’ @u'®---®uie s (7).

p+q

{eil ®--®¢ ®e* ®---®ejq} is the product basis for 7" (#") induced by the dual bases

{e;} and {ei}; construct its dual basis in 7% (¥") with respect to the scalar product
defined by (34.17).
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Section 35. Tensors on Inner Product Spaces
The main result of this section is that if ¥ is equipped with a particular inner product,
then we can identify the tensor spaces of the same total order by means of various canonical

isomorphisms, a special case of these being the isomorphism G from ¥ to7™, which we have
introduced in Section 31 [cf. (31.5)].

Recall that the isomorphism G: ¥ — 7" is defined by the condition [cf. (31.6)]

(Gu,v)=(Gv,u)=(u-v), uvey (35.1)

In general, if Aisasimple, pure, contravariant tensor of order p, say

A=v,®-®V,

then we define the pure covariant representation of A to be the tensor

GPA=GVv,®--®Gv, e, (¥) (35.2)

By linearity, G” can be extended to all of 7°(7"). Equation (35.2) means that

GPA(Uy,...,U, ) =(GVy Uy )GV, Uy ) = (V; -1, )+(v, -u, ) (35.3)

forall u,...,u, € 7". Equation(35.3) generalizes the condition (35.1) from v to v, ®---®v .

Of course, because the tensor product is not one-to-one, we have to show that the covariant

tensor GPA does not depend on the representation of A. This fact follows directly from the
universal factorization of the tensor product. Indeed, if we define a p-linear map

Z: ”Vx---xV—)fp(V)

\—W—J
p times

by

Z(vl,...,vp)va1®---®va (35.4)

then Z can be factored through the tensor product ®, i.e., there exists a unique linear
transformation G” from 77" (7') to 7, (7),
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G P (V)>T,(7) (35.5)
such that
Z=G"o®
or, equivalently,
Z(Vy,..0V,) =G (v, ®--®V, ) =G°A (35.6)

Comparing (35.6) with (35.4) we see that G” obeys the condition (35.2), and thus GPA is well
defined by (35.3).

It is easy to verify that G is an isomorphism. Indeed (G")f1 is the unique linear
transformation from 7, (7") to 7°(7") such that

(6°) (V'@ ®v')=GV'® @GV’ (35.7)

forall v',...,vP € 7". Thus G" makes 7 °(7) and 7, (7") isomorphic, just as G makes ¥’
and ¥ isomorphic. Infact, G=G".

Clearly, we can extend the preceding argument to mixed tensor spaces on ¥ also. If Ais
a mixed simple tensor in 7, (¥"), say

A=v,®--®V QU ® QU (35.8)

then we define the pure covariant representation of A to be the tensor

G!A=Gv,®---QGv, ®u'---® U (35.9)

and G is an isomorphism from 7. (7") to 7, (7).

p+q

G T (V) > T, (¥) (35.10)

q a p+q

Indeed, its inverse is characterized by
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(G2) (V'@ @V U ®--®u') =G V'®-®G V' ®u'®--®u’  (35.11)

a

forall v',...,vP,u’,...,u® e ¥". Clearly, by suitable compositions of the operations G{ and

their inverses, we can define isomorphisms between tensor spaces of the same total order. For
example, if p,andq, are another pair of integers such that

P+ =p+q

then 7.° (7") is isomorphic to .. (#") by the isomorphism

a q

(G2) e Gr: 7P (#) > T2 (7) (35.12)

In particular, if ¢, =0, p, = p+q , then for any A e 7, (%) the tensor (G )AGEA e 7" (¥)

is called the pure contravariant representation of A. For example, if A is given by (35.8), then
its pure contravariant representation is given by

(Gp“])_ngA:Vl@--'@Vp G HU'®---®G U

We shall now express the isomorphism G in component form. If A< .7,?(7') has the
component representation

h

A=At 8 ® ®r; @€k ®---®e" (35.13)

then from (35.9) we obtain

GIA=A"" | Ge ® -®Ge ®e'® - ®e" (35.14)

1 q

This result can be written as

GPA=A"" & ® -®F ®e"® - -®e" (35.15)

1
where {g} is a basis in ¥ reciprocal to {e'} , i.e.,

g.el =0 (35.16)
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since it follows from (19.1), (12.6), and (35.1) that we have

€ =Ge, =¢;e’ (35.17)
where
e, =¢ ¢ (35.18)
Substituting (35.17) into (35.15), we obtain
GIA=A ,,; &' ® - ®c"®e"® . .®c" (35.19)

where

Kk
Al...ipjl...jq =€ Bk, A oo (35.20)

This equation illustrates the component form of the isomorphism G; . It has the effect of

lowering the first p superscripts on the components {Ail"'ip : } . Thus A e ﬂ;p ("//)and

- dg
G!A e, . (7)have the same components if the bases in (35.13) and (35.15) are used. On the

p+q

other hand, if the usual product basis for 7,?(¥") and 7, (7")are used, as in (35.13) and

p+q

(35.19), the components of A and G[A are related by (35.20).

Since G is an isomorphism, its inverse exists and is a linear transformation from
T..(7) and J.° (7). If Ac 7, (7)) has the component representation

p+q p+q
A=A, 6"® @' ®e® -®e" (35.21)
then from (35.11)

(Gp)ilA = Al...ip,-l_“,-qG’leil ® -G " ®e"®.--®e" (35.22)

q

By the same argument as before, this formula can be rewritten as

(G )_1A =A_; B ® @8 e @ @ (35.23)

q
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where {€'}is a basis of 7 reciprocal to {e;} , or equivalently as

(Gp)*lA — Ay

q

1,6, @B ®eh®...®e" (35.24)

i
where

Al j :eilkl...eipkpAﬁ“kpjl“qu (35.25)

hiq

Here of course | ¢" ]is the inverse matrix of | e, | and is given by
el =¢' e (35.26)
since

g =Ge' =ee, (35.27)

Equation (35.25) illustrates the component form of the isomorphism (Gg)_l. It has the effect of

raising the first p subscripts on the components {Al...ip i jq}.

Combining (35.20) and (35.25), we see that the component form of the isomorphism
(Gg’ll )71 oGy in (35.12) is given by raising the first p, — p subscripts of A e 7.° (V) if p>p,or
by lowering the last p— p, superscripts of A if p>p,. Thus if A has the component form

(35.13), then (Ggll)fng’A has the component form

(ng)-ngA _ pv LTS Qe ®...Qe™ (35.28)
where

A AT, 8 ps (35.29)
and
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For example, if A e.7,'(7") has the representation
A=A e ®e ®e"

then the covariant representation of A is

GA=A g ®e'®e = A e ®e'®e = A’ ®e’ ®e
the contravariant representation of A is

3\ T ~1n A —i o=k _ Al Al akm _ Adlm
(G°) GlA=A' e, ®F ®€" = A e'e'e, ®e ®e, = A'¢, ®¢, ®e,
and the representation of Ain 7 (7')is
(G )71 GiA=A e 08 ®e = A e'e @ @6 = A'g, ®e ®e

etc. These formulas follow from (35.20), (35.24), and (35.29).

Of course, we can apply the operations of lowering and raising to indices at any position,
e.g., we can define a “component” A", % for Ae J;(¥")by

Ail- i3...ia_... =A

JEE PR Jdz e

ghlghls . glala ... (35.31)

However, for simplicity, we have not yet assigned any symbol to such representations whose
“components” have an irregular arrangement of superscripts and subscripts. In our notation for

the component representation of a tensor A e 7" (V ) the contravariant superscripts always
come first, so that the components of A are written as AL .., @ shown in (35.13), not as

A

i Jg
subscripts j, ... j, , such as the one defined by (35.31). In order to indicate precisely the position

of the contravariant indices and the covariant indices in the irregular component form, we may
use, for example, the notation

% or as any other rearrangement of positions of the superscripts i,...i,and the

YRV Y® - QY- Q@Y Q- (35.32)
“ @ @ (@) (b)

for the tensor space whose elements have components of the form on the left-hand side of
(35.31), where the order of ¥ and 7 "in (35.32) are the same as those of the contravariant and
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the covariant indices, respectively, in the component form. In particular, the simple notation
7, (#") now corresponds to

180V ® Y ©® 1 (35.33)

(p) (p+1 p+q)

Since the irregular tensor spaces, such as the one in (35.32), are not convenient to use, we shall
avoid them as much as possible, and we shall not bother to generalize the notation G/ to

isomorphisms from the irregular tensor spaces to their corresponding pure covariant
representations.

So far, we have generalized the isomorphism G for vectors to the isomorphisms G¢ for

tensors of type ( P, q) in general. Equation (35.1) for G, however, contains more information

than just the fact that G is an isomorphism. If we read that equation reversely, we see that G can
be used to compute the inner product on¥". Indeed, we can rewrite that equation as

v-u=(Gv,u)= <le, u> (35.34)
This idea can be generalized easily to tensors. For example, if Aand B are tensors in I ' (V)
then we can define an inner product A-B by
A-B= <GfA, B> (35.35)

We leave the proof to the reader that (35.35) actually defines an inner product.7" (V ) By use
of (34.21) and (35.20), it is possible to write (35.35) in the component form

A-B=A, ;e"h-e"B (35.36)
or, equivalently, in the forms
At Bil...i,
A-B=qA"" "B (35.37)
A Bh etc.

e Tl ?

Equation (35.37) suggests definitions of inner products for other tensor spaces besides 7" (7).
If Aand BareinZ,"(7'), we define A-Bby
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A-B=(G™) GIA.(G™) GIB= <G§A,(G"+q)_1G§B> (35.38)

Again, we leave it as an exercise to the reader to establish that (35.38) does define an inner
product on 7, ° (V) ; moreover, the inner product can be written in component form by (35.37)

(35.37) also.

In section 32, we pointed out that if we agree to use a particular inner product, then the
isomorphism G can be regarded as canonical. The formulas of this section clearly indicate the
desirability of this procedure if for no other reason than notational simplicity. Thus, from this

point on, we shall identify the dual space ¥~ with?", i.e.,
YV =y

by suppressing the symbol G . Then in view of (35.2) and (35.7), we shall suppress the symbol
G, also. Thus, we shall identify all tensor spaces of the same total order, i.e., we write

T (V)= (¥)=z=27(¥) (35.39)

By this procedure we can replace scalar products throughout our formulas by inner products
according to the formulas (31.9) and (35.38).

The identification (35.39) means that, as long as the total order of a tensor is given, it is
no longer necessary to specify separately the contravariant order and the covariant order. These
separate orders will arise only when we select a particular component representation of the
tensor. For example, if A is of total orderr, then we can express A by the following different
component forms:

A=Arte ®---®e;

_ Auicn e Qe ®ek
. Il -1 (3540)

=A, _e"® - -®e

where the placement of the indices indicates that the first form is the pure contravariant
representation, the last form is the pure covariant representation, while the intermediate forms
are various mixed tensor representations, all having the same total order r. Of course, the
various representations in (35.40) are related by the formulas (35.20), (35.25), (35.29), and
(35.30). In fact, if (35.31) is used, we can even represent A by an irregular component form
such as

A=A e @ek®e ®-®e ®--Reh®-- (35.41)

e
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provided that the total order is unchanged.

The contraction operator defined in Section 34 can now be rewritten in a form more
convenient for tensors defined on an inner product space. If Ais a simple tensor of (total)
orderr,r > 2, with the representation

A=v,®---®v,
then C;A, where 1<i< j<r, isasimple tensor of (total) order r —2 defined by (34.10),

CijAE(Vi .Vj)vl®...\7i...\7_...®v

J r

(35.42)

By linearity, C; can be extended to all tensors of orderr. If Ae 7. (7)) has the representation

A= A(ln_krekl ®---®ek

then by (35.42) and (35.26)

CijA = A1<1...k,Cij (ekl ®_..®ekr)
_ ki A<1...k,ek1 ®---gh...g5...Qek (35.43)

) =k
=A, j k.mkek1®...eki...eJ...®ekf

It follows from the definition (35.42) that the complete contraction operator C [cf. (35.16)]

C:%,(¥)> %

can be written

C=C,0Cyo0C (35.44)

1(r+1)

Also, if Aand Bare inZ,(¥), itis easily establish that [cf. (34.17)]

A-B=C(A®B) (35.45)
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In closing this chapter, it is convenient for later use to record certain formulas here. The
identity automorphism | of ¥ corresponds to a tensor of order 2. Its pure covariant
representation is simply the inner product

I(uv)=u-v (35.46)

The tensor | can be represented in any of the following forms:

l=ee' ®e’ =ele,®e, =5, ®e’ =5e' ®e, (35.47)

There is but one contraction for |, namely

Cpol=trl=5'=N (35.48)

In view of (35.46), the identity tensor is also called the metric tensor of the inner product space.

Exercises

35.1  Show that (35.45) defines an inner product on J;(7)
35.2  Show that the formula (35.38) can be rewritten as

A-B=((G3) 'T,GAB) (35.49)

where T is the generalized transpose operator defined in Exercises 33.8 and 34.3. In

particular, if Aand B are second order tensors, then (35.49) reduces to the more familiar
formula:

A-B=tr(A'B) (35.50)

35.3 Show that the linear transformation

GP: TP (V) > T,(7)

defined by (35.2) can also be characterized by

(G*A)(u,...,u,)=A(GU,,...,Gu,) (35.51)
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forall Ac7*(V)andall u,...,u e .
35.4 Show that if Ais a second-order tensor, then

A=C,(1®A)

What is the component form of this identity?






Chapter 8

EXTERIOR ALGEBRA

The purpose of this chapter is to formulate enough machinery to define the determinant of
an endomorphism in a component free fashion, to introduce the concept of an orientation for a
vector space, and to establish a certain isomorphism which generalizes the classical operation of
vector product to a N-dimensional vector space. For simplicity, we shall assume throughout this
chapter that the vector space, and thus its associated tensor spaces, are equipped with an inner
product. Further, for definiteness, we shall use only the pure covariant representation;
transformations into other representations shall be explained in Section 42.

Section 36  Skew-Symmetric Tensors and Symmetric Tensors

If AcJ(¥') and o is a given permutation of {1,...,r}, then we can define a new tensor
T AeJ(¥) by the formula

TAWNV, V) =AN 059 Vo) (36.1)

forall v,,..,v, €7 . For example, the generalized transpose operation T defined by (33.36) in
Exercise 33.8 is a special case of T_ with o given by

_1qq+1q+p
_p+1p+q1p

Naturally, we call T_A the o -transpose of A for any o in general. We have obtained the
components of the transpose T, in Exercise 33.8. For an arbitrary permutation o the components
of T_A are related to those of A by

(T,A), i, = A (36.2)

(1) -+lo(r)
Using the same argument as that of Exercise 34.3, we can characterize T_ by the condition that

TV®--®Vv)=v" ¥®...9v" ® (36.3)

for all simple tensors V' ®---® V' € 7 (¥)

247
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If T A=A forall permutations o A is said to be (completely) symmetric. On the other
hand if T A=¢_ A for all permutations o, where &_ denotes the parity of o defined in Section

20, then A is said to be (completely) skew-symmetric. For example, the identity tensor 1 given by
(35.30) is a symmetric second-order tensor, while the tensor u® v—-v ® u, for any vectors

u,ve? ,is clearly a skew-symmetric second-order tensor. We shall denote by 7: (7") the set of
all skew-symmetric tensors in 7. (¥") . We leave it to the reader to establish the fact that 7: (¥) is
a subspace of 7;(¥"). Elements of .7: (¥") are often called r-vectors or r-forms.

Theorem 36.1. Anelement A e 9?(%) assumes the value 0 if any two of its variables coincide.
Proof: We wish to establish that

A(v,...,V,..,V,..,Vv,)=0 (36.4)
This result is a special case of the formula

AV, Vg Ve, V) = =A(V,, ., Ve Vg, V) =0 (36.5)

which follows by the fact that &, =—1 for the permutation which switches the pair of indices (s,t))
while leaving the remaining indices unchanged. If we take v =v_ =V, in (36.5), then (36.4)
follows.

Corollary. Anelement A e 7:(%) assumes the value zero if it is evaluated on a linearly
dependent set of vectors.

This corollary generalizes the result of the preceding theorem but is itself also a direct
consequence of that theorem, for if {vl,...,vr} is a linearly dependent set, then at least one of the

vectors can be expressed as is a linear combination of the remaining ones. From the r-linearity of
A, A(v,,...,Vv,) can then be written as the linear combination of quantities which are all equal to

zero because which are the values of A at arguments having at least two equal variables.

Corollary. If .r is greater than N, the dimension of ¥ , then ﬂf(V) :{O}.

This corollary follows from the last corollary and the fact that every set of more than N
vectors in a N- dimensional space is linearly dependent.

Exercises

36.1 Show that the set of symmetric tensors of order r forms a subspace of 7. (v").
36.2  Show that
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T =TT

(oxa [

for all permutations o and 7. Also, show that T_ is the identity automorphism of J_(¥") if
and only if o is the identity permutation.
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Section 37 The Skew-Symmetric Operator

In this section we shall construct a projection from J7(7") into Z,(¥"). This projection is
called the skew-symmetric operator. If A e .7 (7"), we define the skew-symmetric projection K A
of A by

1
KA= ﬁ;gchaA (37.1)
where the summation is taken over all permutations o of {1 r}. The endomorphism
K,:7,(#) > T(¥) (37.2)

defined in this way is called the skew-symmetric operator.

Before showing that K, has the desired properties, we give one example first. For simplicity, let
us choose r =2. Then there are only two permutations of {1, 2} , hamely

(1 2} (1 2}
o= , o= (37.3)
1 2 2 1

g, =1and ¢ =-1 (37.4)

and their parities are

Substituting (37.3) and (37.4) into (37.1), we get
(K,A)(v,,V,) = %(A(vl,vz) +A(V,,V,)) (37.5)

forall Ae 2, (¥) and v,,v, €7 . In particular, if A is skew-symmetric, namely
A(v,,v,) =-A(v,,V,) (37.6)
then (37.5) reduces to
(K,A)(v,,V,) =A(v,V,)

or, equivalently,
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K,A=A, Aed,(¥) (37.7)
Since from (37.5), K,A e fZ(V) forany A e J,(¥") ????, by (37.7) we then have
K,(K,A) =K,A
or, equivalently
K2 =K, (37.8)

which means that K, is a projection. Hence, for second order tensors, K, has the desired
properties. We shall now prove the same for tensors in general.

Theorem 37.1. Let K, : 7. (¥") > Z.(¥") be defined by (37.1). Then the range of K, is f("/),
namely

RK,)=Z,(¥) (37.9)
Moreover, the restriction of K on 7:(7) is the identity automorphism of ﬂf(%), ie.,

K A=A, AecT (V) (37.10)

r

Proof. We prove the equation (37.10) first. If Ae ﬂf(%) , then by definition we have

TA=¢A (37.11)

for all permutations o . Substituting (37.11) into (37.1), we get

— 1 2p 1 1 —
KrA_ﬁ;gUA_ﬁ(r.)A_A (37.12)

Here we have used the familiar fact that there are a total of r! permutations for r numbers

{1,..r}.
Having proved (37.10), we can conclude immediately that

R(K,)> Z(¥) (37.13)

since 7:(%) is a subspace of J. (7). Hence, to complete the proof it suffices to show that
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R(KK,) < Z(7)
This condition means that
T (KA =¢K A (37.14)
forall Ae (7). From (37.1), T_(K,A) is given by
T.(K,A)= iZgaTr (T.A)
r'<
From the result of Exercise 36.2, we can rewrite the preceding equation as

1
T.(K.A)= = ;gUTmA (37.15)

Since the set of all permutations form a group, and since

g‘l'go' = g‘!’G
the right-band side of (37.15) is equal to
1
FZSTETO'TTO'A
or, equivalently,
£ 1 e T A

which is simply another way of writing & K A, so (37.14) is proved.
By exactly the same argument leading to (37.14) we can prove also that
K, (TA)=¢K A (37.16)

Hence K, and T, commute for all permutations z . Also, (37.9) and (37.10) now imply that

K? =K., forall r. Hence we have shown that K. is a projection from 7 (¥") to 7:(%) . Froma
result for projections in general [cf. equation (17.13)], 7 (¥") can be decomposed into the direct
sum
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T =T,(#)@K(K,) (37.17)
where K(K,) is the: kernel of K, and is characterized by the following theorem.

Theorem 37.2. The kernel K(K,) is generated by the set of simple tensors v' ®---® v" having at
least one pair of equal vectors among the vectors v*,...,v".

Proof. : Since Z(¥") is generated by simple tensors, it suffices to show that the difference
Vi®-®V -K, (VI®--®V) (37.18)

can be expressed as a linear combination of simple tensors having the prescribed property. From
(36.3) and (37.1), the difference (37.18) can be written as

%Z(%@m@v’—gav"(”®~-®v"“)) (37.19)

We claim that each sum of the form
VI®- @V —g v ®...@v (37.20)

can be expressed as a sum of simple tensors each having at least two equal vectors among the r
vectors forming the tensor product. This fact is more or less obvious since in Section 20 we have
mentioned that every permutation o can be decomposed into a product of permutations each
switching only one pair of indices, say

O =0,0,, 0,0, (37.21)

where the number k is even or odd corresponding to o being an even or odd permutation,
respectively. Using the decomposition (37.21), we can rewrite (37.20) in the form

+(V' @@V + v @@ vr)

_(V0'1(1) ®---® V0'1(") + VUZU1(1) ®.---® V0201(r) )

4o (37.22)

_6‘6 (Vo-k—lmo—l(l) ® e ® Vo—kfl"'o-l(r) + Vo_(l) ® e ® Vo-(r) )

~o1(r)

where all the intermediate terms v*"*® ®...®@ v *”  j=1,... k -1 cancel in the sum. Since
each of o,,...,0, switches only one pair of indices, a typical term in the sum (37.22) has the form
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VER -V e Ve VR VR v v VP
which can be combined into three simple tensors:
Va®...(u)...(u)...®\/b

where u=v*,v', and v° +Vv'. Consequently, (37.22) is a sum of simple tensors having the
property prescribed by the theorem. Of course, from (37.16) all those simple tensors belong to the
kernel K(K,). The proof is complete.

In view of the decomposition (37.17), the subspace f: (#") is isomorphic to the factor space
J(7)/K(K,) . Infact, some authors use this structure to define the space 7: (7") abstractly
without making ff(%) a subspace of J7(7"). The preceding theorem shows that this abstract
definition of 7 (¥") is equivalent to ours,

The next theorem gives a useful property of the skew-symmetric operator K, .

Theorem 37.3. If Ae 7 (¥) and Be 7, (7'), then

K,..(A®B)

p+q

K. (A®K,B)
Ko.o(K,A®B) (37.23)
Ko (K, A®K B)

Proof. Let = be an arbitrary permutation of {1 q}. We define

U:
12 p p+e@® - - - p+z(Q)

Then ¢ =¢_ and

A®TB=T,(A®B)

Hence from (37.14) we have
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K, (A®TB)=K . (T,(A® B)) =¢,K,(A®B)
=¢K,,,(A®B)

or, equivalently,
Kp+q(A®ngTB)=Kp+q(A®B) (37.24)

Summing (37.24) over all 7, we obtain (37.23)1, A similar argument implies (37.23).

In closing this section, we state without proof an expression for the skew-symmetric
operator in terms of the components of its tensor argument. The formula is

1 i j ]
KA=Z51 A &t @@t (37.29)

We leave the proof of this formula as an exercise to the reader. A classical notation for the
components of K A is A; ,,, so from (37.25)

1

O AL (37.26)

Aj.in =
Naturally, we call K A the skew-symmetric part of A. The formula (37.25) and the quotient

theorem mentioned in Exercise 33.7 imply that the component formula (33.32) defines a tensor K,
of order 2r, a fact proved in Section 33 by means of the transformation law.

Exercises

37.1 Let AeJ(7') and define an endomorphism S, of 7 (7") by
S A= L TA
r =ﬁ; o

where the summation is taken over all permutations o of {1 r} asin (37.1). Naturally

S, is called the symmetric operator. Show that it is a projection from 7 (¥") into the
subspace consisting of completely symmetric tensors of order r. What is the kernel
K(S,)? A classical notation for the components of S A is A, ;.

37.2  Prove the formula (37.25).
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Section 38. The Wedge Product

In Section 33 we defined the concept of the tensor product ® , first for vectors, then
generalized to tensors. We pointed out that the tensor product has the important universal
factorization property. In this section we shall define a similar operation, called the wedge product
(or the exterior product), which we shall denote by the symbol A. We shall define first the wedge
product of any set of vectors.

If (vl,...,vr) is any r-triple of vectors, then their tensor product v' ® ---® v" is a simple
tensor in J.(7") [cf. equation (33.10)]. In the preceding section, we have introduced the skew-
symmetric operator K, which is a projection from Z (¥") onto 7:(%) . We now define

VEA- AV E/\(vl,...,vr)s r!Kr(v1®---®vr) (38.1)

for any vectors V',...,v". For example, if r =2, from (37.5) for the special case that A = v ® v*
we have

VIAV =VIQ VI -V Q V! (38.2)
In general, from (37.1) and (36.3) we have

VIA AV = Zgng(vl@)-.-@vr)
- Zga(v“&(“ ®---®v"’1(”) (38.3)

=Y, (vVP® ®v)

where in deriving (38.3), we have used the fact that
E. =&, (38.4)

and the fact that the summation is taken over all permutations o of {1,..., r} :
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We can regard (38.1), as the definition of the operation

ANV XXV > T (V) (38.5)

r times

which is called the operation of wedge product. From (38.1); it is clear that this operation, like the
tensor product, is multilinear; further, A is a (completely) skew-symmetric operation in the sense
that

/\(Va(l),...,Vg(r)) — ga A (Vl,...,Vr) (386)

forall v',...,v" € ¥ and all permutations o of {1 r}. This fact follows directly from the skew

symmetry of K, [cf. (37.16)]. Next we show that the wedge product has also a universal
factorization property which is the condition asserted by the following.

Theorem 38.1. If W is an arbitrary completely skew-symmetric multilinear transformation

W 5 xV U (38.7)
%/_/

r times

where % is an arbitrary vector space, then there exists a unique linear transformation
D:T(¥)> (38.8)
such that
W (V' V') =D(V A AV (38.9)
forall v',...,v" €7 . In operator form, (38.9) means that

W =Don (38.10)

Proof We can use the universal factorization property of the tensor product (cf. Theorem 34.1) to
decompose W by
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W=Co® (38.11)

where C is a linear transformation from (") to « ,

C:TW)>u (38.12)

Now in view of the fact that W is skew-symmetric, we see that the particular linear transformation
C has the property

C(v¥®---®@v')=£C(V'® V) (38.13)

for all simple tensors v' ® ---® v" € 7(¥) and all permutations & of {1r} Consequently, if

we multiply (38.13) by &_ and sum the result over all o, then from the linearity of C and the
definition (38.3) we have

C(le---Avr):r!C(v1®---®v')

(38.14)
=rIW(v',..,v")
forall v',...,v" € # . Thus the desired linear transformation D is simply given by
D= L C 38.15
TS (38.15)

where the symbol on the right-hand denotes the restriction of C on 7:(%) as usual.

Uniqueness of D can be proved in exactly the same way as in the proof of Theorem 34.1.
Here we need the fact that the tensors of the form v A---AV" e ﬂf(V) , which may be called

simply skew-symmetric tensors for an obvious reason, generate the space .7:' (7). Thisfactisa
direct consequence of the following results:

Q) T (¥") is generated by the set of all simple tensors v' ®---®@ V",

(i) K, is a linear trans formation from J;(7") onto 7:(%).

r
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r

(iii)  Equation (38.1) which defines the simple skew-symmetric tensors v' A---A V",

Knowing that the simple skew-symmetric tensors v A--- Av" form a generating set of
ﬂf("//) , we can conclude immediately that the linear transformation D is unique, since its values
on the generating set are uniquely determined by W through the basic condition (38.9).

As remarked before, the universal factorization property can be used to define the tensor
product abstractly. The preceding theorem shows that the same applies to the wedge product. In

fact, by following this abstract approach, one can define the vector space 9? () entirely
independent of the vector space J;(¥") and the operation A entirely independent of the operation
®.

Having defined the wedge product for vectors, we can generalize the operation easily to
skew-symmetric tensors. If A e 7;(7/) and B e 92("//) , then we define

AAB =UJKr(A®B) (38.16)
where, as before,
r=p+q (38.17)
and
-1)... — |
(r}z r(r-1--(r-p+) _ r! (38.18)
p p! plq!

We can regard (38.16) as the definition of the wedge product from fp(V) xY;(V) — f(%) ,

N T VT,V ) > T(V) (38.19)

Clearly, this operation is bilinear and is characterized by the condition that
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(V' A AVP) AU A AU =VEA-AVP AU A A LS (38.20)
for all simple skew-symmetric tensors v A--- A VP eﬂ;(V) and U A--- AU eﬂ;’(V). We leave

the proof of this simple fact as an exercise to the reader. In component form, the wedge product
A A B is given by

eh®...@ek (38.21)

p+l-ir

plgl o

relative to the product basis of any basis {e'} for 7.

In view of (38.20), we can generalize the wedge product further to an arbitrary member of
skew-symmetric tensors. For example, if A 7;(%) , Be ﬂi("//) and Ce .72(%) , then we have

(AAB)AC=AA(BAC)=AABAC (38.22)
Moreover, A AB AC is also given by

(a+b+c)!
alb'c!

AABAC= K a0 (A®B®C) (38.23)

Further, the wedge product is multilinear in its arguments and is characterized by the associative
law such as

/\~--/\ub)/\(wl/\--~/\wc) (38.24)

=VIAAVEAU A AU AW A AWS

for all simple tensors involved.

From (38.24), the skew symmetry of the wedge product for vectors [cf. (38.6)] can be
generalized to the condition such as

BAA=(-1)"AAB (38.25)
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forall Ac 7, (7) and B J (). Inparticular, if A is of odd order, then

AAA=0

since from (38.25) if the order p of A isodd, then
AAA=(DP"AAA=-AAA
A special case of (38.26) is the elementary result that

vav=0

which is also obvious from (38.2).

Exercises

38.1 Verify (38.6), (38.20), (38.22);, and (38.23).
38.2  Show that (38.23) can be rewritten as

VA AV =8V @@ V"

where the repeated indices are summed from 1 to r.
38.3  Show that

VA AV(U,.., U, ) = det

for all vectors involved.

261

(38.26)

(38.27)

(38.28)

(38.29)

(38.30)
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38.4 Show that

SR T B (38.31)

T Tl

for any reciprocal bases {e'} and {e,} .
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Section 39. Product Bases and Strict Components

In the preceding section we have remarked that the space ,7: (7') is generated by the set of

all simple skew-symmetric tensors of the form v' A---Av". This generating set is linearly
dependent, of course. In this section we shall determine a linearly independent generating set and

thus a basis for 9?("//) consisting entirely of simple skew-symmetric tensors . Naturally, we call
such a basis a basis a product basis for 7:(%) .

Let {e'} be abasis for 7 as usual. Then the simple tensors {e* ®-.-®e"} form a product

basis for (7). Since 7:("//) is a subspace of 7 (¥"), every element A e f?(%) has the
representation

A=A e"® @ (39.1)

where the repeated indices are summed from 1 to N, the dimension of J. (7). Now, since
Ae f:(V) , itis invariant under the skew-symmetric operator K, , namely

A=K A=A K (e"® -®e") (39.2)
Then from (38.1) we can rewrite the representation (39.1) as

A=%A1__ireil A BT (39.3)

Thus we have shown that the set of simple skew-symmetric tensors {eil A A eif} already forms a

generating set for 7;(%) .

The generating set {ei1 /\m/\eif} is still not linearly independent, however. This fact is
easily seen, since the wedge product is skew-symmetric, as shown by (38.6). Indeed, if i, and i,
are equal, then e A---Ane" must vanish. In general if o is any permutation of {1 r} , then

e"® n..-ne"® s linearly related to e A---Ae" by
el AL Al = 8O,ei1 NN-X (39.4)

Hence if we eliminate the redundant elements of the generating set {e‘1 A A e‘f} by restricting the
range of the indices (i,,...,i,) in such a way that
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I <<l (39.5)
the resulting subset {e* A---Ae",i, <---<i,} remains a generating set of 7;(¥"). The next theorem
shows that this subset is linearly independent and thus a basis for ﬂf(“/) , called the product basis.

Theorem 39.1. The set {e* ---ae",i; <---<i,} is linearly independent.
Proof. Suppose that the set {e‘1 A ARl << i,} obeys the homogeneous linear equation

D C, " A net (39.6)

I <-<iy

where {C
from 1 to N subject to the condition (39.5). Then we must show that C;

<o < ir} are scalars, and where the summation is taken over all indices i,...,1,

, Vvanishes completely.
From (38.31), if we evaluate the tensor (39.6) at the argument (eil,...,eir), where {ej} denotes the
reciprocal basis of {e'} as usual, we get

> C, . orh =0 (39.7)

i <-<iy

forall j,..., ], ranging from 1 to N . In particular, if we choose j, <---< j,, then the summation

reduces to only one term, namely C, ; and the equation yields

C 0

Bk T

which is the desired result.

. N : .
It is easy to see that there are only [r j number of elements in the product basis

{e" n-oneh iy << (39.8)
Thus we have

N!

TN =) (399)

dimfj(n//):(:\'j

In particular, we recover the corollary of Theorem 36.1, that is
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dim7 (7)) =0
ifr>N.

Returning now to the representation (39.3) for an arbitrary skew-symmetric tensor
Ac 7: ("), we can rewrite that representation as

A= D A e r--ne (39.10)

iy <e<iy

The reason that we can replace the full summation in (39.3) by the restricted summation is because
for each increasing r-tuple (i,...,i,) there are precisely r! permutations of {i,,...,i,}. Further, their

corresponding r! terms in the full summation (39.3) are all equal to one another, since both A
and e* A---Ae" are completely skew-symmetric in the indices (iy,...,i ), so for any permutation &
of {i,,...,i,} we have

b AL Al = g2 hoaeo el = LN
Ainy B TN ARTT =GN B A AT = A B A AT

In view of (39.10), we see that the scalars

are the components of A relative to the product basis (39.8). For definiteness, we call these
scalars the strict components of A.

As an illustration of this concept, let us compute the strict components of the simple skew-
symmetric tensor V' A---AV" € Z (7). As usual we represent the vector v' in component form

relative to {e'} by
Vi =vie!
forall i =1,...,r. Using the skew-symmetry of the wedge product, we have

Ao AV =V el Ao nel = Loyt Shedrgh oLl A @l
VIAS AV =V eV e A AR —'z' Vi VO Tet A ne (39.11)
iy <-<i

which means that the strict components of V' A---AV" are

Loy Sk i . <
{le Vj,é‘il...i, il < <Ir}
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Next, we consider the transformation rule for the strict components in general.

Theorem 39.2. Under a change of basis from {e’} to {&'}, the strict components of a tensor
Ae f: (7") obey the transformation rule

A= 2 TEVAL (39.12)

iy <<y

where TJ'11; isan rxr minor of the transformation matrix [T;] as defined by (21.21). Of course,

T/ is given by

i Al
Tj_-e ej

as usual [cf. (31.21)], where {&,} is the reciprocal basis of {&'}.

Proof. Since the strict components are nothing but the ordinary tensor components restricted to the
subset of indices in increasing order [cf. (39.5)], we can compute their values in the usual way by

A =AE,,..8,) (39.13)

o

Substituting the strict component representation (39.10) into (39.13) and making use of the formula
(38.30) we obtain

A

A — i i A

iy <-<ip
- oA o
el.ej1 . . . el_ejr

= > A, det
i <-<ip
I A ir A

_e ej1 e .(:3Jr

which is the desired result.

From (21.25), we can write the transformation rule (39.12) in the form

A, =det[ T3] X (cof Tiih) A (39.14)

i <<y

As all illustration of (39.12), take r = N . Then (39.9) implies
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dim7, (¥) =1 (39.15)
And (39.12) reduces to
A,  =det[ T/ ]A, (39.16)

Comparing (39.16) with (33.15), we see that the strict component of an N-vector transforms
according to the rule of an axial scalar of weight 1 [cf. (33.35)]. N-vectors are also called densities
or density tensors.

Next take r =N —1. Then (39.9) implies that
dimJ, ,(*)=N (39.17)
In this case the transformation rule (39.12) can be rewritten as
=det[ T/ |TA (39.18)
where the quantities A“ and A' are defined by
A=)V A, ., (39.19)
and similarly
A=E=D"'A, (39.20)

Here the symbol ™ over k or | means k or | are deleted from the list of indices as before. To
prove (39.18), we make use of the alternative form (39.14), obtaining

A12...|Z...N = det [Tba:IZI:(COf TllzzlkNN )Alz...f...N
Multiplying this equation by (1) and using the definitions (39.19) and (39.20), we get
= det [T ] (-0 (eof T30 ) A

But now from (21.23), it is easy to see that the cofactor of the (N —1)(N —1) minor T2V in the

12..1..N

matrix [T J is simply (=1)“*' times the element T,. Thus (39.18) is proved.
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From (39.19) or (39.20) we see that the quantities A and A', like the strict components
A, . yand A, . characterize the tensor A completely. In view of the transformation rule

(39.18), we see that the quantity A' transforms according to the rule of the component of an axial
vector of weight 1 [cf. (33.35)]. (N —1) vectors are often called (axial) vector densities.

The operation given by (39.19) and (39.20) can be generalized to f;,f, (¥") ingeneral. If
A... . isastrict component of A e, _ (¥), then we define a quantity A" by

ek 2§ gl
A & A i

I <<y _y

o
(N =r)!

(39.21)
gil...iN,,jl...irA .

When r =1, (39.21) reduces to (39.20). Recall that "™ transforms according to the rule of an
axial contravariant tensor of order N and weight 1. Moreover, since Ah* is skew-symmetric in
(Jyr- J,) » We can write the transformation rule as

Rh _det[T2] Y A (3922)

i <<y

where 'I:il"_{'i';jf isan rxr minor of the transformation matrix [Tba] When r =1, (39.22) reduces to
(39.18).

As an illustration of (39.20), we take N =3; then (39.20) yields
A = Poss A = —As, A= A, (39.23)
As we shall see, this operation is closely related to the classical operation of cross product (or
vector product) which assigns an axial vector to a skew- symmetric two-vector on a three-

dimensional space.

Before closing this section, we note here a convenient condition for determining whether or
not a given set of vectors is linearly dependent by examining their wedge product.

Theorem 39.3. A set of r vectors {vl,...,v'} is linearly dependent if and only if their wedge
product vanishes, i.e.,

ViA-AV =0 (39.24)

Proof. Necessity is obvious, since if {vl,...,vr} is linearly dependent, then at least one of the
vectors can be expressed as a linear combination of the other vectors, say
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Vi=aVi+ota, VT (39.25)

Then (39.24) follows because

r-1
V A AV :Zlozjvl/\--v\vr"l/\vJ =0
=1

as required by the skew symmetry of the wedge product. Conversely, if {vl,..., v’} is linearly
independent, then it can be extended to a basis {vl,...,vN} (cf. Theorem 9.8). From Theorem 39.1,

the simple skew-symmetric tensor v* A---Av" forms a basis for the one-dimensional space
Iy, (7)) and thus is nonzero, so that this factor v* A---AV" is also nonzero.

Corollary. Asetof N covectors {vl,...,vN} is a basis for ¥~ if and only if v A---AVN 20.

Exercises
39.1 Show that the product basis of f?(%) satisfies the following transformation rule:

N S P LTI I (39.26)

j1<‘“< Ir

relative to any change of basis from {é'} to {e’} with transformation matrix [ T/].

39.2  For the skew-symmetric tensor space ﬂf(V) it is customary to define the inner produce
T (V)xT(V)> R (39.27)

by requiring the product basis of an orthonormal basis be orthonormal with respect to *. In
other words, relative to an orthonormal basis {il,..., i”} the inner produce A =B of any

A Be 7:(%) is given by

AxB= > A B (39.28)

i <-<i

Show that this inner product is related to the ordinary inner product - on f:(V) , regarded
as a subspace of J/(7), by
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A*B==A-B (39.29)
r!

forall A Be 7. (7).
39.3 Relative to the inner product *, show that

A-aUl)=det| . (39.30)

for all simple skew- symmetric tensors v A---AVv" and u* A---AU" in f:(V) .

39.4 Relative to the product basis of any basis {ei} , show that the inner product A *B has the
representation

Cehl . . . gii]
AxB = z det| . . Al---irle"'jr (39.31)
e
_eirjl . . . eirjr_
where €' is given by
el=¢'.e! (39.32)

as before [cf. (14.8)]. In particular, if {e‘} is orthonormal, then e’ = 5" and (39.31)

reduces to (39.28).
39.5 Prove the transformation rule (39.22).
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Section 40. Determinant and Orientation

In the preceding section we have shown that the strict component of an N-vector over an N-
dimensional space ¥~ transforms according to the rule of an axial scalar of weight 1. For brevity,

we call an N-vector simply a density or a density tensor. From (39.15), the space ,7; (¥) of
densities on 7~ is one-dimensional, and for any basis {e‘} a product basis for ﬂi, (v) is

1 N

e A---Ae . If D isadensity, then it has the representation

D=D, & A---ae" (40.1)
where the strict component D,,  is given by

D, v =D(e,,...ey) (40.2)

{e;} being the reciprocal basis of {ej} as usual. The representation (40.1) shows that every
density is a simple skew-symmetric tensor, e.g., we can represent D by

D:(Dlz_,Nel)/\---/\eN (40.3)
This representation is not unique, of course.
Now if A is an endomorphism of ¥, we can define a linear map
f:,(7) > 5 (¥) (40.4)
by the condition

(VA AV ) =(AVH) A A (AVY) (40.5)

forall v',...,v" €7 . We can prove the existence and uniqueness of the linear map f by the

universal factorization property of 9,:“ (7") as shown by Theorem 38.1. Indeed, we define first the
skew-symmetric multilinear map

F ¥ x-x¥ > I,(¥) (40.6)

by

F(Vhea V) = (AV) Ao A (AVY) (40.7)
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where the skew symmetry and the multilinearity of F are obvious. Then from (38.10) we can
define a unique linear map f of the form (40.4) such that

F=fon (40.8)
which means precisely the condition (40.5).
Since 7,1 (") is one-dimensional, the linear map f must have the representation
f(vl/\-‘-/\VN)=avl/\-~-/\VN (40.9)
where « is a scalar uniquely determined by f and hence A. We claim that
a =detA (40.10)
Thus the determinant of A can be defined free of any basis by the condition

(AV ) A--A(AVY) = (det AV A AV (40.11)

forall V,...,.vN ev .

To prove (40.10), or, equivalently, (40.11), we choose reciprocal basis {e;} and {ei} for v

and recall that the determinant of A is given by the determinant of the component matrix of A.
Let A be represented by the component forms

Ae, =Ale,, Ae' = Ae] (40.12)
where (40.12), is meaningful because 7~ is an inner product space. Then, by definition, we have
det A = det[ A’ | =det[ A/] (40.13)
Substituting (40.12), into (40.5), we get
fe"nne")= Al A Vet A neh (40.14)
The skew symmetry of the wedge product implies that
eb Aonelh = ghvivgl AL ngN (40.15)

where the ¢ symbol is defined by (20.3). Combining (40.14) and (40.15), and comparing the
result with (40.9), we see that
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aet A---nel :Ajll---AjNNgh”"Nel/v--/\eN

or equivalently

(40.16)

(40.17)

since " A---Ae" is a basis for .7;, (7") . But by definition the right-hand side of (40.17) is equal to

the determinant of the matrix [Aj‘] and thus (40.10) is proved.

As an illustration of (40.11), we see that

detl =1

since we have
(Ivl)/\---/\(IVN)zvl/\---/\VN = (det V' A--- A VY
More generally, we have
det(al) = a"
Since

(alvl)/\m/\(alvN)=(avl)/\~-/\(aVN)=aNVl/\--~/\VN

It is now also obvious that
det(AB) = (det A)(det B)
since we have

(ABV') A---A(ABV" ) = (det A) (BV') A--- A (BV")
= (det A)(detB)V' A--- A V"

forall v',...,v" €7 . Combining (40.19) and (40.20), we recover also the formula

det(aA) = a" (det A)

(40.18)

(40.19)

(40.20)

(40.21)
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Another application of (40.11) yields the result that A is non-singular if and only if det A
IS non-zero. To see this result, notice first the simple fact that A is non-singular if and only if A

transforms any basis {e’} of % into a basis {Ae’} of % . From the corollary of Theorem 39.3,
{Ae'} isabasis of ¥ ifand only if (Ae')A---A(Ae")=0. Then from (40.11),

(Ae*)A---A(Ae") =0 ifand only if det A=0. Thus detA =0 is necessary and sufficient for A
to be non-singular.

The determinant, of course), is just one of the invariants of A. In Chapter 6, Section 26,
we have introduced the set of fundamental invariants {z,..., 11 } for A by the equation

det(A+th)=t" + t" ™"+ gyt + 1 (40.22)

Since we have shown that the determinant of any endomorphism can be characterized by the
condition (40.11), if we apply (40.11) to the endomorphism A +tl, the result is

1 N

(Avl+tvl)/\---/\(AVN +tVN):(tN +,ultN’l+---+,uN_lt+yN)v Ae AV

Comparing the coefficient of t"* on the two sides of this equation, we obtain

w4 NV A AV = Z VEAAAVE A AAVE A AAVE A A VY (40.23)

iy <-<i

N
where there are precisely (Kj terms in the summation on the right hand side of (40.23), each

containing K factors of A acting on the covectors v*,...,v. In particular, taking K =N , we
recover the result

NV A AV =(AV1)/\~-/\(AVN)
which is the same as (40.11) since

4y =detA

Likewise, taking K =1, we obtain
N .
,ulvl/\---/\VN=ZV1/\---/\AV'/\---/\VN (40.24)
i=1

which characterizes the trace of A free of any basis, since
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u=1mrA

Of course, we can prove the existence arid the uniqueness of g, satisfying the condition (40.23)
by the universal factorization property as before.

Since the space ﬂ; (¥") is one-dimensional, it is divided by 0 into two nonzero segments.
Two nonzero densities D, and D, are in the same segment if they differ by a positive scalar factor,
say D, =AD,, where 1>0. Conversely, if D, and D, differ by a negative scalar factor, then they

belong to different segments. If {e'} and {&'} are two basis for ¥, we define their corresponding
product basis e* A---e" and & A--- 8" for 7, (¥) as usual; then we say that {e'} and {&'}
have the same orientation and that the change of basis is a proper transformation if e A---Ae"
and 8 A---A8&" belong to the same segment of .7, (¥") . Conversely, opposite orientation and

improper transformation are defined by the condition that €' A---Ae™ and &' A---A&" belong to
different segments of .7, (%) . From (39.26) for the case r = N, the product basis e* A---re" and

é' A---ne"N are related by

et A-nel =det[Tji]é1/\m/\éN (40.25)

Consequently, the change of basis is proper or improper if and only if det [Tj‘] is positive or
negative, respectively.

It is conventional to designate one segment of 7; (#") positive and the other one negative.
Whenever such a designation has been made, we say that f?; (#¥") and, thus, ¥, are oriented. For
an oriented space ¥~ a basis {e‘} is positively oriented or right-handed if its product basis

e' A---ae" belongs to the positive segment of f?; () ; otherwise, the basis is negatively oriented

or left-handed. It is customary to restrict the choice of basis for an oriented space to positively
oriented bases only. Under such a restriction, the parity ¢ [cf, (33.35)] of all relative tensors
always has the value +1, since the transformation is restricted to be proper. Hence, in this case it is
.not necessary to distinguish relative tensors into axial ones and polar ones.

As remarked in Exercise 39.2, it is conventional to use the inner product * defined by
(39.29) for skew-symmetric tensors. For the space of densities ﬂfv (") the inner product is given
by [cf. (39.31)]

AxB=det[e"|A, \B, , (40.26)
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where A, , and B,, , are the strict component of A and B as defined by (40.2). Clearly, there

exists an unique unit density with respect to * in each segment of 7; 7). If fN (7)) is oriented,
the unit density in the positive segment is usually denoted by E, then the unit density in the
negative segment is —E . In general, if D is any density in ,7?; (¥) , then it has the representation

D =dE (40.27)

In accordance with the usual practice, the scalar d in (40.27), which is the component of D
relative to the positive unit density E, is also called a density or more specifically a density scalar,
as opposed to the term density tensor for D. This convention is consistent with the common
practice of identifying a scalar « with an element 1 in #, where Z is, of course, an oriented
one-dimensional space with positive unit element 1.

If {e‘} is a basis in an oriented space 7, then we define the density e* of {e‘} to be the

component of the product basis e* A---Ae" relative to E, namely
e'n--neMN =e'E (40.28)

In other words, e" is the density of the product basis of {e'} . Clearly, {e'} is positively oriented or
negatively oriented depending on whether its density e” is positive or negative, respectively. We
say that a basis {ei} is unimodular if its density has unit absolute value. i.e., [e*|=1. All

orthonormal bases, right-handed or left-handed, are always unimodular. A unimodular basis in
general need not be orthonormal, however.

From (40.28) and (40.26), we have

¢” =e'Exe’E=det[e’ ] (40.29)
for any basis {e'|. Hence the absolute density |e’| of {e'} is given by
e’|=(det[e"])"” (40.30)
Substituting (40.30) into (40.28), we have
1 N ij 2
et nene =g(det[e‘} )E (40.31)

where ¢ is +1 if {e'} is positively oriented and it is 1 if {e'} is negatively oriented.

From (40.25) and (40.27) the density of a basis transforms according to the rule
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e =det[T', |¢& (40.32)

under a change of basis from {e’} to {&'}. Comparing (40.32) with (33.35), we see that the
density of a basis is an axial relative scalar of weight —1.

An interesting property of a unit density (E or —E) is given by the following theorem.
Theorem 40.1. If U is a unit density in 7;(%) , then
[U *(vl/\-~-/\VN)][U*(U1/\~-AUN)] =det[ v'-u’] (40.33)
forall v',..,v" and u',...,u" in 7.
Proof. Clearly we can represent U as the product basis of an orthonormal basis, say {ik}, with

U=i A Al (40.34)

From (40.34) and (39.30), we then have
Us(ViA-av)=det[i-v'|=det[v']
and
Us(u A au)=det[i;-u'|=det[u ]

where vij and uij are the j th components of v' and u' relative to {ik}, respectively. Using the
product rule and the transpose rule of the determinant, we then obtain

[Us(v A avt) [[Us(ut s aut) | = det[ V'] ]det[u" ]
— et v',Jaet [ u", ] =det([v', J[u", T
- det{gv‘ku‘k} =det[v'-u’]
which is the desired result.

By exactly the same argument, we have also the following theorem.
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Theorem 40.2. If U is a unit density as before, then
U(vl,...,vN)U(ul,...,uN):det[vi-uj] (40.35)

forall v,,...,v, and u,,...,u, in 7.

Exercises

40.1 If A is anendomorphism of ¥~ show that the determinant of A can be characterized by
the following basis-free condition:

D(Av,,...,Av ) =(detA)D(v,,...,vy) (40.36)

for all densities D € 7, (¥) and all vectors v,,...,v, in 7 .

Note. A complete proof of this result consists of the following two parts:
Q) There exists a unique scalar « , depending on A, such that

D(Av,,...,Avy )=aD(v,,..,Vy)

for all Deﬂﬁ(%) and all vectors v,,...,v in 7.
(i)  Thescalar « isequal to detA.
40.2  Use the formula (40.36) and show that the fundamental invariants {,..., 41, } of an

endomorphism A can be characterized by

14D (Vy Vi) = 2 D(Vyers AV AV, V) (40.37)

forall v,,..,v, €7 andall D, (#). Here the summation on the right-hand side of
N
(40.37) is similar to that of (40.23), i.e., there are (Kj terms in the summation, each

containing the value of D at the argument with K vectors v, ,...,v; ,actedonby A. In
particular, taking K = N, we recover the formula (40.36), and taking K =1, we obtain

(tr A)D(Vy,..., V) =D D(Vye AV, V) (40.38)

40.3 The Gramian is a function (not multilinear) G of K vectors defined by

G(Vyy.nVy ) =det| v, v | (40.39)
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where the matrix [ v;-v; ] is K xK_, of course, Use the result of Theorem 40.2 and show
that

G(Vy,...,Vy )20 (40.40)

and that the equality holds if and only if {v,,...,v,} is a linear dependent set. Note. When

K =2, the result (40.40) reduces to the Schwarz inequality.
Use the results of this section and prove that

det A =det A’

for an endomorphism Ae Z(7;7).
Show that adjA, which is used in (26.15), can be defined by

(@djAWV  AVZ A AVY =VEAAVE A AAVY

Use (40.23) and the result in Exercise 40.5 and show that

Uy, =tradjA
Show that
adjAB =adjBadjA
detadjA = (detA)""
adj(adjA) = (detA)" A
and

detadj(adjA) = (detA)™ ™

for ABeZ(7;7) and N =dim7".
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Section 41. Duality

As a consequence of (39.9), the dimension of the space ﬂf(V) is equal to that of ﬂﬁ,fr 7).

Hence the spaces 9?("//) and ﬂ?;_r (¥") are isomorphic. The purpose of this section is to establish a
particular isomorphism,

D, :%,(¥) > 9, (%) (41.1)

called the duality operator, for an oriented space ¥ . As we shall see, this duality operator gives
rise to a definition to the operation of cross product or vector product when N =3 and r=2.

We recall first that 9?(%) is equipped with the inner product * given by (39.29). Let E be
the distinguished positive unit density in 7; (") as introduced in the preceding section. Then for
any Ae ﬂf(V) we define its dual D A in ﬂfH(V) by the condition

Ex(AAZ)=(D,A)*Z (41.2)

forall Ze ﬂ,i_r("//) . Since the left-hand side of (41.2) is linear in Z, and since * is an inner
product, D A is uniquely determined by (41.2). Further, from (41.2), D,A depends linearly on

A, so D, is a linear transformation from 7-(¥) to 7, . (¥).

Theorem 41.1. The duality operator D, defined by the condition (41.2) is an isomorphism.
Proof. Since f(%) and ﬁ:;_r(%) are isomorphic, it suffices to show that D, is an isometry, i.e.,
(D,A)*(D,A)=A*A (41.3)
forall Ae 7:(%) . The polar identity
A*B:%{A*A+B*B—(A—B)*(A—B)} (41.4)

then implies that D, preserves the inner product also; i.e.,

(D,A)*(D,B)=A*B (41.5)
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forall A and B in 9?("// ). To prove (41.3), we choose an arbitrary right-handed orthogonal basis
{i;} of . Then E is simply the product basis of {i,}

E=i A Al (41.6)

Of course, we represent A,Z, and D, A in strict component form relative to {ij} also; then (41.2)
can be written as

Z Eiviin i L = Z (DFA)jl...jN,,Zh---J'Nfr (41.7)
i;L<“‘<ir_ jl<“‘<ijr
J<<Inor

Since Z is arbitrary, (41.7) implies

(Dr’A‘)h,,,ijr = Z i P, (41.8)

iy <<y

This formula gives the strict components of D A in terms of those of A relative to a right-handed
orthonormal basis.

From (41.8) we can compute the value of left-hand side of (41.3) by

(DrA)*(DrA): z Ei i i Sk e i Ak

I <<y
ky <<k
h<<In-r

= Z Al...i, Al...i, =A*A

which is the desired result.

Having proved that D, is an isomorphism from f?(%) to j;,_r(V) relative to the inner
product *, we can now use the condition (41.2) and (41.5) to compute the inverse of D, . Indeed,
from the skew symmetry of the wedge product [cf. (38.25)] we have

AAZ=(-D"NZAA (41.9)
Hence (41.2) yields

(D,A)*Z=(-1)"""A%(D,_2) (41.10)

forall Ae 7(¥) and Ze 7, (¥). On the other hand. (41.5) yields
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(D,A)*(Z)=Ax(D,"Z) (41.11)
when we chose D B =Z. Comparing (41.10) with (41.11), we obtain
D, " =(-)’'™"D,_, (41.12)

which is the desired result.

We notice that the equations (41.8) and (39.21) are very similar to each other, the only
difference being that (39.21) applies to all bases while (41.8) is restricted to right-handed
orthonormal bases only. Since the quantities given by (39.21) transform according to the rule of an

axial tensor density, while the dual D A is a tensor in ‘7;7, ('), the formula (41.8) is no longer
valid if the basis is not right-handed and orthogonal, If {ei} is an arbitrary basis, then E is given
by (40.31). Inthis case if we represent A,Z, and D ,A again by their strict components relative to
{e'}, then from (39.21) and (40.28) the condition (41.2) can be written as

[k L gk ]
DA LZ, gt = Y det| . |(DA), . Z,., (41.13)
o e e I W r Ky Kn_r he Inor
<< <<
ekarh . . . ekaerfr
Since Z is arbitrary, (41.13) implies
[ ek L gk ]
Z Almirgil...i,h...ijre*: z det| - - |(b,A), (41.14)
iy <<y ky<<Ky_y e
ekarh . . . ekaerfr

We can solve (41.14) for the components of D, A in the following way. We multiply (41.14) by

€ €

h Jn-r

det

L in-rh JN—rIN—r_
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and sumon j,,..., Jy_, inincreasing order, then we obtain

-r

Jth ’ ' hln-r
(DA), , = D A eetihrdet : (41.15)
1o IN-r . " i
b
T T N

which is the desired result. In deriving (41.15) we have used the identity (21.26) for the matrix
[e"] and its inverse | e; | in order to obtain the formula

B ekljl . . . ekle—r ] e.

kh ) ) Il -r

> det| . . |det| - c o |=8m (41.16)

<<ner

ekN—rh . . . ekN—er—r

L _ L in-rk in-rnor

Equation (41.15) follows, since we have

> sui(DA), . =(DA)

Ky <-<ky_p

(41.17)

ey

Notice that (41.8) is a special case of (41.15) when the basis is right-handed and orthonormal, since

in this case e” =1,¢; = ¢;, and, from (21.5),

oy

i ' ) ) Il -r

det| - N

...l

L in=rh inrIn-r

Then as in (41.17) we have

z Sil-'irjl"jN—rajl"l-jr — gil"irll"lN—r

. . Il.“ r
h<<In-r

And thus (41.15) reduces to (41.8).
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The duality operator can be used to define the cross product or the vector product for an
oriented three-dimensional space. If we take N =3, then D, is an isomorphism from Z,(7") to

%)
D,: 5,(¥)> (¥)=¥ (41.18)
soforany u and ve ¥, D,(uAv) isavectorin ¥". We put
uxv=D,(uAav) (41.19)

called the cross product of u with v.

We now prove that this definition is consistent with the classical definition of a cross
product. This fact is more or less obvious. From (41.2), we have

Ex(uavaw)=u-(vxw) forallwe ¥ (41.20)

where we have replaced the * inner product on the right-hand side by the - inner product since
uxVv and w belongto ¥ . Equation (41.20) shows that

(uxv)-u=(uxv)-v=0 (41.21),

so that ux v is orthogonal to v. That equation shows also that uxv =0 if and only if u,v are
linearly dependent. Further, if u,v are linearly independent, and if n is the unit normal of u and
v such that {u,v,n} from a right-handed basis, then

(uxv)-n>0 (41,21),
which means that u x v is pointing in the same direction as n. Finally, from (40.33) we obtain

[Ex(uavaw)][Ex(uavaw)]=(uxV)-(uxv)
u-u u-v 0
=det|v-u v-v 0 :||u||2 ||v||2 —(u-vY’ (41.22)
0 0 1

= JulF IvIF (2= cos” &) = ul v sin” @

where & is the angle between u and v. Hence we have shown that ux v is in the direction of n
and has the magnitude ||uf|[v|sin @, so that the definition of ux v, based on (41.20), is consistent

with the classical definition of the cross product.
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From (41.19), the usual properties of the cross product are obvious; e.g., ux Vv is bilinear
and skew-symmetric in u and v. From (41.8), relative to a right-handed orthogonal basis

{| i,,i,} the components of uxv are given by

(uxv), =D & (uv; —uy ) = guy, (41.23)

i<j

where the summations on i, j in the last term are unrestricted. Thus we have

(UxV), = UV, — Uy,
(UxV), =UuyV, —u,, (41.24)

(u X V)3 = UV, —U,vy
On the other hand, if we use an arbitrary basis {e‘} , then from (41.15) we have

(uxv), =D (uyv; —uy, )e's™e, =e'e,c™uy, (41.25)

i<j

where e” is given by (40.31), namely
= g(det[e”])ﬂ2

Exercises

411 If Ded,(¥), what is the value of DD ?
41.2 If {ei} is a basis of ¥, determine the strict components of the dual D, (e" /\---/\ei') :

Hint. The strict components of e* A---Ae" are {5'1 Sk < jr} since as in (41.17) we
have
PR RN TVN L LN UN - (41.26)
h<<jr

41.3 If A is an endomorphism of a three-dimensional oriented inner product space ¥, show
that

Au-(AvxAw) = (detA)u-(vxw) (41.27)

and if A is invertible, show that
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Avx Aw = (detA) (A7) vxw (41.28)
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Section 42. Transformation to the Contravariant Representation

So far we have used the covariant representations of skew-symmetric tensors only. We
could, of course, develop the results of exterior algebra using the contravariant representations or
even the mixcd representations of skew-symmetric tensors, since we have a fixed rule of
transformation among the various representations based on the inner product, as explained in
Section 35. In this section, we shall demonstrate the transformation from the covariant
representation to the contravariant representation.

Recall that in general if A is a tensor of order r, then relative to any reciprocal bases {e,}

and {e‘} the contravariant components A" of A are related to the covariant components A, of
A by [cf. (35.21)]

Ail"-ir — ei1j2 e eirjr A i
S e

(42.2)
This transfornlation rule is valid for all rth order tensors, including skew-symmetric ones.
However, as we have explained in Section 39, for skew-symmetric tensors it is convenient to use
the strict components. Their transformation rule no longer has the simple form (42.1), since the
summations on the repeated indices j, --- j, on the right-hand side of (42.1) are unrestricted. We

shall now derive the transformation rule between the contravariant and the covariant strict
components of a skew-symmetric tensor.

Recall that the strict components of a skew-symmetric tensor are simply the ordinary
components restricted to an increasing set of indices, as shown in (39.10). In order to obtain an
equivalent form of (42.1) using the strict components of A only, we must replace the right-hand
side of that equation by a restricted summation. For this purpose we use the identity [cf. (37.26)]

1 Ky.. Kk,
At = Aiin = 17000 Ak (42.2)

where, by assumption, A is skew-symmetric. Substituting (42.2) into (42.1), we obtain

Ail-'ir — lé‘!ﬁ---!(reiﬂ-l e eirjr A(l ‘ (42.3)

r| heJr ~Kr
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Now, since the coefficient of A, is skew-symmetric, we can restrict the summations on k, ---k;

to the increasing order by removing the factor %, , that is

Ail. Z 5k1 kre'lh .. rJr A(l_,kr (42.4)

Ky <<k

This is the desired transformation rule from the covariant strict components to the contravariant
ones. Clearly, the inverse of (42.4) is

= z 5kj11.'.'.'kj,reiljl"'ei,j,Aklmkr (42.5)

ky <<k,

which is the transformation rule from the contravariant strict components to the covariant ones.

From (21.21) we see that (42.4) is equivalent to

Al-ie — Z eil..i,,kl...k,A(lmkr

ky <<k,
_ei1k1 . . . eilkr_
: : (42.6)
= z det| - : A<1...k
ky <<k, '
_eirkl . . . eirkr_
while (42.5) is equivalent to
Ky Ky
A= 2 B A
ky <<k,
_eilkl eilk,_
(42.7)
= Z det . . Akl-'-kr
ky <<k,
_eirkl eirk,_

In particular, when r = N, we have
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AN = det[eij ] A A= det [eii ] At (42.8)

From the transformation rules (42.6) and (42.7), or directly from the skew-symmetry of the
wedge product, we see that the product basis of any reciprocal bases {e,} and {ei} obeys the

following transformation rules:

il . .. @ik ]
e' A-oneh = ) det| - - le Ane (42.9)
ky <<k,
ik gike
and
ei1k1 gk,
e, A--ng = Y det] - S PNRIN-A (42.10)
Ky <<k
_eirkl ik,

In deriving (42.9) and (42.10) we have used the fact that the strict covariant components of
e" A---ne" are

o << 1)

1 e !

and, likewise, the strict contravariant components of e, A---ae, are

{olir << i

as shown by (41.26). If we apply (42.9) and (42.10) to the product bases e* A---Ae" and
e, A~ A€y, We get
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e'n-one :det[e”]elxx---x\eN

e, A---ney =det[e; |l Ar- ne @24l
The product bases
{ehnneti<oo<ipand e Aceae i << )
are reciprocal bases with respect to the inner product *, since from (39.30) we have
G
(€" A~ net)x(e; A-one; )=det| - =0t (42.12)
5
In particular, when r = N we have
(elx\---/\e“)*(el/\---/\eN):l (42.13)

From (42.12), we can compute the * inner product of any two rth order skew-symmetric tensors

A*B= z 'A‘klmkrqu...l(r = Z A<1...k,Bk1mk' (42.14)

Ky <<k, Ky <<k,

These formulas are equivalent to the formula (39.31), which is based on the covariant strict
components of A and B.

For an oriented space we have defined the density e* of a basis {ei} to be the components

of e' A---aeV relative to the positive unit density E, namely

e'n--ne" =e'E (42.15)

as shown by (40.28). Clearly we can define a similar component for the basis {ei} , hamely
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e, An--ney =€eE (42.16)
Further, from (42.13) the components e and e" are related by

ee’ =1 (42.17)

In view of this relation, we call e the volume of {e;}. Then {e} is positively oriented or right-
handed if its volume e is positive; otherwise, {e.

} is negatively oriented or left-handed. As

before, a unimodular basis {e;} is defined by the condition that the absolute volume |e| is equal to
unity.

We can compute the absolute volume by
e’ =det[ g | (42.18)
or equivalently
le|= (det[e". ])1/2 (42.19)

The proof is the same as that of (40.29) and (40.30). Substituting (42.19) into (42.17), we have
also

e,n-ney =(det[e)]) E (42.20)
where ¢ is + if {e;} is positively oriented and it is — if {e;} is negatively oriented.

Using the contravariant components, we can simplify the formulas of the preceding section
somewhat; e.g., from (42.6) we can rewrite (41.15) as

(Dr'A\)jll”j'\Fr = Z Al.“ire*gil"'ifjl'"jN*' (4221)

iy <--<iy
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which is equivalent to

(DrA)J_ll_jNi = A‘1~-iregi1“_irh__ijr (42.22)

i <-<iy

Similarly, (41.25) can be rewritten as

(ux v)k =e'g™uyv. (42.23)

J

which is equivalent to

(uxv), =egu'v! (42.24)

Exercises

42.1  Prove the formula (42.22).
42.2  Use the result of Exercise 41.2 or the transformation rules (42.21)and (42.22) and show that

D, (eil NN\ ) = h;jr e*gil"'i’jl“'j”"ej1 ASEEVN TS (42.25)
which is equivalent to
D, (e, Ang )= D €5 ) et A A (42.26)
hr<<e
42.3  Show that has the representations
E= 15‘1---‘Nei1 ® --®e =es  el® ..l (42.27)

e

where
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%gil...i,\, _ egjl,,,,-Neilh ... gy (42.28)

and

e= g(det[eij})”2 (42.29)
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Two-point tensor, 361

Unimodular basis, 276

Union of sets, 14

Unit vector, 70

Unitary group, 114

Unitary linear transformation, 111, 200
Unimodular basis, 276

Universal factorization property, 229
Upper triangular matrix, 6
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