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ABSTRACT

Asymptotic Expansions of the Regular Solutions to the 3D Navier—Stokes Equations
and Applications to the Analysis of the Helicity. (May 2005)
Luan Thach Hoang, B.S., National University, Vietnam;
M.A., Arizona State University

Chair of Advisory Committee: Dr. Ciprian Foias

A new construction of regular solutions to the three dimensional Navier—Stokes equa-
tions is introduced and applied to the study of their asymptotic expansions. This
construction and other Phragmen-Linderlof type estimates are used to establish suffi-
cient conditions for the convergence of those expansions. The construction also defines
a system of inhomogeneous differential equations, called the extended Navier—Stokes
equations, which turns out to have global solutions in suitably constructed normed
spaces. Moreover, in these spaces, the normal form of the Navier—Stokes equations
associated with the terms of the asymptotic expansions is a well-behaved infinite
system of differential equations. An application of those asymptotic expansions of
regular solutions is the analysis of the helicity for large times. The dichotomy of the
helicity’s asymptotic behavior is then established. Furthermore, the relations between

the helicity and the energy in several cases are described.
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CHAPTER I

INTRODUCTION

The Navier—Stokes equations describe the dynamics of the incompressible, viscous
fluid flows. It is a long standing challenge to use the mathematical theory of the
Navier—Stokes equations in order to explain phenomena in fluid mechanics. However
that mathematical theory is still incomplete. For example, the basic question about
the existence of regular solutions for large times in the three dimensional case is
not yet answered. Even in cases when the regular solutions exist for all time, their
dynamics is not well understood. One of the main difficulties in studying the three
dimensional Navier—Stokes equations is the analysis of the role of the nonlinear terms
in the equations. It is therefore appropriate to consider the simplest case when that
role is minimal. One such case occurs when the solutions are periodic in the space
variables and the body forces are potential.

As shown in [8, 9], under these circumstances, the regular solutions possess an
asymptotic expansion and an associated normalization map. In particular, the nor-
mal form of the equations is constructed explicitly based on that normalization map
of the initial data. The following three related questions are still open:

(1) When does the asymptotic expansion actually converge?

(74) In what natural normed spaces does our normal form of the Navier-Stokes equa-
tions constitute a well-behaved infinite-dimensional system of ordinary differential
equations?

(731) What is the range of the normalization map?

One half of this dissertation is devoted to the study of those questions to which

The journal model is Indiana University Mathematics Journal.



we give some partial answers. For instance, we show that if the asymptotic expansion
of a regular solution u(t) is absolutely convergent in the Sobolev space H' at time
t = 0 then it converges in H' to u(t) for all times ¢ large enough (see Theorem V.1 and
Proposition V.2; see also Corollaries V.1 and V.2 relevant to Question (ii7)); also we
give examples of normed spaces in which the answer to Question (i) is positive (see
Section C in Chapter V). Our method is a combination of a new construction of the
regular solutions to the Navier—Stokes equations, which is well adapted to the study
of their asymptotic expansions, and new Phragmen-Linderlof type estimates which
are made possible in carefully calculated domains of analyticity of the solutions.

With some new a priori estimates we show that the solutions obtained in this
way are global solutions in suitable normed spaces to an extended system of the
Navier-Stokes equations. These extended Navier-Stokes equations are then used to
prove under certain conditions that the asymptotic expansions are convergent when
time is large enough. These conditions are much simpler than those considered in
Proposition 4.1 of [9]. Although, the convergence of the asymptotic expansions in
the classical sense is still unknown for arbitrary values of the normalization map,
we can show that there is convergence in very large normed spaces. Moreover, as
a consequence of our estimates, the inverse of the normalization map is Lipschitz
continuous in these normed spaces.

Another half of the dissertation is our study of the behavior of the helicity for
large times using the above asymptotic expansions of regular solutions to the Navier—
Stokes equations. The helicity and vorticity show the main differences between two-
dimensional (2D) and three-dimensional (3D) fluid flows. In the 2D case, the velocity
and vorticity are perpendicular, and hence the helicity is identically zero. This is not
in general the case in 3D flows, where the helicity is an inviscid constant of motion

[23, 20]. This may make the helicity invariant comparable to the enstrophy invariant



in the context of 2D ideal fluids. For 2D fluids, an inverse energy cascade to the
large length scales was conjectured [14] and supported by numerical simulations. In
contrary, the helicity invariant in 3D fluids is suggested to allow the joint cascade of
both energy and helicity to the small length scales ([4, 15, 3|, recent paper [5] and
the references therein). Moffatt [20] gave an interpretation of the helicity invariants
in terms of topological invariants and dynamics of vortex tubes. Many studies have
been devoted to understanding the role of the helicity in dissipative turbulent flows
(see, for examples, [21, 22, 27] and the references therein). In particular helicity
plays essential role in the investigations of helical structures of turbulent flows in [27].
In order to understand the helicity on a rigorous mathematical basis it is natural
to start with the deterministic behavior of the solutions to the 3D Navier-Stokes
equations and to consider the statistical behavior afterwards. We show below that,
in the case of 3D periodic Navier—Stokes equations with potential forces, the helicity
has only two possibilities: it is either identically zero (i.e., the flow is helicity-free) or
eventually nonzero. The two cases turn out to be quite substantive so that neither
can be neglected in the study of fluid flows. The helicity-free flows are “unstable”,
in the sense that small perturbations can always produce non helicity-free flows. For

these latter flows, the helicity eventually has one sign (positive or negative) and

-~ log | [o(V x u(z,t)) - u(z, t)dz]

t—o00 vt

= —2hg,

where hg is a positive integer, = (0,L)3, L > 0 is the domain of periodicity in
the space variable, v is the viscosity of the fluid, u(x,t) is the velocity field, and
A1 = 4%/ L? is the first eigenvalue of the Laplacian operator (—A) =V x (V x -) on

L-periodic divergence-free fields with zero space averages; i.e., with zero integral over



Q2. Tt is worth recalling from [7] that when u(x,t) is not identically zero we have

lo t)|2d
lim ng |u(x, >| ’ = —2npA1,
t—oo vt

where ng); is an eigenvalue of the above operator (—A).

This dissertation is organized as follows.

In Chapter II we recall the functional setting of the Navier—Stokes equations and
some known results about their regular solutions, particularly the asymptotic expan-
sions, the normalization map and the resulting normal form. We prove the auxiliary
inequalities for the nonlinear term of the Navier-Stokes equations, show some sup-
plementary properties of the polynomial coefficients in the asymptotic expansion.
Moreover, we give a general definition of asymptotic expansions by polynomials and
exponential functions in normed spaces. We present some of its immediate conse-
quences which will be used to find the asymptotic expansion of the helicity.

In Chapter III, we derive large domains of analyticity of the regular solutions to
the Navier—Stokes equations. This is important for the establishment of the dichotomy
of the helicity’s asymptotic behavior in Chapter VI and is part of the study of the
extended Navier—Stokes equations. We then obtain some Phragmen-Linderlof type
estimates for bounded analytic functions in such domains.

In Chapter IV, we introduce a new construction of regular solutions. Using this
construction, we rediscover the classical results concerning the regular solutions of
the 3D Navier—Stokes equations. The new system of equations is called the extended
Navier—Stokes equations and is proved to have a global solution in certain normed
spaces.

In Chapter V we study that new system of equations, establish some sufficient
conditions for the convergence of the asymptotic expansion. We also give a partial

description of the range of the normalization map. Furthermore, we construct some



normed spaces in which the normal form of the Navier-Stokes equations associated
with the asymptotic expansions is a well-behaved system of infinitely many differ-
ential equations. In those spaces, the normalization map is a homeomorphism in a
neighborhood of the origin.

In Chapter VI, we derive the asymptotic expansion for the helicity and establish
the dichotomy of its asymptotic behavior: the helicity is identically zero or eventually
nonzero. We show that the set Ry of the regular initial data such that the solutions
are regular and have zero helicity for all time ¢ > 0 though is “small” compared to
the set of regular initial data, but contains infinitely many invariant closed linear
manifolds of infinite dimension. We also present examples of solutions for which the
helicity and energy display similar and dissimilar asymptotic behavior. The helicity
is, in fact, asymptotically decaying at least as fast as the energy. Moreover, we give
examples showing that the exponential decay of the helicity may have an exponent
which is much larger than that of the energy.

In the last chapter, Chapter VII, we summarize our main results and suggest a

few open problems.



CHAPTER II

PRELIMINARIES

A. Mathematical settings

We consider the Navier-Stokes equations in the three dimensional space R3 with a

potential body force

,
d
—C;Z Y (u-V)u—vAu=—Vp+ VP,

div u =0, (2.1)

u(x,0) = u’(x),

\

where v > 0 is the kinematic viscosity, © = (uy, ug,ug) is the unknown velocity field,
p is the unknown pressure, VP is the body force specified by a given function P and
the initial velocity u° is also known. We focus our study on periodic solutions such
that

u(z + Lej) = u(z) forall xeR? j=1,23, (2.2)

where {e; : j = 1,2,3} is the canonical basis in R* and L > 0. We call functions
satisfying (2.2) L-periodic functions. By changing the reference system, we may

assume that the flow also satisfies the zero average condition

/Qu(x)dx =0, (2.3)

where Q = (0, L)3. Throughout this dissertation we take L = 27 and v = 1. The

general case is recovered by a change of scale such as

~(t~ ¥) 1 < t T )
Uu xTr) = u
B VTR T AP Hara

where \; = (27/L)%.



Let V be the set of all L-periodic trigonometric polynomials on €2 with values in

R? which are divergence-free as well as satisfy the condition (2.3). We define

H = closure of V in L?(Q)? = H°(Q)3,

V = closure of V in H'(Q2)?,
where H'(Q) with = 0,1,2,. .. denotes the Sobolev space of functions ¢ € L?() such
that for every multi-index o with |a| <[ the distributional derivative D%p € L%(Q).

For a = (a1, as,a3) and b = (by, by, b3) in R3, define a - b = a1b; + asby + azbs and

la| = v/a-a. Let {-,-) and | - | denote the scalar product and norm in L?(2)? given by

(1, ) :/Qu(a:) o(@)dr,  [u] = (w2, we e LXQ)P.

Note that we use | - | for the length of vectors in R? as well as the L?-norm of vector
fields in L?(Q)3. In each case the context clarifies the precise meaning of this notation.
Let Pr, denote the orthogonal projection in L?(2)? onto H. On V we consider

the inner product ((-,-)) and the norm ||-|| defined by

auj ) Ov;(z B 1/2
(u,v) Z/ T, dx and ||u|| = (u,u) ",

for u = (u1,us,u3) and v = (v, va,v3) in V.

Define the Stokes operator A with domain Dy =V N H?*(Q)? by
Au= —Au forall u e Dy.

The inner product of u,v € D4 and the norm of w € Dy are defined by (Au, Av) and
|Aw|, respectively. Note for w € D4 that (2.3) implies the norm |Aw| is equivalent

to the usual Sobolev norm of H?(Q)3. We also define the curl operator by

Tw=V xw foralwéelV, (2.4)



and the bilinear mapping associated with the nonlinear term in the Navier—Stokes

equations by

B(u,v) = Pr(u-Vv) for all u,v € Da. (2.5)

The following relations are well-known

T?u = Au  for all u € Dy, (2.6)

[Tw| = [lwl] for weV, (2.7)

B(u,u) = —Pr(ux Tu) for all u € Dy, (2.8)

(B(u,v),v) =0 for u,v € Dy, (2.9)

(B(Tv,v),u) = (B(u,v),Tv) for u,v € D, such that Tv € Dy, (2.10)
(B(u,u), Tv) + (B(u,v), Tu) + (B(v,u), Tu)y =0 (2.11)

for u,v € Dy such that Tu, Tv € Dy.

A classical result (tracking back to Leray’s pioneering works in the 1930’s, e.g.
[19, 17, 18]) in the theory of the Navier-Stokes equations is that for any initial data
u® in H there exists a weak solution defined for all t > 0 which eventually becomes
analytic in space and time variables and which converges exponentially to zero as
t — oo ([16, 26, 6, 11]). Since in this dissertation we are interested in the asymptotic
behavior of a solution for time ¢ — oo, we will consider only regular solutions. For
these solutions the Navier—Stokes equations can be given the functional form

du(t) u u(t), u(t)) =
=+ Au(t) + Blu(t) u() =0, >0, (2.12)

uw(0) =u’ €V,

where the equation holds in Dy for all £ > 0 and w(t) is continuous from [0, co) into

V. The set of all initial data u® in (2.12) will be denoted by R. Also in the sequel,



whenever not otherwise specified, the topology of R is that of V. It is known that
u(t) € HY(Q)? for all t > 0 and [ = 1,2, 3... In particular u(t) € D4 and Tu(t) € Dy

for all t > 0. Now from (2.9) and (2.10) we obtain the energy balance
——Ju(®)]? + |Tu®)* =0, forallt>0 (2.13)
and the helicity balance

%%(u(t),Tu(t)) + (Tu(t), T>u(t)) =0, for all > 0. (2.14)

Above 1|ul? and (u,Tw) are the total (kinetic) energy/mass and total helicity/mass
of w.

The Stokes operator A has a sequence of eigenvalues {\;,j =1,2,3,...} = d(4)
of the form \; = |k|? for some k € Z*\ {0}. Note that Ay = 1 = |e1]* and hence
the additive semigroup generated by these eigenvalues coincides with the set N =
{1,2,3,...} of all natural numbers. For n € N we denote by R, the orthogonal

projection of H onto the eigenspace of A associated to n, namely,
R,H = {u € H, Au = nu}. (2.15)
If n is an eigenvalue of A, R, H is generated by functions of the forms
(ap +ia2)e'* 4 (a} —iad)e " F) ke Z? |k*=n,

where

ay,ai €R® ap-k=a}-k=0.

Otherwise, R, = 0, for example, R; = 0, R;5 = 0, Ro3 = 0, etc... Define

P,=Ri+Ry+---+R, and Q.=1—-P,. (2.16)
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B. The asymptotic behavior of solutions

Let us recall some known results on the asymptotic expansions and the normal form
of the regular solutions to the Navier—Stokes equations (see [7, 8, 9, 12] for more

details). First, for any u® € R there is an eigenvalue ng of A such that

t 2
lim lu®)] =ny and lim u(t)e™ = w,,(v’) € R,,H \ {0}. (2.17)

e fu(b)? o

Furthermore, u(t) has the asymptotic expansion (see also Definition I1.2)
u(t) ~ qu(t)e™ + q(t)e ™ +gs(t)e ™ +-- -, (2.18)

where ¢;(t) is a polynomial in ¢ of degree at most j — 1 with values trigonometric
polynomials in H. This means that for any N € N the correction term vy (t) =

u(t) — Zjvzl qj(t)e 7" satisfies
lon ()] = O0(e" W) as t— oo forsome e=ey > 0. (2.19)
In fact, vy (t) belongs to C* ([0, 00), V) N C*>((0,00), C>(R?)), and for each m € N
Jon ()| gy = O(e” ") as t— oo for some & =ey,, > 0. (2.20)

Let W(u®) = Wi (u®)®Wo(u®)@®- - -, where W;(u®) = R;q;(0) for j € N. Then W
is an one-to-one analytic mapping from R to the Frechet space S4 = RiH® R H®- -

equipped with the component-wise topology. Also, W/(0) = I, meaning
W (0)u’ = Riu’ @ Rou’ @ Rsu’ @ - - - . (2.21)
Therefore, if 11 denotes the canonical projection of Sy, onto R1H @ --- @ Ry H then

{TAW (u®) : ||u’|| < p} is a neighborhood of 0 in IS4 (2.22)
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forall p >0 and N € N.
The case (2.17) holds if and only if Wy (u®) = Wa(u®) = -+ = W,,_1(u’) = 0 and
W (u®) # 0. In this case

Gh=q@="=qpn-1=0 and ¢, = Wy, (uo) = Wno(uo). (2.23)

Ifu’ € R and W (u®) = (&, &, . . .), then the polynomials g; are the unique polynomial

solutions to the following equations
q;(t) + (A= J)g;(t) + 5;(t) =0, teR, (2.24)
with
R;q;(0) = &, (2.25)
where the terms (3;(t) are defined by
Bit)=0 and Bi(t) = > Bla(t),q(t)) for j>1. (2.26)
k=]
Given & = (§,)72, € Sa, the polynomials g;(t) = ¢;(t,€) are explicitly given by

the recursive formula

6.6 =& — [ Ry = (1A= D - R)I G~ By,
7 (2.27)
for j € N. Here [(A—j)(I — R;)] """ is defined by
— V(I — R Yulz) = M ik .

k|25
for u(z) = 7 1o, are*r e V.

Finally, the Ss-valued function £(t) = (&(¢))52, = (Wa(u(?))) _, = W(u(t))
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satisfies the following system of differential equations
d&i (1)
A& (L) =0

I + A& (1)

(2.29)
dEnl®) | pe 1) + Y RaB(ak(0,£(1)),¢;(0,£(1)) =0, n>1.

dt k+j=n

This system is the normal form of the Navier—Stokes equations (2.12) associated with
the asymptotic expansion (2.18). It is easily to check that the solution of (2.29) with
initial data £° = (£2)52, € Sy is precisely (Rngn(t,£%)e™) " . Thus, formula (2.27)

yields the normal form and its solutions.

C. Complexification of the Navier—Stokes equations

We first introduce the Navier-Stokes equations with complex times and its analytic
solutions. Let X be a real Hilbert space with scalar product (-,-)x. We define the

complexification of X as the following
Xe ={u+iv, u,v e X} (2.30)
with the addition and scalar product defined by
(ug + tug) + (v1 + 1v9) = (ug + v1) +i(ug + va),  for uy,ug,v1,v9 € X (2.31)
and
(z1+i22)(ug +iug) = z1ug — 2ous +i(2zous +21uz),  for 21,20 € R ug,ug € X, (2.32)

respectively. The complexified space X¢ is a Hilbert space with respect to the follow-

ing inner product

(u+iv,u' +iv") x. = (u,u')x + (v, 0" ) x +i[(v, v ) x — (u, V") x|, u,v,u',v" € X. (2.33)
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When X = H or X = V, we obtain the complexified spaces H¢, V¢ and their
corresponding inner products and norms. For the sake of simplicity, we use the same
notations | - | and ||-|| to denote | - |y, and [|-||y., respectively.
The Stokes operator A is extended to the operator A¢ defined on Dy, = (Da)c
by the formula
Ac(u +iv) = Au+iAv, wu,v € Da. (2.34)

The curl operator T is extended to T¢ defined in V¢ by
Te(u+ i) =Tu+iTv, u,veV. (2.35)

Similarly, B(-,-) can be extended to a bounded bilinear map from V¢ X D4, to Hc as

follows
Be(u +iv,u' + iv') = B(u,u’) — B(v,v") +i[B(u,v") + B(v,u')] (2.36)
for u,v € V, u/,v" € D4. Note that, unlike the real case, we have
(Be(u,v),v)p. #0, for u,v € Dy,. (2.37)

The Navier-Stokes equations with complex times is defined as

P+ Belu(@),u(6) + Acu(0) =0, (2:38)
u(Cp) = u*, (2.39)

where (, € C and u* € V¢ are given, d/d( denotes the derivative of Hc-valued

functions. For simplicity we write A and B(:,-) instead of A¢c and Be(:, ).
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D. Fourier formulation

FOI' a = (al,ag,ag), b = (bl,bg, bg) - C3, let a - b = a1b1 +a2b2 +(I3b3, CL* = (d17d2,dg)

and |a| = va - a*. Recall that every u(z) € V has a Fourier series of the form

u(z) = Z ape®, (2.40)

kez3
where aj, = a; +ia; € C3, ay -k =0, a_y = a}, ap = 0 and a;, # 0 for only finitely
many vectors k of Z®. Also if v(z) = Y, s vke™™ is a R3-valued trigonometric

polynomial (that is, if v_; = v}, vo = 0 and vy, # 0 for only finitely many k) then the
Leray projection of v(z) is simply given by

’Uk'k

|2

PL(Z Vet T) = Z ape™* where ap = 0, ar = vy — kfor k#0. (2.41)

keZ3 keZ3

We apply the curl and Stokes operators to u(x) term by term and obtain

Tu(x) = Z ik x ae’®*, (2.42)
kez3

Au(z) = |k[are™ . (2.43)
kez3

Furthermore, if v(z) = Y, ;s bpe** € V. the Fourier series of the bilinear mapping
B(u,v) is
B(u,v) = PL(Y_ Qne™™) =Y B, (2.44)
nezsd nezsd

where Y /s Qne™® is a R3-valued trigonometric polynomial since

Qu=i Y (ax-j)b; forneZ’ (2.45)

k+l=n

Therefore

Qn'n

n|?

By=0 and B,=Q,— n  for n # 0. (2.46)
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We also have

(Tu,v) =iL® Y " (k x ay) - by = iL> Y k- (ay, x b}). (2.47)

keZ3 keZ3

In particular, when u = v this becomes

(Tu,u) = iL? Z k- [(ay +iai) x (aj, — ia?)] (2.48)
kez3
=2L*> k- (af x a}).
kez?

Remark II.1. The general term of the last sum in Formula (2.48) vanishes if a}, x a2 =
0. This happens when a; = 0 or a = 0 or a} is parallel with a7. In particular, if
ap € zR3 for all k with some 2z, € C, then (Tw,u) = 0. We often use the case
ap € R3, for all k € Z3, or a;, € (iR3), for all k € Z3, in our examples in Sections C

and D of Section VI.

Remark II.2. Let u(x) and v(z) satisfy that whenever aj # 0 and b; # 0, the vectors
k and j are parallel. For such k and j, ay, - j = 0, hence @, given in (2.45) is zero, so
is B,,. Therefore, B(u,v) = 0. Also, if Tu = pu for some p € R, then by (2.8), the

nonlinear term B(u,u) = 0.

We give here a simple description of eigenspaces of the curl operator T'. Suppose
that u(z) is an eigenfunction of 7" corresponding to some eigenvalue p. Then Tu = pu
and Au = T?u = p?u. Thus p? is an eigenvalue of A and u is also an eigenfunction
of A corresponding to p?. Therefore u € R,2H and has the Fourier expansion of the

form

u(z) = Z ape™®”. (2.49)

Moreover, from (2.42) it follows that

ik X a = pay or ik x (aj, +iai) = play, +iai).
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This is equivalent to

kxa,=pai, kxai=—pua,
or
k k
a:=—xa., a =——Xad. (2.50)

Obviously, (2.50) holds if and only if either aj = a2 = 0, or, |aj| = |aZ| # 0 and
{k/u,al/lai], a2 /la2]} is a positively oriented orthonormal basis of R®. The orienta-
tion in R3 considered here is that of the standard basis {e;, €2, e3}. We sum up this

discussion with the following.

Lemma I1.1. The spectrum of the curl operator T is
o(T) = {+v/n,n € o(A)} = {£|k|,k € Z* \ {0}}. (2.51)

Moreover, the eigenfunctions of T corresponding to an eigenvalue p are the functions
of the form (2.49) such that nonzero coefficients ay, = aj, + ia; in (2.49) satisfy

i) lak] = la2| # 0 and
ok oal a o _ , 5
i) {—, 7, =57} s a positively oriented orthonormal basis of R”.
o lag]” |ag]

E. Auxiliary inequalities

We prove below some estimates for the bilinear form B(-, -) (see (2.5) for its definition).

Lemma I1.2. There is an absolute constant Cy > 0 such that

BB (u,v)| < Contull|lo]], w0 eV, (2.52)
1P.B ()| < Cin*ullfoll,  wveV, (2.53)
|B(u,v)| < Cul|ul| 2| Au[||vll,  we€ Da,veV, (2.54)

1B (u, v)|| < Cy|lul|Y?|Au|/?|Av|, w,v € Da. (2.55)
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Proof. These inequalities are the consequences of elementary inequalities and the
Sobolev and Agmon inequalities (see, for example, [1, 2]). In the estimates below,

the positive constant C' is generic. For u,v,w € V, we have

1/2 1/2
[(PuB(u,v),w)| < Cllullwsllol| [ Pawllzs < Cllulll[oll|| Pawl 2| Pl
< Cllulllloll|Paw| 2 PawlV? < Cllull[v]l| Paw!?| Puw|/2(n!/2)1/2
< Cn'lull]|v]lw]-
Hence we obtain (2.52). Since ||P,B(u,v)| = |AY2P,B(u,v)|, inequality (2.53) im-
mediately implies (2.53). Inequality (2.54) follows from
‘<B(u,v),w>‘ < CHuHLoo\Al/QUHw]

< Cllull*?[Aul?[|v]lw].
To prove (2.55), consider u(x) = 3 ez ixe™? define the scalar function

u'(x) = Z w,e™* where @), = |iy).

0#£keZ3

Similarly define v" and w’. We estimate

|<B(u,v),Aw>| = ‘/QB(u,v) - (Aw)*

- L?" S (g - ik)ay - |1

h+-k=l

<L Z i K| [ 0|17 |
h+k=l

< 2% S {Janl kP ol 1)) + |l n] k][] 1] 0]
h+k=l

- / [ (= ) [(— ) 2] 4 [(— )20 [(— A) 20— A) 2]}

< oo [| AV 2| V'] + IV || s [ V|| o [V ']
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Then by using the Sobolev and Agmon inequalities, we continue

[{B(u,v), Aw)| < C|Vu'[V2| Au' || AV || 2| V'] + OV | V2| A |15 A0 || 2 | V|
< OV |72 Ad || 2| AV || 12| V|

= Cllull"’?| Aul/*| Av|||w]|.

This inequality implies (2.55). OJ

F. Supplementary properties of the polynomials in the asymptotic expansion

Definition II.1. For » € N U {0}, we denote by F, the set of functions f(z) =

> wezs fre™® belonging to V such that f, = 0 whenever |k|* # r(mod 2).

It is clear that
(a) For each r =0,1,2, ..., F, is a linear space and R, H C F, for all n € N.
(b) F, = Fs if r = s(mod 2).

(C) TFT C fraRnfr C fT’) (‘[ - R?’L)‘FT‘ C ‘FT" and [(A - n)('[ - Rn)]ilfr C FT (See
Formula (2.28)).

¢
(d) If u(t),v(t) € F, for all t > 0 then the integral / u(7)dr and the derivatives
0

d"v(t)
dtn

(e) If u e F.,v € Fs, and r # s(mod 2) then (u,v) = 0. The action of the nonlinear

,form=0,1,2,3..., t > 0 are also in F,., whenever these quantities are defined.

term B(-,-) on the classes F, is given by the following.

Lemma I1.3. For any r,s € NU{0}, B(F,, Fs) C Fris-

Proof. Let u(z) = Y cpn uke™™ € F,, v(x) = 3 cpn v’ € F, and

B(u,v)(x) = Y Bpne™”.

meZ3
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Then an elementary computation shows that

|ml?

By =0 and for m #0, B,, = Q,, — m, where @Q,, =1 Z (ug - Dy

k+l=m
Therefore, if B,, # 0, there must exist k, [ € Z3 such that uy, # 0, v; # 0 and m = k+I.
According Definition II.1, these k,[ satisfy |k|> = r(mod 2) and |I]*> = s(mod 2).

Therefore,
Im|? = |k + 1> = [k + |I]* + 2k - 1 = (|k]* + |I|*)(mod 2) = (r + s)(mod 2).

This means that B,, # 0 implies |m|* = (r + s)(mod 2), thus B(u,v) € F, . O

We can now establish a relation between polynomials ¢, (t) in the asymptotic

expansion (2.18) and the classes F,.

Lemma I1.4. Let £ € Sy. Then the polynomials q,(t) = qn(t,€) and B,(t) defined by

(2.27) and (2.26) belong to F,, for alln € N and t > 0.

Proof. We will prove this by induction. Since q; = & € R{H, we have ¢q; € F; by
(a). Let n > 1 and suppose that the statement holds for all ¢; with j < n. Consider

qn(t) given by (2.27)

d

Galt) = 0 — / RuBu(r)dr + 3 (1) [(A = n)(I — Ry)| 1 (o

— dt)h(I - Rn)ﬁn-

Note that &,, R,5, € R,H hence they belong to F,. Furthermore, if r + s = n,
then ¢, € F, and ¢; € F,, hence B(q,,qs) € Fris = Fn, by Lemma I1.3. Thus
Bu = 3o Blar ) is in F,. Thanks to (c) and (d), [ R.B3,(r)dr and [(A —
n)(I — R,)| " (4)"(I — R,)B,, for h =0,1,2,..., are in F,. In conclusion, g,(t) is

a sum of F,-functions, therefore ¢, (t) € F,, due to (a). O

In addition, we have
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Lemma IL.5. Let £ € Sa. Then q,(t,§) € P2 H, for alln € N,t >0,

Proof. Based on the formula of ¢,(¢,€) in (2.27) and B(u,v) in (2.44)—(2.46) and by

induction we can prove the following: for each n > 1, suppose

an(t,€) () = Y alk,t)e™™,

keZ3

then we have that |k| < n whenever a(k,t) # 0. O

G. Asymptotic expansions in normed spaces

Definition I1.2. Let (X, ||.||x) be a normed space and u(t) be a map from (0, co) to

X. We say that u(t) has the following asymptotic expansion
u(t) ~ q(t)e ™ + q(t)e ™ + gs(t)e ™ + .., (2.56)
where ¢;(t), 7 =1,2,3,..., are polynomials in ¢, if for each IV,
on(t) = u(t) — [ (t)e ™ + q(t)e ™ + ...+ qn(t)e ) (2.57)
satisfies
lon(®)|lx = O(e"™F9)  as t — oo, for some e = ey > 0. (2.58)

Definition II.2 has the following immediate consequences. The first is the unique-

ness of the expansions.

Lemma II.6. Suppose that u(t) has an asymptotic expansion (2.56), then the poly-

nomials q;(t), j = 1,2,3..., are unique.

Proof. Let u(t) have two asymptotic expansions

u(t) ~ q(t)e ™ + q(t)e ™ + g3(t)e ™ + ... (2.59)
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and

u(t) ~ pr(t)e ™ + pa(t)e ™ + ps(t)e ™™ + ... (2.60)

Suppose that there is 7 > 1 such that g; # p;. Let N be the first of such orders, that

is, qv # qn and ¢; = p; for j =1,2,..., N — 1. We denote

Un(t) =u(t) — [ (e + qu(t)e ™ 4+ ... + qn(t)e ™, (2.61)

Vi (t) = u(t) — [pi(t)e™ + pa(t)e ™ + ... + p(t)e . (2.62)
According to Definition I1.2, these two remainders of u(t) satisfy
Un(t) = O(e= M) and  Vy(t) = O(e” N+, (2.63)
as t — oo, for some € > 0. Hence
qn(t) —pn(t) = M (Vy(t) = Un(t)) = O(e™) ast — oo. (2.64)

Since gy (t) —pn(t) is a nonzero polynomial, it can not decay exponentially as ¢t — oo,

hence contradicting (2.64). Therefore, ¢; = p; for all j € N. O

Lemma II.7. Suppose that (X, |]|x), (Y, |||ly) are two normed spaces and S is a

bounded linear map from X toY. Assume that u(t) has the asymptotic expansion
ult) ~ q(t)e " + t)e ™ + gz(t)e ™ + ... in X. (2.65)
Then the asymptotic expansion of Su(t) in'Y is
Su(t) ~ Sqi(t)e " + Sqa(t)e ™ + Sqs(t)e ™ + ..., (2.66)

Proof. Given N € N, we have u(t) = Zjvzl qi(t)e 7t + vn(t), with |lon(t)]lx =
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O(e~N+9)%) for t — 0o and some ¢ > 0. By the linearity of S,

= Sgi(t)e " + Suy(t),

J=1

where the last term decays exponentially as
1Son ()l < ISIlllox(®)lly = O(e™ ™), for t — oo,

here [|S|| denotes the operator norm of S. Therefore, according to Definition II.2

Su(t) has asymptotic expansion (2.66). O

Lemma I1.8. Suppose that (X, ||||x), (Y, |:|lv), (Z, ||| z) are normed spaces and M (-, -)
is a bounded bilinear map from X XY to Z. Assume that u : (0,00) — X and

v:(0,00) — Y have corresponding asymptotic expansions

Zuj e It in X and v(t NZUJ et inY. (2.67)
j=1

7j=1

Then M (u,v) has the following asymptotic expansion in Z
~ Z M;(t)e ", (2.68)
where My =0 and for j > 1,

= > M(u(t), u(t). (2.69)

k4i=j
Proof. By the boundedness of M(-,-), there is C' > 0 such that

1M (z,y)llz < Cllzllxllylly  foralze X,yeY. (2.70)

According to Definition I1.2, we have

N
Zu] e 7'+ Un(t) Zv] e It 4+ Vv (1), (2.71)

J=1
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where

IUn(®)[[x = O(e™™*2)) and  ||[Va(t)[ly = O(e V21, (2.72)
for t — 0o and some € € (0,1/4). Thanks to the linearity of M(-,-) with respect to
each component, we have

M(u(t),o(t) = > e SN (ug(t), u() + Y e H M (u(t), Va(t)) (2.73)

k=1

+ 3 e MUy (), u(t) + M(Un(t), Vi (1))

=1
Since wug(t) and v (t) are polynomials, their corresponding norms can not exceed
exponential functions with any positive exponents as t — oo. Therefore finite sums

of their norms can be bounded as

Yo lu@)llx = 0(e*), D u®)lly = Oe), (2.74)

hence

Y @l o)y = O(*") = O(e?), (2.75)

k=1

for t — oco. Combining (2.70),(2.72),(2.74) and (2.75), we derive

IM (U (), V() llz < CIUN @) [[Var(E)[ly = O(e 2N +2t),

N
Ze | M (g (t )]z < CZ () || x [V () ||y = O(e= N+,
k=1
and
N N
ZefltHM(UN(t),’Ul(t))HZ < CZ ||UN(t>HX||Ul<t)||Y — O(ef(]\ﬂrs)zf)7
=1 =1

for t — oo. Thus the last three terms on the right hand side of (2.73) are of O(e~(N+9)t)



as t — o0o. The remaining sum can be rewritten as

D e DM (1), ui(t)) = D My(t)e ™ + R (1)

where
Ry(t) = > e~ BN (ug (t), vy (t)).
1<k,l<n,k+I>N+1

We bound ||Ry(t)]|z by

N
1Bx(0)llz < Cem @D un(@)llx (k) lly = eV O(e?)

k=1

_ O<67(N+1/2)t) _ O(ef(Nqu)t)?

for t — oco. In summary, we have

M(u(t),v(t) =Y M;(t)e 7" + O(e" ")) in Z as t — oo,

j=1

24

for all N =1,2,3,... This proves the asymptotic expansion (2.68) of M (u(t),v(t)). O
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CHAPTER III

ANALYTIC DOMAINS AND PHRAGMEN-LINDERLOF TYPE ESTIMATES

A.  Analytic domains of regular solutions

We recall here a basic result on the analyticity of the complex valued solutions to the

Navier—Stokes equations using the approach introduced in [10]. For our convenience,

we define
0 cos® 6
F(C(),To):{CO—I—S@ ;|€|<7T/2,0<8<ﬁ,}, fOI'C()E(C,T()ZO, (31)

where ¢y = 4C}, with C being the constant introduced in Lemma I1.2.

Theorem I11.1. Given ug € Vi and (o € C, there exists a unique Ve-valued function
u(C) defined in F(C, ||uol]) satisfying the following properties
i) u(C) is continuous from F (o, ||uol|) to Ve and satisfies (2.39),

i) w(C) is analytic from F(Cp, ||uol|) to Da. and satisfies (2.38).
For the completeness we provide a sketch of the proof for Theorem III.1.
Proof of Theorem I11.1. For (y € C and uy € Vg, let u(¢) be the solution to a Galerkin

approximation of (2.38) and (2.39). Fix 0 € (—n/2,7/2), from (2.38) we have the

following a priori estimate along the ray {¢ = (s + se? ; s > 0}

Co

0s3 0

d , . ,
25 lulCo + se')[|* + cos 0] Acu(Go + se”)|* < eyl L (Ol se)I°, (3.2)

where ¢y defined above is a positive constant independent of wug, (p, s,6 and of the

dimension of the Galerkin approximation. Consequently,

Co

0s3 6

d . .
(6o + se)P < = fjulGy + se) (33)
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Therefore,
2
; u
JulGo-+ 56 < ——ptl——— < V" (3.4
1—
(1 255 )
cos® 6
for 0 < s < . We refer to [10] for further details. O
4eol|uol[*

Remark ITI.1. The solution u(() can be analytically extended beyond the boundary

of F(y, ||ug||). However, with our limited choice of F'({p, ||uo||) one also has
(Ol < 2" luoll for all ¢ € F(Co, [luoll)- (3:5)

For our purpose, we need to study the solutions’ analytic domains in more details.
The following proposition will give explicit descriptions of some regions contained in
those domains. These regions turn out to be large enough for us to continue our

analysis of the solutions and their helicity.

Proposition III.1. For {y = 0 and ug € V such that |Juo||* <

1
, there exists a
2\/260

unique solution u(C) to (2.38) and (2.39) in the domain

DE| J{¢=r+io; 7>t |0l <Tu(n)}, (3.6)
>0
where
Ly(r) = (T — t)67(T+t) for ~= L and ¢ = L . (3.7)
8 4v/2(2¢0) 4 |u |
Moreover,
[u(O) < lluoll  for all ¢ € D. (3.8)

Proof. For ty > 0,v9 € V, let v(¢{) = v((;to,vp) be the analytic solution to the
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following problem

D 4 Befu(), () + Acv(0) =0, 0
v(ty) = vo,
Note that the existence and uniqueness of v({) come from Theorem III.1. Fix 0 €
(—m/2,m/2), from (3.9) we have the following a priori estimate along the ray {¢ =
to+se ; s> 0}

Co

Y |v(to + se™)||® (3.10)

d . .
£||v(t0 + 5€)||? + cos 0| Acu(ty + s> <

or

Co

0s3 6

d , , .
£Hv(t0+se“’)\|2+ (cost — . ||v(t0—|—sew)|]4)\|v(t0+sew)||2 <0. (3.11)

If [Juo||* < c1 = 1/+/2¢o and 0 satisfies

col|vo|* o cosf

g = 9 O equivalently, ||vg||* < ¢ cos® 6, (3.12)

then we have

d )
£||v(to +se)||? <0 for all s > 0. (3.13)

Thus ||v(ty + se®)]| is decreasing in s and
llv(te + se)||* < |lvol|? < crcos?@  for all s > 0. (3.14)

Therefore a priori estimate of ||v(()|| is

10Ol < JJwoll, ¢ € D(to,vo) def {C=ty+se?cC; s>0, cosh > %} (3.15)

Then by Theorem III.1 the analytic domain of v({) contains D(to,vo). We now fix

up € R and let u(t) be the regular solution to the real Navier-Stokes equations



28

(2.12). For each t > 0, we have shown that u(-) can be extended to function u((;t) =

v(¢; t,u(t)) which is analytic in ¢ variable where ¢ belongs to

D, def. D(t,u(t)) ={(=t+ se? ;. §>0, cosf > M\/QH} (3.16)

By the uniqueness of analytic solutions, u((,t, u(t)) = w((,t',u(t")) for any ¢, > 0
and ¢ € Dy N Dy. Therefore, u(t),t > 0 has an analytic extension u((),¢ € ;5o D:-

Set to = 0, we know that
lu®)|* < |luol|?e ™ = Me™  for all t > ty, (3.17)
where A = 1/2 and M = ||ug||* < ¢; and
Me™0 < ¢;/2 hence |[u(t)||> <c for all t > t,. (3.18)
Therefore the analytic domain of u({) contains
D= UDt:{C:t+sei9; s>0, t >ty cosh >

t>1o \/a

Moreover, according to (3.14) and (3.18), for each ¢ =t + se® € D;, we have

1. (3.19)

Ju(Oll < Ju(®)]] < V&  hence u(Q)ll < & forallCeD. (320

Because of the decay of the solution along the real axis as in (3.17), for each ¢t > ¢,

the set D, defined in (3.16) above contains a subset
Di={C=t+ se? 1 s>0, cosf > CQe’At/z} C Dy, where co =+/M/c;. (3.21)

Thus, D D D' = Utzto D;. Fix t € Rt > ty, given 7 € (t,00), consider ( = T + i0c €

Dj,, where t' = (t+7)/2. We have ( =t + s'e??’, where s' = \/o2 + (1 — /)2 > 0 and
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—AY)2

cosf > cqe . The last condition can be written in terms of 7 and o as

o , [ 1 et
e f— - < -
’ —t/ | tan cos2 6 l< 3 L
that is
¢ A(r+1)/2
o] < = > ac L (3.22)

On the other hand, from (3.18) we infer that for all 7 > ¢ > ¢y, we have

M2 A A
> > > 9
M - M - M —
then
T—1t [cierlrtt)/2 T—1t [cierlrt+t)/2
—-1> = — t)er D) 3.23
2 M =79 M es(T —H)e, (3.23)
where
c 1
y=A/4=1/8 and c¢; Vo (3.24)

TOVAM 4v2(2¢0) Y [uo||”

For each t > tg, let us denote
Ly(7) Lot cs(r — 1) for 7>t (3.25)

Then from (3.22) and (3.23), we infer that the sets D; and D] contain

def

Dy={(=1+ic; 7>t|o| <Tyr)}. (3.26)
Therefore
D D= J{¢=7+io; 7>t |o] <Tu(r)} c D' C D. (3.27)
t>to t>to
Moreover, by (3.20), ||u(¢)|| is bounded by /¢ in D, hence also in D. O

A small change in the above proof will give us another description of the domain

which is connected to the normalization map.



30

Proposition II1.2. For {, = 0 and uy € R, let ny be defined in (2.17) and u(¢) be
the unique solution to (2.38) and (2.39). Then the analytic domain of u(¢) contains
[ |J F(t.r)uD, (3.28)
0<t<to
for some ty > 0, ro = max{||u(t)] ; 0 <t <to} and
D= U{C:T—i—ia ;T >t o] < Ty(r)}, (3.29)
t>to
where Ty(1) = c(t — 1)’ for

1
4(2c0) V4 [[Wag (uo) I

v = % and ¢= (3.30)

Moreover,

|w(O)|| < (2¢0)"Y*  for all ¢ € D. (3.31)

Proof. Instead of having ¢, = 0 together with (3.17) and (3.18), we use (2.17) and
(2.23) to infer that with A = 2ng and M = 2||W,,,(uo)||?, there is some ¢, > 0 such
that

Me™0 <¢;/2 and  u(®)|? < Me™  for all t > t,. (3.32)

With the new values of A and M, (3.24) now becomes

\/C1 1
=A/4=ny/2 and c3= = ) 3.33
7= A4 = o/ = vt - e )

Combining with Theorem III.1, we have that the analytic domain of u({) contains

the subset defined by (3.28). O

Remark III.2. In fact, by a real time translating we can consider only solutions

for which the time ¢y in Proposition II1.2 is equal to zero. Therefore, the set D in
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Proposition III.1 is defined by
D = U{C =T7+i0; 7>t o <)} (3.34)
>0
Indeed, let ¢ = +to, Re > 0 and t =i +ty, ¢ > 0. Let () = u(¢). Then @(() is
analytic in the domain
D= J{{=7F+io; 7 >1 o < c5(7 — e 720},
i>0

Hence we can define

[;(7) = cze® (7 — 5)67(%”).

We next derive estimates for analytic functions in domains like D.

B. Some Phragmen-Linderlof type estimates

First we recall the following direct consequence of problem 325, page 168 in [24].

Theorem II1.2 ([24], p. 168). Let f(¢) be analytic on the right half plane Hy =
{¢C € C: Re( > 0}, bounded by a constant M and

sup e™| f(z)| < oo, (3.35)

>0

where a 1s a positive number. Then
F(Q)] < Me™*Re, ¢ € Hy. (3.36)

We will establish a version of this theorem for some special domains arising in
the study of the analytic solutions of the Navier-Stokes equations. By virtue of

Propositions II1.1 and II1.2, we consider the following domains

D(c,a) ={1 +io:7>0,|0| < cTe}, (3.37)
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where ¢ and « are positive numbers. To take the advantage of Theorem I11.2, we need
to convert D(c,«) to the right half plane. The following analytic transformation is

what we need
£a(Q) =~ ~log(1 +aC). (3.39)

Lemma IIL.1. Let ¢ > /2,a > 0, then function ¢ (C) conformally maps D(c, )

to a set containing the right half plane Hy = {¢ € C : Re( > 0}. Moreover,
900!<[07 OO)) = [O’OO)
Proof. For ( # 0 we have that

1
1+ a¢

n(C) =1— #0

It follows that ¢, is one-to-one on D. Moreover, if ¢ € dD(c, ) then
1 2 2
Rep,(() =7 — % log (1 +ar)’+ (a0)?) <0

if and only if

T < 14 2a71 + a*7? + aPP e (3.39)

Since ¢ > /2, then (3.39) is implied by
e*T < 1+ 2at + 2a27%*7, 7> 0.
It follows that ¢_'(Hy) C D(c, ). For real T we have
0a(T) =7 —a tlog(l + ar).

Therefore ¢, (0) = 0 and ¢, ([0,00)) = [0, 00). O
The following is a version of Theorem II1.2 for functions in the domains D(c, ).

Corollary III.1. Suppose u(C) is analytic in D(c,a) where ¢ > v/2,a > 0, and
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satisfies
u(@Q)] <M, (€ D(c,a) (3.40)
and
sup e™|u(t)| < oo, (3.41)
>0

where n is a positive constant. Then
[u(O] < M1+ g™, (€ g, (Ho). (3.42)
Proof. Let C = sup,~e™|u(t)| and v(n) = u(e;'(n)),n € Hy, then
()| < M
and
[0(a(7))] = Ju(r)] < Ce™ < CemTmaleslHan) = Cemmeal) 7,

Then

lv(T)| < Ce™™, 7>0.

By Theorem III.2, we have
lv(n)| < Me ™R e H,.
Hence for ¢ € ¢, '(Hy),

u(C)] = [v(pal(C))] < Me Re(=Flog(1+a0))

_ Me—nRegeglogH—i-ad _ Me—nReC“ +a€|n/a.
]

Corollary ITI.2. Suppose u(¢) is analytic and bounded in D(c,a) where ¢ > /2, a >
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0, satisfying
lim ™ |u(t)] = 0, (3.43)

t—o0

for alln > 0. Then u(() is identically zero in D(c, ).

Proof. For each n > 0, we have sup,.,e™|u(t)] < co. Apply Corollary III.1 noting

that a ([0, 50)) = [0, 00), we imply
lu(t)| < Me ™1+ at|™™, t>0.
For each t > 0, letting n — oo gives u(t) = 0 for all ¢ > 0. Since D(c, «) is connected

and contains (0, 00), it follows that «(¢) is identically in D(c, av). O

We next describe subdomains of ¢! (Hp) consisting of disks with certain specified

centers and radii.
Lemma II1.2. Given ¢ > v2,a > 0, let

14++v2 V3eaT
and g(1) = :
o) 200

For each T > T*, let t(1) = 7 + ag(1)? and ri(1) = g(7)\/1 + a2g(7)2. Then

T =

t(7) T T
L= 7¢(T) = ag(T)? T i) ) 2 1++2

and the disk B(t(7),r4(7)) ={C € C : |¢ —t(7)] < r(7)} 1s a subset of ¢ ' (Hy) C

D(c,a).

Proof. We know that ¢, (() is a conformal map from D(c, «) to a domain containing
the right half plane Hy and goa([O,oo)) = [0,00). For 7 > 0, and ( = 7+ io, 0 € R,

the condition that ¢, (() € Hy is

1
T 5 log [(1+ a7)?+ (ac)?] >0,
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or

\/620” — (14 ar)?
o )

lo| <

Take 7 > 0 that ™ — (1+a7)? > (3/4)e?™ for all T > 7*. Equivalently, we require
that

T >2(1+ar) foral 72>7% (3.44)

We obtain
UL {7 +ioe D(c,a):7>7% 0| < g(r)} C s (Ho). (3.45)
Since €¥ > 1+ y + y*/2 for y > 0, then the fact that
y?
T Zl+y = -1)"=3

implies that (3.44) holds whenever 1 + a7* > 2, or equivalently when 7% > 1/a.
We may further assume that g(7) < c7e®” for all 7 > 7*. This is guaranteed when
7 > /3/(2ac). Note that v/3/(2ac) < 1/a, hence we choose 7 = 1/a.

Now, for each ¢ > 7* we find the maximum radius r; such that the disk B(t, ;)

centered at ¢ with radius r; is in U. Given 7 > 7*, the line orthogonal to the graph

of g(7) at (7,9(7)) is
1
9'(7)

Note that ¢'(7) = ag(7). Therefore, this line intersects the real axis at

Y =— (X — 1)+ g(7).

tr)=7+9(1)g(r) =T+ ag(1)*

and
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Taking limits we obtain ¢(7)/r(7) — 1 as 7 — oo. More precisely, for 7 > 7*,

1 | < t(7) T ot

1< 4/— =
+ r(T) T ag(T)? 3e2oT

g LS (3.46)

_ () —ri(r) _ T+ g'(7)%9(1)* +29'(1)g(7) — g'(7)°9(7)* — g(7)?
t(r) + Tt( ) t(r) 4 r¢(T)
+ (2at — 1)g(7)?

T+ag( )2+ g(7)/1+ a?g(7)?

It follows that

lim M _ 2_a -1
T—00 T 2a

If ar > log(4/3), then 1 < a?g(7)? and moreover

72 + arg*(7) ST

+(1+vV2)ag?(r) ~ 1+2

With T* = (14++/2)7*, when 7 > T*, we have 7 > 1/a and 7/(1++/2) > 7*, therefore

t(r) —r(7) > . (3.47)
B(t(7),r(7)) C U C ¢, ' (Hy). O

We now give an explicit estimate of a polynomial based on its growth rate in the

domain D(c, ).

Lemma II1.3. Let a > r > 0 and B(a,r) be the disk {( € C: | —a| < r}. Suppose

q(Q) is a polynomial of degree less than or equal to p and
(O < M1 +a¢|™, (€ Bla,r), (3.48)

where M and N are positive numbers. Then

(I +a
.

|a(¢)l < M(p+1)(1 + aa+ ar)¥( ), ¢eC. (3.49)

Proof. Write ¢(¢) = do+di1(¢ —a)+---+d,(¢ —a)P. Estimate the coeflicients using
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the Cauchy formula

e 1(©)
=55 o e o

21 10
- 1/ lg(a + re )’rde
0

= or ritl
M 27

— 2mrd J,

< M1+ ala+7r)N

11+ afa+re?)|Ndo

rJ

This implies

la(¢)l < M(1+ aa+ar)™

Since a/r > 1 we obtain

1q(Q)| < M(1 + aa+ ar)™ <|C!+a>p

< M(p+1)(1+ aa+ ar)¥ (7

Combining Corollary III.1 and Lemma III.3, we obtain

Proposition II1.3. Given ¢ > v/2,a > 0. Let a > r > 0 such that the disk B(a,r)

is a subset of p,'(Hy). Suppose q(C) is a polynomial of degree less than or equal to p

and
e MOl < M, ¢ € Dle,a). (3.50)
Then
90O < ML+ a¢YV®, ¢ € ¢ (Hy) (3.51)
and
el +a

4(Q) < M(p+1)(1 + aa+ar)™e )’ﬂ ceC. (3.52)

r
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In particular, when p = N,
a(O < M(N +1)C(e,a, 1)V ([¢] +a), CeC, (3.53)

where

Cla,a,r) =114 aa + ar)/?. (3.54)

Proof. Let € > 0 be arbitrary. Apply Corollary IIL.1 to u(¢) = e ¥¢g(¢) using the

fact that [u(¢)| < M and |u(t)| = O(e=V=9)) as t — oo. Hence,
[u(Q)] < Mem RE1 a9 (€ ! (Ho).
Taking limits as € — 0 gives
la(Q)] < ML+ a¢Me, ¢ e wt(Ho).
Apply Lemma II1.3 to finish the proof. ([l

Definition IIT.1. Let a,, = 1/2. By virtue of Lemma II1.2, we now fix a, > 0 and
r. € (0,a.) such that the disk B(a.,r.) is contained in ¢;(Hy) C D(v/2,a.). We

define the constants

Cy = Clag, ay, ) = 17 (1 + a4+ a,r)V  and  Cs = Cy/2. (3.55)
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CHAPTER IV

EXTENDED NAVIER-STOKES EQUATIONS
Motivated by the asymptotic expansion (2.18) of the regular solutions of the Navier—
Stokes equations, we introduce a specific construction of the solutions. Using this
construction, we rediscover the classical existence results for those solutions. Note
that we will obtain a slightly different estimate for the time interval of the local
solution’s existence (see Remark IV.2). More importantly, this construction is useful
for our further study of the asymptotic expansions of the solutions as well as the
normal form of the Navier-Stokes equations in the next chapters. We also introduce
a weighted normed space in which the constructed solutions (u,(t)),en exist for all

times t > 0.

A. A new construction of regular solutions

Suppose we split the initial data u° in V as

o)

0 __ § : 0

u = Uy, -
n=1

We try to find the solution wu(t) of the form

u(t) = 3" ua(h)

where for each n

du, (t) " _
IS Auy () + Bu(t) =0, >0, )
un(0) = u?

n’
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and where
Bi(t)=0 and B,(t)= Y B(uj(t),ux(t)) for n>1. (4.2)
Jjt+k=n
We extend equation (4.1) to the one with complexified times. Namely, given

(o € Cand u* =57 wr in V, consider the sum u(¢) = > 7, u,(¢) with ¢ € C such

n=1Un n=1
that
dun_(C) + Au,(() + B,(() =0, (€C,
dg (4.3)
un(Go) = up,
where

Bi(()=0 and B,(()= Y B(w(¢), () for n>1.

Jjt+k=n
Remark IV.1. Given p > 0, denote v,(¢) = p"u,(¢) for n € N and ¢ € C. Then

dun(€) + Av,(O) + Bn(¢) =0, (¢eC,
dg (4.4)

vn(Go) = vy = pu,

where

Bi(¢()=0 and B,(¢)= Y B(vj(¢),un(¢)) for n>1. (4.5)

Jjt+k=n

Let M > 1, we solve the Galerkin approximation problem of (4.3)

du™ (¢)
d¢

U%M)(Co) = Pyruy,

+AuM () + Y PuBu (). U () =0, ¢eC,
kt+j=n (4.6)

where uM) € Py H for n = 1,2,3,... For each M, this is a system of differential
equations in a Euclidean space. Therefore, it has a unique analytic solution locally
in the complex plane, i.e., in an open neighborhood of {; (see [13]). As far as we can

prove that the solution u™ is q priori bounded in a domain, that solution actually
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exists in the whole domain also. Moreover, when we have a uniform bound for |Au$LM)]
independent of M in some domain, by extracting a convergent subsequence we can
find the analytic solution wu,(¢) to (4.3) (see, for example, [10] for details of this

standard procedure). Therefore we prove below some a priori bounds for solutions

to the Galerkin approximation problem.

B. A priori bounds

In this section we first obtain some a priori bounds for the Galerkin solutions ||u%M) O,
M > 0, in terms of the norms HU;H, 1 < j < n. For our convenience in the next state-

ments, we define the function

Cy
cos 0

£(s,0) = (1 —escsh4 5>0,10] < /2, (4.7)

where () is the positive constant introduced in Lemma (I1.2),

Proposition IV.1. Let (u}),>1 be a sequence in Vo. Given (5 € C and 0 €
(—m/2,7/2). Let (u,), be the solutions of the Galerkin approximation problem
(4.6) for some M > 0. Then

||wn (Co + sei9)|| < e_sc"se%(s), s>0,n€eN, (4.8)

and when u,,(Cy + se) is not identically zero for s > 0,

Lo+ )Pl
o lun(Co+pe®)|| " — cosf’

s>0,neN, (4.9)

where

m(s) = [luil, (4.10)

() = Nlunll +€(8) 2oppjmn W(8)75(8), > 1,8 >0,

Proof. Write v,,(s) = u,,((o + se®) and £(s) = £(s, 0) for s > 0. For a priori bounds,
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we assume that v,(s) is analytic on [0,00). Note that since £(s) is an increasing

function of s, so is v,(s). For N =1,2,3, ..., the equation for dvy/ds is given by

duy(s)

s + e Avy(s) = —€ Py By (s),

where By(s) =0 and By(s) = >,y B(v;(s), vk(s)), N > 1. Since

d dv dv
dallowl? = (G Avw ) + (Avy, T ) = 2Re{ (dvy /ds. Avx)},
it follows that
1
d ||UN||2 + cos 0| Avy > < ‘<BN,A?JN>‘ (4.11)

Given ¢ > 0, let

Vne(s) = ([va(s)]* + )1,

g [ L0
Sne(s) = cosb o W2.(0) —————dp.

and

A hen v (s) £ 0
G (s) = 4 T

0, otherwise.

When N =1, we have By = 0, hence from (4.11)
loa(s)[1* < e Pypui]|* < 7= fu]”.

Moreover,

thus
51 A 2
COSQ/ Mdp < v1(0).
0 Ul,zf(p)

In the case v1(s) is not identically zero for all s > 0, its analyticity implies it has at
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most countably many zeros, hence

[Avi(s)?, [Avi(s)]”
Uie [[or(s)l

Thus letting ¢ — 0 gives

when ¢ N\ 0 for almost every s € (0, 00).

* [Avi(p)|?
o loi(o)l

For induction, let N > 1 and suppose

cos

dp < Pt < il or [ Gulodp <

[on(s)]| < e~ (s)  and /0 gn(mdpg?;fe) (4.12)

hold for n < N. By (4.13) and inequality (2.55) in Lemma I1.2,

d
%||UN||2 +coslAvn [P < Cv D o) P Aws |2 Awg [l | (4.13)
j+k=N
We derive
d Avyl?
Toome+oost P b <O B gl Au
’ Jjt+k=N
=G Y G PG o
j+k=N
G/ 1/2
=C0 > G ol G s 172 el o 14
j+k=N
3/4 1/4
<o 3 Gl ) {2 el
JHh=N k=N
Since k,j < N, then we may apply the induction hypothesis (4.12) to the sum to
obtain
Lo osglAnl
— VN + COS :
ds vz . N,

1/4

< Che” 5/480050{ Z gj’Yk}3/4{ Z ’yﬂk} | (4.14)

k=N j+k=N
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Applying the Poincaré inequality yields
Une(s) < e_SNvE(S){vN@(O)

+Cl{ Z Vj(S)Vk(s)}l/z;/oseSN,s(p) (5/4) pcose{ Z G (o) (s }3/4d,0},

j+k=N Jtk=

Now applying Holder’s inequality leads to

/seSN,s( 5/4)p6050{ Z G:(p) s }3/4dp
0 j+k=N
s 1/4 s 3/4
S {/ €4SN,5(P)—5pcosedp} { Z ’}/k(S)/ gj(p>dp}
’ j+k=N 0

IN

s /4 ¢ 1 3/4
ASN,e(p)—5pcost 1 } { ; } .
{ / e o Cosejz ()7 (5)

It follows that
s ‘ 1/4
UN,a(S) < oSN, (5) {UN75(0) + Cl{ / €4SN,5(P)—500050dp} (COS 0)—3/4 Z ’Yk(s)')/j(s)}-
0 j+k=N
Since vy, (s) is assumed to be analytic in [0, 00), it has at most countably many zeros.
Thus

lim Sy.(s) = scos#, s>0,

e—0
and hence by letting ¢ — 0, we obtain
—scosf ’ —pcosb 1/4 —3/4
lon ()l < €08 oy )] + Co{ [ e =Pdp} " (cos )1 37 u(s)(s)
0 j+k=N

< e—scosa{”u;VH + (1 e—scos@)l/élc()s(9 Z ’Yk: fyj( )} = e_SCOSG’YN(S),
+k=N

thereby showing the first inequality of the induction.

To obtain the second inequality in (4.12) for n = N, integrate (4.14) directly.
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COSQ/ Mdpng,g@)
0

3/4

raf 3 ”yj(s)’yk(s)}l/4/0 e et ST Gilpin(s)} dp

j+k=N Jt+k=N
Applying Holder’s inequality yields

/Ose_(5/4)pcos9{ Z |ﬁh}jj((pp))|‘| (S)}3/4dp

k=N

([} 3 oo [tk

0 k+j=N 0

{/Osepcos9dp}1/4{colse Z fyj(s)”Yk(s)}?)/ll

IN

IA

+k=N

{ 1 _cz;:ose }1/4{ cols 0 Z Vj(s)%(‘s)}g/{

j+k=N

IA

It follows that

Cl<1 _ e—scos@)1/4
cos 6

*|Avn (p)I?

cos
0 UNge (p

dp < wvne(0) +

Z V5(8)7x(5).

j+k=N

Again, letting ¢ — 0, we complete the inductive proof of (4.9).
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O

From Proposition IV.1 we can obtain the classical results on the regular solutions

of the Navier—-Stokes equations. Namely, the existence of local solutions for arbitrary

initial data in V' and the existence of global solutions for small initial data in V.

C. Local solutions

Since the bounds of |lu,(-)| are given by (4.8), the convergence of Y > |ju,(-)||

is implied by the convergence of Y > | v,(s), where 7,(s) are nonnegative numbers

defined recursively by (4.10). The convergence of such series is considered in the

following lemma.
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Lemma IV.1. Let £ >0 and a, > 0, 1 <n < N. Define v, by

Y1 = a,
Tn = an+fzk+jzn7mj, 1<n<N.

If 4¢ Zgzl ap < 1, then

N N
Z'ykSQZak for 1<n<N. (4.15)
k=1 k=1

Proof. Let S, = 3.7 vx and X = "V a. Then we have

Se=) ant& Y Wy SX+ES,, 1<n<N.

k=1 k+j<n

Denote by S, the smaller solution of £5? — S+ X =0, i.e.,

1—-VT—4X 2X
26 141 —4EX

Note that S =a; =y < X < S,. Suppose S,,_1 < S, then

S, =

€ [X,2X].

Sp <X +ES2 <X +E57=8,

proves (4.15). O

We now prove the existence of local solutions in complexified time and also

describe their domains of analyticity.

Theorem IV.1. Let S* = > |luk|| < oo and (u,(¢))32, be the solutions of (4.3).
Let

7= uil],
' (4.16)

Tn = HU;” +€Zk+j=n YEVjs n > 17
where £ > 0 such that 45*¢ < 1. Then u(¢) = > 07 u,(C) is the unique solution of

n=1

the complexified Navier—Stokes equations (2.38) with u* def S ur and ¢ belonging
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to the following domain
E(¢,§) = {(0 + e €(s,0) <& 5> 0 and 0] < 7/2 } (4.17)
Note that £(s,0) is defined in (4.7). More precisely,

[un(Q)] < e R0 ¢ e B(Go, €), (4.18)

| Au, (Q)] < 2079, (s + 1) (7r?) " Hmin{cos (8 + 6), cos(6 — 6)}] 1, (4.19)

where ¢ = (o + se? € E((y, &) and r > 0 such that the closed ball B((,r) is contained
m

{Co+pe” we(@—0,0+6) and0<p<s+r} CE,E)
with 6 = arcsin(r/s) > 0, and

> g <287 (4.20)
n=1

Proof. We first consider (u%M))nzl the Galerkin solutions to (4.6), for some M > 1.
Comparing (4.10) and (4.16), we note that v,(s) < =, provided £(s,f) < . Since

4£S5* < 1, apply Proposition IV.1 and Lemma IV.1, we obtain
[ul (O] < e RO ¢ e E(G, ), (4.21)

and (4.20). We estimate \AugzM)(Cﬂ next. Given n > 1, for each w € H, define the
analytic function f({) = (Aw(lM)(C),w> for ¢ € E((p,€). Given ¢ € E((y,¢&), let r and
0 be positive numbers described in the statement of the theorem. Using Cauchy’s

formula we have

(0 = — / o o

mr?
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Applying the Cauchy—Schwartz inequality followed by (4.8) and (4.9) obtains

1 0+06  ps+r ‘
FOI< o5 [ [ ellAa G+ pe)pdpd
e Jo—s Jo

|w| 0+6 s+r |AU7(1M)(CO +p6iw)|2 s+r - 1/2
S i) — ~dp [l (Go + pe)||pPdp ¢ dw
= Jos UJoo lun (G + pe)]]  Jo

0+6 S4r 1/2
n 1
S i |1;}| { / 6pcosc.udep} dw
mwr 0—65 COSs W 0
046
clel (st
w2 Jo_s COSW
20(s + 1) yn|w]
~— mr2min{cos( + 0), cos(d — )}’
hence

26(s + 1)V
mr? min{cos(# + ¢), cos(d — 9)}
By the upper bounds shown in (4.21), (4.22) and (4.20) which are independent of

M, we can extract subsequences, denoted by (u%Mz’)), where n,p € N, M,, /" oo when

[Au M (Q)] < (4.22)

p /" o0, such that u;Mp)(c) (for p — o0) is convergent in D 4, for ¢ € F((p,§). Its limit
is, in fact, the solution w, () of (4.3). Consequently, after passing to the limit when
M = M, — oo in (4.21) and (4.22), we have (4.18) and (4.19), respectively. Now, by
(4.18) and (4.20) the sum >~ u,(C) is convergent in V' uniformly for ¢ € E({o,§).

Hence
lim un(Q) = lim u,(¢) = ) u, =u",
HO; (€) ;HO (€) ;

where the limit in ¢ is taken for ¢ € E((, ).

Given N € N, define Un(¢) = 320 u,,(¢) where ¢ € E(¢,€). We have

dUn (C)
d¢

= —AUN(C) = Y Blur(€):u;(Q)). (4.23)

k+j<N
We have already shown that Uy (() converges to w(¢) in V uniformly for ¢ in E({o, §)

and AUy (C) converges to Au(¢) in H uniformly for ¢ in any compact subset of E((p, £).
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Now, using inequality (2.55) in Lemma I1.2, we obtain B(Ux((),Un(¢)) converges in
V to B(u(¢),u(¢)) uniformly for ¢ in compact subsets of E((p, &), and also estimate

|B@(©),u(@) = > B, ()| £ D |Bus(€) us()]

k+j<N k+j>N

< > Ol QM2 Au ()21 Auy Q)]

k+j>N

<O D w

k5> N
where the positive constants C(¢) are bounded on compact subsets of E((p,&). Let
Cm = D pijem V6V for m > 2. Then Y27 ) ¢y, is the Cauchy product of Y777 %
multiplied with itself which is convergent by (4.20). Therefore,
A}i_r)noo k—i—jZ>N b ]\}EHOO m:;Jrl =t
Hence } ;. , .oy B(ug(C),u;(¢)) converges to B(u(¢),u(¢)) in V uniformly for ¢ in any
compact subset of E((y,&). It follows that (4.23) can be passed to the limit in H as

N — oo and hence u(() is the solution of (2.38). O

Remark IV.2. When «° = "> w2 € V' \ {0} such that > ° |[ud] < oo, take

n=1"n

C=0,0=0,u;=ul and £ > 0 satisfying 4 > 7, ||u

nl

| =1, Theorem IV.1 implies
that u(t) = > "7, u,(t) is the regular solution to the Navier-Stokes equations (2.12)

on the set
{t>O:C’1(1—e )4 < ZHunH } (4.24)

In the case 4C1 07 | ||ud]] > 1, the regular solution exists on [0,7") where

T =—log[1—{4cy > )1} ]
n=1
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Note that setting u? = 0 for n > 1 and u{ = u” gives an estimate
T = —log [1 - {4011\140”}‘4] (4.25)

of the time interval of existence for regular solutions to the Navier-Stokes equations

with large initial data.

D. Global solutions with small initial data

If 4C, Y07 Jul]l < 1, the regular solution w(t) = > 7 u,(t) exists for all times
t > 0, by (4.24). However, under this condition the domain of analyticity is not
large enough for our purpose of estimating the terms in the asymptotic expansion of
a regular solution. Therefore we will derive a larger domain of analyticity for w,({)

and hence for u(¢) when Y >7  |lul| satisfies a slightly more stringent condition.

Definition IV.1. We list here some absolute constants which are used in the re-
mainder of this article. Recall that the constant C'; > 0 is introduced in Lemma II1.2.

Define
1
Eo = (2401)71, &1 = (8C1)71, Cg = 8C1, oy = 5, Co — \/5 (426)

Theorem IV.2. Gien € € (0,e1) and S° = > 77 [[ud|| < e. Let (un(¢))S2, be

the solutions to (4.3) with (o = 0, ut = u®. Then u(¢) = >.07 u,(C) is the

n n=1

unique solution of the complexified Navier—Stokes equations (2.38) with initial condi-

tion u(0) = u® Aot oo ub €V oand ¢ belonging to the domain

—t

E(e):{t+sei9: <1, s>0, t>0 and |0 <7r/2}. (4.27)

€1 cos 6
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Moreover, define

7 = [Juill, =7,
and

Tn = ||u97,|| + i Zk+j:n Vv, m>1 Yn = Tn + é Zk+j:n VY, m> 1.

Then, for each n € N,

Jun()]] < yme™", >0, (4.28)
[un Q)] < Ame ™, ¢ € E(e), (4.29)
and
D An <2) <48 (4.30)
n=1 n=1
Consequently,
D lua(t)] <28%7, ¢ >0, (4.31)
n=1
and
D lun(Q)] < 48% R, ¢ € Ee). (4.32)
n=1

Proof. First, apply Theorem IV.1 for (; =0, 8 =0 and { = t; > 0 noting that

45‘% <1 and £(t,0)=Ci(1—e ™)V < < i.
We obtain
[un(to)|| < yne™™ (4.33)

and

Sp(t) £ zn: [ (to)|| < 25% 7. (4.34)

j=1

Hence

Sulto) 253 1) < 25%7" (435

n=1
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For ty > 0, set

ilto) = ()}
lto) = Junlr)ll+ 5 3 5y(robin(re)

jt+k=n

Next, we apply Theorem IV.1 to (y, = to, noting that

eto elo
4Sm(t0)§ < 4(250e—t0)8— <1

€
and for ¢ = t, + se?’ € E(e) that

C et glo plo

cosf s cosf 8¢ 8¢’

§(s,0) <
hence ¢ € E(tg, e (8¢)71). Tt follows that
u(to + se)|| < Anlto)e ™ty + se € E(e). (4.36)
We can show by induction and the use of (4.33) that 4,(ty) < An,e ™. Therefore
lu(Q)ll = Ilulto + se®) || < Fne™*750 = 5,677, ¢ € Ee).

Moreover, Lemma IV.1 implies (4.30), thus yields (4.31) and (4.32). O

When S is uniformly small, the analytic domains of regular solutions contain a

common subregion which is significant to our subsequent study.

Proposition IV.2. The domain E(gqy) defined by (4.27) contains the following sub-
regION

D={r+ioc:7>0,l0o| <core™"}, (4.37)

where the constants €y, ¢, and o, are defined in (4.26).

Proof. Let ( =7 +1i0 = 7/2+ se” € E(e), € € (0,1). Then, cosf > e ee”™? and

2,7
T T [efe
|0|:§tan9<§ = -1
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This holds if

T/2 2
Te €1
< - — 1
We consider those € that satisfy
1 [e?
—\/ = —1>V2.
2V €2 = V2
Hence € < g,/3 = (24C;)~!. This is our definition of &. O

When only finitely many u§ are given, we consider the finite sum > ", [lu;(C)||
for some n > 1 rather than the infinite sum. The following proposition is an obvious
consequence of Theorems IV.2 and Proposition 1V.2 when we take u? = 0 for all

J>n.

Proposition IV.3. Given n > 1 and suppose that S, = ,_, ||u}|l < 0. Then

5.0 = 10 < 25,7, 120, (439
k=1
and
Sa(Q) = D ROl < 4Spe™™, ¢ € B(zo), (4.39)
k=1

where the analytic domain E(gq) defined in (4.27) contains the subdomain D defined

in (4.37). More specifically, let

7= ”U?Ha =M,
and
Y = Nl + 25 Do W M > 1 i =T+ 5 D asom TV M > 1.
Then
Ju; ()] <™, t>0,1<j<n, (4.40)

[u; (Ol < Fye 0, ¢eD,1<j<n, (4.41)
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and

3
3

3, <23 5, <48, (4.42)
k=1 k=1

E. Extended Navier—Stokes equations

We will consider now the system of equations (4.1) in the space V*° of all sequences
u = (u,)>, where u, € V for all n = 1,2,3,... We will refer to this system of
inhomogeneous differential equations (i.e., inhomogeneous Stokes equations) as the
extended Navier—Stokes equations. Note that in Section A we have implicitly proved
that for each initial data @° = (ud),>1 € V™ there exists a unique solution u(t) =
(un(t))n>1 for t > 0 of the extended Navier-Stokes equations. Moreover, we have also
shown that if "7 | [[u?|| is small enough then Y > |lu,(¢)]| is absolutely convergent
and its sum is a regular solution of the Navier-Stokes equations (2.12) for all ¢ > 0.

We do not know if solutions of the extended Navier—Stokes equations leave invariant

the whole space

o0
def
Va = {u= )ity € V=i flulla 253 fuall < oo},
n=1
However we will show that there exist norms of the form

[(n )z« anHunH (4.43)

with positive p, — 0 such that those solutions leave invariant the spaces
vV, = {u (), € Vo |||, < oo}. (4.44)

It will turn out that those spaces play a similar role for the normal form of the

Navier—Stokes equations. We now specify the weights (p,, )52, in (4.43).
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Definition IV.2. Let (k,),>2 be a sequence of positive numbers satisfying

lim sup £1/™ = 0. (4.45)

n—oo

Define a sequence of weights (p,)n>1 by

P1>07
pn:nanlmin{pkpj c k,j>1 and k+j=n}, n>1.

Let ||-||« and Vi be the norm and space defined by (4.43) and (4.44), respectively.

Then (V, ||-||«) is a Banach space.

The following lemma will be used to estimate ||u(t)]|. later.

Lemma IV.2. Let (k,)n>2 be as in Definition IV.2. Let a,, > 0. Define

dy = ay,

d, = a, + kn, ZkH:n did;, n>2.
If Y707 | ay, is finite, then so is Y -, d.
Proof. Let K = max {1/2,%7° ,(n — 1)k, } < o0 and M = max {1/2,5> a,}.
Define S, = > _, d,,. We will first prove by induction that

S, <(@2M)"(2K)"! for neN. (4.46)

Since S1 = a; < M, then (4.46) holds for n = 1. Let N > 1 and suppose (4.46) holds
for all n < N. Then

N N N
SN:Zan+ K, Z dkdjSM—i-Z(Fon Z Sij>.

n=1 n=2 k+j=n n=2 k+j=n
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Using the induction hypothesis, we have

Sy < M + imn Z (2M)F(2K)* 1 (2M ) (2K )T

n=2 k+j=n

< (2]\24) - + é K (2M)"(2K)"2(n — 1)
(2M)N 2KV N ENTE
< + (2M) K nZQ(n — Dk,

< (2M)¥ (2E)N
Hence (4.46) holds for all n > 1. This, by virtue of (4.45), implies that
S, < Zam+ Z — 1)k (2M)™ (2K
< M{1 +2Z )k (AMEK)™ 1} <

for each n > 2. O

It turns out that the extended Navier—Stokes equations has the global solution

in the normed space (Vi, ||-||«)-

Theorem IV.3. Let @° = (u0),>1 € Vi and u,(t), n € N, be the solutions of (4.1)
forn € N. Then u(t) = (un(t))n>1,t > 0 is the solution to the extended Navier—Stokes

equations in the space V,. Moreover,

la(t)|. <e—t{|| 2, +Zﬁ-n M”} forall >0, (4.47)

where
My = 4max (1/2,||a"].) max (1/2, Z(n — 1)mn>.
n=2

Proof. From the a prior: estimates given in Proposition IV.1 with (, =0, § = 0 and
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s =1t >0, we have |lu,(t)| < e 'y, for n € N where

= |luill,
Tn = HugH +Cy Zk+j:n YeYi, N> 1.

Therefore, p1y1 = p1]|ul]| and

pun < pallupll + 50 D (o) (0573), n> 1
k+j=n
Apply Lemma IV.2 with a,, = p,|[«2|| and d,, = p,7y,. We have

@Ol < e purn < {0+ D maln =M}, >0,
n=2

n=1
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CHAPTER V

ASYMPTOTIC EXPANSIONS AND THE NORMAL FORM
In this chapter, we consider the functions u, related to the asymptotic expansions
of the regular solutions to the Navier-Stokes equations. Let & = (£1,&s,...) € Sy
and the polynomials ¢, (t) = g,(t,€) be constructed as in Subsection B. We extend
the polynomials ¢,(t),t € R, to polynomials ¢,(¢),¢ € C, i.e., ¢,(t) and ¢,(¢) have
the same V-valued coefficients, and define u,(¢) = ¢ ¢, (¢) for ¢ € C. Then u,(¢)

satisfies (4.3) with initial condition
U, (0) = u) == ¢,(0), neN. (5.1)

We apply Corollary III.1 to estimate ||g,(¢)]|| for ¢ € C.

A.  Convergence of the asymptotic expansion

We apply Corollary II1.1 to estimate ||g,(¢)|| for ¢ € C.

Lemma V.1. Assume Y0 |[ul]| < g for some N > 0 where ey is defined as in
(4.26). Let D be the domain defined in Theorem IV.2. Let S, = > ,_, [[ulll and 7,
be defined as in Proposition IV.3 form =1,2,...,N. Then for eachn =1,2,... . N
we have

lgn (Ol < Anl1 + e[V for ¢ € gl (Ho), (5:2)
and

lgn ()] < 73 C3 7 (1] + au)" ™ for ¢ €C, (5.3)

where p,, is defined by (3.38), Hy is the right half plane and constants a.,Cs are
defined in Definition II1.1.
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Proof. For n > 2,w € V, define ¢(¢) = {(g.(¢),w)), for ( € C. Note that the degree

of ¢(¢) is less than or equal to (n — 1). According to Proposition IV.3, we have
e eq(Q)] < lleCun(Ollllw]l < Fullw].
Apply Proposition 111.3 to ¢(¢) with p = n — 1 we have

32(Q)] < Full + ag| "l ¢ € 7 (Ho)

and

|a(¢)] < n3 Gy (I¢] + @)™ Hlwll, ¢ eC,
thus obtaining (5.2) and (5.3). O

When the initial data in (5.1) are small, the above estimates are used to establish

the convergence of the series Y | u,(t).

Proposition V.1. Suppose > >°  ||ul]| < 0. Then u(t) = > o7, u,(t) is the regular

n=1

solution to the Navier-Stokes equations (2.12) with initial condition u(0) = u° gt

S ud € V. Moreover, Y o0 u,(t) is the asymptotic expansion of u(t). More

n=1"n

specifically, there exists € > 0 such that

H Zun H— N+E) as t— o0 (5.4)

for every N > 0.

Proof. The fact that u(t) = > 7, u,(t) is the regular solution to the Navier-Stokes

equations (2.12) with w(0) = >_°° , u) is stated in Theorem IV.2. From Lemma V.1

nln

and (4.42), we have for each ¢ > 0 that
lun(t)|| < 4egnCy=t(t + a,)" te ™ = Coe 'no(t)"

where Cy = 4gy and o(t) = Co(t + a.)e™ . Let to > 0 such that o = o(t) < 1/2 for all



60

t > ty. Then, for t >ty we have

e d o d N+1 N 1 N N N+1
E no" ! = o E or=27 = (N + Do “ < 4(N +1)o¥.
g

T dol—o (1—0)2
n=N+1 n=N+1
Therefore,
| 3 w0 < Coeta(v + (0ol + a)e)
n=N+1

= 4Cy(N + 1)CN (t + a,)N e~ (VL

= o(e"WF/I) as ¢ — oo
This proves that >~ u,(t) is the asymptotic expansion of u(t). O

When ¢ = W(u°) we have v2 = W, (0,u°) and ¢,(t) = W,(t,u"). It follows,

therefore, that > °7  u,(t) = > oo, Wy (t,u’)e™™ is the asymptotic expansion of the

regular solution u(t,u") of the Navier-Stokes equations (2.12).

Theorem V.1. Suppose u® € R with Y o | [|[W,(0,u°)|| < 9. Then the asymptotic
expansion Yy - Wy (t,u)e ™™ converges in 'V for all t > 0 to the regular solution

u(t,u®) of the Navier-Stokes equations (2.12).

Proof. According to Proposition V.1, both u(t) = Y00 | W, (t,u®)e™™ and u(t, u®) are
regular solutions to the Navier—Stokes equations with the same asymptotic expansion.
Since the normalization map W is one-to-one (see Section B, Chapter II), the two

solutions u(t) and u(t,u®) coincide. O

When the initial data (5.1) are not quite so small, we prove the convergence of

the asymptotic expansion only for large times.

Proposition V.2. If > |[u2| = S° > 0, then there is T > 0 such that u(t) =
Y oos un(t) is absolutely convergent in' V' uniformly for t € [T, 00), u(t) is a regular

solution of the Navier-Stokes equations (2.12) for t > T, and Y~ u,(t) is the
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asymptotic expansion of u(t). In addition, if there is u® € R such that u® = W,(0,u°)
for all n € N, then u(t) is equal to the reqular solution u(t,u’) of (2.12) for all

te T, 00).

Proof. Let € > 0 be small enough such that p = £7/S° — ¢ € (0,1). Define @,(¢) =

p"u,(C) for n € N. Then

D @) =Dl < o) lludll < 2o
n=1 n=1 n=1

As indicated in Remark IV.1 we can apply Theorem IV.2 to @,(¢). Hence,

D (Ol =D o [un(Q)]] < dgge ¢ for ¢ € D,
n=1 n—1

Letting ¢ — 0 we obtain
S0\ n
lun(Q)]| < 420( =) e R for ¢ e D.
€0

Similar to Lemma V.1, we derive for ¢ > 0 that

SO n ~ ~
llun(t)]] < 4eq (E—) nC Yt + )" le™ = nColh (¢ + )" le ™,  (5.5)
0

where Cy = 45° and Cy = S%Che; .
Let ty > 0 such that Cy(t + a,)e" is small, say, less that 1/2. Then u(t) =
> > L un(t) is absolutely convergent in V' uniformly for ¢ € [to,00). As shown in

Proposition V.1, Y~ | u,(t) is the asymptotic expansion of u(t) in V. Moreover, by

5.5), we can choose T' > ty and further large enough that

( g g
> lun(T)|| < eo. (5.6)
n=1

Note that v,,(T) gun(T +T) with n € N is the solution of (4.1) for 7 > 0 with initial

condition v, (0) = u,(T"). Theorem V.1 and (5.6) imply U(T)gzoo U (7) = u(t+T)

n=1
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is a regular solution of the Navier-Stokes equations for 7 > 0.

To finish the proof, suppose there is u° € R such that u® = W, (0,u°) for all
n € N. We next show that the regular solution u(¢,u°) is equal to the asymptotic
expansion u(t) for ¢ large enough. Define v° = u(T,u°). Then (1) def u(t + T,uP)
is the regular solution with initial condition v°. Moreover, since the normalizing

map is one-to-one we have that the asymptotic expansion of 9(7) is the same as the

asymptotic expansion of u(7 + T,u°). Thus,

5(r) ~ (7).

Therefore, Theorem V.1 implies that 9(7) = v(7) = > -, vu(7) = u(r7+T) for 7 > 0.

n=1
It follows that u(r + T,u°) = o(7) = u(r + T) for 7 > 0. O
Our next goal is to weaken the condition on the initial data in Proposition V.2.
To achieve that we need to deal with bounds of each term ||u,({)|| rather than of the

sum SN [[u, (Q)|| for N > 1. Let us first define the following reference sequences.

Definition V.1. We define

bl = 1/47 M1 = 17
and

bn - Zk+j:n bkbj? n>1 Mn = Zk—l—j:n ,Uzkﬂj, n > 1.

One can verify that

N | —

<b, =" and S b <
n=1

by Lemma IV.1.

Before working with the norms ||u,(¢)||, we first establish some properties of

series of non-negative real numbers.
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Lemma V.2. Let x > 0,7 >0 and a,, > 0 for n € N. Assume that

1
a, < 5(2)()”’170%” for neN. (5.7)
Define
T = ai, Y= M,
and
Yn = Gp + XZk+j:n YeVi, > 1 Y = Yn + % Zk—l—j:n f?k'?jy n > 1.
Then
T < (2X)" "Dy, (5.8)
and
An < 2(2X)" 1", (5.9)

Proof. We prove (5.8) by induction. Clearly (5.8) holds for n = 1, by (5.7). Given
n > 1, assume (5.8) holds for all £ < n. Then

Yo < an+x > (208 o (2x) b
k+j=n

2 n—1,.n
(2X)n_1rnbn+< X)Q X Z bkb]
X k+j=n

Hence (5.8) holds for all n > 1.
To prove (5.9), apply the first part to x' = x/2, ' = 2r, a, = 7, and 7, = ..
Since

1
a; =Y S (2x)”_17“”bn — 5(2)(/)”_1(7“,)”(7”,

we obtain

% S (le)n—1<7,,/)nbn — 2(2X)n—1rnbn
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O
We now relax the convergence condition on the initial sum in Proposition V.2.

Lemma V.3. Let sup,-, [|ul|| = My < oo. Then
Jun(Q)| < 2e0{4max(1,e," Mo)} e ®¢ for (€ D, (5.10)

where D is the domain defined by (4.37).

Proof. Given N > 1, let

0\ 1/k
MNgmaX{<M) :k—1,2,...,N}.

€0
If My =0, then u,(¢) =0for ( € D and n =1,2,... N, hence (5.10) trivially holds
for n = N. In the remaining case when My # 0, let x = (4&)~! and choose r > 0

small enough such that

(2x)" " 1r™b, < eo. (5.11)

NE
N | —

1
Let p = rx/(2My), v,(¢) = p"u,(¢), € D, and v2 = p™ul, for n = 1,2,... N.

3
Il

Define

= [0}, =7,

and

Tn = HU?LH + X2k+j:n YeYis m> 1 Yn = Yn + % Zk+j:n Y, > 1

Estimate
| 1 1
01 — /71,01 < (@) —2(2 n—l.n = ~ 2 n—1 nbn
0 = el < 20 ()" = L2k < L2

Setting a, = |[v?]| for n = 1,2,...,N and a, = 0 for n > N yields a sequence of

non-negative numbers that satisfy the conditions of Lemma V.2. Thus,

A < 22)" ", < (2)" ' for n=1,2,...,N.
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Also from (5.11) we have 27]1\[21 22| < &o. By virtue of Remark IV.1 and Proposition
IV.3, [[un(Q)]] < Ane Be for ¢ € D. We obtain

lun (N < =% (20) " e tee

2\N 011\ 1/ky N
§(2X>N_1TN<_> {max (IIukH) } o Re
5% 1<k<N \ g

4N Mo\ VEYN
<4 (1) e
2y L1<k<N \ gy
< 250{4ma><;(1,551M0)}Ne_ReC for (e D.

g

A direct consequence of Lemma V.3 allows |[ul|| to grow as a power function

with exponent n.

Lemma V.4. Suppose limsup,, . [|[ul||*/" < co. Then
(O]l < 220M"e <, ¢ € D, (5.12)

for some M > 0, where D is the domain defined by (4.37).

Proof. Take R > limsup,, . |[u®]|"/". Then there is My > 0 such that ||u?| < MyR"
for all n € N. According to Remark IV.1 we can apply Theorem V.3 to v? = uY/R"
and v, (¢) = u,(¢)/R". We obtain

[va(Q)|| < 2e0{4max(1,e5" M)} e R for (€ D.

Taking M = 4Rmax(1,e," M) finishes the proof. O

Combining Lemma V.4 and the proof of Proposition V.2 now gives the following

results easily.

Proposition V.3. Suppose limsup,,_, ||ul]|*/™ < co. Then there is T > 0 such that

u(t) = >.0%  un(t) is absolutely convergent in V- uniformly for t € [T,00), u(t) is

n=1
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a regular solution of the Navier-Stokes equations for t > T and Y .~ u,(t) is the

asymptotic expansion of u(t).

Theorem V.2. Suppose u’ € R and

lim sup || W, (0, u®) |/ < oco.

n—oo

Then there is T > 0 such that

oo

u(t) =Y Wt u®)e™

n=1
is absolutely convergent in V' uniformly for t € [T,00), Y oo Wy(t,u®)e™™ is the
asymptotic expansion of u(t), and u(t) is equal to the reqular solution u(t,u’) of the

Navier—Stokes equations (2.12) for allt € [T, o).

Proposition V.1 can be applied to the study of the normalization map. Indeed,

we have

Corollary V.1. If £ € Sa and >0 [|4n(0,€)|| < €0, then & is in the range of the

normalization map, i.e., & = W (u®) where u® =37, ¢,(0,§) € R.

Proof. From Proposition V.1 we know that u(t) = Y > ¢,(t,§)e™™ is the regular
solution of the Navier-Stokes equations with initial condition «° defined above. In
addition, the series Y7 | ¢,(t,&)e ™ is the asymptotic expansion of the solution u(t).
Therefore, by the definition of the normalization map in Subsection B and by (2.25)

we have
W(U’O) = (RnQn(Oa 5))7161\1 = g

0

Similarly, Proposition V.3 has the following consequence concerning the solutions

of the normal form.
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Corollary V.2. If £ € S, and limsup,,_ . [|g.(0,€)||'/" < oo, then the solution
E(t) = (Rugn(t,€))32, of the normal form (2.29) with initial condition £ is in the
range of the normalization map fort € [T, 00) for some T > 0. More precisely, there
isu* € R and T > 0 such that £(t) = W(u(t — T,u*)) fort € [T,00), where u(-,u*)

denotes the regular solution of (2.12) with initial condition u*.

Proof. From Proposition V.3, u(t) = > 7 q,(t,§)e™™ is a regular solution of the
Navier—Stokes equations. Let u* = u(T'). Hence u* € R. For each t > T fixed, let

v* = u(t) = u(t — T,u*). Then the regular solution u(7,v*) with initial condition v*

has the asymptotic expansion Y °° | ¢, (7 +t,£)e ™) as 7 — co. Hence

W(u(t)) = W (") = (Raga(t, e )02 = &(0).

B. Application to the normalization map

In this section, we continue to study the solution to the extended Navier—Stokes
equations with initial conditions obtained from the normalization map as indicated
in (5.1). We will study directly the relation between £ = (&1,&,...) and a(t) =
(un(t))n>1. Similar to Section E in Chapter IV, we consider the following type of

sums §
Su(Q) =Y pillus( Ol Su=5a(0), neEN,
j=1
where p,, > 0 and
pn < min{pgp; : k+j=n}.

Note that all the results in Section A now apply to p,u,(¢) and the above S, (¢). In

particular, we have the following version of Proposition IV.3.
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Proposition V.4. Given N € N suppose that Sy = Zjvzl pillufll < o, where py >0

and
pn <min{pgp;, k+j=n}, 2<n<N.
Define
= pafudll,
Vo = pullupll + 4_;, Zk+j:n Wy, L <n< N
and
= P10,
% = PnYn + é Zk+j:n /?k’?j’ IL<n<N.
Then

pollun(@®)]] < yme™, t>0,1<n<N
palltn(Q)| < Ane B¢, (€ D,1<n<N,

where the domain D is defined in (4.37), and

In particular,

and

S,(¢) <4S,e R (e D,1<n<N.

We now estimate ||g,,(0)|| provided ||&,|| and ||g;(0)|| for j < n are given.

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

Lemma V.5. Let 0 < 0, < min{pxp; : k+j = nand k,j € N} and suppose

Sn_1 < €9, then

LS,TL ~ o~
lan Ol < ll&all + =22 > 3,

" k+j=n

(5.18)
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where i, for k =1,2,...,n—1 are defined in Proposition V.4 and L3, = L, + Loy,

where
Ly, = Ci03 2 (n —2)"n2(n — 2)\, (5.19)
Ly, = C4C3 0 n?(n — 2), (5.20)
Cy = Cy(a,) = 871Cre*, (5.21)

and the positive numbers Cs and a, are defined in Definition II1.1.

Proof. Let G,(t) = P,_1qn(t) where P, is the projection given in (2.16). Note that

Lemma II.4 implies that §,(t) = P,—2gn(t). Upon projecting (2.24) we have

%cjn(zﬁ) + (A —n)dn(t) + P,—2By(t) = 0.

Then

t/
(A (1) < AP g (1) = < [ IR B (),
t
Letting ¢ — 0o, we obtain

(jn(t):/ o(T=O(A=n) Pz n—QBn(T)- (5.22)
t

Now set t = 0 and use inequality (2.53) in Lemma II.2 to estimate

1w (0)] < / | Py Bo(r) |dr

< Ciln—2) / T 3 gl () ldr

k+j=n

Multiply the above inequality by o,, and apply the estimates in Lemma V.1 for p,q,
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instead of ¢, alone to obtain

ol @n(0)]| < Cl(n—2)3/4/0 e > pullan(n)llpslla; (7)lldr

k+j=n

<Ciln-2p (Y k) [ e a)
0

k+j=n

n2 o ] B B
S Cl (n _ 2)3/4_03_2< Z 7’{:7]) / e 2T(T + a*)n 2d7—.
0

4 k+j=n
Take y = 2(7 + a,) then

2ax

['(n—1).

- —27 n— -1 _2ax o n— e
/o e (1 4 a,)" 2dr < 271e? /0 e (y/2) QdyZQnil

We obtain

Ol Pr-1n(0)|| < L1 Z ViVj- (5.23)

k+j=n
Let ¢(¢) = @ngn(¢). By Lemmas I1.4 and I1.5 we write ¢(¢) = P,2Qn417,(¢). Similar

to the estimate of ¢,(0), we have

0
G4, (0) = — / e A E2 =) (P, — P ) B, (7)dr.

—0o0

Thus,
0
i) < Cn® [ pulla(r)lp oy (o) o
% k+j=n
321 2 . 2
< Cyn® ZC;" ( Z fywj> /_ooe (7] 4 a.)" " dr.
k+j=n
We obtain
0l @n@n(O)| < Loy > A (5.24)
k+j=n
Finally, combine (5.23) and (5.24) along with (2.25) to obtain (5.18). O

We now bootstrap the above estimates to obtain bounds for the asymptotic

expansions solely in terms of £ = (&1, &, . . .) using the weighted norm specified below.
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Definition V.2. Let gy be in Definition IV.1 and (a;,)nen be a sequence of numbers
satisfying
a; >0, «a,>0forn>1 and Zangl/z (5.25)

n=1

Construct the sequence (p,)nen as follows: Let py = 1 and for n > 1 define

o, =min{ pgp; :k+j=nand k,j € N}. (5.26)
Then let
g,x
n = - : 1. 5.2
0< P 1680 m&X{l,Lgm,ClTﬁ/Q} "= ( 7)
Proposition V.5. If >°7° p;||§;ll = 6 < €0/2 then
ef -
S(0) == pslla;(0)] < 20, (5.28)
j=1
St == pllui ()] < 4e™ for >0 (5.29)
j=1
and
SO ZE 3" pllui Q)] < 86e 7R < 4cge ™ for (€ D, (5.30)
j=1

where D is defined by (4.37).

Proof. We will prove by induction that

Y nillgO) <26 and  pullgn(0) < pulléall + 20, for neN.  (5.31)
j=1

Since ¢1(t) = & and p; = 1, then (5.31) holds for n = 1. Suppose (5.31) holds for all

N-1 ~

n < N. Since Sy_1 = Z;V:_ll pillg;(0)]] <26 < go, we have Y """, < 4Sy_1 < 80



by Proposition V.4. By Lemma V.5 followed by (5.27) it follows that

n—1
an3m ~ 2
pullan(O)ll < pull&all + 2222 (3 5,)

n n=1

(80)*

Qp
1660

< pn||§n|| +

< pullénll + 20a, for 1<n<N.

In particular,

pnllan(0)|| < pnllén|l + 20an.

Summing up (5.32) from n =1 to N yields

N N N
> oullan(O)l <> pulléall +26 Y an <6 +6 =25,
n=1 n=1 n=1
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(5.32)

Therefore, by the induction principle, (5.31) is true for all n € N. Consequently (5.28)

holds. Now (5.29) and (5.30) follow from (5.16) and (5.17).

C. Application to the normal form

Let Vi and (R, H)c for n € N be the complexifications of V' and R, H. Define

VE© = {u = (Un)nen : U, € Ve },

Si=RH®DRH®D--- and (SA)C:(RlH)C@(RQH)C@---.

For @ = (up)nen € VE° define

oo
lalle = pallunll,
n=1

where the sequence (p,,)nen is given in Definition V.2. Let

VE={ueVe:|ulls <o} and R*={ue€Sy:|ul, <o}

U
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Define
F(év() - (e*”an(<7£))n€N S V(COO7 C S Dv g S SA;
and

G(ﬁvg) - (e_nCRnQn<C7£))neN S (SA)(C7 C € Dv f € SAa

where the polynomials ¢,((,€) in ¢ are generated by ¢ as defined in (2.27). Using

these notations we can restate Proposition V.5 as

Theorem V.3. If & € R* and ||£||x < €0/2, then F(&,() € V* for all ( € D.

Moreover

I1E(& 0)[« < 2[|¢]]x,
17 )l < 4f&lle™, >0,

and

I1F(& O« < 8||§H*6_Reca ¢eD.

In particular,

IG(E I < 4lélle™, t>0.
First we show a Lipschitz-like property of F'(§,() connected with F'(&,0).

Lemma V.6. Suppose &, x € R* and ||€||, ||x||s < €0/2. Then
IE(E,t) = FOu )l < ePe”|[F(6,0) = F(x,0)]l., =0, (5.33)
and
1760 = FOG Ol < e ™| F(€,0) = F(x, )., ¢ €D, (5:34)
where D is the domain defined by (4.37). Moreover,

1F(E,t) = FOu )l < e EIF(E,0) = F(x, 0)l|., ¢ >0, (5.35)
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and

IF(£,¢) = F(x, Qll« < e B F(E,0) — F(x,0)|l,, ¢€D. (5.36)

Proof. Let ¢,(¢) = qn(¢,€) and p,(¢) = ¢,(¢, x) be the polynomials generated by £
and , respectively. Let u(C) = €7u(C), va(C) = e~ pu(C) and w,(C) = un(C) -

v, (€). Note that u,(¢), v,(¢) and w,(¢) belong to P,z H, by Lemma I1.5. Define

Xa(©) =2 pillui (Ol X = Xa(0),

Yn(g) = ij”Uj(C)Hv Y, = Yn(O),

and
Zn(C) = ijij(C)H, Zy = Zn(0).

According to Theorem V.3 we have for each n € N that
Xo(t),Yo(t) < 2g0e”", >0 (5.37)

and

Xn(Q), Ya(Q) < 4gge™®, (€ D. (5.38)
Subtracting the evolution equations (4.3) for u,, and v, we find that w, satisfies

d

e+ Awn(Q+ 37 {Blu(Q) i)+ By Q) wel<) } =0, ¢ D. (5.39)

k+j=n

Take the inner product of (5.39) with Aw, and apply Lemma II.2 to obtain

%Hwn(t)ll + wn(®)] < Cin®? Z lor @l (T O + llo;(O1]), > 0.
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Hence

d pn01n3/2
P llwa (Ol + pallwn ()] < ———— > pellwr@® (osllws (O] + ol ()]
n k+j=n

> pellwr@I(osllus @)1 + p5llo; )11

k+j=n

A
1660

o 2 Al (sl ]+ oyl )

k+j=n

<

IA

Sum up from n =1 to N and use (5.37). We have

L) + Zn(t) < — Zn 1 (1)(Xna () + Y1 (1)

dt — 32¢
deget et
< In_1(t) < —Zn(t
>~ 3280 N 1( ) =g N( )7
hence
L yeld) < (= —1)Zx(t) (5.40)
dt "NV = Gt NAR ’

Simple estimating the right hand side by (—=7Zy(t)/8) gives
Zn(t) < Zne T3, (5.41)
for all N € N and ¢ > 0. Letting N — oo obtains (5.35). We also have from (5.40)
Zn(t) < Zye 507D < 87 07t N eN. (5.42)

Letting N — oo we obtain (5.33).

We next deal with Z,,(¢) with ¢ € D. First, from (5.39) and Lemma II.2 we have

d ) )
%Hwn(m + 56’9)H + cos O|w, (1o + sele)H

<o 37wl (sl + o)

_ 0"
ket g—n (=To+se



Therefore

d ‘ |
pn%Hwn(TO + Se”’)” + pn cos O)|wy, (10 + Se”’)H

Cin*?p,
< TP ST pullwnl (o3l 4 ol )|
oy, - (=To+se
k+j=n
< gy 2 ol sl o)l

Summing up

d A .
%ZN(TO + 5€) + (cos ) Zn (1o + se™)
1

10
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< —Zn_1(70 + s€) (Xn_1(70 + 5€”) + Yiv_1 (70 + s€”))

- 3250
8506
- 3280

—T19—scosf

6
ZN_l(T(] + se ),
hence

d . )
d—ZN(TO + se) < (47 e e — cos0) Zn (1o + se™?).
s

Using Gronwall’s inequality and then (5.42), we obtain

. —70
Zn (10 + 5€™) < Zn(70) exp{—scos€+ ‘ (1 _e—sc050>}
cos
7 0,1/8 e
< —Tp—S Cos { }
= 4Ne e 4 cos

Proposition IV.2 implies 79 + se? € D C E(gy). Therefore

70 ]

cos > ey lege™™ = 3¢

It follows that

0 —T1p—scosf 1/8 3/4 __ _7/8 —7T0—scos @
Zn (10 + se”) < Zye e/ce’t = e Zye .

(5.43)

(5.44)

(5.45)
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Letting N — oo obtains (5.34). Now, using (5.44) in (5.43) gives

d , 0
L Zn(ro + set?) < =<2

ds ZN(TO + sew),

thus

ZN(TO—i-S@w) < ZN(TO)efiSCOSH < ZNefi(T(H»scosB)’
where we used (5.41) to estimate Zy(7p). Then (5.36) follows taking N — oo. O

We now connect ||¢,(0) — p,(0)]] with ||§; — x|, for j = 1,2,...,n under the

same conditions as in Lemma V.6.

Lemma V.7. Suppose &, x € R* and ||€||x, || x|lx < €0/2. Let () = ¢.(¢) — pn(Q),

where ¢u(C) = qn(¢, &) and pa(C) = qu(¢, x). Then
pullrn(Oll < €*nZ,C3 (¢ +a.)"", (eC (5.46)

and

867/850 L3,n

n

where Z, =35, pillra(0)|, the constants Co and a. are defined in Definition II1.1.

Proof. Using the same notations as in Lemma V.6, we have
palle™ " Vor, (Ol < €72, (€D,

by (5.45) and the fact that w,(¢) = e 7, (), for n > 1. Applying Proposition II1.3,
as in the proof of Lemma V.1, we obtain (5.46). From (2.24) we derive an evolution

equation for r,, analogous to (5.39) expressed as

i7"71(t) + (A —n)r,(t) + Z B(rg(t),p;(t)) + B(g;(t),ri(t)) =0, t>0. (5.48)

dt ;
k+j=n

Estimate as in the proof of Lemma V.5 writing r,, = 7, + R,,r, +7, where 7, = P, o1,
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and 7, = P,2Q,117,. Thus,
#.(0) = / eUmBap L $ {B(rk(T), p;(r)) + Blg;(7), rk(f))}df
0 k+j=n
and applying Lemma II.2 gives
nlln(Oll < Csn =2 [ e 3 Lpullneln)llos (7] + oy las(I) Y
0 k+j=n
Using (5.46) and following the calculations in the proof of Lemma V.5, we have

n—1
Uann(O)H S Ll,ne7/SZn Z(:Yj,f + ;)//j,x) S 867/850L1,nZna
j=1

where ;. and 7;, for j € N are defined in Proposition V.4 with u? = ¢;(0) and

u) = p;(0), respectively. Similarly,
|7 (0)]] < 8e™Pe0 Lo Zn.

Therefore,

67/850 LS,n

8
lrn O) < [€n = Xall + Zy.

n

g

We finish by proving that F(§,() and G(&,() are Lipschitz continuous in &,

uniformly for ( € D.

Theorem V.4. Let £, x € R* and ||€||. < €0/2, || x|« < €0/2, then

1£(€,0) = F(x, 0)l[ < 4l1€ = xlls, (5.49)

||G(€7t) - G(X7t)||* < ||F(£vt) - F(th)H* < 461/86_t||€ - XH*? t> 07 (550)
||G(£7C) - G<X7 <)||* < ||F<§7 g) - F(X7C>H* < 467/86_Re<||€ - XH*7 C €D. (551)

Proof. We adopt notations used in the previous two lemmas. Since r,(0) = w,(0),
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then summing up (5.47) for N > 1 gives

N N N s,
n=1 an 27/18 .
< ;Pann — Xnl + TZN;O‘”
- 3

Therefore Zy < 43N pullén — xull. Letting N — oo, we obtain (5.49). We then

apply Lemma V.6 to obtain (5.50) and (5.51). O
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CHAPTER VI

ASYMPTOTIC ANALYSIS OF THE HELICITY
In this chapter, we study the behavior of the helicity H(t) = (Tu(t),u(t)) and its
related quantity J(t) = (T?u(t), Tu(t)) for time ¢ — oo. For u’ € R, these two

satisfy the equation (see (2.14))

1dH(t)
——=+ J(t)=0. 6.1
LS 0 (6.
This resembles the energy relation (2.13) connecting |Tu(t)[* and |u(t)]>. We will
find the analogues of the relations (2.17) for J(¢)/H(t) and H(t). The asymptotic

behavior of H(t) and J(t) as t — oo will also be described.

A. The asymptotic expansion of the helicity

We will derive the asymptotic expansion of the helicity H(t). This can be easily seen
as a formal expansion of (T'u(t),u(t)) based on the expansion (2.18) of wu(t):

(Tu(t),u(t)) ~ > e Y (T, q).

j>1 k=3
In fact, this formal computation is proved to be valid in the rigorous sense of Definition
I1.2. According to Definition II.2, we can say from (2.19) and (2.20) that the regular
solution u(t) to (2.12) has a unique asymptotic expansion
u(t) ~ Z gj(t)e™ " in H™(Q) for m =0,1,2,... (6.2)

j=1

By virtue of Lemma I1.7, the asymptotic expansions of Tw and T?u are calculated by

applying T" and, respectively, T2 to (6.2) term by term.

Lemma VI.1. Let u(t) be a reqular solution of (2.12) with the asymptotic expansion
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(6.2). Then Tu(t) and T?u(t) have the asymptotic expansions

Tu(t) ~ Y Ta;(t)e™ (6.3)
j=1
and, respectively,
T2u(t) ~ 3 T2g,(0)e " (6.4)
j=1

in all H™(Q) form =0,1,2, ...
Lemma I1.8 allows us to easily find the asymptotic expansions of H (t) and J(t).

Corollary VI.1. Let u(t) be a reqular solution of (2.12) with the asymptotic expan-
sion (6.2). Then the helicity H(t) and J(t) have the following asymptotic expansions
H(t) = (Tu(t),u(t)) ~ > ¢u(t)e™,  where ¢o(t) = > (Tq;(t),a(t)), (6.5)
jHl=n
and, respectively,
J(t) = (T*u(t), Tu(t)) ~ Y du(t)e™,  where ¥, (t) = Y (T4 (1), Ta(1)).

j+l=n
(6.6)

Proof. Apply Lemma I1.8 with X =Y = L?*(Q0), and Z = R and the use of (6.2) as

well as Lemma VI.1 for individual expansions of u(t), Tu(t) and T?u(t). d

So far we have obtained the asymptotic expansions (6.5) and (6.6) of H(t) and
J(t), respectively. The functions H(¢) and J(t) are connected by Equation (6.1). The
corresponding connection between ¢,, and ,, in those asymptotic expansions is given

in the following.

Lemma VI.2. For alln € N andt > 0,

¢In(t) — ndu(t) + 29, (t) = 0. (6.7)
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Proof. Taking the derivative of ¢, (t), we obtain

)= > Tamd)+ D> Tdwa)= D> Tamdi)+ > (g Tar)

m-t+k=n m-+k=n m-+t+k=n m-+k=n
=2 > (Tqm,qi) =—2 Y (Tqwm.Tqx — kgi + Bi)  (by (2.24))
m-+k=n m—+k=n
=2 > (Tqm, ) +2 > (Tam kar) =2 > (Tm, Bi).
m-+k=n m+k=n m-+k=n

The first sum is —21),,. The second sum is

> Tam k) + (Tar,man) = Y (Tam, (m+k)g) =n D> (T, ) = ndn.

m+k=n m+k=n ma-k=n

The third sum can be written as

-9 Z <Tqm7ﬂk>:—2 Z <TQW7B(Qj’QZ)>

m-+k=n m~+j+l=n
m~+j+l=n
=— > {am: T(B(gj, @) + Blq, ;)
m~+j+l=n
= > (g B(Tqj,q) + B(Tai,q;) — Bg;,Tar) — B(a, Tqy))
m~+j+l=n
m+j+l=n m~+j+l=n

We have from (2.9)

2 > Agm: B(Tgja)) = Y {am: B(Tgja)) + Y (@, B(Tqj,qm)) =0.

m~+j+l=n m+j+l=n m~+j+l=n
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On the other hand,

2 > gm B(@;,Ta) =2 > (Tq;, Blanam)) =2 > (Tqm, Blgj, )

m+j+l=n m+j+l=n m~+j+l=n

=2 Y (T4, )

m+k=n
Therefore, =23 .\ (Tqm,Bk) = 2, pen{T'qm, Br), and hence it is zero. Thus,

¢l, = no, — 21, and this proves (6.7). O

The behavior of ¢, (t) and 1,(t) for large times ¢ is constrained by Lemma VI.2

and the fact that those functions are polynomials. Indeed we also have the following.

Lemma VI.3. For each n € N, either
i) ¢n and 1, are identically zero, or
i) ¢n and V¥, are eventually nonzero.
In the second case,

nlt) 1 (6.8)

o Gu(t) 2

Proof. In the case ¢, is identically zero, so is v, by the virtue of (6.7), hence (7)

holds. If ¢, is not identically zero, since it is a polynomial, we have that deg ¢] <
deg ¢,,. Hence ¢!, — n¢,, is not identically zero and due to (6.7), neither is 1,,. Since
both ¢, and 1, are polynomials, it follows that for all large enough t, say, t > to,

Pn(t) # 0 and ¢, (t) # 0; this proves (ii). Moreover, for t > t,, we have

P 0¥
G2t =0, (6.9)

where the first term goes to zero as t — oco. Clearly, (6.9) now implies (6.8). O
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B. The dichotomy of the helicity’s asymptotic behavior

Based on the asymptotic expansions (6.5) of the helicity H(t) we first consider the
case when the asymptotic expansion (6.5) is not identically zero, that is when at least
one of the polynomials ¢, (t) (n = 1,2,3,..) is not identically zero. In this case, let
N be the smallest n € N such that the polynomial ¢,(t) is not identically zero. By
Lemma VI.3, this number N is also the smallest n € N such that the polynomial
¥, (t) in the asymptotic expansion (6.6) of J(t) is not identically zero. Hence, we

have

on(t) =1p(t) =0 for1<n <N, o¢n(t)#Z0 and ¢Yy(t) Z0. (6.10)

The asymptotic expansions (6.5) and (6.6) of H(t) and, respectively, J(t) now become
H(t) = opn(t)e ™M + 0(e= NI J(t) = ¢y (t)e ™ + O(e” N+, (6.11)

for some € > 0. Therefore

lim M = lim () = g

, 6.12
t—o00 (t) t—o00 ¢N(t) ( )
by (6.8). Thus, if we denote d = deg ¢n(t), then d = deg 1y (t) and from (6.11), we

have

H(t t
tlilgo tdesfg” and tliglo tde(—f)\” exist and are nonzero. (6.13)

A priori, it may happen that the limit number N/2 is not an integer and hence
is not an eigenvalue of A. However, a more careful analysis will restrict the value
N/2 to integers only. Using the results from Section F of Chapter II, we have the

following supplementary property of the expansions (6.5) and (6.6).

Lemma VI1.4. For odd numbers n, the polynomials ¢,, and 1, are identically zero.
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Proof. Suppose that n is odd, consider ¢, = >, (Tq;, q). For each term of the
sum, Lemma II.4 implies that ¢ € F;, ¢; € F; and hence T'¢; € F; by the virtue of
Property (c) after Definition II.1. Since j+1 = n is odd or equivalently j # [(mod 2),
Property (e) after Definition II.1 yields (T'¢;, ¢;) = 0. It follows that ¢, = 0. A similar

argument applies to the polynomials v,,. ]
The preceding lemma has the following direct consequence.

Corollary VI.2. The integer N in (6.10) is even.
We can sum up the discussions above as follows.

Proposition VI.1. Let u(t) be a reqular solution of (2.12) such that its helicity H(t)

has a nonzero asymptotic expansion. Then there exist integers d > 0 and hg > 0 such

that
. J(t)
and
H(t 2hot
tlim ( t)de exists and is nonzero. (6.15)

Proof. Set N = 2hq in (6.10), then (6.14) coincides with (6.12), while (6.15) is already
contained in (6.13). Finally, the fact that hg is an integer was established in Corollary
VI.2. O

When the helicity has identically zero asymptotic expansion, it turns out to be
the zero function thanks to its large analytic domain and the very fast decay along

the positive real axis.
Proposition VI.2. Let u(t),t € [0,00), be a regular solution of (2.12). Then the
asymptotic expansion (6.5) of its helicity H(t) = (Tu(t),u(t)) is identically zero if

and only if H(t) is identically zero.
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Proof. We prove the necessary condition. Assume that u(t) # 0 for all ¢ > 0. Suppose
all polynomials ¢,(t) in the asymptotic expansion (6.5) of the helicity are identically

zero. This implies that
H(t) = o(e™™) as t — oo, for all n € N. (6.16)

Let H(¢),( € D, be the analytic extension of the real helicity H(t),t > 0. More
precisely, if

u(C) = u1(¢) +iua(C), wi(C),u2(¢) €V, (€D,

then

H(C) = (Tur(€), ur (€)= (Tu2(C), ua () +il{Tur (C), ua(C)) +(Tua(C), ua (€))]. (6.17)

Let ty > 0 such that ||u(ty)]] < (8(200)1/4)_1. By Proposition III.1, H(() is analytic
in an open set

{to+¢, (€ D(c,1/8)},

where

¢ = (4v/2(2c0) M fulto) ) = V2.

It follows that H(t, + () is bounded and analytic in D(v/2,1/8), and satisfies
tlim e H(t +ty)| =0,

for all n > 0. By Corollary I11.2, we have H(t) = 0 for all ¢ > t,. Hence H(t) = 0 for
all ¢ > 0 by its analyticity on an open set containing (0, 00) (see Proposition I11.2).

The continuity of H(¢) at ¢t = 0 implies H(0) = 0. O
We combine Propositions VI.1 and VI.2 to the following theorem.

Theorem VI.1. The helicity H(t) of a regular solution to (2.12) is either
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i) eventually nonzero and decaying when t goes to infinity as te=2"t where d > 0

and hg > 0 are integers depending on the solution and

imﬂ: X
th 0 ho; (6.18)

or

ii) identically zero.

Definition VI.1. By virtue of Theorem VI.1, we can write R = Ro U Ry, where
RoNRy =0, Ry is the set of all data in R such that the helicity is identically zero
for all times, and R; is the set of the data in R such that the helicity is eventually
nonzero. Note that Ry and R, are invariant in the following sense. A subset S of R
is called invariant if for any u° € S, the regular solution u(t) of (2.12) stays in S for

all time ¢ > 0.

C. On the flows with zero helicity

In this section, we will prove that the set Rq of all initial data in R for which the
solutions have identically zero helicity is a closed, rich but nowhere dense subset of

R endowed with the topology of V.

Theorem VI.2. Ry is open in V and dense in R, while Rq is closed and consists of

an infinite union of invariant closed linear manifolds of infinite dimensions.

Proof. First, let us recall that

R is open in V. (6.19)

The reason is that for any u® € R, we know that [|u(t)| = O(e ™) as t — oo for
some ng > 0. Therefore [ |Ju(t)||*dt < oo, and hence, there is a neighborhood of u°

in V' which is also a subset of R (see, for example, [25]).
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We now show that R is closed in R. Suppose that u° € R and there is a
sequence (u2),en in R such that lim, o ||[ul — u®]] = 0. Let u(t) and u,(t) be the

regular solutions to (2.12) with initial data u® and, respectively, u

. Again, in our

case of potential forces,

/OOO u(t) | dt < oo. (6.20)

For large n, the norm difference [|u® — u°|| is so small that we have (cf. [25])
lun(t) = (O] < [y —u®[le™M12M DMz,
for some constants M (u®), My, My > 0 independent of n. Thus for each ¢ > 0,

lim [|un(t) — u(t)]] = 0.

n—oo

Since u¥ € Ro, (Tuy,(t), u,(t)) = 0 for all t > 0. For each t > 0,

H(t) = (Tu(t), u(t)) = lim (Tun(t), un(t)) = 0.

n—oo

This implies that u° € Ry, and hence Ry is closed in R. Since Ry is closed in R, its
complement R; is open in R and hence (due to (6.19)) in V.

We next prove that R is dense in R. Given u® € Ry, the corresponding solution
u(t) of (2.12) satisfies (T'u(t),u(t)) = 0 for all ¢ > 0, in particular, (Tu® u®) = 0. If
u’ = 0, we can take u? = evy where ¢ > 0 and Tvy = pvy # 0 with some p € o(T)
(see Lemma IL.1). The solution of (2.12) with initial condition u? is u.(t) = et
The helicity is

HL(1) = (Tuc(t), uc(t)) = epluo[?e " 0.

Hence u? € Ry and ||u? — u®|| = ||[ul|| = €||vg|| which goes to zero as e goes to zero.
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In the case when u” # 0, then u°(z) has the Fourier series

1

= — [ u(2)e*dx
13
Q

u’(x) ~ E age™ €V, where ay
kez3

and there is k° € Z? \ {0} such that az # 0. Given ¢ > 0, consider the perturbed
initial condition

ul(z) = u’(z) + (beiko'z + b*e’iko'z),

where b = b(g) = b' + ib* with b',b* € R? specified later satisfying k° - b = 0. By
denoting a}, = (ax + a})/2 and a? = (ax — a})/2i for all k € Z3, from Formula (2.48)

for the helicity, we infer that

H.(0) = (Tul,ud) =2L° > k-(aj x a}) + ALK - (apo + ') x (afo + b?)

kKO, — kO
= (Tu®,u®) +4L%K? - (ajo x b* + b x ajo +b' x b?)

— AP - (ale X B2 4 b X aZo + bY x B?).
If a}, # 0, we choose b' = 0 and b* = ek® x aj,. Then |b] = e|k®|ag| < elk®|]ago],
CL%/,() X b2 + bl X azo + bl X b2 = a,lqo X b2 = 8k0|a}co|2 — Clio(ko . CL]i,o) = €k50|a]1€0|2

and

H_(0) = 4L%¢|k°|?|azo|? # 0.
If a;, = 0, we must have aj, # 0, and consequently we can choose b* = 0 and
b' = ek x a3,. Then |b] = |k°||aZ,| < e]k°||ako],

apo X B> + b x ajo + b x b* = b x ajo = —ek|ajo|?

and

H_(0) = —4L%|k°*|ajo|* # 0.
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Therefore, in both cases (i.e., regardless if aio is zero or not), we have
H.(0)#0 and |b| <elk®|ago| for all € > 0. (6.21)
Moreover, for the difference between the two initial conditions we have
ul —u®|? < 2L3|K°1|b* < 22%k°|*|apo]®* — 0 ase — 0. (6.22)

From (6.19) and (6.22), we have u? € R for ¢ is small enough, hence the corresponding
perturbed solution u.(t) exists for all time ¢ > 0 and the first property in (6.21) shows
that u? € R;. We have proved that in any neighborhood (in V) of u® € Ry, there
exists some ug € R, therefore R is a dense subset of R.

To complete our proof we must show that Ry contains many infinite dimensional
invariant linear manifolds. We will present three different types of such manifolds.
Our first example is the class of 2D solutions to the 3D Navier—Stokes equations. We
define

Mg ={ueViu@) ~ ) ae® a e CxCx{0}}, (6.23)
kEZXZx{0}

where Z xZx {0} = {(k1,k2,0)/k1, ks € Z} and CxCx {0} = {(21, 22,0) /21, 20 € C}.
From the theory of 2D Navier-Stokes equations, for u’ € M33 the corresponding
regular solution wu(t) exists for all time ¢ > 0 and belongs to M%IQ) , hence M%g is
invariant. Note that in this case Tu(x,t) € Res which is orthogonal to u(z,t) €

(Rey + Rey) as vectors in R3. Therefore,
H(t) = / Tu(x,t)-u(z,t)de =0, t>0,
Q

and hence Mf’é C Ro. We can also equally define the other two similar manifolds,
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namely,
M ={ueViu@)~ Y ™ a€Cx {0} xC} (6.24)
keZx{0}xXZ
and
M3E ={u e Viu(z) ~ Z are™*, a, € {0} x C x C}. (6.25)
ke{0}xZxZ

Then M35 and M35 are invariant submanifolds of R.
The second example is an extension of the family of manifolds given in Remark 7
of [7]. Let @ be a vector in R3 such that its orthogonal plane has nontrivial intersection

with Z3, this means

at:={kecZk-a=0}+#{0}.

Define the linear manifold M;. in V as

Mg ={ueV:ux)~ Z are™®*, ay, is (complex) colinear to @, for all k € a*}.
keat

(6.26)

For u® € Mgi, u(t) = e’ belongs to Mgz for all t € [0,00) and solves the

linearized Navier—Stokes equations

d
M Au=0 t>0,
dt (6.27)

uw(0) =u’ € V.
as well as the Navier-Stokes equations (2.12) (the nonlinear term B(u,u) vanishes
according to Remark I1.2). Also, in view of Remark I1.1, (Tw,u) = 0 for all u € M.,
hence H(t) = (Tu(t),u(t)) = 0 for all t > 0. Therefore, u® € Ry and M. is an

invariant linear manifold in Ry. Ul

Before moving on to the next manifold, let us state a simple lemma on closed

linear subspaces of H and invariant sets (see Definition VI.1).
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Lemma VL.5. Let X be a closed linear subspace of H such that P,u € X for all
u€ X, n €N, where P, = Ri+Ro+---+ R, and Au, B(u,u) € X for allu € XNV.

Then X N'R is tnvariant.

Proof. Let u° be the initial condition in X NR and u(t) be the corresponding regular
solution. For each n € N, we consider the Galerkin approximation of the Navier—
Stokes equations on the finite dimensional subspace P, X C V with initial condition
P’ € P,X. Since Av, P,B(v,v) € P,X for v € P, X, this approximation problem
has a unique solution w,(t) € P,X, t € [0,T], for some T" > 0. From the theory of

the Navier-Stokes equations, there is a subsequence {u,} such that

lim w,(t) = u(t) in H for all most every ¢ € (0,7). (6.28)

n/—oo

Since X is closed in H, we have u(t) € X for all most every t € (0,7"). By the strong
continuity (in H) of the regular solution, u(t) € X for all ¢ € [0,T). Because u(t) is

a global solution, we can take T = oo. 0

Proof of Proposition VI.2 (continued). The last manifold we present in this proof is

the one formed by anti-symmetric (odd) functions u € V. Namely, define

Hogq = {u € H;u(—z) = —u(z), ae. in R*} (6.29)

={ueH;unr~ Z are™*, a;, € iR? for all k € Z3}.
kez3

For each u € H,qq NV, using (2.43)-(2.46) one can verify that Au, B(u,u) € Hygq. 1t
is also clear from (6.29) that H,4y is a closed linear subspace of H and P,u € H,uq

for all n € N,u € H,qq. By the virtue of Lemma V1.5, we have
H,zq N'R is invariant. (6.30)

Moreover, if u € Hy3qNV, then it follows from (6.29) and Remark II.1 that (Tu, u) =



93

0. Therefore, due to (6.30),
H,;uN'R CRy. (631)

Also, it is well-known that for § > 0 small enough and ||u°|| < ¢, the solution wu(t)
exists for all times ¢ > 0 and d||u(t)]|?/dt < 0 for t > 0. Therefore, ||u(t)||* < [|u°]* <
62, for t > 0 and hence M° = {u € V : ||u]| < 4} is invariant. Together with
Properties (6.30) and (6.31) we infer that MS,, = H,4q N M? is a subset of Ry and

invariant. O

Remark VI.1. The manifolds M?5, M35, M35 and M;. above are closed linear
subspaces of V', while M, is only a portion of the closed linear subspace V N H,qq.

Clearly, these manifolds are of infinite dimension.

D. Rates of exponential decay of the helicity

In this section we will discuss in more details the possible values that IV, hy and d
(see Proposition VI.1) can take. This will give a clearer picture of the difference
between the asymptotic behavior of the helicity and that of the energy of the flow.
Recall that the helicity H(t) = (T'u(t),u(t)) has the asymptotic expansion (6.5). We
consider the case when one of the polynomials ¢, (¢) in this expansion is not identically
zero. The previously obtained asymptotic properties of H(t) = (Tu(t),u(t)) and
J(t) = (T?u(t), Tu(t)) in this case are summarized in Proposition VI.1. We start

with comparing the limits

= lim & in im ()1 =ng €0 in
ho_t1—>oo ) (6.14), tl_m u(t)]? 0 € 0(A) in (2.17)

and

H(t
a = lim ( >2.
t—oo |u(t)]
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The last limit exists due to the asymptotic expansions of the helicity and energy and

its value is related to the normalization map W (u°) (see Chapter II).

Proposition VI.3. Let u® € R\ {0} and u(t) be the corresponding regular solution
and ny be defined as in (2.17). Then

a = lim Hi = . (6.32)

£) _ (TWay (u?), W, (u”))
t=oo |u(t)[? |[Wao (u®)]?

Proof. From the general asymptotic expansion (6.2) of u(t) and specific properties
(2.17), (2.23) we know that u(t) has the following asymptotic expansion in H™(£2)

form=20,1,2,...
w(t) ~ Wiy (u®)e ™! 4 gy 41 (H)e™ M4 where W, (u°) € Ry, H \ {0}. (6.33)

This implies that
u(t) = Wi, (u®)e™™! + O(e~"0+9)) in H, for some & > 0, (6.34)

and

U = (W (1) P20 4 O oo, (6.35)

By the asymptotic expansion (6.5) of the helicity H(t) = (Tu(t),u(t)) and possibly

some adjustment in the values of ¢ > 0 appearing in (6.33) and (6.34), we have
(Tu(t),u(t)) = (TW (u®), Wy (u”))e 20" + O e Brotelty, (6.36)

Therefore,
iy ALu(®) u()) (T Wag (u?), Wy (u?))

11m =
t=oo Ju(t)[? W (u?)[?

This completes our proof. O
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We notice that

(H®O] _ [Tu@®fu@)] _ [lu)]l
lu@®) = Ju(®)? Ju(t)]

Hence |a| < /ng € o(T). In the sequel, we will present some samples of solutions

— /Ny ast— oo.

with different relations between the limits hg, ng and a.
The first example will show that ng and hy can be any eigenvalue of A while «

can attain the eigenvalues 4+,/ng of T.

Example VI.1. Let n € 0(A). Using Lemma II.1, we can find 9. € R,H \ {0} such

that Tu%. = +y/nu.. By (2.8) one has B(u%,u}) = 0 and the solution to (2.12) is

Therefore
s () = el [’ [lus(t)]]* = ne™" g,
H*(t) = (Tui(t), us(t)) = £v/ne " (ul, ul) = £v/nfus (t)
and
JE(t) = (T?us(t), Tus(t)) = £ny/ne 2" (ul, ul) = nH=(t).
Hence the corresponding limits ni, hE and a® above are given by ne* = ho* =n €
o(A) and oF = £/n = £v/ne* € o(T). O

Moreover, the following theorem describes all the possible values of a.

Theorem VI.3. Let v’ € R\ {0} and let u(t) be the regular solution of (2.12) and
let ng be defined by (2.17) then

tlg&% =a and «a€ [—+/ng, /nol (6.37)

Moreover, for any n € o(A) these limits « cover [—+/n, \/n].
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Proof. Let u®,u(t),ng be as in Theorem VI.3. By Proposition VI.3, we have

L H() _ (IW (). W, ()
“= B TP W@ (6:38)

Note that,

[(TW, (). Wiy (uOD] _ [TWo () [Woy (00)] _ [Weya®)] _ -
W@ = WP W @) V™

since W, (u®) € R, H. Hence o € [—/ng, /To)-
We now fix n € o(A) and o € [—/n,/n]. Let k € Z3 satisfy |k|> = n. Let aj,
and a2 be two real vectors in the plane perpendicular to k such that |a}| = |a2| # 0.

Moreover, since o' //n € [—1,1], we can adjust the angle between a}, and af to have
&/
ke (ai x i) = —=kllallai] = of|a .

Set ar, = aj, + ia} and v = ape™™® + afe”™**. Note that v’ € R,H and that
B(u°,u%) = 0, by Remark II.2. Therefore the solution of the Navier-Stokes equations

(2.12) in this case is

By (2.48), the quotient between the helicity and the energy is

H(t) (Tu®, u®) B 43k - (a) x a2) B 403 |a}|? o
|u(t)[? WO 203w ALPq?

Letting t — oo gives a = /. O

Remark VI.2. Let ny and N be defined in (2.17) and (6.10), respectively. The
asymptotic expansion (6.36) of the helicity shows that N > 2nq. From the proof of
Proposition VI.1, the limit hy = lim;_,o, J(t)/H(t) is exactly N/2, hence hy > ng. On
the other hand, if hy = ny we have N = 2ny and therefore in the expansion (6.36),

(TWpo (u®), Wy (u®)) # 0. Then (6.32) implies that o # 0.
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The next example shows that there are initial data u° for which the limits hg are

no more in the spectrum of A although we always have ng € o(A).

Example VI.2. There is u® € R such that the corresponding limit hg in (6.14) is 7

which does not belong to the spectrum of A.
Proof. Part 1. We choose & € RyH and & € Rs;H such that |{4| and |&5| are very

small satisfying

(T€4,84) =0=(T&5,85) and  (T&, B(&5,65)) # 0. (6.39)

A concrete choice of such & and & will be given in Part II of this proof. Let £ =
(0,0,0,&4,&5,0,0,...,0) € T114S4. Since € is small, (2.22) implies that & = TT;,W (u°)

for some u® € R. Trivial calculations using (2.26) and (2.27) yield

q1 = 07 ﬁl = 52 = 07 q2 = 07 53 = OJ q3 = 07 B4 = 07 (640)
qq = 547 65 = 07 q5 = 557 66 = 07 (641)
=0, /=0, ¢=0 (6.42)

By Lemma VI.4, for odd integers n, the polynomials ¢,, in the asymptotic expansion
(6.5) of H(t) are identically zero. Concerning the polynomials ¢,, for even n, from

(6.40)-(6.42) we easily obtain that

P2 = ¢ps = ¢ = 0, (6.43)

as well as

¢s = (Tqu,qa) +2 D (Tqrq) = (Tqs,qa) = (T&, &) =0, (6.44)
k<d k=8

610 = (Tg5,45) + 2(Tau,q6) +2 Y (Tar,a) = (Tg5,45) = (T5,5) = 0, (6.45)

k<4,k+1=10
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where we also used the condition (6.39). Since & € R,H, the Fourier expansion

(2.40) of u = & is &u(x) = s are’®®. Therefore, by (2.44), we have

() = B(as, ga) = B(64,&4) = > Bue™”,

where the summation is over all m = k + k' for k, k' € Z3,|k| = |K/| = 2,k # K.
Moreover, for each k as of above, Remark I1.2 implies that Qo = Bor = 0. Therefore,

B,, # 0 only if m belongs to the set

E={k+k kK cZ’|kl=|K|=2k+# £k}
= {(€2,€'2,0), (0,€2,€2),(2,0,€'2);¢,¢ =1, —1}.
Thus Bs(z) = >.,.cp Bne™" and |m|* = 8 for each m € F, hence 5 € RsH and

gs(t) = —tfs, by (2.27). Because ¢4 € R4H and g5 € RgH , ¢12 = 2(T'qq,qs) = 0.

From the relations (2.26), (2.27) and (2.28) one can readily infer that

B9 = B(gs, 1) + B(as, 45), (6.46)
g9(t) = —tRyfy — [(A = 9)(I = Ry)] (I — Ry)Bs, (6.47)
Bro = B(gs,a5) = B(&, &), (6.48)
quo(t) = —tRiBo — [(A = 10)(I = Rao)]™' (I = Ruo) o, (6.49)
and consequently
¢11 = 2(T'q5, 49) + 2(Tq4, qr0), (6.50)

by (6.5). Now, using (6.47),(6.46), (2.28) and (2.11), we obtain

(Tgs,99) = (T&s, —[(A = 9)(I — Ro)|"' (I — Ro)0y)
= (T, ~[(A = 9)(I — Ro)] (I — Ro)gs) = (T, o)

= {76, B(Es, &) + B&, &) = ~ (T, B(E, &)
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and similarly,

(T'qa, r0) = (T, —[(A — 10)(I = Ro)] " (I = Ri0) o)

= {76, o) = {76, B(6, ).
Thus (6.50) finally gives us
1 1 1
P14 = 2(—1 + 6)<T§4, B(&, &) = —6<T§4, B(&, &),

which is not zero by our condition (6.39). We conclude that the number N identified

J(t
in (6.10) is 14 and it follows from (6.12) that hy = tlim %t)) = N/2 = 7 which is not

an eigenvalue of the Stokes operator A.

Part II. Fix € > 0, let ky = (0,2,0), ax, = £(1,0,0) and define
& = ap, (e™T 4 ey € RyH. (6.51)
We choose m; = (2,1,0), my = (—2,1,0), b, =&(—1,2,0), by, = (0,0,1) and let
€5 = by, (™7 4 7MY 4 by, (7 4 o7 2 T) € Ry H. (6.52)
Since the Fourier coefficients ag,, by, , b, belong to R?, we have

(T€4,64) = 0=(T&5,&5), (6.53)

due to Remark II.1. It is also obvious that |£4| and |£5| can be made as small as nec-
essary in Part I by choosing € > 0 suitably small. By writing B(&5,&5) = Y B,e™*
and using (2.47) for u = &4 and v = B(&;,&5) we obtain

(T4, B(&5,&5)) = 2L Reli(ky x ay,) - By,]. (6.54)
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Note that m; + mg = k1 and by (2.45) and (2.46)

Qr, - k1
Bkl = le - Wk17
where
Qk‘l = Z[(bml ’ m2)bm2 + (bmz ’ ml)bml]'

Therefore,

(T'&4, B(&5,&5)) = 2L3Re[z’(k1 X g, ) - Q?;]

- 2L3<k1 X ak1) ’ [(bml 'm2)bm2 + (me 'ml)bml]'

Finally, we have k; x ax, = —2¢(0,0, 1), and consequently also

(T€4, B(&5,65)) = —4L%%(—1,2,0) - (=2,1,0) = —16L%".

Hence (T'¢4, B(&5,&5)) is not zero. With this and (6.53), we conclude that &, and &5

specified in (6.51) and, respectively, (6.52) also satisfy Condition (6.39). O

As far as the asymptotic behaviors (as t — oo) of J(t), H(t) and |u(t)|* are
concerned in the case u’ € Ry, we know from (6.14) of Proposition VI.1 that those
of H(t) and J(t) are essentially the same. Also in the case when the limit « in (6.37)
is not zero, the same is true for the asymptotic behaviors of the helicity H(¢) and the
energy |u(t)]?. We will pay more attention to the case o = 0, for u® € Ry. We recall
from (2.17) and (6.15) that as t — oo, |u(t)|* behaves like e 2™! where ny € o(A)
while H(t) behaves like t?e~2"!, Example VI.2 shows that we can find u® € R, such
that limy ., H(t)e?! exists and is not zero, whereas hg = 7 € o(A). This means

that the exponents in the exponential decay of H(t) and |u(t)|?

are quite different.
The next example shows that the difference goes farther than that. More precisely,

the degree d in (6.15) can be positive.



101

Example VI.3. There is u® € R such that lim; .., H(¢)t 'e* exists and is not zero,

ie,d=1>0.

Proof. Part I. We choose & € R1H and & € Ry H satisfying the following conditions

(T€:1,6) =0 and (T'B(&,&), B(&1,61)) =0, (6.55)
(T€2,&) =0, (6.56)

and
(T&2, B(&1,&1)) # 0. (6.57)

We again will explicitly specify such & and & in the second part of this proof. By
scaling &; and &, we can assume in addition to Conditions (6.55), (6.56) and (6.57)
that |&;] and |&| are small enough in order that £ = (£;,&,,0,0) € 11,54 should be
in ILW(R) (see Property (2.22)). Then ¢ = II,WW (u°) for some v’ € R. Let u(t)

0. The first three polynomials g, (t)

be the regular solution with the initial data
in the asymptotic expansions (2.18) and (6.2) of u(t) are calculated below by using

(2.26)-(2.28).

@1 =&, Bo=Blq,q) = B(&,6) € RoH, (6.58)
g2 =& — 102 € RoH, (6.59)
Bs = B(q1,q2) + B(q2, 1) = B(&1,& — t62) + B(&2 — 32, &1) (6.60)

= B(&,&) + B(&,&) — t[B(&1, B2) + B(B2,&)] = By + t53,

where

By = B(&,&) + B(&,&)  and By = —[B(&1, B2) + B(B2, &), (6.61)
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and

w=- Rafh(r)dr—[(A=3)(I~Fa)| (I~ Ra) (--45})+ [ A=3) (I~ Ra)| (IR}

(6.62)
By Lemma VI.4, in the asymptotic expansion (6.5) of H(t) we have
¢1=¢3=0. (6.63)
Condition (6.55) implies that
¢2 = (T'q1, 1) = (T'€1, &) = 0. (6.64)
The next polynomial in this expansion is
¢s=2(T'q1,q3) + (T'q2, G2)- (6.65)

Using (6.59) and Conditions (6.55) and (6.56), we have

(Tqs, q2) = (T(&a — t3a), & — t0a) = (T2, &) — 26{T&, Bo) + t*(TBa, Ba)
= —2t(T¢&y, Ba).

On the other hand, thanks to (6.62) and (2.28), one obtains

(Tqr,q35) = —(Tqu, [(A = 3)(I — Rs)] "' (I — Rs)(03 + t05))
+ (Tq1, [(A—3)(I — R3)]*(I — R3)P3)
= 1/2(Tq1, B3 + t03) + 1/4Tq1, Bs)

= (Tq1,33)/2 + (Tar, B3) /4 + (T, B) /2.

Thus, (6.65) becomes

b = (Tq1, 33) + 1/2(Tqy, B3) + t|{Tqr, B3) — 2(T&, Ba) |
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By using (6.61) and the identity (2.11),

<TQ1,5§> = _<T£17B(€1752) + B(ﬁz;&» = <Tﬁ27B<€17€1)> = <T52>ﬁ2> =0,

by Condition (6.55). Therefore

¢4 = <Tq17 ﬂg) - 2t<T€27 62>7

where (T&,, B2) # 0 by Condition (6.57). Hence, according to (6.10) and (6.13), we
have N = 4 and lim,_., H(t)t"%e™! exists and is nonzero where d = deg ¢4 = 1.

Note. In fact, we have ¢pq = —(1 + 2t)(T&s, B2), for, again by (6.61) and (2.11),

(Tq1, B3) = (T¢1, B(&1,&) + B(&,&1)) = —(Té, B(&1,61)) = —(T&, (a).

Part II. (A selection of & and & satisfying Conditions (6.55), (6.56) and (6.57)).
Let & be defined by

51 _ aeik.x + a*e—ik.m + beik’.x + b*e—ik’-x c RlH, (666)
where
k=e =(1,0,0), a=ey=1(0,1,0),
k/:egz(O,l,O), b:€1+63:(1,0,1>,

and & be defined by
& = ce" 4 e € RyH, (6.67)

where [ = (1,1,0) and ¢ = (1, —1,1). Since a,b,c € R3, we have

(T€1, &) = (T6, &) =0, (6.68)
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by Remark II.1. In order to compute 35, we first use (2.45) to find
(& V)E = Que™ ™ + Qe ™% 4 Quue™ " + Qe ™, (6.69)
where
m=k+k=(1,1,00=1, m'=k—F =(1,-1,0),
Qm =i(a-K)o+i(b-k)a=1i(1,1,1) € iR, (6.70)
Qumy = —i(a-kK)b+i(b-k)a € iR®. (6.71)

Then applying the Leray projection to (6.69), we obtain
B = Bl &) = PLl(6 - V)& = Bue™ + B o+ Buee™* + Bemm'™,

where B, and B,, are calculated by using (2.46). As seen in (6.70),(6.71) both @,
and Q,, are in iR3, hence so are B,, and B,,. From Remark II.1 we infer that
(T35, B2) = 0. Together with (6.68), we have proven that &; and & satisfy Conditions
(6.55) and (6.56). We derive from (2.47) that

(T&, Bo) = 2L Reli(l x ¢) - B:] = 2L Reli(l x ¢) - Q]

m

=2L%(1,—1,-2)-(1,1,1) = —4L> # 0.
This verifies the last condition (6.57). O

From the construction of Examples VI.2 and VI.3 it easily follows that the cor-
responding limits ng = limy o ||u(#)]|?/|u(t)|?, ho = lim; . J(t)/H(t) are given by
ng = 4, ho = 7 and ng = 2, hg = 4, respectively. We will see that the quotient
H(t)/|u(t)]* between the helicity and the energy behaves even more differently than
the two quotients above as t — oo. It is clear that in Theorem VI.3, if a # 0 then

u(t) is in the case (i) of Theorem VI.1 with d = 0 and hg = ng € o(A). In fact,
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ho = ng if and only if o # 0 (see Remark VI.2). The other situation when a = 0 will

be analyzed further in the next theorem.

Theorem VI1.4. For any n € o(A), M > 0, there exists an initial data u® € R such
that the corresponding regular solution u(t) of (2.12) satisfies (2.17), is in the case
(7) of Theorem VI.1, ng =mn,hg > ng+ M and
Tu(t t
(Tult), u(t)) =0(e?M  ast — 0. (6.72)
(u(t), u(t))

Also, there are solutions with the helicity satisfying the condition

lim H (t)t~ % exists and is not zero, (6.73)

t—o0

where d > 0 or hg is not an eigenvalue of A.

Proof. The last statement follows directly from Examples VI.2 and VI.3. We now
prove the remaining part of the theorem. Let n € o(A) and k, € Z3 such that

|kn|* = n and let ai, € R? be a nonzero vector such that ay, - k, = 0. Set

é'n(x> = ay, (eiknw + e—iknw) 7& 0.

For s € N,s > 2, take m = s°n and k,, = sk,. Since m = |k,,|*> € 0(A) and by

Lemma I1.1, we can find a,, € C? such that
En(z) = ag, ™" +af, e ™ € R, H\ {0} and T, = vmén, (6.74)
From the Remarks I1.2 and II.1 we have

B(fm fn) =0, <T§n> £n> =0 and B(gm gm) = B(fm, fn) =0. (6'75)

Take & = 0 for all j # n,m and let { = 69?2”1 ; € Iy, S4. By rescaling to have small
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|€,| and |€,,| we can assume that & = Ty, W (u®) for some v’ € R. Therefore
ng=n and W, (u")=E&,. (6.76)

Thanks to Proposition V1.3 and (6.75), we infer that

o= Teb) (6.77)

[€nl?

The asymptotic expansion (2.18) or (6.2) of the corresponding regular solution u(t)

in this case is

u(t) ~ &+ Y qi(t)e " (6.78)
j>n
This means that ¢; = ¢ = ... = ¢,—1 = 0 and ¢, = &,. Since s > 2,m = s*n > 2n,

we have that 3; = 0 for all j € [1,2n), hence ¢; = 0 for j € (n+ 1,2n). By (6.75),
we have (9, = B(&,,&,) = 0 hence gq,, = 0. Using (2.26) and (2.27) to calculate (3,
and ¢; for 7 > 2n we obtain ¢; = 0 for all j = 1,2,...,m — 1 except for j = n and
B; =0forall j =1,2,...,m. In particular, 3,, = 0 hence g,, = &,. Once again, using
the formulas (2.26) and (2.27), one gets ¢mi1 = Gmiz = --- = Gman—1 = 0, and also by
(6.75), Buman = B(&m, &) + B(&n, &m) = 0, thus, ¢ = 0. Similar arguments lead us
to the overall identification of the first (2m — 1) polynomials ¢;’s in the asymptotic

expansion of u(t) as the following
G =& € RuHl, qn="E§n € RyH  and ;=0 for j € [1,2m) \ {n,m}.

Consequently, the polynomials in the asymptotic expansion (6.5) of H(t) are ¢; =0
for all j < 2m, j # 2n, m+n. By (6.75) we have ¢o, = (T&,,&,) = 0. Since ¢, € R, H
and ¢, € RnH, ¢nim = 2(Tqn, @) = 0. The next polynomial in the expansion of
H(t) is

Gom = Ty Gm) = (Tém, &mn) = Vm|&n|* # 0,
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by the virtue of (6.74). This shows that the number N in (6.11) is given by N = 2m.

Therefore
H(t> ¢2m€_2mt + O<€_(2m+€)t) —2(m—n)t
()~ [€alPe 2t + O(e-Cntelt) — Ole ), ast— oo, (6.79)

where ¢ is some adequate positive number. For each M > 0, take s > 0 such that
ho=N/2=m=s’n>n+ M =ng+ M.

Then (6.79) above implies

and the proof is complete. 0]
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CHAPTER VII

CONCLUSIONS

We have introduced a new construction of regular solutions to the Navier—Stokes
equations and a new system of differential equations, the extended Navier—Stokes
equations. Studying those two, we used Phragmen-Linderlof type estimates in large
domains of analyticity to find simple conditions under which the asymptotic expansion
of a regular solution converges exactly to that solution. We also constructed suitable
normed spaces in which the extended Navier—Stokes equations has global solutions
and the normal form of the Navier-Stokes equations associated to the terms of the
asymptotic expansions is a well-behaved infinite system of differential equations.

However, we need sharper estimates for the terms of those asymptotic expansions
so that the convergence in H or V' may follow at least when the normalization map has
small values. In addition, the relation between the global solutions to the extended
Navier—Stokes equations and the classical Leray weak solutions need to be clarified.

We then used the asymptotic expansion of regular solutions to the Navier—Stokes
equations to establish the dichotomy of the helicity’s asymptotic behavior. Namely,
we can split the set of regular initial data R into R and R;, where Ry contains all
regular initial data such that the helicity is identically zero for all times ¢ > 0 and R4
is the set of all regular initial data such that the helicity is eventually nonzero when
time t is large. Moreover, R; is open and dense in R, with respect to the topology
of V, and Ry contains infinite union of invariant closed linear manifold of infinite
dimension. We presented a few examples of those manifolds and more of them need
to be discovered.

We also proved that when the initial data u° is in Ry, the solution u(¢) and the
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helicity H(t) satisfy

lim H(t) and o = lim H(t)

A R SMOIE exist,

where d > 0 and hy > 0 are some integers. In fact, we know
h[) = ho(uo) = thm J(t)/H(t),

where J(t) =< T?u(t), Tu(t) >, T is the curl operator. We have identified all the

possible values of ny = lim; .o, ||u(t)]|?/|u(t)|* and «. The set of values of hg is known
to be strictly larger than the spectrum of the Stokes operator A. However we do not

know whether hy can be any arbitrarily natural number.
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