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ABSTRACT

The global energy landscape is going through major shifts triggered by consumer preferences,
regulations, and technological development. My dissertation develops optimization models to de-
rive insights into strategic decisions in energy operations management. In the first essay, I examine
how blockchain-enabled peer-to-peer energy trading shifts electricity consumers’ investment in re-
newable energy. Using the equilibrium model, I show that electricity consumers are always better
off by participating in the virtual network, with their resulting cost savings averaging 9.7%. I also
prove that blockchain is able to fully coordinate heterogeneous participants in the network to mini-
mize the total cost in the system. The second essay addresses how a Transmission System Operator
(TransCo) can optimally invest in a long-distance transmission line to allow renewable energy de-
velopment by a Power Generation Company (GenCo) in a geographically remote region. Using
a continuous-time, infinite-horizon, Stackelberg game between TransCo and GenCo, I show that
transmission and generation act as complements with regard to the value functions for both com-
panies. I derive the value-maximizing transmission fee charged by TransCo to GenCo for each unit
of energy exported via transmission lines. I characterize a Pareto-improving cost-sharing contract
through which both companies can improve the value of their investment. The third essay focuses
on how to better manage a decentralized supply chain of an oil-field service company. To mini-
mize the transportation and inventory holding costs of different members in a cross-docking supply
chain, I formulate multi-period, mixed-integer programming models. I use structural properties of
optimal solutions to show that different collaborations in the supply chain can generate significant
cost savings for individual supply chain members, whereas the quantified cost savings exhibit sig-
nificant variations depending on product weight and holding cost. I also develop a Stackelberg
pricing game between an independent logistics company and oil wells seeking to lower their costs
by outsourcing their operations. I provide the best response of oil wells to the price of outsourcing

services and the structure of the logistics provider’s optimal pricing policy.
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1. INTRODUCTION

The global energy landscape is going through major shifts triggered by consumer preferences,
regulations, and technological development (Fitschen et al. 2021). Due to the growing social pref-
erence, renewable energy has now come to represent a major source of power supply in the energy
sector. For instance, renewable energy’s share in United States electricity generation has nearly
doubled over the last decade, from 10% in 2010 to 17.6% in 2018 (United States Energy In-
formation Administration 2019). The last decade has also seen a significant growth of private
investment in renewables, prompted by favorable energy policies and technological advancement
(United States Department of Energy 2021). In particular, better access to low-cost renewable en-
ergy improves the affordability of individual ownership of renewable energy, leading more private
investors and consumers to explore the opportunity of participating in renewable energy genera-
tion.

With the continued interest in renewable energy investments, there is a wide range of research
needs to better understand how energy investors can invest in renewable energy. These investments
involve strategic choices, because investments in general are irreversible, and there is uncertainty
over the future return from the long-term investment (Dixit and Pindyck 1994). In particular,
renewable energy investment can have more far-reaching consequences than other types of invest-
ments, as it will determine social, economic, and environmental outcomes for decades to come.
Hence, understanding how to make the optimal investment in renewable energy bears significant
social and economic implications for most public and private sectors. Yet, many questions regard-
ing the optimal level of investment in renewable energy remain unexplored.

With this regard, my dissertation focuses on providing strategic insights related to a wide range
of renewable energy investments, from small-scale residential solar panels to commercial-scale
wind power plants. The first essay focuses on how peer-to-peer energy trading impacts consumer
investments in residential proprietary renewable generation. I analyze how consumers can opti-

mally invest in renewable generation capacity to minimize their electricity costs in a peer-to-peer



energy trading network, and how one such decentralized power system can coordinate heteroge-
neous consumers, compared to a centralized power system. To capture the potential of abundant
renewable energy sources and avoid the economic and social consequences of the lack of trans-
mission lines, the second essay focuses on the transmission grid development problem. While it is
the transition to clean energy that motivated my research, rapid transitions in the energy landscape
have also affected conventional energy carriers, primarily those in the oil and gas industry. Stag-
nant demand and increasing production costs for fossil fuels prompt lower operating margins for
all companies in this industry. Hence, the third essay focuses on how the oil-field service indus-
try can improve operational efficiency, which has become imperative in order to keep companies’

businesses profitable. In what follows, I briefly describe each essay in sequence.
1.1 Implications of Peer-to-Peer Trading of Electricity on Renewable Energy Investments

Virtual microgrids refer to a local network of electricity consumers who are organized for
peer-to-peer energy trading and its impact on consumer investment in renewable energy. Although
virtual microgrids are becoming a practical reality in a number of electricity markets, little is known
about how consumers in virtual microgrids can optimally invest in renewable energy, the resulting
cost savings for consumers, and the ability of blockchain technologies to coordinate participants
in a decentralized virtual microgrid.

In this essay, I formulate and solve an equilibrium model of investment in renewable energy by
consumers in a virtual microgrid. I investigate how virtual microgrids impact consumers partici-
pating in the network, their optimal capacity investment, and pricing under equilibrium. I show that
participating in virtual microgrids can generate significant cost savings for electricity consumers—
9.7% on average. I also show that a virtual microgrid in equilibrium can achieve the minimum
system-wide cost equivalent to that of a centralized energy distribution system such as a physical
microgrid. Hence, blockchain is able to coordinate different participants in a decentralized en-
ergy trading network, giving support to the growing investment in blockchain-related projects in
renewable energy and electricity markets.

Virtual microgrids have an overarching impact on the future of renewable energy investments



and blockchain technology development. This research contributes by providing insights into how
electricity consumers can make more cost-effective decisions pertaining to their participation in
virtual microgrids. Also, electric utilities can use these results to assess the impact of virtual
microgrids on their revenues. Investors can better understand the impact of a virtual microgrid on
renewable energy investments. Researchers can study more complex virtual microgrid settings, as

well as tackle other problems related to energy sharing.
1.2 Transmission Grid Development and Implications for Renewable Energy Investment

Limited transmission grid capacity hinders renewable energy development. Because the poten-
tials for large-scale commercial renewable energy projects are often found far from population load
centers, this essay focuses on how transmission system operators can optimally invest in a long-
distance transmission line to allow renewable energy development by a power generation company
in a geographically remote region.

In the presence of stochastic demands for renewable electricity on both ends of the transmis-
sion line, I formulate a continuous-time, infinite-horizon, Stackelberg game of capacity investment
between TransCo and GenCo. It is shown that for any demand distributions at both regions, trans-
mission and generation act as complements with regard to the value functions for both companies.

This essay derives the explicit expressions for optimal transmission and generation capacities
installed by each company. Using this result, I characterize the value-maximizing transmission
fee charged by TransCo to GenCo for each unit of energy exported from the low-demand remote

region to the high-demand urban region.
1.3 Optimal Shipping, Collaboration, and Outsourcing Decisions in an Energy Supply Chain

The third essay, “On Value and Structure of Collaborations in a Hybrid Cross-docking Supply
Chain,” focuses on shipping decisions in a decentralized, multi-stage energy supply chain with a
hybrid cross-docking facility. Hybrid cross-docking is an industry practice that allows products to
be held in inventory at the cross-dock instead of being immediately shipped out.

Motivated by industry practices, I explore how individual supply chain members benefit from



those collaborations and identify conditions that facilitate the realization of their benefits. I formu-
late multi-period, mixed-integer programming models to minimize transportation and inventory
holding costs of different members in a hybrid cross-docking supply chain and establish struc-
tural properties of optimal solutions. I make use of those results to identify conditions under which
hybrid cross-docking is more cost efficient than traditional cross-docking, which consolidates mul-
tiple products from suppliers for immediate fulfillment of downstream orders. I make use of this
result to find that upstream collaboration results in 4.9% to 16.4% average cost savings for the
cross-dock, while downstream collaboration generates 1.9% to 22.1% in average cost savings for
the oil well plants, depending on product weight and holding cost.

The study explores outsourcing of operations by oil well plants in cross-docking supply chains
to an independent logistics provider. I develop a Stackelberg pricing game between an independent
logistics company and oil well plants seeking to lower their costs by outsourcing their operations.
I identify the structure of oil well plants’ best response to the price of outsourcing services and the
structure of the logistics provider’s optimal pricing policy.

In summary, my dissertation offers strategic insights into energy operations management prob-
lems grounded in industry practice, and the literature in economic theory, and inventory theory.
Each essay derives new theoretical results and addresses timely and relevant issues for both aca-
demic researchers and practitioners in the energy sector.

The remainder of this dissertation is structured as follows. In Chapter 2, I address the impact
of peer-to-peer energy trading networks on consumer investments in renewable energy. In Chapter
3, I examine the strategic interaction of transmission and generation and its impact on investments
in transmission and generation capacities. Chapter 4 formulates optimization models of a decen-
tralized supply chain in the context of the oil-field service industry. Chapter 5 offers concluding

remarks and summarizes contributions.



2. VIRTUAL MICROGRIDS: IMPLICATIONS FOR BLOCKCHAIN TECHNOLOGIES
FOR THE PEER-TO-PEER TRADING OF ELECTRICITY, AND RENEWABLE ENERGY
INVESTMENTS

2.1 Introduction

Blockchain represents a cryptographically secure database (i.e., ledger) that achieves data se-
curity and identity authentication while eliminating the need for intermediaries (Olsen and Tomlin
2020). As such, blockchain is transforming the way we record, verify, and arrange transactions,
with the focus shifting away from centralized structures (e.g., exchanges, trading platforms, energy
companies) towards decentralized systems (e.g., end customers, energy consumers interacting di-
rectly). For those reasons, outside of the financial sector, the energy sector is considered to be
an industry where blockchain technologies will have great potential to disrupt the functioning of
existing markets and regulatory structures. This is because blockchain makes it possible to by-
pass prevailing market structures (and authority of electric utilities) by providing consumers with
a digital platform to trade energy directly with each other (Hertz-Shargel 2019). By ensuring the
security and authenticity of financial and physical flows across the electricity grid, blockchain tech-
nology enables organization of electricity consumers with individual ownership of renewable en-
ergy production (such as solar panels) into a decentralized network of interconnected demand and
production nodes. Such a network of interconnected demands and consumer-owned, distributed,
renewable energy resources is referred to as a virtual microgrid (Bremdal and Ilieva 2019), as it
operates over the utility’s existing transmission grid without needing its own transmission lines.

One example of such a microgrid is the Brooklyn Microgrid, a fully operational blockchain-
enabled microgrid that allows its participants to trade the surplus of their self-produced solar en-
ergy with their neighbors (Mengelkamp et al. 2018). The Brooklyn Microgrid was launched in
2016 in the Brooklyn borough of New York City when 50 homes were connected into a virtual

energy market for locally-generated renewable energy. The Brooklyn Microgrid is made possible



by blockchain technology that counts and logs every unit of energy created by each home’s solar
panel system, and a blockchain application of ‘smart contracts’' that make those units of energy
available to the open market to be bought and sold in the local community. This process enables
consumers to produce and sell power locally (instead of putting it into the central grid), and receive
income from the energy thus sold. As such, a blockchain-enabled virtual microgrid, such as the
Brooklyn Microgrid, represents a new business model in the energy sector with the potential to
disrupt traditional processes and buyer-seller relationships in electricity markets.

In addition to the Brooklyn Microgrid, which was the first project to facilitate a blockchain-
based electricity transaction, our work is also motivated by a growing number of other blockchain-
related energy projects already in existence or under development and testing. Some of those
projects include a residential electricity trading market in Australia, peer-to-peer trading networks
among households with and without rooftop solar in Bangladesh, and a network of some 8,000
electricity consumers in Germany trading stored energy with each other (Marcus 2019).

Blockchain-enabled virtual microgrids raise a number of questions of importance to electric-
ity consumers, renewable energy advocates, electric utilities, and blockchain technology investors.
Some of those questions concern the level of optimal investment in renewable energy by each par-
ticipant in a virtual microgrid, and key drivers of that investment. Others are related to the cost
savings realized by each participant in a virtual microgrid and factors that maximize those savings.
Yet others deal with optimal pricing and volume of energy traded. There are also questions con-
cerning the ability of blockchain technologies to coordinate participants in a decentralized virtual
microgrid, as independent decision makers, in the direction of minimizing the total cost in the
system. To the best of our knowledge, those questions have not been considered in the academic
literature, nor do there seem to be any references to their answers in practitioner journals.

In this chapter, we address these and other questions related to the implications of virtual mi-

'Smart contracts are software functions that maintain internal data about participants and their devices. They
also serve as protocols “designed to facilitate, verify, or enforce the negotiation or execution of a contract” (Babich
and Hilary 2020), and their execution is automatically triggered by some externally verified event (Olsen and Tomlin
2020). A smart contract might, for example, store the number of kilowatt hours of energy produced by a solar panel,
and then, following a virtual trade, direct a smart meter to increment that value and the utility to read the value.



crogrids for renewable energy investments, blockchain technologies, consumer savings and peer-
to-peer trading of electricity. For that purpose, we formulate and solve an equilibrium model of
a decentralized virtual microgrid, in which each participating electricity consumer first decides,
at the beginning of the time horizon, on the level of renewable generation capacity (such as solar
energy) to invest in. Then, throughout the time horizon, he satisfies his (stochastic) demand for
electricity either from his own installed generation capacity, or by means of blockchain-mediated
purchases of electricity available from his peers in the virtual microgrid. If this combination of his
own energy generation and purchases of electricity available in the microgrid cannot fully satisfy
a consumer’s demand for electricity at any time, he resorts to buying electricity from his electric
utility.

Our first contribution is to explicitly determine the optimal level (i.e., capacity) of investment
in renewable energy for each participant in the microgrid. We also establish how the resulting
production of electricity is rationed for his own use versus for sale to other participants. Contrary
to conventional wisdom, the optimal level of generation capacity for each participant in a virtual
microgrid is not necessarily higher than that of an identical, single, cost-minimizing consumer
without access to a microgrid. Instead, a novel insight we arrive at is that the sign of the difference
between the two optimal capacity levels depends on the price of peer-to-peer electricity traded in
the microgrid. Hence, it is the intra-microgrid price of traded electricity that determines the impact
of blockchain-enabled virtual microgrids on the magnitude of renewable energy investments.

Our second contribution is to obtain, for each participant, the price of peer-to-peer electricity
traded in a virtual microgrid that minimizes his total electricity-related costs. We derive an ex-
plicit expression for this optimal price even though the objective function for the corresponding
minimization problem is not, in general, convex in the price of traded electricity. In that manner,
we obtain the full set of equilibrium outcomes for this problem. We also establish that the cost-
minimizing price of traded electricity is increasing in the marginal cost of investment in renewable
energy, and convex in the electricity rate charged to consumers by their electricity utility.

Our third contribution is to prove that an electricity consumer is always better off within a



virtual microgrid than without. The resulting cost savings to each microgrid participant average
9.7% in our numerical studies. By showing that a blockchain-enabled microgrid always provides
an incentive for consumers to self-organize into a virtual market for the trading of self-generated
electricity, our work helps illuminate an answer to “one of the biggest questions surrounding the
future of (virtual) microgrids in the U.S” regarding “justifying the business case” (Peck 2016).

Our final contribution is to evaluate the power of blockchain to coordinate individual electricity
consumers in a decentralized virtual microgrid towards minimizing the total cost in the system.
We prove that, under equilibrium outcomes, the cost performance of a blockchain-enabled virtual
microgrid exactly matches that of a centralized microgrid optimized for total cost. Thus, when
participants in a virtual microgrid act optimally in minimizing their own individual costs, they
achieve full coordination of the entire system and realize its minimum total cost.

The rest of this chapter is organized as follows. In Section 2, we present a review of related
literature. In Section 3, we formulate the model. In Section 4, we derive equilibrium outcomes in
a virtual microgrid. Section 5 addresses some key implications of virtual microgrids for electricity

consumers and blockchain technology investors. In Section 6, we offer concluding remarks.
2.2 Literature Review

This chapter is primarily related to the literature on renewable energy systems. Reviews of
this literature can be found in Parker et al. (2019) and Agrawal and Yiicel (2021). Of particular
relevance to our research are those papers that focus on optimal capacity of renewable energy in-
vestments in the presence of uncertainty. Hu et al. (2015) establish optimal capacity of renewable
distributed generation when yield and demand are uncertain, and show that data granularity mat-
ters because coarse data may not reflect intermittency of renewable generation. Kok et al. (2018)
explore the effect of pricing policies (flat vs. peak) on investment and find that flat pricing leads to
increased investment in solar energy by the centralized utility, while peak pricing generates higher
levels of solar investment in distributed generation. Aflaki and Netessine (2017) demonstrate that
when demand for electricity is uncertain, due to the interaction between intermittency and pric-

ing, the share of renewable capacity in the generation portfolio may be reduced by higher carbon



prices and market liberalization. Angelus (2021) identifies optimal timing and capacity of a con-
sumer’s investment in distributed renewable generation under stochastically evolving demand for
electricity.

All of those papers deal with investments by individual market participants, either utilities,
firms, or consumers, who are not organized (into microgrids or otherwise), and who buy and/or
sell electricity only to and from the central transmission grid, without having the ability to trade
energy with each other. In this chapter, we consider consumers organized into a microgrid, and
find that their option to trade electricity with each other fundamentally alters the level of installed
renewable generation capacity. To the best of our knowledge, our research is the first to address
investment in distributed renewable energy within a (virtual) microgrid platform. In addition, we
also address optimal pricing within such a microgrid, and explore the resulting consequences for
consumers’ cost savings and renewable energy investments.

Several recent papers in the renewable energy literature have dealt with optimal pricing of elec-
tricity. Alizamir et al. (2016) consider heterogeneous investors in renewable technologies in the
presence of feed-in tariffs, information diffusion, and learning, and determine optimal feed-in tar-
iffs and the threshold structure of the optimal stopping problem for each investor. In evaluating the
impact of pricing policies on renewable energy investments, Kok et al. (2018) optimize the peak
and flat electricity price charged by the utility. Angelus (2021) determines optimal electricity pric-
ing for a utility serving consumers who have the option to invest in distributed renewable power
generation. Adelman and Uc¢kun (2019) develop asymptotically linear, social welfare-maximizing,
electricity price schedules for the utility when its consumers deploy smart, price-responsive appli-
ances. In contrast to this literature, this chapter is not concerned with optimal pricing of an utility’s
electricity rate or optimal feed-in-tariffs for renewable energy (since, in our model, a virtual mi-
crogrid cannot export electricity to the utility); instead, we determine optimal peer-to-peer pricing
for the electricity traded within a virtual (decentralized) microgrid.

A number of other papers on renewable energy operations, albeit not on the topic of microgrids,

is also worth mentioning. Wu and Kapuscinski (2013) find that curtailing intermittent renewable



energy reduces system costs and emissions. Zhou et al. (2016) investigate negative electricity
prices that can arise from excess wind energy. Sunar and Birge (2019) show that an undersupply
penalty rate can result in commitment inflation by renewable generators. Babich et al. (2020)
address solar panel investment under feed-in-tariff versus tax-rebate policies. Agrawal et al. (2019)
provide managerial insights and policy implications for non-ownership business models for solar
energy.

Because the model and results in this chapter concern peer-to-peer trading of electricity, we
also contribute to the growing body of research literature on peer-to-peer markets and the sharing
economy (for a recent review, see Benjaafar and Hu (2020)), in which the exclusive ownership and
consumption of resources is replaced with shared use and consumption. Specifically pertinent to
our work are those papers that address optimal pricing and/or capacity in peer-to-peer networks.
Cachon et al. (2017), for example, study several contractual forms for a platform that offers a
service via a pool of independent providers. They establish that surge pricing, commonly used in
practice, although not optimal generally, achieves nearly the optimal profit for the platform. Jiang
and Tian (2018) find that, when a firm strategically chooses its retail price, consumers’ sharing of
the firm’s products with high marginal costs increases both the consumer surplus and the firms’
profit, whereas their sharing of products with low marginal costs can lead to decreases in both.
Benjaafar et al. (2019) introduce a model of collaborative consumption to characterize equilibrium
outcomes, including ownership and usage levels, consumer surplus, and social welfare, and show
that consumers always benefit from collaborative consumption. Using a closed queueing network,
Benjaafar et al. (2021) obtain explicit upper and lower bounds on the optimal fleet size in a vehicle
sharing system, and derive insights pertaining to the fleet’s vehicle buffer capacity.

While it is the sharing economy that gives rise to the problem considered in this chapter, our
model differs from the existing ones in this area in several important ways. First, a blockchain-
enabled, virtual network does not require a separate marketplace intermediary (such as Uber and
Lyft for transportation services, Instacart and Postmates for home deliveries, and TaskRabbit and

Handy for household tasks) to provide a platform for peer-to-peer resource sharing. This elimi-
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nates the need for transaction fees, contracts with the intermediary entity, and platform-imposed
pricing. Second, in contrast to existing work that distinguishes between ‘owners’ and ‘nonowners’
in the sharing economy, so that “owners are able generate income from renting their products to
nonowners” (Benjaafar et al. 2019), in a virtual microgrid every participant is both a consumer and
a producer. (As such, microgrid participants have come to be referred to as “prosumers” (Bichler
et al. 2010), which is the term that we use in this chapter as well). Thus, each prosumer gener-
ates income both from other participants and for other participants in the microgrid. Third, in our
model, it is not the product itself (e.g., solar panels) that is shared between microgrid participants,
but rather a product (i.e., electricity) of that product. This distinction is important because the shar-
ing economy literature generally assumes that an owner has only one product (e.g., a car) to share,
so that network capacity is determined by each owner’s decision about whether or not to participate
in resource sharing (Cachon et al. 2017). By comparison, each participant in a blockchain-enabled
microgrid chooses not only whether to participate in resource sharing through virtual electricity
trading, but also: (1) how much renewable energy capacity to install for that participation; and,
(2) how much of his self-generated electricity to use for his own demand versus to make available
for sale to other participants. Finally, in a virtual microgrid, the fee for resource sharing is not

determined by some marketplace intermediary, but rather by microgrid participants themselves.
2.3 Model Formulation

In this section, we describe the equilibrium model of a blockchain-enabled virtual microgrid.
We formulate a continuous-time, infinite horizon, stochastic optimization model of a decentralized
microgrid formed by heterogeneous prosumers, such as households, who act independently in
minimizing their individual total cost of electricity. This type of decentralization is made possible
by data security, identity authentication, and smart contract execution provided by blockchain.

Electricity demand (rate) for each prosumer i € {1, 2,...,n} in the microgrid at time ¢ is a
stationary random variable X;. To facilitate analysis, we assume that X; is uniformly distributed
on [; = [a;, b;] with n =2 and w := b; —a; = by — as, so that a virtual microgrid considered in

the model consists of two non-identical prosumers with equal interval widths for the domain of
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their demand probability distributions. Having two participants in a blockchain-enabled microgrid
is enough to capture the dynamics of peer-to-peer electricity trading and analytically explore its
impact on each prosumer’s optimal capacity, price of energy traded in the microgrid, and resulting
cost savings.

Most countries in the world and most states in the United States have regulated retail electric-
ity markets for residential consumers (Prentis, 2015). In such markets in the U.S., consumers are
served by their regulated electric utility, and their long-term electricity price (i.e., “the rate”) is
negotiated by each state’s Public Utility Commission (PUC) and the utility. Following that nego-
tiation, the PUC approves a rate that subsequently stays in place usually for a number of years.
Once determined, this price is allowed to increase only at the rate of inflation. Accordingly, in our
model, the utility announces a PUC-approved electricity rate p. at the beginning of the time hori-
zon, so that, at any subsequent time ¢, the electricity rate paid by the consumers for each kilowatt
of energy purchased from their utility is p. €, where 7 is the inflation rate. We refer to p, as the
base (electricity) rate.

Each heterogeneous consumer invests in his own renewable energy resource (e.g., solar panels)
of capacity C; at time ¢t = 0, so that, at the beginning of the time horizon, microgrid participants
are involved in a simultaneous noncooperative game with complete information. We will refer to
this first-stage game as the capacity game. Capacity C; of a renewable energy resource represents
the upper limit on the amount of electricity generated by that resource at any time ¢. Consumer
investment in renewable energy tends to be long-term and irreversible, because once installed, a
renewable energy system, such as solar panels, is difficult to resell or reinstall. For most house-
holds, this type of investment is also one-time, due to its high cost and long lifetime. Thus, once
installed at the beginning of the time horizon, capacity C; stays in place through the end of the
time horizon. Let & denote the marginal cost of investment for each unit of renewable generation
capacity. It follows that each Consumer ¢ incurs investment cost £C;; at the beginning of the time
horizon.

Following the installation of his renewable capacity C;, Consumer ¢ becomes Prosumer i, and
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he utilizes that capacity to produce electricity throughout the time horizon. At any time ¢, his
self-generated electricity can be sold to other microgrid participants and/or used satisfy his own
demand. Each prosumer can also buy electricity from other prosumers whenever his demand ex-
ceeds his own capacity. In this manner, prosumers in a virtual microgrid can trade self-produced
electricity in a peer-to-peer fashion on their own virtual energy market. Hence, at each time ¢,
every microgrid participant has to decide how much of his capacity C; to use for his own demand,
and how much electricity to sell to (or buy from) other microgrid participants. In that manner,
following their investments in renewable generation, prosumers in a virtual microgrid play a re-
peated, simultaneous noncooperative game with complete information. This second-stage game is
the energy game.

If, at any time ¢, Prosumer ¢ cannot meet his demand for electricity either through his own
generation or by means of electricity purchased from his microgrid counterpart(s), he satisfies that
excess demand directly from his utility at the regulated electricity price p.e™.

Since renewable energy is effectively costless to generate, each prosumer is willing to sell all of
his self-generated electricity in excess of his demand. If, on the other hand, his electricity demand
exceeds his generation capacity at any time, then, because satisfying that excess demand from the
utility costs p.e™, he is willing to buy the needed amount of electricity from other participants
in the microgrid at any price below p.e". Let 7(¢) denote the market clearing price for electricity

trades in a virtual microgrid. We assume the following regarding the clearing of the energy market.

Assumption 1. In a virtual microgrid: (i) the energy market always clears; and (ii) the market

clearing price (t) satisfies w(t) € [0, p.e'| at all times.

By part (i), as long as one microgrid participant has excess electricity demand and another
microgrid participant has excess supply, energy trades will occur. By part (i1), the resulting market
clearing price for the traded energy will not exceed p.e” at any time ¢. Otherwise, if 7 () exceeds
pee™ at some time ¢, it becomes cheaper for a prosumer to purchase all of his needed electricity
from the utility at time ¢ than to buy any electricity from other microgrid participants. As this

outcome is clearly suboptimal for all microgrid participants, we eliminate it from consideration.
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Because different blockchain energy applications follow different protocols for arriving at the
market clearing price for their energy trades?, in this chapter we do not assume any particular mech-
anism for that market price formation; instead, we follow a more general approach of assuming
only the existence of a market clearing mechanism and associated market clearing price.

Any energy exchange between the two prosumers in a virtual microgrid occurs over the utility’s
main electrical grid and does not require central intermediaries such as the utility to facilitate the
trade. Motivated by the example of Brooklyn Microgrid, we assume that microgrid participants
can sell their excess energy only to each other and not to their utility. By not requiring the utility
to compensate prosumers for excess electricity generated in a microgrid through programs such
as net-metering, we can capture the value of the energy trade enabled by a virtual microgrid. In
that manner, we also avoid the utility “death spiral” that can occur when, due to net-metering
purchases that erode their profits, utilities are forced to increase their electricity rates, rendering
renewable energy investments even more attractive, thus further undermining utility profitability
(see Satchwell et al. 2015, and Darghouth et al. 2016).

We index microgrid participants by i or j; i, j € {1, 2} and i # j. We use the notation:

Zi := energy produced by Prosumer ¢ at time ¢ that is used to satisfy his own demand;

Y+ := energy produced by Prosumer ¢ at time ¢ that is sold to Prosumer j.

Consequently, Z;; and Y;; represent energy-related decision variables in our model. The two
prosumers choose their energy-related decision variables simultaneously, and those decision vari-

ables satisfy the following feasibility constraints for each Prosumer i € {1, 2} at time ¢:
Zit, Yije 2> 0

Zip + Yij < C4

Zit + Yije + Zjp + Y < min(z; + 5, C; + Cj).

’In the Brooklyn Microgrid, for example, the market clearing price is determined with buyers and sellers setting
their own bids for electricity purchases and sales. Blockchain application platform PowerLedger that supports resi-
dential electricity trading market in Australia mentioned in the Introduction allows the market clearing price to be set
exogenously by the operators of the platform, and for the market to be cleared in arbitrarily small time periods.
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The second constraints limit the total energy produced (i.e., the sum of the energy produced
used to satisfy own demand plus the energy produced that is sold to other participants in the mi-
crogrid) by each Prosumer ¢ to the level of his generation capacity C;. The third constraint limits
the total energy produced in the microgrid to the smaller of the total demand and total capacity in
the microgrid, since, as already stated, the energy generated by participants in a virtual microgrid
cannot be sold outside of their virtual microgrid.

Let x; be a realization of random variable X; that, as already stated, represents electricity
demand for Prosumer i. Let f; (a:i, T, Zit, Yijt, Yiit, T, 7r(t)) denote the cost rate to Prosumer 7 at
time ¢, given energy-related decisions Z;;, Zj;, Yi;+, and Y};;, and market clearing price 7(¢) in the

microgrid. Based on our modeling assumptions, we obtain:
fi (lUi, T, Lty Yije, Yiie, €, W(t)) = pee™ [951 — Zip — sz’t]+ —m(t)Yije + 7(t) Y, (2.1)

using the standard notation [y]™ := max(y, 0). Hence, each Prosumer i’s optimal energy-related

decisions at any time ¢ become the solution of the following (constrained) minimization problem:

zﬂ?iy{-ljt fi(@i, x5, Zis, Yige, Yiir, t, (1)) (2.2)
subject to:  Zj, Yije > 0 2.3)
Ziy < min(z;, C)) (2.4)

Ziy + Yije < Cj (2.5)

Zy + Y <min(x; +2;,C; + C;) — Zjy — Yiu. (2.6)

Let Zit (.Ti, Zg, OZ', Cj, th, Y}'ita t7 W(t)) and ?ijt (QS'Z', Zg, OZ', Oj, Z]’t, Y}'ita t, W(t)) denote a solution
of the minimization problem given in (2.2) — (2.6). We seek a subgame-perfect, pure-strategy
Nash equilibrium of this second-stage, simultaneous game played between microgrid participants

at each point in the time horizon. Let Z7; (xi, zj, Cy, O, 1, 7r(t)) and Y7,

(l’i, X, Cia C]a t? 7.‘-(t))’ for
i,7€{1,2} and i # j, denote that pure-strategy equilibrium. Since such a strategy represents each
prosumer’s best response to the other prosumer’s equilibrium decisions, then, for 7, j € {1,2} and

1#£j, we get:
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Z;;ﬁ (miv X, Cia C]a t) 7T(t)) = Zit ('Tia Zj, Civ O]v Zj*t(l‘]a Ty, Cj? C’i) ta ﬂ-(t))a Y;;t(l’]v T, Cj7 Ci) tv ﬂ-(t))7 ta W(t))v

Y;t (i[}i, ij, Ci, Cj, t, W(t)) = 71‘]',5 (l’i, l’j, CZ', Cj, Z;t(xja Ty, Cj, CZ‘, t, T(t)), Y;;'t(xﬁ Xy, Cj, Ci, t, F(t)), t, W(t))

1,

We will refer to the decision set { Z};, Y%, } as Prosumer i’s optimal energy policy.

Using each prosumer’s optimal energy policy, define, for i, j € {1, 2} and i # j, the following:

Fi(Ci, Cjywi wy,t,w(t)) = fi(wi, w5, Z5 (), Yin (), Yy (), £ 7 (1)),

For any realizations x; and z; of X; and X, F; is the cost rate for Prosumer ¢ at time ¢ under
his optimal energy policy, market clearing price 7 (), and capacity investments C; and C);.

Let V; (C’i, Cj, W()) denote the expected discounted present value of all electricity-related costs
for Prosumer ¢ when both prosumers use their optimal energy policies, given a market clearing

price function 7(-) for energy trades, and installed capacities C; and C} in the microgrid. Hence,

‘/i(Ciacjaﬂ_(')) — \/0 e—rt ]EXi,Xj [E(Ci,Cj,$i,$j,t,W(t)):| dt—|—k01, (27)

where 7 is a discount rate, and Ex, y. denotes the expectation over random variables X; and X.
Because 7(-) enters V; as a function rather than just a state variable, V; represents a functional. For

the integral in (2.7) to exist, the following assumption on the clearing price function is required.
Assumption 2. [ e "' (t)dt exists and is finite.

Quantities C; and C; represent capacity-related decision variables in our model. For 7,j €
{1,2} and i # j, let C;(Cj, m(+)) be the capacity that minimizes V;(C;, C;, 7(-)), given C; and
7(+). Then,

Ci(Cj,m(+)) == argmin V;(C;, Cj,7(-)). (2.8)

C;>0
We seek a pure-strategy Nash equilibrium of this first-stage, simultaneous game played by

virtual microgrid participants at the beginning of the time horizon. Let C7} (71'()) denote the corre-
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sponding pure-strategy equilibrium decision for Prosumer ¢, as a functional of the market clearing

price function 7. It follows that, for 7, j € {1,2} and 1 #j,

Ci (7() = Ci(C7(m (), m (). (2.9)

We refer to C (7‘(‘()) as Prosumer ¢’s optimal capacity selection. Next, we look to determine
conditions on the market clearing price function that minimizes each prosumer’s total electricity
costs in an equilibrium. Let V;* (ﬂ'()) represent Prosumer ¢’s total expected discounted cost as a

functional of 7(-), under equilibrium outcomes for energy and capacity-related decisions. Thus,

Vi (m() = Vi(CF (x (1), CLi(m (), w ().

For each Prosumer ¢, let 7} (-) denote the market clearing price function that minimizes his total

expected discounted cost of electricity under his optimal capacity selection. Thus, we obtain

77 (-) = argmin V;*(7(-)). (2.10)
()

Hence, 7 (+), referred to as the optimal (market clearing) price function represents a function
that minimizes the functional V;*(7(-)). We will refer to the optimization problem given in (2.10)
as the market clearing price problem. In the next section, in addition to solving for a prosumer’s

optimal energy policy and optimal capacity selection, we also provide a characterization of 7 (-).
2.4 Optimal Decisions in a Virtual Microgrid

We derive optimal energy policy in Section 2.4.1. In Section 2.4.2, we establish each pro-
sumer’s optimal level of renewable generation capacity. In Section 2.4.3, we characterize the mar-
ket clearing price function. Section 2.4.4 numerically illustrates our results and provides additional
insights.

2.4.1 Energy Policy Decisions
The following theorem specifies each prosumer’s optimal energy policy and his resulting cost

rate. All proofs are deferred to the Appendix.

Theorem 1. There exists a unique, subgame-perfect Nash equilibrium of the energy game at each

time t. The resulting optimal energy policy for each Prosumer 1 is stationary and given by
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ZZ*(ZL‘Z7 Zj, Ci7 C]) = min[mi, 01]7
Y;j(.ﬁ(]l, Zj, Ci, Cj) = mm[(C’z — Zlfi)Jr, (SL’j — Cj)Jr} .

Prosumer i’s cost rate under this subgame-perfect Nash equilibrium is
Fz‘ (Cu Oj, ZTi, l’j, t, W(t)) =Pe e”t [Z‘Z — Cl — (C] — Ij)+] * - 7T(t> min [(Cz — Ii>+, (Ij - Cj)+]

+ m(t) min[(C; — z;)*, (z; — Cy)F]. (2.11)

Thus, in equilibrium, each prosumer in a virtual microgrid uses his installed renewable gen-
eration capacity C; to first fulfill his own demand for electricity. Then, he makes available the
remainder of that generation capacity for sale to other participants in the virtual microgrid. Those
other participants also use their installed generation capacity to meet their own demand first, and
rely on peer-to-peer purchases of electricity to satisfy any excess of that demand over their capacity.

In practice, this energy policy would be implemented by smart contract application of blockchain
that keeps track of each unit of energy created by prosumers. This application would also include
instructions to make all units of energy in excess of a prosumer’s own demand available on the
open market, to be bought by other microgrid participants. In that manner, the energy policy de-
scribed in Theorem 1 can be executed automatically, without any (additional) external input from
prosumers.

2.4.2 Renewable Generation Capacity

Having derived the optimal energy policy for each prosumer, we now proceed to determine
his optimal capacity selection under that policy. The maximum benefit rate to Prosumer 7 from
installing one unit of capacity occurs when the energy generated by that unit is used to substitute

for the purchase of electricity from his utility at price p, €. Thus, his maximum discounted benefit

over the time horizon from having installed capacity C; att = O is fooo e et C; dt = p_ez. C;. Since

T

the cost of investing in C; is kC; then, if —£= +k > 0, a prosumer’s cost of installing renewable

r—i

generation exceeds his maximum benefit from that installation, and he will not invest in renewable
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energy. Our interest in this chapter, is in those settings in which a consumer does have the incentive
to make an investment in renewable power generation, so that a virtual microgrid can come into

existence. Consequently, going forward, we make the following assumption (using \:=r—n).

Assumption 3. k< Pe.

A

For notational convenience, going forward we also define II as follows:

II:= /OO e " (t)dt. (2.12)
0

Thus, II represents the discounted present value of one unit of energy continuously traded in
the microgrid during the time horizon. As such, II can be interpreted as the marginal value of
energy traded in a virtual microgrid. By Assumption 2, IT is well-defined and finite. The following
proposition lays the foundation for the subsequent results in this chapter (using w :=b; — a; =

bg — (12).

Proposition 1. For each Prosumer 1, the functional V; (Ci, Cj, 7'('()) can be expressed as a function
Vi(Cy, C;, 1) of Cy, C; and 11 that is given by the following.
(a)IfC1 + Cy > ay + as + w, then

II
6w?

V;(CZ, Cj, H) :kCz —+ &(aﬁ—w — C’i)2(ai+3aj—C’i — 3CJ—|—4w) +

6/\1[)2 (Ci—C'j—ai—Faj)

(2.13)

x |a + a5 + C} + 4C;C; + CF — 3w(Ci + Cj) + a;(4a; — 2C; — 4C; + 3w) + a;(—4C; — 2C; + 3w) |.

(b)UOSCl+CQSa1+a2+w,then

Vi(Cy, Oy, TT) = kG, + 65;2 —a? 4 3C,C2 + CF — 30;C;(2C; + C;— 2w) + 3a3(C; + C; — w)

+ 3wa?+3wC§—3wC’f—6w2Q+ 3w — 3a, [a?— 2a,;C;+ Cf%— 2w(C; — w)ﬂ + %(CZ-—C’]- —a;+a))

x (a2 42+ C2+4C,C;+C2 = 3w (Ci+C)) +a;(4a; — 2C; — 4C;+3w) —a; (4C; +2C, —3w)] L (2.14)
The fact that a prosumer’s optimal cost V; can be expressed as a function instead of a functional

greatly facilitates subsequent analysis. Proposition 1 provides explicit expressions for the cost
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function V;(C;, C;, II) for two distinct regions of total capacity C; 4+C5 in the microgrid. Because

a1+Hagtw = a+agt bl;“ | b2§“2 = bl;’“ | bﬁ;” = [tx,Hix,, the first region addressed in the proposition
(i.e., C1+Cy > a;+as+w) refers to the setting in which the total capacity in the microgrid exceeds
its total average demand. The second region (i.e., C; +C5 < a; +as+w) corresponds to the total
capacity in the microgrid being below its total average demand. As a result, the economics driving
prosumers’ electricity costs are different in those two regions. Thus, it is the ordering between
total capacity and total (average) demand that determines the actual form of a prosumer’s expected
cost function V;. We refer to the region C) +Cs > iy, +jix, as the excess capacity region and to
the region C' +Cs < iy, +ix, as the excess demand region.

In both regions of Proposition 1, the first terms in the expressions for V; represent the up-front
cost of investing in renewable energy generation of given capacity. The second terms denote the
expected discounted cost of Prosumer 7’s purchases of electricity directly from his utility, which
occur any time his demand exceeds the sum of his own generation capacity and his counterpart’s
excess capacity. The third terms in expressions (2.13) and (2.14) represent the expected discounted
cost of peer-to-peer purchases of electricity for each Prosumer ¢, net of his peer-to-peer sales.

To proceed with our analysis, we first provide a structural result concerning the upper and lower

bounds on the optimal level of installed renewable generation capacity for each prosumer.

Proposition 2. The functional C; (W()) can be expressed as a function of the marginal value of

energy traded in a virtual microgrid (i.e., C;(I1)). Further, C;(1I) €1,.

Even though a virtual microgrid enables peer-to-peer trading of energy, as shown in Proposi-
tion 2, no participant in such a microgrid will find it optimal to invest in capacity that is either in
excess of his maximum demand or below his minimum demand, regardless of the market clearing
price function. As a consequence, in a virtual microgrid considered in this chapter, in spite of their
heterogeneity, neither participant acts as only a buyer or only as a seller of electricity throughout
the time horizon; instead, every participant is both a seller and a buyer of electricity (albeit at
different times).

The following theorem makes use of this structural result to provide an explicit solution for
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optimal capacity selection for each prosumer in a virtual microgrid, under equilibrium outcomes.

Theorem 2. There exists a unique Nash equilibrium of the capacity game in a virtual microgrid.

Under that equilibrium, Prosumer i’s optimal capacity selection is given by:

CAAL) if II> 4k — 2

i 200

C;(II) =
CP(IT) if TI <4k — 2

2 217

where C*(-) and CP(+), as functions of the marginal value of energy traded, are defined as:

V/6Akp, — ANZETT + A2T12 — AIT
3pe — 2A11
A2EIT 4+ N2T12 + 2p A(IT — k) + AT — pe
Pe + 211

CA(H) = bz (bz - al) (215)

!
CE) = a + VP

7

Theorem 2 identifies two distinct regions of model parameters, each with its own distinct ex-
plicit expression for a prosumer’s optimal capacity selection in a virtual microgrid. The first region,

given by II > 4k — 323’)\ , derives from the excess-capacity region of Proposition 1, while the second

region, defined by Il < 4k — 3273;, derives from the excess-demand region. The former can also

be interpreted as a region with a lower marginal cost of investment & (i.e., k < %—l— %p)f ), while the

latter can be viewed as a region with a higher marginal cost of investment (i.e., k > %4—%). Thus,
in the region of lower marginal cost, the total generation capacity optimally invested in a virtual
microgrid (i.e., C;' 4+ C3') exceeds the total average demand in the microgrid, while in the region of
higher marginal cost, total optimal capacity installed in the microgrid (i.e., C; 4+ C3) is below the
total average demand. Figure 2.1 illustrates those relationships and the results of Theorem 2.
Having derived explicit expressions for a prosumer’s optimal capacity selection, we now pro-
ceed with the corresponding sensitivity analysis. Our objective in doing so is to illuminate some
key features of renewable capacity investments in a virtual microgrid and provide insight into the
behavior of microgrid participants in response to changing external parameters. We begin with an
analysis of the sensitivity of each prosumer’s optimal capacity selection to the utility’s base elec-

tricity rate p. and marginal cost k. In what follows, all regularity properties, such as monotonicity
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Ci +C5 > px, + px, CP+CP <pux, +ix,

3pe k

82
Figure 2.1: Optimality Regions for C;(II)

and convexity, are stated in their ‘strict’ sense.
Proposition 3. Optimal capacity selection C} (I1) is increasing in p. and decreasing in k.

To provide intuition for the results of Proposition 3, consider Prosumer 1, whose each unit
of capacity C7(II), when operating at time ¢, is used to generate electricity for sale to Prosumer 2
and/or to satisfy his own demand. If a unit of Prosumer 1’s generation capacity is used to satisfy his
own demand at any time ¢, then that unit of capacity is saving him p, ™ dollars in costs whenever it
replaces a purchase from his electric utility. Hence, the marginal value of each unit of his renewable
generation capacity is increasing in p,, so that Prosumer 1’s optimal capacity selection C7(II) is
increasing in p.. The same holds true for Prosumer 2. Similarly, as % increases, the marginal cost
of investment in renewable generation capacity is higher, so that Cf(II) and C; (II) are reduced.

Next, we explore the sensitivity of Prosumer 7’s optimal capacity selection to the mean i,
and standard deviation o, of his demand distribution. By a well-known property of uniform

distributions, o, = (b; — a;)?/12. Thus, by — a; = by — a, implies that o, =0y, =0.

Proposition 4. Optimal capacity selection C}(I1) is increasing in yy,, and increasing in o for

>4k — 32”;, and decreasing in o for 11 <4k— 32]';,\5'

It is not surprising that the optimal installed capacity for each participant in a virtual microgrid
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is increasing in his mean demand, as higher demand for electricity necessitates higher levels of
generation capacity. What is perhaps more surprising is that optimal capacity selection C;(IT) is

not monotonic in demand volatility, but rather increasing in demand volatility for smaller values

of k (i.e., for k < %—l— 32’;‘5) and decreasing in demand volatility for larger values of k (i.e., for
k> %—i— 3’2’#;). This type of behavior, in which optimal capacity is increasing in the volatility of the
underlying demand for low values of the marginal investment cost, and decreasing in that volatility
for high values of that marginal cost, was first observed in Angelus (2019) in the context of a very
different, single-consumer model of investment in renewable power generation. That the identical
qualitative behavior emerges, under equilibrium outcomes, in our model of a blockchain-enabled
virtual microgrid, points to a deeper relationship between the volatility of each consumer’s demand
for electricity and the optimal level of generation capacity used to satisfy that demand.

2.4.3 Peer-to-Peer Pricing of Traded Electricity

Having the explicit solution for each prosumer’s optimal level of renewable generation in a

virtual microgrid, we now address the market clearing price in a virtual microgrid.

Proposition 5. Let functions S)(-) and ®(-) be defined as follows:

 /6Mkpe — ANKTT 4 N2T12 — AIT.

Q(II) : 3, — 2AIl ; (2.17)
/3p2 — ANEIL + N2 4 2p NI — k) + AT — p,
(1) := oA : (2.18)
Then, V;*(IT) = V;* (n(-)) := Vi(C}(w (), CLi(m (), m(+)) is given by:
k[bi — (b — a;)UI)] + WQ?’(H) if ™> 4k — 3p,;
*(11) =
vy pe(b; — a;) [3 — 6®(IT) + 43(I)]

kla; + (b; — a;)®(IT)] +

if m<A4\k — %pe.
(2.19)

6

Proposition 5 provides explicit expressions for V;* as a function of 1I. Therefore, the market

clearing price problem given in (2.10) can be rewritten as:

IT7 := argmin V;*(1I), (2.20)
11
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since the market clearing price function 7(¢) is found, by means of Proposition 2 and 5, to impact
equilibrium outcomes only through its integral II. Consequently, any price function 7(¢) whose

integral IT minimizes V;*(II) will be a solution to the market clearing price problem given in (2.10).

Theorem 3. The cost function V;*(I1) is unimodal, and the following hold for each Consumer i.

(a) Let 117 be as defined in (2.20). Then 11} is unique, and it is given by
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(b) Each prosumer’s optimal cost V*(II}) is given by
(
b —a;) [2\k )
k(bi—( 3“> p) if k<

if k=
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(¢) Each prosumer’s optimal capacity level C} (I1}) is given by
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By Theorem 3, the marginal value II of the energy traded in a virtual microgrid that minimizes
a prosumer’s total expected electricity-related costs is identical for each participant in a virtual
microgrid. Accordingly, we will denote that value as II* and refer to it as the optimal marginal
value of energy traded. A key implication of Theorem 3 is that it is possible for all participants
in a resource-sharing network, even when acting as independent entities, to have identical, cost-
minimizing resource-sharing market clearing price functions. The importance of this result lies
in the fact that, in the absence of market clearing price disparity in a virtual microgrid, there is

no need for a separate market entity to mediate the price-setting process, so that prosumers can
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self-organize into virtual microgrids on their own. Further, having all microgrid participants agree
on their preferred market clearing price function facilitates the design of blockchain protocols
for a virtual microgrid because, under equilibrium outcomes, it is not necessary for a blockchain
application to keep track of the different buy/sell prices at all times in the system, or to manage real-
time engagement of prosumers to in price-setting mechanisms such as continuous energy auctions.

Theorem 3 also provides explicit expressions for the optimal marginal value of energy traded
IT?: one for the low values of the marginal cost of investment and another for the high values of
that marginal cost. We explicitly characterize the value of II that minimizes each prosumer’s cost
function V;*(IT) even though that cost function is, in general, not convex in II. (In reality, neither of
the two segments that define V;*(II) is convex on its own domain). The proof of Theorem 3 relies
on a technical result pertaining to a characterization of unimodal functions by means of functional
composition (see Lemma 6 in the Appendix).

By providing explicit expressions for optimal capacity level C;(II}) and the optimal marginal
value of energy traded II7 associated with each microgrid participant in our model, Theorem 3
completes the characterization of equilibrium outcomes in a blockchain-enabled virtual microgrid.

We next analyze the sensitivity of optimal peer-to-peer electricity pricing, capacity, and each

prosumer’s optimal cost in a virtual microgrid to some key model parameters.

Proposition 6. (a) The optimal marginal value of energy traded 11* is increasing in k, decreasing

in pe for \k < p, < @)\k‘, and increasing in p. for p, >

3(v3-1) y 1.
5 5 Ak;

(b) A prosumer’s optimal cost V;* (I1}) is increasing in k, p., iy, and o;

(c) A prosumer’s optimal capacity level C;(11Y) is decreasing in k, increasing in p., increasing in

Pe

Wi, increasing in o if k < g5,

. . . pe
and decreasing in o if k > £x.

To acquire insight into the behavior described in Proposition 6(a), note that increasing £ raises
the marginal cost of investment in renewable energy. When p. is fixed, the marginal benefit of this
investment increases only with the market clearing price function 7(t). Consequently, since the
optimal marginal value of energy traded I1* seeks to minimize the total cost to a prosumer, then, as

k increases, II* must increase as well. The effect of increasing the base rate p., on the other hand,
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is twofold: first, a higher base rate results in higher fees paid by each prosumer for his purchases
of electricity from the utility; however, because a unit of renewable energy capacity also replaces,
at times, a unit of energy purchased from the utility, a higher base electricity rate also increases
the marginal benefit of that capacity. The impact of those two opposing effects on the optimal
marginal value of energy traded is such that, for a narrow range of smaller values of p. (compared
to \k) defined by ()\k, @/\k} , the optimal marginal value of energy traded IT* is decreasing
in p.. For all other values of p., I[I* is increasing in p.. As a result, II* is convex in p.

By part (b) of Proposition 6, increasing the base electricity rate p. increases the total cost of
electricity for each participant in a virtual microgrid. This follows directly from the expression
for his cost rate given in (2.11). Further, increasing mean demand increases his expected cost of
satisfying that demand, due to the increased (expected) amount of purchased electricity both from
other microgrid participants and his electric utility. Increasing mean demand raises the cost of his
investment in renewable energy because, by Proposition 4, optimal capacity selection C;(II) is in-
creasing in piy,. As aresult, a prosumer’s optimal cost V;*(II?) is increasing in his average demand.
This optimal cost is also increasing in o, because higher demand volatility leads to increased like-
lihood of the prosumer’s demand exceeding his installed renewable generation capacity and his
having to resort to purchasing electricity either from his peers in the microgrid or his utility.

Because k represents the marginal cost of investment in renewable energy generation, it is not
surprising that, by part (c) of Proposition 6, optimal capacity level C;(II*) is decreasing in that
marginal cost. Increasing p., on the other hand, raises the marginal value of that capacity, so
that Cf(II*) is increasing in p.. Also, C;(II*) is increasing in demand volatility for low values
of marginal cost £, and increasing in demand volatility for high values of k. The intuition for
this behavior derives from considerations similar to those for the newsvendor model, in which the
optimal order quantity is decreasing in o for low values of the critical ratio (i.e., high values of
the marginal cost), and increasing in o for high values of the critical ratio (i.e., low values of the

marginal cost).
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2.4.4 Equilibrium Outcomes Quantified

We now quantify equilibrium outcomes in a blockchain-enabled virtual microgrid. We dis-
cretize time into hours, and assume that participants in the microgrid have identical ranges of
demand, so that I; = I, := [a, b]. We make use of the mean and standard deviation of the hourly
residential household energy consumption data in San Francisco for 2013 (US DoE, 2014) to obtain
estimates of a and b. The resulting domain of the uniform distribution of a consumer’s electricity
demand is [1.15 kW h,10.57 kW h]. The annual discount rate used is 10%.

To facilitate arriving at insights from our numerical studies, we assume a particular form of the
market clearing price function, namely 7 (¢) = we™, where 7 := 7(0) is referred to as the base
energy exchange price. It then follows from the definition of II that the optimal market clearing
price function 7*(¢) is given by 7*(¢) = 7*e”, where 7* = AIT*. Table 2.1 displays the optimal

base energy exchange price 7* as a function of base electricity rate p. and marginal cost k.

Marg. Cost k Base Electricity Rate p. (in cents/kWh)

(in $/kwW) 10 12 14 16 18 20 22 24 26 28 30
1000 1.57 1.67 1.77 1.86 1.95 2.03 2.11 2.19 2.26 2.33 2.40
2000 2.55 2.68 2.80 2.92 3.03 3.14 3.24 3.35 3.45 3.54 3.64
3000 3.53 3.64 3.76 3.89 4.01 4.14 4.26 4.37 4.49 4.60 4.71
4000 4.58 4.64 4.74 4.86 4.98 5.10 5.23 5.35 5.47 5.60 5.71
5000 5.68 5.71 5.76 5.85 5.95 6.07 6.19 6.32 6.44 6.57 6.69
6000 6.71 6.82 6.85 6.89 6.96 7.06 7.17 7.28 7.41 7.53 7.65
7000 7.68 7.85 7.96 7.99 8.02 8.08 8.17 8.27 8.38 8.50 8.62
8000 8.68 8.83 8.99 9.10 9.13 9.15 9.21 9.28 9.38 9.48 9.60

Table 2.1: Optimal Base Energy Exchange Price 7* (in cents/kWh)

As predicted by Proposition 6, the optimal base energy exchange price 7* shown in Table 2.1

is increasing in both %k and p.. (Because p. > @)\k for all parameter choices in Table 2.1,
those monotonicity observations are also implied by Proposition 6.) At the same time, 7* appears
to be increasing in k£ much faster than in p,. for the values shown in the table. The optimal base

energy exchange price can also be observed to be relatively small, on average, compared to the
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base electricity rate, as 7" averages only about 31% of p. across all entries in Table 2.1.

Table 2.2 displays each prosumer’s optimal capacity level C;*(IT*) as a function of base elec-
tricity rate p. and marginal cost k. (Since prosumers are identical in this numerical study, so are
their optimal capacity levels.) In accordance with Proposition 6, that optimal capacity level is
found to be decreasing in the marginal cost of investment, and increasing in the base electricity
rate. Further, except for a few entries in the bottom right corner, the values in this table exceed the

prosumer’s average demand for electricity, even at the very high end of the range of that marginal

Ccost.
Marg. Cost k Base Electricity Rate p. (in cents/kWh)

(in $/kw) 10 12 14 16 18 20 22 24 26 28 30
1000 8.32 8.52 8.67 8.79 8.89 8.98 9.05 9.12 9.17 9.23 9.27
2000 7.39 7.66 7.88 8.05 8.20 8.32 8.42 8.52 8.60 8.67 8.73
3000 6.67 7.01 7.28 7.49 7.66 7.81 7.94 8.05 8.15 8.24 8.32
4000 6.07 6.46 6.77 7.01 7.22 7.39 7.54 7.66 7.78 7.88 7.97
5000 5.51 5.98 6.32 6.59 6.82 7.01 7.18 7.32 7.45 7.56 7.66
6000 4.89 5.51 5.91 6.21 6.46 6.67 6.85 7.01 7.15 7.28 7.39
7000 4.14 5.00 5.51 5.86 6.13 6.36 6.56 6.73 6.88 7.01 7.13
8000 3.11 4.41 5.08 5.51 5.83 6.07 6.28 6.46 6.62 6.77 6.89

Table 2.2: Optimal Capacity Level C(7*) (in kW)

In summary, the set of optimal energy policies { Z;", Y;}} and capacity levels {C; }, together with
the optimal marginal value of energy traded II*, represent equilibrium outcomes for participants in
the blockchain-enabled virtual microgrid considered in this chapter. Our derivation of explicit ex-

pressions for those equilibrium outcomes makes it possible not only to conduct sensitivity analysis

on those outcomes, but also to obtain their numerical values and examine their behavior.
2.5 Implications of Virtual Microgrids

We now analyze some key ramifications of blockchain-enabled virtual microgrids. In Section
2.5.1, we compare the expected cost for a prosumer in a virtual microgrid to that of a single con-

sumer, without access to a microgrid, who seeks to minimize his total electricity-related costs of
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electricity by investing in renewable energy generation. In Section 2.5.2, we evaluate the implica-
tions of blockchain-enabled virtual microgrids for the magnitude of renewable energy investments.
In Section 2.5.3, we explore how well blockchain technology coordinates the participants of a de-

centralized virtual microgrid relative to a fully centralized microgrid optimized for total cost.

2.5.1 Cost Savings

To evaluate the implications of a blockchain-enabled microgrid for electricity consumers’ cost
savings, we now contrast the results obtained in the previous section to those derived herein for a
single, cost-minimizing, consumer without access to a virtual microgrid. Without a virtual micro-
grid, an electricity consumer can still invest in renewable power generation; however, any energy
produced by his installed renewable energy capacity in excess of his demand can no longer be sold
to another consumer for profit (or to his utility, under the model assumptions), nor can he purchase
electricity from anyone other than his electric utility.

In analyzing a single, cost-minimizing consumer, we assume that his (random) demand X
for electricity at any time ¢ is stationary and uniformly distributed on I := [a, b]. Just like the
participants in a blockchain-enabled virtual microgrid, at time ¢ = 0, this consumer invests in his
own distributed renewable energy generation by deciding on capacity c to install at that time. His
marginal cost of investment is also k, so that his total cost of investment at time ¢ = 0 is kc.

Following the installation of his renewable generation capacity, this consumer uses that capac-
ity to satisfy his demand for electricity and only resorts to purchasing electricity from the regulated
utility when his demand X exceeds his generation capacity c. Therefore, his cost rate at any time
tis p.e™(X — ¢)*. Let v(c) denote the total discounted expected value of all electricity costs

incurred by this consumer from ¢ = 0 through the end of the time horizon. Thus, we have:

0 oo b
v(c) = / e " Ex[pe (X — )t ]dt + ke = pe/ / e MEx[(X — o)f]dvdt + ke. (221)
0 0 a

This consumer’s optimal generation capacity c* is then given simply as:

ko, 3
= argrcnzl(r)lv(c).

We will refer to this optimization problem as the single consumer’s capacity problem, and to
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v* := v(c") as the single consumer’s minimum cost.

Proposition 7. For the single consumer’s capacity problem, the following hold:

Ak N2 (b —
¢*=b——(0b—a) and v*:bk—M.
Pe 2pe

It follows from Proposition 7 that a single consumer’s optimal capacity is concave increasing in
base electricity rate p. and decreasing linearly in &, the marginal cost of investment. His minimum
cost is concave increasing in each of p, and &.

To render the comparison between a virtual microgrid participant and a single, cost-minimizing
consumer meaningful, we assume that: (a) the participants in a virtual microgrid have identical
ranges of their probability distributions of demand, so that [; = I,; and (b) the range of demand
for microgrid participants is identical to that of a single, cost-minimizing consumer without a
microgrid, so that [; = I, = T = [a, b]. Consequently, we drop the subscript i from the variables
used to describe optimal capacity and optimal cost for each prosumer in a virtual microgrid.

The following key theorem shows that an electricity prosumer always benefits from engaging

in peer-to-peer energy trading made possible in a blockchain-enabled virtual microgrid.
Theorem 4. Forany 11 € [0, ), V*(II) < v*.

Theorem 4 guarantees that an electricity prosumer is always better off with a virtual microgrid
than without one. This is true regardless of the market clearing price function in the microgrid,
so that a blockchain-enabled microgrid need not have the optimal marginal value of energy traded
for its constituents to realize cost savings from participating. This theorem also helps explain
(and justify) the growing interest in virtual microgrids such as the Brooklyn Microgrid, as each
prosumer is better off with it than without, no matter what price he buys and sells electricity for.

The question that naturally arises on the heels of Theorem 4 concerns the exact amount of cost
savings generated by a consumer joining a virtual microgrid. To quantify those cost savings and
provide meaningful comparisons, we again consider a virtual microgrid with identical prosumers.

We assume the same model parameters as those used in Tables 1 and 2 of Section 4.3.
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Table 2.3 displays cost savings for a prosumer in a virtual microgrid under equilibrium out-
comes relative to the minimum cost of a single, cost-minimizing prosumer without access to a
microgrid. Thus, the values shown in Table 2.3 represent the ratio %(H), evaluated across
a range of the base electricity rates (from 10 cents/kWh to 30 cents/kWh, in increments of two
cents) and marginal costs of investment in renewable generation (from $1000/kW to $8000/kW, in
increments of $1000).

The percentage cost savings displayed in the table appear to be concave in both k£ and p..
Those cost savings are also at their highest when £ and p. are either both low or both high, and
they peak at about 11.1%, regardless of the combination of values used for the marginal cost and

base electricity rate. While those savings are not insignificant (averaging 9.7% across the entries

in Table 2.3), they also exhibit considerable variation, as they can reach as low as 1.4%.

k Base Electricity Rate p. (in cents/kWh)

(in $/kW) 10 12 14 16 18 20 22 24 26 28
1000 9.6%5 9.1% 8.7% 8.3% 8.0% 7.7% 7.4% 7.2% 7.0% 6.8%
2000 11.0% 10.8% 10.5% 10.2% 9.9% 9.6% 9.3% 9.1% 8.9% 8.7%
3000 11.0% 11.1% 11.1% 10.9% 10.8% 10.6% 10.4% 10.2 10.0% 9.8%
4000 10.1% 10.8% 11.1% 11.1% 11.1 11.0% 10.9% 10.8% 10.6% 10.5%
5000 8.5% 9.9% 10.6% 10.9% 11.1% 11.1% 11.1% 11.1% 11.0% 10.9%
6000 6.3% 8.5% 9.7% 10.4% 10.8% 11.0% 11.1% 11.1% 11.1% 11.1%
7000 3.9% 6.7% 8.5% 9.6% 10.2% 10.7% 10.9% 11.0% 11.1% 11.1%
8000 1.4% 4.7% 7.0% 8.5% 9.5% 10.1% 10.5% 10.8% 11.0% 11.1%

Table 2.3: Consumer Cost Savings Generated by a Virtual Microgrid (in %)

In summary, under equilibrium outcomes, a blockchain-enabled virtual microgrid can generate
significant cost savings for an electricity prosumer. At the same time, the exact amount of those
savings very much depends on the characteristics of the underlying microgrid electricity market,
such as the marginal cost of renewable energy investment and base electricity rate. As a result,
even though a prosumer is always better off with a virtual microgrid than without, when analyzing
an investment in a virtual microgrid, care should be taken to accurately capture the details of the

particular electricity market being considered for the investment.

31



2.5.2 Size of Renewable Energy Investments

In a virtual microgrid with identical consumers, for any market clearing price function 7(¢),
each consumer will install the optimal capacity selection C*(II). From the perspective of renew-
able energy investments, a key question becomes whether a consumer would invest more or less
in renewable energy generation with a virtual microgrid than without. To answer that question,
we compare optimal capacity of a participant in a virtual microgrid under equilibrium outcomes to
that of a single, cost-minimizing consumer who invests in renewable energy generation.

It may seem intuitive that a consumer’s optimal capacity investment with a virtual microgrid
would be higher than without it, because, with a microgrid, each consumer’s excess capacity can be
used to generate and sell electricity to other microgrid participants. As a result, the marginal value
of each unit of renewable generation capacity would appear to be higher with a virtual microgrid,
so that the resulting optimal capacity would then necessarily also be higher for any market clearing
price function in the microgrid. As it turns out, the reality of the relative sizes of renewable energy
investments with and without a virtual microgrid turns out to be more complicated. The following

theorem provides an explicit, “threshold-type” resolution of this issue.

Theorem 5. Let C*(I1) and c* be as established in Theorem 2 and Proposition 7, respectively.

Then, there exist a threshold marginal value I1 of energy traded in a microgrid such that C*(I1) < c*

whenever I1 < 11, and C*(I1) > ¢* whenever 11> I1. Further,

(a) If k <Zs, then ﬁ:% and C*(IT*) < c*;

(b) If k> %, then T =220 g C*(I1) > c*.

By Theorem 5, there exists a threshold marginal value of energy traded in a virtual microgrid
such that the optimal capacity selection for each participant in the microgrid is higher than the
optimal capacity for a single, cost-minimizing consumer without a microgrid, whenever the actual
marginal value of energy traded exceeds that threshold; otherwise, the single, cost-minimizing con-
sumer optimally invests in a higher level of renewable energy capacity. Therefore, the “marginal

value" intuition described above regarding each consumer’s optimal renewable energy investments
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in a virtual microgrid does not (fully) capture the complexity of the underlying capacity decision.
As it turns out, the energy trading option in a virtual microgrid plays a significant role in
this decision. This is because, with peer-to-peer energy trading, the capacity decision for each
participant in the microgrid involves a unique tradeoff between: (1) buying more capacity, which
can be used to satisfy own demand and sell electricity to other participants, while incurring a
higher investment cost; and (2) buying less capacity, incurring a smaller investment cost, and
relying (more) on energy purchases from other participants to meet own demand for electricity.
Hence, when the marginal value of energy traded in a virtual microgrid is small, then in equi-
librium, using energy purchases from other participants to satisfy own demand starts to substitute,
for each prosumer, for his investing in renewable energy capacity. In other words, at low electric-
ity trading prices in a virtual microgrid, each prosumer starts to rely more on energy purchases
rather than his own electricity generation to meet his demand. As a result, his optimal capacity
investment ends up being lower than that of a single, cost-minimizing consumer, since the latter,
by definition, does not have access to low-priced energy purchases from prosumers in a microgrid.
Similarly, when the marginal value of energy traded in the microgrid is high, then the above
tradeoff shifts in the other direction, and each participant in the microgrid finds it more beneficial,
in equilibrium, to invest more in renewable generation capacity. This is because, with more gen-
eration capacity, he can not only meet more of his own demand with his own generation, but also
generate significant revenue from selling electricity to other participants in the microgrid at pre-
vailing higher prices. Hence, with higher electricity trading prices in a virtual microgrid implied
by a higher marginal value of energy traded, each prosumer’s optimal capacity investment ends up
being higher than that of a single, cost-minimizing consumer, as the latter cannot sell his excess
electricity.
Theorem 5 also provides explicit expressions for the marginal energy value threshold IT, whose
representation depends on whether the marginal cost of investment & is low (i.e., less than %), or
high (i.e., greater than Z5). The proof of Theorem 5 establishes that this threshold value is always

in the interval (0, p.), so that this “threshold-type" characteristic of renewable energy investments
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is present, in all blockchain-enabled virtual microgrids, regardless of the particular features of the
underlying electricity market. When marginal cost £ is low, each prosumer’s optimal capacity level
C*(IT*) is smaller than the single-consumer’s optimal capacity ¢* because, in that case, IT* < II.
Similarly, when marginal cost & is high, each prosumer’s optimal capacity level C*(IT*) is higher
than the single-consumer’s optimal capacity c* since, then, IT* > II.

In summary, participating in a virtual microgrid and being able to trade electricity with its con-
stituents fundamentally alters the magnitude of a prosumer’s investment in renewable energy. This
observation, in turn, becomes an important point to keep in mind for those electricity consumers
considering joining a virtual microgrid, as that decision can impact their level of capital needed
for renewable energy investment and their subsequent cost savings generated. We are not aware
of any mention in the research literature or media coverage of blockchain-enabled energy projects
(such as the Brooklyn Microgrid) of the fact that consumers who join a virtual microgrid may not
want to install the same amount of solar panel capacity, for example, as those who do not.

2.5.3 Coordination Power of Blockchain

Blockchain represents, to the best of our knowledge, the only technology capable of facilitating
organization of electricity consumers into decentralized virtual microgrids by coordinating their
financial and energy flows for the purpose of peer-to-peer trading of electricity.

In contrast to the decentralized, blockchain-enabled, virtual microgrid analyzed in this chapter,
a traditional, physical microgrid comprises a network of energy production and demand nodes,
with its own transmission lines, that operates in parallel to the central transmission grid. A number
of different designs and algorithms have been used to successfully operate microgrid controllers
that centrally manage all operational aspects of such microgrids (Su et al. 2013, Khan et al. 2016,
Askarzadeh 2017). Those algorithms generally aim to minimize the total cost in the system. While
a virtual microgrid does not require the infrastructure investment needed for a traditional, centrally-
controlled microgrid, a key question regarding the use of blockchain technologies to operate a
virtual microgrid concerns its power to coordinate the relevant decision makers (i.e., participants in

a microgrid) towards not only optimizing their individual cost, but also reducing the total cost in the
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system, much like centralized controller would do for a traditional microgrid. From the perspective
of widespread adoption of virtual microgrids by residential and other consumers, providing insight
into this issue is an important task that has remained outstanding in the literature.

For that purpose, in this section we compare the cost performance of a blockchain-enabled vir-
tual microgrid under equilibrium outcomes to the cost performance of a fully centralized microgrid
optimized for total cost. Since our focus in this section is on coordination performance only, we
do not consider infrastructure costs (i.e., transmission and distribution lines) needed to set up a
traditional microgrid; instead, we only analyze direct electricity-related costs, including the cost of
investment in renewable power generation incurred by the constituents of such a microgrid.

We retain the assumptions regarding consumer i (i € {1,2}) and his demand for electricity
X;~Ula;, b;) at time ¢. In a traditional microgrid, a central agent invests in renewable generation
capacity C at time ¢ = 0, and this generation capacity subsequently serves the demand from both
consumers. When the demand in such a centralized microgrid (i.e., X; + X5) exceeds the installed
generation capacity, the microgrid draws power from its electric utility to satisfy the resulting
excess demand. Therefore, at any time ¢, the cost rate of the traditional centralized microgrid is
pe€™(x1+x9—C)T, where, as usual, r; and x denote realizations of random demands X; and X,.

Let F(C) be the expected discounted present value of all electricity-related costs in a central-

ized microgrid over the time horizon, including the investment in capacity C at time ¢ =0. Thus,
F(C) = / e MEx, x, [pe(z1 4+ 2 — C)] dt + kC. (2.22)
0

The central agent chooses the capacity to minimize the expected total cost F(C). Thus, in a

centralized microgrid, we define the optimal (centralized) capacity C* as

C* = argmin F(C).
c

Also, we will refer to F* := F(C*) as the minimum (centralized) cost. The following proposition

derives optimal centralized capacity and minimum centralized cost.

Proposition 8. In a centralized microgrid optimized for total cost, the following hold.

35



(a) The optimal centralized capacity is given by
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Having established analytical expressions for the minimum cost in a traditional, centralized
microgrid, we now compare that minimum cost to the total cost in a blockchain-enabled virtual

microgrid under equilibrium outcomes. Let V* := V;*(IT}) + V,*(II3) denote that total cost.
Theorem 6. For any positive base electricity rate p., F* = V™.

By Theorem 6, a virtual microgrid with a decentralized coordination of prosumers by means
of blockchain technology achieves the same total minimum cost in the system as a microgrid
with a fully centralized control designed to minimize total system costs. At the same time, a
blockchain-enabled virtual microgrid does not require expensive infrastructure of central control
devices needed to run a centralized microgrid. Further, as already mentioned, a centralized micro-
grid generally also requires its own transmission and distribution network, whereas a blockchain-
enabled microgrid, such as the Brooklyn Microgrid, provides a virtual marketplace for energy
trading that runs on the existing transmission grid.

In summary, blockchain can achieve the same degree of coordination of prosumers in a de-
centralized virtual microgrid (referred to as “virtual horizontal coordination” in Babich and Hilary
(2020)) as a centralized microgrid controller set up to minimize total costs in the system. Our

finding that a blockchain-enabled microgrid achieves complete virtual horizontal coordination is
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of significance for future adoption of virtual microgrids in electricity markets worldwide.
2.6 Concluding Remarks

Blockchain-related energy projects are emerging as a major area of application of blockchain
technologies, as those technologies are making it possible for individual consumers and produc-
ers of renewable energy to bypass existing markets and self-organize into decentralized virtual
networks for the purpose of trading self-generated electricity. In this chapter, we provided an
analytical model of a decentralized microgrid that captures the dynamics of virtual trading of self-
generated electricity and associated peer-to-peer financial and energy flows enabled by blockchain
technologies.

For the resulting two-stage, simultaneous noncooperative game, we characterized equilibrium
outcomes, including each consumer’s optimal energy policy and capacity of installed renewable
generation. We also derived the marginal value of energy traded in a virtual microgrid that min-
imizes each participant’s total electricity costs. That value was shown to be increasing in the
marginal cost of investment, and convex in the base electricity rate. We found that each prosumer’s
optimal cost was increasing in all key parameters of the model: base electricity rate, marginal cost
of investment, and mean and standard deviation of his demand distribution. His optimal capacity
level, on the other hand, is uniformly increasing in all model parameters but the standard deviation
of demand.

Some key results, from the perspective of electricity prosumers, concern the implications of
virtual microgrids for their cost savings and renewable energy investments. In that regard, we
established that each of heterogeneous, cost-minimizing prosumers is always better off within a
virtual microgrid than without, regardless of the market clearing price function in the microgrid. A
prosumer’s expected cost savings, under equilibrium outcomes, were found to average 9.7% in our
numerical studies. We also determined that the impact of virtual microgrids on the magnitude of
renewable energy investments can be characterized with a threshold structure; that is, there exists
a threshold marginal value of energy traded such that the optimal capacity for each prosumer in

the microgrid is higher than that of the single, cost-minimizing consumer without a microgrid
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whenever the actual marginal value of energy traded in the microgrid exceeds that threshold.

With regard to future development and investment into blockchain-related energy projects, our
key result is that, in equilibrium, a blockchain-enabled microgrid fully coordinates all the partici-
pants of a decentralized virtual microgrid in minimizing the total electricity-related cost in the sys-
tem. A virtual microgrid therefore achieves the same total cost of electricity for its participants as
a fully centralized, traditional microgrid that additionally requires expensive investment in control
devices and other expensive equipment. Further, the optimal energy policy derived in this chapter
for each participant in a virtual microgrid is easily executable by smart contracts application of
blockchain, which facilitates the realization of participant cost savings.

From the perspective of sustainability and community engagement with local renewable en-
ergy projects such as the Brooklyn Microgrid, our results provide support for the belief, held by
most Brooklyn Microgrid participants, that they are “laying the groundwork™ for a future in which
communities produce their own electricity, and retain profits from that electricity while moving
towards increased renewable energy use and away from fossil fuels (Peck 2016).

We conclude by pointing out some caveats and potential directions for future research. First,
we assumed a regulated electricity market in which there is no uncertainty in the price charged for
electricity purchased from the central transmission grid. It would be of interest to also consider
unregulated electricity markets in which competition would induce price uncertainty, or at least
nonstationarity, so that at times it may be more beneficial for a microgrid participant to buy power
from the central transmission grid rather than from other prosumers in his virtual microgrid. In
that case, one might expect a lower optimal energy exchange price and potentially even greater
cost savings for a microgrid participant due to his option to choose, at any time, the lower of the
two prices for the purchase of needed electricity.

Second, there may exist circumstances (such as different forms of the demand probability dis-
tribution) under which heterogeneous prosumers would not all arrive at the same cost-minimizing
marginal value of energy traded in the microgrid. In such settings, it might be necessary to develop

an auction-type mechanism for the determination of the peer-to-peer electricity trading price. The
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resulting analysis would represent a worthwhile extension of our research.

Third, while we assume that electricity generated by a microgrid participant cannot be stored
in any way, an important development in electricity markets has been an increased availability of
residential battery storage. With battery storage, a prosumer would not necessarily be motivated
to always sell all of his excess electricity to other microgrid participants, but would likely want to
store some of it for his own future use. With battery storage, the set of equilibrium outcomes would
expand to include the optimal capacity of storage installed by each consumer. This would result
in increased complexity of the corresponding minimization problem, while potentially enhancing
cost savings available to microgrid participants. Research into consumer investment in renewable

energy under storage availability would be of great academic and societal interest.
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3. TRANSMISSION GRID DEVELOPMENT AND IMPLICATIONS FOR RENEWABLE
ENERGY INVESTMENT

3.1 Introduction

Renewable energy has now come to represent an indispensable source of electricity genera-
tion. Due to ambitious political targets to reach the deep de-carbonization of electric grids, wind
and solar energy installations have grown rapidly over the last decade. In Europe, wind energy
installations grew by 10 GW in 2009 and 2010 alone. The cumulative photovoltaic capacity over
the European countries reached 29 GW in 2010 (Schaber et al. 2012). At the same time, the grow-
ing renewable generation capacity demands an increasing electricity transmission capacity on the
current grid infrastructure. Procuring sufficient transmission capacity is considered one of the most
urgent tasks to support the sustainable transition of a carbon-dependent economy to a low-carbon
economy. Borrowing one wind energy industry stakeholder’s comment, “the list of top three chal-
lenges for wind industry [are] ... transmission, transmission, and transmission.” (Fischlein et al.
2013)

Currently, transmission capacity expansion planning is administered by federal and state juris-
diction - regional transmission organizations or independent system operators in the United States.
Traditionally, the installation of a transmission grid is centrally planned and developed as a re-
sponse to an increase in market demand in the region. Over the next decade, long-term goals of
developing and operating new transmission grids should support the projected growth of renewable
electricity generation. Because renewable generation is intermittent and time/space-dependent,
high penetration of renewable energy would increase the frequency of over-generation or under-
generation compared to the transmission capacity or demand experienced at load centers. This
increased imbalance is costly for both energy producers and transmission grid operators alike. For
instance, excess electricity is often sold at a negative wholesale price to relieve congestion in trans-
mission grids (Zarnikau 2011, Zhou et al. 2016). In the western part of Texas, wind developers

commonly experience a negative wholesale electricity price due to insufficient transmission capa-
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bility (Zarnikau 2011). Southern California Edison reported that transmission constraints caused
the wind energy loss of about 15 MW for 6% — 8% of the time as of 2010 (Rogers et al. 2010).

The limited transmission capability in the current grids has been impeding renewable energy
development for more technical and economic constraints. First, the majority of commercial re-
newable energy projects are developed in rural regions remote from load centers where the current
grid infrastructures are built around. Also, because many renewable energy projects have been
driven by non-utility independent power producers, political and meteorological factors draw those
projects to be developed in regions remote from the load centers (United States Department of En-
ergy 2019). Over the next decade, more renewable energy will be developed in remote offshore.
Global Wind Energy Council (GWEC) forecasts that offshore wind capacity alone will surge to
234 GW by 2030 (Pullen and Sawyer 2011). Second, planning and constructing a transmission
grid generally takes a much longer time than developing a renewable power plant. For instance,
while developing a wind farm takes only about one year, developing a fully operational transmis-
sion grid can take at least five years or longer (Fischlein et al. 2013). Without the well-ahead
planning to develop sufficient transmission capacity over the next decades, significant social and
environmental values generated via renewable energy development can be lost due to the lack of
transmission lines.

Developing these long-distance grids has some important differences from merely upgrading
the current transmission infrastructure, which has been considered by many jurisdictions, including
the U.S. and several European countries. First, renewable projects can be deployed in regions with
higher meteorological potential when dedicated transmission lines are available because the devel-
opment of a renewable energy project is less constrained by the current grid infrastructure. Also,
transmission grid planners can avoid expensive upgrades to the current transmission infrastructure.
For instance, the cost of upgrading onshore transmission grids in New England to support wind
energy deployment was estimated at 1 $ billion. Extended transmission grids will generate savings
by reducing the upgrades and repairs needed with the old transmission grids. Second, developing

transmission grids can generate a potential of higher revenue for energy producers. Higher trans-
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mission capacity implies these energy producers can transmit more energy generated to remote
high population centers, and more potential demand fulfilled with renewable energy. Thus, the
economic benefit of expanding the transmission network in the United States is estimated at $ 1.5
trillion under a high renewable penetration scenario (Krishnan et al. 2013). Yet, little is known
about the strategic questions related to a long-distance transmission grid.

These qualitative arguments motivate me to consider how we can capture the potential of abun-
dant renewable energy sources and avoid economic and social consequences of increasing fossil
fuel consumption. In this chapter, we study how a transmission company (TransCo) can optimally
invest in a long-distance transmission line, that connects a low-demand remote region to a high-
demand urban region, to allow renewable energy development by a power generation company
(GenCo) in a geographically remote region. We formulate and solve a continuous-time, infinite-
horizon, Stackelberg game between TransCo and GenCo in the presence of stochastic demand for
renewable electricity on both ends of the transmission line. We show that transmission and gen-
eration act as complements with regard to the value functions for both companies. We determine
explicit expressions for optimal transmission and generation capacities installed by each company.
We use this result to derive the value-maximizing transmission fee charged by TransCo to GenCo
for each unit of energy exported from the low-demand, remote region to the high-demand ur-
ban region. Finally, we characterize a Pareto-improving cost-sharing contract through which both
companies improve the value of their investment. We identify key drivers of those investments and
quantify their size across a range of model parameters.

The remaining of this chapter is organized as follows. In Section 3.2, we review the literature.
In Section 3.3, we formulate our model. In Section 3.4 we characterize the structural properties and
equilibrium outcomes of the solutions to optimal generation and transmission capacity selection.
Section 3.5 explores strategic interaction between transmission and generation, In Section 3.6, we

provide concluding remarks.
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3.2 Literature Review

This chapter is primarily related to the literature on renewable energy operations. Hu et al.
(2015) establish the optimal level of renewable generation capacity under intermittent supply and
stochastic demand and show that data granularity matters because coarse data may not reflect
intermittency of renewable generation. Kok et al. (2018) study the effects of utilities’ different
pricing policies (peak vs. flat) on renewable energy investment and find that flat pricing can lead to
a higher investment in renewable generation from the utility, while peak pricing leads to increased
investment in distributed generation. Aflaki and Netessine (2017) show that higher carbon prices
and market liberalization may reduce the share of renewable capacity in the generation portfolio
due to the interaction between generation intermittency and pricing. Angelus (2021) identifies
optimal timing and capacity of investment in a distributed renewable generation for a consumer
whose demand for electricity is stochastically evolving. In contrast to this literature, our focus is
on those settings where the return on the investment in renewable energy (through selling electricity
to market participants) is constrained by the available transmission capacity.

Several recent papers in the renewable energy literature have dealt with optimal pricing of
electricity. Alizamir et al. (2016) determine the optimal feed-in-tariff under information diffu-
sion and the structure of the optimal investment timing for heterogeneous consumers. Kok et al.
(2018) determine the optimal peak and flat electricity price. Adelman and Uckun (2019) develop
asymptotically linear, social welfare-maximizing, electricity price schedules for a utility that serves
price-responsive strategic consumers. Al-Gwaiz et al. (2017) demonstrate that curtailing renew-
able generation can increase market competition. Angelus (2021) determines optimal electricity
pricing for a utility that serves a consumer who has the option to invest in distributed renewable
generation. In contrast to these papers, our research is not concerned with determining the optimal
pricing of a utility’s electricity pricing. We instead address how the regulated electricity price can
change the investments by individual market participants (renewable power companies), which
also impacts the optimal level of transmission grid capacity investment.

It is worth mentioning a number of other papers that deal with operations management prob-
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lems in renewable energy systems. Wu and Kapuscinski (2013) find that curtailing intermittent
renewable energy reduces system costs and emissions. Sunar and Birge (2019) show that an un-
dersupply penalty rate can result in commitment inflation by renewable generators. Babich et al.
(2020) address how subsidy designs (feed-in-tariff versus tax-rebate) impacts solar panel invest-
ment. Agrawal and Yiicel (2021) provide managerial insights and policy implications for non-
ownership business models for solar energy.

Because our research is concerned with optimizing the transmission capacity investment and
impacts for renewable energy thereof, we also contribute to the literature about transmission ex-
pansion planning. For general topics in transmission expansion planning, we refer the interested
readers to a comprehensive review by Hemmati et al. (2013). Only a few research studies deal with
the problems related to expanding transmission infrastructure for renewable energy delivery. Den-
holm and Sioshansi (2009) establish that energy storage systems reduce transmission costs when
they are closely located to wind farms. Qi et al. (2015) determine the optimal level of transmis-
sion capacities with energy storage systems and show that the marginal values of storage capacity
decrease faster than that of transmission capacity. In contrast to these papers, we first solve for
the investment in generation capacity from a renewable power producer, and then determine the
optimal level of transmission capacity investment by the transmission company. By separating
the problem of investing in transmission grids from the renewable energy investment problem, we
address the impact of transmission capacity on renewable energy investment and its strategic im-
plications for the stakeholders in renewable energy and transmission grid infrastructures. Also,
different from most previous transmission planning models that minimize the cost of operation
and investment, our model provides insights for a new business model for transmission grids by

accounting for the revenue generated from electricity transmission grid usage.
3.3 Model Formulation

We consider a setting with two geographically separate regions, a sparsely-populated rural
Region 1 and a densely-populated urban Region 2. Each region has its own intrinsic (and uncertain)

demand for renewable energy. Region 1 is abundant in renewable energy resources such as solar
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or wind, while sources of renewable energy in Region 2 are either not existent or not possible to
develop due to zoning and other restrictions.

We formulate a continuous-time, infinite-horizon model with two decision makers: a transmis-
sion infrastructure company and a renewable power generation company. Transmission companies
are generally state-regulated transmission system operators, while renewable power generation
companies are typically private, profit-maximizing business entities.

Prior to the start of the time horizon, we assume there are no power transmission lines between
Region 1 and Region 2, and no installed renewable power generation in Region 1. At the beginning
of the time horizon, the transmission infrastructure company moves first, and decides on the level
of transmission (grid) capacity to be installed between Regions 1 and 2. This transmission capac-
ity represents the maximum power (in MW) that can be transmitted over that line at any time .
Knowing the level of transmission grid capacity 7' to be installed, the renewable power generation
company moves next and chooses how much renewable power generation capacity G to develop in
Region 2. This generation capacity represents the maximum power (in MW) that can be generated
by installed renewable energy sources at any time ¢. Thus, 7" and G represent the decision variables
in our model.

As linear costs for renewable energy-related investments are standard in the literature (Hu et al.
2015, Aflaki and Netessine 2017, Kok et al. 2018), we assume that the cost to the transmission
company to install transmission capacity 7" is k; 1", where k; is referred to as the marginal cost of
transmission capacity. Similarly, the cost to the power generation company to develop renewable
generation capacity G is k;G, where k is the marginal cost of renewable generation capacity.
3.3.1 Generation Company’s Profit Maximization Problem

Following the investments in transmission and renewable power generation capacity at the be-
ginning of the time horizon, the energy company uses its renewable generation capacity to produce
electricity, and generate revenues by selling that electricity both locally to Region 1 and, over the
installed transmission line, to Region 2. We assume that the generation company has a locked-

in feed-in tariff or a long-term price contract for any renewable electricity it generated over the
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time horizon. As described in Alizamir et al. (2016), feed-in-tariffs represent commonly used in-
struments that attract investments in renewable energy by offering long-term guaranteed purchase
agreements to producers of renewable energy to sell their electricity into the grid. Thus, for every
unit of electricity (expressed in MWh) sold to either Region 1 or Region 2 at any point during the
time horizon, the renewable energy company receives p dollars in revenue. Since renewable en-
ergy is effectively costless to generate, the variable cost of electricity generation for the generation
company is assumed to be zero. Finally, for every unit of energy sold to Region 2 over the installed
transmission line, the transmission company imposes a charge s (in $/MWh) on the generation
company.

Let random variables X; and X, denote demand for electricity at any time ¢ in Regions 1 and
2, respectively. We assume that X; and X, have continuous probability densities and use z; and
To to denote particular realizations of X; and X5. As demand is never unbounded in practice, X
and X, are assumed to have finite support; thus, X; ~ (0,b1) and X, ~ (0, b2) for some b; and bs.

Let R, be the revenue rate for the generation company at any time ¢. Then, for any given level
of transmission capacity 7" and generation capacity (7, and the realizations x; and x5 at time ¢, that

revenue rate at time ¢ is given by
Re(G, T, x1,x2) = p min[z1, G] + (p — ) min[(G — x1)+,x2,T}, (3.1)

where we use the standard notation * = max(x,0). The first term represents the generation
company revenue from selling electricity locally to Region 1, while the second term denotes the
revenue from its selling any leftover energy over the installed transmission line to Region 2. Due to
the transmission fee s, the unit electricity revenue from satisfying the local demand in Region 1 is
higher than from selling electricity exported to Region 2. Therefore, the generation company first
seeks to sell as much electricity as possible to Region 1 before sending any excess of its generated
power over the transmission line to Region 2. Further, the volume of electricity sold to Region
2 is constrained by the installed transmission capacity between the two regions, by the demand
in Region 2, and by the amount of power (G — ;)" left over after satisfying the (instantaneous)

demand z; in Region 1.
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Let [I;(G,T) represent the generation company’s total expected discounted profit over the
time horizon, as a function of generation capacity G and transmission capacity 7'. Let \ denote the

continuous-time discount rate. We then obtain that:
II.(G,T) :/ e M Ex, x, |Rc(G, T, x1, x2) | dt — koG, (3.2)
0

where the expectation operator Ex, x, indicates that the expectation is taken over X; and X.
Because the transmission company decides on the capacity of its transmission investment be-

fore the generation company decides on the capacity of its renewable generation investment, the

problem for the generation company is to choose, for any given transmission capacity 7', its best

response function G(7') that maximizes I, (G, T). Thus,

G(T) := argmax II;(G,T). (3.3)
G>0

We refer to this optimization problem as the generation capacity selection problem. Let I1,(T),
referred to as the generation company’s best expected profit, be its expected profit under its best

response function G'(7T'). Thus,
II,(T) :=11,(G(T),T). (3.4)

3.3.2 Transmission Company’s Value Maximization Problem

As a state-regulated system operator, the transmission company seeks to maximize the overall
value of its investment in transmission line of capacity 7" between Region 1 and Region 2. This
value consists of both pecuniary and non-pecuniary benefits. The former represents the expected
discounted value of the revenue stream from transmission fees paid by the generation company for
any electricity sold to Region 2 over the time horizon, net of the investment cost. The correspond-
ing revenue rate to the transmission company, for any given 7" and G, can therefore be expressed

as:

s min[(G — x1)+,x2,T},
at any time ¢. The non-pecuniary benefits to the transmission company derive from providing con-

sumers with renewable energy, which is deemed to be of societal benefit. Following the approach
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of Babich et al. (2020) in capturing societal benefit to government organizations from renewable
energy generation, we assign benefit v to each unit of renewable energy delivered via the installed
transmission line and used to satisfy the demand of electricity consumers in Region 2. Thus, the
total benefit rate to the transmission company at any time during the time horizon, as a function of

T, and given the generation company’s best response G(7'), can therefore be expressed as:
Br(T,x1,22) = (s +v) min[(G(T) — z1)", 25, T (3.5)

The resulting value function for the transmission company is obtained as:
Vo(T) = / e MEx, x, [VT (T, a1, xz)} dt — &, T. (3.6)
0

The transmission company’s objective is to maximize its value function V, by choosing the
optimal transmission capacity 7' to install. Let 7™ denote that optimal transmission capacity.

Thus,

T* := argmax V,(T), 3.7)

>0

which we refer to as the transmission capacity problem. We also define the following:

V5=V (TY) referred to as the transmission company’s optimal value; (3.8)
G* = G(T") referred to as the optimal generation capacity; (3.9)
I, .= I, (T*) referred to as the generation company’s optimal profit. (3.10)

Thus, 7™ and G* represent the values of optimal controls for the problem, while V) and II7, refer
to the values of the objective functions under those optimal controls for the two entities involved
in the power transmission and generation investment problem considered in this chapter.
3.4 Optimality Results
3.4.1 Bounds and Structural Properties

We begin our analysis of the transmission capacity and generation capacity problems formu-
lated in the previous section by providing some bounds on optimal decisions and structural results

for those problems. For that purpose, we first introduce some conditions on model parameters.
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Because those condition hold in effectively all practical settings relevant to our model, they are
non-restrictive.

The revenue from one unit of capacity owned by the generation company and used to produce
electricity for sale to Region 2 continuously throughout the time horizon is foooe_” (p—s)dt =
(p—;s). Because this equation represents the maximum revenue that can be received when a unit
of capacity in Region 1 is used to satisfy demand in Region 2, then if (p+3) > kg, the power
generation company would never invest in any renewable energy capacity intended for sale to
Region 2. Because our focus is on those settings in which the development of renewable energy

sources in Region 1 is intended to (profitably) serve the demand in Region 2, we make the following

assumption.

p—S

Assumption 4. k, < 3

Similarly, if one unit of transmission capacity is used continuously during the time horizon to
export energy from Region 1 to Region 2, the net present value of the benefits received by the

—(SJ;”). Consequently, if this maximum discounted

transmission company is [ e M (s+v)dt =
benefit received by the transmission company from investing in that one unit of transmission ca-
pacity were smaller than the cost of installing that unit, the company would not find it worthwhile

to install any transmission grid capacity between Region 1 and Region 2. To avoid such settings

that are not relevant to our analysis, we assume the following restriction on model parameters.

Assumption 5. £, < i —; Y.

The following lemmas establish upper bounds on optimal decisions for the problem. They

derive from the finite support of X; and X5. All proofs are deferred to the Appendix.
Lemma 1.G(T) < b, +T.

Consequently, for any given installed transmission capacity 7', the generation company will
never find it optimal to develop renewable energy capacity in excess of the sum of the maximum

demand in its local market in Region 1 and transmission capacity 7' into Region 2, regardless of
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the feed-in-tariff rate p. This is due to the fact that any electricity generation in excess of by + T’

has no place to go, and can therefore produce no revenue for the power generation company.
Lemma 2. 7% < min|G*, by).

Hence, it is never optimal for the transmission company to install any transmission capacity in
excess of either the power generation capacity developed in Region 1 or the maximum demand in
Region 2. The bounds on optimal decisions described in Lemmas 1 and 2 facilitate also the deriva-
tion of our subsequent results regarding optimal values of transmission and generation capacities.

One of the challenges inherent in coordinating supporting investments in transmission and gen-
eration capacities concerns the issue of their complementarity. In particular, if the two investments
are substitutes, joint investment can be expected to reduce profits for both companies, while if
the two investments are complements, joint investment would enhance the profitability of each.
The economists’ view on this issue is that transmission and generation are both complements and
substitutes (see, for example, Joskow (2002)). This is because they act as complements when
transmission investment is needed to enable export sales from a generation investment, and as sub-
stitutes when transmission capacity starts to substitute for generation capacity at a demand location
since it enables purchases of imported electricity. The following theorem resolves this dilemma,
in the context of our model of independent investments in renewable power generation at a remote
location of low demand and transmission capacity from that location to a (distant) location of high

demand.

Proposition 9. For any G and T such that T' < min|[G, by, G and T are complements with regard

to both 11, and V.

Thus, in the domain of decision variables in which, by Lemma 2, optimal decisions are located,
transmission capacity and generation capacity act as complements for both entities in the invest-
ment game considered in this chapter. This result holds for any (continuous) probability densities
of X; and X5, as well as any level of electricity and transmission pricing. This finding that trans-

mission capacity and generation capacity are complementary in the domain of interest motivates
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the need to better coordinate the two investments, as each one enhances the profitability of the
other.
3.4.2 Characterization of Optimal Generation Capacity

To facilitate our analysis going forward, we assume that X; for i € {1,2} is uniformly dis-
tributed on the interval I; = [0, b;] at any time ¢. Also, in most practical settings relevant to our
model, the demand in remote regions with renewable energy sources is usually at least an order
of magnitude smaller than the demand of the closest urban center, whose demand those sources
are intended to serve. Thus, to reflect that practical reality that the demand in remote, sparsely-
populated Region 1 is significantly smaller than in urban, densely populated Region 2, we assume
that b, > nb; for some integer n > 1. Our first step in characterizing optimal transmission and gen-
eration capacities for the problem considered in this chapter involves the derivation of an explicit

expression for the generation company’s profit function II.

Theorem 7. The generation company’s best expected profit 11, (T) is given as follows:

(a) If G € [T7 bl), then

.G, T)= -2 [%2+G(b1—c:)] I [(b2—T)(G—T)T+

by T? n (G-T)T? B T3
by by by

2 2 6

} kG
(.11)
(b)If G € [max(T, bi), by + T}, then

b _
(G, T)= % - (gbl; [b§+3b§(b2 —G)+3b,G(G—2by) +(3b2—G—2T)(G—T)2] —keG. (3.12)

(c) Forany G € [maX(T, by), by +T}, a2na(;G(2G,T) <0

Theorem 7 provides explicit expressions for the generation company’s profit function I15(G, T)
when G € [T, bl] orG € [maX(T ,b1), b1+ T } This characterization will suffice for our purposes
because, by Lemmas 1 and 2, optimal transmission capacity 7™ and optimal generation capacity
G* are never found in the regions where G < T'or G > by + T

Next, we define kg as the threshold cost of generation investment as:
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bi \ p—s
ko =(1——/— 3.13
0 ( 2b2) A\ ) ( )

and the threshold transmission capacity 1 as:

Ty = by — \/bQ (62 - lekcA) (3.14)
p—Ss

Since by > 2b; and k. < I% by Assumption 4, threshold transmission capacity 7j is well-

defined. Having introduced those definitions, we are now in a position to characterize the genera-

tion company’s best response function G(T").

Theorem 8. Define functions G,,, G, : [0,bs] — R as

kzg)\> (p—19)(2by =TT
+ .
P 2pby

2b1boke )
p—s

Gs(T) == b1 + ba — \/(b2 —T)2 +

Then, the generation company’s best response function G(T) is given as follows:
(a) If ke < koand T < Ty, orif ke > ko, then (_;(T) =G, (T);
(b) If ke < ko and T > Ty, then G(T) = G4(T).

Thus, Theorem 8 obtains two distinct expressions for the generation company’s best response
function based on the size of the marginal cost of generation capacity k. and the level of trans-
mission capacity 7. The first expression, G(T') = G.(T') applies either when the marginal cost
of power generation investment is high (i.e., k; > kg), or when that marginal cost and transmis-
sion capacity 71" are both low (i.e., ks < ko and T < Tj). The second expression applies when
that marginal cost of investment is low and the transmission capacity is high (i.e., ks < ko and
T > Tp).

The following proposition now provides the explicit expression of total expected discounted

profit for GenCo following the installment of the optimal generation capacity.

Proposition 10. Define functions 11,14 : [0, by] — R* as:
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ﬁa (T) =

12616 (p — ko A) [b1ba(p — ke A) +(p — 5)(2bo — T)T] — (p — $)T* [12b35+4bsy(p — 35)T—3(p — 5)T?] .

24b,b2\p
(3.15)
— 1 2b1bak A
Is(T) = 6b1bo\ {3b%b2(p = 2kA) +2(p — 5)(by — T)? (\/T; + (b =T)% = (b — T))
2b1bok e A

(3.16)

The generation company’s best expected profit I1.(T), for any T € [0, by] is given as follows:
(a) If ke < koand T < Ty, or ke > ko, then T (T) = 11, (T);
(b) If ke < ko and T > Ty, then 114 (T) = Tl4(T).

We now proceed with the corresponding sensitivity analysis. Our objective is to shed light on some
key features of renewable generation capacity investments under a transmission grid and provide
insights into the behavior of the generation company in response to varying external parameters.

In what follows, all regularity properties, such as monotonicity, are stated in their ‘strict’ sense.

Proposition 11. For any T € [0, by], the generation’s company best expected profit I1.(T) is: (a)

increasing in T’y and (b) is increasing in p, and decreasing in k. and s.

Part (a) of Proposition 11 shows that the profit for generation company (GenCo) is increasing
in the transmission capacity. Consider GenCo who installed a best response of generation capacity
below the maximum demand of the load center 1. Because GenCo sells electricity first to the load
center 1, at any time, the excess electricity can be sold to the load center 2 via the transmission
grid. With more transmission capacity, GenCo can sell more electricity to the load center 2. For
GenCo, whose installed capacity exceeds the maximum demand of the load center 1, because his

generation always exceeds the demand of the load center 1, at any time, the revenue increases in
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the transmission capacity.

To provide intuition for the results of part (b), consider GenCo, for whom each unit of capacity
C*(T') is used to satisfy the demand of the load center 1 and possibly, to generate electricity
transmitted for sale to the load center 2. If a unit of GenCo’s generation capacity is used to satisfy
the load center 1 demand, then that unit of capacity is generating him a discounted revenue of ; if
his unit capacity is used to satisfy the load center 2 demand, then the unit of capacity is generating
him a discounted revenue of 7% after accounting for the unit transmission cost s. Hence, the
marginal value of each unit of generation capacity is increasing in p, so that GenCo’s optimal profit
function II7, is increasing in p. Similarly, as % or s increases, the profit for GenCo is reduced.
3.4.3 Characterization of Optimal Transmission Capacity

Having elaborated the optimal generation capacity selection, we now address the explicit ex-

pression of the total expected discounted profit for transmission company (TransCo).

Proposition 12. Let

(s +u)T

A1) = —k, T+ B UL
VarlT) UETTAESY

X |6b1ba(p — kaA)(2by — T)—T [4by(2p — 3s)T — 6b3(p—25)—3(p — s)TQ}} .

(3.17)

s+v
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[2\/ ibake + (by = T)2[(p — 5)(by — T)* = bibokcA] — (p — 5)[2b3 — 65T + (3by — 2T")T*—6boT'(by — T)]

(3.18)

The profit function for TransCo is given as follows:
(a) Ifi) ke >k orii) ke <k and T < Ty(by, by), then Vi (T) = Var;
(b) If ke <k and T > Ty(by, by), then Vi (T) = Vs 1.

Proposition 12 provides two distinct explicit expressions for II1(7") based on the results of
Theorem 8. The first expression derives from the high marginal cost of an energy generation

investment (i.e., ks > k) or low marginal investment cost and low transmission capacity (i.e., ks <
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k, T < Ty(by, bs)). The second expression draws on the parameter region of the low marginal cost

of the energy generation investment and high transmission capacity (ks < k and T' > Ty (by, by)).

(p—hX)(s+v)

Moving forward, we assume that k, < )

The following theorem characterizes the

optimal transmission capacity selection based on Proposition 12.

Theorem 9. If Z—; < % then,

(a) V, +(T) is either unimodal (with a unique maximizer) or strictly increasing in T';

(b) Vs 1 is either unimodal (with a unique maximizer) or strictly increasing or strictly decreas-
inginT.

b1 3 1 2pkT A
Further, if 1+ < 3 it

o) then there exists a unique optimal transmission capacity,

and it is the maximizer of V, +(T'). Also,
(c) for ke <k, V. r is strictly increasing in T

(d) Vs 1 is either unimodal (with a unique maximizer) or strictly increasing in T

Note by Proposition 12, one cannot derive a closed-form solution of (3.17) and (3.18) for
the optimal level of investment in transmission capacity 7. However, we can use (3.17) and
(3.18) to characterize the optimal transmission capacity. Theorem 9 shows that there exists a
unique transmission capacity that maximizes the total value for TransCo. If Z—; < %, then 7™

3

is the unique maximizer of V, ,(T") or V, (7). In addition, if 2—; <3 /14 @ 2ukr 2

3 m . then

T* = argmaxys Vs (1. This result lays foundations on understanding a wide range of policies
for transmission grid expansion planning in practice. It turns out that one key factor driving the
optimality of transmission capacity installed is the relative size of renewable electricity demands
at both ends of transmission lines. In general, if there is a potential of huge renewable electricity
demands to be captured, TransCo would be better off providing sufficient transmission capacities

for GenCo to capture that demand.
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3.5 Spynergistic Effect of Transmission Grid for Renewable Energy Investment
3.5.1 Pareto Improving Contract Design

Having established that transmission and generation act as complements with regard to the
value functions for both TransCo (i.e., transmission company) and GenCo (i.e., generation com-
pany), the question that naturally arises concern if GenCo can coordinate with TransCo to mutually
increase both companies’ value functions. In other words, is there a Pareto-improving contract de-
sign for GenCo and TransCo?

In this section, we address when the coordination between GenCo and TransCo can mutu-
ally increase both companies’ value functions, and structural properties of the contract. Suppose
GenCo shares the cost of transmission line investment. Let » € [0, 1] be the fraction of the total
transmission investment cost GenCo pays under the contract. Thus, GenCo’s cost for transmission
line investment is 7k77". The Transmission line installment cost for TransCo is then (1 — 7)krT.

The expected discounted profit for GenCo is now given as:

M,(r, G, T) / N Ey, 1, [Ro(G o, w9, T dE — koG — rkyT. (3.19)
0

Let G(r,T) and I, (r, T') be the best response for GenCo, and GenCo’s discounted profit under
the cost sharing, respectively. By (3.19), G(r,T) = G(T) and H4(r,T) = Io(T) — rk,T.
Going forward, we will explicitly include r as a variable for the function Vr. The total expected

discounted profit for TransCo under the cost sharing contract now becomes:
Vo(r, T) = / e MEx, x,[Br(G(r,T),T))dt — (1 — r)k.T, (3.20)
0

Let 7 be the optimal transmission capacity for TransCO under the cost sharing contract. Then,

f(r) = argmax Vy(r, T). (3.21)
>0

Finally, let G be the optimal generation capacity for GenCo, and ﬁG(T) represent GenCo’s total

expected discounted profit under the optimal generation capacity.
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G(r) =G(T(r)). (3.22)
and,

Mo (r) =T (T(r)) — rk:T(r). (3.23)

We assume throughout this section that T'(0) < f3(by,bs). We first provide the structural
analysis based on the above cost sharing contract. The following proposition establishes how the

cost sharing contract impacts the optimal transmission capacity.

oT(r) OV (r, T(r))

Proposition 13. For any r > 0, (a) o > 0; (b) 5 > 0.
r r

Proposition 13 shows that tcost sharing between GenCo and TransCo increases the optimal
investment level for the transmission capacity. It is also established that TransCo would be always
better off with the cost sharing contract. These results show that the cost sharing, through GenCo
partially paying for the cost of the transmission grid installment, strictly increases the profit for
TransCo and TransCo’s optimal investment level of the transmission grid capacity. We make use
of this structural result to provide necessary and sufficient conditions under which the cost sharing

contract improves the expected profit for GenCo in the following Theorem.

Theorem 10. Let

_ O(T)|
gl (T) T aT 7’:(7“) I (3'24)
V(T
ga(r) i= — —aT(Q ) (3.25)
()

0)gs(0
K2 < gl(A)g22( )

7(0)

Theorem 10 shows that under a sufficiently small cost-sharing factor r, the contract mutually

, then there exists T > 0 such that both GenCo and TransCO are better off.

increases the total profit (or value) generated by TransCo and GenCo. One direct implication of

Theorem 10 for transmission grid investment is the existence of a Pareto-improving cost sharing
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contract that will simultaneously increase the total value of TransCo and the total profit for GenCo.
Considering the majority of renewable energy development has been impeded by the lack of trans-
mission grid capacity, the potential Pareto-improving contract implies that transmission grid plan-
ners should start exploring their options to initiate discussions with independent renewable energy

power producers from an early stage of transmission grid planning.
3.5.2 Sensitivity Analysis

We now analyze the sensitivity of the optimal level of investment for the transmission capacity

and the generation capacity to some key model parameters.
Proposition 14. (a) T is increasing in p, decreasing in k, and kg, (b) C is decreasing in k.

By Proposition 14, increasing electricity price p raises the optimal level of transmission capac-
ity investment. Under a higher electricity price, GenCo would invest in higher generation capacity,
ceteris parabus, resulting in a higher marginal revenue for each unit of transmission capacity in-
stalled. When p is fixed, the marginal benefit of investment in transmission capacity decreases
in the marginal costs of investment k., and k,. Part (b) shows that the optimal generation ca-
pacity decreases in the marginal cost of investment in transmission capacity, following from the
complementary nature of transmission and generation in our problem.

Next, we show how the optimal level of capacity investment is determined vis-a-vis a given
transmission fee s and the social benefit v. In the following results, we include s as a variable for

the optimal level of transmission capacity investment f(s)

Theorem 11. Define

 biba(p — ke) + pT(0) (b — T(0))
- (2, — T(0))T(0) '

*

For all v > v*, T(s) is decreasing in s. For all v < v*, there exists s* € (0, p) such that T s)

is increasing in s if s < s* and decreasing in s if s > s*.

It turns out there are two different scenarios to determine the optimal level of investment in
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transmission lines. If the social benefit of renewable energy transmission (v) is low, the optimal
transmission capacity investment decreases monotonically in the transmission fee. If there exists
sufficient social benefit in developing renewable energy, then there exists a unique transmission fee
(s™) that will result in the highest level of investment in transmission lines.

Going forward, we define:

W(s) :=Vr(s,T(s)). (3.26)

Hence, the TransCo’s optimal total value is a function that explicitly includes the transmission
fee s as a variable. The following theorem addresses the structural properties of TransCo’s total
value as a function of a given transmission fee. Similar to the findings in Theorem 11, we find
a “threshold-type” resolution that characterizes the impact of the transmission fee on the optimal

total value.

Theorem 12. Let

 Gbiba(p — k) (202 — T(0)) + pT'(0) (653 — 8b,T(0) + 3T(0)?)
o 37(0) (2 — T(0))° |

For all v > 9, W(s) is decreasing in s. For all v < v, W(s) is unimodal in s.

Theorem 12 shows the complexity of the optimal pricing policy for transmission with consider-
ation of the social benefit accrued from renewable energy development. By Theorem 12, TransCo’s
total value decreases in the transmission fee under a high social benefit. While it is a high social
benefit of renewable energy that drives the minimum transmission fee, if the perceived social value
of renewable energy is low, then there exists a unique transmission fee that maximizes the total
value for TransCo. Given that the marginal value of a transmission fee is not self-evident for most
transmission companies in practice, this result lays foundations to understand why there exist dif-
ferent types of transmission pricing in practice. While current open access to transmission systems
requires transmission pricing based on many dimensions, our result suggests that the social benefit

generated from renewable energy development should be accounted for with a higher priority in
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transmission pricing.

Theorem 12 also shows that pricing transmission in practice depends upon the potential benefits
from renewable electricity development. For instance, based on Theorem 12, if the perceived value
of renewable electricity production is high, then the minimum transmission fee leads not only to
the maximum value generated for TransCo, but also the highest level of investment in transmission

capacity that extends the remote renewable energy producers’ access to transmission systems.
3.5.3 Optimal Generation Capacity and Transmission Capacity Quantified

We now make use of our results to quantify equilibrium outcomes. We use the maximum
demand for electricity by = 20M W for Region 1, and by = 200M W for Region 2. The social
benefit from the unit generation of renewable electricity is $ 30/M W h. Annual discount rate is
10%. Values shown in Table 3.1 represent the optimal level of generation capacity investment
for GenCo, evaluated across a range of feed-in-tariff rates (from 100 $/MWh to 600 $/MWh, in
increments of 100 $MWh) and marginal costs of investment in renewable generation capacity

(from 500,000 $/MWh to 1,200,000 $/MWh, in increments of 100,000 $/MWh).

Marg. Gen. Cost Feed-in-tariff rate p (in $/MWh)
ke (in $/MW) 100 200 300 400 500 600

500,000 136.33 146.21 153.53 159.43 164.33 168.47
600,000 135.68 145.86 153.28 159.22 164.15 168.31
700,000 135.02 145,51 153.02 159.01 163.97 168.15
800,000 13436 145.15 152.77 158.81 163.79 167.99
900,000 133.69 144.80 152.51 158.6 163.61 167.83
1,000,000 133.02 144.44 152.25 158.39 163.43 167.67
1,100,000 132.34 144.08 151.99 158.18 163.25 167.51
1,200,000 131.66 143.71 151.73 15796 163.06 167.34

Table 3.1: Optimal Generation Capacity Quantified (in MW)

Table 3.1 shows that the optimal generation capacity level is increasing in the feed-in-tariff rate p

and decreasing in the marginal cost of investment in renewable generation capacity k.. The values
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(i.e., level of optimal generation capacity) in this table well exceed the average electricity demand
from both regions, even at the very low feed-in-tariff rate or the very high end of the marginal cost
of investment in generation capacity.

The values in Table 3.2 represent the level of optimal transmission capacity. It is shown that
the optimal transmission capacity level is increasing in the feed-in-tariff rate p and decreasing in
the marginal cost of investment in renewable generation capacity k.. Similar to what we observe
from optimal generation capacity, values in this table shows that optimal transmission capacity

well exceeds the average electricity demand from both regions.

Marg. Gen. Cost Feed-in-tariff rate p (in $/MWh)
ke (in $/MW) 100 200 300 400 500 600

500,000 119.22 127.84 134.73 140.42 145.19 149.25
600,000 119.13 127.81 134.72 140.41 145.18 149.24
700,000 119.04 127.78 134.7 140.39 145.17 149.24
800,000 118.93 127.74 134.68 140.38 145.16 149.23
900,000 118.81 127.7 134.66 140.36 145.15 149.22
1,000,000 118.67 127.65 134.63 140.35 145.13 149.21
1,100,000 118.53 127.61 134.6 14033 145.12 149.2
1,200,000 118.38 127.55 134.57 140.31 145.11 149.18

Table 3.2: Optimal Transmission Capacity Quantified (in MW)

To summarize, our derivation of explicit expressions of the total profit (or value) function for
TransCo and GenCo allows us to conduct sensitivity analysis on equilibrium outcomes, and to
evaluate behaviors of both companies. It is also shown that new transmission lines can generate a
significant increase in investment for renewable energy development by providing access to a large

demand for renewable electricity in remote, urban centers.
3.6 Discussion

Limited transmission lines hinder the potential development of large shares of renewable en-

ergy and impede the transition from fossil fuel dependency to renewable energy supply. To capture
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the potential of abundant renewable energy sources and avoid the economic and social conse-
quences of fossil fuel consumption, we study a continuous-time, infinite-horizon non-cooperative
game between a transmission grid developer (TransCo) and a renewable electricity generation com-
pany (GenCo). Based on practical settings grounded in renewable energy development practice,
we consider a long-distance transmission line that connects a remote, renewable energy-rich, rural
region to an urban, high-population center.

In this chapter, we analyzed a two-stage game of capacity investment between TransCo and
GenCo and characterized the resulting equilibrium outcomes, including the capacity of installed
renewable generation, and the capacity of the transmission line. GenCo’s optimal profit was shown
to be increasing in the installed transmission capacity, and the feed-in-tariff rate, while decreas-
ing in the marginal cost of generation capacity investment and the transmission fee. We derived
GenCo’s optimal investment in generation capacity based on the installed transmission capacity
and other key parameters of the model: feed-in tariff, transmission fee, and the marginal cost of
generation capacity investment. Although the resulting problem for TransCo’s capacity investment
was found to have no exact solution, we proved the total value function for TransCo is unimodal
in the installed transmission capacity. It is also shown that there exists a unique solution for the
transmission capacity investment that maximizes the total value for TransCo.

With regard to the future development and investment in transmission lines and renewable
energy, one of the industry challenges inherent in coordinating investments in transmission and
generation capacities concerns the issue of their complementarity. We found that investment in
transmission capacity and generation capacity act as complements for both TransCo and GenCo
in the investment game, for any probability densities of regional demand, as well as any level of
electricity and transmission fee. As these two investments are complements, joint investments can
enhance the profitability of both companies. To capture the potential benefits of coordination, we
consider a simple cost-sharing contract, where GenCo pays a fraction of the total cost of trans-
mission line investments. We proved the existence of a Pareto-improving contract that mutually

increased the profitability of TransCo and GenCo. To the best of our knowledge, this is the first
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time that the results about synergistic effects of transmission capacity and generation capacity have
been established in the literature, despite the acknowledged importance of transmission capacity
for the future of renewable energy development and global climate goals. From the perspectives
of renewable energy developers and transmission grid operators, the analyses in this chapter pro-
vide support to a joint effort by TransCo and GenCo on transmission grid investments to achieve
mutually increased benefits for both entities.

We conclude this chapter by discussing potential avenues for future research. One can extend
the research in this chapter by including some other technologies that support the integration of
growing renewable generation capacity in lieu of costly investment in transmission grids. Energy
storage, for instance, can be used as a major buffer to reduce transmission congestion by storing
over-generated energy for later use in times of supply shortage and decreasing the variability of
energy generation. The value of energy storage systems for transmission networks has been exten-
sively reported in Electric Advisory Committee (EAC) reports. Although not competing directly
with long-distance transmission grids as considered in this chapter, it will be of interest how an in-
terconnected residential-scale distributed generation system impacts the profitability of renewable
energy producers and transmission grid developers. For instance, the deployment of a microgrid
system, an interconnected distributed generation system that can generate and distribute energy
off the main utility’s grid, would reduce transmission capacity requirements because some energy
can be consumed at the site of generation without any transmission. Although these two tech-
nologies are by no means substitutes for long-distance transmission lines, extending the analysis
in this chapter can be worth investigating and will enrich our understanding of the transmission
grid investment for renewable energy development. Another potential avenue of research lies in
transmission network expansion. It would be of interest how the economic and social values of
transmission lines change as more nodes are connected to the network. The optimal design and
pricing in a transmission network that maximizes the profitability of the transmission company
and minimizes the transmission congestion are of significant importance for the future of renew-

able energy development as well as for the reaching global climate goals.
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4. HYBRID CROSS-DOCKING OPERATIONS IN AN ENERGY SUPPLY CHAIN

4.1 Introduction

Cross-docking is an industry practice that utilizes a facility (also referred to as “the cross-
dock™) to receive products from suppliers and sort those products into respective groupings corre-
sponding to the downstream supply chain members’ requirements (Vogt 2004). With traditional
cross-docking, inbound product boxes and pallets from suppliers are sorted at the cross-dock for
immediate outbound shipment to plants (Giirbiiz et al. 2007). As traditional cross-docking does
not allow for any holding of inventory at the cross-dock facility, this supply chain practice has been
most successfully used for high-volume, short leadtime products in steady demand contexts, such
as perishable consumer goods. Walmart, for instance, delivers 85% of its merchandise to its stores
using traditional cross-docking to reduce the time it takes to get that merchandise to store shelves
and minimize the resulting costs of inventory holding (Ruffa 2008).

By comparison, the supply chains for some industries in the energy sector are characterized by
long leadtimes from suppliers, and low-volume, slow-moving, non-perishable products. One such
industry is the oilfield service business that provides equipment and services needed to construct
and maintain oil wells. Because “oilfield services companies have established themselves as the
heavy lifters of the oil and gas industry” (Marcel et al. 2016), the global oilfield services market
size reached $267 billion in 2019 and is projected to exceed $346 billion by 2027 (Fortune Business
Insights 2020).

The particular features of the supply chain for oilfield service companies have given rise to a
novel supply chain practice referred to as hybrid cross-docking. In contrast to traditional cross-
docking, hybrid cross-docking allows for (a certain degree of) inventory holding at the cross-
dock in order to accommodate slow-moving products with long lead times and demand variability.
Accordingly, the hybrid cross-dock refers to a cross-dock facility with sufficient storage space to

allow incoming products to be held in inventory from one period to another. Products arriving at
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the hybrid cross-dock in each period are then blended with products held in inventory to complete
outbound shipments to oil-well plants. Hence, while traditional cross-docks with high-volume,
steady-demand products are focused on managing transportation costs only, managers of a hybrid
cross-dock are compelled to also take into account their inventory holding costs.

Our research into hybrid cross-docking supply chains emerged from a collaboration with a
major oilfield service company (OSC) that is a key provider of products and services required for
the drilling and maintenance of oil wells in the Middle East. OSC faces challenges in managing its
operations due to three key factors: (1) decentralized nature of its supply chain, in which different
business entities operate at different stages in the system; (2) high costs of transportation and
inventory management at the cross-dock facility, due to product variety and demand forecasts that
vary from one period to another; and (3) evolving supply chain structures, due to upstream and
downstream collaborations and outsourcing in the system.

In this chapter, we seek to address those challenges and take a step in the direction of providing
an understanding of how to better manage decentralized, hybrid cross-docking supply chains by
characterizing optimal shipping, collaboration, and outsourcing decisions. In spite of the growing
importance of hybrid cross-docking in the oilfield services industry and certain other industries
as well (Kulwiec 2004), little is presently known about how to manage inventory and make trans-
portation decisions in hybrid cross-docking supply chains, the type of collaborations their inventory
flexibility allows, and the cost savings potentially realized by those collaborations.

Consequently, our first objective in this chapter is to determine conditions under which it is
optimal for the cross-dock to hold inventory. Thus, we seek to establish when a hybrid cross-dock
results in lower total costs for an oilfield service company (OSC) relative to the traditional (i.e.,
pure) cross-dock. In that manner, we aim to provide a roadmap for those managers seeking to re-
alize cost savings from hybrid cross-docking facilities. Our second objective pertains to two types
of collaborations currently being evaluated in the industry partner’s supply chain. In particular,
through “upstream collaboration,” suppliers from geographically proximate regions group their

product deliveries into joint shipments to the cross-dock facility. By means of “downstream col-
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laboration” on the other hand, multiple oil well plants consolidate their individual shipments from
the cross-dock facility at an intermediate downstream warehouse. To assess benefits generated by
these collaborations, we provide structural results and quantify the resulting cost savings. While
joint transportation and inventory sharing has been studied in the freight transportation literature
(Cruijssen et al. 2007, Krajewska et al. 2008), we am not aware of any research on collaborations
in cross-docking supply chains.

The third objective is related to the fact that oil well plants, as customers of oilfield service
companies, have increasingly been turning to independent, third-party logistics providers in an
effort to outsource their transportation and inventory management and thus reduce their costs. Due
to the impact of such outsourcing on cross-docking operations and the structure of the resulting
cross-docking supply chain, it is of importance to our OSC industry partner (as well as to the
oil wells it serves) to understand conditions under which oil well managers find it optimal to
outsource their operations to an independent logistics provider. Although outsourcing of operations
by downstream supply chain members has been considered in the literature on joint transportation
and inventory replenishment (Cetinkaya and Lee 2000, Teo and Shu 2004, Song et al. 2008), the
conditions under which it is profitable for individual oil well owners to outsource their operations
have not been well understood, especially in the context of cross-docking operations. Thus, we
aim to provide an analysis of such conditions and derive relevant managerial insights.

To achieve our first two objectives, we formulate multi-period, mixed-integer programming
models to arrive at optimal shipping policies under different supply chain structures. We make use
of those results to obtain corresponding optimal costs and compare those across the supply chain
structures of interest. Consequently, our first contribution is to identify structural properties of op-
timal solutions for an individual supply chain member’s transportation and inventory management
problems. These structural results make it possible for us to determine conditions under which
a cross-dock facility should optimally operate as a hybrid cross-dock rather than as a traditional
one. Our second contribution is to quantify the value of collaborations in a cross-docking supply

chain. We find that upstream collaboration results in 4.9% to 16.4% in average cost savings for the
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cross-dock, while downstream collaboration results in 1.9% to 22.1% in average cost savings for
the oil well plants, depending on product weight and unit holding costs.

To assess the impact of outsourcing on cross-docking operations, we formulate and solve a
Stackelberg pricing game in which a third-party logistics company first sets an outsourcing price
(per unit weight of product) for its services. Subsequently, oil well plants decide whether or not to
outsource their operations to the logistics company. Based on the optimal response of each plant
to the outsourcing price set by a logistics provider, that provider determines its profit-maximizing
price for its outsourcing services. Accordingly, our third contribution is to identify the structure
of the optimal outsourcing decision for each plant as a function of the outsourcing price, and
establish the structure of the logistics provider’s optimal pricing policy under both deterministic
and stochastic demand forecasts.

The remainder of the chapter is organized as follows. Section 4.2 presents the literature review.
In Section 4.3, we formulate optimization problems in a cross-docking supply chain with and with-
out collaborations. Section 4.4 provides structural properties of solutions to those problems. Sec-
tion 4.5 quantifies the impact of collaboration on individual supply chain members. In Section 4.6,
we derive equilibrium outcomes for the outsourcing/pricing game played between plants and a
third-party logistics company, and quantify those outcomes under deterministic demand forecasts.
Section 4.7 generalizes those results to stochastic demand forecasts. In Section 4.8, we provide

concluding remarks.

4.2 Literature Review

Our research is related to three streams of research. The first of those pertains to the capacitated
lot-sizing problem. The literature in this stream generally assumes deterministic demand and deals
with either multiple products or multiple stages in the system. In the single-stage, multi-product,
capacitated lot-sizing literature,

Yano and Newman (2001) reduce a two-product lot-sizing problem to an equivalent single-
product problem with aggregated demands. Anily and Tzur (2005) prove that a multi-product

lot-sizing problem is polynomially solvable if transportation and inventory holding cost are con-
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stant. Federgruen et al. (2007) consider a capacitated multi-product lot-sizing problem and arrive
at asymptotically optimal solutions. In the single-product, multi-stage capacitated lot-sizing litera-
ture, Florian et al. (1980) prove that a lot-sizing problem in a serial system with stationary capacity
is NP-hard. Van Hoesel et al. (2005) show that the multi-stage lot-sizing problem is solvable in
polynomial time if transportation and inventory cost functions are linear. Zhang et al. (2012) pro-
pose a heuristic solution algorithm for a multi-stage, lot-sizing problem with intermediate demand.
Zhao and Zhang (2020) establish that capacitated multi-stage lot-sizing problems with intermedi-
ate demand are NP-hard. Research in this chapter builds on this research to provide analyses of
multi-product, multi-stage capacitated lot-sizing problems. In our model, the intermediate stage is
the cross-dock facility that faces demand from plants (i.e., oil wells). Besides being NP-hard (Zhao
and Zhang 2020), multi-product, multi-stage problems addressed in our chapter pose an additional
challenge in the form of “sorting” - a regrouping of incoming products at intermediate stages into
outgoing shipments. (Sorting is not present in either single-stage or single-product lot-sizing prob-
lems, as the need for sorting arises from having multiple products and at least one intermediate

stage where those products need to be regrouped).

Work

Number of
Products

Supply Chain
System

Operations at the
Distribution Center

Chen et al. (1994)

Single vehicle
(batch) with
time-varying

capacities

Single-product

Inventory only

Anily and Tzur (2005)

Multiple-products

Single-Stage

Inventory Mngmt.

Van Hoesel et al. (2005)

Single-product

Two Stages

Inventory Mngmt. & Distr.

Federgruen et al. (2007)

Multiple-products

Single-Stage

Inventory Mngmt.

Zhang et al. (2012)

Single-product

Multiple-Stages

Inventory Mngmt. & Distr.

Zhao and Zhang (2020)

Single-product

Multiple-Stages

Inventory Mngmt. & Distr.

Levi and Shi (2013)

Uncapacitated single
vehicle

single-product

Inventory only

Our chapter

Multiple-products

Three Stages

Inventory Mngmt. &
Sorting & Distr.

Table 4.1: Comparison of Capacitated Lot-Sizing Research




The second related literature stream concerns joint replenishment and (capacitated) transporta-
tion problems. Of particular relevance to our work are the papers that deal with joint inventory and
transportation decisions under deterministic demands. Those papers generally consider single-
product, two-stage systems consisting of a warehouse and multiple plants. Federgruen and Zheng
(1992) propose a transportation and inventory holding policy that obtains a near-optimal system-
wide cost. Chen et al. (2001) establish that the joint replenishment problem in such a distribution
system is NP-hard. Giirbiiz et al. (2007) analyze a hybrid policy for a joint inventory and trans-
portation problem in which the warehouse monitors the inventory position at plants and replen-
ishes their inventory based on an order-up-to inventory policy. Using linear programming relax-
ation, Levi et al. (2008) derive a near-optimal policy guaranteed to achieve cost within 80% of the
optimal. our work contributes to this literature by addressing joint inventory replenishment and
transportation problems in a multi-product, three-stage, hybrid-cross docking distribution system,
and under both decentralized and collaborative settings.

To the best of our knowledge, the only paper to address transportation decisions in a hybrid
cross-docking supply chain is Jones et al. (2017). They consider a centralized hybrid-cross docking
supply chain under full container loads and focus on complexity analysis and heuristic solution
algorithms. In contrast, to better reflect current practice in the oilfield services industry, we analyze
a decentralized, hybrid cross-docking supply chain with suppliers, cross-dock, and plants acting as
independent decision makers. We allow both partial and full container loads, so that each decision
maker has to decide not only on the number of containers (also, trucks) to use, but also how
much product to have in each container (also, truck). Further, our focus is on structural properties
of optimal transportation decisions and cost savings that arise from upstream and downstream
collaborations rather than on heuristic solutions. The scope of our study also includes outsourcing
decisions by downstream supply chain members and the resulting optimal pricing by a logistics
provider.

The third literature stream of relevance to our research is concerned with using pricing con-

tracts to reduce costs in a supply chain. Cachon (2003) provides a comprehensive review of this

69



literature. A number of papers consider pricing contracts in single-period, stochastic demand,
newsvendor-type settings. Lariviere and Porteus (2001) explore the efficiency of a pricing con-
tract between a price-setting supplier and a newsvendor plant who determines a stocking level.
Dong and Rudi (2004) show that a price-setting supplier benefits from lower demand correlation
when inventory can be transshipped among multiple plants. Chen et al. (2001) establish that, with
non-identical plants, nonlinear quantity discount contracts cannot achieve full supply chain co-
ordination. Bernstein and Federgruen (2005) extend the study of pricing contracts to competing
plants with demand uncertainty. Bernstein et al. (2006) show that interdependencies among sup-
ply chain members make it possible to achieve full supply chain coordination. In our model, we
address a simple pricing contract between plants and an independent logistics provider in a multi-
period, multi-product, multi-stage system. While our basic model assumes deterministic demand

forecasts, we extend the structural results to settings with stochastic demand forecasts.

4.3 Model Formulation

Motivated by the supply chain of our industry partner, we consider a three-stage cross-docking
supply chain consisting of suppliers, a cross-dock facility, and plants (i.e., oil well facilities). Each
oil well facility determines its monthly demand forecast for products for the entire planning horizon
(consisting of three to six months) and places the corresponding orders with the cross-dock in
advance of the planning horizon. Each oil well is responsible for picking up their ordered products
at the cross-dock in each period, transporting those products to its own storage facility, and storing
them until they are needed. Each oil well minimizes its own associated transportation and inventory
holding costs by determining the optimal amount of each product to pick up from the cross-dock
in each period and the optimal number of trucks to use to transport those products from the cross-
dock to its storage facility (hereon, we will refer to the oil well (plants) supplied by the cross-dock
facility as “plants”).

Based on the orders received from the plants, the OSC procures products from overseas suppli-
ers whose deliveries arrive in each period to a cross-dock facility that the OSC owns and operates

in Dubai’s Free-Trade-Zone (see Figure 4.1). In particular, the OSC decides on the amount of each
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product and the number of containers to be used for the shipping of each product from each over-
seas supplier in each period. In the current practice, products are typically single-sourced (i.e., one
supplier per product). Products that arrive at the cross-dock facility are either sorted for immediate
pick-up by the plant or they are placed in inventory for pick-up in a later period. The cross-dock
seeks to minimize the total cost of transporting products from the suppliers and holding (some of)
them in inventory while satisfying the oil wells’ demands. In this supply chain, backlogging is
not allowed, as the required products are generally indispensable for the proper functioning of oil
wells.

Because the plants submit their orders for the entire planning horizon to the cross-dock prior
to the beginning of that planning horizon, those demand forecasts can be viewed as deterministic.
(Given the NP-hard nature of the capacitated lot-sizing problem (Florian et al. 1980), it is also
standard in the literature to work with deterministic demand models (Yano and Newman 2001,
Anily and Tzur 2005, Federgruen et al. 2007). In our study, capacity constraints take the form
of the maximum weight of each container shipped to the cross dock, as well as the maximum
weight of products on each truck used by the plants to pick up orders from the cross-dock. Given
the duration of each period (i.e., a month), and the proximity of Middle East oil wells to the cross-
dock facility in Dubai, the transportation from the cross-dock to the plants occurs effectively within

the same period.

/' Each oil well is responsible for the transportation
1 of its products to its own storage facility and the
' holding of inventory in that facility

. N
’ \

i’ The cross—'dock is responsible for the \‘,: oil Well

transportation of products to the cross- " . .
! dock facility and the holding of inventory :l\\ (Saudi Arabia) !
1 [ I -———-
1 [ sPiad s
i Cross-dock facility Lo R Oil Well
! (Dubai Free-Trade-Zone) ! (Egypt)
1 |
: i
e J oil Well

(Kuwait)

Figure 4.1: Oilfield Service Cross-Docking in a Decentralized Supply Chain
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Section 4.3.1 formulates the cross-dock’s optimization problem in a decentralized supply chain.
Section 4.3.2 presents the cross-dock’s optimization problem under upstream collaboration. In
Section 4.3.3, we formulate a plant’s optimization problem in a decentralized supply chain. Sec-
tion 4.3.4 presents a plant’s optimization problem under downstream collaboration. In what fol-
lows, we use | | to denote the floor function (e.g., [1.5] = 1), and | | to denote the ceiling function

(e.g., [1.5] = 2).

4.3.1 Cross-Docking Operations in a Decentralized Supply Chain

The total cost for the cross dock incurred over the planning horizon consists of the cost of ship-
ping products from overseas suppliers to the cross-dock facility and the cost of holding products
in inventory until they are picked up by the plants. The cross-dock seeks to minimize those costs
by choosing the quantity of each product to be delivered by overseas suppliers in each period and
the number of containers in which to ship those products. Because the cross-dock receives orders
from the plants for each period in the planning horizon before the beginning of that horizon, the
cross-dock’s orders for delivery in each period ¢ can be also be made prior to the beginning of the
planning horizon. The following summarizes our notation for the cross-dock’s cost minimization
problem.

PARAMETERS:

T Number of periods in the planning horizon;

Q Number of different product types demanded by the plants

dis Aggregate amount of product - demanded by the plants from the cross-dock in period ¢;
Pea Cost of holding a unit weight of product in inventory at the cross-dock for a single period;
w; Weight of a product ;

Ced Cost of shipping one container from a supplier site to the cross-dock facility;

w Capacity (in weight) of a shipping container;

D;;  Cumulative demand for product i from period 1 through period 7: D;, = Z;l djs.
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DECISION VARI-

ABLES:
Nt Number of containers with product 7 delivered to cross-dock at the beginning of period ¢;
Yit Quantity of product ¢ (in units) delivered to cross-dock at the beginning of period ¢.

Because each product is single-sourced, in a decentralized supply chain the cost-minimization
problem for the cross-dock is separable in the products. Consequently, to provide an understanding
of the structural properties of optimal solutions for the cross-dock’s cost-minimization problem, it
suffices to consider only a single product. For that reason, in this section, we drop index ¢ from
the notation. Let C.(n,y) denote the cross-dock’s total shipment and inventory holding costs
over the planning horizon incurred by shipping container vector n = {n;, no, ..., ny} and product
quantity vectory = {y1,v2, ..., yr}. We refer to the decision set (n,y) as a shipping plan.

Let I; denote the inventory level of product at the cross-dock at the end of period ¢ associated
with shipping plan (n, y). The objective function of the cross-dock is given by the sum of inventory
holding and shipping costs over the planning horizon. (Due to the short length of that horizon, we
forgo any discounting). Hence,

T
Cep(n,y) = Z(hedwlt + cany). 4.1)

t=1

The following mixed-integer program represents the cross-dock’s single-product cost mini-

mization problem in a decentralized supply chain.

Cross-dock’s Cost Minimization in a Decentralized Supply Chain:
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min  Cep(n,y) 4.2)

ny

st. Li=1L_1+y —d t=1,...,T; 4.3)
Wn, > wy, t=1,....,T} 4.4)
Iy =0
I; > 0 and integer t=1,...,T}
n; integer t=1,....T.

Expressions (4.3) represent inventory balance equations given that demands from plants have
to be satisfied in every period, while (4.4) denotes the relevant capacity constraints. The latter
ensure that in any period, the total weight of the product shipped to the cross-dock facility does not

exceed the total capacity of the containers shipped.

4.3.2 Cross-Docking Operations under Upstream Collaboration

Because additional facilities are increasingly being built around oil wells in the Middle East,
ordering products to construct and maintain those facilities and holding them in inventory has
been incurring significant transportation and inventory holding costs for the focal company. For
that reason, the OSC has been looking into supply chain strategies to reduce those costs. One
such strategy, referred to as upstream collaboration, involves having suppliers in geographically
proximate regions share containers to ship products from their overseas locations to the cross-dock.

To provide insight into cost savings enabled by upstream collaboration, we formulate a cost
minimization problem for the cross-dock with () inbound products, one from each supplier, in
which geographically-proximate suppliers share containers to ship their products.

Let C,.(n.,y) denote the cross dock’s total cost over the planning horizon under upstream col-
laboration incurred by shipping container vector n. = {ny, ns, ..., ny} and product quantity matrix

y=1{¥1, - .,¥q}> Wwhere yi:={vi1, yi2, . - - , yir }* . (Under upstream collaboration, suppliers share
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shipping containers, but each supplier loads his own ordered amount of product into each shared
container). Let I;; denote the inventory level of product ¢ at the cross-dock facility at the end of
period t associated with shipping plan (n.,y). Under upstream collaboration, the objective cost
function C,, for the cross-dock can therefore be written as a sum of inventory holding and shipping

costs over the planning horizon as follows:

Coc(ne,y) Zzhmwl ﬁzcdnt

t=1 =1

The following formulation represents the resulting cross-dock’s cost minimization problem

under upstream collaboration.

Cross-dock’s Cost Minimization under Upstream Collaboration:

min  C,.(n.,y) 4.5)
Ne,y
sto Ly =TLig1 +yir — di i=1,...,Q; t=1,....T, (4.6)
Wn; > Zwiyit t=1,...,T; 4.7
i=1
IZ'O:O izl,...,Q;
Iitayitzo 22177Q7t:1a7T1
n; > 0 and integer t=1,...,T.

While inventory balance equations given in (4.6) are identical to those in a decentralized sup-
ply chain, the capacity constraints given in (4.7) are different. This is because, under upstream

collaboration, two suppliers share containers to (jointly) ship their individual products.

4.3.3 Plant’s Operations in a Decentralized Supply Chain

Given its demand forecast, each plant determines its order schedule to minimize its total costs
over the planning horizon. Those costs include transportation costs for trucks used to transport

products from the cross-dock to the oil well facility and inventory holding costs at the site for
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any products ordered in excess of the demand in each period. A plant seeks to minimize those
costs by choosing the number of trucks to use from the cross-dock to its site, and the quantity of
each product to transport on those trucks. Similar to the cross-dock, each plant develops his own
demand forecast for all 7" periods in the planning horizon, and then uses that demand forecast to

make those decisions. In what follows, we make use of the following additional notation.

PARAMETERS:

M Number of plants;

qz(tm ) Demand for product ¢ (in units) forecast by plant m for period ¢;

h Cost of holding a unit weight of product in inventory at a plant’s site;

w;  Weight of product ¢;

Cq Per truck transportation cost (same for all plants);

U  Capacity (in weight) of a single truck;

®,;. Total demand for product 7 (in units) observed by all plants from period 1 through period 7;

M T j
P = Zj:l > i qz(g)'

DECISION VARI-
ABLES:
xg" ) Quantity of product ¢ (in units) picked up by plant m at the beginning of period ¢;

vt(m) Number of trucks used by plant m transport products at the beginning of period ¢.

Let Cl(%m)(v(m), x(™)) denote the total transportation and inventory holding cost for plant m

incurred over the planning horizon by truck transportation vector v("™ = {v%m), e ,US”)} and
product quantity matrix x™ = {x{"™, ... x5}, where x; := {z", ... ,ng)}T. Let ¢\

denote the inventory level of product ¢ (in units) at plant m at the end of period ¢ associated with
shipping plan (v(™ x(™))_1In a decentralized supply chain, C,(%m) is given by:
Q
i (¢ x) = 3

t=1 ¢

T
b+ cay™. 48)
t=1

1 -

The first term is the total inventory holding cost, and the second term is the total cost of truck
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transport from the cross-dock to plant m’s location. The following formulation represents plant
m’s cost minimization problem in a decentralized supply chain.

Plant’s Cost Minimization in a Decentralized Supply Chain:

: C(m) (m) (m) 4.9
oo Ca (vim) x™) (4.9)
st oy =6, + " — g i=1...0Q; t=1,...T; (4.10)
Q
U™ >3 " wial)” t=1,...,T; (4.11)
=1
(m) _ - .
QS’LO —O 2—1’...,Q7
o 2 >0 i=1,...,Q; t=1,...,T;
o™ > 0 and integer t=1,...,T.

Expression (4.10) represents the inventory balance equations given that a plant’s demand has
to be satisfied in every period, while capacity constraints given in (4.11) require that the combined

capacity of the trucks used by the plant is sufficient to hold the desired product quantities.

4.3.4 Plant’s Operations under Downstream Collaboration

Because each oil well facility is responsible for the transport of its products from the cross-dock
and for holding them in inventory until they are needed, those facilities have been exploring ways
to reduce the resulting costs. In particular, managers of geographically proximate oil wells are
considering consolidating their order pick-ups from the cross-dock. In addition to sharing trucks
to consolidate shipments from the cross-dock to their facilities, those plants are also looking into
operating a joint warehouse to store their products, thus consolidating inventory and eliminating
the need to hold inventory at their own (usually more expensive) locations. We refer to this type of
collaboration among downstream members of a hybrid cross-docking supply chain as downstream
collaboration.

With downstream collaboration, geographically proximate plants seek to minimize the joint
total cost of transportation and inventory holding. Let x;; denote the amount of product to be

delivered to the joint warehouse at the beginning of period ¢; v; represent the number of trucks used
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in each period ¢, and ¢;; denote the associated inventory of product 7 left at the joint warehouse at
the end of period ¢. Let Cy, (v, x) represent the collaborating plants’ total cost over the planning
horizon incurred by truck transportation vector v = {vy, v, ..., vy} and product quantity matrix
x = {xy,...,Xo}, where x;:={z;1,...,7;r}*. (Collaborating plants share trucks, but each plant

has his own order quantity loaded on each truck to meet his own demand.) we thus obtain

T Q
Cr,, (V,X) :ZZhwigbimLchvt. (4.12)

The objective function for the collaborating plants Cy,, consists of the inventory holding cost at
the shared warehouse Zthl Z?Zl hw; ¢;, and transportation cost Zthl c, vy associated with the
use of shared number of trucks v, in each period .

The following formulation represents the cost minimization problem faced by m plants who

participate in downstream collaboration.

Plants’ Cost Minimization under Downstream Collaboration

I\I/li){l Cr,, (V,X)

)

s.t. ¢it:¢i,t1+$it—zm:qi(g) i=1,...Q;, t=1,...,T; (4.13)
Q "~
Uvy > > wity t=1,...,T; (4.14)
=1
bio =10 i=1,...Q;
Git, Tig > 0 1=1,...Q; t=1,...,T;
v; > 0 and integer t=1,...,T.

Constraints (4.13) — (4.14) ensure that the plants collaborate in both inventory holding and
transportation of products, and that the number of trucks used in each period is sufficient for the
weight of the products carried in each truck. The inventory balance equations in (4.13) differ from

those given in (4.10) for a decentralized supply chain in that plants’ shipments are stored in the
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shared warehouse, rather than in individual plants’ facilities.

4.4 Optimal Shipping Plans and Cost Savings

In what follows, Section 4.4.1 describes a cross-dock’s optimal shipping plan in a decentralized
supply chain. In Section 4.4.2, we analyze a cross-dock’s optimization problem under upstream
collaboration. Section 4.4.3 identifies structural properties of an individual plant’s optimal trans-
portation and inventory policies in a decentralized supply chain. In Section 4.4.4, we characterize

cost savings for plants involved in downstream collaboration.

4.4.1 Cross-Dock’s Optimal Shipping Plan in a Decentralized Supply Chain

To facilitate the derivation of structural properties of the optimal shipping plan for a cross-dock

in decentralized supply chain, define o, := }CZC;’ Thus, o, represents the size of the unit product

holding cost relative to each container’s shipping cost. We refer to o, as the cross-dock’s relative
cost.

Let /; denote the inventory held at the cross-dock in period ¢ under the optimal shipping plan
(n*,y*) in a decentralized supply chain. Define «* := S./_ I and N = >, nf. Thus, ¢*
denote the sum of inventory amounts held at the cross-dock, while N7. is the sum of all product
shipments into the cross dock during the planning horizon, under the optimal shipping plan. The

following lemma characterizes N7 and ¢*. All proofs are deferred to the Online Appendix.
Lemma 3. N7 and .* are functions of (only) o.,.

Consequently, /V," and .* are functions of the cross-dock’s relative cost only. This result makes
it possible to characterize the corresponding functional dependence on o,.
Lemma 4. The following properties hold for N;(o.,)

(@) [“2r] < Nij(0.,) < S, [“4] for all o...

(b) Ni(0.4) is a piece-wise constant, monotonically increasing function of o, and is continuous

everywhere except at ZtT:l (“’Wdﬂ — (w—‘?fw points.
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Thus, the number of total containers shipped during the planning horizon increases in the cross-

dock’s relative cost. The upper bound >, [“] for N is the number of containers shipped to

the cross-dock under traditional cross-docking (i.e., without any inventory holding), whereas the

lower bound, (wv?,ﬂ , represents the number of containers shipped when the cross-dock places all

orders for delivery in the first period. Going forward, we make use of constants ¢y and o defined

as follows:

T-1 T Twd] _ [wDr
L0::Z<’Vth—‘E_Dt) and UO:Zt:l(W—‘ (W—‘—{_l’ (4_15)

— W | w W Lo

where D, denotes cumulative demand faced by the cross-dock for periods 1 through ¢.

Theorem 13. IfY",_, [wde] = [2B2] then 1*(0.,) = 0 for all o.,. Otherwise,

(Cl) l:fo-cd < %’ then L*<O-cd) = b Clnd N';:(O-Cd) = ’—w_l/‘D/T-‘ ’

(b) if % < 0., < 00, then 1*(0.,) is a piece-wise constant and monotonically decreasing function

of 0.4, and is continuous except at Zthl [wwdt-‘ = ’_%W points;

(c)If .4 > 0¢, then 1*(0.,) = 0 and N (0.,) = Zthl (“’Wdﬂ

Theorem 13 identifies specific conditions under which it is optimal for the cross-dock not to

wDT

hold inventory during the problem horizon. First, if Zthl [w—dﬂ = ’_ W

w

-‘, then it follows from

Lemma 4 that Ni(o.,) = 3/, [wdt] = [“B2] for all 0., In that case, it is optimal for the

cross-dock facility not to hold inventory during the planning horizon, regardless of the value of

o.,. Second, even if condition Zle (“’dﬂ = (“’DT

ST " W is not satisfied, by part (c), there exists a
threshold value o of the relative unit cost such that it is optimal for the cross-dock not to hold
any inventory during the planning horizon for all 0., > o0y. Under either of those conditions,
a cross-dock facility should optimally operate as a traditional cross-docking facility, because all
arriving products to the cross-dock, under the optimal shipping plan, are immediately routed to the
outbound trucks destined for the plants. Thus, the first contribution of Theorem 13 is to provide

explicit and quantifiable guidelines to managers regarding when to use traditional cross-docking

and when to resort to the use of hybrid cross-docking operations.
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Part (a) shows that, when the cross-dock’s unit relative cost is low enough, all orders from
the plants for the entire planning horizon are shipped to the cross-dock in the first period. In that
case, the unit holding cost is sufficiently small relative to the unit shipping cost that it is optimal to
save on the shipping costs by sending all orders together, in a single shipment, to save on shipping
costs (at the expense of the comparatively smaller inventory holding costs). In that case, the total
number of units held in inventory is the highest, and implementing the optimal shipping plan
clearly requires a hybrid cross-dock rather than a traditional one.

Part (b) establishes a region of the unit relative cost over which the total inventory held at the
cross-dock is piece-wise constant and monotonically decreasing in o.,. This result comes about
because the number of total containers shipped N (o,.,) over the planning horizon is increasing
in 0., by Lemma 4. The larger the number of containers used to fulfill the same plant’s demand,
the less inventory (in excess of each period’s demand) is shipped to the cross-dock in any period ¢.
Consequently, t*(o.,) is decreasing as more containers are used to fulfill the same plants’ demand.

In summary, it is the cross-dock’s relative cost that determines what type of cross-dock facility
is optimal to have in a supply chain. When that relative cost is high (i.e., greater than o), a
traditional cross-dock is sufficient to implement the optimal shipping plan. For all smaller values
of the relative cost, optimal shipping plan results in inventory carry-over from one period to another
and it becomes necessary to develop hybrid cross-docking functionality. These findings can thus
be used to help guide managers in their choice of the type of the cross-dock facility to have in their
supply chains.

Having characterized the optimal shipping plan for a hybrid cross-dock in a decentralized sup-
ply chain, we now analyze its total optimal cost as well. Let f(o.,, c.4) be the cross-dock’s optimal

total cost over the planning horizon as a function of ¢, and c,,. We can write f(o.,, c.,) as

T
f(acd7 Ccd) = Ceq Z (Ucdw]:<acd) + nr(acd))

t=1

The following theorem describes some useful regularity properties of (0.4, ¢.q).
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Theorem 14. Optimal total cost f(o.,, c.,), is a piecewise-linear and increasing function of o..,.

Further, if 0., > 0y, then % = 0 everywhere except at Zthl (“’Wdﬂ — (%W points.

The optimal total cost for the cross-dock is a piecewise-linear, increasing function of o ,. If
the unit holding cost is sufficiently large relative to the container shipping cost, then that optimal
total cost is piecewise-constant, with discontinuities occurring at (a small number of) well-defined
points. For sufficiently large values of the relative cost o, the total inventory under the optimal
shipping policy becomes zero by Theorem 13, and the total optimal cost becomes independent of
0.4, as the OSC no longer finds it optimal to keep any inventory at the cross-dock facility. At that

point, a traditional cross-dock suffices for the implementation of the optimal shipping plan.

4.4.2 Cross-dock’s Cost Savings under Upstream Collaboration

Next, we seek to characterize cross-dock’s savings under upstream collaboration. Let A\;; =
w; di and A = Z;l Agfori=1,....Q,andt =1,...,T. Thus, \; represents the total weight
of product ¢ demanded at the cross-dock in period ¢, while A;, represents the cumulative weight of
product ¢ demanded at the cross-dock from period 1 through 7.

Let C}., denote the cross-dock’s optimal cost in a decentralized supply chain and C;, denote its
optimal cost under upstream collaboration. Let A, := C},,, —C}.. Thus, A, represents the cross-
dock’s maximum cost savings over the planning horizon from upstream collaboration relative to to
the cost under its optimal shipping plan in decentralized supply chain.

Theorem 15. Foreachi=1,...,Q, define o; as

If 0., > max oy, then
A L&A
_ it it
s 33 -3}
=1 t=1 t=1 =1
Theorem 15 provides an explicit expression for the cross-dock’s benefit from upstream col-

laboration for sufficiently high unit relative cost. For high enough values of o,, the benefit from
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upstream collaboration can be expressed as the difference in transportation costs for the supply
chain with and without upstream collaboration. If the unit inventory holding cost is high relative
to the transportation cost per unit weight, then by using more containers to ship products from
suppliers, the cross-dock is able to optimally not hold any inventory during the planning horizon.
Consequently, the resulting cost savings from upstream collaboration reduce to the savings from
the transportation costs alone. In Section 4.5, we quantify the benefits of upstream collaboration
when it is optimal for the cross-dock to operate in the hybrid mode and carry inventory from one

period to another.

4.4.3 Plant’s Optimal Shipping Plan in a Decentralized Supply Chain

In characterizing plant’s optimal shipping policy in a decentralized supply chain, we first de-
fine o, := % Hence, o, represents the relative size of the unit product holding cost at the plant
warehouse relative to unit truck cost. Accordingly, we refer to o, as plants’ relative cost. Let
V™ denote the total number of trucks used to transport products from the cross-dock to plant m
from period 1 through period 7; thus, VT(m) =31, vt(m). The following theorem provides some
structural properties of the optimal transportation policy for a plant’s problem in a decentralized

supply chain.

Theorem 16. Ler V(™™ = {Vl m)*, cee VT(m)*} represent the optimal shipping vector for plant m.

* Q C&(m)
(@) Ifo, < L, then V™" = | =12 | for apyr < T
U U

* Q o (m)
(b)If o, > %, then V,(™ <3 {21_1#—‘ foranyt<T.

When the per-truck transportation cost is higher than the cost of holding one truck-load of prod-
uct inventory for a month, a plant uses the smallest possible number of trucks to get his products
from the cross-dock facility. Part (b) of Theorem 16 provides an explicit expression for an upper

bound of the number of trucks shipped to the plant over the planning horizon in all other cases.
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4.4.4 Plant’s Cost Savings under Downstream Collaboration

To provide insight into plants’ cost savings under downstream collaboration, let ngc)* denote
the optimal cost when m plants collaborate in their transportation and warehousing operations.
Let C}(g)* be plant j’s optimal cost in a decentralized supply chain. The following result lays the

foundation for understanding the impact of shipment consolidation on the plants’ total cost.

Theorem 17. For eachm =1, ..., M, define v,, as

w; t) g w; @ )
Ztl’er ql —‘ [Z i —‘+1

Wy, = )
_ Q @(m) m
Yo ({—Z o ] U—-S2wif ))

If o, > max v,, and

Zi { 1wzqz(tm)w :zT: {Z%:l Z?:lwiqgn)w
U )
t

t=1 m=1 =1

then Cp, m)* = Cg)*. More generally, Cg:c)* <> Cl(%j)* foranym € {1,2,..., M}.

While it is not surprising that participating plants’ optimal costs under downstream collabo-
ration never exceed their optimal costs in a decentralized system, Theorem 17 also derives the
conditions under which collaborating plants’ total cost is not impacted by their downstream col-
laboration. In particular, if downstream collaboration in a cross-docking supply chain does not
affect the optimal total number of trucks used for shipping products from the cross-dock facility,
the benefits of that collaboration disappear. In that situation, considering the costs involved in
setting up a collaboration among plants in practice (coordination costs, administrative costs, etc),

plants will generally be better off without such collaboration.
4.5 Value of Collaboration Benefits

To provide additional managerial insight regarding collaborations in a cross-docking supply
chain, in this section we quantify the cost savings generated from upstream and downstream col-

laborations. In what follows, we use a planning horizon of 7' = 6 months because, in the oil-
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field service industry, order planning and scheduling is generally carried out three to six months
out, based on point forecasts of future demands. For all numerical studies that follow, parame-
ter values were provided by the OSC. In particular, the weight capacity W of each container is
W = 27,760kg and the transportation cost c,, is $2,359 per container. In Sections 4.5.1 and 4.5.2

we quantify benefits from upstream and downstream collaboration, respectively.

4.5.1 Benefit to the Cross-Dock from Upstream Collaboration

In evaluating the benefit to the cross-dock from upstream collaboration, we define the value of

that upstream collaboration V' C, as

Cipn —Cr
VCep 1= =52 5 100,
CD

where, as already stated, C}.,, denotes the cross-dock’s optimal cost in a decentralized supply chain,
while C¥ is the cross-dock’s optimal cost under upstream collaboration.

Thus, VC., denotes the cost savings for the cross-dock from upstream collaboration relative
to the decentralized supply chain. In our first numerical study, we consider two geographically
proximate suppliers, each providing a single product, and vary the cross-dock’s unit inventory
holding cost A, (expressed in dollars per kilogram per month) and the ratio r of the two product
weights: r = ”“w”—f This study explores 18 sets of model parameters: six values of the unit inventory
holding cost (h., € {0.05,0.10,0.15,0.20,0.25,0.30}) X three values of the product weight ratio
(r €{0.5,1.0,1.5}).

OSC also provided us with a (confidential) data set with its monthly demand forecasts by
product type. The OSC’s actual shipping plan for each planning horizon is developed using those
monthly demand forecasts for each six-month period. At the same time, those six-month forecasts
change from one six-month period to another. Hence, to capture the benefit to the cross-dock from
upstream collaboration under varying demand forecasts, for each of the 18 model parameter sets
described above, we simulated 100 sets of six-month forecasts by means of a normal distribution
whose mean for each month is the historical average for that month, and whose standard deviation

is the historical standard deviation for that month. For each of those 18 parameter sets, and for
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Average VC¢p (%)

each simulated six-month demand forecast, we determine C7,,, and C, and then use their values to
calculate V C,p. Then, for each parameter set, we derive AverageV C.p by averaging V' C, over

those 100 simulations. Figure 4.2 displays AverageV C., as a function of h.; for each value of r.
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In Figure 4.2, average percentage cost savings for the cross-dock from upstream collaboration
range from 5.4% to 16.4% for r = 0.5; from 5.7% to 10.7% for r = 1.0; and from 4.9% to
7.5% for r = 1.5. Those average percentage cost savings are also found to be increasing and
concave in h.,, and decreasing in r (except for h., = 0.05). The slope of AverageVC., in
Figure 4.2 can be observed to be decreasing in r; thus, the higher the product weight ratio, the
slower average cost savings for the cross-dock increase as a function of its unit inventory holding
cost. As a consequence, while there is little variability in average cost savings from unit holding
cost variation for the high product weight ratio (~ 1.6%), there is significant variability in those
savings for the low product weight ratio (~ 11%). This weight ratio-driven variability reveals that
upstream collaboration is more impactful for lower product weight ratios, but only at higher unit
holding costs.

In summary, the cost savings for the cross-dock from upstream collaboration can more than
triple in size depending on the ratio of product weights and their holding cost at the cross-dock fa-

cility. Our studies indicate that upstream collaboration is most beneficial for low weight-ratio, high
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holding-cost products, while at lower holding costs those benefits are both small and effectively
independent of product weight ratio. At the same time, at lower values of the holding cost, there
is effectively no impact of product weight ratio on the realized cost savings. As far as we know,
these findings are new to both industry and the research literature. It is also worth noting that the
benefits realized from upstream collaboration would be significantly reduced if the OSC’s cross-
dock facility were traditional rather than hybrid; it is because of its inventory holding functionality
that a hybrid cross-dock facility allows for the degree of cost savings from upstream collaboration

evidenced in Figure 4.2.

4.5.2 Benefit to the Plants from Downstream Collaboration

In evaluating the benefits to plants from their downstream collaboration in cross-docking sup-

ply chain, we define the value of that downstream collaboration as

C:—C;
VO = e 5 100,
CR

where, as already defined, Cj, represents the total optimal cost for those plants in a decentral-
ized supply chain, while C}, denotes their combined optimal cost under downstream collaboration.
Hence, V (', represents their combined cost savings from participating in downstream collabora-
tion relative to their combined optimal cost in a decentralized supply chain.

Our second numerical study is structurally similar to the first one. We consider two geograph-
ically proximate plants that face demands for two types of products, and we explore 18 model
parameter sets: six values of the unit inventory holding cost (h € {0.1,0.2,0.3,0.4,0.5,0.6}) X
three values of the product weight ratio (r € {0.5,1.0,1.5}). The confidential data file from OSC
also includes each plant’s monthly demand forecasts. While plants’ decisions for each six-month
planning horizon are made using those demand forecasts, the forecasts vary from one six-month
planning horizon to another. Therefore, we capture the benefit from downstream collaboration
under the practical reality of varying demand forecasts, again simulated 100 sets of six-month
forecasts by means of the normal distribution whose mean for each month is the historical average

of each plant’s demand for that month, and whose standard deviation is the historical standard
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deviation for that month. For each of those 18 parameter sets, and for each simulated six-month
demand forecast, we determined C;}, and C}*zdc, and then used those values to calculate V' C'5. Then,
for each model parameter set, we arrived at AverageV Cy by averaging V' C'j;, over those 100 sim-
ulations. Figure 4.3 shows AverageV C}, as a function of the plants’ unit inventory holding cost A,
for each value of r.

As displayed in Figure 4.3, average cost savings for collaborating plants can be either decreas-
ing, increasing, or concave in their unit inventory holding cost depending on product weight. In
particular, for r = 0.5, they start at 22.1% for h = 0.1 and drop to 14.1% at h = 0.6; and, for
r = 1.5kg, they start at 9.9% for h = 0.1 and increase to 15.1% at h = 0.6. For r = 1.0, average
cost savings first decrease before reaching the minimum of 1.9% at h = 0.3; then, they increase
up to 2.3% for h = 0.6. Thus, in contrast to the cost savings from upstream collaboration, the
unit holding cost does not have a monotonic impact on the benefit realized by plants from their
downstream collaboration. Further, the highest (average) cost savings in Figure 4.3 occur at the
lowest level of the unit inventory holding cost. While these observations reveal some fundamental
differences in the two types of collaborations considered in this chapter, the greatest cost savings
for both types of collaborations are realized at the lowest product weight ratio, though at different
unit holding costs.

In summary, when it comes to evaluating the benefits from each type of collaboration in a
hybrid cross-docking supply chain, it becomes important for managers to carefully evaluate the
realized cost savings based on relevant optimization models, such as the ones analyzed in this
chapter. Interestingly, what appears to be conventional wisdom in the oilfield service industry is
that, under high unit inventory costs, downstream collaboration will always generate significant
cost reductions. This industry wisdom, however, appears to be of limited value: as shown in Fig-
ure 4.3, when r = 1.0, the savings from downstream collaboration are quite low, staying below
3% for most values of the unit inventory holding cost, and even falling below 2% at times. This
is because the magnitude of cost savings from downstream collaboration very much depends on

product weight ratio. In most practical settings, such small cost savings of 3% or less are typi-
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cally not worth the cost of investment in setting up a downstream collaboration and the ongoing

administrative cost of running it.

4.6 Outsourcing Downstream Operations

Because oil companies have historically been very focused on oil exploration and production,
the development of their capabilities in other areas such as logistics operations has remained lim-
ited. As a result, in order to reduce their high costs of transportation and inventory management, oil
well facilities have been looking to outsource their operations to third-party logistics companies.
Because outsourcing of operations to independent logistics providers has financial and operational
impact on the cross-dock and the oil wells it serves, it is of importance to all parties concerned
to acquire a better understanding of that impact. For that reason, in this section we explore the
outsourcing of downstream operations by plants in a hybrid cross-docking supply chain.

we consider a simple pricing contract as such contract is commonly offered by independent
logistics providers to the oil wells in the Middle East. We analyze how such a contract impacts
each plant’s decision to outsource their operations. Formally, we develop and solve a Stackelberg
pricing game between a logistics provider and plants under deterministic demand. At the beginning
of the planning horizon, a logistics provider moves first by announcing price p to be charged for
each unit weight of outsourced products. Subsequently, each plant makes a one-time decision
whether to outsource its operations to the logistics provider for the duration of the entire planning
horizon. The resulting best response function for each plant is analyzed in Section 4.6.1. Based on
each plant’s best response, the logistics provider determines his optimal price p*, whose structure
is derived in Section 4.6.2. In Section 4.6.3, we quantify that optimal price and discuss managerial

insights.

4.6.1 Plants’ Best Response

Let x,, represent plant m’s decision regarding outsourcing operations to an independent lo-

gistics provider at the beginning of the planning horizon: x,, = 1 if the plant outsources, and

(m)

Xm = 0 otherwise. The plant’s outsourcing cost is then given by p x,, Zle Z?Zl w;q;; ", where
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ST S22 wigh™ is the total weight of the plant’s demand over the planning horizon.
Let A(™)(p, x,,) the net benefit to plant mm from outsourcing operations to the logistics provider,
as function of the outsourcing price p and the decision to outsource ;. Using the notation from

Section 4.3.3, A(™)(p, x,,,) can be written as
A (p, Xm) = Xm |CR* pZ szqzt : (4.16)
t=1 i=1

where ngm)* is plant m’s optimal cost without collaboration (i.e., in a decentralized system). Define

X (p) := arg max A" (p, x,.,).
Xme{o:l}

Thus, x,(p) represents the plant’s best response to the logistics provider’s outsourcing price p.

In what follows, for eachm = 1,2, ..., M, define

(m)*
(m) . Cr

Zt 1 Zl 1 wlqzt

Theorem 18. (a) For any outsourcing price p, the optimal outsourcing decision X}, (p) of plant m

4.17)

is

1 if p<p™
0 otherwise,

where p™) is as defined in (4.17).
(b) Suppose that M plants are ordered so that p™ > p® > ... > p(*)_ Then, one of the following
holds true: (i) if p < p™), the number of outsourcing plants is M; or (ii) if p'™ > p > p(™+D) for

somem € {1,2,..., M — 1}, the number of outsourcing plants is m; or (iii) no plant outsources.

Hence, each plant’s optimal outsourcing policy is a threshold policy: plant m outsources if and
only if the outsourcing price p is below his optimal threshold price p™. Further, that threshold
price p™ increases in the plant optimal cost without collaboration Cj(zm)*, and decreases in the total
weight of the plant’s demand over the planning horizon, given by Zthl Z?Zl wiqlgtm ), Going for-

ward, without loss in generality, we relabel plants in a cross-docking supply chain as prescribed in
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Theorem 18 (b). Accordingly, if plant m finds it optimal to outsource operations to an independent

logistics provider, then plants 1 through m — 1 will find it optimal to do so as well.

4.6.2 The Logistics Provider’s Optimal Outsourcing Price

A logistics provider seeks to maximize profit from its outsourcing services over the planning
horizon. As each plant develops its demand forecast for all 7" periods at the beginning of the
planning horizon, those forecasts are also available to the logistics provider for all outsourcing
plants. Knowing those demand forecasts, the first step in that profit maximization is to determine
the logistics provider’s optimal shipping plan for any given outsourcing price p.

Let xﬁp ) be the quantity of product ¢ transported from the cross-dock facility to the logistics
provider’s warehouse at the beginning of period ¢. Let v§lp ) be the number of trucks used by

the logistics provider to transport products in period ¢, and ¢,

ﬁ” ) be the inventory level of prod-

uct ¢ at the logistics provider’s warehouse at the end of period ¢. Define truck shipping vec-

oi® . v} and product quantity matrix xip = {x:?,...,xP}, where

tor v, = {v\?),
x{® = {2 P 2UPNT Let b, denote the unit inventory holding cost at the logis-
tics provider’s warehouse, and c,, denote the per truck transportation cost faced by the logistics

provider. We make the following assumption.

Assumption 6. h,, € (0,h) and c,, € (0, cy).

Thus, a logistics provider faces lower unit operating costs than a plant. Because logistics
providers specialize in the transportation and warehousing of their customers’ inventory, it stands
to reason that due to such specialization and economies of scale, the resulting unit operating costs
would be lower than those of an oil well whose main focus is on exploration and development of
oil reserves. (A logistics provider can, for example, choose his warehouse in a low-cost location,
while an oil well generally keeps its inventory on-site).

Let I1;,(viy, X, p) represent the logistics provider’s profit over the planning horizon. Then,

91



m=1 t=1 =1 t=1 =1 t=1
A g A >
Vo Ve
Revenue from plants’ outsourcing Inventory holding and transportation cost
M T Q
— E : E : (m
=P szm(p) qzt CZP(VZP7 Xip, p)v
m=1 t=1 i=1
where, as before, ql(zn ), represents demand for product 7 observed by plant m in period ¢, while
T
E : E : § : (ip)
Clp le; le) hlpwlgb + Clpvt (4 18)
t=1 i=1 t=1

denotes the total cost for the logistics provider. Given the outsourcing price p and correspond-
ing x* (p) as each plant’s best response function, the logistics provider first seeks to maximize
I, (vip, X1, p) by deciding on his shipping and transportation schedules, v;, and x;,, for each
price p.

For any given outsourcing price p, the logistics provider has no influence over his revenue from
plants’ outsourcing, but rather only over his total inventory and transportation cost Cy, (v, Xy, P).
Hence, given outsourcing price p, the logistics provider actually faces a cost-minimization problem

given in the following formulation.

Logistics Provider’s Cost Minimization Problem:

vIlni}g Cip(Vip, Xip, D) (4.19)
st oy = o\ +all) me )™, i=1,...,Q: t=1,...T; (4.20)
Uv™® > Zw 2P =1, T 4.21)

o' >0 and integer, t=1,...,T;

P =0, i=1,...,Q;

(bz(ip), Z(ip >0, Z'Il,_.,,Q; t=1,...,T.
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Equations (4.20) represent the inventory balance equations for each product ¢ given that the
total demand for all plants served by the logistics provider has to be satisfied in each period .
Equations (4.21) ensure that the combined capacity of all trucks used by the logistics provider to
transport products is sufficient for the required amount of each product in each period.

Let (v}, (p), xj,(p)) represent a solution to the above logistics provider’s minimization problem
as a function of outsourcing price p. Let C}; (p) denote the logistics provider’s resulting minimum
cost obtained for any given p. Thus, Cy,(p) := C, (V;‘p (), x7,(p), p).

Define IT},(p) and p* as follows:

M T Q
) =p > S > wii(p)a” — Cip) (4.22)

p* = argmax II} (p). (4.23)

p=>0

Thus, p* represents the outsourcing price that maximizes the logistics provider’s total profit

over the planning horizon. The following theorem provides a characterization of p*.

Theorem 19. (a) IT; (pV)) > 0;
(b) There exists an integer m € {1,2, ..., M} such that p* = pm);
(c) Forany m € {1,2,..., M} such that m plants find it optimal to outsource their operations to

the logistics provider, C;, (p™) < 2 Cg)*-

Part (a) of Theorem 19 implies that the logistics provider can always make a profit by pricing
his outsourcing services at p("). By part (b), the logistics provider’s optimal outsourcing price is the
threshold price p(™ for some plant m. This result significantly reduces the computational effort of
finding the optimal outsourcing price. This is because, instead of searching in a continuous interval
for that price, it suffices to compare the logistics provider’s profit at only M discrete prices, and
choose the price that yields the highest profit. By part (c), the logistics provider’s optimal cost is

smaller than the outsourcing plants’ optimal cost in a decentralized supply chain.
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4.6.3 Outsourcing Price Quantified

Next, we numerically solve for p* and discuss implications. Let II;,(n) denote the logistics
provider’s profit when the outsourcing price is p,, (i.e., the number of outsourcing plants is n). We
illustrate the behavior of I1;,(n) with two numerical examples. We consider a cross-docking supply
chain with four geographically proximate plants (i.e., M = 4) and two products (i.e., ) = 2). We
use the planning horizon of six months, h, = 0.03$/kg, ¢, = $2, 359 per each truck, w; = 300kg
and we = 450kg. The only difference in the two numerical examples shown in Figures 4.4 and
4.5 is in the values of demand forecasts used by each plant. While actual values of those demand
forecasts are confidential, in Figure 4.4: (i) plant 1’s demands are the same as his demands in
Figure 4.5; (ii) plants 2 and 3 face identical six-dimensional vectors of demands for each product
with lower mean and variability across the planning horizon than they do in Figure 4.5; (iii) plant
4 faces constant demand across the planning horizon. In Figure 4.5, each plant faces the same

six-dimensional vector of monthly demands.

$211,094 |- .. 1$211,632 | IR TR
. . — .‘."‘ ‘
E "o £
= B
= = o
.‘. '..
0 g \ \ ! = oL@ \ \ ! g
1 2 3 4 1 2 3 4
n n
Figure 4.4: Scen. 1 Figure 4.5: Scen. 2

In Figure 4.4, the logistics provider’s profit is highest when p* = p®, which is the price at
which three plants optimally outsource their operations to the logistics provider. In this numerical

example, p* = $0.8/kg, with II;,(3) = $211, 094. The profit function II;,(n) can be observed to
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be quasi-concave in the number of outsourcing plants, as this function is first increasing and then
decreasing in n.

By comparison, in Figure 4.5, the optimal outsourcing price is given by p* = p®, as it is
optimal for all four plants to outsource their operations. The profit function II;,(n) is shown
to be monotonically increasing in the number of outsourcing plants. Thus, p* = $0.5/kg, and
I1;,(4) = $211, 362. Further, II;,(n) exhibits diminishing returns, so that the contribution of each
additional plant to the logistics provider’s bottom line is decreasing. This is in contrast to Figure 4.4
in which the third outsourcing plant contributes more to II;,(n) than does the second. Another key
implication of these observations is that the structure of 1I;,(n) depends in a fundamental way
on the underlying demand forecasts over the planning horizon for each plant. As a result, any
structural properties of I;,(n) are intrinsically tied to the actual values of the demand forecasts

developed by the plants.
4.7 Outsourcing Downstream Operations under Demand Uncertainty

In realistic setting, the optimization of outsourcing price involves some degree of demand un-
certainty. Thus, we now explore how plants can determine whether to outsource or manage their
own operation without collaboration in a stochastic demand environment. We examine how de-
mand uncertainty impacts the optimal outsourcing price and under what conditions plants out-
source. We base our discussion of demand uncertainty on the outsourcing and pricing problem,
but the approach we use in this section applies to other problems considered in this paper.

At t = 0, before demand realization, individual plants decide whether to outsource or manage
their operations without collaboration. Following the practice of the focal company, all decisions
are made before the planning horizon of three months (7' = 3, a quarter of year).

) is a random variable with a discrete probability distribu-

We assume that plant’s demand qftm
tion. We use S to represent the total number of possible demand realizations during the planning
horizon, and refer s to represent a given scenario of demand realization, s = 1,2,...,5. For

computational tractability, we assume / = 2 throughout Section 4.7.
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4.7.1 Plant’s Best Response under Demand Uncertainty

Let p(*™ be the occurrence probability of scenario s with demand qff ™ of plant m during the

planning horizon T'. Also, Let ¢(Sm) represent the inventory level of product i at the plant site
in scenario s. Also, vt ) be the number of the trucks shipped to plants. Let C (VZ, x) be the
plant’s expected total cost where v, and x, represent a truck ship vector and a shipment quantity

vector, respectively. Then, CI(%":) (vz,X,) is given by

s T
C VZ,XZ Zzz,o(sm haw; &, by; +chvtm.

s=1 t=1 i=1

The first term represents the expected inventory holding cost over all the total S scenarios.
Because the plant’s choice of the shipment quantity vector x, is made before the beginning of the
planning horizon, the inventory level depends on realized demand. The second term corresponds
to the transportation cost. The number of trucks to ship is determined before demand realization,
the transportation cost is fixed for all demand scenario s. The plant’s objective is to minimize the

total expected cost by solving the following optimization problem.

Plant’s Problem under Demand Uncertainty :

min  Cy"” (v, x,) (4.24)

st o™ = dal — g™, i=1,2, t=1,2,...,T, s=1,2,...,5;,  (4.25)

Uo(™ > Zw,—:zg“), t=1,2,...,T; (4.26)
o™ >0 and integer, t=1,2,...,T; 4.27)
oM =0, i=1,2 s=1,2...,5 (4.28)
o8™ >0, i=1,2 t=1,2,...,T, s=1,2,...,5 (4.29)
>0, i=12 t=1,2,...,T, (4.30)

Constraint (4.25) represents the inventory balance equation under scenario s. The size of order
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for product ¢, xg” ), is fixed through all demand scenarios, since the plant has to plan acgn )

before
demand is realized. Constraint (4.26) ensures that the trailer truck capacity is sufficient to deliver
the products to the plants.

To facilitate the analysis, let CI(%":)* be the optimal objective value (the cost for plant m) ob-
tained from plant’s Problem under demand uncertainty and A (p) be the cost difference for
plant m with and without outsourcing under a outsourcing price p. Also, let x.,, (p) represents the
plant’s decision of whether to outsource to the logistics provider under demand uncertainty. Then,
Agm) (p) as a function of x,,,, is given by

S
wip ™™ (4.31)
1

A (p, Xoms () = Xoms (0) | CH =D YD

t=1 i=1 s=

Define

Xom, (P) := arg max Agm) (p, Xy (p)) (4.32)
sze{()’l}

Thus, x;,,(p) represents the plant’s best response that maximizes its expected cost savings.

The following Lemma provides the structure of the best response for individual plants.
Theorem 20. For any m = 1,2,..., M, define

(m)+
o) Cr,
z (om)

23:1 Z?:l Z§=1 wiP(sm)Qitsm

For any outsourcing price p, the plant’s best response is given by

1, if p<py;

0, otherwise.

Further, suppose p(Zl) > p(Z2) > ... p(M 1) pr (k1) p < p(Zk), then the number of

plants outsourcing is k for some k € {1,2,.... M — 1}.
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By Theorem 20, the optimal outsourcing decision of plant m is given as a threshold-type pol-
icy, similar to what we have observed in Theorem 18. For any outsourcing price lower than the
threshold p(Zm), the plant’s expected total cost would be lower if it outsources its operations to the
logistics provider. Using this structural results, Theorem 20 provides the number of outsourcing
plants for a given outsourcing price. If p > pJ, then there is no plant that outsourced to the logistics
provider; if p < p(ZM), then all plants outsourced. Going forward, we will refer to p(Zm) as plant

m’s stochastic threshold outsourcing price because it concerns the optimization of the plant’s cost

under stochastic demand.
4.7.2 Optimal Outsourcing Price under Demand Uncertainty

Having established the plants’ best response under demand uncertainty, we now turn to the
optimal outsourcing price. Let D be a random matrix of all plants’ demand. For instance, for a
supply chain with four plants that requires two products over the planning horizon of three months,
Dis a4 x 3 x 2 matrix. With multiple plants, the logistics provider needs to consider exponen-
tial number of sample paths for demand realization. To solve this stochastic discrete optimization
problem with the exponential sample paths, we use a Monte-Carlo simulation-based approach
known as sample average approximation (SAA). In this procedure, we solve the sample average
function, which approximates the expected objective function of the logistics provider, using a
random sample generated from the random matrix D. The procedure - from generating a random
sample to solving the sample average optimization problem - is repeated until a specified precision
is achieved. Let x represents the sample size. For each iteration, independently and identically
distributed (i.i.d) x realizations of the random demand are generated and used to solve the opti-
mization problem. We use v to refer to the replication number - the number of total iterations until
a stopping criterion is reached.

Having sufficient replication number ensures that there is a guarantee that an optimal solution
for the true problem is produced. One can view such a procedure as Bernoulli trials with probability
of success P = P(k). Here, the success means that a calculated optimal solution with x samples is

an optimal solution to the true problem. It follows that this probability P(x) tends to 1 as k — oo
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(Kleywegt et al. 2002). However, for a finite x, the probability P can be small. The probability of
producing an optimal solution of the true problem at least once in v replication is 1 — (1 — P)?,
which tends to 1 as v increases.

To determine the replication number, let 7, (p) be the objective value of the logistics provider’s
pricing problem for a sample path s = 1,2, ..., s within each replication. Let w(p) = £ >°" | 7,(p).
Thus, 7(p) represents the sample average function. Then, the optimal outsourcing price to this
replication is given by p* = arg max,-, 7(p). Also, the optimal objective value for this replication

is given by 7* = 7(p*). Let 7()* be the optimal objective value of the j™" replication. Also, let

7)) = ﬁ<1)*+ﬁ<2>;+'“+”(w*. Then, 7*) represents the average of the optimal objective values over

all v replications. Let V;” be the sample variance over v replications, each with the sample size k.

The 100(1 — «) percent confidence interval for the expected objective value E[I1*] is then given by

7 £ tv—11-a/2\/ %

V’U
tv— - v v — .
If we keep increasing replications until Uf+ < \, then 7 has a relative error at most

A

725 with a probability of 1 — a (Law 2015). To determine the size of the replication number v for

the given sample size « that ensure an estimate of [E[IT*] with a relative error of A and a confidence

interval of 100(1 — «) percent, we use the following procedure (Law 2015).

» Step 1: Set vy = 30 random replications (each with x = 100 sample paths), and set v = v

« Step 2: Calculate 7) and to—1,1-a/21/ % over v replications.

Vv

_k
eV v A then use 7) as the point estimate for IT* and stop. Otherwise,

t
e Step 3: If — T

replace v by v + 1, proceed with another iteration of simulation, and go to Step 2.

It is standard from the literature that A < 0.05 is a sufficiently small relative error (Law 2015,
Geismar et al. 2020). To achieve A < 0.05, we use the replication number v = 30 with the
sample size k = 100. We consider three different supply chains that is defined based on the
number of plants (M = 2,3,4). The planning horizon for supply chains is three months. For

each supply chain, we start by varying the level of demand uncertainty. We randomly generate
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demand data uniformly distributed and centered around a given mean demand i, within the interval
(1 —¢/2)u, (14 ¢/2)p]. ¢ represents a scale parameter for our study which we use to vary the
level of demand uncertainty. We use three levels of scale parameter (( = 10%, 20%, 40%) for
each supply chain.

Table 4.6 provides the plants’ optimal decisions and the outsourcing price p* and the plants’
optimal decisions x;, (p*) averaged over 30 replications. It shows that the outsourcing price de-
creases as the number of plants increases; by lowering the outsourcing price, more plants would
outsource their operations, leading to a higher profit. For a same level of demand uncertainty, more
plants are outsourced if the outsourcing price is lower. For the scale parameter of ( = 10%, the
outsourcing price is reduced by 12.4%, from 0.121 $/kg to 0.106 $/kg, when the number of plants
increases from 2 to 4. With a lower outsourcing price, more plants outsource their operations. For
the scale parameter of 10%, in 23 among 30 replications (76%), it is optimal for plant 3 to out-
source at the outsourcing price of 0.11$/kg. At the same level of demand uncertainty, it is optimal
for the plant to outsource 28 among 30 replications (93%) at the outsourcing price 0.106 $/kg.

At a higher level of demand uncertainty plants would have to pay a higher price for outsourcing.
However, even at a higher outsourcing price, it may be profitable for plants to outsource, if they
face high levels of demand uncertainty. For instance, under the scale parameter of 10%, plant 3
outsources in 23 among 30 replications at the outsourcing price of $0.11, and outsources in all 30
replications at $0.128. One possible explanation is that the high variability in individual plants’
demand can be reduced by aggregating demand. Thus, in aggregate, the logistics provider face a
lower demand variability than the sum of demand variabilities individual plants face. Hence, more

plants would outsource even at a higher outsourcing price.

4.8 Conclusion

In this chapter we analyzed a cross-docking supply chain encountered in the oilfield service
industry of the energy sector. Due to long lead times from suppliers and low-volume, slow-moving
non-perishable products, this industry has pioneered the use of hybrid cross-docking that, in con-

trast to traditional cross-docking, allows products to be held at the cross-dock facility from one
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¢=10% (=20% (=40%

plant Plant m Outsourcing Plant m Outsourcing Plant m Outsourcing
M  (m)  Outsourcing Price ($/kg) Outsourcing  Price ($/kg) Outsourcing  Price ($/kg)

2 plant1 1 0.121 1 0.130 1 0.145
plant 2 1 1 1

3 plant 1 1 0.110 1 0.128 1 0.141
plant 2 1 1 1
plant 3 0.76 1 1

4 plant 1 1 0.106 1 0.117 1 0.129
plant 2 1 1 1
plant 3 1 1 1
plant 4 0.93 0.97 0.97

Table 4.6: Plants’ Outsourcing under Demand Uncertainty

period to another. Further, the decentralized nature of cross-docking supply chains in the oil-field
service industry has allowed supply chain members to reduce their operational costs by participat-
ing in different types of collaborations, such as upstream collaboration between the cross-dock and
its suppliers and downstream collaboration among plants.

To provide a better understanding of hybrid cross-docking and arrive at optimal transportation
and inventory policies for managing hybrid cross-docking facilities and the oil wells served by
those facilities, we formulated and analyzed multi-period, multi-product, multi-stage optimization
models in the context of both decentralized cross-docking supply chains and those with coordinated
upstream or downstream shipping decisions. We identified structural properties of optimal trans-
portation and inventory policies for those models. We made use of our findings to provide some
practical guidelines to managers, including specific conditions under which the optimal shipping
policy calls for using a hybrid cross-dock as opposed to a traditional cross-docking facility.

Our results made it possible to quantify savings from upstream and downstream collabora-
tions in a cross-docking supply chain. Cost savings from upstream collaboration were found to
be monotonically increasing in the unit holding cost at the cross-dock facility and decreasing in

product weight, while ranging from 5.4% to to 16.4%. Cost savings from downstream collab-
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oration exhibited less regularity but more variability, as they ranged from 1.9% to 22.1%. This
observed variability highlights the importance of using appropriate analytic models in practice to
evaluate the level of enabled cost-savings before investing in such collaborations, as the result-
ing cost savings may not always justify initial investment in and ongoing administrative costs of
collaborations.

To address the growing need of oil wells to reduce costs by outsourcing operations to inde-
pendent logistics providers and explore the implication of that practice for cross-docking supply
chains, we developed and solved a Stackelberg pricing game between a logistics provider and
plants. Assuming deterministic demand forecasts, we derived each plant’s best response function to
the logistics provider’s outsourcing price, and then established the structure of the provider’s profit-
maximizing pricing strategy. These results are extended to stochastic demand forecasts in spite of
the NP-hard nature of the original deterministic game. We found that the logistics provider can
always find a price that results in (strictly) positive average profits, and that his profit-maximizing
price can be found by a simple search among a small number of discrete price thresholds defined
explicitly in this chapter.

There are a number of ways to extend the research in this chapter. One such direction is
to analyze full supply chain integration and quantify the resulting benefits in the context of a
multi-period, multi-stage, multi-product supply chain. Even though full supply chain integration
is uncommon in the oil-field service industry, there are other industries in which complete supply
chain coordination is plausible. For those industries, optimal transportation and inventory policies
and the cost savings thus generated may be of considerable interest. Further, while in this chapter
we analyze a simple pricing contract between a logistics provider and plants in a cross-docking
supply chain, another worthwhile generalization of our work would involve an analysis of more
sophisticated contracts between logistics providers and plants, such as quantity discount contracts

or quantity flexibility contracts.
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5. SUMMARY AND CONCLUSIONS

Motivated by the rapid transitions in the global energy landscape, my dissertation explores op-
erations management problems faced by energy companies, investors, consumers, and policymak-
ers. In the first essay, I examine how electricity consumers can optimally invest in the renewable
energy generation capacity to participate in a blockchain-enabled peer-to-peer energy trading net-
work, also referred to as a virtual microgrid. To capture the potential benefit of a resource-sharing
network for individual electricity consumers, I explore how consumers can optimally invest in
renewable energy in a virtual microgrid and key drivers of that investment. Using a simultane-
ous two-stage noncooperative game between consumers in a virtual microgrid, I show that each
heterogeneous, cost-minimizing consumer is always better off within a virtual microgrid than with-
out, regardless of the market-clearing price. Using equilibrium outcomes, I show that electricity
consumers are always better off in a virtual microgrid, with the average cost savings of 9.7%.

At a system-level, I show that blockchain is able to coordinate heterogeneous, independent
consumers in a decentralized virtual network with regard to minimizing the total cost of the system.
Compared to a centralized system, I show that blockchain can fully coordinate all participants of
a decentralized resource-sharing network, such that it can achieve the same total cost as a fully
centralized network, that is optimized for minimizing the total cost.

The first essay contributes to knowledge by showing that blockchain-related energy projects
can generate significant cost savings for each participant in a decentralized virtual network as well
as achieving the full coordination of all participants in minimizing the total cost in the system.
From the perspective of sustainability and community engagement with energy systems, these
results provide support to a community-based energy sharing networks, where local participants
can produce their own electricity and retain profits, while our society moves toward increased
renewable energy use and away from fossil fuels. Such results also open several avenues for
future research, including the performance of energy sharing networks for unregulated electricity

markets, sustainable business models for one such a network.
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Theoretical contributions of the first essay are as follows. First, I present new results to the
literature on renewable energy systems by addressing investments in renewable energy within a
resource-sharing network. Second, the model and analysis used in this essay extend those used in
the emerging stream of research in the sharing economy. While previous research in this stream
generally concerns that an owner has only one product (e.g., solar panels) to share, the model
studied in this essay concerns sharing a product (e.g., electricity) of that product.

Motivated by the continuing increase of renewable energy development and the lack of trans-
mission lines thereof, the second essay focuses on the optimal transmission grid investment and its
implications for renewable energy development. This essay contributes to transmission expansion
planning research by providing strategic insights into the interaction of generation and transmis-
sion and their implications for the optimal level of investments in each capacity. Grounded in
industry practices, Transmission system operator (TransCo) invests in transmission lines, while a
generation company (GenCo) separately invests in renewable power generation at a remote loca-
tion of low demand that can be sold to the location of high demand only via transmission lines. For
the resulting two-stage Stackelberg capacity investment game, I derive the equilibrium outcomes,
including the capacity of installed renewable generation, and the capacity of transmission lines.

Theoretically, the second essay has two contributions to the academic literature. First, in the
context of long-distance transmission development, I show that transmission and generation ca-
pacity act as complements for any probability densities of regional demand, in contrast to the
traditional economists’ view on the substitutability of transmission and generation (Joskow 2002).
Because transmission investment is needed to enable export sales from generation investments,
joint investment can be expected to enhance the profitability for both companies. Second, with
regard to the future development and joint investment in the transmission grid, this essay con-
tributes to the stream of literature on transmission expansion planning by proving the existence of
a Pareto-improving contract that mutually increases the profitability for TransCo and GenCo.

The third essay devises an optimization framework to analyze a decentralized, hybrid cross-

docking supply chain encountered in an oil-field service industry. Due to long lead times from
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suppliers and low-volume, slow-moving non-perishable products, this industry has pioneered the
use of hybrid cross-docking that allows products to be held at the cross-dock from one period to
another. In order to analyze decentralized supply chains and those with coordinated upstream or
downstream shipping decisions, this essay formulates multi-period, multi-product, and multi-stage
optimization models.

With regard to decentralized cross-docking supply chain, this study presents new structural
properties of optimal shipping and inventory holding policies, and determines conditions under
which a cross-dock facility should optimally operate as a hybrid cross-dock rather than as a tra-
ditional one. I also use the structural results to quantify the resulting cost savings from upstream
and downstream collaboration for individual supply chain members, that range from 1.9%-22.1%,
depending on product weight and holding cost.

For the growing need for outsourcing operations to independent logistics providers, this study
finds that the logistics providers can always find an outsourcing price that results in strictly positive
average profits. I also establish that profit-maximizing outsourcing prices can be found by a simple
search among a small number of discrete price thresholds. The explicit structure of these price
thresholds in this essay can be used by managers in the oil field service industry to seek improve-
ment in their cost performance by strategically outsourcing to independent logistics providers.

From a modeling perspective, the third essay has two contributions to the literature. First,
in the literature on economic lot-sizing, multi-product, multi-stage capacitated lot-sizing consid-
ered in this chapter is shown to be NP-hard (Zhao and Zhang 2020). Because the intermediate
stage in our model acts as a cross-docking facility that performs “sorting” of multi-products, there
are additional complexities in the problem. The results in this chapter contribute to better under-
standing the impact of these added layers of complexities by providing structural properties of
optimal solutions. Second, I address joint inventory replenishment and transportation problems in
a multi-product, three-stage, hybrid cross-docking distribution system, under both decentralized

and collaborative settings.
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APPENDIX A

SUPPLEMENT TO CHAPTER 2

Proof of Theorem 1. Consider the minimization problem given in (2.2). It follows from (2.1) that

887]1 =—pee™ < —7(t) = ;TJ;; by Assumption 1, as long as z; — Z;; — Y > 0. Thus, to fulfill his

demand, Prosumer ¢ would first increase Z;; as much as possible before resorting to using any of

Yji. By (2.4), (2.5), and (2.6), we get

Zy <min [(z; — Yjie) ¥, min(z;, Cy), C; — Yig, min(z;+35, Ci+Cy) — Zjy — Vi — Yipe] -
By (2.3) and (2.5), Y, :=[0, C;] represent the strategy space of Y;;;. Define

Zi(y) == min [(z; — y)*, min(z;, C}), C; — y, min(z;+x;, C;+C;) — Zjy — Y — ]

Vijt == arg Iyrg{ifi Zi(y)-

Hence, );;; represents a maximizer of Z; over the feasible set Y;. Then, because Prosumer %

would always increase Z;; at the expense of Y;;; to fulfill his demand, we obtain

Zy = Zi(Vije)- (A.1)
Using (2.5) and (2.6), we then get
?ijt = min [CZ — 72‘,5, min(xl + 9, Cl + Cg) — th — Y}'it — 7“} . (AZ)

We now analyze the different cases based on the realizations of min(z+x;, C+C}), min(z;, C;),
and min(x;, C;). There are six such cases to consider, because neither (i) C;+C; > z;+z;, x; <
Ci7 Z; <Cj; nor ii) C; + Cj <z + x5, x; > CZ‘, Tj > Cj is feasible.

Case 1. () + Cy > x1 + x5, C; > w1, Cy > x5. For a pure-strategy Nash equilibrium, we use

(A.1) to get
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* 3 * —+ * * * *
Zy < mln[(azl - Ym,t) , o1, C1 — Y12,ta Ty + Xy — Ly — Y21,t - Y12,t]a

Zy < min[(:ﬂg - Y1*2,t>+v Ty, Cy — Yz*l,ta Ty + T — Ly — Y1*2t - Yz*lt] (A.3)

Thus, we obtain Z3, < x1, Z;5, < x9. Hence, based on the definition and properties of the best
response functions in (A.1), (A.2), and (A.3), if there exists a unique pure-strategy {th, ZQt, 1712,“ 3721,t}

such that

($1_E1,t)+7 Cl—?m,t, x1+x2_22t_%1,t_i2,t > X1,

(-1'2_}712,t)+7 02—3721,75, 1 +$2—21t—1712,t—5~/21,t > Xa,

}712,1& = min [Cl - th, T1+T2— ZZt —Y51 4 — th] ; 3712,1& = min |Cy— ZQt; T1+x2— th —Yio,— ZQt] )
(A4)

then neither prosumer has the incentive to deviate from the given strategy set, and we can conclude

that the given strategy set is a unique Nash equilibrium. Because (A.4) holds only when Z;; =

21, Y12+ = 0, Zoy = 29, Y21+ = 0, the unique pure-strategy Nash equilibrium is Z7, = x;, Y1*2,t =

0, Z3, =2, Y31, =0.

Case 2. C1 +Cy > 21 + 29, C7 > 1, Cy < 250 We use (A1) to get
Z < min[(xl - Y2*1,t)+a x1, Ch — Y1*2,t> Ty + Ty — Ly — Y2*1,t - Y1*2,t}7
Zy <min[(zy — Y5 )", Co, Co = Y5, wo+ 11 — 23, = Yo, — Yoy, . (A.5)

Thus, we obtain 77, < z1, Z;, < (5. Hence, based on the definition and properties of the best
response functions in (A.1), (A.2), and (A.5), if there exists a unique pure-strategy {th, ZQt, 1712,“ 3721,t}

such that

113



(21 —3721,;:)+, Ch —3712,1&? 1 +$2_22t_?21,t_}7127t > X1,
($2—5712,t)+, 02—3721,t, 1 +€E2—Z1t—}~/12,t—5721,t > Oy,
5712,t = min [Cl—Zm $1+$2—22t—5/21,t—21t] , 1~/12,zt — min |Cy— Zoy, $1+$2—Z1t—y12,t—22t ;
(A.6)
then neither prosumer has the incentive to deviate from the given strategy set, and we can conclude
that the given strategy set is a unique Nash equilibrium. Because (A.6) holds only when Z; =

21, Y124 = 19— Cy, Ly = Cy, Yoy, =0, the unique Nash equilibrium is 27, = x1, Y5, = ©2 —

Ca, Z5, = Ca, Y51, = 0.

Case 3. C1 + Cy > 11 + 29, C7 < 21, Cy > x5. We use (A.1) to get

* 3 * —+ * * * *
Zy < mln[(xl - Y21,t) , C1, C1 — Y12,t: T+ X — Ly — Y21,t - Y12,J>

Zy < min[(xg - Y1*2,t)+a Ty, Cy — Y2*1,t7 To+ 11— 2y — Y1*2,t - Y2*1,t}- (A.7)

Thus, we obtain Z3, < C, Z3, < 5. Using the definition and properties of the best response
functions in (A.2), (A.1) and (A.7), if there exists a unique pure-strategy set {th, th, }712,75, 1721,15}

such that

($1—3721,t)+, 01—3712,t, $1+5E2—22t—%1,t—z2,t > (f, ($2—3712,t)+,

Cz—gl,t, r1+ $2_th_}712,t_g1,t > I,

?12,15 = min [Cl—th, x1+96’2—§2t—y21,t—21t] ) ?12,t = min 02—22:5, $1+$2—21t—Y12,t—22t )
(A.8)

then neither prosumer has the incentive to deviate from the given strategy set, and we can conclude
that the given strategy set is a unique Nash equilibrium. Since (A.8) holds only when Z;;, =
Cy, Yoy = 0, Zyy = 9, Yo1, = 21 — (4, the unique pure-strategy Nash equilibrium is Z}, =

* _ X * _
Ch, Y15, =0, Z3,=x2, Y5, ;=21 — Ch.
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Case 4. O] + (5 < 21 + 29, C1 < 21, C5 > x5. We use (A.1) to get

Zh < min[(xl - Y2*1,t)+a Cy, G — Y1*2,t> Cy+Cy— 25 — Y2*1,t - Y1*2,t]a

Zy < min[(xz - Y1*2,t)+a Ty, Cy — Y2*1,t> Cy+Cy— 77, — Yl*2t - Yz*l,t}- (A.9)

Therefore, we obtain Z;, <, Z3, <xs. Based on the definition and properties of the best re-
sponse functions in (A.1), (A.2), and (A.9), if there exists a unique pure-strategy {th, th, }7127“ }72”}

such that

(5171—5721,t)+, Cl_i;w,ta Cl‘i‘CZ_ZZt_%l,t_i}th > (f, (1'2—)712,7&)+a

C2_i>21,t; Cl‘i‘CQ_th_i;lZ,t_S;Ql,t > T,

5712,1& = min [Cl_thy 01+C2—§2t—331,t—21t ) }712,15 = min 02—2% Cl‘f—Cz—th—Ymt—Zzt )
(A.10)

then neither prosumer has the incentive to deviate from the given strategy set, and we can conclude
that the given strategy set is a unique Nash equilibrium. Since (A.10) holds only when Z;; =
Ci, Yior = 0, Zoy = 29, Y14 = Cy—x9, we obtain the unique Nash equilibrium 27, = ', Yo, =

o * _
0, Z3 = 2, Y21,t = Cy — 3.

Case 5. O] + (5 < 21 + x4, C7 > 21, (5 < 9. We use (A.1) to get
th < min[($1 - }/é*l,t)+7 Ty, Cl - Yl*Q,tv Cl + 02 - Z;t - Yv2*1,t - }/1*2,15]7
Zgy < min[<$2 - Y1*2,t)+7 Ca, Cy — Yz*l,tv Cy+Cy— 77, — Yl*zt - Y;lt] (A.11)

Thus, we obtain 77, < z1, Z;, < (5. Hence, using the definition and properties of the best re-
sponse functions in (A.1), (A.2), and (A.11), if there exists a unique pure-strategy {th, ZQt, 1712,t, }72“}

such that
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(xl_%l,t)+> 01—3712,“ Ci+ 02—221:—3721,75—3712,1: > X1, ($2—3712,t)+,

02—?21,t, C1+C'2—Z1t—5712,t—3~/21,t > (%,

5712,t = min [Cl—Zu, C'1+C'2—22t—Y217t—21t , 37127,5 = min C’Q—th, 01‘1‘02—2175—5/12,1:—221: ,
(A.12)

then neither prosumer has the incentive to deviate from the given strategy set, and we can conclude
that the given strategy set is a unique Nash equilibrium. Since (A.12) holds only when Z;; =
x1, Y124 = C1—x1, Zy = Cy, Yo7, = 0, we obtain the unique Nash equilibrium 27, = x4, Yy, =
Cr—x1, Z3 = Co, Y5, = 0.

Case 6. C] + (5 < 21 + 29, C1 < 21, Cy < 9. We use (A.1) to get

Z < min[(wl - Y2*1,t)+7 Cr, Oy — Y1*2,ta Cy+ Cy — Z5 — Y2*1t - Y1*2,t]a

Zy < min[(xg - Yl*z,t)Jr’ Co, Oy — Y2*1,tu Cy+Cy = 23, — Y1*2t - Y2*1t] (A.13)

Thus, we get Z;, < C4, Z3, < (5. Hence, using the definition and properties of the best re-
sponse functions in (A.1), (A.2), and (A.13), if there exists a unique pure-strategy {Z 1ts th, 1712,“ El,t}

such that

($1—3721,t)+, 01—3712,t, 4 +02_22t_%17t_z27t > Ch, (9U2—i;127t)+,

02—3721,t, C1+02—Z1t—5712,t—3~/21,t > Oy,

5712,1: = min [01—Z1t, CH-Cz—ZQt—YQLt—th , 5712,1: — min | Cy— Zy, CH-CQ—ZU—Ym,t—Zm ;
(A.14)

then neither prosumer has the incentive to deviate from the given strategy set, and we can conclude

that the given strategy set is a unique Nash equilibrium. Because (A.14) holds only when 7, =

Cy, Yoy = 0, Zyy = Oy, Yo1, = 0, we obtain the unique Nash equilibrium 77, = Cf, Y5, =

0, Z3 = Cy, Y51, = 0.
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The results for the above six cases can be written as Z; = min(zy,C}), Z5 = min(z,, Cs),
Yy = min[(Cy — 1), (zg — Cy) ] and Y3, = min[(Cy — x2) ™, (21 — C1)T]. It then directly follows

that

F(Ci, Cj, w25, m(t)) =pe €™ [xi_Ci—(Cj_xj)+]+—7T( ) min [(Ci— z;)*, (z;—C;)*]

+7(t) min [(Cj—x;)*, (z;—Cy)*].

Proof of Proposition 1. It follows from expressions (2.7) and (2.11) that

Vi(Gi, Gy, m()) = {/ / / pee M g — Cy — (Cy — ;)] daydaidt
/ / / mln[(Cj — ;)" (2 — C)F] — min[(C; — 2;) 7, (z; — Cﬂﬂ}d@dudt} kG

Integrating the above expression over ¢, using A = r — nand Il = foooe*”ﬁ(t)dt, yields

Vi(Ci, Gy, () —wQ{///pe v, — Cy — (G — ;) *] " dajda,dt

/ / / mm[(Cj — )%, (2, — C)F] —min[(C; — 2,)*, (z; — Cj)Jerxjdxidt} kG,

//pe T — i-(@—xﬂ*]”xﬂ&

T w?
+ E /w L- H[mln[(cj - xj>+7 ((L’z - CZ)+] - mln[<cz - xz’>+; (xj - C])Jrﬂdac]dxz + /{?OZ
(A.15)

It follows from (A.15) that the functional VZ-(Cz-, Cj, 7r()) can be expressed as a function

Vi(Cy, C;,1T) of C;, C; and I1. Further, the first term in (A.15) is then given by
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)\w2/ /pe 2= Ci— (Cy—;)*] " dade,
w2 [// —C;— C’—i—x] d$]d$1+// dx]dxz].

Let I,(C;,Cj) = [V f 25— Ci— Cj+ ;) dwjda; and 1,(C;, Cy) = [ fC[ Cy] " drjda;.

Then,

b; Cj
Ii :/ / (.I’l — Cz — Cj + .CE])d.IJdLEZ

Ci max[aj,Ci—&—Cj —:Ei]

b;
= / (l‘l — Cl — Oj) [C] — max(aj, Cl + Cj — 1‘1)} dil?l + /

C, 7 Ci

Cj
dxi.
max|a;,C;+Cj—x;]

Thus, we obtain

min[bi,ci-‘er—aj] 02 _ C’L + C — 2
L‘:/ [(%-Ci—cj)(%—ci)Jr ; 5 ki) ]diEi
C;

b C*? a?
—f—/ [(IZ—CZ—CJ)(C] —(lj)—f‘ (7)— ?j):| dl‘z
min[bi,CiJerfaj]

We now evaluate the integrals in the above expression to arrive at

IE3 min[b;,C;+Cj—aj] $2 min(b;,Ci+Cj—ay)
Il = EZ — (CJ <|>202) EZ +Cl(Cl+C])[mln(b“Cl+C] —CL]‘) —CJ
Ci Ci

02 2 min[bi,CnLijaj]

2 4|
22" C;

HC-a) D (G- a) (Gt G =) - min(s, €+ €, - ).
min(bi,Ci—i-Cj—aj) 2 2

The above expression for I; depends on the value of min(b;, C; + C; — a;) = b;. Accordingly,
we distinguish two cases: C;+C; > b;+a; and C;+C; < b;+a;. For V;(C;, C;, 1), we also

distinguish separate cases for C;+C,; >b;+a; and C;+C; > b;+a,. Since b; — a; = b; — a; = w,
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thenbi+aj:bj+ai:ai+aj+w.

Case 1: C; + C; > a; + a; +w. We solve for V;. The first term in (A.15) can be expanded as:

+
)\wQ / / pe P 7; - (C] — ij)-q dQS'ZdQT]
a;+w 7 pe a;+w as+w
/ / )\w2 — C; — C; + xj) dedx; + / / )\w2 [v; — G T dx dx;.

a;+w a;+w aj+w
- C;, = Cj dx;dx; + — C))dx dx;
[ o it G Gt [ [ - Gt

5(ai +w— Ci)*(a; + 3a; — C; — 3C; + 4w) (A.16)

- 6)\w

For the remaining terms in (A.15), observe that min[(C; — x;)*, (z; — C;)™] = 0 if either

C; —x; < 0oraz; — C; <0. Consequently, the remaining terms in (A.15) become

b; b;
— 22/ / mln[(cz — xi)+7 (xj C ) :Idxjdxz / / mlIl — x])+’ (xz _ Cz)+i| dl,jdxz
w a; a;

a;

H C; aj+w a;t+w
——2/ / min[C; — x;, x; — Cjldxdx; + / / min[C; — z;, z; — C;|dx;dx;.
W= Ja; Je aj

a;+w Ci+Cj—z; a;+w i
/ / ({Bj — C’J)dx,dx] + / / (Cl - $Z)d$ldl'J]
Cj a; Cj Ci+Cj—x;
a;+w C’iJerfxl a;+w
/ / Ci)dxjdz; + / / )d:cjdq:Z]
C; a; Ci+C; :cz

[(C O — ai + a;) (A.17)

11
~ buw?

X [af + aZ + C? +4C;C; + C2 — 3w(C; + Cy) + ai(4a; — 2C; — AC; + 3w) + a;(—4C; — 2C; + 3w)]] .

Combining (A.16) and (A.17), we get
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V(CZ, C], H) = k’C + —— [ e(ai+w—Ci)2(ai+3aj—C’i—3C'j+4w) + )\H(CZ—C]—CLZ—FG])

1
6w
(A.18)

X [CL? + a? + CZQ + 4OZOJ + 0]2 - 311)(01 + Oj) + ai(4aj — 201 — 40] + 3w) + &j(—4C’i — 20] + 3w)]] .

Case 2: (] + (5 < aq + as + w. The first term in (A.15) can be expanded as

)\wQ / / pe i i — (CJ — l’j)Jr} +d$id$j
aitw 7 De a;+w aj+w
/ / )\w2 — C; — C; + xj) " drdx; + / / )\w2 [z — C; da;da;

a;+w a; +w aj+w
dx;d dxidx;
/ /1+C . )\w2 —C; — Cj + zj)dx;drj + / / /\w2< — C;)dz;dx;

:6§\)’Z)2[_a?+30i032+0?_3a30<20 + —2w)+3a (C; + C; —w)

+ 3wa? + 3wC? — 3wC]2 — 6w C; + 3w — 3a, [a? —2a,;C; + C']2 + 2w (C; — w)]]

(A.19)

Similarly, we expand the remaining terms in (A.15) to get

I1 b; b; 11 b; bj
— E/ / mln[(C’l — l’i)Jr, (I,Ej - Cj)+:| dl’]dl'l -+ E/‘ / mln[(CJ — $j)+, (Z’Z — CZ)JF] dl']dl'l
I C; aj+w a;+w
— —2/ / min[C; — z;, x; — Cjldxjdx; + / / min[C; — z;, x; — Cjldxdx;.
W= Ja; Je a;

C; pCi+C; fmz ajtw
/ / Cj)dxjdz; + / / )dx]dle
a; aj Ci+C; xz
a;+w Cj Ci-‘er—CCj
/ / xj)dr;dr; + / / (x; — Ci)da:idxj] ,
C +C —xj ag Ci

so that the remaining terms in (A.15) become
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II
@ [(Cz — Cj — Q; + Clj) (A20)

x [af + af + CF +4C;C; + C2 = 3w(C; + C)) + ai(4a; — 2C; — AC; + 3w) + a;(—4C; — 2C; + Bw)]] :

Combining (A.19) and (A.20), we get

1
T o {pe {_a? +3CiCF + CF = 30;C5(2C; + C; — 2w) + 3a3(Ci + Cj — w)

Vi(Cy, C;, D) = kC;
+ 3wa; + 3wC; — 3wC; — 6w C; + 3w’ — 3a;[a} — 2a;C; + CF + 2w(C; — w)]] (A21)
—I—/\H(CZ—CJ—G,Z—I—CL])

X [a?+a?+0§+40i0j+0]2—3w(C’i+Cj)+ai(4a]~—QCZ-—4Cj+3w)+aj(—4C’i—2Cj+3w)] } O

In what follows, we make use of the following Lemma.

Lemma 5. For any marginal value of energy traded 11 € [O, %) Cs(I1) = CY (1) + ag — ay.

Proof. Fix II. Define X := X 1—aj1+as, so that X is a random variable uniformly distributed on

Iy = [ag, by]. Let 2 be a realization of X. Let C5(IT) be the optimal capacity selection for Prosumer

2. Then,
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‘/1(01,0*( ),7'('()) :/OO -t EXl,XQ [Fl(ol,C;(H),I17$2,t,ﬁ<t))]dt+k’Cl

- {/ /:l/b2p D[z — Oy — (C3(I) — ) *] T daoda dt
o] " IRC rft) e fmin[(C3ID) - 22)*, (1 — 1))

—min[(Cy — z1)*, (22 — C’;(H))+}}d:ﬁ2d$1dt} + kCy

1 [ele} bo ba 4 +
=kCy + 2 {/ / / pee_("_”)t[i— as +a, — Cp — [C’;(H) —xz] } dxs dz dt

[T e il sy p-art iy

— min [(C’l —Z4as—ar)t, (xg—C';(H))JFH dx2d£dt}

= / €_rtE)?’X2 [F1(01+a2 —CL1,C;(H),Il,l'g,t,ﬂ'(t)]dt—f-]COl. (A22)
0

It follows from (2.8) and (2.9) that C} = argmin, V(C4, C5). Using (A.22) we thus obtain

that

C{ = argmin {/ et E;(’XQ [F1(C1 + ag — ay,C5, xq, xe)|dt + k‘Cl}
0

Ch

= argmin {/ 6_Tt E)} X, [Fl(C'l + ag — Ay, C;,l’l, l‘g)]dt + k:(Cl + a9 — al)} s (A23)
Ch 0 ’

where the last equality holds since k(as — @) is constant. Expression (A.23) thus represents the
capacity selection problem of a Prosumer with demand X, who invests in capacity C +as—ay to
minimize his expected cost, given the marginal value of energy traded II. Since that consumer’s
electricity demand X and the Prosumer 2’s demand X, are identical by definition of X, his optimal
capacity must be C;(II). Since his optimal capacity investment from (A.23) is given by C; (II)+

as—ay, it follows that Cy (IT)4+as—a, = C5(1I). O

Proof of Proposition 2. Because, by Theorem 1, for each Prosumer ¢, the functional V; (C’i, Cj, 7T())
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can be expressed as a function V;(C;, C;, II) of C;, C; and 11, then it follows from expressions (2.8)
and (2.9 that the functional C; ((-)) can be also expressed as a function of the marginal value of
energy traded in a virtual microgrid (i.e., C;(II)). Next, fix II. We first show that C(IT) < b;. Let
by = by + € for some € > 0. Suppose C(IT) = b;. We use Lemma 5 to obtain that

C’;(H):Ci‘(ﬂ)—i—ag—al:Z~)1+b2—bl :Bg>b2,

since b > by. It follows from (2.11) that

Fy(CY(IT), G5 (T0), w1, 2, 8, IT) =F1(l~71, 527$1,$2=t7ﬂ)

=pee' [z2 — by — by + xlrr + min 7 (t)e" [51 — 1, (19 — [32)+} =0,

since C (1) = by > b, > x; for every z; € [, and C5(II) = by > by > 1o for every xo € Io. It
then follows from (2.11) that V; (C;(I1), C5(IT)) = Vi (b1, by, IT) = k.

Let 51 = by, so that, by Lemma 5, 52 = 61 + as — ay; = by. Using (2.11), we then obtain
Vi(Cy, Co, I1) = V (by, by, I1) = kby. Consequently,

Vi (C;(T0), O3 (T0), TT) — Vi (Cy, Co, TT) = k(by — by) = ke > 0.

Since Vi (C(IT), C3(I1), TT) > Vi (Cy, Cy, TT), we obtain a contradiction of our assumption that
C#(IT) = by > by is the optimal capacity investment for consumer 1. It follows that C*(IT) < b;.
Next, we show C;(II) > a. Let @; = a; — ¢ for some € > 0. Assume C(II) = a,. Then, by

Lemma 5,
Cy;(IT) = CY(IT) + az — a1 = a1 +ag — ay = Gy < ag,
since a; < aq. It follows from (2.11) that
F(Cy(IT), C3 (A1), @1, xa, ¢, I1) = Fy (a1, Gz, 21, T2, t, I1) = pe(x1 — a1),

since C (II) =ay < x; for every x; € I, and C5(II) = as < x5 for every x5 € I,. We use (2.11) to

get
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Vi (Cr (M), C5 (ID), IT) = Vi(ay, a, I) :/ e ME([F\(ay, G, x1, 2o, t, )] dt + ks
0

P b1 b2 P b1
)\Uejz /a1 /(12 pe(iCl — &1)d$2dx1 + kdl = )\; / (l’l — dl) d$1 —+ k’&l

ai

_ pe(bita)  pen
A

3\ + ka;.

Define 51 ‘= aq, so that 6’2 = 51 + ay — ay = ao. Using identical steps to those above, we get

~ ~ (b1 + a o
‘/1(0170271:0 = ‘/1(0/1,0/2,1—1) = b ( 12)\ 1) - p)\l _’_k‘al'

It follows that
~ o~ eld —a ~ ~ e
%(CT(H),C;(H),H) — Vi(cl,OQ,H) = ]% + k:(al - CLl) = (a1 — CLl) <% — k’) > 0.

Since V; (C5(I1), C3(11),11) > V; (51, Cs, IT), we obtain a contradiction with our assumption
that C(II) = a, is the optimal capacity investment for consumer 1. It follows that C(II) > a;.

0

Proof of Theorem 2. We consider two cases: C +Cy > a1 +as +w and C 4+ Cy < ay + as + w.

Case 1: C; + Cy > a1 + ay + w. To simplify notation, fori,j € 1,2 and i # j, we make use of

b; = a; + w. Using expression (2.13), we differentiate V; with respect to C; to obtain

oV L rpe
AT
(A.25)
Further,
82‘/;_(pe—)\H)<ai+w_Ci+aj+w_Cj)+)\Hw. (A.26)

aC? A
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02V,

Since a; + w — C; > 0 fori € 1, 2, then for any Il € [0, %}, Fo2 > 0. Therefore, we use

(A.24) to get

_ MTw—+/(Ci—a;)2(p2 — 3p NI+ 2(ND2) — 2w (pe — MID2(C; —a,
Ci(C, 1) = a;+a;+2w—C;+ w—+/(Cj—a;)*(p2—3p ;_(M_i) w(p )*(C; a])+W’

(A.27)

where W = 2a;(p— A1) w?(p2 —pe AL4-(AIT) 242k A (p.— AID)). Because C; (I1) = C;(C;(C;(11)), 1)
by (2.9), solving for C;(II) we get

6Akpe — ANENT 4 (AIT)2 — AIT
Cr(ll) =a; +w — VONp 3y, 2)\1_1( ) w. (A.28)

Since AII < p,, the term under the square root in expression (A.28) is positive. Thus, C} (II)
and C3(II) exist and are well-defined. We now determine conditions for C7 (II) + C5(II) > a; +

as + w to hold. Using (A.28), we can rewrite C (II) + C5(II) > a1 + as + w as

w @pe — V/6Mkpe — 4AN2EIT + A2H2> > 0.

Since w > 0, for C}(II) + C5(I1) > a; + as + w to hold, it is sufficient (and necessary) that

%pe —/6Akp, — 4X2KI1 + A\2112 > 0. Because %pe—l— \/6Akp, —4X2ETT+ \2112 > 0, this condition

translates into

3 3
oPe — V/6Mkp, — ANENIT + AQHQ} X {Epe + V/6Mkpe — 4AX2EIT + \2112

= Zpﬁ — 6Mkpe + AN2KIT — N2T1% > 0.

Let (i (IT) := 2p? — 6Akp. + 4A?kII — \?II%. Then, we have

G ) = (T — 4k + ) (Sp. — AT,

Since Il < p, by assumption, then (; (IT) > 0 if and only if IT > 4k — 32%\
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Case 2: (] + (5 < a; + ay + w. Using (2.14), we differentiate V; with respect to C; for to obtain

v pe
o0, Mt o | [} — 20,0+ CF = 2u(a; = Ci — w)

(A.29)
AT

(A.30)
Differentiating further, we obtain

0V,

U)(pe — )\H) + (—&i — Qj -+ Cl -+ Cj))\H
acz |

- Aw?

Since AII € [0, p.], then gz‘/_g >0 for all C; €I for 7 € 1,2. Using (A.29), fori,j € 1,2 and
i # j we get

Ci(Cj, H) :CLi—i‘CLj — Cj

N V2w(pe — A1) (Co — az) — (Co — ag)?(pe — 2AI)AIL + w?(p2 + NII(I1 — 2k))+ A1 —p,
AT '

Hence, because O} (I1) = C;(C;(C# (1)), II) by (2.9), solving for C; (1) we get

w

[

/3P — ANTKTT + N2I12 + 2p A(IT — k) + AIT — pe]

PRI . (A31)

Next, we show that the term under the square root in (A.31) is positive. Since

3p2 — ANZEIT 4+ NT12 + 2p N(I1 — k) = —(4MI1 + 2p) Ak + 3p2 + 2p AT + NT12,

and — (41 + 2p,.) < 0, it follows that for any \k < p,

— (4N + 2p )Mk + 3p? + 2p AT+ N2T12 > —(4AIT + 2pe) Ak 4 3p? + 2p AT + A2IT2

‘)\k:pe = (pe - )‘H)2 > 0.

Next, we specify conditions under which C}(IT) + C5(II) < a; + as + w should hold true.
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Using (A.31), after algebraic manipulations, we rewrite C; (II) + C5(II) < ay + as + w as

Zpﬁ + TI(TT — 4kN) + 2pe(IT — k) < 0. (A.32)

e

Define (o (IT) := 3p2+ A2 I1(I1—4k)+2p A(I1—k). Then, (IT) = (AL + £) (AL — 4k + 3p.).

If NI < 4kX — %pe, then (5 < 0. Therefore, we conclude that, if IT < 4k — ?’ﬁf, then C}(II) +
C;(H) < a1 + ao + w.

We next show that the expressions for C(II) in (A.31) are strictly positive by showing that

V/3p2 — 4AN2ETT + N2T12 4 2p A(IT — k) + AIT — p. > 0.

Since M < p., we obtain that 1/3p2 — 4X2kI1 + N2I12 + 2p A\(Il — k) — Al + p, > 0. Hence,

because

[\/3]93 T ANZKIT + AL + 2p A(IL— kA) -+ AIL — pe}

x| V/3pE = ANPKIT+ NI + 2p AT — k) = AT+ p |

= 2(pe + 2MI0)(p. — Ak) > 0,

it follows that \/3p2 — 4 211k + A2112 + 2p \(Il — k) +AIl—p, > 0. Thus, C; (I1) is strictly pos-
itive.
Next, we establish that C; (IT) is continuous in II. Let C{}(I1) and CZ(II) be as established in

(A.28), (A.31). Then, C/(4k — 222) = CP(4k — 2Le) = L% which completes the proof. C.

Proof of Proposition 3. Based on Theorem 2, we distinguish two cases.

ac
Ope

Case 1: T1>4k— 22, Then, C;(IT) =C; (II). We first show that

T > (. By Theorem 2, we get

acs  3(b — a;) ()\21'[2 + 3kApe — 2k N1 — ATI\/A2T12 + 6kp )\ — 4k>\2H>
Ope (3pe — 2A)21/6kp\ — 4kN2TT + A2112 '

Let v(pe) := A2 43k Ap, — 2k A2T1— AT/ A2112 + 6kp. A — 4k A2I1L. Then, to show that % >0,
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it suffices to show that y(p.) > 0. Since AIT <p, by assumption, then 3kAp,—2kA\?T1 > 0. Thus, we

obtain A2T1% + 3k Ap, — 2k A2TT+ AT/ A2T12 4 6kp. A — 4k A211 > 0. Hence, to show that y(p,) > 0, it

suffices to show that

Y(pe) % [AQHZ 4 3kApe — 2kA2TT + AT/ A2II2 + 6kph — 4kX2IT | = k2A%(3p, — 2AI1)% > 0.

ac .
L > 0. Finally, by

Since AT < p,, then k?\?(3p, — 2AIT)? > 0. Thus, we conclude that 8;

Theorem 2,

Ok \/6\kp, — ANKIIL + A°I12

ack
Ope

Case 2: I1 <4k— 22, Then, C; (II) = CZ(I). We first show that

> 0. Using Theorem 2, we

get

OCE  kA(pe + 2MII) + ATI(5p, + AIT) — BAIT\/3p2 — ANKIL + N2I12 + 2p A(I1 — k)

Ope (pe + 2AT1)2\/3p2 — 4N2KTT + N2I12 + 2p A (IT — k)

(A.33)

Define A(I1) := kA(pe +2AI1) + AIL(5p, + AIT) — 3ATL/3p2 — 4\2KTT + 2112 + 2p A\ (11 — k).
It follows from (A.33) that % > 0if and only if A(IT) > 0. Observe that kA(p.+2AI1)+AII(5p.+

AIT) + 3AIL/3p2 — 4X2KIL + A2112 + 2p \(II — k) > O for any case. Thus, to show A(IT) > 0, it

suffices to show

A(IT) x [k’)\(peJrQ)\H)+/\H(5pe+)\H)+3)\H\/3p§—4)\2kH+)\2H2+2p6()\H—k;>\)]
= (pe+2AI)* (K* X+ 10KN°TT— 2X°11%) > 0.

Let ¢(IT) := (pe+2AI0)% (K* A2 +10kA?TI-2X2112). Since AIT <4Ak—3p, then 10EX*TI-2\°T1% =

ack
Ope

2AII(5kA—ALl) > 0. Thus, we obtain that ¢(II) > 0 and > 0. Finally, by Theorem 2,

acE A(b; — a;)

]

- _ <0
Ok V/3p2 — ANZEIL + A2112 + 2p, (AIT — \K)
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Proof of Proposition 4. We first re-parameterize C;* and C/” with iy, 0. Since px, = (a; + b;)/2,

and o; = (b;—a;)?/12, then it follows that a; = jix, — v/30 and b; = p1x, + v/30. We thus obtain

6 Ep. — ANZEIT + N2112 — M1
\/ p V12

Cpix,,0) == pix, + V30 — 3 — I 120, (A.34)
3p2 — AN2EIT + A2112 + 2p (AT — kX)) + AL — p.
C;B(MXi7U> = /jJXi_\/§U+ \/p pe+2§1_E ) P V120.
(A.35)
I aocA  acPk act .
t follows that e T o 1 > 0. Next, we show that 5= > 0. Using (A.34) we get

7

9C#  V3(3pe — 2/ X112 + 6Akp. — AN?KIT)
do 3pe — 27

We show that 3p, —21/ 2112 + 6Akp, — 4A2kI1 > 0. Since 3p.+24/ 2112 + 6Akp, — 4\2Kk11 >

0, to show that 3p, — 2\/)\2112 + 6Akp. — 4A\2KIT > 0, it suffices to establish that

[3}9@ — 2/ NPT + 6N Ep, — 4>\2kH] X [3])6 + 20/ 0202 + 6Mkp. — ANZKTT

= (3pe — 2\IT)(3pe + 2T — 8Mk) > 0.

Since AT >4\k—3p,, then 3p.+2AI1—8Ak > 0. Thus, (3p, —2AII)(3p, +2AI1—8Ak) >0, and

ac
e > 0.

ach

Finally, we show that 5

< 0. Using (A.35) we get

e V3 (—3;0e +2/3pZ + MI(AT — 43k) + 2po (AT — Ak))

0o De + 2A11

Since 3p.+2+/3p2 + AII(AIL—4Ak) +2p, (AL — Ak) >0, to show that

—3pe+24/3p2+ AL AL —v4 k) +2p. (AT — k) <0, it suffices to show that
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[—3]9@ +20/3p2 + ALIALL — 40k) + 2pe (AT — /\k)]

x [3pe -+ 21/3p2 -+ AT — 40K) + 2. (AT = AR)|

= (pe + 2ID)(3p, + 2M\I1 — 8Mk) < 0.

Since M1 < 4)\k—%pe, then 3p,+2A\[1—8A\k <0. Thus, we get (p.+2AI1)(3p.+2AIT—8\k) <0 and

B
e <0.0
g

Proof of Proposition 5. Based on Theorem 2, we distinguish two cases.

Case 1: II > 4k — 22 Then, C; (II) = C;*(II), and using (2.13) we get

V() = kCY + {pe(al +w — CP)*(ay + 3ay — CF — 3C5 + 4w) + AT [(C’f —C5 —ay + ay)

1
6 w?
x (a3 +as+(CF)+4CrCr+(C3)? —3w(Cr+C3) +ay (4ay—2C7 —4O;+3w)+a2(—40f—2O§+3w)] }

By Lemma 5, C5(II) = C{(II) + a2 — a;. We use this equivalence in the above expression to

get

1
‘/1*(1—.[) = ]{JCT -+ W [pe<(l1 +w — Oik>2(a1 + 3(12 — Oik — 30; + 411))]
2, [ w]? e (by —
— k[ay +w — Q(Iw] + % — Kby — (b1 — an)Q(ID)] + 22! o W o3y

Using similar steps, we obtain that

2pe(b2 — ag)

Vo (IT) = K [by — (by — a2)Q(IT)] + 3\

Q3(I0).

Case 2: I < 4k — 32%\@. Then, C; (IT) = C?(1I), and using (2.14) we get
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1
6 \w?

+3wai+3w(Cy)* —3w(C3)? —6w>Cy + 3w’ —3ay [a3 —2a2C5 4+ (C5)* +2w(C —w)]]

Vi) = kGt + s dpe| = @} +3CH(C5) + (C3)° — 3axC5(2CT + € — 2w) + 3a3(C + C5 — w)

‘l‘)\H(Cik —O; —ay +(12)

X [a%+a%+(0f)2+40f05+(C§)2—3w(0f—|—0§‘)—i—al (4@—201‘—4C§+3w)+a2(—4Cf—2C§—|—3w)] }

Using again the identity C3(II) = Cy(II) + a2 — a4, the above expression can be reduced to

Pe
6 w2

+ 3wai 4 3w(CY)? = 3w(C5)* — 6wW’Ct + 3w® — 3ay [a3 — 2a2C;5 + (C5)* + 2w(Cf — w)]}

V() = kCY +

{—ag +3CH(C3)* + (C3)? — 3ay05(2CT + C5 — 2w) + 3a5(CF + C5 — w)

Pe[3— 6D (IT) +4D3(IT)] ,
6
Pe(br—ay) [3—60(I1) +4P3(IT)]
6 '

= k[a; +w®(IT)] +

= k[ai+ (b1 —a))®(I)] +

Using similar steps, we obtain

pe(ba—az) [3—6® (1) +4P3(I1)]

V;(H) = k‘[ag—l—(bz—@)@(n)} + 6.\

O

In what follows, we make use of a technical result concerning the preservation of unimodal

functions under functional composition. As far as we know, this result is new to the literature.

Lemma 6. Let g : RT™ — R be a continuous, monotone function and h : R™ — RT be a
continuous, unimodal function with a finite minimizer (maximizer) y*. Let f be definedas f=ho g.
Let ¥ := g~ (y*). Then, the following hold:

(a) f is unimodal;

(b) x* is a minimizer (maximizer) of f;

(c) If y* is the unique minimizer (maximizer) of h, then x* is the unique minimizer (maximizer) of

f.
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Proof. Because g is monotone (and in the paper we use all the regularity properties in their ‘strict’
sense) then g~ ! is well-defined. Further, because ¢ is continuous and monotone, then g~ ! is con-
tinuous and monotone as well. Since 3* is finite by assumption, then because ¢! is continuous,
x* 1s also finite.

If ¢ is increasing then g(z) <y* for any < z*, and g(x) >y* for any x > x*. If g is decreasing,
then g(z) > y* for any z < z*, and g(z) < y* for any = > z*.

Suppose first that & has a finite minimizer y*. Then, because h is unimodal, for any y; < ¥

IA

y*, we have that h(y;) > h(y2) > h(y*). Also, for any y; > yo > y*, we have h(y;) > h(y2) >
h(y”).

Suppose first that g is increasing. Let x* be as defined in the Lemma. Then, for any z; <
zs < z*, we have that g(z1) < g(z2) < g(z*) = y*. Therefore, h(g(z1)) > h(g(z2)) >
h(g(m*)) = h(y*) as established above because % is unimodal. Thus, for any z; < zy < 2%,
f(z1) > f(x2) > f(x*). Similarly, for any z; > x5 > 2*, we have that g(z1) > g(x2) > g(z*) =
y*. It follows that h(g(z1)) > h(g(z2)) > h(g(z*)) = h(y*); therefore, for any z1 > x5 > z*,
f(z1) > f(xg) > f(z*). It follows that f is unimodal, with a minimizer x*.

Suppose next that g is decreasing. Then, for any x; < xs < x*, we have that g(z1) > g(x9) >
g(z*) = y*. Therefore, h(g(z1)) > h(g(z2)) > h(g(z*)) = h(y*) as established above because
h is unimodal. Thus, for any =1 < zo < z%, f(x;) > f(x2) > f(z*). Similarly, for any
x1 > x> x*, we have that g(z1) < g(z2) < g(z*) = y*. It follows that h(g(z1)) > h(g(z2)) >
h(g(z*)) = h(y®); therefore, for any z1 > x5 > z*, f(z1) > f(22) > f(*). It follows that f is
unimodal, with a minimizer z*. This completes the proof of parts (a) and (b).

To prove part (c), let y* be the unique minimizer of h. Assume x* is not a unique minimizer of
f. Let Z, & # z* be another minimizer of f. Then, since f is unimodal, we have f(Z) = f(z*).
Hence, h(g(Z)) = h(g(z*)) = h(y*). Since h is unimodal by assumption, it follows that g(z) is
another minimizer of h. Further, since ¢ is monotone and & # z*, we get that g(Z) # y*. This
implies that h does not have a unique minimizer, which contradicts the original assumption; hence,

y* is the unique minimizer. The proof when A has a unique finite maximizer follows the same
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steps. [
For the proofs of Theorems 3 and 4, we make use of the following Lemma.
Lemma 7. For any 1l e [0, %) the optimal capacity selection C}(11) is increasing in 11.

Proof. Based on Theorem 2, we distinguish two cases.

Case 1. II > 4k — 2. Then, C;(IT) = C{*(II). We use Theorem 2 to get

och (b —a) <4k:>\21'[ — 3P — 6kAp, + 3pe/NII2 + Ghpoh — 4k)\2H>

i

om (3P — 2AI1)2/6kpor — ARAZIL 1 \2I12

(A.36)

Define r(IT) := 4kN2TT — 3p,7 — 6kAp, + 3per/N2I12 + 6kp X — 4kA2TL To show 2 > 0, it

suffices to show that r(IT) > 0. Since AIl < p,, and kXA < p. at any case, it follows that —4EN2T1 4

3p ALT+6kAp, > 0. Thus, we obtain —4kA2T+3p AT+ 6kApe+3pe /2L + 6kp X — 4RAZIL >

0. Hence, because

r(I1) % [—4kA2H 3P + 6kAp, + 3pe /N2 + 6kpo ) — 41:)\21'1]
= 4kA(3p. — 2M1)%(p. — kX) > 0.

we obtain r(II) > 0 and conclude that aacg > 0.

Case 2. IT < 4k — 2. Then, C; (II) = CZ(II). We use Theorem 2 to get

ocs (b —ay) <3pe /30% — ANRIT + NPT + 2pe (VI — EN) + 2kA(pe + 2I0) — po(5pe + AH))

[

o (pe + 2AI1)24/3p2 — 4N2KI1 + 2112 + 2p, (AL — k)

(A.37)
Let R(IT) := 3p.\/3p2 — 421k + A2112 + 2p (ALl — kX) + 2kA(pe + 2AI1) — pe(5pe + AII).

It suffices to show that R(II) > 0 to show 65;:1;[3 > (. Since AII < p,. and kX < p., we obtain that

for any I1, 3p.+/3p2 — 4\211k + A2I12 + 2p, (AT — kX) — 2kA(pe + 2AID) + pe(5pe + ML) > 0.

Because
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R(IT) x [3})6 V3P — ANTE + NPT + 2p, (ALl — k) — 2kA(pe + 2MII) + pe(5p. + AII)

= 2(pe + 2M1)?(p? + kAp. — 2k*N?) > 0,

acP
> 0.0

we obtain R(II) > 0 and

Proof of Theorem 3. Determining the minimizer of V*(II) requires multiple steps due the fact
that V;*, as given in Proposition 5, is defined by two distinct segments neither of which is convex
in II. In what follows, Let 2, ® : [0, 7’7) — R™ be as defined in Proposition 5. Define functions V;*

and V/ as

VAQ) = kb — (b — a)Q] + W(f” (A.38)
- 3 _
VE(®) =L elbi — a))(407 = 6 + 3) + (a; + (b — a;)®)k. (A.39)

6A

Following Theorem 2, we now distinguish two cases.

Case 1: I1>4k— 2. Then, C; =C;. By Proposition 5, we then have V;*(IT) = V (Q(I1)). Since

Q(T) > 0 forany IT € [0, 2], we get

82‘/7;* . 62VZA . 4(bz — a'i)pe

R D

Thus, for any IT € [0, ”7} , V/* is convex, and thus unimodal in €. Let €2} be defined by

8ViA . Q(bz - ai)pe
0 |o_g. )y

Q;‘:,/M.
2pe

We now verify that the remaining assumptions of Lemma 6 hold for functions V;* and €). First,

() = k(b — a;) =0, (A.40)

which leads to

using the definition of (2, it follows from Theorem 2, that C; = b; — Qw. Therefore,
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oct 0 o}

50— BI0 (b; — Qu) = —wa—H > 0.

By Lemma 7, optimal capacity C;(II, p.) is increasing II. Therefore > (. It follows that

’ an
% <0 since w > 0. Thus, €2 is monotone in II. It is straightforward that €2 is continuous in 7.

Since AIl > 4\k — 2p, by assumption, then (II) is defined on the following disjoint intervals:

3De De 3Pe OPe 3Pe Pe
k1T 2Fe Pel. and (k. II 2Fe OFe gl — Zte Pel
(’)€<0’8>\>X[0’)\}’an (’)6(8)\’8>\>X< 2/\’/\}

Since 22 <0, then Q(II) € [Q (&), Q(0)] for k€ (0, 22), and Q(IT) € [Q (&) , Q (4k — 2)]

for k€ [, %), Our objective is to prove that € is the unique minimizer of V7 when k € (0, % ).

For that purpose, we will first show that (%) < QF < Q(0) when k € (0, :381’1\6), and that

Q (%) <O <Q(4k — %) when k € [, 55).

We begin by showing that 2 (&) < Qf < Q(0) when k € (0, 22). We have that

78X
Q(0) VOkp A — ARNTI+ N2I12 — AIT| 2K\
3pe — 2XI1 =0 3pe
— 4k N2T1 2112 — \II
Q(&) _ V/6kped — ARNTT + A A Ay
A 3pe — 211 e De

For any II € [0, %], we have

o [2RATEA -0
VB 2
Thus, we conclude that Q7 < ©(0). Further,
2
QO — 0 (72) 1+ A
A 219@
Since 1 + 4 /% +4/14+ 215_;\ > 0, to show that QF — Q(p.) > 0, it suffices to show that

kX 2k )\ 2kN 3k
1+ +4/1+ = — > 0. (A.41)
2pe De De 2pe
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Since k£ < ?g;f , then

2k kM kX
LAY Lo VO RE Lal
Pe 2P De 2\ pe

It follows that €2 — ) > 0. We now turn to the case of k € [, £2) and IT € [4k—
Pe

Sx o -

First, it follows from (A.41) that, for any II € | Ee], Q(IT) > Q (&

5pe
2)\ 5 ) since k < =£¢. Next,

consider the difference € (4k — 3”5) Q¥ We have that

o(-3) =i Ve e 7

Thus, €2 (4k — 32%\6) > QF when k € [38’1\5, gf\ To conclude our proof that €2} is the unique

minimizer of V}*, it remains to show that V7 (® (4k — 222)) > VA (Q7) when k € [2Z, L2).

For that purpose, we make use of expression (A.38) and (A.39) to get

B 3pe k(b +ai)  pe(bi — a;)
Vi (<D<4k 2)\>)_ > T

V() =k <bi _V2biza) @> .

‘ 3 De

Define p;(k) := V? (® (4\k — 3p.)) — V7 (Q7). Using the above, we therefore obtain

(b; — ax) (4 pi (kNP2 — 6EA + pe>
pilk) = = . (A42)

We now show p;(k) > 0 for any k € [ <)  We get

Opi _ bi—ai ( 2kA 1) . (A.43)

ok 2 De
Further,
32[% . \/X(bz — a;)
Ok* — 2y/2kp.

Thus, p; is convex in k. By (A.43), argmin p;(k) = Z=. Using (A.42), we get p; (5%) = 0.
k

> 0.

Since p;(k) > p; (L), then p;(k) > 0. Hence, VP (® (4k — 22)) >V () for any k€ [, L2 ).

Therefore, () is the unique minimizer of V;* when k < g; Thus, when k < 5’;, the required
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conditions of Lemma 6 are satisfied by functions V/* and (2, and the unique minimizer €2} of V.

Case 2: [1<4k— 3Pe

. Then, C; =CF, and V;*(I1) =V (Q(IT)). As ®(II) >0 for any IT € [0, Z] ,
then

82Vf 4pe(bz - CLZ)(I)
92 By >0

Hence, for any Il € [0, %] , VP (CI>) is convex and thus unimodal in ®. Let ®; be defined by

—w (k N pe(2(<1>i)2 - 1)) _0,

oVr
0D |4y

which leads to

Pe — kA
2pe

o =

)

We now verify that the remaining assumptions of Lemma 6 hold for functions ¥ and ®. First
using the definition of &, it follows from Theorem 2, that C” = a; + w®. Therefore,
ac? 0

0P
Sl 8H (a,+w¢)—wa—n>0

By Lemma 7, optimal capacity C; (11, p) is increasing II. Therefore, 2 an > 0, and it follows

that > 0 since w > 0. Thus, ® is monotone in II. It is also straightforward that ® is continuous

in II. Next we show that V7 has a unique minimizer.

Because [1 <4k — 3”6 by assumption, ®(I1) is defined on the following disjoint intervals:

3Pe OPe 3Pe 5Pe De Pe

k, TI Ak — . and (kI e =1,
(F; )E(sst)X{o’ zx}’ and (K, )E(gx’Qx[O’A}
Since 22 > 0, then ®(II) € [®(0), ® (4k — 22)] for k € [, %) and O(1I) € [@(0), ® (

878X
for k € [5810/\6, E2). Next, we establish that @7 is the unique minimizer of V7 when k € [L

>[8

)]

For that purpose, it suffices to show that ®(0) < & < & (4k — 22) when k € [, e

2% sy )» and
that $(0) < &} < & (&) when k € [5871\6,’%). We first show that ®(0) < ®; < & (5) when
ke [ ey,

8A 7 A

NS
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D(0) = v/3p2 — ANk + NTI2 + 2p. (AT — k) + AT — p C2%kn
- Pe + 211
B (p,) = V32 — ANTTE + N212 + 2p, (AT — k) + AT — p, 2(p6 5y
- Pe + 211 .
=5

We thus obtain that ® (%) — } = /22 (\/g - \/g) > 0. Next, observe that

1 kX 2k
O —D(0) =4/ = — — /3= + 1.
2 2p. Pe
Because kA < p., it follows that \/ 5 — 5= + \/ 3 — 2“ + 1 > 0. Consequently, to show that

= 2pe /3 2’“ +1 > 0, it suffices to show that
1 2k X 1 kA 2k A
A 1 = — - 1
[\/2 2 \/ De T [\/2 2pe * \/3 De *
LB (a1
4: pe pe

Since k£ > g—f\ then 4v/2 — 6,/1 — @ > 0. It follows that ®} > ®(0) in case of k € [Zzi\e, 7’7)

Consequently, we obtain ®(0) < ®; < @ (&) for k € [‘Egi\e, Ee).

We next examine that (0) < &7 < & (4k — 3pe) in the case of k& € [L%, ‘rg’; ). From previous

results, it follows that @7 > ®(0) for k € [22, %) Also, since

.m 3pe\ | V/3p2 — ANKIL+ NI + 2p. (AL — k) + AL — p. 1
2N ) pe + 21 . 2
II=4k— 2”)\6
then,
3p. 1 1 kA
P ( 4k — =y . A44
( 2)\) L2 2 2p, >0 (A-44)
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From (A.44), we conclude that if & € [55, 58’;‘3) then @ (4k — 22¢) > ®7. To conclude that ®; is

the unique minimizer of V? when k > £, it now suffices to show that V7 (®}) < V; (Q (4k — ).

2)\’

For that purpose, we use expressions (A.38) and (A.39) to obtain

k’(bl — ai) 2k A pe(bi — ai) 2k A\
B(pr) = T o 3-2(/2—
) 3 P 6A pe |

3De _ k(bi +ai)  pe(bi — as)
(Q(4k 2)\)>— > TN

pa

(2

Define 9;(k) := VA (Q (4k — 22)) — VE(®}). Consequently, we obtain

(b; — a;) <6l<;/\ DTS W ORI\ (41 Jo KA _ 5))
9;(k) = Pe Pe . (A.45)

12\

We now show ¥;(k) > 0 for any k € [L5, 22<) . We have that

819Z B b — Q; (\/ pe e - k’)\)> . 821% _ (bz - Cl1>>\ . (A 46)
Ok 2v/pe(pe — k‘A) LR 2 2pelpe — KN

Thus, ¥;(k) is convex in k. Using (A.46) we obtain arg min (k) = L. We also use (A.45) to
obtain ¢; (2¢) = 0. Since ¥;(k) > ¢; (%), then we obtain 19 i(k) > 0. Consequently, we conclude
that V7 (@) < Vi (Q (4k — 3B)) forany k € [L5, 22¢) .

207 8A

Therefore, ®; is the unique minimizer of V when k& > <. Thus, when k > %, the required

conditions of Lemma 6 are satisfied by functions V and ®, and the unique minimizer ®; of V.

If k < Le

L< then, for any IT € [0, 2], Vi*(IT) > V/A(Q); if k > 2=

L< then, for any II € [0, &],

V*(II) > VP(®7). Consequently all the required conditions of Lemma 6 hold. We can therefore

now apply Lemma 6 to conclude V;* is unimodal and that its unique minimizer II* is given by

e (AN + 2\kp,
m =0t =" ( pe)

2A(2pe — Ak)
when k < g;, and by
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. Pe (pe + 3Mk — /2pe(pe — Akf))

’ 2\ (pe + Ak)

when k& > 25. To obtain the consumer’s optimal cost V;*(IT*), we substitute the above expressions
for IT* into expression (2.15). To obtain the consumer’s optimal capacity level, we substitute
the above expressions for II* into expressions (2.15) and (2.16), and simplifying the resulting

equations. [

Proof of Proposition 6. To prove part (a), for k£ € (0, ”7) and p. € (0, 00) define

L pe(k/\ + Qki)\pe) .

Pl(k7pe) T 2)\(2pe - k?)\) ) (A47)
' De (pe + 3k)\ -\ 2pe(pe - kA))

Py(k,pe) = Ao+ N . (A.48)

It follows from Theorem 3 that IT* = Pi(k, p.) for k < &5, and II* = Py(k, p.) for k > 5. We

first show that &&- > 0 for any k € (0, 2). If k < 5, then since II* = P, (p., k), we use (A.47)

to get

Ol OPi(pe k) p2(4v/DekX + V2EX + 2v/2p,)
ok ok 4y/ kN (2pe — k)2

since p, > kA by assumption. If k£ > g—f\, then IT* = Py(p., k), and we use (A.48) to get

>0,

ol — 8P2(pea k') - pz (4 pe<pe - /{7)\) — \/§k)\ + 3\/§pe)
ak ak 4 pe(pe - k')\)(k)\ "‘pe)Q

>0,

since —v/2k\ + 3v/2p. > 0. Thus, % > (0 for any £ > g—;.

We next examine %—g. If & < 2%, then since IT* = Py(p., k), we use (A.47) to get
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O 2v/2pe/Dekh — 3v2kA/pekX — 2k N2

Ope AN(2pe — kM)
_ 2V2VPRA(pe — 2K2) + V2(RA)2 (Ve — V2RY)
B 4N (2pe — k)2 ’

since p. > 2kA. If k > £« then since II* = P,(p,, k), we again use (A.48) to get

O OPa(pe k) \/De(pe — KN)(6K*N* 4 dpck) + 2p2) + V2(3p kA — 3pZkA — 20e)
Ipe Ope AN/ Pe(Pe — KA (KX + pe)?

For notational convenience, define

D(k) := \/pe(pe — kA) (67N + ApckX + 2p7) + V2(3pkA(KA — pe) — 2p2).

Thus, %ﬁ > 0 if and only if D(k) > 0. Now, observe that, since 3p.kA(kA — p.) <0, then
pe
—/Pe(pe — EN)(6K202 + dp kX + 2p?) + V2(3p kA (kX — p.) — 2p?) < 0. Thus, if

D) x [—v/pelpe — EAOKX + 4o + 252) + V2(3pckA (KA — pe) — 2]

= 20 (Pe + kN2 (pe — 2kN) (20 + 6pc Ak — IN2E?) < 0,

then D(k) > 0. Note that 2p, (p. + k) (p. — 2kA) < 0 since k > 55 Also,

(14 V3)pe
3

1 —
207 4 6p Ak — INZE? = —9N*(k — ( = ).

Since k € [%5, %), then k < Hf)pe implies D(k) > 0, and k > Hf)pe implies D(k) < 0.
Consequently, 3= < 0if p. < #Ak and 2 > 0 if p, > _3<¢g—1uk.

To prove part (b), we use a; = fix, — V30 and b; = fx, + v/30, to obtain, by Theorem 3, the

following:
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(MXZ (\/_ 2 22k>> if k< B

Vi(IL) =
(3pe — (2pe + Ak)4 /2 — M) o
_.I_

o - if k> 2

(Nxz V3o + 6(1 — &)a

De
(A.49)

We first show that 2 ( DS 0.1k < gf\, then it follows from (A.49) that

Pe

oV (I oI\ [k \?
—Za](? Z)— 3( ) o> 0.

Ifk > g—f\ then

over)  (VEME( +AR) +92(3\/1— 2 —2v2) ) 0

o a2 f3(1-2)

Pe

It also follows that, if k > g;, then

VAL 1 [ 3\ko
W:E 2_M>0' (A.50)

Pe

e V(L) ov;-(I17)
It thus follows from (A.50) that, for any k£ > 723—/\, 5p > 5o

= on-

2\
sequently, we obtain that Wg—gi) > (. We also obtain from (A.49) that, for any k£ € (0, %),
ovyr(y)
oux,

ov* (H)

Next, we show that > (). From expression (A.49) we obtain

(1(o-23)
ovir(ILy) _ V3

)
= (pe—Ak)<3—2,/2—2p¥> I

L \/§)\ — 2\°

vy (n)

if b < Ze:

It therefore follows that

> (. Finally, we show that 2 ( D> Again by (A.49),
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2)\k 3 DPe .
ovay _ | VA (1_ ) <oy
ok

De
V60 \/pe(pe — Ak) + (1ix, — V30)pe o
De
Since k < %5 then 1 — M > (, then (W—() > 0if k < 5. If & > I, on the other hand,
then it follows from a; = — /30 > 0 that ov; (H ov; ;) > 0.

To prove part (c), we use Theorem 3 to reparameterize C;(II}) using py,, and o as follows:

6k
;LXi+(\/_— )a, if kb < B

2X7
e

Ci(Im;) = (A51)

kA 1 e
~ (VB \J6-2 ) o ifkz

Thus, C(II}) is increasing in j,. We next show that 2 ( D> Using (A.51), we get

/

3kA
2—])30', lf kf < g;,
oC; (1) _ ’
Ope V3o if k> 2
2p. (& - 1)’ 2
kX \E)X

It follows that a_(e) 0 for any p. > 0. Next, if & < 25, then we use (A.51) to get

oC* (IT* 6k
z( z) _ \/g_ )
do Pe
€ ( €
Since k < 5’/\, then 2 a— >0.Ifk > gx then
*(IT* 6k
aC’Z—(z) — _\/§_|_ 6 — .
Jo De

Since k > <, then e (H ) < 0. We now show that o (H ) < 0. Using (A.51) we get
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3\
— o if k< Be:
2pe/€ ’ 2X7
oC; (1L)
ag
Ok V3 Citksn
2k
Dey [ 2
. De

86’()

From the above, we obtain < Oforany £ > 0.1

Proof of Proposition 7. Observe from (2.21) that, if ¢ > b, then v(c) = kc and v(c) is increasing
in c. Therefore, to minimize the total cost of installation and electricity related costs following the
installation, an electricity consumer would never install any generation capacity in excess of b. It
follows that c* < b.

Using ¢* < b, we solve for v(c) given in (2.21) to obtain

e b - 2 .
% + ke, ifa<e<b
—a
v(c) b / / d:v dt+kc = (A.52)
—a
e b -2 .
POLAZ2) he ire<a,
If ¢ < a, then, by (A.52), ag_(cc) = —% +k < 0. Thus, if ¢ < a, the total cost is decreasing in c.

Hence, optimal capacity is never less than a. Since a <c* < b, then g—; [v(c)]= ﬁ > (. Solving
a_c [pe(b;—izc—l—kc = ( yields the desired expression of ¢*. The expression for v* follows from

substituting c* into (2.21). [

Proof of Theorem 4 Following Theorem 2, we again distinguish two cases.

Case 1: 11 >4k — Sp <. Then, C; =C/. As 1l > 4k — 32138, we use the following disjoint intervals in

the proof: (a) k€ (0,22) , IT€ [0, 2]; (b) k€ [2e, 222) | T € (4k — 2, 2], Using Propositions

5 and 7, define

_ 2pe(b—a)QI)’ KA —a)
3\ 2.
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where ((II) is as defined in expression (2.17) of Proposition 5. Observe that

PN, 20.(b—a)Q®  K*A(b—a) 4(b — a)pe
e e L ] B e

Thus, A;(2) is concave in Q. It also follows from Theorem 2 that C;* = b; — Qw. Hence,

acy 0 09
Bl _a—H(bi—Qw)— W > 0.

By Lemma 7, C}(I1, p.) is increasing II. Therefore, %c_r;[“ > 0. It follows that g—% < 0. Next,

since A;(€2) is concave in €, and 22 < OonII € [0, 2], then forany k € (0, 2) and II € [0, £&],

A1 () > min |A;(2(0)), A (@2 (5))]. (A.53)

Similarly, for any k € [Pg’;, 58”;) and IT € [4k — 321”/\6, Ee],

Ay ((IT)) > min [AI (Q (4m - gpe)> (A (9 (%))} . (A.54)

We now show that A; (©(0)) > 0 for k € (0, 22). We have

Aq (Q(O)) = U*(O) - V*(O) = _%pe_a) + k(b _ CL) 23];:\ _ 2pe(§/\_ CL) ( Z];:\)

(A.55)

[EX |5 /2 2
= (b - CL)]C E [5\/; - 4pe ] . (A56)

Since kX < 2p., then g\/g — /fp’\e > g\/g — /55 > 0. Therefore, we obtain 2(0) > 0.

Next, we show that A;(Q (2)) > 0 for k € (0, 2Z). We get

PeNy i (PN _ iy 2%\ . 2p, %A, kA
Al(Q<)\>)_ V<A>—k(b @) [\ 1457 1= 1 S
(AL57)

145



kA
Define § := —, so that 6 € (0, 2). Also define

e

GO) = vVITo0—1— (VT T20-1)°

0 . (A.58)

[\CRIANAY

To show that A (Q (82)) >0, it suffices to show that G(0) >0 for any 6 € (0, 2). Observe that

2 2
AT N s R T e
1 2(V20+1—1)°" 4(V20+1-1)
TTROT IR 0R0r 1P 020+ 1)
4(%—1)14(%—1)2
303 021/20 + 1
C2(W20+1-1)2 -6
920+ 1)3
A(V20+1-1) [(V20+1—1)%(20 + 1) +36° — 30(v20 + 1 — 1)v/20 + 1]
363(260 + 1
C30+4-4v20+1 4(V204+1-1) [(49+2()(9+1)— V20 +1) =300 +1 — /20 + 1)]
20+ 1)F 363(20 + 1)
_30+4-4v20+1 4V +1-1)(0+2)(0 +1-v20+1) (A59)
0(20 +1)2 363(20 + 1) '

We now show that 826%9) < 0. Based on (A.59), it suffices to show that 360+4—4+/20+1 <0 and

—(0+1—v20+1) <0 for 6 (0, 2). First, 30 +4 — 4v/20 + 1 < 0 since 30 + 4+ 4v/20 +1 > 0

and

(30 +4 — 4v20 4+ 1)(30 + 4 + 4v20 + 1) = 96> — 80 < 0,

for 6 < 2. Next, —(0 + 1 — /20 + 1) < 0, since v/20 + 1460 + 1 > 0, and

—(0+1—vV20+1)(V20+1+0+1)=—0><0.

Thus, 828%9) < 0for 6§ € (0,2). Since G(f) is concave in 6, then, for any 6 € (0, 2),

G(f) > min | lim G(6),lim G(0)| . (A.60)

0—5/8 6—0

It follows from (A.58) that
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3
lim \/1+20—1—Q—3<\/1+29_1> } _

H—0+ 2 30
2
. o 2/( 1 1
Im [VIF20—1—2—2 (/242 4/= (\/1+29—1> 0. (A6])
6—0t 2 3 ‘9 8
Further,
9 51
lim \/1+29—1—Q——(\/1+29—1> _ By (A.62)
szt 2 30 240

Thus, (A.61) and (A.62) imply that G() > 0. Consequently, we conclude that A, (2 (5)) >

Finally, we show that A; (Q (4k — 22)) > 0 for k € [22, %), We obtain

3Pe . . 3pe _ (b—a) (6kpeA — 6k*X* — p?)
o (3= 35Y) <o (o o ) ) O )

To show that A; (€ (4k—22)) > 0, it suffices to show that 6kp.\—6k*A*—p? > 0 for k €

[38’;‘"’, Z’i\e). Let A := k) and define o(A) := 6kp.\ — 6k*\? — pg =6Ap, — 6A% — pi_ Then, since

2
% <0, we get

o(A) > min [@ (gpe), lim  o(A)

A—3Spe

Observe that ¢ (2p,) =0 (3p.) = 3p2 > 0. Thus, o(A) > 0. It follows that A, (Q (4k—22)) >

0 for k € [?g;f, 5811\6 ). Consequently, we can conclude from (A.53) and (A.54) that A; (Q(IT)) > 0.

Case 2: [ <4k — 3”6 . Then, C7=C/. Since Il < 4k — 3pe we make use of the following disjoint

intervals in the proof: (a) k € [?ép/\ﬁ, Zp/\ﬁ) IT € [0,4k — 3”‘3] (b) k € [ fe B), Il e [0, ”7} Using

Theorem 2 and Proposition 5, we can write

pe | (a+b—2c7()° — 4(b - c2())’|

V*(IT) = kCP(IT) — Y

(A.63)
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Using expression (A.63), this time we define A, (C B) as

RA(b—a) Pe|(atb=202()" = 4(b - c>(m))’]
2p. i 6A(D — a)?

Ay (CP) i= v* =V*(IT) = bk— —kC®(II).

Observe that

0*A, ~ A4pe(a—CP)
o(C5)2 (b —a)?

< 0.

7(9(3

Thus, Ay(C?) is concave in C*. By Lemma 7, %

> 0. Hence, for any k € 22

E)and IT€ [0, 5],

A(C7(m) = min [Aa(C(0)), Aa(c* (50))]. (A.64)

Similarly, for any k € 3¢, %) and II € [0, 4k — 3],

Ay (CP(TT)) > min {AQ (€*(0)), A (CB <4k - Z)ﬂ . (A.65)

We first show that Ay (C? (Z2)) > 0 for k € [2B, B=). We get that

(b—a)(pe — k)) (10%\ /pe(pe — kN) + 2ThX — 27pe)

54p A

ao(em (5)) =v = V() =

To show that A (CZ (2)) > 0, it suffices to show that 10v/6+/pe(pe — kA) +27TkA —27p. > 0
for k € [2¢, ). Define g(A) := 10v/6+/pe(pe — A) + 27A — 27p,, where, as in Case 1, A = k.
Since gA% =—,/ 2(10755"2)3 < 0, then g(A) is concave in A. It follows that, for any A € [2p,, p.),

o) = min g (3. i o]

A—pe

Observe that g(2p.) = £p. > 0. Also, g(p.) = 0. It follows that A, (C” (5¢)) > 0 for k €

35 5):

Next, we show that A, (C?(0)) > 0 for k € [22, E<). We get
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A (CP(0)) =v* = V*(0)

(b—a) [3192 — ko (380 — 24/p(Boc — 2RN) ) — 6pe (34/pe(Bpc — 20N + 200
GpeA ’

To show [31p2 kA (36X —2+/pe(3p.—28) ) ~6p (3v/pe(Bpe— 26N +26A) | > 0 for k €

[2Be Be), define

G(A) == 31p2 — A <3A —2/p.(3p. — 2A)> — 6p. (3\/pe<3pe 90 + 2A)

= 31p? — 3A% — 12p.A + (2A — 18p,.)v/pe(3pe — 2). (A.66)

Since p. > A then 31p? — 3A? — 12p.A > 0 and 18p. — 2A > 0. Thus, we obtain 31p? — 3A% —
12p.A + (18pe — 2A)/pe(3p. — 2A) > 0. Hence, to show that G(A) > 0, it suffices to show that

G(A) |31p? — 3A% — 12p.A + (18p. — 2A)\/pe(3pe — 2A)] = (pe — A)* (9A% + 98p. A — 11p7) > 0.

Define o(A) =9A? + 98p.A — 11p?. Since 89 = 18A 4 98p, > 0 then, for any A € [p., ),

o(A) > o(3p.) = 2225p? > 0. Thus, G(A) > 0, and we conclude that Ay (CZ(0)) > 0 for

kel )

Finally, we show that Ay (C? (4k — 222)) > Ofor k € [2=, 22<). Note that Ay (C” (4k — %)) =

Al(Q (4k 3”@)), since C*# (4k 37’5) =CE (4k 3p‘3) = ¢ From our analysis of Case 1,

2

we get Ap(C” (4k—2)) > 0 for k € [22,2). Thus, based on (A.64) and (A.65), we get

AQ (CB(H)) >0.0

Proof of Theorem 5. Since consumers are identical, in what follows we drop the subscript < when

denoting each consumer’s optimal capacity in a virtual microgrid.

Case 1: II > 4k — 2. By Theorem 2, C*(II) = C*(II), where C*(II) is as established in (2.15).

We use Theorem 2 and Lemma 7 to derive 7 such that C*(IT) = ¢*. From those we obtain
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 V/6Akpe — ANEIT + 2272 — NI e

b (b—a)=b——(b—a).

3pe — 211 De
_ _ _3
It follows from the above that II is uniquely given by IT = 2 25\2(2 Z:il;?) = p;/sf;fk]z:? when

IT > 4k — 32 Since IT > 4k — 2, we consider separately k € (0,2) and k € [, L2).

Assume k € (0, Z’i\ﬁ). We show that NI€ (0, p.). Since p, > Sk then M= % > 0. Also,

_ Pe(2pe —3kA)  kApe
2(]73 - k)‘> B 2(pe - k)‘>

pe_)\ﬁ:pe > 0,

?;p;. Finally, since k < ?gz\e , then 4k — 3p, < 0.

since p. > k. Therefore, NI € (0, p.) when k <

Since IT > 0, then NI > 4\k — %pe 1s indeed satisfied for k£ < g—;.

Assume k € [32= L) Tt is straightforward that XI € (0, pe). Further,
8\ 7 2\ g

>\ﬁ - 4k>\ 4 §pe — (5p6 - 4kA)(p€ - 2k)\)

2 Wpe— k)

Pe

since k < 55. Since Cf(II) is increasing in IT by Proposition 3, it follows that, when k < <,

2X°

* * e 2 673)\]9’ * * e 2 e*SAk
¢ >C*(IT) forﬂ<%,andc <C*(II) forHZ%

Case 2: II < 4k — 22, By Theorem 2, C*(II) = C?(II), where C?(II) is as established in (2.16).
2x - oY

We use Theorem 2 and Lemma 7 to derive IT such that C*(IT) = c*. We obtain

\/3pg — ANZKIT 4+ MNIT + 2pe( NI — kA) + NI — pe A\
a+ — (b—a)=b——(b—a).
Pe + 2 A Pe

It follows that IT is uniquely given by IT = %. Further, IT > 0. Since II < 4k — 3’2’;6, we

separately consider k € [Zp/\e, E)and k € [L, Z’i\ﬁ) . Observe that

T pe<pe — k/\) _ pe(pe B 3k/\)
pe = AlL=p UdA oy 0

for either k € [22= 2¢) or k € [E<, 2¢)  Thus, we conclude that NI € (0, p,).
8A 7 A 217 A

We now verify that IT indeed satisfies T < 4k — ?’2”; for k > g—;. We get 4k\ — %pe —\I =
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k2 A2 —(pe+kA)2
2k

Observe that if p, < 2k\, then 4k\ — %pe > MI. Therefore, this condition is satisfied for both

k e [58135, E)and k € [E, Z’j\e) . Finally, because C;(II) is increasing in II by Proposition 3, it

follows that, when & > 25, ¢* > C*(II) for IT < P<e28) and ¢ < C*(IT) for I1> Pelbe28),

To complete the proof, we make use of Theorem 3 and Lemma 7 to get

(
e ([ i . E
(b—a) E( E—\/;> if ]{3<§—)\,
Mo (T AN E
\(b—a),/l—ﬁ<\/;— 1_5) it k> e

It follows that C*(IT*) — ¢* < 0if k < 2 and C*(IT*) — ¢* > 0if k > L. [

Cr(IT") — ¢ =

Proof of Proposition 8. We first prove that, in a centralized microgrid, optimized for total cost,

C* € [a1 + ag, by + by]. For that purpose, we make use of (2.22) to get

1
F(C) = 1 Exix, [pe(r + 22 = C) T + kC. (A.67)

Let fx,(z;) denote the probability density of X;. Thus,

ifz e [CLl,bl] ifz e [G/Q,bg}

1 1
fX1<m1) =qv fX2(x2) =qv
0 0

otherwise; otherwise.

Define Z:= X7+ X5. Let z be a realization of Z, and f, be the probability density of Z. Then,

falz) = / frn (2 — 2) frea (2)dy.

Since fy,(z2) = % on [as, by] and is zero otherwise, we get,

b2
fz(2) = / %fxl(z — o)dxs. (A.68)

2
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Note that fy, (z—x2) =0 unless a; <z — x5 <b; (in other words, z — by < 25 < z — a4). Also,

z € [a14ag, b1+bs] (ie., z € [a;+az, a;+as+2w]). Thus, if a3+as < z <a;+as+w, then, by (A.68),

z-a1 | o
f2(2) = / Edﬂ?z = w (A.69)

2

Ifa; +as+w < 2z < ay; + as + w, then we use (A.68) to get

b 1 az2+w 1 MU —
fz(2) = / deg = / —dxy = 011Gz + 2w Z. (A.70)

2 2
—b1 z—(a1+w) W w

Thus, we obtain

— (a1 + .
%, if z € [a1 + a9, a1 + az + w);

fZ(Z) = (A.71)
+ow—z
1t a v Z’ leG[CLl—i-CLQ—FUJ, CL1+CL2—|-2’LU].

w2

We now show that C* > a; +as. Assume that C* < ay+as. Then, we use (A.71) to get

1 a1+az+2w
F(CY) = —/ pe(z — C*)fz(2)dz + kC*

A 1t+az
1 artaztw o [(2—(a1+a2) artazf2uw o [a1tas+2w—2z .
= [/a1+a2 pe(z — CY) (—w2 ) dz+/a1+a2+w Pe(2—C") ( o ) dz} +kC
DPe pe(a'l + as + w)
(k=5 A
1 a1+az+2w
./_"(Cbl + Clz) = X / De [Z - (Cll + CLQ)] fZ(Z)dZ + k(a1 + CLQ)
aitaz

Pe(ay + ag + w)

It follows that

F(C*) — Flay + ap) = (k - %) [C* = (a1 + a))].

Since 5 > kand C* < a1+ay we get F(C*) > F(a;+as) This contradicts the assumption that
C* is the optimal capacity defined by C* = arg min, F(C). Thus, we conclude that C* > a; + as.

Next, we show that C* < by + by. Assume C* > by + by. Then, p.(x1 + o — C*)* = 0. Hence,
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F(C*) = kC*. Similarly, F (b + ba) = k(b + b2).

Thus, F(C*)— F(b1+bs) = k(C*— (b1 +by)) > 0. Since F(by +b2) < F(C*) contradicts the
assumption that C* is the optimal capacity defined by C* = argmin, F(C). Thus, we conclude
C* < by + bo.

Because, as just established, C* € [a; + ag, by + bs], we now get

b1+b2
F(C) = % [/ pe(z —C)T fo(2)dz| + kC. (A.72)

1+a2

Since

z — (CL1 +a2)

02 ifZG[a1+CL2, a1+a2—|—w];

fz(2) =

a1+a2+2w—z

2 ifZE[a1+G2+U), a1+a2+2w],

we consider separately C < a; + as + w and C > a; + as + w when deriving C*.

Case 1: C > a; + ay + w. Using (A.72) we obtain

a1+az+2w QU — Q0 — 3
F(C) = %/C (z—C)-C“J””;2 O ke = pe(“ﬁ“g w=C) ke (AT3)

We then make use of (A.73) to obtain

OF(C) pe(ar + az + 2w — C)? P*F(C)  pelar +as+ 2w —C)

= — k: = . A.74
ac e T e o2 (A.74)
Since C < a; + ay + 2w, we obtain 82812(26) > ( from (A.74). Setting agéa =0, we get
20k
C'=a;+as+2w—w ) (A.75)
Pe

We now check C > a1 +as+w. Using (A.75), we can rewrite C* > a;+as+w as w 2% < w.

Therefore, C* > ay + as + w if and only if k < é’—;\. Then, by (A.73) and (A.75),
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2V N3/ 2w [2M\k
F(C) =k 2w) —w———— =k [ b1+ by — =/ .
(C") (a1 + as + 2w) —w N <1+ 9 3 }k)

Case 2: C < a; + ay + w. Using (A.72) we obtain

P ai+az+w a1+az+2w
F(C) . {/ (z—C)(z—al—aQ)dz+/ (z—C)(a1~|—a2+2w—z)dz} + kC
C a

- 2
Aw 1 +aztw

(a1 +as — C —2w)(a; + as +w — C)?
w2

.y
6

[3&1 + 3as — 3C + 4w — } + kC. (A.76)

From (A.76), we then obtain

OF(C)  pe(a?+ a2+ 2ay(ay — C) — 2a:C — C? — 2w?)

2 — —

oC 2 \w? oC? Aw?
Since C > a; + ay, we obtain 828]2(2@ > (. Therefore, setting 8@—26) = (0 yields
Ak
C'=a;+a+w 2(1—p—>. (A.77)

We now check that C < a; + as + w. Using (A.77), we rewrite C* < a; + as + w as

Ak
wy [ 2 (1 — —) < w. (A.78)
De
It follows from (A.78) that C* < a; +ay+w if and only if k > 2= Then, by (A.76) and (A.77),

F(C) = kar + ) +— (392 — 2v/20(p = AR)(p — M)

3APe
20k
w (Bpe —2(pe — Ak)y /2 — )
= k(al + (12) + 3N Pe

This completes the proof. [

Proof of Theorem 6. The result follows directly from Proposition 8 and Theorem 3. [
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APPENDIX B

SUPPLEMENT TO CHAPTER 3

Proof of Lemma 1: Suppose G(T) = by +T +¢, where € > 0. As z1 < b; by assumption, we get (@(T) —

x1)+ =G(T)—x1>T. It then follows from (3.1) and (3.2) that Rq(G, 21, x2, T) = px1-+(p—s) min[zs, T.

1, G(T),T) = /000 e MEx, x, {pxl +(p—y9) min[xg,THdt — keG(T).

LetG = b1 + T. Using (3.1) and (3.2) again, we get

II.(G,T) = / e MEx, x, [p:ﬂl +(p—s) min[xQ,THdt — koG
0
It follows that (G, T) — I (G(T), T) = kq(G(T) — G) = kge > 0. Hence, since 114 (G(T),T) <

I1;(G, T), we get a contradiction to our assumption that G(T) is the optimal generation capacity. Thus,

G(T) <b+T.0
Proof of Lemma 2: We first show that 7* < G(T*) = G*. Suppose T* = G* + ¢ for some € > 0. Then,

because T* > G* > (G* — x1)™, using (3.5) and (3.6) we get

Vr(G* +¢€) = / e MEx, x, [smin[(G* - x1)+,x2Hdt —kr (G +¢).
0

Using (3.5) and (3.6) we also obtain that

Vir(G*) = / e M Ex, x, [s min[(G* — x1)+,x2]]dt — k:G*.
0

It follows that V. (G*) — Vi (G* 4 €) = kre > 0. Therefore, because V,(G* +¢€) < V(G*), the optimal
tranmission capacity cannot exceed G*. Thus, T* < G*.

We next show that 7 < by. Suppose T = by + € for some € > 0. Because T > by > 9, we get

Vr(ba +€) = / e MEx[smin[(G* — 1) T, zo]]dt — kr(by + €).
0
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Similarly, we get

Vi(ba) = /0 T M By [smin[(GF — 1), wa]]dt — knbs.

It follows that V;(bs) — Vi (by + €) = kpe > 0. Thus, because Vr(ba + €) < Vy(be), the optimal

transmission capacity cannot exceed be. Hence 7™ < by. [J

Proof of Proposition 9: Let Fy, (z fo fx;(xi)dz;. To prove part (a), we show that 8T8G c(G,T) > 0.

4 l;;gé b - 67(?26* iEXLXQ Ra(G,x1,29,T) — k‘GG]
2% [1 ‘
= 370G | x X [(p = s) min[(G — 1) ", 2, T]ﬂ
9% [p—s [0 b2
= Sro0 ), /0 min [(G — x1)+’x2,T} Ix,(z1) fx, ($2)d$2dx1] _

To evaluate the above integral, we distinguish the separate cases for G < b and G > b;.

If G < by, then we get

PG, T) [p—s [P [Pz
B;EG ) [P ) . / min[(G — 21)", 22, T] fx, (21) x5 (xg)dxgdxl]
o Jo

0? p—3s b1 b2

— W I:)\/ min[(G — $1)+7 9, T]le (371)sz ($2)d$2d$1:|
o Jo

82 _ G rmin[G—z1,T]

~ OToG L)\S {/0 /0 w2 fx, (21) fx, (w2)dxadry

G rb
+ / / min[G—a;l,T]le(afl)fXQ(xg)d:rgdxl}]

0 Jmin[G—z1,T]

2 G-T T ¢ G
- 87(?86' [ : {/0 /0 $2fX1($1)fx2(x2)da:2d:U1+/G_T/ T2 fx, (71) fx, (v2)dr2dr,

G-T ba G
+ /0 /T Tle(xl)fXQ(xg)dxgdSUl-f—/G T/ G—x le(xl)fX2($2)d$2d$1}:|

(B.1)

We now apply the Leibniz integral rule to (B.1) to obtain

0?4 (G,T) _p—s
oToG

[x(G—T)[Fx,(b2) — Fx,(T)] > 0.
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2
825«7{(9%@ > 0, so that G’ and T" are comple-

Thus, for any G < by and T such that 7' < min|[G, by],
ments.

If G > by on the other hand, we get

92 [p—s
oToG | M\

9 [p—s

T ITOG | A
62 p—s b1 rmin[G—z1,T)

T 9TIG | A { /0 /0 o fx, (1) fx, (wa)dwadiy

b1 rbs
+ / / min[G — 21, T)fx, (21) fx, <x2>dx2dm}]
0 Jmin[G—z1,T]

G-T G—x1
aTaG [P {/ / 2fx, (1) fx, (22) dwadey +/ T/ T2 fx, (21) fx, (22)dadr:
G-T b
/ / Tfx, (z1) fx,(z2)dzodry +/ / G—x1)fx, ($1)fX2($2>d$2d$1}:|

(B.2)

b1 bo
/0 ; min[(G — x1) ", 22, T) fx, (x1) fx, (xg)d:cgdxl]

b1 pb
/0 ; min[(G — 1) ", 22, T) fx, (z1) fx, ($2)dl’2d$1:|

We now apply Leibniz integral rule to (B.2) to obtain

82 HG(GaT) _ b—s
oroG

[x (G =T)[Fx,(b2) — Fx,(T)].

Hence, for any G > b; and T such that T < min|[G, bs], % > 0, so that G and T" are comple-

ments.

. . 2
To show that G and T" are complements with regard V., it suffices to show that gG‘éTT > 0. We get

o*V,(G,T) &
9GOT  9ToG

s+uv [0 B2
[ / mln G—$1)+ 9, }fxl(xl)fXQ(xg)dedl‘l k‘T

s+uv 02

b1 b2
= b\ 6T6G . /0 min [(G — ZL‘1)+, 9, T:| le (1’1)fx2 (l’Q)dl’Qd!El. (B3)

Following the exact same steps as in the proof of part (a), we obtain %&GTT) > 0, forall G and T

such that 7' < min|[G, b2], which completes the proof. [J

Proof of Theorem 7: We use (3.2) to get
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1
HG(G, T) - X EX17X2 RG(G,CL‘l,l‘Q,T) - kGG
1 . .
=3 Ex, x, |pminfz1,G] + (p — s) min[(G — z1) ™, wg,T]} — koG, (B.4)

We distinguish separate cases for G < b; and G > b;.

If G < by, then the first term in (B.4) is given by

C; —I—G(bl G):| .

1 . 1 [ p p
XIEXhXmem[xl,G] = )\/0 amln[l‘l,G]da@l = Nor) [

The second term in (B.4) is

Y EXLXQ (p - S) mln[(G - $1)+,£L‘2,

b1 ba
b\ )\ble {/ mln — .%'1) , L2, ]dl‘le‘l}

_p—s [ (9"
)\blbz {/ mln[G — X1, X2, ]ded.%'l}

min[G—z1,T]
/ / Todxrodry + / / min[G — x1, T)dxedzy p .
)‘ble in[G—z1,T]

For notational convenience, define

G rmin[G—z1,T) G b2
I, = / / xodrodr; and Ip = / / min[G — 1, T]dxadx .
0 0 0 min[G—z1,T]

Then,

G pmin[G—z1,T] G 72
Il—/ / xgdxgd.%'l—/ 72
0 Jo o 2

min[G—z1,T]

max[G—T,0] 2 G _ 2
dxl—/ dacﬁ—/ del
0 2 G-T0 2

(B.5)

and
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G
.72:/ min[G—xl,T](bg—min[G—m,TDdxl
0

max[G—T,0] G
= / T(bQ—T)d.’El-i-/ (G—xl)(bg—CH—xl)dxl. (B.6)
0 max[G-T,0]
If G > by, then first term in (B.4) is given as
lIE minfz, G| = 1 /bl P Gdwy = G
h\ X1,X, D MIN|T1, N b 1=

The second term in (B.4) is

1 p — 8 bl b2
T Ex, x,(p — s) min[(G — 21) ", 2, T] = / min[G — z1, xg, T)dzodzy
AT Aowbo Lo o

p—s b1 pmin[G—z1,T] b1 rbo
= / / Todrodr1 + / / min[G — z1, T)|dxaodxy p .
Ab1b 0 0 0 min[G—z1,T)

This time, for notational convenience, define

b1 min[G—z1,T b1 bo
I3 = / / rodredr and Iy = / / min[G — 1, T)dzadz; .
0 0 0 min[G—z1,T]

Then, we obtain that

b1 pmin[G—x1,T] b1 72
13 = / / ZL'Qd{L‘le‘l :/ 2
o Jo o 21

max[G—T,0] T2 by _ 2
:/ dm1+/ Mdml, (B.7)
0 2 max|G—T,0] 2

min[G—xz1,T]
d(L‘l

since by > max[G — T, 0] by Lemma 1. Also

by
Iy = min[G — z1, T](b2 — min|G — z1,T))dzy
0

max[G—T,0] b1
= / T(bg - T)d.’El + / (G — 5(31)(172 -G+ l‘l)dl‘l. (B.8)
0 max|[G—T,0]

Because expressions for 11, I2, I3, and 14 depend on the ordering of G and 7', to proceed we distinguish
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the following two cases, based on Lemma 1.

Case 1: T' < G < by. By (B.5) and (B.6) we obtain

b1

II;(G,T) = )%1 ; min[z, Gldz;
p—s max[G—T,0] G
+ / T(b2 —T)d.’]jl -l-/ (G—l‘l)(bQ—G—i-:El)d:El — keG
)\blbz 0 max|[G—T,0]
_p [G? p—s bT? (G-T)T? T3
- { 4 Gb G)] o [(bQ T)(G=T)T+— + = o |~ kaG.

which completes the proof of part (a). It then follows that, for T' < G < by,

_ —8) (2(by — T)T + T2
Oll(G,T) _ p(b1 —G) N (p—s) (202 —T)T+T?) ke (B.9)
oG bl)\ lebQA

PUg(GT) _ _ p
Thus, we get —57r— = —55;G < 0.

Case 2: max[b;,T] < G < by + T. By (B.7) and (B.8) we obtain

b1 _ max[G—T,0] T2 b1 G — 2
p p—s (G — 1)
II.(G,T) = — d — —d —d B.10
o(GT) Aby /0 vhn Ab1b2 [/0 gt /max[G—T,o} 2 o (510
max|[G—T,0] b1
+/ T(bg - T)dacl +/ (G — wl)(bg -G+ x1)dac1 — koG
0 max[G—T,0]
_ i pos [ + 362 (by — G) + 301G(G — 2by) + (3by — G — 2T)(G — T)?] — kG
2X 6Ab1by )
(B.11)
which completes the proof of part (b). It then also follows that, for max[b, 7] < G < by + T,
8HG(G,T) (p—S)(bl—i-ng—G—T)(bl—G+T) .
= —k fG e |by,by +T). B.12
oG 2b1bo A g G € by, by +T] (B.12)
Hence, 82H6GG(2G’T) = — )\I;)Ilfl (b1+b2—G) < 0. To complete the proof of part (c), we show that %

is continuous everywhere on (7, b1 +71"). If T > by then it is always the case that max[b,T] < G < b1 +T.

9% (G,T)

In that case, Fres

< 0 as already established in Case 2 above.

If T < by, then it follows from (B.9) that % is continuous everywhere on (7°,b;), and from
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(B.12) that % is continuous everywhere on [max[bl, T], b1 +T]. We again make use of (B.9) and

(B.12) to obtain

L OG(GT) L OlG(GLT) _ 9lla(GLT) (p—9)(2by—T)T

= — ke
eavele vt OG G gy, 2b1b2 ¢

Hence, I1; (G, T') is a smooth function for any G € [T, by + T'), which completes the proof. [J

In what follows, we make use of the following lemma.

Lemma 8. (a) TA(kio) = Tg(/{?[)) = TB(]{?()) = bl,' (b) Ifk(; < k‘o, then To(kig) < b1 and T(] < TA,' (C) If
kG > k(), l‘hel’l TA(kG’) < bl and TO > TA(kG); (d) lfkg S k(], then TB(kG) Z bl and TO(kG) S TB<kG)7 (e) IJC

ko< b12(§2_>\8), then Tz (k¢) > by, and T (k) < be otherwise.

Proof: Part (a) follows directly from the definitions of Ty (k¢ ), T (ke), and T (k). To prove part (b), we

use the definition of Tj to obtain

To(ka) bibo)
ok N
T )y e (e - k)

Hence, for any k¢ <k, To(ke) <T'(ko) =b1, by part (a). Further, for any kg > ko, To(ke) > T (ko) =b1.

> 0.

To prove part (c), we get

0T s (ke) B b1bo

=- <0
Oka V/20102(p — kM) (p — s) + b2s2

It follows that, for any kg > ko, Ta(ke) < Ta(ko) = b1. Since kg > ko implies Ty (kg) > Ta(ko) =
b1, the result follows. To prove part (d) we use definition of 7’5 to obtain
8TB (kG) 62)\

=— 0.
Okg p—s<

Hence, for any ko < ko, Ts(ke) > T(ko) = b1, by part (a). By part (b), for any kg < ko, Ts(ke) >

T(ko)=b1 >To(ke). Also, because 8T§T(§G) < 0,and T (bléf;\s» = by by definition, we obtain part (e).

O
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Proof of Theorem 8: Based on Theorem 7, we distinguish the following two cases:

Casel: G € [T, bl). Using (3.11) we obtain

olle(G,T) b

p—
G = G+ ® (20T — T)T — ke (B.13)

2A\b1 b2

Since % < 0 by Theorem 7(c), the generation’s company best response function is obtained by

solving %G?T) 0. Thus, using (B.13), we get G(T) = by (1—"32%) + %%T)T. It follows that
b1 > G(T) is equivalent to T' < Ty(k¢) and G(T) > T is equivalent to T' < T4 (k¢), where Tp(ke) is as

defined in (3.14). Hence, Case 1 occurs when 7' < min [TA(kG), TQ(k:G)].

Case 2: G € [maX(T, b1), b1 + T]. We use (3.12) to obtain

aHG(G7 T) b —
b1 +2bo —G—-T)b1 +T —G) — k¢. B.14
aG 2)\611)2( 1+ 2 — )( 1+ ) G ( )
9?1l (G,T) S L .
Because —5=7>— < 0 by Theorem 7(c), the generation’s company best response function is again
obtained by solving % = 0. We make use of (B.14) to get G(T") = by +by— \/(bg -T) + 261;;2%.

It follows that G(T") > by is equivalent T' > Tp(ke), and G(T) > T is equivalent to T < Ty (k¢ ). We also

obtain

2b1b2(p — ko)

b5 —(bQ—T)>0.

bh+T-G(T)= \/(bQ—T)hr

Thus, C_J(T) < by + T by Assumption 4, and Case 2 occurs when Tp(ke) < T' < Ts(kg). Hence, if
T < min[Ty(ke), To(ke)] then G(T) = Gu; if To(ke) < T < Tp(ke) then G(T) =

We now show that if kg < kg and T < Tp, or if kg > ko, then G(T) = Go(T); if ke < ko and T > Ty,
then G(T) = G4(T). By Proposition 2, we obtain G(T*) > T*. Hence, for the remainder of this proof, we
only consider 7" such that T' < T, (ks) and T < T’z(kc), which derives from G, (T") > T and Gg(T') > T,
respectively.

If kg > ko, then Ty (ke) < To(ke) by Lemma 8 Part (c). Therefore, for any T' < T, (k¢ ), if ke > ko
then T' < T, (ke) < To(ke). Hence, G(T) = G, because T' < min[T4 (ke ), To(ke)]-

If ke < ko, then Ty(kg) < Tu(ke) by Lemma 8 Part (b) and Ty(kg) < Txs(ke) by Lemma 8 Part

(d). Therefore, for any ks < ko, if T < To(kg), then G(T) = G, because T < min[T4(ks), To(ke)];
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Otherwise, G(T') = Gg. O

Proof of Proposition 10: Following Theorem 8, we distinguish two cases.

Case 1: G(T) = Go(T). We use (3.11) to get

_ P _QT) —
HG(T):)\—bl T+G(T)(bl—G(T))
s _ 2 (C(T) — 2 3
+§b1b2 (bg—T)(G(T)—T)T+b22T +(G(T)2 nT —% — keG(T)

We use G(T') = G, (T) in the above expression to get (3.15).

Case 2: G(T) = Gs(T). We use (3.12) to get

— pb p—S — — —
I(T)= 2—; é o bQ) [bi’+3b§ (bo—G(T))+301G(T)(G(T) — 2bs)
+(3by— G(T) — 2T)(G(T) — Tﬂ ~ kaG(T).

We use G(T') = Gs(T) in the above expression to get (3.16). O

Proposition 15. (a) If kg > ko then T* < T; (b) if ke < ko then T* < Tjg;

Proof of Proposition 15: We distinguish two cases:

Case 1: G(T) = G,. In this case, by Theorem 8, G(T') € [T, b1]. Thus, Go(T*) > T* and G, (T*) < by. It

follows directly from G, (7™) > T* that T* < T,. Similarly, it follows from G, (T™) < b; that T* < Ty.

By Lemma 8, Ty < Tj if kg > ko, and Ty > T otherwise. Thus, if kg > ko then T* < T,. If ke < ko

then T* < Ty < T'z, where the last inequality follows from Lemma 8.

Case 2: G(T) = Gg. In this case, by Theorem 8, G(T)) > max[by,T]. Therefore, G5(T*) > T* and

Gg(T™*) > by. After algebraic manipulation, we rewrite Gg(1™) > by as T* > Tj. Also, Gg(T™) > T* is

equivalent to T < T’ after algebraic manipulation. By Lemma 8, Ty < T’z only if kg < kg and Ty > T,

otherwise. Thus, we obtain that if ko < kg then T™ < Tx. J

Proof of Proposition 11: To prove part (a), following Theorem 8, we distinguish two cases.

Case 1: G(T) = Go(T). In this case, by Theorem 8, either ke < ko and T < Ty, or kg > ko. Further, if

ke > ko, then for any (k¢,T) € S, T <T,. By (3.15), we have that
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OM(T) _ (p—5)(bs—T)
oT 2b1b2A\p

21ba(p — k) — 2ba8T — (p — S)Tﬂ

Since T' < by by Lemma 2, to show 8ﬁ8GT(T) > 0, it suffices to show that 2b1ba(p—keA) —2b2sT — (p—

$)T2 > 0. Define g1 (T, kg) := 2b1 ba(p—keA)—2basT—(p—s)T2. Because 22ULKG) — _o(pyst(p—s)T) <0

and %&fc") =—2b1baA <0, forany T' < Tj and kg < ko, we get

2b1 ko
91(Tyke) > g1(To, ke) > g1(To, ko) = 2 (blb2p+b2p (—b2+ \/62 <b2— 120 ))) —

p—8
ollg : 991(T.kg) :
Thus, 57 > 0if kg < kg and T' < Ty. For T' < Ty and k¢ > ko, because =57-=> < 0, we obtain
g1(T, ke) > g1(Ts, k) = 0. Thus, A& > 0if T < T, and ke > ko.

Case 2: G(T) = Gg(T'). Then, by Theorem 8, ks < ko and 7' > Tj. Further, since (kg,T) € S, then
T <min[T}y, by] when k¢ < ko. We now show that Gg(T') is increasing in T" for any 7" < min[T, ba]. By

(3.16),

Al (T)

or

by =T 2b1bok A
20 b2k: ) - s)(bﬁb?_T)\/lisc + (b2 =T)% - (p—S)(bz—T)2—2b1b2kc)\] :
blbz)\\/m+(b2_T)2 p
p—Ss
Define
2b1boka A
92(T  kg) = [(P —8)(b1+b2=T) \/;ff +(by=T)2 = (p—s)(by—T)* — 2b1b2kc>\] :

Ollg(T)

To show that =57~ > 0, it suffices to show that g2(7, k) > 0. By definition, we get

892 (Ta k;G)
oT

—9bibokeh — (p— 8)by(be — T) — 2(p — )(by — T)2 + 2(p — 5) (b — T)\/(bg — T)2 4 2bibakaA

p—s
\/(bQ _T)2 4 Zubeke

p—s

Define
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2b1b2ke A

GQ(T) = —2b1bokc A\ — (p — S)bl (bg — T) — 2(]) — S)(bg — T)2 + 2(]) — S)(bg — T) \/(bg - T)2 + b

Then, to show that % < 0 it suffices to show that G5(7") < 0. Because p > s, we obtain, for any

T < by, —2brbakic A~ (p—3)b1 (by =) —2(p—5) (bo —T)? —2(p—s) (ba—T)y /by — T)? + Z2l2har < g,

p—s

Therefore, for any T' < bs, because

2b1bok A

GQ(T) X —2b1b2]€c)\ - (p - S)bl(bg - T) - 2(]9 - S)(bg - T)2 - 2(]9 — S)(bg — T)\/(bg — T)2 + p—s

= by [b1(2b2kA + (by — T)(p — 5)]° + 4(bs — T)3(p — )%) > 0,

we obtain that Go(T) < 0. Since G2(T') < 0, then % < 0 for any 7' < min[by, T]. To show that

92(T, k) >0 for any T'< min[by, T, based on Lemma 8, we now distinguish two cases: b12(§2_;) <ke<kg

bi(p—s)
and ks < T

If %2_;) < kg <kg, then by Lemma 8, T < min[by, T is equivalent to 7" < T'5. Because % < 0, we

obtain for any 7' < T’z that g2(T, k¢) > go (TB, k:G) =0.

If ke, < bléf;\s), then by Lemma 8, T < min[bg, T3] is equivalent to 7' < be. We use % < 0 to obtain

that for any 7" < bo,

2b1b2 A
92(T,ka) > g2(b2 k) = —2brbokeA + V2bi(p — S)\/E |

. 31222 -~
Because %92 (b2, ke) = — biboA = < 0, we obtain that for any 0 < kg < bIQ(,? )\S),
G bibokg A\ 2 2
2v3(p—s) (112242

g2 (b2, k) = min g (ba,0), g2 (ba, “F52) | - Because g (b, 0) = g2 (ba, ") = 0, we get g2(T ) >
0 for any 7' < by. Consequently, 8% Gs(T') > 0 for any T' < min[T, bs]. This completes the proof of part
(a).

To prove part (b), we distinguish two cases based on Theorem 8.

Case 1: kg < kg and T' < Ty, or kg > ko in which case T < T, since (kg,T) € S. By Lemma 8, these

conditions are equivalent to 7' < min [Tg, T,] . Also, for any k¢, min [Ty, T4] < by by Lemma 8. By (3.15),
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OTL(T)  12b363(p? — kZA?) + 12b1ba(p? — kaAs)(2by — T)T + T2 [3(p* — s*)T? — 4by(p? — 3s*)T — 12b3 s

op 24b, b2 \p

OINT)  12(by —T)
OTdp — 24b1b3Ap

X [2b1ba(p? — keAs) — T(2bas® + (p* — s*)T)] .

Thus, to show 6T<(9 ) > 0 for any T < by, it suffices to show [2b1b2(p* —kaAs) =T (2bas* + (p* —s*)T)] > 0.

Let

93(T, k) := 2b1bo(p* — kaAs) — T(2bas* + (p* — s*)T).

Then, because 993(T'ka) _ _9 p?—s ) — 2bys? < 0, and M = —2biboAs < 0, we obtain
oT

that, for any 7' < min [Ty, T4] < by and k¢ < k,

gg(T, k‘g) > g3 (bl, ];:) = bl(p — S) (2b2p — bl(p-l- 8)) > 0.

Therefore, we obtain 88%(9 ) > 0. Thus, for any T" > 0,

OTI(T) _ OTI(0) _ by(p? — K2A?)

= > 0.
dp — Op 2\p?
Thus, ( ) > 0 for Case 1. We now show G < 0 for Case 1. We use (3.15) to get
Mg 240705 (p — kaA) + 12b1boA(p — ) (20 — T)T ®.15)
Oka 24b1b2\p ' :

Because p > s and p > kA and by Assumption 4, then for any 7' < by, we obtain by (B.15) that

g

Finally, we show aHG < 0. We use (3.15) to get
o, T

Ds  24b02Ap |
6b1ba(p — ke A)(ba — T)) + 63 (b1(p — kaA) — sT) + (p — s)T (6b3 — 8boT + 3T2) + 4sb2T2} .

Thus, to show that ollg < O forany T' < min [Ty, T4] < by, it suffices to show that 6b1ba(p—kgA) (b —
Os
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T) 4 6b3 (b1(p — keA) — sT) > 0 and (p — )T (6b3 — 8boT + 3T?) + 4sbT? > 0. Because p > kg
and p > s, for any T < min [Ty, T] < by, we get 6b1b2(p — k) (by — T) +6b3 (by(p — kg)) — sT) > 0.

Also, for any T < by, because 8% [6b§ — 8byT + STZ} = —8by 4+ 61" < 0, we obtain that, for any 7' < by,

602 — 8byT + 3T2 > (6b§ _8hyT + 3T2) ‘ — 6b2 — 8byby + 3b2 > 0,

T=by

because by > 2b; by assumption. Thus, 8?—;; < 0 for Case 1.

Case 2: kg < kg and Ty < T' < min[T}, bo]. Using (3.16), we get

11 1 2b1bak e\
68 ¢ — X | b3by (—4b2ké>\2 +3(p— 5)2\/12G + (b2 — T)2>
P GbibsA(p — )2\ 2a2had 4 (b, — T2 p—s
201 bk
—2(p = 9)*(b2 = T)° (\/ S =T (- T))

2b1boke )
+ bi(p — s) <2b2kg)\(b2 —T)2 +3(p— s)(2b02T — TQ)\/;i: + (by — T)2>

oTdp ble)\(p - S)\/an[i)ilz(;)\ + (b2 N T)Q

[(b2 _T)(p—s) <\/2b1b2";6‘A b (by—T)2 — (by — T)) Fbi(p— s)\/%ﬂ’?’%A b (by—T)2 — blbgkg/\] .

p—35 p—3s

X

(B.16)

We first prove that % > 0. Since p > s by Assumption 4, then for any 7' < by, we have that

(by— T)(p ) <\/W+<b2 T <b2—T>> > 0.

p—S

Thus, to show g;ﬁaz > 0, it suffices to show that b;(p — 5)\/2171;’% + (bg — T)2 — bybokeA > 0.

Because p > s, we get that by (p — s)\/zblpl”f’?)‘

+ (bg — T)? + bybake A > 0. Consequently, to show that

bi(p — s)\/% + (bg — T)2 — byboke A > 0, it suffices to show that

2b1bokic A 2b1boki\
[bl(p - s)\/;is +(by—T)2— blbgkc/\] X [bl(p - s)\/”G +(by—T)2+ blbgka)\]

=b7((p— 3)((p — 2) (b2 — T)? + 2b1bokA) — b3kZA?) > 0.
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Define ho (T, ke) := b3 ((p — s)((p — 2)(ba — T)? + 2b1bokA) — b3k2A?) . Then, for any T < by, we

obtain that 22k6) — _9p2(j) — 5)2(by — T) < 0. To show that ha(T, k) > 0 for any T < min[bs, T),
we now distinguish the case of bIQ(fz_;) < kg < ko from the case of kg < b12(§2_/\5) based on Lemma 8.

If "2-9) < ki, < ko, then by Lemma 8, ' < min[by, Ty] = T} Because 2 < 0, then for any T’ < T,

ho(T, k) > ho(Ts, ke) = b?(l’—s)(‘lbﬂff“bl(p—s)) 50

If ke < bl;f;\s), then by Lemma 8, 7' < min[by, Ts] = bo. Because %hg < 0, then for any T' <

b, ho(T, ke) > ho(ba, k) = b (2b1b2keA(p — s) — b3A?) . We obtain that for any 0 < kg < bléf;\s),
% :2b:{’b2)\(b1 (p—s)— ka:G)\) > 0. Consequently, we obtain that, for any ke < 0, ho (b2, kG) >

ha(ba,0) = 0. Hence, for any 7' < min[by, Ts] and k¢ < ko, we obtain that

ho(T, k) > 0. (B.17)

Therefore, for Case 2, we conclude that

2b1boka A
bl(p — 8)\/;isc + (b2 — T)2 — biboka A > 0,

from which it follows that g;ﬁai > 0. Therefore, for any T' > T,

oMo (T) _ Ol (To)

Op Op
%y kA (—3b2 2, /ba(by — 2”;@)) + 2y (bg — o (b — 21’;@)) 4 362(2ke A+ p — 5)
- 6b1\(p — s) '
Define
b1 kA 21 koA
hs(p) :=2b1keA <—3b2+2\/b2 (bg— pl_c; )) +2by <b2—\/b2 (bg— pl_GS >> +3b3(2ke A +p — 5).

(B.18)

Then, to show E)ﬁgigo) > 0, it suffices to show that h3(p) > 0. By differentiating (B.18), we get

0%hs(p) _ 6b3bok2 N2 0

Op?
\/52 (bQ - %)(l) —s)3
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ngkck

Thus, hs(p) is concave in p. Since ko < ko implies p > + s, then concavity of h3 implies that

. 2b2kgA .
hg(p) > min I:hg <2b2 _— + S) , pllﬁf{.lo h3(p):| . (B.19)

Further, we have that

. ( 2ok S) _ 20k A(6by — by)

%y — by %y by

and

2b1 ko 2b1ka
lim h3(p) = lim [2171]%*)\ <—3b2 + 2\/b2 (bQ e WA >> + 2by <b2 — \/bg <b2 _ e >> + 36%(2ij)\ +p—3s)
p—r00 p—r00 p—s p—Ss

= lim [31)1(2/4:(;)\ +p—3s)— 2b1b2kc)\] =00 > 0.

pP—00

It then follows from (B.19) that hz(p) > 0. Hence aHG > 0. Next, we show aHG < 0. We use (3.16)

to get

o,
Ok

by <2b2kGA —(p— s)\/%;)ik;)\ + (by— T)2> +p—s) <(b2 Ty <\/2b;’ikf 4 (by — T)2>>

Define

D(T) =ty (%QkGA ~- s>\/ PR 4 (- T>2> +(p—s) ((bz ~T) by <\/ R 4 (- T>2>> -

Thus, to show that % < 0, it suffices to show that I'(T") < 0. We obtain that

T _ _
Z—T = 2;@ ksl(bQ D by + by — 2\/ Qb;bik:A +(by —T)? (B.20)
\/ % + (by — T)?

We now show that for T' € [To, min (7, bg)], and any kg < ko, I'(T") is decreasing in 7" by showing

169



20162k A n

p— (bg—T)2 <0OforT € [Tg, min(7, bg)]. First, for any T < bs, we

that gg(T) = +b2—2\/

get

dg3(T) O \/ 2b1bake\ ) 2(by — T)
= 2 by + by — 2| 2GR Ly —T)2| = — <0.
dar ar _
\/Zb;biksgA (TP

Further, it follows from the definition of Ty that g3(7y) = by —be < 0. Therefore, since g3(7p) < 0
and g3(7') is decreasing in 7', it follows that g3(7") < 0 for any Ty < T < by. Thus, by (B.20), I'(T) is
decreasing in T for T' € [Tp, min(T}, by)]. Hence, I'(T) < T'(Ty) := —biba(p — s) < 0, and we conclude
that 2116 < 0,

Finally, we show BE—SG < 0. We use (3.16) to get

ol 1 4b1bok2 )2 2b1bokA(by — T)?
R N - 67
s b (p— )2/ 228 (b — T2 (0= 5)\/ 252 4 (bp — 72
2b1boka A
+301T% — 2(by — T <\/ % + (by —T)2 = (by — T))
211, -T 2b1boke\
ZT%G - by % [blbgkgx\—h(p—s) <\/12G+(52_T)2>
S bibaA(p— s)y/ 2a2EGA 4 (b, — T2 p=s

—(p—8)(br—T) <\/ WibakeX |4, 12— (1 —T)) (B.21)

p—3S

Since T’ < by, then —(p—s)(ba —T) (\/ ubahe 4 (p, —T)2 — (b — T)) < 0. Therefore, by (B.21),

to show % < 0 it suffices to show that bjboko A — by (p — s)\/% + (be — T)? < 0. Since p > s,

we get —b1boke A — bi(p — s)\/% + (by — T)? < 0. Observe that

2b1bok A .

by —T)2
p— (b2 = T)

X blekG)\ - bl(p — s)\/ +

—blbgkc)\ — b1 (p — S)\/

= b3 ((p — 8)((p — 8) (b — T)? + 2b1bokc ) — b3KZN?)

= ho(T, ke) > 0,

by (B.17). It follows that brbokcA — by (p — s)y/ 2222563 4 (b, — T)2 < 0. Thus, 1l < 0.
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Consequently, for any 1" > Tj,

— — — _M _ 912 _ o 2 _M
OML(1) _ 9 (Th) L (362 2\/b2 (b 2tk )) 362bake A —ba(p—s) <b2 \/b2 (e 22t ))

0s 0s 301 A(p — s)
Define
21k 21 kA
ha(ke) == bikeA <362—2\/b2 <b2— pl_‘; )) — 362bok A —ba (p—s) (b%—\/bg <b2— pl_‘; )) .

(B.22)

Then, to show ‘mg(TO) it suffices to show that hy (kg) < 0. For any ks < kg, we use (B.22) to get

2hy(ke) 3b2by\2
ok
S -y o (- 2e)

It follows from 82%2(250%4(14:(;) > 0 that, for any kg € [0, ko], ha(ke) < max [h4 (0), hyg (k:o)]. B

> 0.

(B.22),

bi(3b2 — b1)(p — 5)

h4(0) == O; and h4(k0) = — 2b2

< 0.

% 3HG( )

Consequently, we conclude < 0. It follows that < 0, which completes the proof. []
Proof of Proposition 12: Based on Theorem 7, we distinguish the following two cases:

Case l: G € [T, bl). We use expressions (3.5) and (3.6) to obtain

max[G (T)—T,0] G(1)

=5 b1 5 T(by — T)dx1 + /m ax[é(T)fT,O](G(T) —x1)(by — G(T) + x1)dz1 p — keG(T)
Tbl 2 + G(T)(by — @(T))]
p—s - bT*  (G(T)-T)T° T°
VAT [(b2 — T)(G(T) - T)T + 22 + 5 o | T

Then, we substitute G(T) = G, (T) given in Theorem 8 to obtain expression (3.17). To show that

Ge [T, bl) requires kg < ko and T'<Tp, or kg > kg, we follow the same steps as in the proof of Theorem 8.
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Case2: G € [max(T, b1), b1 + T] . We again use expressions (3.5) and (3.6) to obtain

by B max|G (T)~T,0] 72 by ot Y
p p—s (G(T) — z1)
Vr(T) = — xdxr1 + / —dx +/ _ - dx
r(T) Aby /0 ET Xy | o ! max[G(T)~T,0] 2 '
max|[G(T)—T,0] b1 _ _ —
-I—/ T(bg — T)dxl + / _ (G(T) — xl)(bg — G(T) + xl)dxl — kGG(T)
0 max[G(T)—T,0]

_pby p—s

—T)%| — kT,
Then, we substitute G(T') =G 4(T)) given in Theorem 8 to obtain (3.18). To show that G € [max (T, by), bi+

T} requires kg < kg and T >Tp, we follow the same steps as in the proof of Theorem 8. [J
Proof of Theorem 9: Following Proposition 12, we distinguish the following two cases

Case 1: kg < kgand T < Tp, or kg > kg. We use (3.17) to get

oVr(T) biba(p — kgA) + T(b2(p — 2s) — (p — 8)T)
=—k by — T B.23
T r+sb:=T) b102pA (529
3 _ _
0°Vrp _ 2(s 4+ v)(—2bap + 3bas + 3(p — s)T)) (B.24)
o1 blbg/\p
*Vr  6(p—s)(s+v) >0
Tt T bibdap '

If ke < ko, then, by Lemma 8, T' < Ty < by. If kg > ko, then by Lemma 8, T' < Ty < b;. We first

show that, for any 7" < by, Vp(T') is strictly increasing or unimodal in T’

Since 642;;9) > 0, then, for any T < by, o g;g ) < 833 Vr(T) . We use (B.24) to obtain that
T=b;
3 3
%VT(T))T:IJ1 25(3(p— SZEQ/\QSQPJF%M Because by < % we obtain & g%gT) <3 0 s Vr(T) <
0.

T=by

Because %VT(T) < 0, then, for any T" < b, a%VT(T) is a concave function of 7. By (B.23)

we get that %VT(T )}T:O = (p_kaw — kr > 0. Consequently, because %VT(T) is concave and
0
aTVT(T)‘T:

0> 0, we obtain that, 7' > 0, V(7)) is strictly increasing in 7" or unimodal in 7" in Case 1
Case 2: ke < kgand T > Tp. We use (3.18) to get
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9 (s +0)(be = T)

I YT =—k
OTVT( ) vt 30102\ (p — s)
2b1bak A biboke\ — (p— 8)(by — T)?
_2@_8)\/lfg"“b?—T)z+ ahed — (0= 902 “ 17 4 5 ) 48 -
P |/ 2kehad - (p, — )2
(B.25)
Also,
4 12b1bok2 ) 3biboke\ — (p — 8)(by — T)?
%VT(): 12G(8+U)( 102k¢ (p — 5)(b2 )) - (B.26)
V/BEEEGA  (by — T)2[2b1bake A + (p — 5) (b — T)?]

We now show that if k < kg and T > Tj, then %VT(T ) is a) strictly decreasing, or b) unimodal with

a unique minimum, or c) strictly increasing in 7'.

3b1bokg A
T:b2_/12G

s)(by — T) > 0. Thus, by (B.26), 7 Vi (T) > 0 forany T > by — | /2012256X and 22V, (T)) < 0 for any

T < by — |/ 3ubehcl,

By definition of Ty given in (3.14), we obtain that by — /22182562 < Ty if by > 22=%) and by —

By (B.26), we get %VT(T)‘ = 0. Also, 2 [3bibokeA — (p — 5)(by — T)?] = 2(p—

1/% >Tyif by < b%(lf ;) Therefore, if b; > b%(,f;\s), then for any 7' > Ty, %VT(T) > () because

T>1TH > by — \/?’1’1;2#. Thus, %VT(T) is strictly increasing in 7T'.
Ifb; < 625(15 /\S ), then by — 4/ 3b1b2kG/\ > Ty. Therefore, if by < b%(é’;f ), then for any 1" > Ty, because

%VT(T) < 0 forT < b2 \/m T4 VT > 0 fOrT > b2_\/3blpb2j Therefore, 8T3 VT( )

is strictly decreasing, or unimodal (with a unique minimum) in 7'.

We now show that aa—;QVT(T ) is either a) strictly decreasing, b) unimodal with a unique minimum, or
¢) strictly increasing in T". If b; > 5)25%;7;)\3) then because %VT(T) is strictly increasing in 7T, %VT(T) is

either a) strictly decreasing, b) unimodal with a unique minimum, or c) strictly increasing.

When b; < b25(,f /\8), we use (3.18) to get
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33
— VAT —
oT3 Vr(T) _—
2(s +v) 3 2 2.2 \2 2 2 2b1kcA
bbIAp — 5)2 X [52(10 —8)7 — (3bThg A" + bibokeA(p — 5) + b3(p — 5)7)4 /b2 | b2 — p—
(B.27)
ba(p—s) &° 23
We now show that for any b; < 2513;;)\ , WVT(T)‘T:TO < 0. By (B.27), to show WVT(T)‘T:TO <

0, it suffices to show that

b3(p — )% — (BLTLEN? + bibokA(p — s) + b3(p — 3)2)\/1)2 <b2 — M) <0.

p—s
Define

2b1keA
o) = b%<p—s>2—<3b%kéA2+b1b2kGA<p—s>+b%<p—s>2>\/b2 (12 - 20tk )] B2

For any b1 < b%(lfa_; ), we use (B.28) to obtain that

0 3b1bok2 N2
o) = 12
ENACEETY

Consequently, because a%ln(bl) < 0, we obtain, for any b; > 0, n(b;) < n(0) = 0.

X [Bb1keA — ba(p — s)] < 0. (B.29)

Therefore, for any by < b%(,fg;), %VT(T)‘T:TO < 0. Thus, if b; < b%%?g;), then aa—;gVT(T) is

either strictly decreasing in 7', or unimodal (U-shape) in T" because, for any 7" > Tj, %VT(T ) is strictly

decreasing or unimodal in 7" and aa—;g,VT(T ) ‘T o < 0.
=10
OV (T) is either a) strictly decreasing in 7', or b) unimodal (U-shape), or ¢) strictly increasing

Because 572

in 7', to prove that 8V8T7:ﬁT) is either unimodal (U-shape) or decreasing in T', we now show that for any

7> T, S| < 0. By (3.18) we obtain
=10

0?Vr(T)
oT?

T=Ty

3+U 2 2 2b1kc)\
Sy e biba(p — 5)(2kcA — 205k A\ +2by | —b by | by — .
blbg)\(p—s)QX[12(p 8)(2kaA +p — 8) + 207k A" + 2( 2+\/2<2 b

(B.30)
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By (B.30) to show % < 0, it suffices to show that
0

biba(p — 8)(2ko A+ p — 8) + 262k A% + 2bs (—bg + \/b2 (b2 - 21’;56“))} > 0. Define

p—S

(k) = biba(p — 5)(2kaA +p — 5) + 2bs (—bz + \/ by <b2 _ 2611“)) . B3

Because ri(kg) < biba(p—s)(2ke A +p— )+ 262k A2 +2by <b2 + \/b2 (b2 - W)),n suffices

p—s

to show that x (k) > 0 to prove 823;2TT(T) ’T:TO < 0. By (B.31) we get

b
ﬁ = 2[)11)2)\(}) — S) 1-— 2 < 0. (B.32)

ou (02— 242)
Ok

Consequently, because s <0, it follows that for any k. < ko, we obtain that x(kg) > k(ko) =

9?vr(T)
T2

b1(b2 — b1)(p — 5)? > 0. Consequently, x(kc) > 0 and we conclude that ‘T RS 0. Therefore,
=10
avgng) is either either unimodal (U-shape) or decreasing in 7.

Vr(T)

Because —57— is either unimodal (U-shape) or decreasing in 7', and,

2 v.(m)

o — k<0, (B.33)

T=by

we conclude that for any 7' < bo, V(7)) is either a) strictly decreasing in 7', or b) unimodal (inverted

U-shape), or ¢) strictly increasing in 7.

Finally, we show that if 2—; < % — i + 5 2pkp A

=9 (510) then V, r is strictly increasing in 7', and Vj 1 is

either unimodal (inverted U-shape) or strictly increasing in 1. We use (3.14), (3.17), and (3.18) to obtain

that
0, <b2—\/b2 (bz—%))(sﬂ) (p+kGA)(s+u)\/b2 (b2 — Zukad)
ar V@) 1, b1\ * boAp
p—s
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5 <b2 - \/52 (b2 - 21’;@)) (s+v)  (P+ke- s)(s+v)\/b2 (b2 - 21’;#)

2 T =
a7 Ver(T) T, b + boX(p — s)
 2kg(s+v) 4+ (p— s)kr (B.35)
p—s ’
By (B.37) and (B.35), we obtain that
5 5 st(s+v)\/b2 (bQ _ 2‘;@)
— V(T — —Vor(T = > 0. (B.36)
or "’ (T T=Ty or (T T=Tp bap(p — s)

Also, by Lemma 8 we obtain that in case 1, 7' < Ty < by. Then, because V,, ;- strictly increasing or
unimodal in 7', it suffices to ensure %VQ,T(T) ‘T:bl > 0 to derive the condition under which V, - is always

increasing in 7". We use (3.17) to obtain

— (by — by)(s + ) 2R Z8) ~ Red) ~bilp = 5))

Vor(T)
! T=b b%)\p

—kr (B.37)

ar

Using (B.37), we obtain that for any k < ko, if kr < (b2 — b1)(s + v) (b2(2(p_s)_b§§;‘)_b1 (p—2)) ‘ =
2

k=ko
< - 2%) (1 - %) 7(p_5/)\;5+v),then %VQ,T(T)‘T:bI > 0. Therefore, if kr < ( - 2%12) (1 - Z—;) W
(equivalent to g—; < % — % + %), then for any 1" < Ty, V,, 1 is strictly increasing in 7". By (B.36),

V5. is either unimodal (inverted U-shape) or strictly increasing in 7". UJ

Proof of Proposition 13

Case 1: kg < ko and T' < Tp. We prove that V,, (T') is strictly increasing in 7'. Because V, »(T) is either
unimodal or increasing in 7" by Theorem 9, to show that V, ,(7T') is strictly increasing in 7', it suffices to

show that E%VT(T>‘T:TO > (. Define

0
O(ke) == Vr(T) =
¢ or T=T,
by — 4/ b2 <b2 — %) (p+keA)y /b2 (b2 - %)
ke + (54 0) 7 N EUEY
TTASTY b bap P ‘
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Then

(s +v) (3b1kG>\ + bip — 2bap + bas + 2p\/b2 (52 - W))

0 p=s
¢ bl ), (b2 — 2222)
Define ® (k¢ ) := 3b1kaA + bip — 2bap + bas + 2p\/b2 (bg — %). Because
52 202b2pA2 .
W@(kc) = — 577 < 0, we obtain that, for any ke € [0,ko), ®(kg) >

(=92 (2 (02— 22262) )

min[®(0), ®(ko)]. By definition, we obtain ®(0) = byp+bes > 0and ®(kg) = b1 (2p—3s)— 3”52552*5) +bas.

3(p—s)

that (ko) > 0. Consequently, ®(k.) > 0. Thus, we use (B.39) to obtain that %(I)(krc) < 0.

Because aibl@(ko) =2p—3s — %I;_S) >0 ( b < m) and @(ko)|,,—o = b2s > 0 we obtain

Since %@(kg) < 0, we use (B.38) to obtain

(ba —b1)(2b2 — b1)(p — s)(s +v)
2b3pA

It follows from the assumption ,% < %—, / % + %, we obtain that kr < (bz—b1)(2b22;2b;z\(pfs)(s+v) )
2

Consequently, %VQ,T(T) ‘T:To > 0 and we conclude that V,, (7T') is strictly increasing in 7'.

(ke) > D (ko) = ~ kr. (B.40)

Case 2: kg < kg and T > Ty. By Theorem 9, for any Ty < T < min[by, T3], to show that V; »(T) is

unimodal or strictly increasing in 7', it suffices to show that that W%,ig(T) ‘T . > 0. We use (3.17) and
=410

(3.18) to obtain

14;(;\/172 (bQ _ %)s(s +v)

= > 0.
T=Tp bap(p — )

NVs (T

orT

V,.r(T)

T=Tp or

Vo, 1(T) Vg r(T)

and —57 )TiT > 0, we obtain that —5+ )TiT > (. Therefore, V; (7T') is unimodal or strictly
=10 =10

increasing in 7". [

Proof of Proposition 13

Proof of item (a). Since because Il 7 is unimodal then ngg’ﬁ”‘ _ = 0. Thus,
T=T
A oT 0Ty
] OT?
T=T

N % or + oroT
=T

e o7 = 0. (B.41)

T=T

0 <3ﬁT(r, T)
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By (B.41) we then get

oF
0T Or =
- 7 Tr=T
o i . (B.42)
oT? T=T

277 277
Since 11 7 is unimodal, it follows that o Ilr < 0. Also, ol _ = kr. Consequently, we use
8T T | p_p oTor | g T quently

(B.42) to obtain that 2L > 0.

~

Proof of item (b). For r < o, Iy (ra, T(r)) — Hp(r1, T(r1)) > (ry — r1)ksT(r1) > 0. Consequently,

I T —1I T
we get 7(r2, T(r2)) — Iy (r1,T(r1)) >0 O
T — T

Proof of Theorem 10

To show BH%T(T) o > (0 we use (3.23) to obtain
ol o1l oT .
ac(r) =55 x5 kT (B.43)
" r=0 T=T " r=0
1y
8? . OTor T
Because 5 = ~ ] we use (B.43) to get
aT2 _a
otl R 7 -
o) _ (F) x IR (B.44)
or kr
r=0
By Propositions 11, %T—TG > 0. Also, %—f > 0 by Proposition 13. Consequently, if k2 < QI(T%?(T),
ol
then e o 0
or
r=0

Proof of Proposition 14

Proof of Item (a). We first show that %f < 0. Since because IIg 7 is unimodal then mgig@ _=0.
p ’ T=T
Thus,
& (Ollp(p,T o211 oT 9211
a <T(p’ ) > = T I (B.45)
dp oT 7T or+ |\,_z Op  0pdT |p_7p
Consequently,
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of  g1om
OTOp |
— = I=T (B.46)
Op 9?1y
oT? |p_7p
2 .
Because 88711} < 0 to show that < 0 it suffices to show that gTHaT > 0. We use Proposi-

tion 12 to obtain that

M,z (by — T)(brboA + 5(2bs — T)T) (s + )

= ; B4
oTdp b1 b2 Ap? > 0; (B.47)
621‘[B’T _ blbgkg)\(bz — T)(S + U) <0 (B.48)
OTOP— (p— 52, /2abahad (b, — T)2 (2brbake A + (p — 5)(b2 — T)2)

‘We next show that gTT > (. Since because IIg 1 is unimodal then ang(%; ) ‘ _ = 0. Thus,
G ’ T=T

o ( 0llp(p,T) 2Ty or 0%y
R e = — 4 = =0. B.49
ap< T |pp)  OT2 ;2 Bp ' 0pdT |z (B.49)
Consequently,
of il
ITOkG | p_p
=_ . B.50
akG aQHT ( )
T2 T—F

2 3 2
Because 21 _ < 0 to show that aT > 0 it suffices to show that ;T% < 0. We use
Glr=T

oT?

Proposition 12 to obtain that

O, r (b =T)(s+v)
OTOks bap

OQHB,T _ bibokeA(by — T)(s +v) <0 (B.52)

OToke  (p- sw% + (b — T)2 (2bibokeA + (p — 5)(ba — T)?)

< 0; (B.51)

Finally, we show that > 0. Since because 11 7 is unimodal then 8Hg£ﬁ’T) ‘T 7 = 0. Thus,
Iy (p, T 211 T 921
a<aT(p7) ):8 2T Xai_i_aiT —0. (B.53)
Op oT T_F o1r? |5  Op  OpdT |p_p
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Consequently,

o s
OT kg T—7
=— . B.54
8]@'1" 821_[T ( )
oT? | p_7
Because 8;?} . < 0 to show that % > 0 it suffices to show that % s < 0. We use
Proposition 12 to obtain that
O, O,y
o — = —1. B.55
0Toky 0T Okr ( )
Proof of Item (b). Because
oG OG(T dG(T oT
Ok Okr |p_7p or |,_3 Okr
and 3%7(?) o > 0 by Proposition 11, we obtain that % <0. O
Proof of Theorem 11
Since Mlgi(jf:T)‘T:T =0,
& (Olz(s,T 0211 oT ~ o°l
z r(s,7) i X — 4 — L =0. (B.57)
0s or  |p_7 oT? |7 Os  0sOT |p_7p
Using (B.57) we get
of
0T 0s ]
2T - 7 T=T
P P . (B.58)
oT? |p_p
Because a;gg s < 0 to show that 7'(s) is unimodal in s, it suffices to show that % T—F(s) >0
for s < 5and ?;Trég T_T(s) < 0for s > 5. For lIp(T) =11, +(T), we use Proposition 12 to obtain that
=T'(s
0 011 2(bo — T)T(2bo — T
er _ 2o~ T)T (2, — T) (B.59)

ds OTds b1b3\p

By (B.59), for any T = T (s) it follows that e - < 0. Also,
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I(w) = 0°TL, + _ (by = T)(biba(p — kaX) + plba — T)T) _w(by =TT (2, = T)
0T 0s 520, T=T(0) b1b3\p b1b3\p '

(B.60)

(b2—T) (b1b2(p—k\)+p(ba—T)T)

b2 > 0 and w > 0. For all

b1 b2)\p

By (B.62), v* > 0 because

2
v > v*, it follows from the expression (B.62) that aaggf

L § P
< 0. Since —5755 L is strictly decreasing in s,
=0

we conclude that for any v > v*, T(s) is strictly decreasing in s when HT(T(S)) =11, T(’f(s))

011
* o, T
For all v < v*, 9705

L > 0. Since 8828 is strictly decreasing in s, we conclude that T (s) is
strictly increasing or unimodal in s if T (T(s)) = I, +(T(s)).

We now show that for any v < v*, if IIp(7(s)) = I, +(T(s)), then T(s) is unimodal in s € [0, p).
If s = 0, because v is positive, then Ry > 0 for any T > 0. Thus, ZA“(O) > 0.1If s = p, then RC won’t
make any profit by selling electricity to the distant load center. Consequently, RC would never use the
transmission grid. Because RC would not use the transmission grid, TC has no incentive to invest in any
transmission capacity; T (p) = 0. Consequently, it follows that T (s) cannot be strictly increasing in s. Thus,
we conclude that for HT(f(s)) = Ha,T(f(s)), f(s) is unimodal in s.

For II(T') = I +(T), we use Proposition 12 to obtain that

2821_[&7« _ blbgk%)\(bg — T) [blekcA(4p — 8) + (p — S)(bg — 2p + s ]
05 0105 (p— )5 [2baked 4 (by — 1) (2b1bakod + (p - ><b2 -1

(B.61)

6211 . . . .
__ < 0. Consequently, L __1s strictly decreasing in s.
7 q V> 9Tds | p_g y g

By (B.61), it follows that gs 88%5 T

Thus, for I (T) = I, +(T), T(s) is strictly increasing or unimodal or decreasing in s.
We now show that if II(7T") = Il (T, then T (s) is strictly increasing or unimodal in s. By Theorem 8
and Proposition 12, if II7(7") = II, (7)) then f(s) < faby,bo); if Tp(T) = M, (T) then T(s) >

f2(b1, b2).
Because 2 2(31’81’172) = bibakgA > 0, fa(b1,b2) is strictly increasing in s. Consequently,

\/b2 (@—%) (p—s)?

because f(s) is unimodal in s for IIp(7T) = II,+(T), and fa(b1,b2) is strictly increasing in s, f(s)

should be strictly increasing or unimodal in s for II(T) = I, (T (otherwise, T'(s) < fa(b1,bs) and

I (T(s)) = 11, (T (s)) for any s, because fa(by, bo) is strictly increasing in s). O
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Proof of Theorem 12

By envelope theorem we obtain

OW(s)  Ollp(s,T) 0T (s) | 05, T)

88 aT TZT\(S) as 85 T:/j-v\
_ (s, T) ‘ (B.62)
ds T=T(s)
Using (3.17), (3.18) we get
OM.r(s,T)  T?(2by—T)° o
0s? B 6b1b3\p ’
Plyr(s,T)  bibokZA [(p — ) (b2 — T)*(2p + s 4 3v) + bibokeA(4p + 5 + 5v))] ~0
CEV.
s (p = )" (brbake + (p = 5) (b = T)2) 202562 - (by — 72
Hence, for any f(s) % ‘T—f( : < 0. Also, we use (3.17) to obtain that
oML, 1 (s, T)
s 5=0,T=T(0)
6b1ba(p — ko)) (2bs — T(0)) + T(0) [ﬁbg(p — 20) + 3T(0)2(p — v) + 4b,T(0) (30 — zp)]
= B.63
126162 \p (B.63)
By (B.63), if v > @, then Zlet () < 0. Because ZI2ETE) < ) we use (B.62) to get
s=0,T=T(0) s

that W(s) is decreasing in s if v > ¢ and unimodal in s otherwise. [J
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APPENDIX C

SUPPLEMENT TO CHAPTER 4

Proof of Lemma 3: By definition, for h.; and c.,,

(L* (hcd> NG <th>> = argmin (hgwt + c.uNT) .
Ced Ced (¢,N7)>0

h h h
<L* < ul) , N7 ( L >) = arg min (hulwb + culNT) = argmin —=* (hu2wL + CMQNT) .
Cuy (t,N1)>0 (t,N7)>0 MPug

hu, -
Because hﬂ is constant,
u

hu hu * hu
arg min —= (huzwb + cuzNT) = arg min (hu2wb + CHQNT) = (L* <2> , Nt ( 2 )) )
(¢,N7)>0 Tug (¢,N7)>0 Cuy Cuy

e huy B hu hu h i
Therefore, if 244 — 72’ then (L* <71> ,N,;: (71)) = ([,* <72> 7Nj*" <72>> .0
Cuq Cug Cuy Cuy Cuz vz

We make use of the following intermediate results presented below as Lemmas 9 and 10.
Lemma 9. For the cross-dock problem (CD-P),
(a) I}, (yfmod%) =0fort=1,2...,T;

(b)yr < [%] W fort =1,2...,T.

Proof: Lemma 9(a) is Lemma 1 (Property 1) from Anily and Tzur (2005) (This result also appears in Lemma

1 of Anily and Tzur (2006) and Proposition 2.3 in Jin and Muriel (2009)). Part (a) states that if the initial

inventory at the beginning of ¢ (i.e., I} ;) is positive, then the shipping quantity in that period consists of

full containers only. Otherwise, the cross-dock can could reduce the total costs by delaying the shipment

of some of the items that are carried from the previous period. Lemma 9(b) is Lemma 1 (Property 3) from

Anily and Tzur (2005). Part (b) states that the maximum shipment size at any period never exceeds the total

capacity of the minimum number of containers required to cover the demand in that period. Otherwise, the
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cross-dock would reduce the total cost by delaying that shipment of at least one container. [

Lemma 10. For the cross-dock problem (CD-P),
@ [5] < N < X [ forr =12,

(b) If 0. < 1, then N7 = [Pz ],

Proof: N < >/, [“’Wdt], because otherwise there is at least one container whose entire shipment is
for future periods 7 + 1, 7 + 2, ..., T. This contradicts Lemma 9(b). Also, the total number of containers
shipped by 7 should be greater than or equal to [WVDT] because the demand D cannot be satisfied otherwise.

Thus, we obtain Part (a).

To show Part (b), note that N > [%W forT =1,2,...,T by Part (a). Assume N3 = Zle {wv?/ﬂ +

awhen h., < 3¢, where a is a positive integer. Let 1 = Z;‘le I} denote the total inventory over the planning

horizon associated with N = 3"/, [wé?/T—‘ +a. Let// = Y| I! be the minimum inventory over the plan-

ning horizon if the total number of containers shipped is Ny = Zle PUV?’TW . Then, / — ¢ < % because
the difference cannot exceed the total capacity of a containers. If N, = Zle [wwﬁ-‘ +a, then the total cost
over the planning horizon is h., w t+ ¢4 {Zthl {%W + a}. Then, h., w t=+cC.y {Zthl {%—‘ + a} >
hegw(d — %) + Ceq {Zthl [wvj[j,T-‘ + a} > hgawt + ¢y {Zthl [wv?/T-‘} (The last inequality fol-

lows from h.; < §¢). Thus, Nj is not optimal which contradicts the assumption. Therefore, N7 =

Z;le [%1 when h., < 35¢. O

Proof of Lemma 4: For Problem CD-P, it follows directly Lemma 10 that {LVZ‘D,TW < N; < Z;le (deﬂ

Also, N is decreasing in the container shipping cost c.4, and is increasing in the unit holding cost h.,.

Hence, N7 is increasing in 0., = }C‘“j Because V7 is integer, Nr(o.,) is a piece-wise constant, increasing
C

function of o,,. Because {wv?,T—‘ <Njp < Zthl {det] , there are ZtT:l (“’Wdﬂ — [%-‘ discontinuities. [

Proof of Theorem 13: By Lemma 10(b), if 0., < %, then Nj(o.4) = {%-‘ The total inventory

t*(0.4) = 1o follows from N7 (0..) = [w‘?f—‘ , which proves part (a).

To prove part (b), define set Z = {1, 2,... ,Z;f:l [def] — [%—‘ —i—l}. For i € Z, define set X1 =
{o—cd € {0,00} |Np(0.4) = {%—‘ -1 +i}. Then, for any i,j € Z (i # j), S Nzl = §. Also,
sHusPlusBlu.. . usl?l = [0,00) by Lemma 4 (|Z] refers to the cardinality of a set). We establish

the following:

[1] Forany i € Z, if 01, o9 € X then 1*(01) = 1*(02).
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[2] Foranyi =1,2,...,|Z| — 1,if o1 € X1 and oy € B+, then 1*(07) > 1*(02)

To prove [1], for o1, 0o € XU, (01 # 09), suppose ¢ *(o1) > (*(02). By definition, Np(o1) =
Nr(o2). Thus, f(o1) > f(o2). Because f(01) = heat*(01) + ccaNr(01) > hegt*(02) + c.aNT(02) =
heat*(02) 4+ c.aN7(01). This contradicts the assumption that :*(o7) is an optimal solution for 0., = 07.
Suppose now t*(o1) < ¢*(02). Because Np(o1) = Nr(o2), we obtain that f(o1) < f(o2). Because
f(o2) = heat*(02) + c.aNp(02) > hegt™(01) + CeaNT(01) = hegt*(01) + c.aNp(02). This contradicts the
assumption that .* (o) is an optimal solution for o, = 05.

For [2], suppose t*(01) < t*(0). By definition, if o; € X and oy € X[+ then Ny (o1) < Np(o9).
Therefore, t*(07) is feasible for 0., = o2. Thus, because f(02) = h.4t*(02) + c.aNp(02) > hogt*(01) +

c.aIN7(02), it contradicts the assumption that ¢* (o) is an optimal solution for o, = 03.

Because Nr(o.,) is an integer and Np(o.,) € HwDT—‘ Zt 1 {wdt” N7 (o.4) is discontinuous at

Zthl [“’—‘ﬂ — [“’D TW points. Therefore, by [1], [2], t*(0.4) is continuous in 0., > 0 almost everywhere,

except at Zt 1 P%t] - [wD T-‘ points, which completes the proof of part (b).

To prove part (c), note that Ny(c.,) is an integer and Ny (o.,) € HwDTW Zt 1 [“’dt”. The total

number of containers Zt 1 (“{/gﬂ which is an upper bound of N7 (o.,), are shipped only if the correspond-

ing total cost C.p, is less than that of shipping one less container (i.e., Zt 1 [“{,ﬁ’f] — 1) and holding some

inventory over the planning horizon. If the total cost C., associated with thl [deﬂ containers shipped is

always less than C, associated with Zt 1 P%ﬂ — 1 containers shipped, then

BRI o) G

Teerm (i) in (C.1) is the total cost over the planning horizon when the total number of containers shipped

is 23;1 [w—d*] Term (i) does not include any inventory holding cost. The term (ii) represents the to-

tal transportation cost when Zt 1 (“{gﬂ — 1 containers are shipped to the cross-dock. Finally, the term

(iii), Z ([th] w Dt) is the total inventory when the number of total containers shipped is [%W .
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The next term (Zthl [“’Wdt] — [wv?/TD c.q refers to maximum value of inventory reduced by shipping
Zt 1 [w‘ﬂ instead of shipping [“’D T-‘ containers. Accordingly, the sum of equations (i), (iii) represent
the total transportation and inventory holding cost, when total containers shipped is Zt 1 [‘%’f] — 1. We

can rewrite (C.1) as

(Z Wﬂ - {wvgﬂ + 1) Cea < Preq W b0,

t=1

S [4] - [4E] +1

w Lo

Using 0.4 = Z::, we obtain ., > .

Proof of Theorem 14: By definition, f(0.,) = heawt*(0.4) + CoalN{ (0ca) = Coa(0eawi*(0.a) + Ni (0.4))-

By Lemma 4(b) and Theorem 13(b), both N . and +* are piece-wise constant functions of o.,, we obtain

ONx
9o~ = 0 and ai‘c = 0 almost everywhere except at >, [@d] — {“’D TW points. Therefore,

0f(0.4q) o ONG .
90, = C.4 tz;wft = CoqW L™ (0pq) + Ceq <O‘deao_ + 80’@) = Coqw L™ (00q)- (C2)

almost everywhere. By (C.2), f(o.,) is a piecewise-linear and increasing function of o, because t*(0.,)
is a piece-wise constant decreasing function of 0., by Theorem 13(b). Further, if 0., > o7,, then by

Theorem 13(c), t*(0.4) = 0. It follows that 8‘2 = 0 everywhere except at Zt 1 H’gﬂ — [“’D T-‘ points.

Proof of Theorem 15: In proving this, we make use of Theorem 13(c) and (4.15). For a supply chain with
Pl el

w Lo

upstream collaboration, by replacing d; with Z?:l d; and D7 with Z?Zl D;r for

using Theorem 13(c) and (4.15), we obtain that, if

S [ ] - | g+
D yrive ({Z wD”W -y 1th>

Ocd Z

then the total inventory for the cross-dock is zero, and the number of total containers shipped is N =

ST {Z?Zl wg}ﬂ . Thus, we define o, as

T [T ] - [T 4]+
(IS S I

Oye \—

ST [ 5] - [4eE |+1

For a supply chain without collaboration, by replacing d; with d;; and D with D, in ol
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using Theorem 13(c) and (4.15), we obtain that, if 0., > max o, then the total inventory at the cross-dock
is zero and the number of total containers shipped is N} = Z . Et 1 [wdnw Next, it is straightforward
to show that miin 0 < oue < mlax ;.

Hence, if o, > mlax 0j, then the cross-dock’s cost difference with and without upstream collaboration

is exactly equal to the transportation cost difference with and without upstream collaboration. Thus, we

obtain Acp = Clpy — Chp. = {Z Dy {wdzt] T {Zz ) “’VCM } Con O

Proof of Theorem 16: To prove part (a), observe that the total amount of shipment required at the plant by

Q .. B,
T 18 ZZQ:l w; ;. It follows that the total number of trucks shipped by 7 is at least [W-‘ to fulfill
Q
®;; by 7 without backlogging. We now show that if h < %, V; = {leUw’l—‘ forr =1,2,...,T.

Q W B
Suppose there is at least one period 7, in which {Wl + a trucks were shipped by 7, where a is a
positive integer. Let (7) denotes the total amount of inventory by 7 (i.e., p(7) = ZzQzl Y 1oy w; ¢i) for

Q
the case V; = [Zl—lle”—‘ + a. Also, let ¢(7)" denote the total amount of inventory by 7 for the case

Q . @,
V. = [W-‘ By definition, p(7)" — ¢(7) < aU. Then,

Qo P 0
ho(T)+cq { {Zl:lUum-‘ —l—a} > h(p(1) —al)+cq { {Z 1;}@ s -‘ —i—a} > ho(1) +eq {ZmlUwﬂ)”—‘ 7

Q @
where the last inequality holds because h < 7. Thus, V; = [Zl_lUw“{)”-‘ +a is not optimal as it obtains a
. . ZQ—l Wy, cbi‘r
higher cost relative to V; = | ==——= | for 7= ,T'. This completes the proof of part (a).
Q P,
To prove part (b), observe that, since V > [W—‘ from Part (a), then it follows that Z?Zl Wi Pip <

U, for any inventory matrix ¢ = {¢;;} associated with the optimal shipping plan. Suppose there exists

Q . 0 o
vy > ’Vz:zlewzq”-‘ in the optimal solution. Since {Zﬂwzqw-‘ U — ZzQ: | gir > 0, then

Q Q Q + Q
Z Tir — <Z Qir — Z ¢>i,r—1> > <Z l%) mod U,
i—1 i—1 i—1 i—1

if (ZzQzl xiz)modU > 0. Then, v, is not optimal since the entire shipment of at least one vehicle can
be delayed and reduce inventory holding cost in 7. If (ZzQ:1 xir) mod U = 0, it follows that Z'?:l Gir =
Uuv, — Z?:l git > U. This contradicts ZZQ:1 wipi < U. Thus, v, is not optimal. Therefore, v, <

Q a0 Q a0
[Z"—lle q”—‘ and Vy => 7 v <>y {Zi—lUw’ q”—‘ at the optimality. [J
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Proof of Theorem 17:
For a supply chain with downstream collaboration, by replacing d; with Zm 1 ZZ 1 qft ™ and Dy with

Zm " Z ZT usmg Theorem 13(c) and (4.15), we obtain that, if

(m) M (m)
T m= Zz Wi g; Zm Zz Wy @
thl ’V 1 1 t -‘ ’V 1 1 1T -‘ + 1

M Q
I (| Bzt v - 2 52, wel)

o, >

; (C3)

then the total inventory for plants is zero and the number of total containers shipped to plants is

M Q@ . (m)
Zle [Zm_l Z}]:l Wi -‘ . Thus, we define 9, as

23’1" m= 1Zz 1w1‘11(t )-‘ ’72% 121 1“’1(1)('7"})-‘ +1

s ([Barpee ol 52wl

,l9dc =

(

For a supply chain without downstream collaboration, we first replace d; with Zf\il qizn ) and Dy with
Z ZT ,m € {1,..., M} using Theorem 13(c) and (4.15). Therefore, we obtain that, if o, > max Y
plants hold no inventory over the planning horizon and the number of total containers shipped to each plant
m is Zt {lezqft-‘ . It is straightforward that ml_in T < Py < mzax I

Hence, we obtain that if o, > max; 9,,, then the plants’ cost difference with and without downstream
collaboration is identical to the difference in the transportation cost for those plants with and without down-
stream collaboration. Therefore,

i Zc“ {Zﬂ ”wzﬂ Z{ ey £ ! H

t=1 m=1 t=1

Therefore, if it is true that

ii {2?151‘11(:1)} :Z{ m= 1ZU1wzqzt -‘,

t=1

then ng)* = Zm, C(j)*.
Let x(i )* and v ( 7 =1,2,...,m)be the optimal solutions for Problem R-P. Then, because Z;”Zl :cg *
and Z;n:1 v, )* are feasible solutions for Problem R- P,., we obtain C < Zm Cp (7)*

Proof of Theorem 18: If p > p("™), then it follows from the definition of p(") given in (4.17) and the
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definition of A(™) given in (4.16) that A(™)(p, 1) < 0. Because A(™)(p,1) < 0, the net benefit to plant
m from outsourcing is negative at any price p > p(™. Consequently, it is optimal for the plant not to
outsource, so that x (p) = 0 for any p > p(m). Ifp < p(m), then it again follows from (4.16) that
Alm) (p,1) > 0, and the net benefit to plant m for outsourcing is positive. Thus, it is optimal for the plant
to outsource, so that . (p) = 1 for any p < p(™) . This establishes part (a). If M plants are ordered so that
p > pR) > ... > p) then part (b) follows directly from part (a). [

Proof of Theorem 19: Let p = p(!). Then, by Theorem 18, only plant 1 outsources to the logistics provider.
Let c,&,”* be plant 1’s optimal cost in a decentralized supply chain under deterministic demand and without

outsourcing. Then, by (4.8),

T Q T

e = (v xV7) = 303 ol + 3 (C4)

t=1 i=1 t=1
where v(D* and x(1* are optimal shipment vector and transportation quantity matrix for plant 1, while
quantities {qbz(tl )*} are inventory levels of product i in period ¢ associated with v(1)* and x(1*,
Let Cj, (p!)) denote the logistics provider’s optimal cost when outsourcing price is p(). Then, by
(4.18), it follows from Theorem 6 that
T
Cio(0M) = Cup (Vi X3y 0) = D23 iy + 3 e,
t=1 i=1 =1
where vl*p and x?‘p are optimal shipment vector and transportation quantity matrix for the logistics provider
at outsourcing price p), while quantities {(ﬁgp )*} are inventory levels of product 7 in period ¢ associated

with v;‘p and x;kp. Next observe that with m = 1, the inventory balance equations for the logistics provider’s

cost minimization problem (Problem LP-P) given in (4.20) become
(Ip)x _  (Ip)* (Ip)* 1)
¢z‘tp = ¢i,§11 + xitp — s

fori =1,...,Qand ¢t = 1,...,T. Those inventory balance equations are identical to inventory balance
equations for plant 1’s cost minimization problem in a decentralized supply chain (Problem R-P) given in
(4.10). As all other constraints for Problem LP-P are identical to their counterpart constraints for Problem
R-P, the decisions v()* and x(1*, optimal for plant 1 in a decentralized supply chain, are feasible for the

logistics provider under outsourcing price p"). It follows that
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Ci, ('

D)

= Clp (Vzkpv szp’ p(l))

< €y (vI0", x (D%, (1)

T
= Z Z h,pwlgf)zt + Z Clpvgl *
t=1

[(V?p,xl*p) are optimal; (v(

1)

[definition of Cj, (p(l))]

, x(l)*) are feasible for the provider}

[deﬁnition of Cy, (vlp, Xips p(l)) given in (4.18)]

t=1 i
T Q T

< Z Z hwiqﬁgtl)* + Z cdvt ) [hy, < hand ¢, < ¢, by Assumption 6]
t=1 i=1 t=1

= Cz(zl)*- [deﬁnition of Cg)* given in (C.4) ]

Thus, Cj;,(p1)) < C(l)*. Also, p) S, ZQ_l wiqgtl) = Cg)*
Zt 1 Zz 1 Wi qzt

To prove part (b), let p be some outsourcing price charged by the logistics provider such that HZ‘p (p) > 0.

by definition of p("™) given in (4.17). It

follows that Hz ( ) Cl*p (p(l)) > 0, which completes the proof of part (a).

Then by part (a), p(!) > p for otherwise no plant would outsource and the logistics provider’s profit would
be zero. Let m € {1,2,..., M} be such that p™ > p > pm+tD)  Then by Theorem 18, the number of
plants outsourcing is m and Cj (p) = C;‘;,(p(m) ). Thus, for any p(™ > p > p(m+1), C},(p) is constant.

Therefore, by (4.22), we obtain that, for any p(m) >p> p(m“),

j=1t=1 i=1

I3, (™)) = 105, (p) = (p

It follows that p* = p(™ for some m € {1,2,..., M}.

To prove (c), suppose, by part (a), that p* = p(™) for some m € {1,...,M}. Let Cg:z* be the total

optimal cost of plants 1 through m under downstream collaboration. Then, it follows from (4.12) that

C(m)

Rac

(C5)

Zzhwz¢zt+zcdvtv

t=1 i=1

—CRd v x*

where v* and x* are optimal shipment vector and transportation quantity matrix for plants 1 through m
under downstream collaboration, while quantities {¢},} denote inventory levels of product 7 in each period

t associated with v* and x*. It also follows from the formulation of the plants’ problem under downstream
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collaboration (Problem R-P;.) given in Section 4.3.4 that the resulting inventory balance equations stated in

(4.13) now become

¢1t ¢zt 1 + 2z — Z qzt ) (C6)

fortr=1,2...,Qandt=1,...,T.
Let Cl*p (p(m)) denote the logistics provider’s optimal cost when the outsourcing price is p(". Then, by

(4.18), it follows from Theorem 6 that

T
Cip (D) 1= Cip (Vi X7 ™ ZZhlpwng 3 e,
t=1

t=1 i=1
where, this time, v; and x, denote optimal shipment vector and transportation quantity matrix for the
logistics provider at outsourcing price p(™), while quantities {¢,('ip ) *1 are inventory levels of product i in
period ¢ associated with V?p and x}*p. Further, with m outsourcing plants, the inventory balance equations

for the logistics provider’s cost minimization problem (Problem LP-P) given in (4.20) become
(Ip)* (Ip)*
o = o+ aly Z ¢ (C.7)

Note that the inventory balance equations for the logistics provider with m outsourcing plants given in
(C.7) are structurally identical to the inventory balance equations given in (C.6) for m collaborating plants.
Therefore, because all other constraints for Problem LP-P are identical to their counterpart constraints for
Problem R-Pg,, it follows that the decisions v* and x* optimal for m plants under downstream collaborations
are feasible for the logistics provider under outsourcing price p{™).

Consequently, we have that
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Cly (p(m)) =Cyp (vl*p, X p(m)) [definition of Clp (p(m))]

< Cpp (v, x5, p(m)) [ (v}, x},) are optimal; (v*,x*) are feasible for the provider]
T Q T
= Z hy,w;d;, + Z CipU; [deﬁnition of Cyp, (vlp, Xip, p(m)) given in (4.18)]
t=1 i=1 t=1
T Q T
< Z hwiqbgtl)* + Z cdvﬁl)* [hy, < hand ¢, < ¢, by Assumption 6
t=1 i=1 t=1
= Cg:c)*. [expression (C.5) ]

Hence, C;;)(p(m)) < Cg:c)*. It then follows from Theorem 17 that C;;)(p(m)) < c]‘%”;j* < Z(m% Cg)*,

where Cg)* is plant j’s optimal cost in a fully decentralized supply chain. [J

de

Proof of Theorem 20

Ifp > p(Zm) then by (4.31), A(Zm) < 0. Consequently, the total cost saving from outsourcing is negative

for the plant m, thus, it is optimal for the plant not to outsource. By definition given in (4.32), x;,,, = 0. If
p < p(Zm), then by (4.31), A(Zm) > 0 (i.e., total cost saving is positive). Thus, it is optimal for the plant to

outsource. By definition given in (4.32), x;,,, = 0. U
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