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ABSTRACT

The determination of transport coefficients plays a central role in characterizing hot and dense
nuclear matter. Currently, there are significant discrepancies between various calculations of the
electric conductivity of hot hadronic matter. It has been shown that dilepton emission spectra
can be described by calculating the electromagnetic correlator within the vector dominance model
(VDM). Transport coefficients probe the low-energy limit of the medium, thus the interactions
of the low mass pion are expected to play an important role in determining the conductivity of
hot hadronic matter. In the present work we calculate the electric conductivity of hot pion matter
by extracting it from the electromagnetic spectral function, as its zero energy limit at vanishing
3-momentum. Within the VDM the photon couples primarily to the rho meson. Therefore, we
use hadronic many-body theory to calculate the tho meson’s self-energy in hot pion matter. This
requires the dressing of the pion propagators within the rho self-energy with thermal 7-p and 7-o
loops, and the inclusion of vertex corrections to maintain gauge invariance. Furthermore, in order
to obtain a finite conductivity, all intermediate particles must be dressed with self-energies. In
particular, we analyze the transport peak of the spectral function and extract its behavior with tem-
perature. Finally, we compare our results to previous calculations, including various calculations
of the electric conductivity of hot pion matter, to a proposed quantum lower bound, and a proposed

sum rule for the EM-spectral function.
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1. INTRODUCTION AND LITERATURE REVIEW

In this section we provide an introduction to hot and dense nuclear matter, and the intriguing
physical phenomena that arise under these conditions. To begin, in section 1.1, we discuss the
theoretical motivation to study hot and dense nuclear matter and address how it can be produced
and studied in heavy ion collisions (HICs). In section 1.2, we discuss how transport coefficients
can be used to analyze HICs and nuclear matter, with particular focus on the electric conductivity.
Finally, in section 1.3 we introduce the vector dominance model (VDM), emphasizing its success-
ful description of dilepton emission spectra, and how the electric conductivity is related to the rho

meson’s spectral function in this framework.
1.1 Hot and dense nuclear matter

Hot and dense nuclear matter is a promising area of study, to shed light on fundamental phe-
nomena such as: confinement, mass generation, and the nature of strongly coupled systems. The
physics of nuclear matter is governed by the strong interaction, which is described by Quantum

Chromodynamics (QCD) with the Lagrangian density [1, 2, 3]:

1
GG, (1.1)

. I
— 8M—|—2957A“, (1.2)

Loco = q(i"' D, — My)q —

with quark and gluon fields ¢ and Aj, respectively, and Dirac, Gell-Mann and current-quark mass
matrices v*, A* and M, respectively. QCD has been quantitatively confirmed in high-energy scat-
tering experiments, where the coupling is small and perturbation theory is reliable [4]. However, it
1s not obvious how QCD gives rise to many-body nuclear physics. Many phenomena are yet to be
fully understood, such as quark confinement, mass generation, and the structure of the QCD phase

diagram [58].



At small distances, the potential energy between two static quarks can be described with a
Coulomb like potential, however, for large distances, the potential grows linearly with distance.
The strong force is transmitted by gluons, which in the long distance limit can be visualized as a
"string" connecting the quarks. In nature we do not observe isolated quarks, because as one sepa-
rates two quarks it eventually becomes more energetically favorable for the "string" to "break", and
form additional quarks. These additional quarks will couple to the original two quarks, producing
separated hadrons, rather than two isolated quarks [7]. However, it is possible for quarks and glu-
ons to become the relevant degrees of freedom in a system, because at high temperatures (T) and
baryon chemical potentials (1.5) the quark wave functions inside of hadrons begin to overlap. This
overlap eventually allows quarks and gluons to move freely throughout the system [7]. This state
is known as Quark-Gluon Plasma (QGP), and its study is a central objective of heavy-ion collision
experiments at the Relativistic Heavy-Ion Collider (RHIC) and the Large Hadron Collider (LHC)
[8,9, 10, 11, 12].

The masses of quarks and other elementary particles are generated by a condensate of Higgs
bosons, which breaks electroweak symmetry [13]. However, the resulting mass of the light up
and down quarks is only about 3-5 MeV, while the mass of a nucleon is approximately 938 MeV.
Thus, the masses of the up and down quarks only account for about 2% of the nucleon mass. The
remaining mass is generated dynamically by the strong force [6]. The strong interaction also gen-
erates an quark anti-quark condensate that breaks the approximate chiral symmetry (conservation
of left and right handedness) of QCD. This spontaneous symmetry breaking results in a mass split-
ting between chiral partners such as the p meson and the a; of about 500 MeV [6]. Furthermore,
spontaneous symmetry breaking implies the generation of a "massless" Goldstone boson, in this
case, the almost massless pion. The pion is in fact not massless, because chiral symmetry is also
explicitly broken by the light quark mass [6]. The relation between the broken symmetries and the

pion’s mass can be expressed through the Gell-Mann-Oaks-Renner relation [14]:



mifz = —2m,(qq)- (1.3)

From this relation, we see that m?r o mg, which demonstrates that should m, be driven to zero
the pion would become massless. Furthermore, since the pion mass is proportional to the root of
the quark mass and not the quark mass, the pion mass is significantly heavier (140 MeV) than the
light quark mass [14]. At high temperature and chemical potential, such as those obtained in HICs,
it is believed the quark anti-quark condensate will evaporate, resulting in the restoration of chiral
symmetry and a "melting" of hadronic masses [6].

Another goal of HICs is to probe the QCD phase structure. We have already mentioned that
at high temperature and density one expects the formation of a QGP. At lower temperature and
chemical potential matter will hadronize, forming hot hadronic matter. This state is also of interest
as chiral restoration commences in this phase, furthermore hot hadronic matter may represent
a strongly coupled system where particle widths become of the same order as their energy [6].
Finally, at high density and low temperature it is believed that quark Cooper pairs will condense,
resulting in a Color Super Conductor (CSC) [15]. Mapping out the QCD phase diagram will
require an understanding of the nature of the various QCD phase transitions, their locations, and

the search for possible critical points in the chiral phase transition.
1.2 Transport coefficients

One achievement of the field has been the description of HICs with relativistic hydrodynamics
[16]. Hydrodynamic models utilize transport coefficients such as viscosity as inputs, which helps
characterize the medium. Transport coefficients probe the long wavelength limit of the medium,
and describe how conserved quantities propagate through the medium. For instance, viscosity
describes the flow of 4-momentum, the heavy-quark transport coefficient describes the diffusion
of heavy quarks, and electric conductivity describes the transport of charge. The viscosity over

entropy density has been extracted from measurements of the elliptic flow in off-central collisions



[16]. Heavy-quark transport coefficients have also been inferred, from measurements of elliptic
flow and transverse momentum spectra of heavy-flavor particles [17, 18]. One believes that these
quantities should be closely related, as they all quantify transport through the same medium.

This work will focus on the calculation of the electric conductivity, closely related to soft
dilepton emission [19]. One can investigate the medium produced in HICs by studying charge
correlations, which quantify how pairs of conserved charge, created during the collision, propa-
gate through the medium [20]. The electric conductivity is related to charge diffusion, and should
impact the evolution of charge correlations in HICs. Recent calculations of the electric conduc-
tivity in hot hadronic matter have been performed, however, their results have varied considerably
[21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]. These calculations utilized various formalisms includ-
ing: kinetic theory, chiral perturbation theory, K-matrix, hadronic many-body theory, perturbative
approaches to the QGP, approximate solutions to the relativistic transport equation, lattice QCD,
and conformal field theory. A quantum lower bound was also proposed in [22].

Here, we seek to perform a hadronic quantum many-body calculation, which approximately
maintains gauge invariance. Our calculation is rooted in dilepton emission calculations reviewed
in references [6, 32], which describe observed dilepton spectra in HICs. The dilepton emission

rate is proportional to the electromagnetic spectral function (ImHEll\,d) [33, 34],

2
dRyy - _ —Ogm

d4q - 37T3M2 fB(q07T)gMVIm[Hgl\V/I(M7Q7T7 MB)], (14)

where fp denotes the Bose distribution, M? = g3 — ¢ is the dilepton’s invariant mass and agy
the fine-structure constant, ogy = %. In particular the electric conductivity can be obtained from

IT>Y in the zero-momentum, low-energy limit [35]:

—¢?  Im([Tiy (0, 7= 0,7
oal(T) = —5 li HEn(0:7=0.7)] (1.5)

3 q—0 4o

demonstrating the connection to dilepton emission calculations.

Reference [35] evaluated transport coefficients in weakly-coupled high-temperature gauge the-



ories and found that, at zero momentum, the electromagnetic spectral function displays a Lorentzian-
like transport peak centered at zero energy. For vanishing coupling the transport peak becomes
a Dirac d-function, resulting in an infinite conductivity. As the coupling is increased the peak
broadens, implying a finite conductivity. In figure 1.1 we demonstrate how a medium particle can
interact with a photon through an intermediate pion. The bubble on the pion represents the pion’s
interaction with the medium. These interactions generate a finite width for the resonant particle.
As previously stated, if this width is ignored an infinite conductivity results, as is expected from a
non-interacting gas. Furthermore, because the conductivity is extracted from the low energy limit,
one requires an interaction that is not subject to a low energy threshold, such as vacuum decays.
Therefore, at least two thermal particles are necessary to obtain a finite conductivity, one incoming

particle to create a resonance and a second to generate the resonance’s low energy width.

T
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Figure 1.1: Photon coupling with the medium through a rho meson. The rho meson interacts with
the medium through an intermediate pion. The bubble represents the width the pion obtains due to
interaction with the medium.

1.3 Vector dominance model

The electromagnetic correlation function is defined through [36]:

Mgm (90, @) = —i/d4x€iq'z@(mo)<<[ﬁm(w),J'é’m(o)]>>a (1.6)

where j% 1s the hadronic EM current. For invariant mass below approximately 1 GeV, the EM
spectral function is well described within the vector dominance model (VDM) [36]. In the VDM it

is assumed that electromagnetic interactions in hadronic matter are mediated by the neutral vector
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mesons (p, w, and ¢), the EM current is then given by the field current identity [36]:

m2 m2 m2
G (M < 1GeV) = —L2ph + —“uh 4 —L g (1.7)
gp Guw 9o
and the EM correlation function by:
oo (mp)t L md)t L )t
Iy ~ —L—DW 4 2L pi 4 #Dg . (1.8)
p w

The dominant contribution to Hfff comes from the tho meson. This can be seen by writing j£ in
the quark basis [6]:
tu—dd luu-+dd /2

'u:i_ﬂ — —3
Jem ﬁww 7 +3 7 5 55| (1.9)

After inserting j*_ into eq. 1.6 ones sees that the w meson is suppressed by a factor of &, and the ¢

meson by a factor of %. Additionally, the ¢ meson has a mass approximately 300 MeV higher than

the p and w mesons, and contains strange quarks. Thus, the electromagnetic spectral function can

be approximated in terms of only the p meson. The electric conductivity is then given by:
—e*(my)* . Im[D(qo, ¢ =0,T)]

— P/ q;
oa(T) = 32 qlolino " : (1.10)

The rho propagator can be expressed in terms of the transverse and longitudinal projection opera-

tors P;” and P} [37]:

PL P qq”
+ + SEVoE
M? = (mp)? = X0(q, T) ~ M? — (mp)? = X0(q, T) ~ (mp)*M

D(q,T) = (L11)



where 1) is the bare rho mass and M? = g3 — ¢ is the rtho meson’s invariant mass. The projection

operators are defined by:

P _ 0 =0 or v=20 PW:quqv
T ’ L M2

5“”—‘727‘1” v e {1,2,3}

— g™ — P (1.12)

The rho self-energy, Eg”, characterizes the rho’s interactions in the vacuum and with the medium.

The transverse and longitudinal components of the rho self-energy, ZZ and 25, are defined through:

S (q,T) = PR'ST(q,T) + Pr'SE(q, 7). (1.13)
One can use eq. 1.12 and eq. 1.13 to show:

1. v
S1(q,T) = §P{f Yo, T), Hq.T) = PSS u(q,T). (1.14)

In order to calculate the conductivity, one requires D?. One can write D’ in terms of ¥/ and

L e .
Yy using eq. 1.11:

B pi pi
Im[D}(q,T)] = Im[M2 — (mg)zT_ ¥7(q, T) T e (mg)zL_ (g, T)]
2 2 1

= Im[M2 0P — ST T) + %M? T Zg(q,T)]' (1.15)

For ¢ =0, ¥7(q,T) = X1(q,T), therefore one can write:
Im[D¥ ({q0, 7= 0},T)] = Im[M2 — 5 — ]. (1.16)

— (mY)? = Xr({q0, 7= 0},T)
The conductivity is then given by:

ga(T) = —6252712)4 i Im[q2 — E%({qo’ =0 T)}. (1.17)



In ref. [38] it was found that there are two rho self-energy diagrams required to maintain
gauge invariance in vacuum, see fig. 1.2. The first is the w7-loop, which gives rise to the vacuum
p — 7w decay. The second is the tad pole loop, which involves a vacuum four-point interaction,

and produces a constant shift in the rho mass.

Figure 1.2: Left: The mm-loop of the rho self-energy. Right: The rho self-energy tadpole loop.
These diagrams are the minimum diagrams necessary to maintain gauge invariance in vacuum.

If one extends the m7-loop to finite temperature, it encompasses pm-scattering into an interme-
diate pion state. As fig 1.1 suggests, such scatterings are crucial when calculating the conductivity.

The pion’s width is included by dressing the pion propagators in figure 1.2 with a pion self-energy

(n):

1
D (k) = sy ot (1.18)

Similarly to #*, the pion self-energy characterizes the pion’s medium interactions. These inter-
actions provide the second thermal particle necessary to obtain a finite conductivity. One can then
calculate TIfy, within a fully quantum formalism, by integrating over the off-shell effects of the
dressed propagators within the self-energies.

The contributions of thermal baryons to E‘;” were calculated in refs. [19, 37, 39, 40, 41, 42,
43]. Reference [40] considered 7 scattering, however the pion’s width was generated through

interactions with nucleons. The effects of mm-scattering were not included. At small temperatures



and low baryon chemical potential baryon-antibaryon excitations are suppressed and the effects of
the lighter pions dominate. Thus, we seek to add wm-scattering to the baryonic effects calculated
in [40]. It was found in references [38, 43] that adding in-medium pion self-energies violates
gauge invariance. In order to maintain gauge invariance, vertex corrections were constructed and
calculated in references [38, 40, 41, 43, 44]. In this work, the electromagnetic spectral function
and the electric conductivity will be calculated in hot pion matter both with and without vertex
corrections.

This thesis is organized as follows: in chapter 2 we discuss the basic expressions for the rho
meson self-energy in vacuum and at finite temperature, and discuss simplifying scenarios for the
conductivity including sharp (on-shell) pions and constant pion widths. We calculate the pion
self-energy in chapter 3, focusing on S- and P-wave scattering through sigma and rho resonances,
respectively. The vertex corrections required to maintain gauge invariance are calculated in chapter
4. In chapter 5 we discuss the EM spectral function and the conductivity of hot pion matter with
and without vertex corrections. Applications of the EM spectral function are discussed in chapter
6, specifically the calculation of the charge susceptibility and comparison to a sum rule from ref.

[45]. Finally, we summarize and discuss future work in chapter 7.



2. RHO MESON SELF-ENERGY

In this chapter we discuss the rho meson’s self-energy, and demonstrate how it can be used
to calculate the electric conductivity. The vacuum self-energy is calculated in section 2.1. In
section 2.2, we introduce the Ward-Takahashi identities and show that gauge invariance is satisfied
in vacuum. The rho self-energy is extended to finite temperature in section 2.3, by introducing
thermal prm-scattering and Bose enhancement of the vacuum p — 77 decay. In section 2.4 we take
the transverse projection of the rho self-enery. Next, we address the need to introduce a finite pion
width into the rho self-energy. In section 2.5, the conductivity is approximated for a small constant
pion width. Finally, in section 2.6 we calculate the conductivity for a constant width, without use

of the small width approximation.
2.1 Vacuum self-energy

In ref. [38] it was found that there are two rho self-energy diagrams required to maintain gauge

invariance in vacuum, see Fig. 1.2. The self-energies were derived from the Lagrangians:

1. - -1 ,- - 1 1
Lot Ly = 50,0-0"0— 5mio- 6= 2pwp + S (mp")pup" @.1)
1. - - - -1 - -
Ly, = §ngPM(T3¢ 2OMp+ 09 - Tz9) — §g§pup“T3gb - T30. (2.2)
Here, p, = 0up, — Oupu, Ts = —i€sqp, and m, = 140 MeV is the pion mass. One can derive the

vacuum rho propagator (D,), pion propagator (D), pr vertex (FS’()ab)) and ppmT vertex (P;(j/)(ab))

from eqgs. 2.1 and 2.2, given by:

1
Drlk) = f5——m 2.3
(%) k? —m2 + ie (2.3)
L

Dy (k) = — + (2.4)

P ( ) k? _ (mg)Q ‘I‘ZE (mE;O))2k2
T = gptean(2k+q), (2.5)
F/Sll/)abcd = Z-912)<25611)5Cd — 0aqcObd — 5ad5bc)gw/7 (2.6)
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where g, is the pmm coupling, Greek indices are used to denote Lorentz space, and Roman are
used to denote isospin. The expression for the pion propagator in eq. 2.3 differs from that given
in eq. 1.18, in that eq. 2.3 does not include the pion self-energy. Equation 2.3 defines the sharp
pion propagator, which assumes pions to be noninteracting. In chapter 3 we will derive the pion
self-energy and demonstrate how the sharp propagator can be dressed to obtain eq. 1.18. Figure

2.1 expresses the propagators and vertices diagramatically.

// a b

7 v q Tk Nk k 7

— - —— —— B0 /;g?jm\q,fk gt 7,
b H,C v,d

Figure 2.1: From left to right: m-propagator, p-propagator, 77 p vertex, and mmwpp vertex.

The rho self-energy is then given by:

) i [ dk
5@ = 5 | Gy Pe®Dela+ Bk T 0+ k=)
1 d*k
_5/(27T)4D7F(k)rglu)aa33<k7Q)u (2.7)

where repeated isospin indices are summed over. The first integral corresponds to the wm-loop in
fig. 1.2, and the second integral to the tad pole loop. A symmetry factor of % has been added to
both terms to remove double counting of pion states. This is because the pion is distinguishable in
particle space, but not in isospin space. In eq. 2.7 we have written 2/” in terms of a general pion
propagator and general prm and pprm vertices. If one inserts the vacuum propagator and vertices

into eq. 2.7 one obtains:

4 v
i - [ @rraery
g 7 @m)t (R —m +ie)((q + k)? — m2 + ie)
d*k gt
—2%a? _ 2.8
9 / Cr) e —m? +ic 2:8)
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One must take care to not violate gauge invariance when regularizing >#*. In references [46, 38]
the Pauli-Villars regularization scheme was used. In this scheme, rho self-energies are calculated
using heavy pion propagators, that is one replaces m, with a higher mass, but keeps the quantum
numbers of the pion. The heavy pion terms are then subtracted from the vacuum rho self-energy.

The regularized self-energy is given by:

E;’“’(q) = X0(q,mz) — 2507 (q, \/m2 + A2) + (g, 4/ m2 + 2A2). (2.9)

We adopt the values g, = 5.9, m§,°> = 853MeV, and Ay = 1GeV, which were obtained by
fitting the P-wave wm-scattering phase shift and the pion electromagnetic form factor in ref. [46].
It was demonstrated in ref. [38], that the vacuum rho self-energy can be resummed into the rho

propagator:

ErEY kHEY

Dy (k) = Do) (~g" + 5 N (2.10)
p
1
D,(k) = R e N (Sk 2.11)
kY
k) = (=g + =7)%, (k). (2.12)

kQ

2.2 Gauge invariance in vacuum

In the VDM the rho couples to a conserved current, and thus must be four-dimensionally trans-
verse (¢"%,,, = 0) [40]. Transversality is ensured if the prm and pprm vertices satisfy the

Ward-Takahashi identities:

TP = guesan(D; (k+q) — DI (k) (2.13)
qMF;(:lu)abia?, = igp(€3carl(,313¢3(kv _Q) - €3ch,(/36)a3(k +q, —Q>>~ (2.14)

12



It is straight forward to demonstrate that 2./ will be four-dimensionally transverse if the Ward-

Takahashi identities are satisfied:

—1 d*k
quzp,uu(q7T) :7/ (2 )4Q,ur;(¢3ab3(k Q>Fyba3<q + ku _Q)Dﬁ(k)DW(q + k)

LA
= 500 [ gl 0)D-(8)
—1 d*k

2 —(zﬂ)wpegab(D Yk +q) — DIV ()TE) (g + k, —q) D (k) D (g + k)
1 [ d'k . "
=3/ Gy ~igp(E3pal s (k. =) — €3abl a3 (k + ¢, —q)) D (k) (2.15)

—1 d*k
=59 [ GgmyresaT Vsl + b —0)D-()

—1 d*k
i / el sl + b ~0)Da(g + )

2 o)
7 d*k
— 5% / W(%bar(jﬁbg(’fa —q) — €3l (k + ¢, —)) Da(K).

One can now make the change of variable & — k£ — ¢ in the second integral to obtain:

—1 d*k
quzp,m/<Q> T) :7gp/ (27’(’) €3abryba3(q + k: _Q)Dﬂ(k)

—1 d*k
- _gp/ Weiiabry(/?’gali(ka _Q)Dﬂ’(k)

2 dfl: (2.16)
1

- Egp/ W(€3barl(/3¢zb3(ka —Q) - €3abF(y32a3<k +q, —Q))Dw(k)

= 0.

The shift in & does not violate gauge invairance, because 25 is regularized with the Pauli-Villars
schema [46].
One can easily show that the Ward identities are satisfied in vacuum. For the pm7 vertex one

finds:

Q“Fﬂbg = gp€san(2k - ¢+ ¢°) = gpesap((k + q)> —m7 — k* + m2)

= gpesa(D; (g + k) — D' (k)), (2.17)

13



and for the ppmm vertex we start with the right hand side of eq. 2.14 to show:

Z'gP(q’)CCL]‘jz(/Slzc?)(k:7 _Q) - €3bCF1(/32a3(k + q, _Q>)

= igp(€3ca€36c9p(2k — @) — €3pc€3cadp (2K + q),)
= ig§630a63bc(—QQ)u

= igz(53a63b — dab) (—24),

= 292 (6ab — 03003) 4" Gy

= TS s (2.18)

Although the Ward identities are satisfied in vacuum, the addition of medium effects within D,

violates the Ward identities and will be addressed in chapter 4.
2.3 In medium rho-self-energy

At finite temperature, the self-energy experiences Bose enhancement. In the imaginary-time
formalism, this can be implemented by replacing the energy integration with an infinite summation

over discrete Matsubara frequencies (w,,) [47]:

dk
/ﬁ — T ; ko — iwy, wy, = mnT, (2.19)

where n is summed over even integers for bosons and odd integers for fermions. In order to

perform the summation, we rewrite propagators using the spectral representation:

o1 Im[F()
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where € is infinitesimally small. Equation 2.20 holds for any analytic function, F, if the real part

of F'is calculated from the principal value of the integral. At finite temperature /¥ is given by:

(g D3 / A3k / dvdv' (2k + q)*(2k + ¢)"Im[ D, (v, K)[Im[D, (v/, k + )]
% T 2 (iwy, — v+ 1€)(qo + iwy, — V' + t€)
Bk [ dv Im[Dy (v, k)] 22D
v Im v
2g5g""'T _
+ gpg Z / o —T W, — U + i€
One can rewrite the first term using partial fractions such that:
1
— . T
(tw, — v +1€)(qo + iw, — V' + i€) (2.22)
B 1 ( 1 1 )
Qo+ v— v FieNiw, —v i€ q+iw, — v +ie)
The summations can be performed using the identity [51]:
TZ;:—f(v), (2.23)
~ Wy, — U+ 1€ )

were f(v) is the Bose distribution function for even n, and the Fermi distribution function for odd

n. The in medium rho self-energy is then given by:

, Bk [ dodv’ (2k + )" (2k + q)”
syt it [ 2 [ e i

2m)3 ™ gt v—v e

Im[ D (v, K)|Im[ D (v, k + P)(f(v) = f(V)) (2.24)
2 _pw d3_k: ood_vm v ) (v
~ 2k [ s [ SomiD, . Bl

—T

The first term is complex, while the second is purely real. The imaginary part of >J, can be obtained

using the identity:
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| = (=m)é(w —v), (2.25)

resulting in:

iy o [k [Ty .
Im p (Q) _gp (27‘(’)3 —oo__ﬂ-Im[ ﬂ.(’l},k)]lm[ ﬂ(qU—i"U,(]‘f’kﬂ

(2k + @)"(2k + )" (f(v) — f(qo +v))

ek [ dv - -
— 2 _ =
_g”/(27r)3/0 _ﬂIm[DW(v,k)]Im[Dﬂ(qo v, 7+ k)] 026

(2k + )" (2k + @)" (1 + f(v) + f(q — v))

Bk [ dv - o
+ 293 2n)? /o —Im[D, (v, k)|[Im[D,(qo + v, 7+ k)]

(2k + )" (2k + q)"(f(v) = f(go +v)),

where we have made use of the identity,

f(=v) = 1= f(v) @27

for the Bose distribution function.

In the second equality we have separated the self-energy into two "cuts". These "cuts" corre-
spond to the imaginary part of the self-energy, and represent different physical processes. The first
term is the unitarity cut, which represents the vacuum p — 77 decay and its Bose enhancement.
The second term is the Landau cut, which gives the contribution from pm-scattering through an in-
termediate pion state. The energy dependent portion of the real part of 2./ can be calculated from
a dispersion relation, while a constant shift from the tadpole diagram can be calculated directly,

giving:

16



v —1 OO 2 1 v
ReXY(qo, 9) :7p.v./0 dv " _UQIng (v, q)

-2 | (d—k [ anin..Bs)

27)3 J_ oo =

(2.28)

where p.v. indicates that one should take the principal value of the integral.

2.4 Transverse projection

In order to calculate the conductivity, we require the transverse projection of X/*. We now
calculate the transverse projection of #*. The Lorentz structure of >X#* is given by the pmm and

pprm vertices. For the wm-loop to calculate the transverse projection one must evaluate:

1_. Y
§P}‘ (2k + @) (2k + q)" =

1, o= - 9?2 -
5(4k2+4k-q_’+q_2—4( 7 — 4k -7 ) =

¢
Lo (E ) @2 _
5 (46° i ) =
2k2(1 — cos(8)), (2.29)

where 6 is the angle between ¢ and k. It is convenient to align the z-axis with ¢, so that 6 also

corresponds to the angle between £ and the z-axis. To calculate the transverse projection of the

tadpole loop one must evaluate:

—1. (2.30)
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The transverse projection of the in medium rho self-energy is then given by:

Bk [ dvdv' 2k2(1 — cos(0))
T _ 2
2p<Q)_gp/(—/_oo 2 .

27)3 2 qo+v—v +ie
(D (v, B)Im[D (', k + Q](f (v) = f(v')) (2.31)
+2¢ / (;ZT’“)B /Oo il—i)rlm[Dw(v, ) ().

Finally, for ¢ = 0, the explicit # dependence can be integrated out analytically:

8t [ dk|k2 [ dvd 2k
ZT — 2-0 /
(90, 0) I3 2r)? J_ oo 7™ qotuv—0v +ie

Im[D, (v, k)Im[D, (v, k)] (f(v) — f(v))
24 / % / B D (0, Y ()

—T

B gp &k / dvdv' ak?
)3 ™ qo+v—v +ie

(2
Im[Dr (v, )] m[D (v, B)](f(v) = f(v))
+2¢2 / / —Im[D,,(v,E)]f(@). (2.32)

2.5 On-shell approximation

Now that the transverse projection of the rho self-energy has been established, we will inves-

tigate how it generates the transport peak in IT*™. Within the VDM, the conductivity is given

by:
—e2(m%)4 ImD%(q,0)  —e?(m0)? ImD7T (g, 0
Ocl = —( 2p) lim p (%0:0) = (2 ) lim » (%0 ), (2.33)
3gp q0—0 qo gp q0—0 qo
with:
ImDE(qO,O) = Im[— 0 1 T ]
% — (my)? — X7 (o, 0)
ImX7 (qo,0)

- . (2.34)
(g5 — (m9)? — ReXT(qo,0))% + Im¥T (go, 0)?
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At zero-energy, ImX, must go to zero, due to the retarded nature of the propagator. Furthermore,
we will see in chapter 6 that a sum rule requires ReX, to return to it’s vacuum value at ¢go = ¢ =0
[45]. Reference [46] found that the rho self-energy must vanish for ¢ = 0 thus the conductivity

can be expressed as:

e ImX7(go, 0
o = = tim 20 (@:0) (2.35)
9, 900 do

From eq. 2.35 one sees that o, is proportional to ImX,, which is in turn generated by two
physical processes: p — 7m decay and pr-scattering. For sharp pion propagators, p — 77
decays cannot occur unless the rho’s invariant mass is greater than two times the pion mass, due
to conservation of energy. For finite pion widths, the rho’s unitarity cut gains strength below
the 2-pion threshold, because the pions do not need to be on-shell. However, the conductivity
is calculated in the zero energy limit, and the typical pion width (= 25MeV atT = 150 MeV)
[48] is significantly smaller than the pion mass (140 MeV). Thus, even when a pion width is
included, the unitarity cut’s contribution to the conductivity is expected to be small. The Landau
cut corresponds to p7 scattering through an intermediate pion, pm — 7. However, at finite energy
and zero momentum this interaction is once again forbidden for sharp pions, because, for ¢ = 0,
the pions in the final and initial states have the same 4-momentum. Thus, any additional energy
added to the initial state by the photon will violate conservation of 4-momentum. This interaction
is allowed for ¢y = 0, however the self-energy is infinite at this point. This is precisely what
was found in ref. [35], where the spectral function developed a delta function at ¢, = 0 for zero
coupling. The solution is to include the pion’s interactions with the medium, smearing out the delta
function, thus generating a finite conductivity.

The Landau cut provides the dominant contribution to the conductivity. If one inserts the
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transverse projection of the Landau cut into eq. 2.35 one finds:

_ 9,2 3 00 . B
v = tim [ [ S5 [T EomiD, o Do + 0. F)
AR (0) = flao+0))]. (2.36)

The limit can be performed analytically using L"Hospital’s rule:

1 eT
lim — — 4 = . 2.37
The conductivity is then given by:
—2¢? Bk [ d - 4| k|2e?
oy = / / D Do (o, Ry 2T (2.38)
390 J @m)* )y -7 T(—1+er)?

As a first approximation, we calculate the conductivity using a small, but finite, pion width ;..

The pion propagator is then given by:

1 1 1
D(k) = 5—( S ). (2.39)
2wy, ko —wr + 15 ko +wp +i5F

with w, = /k% + m2. For small widths and positive ky Im[D,| is dominated by the first term
in eq. 2.40, because the second term does not contain a pole. Therefore, one can express the

imaginary part of the pion propagator as:

1 1 —I'y 1
ImD, (k) ~ ——Im | = - (2.40)
QWk ]{}0 — Wi + ZTﬂ 4wk (kO _ wk)Q + Tw
For sharp pions, the propagator can be expressed in terms of a Dirac ¢-function:
mD(k)] = —d(ko — wp). (2.41)

2wk

It is straight forward to derive equation 2.41. First, we note that as I, approaches zero, Im[D (k)]
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goes to zero for all kg except kg = wy, where it is infinite. Next, we integrate Im[D (k)] over all kq:

> —I'; 1
| -
oo A (ko — )+

Tﬂ
. 1 Q(wk — k)g) Q(wk + ko)
—T
= —. 242
S (2.42)

From eq. 2.42 one sees that the sharp pion propagator satisfies the definition of a delta function
times -
To obtain a finite conductivity we must derive an expression similar to eq. 2.41 for Im[D(k)]?,

in the small width limit. To begin, we write the imaginary part of the propagator squared, while

dropping the terms in D, that do not contain a pole:

—I'; 1

2
: (2.43)
Awr (kg — wi)? + %>

Im[D(k)]2 ~ (

It is easy to see that for small widths Im[D(k)]? approaches zero away from the pole. To relate
Im[D(k)]? to a delta function we must determine how Im[D(k)]? behaves when integrated over k.

If one integrates Im[D(k)]? over all ko one finds:

© T, 1 2
/ dk0< _ )
—00 4wk (kfo - (.Uk-)z + I

e
1 1 (—wk + ko) 1
- — —ArcT
[2 (%)2 + (wk _ k0>2 T, rc an(

Z(wk — ko)
B

k?()—)OO 4wk

S )
= 4%2% (2.44)
The definition of the Dirac delta function and eq. 2.44 imply that for small I';;:
Im[D(k)]? ~ %ia(ko — wy). (2.45)
4w T'x



Equation 2.45 allows one to approximate one propagator with a delta function, without dropping
the second propagator’s width. Therefore, it can be used in eq. 2.38 without producing and infinite

conductivity. One can now use eqs. 2.45 and 2.38 to show:

2¢ [ d*k v}
va = 57 | Gl @+ fw), 2.46)

where v, = wik is the pion’s velocity.
Reference [49] calculated the conductivity by solving the Boltzmann equation in the relaxation

time approximation:

1 2
0= o Z e2n;T, (2.47)

where ¢ is summed over all particle species in the medium, e; and n; are the charge and density for
a given species, respectively, and 7 is the mean time between collisions. For a pion gas equation
2.47 is summed over the three iospin states of the pion. Only two of the isospin states are charged,
so after the summation eq. 2.47 will increase by a factor of two rather than three. This result is
similar to what we find in 2.46, if one replaces the collision time with % We note that we pick
up the factor of v} due to relativistic effects. Furthermore, our approximate conductivity agrees
with similar calculations in references [23, 30], which express the conductivity in terms of the pion

width.
2.6 Constant pion width

The approximate conductivity in section 2.5 requires the pion’s width to be small. As the width
increases the approximation breaks down. In fact, eq. 2.46 approaches zero for large I';;, and thus
would violate any potential quantum lower-bound, in the strong-coupling limit. To obtain a non-

zero conductivity in the strong-coupling limit one must dress both pion propagators with a constant

22



width. For an arbitrary width the pion propagator is given by:

1
Dy (k) = . . (2.48)
k2 — k2 —m2 + koD,

We use eqgs. 2.36 and 2.48 to calculate the conductivity with two dressed pion propagators, in-
tegrating over off-shell effects. Figure 2.2 displays how the conductivity varies with width for a
constant temperature of T=150 MeV. While the sharp pion approximation works well for widths
below approximately 100 MeV, the results diverge as the width increases. This discrepancy indi-
cates that one must perform the full quantum calculation to study the strong-coupling limit of the

medium.

T=150 MeV

— 1 Dressed D,

—— 2 Dressed D,

0

50 100 150 200 250 300 350
[ [MeV]

Figure 2.2: Electric conductivity for a fixed temperature of 150 MeV, plotted as a function of the

pion width, I',;.. The blue line shows the result when the imaginary part of one pion propagator is

approximated with a delta function, and the second propagator is dressed with a constant width.
The red line shows the result when both propagators are dressed with constant widths.
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3. PION SELF-ENERGY

As emphasized in section 2.5, the pion’s medium interactions are essential to extract a finite
conductivity. Therefore thermal 7wr-scattering plays a decisive role in calculating the conductivity
at low temperature and chemical potential. In this chapter, we calculate the pion self-energy due
to thermal S- and P-wave wm-scattering. The resonant scattering model is able to describe S- and
P-wave 7 interactions up to about 1 GeV [50]. Such scatterings occur predominantly through

sigma and rho resonances, respectively. These resonant scattering as shown diagrammatically in

fig. 3.1.
a a
e ——
1 e N 1 4 N
— > — / — — - — > — / -
3 P 3 3 o 3
M v
b

Figure 3.1: The pion self-energy resulting from resonant scattering of a pion with a thermal pion
through an intermediate p (left) or o (right) meson.

In section 3.1 we show how one can resum self-energy loops into the pion propagator. In
section 3.2 we calculate the pion self-energy due to the rho resonance, using the previously estab-
lished Lagrangian from eq. 2.2. In Section 3.3 we calculate the pion self-energy due to the sigma
resonance, following the approach used in refs. [50, 51]. In section 3.4 we fit our parameters to
the measured S- and P- wave phase shifts, and compare our w7-cross section to the experimen-
tally measured cross section. Finally, in sections 3.5 we calculate the pion self-energy at finite

temperature.

24



3.1 Dressed pion propagator

In chapter 1 the resummed pion propagator (eq. 1.18) was introduced without justification.
Equation 1.18 can be derived from an infinite summation of interaction loops, as illustrated in

figure 3.2.

Figure 3.2: Above: Pion propagator dressed with the self-energy from 77 resonant scattering
through a rho resonance. The propagator is resummed to infinite order in the interaction loop.

Figure 3.2 can be written as [51]:

Dn(k) = D2(k) + D% (k) D, (k), (3.1)

where DY (k) is the vacuum pion propagator. Equation 3.1 can then be rewritten in a closed form

expression:

(3.2)

Thus, one can see that eq. 1.18 dresses the pion propagator with interaction loops to infinite order.
3.2 Rho resonance

In this section we calculate the pion self-energy due to the rho resonance. The prm vertex

was established in chapter 2 along with the rho and pion propagators. One can use the vertex and
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propagators, along with standard Feynman rules, to construct the pion self-energy for wr-scattering

through a rho resonance. With this approach one obtains:

g€3ab€3ab d3 v
Sy (h,T) = — Lo Z / Pk = p)y DI (p + k)

TL even

D (p)FF, [qew] } , (3.3)

DPo=twn

where we have added a symmetry factor of %, as was also the case for the rho self-energy. We
also add a form factor F~Fp [gcm] at each vertex, because regularizing the pion self-energy using
the Pauli-Villars scheme presents significant numerical difficulty. Thus we opt for a simpler form

factor defined as:

FFlgon] = by (3.4)
Pl = N A (m2 + gomlp, k) :
1 1
qemlp, k] m(z((ﬁ + k) — k* — p*)? — k*p?), (3.5)

where gc)y is the center of mass momentum and A, is the form factor cutoff, which will be fit to
scattering data in section 3.4. It is convenient to redefine our cutoff parameters, so that the form
factor is more similar to that used in ref. [46]. Thus we define:

) A2
p[]?, ] p[QCM] A%p +(]CM[ ,k]Za

A2+ 2
A, = \/”Tm”, 3.7)

2
Ay = /=L +m2. (3.8)

(3.6)

However, we stress that the two form factors FNFp lgcm] and FF,[p, k] are equivalent. Finally, we

note that for D/* we use the vacuum rho propagator established in eq. 2.10.
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3.3 Sigma resonance

We have not established a omm vertex, so in order to calculate the pion self-energy due to
scattering through a sigma resonance, we follow the approach outlined in references [50, 51]. We
begin with the interaction Lagrangian for the linear sigma model [32, 51, 52, 53]:

2 2
g = op g Jo 2y, (3.9)

o _? ™ 5

The 1=0 Born amplitude is given by [52]:

2 2 2
-0 oS —mg t—mgp u—mg
MBerT(S’t?u)_ga 3 2 +t 2 2 )
sS—mg —mg U —mg

(3.10)

where m,, is the bare sigma mass and s, ¢, and u are the Mandelstam variables. Reference [50]
created a separable potential using an off-shell continuation of the Mandelstam variables in which
the pion energies in ¢ and u where placed on their mass shell, while s was kept as an external

variable in the scattering equation. In this continuation the Mandelstam variables become:

s = FE?
t o= 2m2 — 2wy +q-q,

u = 2mi — 2wy —q-q, (3.11)

where F is the invariant mass of the sigma meson, and ¢ and ¢’ are the center-of-mass momenta of
the incoming and outgoing pions. Here, we deviate from references [50, 51] by only considering
the first term in eq. 3.10. We make this approximation because ¢ and u channels yield non-resonant
terms (f,u << m?) in eq. 3.10, which are suppressed by ng Therefore, we use the interaction

kernel:

2 2

E*—m2 ~
Vire(E: 0,4) = 305 75— 5 FFo[g]FF, [4], (3.12)

g
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where FF,[q] is the o7 form factor given by:

~ A2
FF g 1
o[gem] AZ + 2(m2 + qomlp, F2)’ (3.13)
A2
FF = lo 14
0'[ 7k] A%g“_QCM[ ,k]Q’ (3 )
Ay
Ala - 7, (315)
A2
Aoy = I" + m?r, (3.16)

where we again provide two equivalent parameterizations for the form factor, to make latter com-
parisons to ref. [46] more convenient. One can obtain the partial wave scattering amplitude for a

given spin-isospin channel using the Lippmann Schwinger equation:

MI(E.q.¢) = VI(E.q.q)

© Jkk?
+/ (2w)2V;;(E’q7k)Gm(Eak)Miir(E,k,q’)- (3.17)
0

Here J and 1 denote the spin and isospin of the mr-scattering channel, respectively, and G .. (F, k)

is the 2-pion propagator:

1 1

GTI'TF Evk = - 3.18
(B, k) wy B? — 4w? + ie (3.18)
For a separable potential, V' (¢, ¢') = v(q)v(q’), one can resum equation 3.17 to obtain:
3g2(E* —m?2) - -
M!(E,q.q)=——C *—FF,[q|FF,[¢ 3.19
(B, q,q) F2— m2 =%, (E) [4]FF,[q7], (3.19)
where X, (F) is the sigma self-energy, given by:
d|k|k? (E? — m2)FF, [k]?
5, (E) = 32 / R (B — o JFEo [k (3.20)
(27m)2 wi(E? — 4w + ie)

Figure 3.3 displays the Feynman diagram corresponding to ¥, (E).
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Figure 3.3: Vacuum sigma self-energy from a wm-loop.

The forward scattering amplitude can now be used to calculate the pion self-energy [48]:

3

d
Sa(k) = =T Z) / s | Mee 0 e aen) Delo)| (3:21)

where the forward scattering amplitude (M,,) is calculated by summing M’/ over all relevant

spin-isospin channels using [51]:
1
M, (E, == (2J +1)(2I + 1)MH(E, q,q). 3.22
q,q 6;; + + )M (E,q,q) (3.22)

In this section we only calculate the pion self-energy due to the sigma resonance (X-(s)), thus we

only include the J = 0, I = 0 channel and obtain:

Yro) (K, T) = 9(p + k, gems gem) D (p) o
n(even) 0=ten
d3p ((p+ k)2 —m2)
= —g2T / [ = Do(p+k
9o (Z) on)? 5 (p+Fk)
D (p)FF, | ,kﬂ - (3.23)
Po=1wn
where D, is the vacuum sigma propagator
1
D,(E) = : (3.24)
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Finally, we note that in ref. [51] the off-shell continuation of the Mandelstam variables was
also used to calculate P-wave scattering through the rho resonance. We do not use this off-shell
continuation when calculating Y.-(,), in order to maintain consistency with the pwm vertex from

ref. [46], however for on-shell pions our self-energy is identical to the result from ref. [51]
3.4 Vacuum fits

Next, we compare our scattering amplitudes to experimental measurements. The forward scat-

tering amplitude for a given spin-isospin channel is related to the propagator for a given resonance

through:
9a .
Mz(E, gowsgom) = 57 (E® = m) Dy (E)FF, [goy]” (3.25)
M;}r(EﬂCM;CICM) = 9,2;(E2_4m72r)Dp(E)F~Fp[q,CM]2' (3.20)

For comparisons to vacuum data we take the pion energies kq and py to be on-shell, but keep the

resonant particle’s energy, [, as an external variable. The center of mass momentum is then given

by:

1,1
deulVs] = S ((s =2ma)° —mz). (3.27)

S

The parameters: g,, m,, and A(,/,) can be fit to S- and P-wave 7mr-scattering phase shifts [54].

The mm-scattering phase shifts are related to the sigma and rho propagators by [55]:

tan 00(E) ;ﬂgzgﬁ , (3.28)
tandL(E) = ;ﬂgf’gﬂ . (3.29)

In order to fit A, we cannot use the previously established 3£ in eq. 3.28. This is because 3£

was regularized with Pauli-Villars regularization, thus it is independent of A,. Instead, we define a
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new rho self-energy regularized with FF, for use in 3.28:

: d'k (2k + q)*(2k + q)¥ -
mz 2 2
S (q) —ng/ OV O —m2 1 i) ((h T+ 9)F — mE T i6) FF,[k]*. (3.30)

We must also refit m,()o) within D,, since we neglect the tadpole diagram in 3. > is only used

to fit A, while Eg” is used for the rest of this work, in order to maintain consistency with [40, 46].

The resulting fits are given in figure 3.4.

6;"[deg ] &;'[deg.]

140} ' 150¢

120} /

100} 100}
80}

80|
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20|

50

1.IO g[GeV] 110 q[GeV]

04 05 06 07 08 09 04 05 06 07 08 09

Figure 3.4: Left: Fit for ¥, to the S-wave phase shift. Right: Fit for >, to the P-wave phase
shift. Data are taken from ref. [54].

The fits provide the values: g, = 8.86, m, = 934 MeV, A, = 1.85 GeV, and A, = .745 GeV.
Finally, we compare our cross-section with the experimentally measured 7m-scattering cross-

section. The imaginary part of the forward scattering amplitude is related to the cross-section

by:

Opr(8) = ———Im[M,.(\/5)], (3.31)
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or in terms of the p and o propagators:

) = s (D, (VA 2 P,
+ =22 Im[D, (v/5))(s — m?)FF,[gng)?). (332)

Figure 3.5 compares our cross-section to experimental measurements taken from ref. [56], and to
the cross sections used by ref. [29] for their K-matrix formulation, as well as the cross-sections

used in refs. [23, 21].

140} - o .
| H} |

120} — om :
j ¢ K-Matrix
100 — Kinetic Theory
bg 80i
60

Figure 3.5: Comparison of our 77 cross-section (blue) to experimental data (black dots) from ref.
[56] and cross sections used in previous calculations: kinetic theory (red) [21], K-matrix (green)
[29]. For the K-matrix we plot only ref. [29]’s lowest lying resonance, the rho meson.

Our cross section is closest to the cross section used in the kinetic theory calculation, however

our cross section is larger for /s < 600 MeV, and has a narrower rho peak. For /s < 600 MeV
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our cross sections is increased due to the sigma resonance. Our cross section is narrower than
experimental data, because in eq. 3.32 we use the vacuum rho propagator from ref. [46]. Reference
[46] fit D, to the pion electromagnetic form factor as well as the P-wave phase shift. As aresult, D,

produces a narrower cross section, but the fit to the pion electromagnetic form factor is improved.
3.5 Pion self-energy at finite temperature

In this section, we calculate the pion self-energy at finite temperature. As was the case for the
rho self-energy, the Matsubara sums in eqs. 3.3 and 3.23 can be performed using eq. 2.23, if one
rewrites the propagators using a spectral representation. After performing the Lorentz contractions

and the summations, we obtain:

Sk T) = ¢ / (;Z;?;S / Zf—i‘; / Z Ci“; [im[ D, (w, Pim(D, (u', F + 7]

Nﬂ*(P) [pa k’, w/] / 9

e e (Fw) — TP AP (333)
d3 © 0 dw' .
S ) = 2 [ 225 [0 [ L il (Do + 5

N7r(a') [pa k7 wl} o / 9

P (fw) — f@))FR [ RP| (3:34)
where,

k2 _ m2)\2

Nep[p, k0] = —(k=p)° + (F—p) (3.35)

w? — (F+ k)2’
w? — (E+ﬁ)2—m72r

Nr(oylp, k,w'] = 5 . (3.36)

The imaginary part of the self-energy can be calculated using eq. 2.25. As was done for >#*,

we can split the imaginary part of the pion self-energy into various cuts. For the rho resonance we
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define:

dp [ dw

sl (eT) = o} [ 5 [ 22 O — win(D.(p)mID, (k + p)

NW(P) [p7 k7p0 + kO]FFP[ 7k]2(1 + f(w) + f(ko - U))) pozf'wj (337)
X2 (k,T) = —ImS0(kT)|, (3.38)
st () = g2 [ L2 [T M T 4 ) im{ D (p)Im(D, (k
k) = g [ ks [ [0tk + w)m(D()nlD, k + 1)

NW(P) [p7 k7p0 + kO]FFp[p7 k]Q(f(w> - f(ko + w))] p0=w’ (339)
X2 (k,T) = —ImSL,(k,T)|, . (3.40)

and for the o-resonance:

95 [ &p  [* dw
stk T) = % [ [~ 6l — w)m(D. ()]l 5+ )

Nrr(o') [pv kapo + kO]FFU[pa k]z(l + f(w> + f(k’o - w))]po—w’ (341)
322 (k,T) = ~ImZ2(k,T)|, (3.42)

g [ Pp [ dw
sl (67) = % [ [T 20+ w)mlD, (im0, k + )

Nr(o)[Ps ks Do + ko] FFq [p, k] (f(w) — f(ko + w)) o (3.43)
X2 (k,T) = —ImSp(k,T)|, . (3.44)

Equations 3.37, 3.38, 3.41 and 3.42 correspond to the pion unitarity cut (a pion decaying into
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another pion and a rho or sigma meson), while equations 3.39, 3.40, 3.43 and 3.44 correspond to
the Landau cut. The unitarity cuts are heavily suppressed, because the rho and sigma meson masses
are significantly larger than the pion mass. Furthermore, our goal is to dress the pion propagator
with thermal interactions, however the unitarity cut corresponds to corrections to the vacuum pion
propagator. Therefore, we drop all pion self-energy terms corresponding to the unitarity cut.

For positive energy, ImEk% p/o) provides resonant scattering with a thermal pion through a (p/o)
meson, while ImETLr% /o) provides scattering with a thermal (p/c) meson. However, for negative
energy Im7,  corresponds to m7-scattering, while InX 2 | provides scattering with a thermal
(p/o) meson. In this work, we perform calculates in hadronic matter at temperatures between 100
and 180 MeV. Thermal rho and sigma excitations are heavily suppressed in this temperature range,
due to their large masses relative to the temperature. Therefore, we drop terms corresponding to
scattering with thermal rho or sigma mesons, and only calculate Imer% p/o) for positive energy.

In order to calculate the pion self-energy, for negative energy we note that the pion propagator is

retarded, implying that:

— -

Therefore, one can infer the negative energy behavior from eq. 3.45.

The real part of > is calculated through the subtracted dispersion relation:

-

Rex, (k) = —- / °° dw(lmzﬂ(ko,m  Im3, (0, k>), (3.46)

s ko —w —w

o0

The subtraction ensures that Re>.;; is zero for zero energy. This is physically justified because the
pion is a Goldstone boson, thus its self-energy is expected to be small for zero energy. Further-
more, if ReXJ; is large at small energy (as is the case at high temperature and in the strong coupling
limit) the pion propagator can develop a pole at zero energy. This behavior is expected for strong
coupling, and corresponds to the development of a pion condensate. Although in principal the

condensate can be removed by including repulsive m-interactions, in this work any potential con-
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densate is avoided due to the zero energy subtraction.

We graph the real and imaginary parts of the optical potential in figures 3.6 and 3.7. The optical
potential is defined by:

) = Znlow ) (3.47)

U, (k
( ka

Although we dress the rho and sigma propagators in >, with the vacuum rho and sigma self-
energies, the pion propagator within . is not dressed. This propagator will not induce an infinite

conductivity, because it corresponds to a thermal pion, while only intermediate particle states trans-

mit charge through the medium.

. T=150 MeV o T=150Mev
5_
.-—'f_'____ -
-
P
3 : 0
= < ’ -
—_ E / - -
g é b _____}f/——-' — Rho
E // — Sigma
-15}¢ N — Tl ] _qof > g -
0 200 400 600 800 1000 1200 1400 0" 200 400 600 800 1000 1200 1400

I (MeV) Kk (MeV)

Figure 3.6: Left: Imaginary part of the optical potential, plotted as a function of momentum for
T = 150 MeV. Contributions from the rho (blue) and sigma (red) resonances are shown in addition
to the total (purple). Right: Real part of the optical potential, plotted as a function of momentum
for T = 150 MeV. Contributions from the rho (blue) and sigma (red) resonances are shown in

addition to the total (purple).

36



0 e : : : : :
- -\xk“"“a\..q________ __________————__'
-5F T B
N —
-10F N\ N . P
= v\ - -
= NN -
& -15 \ — -
£ \ 7 — T=100MeV
ook \ e — T=150 MeV
. e — T=180 Mev
\ //
-25 S
0 200 400 600 800 1000 1200 1400
k (MeV)

— T=100 MeV
— T=150 MeV
— T=180 MeV

0 200 400

600 800 1000 1200 1400

s

K (MeV)

Figure 3.7: Left: Imaginary part of the optical potential, plotted as a function of momentum for
T = 100MeV (blue), T' = 150 MeV (red), and T' = 180 MeV (purple). Right: Real part of the
optical potential, plotted as a function of momentum for 7" = 100 MeV (blue), 7' = 150 MeV

(red), and 7' = 180 MeV (purple).

Our results for the optical potential agree well with those in refs. [50, 51]. However, the

imaginary part of our total pion self-energy is a few MeV smaller than that obtained in ref. [51],

because more resonances where considered in ref. [51]. We do not consider additional resonances

here, because the rho and sigma provide the dominant contribution for low momentum, and the

inclusion of further resonances would require the calculation of additional vertex corrections. Our

pion self-energy is similar in form to those used in ref. [23] and [30]. However, ref. [23] calculates

the self-energy in terms of the 77 cross section, making use of the cross section shown in 3.5.

Reference [30] also expresses the self-energy in terms of the rho and sigma propagators, however

ref. [30] does not dress the rho or sigma propagators with widths. Furthermore, ref. [30]’s self-

energy due to the sigma resonance uses a factor of m? in the numerator rather than s — m?.
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4. GAUGE INVARIANCE IN MEDIUM

In this chapter, we address how the Ward-Takahashi identities are maintained in medium. To
begin, we examine the violation of the Ward identities due to dressing D, in section 4.1, and gen-
erate the subsequent vertex corrections in section 4.2. In section 4.3 we demonstrate analytically
that the Ward identities are maintained when the vertex corrections are included. We discuss the
addition of form factors to the vertex corrections in section 4.4, including their effects of the Ward
identities. Next, in section 4.5, we discuss the need to dress the intermediate particles within the
vertex corrections and . with widths, and its effect on the Ward identities. Sections 4.6 addresses
double counting that is encountered, and demonstrates how it can be removed without violating
gauge invariance. Finally, in section 4.7 we take the transverse projection of the rho self-energy

for vertices dressed with vertex correction.
4.1 Ward-Takahashi identities in medium

The Ward-Takahashi identities are straightforwardly satisfied in vacuum, but are upset by the
addition of a pion self-energy in D,. If one considers the Ward-Takahashi identity from eq 2.13 at

zero momentum one obtains:

0Ty = goesan(2koto + & — Sk + q) + S (k). @.1)

In general, eq. 4.1 will not be satisfied by the vacuum pr7 vertex. In figures 4.1, 4.2, and 4.3 we
plot the right hand side of eq. 4.1 at T=0 and at T=150 MeV (dropping the factors of €3,;). The
difference in the two results provides a measure of the violation of the Ward identities induced by

dressing the pion propagators, without modifying the pmm vertex.
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qo=1 MeV, T=150 MeV

— Vacuum
—— Re Finite T

— Im Finite T

Figure 4.1: Comparison of gy times the temporal component of the vacuum pr7 vertex, to the
result expected from the Ward-Takahashi identity, for gy = 1 MeV and ¢ = 0. Results are plotted
for on-shell pion energy as a function of pion momentum. Although the vacuum vertex is purely
real (blue line), the expected result from the Ward identity is complex. We plot the real part of the
Ward result in red and the imaginary part in purple.

qo=350 MeV, T=150 MeV
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L ] — Re Finite T

— Im Finite T

Goloan”) [GeV?]
o

0 50 100 150 200
k [MeV]

Figure 4.2: Comparison of ¢y times the temporal component of the vacuum pr7 vertex, to the
result expected from the Ward-Takahashi identity, for gg = 350 MeV and ¢ = 0. Results are
plotted for on-shell pion energy as a function of pion momentum. Although the vacuum vertex is
purely real (blue line), the expected result from the Ward identity is complex. We plot the real part
of the Ward result in red and the imaginary part in purple.
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qo=770 MeV, T=150 MeV
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Figure 4.3: Comparison of gy times the tempral component of the vacuum pr7 vertex, to the result
expected from the Ward-Takahashi identity, for ¢ = 770 MeV and ¢ = 0. Results are plotted for
on-shell pion energy as a function of pion momentum. Although the vacuum vertex is purely real
(blue line), the expected result from the Ward identity is complex. We plot the real part of the Ward
result in red and the imaginary part in purple.

The percent difference between the vacuum vertex and the expected correction is largest for
small energies, where it is ~ 10%. As energy increases, the vacuum vertex increases quadratically,
while the expected correction approaches zero, due to our pion self-energy approaching zero for
large energy. Although the correction to the real part of the vertex appears small, the Ward identity
implies that the corrected pmm will be complex, while the vacuum vertex is purely real. This
implies that the vertex corrections will create new cuts of the rho self-energy. Therefore, we set

out to calculate the complex vertex corrections, necessary to maintain the Ward identities.
4.2 Vertex corrections

It is difficult to predict the effect of this violation of gauge invariance on the conductivity, be-
cause the Ward identities only directly restrict the temporal components of the vertices for ¢ = 0,
while the conductivity is determined only by the spatial components of the rho self-energy. How-
ever, the violation can be remedied by considering thermal corrections to the pm7m and pprm ver-

tices [44, 46]. The corrections to the prm vertex sufficient to maintain the Ward identities are
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generated by coupling a rho meson to X in all possible configurations. Similarly, one can couple
two rho mesons to > in all possible configurations to obtain corrections to the pprm vertex suf-
ficient to maintain the Ward identities [46]. We then analytically determine which corrections are
necessary to maintain the Ward identities when D, is dressed with only the Landau cut of the pion
self-energy. These vertex corrections completely fix both the temporal and spatial components of
our vertices for all ¢, and assure that gauge invariance is not violated. Thus, the Ward identities will
fix the spacial components of the vertex corrections, and provide a correction to the conductivity.
We follow the lead of references [40, 44] to calculate the required corrections. If one subtracts

the vacuum vertex from both sides of equations 2.13 and 2.14 one obtains:

T = gpesan(—Salk + @) + Sa(k)), (4.2)

Q“Fiff)abss = igp(63cafl(23(k7 —q) — €3ch;(i313(k +4q,—4q)), (4.3)

where F;Ei)b:,) and F;(f)ab?) are the vertex corrections to the pmm and pprm vertices, respectively. The

total vertices are then given by:

T = Gpsan(2k + Q)+ Tiogs (4.4)
F;(;LV)abBS = 2i93(5ab — 03403p) Gy + F:Ei)ab33- 4.5)

The three-point vertex corrections to the pmm vertex can be derived by coupling a single rho
meson to the thermal >, loop in all possible ways, while the four-point vertex corrections to the
ppr vertex are derived by coupling two rho mesons to the thermal X loop. Figures 4.4, 4.5, and

4.6 show the vertex corrections resulting from dressing D, with X, and >,
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Figure 4.4: Corrections to the pmrm vertex due to X (,).

Figure 4.5: Corrections to the ppmm vertex due to Y,
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Figure 4.6: Left: Correction to the pr7 vertex due to Yr(,). Right: Corrections to the pprm vertex
due to Xz (s

We write the minimum diagrams necessary to maintain gauge invariance. Consequently, there

are fewer corrections due to the sigma resonance, because the sigma meson is neutral and the o
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vertex is a Lorentz scalar.

Calculation of the vertex corrections requires the ppp, pppp, and orr vertices. We derive the

ppp and pppp vertices from the interaction Lagrangians:

—1

Lopo = 5 9pPuv (P X pv),
2
g
Loppp = Zp(pu Py PAPY = P P PuPy)-

The resulting vertices are given by:

3
F;(W)A ave = Ip€abe((P = Qv + (20 + P)rGuw — (20 + @) uGur),

FS’;’))\’Y abed T igi((aabacd + 5b05ad - 26a05bd)gu/\guw

+(0ab0cd + Obdbac — 20bc0ad) Gy Gur

+(6ac(sbd + 5cb5ad - 25cd5ab)guug'y)\)-

Figure 4.7 expresses these vertices diagrammatically.

v,b
A
U3 q+k
q—— AN
k
AcC

(4.6)

4.7)

(4.8)

4.9)

Figure 4.7: Left: diagrammatic representation of the ppp vertex. Right: diagrammatic representa-

tion of the pppp vertex.

Yir(o) Was calculated from the Born amplitude, so we have not established a o7 vertex. In
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order to calculate the sigma vertex corrections we define the effective omm vertex:

T = i6g0\/s — m2. (4.10)

T

®3)

If one uses Feynman rules along with '/,

to calculate >, and () one obtains the same results
as eqs. 3.20 and 3.23. F( )b can then be used to calculate vertex corrections involving the o
vertex, so that the Ward identities will be satisfied.

We are now in place to calculate the vertex corrections resulting from the inclusion of .. The

corrections to the pr7 vertex due to the p resonance are given by:

MO8 (hg) = can 2T > [ [ GBI e e -ph] L @
n even Po=1Wn
TPk, q) = 63ab T Z [/ D(p) DM q + K+ p)gur(q + k —p)ul (*12)
n even Po=tWn
(3)Cp gg d’p VA
Lot (:0) = ea3 T ) WDw(p)Dw(q +p) DM g+k+p)
n(even)
(2p+Q)u(—p+k+Q)A(k—p—q)y} , (4.13)
PO=1Wn
Fons (.0) = € T Z { s D) DR e+ P)D g+ o+ )
(_p +k + C]) ) q p— k)l/gu)\ - (2q + D+ k))\g;u/
+(2p + 2k + q)ugoa ] (4.14)
Po=1Wn

The vertex corrections induced by the o resonance are given by:

(3)Co B 9p9 d®p
Lo (k,q) = ea=57 - T Z WDW(P)Dw(Q+P)Da(Q+k+p)

n(even)

((q+k+p)*—m2)(2p + Q)u} : (4.15)

PO=1Wn,

44



The corrections to the ppm7 vertex from p resonant scattering are give by:

. 4 3
tg d
M) = (=30udut 50 2T Y | [ SEDDla+ k)

n(even) (27‘-)3 Po=1Wn
(k= —k), (4.16)
(4)Bi1p ig, d’p
Dwass(kd) = —200T > (zw)ng(p)Dw(p +a)Dyup(k + p)
n(even)
2+ )ulp - k)ﬂ (ko k) @.17)
Po=1Wn
L% (kq) = TU5P(k,q), (4.18)
.4 3
. g d°p N
Pvass(h:a) = = (0w — 300m) 'T D { / D@Dk + P+ k4 )
n(even)
(p— k)agar (— (20 + k + P)rgur — (—q + D + k)19
+(q + 2k + 2p)ug7A)} + (k= —k), (4.19)
p():i'wn
L% (kyq) = T (k,q), (4.20)

. 4 3
(4)D . tg d’p 0
Lvaszs (k@) = (o + G3a030) 5T > {/ (27T)3D7r(p)D‘ﬁ (k+p)

n(even)

DMk +p)D%(q+k+p)(p — k)olp — k)x

(¢ =P —K)aguy — g+ p+ k)1 Gua + (74 2k + 2)1040)
((q—p—k)agvs — (20 +p+ k)sgus

+(q+ 2k + 2p)yg,g¢,)] + (k — —k), 4.21)

Po=1Wn,

HE tg d’p
FELV)alzp33<k7 q) = (bu+ 53a53b)—2pT E , {/ (2ﬂ)3Dw(p)2Dw(P +@)Dpap(k + p)

n(even)

(2 + Dulp — K0 — ) (2p + q>y] (ko k), (4.22)

Po=iwWn
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LR (kq) = —263a53b Z [ / Dx(p)Dx(p + ¢) D)k + p)

TI, even

D (q+k+p)(qg—k—+p)s(2p+ q)u(p — k),

((g—Fk~— p)agm —(2¢+p+ kf)vgua

+(q+ 2k + 219)#9704)} , (4.23)
Po=1wn,
Chmas(kia) = L’ (k,q), (4.24)
29:31 d3p 2 map
,uuab33(k Q) = _2(53a53b + 5ab)7T Z WDﬂ(p) Dp (/{j —|—p)
n(even)
(k - p)a(k - p)ﬂguu:| o (425)
Po=1Wn
.4 3
19 d’p o
Ciuha(k @) = —2(Faads +0u) 2T Y [ / any DrPID (k£ p)D] (k + p)
n(even)
(k - p)a(k - p)ﬁ(g,u)\gu'y + Ju~rGux — 2g,uug>\'y>:| o (426)
pPo=1Wn

The corrections to the ppm7 vertex from o resonant scattering are given by:

c 2.2 3
(4)Eo o 19,95 d p )
Lpvasss (k@) = (Gap = d3a03) == T ) { / —(QW)ng(p) Dr(p+q)Dy(k + p)

n(even)

((k+p)* —m2)(2p + q)u(2p + Q)u]

Po=1Wn
+(k — —k), (4.27)
(4)Go z’gzgg &Bp )
U pass(k.q) = —2(6ap — G3a030) 5 T (Z | / (2ﬂ)3DW(p) D,(k + p)
((k+p)* — mi)g;w] : (4.28)
PO=1Wn

One must calculate all diagrams resulting from replacing a vacuum vertex with a corresponding
vertex correction. For the four-point vertex corrections, we also include diagrams resulting from
interchanging rho or pion propagators when they produce unique vertex corrections. These terms

are represented above by the & — —k and pv <+ v terms. Each term also includes a systemati-
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zation factor of %, as was the case for the pion and rho self-energies. Finally, we have not included
a form factor in the above equations, because the addition of the form factors will be discussed in
section 4.4. Furthermore, for our final calculation we drop all vertex corrections containing multi-
ple rho propagators, because they are suppressed by powers of ng However, these diagrams will
be included when demonstrating analytically how the Ward identities are maintained. Finally, we
perform the summation for the vertex corrections after simplifying the expression using a spectral

representation. The results are shown in the appendix.
4.3 Satisfying the Ward identities

Here we show analytically that the vertex corrections satisfy eqs. 4.2 and 4.3. In this section
we use sharp propagators within >, and the vertex correction. The complications that arise from
adding particle widths and form factors will be addressed in 4.4 and 4.5 respectively. To begin, we

make note that with some algebra one can show:

"(2p+ ), = ((g+p)* —m2) — (p° —m2), (4.29)

and

(P — Ovgrn + (2¢ + P)aguw — (20 + @) ugux)
(_ gy +p)“(q+p)”> ( A @)

mg mg
2 o( _ aB pp°
((g+p2—m2) (g + m§>
a B
—(p*— mi) < Py (¢ +p)m<2q +p) ) (4.30)

p
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(3)Ap (3)Bp 1(3)Cp

We now show that eq. 4.2 is satisfied by the corrections to the prm vertex (I' /535, ') opss T ans s

302 and T®97). One can use egs. 4.29 and 4.30 to show that:

pab3 ©ab3
3)C 9 dp A
T = BT Y| [ SR DD kb ook -p]
(even) bo=t1Wn
- g—gTZ ﬁD(Jr)D”*(JrkJr) k—p) k—p)
€3ab 2 ( ) (27'(')3 ™ q p P q p (q + - p )\<_q _'_ - p v pOZiwn
9p€3a
= stb(zﬁ 2 (G + k) = B (F))
gg [ d3p VA
tesawy T ) @ DDt k4 p)(=20a(g+k=p]
n(even) - Po=twWn
92 [ d3p VA
—esary T Y (2 D)0 (k4 p)20)a(k = p) : (4.31)
n(even) - Po=iwn
(3)D g9 [ d’p 5\
0Ty (k@) = _ESab?pT Z / WDw(P)DZ (k+p)g+k—p)(k— p)A} '
n(even) - Po=1wn,
gg [ d3p vA
tesany T > (2w)3Dw(p)DP (@+k+p)g+k=phk=—ph|l
n(even) - Po=twn
9p€3ab
= p2 (Eﬂ(p)@ + k) — Eﬁ(p)(k»
g9 d*p A
tesay T ) WDﬂ(p)Dp (q+k+p)(=ala+k—ph|
n(even) Po=tWn
9 d°p VA
—Gay T ) () D@D (k- 2) (@) = p)s (4.32)
n(even) Po=iWn
(3)C 9094 d*p > o
q ]'_‘,uabS <k7q) = €3ab 2 T Z (27T>3D7r(p>DU(q+k+p)((Q+k+p) _m’ﬂ') ‘
n(even) Po=1wWn,
9095 d’p 2 2
—€sar=5 T > WDW(HP)DG(Hk+p)((Q+k+p) —mg)
n(even) Po=iwn
= Gp€3ab (Eﬂ'(o) (q + k) - Ew(o) (k)) (433)

48



It is straight forward to use the above equations to show:

3)C 3)D 3)Co
MFLL)Lb:Sp(k? Q) + qurit)zbisp(kv Q) + qurfuib?) (kv Q) =

Gp€sar(Sx(g + k) — 2 (k‘))

39
TS L/ <ﬂﬁwq+k+pmmq+k—p»} |
n(even) Po=1Wn
e T > { ()DZ/\(]?“‘Z?)QA(]?—P%} i (4.34)
n(even) Po=1Wn

The last two terms in the eq. 4.34 are exactly canceled by q“F( )4 and q”l“(?’) b3 » thus we find:

F,Ew)tbii (k ) + qur,uabii (k q) + quruabii (k q) + quruib’ép(ki q) + quruabii (k Q)

= Jp€3ab (Zﬂ(q + k) — Ew(k)), (4.35)

and eq. 4.2 is satisfied. Next we show that eq. 4.3 is satisfied. To begin, we break the corrections
to the ppmm vertex into the following four subgroups:

1) X1 4)A 4B 4)C'
L% (kq) = Tk q) + D50 (k,q) + T (k. q),

4)X2 4)B; 4)E R
rt (k,q) = Fz(/;zabgﬁ«z(k )+Ffl,l/)alg3(k: )+Ffw)ab§3(k )+Ffw)ab33(k q),

pv ab

4)X3 4)C1q 4)D Fy
F( ) (k7 q) = Ff/;fabif?»(k’ q) + Ffw)abg»?)(k; ) + Fl(/,u)ab?i&(k ) + Ffw)ab33(k: Q)v

pv ab
4)X4 4)Eo 4)Go
F,Ew)ab (k,q) = F,El,lj)ab33(k7 q) + Ffw)ab33(k7 q)- (4.30)
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It is straight forward to show that eq. 4.3 will be satisfied if the subgroups fulfill:

TNk q) = igp(esca( TS5 (K, —q) + TS5 (K, —q)) (4.37)
—eane(Don (k+q,—q) + TSul (k + ¢, —0q))).

uuab (k q) = igp(€3carz(/3£cc2:p(k7 —q) — ezpel’ l/ca3 [(k+4q,—q)), (4.38)

T (ko) = igy(escal g (k. —q) — el o’ (K + 4, —q)), (4.39)

¢T3 (koq) = igy(escalSny (k. —q) — esnelsony (k + 4, —q)). (4.40)

WXL

Thus, we must show that egs. 4.37 through 4.40 are satisfied. We start by calculating ¢“L" /7"

One can use eqs. 4.29 and 4.30 to show:

ig? d3p
Hrfw)ab (k,q) = (—303a03p + 5ap) pT Z {/W‘Dﬂ'qy)DPMV(q—f— k +p)(qu)} ‘
Po=tWn

n(even)

—25@@T > [/ Ty 3D7r(p)DW(k+p)(p—k)”]

2 n(even) (27T) Po=iwn
ig d’p
+25ab7pT Z / (27T>3D7r(p + @)Dy (k+p)(p - k)ﬂ} '
n(even) PO=1Wn
1g d°p
+0w - 30000 2T Y | [ GE DDttt -1
n(even) PO=1Wn
.4 3
g d’p
(6= 30000 2T Y | [ S B0 D et k-0
n(even) PO=1Wn
k= —k). (4.41)

After some algebra one can rewrite eq. 4.41 as:

.4 3
g d
q F,uuab (k,q) = —3(dab — 53a53b)7pT {/ (271'1;3 Dr(p)Dpw(q+Fk+p)g+k— p)”}
n(even) Po=iwn
360 — Dyali) 2T 3 Dalp)Dppula k4 p)a — k=
n(even) Po=iwn
(4.42)

50



It is straight forward to show that the above expression is equivalent to the right hand side of eq.

4.37, by inserting F(3)A3p and F(?’iﬁf into eq. 4.37 and evaluating the resulting isospin contractions.

Next we will evaluate q“F

/,Ll/(lb (k Q) =

One can use eq. 4.29 and 4.30 to show:

% ab

(-3 2T 3 [ [ 2 0)Deto+ 0Dpunth 1)

n(even)

@p+wxwxp—mﬂ

PO=1Wn,

+(6ap + 53a53b Z {/ Dy (p)*Dyur(k + p)

n(even)

2p+q)(p—k)(p— /f)A]

(B + Fua) 2 > [ D(p)Da(p -+ 4)Dpr( + )
2p+q),(p—k)*(p— k)’\] + (k — —k)}

+253a53b Z [/ w(p)Dw(p + Q)Dp,u)\(k +p)

n(even)

@p+m4q—k+mwp—mﬂ

PO=1Wn,

25160 23[/ D, (p)Dx(p+ 1)

61181’1,

Dwmq+k+m@p+wxq—k+m%p—mﬂ

Po=1Wn,

—2(03403p + 5ab Z [/ W(p)szu,\(k; +p)

n(even)

<%xk—m%k—mﬂ . (4.43)

DPO=1Wnp,
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The above integrals can be combined to give:

- 4
g
T2 (kq) = —(0ap — Bsa0) T

2 U%D”(p)D”(p+q>Dm<Q+k+p)

n(even)

2p+q)(g—k+p)(g+k— p)A}

PO=1Wn,

6= 00w 2T S | [ EEDADDA+ )Dypala

n(even)

@0+ Qg+ k+p)a—k —p)x]

PO=1Wn,

(4.44)

It is now straight forward to show that eq. 4.38 is satisfied by inserting the definition of Ff’gg{) into

the right hand side of eq. 4.38.
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We now calculate q“F( X using eq. 4.29 and 4.30:

uuab ’

D (p)D4(k 4+ p) D)’ (q + k + p)(p — k)a

q F,uuab (k,q) = {_ (6ab 353a53b Z {

TL 6'1)€TL

<Qﬂ)( - (2q + k +p)ugu)\ + (q —DP—- k))\gw/ + (q + 2k + 2p)ug,u)\):|

DPo=1wWn,

— (8 + 53a53b Ty [/ Dy (p) D4 (k + p)D)* (k +p)(p — k)a

n(even)

(p - k)ﬁ( - (2q + p + k)ugVA + (q —pP—- k))\guu + (Q + 2k + 2p)ugu)\):|

Po=%Wn,

+(Oap + 53a53b Z { D (p) D4 (k + p) D)’ (g + k + p)(p — k)a

n 6’U€’I’L

(p—k)s(— Ca+p+k)ugur+ (@ —p—k)aguu + (¢ + 2k + 2p)ug,u)}
+(k — —k;)}

ig d’p «
20303, T > { / —(2ﬂ)3Dﬂ(p)D,’f (k+p) D)’ (q+k+p)(p— k)a

Po=1wn,

n(even)

(q—k+p)s(—=2¢+p+k)ugr+ (@ =k —p)aguw + (¢ + 2k + 2p)ug,m)]

PO=1Wn,

+253a63b Ty [/ Dx(p+ q)D4*(k+p)D) (g + k4 p)(p — k)a

n(even)

(q—k+Dp)s(—2¢+p+k)ugr + (¢ — k —p)aguw + (¢ + 2k + QP)VQM)]

9(Gaud + 0ur) L Z {

n even

PO=1Wn,

Dx(p) Dy (k + p) D)7 (k +p)

(k= Dp)alk = p)a(qugvr + O — 2qygw)] : (4.45)

Po=%Wn
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After performing some algebra one can rewrite the above equations as:

.4 3
19 d N
¢  (kq) = (Jap— O3a03) T > { / —(2753 D (p)Di*(k + p) D)’ (q + k + p)(k — p)a

n(even)

(q+k—=p)s(—=2q+p+E)ugur+ (¢ =k = p)rguw + (¢ + 2k + 2p)ugm)}

PO=1Wn,

By — Syuln) 2 }j[/‘ D(p) D2 (—k + p)D(q — k + p)(k + pla

n(even)

(q—k—p)s(—(2¢+ D —k)ugur + (¢ + k — p)rgu + (¢ — 2k + 21?%9;»)]

DO=1Wn,

(4.46)

It is straight forward to show the right hand side of eq. 4.39 is equal to the above expression, using

(3)D
the definition of T'); ;5.

Finally, we show that 4.40 holds. One can use eq. 4.29 to show:

TS kg) = {00 — ) 221 3 { / %Dﬂ@ma(mm

n(even)

«k+m2—mb@p+m4

PO=1Wn,

—{(5ab - 53a53b)ig’$T > {/ élTp;ng(p)Dw(pﬂL q)Do(k + p)

n(even)

(=)ot a| 4o i)

PO=1Wn,

) 3
19,95 d°p
—2(0ap — 53a53b)pTT E [/ PE DW(P)2DU(/€ +p)

n(even)

((k+p)* — mi)qul : (4.47)
Po=1Wn,
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One can rewrite the above equation as:

- 2 2 3
19,95 d°p
T (k.0) = — (0 — Oaads) =5 T‘Xj[/‘ Dr(p)Dn(p = 4) Dol —q + k +p)

n(even)
(—g+k+p)* —m3)(2p — CJ)V}
Po=1wWn

- 2 2
19,95
+(5ab - 63a63b) L

d3
Ty {/(zﬁﬁng(p)Dw(p—q)Da(ker)

n(even)

«k+m2—m®@p—m4 , (4.48)

Po=1Wn

which is equal to the right hand side of eq. 4.40. Thus we see that the listed vertex corrections

fulfill the Ward identities.
4.4 Vertex correction form factors

In this section, we introduce form factors to the vertex corrections. Ref. [46] calculated inter-
actions of pions with nucleons, and implemented non-relativistic approximations. Consequently,
ref. [46]’s 7NN and wNA form factors, depended only on the pion’s three-momentum (the lab
frame momentum). For example, if 33? is the pion self-energy without form factors, the regularized

pion self-energy is given by:

_ A2 2
Ze(k) =200 () (449)
2

where we write a bar over the self-energy to denote regularization with the lab frame momen-
tum. We have deviated slightly from reference [46], in that their form factor used the same cut off
in the numerator and denominator. We write a more general form factor, however reference [46]’s
formalism can easily be extended to this case. Reference [46] generated the form factor by attach-
ing a heavy pion propagator, —E+—Ag’ to the external pions in 3., and assigning a factor of iA? to

the "vertex" were the pion is converted to a heavy pion. This method was also used to regularize
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the vertex corrections, Fﬁ)b:,) and F'ﬁ)am, giving:

) — T (A) ()
2

A2+ k2 (7+ k)2
_ A2 2
4 4
Caa(b: @) = Til(ha) (572 (4.50)
2

where f'(i)bg and f;fﬁ)am denote vertex corrections that are regularized with the lab frame momen-

In

tum. However, the regularized corrections violate the Ward identities, because the pion self-energy

2 2
and the corrections to the ppmm vertex are regularized by < AQI:}E?) while the corrections to the pmrm
2

2 2 . .
vertex are regularized by ( A;ik) < A2+?q1,+ S > Therefore, the form factors generate violations of
2 2

eqs. 4.2 and 4.3 given by:

Va(k,q) = gpesar(— Z2(k + q) [FFo(q+ k)* — FEy(q + k) F Fy(k)]
+X0 (k) [F Fy(k)? — FFo(q + k) FFo(k)]), (4.51)

Vi(k,q) = igp(eseal sk, =) [FFo(k)F Fo(—q + k) — FFo(—q + k)?]

—esucl s (k + g, —q) [FFo(q + k) FFo(k) — FFy(k)?)), (4.52)
with,
A2
FFy(k) = L (4.53)
A3+ k2
2 2
A Al (4.54)

> —
A2+ k2 A+ qemlp, KJ?

In ref. [46] additional vertex corrections were generated to remove this violation. The addi-
tional vertex corrections can be derived by coupling a rho meson to the heavy pion propagators.
In figure 4.8 we represent this schema diagrammatically for the pion self-energy and the vertex

corrections to the pmm vertex.
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Figure 4.8: From left to right: the pion self-energy regularized with heavy pion propagators, the
vertex corrections to the pr7 vertex regularized with heavy pion propagators, and additional vertex
corrections generated by coupling a tho meson to a heavy pion propagator in the pion self-energy.

Similarly, one can generate corrections to the ppmm vertex by coupling two rho mesons to

heavy pion propagators [46], as demonstrated in figure 4.9.

’ e

/ \ v .

\\\“ -/ \“ R . 'O..._ - _ ____Q.‘ ‘/'

+ the last six diagrams with (a,k) - (b,-k).

Figure 4.9: The regularized ppmm vertex corrections, and the additional vertex corrections to the
pprm vertex generated by coupling two rho mesons to heavy pion propagators in the pion self-
energy.

The additional vertex corrections can be expressed in terms of the pion self-energy and the

original corrections to the prm vertex, such that the total regularized vertex corrections become
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@ (k) = P;A(i)bg(k,q)< A%*><A2 A >
2

A3+ &2 +(7+k)?
Stk Ay M) Ay
+gp€3ab<2k—|—Q)i< 5 —»2 < 9 —1» —'2> + 2 5 _’\2< 2 1_"2) )7
A+ B2 MG (TR A+ (TR M +k
(4.55)
) A2 2
) S N :
Fuyab33(k7q> - Fuuab33(k’q><A%+E2)
igpe?)ca /(3) A2 A2
———|(2k — iryc k
A2—|—k2[< Dil s q><A2+k¢2)(A2 +(=q+k ))
A2
/(3) _
+(2k + q); F,ucb?»( q—k q)<A2+k2>( )]
19€3bc /(3) A2 A%
——— | (2k + Z'Fz/ac _k’_ L
T
A2
B /(3)
(Zk Q) F,uca3( q+k’q)(A2+k2>< ];: >}
A2 2
s 2 _ — . — 1
9 (0a 53a53b>{(2’f V(2 = 0); A2+k2 ( (=7 + 2>
. 0 (k) ( A )
(A3 + (=7 + F)2) (A3 + K2) VA3 + &2
Y (qg+k A? ?
+(2k + q)i(2k + q); 2( *2)2( YT “2>
(A3 +k2)2 A3 + (7 + k)
0 k A2 2
+ - LS ( 1*)
(A3 + (7 + F)2)(A + k2) \A3 + &2
A2+k2( +k2) }’ (4.56)

where the short-hand ¢ and j are used to represent the spatial components of i and v. For ¢ = 0 or
J = 0 the corresponding term should be dropped.
It is straight forward to show that the above procedure satisfies the Ward identities, if e 5 and

pab.

F:ffj)am satisfy eqs. 4.2 and 4.3. However, there are two complications that arise when applying
the regularization procedure from ref. [46] with the form factors introduced in chapter 3. First,

in chapter 3 different form factors were introduce for the S- and P-wave contributions to the self-
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energy, and second, the center of mass momentum was used to define the form factors in chapter
3.
In order to extend the approach from ref. [46] to multiple form factors we note that EO( ) and

its vertex corrections (F -, and ¢ v ab33) independently satisfy eqs. 4.2 and 4.3, such that:

uab

¢TI0 = goesan(—8 ) (k+q) + X2, (K)), (4.57)
¢TI s = igp(escal ok, —q) — el (k + a4, —q)). (4.58)

Similarly, E?T(U) and its vertex corrections (I' (?;)b(:fs and Fﬁuﬁw) satisfy:

T = gpesan(—2% o (k +q) + 2, (K)), (4.59)

¢TI = igp(escallnss (b, —q) — ezl ona(k + ¢, —q))- (4.60)

Equations 4.57 through 4.60 demonstrate that the sigma and rho resonances form subgroups that
independently satisfy the Ward identities. Thus, the regularization procedure from ref. [46] can
be applied separately to S- and P-wave scattering, using the appropriate form factor for each case.
The total regularized vertex corrections are then just the sum of the corrections for the rho and

sigma resonances:

A2 A2 A2 AQ
F L _ F/(3)p k, ( 1p _ ) ( 1p > + F/(B)o’ k’, ( lo _ ) ( lo )
uab3< q) ,uab?)( Q) A%p 4 k2 A%p l“lb3( C]) 3. A2 —' )2

0
+gp€s b(zmq),(Zw(p)(q”@)( A%, )2 X (F) ( ) )
g A3+ k2 NAZ H (TR AL (T R)2 VAL, +k;2
0
+0063 b(2k+q).<2w<o><q+’f)< AL, )2 (o) (F) ( AL, >2>
’ A, + R A3+ (G+R) A3+ G+ RS R

4.61)
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(4
F/(u/) ab33

(k,q) =

A2 2 A2 2
e k,q <¢_,> + /W k,q (%)
yl/ab33( ) A%p + 2 ,uuab33( ) A%U + 2

9 2
Alfp_ﬁjc;z (2% - )522§(k7—9)<A2A+k2><A2 = EP)

+(2k + q);Tah (- q_k’Q)<A2A_%:E2>< )
2p

2

+(2k — q):T s (k, —q) (Agfr p) <A§U + /(\_%}+ ;2)2)
+(2k + ), (= — & q)( Mo )(A2 e )]
20

A3, + k2 +(7+F)?
Aj, A3,
YR [k + Tk, —g >(A%p+g2)( )

+(2k — )T A (—q + k, q)<A2Ar/?§2><A2 )
2p

A2 A2
+(2k + @) TS5 (—k, — e 2
+( q)i 5(— Q><A%U+k2><Aga+(q—'+ k‘)Q)

+(2k — q); F,fcls( q+k,q) <A§f: E2> (Az + E\j;ur /;‘)2)}

20—+ k), A2 2
~ig2(0as — Gadys)q (2K = @)i(2k = q)| 2 — ()
(A3, + k%)% NA3, + (= + k)

_ nge?)bc

22?T(p) (k> ( A%p )2 + E?1’(0')(_(] + k) ( A%G )2
(A, + (= + k)*) (A, + k) MAZ, + k2 (A3, + k2)> MAZ, + (= + k)?
n 2E7T(i) (k) _ < A%o‘ )2
(Aga + (_§+ k)2)<A%U + k2) A%a + k2

+(2k + )i (2K + q); Eg(p)(qfk)( Mo )2
(A3, + k%)% NS, + (7 + k)2

N 2537 (F) ﬁ ( A%pﬁ>2+2w(a>(‘”k)( A, >2
(A2, + (T+ K)2)(A2, + K2) \AZ, + k2 (A2, +£2)2 \A2_ + (7 + k)2

2530 (0 (k) ( A2 )2
<A2 < E) ><A2 + k) \AZ, + K

( ) - 5.22@(@( A, )2}' w6
+k;2 A3, +k;2 A2+ k2 NAZ + k2
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Next we address the uses of the center of mass momentum in the form factor. For 7m7-scattering
we cannot apply the non-relativistic approximations used in ref. [46]. Therefore, we utilize a form
factor depending on the center of mass momentum (gcy). Furthermore, the dependence on gem
rather than & prevents the introduction of spurious momentum dependencies. While, the use of
gcm makes the pion self-energy more robust, it is not clear how to satisfy the Ward identities in this
framework. However, one can see from eqs. 4.51 and 4.52 that the violation of the Ward identities

is proportional to a difference between form factors. For gcy this difference becomes:

X(p/a)[ k] = (FF(p/U) [p, k]* — FF(,/0)[—q + D, ¢ + E|FF ;)0 D, k;])
= FF(/o)[p, KI’FF (/o) [—q + p, g + K]

(FF(o/o)[=q + P, g+ k] ™" = FF(yp0)[p, k] 7)
(geml—aq + p, g + k> — qem[p, k]?)
Astpfa) T demlp, KJ?
1
(A3(/0) + domlp, K]?) (p + k)2

[(q-k)>+2K(q-p) +2(q-k)(q-p)+ (¢-p)° — K¢

—p*(2¢-k+¢*)—2(p-k)(qg-k—q-p+*)]. (4.63)

= FF(,/0)[p, kK|FF ,/0)[—q + D, q + K]

= FF(,/0)[p, k]FF(p/0)[—q + p,q + K]

One can see from eq. 4.63 that the violation is proportional to a difference in pion momentum
squared over Ag( o/o)- Inorder to extract the electric conductivity one must calculate the zero
momentum low energy limit. In this limit the violation is suppressed, because Ay, is on the
order of several hundred MeV, while the difference in gcys is on the order of a few MeV. Therefore,
the violation of gauge invariance due to adding the form factor will be suppressed at small ¢.
This is expected because form factors are constructed to constrain high energy behavior, while
minimally affecting the low energy regime.

Furthermore, the leading order in the numerator of 4.63 goes like qg , while A, is on the order
of 1 GeV for the rho resonance. Thus, the violation due to the form factors in X, should still

be suppressed around the rho mass. Although A, is significantly smaller (= 400 MeV) than m,,
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the effects of mm-resonant scattering through a sigma resonance on the EM spectral function are
suppressed for large qq. Therefore, the violation of gauge invariance due to using g¢ ), in the form
factor is expected to be small even for gy around the rho mass. Thus, we will follow the approach
of ref. [46] in generating form factors and the additional vertex corrections involving heavy pion
propagators, however, at the vertices where a heavy pion propagator couples to a thermal loop we
will replace the lab frame momentum, l;, with the center of mass momentum, gcy. The regularized

vertex corrections then become:

62



ig d ,
Fposs(kia) = (~30adu +50u)5"T 3 [ / DD k)

2 3
n(even) 7T)
FF,[q + p, k]Q] + (k = —k), (4.64)
Po=1tWn
ig,
Fias (k.0) = —20u"T [ / D+ (p)Dx(p + q)Dpup(k + p)
n(even)
(29 + @)u(p — )°FF,| ,kﬂ (b —k), (4.65)
PO=1Wn
T2 (kyq) = — (0 — 353,153(,)%T > / oy D (p) Dy’ (k +p)D}*(q + k + p)
pv ab33 \" 2 ( : (271')3 p p
(P = k)89on (= (2 + Kk + P)Aguy — (—q + P + k) gun + (¢ + 2k + 2p) .9,
FF,[p, k|FF,[q + p, k]} + (b — —k)), (4.66)
Po=1wWn
Fﬁiﬁfs?,(k, q) = (b + 53a53b Z { Dr(p) D%’ (k + p)

n(even)

D (k +p)D?6(q +k+p)(p— k)e(p — k),
(@ =p—F)aguy — 2q+ P+ E)yGua + (¢ + 2k + 2p) 4940)

((g—p—F)sgve — 20 +p+k)sgus + (¢ + 2k + 2p),gss)

FF,[ ,k]z] + (k — —k), (4.67)

po= '“Un

Tk g) = (0w + 53a53b Z [/ Dy (p)*Dx(p + ) Dp(k + p)ag

n even

2p+q@)ulp—k)*(p— k)’ (2p + q)u

FF,| ,k]Q] + (k — —k), (4.68)

PO=1Wnp,
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-4 3
1g d’p
Lo (k@) = 2050007 gj[/fﬂﬁﬁwm04p+mDyw+p>
(even)

nleven

D (q+k+p)(qg—k+p)s2p+q)(p— k),

(g =k —=p)aguy — (20 + D+ k)y9ua + (¢ + 2k + 2p) 194a)

FF,[p, k]FF,[q + p, k]] : (4.69)
PO=tWn
4 5
g d°p N
FZ$/4c)LbG?g(ka q) = —2(03.03 + 5ab)7pT Z {/ WD,r(p)szﬁ(k +p)
n(even)
(k = plalk — p)sguwFF,[p, kﬂ , (4.70)
poziwn
1(4)Hp o 193 d3p a\ By
Uoass(k, @) = —2(d3403 + 5ab)7T Z (277)3D7T(p)D” (k+p)D,7(k +p)
n(even)

(k—p)alk — p)ﬁ(guAgW + Gy Gur — QQWQM)

FF,[ ,kﬂ , 4.71)
Po=1Wn,
r 22 3
14)Eo - 19,95 d’p 9
F;wab?:?)(k?q) - ((Sab - 53&53b)pTT (Z) |:/ WDﬂ'(p) Dﬂ(p + Q)Do<k —l—p)
(497 = m2)20-+ 0,20+ 0, FE.fp.
p():iwn
+(k — —Fk), (4.72)
i 42 42 3
(1) Gor 19,95 d’p
Dok @) = =2(0w — Saads) 5T Y L/(%Vzu@f04k+m
n(even)
<%+pf—mb%ﬁm[wﬂ | 473)
Po=1twn

The total vertex corrections, including terms where the rho meson couples to a heavy pion propa-
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gator, are then given by:

I (kq) = T8k, q) + 1720 (k, q)

nab3 ©ab3 1 ab3

2ir(p) (q+Fk)

+gea 2k+‘]z< =
pesan( ) A%2+k2

Z7r(<7) (q + k)

+3p€san(2k + Q)z< AZ, 1 P

= /(4 4 4o
F:L(V)ab33(k7 q) = FZ%’Z%U“» q) + Fzgxz)zb?;ii(k’ q) —

A2
Zg €3ca
HEk+ T (- k)| - S
2
ingBbc
2+ g T (=g — )] — 25
! A2, + k2
HEk = T (et ka)| - |
o2
+(2k — q); T (—q + K, Q)}

(4.74)

v be3

ng€3c]c; [(2/€ . ) F”(B)p(l{, —Q)

2k — g5 (k, —q)

(@2 + @)L (k. ~q)

vac3

(2/{—1- )F//(S)a( k’ _q)

vac3

. En(p)(—q + k)
2 (O — o). | ZF T TR
—ig5(0ab — 3a03p) { (2k — q)i(2k — q); [ (A2, 1 )2

_'_
(A2 + ( q+ /f)Q)(
N 250y (k)
(AZy + (=G + k)?)(A2

7r(p)( )

A2, + k2)

p2

+ (2k + q)i(2k + q);

ETI'(O') (q + k)

() (k) N Yoy (—q+ k)
(A2, + k2)?

Yap(q+ k)
(A2, + k2)?
2870 (k)

(A2, + (T + K)?)(A2y + k2)

S (K S (k
45, 2(”)()2—45@' 2(>(ﬁ)2 |
AZ, 4+ F A2, + &

(A2, + k2)2

(AZy + (7 + 5)2)(/\32 + EZ)

(4.75)

where T"(3)(¢/2) and ["4)(#/9) are the regularized vertex corrections given in eqs. 4.64 through

4.73. Finally, we note that in chapter 5 we will assess the effect of the additional vertex corrections,

induced by adding a form factor, on the rho self-energy as an additional measure of the violation

of gauge invariance due to using the center of mass momentum.
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4.5 Dressing intermediate particles

The vertex corrections contain intermediate rho, sigma, and pion propagators. As was seen
with the Landau cut of 3/, if these propagators are not dressed the conductivity will be infinite.
We dress the rho and sigma propagators with the vacuum rho and sigma self-energies and treat the
intermediate pion propagators self-consistently. However, thermal pions within vertex corrections
and the pion self-energy are not dressed, allowing us to make use of the identitiy from eq. 2.41.
The dressed pion, rho and sigma propagators are given by eqs. 1.18, 2.10, and 3.24, respectively.
The widths in the pion and rho propagators violates gauge invariance. However, the violation
due to dressing D, only occurs in vertex corrections containing multiple rho propagators, and
is thus suppressed by ng The violation due to dressing intermediate pion propagators within
vertex corrections can be corrected by dressing the pmm vertices that couple to an external p with
three point-vertex corrections and dressing thermal pion propagators, creating a self-consistency
equation. These effects are expected to be small, due to the small pion width, thus we will not

calculate these corrections in this work.
4.6 Removing double counting

We must take care when calculating 2" to avoid double counting self-energy contributions.
Double counting is encountered due to the self consistent treatment of the pmm vertex and the
pion propagator. For the corrections to the pmm vertex double counting is encountered due to the
presence of the Landua cut within vertex corrections, ie thermal 7wr-scattering with the external
rho. Furthermore, double counting is generated in all the corrections to the ppmm vertex.

For the corrections to the pmm vertex, double counting occurs due to F::(j’gg ? and FZ(;’,ZSC 7. In
figure 4.10 we demonstrate how these diagrams can generate double counting. Figure 4.10 displays
the rho self-energy diagrams generated by dressing the left hand vertex in the rho self-energy with
Fl(jgf ” and the right hand vertex with the bare pm7 vertex, and vice versa. However, in figure

4.10 we replace the pions in the vertex correction with heavy pions. When heavy pions are used in

the vertex correction the two diagrams are unique. However, if one replaces the heavy pions with
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physical pions the diagrams become identical.
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Figure 4.10: (Left/Right): Rho self-energy obtained by dressing the wr-loop with I (3,35 ” on the
( )Cﬂ

left/right hand p77 vertex. The pion propagators within F are replaced with heavy pions. One
can see that the self-energies become identical when the heavy pions are replaced with physical
pions.

Furthermore, consider the contribution to the rho self-energy obtained by dressing the left hand
vertex in 20" with F:i(jgg ? and the right hand vertex with I" L (agg ,as shown in figure 4.11. As figure

4.11 demonstrates, this diagram can also be obtained by dressing the right hand vertex in 2/ with

1(3)Cp

"G and considering the second order vertex correction where the prm vertex within I/ b3

wab3
is dressed with F ( )Ap . Similar arguments apply for all of the second order vertex corrections

F//(3230/) nd F/l(?))CO’
pa )

produced by dressing the pr7 vertices in Juab3

Figure 4.11: Left: Rho self-energy contribution generated by dressing the wr-loop’s left pm ver-

tex with I' #(abg and the rlght Vertex with T’ u(ag3 Right: Second order vertex correction produced

by dressing I' H(agg with FZ s ”. One sees that the first diagram can be produced by dressing the

mr-loop’s right hand vertex with the second order vertex correction.
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This double counting is encountered because the thermal particles in the vertex corrections are
identical to those in the rho self-energy. However, the vertex corrections are defined such that they
do not include vacuum particles, therefore we only encounter double counting when dressing the
Landau cut of /. One can avoid encountering double counting in the w7-loop by only dressing

3)Cp

the right hand pm7 vertex with the self consistently calculated FZ(abg or ["®)07

Lab3  Vertex correction.

Next, we address double counting in the corrections to the pprm vertex. As was seen for the
unitarity cut of the wm-loop, double counting is avoided when we dress the vacuum tad pole loop
and its Bose enhancement. However, when the pion in the tad pole loop is thermal, all of the
four-point corrections generate double counting.

There are two scenarios that generate double counting in the four-point vertex corrections:
First, the rho self-energy contribution derived from the correction is equivalent to a previously

. . . 1(4)B1p M(4)Bap +M(4)Ep 1(4)Fip 11(4)Fa2p
calculated rho self-energy diagram. This occurs in I | pas’, T opas’s T apass U asss T anas »

FZ%%’?,}, Fﬁfﬂfs(é’ and FZ%%%. The self-energy contributions resulting from these vertex corrections

are shown in figure 4.12.
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Figure 4.12: Rho self-energy diagrams generated by dressing the tap pole loop with vertex correc-

tions. The above contributions are identical to previously encountered rho self-energy diagrams.

From left to right the top row of diagrams are generated by Fggfgggp , Flffc)bf;gp , PZ%%; and, FZ%IIE?? :

From left to right the bottom row of diagrams are generated by Fl(fii,g, Fz(fggf;, Fg(fgfgg, and
F//(4)Ga
wr ab33®

1(4)B1p (4)Bap 1(4)F1p 11(4) Fap
One canseethatl', opa5, L' apas > I apss - and I 225" can be generated from the w7r-loop us-

11(3)Ap and F//(?;)Dp

n4)Ep 1+1(4)Gp
©ab3 ©ab3 r r

ing corrections to the pr7 vertex (specifically I' v ab33 L uw ab3zs

). Alternatively,
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FZ%%%, and FZ%%’S simply dress a pion propagator in 2/ with a thermal 7p or 7o loop. However,

these diagrams where already included by resumming the pion propagators with >A".

In the second scenario a unique diagram is generated by the vertex corrections, however the
diagram includes a mr-loop in which the two pions have identical 4-momentum. This configura-
tion generates double counting, because the pions are indistinguishable. Therefore, an additional

symmetry factor of % is added when the tad pole loop contains a thermal pion. This scenario occurs

F//(4)Ap F//(4)01,0 F//(4)02,0 F//(4)Dp

1(4)Hp . . .
uvab3zs Lwavas s L abas s 1w apaz> and T the resulting rho self-energy contributions are

pv ab33?

shown in figure 4.13.

Figure 4.13: Rho self-energy diagrams generated by dressing the tap pole loop with vertex correc-
tions. The above contributions produce double counting due to the presence of m7-loops involving
pions with identical 4-momentum. From left to right the top row of diagrams are generated by

I’Z,(gf?g, FZ%%; , and Fg(fibcfgp . From left to right the bottom row of diagrams are generated by

11(4)Dp 1(4)Hp
F/w ab33 and F/u/ ab33*

Finally, we show that the rho self-energy will remain gauge invariant if all double counting is
removed. Figures 4.14 and 4.15 show the rho self-energy diagrams generated when %./*’s vertices

are full dressed, with D and the pr7 vertex handled self consistently.
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Figure 4.14: Self-energies resulting from dressing the mr-loop with three-point vertex corrections.
Rows labeled X0 through X4 correspond to gauge invariant subgroups when combined with the
corresponding row in figure 4.15. Gray bubbles represent the dressing of a p7 vertex with three-
point vertex corrections.

70



X0 \ J
TOOOBTO0O

7
//\\ m;‘;‘éé\ ///
X7W ——OSUO“WW%%‘W
= |/\I m@/%m év;;m;ﬁ
/ AN AN /
X2 ey — M WO - Oree TTTETTT

I l AN /
X4 51> — oo TTEIETT

Figure 4.15: Self-energies resulting from dressing the tadpole loop with vertex corrections. Rows
labeled X0 through X1 correspond to gauge invariant subgroups when combined with the corre-
sponding row in figure 4.14. Gray bubbles represent the dressing of a pw7 vertex with three-point
vertex corrections.

The figures show the first order vertex corrections, while higher order corrections are repre-
sented with gray bubbles. The self-energies are organized into groups which are 4-dimensionally
transverse, so that each group is independently gauge invariant. These sub groups correspond to
the sub groups established in section 4.2.1 that were used to show the satisfaction of the Ward iden-
tities. Let us consider the Landau cut of the rho self-energy, where double counting is encountered.
We have shown that the diagrams in sub groups X2 and X4 must all be removed to avoid double
counting. However, because X2 and X4 are independently transverse their removal does not break
gauge invariance.

Next we consider sub group X1. We have established that diagrams (X1,7) and (X1,9) require
an additional symmetry factor of % Furthermore, when the gray bubble in diagram (X1,8) is

expanded, one can reproduce all X1 diagrams in fig. 4.14. Therefore, one can avoid double

71



counting by adding a factor of % to all diagrams in sub group X1, which does not violate gauge
invariance. Sub group X3 produces a similar scenario. Diagrams (X3,7), (X3,8), and (X3,10)
require an additional symmetry factor, while diagram (X3,9) can reproduce all diagrams in figure
4.14 belonging to sub group X3. Therefore, one can again avoid double counting by adding a
factor of % to the entire subgroup. Therefore, all double counting can be removed from the Landau
cut without violating gauge invariance. Finally, we note that we have omitted the additional vertex
corrections, generated by adding form factors from figures 4.14 and 4.15. This was done for
simplicity, and because these corrections do not produce double counting.

In this work we only calculate first order vertex corrections. Thus, we will not dress the pmm
vertices within vertex corrections. Therefore, in our final calculations we are not required to drop
diagrams (X2,2) through (X2,6) to avoid double counting, because the second order vertex correc-

tions are not explicitly included.
4.7 Transverse projection of the rho self-energy

In this section we calculate the transverse projection of >#* for arbitrary prm and ppmm vertices,
Ff’ib?)(k, q) and Ffw) wa3(k.q), at ¢ = 0. The results are then used to calculate the transverse
projection of %./* for dressed vertices.

To begin, we calculate:

| -
lim 2P“ F,u,ab3(k q)Fyba?)(q + k,—q), (4.76)

q—0

which appears in 2£*’s 7r-loop. I " ab3(k: q) is a Lorentz vector, and thus must be proportional to
the 4-momenta we have introduced in the calculation, p,,, k,, and g,,. However, we have integrated
over p, therefore we can express I " ab3(k q) in terms of only the 4-momenta external to the vertex

(K, and q,,):

3 3 3
FLc)Lb:s(k'a q) = k’url(cgbs(h q) + Quréib?J(k» a), @.77)
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3)

where I';’/, . and e 5 can be determined in terms of ngb:,) by contracting eq. 4.77 with k,, and g,.

qab

The projection in eq. 4.76 can now be written as:

L v
(lzl_r}é QPM ,uab3(k (]) uba3(Q+k _Q)

= }11332@2 s (5> )T g (0 + b, =) + K - T (b, ) D (g + k., —q) +
k- qrgscgbzs(kv q)rl(cgb)a?;(q +k,—q) + (72Fqgab3(k’ Q)Fngas(q +k, —q)
- q_i (F - 0T, )T s (0 + =) + (- DG T (b, T s + i —a)
(R DT T, )T g + ks =) + T Ty (, )T g (0 + . ~q)] )

EQ
_ (1 - cos(0)2>Fkab3(k DT (0 + b —0)] - (4.78)

where cos(f) is the angle between k and ¢. We are free to align the z-axis with ¢, so that cos(f) is
also the angle between k: and the z-axis. One can determine Pgbg by contracting the left and right

hand sides of equation 4.77 with k;:

kT, kgl

(3 _ aah 479
Fk ab3 EZ EQ ( )
At zero-momentum one finds:
ks r® r®
), = —abd — _3ai8 (4.80)
k2 k|

where we have evaluated kﬁg?w in the frame where  is aligned with the z-axis. One can use eq.

4.80 and 4.76 to show:
1 w(3 1 3 3
2Pl FLib3F£3b3 = 5(1 - 005(9)2)F§,3b3(k7 Q)Féibg(q +k, _Q)‘; (4.81)

()

Next we calculate the transverse projection of an arbitrary ppmm vertex. As was seen for I' 7.,

@

jivab33 AN be expressed in terms of combinations of the external 4-momenta k,, and g,,. However,
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because r@

. ab33 1S @ tensor it can also include terms proportional to g, as was the case for the

o T :
vacuum pprr vertex. Thus we rewrite I' 7 55 as:

4 4 4 4 4
F,Ew)ab33(k7 q) = guyfggb%(k‘, q) + kukvrézzbszz(k'a q) + qukuréagbzss(k» q) + qMQVFz(uzb%(k’ q)-

(4.82)
The transverse projection of F/(jj)am at zero-momentum is given by:
v1(4)
(1]1~I>I(1) 2PN F;(Luab33(k Q>
1 4 4
B 9%5[ BT s (k@) + BT (b, @) + K - 4TS s (@) + G2 Tiyas (K, q)
L/, —* 4 a4
= (77T, 0) = (- 07Tk, 0) = (- D07 Thaa(0) = 0Ty () )
.1 4 2 (4)
~ lim 5( — oW (k. q) + (1 — cos(8)2)R2TSY, . (F, q)) oo (4.83)
One can calculate F§43b33 and F§43b33 by contracting eq. 4.82 with k;k; and d;; at ¢ = 0:
4 7o (4 7414
kikjrz(jzzbiis(k’ Q)}@:o = —k2F§ 3533(k> q) + k4F§2b33(k, Q)’E ’ (4.84)
5¢jF5}4-lb33(’f, Q)’q-zo = _3F§42b33(k q) + kQanb:ﬂs(k Q>‘ (4.85)
The above system of equations can be solve to obtain:
“) kik; T (K q)
(4) _ Dhass(k, ‘.I) ij nass (K @
Danss(k:@)| g = =5 oo (4.86)
™ _ _Fz(?()zbSB(ka q) 3kikjri;121b33<ka q) 4.87)
2ab33( 7q)‘q':0 - 2E2 + 2];:4 ’(T:o’ ( .
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After inserting eqs. 4.86 and 4.87 into eq. 4.83 one finds:

1 1
lim = PR s (b, 0) = 7 ((1+ cos(0)) (s (k. 0) + (1 = 3cos(6)?)

q—0

kikjFij*Lbsg(k, Q)> |
Ez

—

q=0’

(4.88)

The second term will vanish after performing the angular integrations in 3£”. Thus, we can write

the transverse projection of the rho self-energy in terms of only F(S) b3 and Fifim'

1 L d|l<:|l<:2 -
5P (@0, = 0) = Z / (K)Dx(g + 1) (gpesa(21R]) + Tiaaa k. )
<gpegba<2\k:|> Tk + —@)LO .
147r d|k:|k:2 -3
Z / (gp T Zrmaa33(k Q)):|k0:iw )

’T'L 6’1}677,

(4.89)

where we have performed the angular integrations analytically. The vertex corrections introduce
nontrivial energy dependence into the vertices. Furthermore, the vertex corrections are complex,
and must be written with a spectral representation, before the Matsubara sums are performed.
In the appendix we establish the relevant spectral representations and calculate the Matsubara

summations in eq. 4.89.
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5.  ELECTROMAGNETIC SPECTRAL FUNCTION IN PION MATTER

In this chapter we analyze the the EM-spectral function in hot pion matter and extract the
conductivity. In section 5.1 we calculate EﬁT, when pion propagators are dressed with X, but do
not include vertex corrections. In section 5.2 we analyze the EM-spectral function without vertex
corrections. The conductivity over temperature, without vertex corrections, is plotted and analyzed
in section 5.3. We introduce vertex corrections to the rho self-energy in sections 5.4. Finally, we
present the EM-spectral function with vertex corrections in section 5.5, and extract the conductivity

over temperature in section 5.6.
5.1 Rbho self-energy without vertex corrections

Figures 5.1 and 5.2 display the imaginary and real parts of the transverse projection of the rho
self-energy for various temperatures, at ¢ = 0. The pion propagators within EZ are dressed with
>.x. The medium effects on ReEf are repulsive, causing the rho mass to increase. ImEf increases
with temperature for all go, but the increase is especially pronounced in the low energy regime. In
vacuum, ImZ;f is zero below 2m., but at finite temperature a bump develops at low energy, which

corresponds to the transport peak in [Igy.
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Figure 5.1: Imaginary part of the transverse projection of the rho self-energy in vacuum (blue), at
T=100 MeV (purple), T=150 MeV (brown), and T=180 MeV (red), plotted as a function of energy
at ¢ = 0.
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Figure 5.2: Real part of the transverse projection of the rho self-energy in vacuum (blue), at T=100
MeV (purple), T=150 MeV (brown), and T=180 MeV (red), plotted as a function of energy at
qg=0.
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Figure 5.3 plots the Landau and unitarity cuts of Ef separately. Though the unitary cut can
penetrate below the 2m, threshold, due to the finite pion width, it is essentially zero below 220
MeV. While not a true threshold, the unitarity cut appears negligible compared to the Landau cut,

which provides a large increase at low q.
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Figure 5.3: Imaginary part of the transverse projection of the rho self-energy as a function of
energy at ¢ = 0 for T=180 MeV. The Landau (brown) and unitarity (purple) cuts are plotted
separately, as well as the total (red) and the vacuum (blue). We see the low energy behavior is
dominated by the Landau cut.

5.2 EM spectral function without vertex corrections

In this section we calculate the EM spectral function without vertex corrections. In figure 5.4
we plot IT¢,/qo for various temperatures, scaled such that the conductivity corresponds to the
intercept at zero energy. At high energy, the rho’s width and mass increase due to an increase in
EZ. While the the rho’s width is expected to increase with temperature, the repulsive shift of m,, is
due in part to the fact that our calculation is not chirally symmetric. We do not attempt the preserve

chiral symmetry in the present analysis, since doing so while also maintaining gauge invariance is
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beyond the scope of this work.
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Figure 5.4: Imaginary part of the electromagnetic spectral function, scaled such that the zero-
energy intercept corresponds to o), plotted as a function of energy at ¢ = 0, for; vacuum (blue),
at T=100 MeV (purple), T=150 MeV (brown), and T=180 MeV (red). For finite temperature a
transport peak develops at low energy. Additionally, we see the rho’s width and mass increase with
temperature.

Figure 5.5 shows the scaled EM spectral function focusing on low energies. The transport peak
broadens as temperature increases, because Y., increases with temperature. This is similar to the
Lorentzian-like structure found in ref. [35] that broadened with increasing coupling. At the same
time the conductivity decreases significantly when going from 100 MeV to 150 MeV, but increases
slightly between 150 MeV and 180 MeV. This demonstrates that a minimum can develop in the
conductivity, caused by a misalignment of thermal pion energies with that of the resonant particles

towards higher temperatures.
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Figure 5.5: Imaginary part of the electromagnetic correlator, scaled such that the zero-energy
intercept corresponds to o, plotted as a function of energy at ¢ = 0, for: T=100 MeV (purple),
T=150 MeV (brown), and T=180 MeV (red). We focus on the low energy region, emphasizing the
transport peak. The peak broadens as the interaction strength increases with temperature.

Finally, figures 5.6 and 5.7 plot the EM spectral function when only S-wave (sigma resonance)
or P-wave (rho resonance) scattering are considered, as well as the result when scattering is allowed
through both channels. From figure 5.6, one can see that the three scenarios have little impact on
the rho pole, where the unitarity cut dominates. The broadening of the rho pole is primarily due
to the addition of Bose enhancement terms (1 + f(wy) + f(go + ws)) in the rho self-energy,
with the relatively small pion width causing only slight broadening. Additionally, we note that
the broadening is augmented due to the increase in the P-wave phase space of the vacuum self-
energy, caused by the shift in the tho mass. Conversely, figure 5.7 indicates that both resonances
have significant impact on the low energy behavior of the spectral function, where the Landau cut
dominates. This is expected because lim,, 0Ty (qo,0)/qo is approximately proportional to Z%r,

and is particularly sensitive to >,’s low momentum behavior, as will be shown in section 5.3.
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Figure 5.6: Imaginary part of the electromagnetic correlator, scaled such that the zero-energy
intercept corresponds to o, plotted as a function of energy at ¢ = 0 and T=150 MeV. The vacuum
is plotted in blue, results for only P-wave scattering are plotted in red, results for only S-wave
scattering are plotted in brown, and results allowing P- and S-wave scattering are plotted in purple.

The energy range is chosen to emphasize the rho pole.

15 Vac |
'%‘ I p Res.
E. I o Res. ]
CO‘ 10 _ — p+0 Res. ]
~
E L
g L
qu-) 5 |

0 I L I I L
0 10 20 30 40 50
o [MeV]

Figure 5.7: Imaginary part of the electromagnetic correlator, scaled such that the zero-energy
intercept corresponds to o, plotted as a function of energy at ¢ = 0 and T=150 MeV. The vacuum
is plotted in blue, results for only P-wave scattering are plotted in red, results for only S-wave
scattering are plotted in brown, and results allowing P- and S-wave scattering are plotted in purple.

The energy range is chosen to emphasize the transport peak
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5.3 /T without vertex corrections

Figure 5.8 displays our results for the conductivity divided by temperature without vertex cor-
rections, as a function of temperature. The conductivity over temperature decreases as a function
of temperature, but may develop a minimum beyond 180 MeV. We also plot the results when
considering only S-wave (sigma resonance) or P-wave (rho resonance) scattering. For high tem-
peratures the rho resonance generates a significantly smaller conductivity than the sigma. Since
the conductivity is inversely related to resistance the conductivity adds roughly inversely. Thus the
smallest individual contribution will exert greater influence on the total conductivity. P-wave scat-
tering provides the greater influence at higher temperatures, however the S-wave is more influential
below temperatures of approximately 110MeV. This hierarchy develops because Y. (,) dominates
the pion self-energy at low momentum, while X, dominates at large momentum, as the rho’s
mass (770 MeV) is larger than the sigma’s (500 MeV). Transport coefficients are inherently low-
energy phenomena, however as temperature increases our calculation probes higher momentum.
Therefore, we see a crossing between p- and o-contributions in figure 5.8 as we probe higher pion

momenta.
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Figure 5.8: Electric conductivity divided by temperature as a function of temperature. The red
curve shows the result if one only allows mr-scattering through a sigma resonance, the blue only
allows mr-scattering through a rho resonance, and the purple allows scattering through both reso-
nances.
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We also compare our full off-shell result to the on-shell approximation from eq. 2.46. This is
done by evaluating T,y with 3, (wy, k) /wy, in eq. 2.46. Figure 5.9 compares the two calculations.
Our results show that the approximation works fairly well, but becomes progressively worse as
the interaction rate (%) increases with temperature. This suggests that the off-shell effects will

become important in the strong-coupling limit.

p+0 Resonances

010 e
0.08| | — p+o Off-Shell

006 ] — p+0 On-Shell

/T

S 0.04

0.02

0.10 0.12 0.14 0.16 0.18
T [GeV]

Figure 5.9: Electric conductivity divided by temperature as a function of temperature. We compare
the full off-shell calculation (purple) to the on-shell approximation from 2.46 (red).

One can analyze how different pion momenta contribute to the conductivity by plotting the k

integrand in lim,,_,o X,(qo, ¢ = 0)/qo. This integrand is given by:

- drg® L, [ dv - eT
K,(|k],T) = 3(%’)’341{4/0 —Im[D, (v, k)] ——a— (5.1)

where the ¢o — 0 limit has been performed analytically. Figures 5.10 and 5.11 show K,,(]E |, T) as
a function of momentum at various temperatures when only rho or sigma 7r-resonant scattering is

considered. The rho’s contribution peaks below 150 MeV, while the sigma peaks above 200 MeV.
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In both cases, the peak shifts to higher k and broadens with temperature. These peaks represent
the momenta most preferable for conducting charge, and are determined by the interplay of the
pion self-energy and the density. For example, the rho’s peak at T=100 MeV is remarkably large,
relative to other temperatures, because at 7' = 100 MeV is it difficult to find thermal pions with
enough energy to form a rho resonance, ie. Y, is small. Consequently, the pions interact quite
weakly and K, (|k|, T) rises sharply. At higher momentum the P-wave interaction becomes favor-
able, thus KU(|E |, T') is suppressed. Alternatively, the sigma resonance is quite broad, facilitating
scattering for low energy pions, where Y., is large. Therefore, in figure 5.11 K, is small for low
momenta, where S-wave scattering dominates. As k increases Yir(0) decreases, resulting in a rise

in K, until it is eventually diminished due to thermal suppression of high energy pions.
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Figure 5.10: K, (|k|,T) as a function of momentum for T=100 MeV (purple), T=150 MeV
(brown), and T=180 MeV (red). The integral of K, (|k|,T") with respect to |k| is proportional
to the conductivity. The results only include 7r-scattering through a rho resonance.
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Figure 5.11: K, (|k|,T) as a function of momentum for T=100 MeV (purple), T=150 MeV
(brown), and T=180 MeV (red). The integral of K, (|k|,T") with respect to |k| is proportional
to the conductivity. The results only include 7m-scattering through a sigma resonance.

Figure 5.12 plots K, (|k|, T) as a function of momentum for various temperatures, when reso-
nant rho and sigma scattering are included. The conductivity adds inversely, so the total result is
smaller than either individual contribution. Although, the S-wave interaction suppresses the low
k region, a peak is still produced around k = 200MeV (most noticeably for T=100 MeV). This
occurs because even when S-wave interactions are included > is still smallest at low momentum
(fig. 3.7). Thus KU(|E |, T') is largest at smaller momentum, where pions primarily interact through
S-wave scattering, but is suppressed at higher momentum where the stronger P-wave interactions

become more energetically favorable.
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Figure 5.12: KU(\E|,T) as a function of momentum for T=100 MeV (purple), T=150 MeV
(brown), and T=180 MeV (red). The integral of K,(|k|,7") with respect to |k| is proportional
to the conductivity. The results include 7-scattering through rho and sigma resonances.

5.4 Rbho self-energy with vertex corrections

Figures 5.13 and 5.14 display the imaginary and real parts of the transverse projection of the

rho self-energy, for ¢ = 0, for T=150 MeV with and without vertex corrections. In figures 5.15

and 5.16 we plot the rho self-energy, at ¢ = 0, with vertex corrections for various temperatures.

The results include interactions through rho and sigma resonances
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Figure 5.13: Imaginary part of the transverse projection of the rho self-energy in vacuum (blue)
and at T=150 MeV with (purple) and without vertex corrections (red). Including vertex corrections
results in an increase in ImEg. Results include the rho and sigma resonances.
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Figure 5.14: Real part of the transverse projection of the rho self-energy in vacuum (blue) and
at T=150 MeV with (purple) and without vertex corrections (red). Including vertex corrections
results in an increase in ReEg. Results include the rho and sigma resonances.
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Figure 5.15: Imaginary part of the transverse projection of the rho self-energy at ¢ = 0 in vacuum
(blue), and for various temperatures, T=100 MeV (purple), T=150 MeV (brown), and T=180 MeV
(red), including vertex corrections. Results include the rho and sigma resonances.
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Figure 5.16: Real part of the transverse projection of the rho self-energy in vacuum (blue), and
for various temperatures, T=100 MeV (purple), T=150 MeV (brown), and T=180 MeV (red),
including vertex corrections. Results include the rho and sigma resonances.
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We see that including vertex corrections results in an increase in the rho self-energy, which
becomes more pronounced as temperature increases. This increase is expected because the vertex
corrections introduce addition interactions for the rho. For g, around the rho mass this results in
an increased rho width, while at low ¢y we see an increase in the shoulder generated by the Landau

cut.
5.5 EM-spectral function with vertex correction

In this section we display the EM spectral function when vertex corrections are included. Fig-
ures 5.17 through 5.26 plot 1T, /qo for various temperatures at ¢ = 0, scaled such that the con-
ductivity corresponds to the intercept at zero energy. We include mr-scattering through rho and
sigma resonances. Figures 5.17 through 5.20 and figures 5.22 through 5.25 compare the spectral
function with and without vertex corrections, respectively, for T=100 MeV, T=120 MeV, T=150
MeV, and T=180 MeV. Additionally, figures 5.21 and 5.26 compare the spectral functions at T=100
MeV, T=150 MeV, and T=180 MeV, when vertex corrections are included. Plots are given which

emphasize the rho pole at gy = 770MeV as well as the low energy transport peak.
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Figure 5.17: The electromagnetic spectral function at T=100 MeV, scaled such that the zero-

energy intercept corresponds to o.. Results are plotted as a function of energy at ¢ = 0, for;

vacuum (blue), excluding vertex corrections (red), including vertex corrections (purple). The qq
range is set to emphasize the rho pole.
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Figure 5.18: The electromagnetic spectral function at T=120 MeV, scaled such that the zero-energy

intercept corresponds to o. Results are plotted as a function of energy at ¢ = 0, for; vacuum
(blue), excluding vertex corrections (red), including vertex corrections (purple). The gq range is

set to emphasize the rho pole.
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Figure 5.19: The electromagnetic spectral function at T=150 MeV, scaled such that the zero-

energy intercept corresponds to o.. Results are plotted as a function of energy at ¢ = 0, for;
vacuum (blue), excluding vertex corrections (red), including vertex corrections (purple). The qq

range 1s set to emphasize the rho pole.
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Figure 5.20: The electromagnetic spectral function at T=180 MeV, scaled such that the zero-
energy intercept corresponds to 0. Results are plotted as a function of energy at ¢ = 0, for;
vacuum (blue), excluding vertex corrections (red), including vertex corrections (purple). The gq

range is set to emphasize the rho pole.
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Figure 5.21: The electromagnetic spectral function including vertex correction at T=100 MeV
(purple), T=150 MeV (brown), and T=180 MeV (red), scaled such that the zero-energy intercept
corresponds to .. The vacuum is also plotted in blue. Results are plotted as a function of energy

at ¢ = 0. The ¢, range is set to emphasize the rho pole.
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Figure 5.22: The electromagnetic spectral function at T=100 MeV, scaled such that the zero-

energy intercept corresponds to o.. Results are plotted as a function of energy at ¢ = 0, for;
vacuum (blue), excluding vertex corrections (red), including vertex corrections (purple). The qq

range is set to emphasize the transport peak.
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Figure 5.23: The electromagnetic spectral function at T=120 MeV, scaled such that the zero-energy
intercept corresponds to o). Results are plotted as a function of energy at ¢ = 0, for; vacuum
(blue), excluding vertex corrections (red), including vertex corrections (purple). The gq range is

set to emphasize the transport peak.
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Figure 5.24: The electromagnetic spectral function at T=150 MeV, scaled such that the zero-
energy intercept corresponds to o.. Results are plotted as a function of energy at ¢ = 0, for;
vacuum (blue), excluding vertex corrections (red), including vertex corrections (purple). The qq
range is set to emphasize the transport peak.
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Figure 5.25: The electromagnetic spectral function at T=180 MeV, scaled such that the zero-
energy intercept corresponds to o.. Results are plotted as a function of energy at ¢ = 0, for;
vacuum (blue), excluding vertex corrections (red), including vertex corrections (purple). The qq
range is set to emphasize the transport peak.
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Figure 5.26: The electromagnetic spectral function including vertex correction at T=100 MeV
(purple), T=150 MeV (brown), and T=180 MeV (red), scaled such that the zero-energy intercept
corresponds to .. The vacuum is also plotted in blue. Results are plotted as a function of energy
at ¢ = 0. The g, range is set to emphasize the transport peak.

The vertex corrections result in a broadening of the rho peak that increases with temperature.
This is expected because the corrections increase the rho’s interaction with the medium. Further-
more, we see an increase in the transport peak, due to the vertex corrections. We have shown that at
low g the transport peak is roughly proportional to the imaginary part of the rho self-energy. The
vertex corrections increase Im>J,, thus the increased transport peak should be expected. However,
this is somewhat counter intuitive, because the transport peak is also proportional to the electric
conductivity. Therefore, it seems that increasing the medium interaction by including vertex cor-
rections has resulted in a more conductive medium. In order to understand this phenomena, one
must observe that the rho meson does not transmit electric charge through the medium. Charge is
transmitted by the charged pion states, and in fact any increase in Im>.,. will reduce the conductiv-
ity. Thus it is Im>; which determines the interaction strength in the medium and not ImX,. On
the other hand, the rho self-energy determines how the external photon couples to the medium.

Therefore, the various rho self-energy diagrams represent different channels through which elec-
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tric charge can travel. Therefore, the vertex corrections introduce additional channels for charge to

flow through, increasing the electric conductivity.
5.6 /T with vertex corrections

In this section we examine the electric conductivity, extracted from the transport peak of the
EM spectral function. In figure 5.27, we plot the conductivity over temperature with and without
vertex correction. Results are shown for mr-scattering through only the rho or sigma resonance, as

well as the result when scattering through both resonances are accounted for.
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Figure 5.27: Pion gas conductivity over temperature for different wm-scattering resonances, with
and without vertex corrections. Results including only the sigma resonance are plotted in red
(vertex corrections excluded) and green (vertex corrections included). Results including only the
rho resonance are plotted in blue (vertex corrections excluded) and orange (vertex corrections
included). Results including both resonances are plotted in purple (vertex corrections excluded)
and brown (vertex corrections included).

Figure 5.27 shows that the vertex corrections have the largest impact when only the sigma reso-
nance is included, where they provide on average a ~30% increase in the conductivity. Conversely,

the vertex corrections have little impact when only the rho resonance is considered, providing ap-
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proximately a 2% increase. When both resonances are included the vertex corrections increase

the conductivity by approximately 10%. The relatively large increase in the sigma resonance re-

(3)Co

sults is caused primarily by I' /5"

Although one might expect this correction to still provide a

significant increase in the conductivity when both resonances are considered, this is not the case.

(3)Co

This is because the Landau cut of I’ pab3

is proportional to the pion’s width. Therefore, when the

®3)

uai;’ the result is proportional to the pion’s width

rho self-energy’s Landau cut is dressed with I'
squared. Thus, when the rho resonance is included in 3 this contribution experiences significant

suppression relative to other rho self-energy diagrams. Due to this suppression, the largest correc-

®3)

(3)Eo
pv r

tion to the rho self-energy, when both resonances are included, is from I' f&s and i ab33” which
account for about 70% of the vertex corrections’ contribution to the rho self-energy.

In figure 5.28 we examine the impact of the additional vertex corrections induced by the form
factor. The conductivity with and without the additional corrections is plotted, as well as the
conductivity without vertex corrections. However, form factors are still included in all results, in
order to assure convergence of the calculation. One can see that the form factor correction terms
provide a small increase in the total conductivity, approximately 2.5%. However, because the
contribution of the vertex corrections to the conductivity is rather small, these terms increase the

effect of the vertex corrections by about 30%. This increase is fairly concerning, thus we intend to

further investigate the violation of gauge invariance due to the form factor in future works.
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Figure 5.28: Pion gas conductivity over temperature without vertex corrections (blue), with vertex
corrections (red), and including all vertex corrections except those induced by the form factor
(green). The results include mr-scattering through rho and sigma resonances.

Finally, we compare our results for the hot pion matter conductivity to previous calculations in
the literature in figures 5.29 and 5.30. In figure 5.29 we plot only results for hot pion matter, while

in figure 5.30 we include results from lattice QCD.

97



0.500-

- 0.100,
S 0.050

0.010,
0.005|

1
— p Spec. No VC
— p Spec.
— Greif et al.
Kadam et al.
Fraile et al.
— Ghosh (2017)
—— Ghosh et al. (2018) |
----- Huot et al.

0.10

T [GeV]

015

020 025

Figure 5.29: Pion matter conductivity over temperature compared to previous calculations in hot
pion matter. The black dashed line shows a proposed lower bound from Ref. [22]. Our results
are shown with and without vertex corrections in blue and purple, respectively. The kinetic theory
results are plotted in brown [21], K-matrix results are plotted in green [29], chiral perturbation
theory results are plotted in orange [23], real-time field theory results are plotted in red [30], and
the results for the relaxation time approximation to the relativistic transport equation are plotted in

magenta [31].
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Figure 5.30: Pion matter conductivity over temperature compared to previous pion matter calcu-
lations, and 1QCD results. The black dashed line shows a proposed lower bound from Ref. [22].
Our results are shown with and without vertex corrections in blue and purple, respectively. The
kinetic theory results are plotted in brown [21], K-matrix results are plotted in green [29], chiral
perturbation theory results are plotted in orange [23], real-time field theory results are plotted in
red [30], and the results for the relaxation time approximation to the relativistic transport equation
are plotted in magenta [31]. 1QCD results for two Np = 2 calculations are plotted with black and
purple points [26, 27]. Finally, IQCD results for N = 2 + 1 are plotted with cyan points [25].

Our conductivity is significantly larger than the kinetic theory [21], chiral perturbation theory
[23], and relaxation time approximation [31] results, but is smaller than the K-matrix calculation
[29]. However, our calculation agrees fairly well with the real-time field theory results [30]. Refer-
ences [21], [23], [29] and [30] provide expressions for the conductivity in terms of either the pion
width or the collision time, which are similar to our equation 2.46, however our inputs for the pion
width vary.

Our calculation and the kinetic theory calculation derive the conductivity from similar pion
cross sections. In ref. [21] the cross section is used to calculate the collision term, which is similar
to our pion self-energy. The collision term is then used to solve the linearized Boltzmann equation,

however when implemented in their electric charge current, ref. [21]’s interaction width appears

99



to differ from ours by a factor of two. The larger width could account for the smaller conductivity
found in ref. [21].

In ref. [29] an expression for the conductivity in terms of the relaxation time is obtained by
solving the Boltzmann equation. The pion’s interactions are then calculated using the K-matrix
formalism. Although ref. [29] implements a similar cross section to our own, they do not include
the sigma resonance, which could account for some of the increase in ref. [29]’s calculation relative
to our own. Additionally, ref. [29]’s expression for the conductivity differs from eq. 2.46 in
that eq. 2.46 is proportional to the collision time, while ref. [29]’s expression is proportional
to the relaxation time. Multiple collisions are required for a particle to equilibrize (typically one
collision per spacial degree of freedom), thus the relaxation time is larger than the collision time.
This difference could also account for an increase in ref. [29]’s conductivity relative to our own.

In ref. [23] chiral perturbation theory is used to derive an expression for the conductivity, which
is equivalent to our eq. 2.46. The pion’s width is then calculated using the Inverse Amplitude
Method, which satisfies unitarity and matches ref. ??’s low-energy chiral expansion. Although ref
[23]’s width utilizes Boltzmann statistics rather than Bose, this should not produce a large effect in
the conductivity at low temperatures. More work is needed to understand the apparent discrepancy
between our pion width and that of ref. ??.

In ref. [30] real-time thermal field-theory is used to derive an expression for the conductivity
from the Kubo formula in terms of the pion width. Thermal pion widths are then derived from pr
and om loops. As mentioned in section 3.5, ref. [30]’s pion widths are quite similar to our own,
however ref. [30] does not dress the rho or sigma mesons with widths and uses a different o7
vertex. We would expect ref. [30]’s result to be similar to our result without vertex corrections,
however [30]’s result is somewhat larger, which could be explained by ref. [30] implementing a
smaller pion width.

In ref. [31] the conductivity is estimated by solving the relativistic transport equation in the re-
laxation time approximation. Pion interactions are derived in terms of elastic scattering amplitudes

and consider scattering through both rho and sigma resonances. Furthermore, ref. [31] expresses
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their amplitudes in terms of the m-cross section and demonstrate a vacuum cross section which is
similar to our own. However, ref. [31] then derives a mean reaction rate (thermal average over pion
momentum) that is approximately four times larger than our own, indicating stronger interactions,
which may explain the discrepancy between the results.

From figure 5.30 we see that the pion gas results are significantly larger than IQCD calculations,
with most 1QCD results falling below the proposed lower bound. Although this violation may
seem concerning, the proposed lower bound from ref. [22] depends on the number of degrees
of freedom in the calculation. Therefore, it may not be appropriate to compare pion matter and
1QCD results to this lower bound. We address a more "universal" bound proposed by ref. [22]
in chapter 6. Furthermore, in ref. [25] it is stated that their extraction of the conductivity at low
temperature should be taken with caution, because they would not detect possible narrow transport
peaks created by hadronic interactions.

Our results support a pion matter conductivity significantly higher than the lower bound pro-
posed in ref. [22], which will impact charge correlations in HIC, however a more complete cal-
culation in hadronic matter is required. Furthermore, our calculations indicate that the effects of
the vertex corrections are rather small (~ 10%), instead the conductivity is dominated by the Lan-
dau cut of the rho self-energy, which is related to the pion’s width. As demonstrated in eq. 2.46,
the conductivity is inversely proportional to the pion’s width. Therefore, the conductivity is very
sensitive to pionic interactions and a robust calculation of the pion’s width is required in order to

reliably extract the conductivity.
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6. EM SPECTRAL FUNCTION THEORETICAL APPLICATIONS

In this chapter we perform further analysis of the EM spectral function. In section 6.1 we
calculate the electric conductivity over the charge susceptibility, which provides a more "universal"
lower bound on the conductivity [22]. We then test our EM spectral function against a sum rule

calculated in ref. [45] in section 6.2.
6.1 Charge susceptibility

From figure 5.30, we see that several calculations either approach or violate the lower bound
proposed in ref. [22]. However, one must be careful when comparing ¢ to the lower bound,
because %% depends on the number of degrees of freedom in the system. Reference [22] proposed
dividing the conductivity by the charge susceptibility. This cancels out the dependence on the
degrees of freedom and provides a more "universal" quantity. The proposed lower bound from

reference [22] is given by:

Oel 1
— 6.1
e?= 2T ©.1

In order to compare our results to the lower bound we calculate the charge susceptibility in
pion matter. To leading order in e? the susceptibility is related to the electromagnetic Debye mass
squared by [57, 58, 59, 60]:

E = —limOX,(q =0,7) =m3,. (6.2)

q—0

With in the VDM one can write the Debye mass in terms of the rho propagator and self-energy

102



[61]:

—_ . (m2>4 00 <m2>4 00
= = —(1?1_1{(1) [g—gDp (90=10,9) — g—gDpvac(O70):|
L O . S —
ol g5 \—q*—(mp)* —X}(0,q) gy \N—q* = (mp)* — E[,,.(0,0)
04 1 014 1
- (mg) ( 0)2 _ 300 ) - (mg) < 0)2 _ 3700 ) (6.3)
95 (mp) o 2p (07 0) 95 (mp) - Epvac(()? 0)

We see that while the conductivity corresponds to the time-like limit of ImIIfy;, the susceptibility is
determined by the space-like limit of Rellky;. Though our formalism can be extended to finite ¢, we
have not calculated vertex corrections at finite ¢, as this is beyond the scope of this work. However,
we have seen that the dominant contribution to >, comes from dressing the pion propagators with
... Here we calculate = using the rho self-energy with dressed pion propagators, without including

vertex corrections.

— No VC
— VC
----- Lower bound
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Figure 6.1: Electric conductivity divided by e? times the charge susceptibility. The charge suscep-
tibility is calculated from TI%, without including vertex corrections, however results are plotted for
the conductivity with (red) and without (blue) vertex corrections. The black dashed line plots the
result for the proposed lower bound from reference [22].
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In figure 6.1 we plot our conductivity divided by e? times the charge susceptibility compared
to the proposed lower bound from eq. 6.1 [22]. We see that our result is approximately a factor
of 5 larger than the proposed lower bound. Furthermore, our calculation begins to level off as
temperature increases while the lower bound is proportional to % Therefore, we see that even
when the number of degrees of freedom is accounted for, our result is well above the proposed

lower bound.
6.2 Current conservation sum rule

In order to test our calculation, we utilize our EM spectral function to evaluate a sum rule

calculated in ref [45]. The sum rule reads:

oo 1 oo 1
/ dw—ImIl(w,T) = / dw—TImlL,,.(w). (6.4)
0 w 0 w

Since the EM-correlator is proportional to the rho-spectral function in the VDM one can rewrite

the sume rule as:

> 1 o 1
/ dw—ImDp”(w, T) = / dw—ImDpiwac(w). (65)
0 w 0 w

Equation 6.5 can be rewritten in the form of a dispersion relation at zero energy:

& 2
ImD,;i(w,T) = quiLnO i dwqg_—waImDpMac(w). (6.6)

) & 2w
lim dw 5 5
200 Jo Gy —w

The dispersion relations can be solved analytically, as long as the rho propagator is analytic. Per-

forming these integrations gives:

ReDP’i’i(O? T) = ReriivaC<O)' (67)

Equation 6.7 implies that to satisfy the sum rule D, must be analytic and ReX,;;(0,7") = 0.
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H Calc T=100 MeV T=120MeV T=150MeV T=180MeV H

No VC .32% .34% .36% 57%
VC .92% .67% 33% .24%
VC No FF Corr. .38% 39% .32% 35%

Table 6.1: Violation of the sum rule proposed in ref. [45].

The energy dependent portion of Rer has been calculated with a dispersion relation, there-
fore D, is guaranteed to be analytic. Furthermore, one can see from figures 5.2 and 5.14 that
Rezf(qo = 0,4 = 0) shows little deviation from zero. Therefore, we expect the violation of the
sum rule to be small. In order to quantify the violation of the sum rule, we calculate the percent
change in the left hand side of eq. 6.5 relative to the vacuum value. The violations with and with-
out vertex correction are given in table 6.1. We see that before including vertex corrections the
violation is extremely small, on average being less than .5%. When vertex corrections are included
the violation increases for T=100 MeV and 120 MeV, but is reduced for T=150 MeV and 180
MeV. Furthermore, we see that the addition of the corrections induced by the form factors tend to
increase the violation, especially for low temperature. Although the increase is a bit troubling, and
provides further motivation to investigate a form factor that do not violate gauge invariance, it is
reassuring that the violation is consistently less than 1%. In order to gain precision at this level
we would likely require higher numerical precision and may need to calculate further iterations of
the self-consistency equation induced by introducing the pion self-energy. This would require the

dressing of thermal pions with X,. and the calculation of higher order vertex corrections.
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7. SUMMARY AND FUTURE WORK

The creation of the QGP and hot hadronic matter has been a major accomplishment of HIC
experiments at the LHC and RHIC. One means to study the medium created in HICs is to extract
transport coefficients, which probe the low-energy, long-wavelength limit of the medium and are
taken as inputs in transport models [16, 17].

In this work we set out to calculate the electric conductivity, which is expected to impact the
evolution of charge correlations in HICs [20]. In particular, we calculated the conductivity of
hot pion matter. The pion’s mass is much smaller than that of nucleons and other mesons, thus
m-scattering is expected to play the leading role at low temperatures and chemical potentials.
Previous calculations of the electric conductivity of pion matter and hot hadronic matter have
varied considerably[21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31].

We have performed a quantum calculation based on successful descriptions of thermal dilepton
emission rates [19, 62], where the EM spectral function was related to the imaginary part of the
rho meson’s propagator using the VDM. Interactions with the thermal medium were evaluated
through the rho self-energy, 2.£”. In pion matter a transport peak was generated by the Landau cut
of X2, which corresponds to prr scattering. However, it was found that 77-scattering needed to be
considered in order to generate the pion’s width and obtain a finite conductivity.

We included S- and P-wave scattering through sigma and rho resonances respectively, by re-
summing the pion propagators within 2* with pion self-energies. We then corrected for the vio-
lation of gauge invariance induced by this dressing with corrections to the pm7 and ppmm vertices.

In order to calculate the vertex corrections, we followed the approach from refs. [46, 44]
and generated vertex corrections by coupling rho mesons to ;. The vertex corrections contain
intermediate rho, sigma, and pi mesons, which transmit charge through the medium. Therefore,
these mesons where dressed with widths in order to extract a finite conductivity.

Dressing the pion propagators creates a self-consistency equation, because the vertex correc-

tions contain pmm vertices. Furthermore, because the thermal particle in the rho self-energy’s
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Landau cut is identical to the thermal particle in X2, and the vertex corrections, the vertex correc-
tions generated double counting, which was identified and removed. Finally, we regularized >
and the vertex corrections with a form factor depending on the center of mass momentum, in order
to avoid spurious momentum dependencies. Although this addition violates gauge invariance, we
find that the violation is parametrically suppressed by the form factor cut off relative to the typical
thermal pion momentum. We have then calculated approximate corrections for the violation.

The effect of the vertex corrections on the conductivity is rather small, resulting in approxi-
mately a 10% increase in the conductivity, with the primary contribution to the conductivity com-
ing from the Landau cut of the rho self-energy. Furthermore, we have seen that both S- and P-wave
m-scattering contribute significantly to the conductivity. Although, the vertex corrections do not
tend to improve the current conservation sum rule, the violations with or without vertex corrections
are less than 1%, and correcting these violations will likely require the calculation of higher order
vertex corrections, the dressing of thermal pions with >, and higher numerical precision. The
choice of the center of mass momentum in the form factor may also contribute to the violation.

Our results support a conductivity significantly larger than existing calculations with kinetic
theory, chiral perturbation theory, or the relaxation time approximation to the relativistic transport
equation [21, 23, 31]. The result is also significantly smaller than the K-matrix calculation from
ref. [29], but agrees fairly well with the real-time field theory calculation in ref. [30]. However,
the variation in the conductivity does not appear to be due to the choice of formalism. The dif-
ferent calculations produce similar expressions for the conductivity in terms of the pion width.
However, the various calculations input different pion widths, leading to differing conductivities.
Furthermore, our conductivity is well above the quantum lower bound proposed in ref. [22], even
when the dependency on the number of degrees of freedom is removed by dividing by the charge
susceptibility.

We intend to extend our formalism to the strong coupling limit by increasing g,. In this limit,
the higher order corrections and the effect of the center of mass form factor may not be as heavily

suppressed, therefore these effects will require further investigation. We will then extend our
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calculation to hot hadronic matter with the addition of nucleons and kaons. The effect of nucleons
at finite density and temperature can be included by combining this work’s results with those of
ref. [40]. This will require combining this work’s pion self-energy with that of ref. [40] and the
calculation of additional vertex corrections to the rho self-energy. After including nucleons we
will continue our calculation of the conductivity of hot hadronic matter by calculating the effects
of thermal kaons on . and the pmm and ppm7 vertices. Both the probing of the strong coupling
limit and the more complete hadronic matter calculation will likely bring the conductivity closer
to the lower bound. However, our quantum calculation will be able to probe these scenarios by a
controlled means and should respect the lower bound. Furthermore, in a more strongly coupled
medium the increase in the conductivity due to the vertex corrections may be enhanced and provide
a significant contribution to the conductivity.

Finally, we note that the ALICE-3 experiment, planed for run 5 of the LHC in the early 2030’s,
will be able to measure momenta down to a few tens of MeV [63]. These measurements will
allow for the extraction of dilepton emission rates at low invariant mass where pionic interactions
are curtail. Thus, we intend to carry our formalism to finite momentum, in order to calculate low
energy dilepton emission rates. Furthermore, the experiment may allow for a measurement of the
electric conductivity of hot QCD matter, providing further motivation to extend our formalism to

more strongly coupled systems.
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APPENDIX A

Vertex correction Matsubara sums

In this appendix we perform the Matsubara sums involved in calculating the vertex corrections

introduced in chapter 4. The vertex corrections that remain after dropping corrections with multi-
(3)Ap 1B)Bp 1(3)Cp 1(3)Co 1~(4)Ap (4)Bip p(4)B2p (4)Ep (4)Gp
pab3 Fuab?) ’ Fuab?) ’ FuabS ’ Fuuab33’ F,uuab33’ Fuuab33’ F;,LV ab33? Fuu ab33?

(HBip (B2 p(HEp
prab33d’ - prab3ld’ - pvab33?

ple rho propagators are: I’

Fffl,)fb%?), and ny)fz?s?)- In order to avoid double counting, diagrams I'

F(4)Gp F(4)E0’ and F(4)G0’

jwab33> L ab3ss ,wab3s are only calculated when the external pion corresponds to a vac-

uum pion. Furthermore, the rho self-energy contributions resulting from these diagrams can be
expressed in terms of the pion unitarity cut. We begin by presenting the corrections to the wr-loop
from the three-point vertex corrections in A.1.1. In section A.1.2 we present the corrections to
the tad pole loop from the four-point vertex corrections. Finally, in section A1.3 we give the total

correction to the rho self-energy.
A.1 mr-loop corrections

It is straight forward to express the propagators in the vertex corrections in terms of a spectral

representation, as was done for the rho and pion self-energies. The Matsubara sums can then be

F(3)CO'

(3)Ap pB3)Bp p(3)Cp “
na

pabd ? - pabd >~ pabd and

calculated using eq. 2.23. Here we write the imaginary parts of I'

relevant for maintaining gauge invariance when D, is dressed with the Landau cut of the pion
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self-energy.

) = e [0 [T D )0y o+ )
g,uA(k - p)u(f<w) - f(kO + w))
(ko + w)FF,[—q + p, ¢ + K]FF,[p, k:]]
vean's? [ o) [ D ()t + )
g,u)\(k _p)u(f<w) - f(—ko + ’LU))
0(—ko + w)FF,[—q + p, ¢ + k]FF,[p, k]} , (A.1)
ImD) 7 (k,q) = _€3ab3% / (g%,) { /O N f—ilm{Dn(p)]Im[DZA(q +k+p)]

gur(q +k —p)(f(w) = f(go + ko + w))

8(qo + ko + w)FF,[q + p, kK]FF,[p, ¢ + k]}

po=w

395 d*p * dw 5
vyt [ o] [ S miD, (D + b+ p)

9ux(q + k= p)u(f(w) = f(=g0 = ko +w))

6(—qo — ko + w)FF,[q + p, k]FF,[p, ¢ + k]} , (A2)

po=—w
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5570 0) = e [ S| [ D, (IReD (o - plmDp + )

(=20 + @)u(—p + k +29)A(k — p), (f(w) — f(ko +w))

(ko + w)FF, [p, KJFF,[—q + p.q + k]}
po=w

3
g
_E3ab5p

(=2p + @) u(=p +k +2q)x(k — p),(f(w) — f(—ko +w))

6(—ko + w)FF, [p, KIFE,[—q + p.q + k]]

[ o] [ mip. (RelD. (o - plmiD o + )

—T

po=—w
3
Yo

d3p * dw A
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In order to help group I
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The real parts of the vertex corrections are given by the subtracted dispersion relations:

—1 [ Im[”®) (k; )
"(3)Ap _ ! pabs (K: 4
Rel', s (K q) = ] dw( o —
I F//(3)Ap ko — 07 E :
wab3 ({ 0 } Q) (A.14)
—w
(3)Bp
n( —1 >~ Im F,ZabS (k7q)
Rel 0" (k,q) = - _oodw< [—
I F//(3)Bp ko — — ’E :
nab3 ({ 0 do } q) , (A15)
—w
. oo ImF”( )C(P/U)k(k )
1(3)C(p/o)k -1 11 ab3 1 q
Rel’ o (k,q) = - N dw( P—
I F//(3)6’ p/o)k /{,‘ . 0 ]{Z
1 ab3 ({ } Q> (A16)
—w
_ 0o Im F”( )C(P/U)Q(k )
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Rel', a3 (kq) = — _oodw< -
I F’/(3)C p/o)q ko = —qo, k
1 ab3 ({ qo } Q) , (A17)
—w
o 00 Im F//(3)C’ /U)Wk(k )
1(3)C(p/o)rk o 1 w1 ab3 q
Rel', abs (ko) = — [ dw P (A.18)
—1 ) Imr”(j’)c p/o)mq k
Re FZ(agSC(P/o Trq(k C]) _ - dw wab3 ( Q) (A.19)
T Jo kO -

The values for &y used in the subtractions are chosen so that gauge invariance is maintained. These

subtractions are determined by the argument of the rho or sigma propagator, and are fixed by the

n3)C(p/o)m(k/q)

Ward identities and the subtractions used in the pion self-energy. Furthermore, Rel’ ;s

13)C(p/o)m(k/q)

does not include a subtraction, because, unlike Re>, ReFH b3

is not proportional to
ReD(,/s). Instead, Iml“u(ag3 (p/o)m(k/9) i proportional to ReD(,/x), this is in fact the first time
the real rho or sigma propagator has explicitly appeared in a self-energy or vertex corrections.

Until now the real part of the rho and sigma propagators have been calculated through subtracted

dispersion relations. Therefore, to ensure that the same rho and sigma propagators are used though
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out our calculations, we perform a subtraction on ImI’ /(323 (p/o)m(k/4) rather than ReFZ(agg (p/o)m(k/q),

Il E0™ (k,q) = IS ™ (ke q) — D" E5™ ({ky = 0,k},q)  (A20)

I8 (k,q) = ImDIST ™ (ke q) — 1TSS ({ko = —qo,k},q),  (A21)

Tl )Ccﬂrk(k’q) — Imr’®° (p/o)ﬂk<k ¢) —Im e C”k({ko_o k} q) (A.22)

©ab3 ©ab3 ©ab3

I ™ (k,q) = ImLlS) ™ (ke q) — IS (kg = —qo. k},q).  (A23)

The above subtractions have the added benefit of ensuring that the imaginary part of each vertex
correction goes to zero for either £y = 0 or gy + ko = 0 and do no violate gauge invariance.
The corrections can be grouped into the following spectral representations, before performing

the Matsubara sums in the rho self-energy:

—1 [~  Im[D:(v E)F(g)k ({v, k} q)]
D_ (k)T ®* - = P pab3A V0 D A24
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where we define the functions:
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The real part of the integrals in eqs. A.24 and A.27 are calculated from the principal values of the
integrals. Furthermore, we note that the functions in Ffi]gg and Ff’ggz,) include the corrections to the
prm vertex due to the addition of a form factor.

We are now in place to calculate the transverse projection of the wm-loop diagrams containing
vertex corrections, at ¢ = 0. In terms of FSZ’Z?) and ng:a one can write the transverse projection of

the vertex corrections to the wr-loop as:

B d|k|k2 [ dvdv' 1
b =0) =
01(QO7q ) Z / /Oo 2 (ko—v+ie)(qo+k'0—v/+i€)

TL even

[zgpeSab<2|k|>Im[Dw< BT (0, F), lim( D, )

—

+2g,€30(2) ) IM[ D, (v, k) Im[ D, (v, K)L )% ({0, kY, )]

+2Im[Dy (v, B)LS ({0, kY, ) Im[D, (v, k)L ({0, k. )]

—Im[ Dy (v, &) (TS ({0, B}, @) Im[D, (v, )]

—Im[D, (v, K)]Im[ D, (', k) (T4 ({0 £}, q)) H TPV, (A30)

ko=twn

One can now perform the Matsubara sum to obtain:

_on /du%’w? /_“ dvdv’ (f(v) — f(v))

Xp1(90,7=0) = 3 (2n)? 2 Gtuv—0
[2gp63ab(2|ﬁy)1mwﬂ(v, LR ({0, kY, ¢)JIm[Dy (', k)]
42,300 (21K )Im[ Dy (v, F)[Im[ Do (v, )T ({0, B}, )]
+2Im[ D (v, F)T5 05 ({v, £}, @)]Im[ D (o, BT S0 ({0, K}, 0)]

—Im [ Dy (v, k) (D55 ({0, K}, @) “TIm[Da (', )]
)

—tm{Dy (v, F)Im [ D (v, ) (C ({0 B} ) ]| + PV, (A3D)

where PV represents the Paulli Villars regularization terms, defined by dressing the vacuum Pauli
Vilars terms with thermal pion self-energies and vertex corrections. These terms can be obtained

by taking the temperature in the Bose distribution ( f(v)) to zero and replacing the pion mass in D,
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with the appropriate heavy pion mass. Next, we must remove double counting from the Landau

cut of XJ,;. This is achieved by including a function )y o1, which subtracts out the double counting:

Spland=0) = ——" [ o /_OO dvdy O(v')(f(v) ~ f())

3 (2m)3 2 Qp+v—20
[gpesan(2IRDIm[D (v ) (. By, 0) Im[ D (v, F)

+gpesan(2|K))Im[ Dy (v, &) Im[D, (v, B)x*({v', K} @), (A32)
where:

3)Cpk 3)Cpkm
XFlkoq) = Ty (k,q) + Ty (k, q)

XUk, q) = TyD g4k, q) + 4O ™ (g + k, ). (A.33)

A.2 Tad pole loop corrections

In this section we calculate the corrections to the tad pole loop from the pprm vertex correc-

tions. To begin we consider I’ #5,43?3%, which we rewrite in terms of a function f/(jv) ’:,533 such that:
4)A 4)A
Fhass(ka) = i(FL0 (k@) + 00 (k. q). (A34)

We have factored an i out of the vertex correction, so that it more closely resembles the vacuum

wrpp vertex. Furthermore, it is more convenient to define spectral representations with F;(w) b33

m(4)Ap

1(4)
than I o ab3

Wab33, because the imaginary part of I’ 4 can be broken into cuts corresponding to

corrections induced by either >.;’s Landau or unitarity cut. After grouping propagators into spectral

(4)Ap

representations and performing the Matsubara sum, the imaginary part of I Y e

5 can be calculated
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using eq. 2.25:

Il ()0 (k,q) = —(—303403 + 55ab)g” / (;ljf))g { /0 ) f—ilm{Dw(p)]Im[D‘,f”(qu k+p)]
(1) = oo+ T+ )l + B+ w)FF g + .|
(B0 + 500) % / (;if; [ | ZmiD.(m(D 0+ &+ )
(F(w) = (=0 = o+ )00~ ho-+ wFF g + . e

where we only write the cuts necessary to maintain gauge invariance with the Landau cut of .

The real part of I' ”Sj 3533 can be calculated with the subtracted dispersion relation:

4)A >
[l @4  _ _/ ImFZS,()lb3%(k,q) Imrwam({ko —QO,k}aq)) (A.36)

pv ab33 —w —w

The transverse projection of the rho self-energy corrections derived from I' u%g’;, at ¢ = 0 are
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given by:

2 d| k|2 |
Y2(q0,0) = ?T Z /(’271)3 [Dw(k)(—l)l‘;’i(iig‘g(k,q)]koiwn+PV
n(even)
el d|E|E2 < dvdv (4)Ap
_ ?T (Z)/ (27)3 /OO — Im[F@4% ({—go + o/, K}, )
k 1
Im[D, (v, k)]— ey

Wy — U+ 1€)(qo + twy, — V' 4 1€
( )

—dr [ d|k|k* [ dvdv’
3 (27’(’)3 /—oo 2 Im[ uaa33<{ do +U k'} q)]

- 1 , 1.,
Im[Dr (v, k)]qo oo 1 W) =)A= 50
Im[D, (v, k)] f(v)(1 — l(J(W’)) + PV, (A.37)
0 d]k]kQ (4)Ap m[Dy (v, E)]
Ep2 = [Fzzaa33<{0 k} )]— +PV
n%;n)/ / -7 (twn, — v + i€)
- [ kit o, 00
Im[D, (v, k)] f(v)(1 — %9(1})) +PV (A.38)

where the theta functions are added in the last equalities to remove double counting from the
Landau cut, as was described in section 4.6. Furthermore, we have explicitly calculated the self-
energy contribution from the subtraction constant in Ref‘z(-:-1 ;;‘3”3 with 222. This is done because
the spectral representation of I’Z(Z 31&??3 has no knowledge of the subtraction, thus it must be handled

separately.

The corrections to the tad pole due to the addition of a form factor can be expressed in a similar
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form. We write these contributions in terms of the functions:

- 4gp€3c0k ™
Vinlk {g0, 7= 0}) = ——Z222 (00N (k, g) + D500 (k. q) + D30k ™ (k,0)|
AZ 4R
49p€3cak‘3[ 1(3)Cok 11(3)Cokm
—— 5. k,q)+1T,.. k:,q]
e [P0 )+ T g
Yr(p) (k) Yoy (k
_493) 4k§ ) (p) v . ( )(_))
(A3, + k%) (A5, + k%)
Yoy (K Yo (K
A5, + k2 A3, k2
Yo (k o _ 4gp630ak3 11(3)Bp 11(3)Cpgq
Fq( 7{q07 q= 0}) T T 2 | o 1—‘3ab3 (_q + k> Q) + F3ab3 (_q + k, Q)
A3, + &
T4 (—q + K, q)]
4gp630ak3 [ 1(3)Coq 1(3)Cogm
IR T~ kg) + TS0 (—g + k)|
AZ 1 R2 3ab3 q) sabs  (—4 q)
Yoy (K Yn(o) (K
s | — (p>(ﬂ) - ( )(H) ' (A40)
(A2p + k2)2 (AQU + k2)2

The transverse projection of the corresponding rho self-energy correction at ¢ = 0 is then given
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2.03((]070) = Z /d’k’k2 (YFQ(Q+kQ)+YFq( kaQ)+

’I’L 61}671

Yer(k, q) + Yer(—F, Q))] N

- My [ gy g0 )

n(even)

Im(Dy (v, k) 1
m ™ 9 . . . .
! (iwp, — v +1€)(qo + iw, — V' + t€)

—4x [ dk|E> [ dvdv' -
- 5 G | S me (v B

7

Im[Dm,E)Jq ()~ JW) PV, (A1)

- Z /dlk:lk / _R e[V, ({0, k}, 0)]%+

n €U€7’L

d|k| k> dv Im[Yes({v, kY, 0)D, (v, k
TZ/H/__ [Yr({v, £}, 0) D (v, )]

n(even) T (an Ut 26)
L [dER < D (o DYl Fl)
- -5 [ T /_  SRelYry ({0, R O)m{ D (0. F) /)
d| k|

dv ~
3/ (2n) /_oo —Im[Yri({v, F},0)Dx(v, K)] f(0) + PV, (A42)

where we again must calculate the contribution from the subtraction constants in ReYr, explicitly
with 223. We note that the rho self-energy diagrams involving Y only contribute a constant shift
to the real part of ©.7, and thus are also included in 223.

Next, we calculate the corrections to the tad pole that can be expressed in terms of unitarity cuts

11(4)B1p 1—‘//( )Bap 1—‘//(4)Ep F( )Gp F//(4) dF//(4)GU

of pTOr oM IOOpS F/,w ab33 > - prab33 > - prab3ld’ - prab3ld’ - opv ab33’ pv ab33:

From figure 4.12, one

can see that the tad pole contributions derived from /WEe pGe (e g Fz(f)i{; simply

prab33’ - pvab33d’ - uv ab33d? a

dress a pion propagator in the rho self-energy with a pm or om-loop. When the tap pole loop was
thermal this produced double counting, however the vacuum tad pole loop produces unique rho
self-energies. These rho self-energies dress a pion propagator with the unitarity cut of the pion

self-energy (XV). XU is given for positive energy by the sum of eqgs. 3.37 and 3.41. For negative
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energy L.V is determined by enforcing the retarded property of the pion self-energy (eq. 3.45). The
real part of ¥V can then be evaluated with a dispersion relation. However, the dispersion relations
converges quite slowly, resulting in an unphysical shift of the pion mass by approximately 800
MeV. This shift is produced by vacuum m — pm decay and in principal should be absorbed into
the pion mass, however modifying the real part of the vacuum tad pole loop in only these diagrams
would violate gauge invariance. In order to remove the shift systematically and preserve gauge

invariance, we resum the pion propagators in the rho self-energy with XU giving:

(f(v) = F()B(wr)

Y Pk [ dvdv' (2k + q)*(2k + q)¥
(e = gﬁ/—(%)g/ . —
go +v—0 +1€

1
Im > = =
[v2 —k?—m2 -3, (v,k,T) —XU(v, k, T) — ReXY (m,,0,0)

I| ! ]

(V)2 = (T+E)?—m2 =S, 7+ k,T) — XU (W, + k,T) — ReXU (i, 0,0)
Bk > dv
—9a%gH 0
9,9 / 2n)? / —f(v)o(v)

™

— 00

]

1
Im[—— . . 1, (A.43)
v2— k%2 —m2 — X, (v,k,T) — XY (vk,T) — ReXV(m,,0,0)
where
~1 © L,Im¥Y(v,k)  ImEV(v, k
ReXV(k) = —p.V./ dv? m;(v,Q ) _Im ”(;}’ ), (A.44)
7 0 kg —v —v

and we have limited the integration with theta functions to ensure we do not introduce new vacuum
tho self-energy diagrams. Finally, we apply Pauli Villars regularization to the vacuum XY loop,

such that:

Im2Y (k,my, T) — ImXU(k,mg, T) — 2ImEY (k, y/m2 + A2, T = 0)

+ImXY (K, y/m2 + 202, T = 0), (A.45)

(4)Ep F(4)Gp F//(4)EO’

Equation A.43 contains the tad pole corrections derived from I' ) /53, I') s, T dpas, and

FZ%%Z in the resummation of the pion propagator. However, in eq. A.43 we are free to treat Y
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equivalently to ¥, performing a zero energy subtraction on ReXV. Furthermore, we add a constant
shift ReXV (kg = m, k=0T = 0) to ensure that the vacuum pion mass is 140 MeV at 5 = 0. We
are now free to add this constant without violating gauge invariance, because it simply amounts
to a redefinition of the bare pion mass. Finally, because we have dressed the pion propagators
with 22U the Ward identities imply that additional vertex correction should be calculated. These
additional correction simply correspond to the unitarity cuts of the previously calculated thermal
vertex correction. However, we have actually already encountered these corrections by dressing
the unitarity cut of the rho self-energy with thermal vertex corrections. For example, the first two

. . . . 11(4)Bip 11(4)Bap
diagrams in figure 4.12 are derived from the vertex corrections I' ;55" and ') 757, however

11(3)Ap

one can also generate these diagrams by dressing the 77-loop with the unitarity cut of I" 75"

This symmetry is precisely why double counting was encountered in the Landau cut. In fact,
the first order corrections to the resummation in eq. A.43 are already included in our formalism,
and attempting to explicitly calculate vertex corrections due to ¥Y would only introduce double
counting into the unitarity cut of >/¥.

We now take the transverse projections of 317, at ¢ = 0 to obtain:

47 g? dkk? [ dvdy' e
D _ P . / /
lan0) = S [ [ R (1)~ FW)B)

1
02— k2 —m2 — S (v, k,T) — XU (v, k,T) — ReXU (4, 0,0)

™

Im|

}

Im = = =

[(v/)Q —((+k)2—m2 -3 (v, {+kT)=-2Y(, ¢+ kT)— ReZ,’{(mﬂ,0,0)]

(A.46)
8¢% [ dkk? [ dv
30 _ 7P -

p4(q070) 3 (27’(’)3 /_Oo —Wf(v)e(v)
1
Im| 1, (A4T)

02— k2 —m2 — Y. (v, k, T) — XU (vk, T) — ReXU (m, 0,0)

where 224 gives the constant shift in ReXJ, from dressing the tad pole loop.

Finally, we calculate the rho self-energy corrections due to I’Zgjiglgp and FZE/%%; . We have
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already indicated that these corrections can be expressed in terms of the unitarity cut of I’ M(jgf P

393 d3p * dw .
0 (k0) = eaan 2p/ (%)zM —Am(D(p)|Im (D (p + k)

gur(k = )y (1 + f(w) + f(ko — w))

6(ko — w)FF,[—q + p,q + k|FF,[p, k]}

po=—w

egabgg” / (;53 [ /0 h i—ilm[Dw(p)Hm[DZA(va k)]

gur(k = p)u(1+ f(w) + f(—ko — w))

0(—ko — w)FF,[—q + p, ¢ + k]FF,[p, k:]}

po=w

2 [m7r — \/m2 + Ag} .t [m7r sy /m2 + 2Ag] L (ady)

where the last line implements the Pauli Villars regularization on the vacuum loop. The real part

of FZ(alzi? Ur s given by the subtracted dispersion relation:

o 3)AU 3)AU

Re["® )AUp<k ) = _—1pV dvI Fgab:s "({v, k} Q) Im anbs "({v, k} Q)

fuab3 ’ PR ko — v 2
(A.49)
The self-energy correction arising from Flfi)ﬁ;; nd FZS, 35523’) is then given by:
—8 [ dlk|k* [ dvdv' ) o o (3)AUp, =
Sl 0) = — / o /_ S (D, (. Bt D, (0. DY (0. )
_ !/

(20,|%|€sap) W) = W) ey, (A.50)

(qo + v — v + ie)

where we again limit our calculation to the Landau cut of X7
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A.3 Total corrections

The total contribution of the vertex corrections to the transverse projections of the rho self-
energy, at ¢ = 0, is given by:

SV00,0) = Sp1(go,0) + Ep1(q0,0) + Spa(go, 0) + E% + Sp3(q0, 0) + X

p3

+354(q0,0) + X0, + X05(q0,0). (A.51)

The imaginary part can be calculated from > ,1, X1, 252, 23, 2,4, and X ;5 by converting m
into a delta function and performing the remaining integrations. The real part can then be calcu-

lated through the dispersion relation:

—1

> dv? Im%Y (v, §)
ReXxV%(q) = —p. / P
eX, " (q) P

2 2
dp — v

+ 30+ 50+ X (A.52)

2

where we do not perform a subtraction, because we have explicitly calculated the nondispersive

constant with 222, 223, 224.
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