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ABSTRACT

In this work, the mechanical behavior of a neo-Hookean fiber embedded in a generalized neo-

Hookean matrix, is studied. The fiber is subjected to an axial pullout displacement. Based on

past pullout experimental conditions, three different boundary value problems are studied here.

Extensive stress analysis is conducted using Comsol, as the finite element software. Past literature

considered the pullout phenomenon of stiff fibers. In this work, both soft and stiff fibers are studied

and the deformation and the shear stress distributions are analyzed with varying shear modulus of

the fiber. It is observed that, for a soft fiber, most of the deformation is localized at the top extended

portion of the fiber with negligible deformation in the matrix region. Whereas, for a stiff fiber, there

is significant deformation in the matrix. As a result, the shear stress is found to be increasing with

an increase in the stiffness of the fiber. Further discussion is made on the effect of embedded length

on the shear stress distribution. Additionally, some parametric studies are conducted by varying the

material and the geometric parameters to observe the crucial effect on the shear stress distribution.

In most of the past pullout tests conducted, the pullout force was studied with respect to the applied

displacement. A similar analysis is done in this study which will aid in future experiments to be

conducted. Moreover, this study can be extended to an analytical formulation of the debond forces

arising due to the axial pullout of the same fiber-matrix system.
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1. INTRODUCTION AND LITERATURE REVIEW

1.1 Thesis Introduction

In this work, the deformation and the stress experienced by a fiber-matrix system are studied

during a pullout phenomenon. The boundary value problem considered here consists of a fiber in

the form of a cylinder of radius a, embedded in a cylinder of radius r, made of the matrix material

and is displaced along its axis (see figure 2.1). The dependence of the deformation and the stress on

the axial displacement of the fiber, the material and the geometric parameters is considered here.

Based on the existing fiber pullout experiments, the configuration studied here has a cylindrical

fiber-matrix system with the fiber, partially embedded in the matrix and is extended at the end

where it is pulled out [1, 2, 3] (see figure 2.1). This configuration is then studied for two boundary

conditions. The first study is done by keeping the bottom of the geometry fixed and pulling the

fiber from the top [4, 5, 6, 7] (see figure 2.1-b). In the second study, the outer cylindrical surface

of the matrix is fixed and the fiber is pulled from the top [8] (see figure 2.1-c). Further, the study is

broadened to a case where the fiber is extended out of the matrix at both ends, keeping the matrix

cylindrical surface fixed. We will call this geometry; a fully embedded fiber in the matrix (see

figure 2.1-a).

The pullout phenomenon of a fiber-reinforced composites and polymers has been studied in the

past and the stresses required to debond the fiber-matrix interface and to pull out a fiber were exam-

ined. Most of the previous research focused on a pullout phenomenon in the fiber-matrix systems,

where the fiber is much stiffer than the matrix material. For example, the pullout phenomenon was

studied for brass-plated steel wire chords, aluminum, glass fibers embedded in a matrix of rubber

or concrete composites exhibiting linearized elastic properties (see [9, 5, 4, 10]). Several compu-

tational studies also examined the stress distribution in the fiber-matrix system during a pullout

experiment wherein the fiber was modeled as a linearized elastic material. Recently, analytical and

experimental studies are being conducted with fibers made from polymers (see [11, 8, 12, 13, 7]),
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whose stiffness is comparable to that of the matrix. In order to study the behavior of the fibers

made of soft materials, that behave nonlinearly, a non-linear material model is used. Here, the

generalized neo-Hookean material model for the fiber-matrix system is considered to study the

fiber pullout phenomenon with fiber stiffness comparable to that of the matrix. In most of the past

work, the shear stress distribution along the fiber-matrix interface is studied, considering stiff fibers

embedded in composites [6, 14, 2, 3]. In this work, the interfacial shear stress distribution will be

studied for both soft and stiff fibers embedded in a matrix. Additionally, the differences, if any, in

the interfacial shear stress distribution will be observed for a soft vs. a stiff fiber system.

The pullout phenomenon, in general, is a result of the debonding occurring at the fiber-matrix

interface. The debonding of the fiber at the interface has been studied using different theoretical

approaches [1, 2]. A strength-based approach assumed a shear lag model of fiber and matrix, where

the interfacial debonding initiates when maximum interfacial shear stress exceeds interfacial shear

strength [2, 3, 15, 16]. The pullout phenomenon in a fiber-reinforced composite or polymer is

accompanied by a stress transfer from the fiber to the surrounding matrix by the interfacial shear

stress [8, 17, 2, 15, 16]. Additionally, the literature concluded that the initial debonding of a stiff

fiber embedded in composite or polymer matrix occurs at a point of high stress concentration,

which then grows, followed by a complete breaking by the pullout load on reaching the critical

shear stress. Hence, the focus is laid on studying the distribution of the interfacial shear stress

along the fiber length in this work. The stress analysis conducted here for a soft fiber-matrix sys-

tem gives insights into the stress distribution, which can be used to determine the localized stress

concentrated regions, to further study the debond strength in the future. In recent years, studies

based on these analytical models have been accompanied by finite element simulations imple-

menting an interfacial model to capture the pullout behavior and calculate the interfacial stress

distributions [16]. In such simulations, the fiber-matrix interface was considered as a thin elastic

layer with distinct interfacial behavior with FE mesh density high at the corners of the interface

[18, 19]. The effect of embedded length and the matrix radius on the interfacial behavior was ana-

lyzed henceforth. In this work, a finite element analysis is performed on a nonlinear material model
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with a similar interfacial region of high mesh density and linearly varying parameters indicating a

smooth transition from the fiber to the matrix region. In addition to the stress distribution and de-

formation, it is important to note the force required to pull out a fiber embedded in a matrix. Both

theoretical studies and fiber pullout experiments have been conducted to assess this force for stiff

fiber-composite/polymer matrix systems. The single fiber pullout test was used to directly examine

the fiber-matrix interfacial shear stress which was determined from the measured debond/pullout

force and the measured fiber embedded length [20, 21, 5, 19]. Additionally, the applied load was

measured during progressive failure to generate a load-displacement curve [21]. Single pullout

tests were also performed to assess the effect of geometrical and material parameters on the pull-

out phenomenon at the fiber-matrix interface [4, 22]. The experimental results were found to show

a behavior where pullout load is a function of the embedded length and displacement [5]. In this

study, similar pullout force versus displacement curves is analyzed for the soft fiber-matrix system

considered, which will be used in conjunction with future pullout tests on soft fiber and matrix.

Primarily, in this work, the boundary value problem for the fiber pullout is solved, where the

pullout force is analyzed, which is required for different pullout displacements applied at the fiber

end. The non-uniform behavior of the shear stress at the interface is noted along with an extensive

stress analysis for the entire system. In the above-mentioned literature, the stress field arising in the

fiber pullout phenomenon is analyzed within the framework of the linear theory of elasticity [6].

The generalized neo-Hookean material model for the fiber-matrix system is considered to study

the nonlinear behavior of the fiber-matrix interface during a fiber pullout phenomenon.

The organization of the work is as follows: The layout is initiated with the preliminaries of the

basic kinematics. The power law neo-Hookean model in terms of stored energy is introduced and

the constitutive relations are formed. Following this, the boundary value problems to be studied,

are introduced, and the equilibrium equations governing the problems are documented. Extensive

stress analysis is performed with different parameters for the problems. After having some signif-

icant results, discussions are made on the mechanical behavior of the fiber-matrix system. Finally,

a general conclusion will be drawn from the observation and discussions on the behavior of the
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boundary value problems.

1.2 Literature Review

1.2.1 Analytical Fiber Pullout Studies

Pullout studies were done mostly by using either of the two theories; a stress transfer theory at

the fiber-matrix interface or the debonding theory using the Griffith criteria of fracture. The stress

transfer theory typically assumed that the stress transfers from the fiber to the matrix on loading

by interfacial shear stress. After the initial debond, the debond stress increases with an increasing

debond length. The interfacial debonding initiates when max interfacial shear stress exceeds inter-

facial shear strength of the interface [6]. According to the Griffith theory, for debonding to occur;

the energy supplied by the loading device as the fiber is pulled out must be greater than the energy

required to fracture the fiber-matrix interface and increase in the strain energy of the matrix [9].

Stang et al. [23] used both stress and fracture energy approach to compare the two approaches

to study the debonding at the interface of fiber and matrix composites due to a pullout of the fiber.

The same model is used for both approaches. It was observed that the stress approach was depen-

dent on the critical shear stress value, which is not a material parameter, rather measured from a

pullout test, which solely was governed by the type of analysis being performed. However, the

fracture energy approach was derived by solutions for the compliance and hence was not governed

by refinement of analysis. Fracture criterion identified two uncoupled parameters describing adhe-

sive bond and friction, whereas the stress approach gave solutions that coupled the bond and the

friction parameter, giving better insights about the interfacial behavior since the maximum pullout

load and stability of the pullout process were seen to depend on the frictional contribution of the

interface.

In 1981, Gent assessed the force required to pull out a fiber using Griffith criteria, wherein,

linear elasticity theory was demonstrated [9]. The matrix material was rubber and the fiber was

assumed to be steel, glass or other high modulus fibers. It was shown that the fiber debonds when

the energy released is greater than the energy required for debonding for the crack to propagate.
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Using the Griffith theory, the pullout energy is greater than the energy required to fracture the in-

terface and an increase in strain energy of the matrix for the debonding to take place. Pullout force

was found to be a function of geometry, Young’s Modulus and interfacial bond strength. Inferred

value of the interfacial bond strength is compared with experimentally found out bond strength. In

pullout tests, a failure is induced and the maximum tensile force for the failure is recorded. The

slope of the Pullout force vs displacement curve gave the values of Young’s Modulus. Analyti-

cally, the pullout force increases with an increase in the Young’s Modulus. The dependence of the

pullout force with the geometrical parameters like the fiber diameter, the height of the specimen

etc. were found in accordance with the experiments conducted. A similar parametric study is con-

ducted in this work, with both soft and stiff fiber, where the dependence of the pullout force with

respect to the geometrical parameters will be thoroughly analyzed. These analytical solutions can

be validated with pullout experiments to be conducted in the future.

The strength of fiber-reinforced composites is dependent on interfacial properties. In order to

study the interfacial strength, Yue [24] analyzed the pullout phenomenon with a strength-based

approach according to which the debonding due to the pullout phenomenon occurs when shear

stress reaches critical shear stress. Hence in this study, the focus will be laid on studying the

stress distribution. In this literature, the effect of the shear modulus ratio was studied and it was

observed that for less stiff fiber, interfacial shear stress changes drastically along the fiber, whereas

for a stiffer fiber, the interfacial shear stress does not change drastically. Also, it was noted that

the interfacial shear strength concentration exists at the embedded end of the fiber. Also, the shear

stress with different fiber thicknesses was analyzed. Similar parametric studies with different shear

modulus ratios and different fiber thicknesses are conducted in this work.

Hsueh studied the interfacial properties of composites during a fiber pullout where the solution

of initial debonding due to an applied axial tensile stress on the fiber was established, and the

relation between the debond stress and debond length was developed using a shear lag model of

fiber at the center of a coaxial cylindrical matrix [6]. According to this study, the initiation of the

debonding due to the pullout force occurs at the surface, where the fiber enters the matrix since the
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shear stress was found to be maximum at that location. Further, the initial debond stress or the bond

strength was independent of the fiber length and it was observed that a fiber strength higher than

this debond stress is required to initiate the debonding. Additionally, the paper discussed a Poisson

contraction of the fiber in the radial direction during the fiber pullout, resulting in a reduction of

the compressive stress at the interface.

Following this, another study was performed with a non-constant interfacial bond strength

and the axial displacement of the fiber during the pullout was found to be linear with the applied

stress [14]. The interface remained bonded when this applied stress was lower than the initial

non-constant debond stress. However, these studies did not consider the composite matrix having

residual radial and axial stresses. This was addressed in 1990 where the applied stress required to

debond the interface also depended on the residual axial stresses but not strongly on the residual

radial stresses [2]. In this case, the interface required a strain continuity which led to an axial

mismatch strain. This axial mismatch strain induced the interfacial shear stress. It was found that

when this interfacial shear stress induced by the axial mismatch strain and the one by the axial

applied stress are in the same direction, the axial mismatch strain facilitates the debonding during

the pullout [2].

The pullout studies were extended for an improved analysis for the bonded interfaces, where

extensive stress analysis was performed for different geometric parameters of the fiber and the

matrix with fiber subjected to a pullout axial stress. The stress distribution in a sufficiently long

fiber reached a steady state at locations away from the embedded fiber ends with zero interfacial

shear stress. On the other hand, the radial stresses were shown to be independent of the radial

and axial coordinates at a steady state. However, for a short fiber, the axial stress distribution

along the fiber length was more linear, with maximum interfacial shear stress at the corner of the

fiber-matrix interface. Conclusions were made on stress transfer and load transfer from fiber to the

matrix, owing to which, an occurrence of second maximum interfacial shear stress was noted.

The concept of a relationship between the bond shear stress and the local slip at the fiber-matrix

interface was first introduced in 1991 by Naaman et, al. [25]. In this study, a pullout curve was
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predicted by assuming a bond-slip relationship which was validated from an experiment pullout

curve. This relationship was considered as the constitutive property of the fiber-matrix interface.

A pullout test was performed where the fiber, embedded in a cementitious body, was subjected to

a tensile force at the tip. A monotonic increase in the value of the applied force was accompanied

by a displacement of the fiber tip leading to progressive debonding along the interface. A dynamic

mechanism was observed on reaching the embedded end of the fiber. Both the free end and the

embedded end witnessed significant displacement.

1.2.2 Experimental Fiber Pullout Studies

Experiments were conducted on a single fiber pullout to examine the mechanical properties, the

interfacial stress and the dependencies of the mechanical and geometrical parameters on the fiber-

matrix system during the pullout phenomenon. One such experiment was performed to examine

the Kevlar fiber epoxy matrix interface bond strength. A nonlinear curve for pullout force vs

embedded length was observed. Pullout force was found to be constant with higher embedded

length [20]. In 1993, Marotzke performed a single pullout test and analyzed the stress field arising

due to the pullout [15]. Two types of elastic fibers embedded in a polycarbonate matrix with a

fixed length to diameter ratio were considered. Stress distributions were analyzed as the solutions

of a boundary value problem using the finite element method. It was observed that the stress near

the fiber is inhomogeneous and there exists high shear and radial stress concentration at the fiber

ends highly dependent on the axial stiffness ratio of the fiber and the matrix.

Of many such experimental studies, Gent’s study was carried out of debonding and fiber rup-

ture in model composites. A single glass rod (fiber) was embedded in the center of a long silicone

rubber matrix. Strains in the matrix near the fiber were measured as the specimen was slowly

stretched or pulled out. Pullout forces, strain distributions and debonded lengths were compared

with those predicted from fracture energy criterion during debonding [26]. In this study it was

concluded the interface between the two materials was smooth which was governed by the ob-

servation of an approximate constant friction force between the rubber and the glass. Another

mechanical experiment involved fibers embedded in an elastic resin. While the rubber became de-

7



tached from the base of the rod, a large cavity was formed due to an internal rupture of the rubber

under the rod which occurred when the local triaxial tension reached close to Young’s modulus

of the rubber [27]. The cavitation phenomenon was followed by a debond propagation beginning

at the embedded end, resulting in the complete pullout of the fiber. Pullout force was computa-

tionally calculated and experimentally measured based on simple fracture mechanics with elastic

compliance to establish the consistency of the results. A relation between the pullout force and

the displacement was obtained where the force increased linearly with the applied displacement

and reaches a peak. The peak force was termed as the critical force, beyond which the force value

dropped to a magnitude which was termed as the pullout force.

In most of the experiments, glass rods, stainless steel, kevlar or carbon rods were considered

as fibers, however, one experiment was performed with polymer fiber reinforced in hydrogel com-

posites. Interfacial adhesion was determined for different grafting conditions using a fiber pullout

test [8]. In this experiment, the fiber-matrix system was held from the circumference and pullout

load was applied on the top.

1.2.3 Literature on generalized neo-Hookean material

In recent years, there has been a considerable amount of interest in the study of motions of

nonlinear elastic materials. Soft fibers and matrices undergo large deformations and hence exhibit

nonlinear elasticity. Such deformations are not general or universal and therefore, need to be stud-

ied with the help of specific nonlinear constitutive theories. Considering the power-law exponent as

unity, this model reduces to a classical neo-Hookean model which is used in modeling rubber-like

solids. Moreover, in plane-strain problems, the equations lose ellipticity for values of power-law

exponent less than or equal to half; assisting in interesting qualitative analysis and leading to in-

teresting physical phenomena being observed experimentally. Furthermore, the model takes care

of the hardening and softening behavior of materials, exhibiting shear softening for values of ex-

ponent (parameter n) between one half and unity and displays shear hardening behavior for values

above unity. The parameter b governs the magnitude of this hardening and softening.

The generalized power-law neo-Hookean model was first used in 1977 by Knowles [28] to
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study the finite anti-plane shear field near a crack tip. In 1992 Rajagopal and Tao [29] studied the

inhomogeneous deformations in a wedge of a generalized neo-Hookean material. They found solu-

tions that have a boundary layer structure. The solution is inhomogeneous adjacent to the boundary

and homogeneous in the core region. Further, they observed a bounded pressure field associated

with the solutions. In the same year, Zhang and Rajagopal [30] studied inhomogeneous twisting of

a slab of a generalized neo-Hookean material about distinct axes allowing discontinuous deforma-

tions gradients. They found that the equations admit solutions for which the locus of the centers

of rotation is piecewise continuously differentiable for certain values of parameters. Researches

were conducted to study the possibility of circular shearing and torsion in power-law neo-Hookean

materials. (see Rajagopal, et al. [31]). Explicit exact solutions were established for special val-

ues of the power-law exponent. Considering the effect of torsion, expressions were obtained for

traction on boundaries and for the moment necessary to incite the deformation. Even unsteady

inhomogeneous motions were studied using neo-Hookean models. One such study was conducted

by Rajagopal in 2002 [32] to determine explicit new exact solutions for unsteady inhomogeneous

motions of a neo-Hookean solid.

The fiber reinforced soft compounds were studied as many boundary value problems over the

years. Recently, in 2019, the motion of composite cylindrical annulus made of generalized neo-

Hookean elastic solids subjected to periodic shear on the inner boundary was investigated as a

boundary value problem (see Benjamin, et al. [33]). Here stress and strain boundary layers were

introduced. A stress boundary layer was observed to form in the thick-walled cylinders for both

strain hardening and strain softening materials. Strain boundary layers were introduced in thick-

walled cylinders for strain softening conditions. The norm of the strain has a large gradient in a

narrow region adjacent to the boundaries and a relatively uniform strain outside the narrow region.

From the literature review, few key points were taken into consideration based on which the

work proceeded. Most of the literature considered stiff fibers in the past with few cases of a poly-

mer matrix. In this study along with the stiff fibers, fibers with shear modulus comparable to that

of the matrix are studied. Based on past literature, the generalized neo-Hookean material model is
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the most suitable model to represent the nonlinear behavior of soft fiber and matrix systems. It is

significant to note the interfacial shear stress distribution in this work along with the pullout force

distribution with applied pullout displacement. Further, the boundary conditions for the problems

were taken with reference to the boundary conditions applied in the experiments in the literature.

In most cases, the matrix was held along the circumference of the matrix or held from the bot-

tom. Similar boundaries are considered in the work here. Additionally, the effect of the geometric

properties and the material properties are studied here.
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2. PRELIMINARIES AND PROBLEM DESCRIPTION

2.1 Preliminary Theory

Let x denote the current position of a particle in a deformed solid body and let X denote the

position of a particle in the reference configuration. The displacement of a particle is defined as,

u = x−X, (2.1)

The deformation gradient is defined by,

F =
∂x(X, t)

∂X
. (2.2)

It then follows from the definition of the displacement and the deformation gradient that,

F =
∂u

∂X
+ I. (2.3)

The right and left Cauchy-Green tensors are defined as,

B = FFT, C = FTF. (2.4)

Let W be the stored energy function associated with an isotropic, homogeneous, compressible

Green-elastic material. W is a function of the following form

W = W (I1, I2, I3) (2.5)

where I1, I2, I3 are the principal invariants of B given by

I1 = tr(B), I2 =
1

2

[
(tr(B))2 − tr(B2)

]
, I3 = det(B). (2.6)
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The Cauchy stress for the material is given by,

T = Φ0I + Φ1B + Φ2B
−1, (2.7)

where,

Φ0 = I
−1/2
3

(
I2
∂W

∂I2

+ I3
∂W

∂I3

)
, Φ1 = 2I

−1/2
3

∂W

∂I1

, Φ2 = −2I
1/2
3

∂W

∂I2

, (2.8)

The first Piola-Kirchoff stress, (P), is related to the Cauchy, (T) stress by,

P = det(F)TF−T (2.9)

The Green-St.Venant strain E is given by:

E =
1

2
(C− I) (2.10)

The norm of strain tensors is given by:

||E|| = (tr(ETE))1/2 (2.11)

2.2 Compressible generalized neo-Hookean material

A stored energy function of the following form is assumed for the fiber and the matrix,

W = κ(I
1/2
3 − 1)2 +

µ

2b

[
1 +

b

n
(I1 − 3)

]n
. (2.12)

where I1 = J−2/3I1 = I
−1/3
3 I1 and κ is the bulk modulus and J = det(F) = I

1/2
3 . When the

material is incompressible (I3 = 1), this stored energy corresponds to that of a generalized neo-
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Hookean material. This stored energy reduces to the classical neoHookean case when the material

is incompressible and n = 1. Most polymeric materials are often modeled as incompressible ma-

terials. Slight compressibility (κ/µ = 100) is introduced to aid the computational analysis. The

partial derivatives with respect to I1 and I3 become,

∂W

∂I1

=
1

2

µ

I
1/3
3

[
1 +

b

n

(
I1

I
1/3
3

− 3

)]n−1

(2.13a)

∂W

∂I3

= κ
(

1− I−1/2
3

)
+
µ

6

I1

I
4/3
3

[
1 +

b

n

(
I1

I
1/3
3

− 3

)]n−1

(2.13b)

where,

Φ0 = κ
(√

I3 − 1
)

+
µ

6

I1

(I3)5/6

[
1 +

b

n

(
I1√
I3

− 3

)]n−1

, (2.14)

and,

Φ1 =
µ√
I3

[
1 +

b

n

(
I1√
I3

− 3

)]n−1

. (2.15)

Given the strain energy has no dependence on the second invariant I2 the Cauchy stress tensor

simplifies to,

T = ΦoI + Φ1B, (2.16)

The first Piola-Kirchhoff stress becomes,

P = ΦoF
−T + Φ1F. (2.17)

where Φo =
√
I3Φo and Φ1 =

√
I3Φ1
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2.3 Boundary Value Problem Description

Consider a cylindrical annulus of outer radius R̂ and inner radius a, which is referred to as the

"matrix". Let a fiber, which is a cylinder of radius a , be embedded into the annulus with its axis

coinciding with the axis of the cylindrical annulus. A perfect bonding at the fiber-matrix interface

is assumed, i.e. a displacement continuity at the interface is considered. Let the top surface of

the fiber be displaced in the axial direction. This problem mimics the pull-out of a fiber from the

matrix. The geometries of the three boundary value problems considered in this work are shown

in figure 2.1.

(a)
(b)

(c)

Figure 2.1: (a) Fiber fully embedded in the matrix material with fixed wall, (b) Fiber partially embedded in the matrix
material with fixed wall, (c) Fiber partially embedded in the matrix with fixed bottom
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For the three boundary value problems considered here, the constitutive relation assumed is

given by (2.16) for the matrix, and the values of n, b, µ and κ are varied. Fiber, on the other hand,

is modeled using n = 1 and b = 1, and µ and κ are varied. At the fiber-matrix interface, the

parameters n, b, µ, κ vary linearly over a small region from the fiber values to the matrix values.

For the first boundary value problem, the fiber runs through the full length of the matrix and

extends beyond the matrix as shown in figure 2.1a. The length of the matrix is given by H . Let the

top and bottom surfaces of the matrix at Z = 0 and Z = H be traction-free for a ≤ R ≤ R̂ for

the matrix (where the bottom surface of the matrix is assumed to coincide with the plane z = 0).

The surface of the fiber that extends beyond the length of the matrix at R = a is assumed to be

traction-free, i.e. T.n = 0 at R = ±a for Z ≥ H and Z ≤ 0. The outer surface of the matrix is

fixed in all directions i.e. uR(R = R̂) = 0 and uZ(R = R̂) = 0.

For the second boundary value problem, the fiber is partially embedded in the matrix material

extending until half the length of the matrix as shown in figure 2.1b. Boundary conditions of

this problem remain similar to the previous problem. In the third boundary value problem, the

bottom surface of the matrix is fixed in all directions, while the outer surface at R = R̂ remains

traction-free, as shown in figure 2.1c.

Due to the geometry, the material and the loading conditions, these two boundary value prob-

lems can be modeled as axisymmetric problems with the z-axis coinciding with the axis of the

cylinder.

2.3.1 Equations of Motion

For the fully and the partially embedded fiber problems, the following displacement field is con-

sidered.

u = uR(R,Z)êR + uZ(R,Z)êZ , (2.18)
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The following non-dimensionalization for the variables is taken into account.

u∗R =
uR

R̂
, u∗Z =

uZ
H
, R∗ =

R

R̂
, Z∗ =

Z

H
(2.19a)

∂uR
∂R

=
∂u∗R
∂R∗ ,

∂uZ
∂Z

=
∂u∗Z
∂Z∗ ,

∂uR
∂Z

=
R̂

H

∂u∗R
∂Z∗ ,

∂uZ
∂R

=
H

R̂

∂u∗Z
∂R∗ , (2.19b)

Φ∗
0 =

Φ0

µm
=

κ

µm

(√
I3 − 1

)
+

µ

µm

1

6

I1

(I3)5/6

[
1 +

b

n

(
I1√
I3

− 3

)]n−1

, (2.19c)

Φ∗
1 =

Φ1

µm
=

µ

µm

1√
I3

[
1 +

b

n

(
I1√
I3

− 3

)]n−1

, (2.19d)

(2.19e)

The displacement gradient is given by1,

∇u =


∂u∗R
∂R∗ 0 R̂

H

∂u∗R
∂Z∗

0
u∗R
R∗ 0

H

R̂

∂u∗Z
∂R∗ 0

∂u∗Z
∂Z∗

 . (2.20)

The deformation gradient and the inverse transpose of the deformation gradient are given by,

F =


1 +

∂u∗R
∂R∗ 0 R̂

H

∂u∗R
∂Z∗

0 1 +
u∗R
R∗ 0

H

R̂

∂u∗Z
∂R∗ 0 1 +

∂u∗Z
∂Z∗

 , (2.21)

F−T = ξ−1


−
(

1 +
∂u∗Z
∂Z∗

)
0 H

R̂

∂u∗Z
∂R∗

0 ξ

1+
u∗
R

R∗
0

R̂
H

∂u∗R
∂Z∗ 0 −

(
1 +

∂u∗R
∂R∗

)

 , (2.22)

1the notation (·)(R,Z) is suppressed for notational convenience after the introduction of the given displacement
vector.
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where,

ξ =
∂u∗Z
∂R∗

∂u∗R
∂Z∗ −

(
1 +

∂u∗R
∂R∗

)(
1 +

∂u∗Z
∂Z

)
, (2.23)

The left Cauchy-Green deformation tensor becomes,

B =


(

1 +
∂u∗R
∂R∗

)2

+
(
R̂
H

∂u∗R
∂Z∗

)2

0 H

R̂

∂u∗Z
∂R∗

(
1 +

∂u∗R
∂R∗

)
+ R̂

H

∂u∗R
∂Z∗

(
1 +

∂u∗Z
∂Z∗

)
0

(
1 +

u∗R
R∗

)2

0

H

R̂

∂u∗Z
∂R∗

(
1 +

∂u∗R
∂R∗

)
+ R̂

H

∂u∗R
∂Z∗

(
1 +

∂u∗Z
∂Z∗

)
0

(
1 +

∂u∗Z
∂Z∗

)2

+
(
H

R̂

∂u∗Z
∂R∗

)2

 ,
(2.24)

The Cauchy stress tensor is given by equation (2.16),

T =


Φ∗

0 + Φ∗
1

[(
1 +

∂u∗
R

∂R∗

)2
+
(

R̂
H

∂u∗
R

∂Z∗

)2]
0 Φ∗

1

[
H
R̂

∂u∗
Z

∂R∗

(
1 +

∂u∗
R

∂R∗

)
+ R̂

H

∂u∗
R

∂Z∗

(
1 +

∂u∗
Z

∂Z∗

)]
0 Φ∗

0 + Φ∗
1

[(
1 +

u∗
R

R∗

)2]
0

Φ∗
1

[
H
R̂

∂u∗
Z

∂R∗

(
1 +

∂u∗
R

∂R∗

)
+ R̂

H

∂u∗
R

∂z∗

(
1 +

∂u∗
Z

∂Z∗

)]
0 Φ∗

0 + Φ∗
1

[(
1 +

∂u∗
Z

∂Z∗

)2
+
(

H
R̂

∂u∗
Z

∂R∗

)2]
 ,

(2.25)

From equation (2.17) the components for the first Piola-Kirchoff stress are obtained as,

P =


−ξ−1Φ

∗
o

(
1 +

∂u∗
Z

∂Z∗

)
+ Φ

∗
1

(
1 +

∂u∗
R

∂R∗

)
0 ξ−1Φ

∗
o

(
H
R̂

∂u∗
Z

∂R∗

)
+ Φ

∗
1

(
R̂
H

∂u∗
R

∂Z∗

)
0 Φ

∗
o

(
1

1+
u∗
R

R∗

)
+ Φ

∗
1

(
1 +

u∗
R

R∗

)
0

ξ−1Φ
∗
o

(
R̂
H

∂u∗
R

∂Z∗

)
+ Φ

∗
1

(
H
R̂

∂u∗
Z

∂R∗

)
0 −ξ−1Φ

∗
o

(
1 +

∂u∗
R

∂R∗

)
+ Φ

∗
1

(
1 +

∂u∗
Z

∂Z∗

)

 , (2.26)

The balance of linear momentum, in the absence of body forces, for the special form of the motion
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assumed, reduces to,

∂(R∗PRR)

∂R∗ +

(
R̂

H

)
∂(R∗PRZ)

∂Z∗ = PΘΘ, (2.27a)

∂(R∗PZR)

∂R∗ +

(
R̂

H

)
∂(R∗PZZ)

∂Z∗ = 0. (2.27b)

At the axis of the fiber, a zero shear stress is assumed; Trz = 0 and the radial displacement is

uR = 0. For the first two problems, the bottom extended portion of the fiber beyond the matrix, the

top boundary of the matrix and the bottom boundary of the matrix are traction-free with P.n̂ = 0,

where n̂ is the unit outward normal to the surface. The axial and radial displacements at the outer

radius of the matrix are prescribed as uZ = 0 and uR = 0. For the third problem, the outer radius

of the matrix is traction-free with P.n̂ = 0 and the bottom surface of the matrix is fixed in all

directions as uZ = 0 and uR = 0. The top extended portion of the fiber beyond the matrix has

axial displacement uZ = u0T . The pullout force at the top of the fiber is calculated as:

Fpullout =

∫
Γ

2πPzzRdR (2.28)

Figure 2.2 shows the axisymmetric models for the fully and the partially embedded fiber with the

boundary conditions.
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Figure 2.2: Axisymmetric model geometry with boundary conditions. a) Fully Embedded Fiber with fixed wall. b)
Partially Embedded Fiber with fixed wall. c) Partially Embedded Fiber with fixed bottom.

Using the above geometry, the finite element analysis is performed to observe the model be-

havior under the given boundary conditions.

2.3.2 FE Model

The meshed models associated with the three problems are given in figures 2.3a and 2.3b. At

the fiber-matrix interface, the material parameters (n, b, µ,K) vary linearly over a small region to

capture the smooth transition of these values from the fiber side to the matrix side as shown in 2.3c.

Figure 2.3: a) Meshed model of fully embedded fiber. b) Meshed model of partially embedded fiber. c) Model
showing the smooth transition of material parameters varying linearly at the fiber-matrix interface.
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The fiber is modeled as a neo-Hookean material. For the matrix, n is varied from 0.6 to 5 with

b fixed at 1.

In order to check the dependency of the finite element solution on the mesh size, a mesh con-

vergence study is performed wherein, a coarser and a finer mesh is considered, relative to the mesh

that is used in the simulations. The change in the solutions is observed with different mesh sizes.

Figure 2.4: Solutions for shear stress for a) Fully Embedded Fiber with fixed outer surface, b) Partially embedded
fiber with fixed outer surface, c) Partially embedded fiber with fixed bottom; with different mesh refinements;

Overlapping curves for the different mesh size indicating solutions remain same with different mesh. (Blue line
shows the fiber-matrix interface).

The stress, being a gradient is the last variable to converge. Hence, the shear stress as a function

of the radial distance for different mesh sizes is plotted. As shown in figure 2.4, the solutions do

not get altered or affected by the mesh. Therefore, using this mesh, the parametric studies are

performed.
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3. RESULTS AND DISCUSSION

3.1 Interfacial Shear Stress

In this section, the interfacial shear stress distribution is noted along the fiber length for both

soft and a stiff fiber. From figure 3.2, for the fully and the partially embedded fiber systems (em-

bedded length is 0.7 of the total matrix height) and for both the boundary conditions, we observe

that, as the fiber becomes stiffer, the interfacial shear stress increases. This can be explained as

follows. For soft fibers, the deformation is localized only in the top extended portion of the fiber,

whereas for stiff fibers with (µf : µm = 100 : 1, 200 : 1), a larger portion of the matrix deforms,

thereby increasing the shear stress along the fiber-matrix interface.

Figure 3.1: Shear stress at the interface in axial direction along the embedded fiber length for a) Fully embedded fiber
with fixed outer surface and b) Partially embedded fiber (embedded length is 0.7 times the total matrix height) with

fixed outer surface, c) Partially embedded fiber (embedded length is 0.7 times the total matrix height) with fixed
bottom; for soft fiber (µf : µm = 1 : 1, 2 : 1, 5 : 1, 10 : 1) and stiff fiber (µf : µm = 100 : 1, 200 : 1) (nf = 1,

nm = 0.6, bf = bm = 1, u0T = 0.25)
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3.2 Fiber Embedded Length

In this section, further study is done on the interfacial shear stress distribution for the second

boundary value problem with varying embedded length. The embedded length is parameterized

as a fraction of the total height H of the matrix and the variable used in the analytical model is

Lembed. Figure 3.1 shows the shear stress distribution along the fiber-matrix interface as a function

of axial height Z for soft and stiff fibers. Three values of embedded length are studied for: 0.1

times the matrix height, 0.4 times the matrix height and 0.8 times the matrix height.

Figure 3.2: Interfacial Shear stress for different embedded lengths: a) 0.2H , b) 0.4H , c) 0.1H for partially embedded
fiber-matrix system fixed at the circumference

In figure 3.1a, where a larger length of the fiber is embedded into the matrix, the stiffer fiber

shows a larger region of uniform distribution of shear stress than that of the cases where the em-

bedded length of the fiber is shorter, (figure 3.1b and 3.1c). This is because, as the fiber embedded

length increases for a stiffer fiber, a larger region of the matrix deforms, thereby generating a uni-

form shear stress in the surrounding matrix along the embedded length. However, for soft fibers,
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the interfacial shear stress distribution is not uniform and does not depend on the embedded length

of the fiber. Figure 3.3 and figure 3.4 show the shear stress contour plot with embedded lengths

varying from 0.1H to 0.9H for a soft and a stiff fiber respectively.

Figure 3.3: Shear stress distribution for partially embedded fiber-matrix system fixed at the circumference for soft
fiber (µf : µm) = 2 : 1

From figure 3.3 it can be observed that the shear stress distribution is independent of the em-

bedded length of the fiber. Additionally, for a soft fiber, the deformation is localized at the top

portion of the fiber and there is negligible deformation in the matrix. Therefore, the shear stress

is lower in magnitude in the case of a soft fiber. Whereas, figure 3.4 shows that for a stiff fiber,

the embedded length of the fiber has a significant effect on the shear stress distribution. As the

embedded length increases, the shear stress increases and the distribution is much uniform in the

matrix region along the embedded length.
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Figure 3.4: Shear stress distribution for partially embedded fiber-matrix system fixed at the circumference for a stiff
fiber (µf : µm) = 100 : 1

3.3 Pullout Force

In this section, the dependence of the force required to pull the fiber on the material parameters

of the fiber and the matrix is examined. Figure 3.5 shows the variation of the pullout force with

displacement for different geometrical and material parameters. It is observed that the pullout

force increases with an increase in the fiber shear modulus. When µf : µm is close to 1, most of

the deformation occurs in the portion of the fiber, extending beyond the matrix, resulting in small to

negligible deformation in the matrix. As the shear modulus of the fiber increases, an increasingly

larger region of the matrix deforms causing an increase in the pullout force. This can be observed

from figure 3.6 where the deformation in the matrix increases with increasing µ of the fiber.
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Figure 3.5: Pull out force vs displacement of the top surface of the fiber (u0T ) for a) varying shear modulus ratio
(µf : µm), b) radius ratio Rm/Rf , c) power-law constant n, d) non-dimensional number H/R̂ respectively for

partially embedded fiber with fixed outer surface. (The force is calculated at the top surface of the fiber where (u0T )
is applied)

The pullout force decreases with a decrease in the radius of the fiber. In the case of a thin

fiber, most of the deformation occurs in the part of the fiber, extending beyond the matrix. With

an increase in the fiber radius, a larger region of the matrix deforms, resulting in an increase in

the pullout force. The material parameter n and the geometric parameter H/R seem to have little

effect on the pullout force within the range of displacements (u0T ) simulated here.

The effect of the above parameters on the axial displacement of the fiber and the matrix is

shown in figure 3.6.
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Figure 3.6: Axial displacement as a function of radial distance for a) varying shear modulus ratio (µf : µm), b)
non-dimensional number (H/R̂) & c) radius ratio (Rm/Rf ) respectively for partially embedded fiber with fixed
outer surface. (nf = 1, nm = 0.6, bf = bm = 1, u0T = 0.25) (The values are taken at z = 0.5 along a radial line

extending from r = 0 to r = R0. The blue line shows the fiber-matrix interface)

From figure 3.6, it is observed that the displacement is highest at the fiber end and gradually

reduces to zero at the outer surface boundary. It increases with an increase in the fiber stiffness due

to the deformation in a larger region of the matrix. Similarly, as the fiber radius decreases, a reduc-

tion in the axial displacement can be observed. This is due to the localization of the deformation

in the fiber and small to negligible deformation occurring in the matrix. Further, as the geometric

parameter H/R̂ increases, the model behaves like an infinite cylinder and the deformation is lo-

calized only in the portion of the fiber extending beyond the matrix. This explains the reduction

in the displacement with an increase in H/R̂. Moreover, it reduces significantly on increasing the

parameter from a value of 5 to 10, after which the reduction is less significant.

Having discussed the force and the displacement, the strain is examined, in terms of the norm

of the strain tensor. The norm of the strain tensor is plotted as a function of radial distance at

different heights, along the axial direction (at z = 0.2, z = 0.5, z = 0.6, z = 0.8, z = 0.9) for two

different ratios of shear modulus (µf : µm) = 2 : 1 and (µf : µm) = 10 : 1, as shown in figure 3.7
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for the boundary value problems.

Figure 3.7: a) & b) Norm of strain tensor as a function of radial distance for fully and partially embedded fiber
respectively with fixed outer surface, c) partially embedded fiber respectively with fixed bottom with µf : µm = 2 : 1.
e) & f) Norm of strain tensor as a function of radial distance for fully and partially embedded fiber respectively with
fixed outer surface g) partially embedded fiber respectively with fixed bottom for µf : µm = 10 : 1, at different axial

distance (z = 0.2, z = 0.5, z = 0.6, z = 0.8, z = 0.9). (Blue vertical line indicates the fiber-matrix interface)

It can be observed from 3.7a, 3.7b and 3.7c that the norm of the strain tensor increases as one

approaches the top surface of the matrix for the fully and the partially embedded fiber problems.

This is due to the similar stiffness ratio of the fiber and the matrix (µf : µm = 2 : 1) where most

of the deformation occurs in the region of the fiber extending beyond the matrix and the region

of the matrix, close to the top surface of the matrix (i.e z = 0.9). As the fiber becomes stiffer

(µf : µm = 10 : 1), a larger portion of the matrix deforms, leading to a higher value of the strain

in the matrix along the entire interface. Therefore, a significantly higher magnitude is observed for

the norm of strain tensor at z = 0.5 in this case (see figure 3.7d, 3.7e and 3.7f).
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3.4 Parametric Study

In this section, the deformations and the stresses related to the fiber pullout problem, and their

dependencies on various model parameters are studied. The following material parameters which

appear to have significant effects on the force required for the fiber pullout are considered here.

The ratio of the shear modulus of the fiber to the matrix (µf : µm) is varied from 1 to 10. The

radius ratio, defined as the ratio of outer radius of matrix to that of fiber (Rm/Rf ), is varied from

10 to 40. Further, the non-dimensional parameter (H/R̂) is varied from 5 to 20. The values of

stress in the figures are taken at z = 0.5 along a radial line extending from r = 0 to r = 1.

3.4.1 Varying Shear Modulus

Figure 3.8 shows the shear stress distribution as a function of the radial distance and figure

3.9 shows a contour plot of the shear stress distribution with different shear modulus ratios when

u0T = 0.25.

Figure 3.8: Shear stress distribution as a function of radial distance for a) fully embedded fiber with fixed outer
surface, b) partially embedded fiber with fixed outer surface, c) partially embedded fiber with fixed bottom

respectively with varying shear modulus ratio. (nf = 1, nm = 0.6, bf = bm = 1, Rm/Rf = 10, R̂/H = 2,
u0T = 0.25. The values are taken at z = 0.5 along a radial line extending from r = 0 to r = Rm. The blue line

shows the fiber-matrix interface)
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The shear stress is zero at the fiber inner radius. As one approaches towards the fiber-matrix

interface, the shear stress reaches a peak value, after which it gradually decreases with increasing

r. Unlike the case of very stiff fibers embedded in a soft matrix, when the shear modulus of the

fiber is close to that of the matrix, the peak shear stress does not occur at the interface. It occurs

within the matrix region for both the fully and the partially embedded fiber problems.

Figure 3.9: a) Shear Stress with Varying shear modulus ratio for fully embedded fiber with fixed outer surface. b)
Shear Stress with Varying shear modulus ratio for partially embedded fiber with fixed outer surface. c) Shear Stress
with Varying shear modulus ratio for partially embedded fiber with fixed bottom. (nf = 1, nm = 0.6, bf = bm = 1,

Rm/Rf = 10, R̂/H = 2, u0T = 0.25)
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As the fiber’s shear modulus increases, the peak shifts towards the interface as can be seen from

figures 3.8a and 3.9a & b. Also, with an increase in the shear modulus of the fiber, deformation of

the matrix increases, causing an increase in the shear stress at the fiber-matrix interface. It can be

observed from figure 3.9, that a larger region of the matrix experiences higher shear stress when

the ratio of the fiber shear modulus to the matrix shear modulus increases.

Figure 3.10: a) Norm of strain tensor with Varying shear modulus ratio for fully embedded fiber with fixed outer
surface, b) partially embedded fiber with fixed outer surface, c) partially embedded fiber with fixed bottom (nf = 1,
nm = 0.6, bf = bm = 1, Rm/Rf = 10, R̂/H = 2, u0T = 0.25). (where the norm of strain tensor is given by:

||E|| = (tr(ETE))1/2).
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Figure 3.10 shows the norm of shear strain, ||E||. As the fiber stiffness increases, a larger

portion of the matrix deforms, leading to a higher strain in the matrix along the entire interface, as

can be seen in figure 3.10a, iii & iv, 3.10b, iii & iv and 3.10c, iii & iv.

In the next sections, the influence of the geometric parameters will be studied on the pullout

problem.

3.4.2 Varying Radius Ratio

Here, the impact of varying radius ratios on the deformation and the shear stress distribution is

considered. The radius ratio is defined as the ratio of the outer radius of the matrix to that of the

fiber (Rm/Rf ). Figure 3.11 shows the stress distribution as a function of the radial distance with

different Rm/Rf .

Figure 3.11: Shear stress distribution as a function of radial distance for a) fully embedded fiber with fixed outer
surface, b) partially embedded fiber with fixed outer surface, c) partially embedded fiber with fixed bottom

respectively with radius ratio. (nf = 1, nm = 0.6, bf = bm = 1, µf : µm = 2 : 1, R̂/H = 2, u0T = 0.25. The
values are taken at z = 0.5 along a radial line extending from r = 0 to r = Rm)

It is observed that the shear stress decreases with a decrease in the radius of the fiber. In the
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case of a thin fiber, most of the deformation occurs in the fiber portion extended beyond the matrix.

With an increase in the fiber radius, a larger region of the matrix deforms resulting in an increase

in the shear stress as is seen in figure 3.11.

3.4.3 Varying Geometric Parameter R/Ĥ

In this section, the dependence of the solutions on the geometric parameter H/R̂ is considered.

Figure 3.12 shows the variation of the stress distribution as a function of radial distance with

different values of the geometric parameter H/R̂ of (5, 10, 15, 20).

Figure 3.12: Shear stress distribution as a function of radial distance for a) fully embedded fiber with fixed outer
surface, b) partially embedded fiber with fixed outer surface, c) partially embedded fiber with fixed bottom
respectively with non-dimensional parameter H/R̂. (nf = 1, nm = 0.6, bf = bm = 1, µf : µm = 2 : 1,

Rm/Rf = 10, u0T = 0.25. The values are taken at z = 0.9 along a radial line extending from r = 0 to r = Rm).
The blue line shows the fiber-matrix interface.

Here, as H/R̂ increases, the model behaves like an infinite cylinder and the deformation is

localized in the extended portion of the fiber beyond the matrix. As a result, the peak shear stress

can be observed near the top end of the matrix, hence the axial location Z = 0.9 is chosen to plot

the shear stress distribution with varying H/R̂. The remaining region of the fiber-matrix system
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shows negligible deformation in case of a higher H/R̂, thereby reducing the peak shear stress,

as is seen from figure 3.12. Further, for figure 3.12c, since the bottom of the matrix is fixed, the

shear stress behavior is different than that of figure 3.12a & figure 3.12b. The shear stress reduces

to zero at the traction-free outer surface for the third boundary value problem, whereas, the shear

stress has considerable magnitude near the matrix outer circumference for the first two boundary

value problems. Additionally, on stiffening the fiber, an increasingly larger region of the matrix

deforms, increasing the absolute peak shear stress. (The depth of the peaks in the above figure3.12

is expected to shift down axially along Z ).

Finally, the influence of material parameters n and b is also examined. They seem to have a

negligible effect on the shear stress distribution as shown in figure 3.13

Figure 3.13: Shear stress distribution as a function of radial distance for a) fully embedded fiber with fixed outer
surface, b) partially embedded fiber with fixed outer surface, c) partially embedded fiber with fixed bottom

respectively with varying n, d) fully embedded fiber with fixed outer surface, e) partially embedded fiber with fixed
outer surface, f) partially embedded fiber with fixed bottom respectively with varying b. (µf : µm = 2 : 1,

Rm/Rf = 10, R̂/H = 2, u0T = 0.25. The values are taken at z = 0.5 along a radial line extending from r = 0 to
r = Rm). The blue line shows the fiber-matrix interface.

Figure 3.13 shows that the shear strain forms a boundary layer at the interface where there is a
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smooth transition of the material properties from the fiber to the matrix.

3.4.4 Effect of Compressibility

In most of the studies on polymers, a nearly incompressible behavior is assumed and a high

bulk modulus to shear modulus ratio is used. In all the previous results in the work, a K/µ of 100

is used to represent the nearly incompressible behavior. In the following, a brief comment is made

on the influence ofK/µ on the stress distributions in the fiber and the matrix during a fiber pullout.

In this sub-section, a discussion is made about the influence of bulk modulus in the solutions.

In this work, the Kfactor is defined as the ratio of K to µ, which is varied from 10 to 1000, and the

stress distribution is observed as a function of radial distance.

Figure 3.14: Shear stress distribution as a function of radial distance for a) fully embedded fiber with fixed outer
surface, b) partially embedded fiber with fixed outer surface, c) partially embedded fiber with fixed bottom

respectively with varying Kfactor. (nf = 1, nm = 0.6, bf = bm = 1, µf : µm = 2 : 1, Rm/Rf = 10, H/R̂ = 1,
u0T = 0.25. The values are taken at z = 0.5 along a radial line extending from r = 0 to r = Rm). The blue line

shows the fiber-matrix interface.

From figure 3.14, it is observed that, as the Kfactor increases, the shear stress reduces. The

fiber and the matrix are less compressible, in turn, reducing the stresses in the system. For a
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compressible fiber-matrix system, i.e., Kfactor = 10, the fiber and the matrix deform largely,

increasing the shear stress.

3.5 Comparison of the Boundary Value Problems

In this section, the overall behavior of the boundary value problems is analyzed. A brief de-

scription is made on the similarities and the differences in the deformation and the stress distribu-

tions for the fully and the partially embedded fiber-matrix geometries and the different boundary

conditions.

Figure 3.15 shows the stress distribution and the deformation for the entire fiber-matrix do-

main. In this section, the simulations are performed with parameter values as nfiber = 1, bfiber =

1, nmatrix = 0.6, bmatrix = 1, µfiber : µmatrix = 2 : 1, R̂/H = 2, Rm/Rf = 10, u0T = 0.25 for

first two problems and u0T = 0.15 for the third problem. For all the conditions, the top extended

portion of the fiber, where the displacement (u0T ) is applied, deforms largely. The deformation

then gradually reduces as one moves away from the top surface of the matrix. The problems where

the outer surface is fixed, the matrix portion adjacent to the outer surface shows negligible defor-

mation, as can be seen from figures 3.15-a-i and 3.15-b-i. For the third problem, where the bottom

of the matrix is fixed, a major region of the matrix shows negligible deformation (figure 3.15-c-i).
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Figure 3.15: Deformation & Stress plots (2D). a) Fully Embedded Fiber with fixed outer surface, b) Partially
Embedded Fiber with fixed outer surface, c) Partially Embedded Fiber with fixed bottom. (nfiber = 1, bfiber = 1,

nmatrix = 0.6, bmatrix = 1, µf : µm = 2 : 1, R̂/H = 2, Rm/Rf = 10, u0T = 0.25.)

The pullout displacement u0T causes a shearing effect generating high shear stress at the inter-

face. In figure 3.15-a-ii, the matrix deforms more in the case of a fully embedded fiber compared

to the partially embedded fiber. Hence the shear stress is significant in a larger region near the

interface than that in figure 3.15-b-ii when the fiber is partially embedded. In addition, the matrix

shows negligible deformation close to the outer surface in case of a fully embedded fiber, and at

the outer and the bottom surfaces in case of a partially embedded fiber (figure 3.15-a-ii, figure
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3.15-b-ii). The shear stress thus reduces to nearly zero values in the matrix region away from the

interface. However, when the matrix is held fixed at the bottom (figure 3.15-c-ii), the magnitude of

the shear stress is considerable near the bottom of the matrix with negligible shear stress near the

traction-free outer surface.

Finally, a comparison is made on the strains for the boundary value problems. Figure 3.15-a-

iii, 3.15-b-iii and 3.15-c-iii show the norm of the shear strain in the model. For the shear modulus

ratio µf/µm = 2 : 1, both the fiber and the matrix deform. However, most of the deformation

is localized in the fiber as shown by the norm of the strain being high at the extended portion of

the fiber and a small region in the matrix along the interface near the top surface of the matrix for

both the problems. The deformation is negligible in the matrix region away from the interface and

the strain is nearly zero at the fixed boundaries (matrix outer surface for first two problems; figure

3.15-a-iii & figure 3.15-b-iii and matrix bottom for the third problem; figure 3.15-c-iii).
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4. SUMMARY AND CONCLUSION

4.1 Conclusion

In this thesis, the deformation and the stress experienced by a cylindrical fiber-matrix system

are studied, where the fiber-matrix system is subjected to an axial pull-out displacement during

a pullout phenomenon. The three boundary value problems are considered: a fully embedded

fiber with the matrix being held at the matrix circumference and a partially embedded fiber held

at the bottom of the geometry. The effect of the material and the geometric parameters on the

boundary value problems is analyzed. Additionally, the behavior of interface shear stress and the

force required to achieve a particular range of pull-out displacements are studied. From this study,

certain conclusions can be drawn.

Based on the discussions from the previous section, certain conclusions can be drawn for this

study. The interfacial shear stress was thoroughly studied in past literature where fibers that were

stiffer as compared to matrix, were considered. However, on studying the interfacial shear stress

for both soft and stiff fibers in this work, it can be found that, for a soft fiber, the interfacial shear

stress is not uniform. Further, as the fiber becomes stiffer, the interfacial shear stress increases.

On performing the stress analysis, it is concluded that for a soft fiber, most of the deformation is

localized in the fiber portion extending beyond the matrix, however, for a stiff fiber, an increasingly

larger region of the matrix deforms. As a result, the pullout force required for the given pullout

displacement and the interfacial shear stress is higher for a stiff fiber than that of a soft fiber. In

the pullout tests performed in the past, the force required to pullout the fiber was measured. The

conclusion obtained about the pullout force in this work will aid in similar future pullout tests.

Further, a stiff fiber-matrix system has higher strain along the interface, whereas, a soft fiber-

matrix system has relatively higher strain near the portion of fiber & matrix where the pullout

displacement is applied.

A significant conclusion can be made on the shear stress distribution. For a soft fiber, the peak

38



shear stress occurs within the matrix region as compared to that of a stiff fiber, where the peak

shear stress occurs at the fiber-matrix interface.

On studying the geometric parameters, it is concluded that, for a thin fiber, a larger region of

the matrix deforms as compared to a thicker fiber which leads to higher shear stress. On increasing

the H/R̂, the deformation is localized in the extended portion of the fiber, thereby reducing the

shear stress. Further, it is noted that, as the system becomes more compressible, the shear stress at

the interface reduces.

For the problem with the fixed outer surface of the matrix, a larger region of the interface shows

a significant displacement, however, in the case where the bottom of the system is fixed, there is

negligible deformation in the matrix. For a fully embedded fiber, a larger region of the system

has a stiffer component. Hence, the shear stress is significant in a larger region of the matrix

adjacent to the interface. Whereas, for a partially embedded fiber, the shear stress is negligible

in most of the regions in the matrix. Further, for the two different boundaries, the shear stress

distribution changes according to the boundary which is held fixed. Due to similar reasons, the

partially embedded fiber exhibits higher strain in the system interface than the fully embedded

fiber. Additionally, deformation in the matrix is higher when it is held from the outer surface, as

compared to the case when it is fixed in the bottom.

4.2 Future Studies

In the future, this study can be extended to an analytical formulation of the debond forces

arising due to the axial pullout for the same fiber-matrix system. The interfacial shear strength

is essentially the slope of the debond-force and debond-length curve. The stress and deformation

obtained here can be used to have a rough estimation of the slope in conjunction with pullout

tests in the future. Further, fiber pullout experiments can be conducted to represent and validate

the analytical studies conducted in this work. For pullout experiments, a hard plastic as a fiber,

embedded in a silicone matrix can be considered. The stiffness of the plastic can be varied to

conform to the parameters of the experiments being conducted.
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