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ABSTRACT

Holomorphic functions of several complex variables showcase many interesting extension phe-
nomena which have historically motivated much of the development of the discipline. The pur-
pose of this thesis is to explore the extension phenomena of integrable holomorphic functions, an
important subclass of the holomorphic functions. We give two classification theorems for two-
dimensional Reinhardt L}-domains of holomorphy, as well as two partial results towards clas-
sifying n-dimensional Reinhardt L}-domains of holomorphy. Both classification theorems for
the two-dimensional domains are geometric classifications in terms of elementary Reinhardt do-
mains. The first gives a classification in terms of monomial inequality representations of elemen-
tary Reinhardt domains, while the second gives a classification in terms of a parameterization of
such domains by points on the unit circle. While we did not achieve a complete classification of
n-dimensional domains, we demonstrate that all bounded Reinhardt domains of holomorphy are
themselves L} -domains of holomorphy. Furthermore, while fat L} -domains of holomorphy have
been characterized via functional analysis in the past, we provide a geometric characterization of

such domains in terms of elementary Reinhardt domains.
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1. INTRODUCTION

Given a domain 2 C C" and a function holomorphic on (2, recall that there is a maximal Rie-
mann domain R over C" to which it can be extended called its domain of existence. If () is the
domain of existence for a holomorphic function, then we say that it is a domain of holomorphy.
Furthermore, if .# is a family of holomorphic functions on €2 and €2 is the domain of existence for
some [ € ., then we say that {2 is an .¥’-domain of holomorphy. In this paper, we will be most
concerned with the case that . is the family of L? holomorphic functions, i.e, when . = L} (Q).

(See §8§8-9 of Chapter Il in [1].)

In Chapter 2, we give a characterization of Reinhardt L} -domains of holomorphy in C?, which
we have done in Theorem 1. This research question arose when considering the removable sets
for bounded L7-domains of holomorphy in the plane: while some sets are always removable for
bounded holomorphic functions or for L? holomorphic functions in the plane (see Theorem 2 in
[7]), there are no such sets for L? holomorphic functions for p < 2. In other words, every bounded
open subset of the plane is an L}-domain of holomorphy for all p < 2. This resulted in the follow-

ing conjecture, which remains open:

Conjecture 1. Every bounded domain of holomorphy in C" is an LY -domain of holomorphy for

p <2

Since every L}-domain of holomorphy is itself a domain of holomorphy, the “domain of holo-
morphy” hypothesis in the conjecture is necessary. We undertook to prove Conjecture 1 first for
bounded Reinhardt domains of holomorphy in C”, which we accomplished in Proposition 4 via
the geometric characterization of Reinhardt domains of holomorphy (Theorem 1.11.13 in [6]).
After this, it was natural to ask whether unbounded Reinhardt domains of holomorphy exhibited

the same phenomenon or not. Clearly, it will be necessary to assume that there exist nontrivial



L7 -functions on a given Reinhardt domain of holomorphy for there to be any hope of it being an
L -domain of holomorphy. Jarnicki and Pflug showed in [4] that for fat Reinhardt domains, this
is sufficient. Recall that a domain in C" is fat provided it is the interior of its closure. This led to

another conjecture:

Conjecture 2. [f ) is a Reinhardt domain of holomorphy such that for some p < 2, L} (Q) # {0},

then Q) is an LY -domain of holomorphy.

However, Conjecture 2 fails and the work in this paper furnishes a counterexample. In fact,
Proposition 14 will yield a family of unbounded domains with nontrivial L} -functions for all p > 1.
However, even more than this, Propositions 15 and 16 will yield that whenever 1 < p < ¢ < 2,
then there exists a domain from the family in Proposition 14 which is an L}-domain of holomor-

phy, but is not an L7 -domain of holomorphy.

Since Conjecture 2 fails, we began to seek out exactly which Reinhardt domains in C? are Lj -
domains of holomorphy in the hopes of finding a characterization. This characterization is given in
Theorem 1. In developing this characterization, heavy use was made of the logarithmic convexity
of pseudoconvex Reinhardt domains. To this end, we introduce below the notion of logarithmic
half-planes — those fat domains in C? whose images under the function log |z| are half-planes.
While Jarnicki and Pflug give a function-theoretic characterization of fat L} -domains of holomor-
phy in [4], we have given a geometric characterization in terms of these logarithmic half-planes of

fat L7 -domains of holomorphy in C? in Propositions 30 and 31.

We then sought to generalize this result to higher dimensions. Towards this end, in Chapter 3,
Corollary 1 gives a characterization of fat L}-domains of holomorphy in C" in terms of the lin-
ear span of a set of real vectors representing elementary Reinhardt domains — higher-dimensional

analogs of logarithmic half-planes.



While we had originally parameterized the elementary Reinhardt domains using vectors in R",
it became evident that this method did not give a unique parameterization of these domains; in
other words, multiple vectors could represent the same elementary Reinhardt domain. However,
each elementary Reinhardt domain can be represented by a unique unit vector in R™. This sug-
gested that the results concerning such domains should be stated not in terms of members of R",
but members of the sphere S™~!. This insight led to the work in Chapter 4, which gives a simplified
restatement of Theorem 1 in terms of this new parameterization. The success of this parameteriza-
tion combined with the linear algebra techniques in Chapter 2 suggest a possible route for further

research concerning non-fat Reinhardt L} -domains of holomorphy in n dimensions.



2. L;-DOMAINS OF HOLOMORPHY IN C?

In order to give a geometric characterization of Reinhardt L; -domains of holomorphy, we first
recall two results: the first gives a function-theoretic characterization of fat, Reinhardt Lz—domains
of holomorphy found in [4], while the second gives a geometric characterization of non-fat Rein-

hardt domains of holomorphy in relation to their fat hulls.

Proposition 1. If (2 is a fat, Reinhardt domain of holomorphy, and if there is a p € [1,00) such

that LY (Q) # {0}, then for all q € [1, 0], 2 is an L} -domain of holomorphy.

Proof. First, we recall the notation of Jarnicki and Pflug from [4]. Recall that

L@ = () Li"@= (] L.
q€[l,00] q€[1,00]
Now, on the assumption that there exists p € [1, 00) such that L7 (§2) # 0, it follows from Proposi-
tion 9 of [4] that (2 is an Lg’o—domain of holomorphy. Therefore, there exists f € Lg’O(Q) having €2
as its domain of existence. Fix ¢ € [1, oc]. Now, by definition of L\°(Q), f € L1(Q). Therefore,

(2 is the domain of existence of an Lj function and so (2 is an Lj-domain of holomorphy. 0

Definition 1. Forall j € {1,...,n}, we define V; C C" by V; := {z; = 0}. We define V;; C C"

by Vo :={z1 -z, = 0}. In other words,

Proposition 2. If Q) is a Reinhardt domain of holomorphy in C" and Q)* is its fat hull (i.e, if
O = (ﬁ)o), then for some J C {0, 1,...,n}, we have that:

a\e=J@ny)

jeJ
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This Proposition follows directly from Theorem 1.11.13 in [6], which in effect states that the
only way to construct non-fat Reinhardt domains of holomorphy is to remove one or more of
the coordinate axes (V7, V5, ...) from the domain. With these two results in mind, we will now
proceed to our characterization first of bounded, Reinhardt L} -domains of holomorphy, and then

of unbounded Reinhardt L} -domains of holomorphy in C2.
2.1 Bounded Reinhardt Domains of Holomorphy

We first proceed to characterize bounded Reinhardt domains of holomorphy in C" for arbitrary
n. This characterization proceeds in a series of steps, which are outlined as follows: (1) we note
that all bounded Reinhardt domains of holomorphy which are fat are L}-domains of holomorphy
(Proposition 3), and then (2) we show that for p < 2, the hypothesis for the domain may be relaxed

(Proposition 4).

Proposition 3. Every bounded, fat Reinhardt domain of holomorphy is an L} -domain of holomor-

phy, forall p € [1, x|

Note that this is a simple consequence of Proposition 1, since in particular L} (€2) contains all
of the polynomials, if €2 is a bounded domain. Before proceeding to Proposition 4, which charac-

terizes bounded L} -domains of holomorphy, we consider the following example.

Example: Consider 2 := D?\ 1}, and observe that * is the bidisk. We note that by Proposi-
tion 3, the bidisk is an L} -domain of holomorphy for all p. This means that for all p, there is some
f» holomorphic on the bidisk which is also L” and which does not extend holomorphically to any
boundary point of the bidisk. Now, a simple calculation shows that z; ' is L? on the bidisk for all
p < 2 and is not L? for any p > 2. Hence, g, := f, + 21_1 is L? on the bidisk for all p < 2 and
holomorphic on €2. Furthermore, g, does not extend holomorphically to any boundary point of the
bidisk (or else g, — 21 = f» would) nor to any point in D* N 'V; or else (g, — f, = 21 ! would).

The domain of definition for g, is {2 and so €2 is an L}-domain of holomorphy, for every p < 2.



This example is indicative of the proof that all bounded Reinhardt domains of holomorphy are
also L7-domains of holomorphy for p < 2. Furthermore, it indicates why we must take as an
assumption that p < 2, since z; * is not L? on the bidisk. Indeed, more generally, for all integers
m,n, 221 is L? if and only if m,n > 0. It follows from this fact and from Lemma 1 that the only

bounded Reinhardt L?-domains of holomorphy are those which are fat.

This example is also consistent with the characterization of bounded L?-domains of holomor-
phy given in Theorem 2 of [7], which states that pluripolar sets are removable sets for L? functions.
Since Vj is an analytic variety, for each j, it is also a pluripolar set. Hence, a bounded Reinhardt

domain of holomorphy is an L?-domain of holomorphy if and only if it is fat.

Proposition 4. Every bounded Reinhardt domain of holomorphy is an LY -domain of holomorphy,

forallp € [1,2).

Proof. Let ) be a bounded, Reinhardt domain of holomorphy and fix p € [1,2). First, we note
that the claim follows from Proposition 3 if 2 = Q*. We assume now that {2 C Q*. Then we
let J be the indexing set guaranteed by Proposition 2. It now follows that for each j € J, zj_l is
holomorphic on (2. Furthermore, since 2 is bounded, there exists a polydisk of radius R > 0 such

that @ C P. Therefore, for all p € [1,2),

R

_ 2 R2n P
/ ‘Z;1|p S 27TnR2n_2 . /7"; pd’r’j = — < OQ.
Q

2—p
0

Hence, for each j € J, z;' € L}(Q). Define g € L},(Q) by g(z) := > i z;'. Also, from
Proposition 3, there exists an f € L} (£2*) such that Q* is the domain of definition for f. We now
define h € L7 (2) by h := f + g. Now, since f does not extend holomorphically to any boundary
point of Q* and ¢ does not extend holomorphically to any point in Q* \ €, it follows that / does
not extend holomorphically to any boundary point of €. Hence, h is an L} -function for which

is the domain of definition, and it therefore follows that €2 is an L}-domain of holomorphy. U
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2.2 Unbounded Reinhardt Domains of Holomorphy in C?

We now consider the more difficult case of unbounded Reinhardt domains of holomorphy. We
have no easy analog to Proposition 3. There is no guarantee on a given unbounded domain that
nontrivial L” holomorphic functions exist. Therefore, we will now invoke more explicitly the ge-

ometry of domains of holomorphy which are Reinhardt in particular.

For any domain Q C C?,
log [0 := {(z,y) € R : for some (21,22) € 2, (", €¥) = (|z1],]2])} -

Also, recall that every Reinhardt domain of holomorphy is logarithmically convex. In other words,
for every Reinhardt domain of holomorphy 2, we have that log || is a convex subset of R2.
Therefore, every Reinhardt domain of holomorphy (2 has the property that either Q* = C? or that
log || is the intersection of a family of half-planes in R?. Since for all p € (0, 00), L} (C?) = {0},
we may consider only those Reinhardt domains of holomorphy € with Q* # C2. In order to do
this more simply, we now define the notion of logarithmic half-planes and then in Proposition 5,

we give a description of these logarithmic half-planes.

Definition 2. A logarithmic half-plane in C? is a fat Reinhardt domain Q) C C? such that log |Q)|

is a half-plane in R?.

Proposition 5. Q is a logarithmic half-plane in C? if and only if for some o« > 0, one of the

following statements is true:
1. Forsomezx € R, Q= {|z| < a|n|[} = U~
2. Forsomez € R, Q= {|z| > a|xn|"} = U=
3. Q={|n| <a} =U,.

4. Q={|z|>a} = U..



Proof. First, suppose (2 is a logarithmic half-plane. Then log |€2| must be defined by an open, lin-
ear inequality in two variables. That is, Olog || is a line in R?. Hence, dlog |2 is either equal

to {(z1,x2) : xo2 = may + b}, for some m, b € R, or equal to {(z1,x2) : 1 = b} for some b € R,

where z; = log |z;|, for j = 1, 2.

Now, in the first case, we have that 02 = {|z2| = |n |m}, since (2 is fat. Therefore, taking
a = e’ and z = m, we have that either Q) = UZor Q) = (725. Similarly, in the second case, we
have that 0Q = {|z| = €’}, so taking a = ¢, we have that either Q} = U, or Q = U.,. For the
converse, now note by a simple computation that each domain described in statements (1)-(4) of

this proposition is itself a logarithmic half-plane. [

In order to understand the main result, it is useful to analyze separately the cases of Reinhardt
domains of holomorphy with (a) a fat hull which intersects precisely one of V; and V; (subsection
2.2.1), (b) a complete fat hull (subsection 2.2.2), and (c) a fat hull which is disjoint from V{, (sub-
section 2.2.3). Toward this end, we will now give characterizations of complete Reinhardt domains
of holomorphy (Proposition 6) and Reinhardt domains of holomorphy intersecting precisely one

of V; and V5 in C? (Proposition 7) in terms of logarithmic half-planes.

Proposition 6. A complete Reinhardt domain of holomorphy in C? must be either C? or an inter-

section of logarithmic half-planes of the form U, and U}, where x < 0.

Proof. Let Q C C? be a complete Reinhardt domain of holomorphy. Then since €2 must be log-
arithmically convex, log |Q2] must be an intersection of half-planes in R%. Hence, ) must be an

intersection of logarithmic half-planes.

Furthermore, since €2 is complete, it must contain the origin. Therefore, it must be an intersec-
tion of logarithmic half-planes containing the origin. Note now that the origin is not contained in
any domain of the form U yor (7&. Furthermore, if x > 0, then 0 = « - 0%, and so the origin is not

contained in U} . Evidently, if &« > 0 and < 0, then the origin is contained in U,, and UZ. Hence,



{2 must be an intersection of logarithmic half-planes of the form U?, where z < 0, and U,,. ]

Proposition 7. If () is a Reinhardt domain of holomorphy such that its fat hull ()* has nonempty
intersection with exactly one of V| and Vs, then () must be contained in a logarithmic half-plane of

one of the following forms: U}, where x > 0; (701; [7;“" where x > 0; or (72

Proof. Let €) be a Reinhardt domain of holomorphy such that 2* has nonempty intersection with
exactly one of V; or V5. Since (2 is a Reinhardt domain of holomorphy, {2 must be logarithmically
convex. But then 2* must also be logarithmically convex and so §2* is an intersection of logarithmic
half-planes. Since by hypothesis {2* must omit the origin, at least one of these logarithmic half-
planes must also omit the origin. Now, observe that for every o > 0, ﬁa omits the origin as does

U 0. Furthermore, for every o, x > 0, UZ omits the origin as does U 2. Furthermore, these are the

only logarithmic half-planes which omit the origin and intersect exactly one of V; or V5. 0

2.2.1 Domains with Non-Complete Fat Hull Not Disjoint from V5,

The results in this section and those following come in three flavors. (1) First, we have results
which demonstrate the existence of nontrivial L} -functions on certain fat Reinhardt domains of
holomorphy. From Proposition 1 above, it will then follow that these domains are L?-domains
of holomorphy for all p > 1. (2) We will then show when certain non-fat Reinhardt domains of
holomorphy are L} -domains of holomorphy for specified p. The proofs of these propositions will
follow a method similar to the one used in Proposition 4 — we will find an L} Laurent monomial
on the specified non-fat domain. (3) Finally, we have results in which we determine that certain
non-fat Reinhardt domains of holomorphy are not L}-domains of holomorphy. Proofs of these
propositions will proceed by showing that the L} monomials on the specified domains extend to
a larger domain. It will then follow from Lemma 1 below that the specified domain is not an L} -

domain of holomorphy.

In this section, we will consider only those domains having a fat hull which intersects precisely

one of V; and V3. Furthermore, since L7 (§2) is invariant under a permutation of the coordinates



of (2, we will consider only those Reinhardt domains of holomorphy which are disjoint from V/
but not from V5. By the argument in Proposition 7, we only need consider domains which are
contained in logarithmic half-planes of the form U, (Propositions 8 and 9) or U7 where z > 0

(Propositions 10-12).

Proposition 8. Let () be a Reinhardt domain of holomorphy. Also, let o, > 0 and x € R. If
QcU,n U§, then Ly, () # {0}, for all p > 0.

Proof. To see this, let n be an integer strictly less than —@. We now show that 2" € L} ().

First, note that 27 is holomorphic on 2, since 2 NV} = &. Now, observe:

o0 BT% [ee)

1 14pnt2
/|z?|p < 4#2//7‘1+p"7’2dr2dr1 = 2#262/T1+pn+ “dry.
Q
a 0

[0}

Now, observe that 1 + pn + 2z <1 —2(1 + z) 4+ 2z = —1, and so

o0

/|zﬂp < 2W252/ri+p"+2mdr1 < 0.
Q

o

Therefore, 2] € L} (2). O

Proposition 9. If Q) is a Reinhardt domain of holomorphy such that (2* satisfies the hypotheses of

Proposition 8, then ) is an L} -domain of holomorphy for all p € [1,2).

Proof. 1f 2 = QF, then this follows from Propositions 1 and 8. Now, suppose that 2 = Q*. It now
follows from Proposition 2 that 2 = Q*\ V5. Fix p € [1,2) and let n be an integer strictly less than
—W. We now show that 22, ' € L(Q). First, since Q NV = &, 27z, ' is holomorphic on

Q). Next, observe that
ori

o0
n_ —1|P 2 1+pn_1—p
/‘2122 ‘ <Arm //7’1 ry dradry.
Q
0

[0}

10



Since p < 2, we have that 1 — p > —1 and so

Ar?[p2p et (2—

/ |z?z;1|p < ot =P,
2 —

Q p

«

Finally, since pn < —x(2 — p) — 2, we have that 1 + pn + z(2 — p) < —1, and so

/ ‘Z?zgl‘p < 00.
Q

Now, let f € L7 (£2*) have Q* as its domain of definition and define g € L} () by g(z) :=
f(2) + 272, ', Note that since f does not extend holomorphically to any boundary point of * and
272y ' does not extend holomorphically to V5, it follows that € is the domain of definition for g,

and so €2 is an L)-domain of holomorphy. O

Remark: The conclusion of Proposition 9 would sometimes be false if we took p = 2. This

follows from Proposition 2 above and from Theorem 2 in [7].

Proposition 10. Let €2 be a Reinhardt domain of holomorphy, and let y < x and x > 0 and

a, B> 0. IfQ C UL NU}, then L, (Q) # {0}.

Proof. Letr = Tn”—,' be a rational number in (y, ) \ Z. Assume without loss of generality that n' is
positive. Now, let m := —2 — m/ and n := —2 + n/. Since r ¢ Z, it follows that n’ > 2, so that
n > 0. I now claim that 2{"z5 € L} (). Since n > 0 and Q NV} = &, z]"27 is holomorphic on (2.

1/(z—y)

Now, let R = (g) and observe that

R arf 67"7{

o0
m  n 2 1+m 1+4n 1+m, 1+n
/]21 zy| < dm //7"1 Ty drgdrl—l—//rl ry " "dradry
Q
00 R 0

R o
47T2 mr+x n m n
_ o a2+n/ri+ +z(2+ )drl +52+n/ri+ +y(2+ )drl
0 R
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Now, note that the integral above is finite provided 1 +m+xz(2+n) > —land 1 +m+y(2+n) <

—1. But this is true if and only if —2(2 +n) < 24+ m < —y(2 + n), which in turn is true if and

only if y < _22;;” < z. However, m' = =2 —mandn’ =2+ n,and r = ’:—,’ € (y, z). Therefore,
Jo 127728 < oo, and so 27"z € L (). O

Proposition 11. If (2 is a Reinhardt domain of holomorphy such that )* satisfies the hypotheses of
Proposition 10, then ) is an L} -domain of holomorphy provided that either Q. = Q* or (y, z)NZ #

J.

Proof. If (2 = Q*, then this follows from Proposition 10 above and from Proposition 1. Now, sup-
pose that (2 # Q. It follows that 2 = Q* \ V5. Now let r € (y,z) N Z. Then takingm = —2 —r
and n = —1, it follows from the same argument as in Proposition 10 above that 2]"z% € L;(Q).

Furthermore 2725 does not extend holomorphically to V5.

Therefore, since * is an L} -domain of holomorphy, let f € L} (€*) such that Q* is the domain
of definition for f. Now define g € L} () by g (21, 22) := f(z1, 22) + 2{"25. Now, since g does
not extend holomorphically to 9Q2* nor to V5, it follows that €2 is the domain of definition for g, so

that 2 is an L} -domain of holomorphy. O

Lemma 1. Let f(2) = > ;. a,2" be a holomorphic function on a Reinhardt domain Q) C C". If

f €LY (), then a,z" € L} (), forall v € 7.
Proof. The lemma follows from the proof of Proposition 9 on p. 261 of [4]. [

Proposition 12. Let y < z and z, ., 3 > 0 and Q = (U2 N UY)\ Va. If (y, ) N2 = @, then Q is

not an Lj -domain of holomorphy and its L} -envelope of holomorphy is Q.

Proof. Suppose for a contradiction that 2 is an L} -domain of holomorphy. Since {2 is a Reinhardt
domain, every holomorphic function on €2 has a Laurent power series representation on {2. Now,
observe from Lemma 1 that if f(z) := > ;. a,2" € L;(Q) with Q the domain of existence for

f, then we have that a, 2" € L; (), for each v € Z>.

12



Now, note that V5 has nonempty intersection with 2 and so if {2 were an L} domain of holo-
morphy, there would exist m,n € Z with n < 0 such that a(,,,) # 0. Hence, 2"z} € L; ().

Next, let R = (5)1/(35—@ and observe:

R arf pry

o
/]z{”z§|:47r2 //7“%+m7"%+nd7"2d7“1+/ i drydry | < oo
Q
0 0 R0

But this implies that 1 + n > —1, which means that n > —2. Since n < 0 and n € Z, this implies

that n = —1. Hence,

R

/ 22| = 4n® | a / rit" e dry + B / r A | < oo,
Q
0 R

This now implies that 1 +m+y < —1 < 1+m+ 2. This is equivalentto y < —2 —m < x. Now,
since m € Z, this implies that Z N (y, z) # <. But this contradicts our hypothesis. Hence, €2 is not
an L} -domain of holomorphy. Furthermore, we have that every L} function on (2 holomorphically
extends across V5 to a holomorphic function on *. Therefore, the inclusion map O(Q2*) — O()
given by f — f|, is surjective and so since * is an L} -domain of holomorphy, we have that Q*

is the L;-envelope of holomorphy of 2. [

Example: Note that we can now provide a counterexample to Conjecture 2. Consider () :=
(UL NUE) \ Va. Observe that by Proposition 10, L} (Q) D L} (Q*) # {0}. However, there is no
integer in the interval (1, 2), and so by Proposition 12, € is not an L} -domain of holomorphy. In

fact, any domain satisfying the hypotheses of Proposition 12 provides another counterexample.
2.2.2 Domains with Complete Fat Hull

We now turn our attention to those Reinhardt domains of holomorphy having a complete fat
hull. By Proposition 6, we must consider domains which are intersections of logarithmic half-
planes of the form U, and U7, where x < 0. In Propositions 13-18, we consider domains which

are contained in logarithmic half-planes of type U,, whereas in Propositions 19-27 we consider

13



domains which are purely intersections of logarithmic half-planes of the form U7 for z < 0.

Proposition 13. Let €2 be a Reinhardt domain of holomorphy and let o, > 0 and x < 0. If
Q C UZ N Ug, then for some p € [1,00), LY () # {0}.

Proof. Letp =1 — 2x. I claim that z; € L7 (). To see this, observe that

OLT‘I

B B B
/]zﬂp (2m) // Prodrodr, = 27r2a2/7’1+p+2xd7” 27T2a2/rfd7"1 < 0. |
0 0

0

If ©2* is a complete Reinhardt domain of holomorphy, then by Proposition 2, €2 is either 2*,
N\ Vi, QF\ Vi, or QF\ V4. Since under the hypotheses of Proposition 13, 2* N V5 is bounded, but
* NV} is unbounded, we will analyze these cases separately: (1) in Proposition 14, we analyze
the cases when 2 = Q* and Q = Q* \ V4; (2) in Propositions 15-16, we analyze the case when

Q= Q*\ V1; (3) in Propositions 17-18, we analyze the case when 2 = Q* \ V.

Proposition 14. If (2 is a Reinhardt domain of holomorphy such that )* satisfies the hypotheses of
Proposition 13, and if Q = Q* or if Q@ = Q" \ V, then Q is an L} -domain of holomorphy for all

p € [1,2).

Proof. Fix p € [1,2). Note that by Proposition 1 above, * is an L} -domain of holomorphy. Now

2 2— .
—#. We now claim

suppose 2 = Q* \ V5. Let n be a positive integer strictly greater than
that 27"z, ' € LP(€2). Since n is positive and Vo N Q) = @, 272, is holomorphic on 2. Observe

now that:

B oar B
n,~1P ~ 2 14+pn_1—p 4m? 2-p 1+pn+z(2—p)
|Z1 25 | (2m) ry Ty Ldrodry = Q T dry.
Q / 2—p

0

Now, since pn > —2 — x(2—p), we have that 1 +pn+x(2—p) > —1. Therefore, 27’2, € L} (Q).
Furthermore, 2725 1 does not extend holomorphically to V5. Also, since Q* is an LZ—domain of

holomorphy, there exists an f € L (€2*) that does not extend holomorphically to any point in 9€2*.

14



Define g € L} () by g (21, 22) == f(21,22) + 272, '. Now, g clearly has ) as its domain of

definition, and so (2 is an L}-domain of holomorphy. N

Proposition 15. If Q) is a Reinhardt domain of holomorphy such that Q)* satisfies the hypotheses
of Proposition 13, and if Q = Q* \ V4, then S is an LY -domain of holomorphy for all p such that

1 < p <2+ 2x. [Note that this inequality is null if v < —%.

Proof. 1 claim that z; ' € LF(Q). Clearly, since Vi N Q) = @, z; ' is holomorphic on 2. Now,

observe that
ary

B B
/|zll‘p < (27r)2//7“%p7"2d7"2d7"1 = 2720&2/7”%“2%[“.
0
0 0

0

Now, note that this integral converges precisely when 1 —p + 2z > —1 or when p < 2 + 2x. Now,

the argument follows as in Proposition 14 above, taking g (21, 22) := f (21, 22) + 27 . O

Proposition 16. If Q@ = (U NUg) \ V4, for some o, 5 > 0 and for some x < 0, then for any
p > 2+ 2z, Qis not an LY -domain of holomorphy, and its L} -envelope of holomorphy is C¥*. In

particular, if v < —%, then ) is not an LY -domain of holomorphy for any p € [1, 00].

Proof. We proceed by contradiction. Let p > 2 + 2x and suppose €2 is an L} -domain of holomor-
phy. Since (2 is a Reinhardt domain, every holomorphic function on €2 has a Laurent power series
representation on 2. Now, observe from Lemma 1 above that if f(2) := > ., a,2” € L} (),
then we have that a,z” € L} (Q2), for each v € Z2.

Now, since V/; has nonempty intersection with 02 and V5 has nonempty intersection with (2,
if 2 is the domain of existence for f, there exist m,n € Z such that m < 0 < n and a(, ) # 0.

Without loss of generality, suppose that a,, ) = 1. Therefore, 2]"z5 € L} (€2). Hence,

T
ary

B
1 1
]z{"z§|p:47r2//r1+pmr2+pndr2dr1
00

@

Qe

1+pmta(2+
2“’”/7“1 prte(ZEen) g o oo,

0
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Now observe that since p > 2 4 2z and m is a negative integer, we have that
l+pm+z2+pn) <1l—p+z(2+pn) <1—-2—2x+2x+ pnr =—1+ pnz.

Finally, note thatp > 0,n > 0, and z < 0, so —1 + pnz < —1. Hence,
B
/T}+pm+x(2+pn)drl — .
0

This is a contradiction, and so €2 is not an L} -domain of holomorphy.

Now, let f € L}(9). Note that since (2 is a Reinhardt domain of holomorphy, we will let
> ez 42" be the Laurent series expansion of f. Asin Lemma 1, a,2” € L} (), for all v. Since
Vo N Q # @, we have that when v, < 0, a, = 0. The above argument shows furthermore that
if 1 < 0and v, > 0, then a, = 0. Hence, a, can only be nonzero if v, and 15 are both non-
negative. Therefore, f extends holomorphically to * N Vi, and so f extends holomorphically to
Q2*. Therefore, 2* is contained in the L} -envelope of holomorphy of €.

Now observe that 2* is an L} -domain of holomorphy by Propositions 1 and 13, and so there is
an f € LY (Q*) for which Q* is the domain of existence. Therefore, (* is the domain of existence
for f|,. and so 2* contains the L}-envelope of holomorphy of 2. Hence, 2* is the L} -envelope of

holomorphy of 2. ]

Example: Propositions 13, 15, and 16 enable one to construct further counterexamples
to Conjecture 2. Moreso, if 1 < p; < ps < 2, Propositions 15 and 16, then one can con-
struct L7'-domains of holomorphy which are not L7’-domains of holomorphy. To see this, fix
e (B2, 2222] We will let Q := (UFNU;) \ Vi. Observe that since p, < 2, z < 0, and
so )* satisfies the hypotheses of Proposition 13. Hence, since 1 < p; < 2 + 2z, we have from

Proposition 15 that €2 is an L’,';l -domain of holomorphy. However, since p, > 2+ 2z, we have from

Proposition 16 that €2 is not an L}?-domain of holomorphy.
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Proposition 17. If ) is a Reinhardt domain of holomorphy such that )* satisfies the hypotheses of
Proposition 13 with —1 < x < 0, and if Q = Q* \ Vo, then Q is an L} -domain of holomorphy, for

all p € [1,2).

Proof. We claim that 2, 'z; " € LF(Q). Since Vo, N = @, this function is clearly holomorphic on

(). Now, note that when p < 2,1 — p > —1, and so we have

on“l

B 8
—1 71 P~ 1 —p 1-p 4Am? 2—p 1—p+z(2—p)
‘z ’ 277 ry Cdredry = = pa T dry.
0 0

Now, note that since + > —1, 1—p+x(2—p) > 1—p—(2—p) = —1,andso 2; 'z, € L} (Q). From

here, the proof is the same as in Proposition 14, defining g (21, 25) := f (21, 20) + 27 *25 " O

Proposition 18. If Q = (U2 N Up) \ Vo, for some o, 5 > 0 and some v < —1, then ) is not an

L7 -domain of holomorphy for any p € [1, 00|, and its LY -envelope of holomorphy is §*.

Proof. We proceed by contradiction. Fix p > 1 and suppose (2 is an L}-domain of holomorphy.
Then as in the proofs of Propositions 12 and 16 above, there exist m,n € Z such that m < 0 and
2zl € LF(§2). However, by the proof of Proposition 16, since x < —%, there is no L} monomial

27" 2% on 2 with m < 0 and n > 0. Therefore, n < 0. Now, observe that:

arl
1
/\zl 2P = 4n? // TP AP Ay dry < 00,

This implies that 1+pn > —landso —1 > n > 2 . Therefore, 1 < p < 2,andso —2 < == < —1.

But, since n € Z, this implies that n = —1. Hence, we have:

B ary

472 ;

_ T

/ |27 25 | 47r2/ / 1+pmr% Pdrodry = oz2_p/ I+pm+a(2-p) dry < 0.
Q J 2—p

0

Therefore, we have that 2+pm-+2(2—p) > 0. Hence, (2—p) > —2—pm. Thus, since 2—p > 0,

—2—pm

x> ="

. Thus, since x < —1, we have that —2 + p > —2 — pm, which yields that 1 > —m,

17



and so m > —1. But since m € Z, this means that m > 0 which is a contradiction. Hence, €2 is

not an L -domain of holomorphy. O

Remark: It is noteworthy that the hypothesis that x > —1 in Proposition 17 is equivalent to

the domain U} N Ug having finite volume, since the volume of this domain is given by:

B arf

B
2
/ dv = 4#2//7‘17’2d7’2d7‘1 = 271'2042/7“i+2md7“1 =T o B
UznUg s ) I+ua

0

Hence, Propositions 17 and 18 yield that for x < 0, U? N Ug \ V; is an L} -domain of holomorphy
if and only if it has finite volume.

Now, in Propositions 19-27, we analyze those domains which are intersections of logarithmic
half-planes of the form UZ?, where x < 0. In Propositions 19 and 20, we look specifically at such
domains which have finite volume. Then in Propositions 21-27, we analyze such domains more

generally.

Proposition 19. Let ) be a Reinhardt domain of holomorphy and let o, 5 > 0, —1 < x < 0, and

y < =L IfQ C U3 NUj, then L} (Q) # {0} for all p, and moreso, §) has finite volume.

Proof. Clearly, if () has finite volume then 1 € LfL(Q), for all p. To see that €2 has finite volume,

1/(z—y)

we first let B = (g) . Now, observe that:

R arf 0o Br
/dV < 472 //rlrgdmdrl—i-//hmdrgdrl
¢ 0 0 R 0
R 00
= 272 a2/7‘}+2’”dr1 +62/ri+2ydr1
0 R

Now, since z > —1, 1 + 2x > —1. Also, since y < —1, 1 + 2y < —1. Therefore, both integrals

above are finite, and so €2 has finite volume. O]
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Proposition 20. Let ) be a Reinhardt domain of holomorphy such that )* satisfies the hypotheses
of Proposition 19. If Q@ = Q* or Q = Q* \ Vi, then Q is an L}-domain of holomorphy, for all

p € [L,2).

Proof. If Q = Q*, then the result follows from Proposition 1. Now, suppose that 2 = Q* \ ;.
Then, as in the proof of Proposition 17, we claim that 2; 'z, € L7 (), for all p € [1,2). As

Y (x_y), then the

before, since Vj, 1 Q = @, z; 'z, ! is holomorphic on . Furthermore, if R = (£)
following is clear:

US NUY = (UZ N Ug) U (ﬁRng)

Now, it was shown in the proof of Proposition 17 that z; 1z2_ LisI» on U >N U,. Furthermore,

sincey < —1, —y(2—p) —2 >2—p—2 = —p, and so _¥27p)*2 | Therefore, taking
n = —1, the argument in Proposition 9 above demonstrates that z; 1z2_ Lis L on U rNU ;;’ . Hence,
2zt e LUz N UL\ V) C Ly (), forall p € [1,2). O

Now, we turn our attention to the general case of domains having fat hulls which are inter-
sections of logarithmic half-planes of the form UZ, for x < 0. In Proposition 21, we show that
non-trivial L functions exist on such domains. Then in Propositions 22 and 23, we discuss when
removing V; from the fat hull yields an L} -domain of holomorphy. In Propositions 24 and 25, we

do the same for V5, and in Propositions 26 and 27, we do the same for V.

Proposition 21. Let ) be a Reinhardt domain of holomorphy and let o, 5 > 0 andy < x < 0. If
Q C Uz NUY, then Ly() # {0}.

Proof. Letr = % be a rational number in (—z, —y), where m/, n’ are taken to be positive integers.

Now, let m := 2m' — 2 and n := 2n’ — 2. Observe that m, n > 0. Therefore, 2"z is holomorphic
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on Q. We now claim that "2 € L} (). To see this, let R = (g) Y9 and observe that

Bry

R arl 00
/|z 2| = 4r? // prm 1+”d7“2d7“1+// st drydrry
“ R 0
_ 4r? Q2tn / r1+m+x(2+”)dr1 + B2+n / r1+m+y(2+n)dr
2+mn ! ! !
0 R

The above integral is finite provided that 2 +m +x(2+n) > 0 > 2+ m+ y(2 + n), which is true

if and only if z > —221’: > . However, since —r = 2”” and since r € (—x, —y), the desired
result holds. Hence, 21”25 € L} (Q). O

Proposition 22. Let () be a Reinhardt domain of holomorphy such that )* satisfies the hypotheses
of Proposition 21. Then if Q = Q*\ V; and (—i, —%) N{2,3,4,...} # &, then Qis an L} -domain

of holomorphy. (Note, that for the sake of this result, we will use the convention that —% = 00.)

Proof. Letn' € (—i ——) N{2,3,4,...}. Let n = n’ — 2. I now claim that z; '25 € L}(Q).
First, since n > 0 and since V} is disjoint from €2, this monomial is clearly holomorphic on (2.
Furthermore, by the computation in the proof of Proposition 21 above, the monomial is integrable
provided that - = % € (—x,—y). Butsince n’ € (—i, —%) this follows easily.

Now, by Proposition 21 above and by Proposition 9 in [4], Q* is an L} -domain of holomorphy.
Hence, let f € L} (Q*) be a function such that Q* is its domain of definition, and define g (21, 22) :=
f (21, 20)+2; 125, Then g € L} () and does not extend to any boundary point of {* or to any point

of V1, since f does not extend to any boundary point of 0* and z; ' 25 does not extend to any point

in V1. Hence, (2 is the domain of definition for g, and thus 2 is an L} -domain of holomorphy. [J

Proposition 23. If Q) = (Ua’” N Uy) \ Vi for some o, > 0 and some y < x < 0 such that
(—l —%) N{2,3,4,...} = &, then Q is not an L;} -domain of holomorphy and its L; -envelope of
holomorphy is )*.

Proof. We proceed by contradiction. Suppose €2 is an L} -domain of holomorphy. Then, as in the
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proof of Proposition 16 above, there are m,n € Z such that m < 0 < n and 220 € L;(Q).
Now, by the calculation in the proof of Proposition 21 above, we can see that this is true only if
22%: € (—x,—y). Now, note that since m < 0, 2 +m < 2. However, —z > 0 and 2 + n > 0, so
2+ m > 0. Hence, m = —1. Therefore, —z < QJ%n < —y, and so —i <24n< —%. Now, since
n > 0,2+ n > 2. Hence, <—§, —%) N{2,3,4,...} # @, and this is a contradiction. Hence, Q2
is not an L} -domain of holomorphy. Furthermore, we have that every L} -function on {2 extends

across V; to an L} function on Q. Therefore, the embedding L} (2*) — L} (1) is surjective, and

so since Q* is an L} -domain of holomorphy, it is the L} -envelope of holomorphy for €. [

Proposition 24. Let ) be a Reinhardt domain of holomorphy such that )* satisfies the hypotheses
of Proposition 21. Then if @ = Q*\ Vy and (—z, —y) N{2,3,4,...} # &, then Qis an L} -domain

of holomorphy.

Proof. Define F' : C?* — C? by F (21, 22) := (22,21). Then note that F' induces an isometric
isomorphism LY, (U2 N UY\ Vo) = LY (U;{’” NULY\ v1>, where o = a~1/% and g* = g~1/v,

Therefore, by Proposition 22, 2 is an L} -domain of holomorphy. 0

Proposition 25. If () = (Ua’” N Ug) \ V4 for some o, > 0 and some y < x < 0 such that
(—z,—y) N{2,3,4,...} = @, then Q is not an L} -domain of holomorphy and its L} -envelope of

holomorphy is ).

[a¥)

Proof. As in the proof of Proposition 24, F' induces an isometric isomorphism L}, (U2 N U \ V3) =
v <U;/x N Uﬁl*/y \ V1> , where o* = a~/* and * = 3~/¥. Hence, by Proposition 23, € is not an

L;-domain of holomorphy. O
Proposition 26. Let ) be a Reinhardt domain of holomorphy such that €)* satisfies the hypotheses
of Proposition 21 and such that Z.N (—x, —y) # & and Z.N (—i, —%) # &. Then if Q@ = Q*\ 1},
then Q) is an Lj -domain of holomorphy.

11

Proof. The case in which the intervals (—x, —y) and <——, ——) each contain a positive integer
Yy x

greater than 1 follows from Propositions 21, 22, and 24 above, by considering f; + f> where
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O\ Vj is the domain of existence of f;. If either of these intervals contains 1, then both contain 1.
In this case, z; "2, ' € L}(€2) and so is an integrable monomial on 2 which does not extend to V.

Therefore, in this case also, 2 is an L} -domain of holomorphy. [

Proposition 27. Let 2 = (Uof N Ug) \ Vo for some o, > 0 and some y < x < 0. Then if
Q does not satisfy the conditions of Proposition 26, then ) is not an L; -domain of holomorphy.
Furthermore, if Q0* \ V satisfies the conditions of Proposition 22, then it is the L} -envelope of
holomorphy for Q, whereas if * \ Vy satisfies the conditions of Proposition 24, then it is the

L; -envelope of holomorphy for Q. Otherwise, Q* is the L; -envelope of holomorphy for €.
Proof. This follows from Propositions 22-25 above. [l

2.2.3 Domains with Fat Hull Disjoint from 1/,

We now only have Reinhardt domains of holomorphy with fat hull disjoint from V/, to consider.
However, since these domains are always fat by Proposition 2, we need only determine when such
domains have nontrivial L} functions. In Proposition 28, we give a condition for such a domain
to fail to be an L} -domain of holomorphy. Finally, in Proposition 29, we show that the condition
given in Proposition 28 is the only way an intersection of two logarithmic half-planes which is

disjoint from V} can fail to be an L} -domain of holomorphy.
Proposition 28. If ) = U N U with 0 < a < 8 and = € R, then L}, () = {0}.

Proof. Since () is fat, by Proposition 9 in [4], it suffices to show that there are no integrable

monomials of the form 27"z%, where m, n € Z. First, note that when n # —2,

oo Bry 5 [e9)
4 1
+m+4x (24
/|z{”z§\ :4#2//ri+mr%+”d7"2dr1 = (B =) [ ) gy
0 arf 0

But no power function is integrable on the interval (0, co). Hence, 27"z} is not integrable if n #
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—2. Now, observe that

o0 /37”%

/Q |27257% | = 4%2/ / iy tdrodr, = 47 log <§> /r}*mdrl.
0

€T
0 arf

However, once again, no power function is integrable on (0, c0). Therefore, 27"z is not integrable

on . O]

Proposition 29. Suppose ) # & is not a logarithmic half-plane, but that 2 = H; N Hy, where
Hj is a logarithmic half-plane for j = 1,2. Then if ) does not satisfy the condition of Proposition
28 and Q N'Vy = &, then L} (Q)) # {0}. Furthermore, any Reinhardt domain of holomorphy

contained in Q is an LY -domain of holomorphy, for all p.

Proof. First note that since 2 NV = &, every monomial of the form z{"z4 is holomorphic on 2.

Also, we may assume either (1) that H; N Vy = &, or 2)that H; NV}, = and Ho NV, = 9.

(1) Suppose that the former is true. Then by a dilation, we may suppose that H; = ﬁf, for
some z < 0. We suppose first that H, = UY and 8 = o'/®~%)_ Note that 2 # y since 2 does not
satisfy the hypotheses of Proposition 28. Then if y > z, Q C Hi N (75. Let m < z — 2 be an

integer. We now show that 27"z, % € L} (2):

/ B 47r2//r%+mr2_2dr2dr1 = 47T2/7’%+m_xd7"1.
Q
B T B
Since 1 + m —x < 1+ x — 2 —x = —1, the above integral is finite. Hence, 2"z, > € L} (Q). It

now follows from Proposition 1 that €2 is an L} -domain of holomorphy, for all p > 1.

Now, suppose y < x. Observe that 2 C H; N Ug and let I : (zy, 22) — (22, 21) . Then F in-
duces an isometric isomorphism L? (2) = L? (F(€2)), for all p. Now observe that F (H,) = U, /=

and F (Ug) = Uj. Therefore, F(Q) C F(H, NUs) C ﬁll/x N Ug. But L < 0. Hence, by the
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preceding paragraph, Lj,(F(2)) # {0}, and so  is an L} -domain of holomorphy, for all p. Again,

transposing coordinates yields the desired result if Hy, = U, or if Hy = U,.

(2) Now, suppose that for j = 1,2, H; NV, # &, but that H; N V; = &. In this case, H; = U2
or H, = Ua, for some o > 0,z > 0. Also, Hy = Ué’, for some 3 > 0,y > 0. Suppose first that
H, = U;. Then, if y > z, then €2 is bounded and so this case follows trivially. However, if y < z,

then let (R, R») be the solution to the system:

— T
re = arf

Then 2 C ﬁRl N (7%2. Now, suppose that H; = ﬁa. Then since
|z1] > avand |z| > Bz = |2a] > B,

that H, N Hy, C H N ﬁ, where 3* = [a¥. Hence, it suffices to show that L} (Q2) # {0}, if

Q="0U,nN [72 But in this case, 2; %z, € L} (Q). To see this, observe:

/‘z1 P :47r2//7’1 ry 2drydr, = a—7rﬁ<oo
B

o

We have now shown that L} (Q2) # {0}. It now follows from Proposition 1 that every Reinhardt
domain of holomorphy contained in €2 is an L}-domain of holomorphy, for all p € [1, o0, since

every such domain of holomorphy must be fat. [

2.3 A General Characterization in Terms of Logarithmic Half-Planes

Now, having analyzed separately the bounded and unbounded Reinhardt domains of holomor-
phy, we may state our first characterization in terms of logarithmic half-planes. As will be seen

in the proof, this theorem mostly summarizes the results above, which adequately characterize the
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case when a domain is an intersection of two logarithmic half-planes. The main fact remaining
to prove is that the conditions suffice for describing Reinhardt domains of holomorphy which are

intersections of more than two logarithmic half-planes.

Theorem 1. Suppose that Q C C? is a Reinhardt domain of holomorphy. Then ) is an Lj -domain
of holomorphy if and only if one of the following conditions holds (note that the conditions are not

mutually exclusive):

~

. Qis bounded.

2. Qis fat, is not a logarithmic half-plane, and is neither (7;’ NUj nor ﬁa NUg, forany o, 3 > 0

and x € R.
3. QF CﬁaﬂUg,forsomea,ﬁ>Oandx€R.
4. Q- C U3 NUg, where a, 8 > 0 and v > max{0,y} and (y,z) N Z # 2.
5. Q* c U N Ug for some o, 5 > 0 and x < 0, and Q2 = Q* \ V.
6. v C UZ N Ug for some o, > 0 and x € (—%,O) and Q = Q*\ V1.
7. Q" Cc U N Ug for some o, f > 0 and x € (—1,0) and Q2 = Q" \ V.
8. Q*CUa‘”ﬂUgforsomea,5>0and<—§,—%>ﬂ{2,3,4,...,}#@andQ:Q*\Vl.
9. O C U3 NUj for some o, B > 0 and (—x,—y) N{2,3,4,...,} # Gand Q = Q" \ V5.

10. Q* C U(fﬂUgforsomea,ﬁ>Oandy<:c<0and(y,x)ﬂZ7é®7é (—%—%)ﬂZand

Y

0 =0"\ V.
11. F(Q) satisfies any of the above conditions where F (z1, z5) := (22, 21) .

This follows from Propositions 30 and 31 below.
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Proposition 30. Each of the conditions in the theorem above is sufficient for S to be an L} -domain

of holomorphy.

Proof. Condition (1) and conditions (3)-(10) are sufficient by Propositions 4, 9, 11, 14, 15, 17,
22, 24, and 26 respectively. Furthermore, it is clear that the property of being an L}-domain of
holomorphy is invariant under permutations of coordinates, and so Condition (11) is sufficient. It

remains to show that Condition (2) is a sufficient condition.

Since 2 is a Reinhardt domain of holomorphy, €2 is logarithmically convex. Therefore, since €2
is fat and properly contained in C?, there exists a nonempty family (H),, of distinct logarithmic

half-planes such that Q0 = (,_, H.. Also, since 2 is not a logarithmic half-plane,

A # 1.

Therefore, we first suppose that 2 = H; N Hy, with H; # H,. First note that if H; = U,
(resp. 17&) and Hy = Ug (resp. (N]ﬁ), then 2 = Upinfa,py (resp. (ijax{aﬁ}) and so () would be a

logarithmic half-plane contrary to our hypothesis.

Now, if there exist o, 5 > 0 and z,y € R such that H; = U? and H, = Ug, then by Propo-
sitions 1, 10, and 21, if €2 is not an L,ll-domain of holomorphy, then x = y. Butif x = y, then

Q=U;, {08} which is contrary to our hypothesis.

Next, suppose that H; = U yand Hy = (7;; Suppose without loss of generality that y < z. If
y < 0, then H, is a logarithmic half-plane which is disjoint from V. Hence, 2N V[, = & and so by
Proposition 29, 2 is an L;-domain of holomorphy. Now suppose that z > y > 0 and then observe
that F <ﬁc"j) = U;{z, where o* = oY%, Also, F (ﬁg) = Uﬁlfy, where 3* = 5~'/Y. Hence,
F(Q) = U;/x NnU g/y But by the previous paragraph, this implies that F'(€2) is an L} -domain of

holomorphy, and so by Condition (11) above, € is an L} -domain of holomorphy.

Now, note that F’ ((73) = U,,and soif z = 0 or y = 0, then F(9) satisfies Condition (3), and
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so () satisfies Condition (11), and so is an L} -domain of holomorphy.

Next, note that the case where H; = U} and Hy = Ug follows from Propositions 4 and 13. The
case where H{; = U7 and Hy = U 5 follows from Proposition 8. When H; = U ., we have similar

results via Condition (11) above, as in the preceding paragraphs.

Finally, suppose H; = U Yand Hy = U g . If z < 0, then the conclusion follows from Propo-
sition 29. So we suppose x > 0. If 0 < y < =z, then (2 is bounded and so the result follows from
Proposition 4 above. If y < 0 < z, then F(Q)) = Uol/_ . NU Blf %, Therefore, by Propositions 1
and 10, F(2) is an L} -domain of holomorphy, and so €} satisfies Condition (11) and is itself an
Lj-domain of holomorphy. If y < z = 0, then the conclusion follows similarly from Propositions
I and 8 via Condition (11). If y > x, then the result follows from Proposition 29 above. This

completes the case where (2 is an intersection of two logarithmic half-planes.

Now, suppose |A| > 2. Then Q@ C H),, N H,,, for each A\;, \y € A. Therefore, since 2 = Q*,
Q) certainly is an L} -domain of holomorphy, unless every pair of logarithmic half-planes is one of
the exceptions given in the statement of Condition (2). Thus, there exist disjoint Ay, Ay C A such
that A = A; U A, and such that either (a) there is an = € R such that for each A € Ay, H\ = U o

and foreach A € Ay, H) = Uj ,or (b)foreach A € Ay, H) = lﬂjoéA and foreach A € Ay, H) = Up,.

Now, in case (a), observe that ()., Hx = ﬁs‘flp oy, @nd (Nycx, Hy = Uy 5 . [Observe that if
sup ay = oo, then 2 = &, while if inf 5y = 0, then 2 C 1}, and so is not an open set.] Hence,
this case reduces to the case where |A| = 2. Finally, in case (b), observe that [, A Hoo= ﬁsup ax

and (V,cp, Hx = Uit ,. Once again this reduces to the case where |A| = 2, and this suffices to

prove that if Condition (2) holds, €2 is an L} -domain of holomorphy. [
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Proposition 31. It is necessary that a Reinhardt L; -domain of holomorphy properly contained in

C? satisfy at least one of Conditions (1)-(11) from Theorem 1.

Proof. We first note that since 2 is an L} -domain of holomorphy, 2 is not a logarithmic half-plane.
Therefore, since (2 is a Reinhardt domain of holomorphy, there exists a family {5}, of at least

two logarithmic half-planes such that Q* = (1, H.

We suppose first that |[A| = 2, so that Q* = H; N Hy. We now suppose that there exist a, § > 0
and z,y € R such that H; = U? and Hy = U, é’ . Since €2 is not a logarithmic half-plane, x # v,
so we suppose without loss of generality that y < z. Now, if {2 = Q*, then (2 satisfies Condition
(2). Suppose now that Q2 # Q*. Then, if x > 0, Q = Q* \ V4, and so Proposition 12 above yields
that (y,z) N Z # &. Hence, in this case, {2 satisfies Condition (4). Now suppose that =z < 0.
Then if Q = Q* \ V4, then by Proposition 23 above, <—§, —%) N{2,3,4,...} # @ and so Q
satisfies Condition (8). Similarly, if @ = Q* \ V5, then by Proposition 25, (2 satisfies Condition (9),
whereas if 2 = Q* \ 1}, then by Proposition 27, 2 satisfies Condition (10). Finally, if z = 0, then
F(Ur) =U,, and so F(Q2) satisfies Condition (5) if 2 = Q* \ V5; Condition (6) if 2 = Q*\ V], by
Proposition 16; and Condition (7) if Q = Q* \ V;, by Proposition 18. Hence, 2 satisfies Condition

(1.

Now, suppose that for some o, 3 > 0 and z,y € R, H; = U? and Hy, = (7}_,’ Since 2 is
an L} -domain of holomorphy, z # y by Proposition 28. Now, if y < x, then = Q* and so Q
satisfies Condition (2). Now, suppose that y > x. In this case, if x > 0, then (2 satisfies Condition
(1). If y < 0 on the other hand, then 2 satisfies Condition (2). Now, suppose 0 € (z,y). In this
case, F (Hy) = UM" and F (Hy) = Uﬁl,{y, where o = a~/% and 3* = B'/¥. Hence, this case

now reduces to the preceding paragraph.

Now, suppose that [; = U and Hy = Ug. First, note that if x > 0, then (2 satisfies Condition

(1). Now, suppose that z < 0. If Q = Q*, then (2 satisfies Condition (2). Also, if Q@ = Q*\ V5, then
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(2 satisfies Condition (5). On the other hand, if 2 = Q* \ Vj, then by Proposition 16, 2 satisfies

Condition (6), whereas if 2 = Q* \ 1}, then (2 satisfies Condition (7) by Proposition 18.
It Hy = U} and Hy = ﬁg, then (2 satisfies Condition (3).

Now, suppose that [, = ﬁjf and H, = ﬁg Since 2 is not a logarithmic half-plane, x # y.
Suppose without loss of generality that y < x. Observe now that if y < 0, then €2 satisfies Condi-
tion (2). Suppose now that y = 0. Then F (H,) = UM", where o* = a~¥/* and F (Hy) = Uj.
Thus, F'(2) satisfies Condition (3) and so € satisfies Condition (11). Finally, suppose y > 0.
Then F (H,) = U", where o = a~'/* and F (H,) = U;fy, where 3* = 371/¥. Now, since
F has constant Jacobian, F'(2) is an L} -domain of holomorphy. Hence, by Proposition 12, F'()

satisfies Condition (4), and so €2 satisfies Condition (11).

Next, suppose H; = ﬁg and Hy = Up. Then, if < 0, 2 satisfies Condition (2). Suppose
now that z > 0. Then F (H,) = Ull//z and F (Hy) = Uj. Since z > 0, 1 > 0. Therefore, by

Proposition 12, F'(2) satisfies Condition (4). Hence, €2 satisfies Condition (11).

Now, if H; = [75 and Hy = [75, then 2 satisfies Condition (2). Since (2 is an L}z-domain of
holomorphy, if i, = U,, neither Hy = Ug nor Hy = (75, and for similar reason, if H; = I?a,

H, # U 5. Hence, since all possible pairs have been considered, this proves the case when |A| = 2.

Furthermore, an intersection of logarithmic half-planes of the form U,, (resp. (7&) which is still
an open set is another logarithmic half-plane of the form U, (resp. [7&). Hence, we can suppose
there is at most one of each type in {H,},., . Furthermore, by the arguments given in the last
two paragraphs of the proof of Proposition 30, for each z, we may assume that there is at most

one a,; > O suchthat U = H) for some A and at most one 3, > 0 such that U 5, = H, for some \.
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Now, suppose |A| > 2. Note that if there exist A;, Ao € A such that (Hy, N H),) \ V; satisfies
one of Conditions (1)-(11), where Q = Q* \ V}, then (2 satisfies the same condition. We will now

suppose that this hypothesis is not the case, seeking a contradiction.

If ) were fat, then €2 would satisfy Condition (2), and so €2 is not fat. Then 2* NV # & and
Q = Q*\ 'V}, for some j € {0,1,2}. Suppose that for some A\, u € A, Hy = U3 and H, = U}
with 0 < y < . Now, if for some v € A, H, = U,, then (2 satisfies Condition (1). However, if
for some v, H, = (75, then 2 is fat contrary to hypothesis. Also, if for some v, H, = [77, then Q2
satisfies Condition (3). Finally, if H, = Uﬁ, for some ¢ < 0, then (2 satisfies Condition (4) since

0€ (t,x).

Now, if y < 0 < =z, then (Q satisfies Condition (4), so suppose that y < = < 0. Then if
H, = 177, then (2 satisfies Condition (3). If H, = U, and = = 0, then €2 satisfies Condition (1).
Now, suppose H, = ﬁ; Since 2 is not fat, t > 0, and so 2 satisfies Condition (1) when x = 0.
If z < 0, then F(Q2) satisfies Condition (4) when ¢ > 0 and Condition (3) when ¢ = 0, so that
satisfies Condition (11). Now, suppose H, = Ué for t > 0, then (2 satisfies Condition (4). The

case where H, = U, is covered more generally in the following paragraph.

We now suppose that there exists ;1 € A such that H, = U, for some « and that for all
A # u, there exist xy < 0,5, > 0 such that H, = ng; First observe that ﬂ## H, must be
an open set. If j = 1, then since () doesn’t satisfy Condition (8), we must have the property
that for all A\, Ay, there is no positive integer strictly greater than 1 which is between —x;ll and
—x}). Therefore, T := {—z}' : A # p} is contained either in (0,2] or in [, 4 1]. However,
also does not satisfy Condition (6) and so for each A\ # p, —z;' < 2. Hence, T C (0,2], and so
{zx: A # p} C (—oo,—3] . Let = infyz, By - @™ /2 0f § = 0, then (., Hx = ), Hx and
so the case reduces to that dealt with two paragraphs below (based on Lemma 2). Now, if 5 # 0,

let S =U0U,NU B_ 172 By construction, S C *. Therefore, S \ V; C . Also, by Proposition
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16, S\ V; is not an L;-domain of holomorphy. Hence, every L;-monomial on S\ V; is also an
L} -monomial on S. It now follows that © has no L} -monomials that do not extend to V3, but then
Q is not an L} -domain of holomorphy contrary to hypothesis. A similar contradiction is obtained

by arguing from Conditions (5) and (9) if j = 2, and from Conditions (7) and (10) if j = 0.

Now, suppose that for each A € A, there is some «y > 0 and some x) > 0 such that H) = U, are
By Lemma 3 below, we have that there exist positive /31, #» and real numbers 0 < y; < ys such
that y, —y; < land S := Ug NUZ2 C Q*. Now observe that S satisfies Condition (2) and so S is
an L;-domain of holomorphy. It now follows that S \ V; is an L},-domain of holomorphy. [To see
this, observe that since 2 = Q* \ V;, we have that S\ V; C Q. Therefore, let f be a holomorphic
function for which S is the domain of existence and g be a holomorphic function for which €2 is the
domain of existence. By Lemma 1, there must be a monomial z™ in the Laurent series expansion
of g such that m; < 0 which is integrable on €2. Since S C 2%, note that 2™ is also integrable on
S. It is now clear that S\ V; is the domain of existence for f(z) + 2™.] Hence, by Proposition 12,
S\ V; must satisfy Condition (4). But then (y;, y2) contains an integer, and so (2 satisfies Condition

(4) also, which is a contradiction.

Next, suppose for each A € A, there is an vy and some z) < 0 such that H, = U;}. By
Lemma 2 below, there exist real & > 0 and y; < yo < 0, with (—ye, —y1) N {2,3,4,...} = @
and S := U¥* N U¥. Since ) is an L} -domain of holomorphy, and S \ V, C €, there exists an L},
monomial on S\ V; which does not extend holomorphically to S. However, by Proposition 25, S
is the L} -envelope of holomorphy of S\ V5. This is a contradiction. Similar contradictions can be

derived if Q = Q*\ V] or Q = Q* \ V; via Propositions 23 and 27 respectively.

Now suppose for some \, i € A, H) = (725 and H,, = ﬁg Since (2 is not fat, we may suppose
that 0 < y < z. If y = 0, then F'(2) satisfies Condition (3), and so {2 satisfies Condition (11). Now,

if y > 0, then F (Hy) = Upl" and F (H,) = UlY, with 0 < L < Lot =a V" and g* = g7/,

«
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Since this case was dealt with above, F'({2) satisfies one of Conditions (1)-(11). Hence, (2 satisfies
one of Conditions (1)-(11) (since ' = F~1). Finally, if H, = U, and H, = 175, then since € is

not fat, () satisfies Condition (1). This completes the proof. [

Lemma 2. Let {H\}, ., be a family of logarithmic half-planes in C? such that for each \ € A,
there exists cy > 0 and vy < 0 such that Hy = U3}. Furthermore, suppose that for each \, i € A,
H, N H, does not satisfy Conditions (9) of Theorem 1 above. If Q) is an L; -domain of holomorphy
with Q* = ﬂ/\eA H)y and Q = Q* \ Vs, then there exists o« > 0 and real numbers y; < yy < 0 such

that (—ys, —y1) N{2,3,4,...,} =@ and S := U NUY C Q.

Proof. Note that {x,} is contained in either [—2, 0] or [m, m + 1], for some negative integer m,
since for all A, n € A, H\ N H,, does not satisfy Condition (9). We now show that o := inf {a,} >
0. To see this, suppose for contradiction that & = 0. Note that for all z € Q \ Vo,\ € A,
|z2] < ay|z1]™*. But since {z,} is bounded and o = 0, it now follows that |z5| = 0, for all
z € Q\ Vy. Thus, Q C Vj, and thus € is not a subdomain of C?. But this is a contradiction. Hence,

a > 0.

Let y; be the greatest integer less than or equal to every member of {z)} and let y, be the least
integer greater than or equal to every member of {z,} . Note that by construction, y; < y2 < 0,
and (—y2, —y1) N{2,3,4,...} = @. Define S := U¥* N UY>. We claim that S C Q*. To see this,

suppose z € S.If |z1| < 1, then |z| < a.
|21] <Tland 2y < yo = ay|z1|™ = an |21 > alz1|” > |z .

Therefore, for each A € A,z € H,, and so z € Q*. Therefore, (SN {|z1| <1}) C Q*. On the

other hand, if |z > 1, then || < a |z | 2.

|z1] > land zy > y; = ay |21 > ay |21 > a 2] > |2).
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Therefore, for each A € A,z € H,, and so z € Q*. Therefore, (S N {|z;| > 1}) C Q*. Hence,

S C QF. O]

Lemma 3. Let {H,},., be a family of logarithmic half-planes in C? such that for each A € A,
there exists ooy > 0 and x > 0 such that Hy, = U - Furthermore, suppose that for each
A\, € A, Hy N H, does not satisfy Condition (4) in Theorem 1. If Q is a non-fat L}-domain of
holomorphy with Q* = xea H), then there exist 31, 3 > 0 and real numbers 0 <y, < yp such

that yo —y1 < land S :=Ug NUZ C ",

Proof. Since no pair of logarithmic half-planes H, H,, satisfy Condition (4) in the Theorem above,
there exists a non-negative integer m such that {z,} C [m,m + 1]. We let y; := inf {x,} and
y2 := sup {x,}. As in the Proof of Lemma 2 above, « := inf {ay} > 0. The proof now proceeds
similarly to the proof of Lemma 2, with S := U NU’; when 0 < o < 1, and with S := U{" NU}?

when o > 1. O]
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3. FAT L;-DOMAINS OF HOLOMORPHY IN C"

Having acquired an understanding of the 2-dimensional case, it is now desirable to describe
the case of Reinhardt L;-domains of holomorphy in C". While we have not yet solved the n-
dimensional problem in general, we have found a characterization of all such domains which are
fat. This is given in Theorem 2 and Corollary 1 below. We first define the analog of logarithmic

half-planes in dimension n.

Definition 3. Ler x € R™ \ {0} for some n € N and o > 0. Then we define the elementary

Reinhardt domain U as follows:

U: .= {zGC”:H|zj]% <a}.

j=1

Each of these elementary Reinhardt domains is determined in this definition by n + 1 real pa-
rameters. However, observe that U} = Ug if and only if there exists some positive real number r
such that 5 = " and y = rz. Therefore, if so desired, we can assume that z is not an arbitrary
n-dimensional real vector, but is a unit vector. In other words, we can take z € S”~! C R”. There-
fore the family of such elementary Reinhardt domains is actually an n-dimensional family with
parameter space S"" ! x R.(. We will use this fact in the case of n = 2, to simplify considerably
Theorem 1 above in Theorem 3 below. For the remainder of this chapter excluding Corollary 1,

we will define €2 as follows:

Q:= ﬁ Uyl
j=1

where x1,xo,..., 2, € R"and ay, s, ..., a, > 0.
Theorem 2. ) is an L} -domain of holomorphy if and only if x4, . . . , x,, are linearly independent.
Proof. Together Propositions 32 and 33 below demonstrate that if x4, . . . , x,, are linearly indepen-

dent, then L} (Q2) # {0}, and so by Proposition 1, € is an L} -domain of holomorphy. Conversely,
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Proposition 34 demonstrates that if {2 is an L} -domain of holomorphy, then 1, . . ., z,, are linearly

independent. L

Since the hypothesis of Theorem 2 is a statement about vectors in R", we first convert the
problem of finding integrable functions in subdomains of C™ to a problem of finding integrable

functions in subdomains of R™ in Proposition 32 below.

Proposition 32. Suppose Q = (7_, Us) and m € Z". Then 2™ € L*(Q) if and only if

exp (Z m;-pj) € L' (log|22]),

i=1
where m; =2+ m;.

Proof. This follows from

Avwzw%w/;

where || is the image of 2 in absolute space; i.e, if

H r]1-+mjd7" = (QW)"/

j=1 log |£2]

exp (Z@ + mj)ﬂj) dp,

J=1

Q= {(al,....|z]) eR": 2 € O} =

Proposition 33. Ifzy,...,x, € R" are linearly independent, then L; (Q) # {0}.

Proof. First note that log || is the intersection of n open half-spaces Hy, ..., H, C R" with the

property that 0H; is the codimension-1 hyperplane given by the equation z; - p = log c;. Now,

observe that since z1, . .., x, are linearly independent, (j_, 0H; is a singleton set {p} . Now, by
translation we may assume that p; = 0, for each j. Thus, since x, . .., z,, are linearly independent
vectors, the region log |€)| is linearly isomorphic to the space ) .= {oc € R" : 0¢,...,0, < 0}.
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Define X € GL,(R) by

€

Tn

Then a linear isomorphism log || = Q' is given by p — X' p. For each j, define m/; := 2 + m;

and for each k, define y;, := 2?21 m;-xjk. Now, we have the following:

/ exp <Z m;pj> dp = det (X_l) / exp (Z ykak) do.
log 2| !

j=1 k=1

Now, observe that exp (3, _, yxox) € L*() if and only if y,, > 0, for each k. Hence, from
Proposition 32 we have that 2™ € L(Q2) if and only if every entry in m'X is strictly positive. This

yields that the set of integrable Laurent monomials on €2 is lattice-isomorphic to N".

Now, suppose 2™ € L'(2)\ O(). Then for some j € {1,2,...,n}, we have that QNV; # &,
and m; < 0. Note that {2 must then contain a product A := [[;_, A; of 1-dimensional complex do-
mains such that A; is a disk. Observe that 2™ € L'(A), and so z;” € L'(A;). But then m; > —1.

Hence, m; = —1.

Let J:={je{l,...,n}: QNV, # o} . From the preceding paragraph, it remains to find an
m € Z" such that z™ € L'(Q) such that for each j € J,m; # —1. This must be possible, or else
the set of integrable Laurent monomials on 2 would not be lattice-isomorphic to N, contrary to

what has already been shown. This completes the proof. [

Remark: Note that the above proof actually demonstrates more than the statement of Proposi-
tion 33. It demonstrates that if 2™ € L'(2), for some m € Z", then L; () is infinite-dimensional,
and has a Schauder basis which is lattice-isomorphic to N". Furthermore, the proof gives a useful
condition for checking whether a given monomial is integrable on a given domain of this type,

namely that 2™ is integrable on (2 if and only if every entry of (2 + my, ..., 2+ m,) X is strictly
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positive.

Proposition 34. If zy, ..., x, are linearly dependent, then ) is not an Lj -domain of holomorphy.

Proof. By Lemma 1, it is sufficient to demonstrate that for all m € Z", 2™ ¢ L'(2). Therefore,
by Proposition 32 above, it suffices to show that for all m € Z", exp (E?:l m pj) ¢ L'(log|Q)).
But observe that log || is linearly isomorphic to R x S, where S is an open subset of R™"!,

However, observe that the desired conclusion follows from the fact that no exponential function is

integrable on R. O

Corollary 1. If Q C C" is a fat, Reinhardt domain of holomorphy, then 2 is an L} -domain of

holomorphy if and only if

Q=(\Un

AEA

where {x)}, ., spans R"™ and each oy is positive.

Proof. If Q C C™ is a fat, Reinhardt domain of holomorphy, then there exist {x)} rear € R™ and

for each A € A, there is an o, > 0 such that

Q= (Un.

AEA

Suppose that span {2, },., = R™. Then there exist Ay, ..., A, € A such that {x), };L:l is linearly
independent. Therefore by Proposition 33, since {2 C ﬂ;;l Uzij, there exists m € Z" such that

2™ € L; (Q). Hence, by Proposition 1, 2 is an L} -domain of holomorphy.
Now, suppose that span {x) },_, 7 R™. Then log Q| is linearly isomorphic to R x S, where S

is an open subset of R"~!. Therefore, by the reasoning in the proof of Proposition 34 above, 2 is

not an L} -domain of holomorphy. 0

37



4. AN ALTERED PERSPECTIVE ON L;-DOMAINS OF HOLOMORPHY IN C?

The logarithmic half-planes are characterized by inequalities of the form |2;|* |2|” < «, with
a,b € R not both zero and o > 0. Since these inequalities can be scaled by positive exponents, we
can assume a* + b*> = 1, or in other words, (a,b) € S' C R?. Therefore, there is a correspondence
between logarithmic half-planes in C? and S*. By stereographic projection, we can parameterize

S by R, := RU {co}. This leads to the following definition.

Definition 4. For every o > 0 and for every v € R, we define W7 to be the logarithmic half-
plane given by:

Wi = {lal [’ < o}

; : 2¢ 2?1
where if x = oo, then (a,b) = (0, 1), and otherwise (a,b) = (mQ—H, mQ—H> :
Note that the map = — (a, b) described in the above definition is in fact a map R, — S* C R?
which inverts stereographic projection of the unit circle onto the real line. Observe also that we

have the following equation:

Ur.  xe(-1,1)
U, r=1
Wi =
Uz zeRL\[-1,1]
[71/01 T = —1,
\
where o = a@*+1/ (“”2_1), and z* = —S2%_. Note, therefore that this notation already has an

(z*-1)

advantage over that used in Theorem 1 since it enables us to use one notation to capture all four
classifications of logarithmic half-planes from Proposition 5. The next proposition reveals another
advantage of this notation: there is an easy formula for the image of W7 under the transposition of

coordinates F.
Proposition 35. Define ' : (21,22) — (22,21). Then for each o > 0, x € Ry, F (W) =
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Wo(é:erl)/(:vfl).

Proof. Observe first that

and that )
((5) -1 2%
() 41 2+ 1
The conclusion now follows from the definition. [

We now state a simpler characterization than the one given in Theorem 1 of Reinhardt L} -
domains of holomorphy in C? in terms of the new parameterization of logarithmic half-planes.
We note furthermore that it would seem that this is a theorem in simplest terms. That is to say,
we could not reasonably expect it to be stated more simply, since there are four different domain
geometries to be considered based on whether the given domain is fat or not, and how it fails to
be fat. We prove the theorem in two parts: (1) In Proposition 37 below, we demonstrate that the
conditions given in Theorem 1 imply the conditions given in Theorem 3, while (2) in Proposition
38, we demonstrate the converse. As an intermediary proof, we demonstrate in Proposition 36
below that the condition of being fat in Theorem 3 is equivalent to the corresponding condition in

Theorem 1.

Theorem 3. IfQ C C? is a Reinhardt domain of holomorphy, then ) is an L} -domain of holomor-
phy if and only if there exist v,y € Ry, and o, B > 0 such that —i #x#yand Q) C WIN Wg

and one of the following holds:
1. Qis fat.

2— . .
20=0\Viandif 0 < z < y < oo, then the interval (%, y2—y1> contains an integer

other than 1.

3. Q=0 \Veandif -1 < % < i < 1, then the interval ( o 2y ) contains an integer

r2—-1" y2—1

other than 1.
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4. Q = Q*\ V, and both

. . 2_ 2_ . .
o if) <y < x < o, then the interval <y2—1, 5 1) contains an integer.
Yy T

o if—1< i < Y <1, then the interval <22—f, 2y ) contains an integer.
Y =17 y“—1

Proposition 36. Suppose that Q C C? is a fat, Reinhardt domain of holomorphy. Then ) satisfies
Condition (2) of Theorem 1 if and only if there exist v,y € R, and o, 5 > 0 such that _111 #+x #,
and Q C W5 NWj.

Proof. ( = :) Suppose first that 2 satisfies Condition (2) of Theorem 1. Since (2 is a Reinhardt
domain of holomorphy properly contained in C2, it must be an intersection of logarithmic half-
planes. Since, in addition, it is not a logarithmic half-plane, there exists {z)},., C R with

|A| > 1 and for each )\, there exists vy > 0 such that
Q=(wo.

Since Condition (2) of Theorem 1 holds, 2 is an L} -domain of holomorphy. Now by Theorem 2

above, {G ()}, is a spanning set for R?, where G : R, — R? is defined by

2z, a3 —1
3+ 1723 +1

G (2y) == (

Therefore, choose z,y € {xx},., such that G(z) and G(y) are linearly independent. Note that
Q c Wy n Wj for some «, 8 > 0. Furthermore, x # y, since G(z) # G(y). Observe that if

x = —1 then
v
20 22 -—1 -2y 1—1?
Gy = (=X T =) (=2 229 ) — _gy).
(z) <x2—|—1’a72—|—1> (1+y271—|—y2 )
But G(y), —G(y) are linearly dependent. Therefore, = # —i.

( <= :) Now suppose that there exist z,y € R, and «, 5 > 0 such that —i # x # y, and
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Q C Wi N W}J. Observe that log [§] is contained in a convex subset of R* bounded by two inter-

secting lines. Therefore, €2 is not a logarithmic half-plane since log |€2| is not a half-plane.

Finally, observe that if {2 were to be either (7@* NUg- or U gf: NU ;;ff for some z* € R, and some
o, B* > 0, then log |2 would be a convex domain in R? bounded by two parallel lines. Since this

is not the case, (2 satisfies Condition (2) of Theorem 1. ]

Proposition 37. If Q C C? is a Reinhardt Lj -domain of holomorphy, then there exist ,y € R,
and o, 8 > 0 such that —i #Fx#y,QCWin Wﬂy, and one of Conditions (1)-(4) of Theorem 3

above holds.

Proof. Since () is a Reinhardt L} -domain of holomorphy, at least one of the conditions from The-

orem 1 holds. We define the function g : R — R, as follows:

o0, l':O,

—L(1+V1+2?2), z#0.

Note that for & > 0 and z € R, if o* = o/V1+*? then UT = W) Also, observe that g(R) =

R \ [—1, 1], and that g is injective.

1. Suppose €2 is bounded. Then for some o, 5 > 0,2 C W N VVB1 Therefore one of Condi-

tions (1)-(4) of Theorem 3 trivially holds.

2. By Proposition 36 above, if € is fat, then () satisfies Condition (1) and the hypotheses of

Theorem 3 above.

3. Suppose for some o, > 0 and z € R that Q* C U, N Uj. Observe that U, = Wt
where o = a'. and U, 5 = Wg£$). Therefore, one of Conditions (1)-(4) of Theorem 3
holds provided g(x) # £1. However, +1 ¢ g(R). Therefore, one of Conditions (1)-(4) of

Theorem 3 holds.
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4. Suppose for some «, 3 > 0 and for some x,y € R with x > max {0,y} and (y,z) NZ # &
that Q* C UZ N U}. Observe that U7 = W) and Uy = Wﬁgfy). Since g is injective and
x #vy,9(x) # g(y). Furthermore, since g(R) N [—1,1] = &, g(z) # —ﬁ. Therefore, if 2

is fat, then € satisfies Condition (1) of Theorem 3 above.

Now observe that Q* NV, = @. Hence, it suffices to show that if €2 is not fat, then Condition

(3) of Theorem 3 holds. Suppose 2 = Q* \ V5, and then observe that

- 22
I ] () )
g*(z) =1 <1+F+x2>2 1 2+ 21+ 22 '

It now follows since (y,z) NZ # &, that (—x, —y) N Z = ( 2z 2—y) NZ # &. Suppose

x2—-1" y2,1

1 € (—z,—y).Butthen y < 0 < x, so that the interval (—z, —y) contains 0.

5. Suppose that for some a, § > 0 and some z < 0,Q* C U? N Up and Q2 = Q* \ V5. Note that
Qcwin Wj. Since x < 0, g(x) > 1. Therefore, —1 # g(x) # 1. Therefore, ( trivially

satisfies Condition (3) of Theorem 3.

6. Suppose that for some «, 5 > 0 and some = € (—%,0) ,QF C UNUgz and Q = Q*\V;. Then

note that 2 ¢ W% n Wj. Since 2 < 0,g(x) > 1. Therefore, it suffices to demonstrate

that (0, 922(;(?51> N(Z\ {1}) # @. But observe that 922(9”3()351 = —1 € (2,00). Therefore,

2 € (0, 922;9251> , and so () satisfies Condition (2) of Theorem 3.

7. Suppose that for some «, f > 0 and some x € (—1,0) that Q* C U? N Up and that 2 =

Q* \ Vy. Now, note that @ ¢ W2 n Wji. Also, g(z) € (1+ v/2,00). Therefore, 0 < 1 <

g(x) < oo. Thus, it suffices to show that <0, 92;;&?) = (0,—2) contains an integer. But

since z € (—1,0), =% € (1,00), and so 1 € (0, —1) . Therefore, (2 satisfies Condition (4)

of Theorem 3.

8. Suppose for some «, 5 > 0 and for some y, z € R with (—1—/, —%) N{2,3,4,...} # @ that
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10.

1.

Q* C UZNUY and Q = O \ V;. Next, observe that Q C w0 ngy). Next, observe
that y < = < 0, and so we have that 0 < ¢(y) < g(z) < oo. It remains to show then
that (%, %) = ( i, —%) contains an integer other than 1. But this is true by

assumptlon.

. Suppose for some o, f > 0 and for some y,xz € R with (—z,—y) N {2,3,4,...} # @

that Q* C Uy NUj and Q@ = Q" \ V,. First, note that if z > 0, then g(z) < —1, and

so € trivially satisfies Condition (3) of Theorem 3. Now, suppose y < x < 0. Then we
have that 1 < g(y) < g(z) < oo, and s0 0 < .5 < &5 < 1. Also, by hypothesis,

<g22 (gx(;?u 922 (g;)yzl> = (—x, —y) contains a positive integer greater than 1. Hence, (2 satisfies

Condition (3) of Theorem 3.

Suppose for some «, 5 > 0 and for some y < z < 0 with (y,x) NZ # & # <—— ——) :
we have that Q* C UZ N Uj, and Q = Q* \ V;. Note then that Q C W Wg*

2
Furthermore, we have that ( 2(93’()?;1, g 2(;’();1> = (—%, —%) must contain an integer and

<g§fgﬂl, gf(g;)yll) = (—x, —y) must contain an integer. Therefore, 2 satisfies Condition (4).

Observe that if F'(£2) satisfies one of Conditions (1)-(10) of Theorem 1, then F'(2) satisfies

one of Conditions (1)-(4) of Theorem 3. Also, observe that

(il) (41— (z—1)? Az 2
2 (il ) 2w+ D(z—1)  2@2-1) 221
Finally, let ¢ : R, — S! be defined by ¢ = (¢1,¥2) : © — (a,b) as in Definition 4. Now,
observe that —1 < 1 < l <1 <= o(x),¢(y) are in the upper half-plane and ¢, (z) <
¢2(y). But by Proposition 35 and Definition 4, we also have that ¢ (££1) = (¢a(), ¢1(2)) .
Therefore, -1 < § <, <1 <= ¢ (=), ¢ <y+}> are in the right-hand half-plane and

P2 (H) < (Zﬂ) = 0< < yH < oo. Therefore, we have the following:

e [7(Q) satisfies Condition (1) of Theorem 3 <= (2 satisfies Condition (1) of Theorem

3.

43



e [(Q) satisfies Condition (2) of Theorem 3 <= (2 satisfies Condition (3) of Theorem

3.

e [7(Q) satisfies Condition (4) of Theorem 3 <= (2 satisfies Condition (4) of Theorem

3.

Hence, ) satisfies one of Conditions (1)-(4) of Theorem 3.

]

Proposition 38. Suppose Q0 C C? is a Reinhardt domain of holomorphy and that there exist
z,y € Ry and a, B > 0 such that —i #xrF#yand Q2 C WinN Wé’ and one of Conditions (1)-(4)

of Theorem 3 hold. Then ) is an L; -domain of holomorphy.

Proof. 1t is suffices to show that each of Conditions (1)-(4) of Theorem (3) implies that one of

Conditions (1)-(11) of Theorem (1) holds.

1. If Q) is fat, then by Proposition 36 above, €2 satisfies Condition (2) of Theorem 1.

2. Suppose €2 satisfies Condition (2) of Theorem 3. Note first that if = € (—o0,0), then W7 N
Vi = @, so that Q* \ V; = Q*. Therefore, (2 is fat and so satisfies Condition (2) of Theorem

1.

Now, suppose that x = oo. Then by hypothesis 0 # y # oo. If y € (—o0,0), then as
in the preceding paragraph, 2 satisfies Condition (2) of Theorem 1. If y € (0, 1], then
() is contained in the bidisk with biradius (o - B/ (2) «) and so is bounded. There-
fore, ) satisfies Condition (1) of Theorem (1). Finally, suppose that y € (1,00). Note
then that by Proposition 35 above, F'(Q2) € Wl N W[gyﬂ)/ =1 Now, observe that since
y € (1,00), Z%} (1, 00), and so for some y* < 0 and some o*, 5* > 0, F(Q2) C Uy N Ug
and F'(Q2) = F(Q2)* \ Va. Therefore, F'(2) satisfies Condition (5) of Theorem 1 and so {2

satisfies Condition (11) of Theorem 1.
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Next, suppose that z € (1,00). If y € Ry, \ [0, 00), then by symmetry, (2 satisfies one of
Conditions (1)-(11) of Theorem 1. If y = 0, then note that F'(Q2) C et/ el ng —
Uz n [75*, for some o*, 5* > 0 and some z* < 0. Therefore, F'(€2) satisfies Condition (3)
of Theorem 1 and so (2 satisfies Condition (11) of Theorem 1. Now, suppose y € (0,1).
Observe that £ € (1,00) and z—f} € (—o0, —1). Therefore, F(Q) C U2 N UY., for some

a*, f* > 0and for z* < 0 < y*. It then follows that F'(2) satisfies Condition (4) of Theo-

rem 1. Next, suppose y = 1. It then follows that for some o*, 3* > 0 and z* = —xffl, that

QC U NUs. Also,0 <y < z < 00, 80 (O, ’”22;1> contains an integer other than 1. But

in this case, the interval must contain 2. Therefore, (9”22;1) € (2,00), and so z* € (—%, 0) .
Therefore, (2 satisfies Condition (6) of Theorem 1. By similar reasoning, if y € (1, 00), then

() satisfies Condition (8) of Theorem 1.

Assume now that z = 1. The case where y € R, \ [0, 1) has been handled by symmetry.
Therefore, we may suppose that y € [0,1). If y = 0, then for some o*, 5* > 0, F(Q2) C
(7&* NnU 8*. Therefore, F'(2) satisfies Condition (3) of Theorem 1 and so (2 satisfies Condition
(11) of Theorem 1. On the other hand, if y € (0,1), then F(Q2) C U2 N Ug:, where y* =
%. Now, since (2 satisfies Condition (2) of Theorem 3, we have that (—y*,0) = (yz—;l, 0)

contains an integer other than 1. Therefore, y* > 1, andso 1 € (0, y*). Hence, F'(Q2) satisfies

Condition (4) of Theorem 1 and so {2 satisfies Condition (11) of Theorem 1.

Now, assume that = € (0, 1). We may again by symmetry suppose that y € [0, 1). Again, if
= 0, then as in the preceding paragraph F'(2) satisfies Condition (3) of Theorem 1. On the
other hand, if y € (0, 1), then suppose without loss of generality that x < y. Now, observe

that F(Q) C U N Ug:, where z* = 1;;”2 and y* = % and by assumption (y*, z*)

contains an integer. Therefore, F'(€2) satisfies Condition (4) of Theorem (1). Hence, if 2
satisfies Condition (2) of Theorem 3, then ) satisfies one of Conditions (1)-(11) of Theorem

1. Note also that the case where x = 0 has been covered by symmetry.
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3. If Q satisfies Condition 3 of Theorem 3, then F({2) satisfies Condition 2 of Theorem 3.
Hence, F'(2) satisfies one of Conditions (1)-(11) of Theorem 1. It then follows that

satisfies one of Conditions (1)-(11) of Theorem 1.

4. Suppose €2 satisfies Condition 4 of Theorem 3. If z € (—1,0), then W? NV = &, so that

O\ Vo = Q. Therefore, (2 is fat and so satisfies Condition (2) of Theorem 1.

Assume now that v = —1. Then W7 = ﬁa*. Also, note that by symmetry, we may assume
that y ¢ (—1,0). Furthermore, if y € [0,1), then Wj = U g for some non-negative y*.
Therefore, 2* N Vy = &, and so €2 is fat and satisfies Condition (2) of Theorem 1. On the

other hand, if y € R, \ [—1, 1], then for some a € (—1,1),b € (0, 1],
WY = {|z1\“ I20]° < /3} — Uy,

for some 3*, y*. It therefore follows that € satisfies Condition (3) of Theorem 1 in this case.

Suppose now that x € (—oo, —1). Then for some a*,z* > 0, W2 = UZ.. Note therefore

that 2* is disjoint from V/; so that €2 satisfies Condition (2) of Theorem 3.

Suppose now that x = co. Then WZ = U?. We may suppose by symmetry thaty ¢ (—o0,0).
Note also that if y € (0, 1], then 2 is bounded and so satisfies Condition (1) of Theorem 1.
Now, suppose that y € (1,00). Note then that by Proposition 35, F(W}) = Wéyﬂ)/(y_l).

Therefore, F'(Q*) = U, N Ugny)/Zy. Observe that % < 0. Also, since % = 0 and

i € (0,1), we have that (O, y2231> N Z #+ &. Therefore,

Therefore, F'(2) satisfies Condition (7) of Theorem 1, and so €2 satisfies Condition (11) of
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Theorem 1.

Suppose now that = € (1,00). We may suppose by symmetry that y ¢ (—o0,0) U {oc}.
Now assume that y € [0,1). Then note that Q* N V5 = &, so Q satisfies Condition (2) of

Theorem 3 unless y > 0 and <y ;1 ”‘2_1) NZ = {1}. But note that if y > 0, then y L <0

and %;1 > (0. Therefore, € satisfies Condition (2) of Theorem 3.

—23:

Now, suppose y = 1. Note then that W? = UZ for some o* > 0 and z* = < 0, and

also that Wg = Ug. Now observe that since 0 < y < x < oo, we have that (0, x2;1> N7Z #

&. Therefore, we have that

Therefore, () satisfies Condition (7) of Theorem 1. Furthermore, if y € (1, 00), then similar

arguments show that €2 satisfies Condition (10) of Theorem 1.

Next, suppose that x € (0, 1]. We may suppose by symmetry that y € [0,1). Now, assume

€ (0,1). Then Q* NV, = @&. Therefore, since % € (—00,0] and yZ—;l € (—00,0),

. . . . 2_ . ..
there is a negative integer strictly betwee ‘”22;1 Wl, and so (2 satisfies Condition (2)

of Theorem 3. Next, suppose that y = 0. If z € (0,1), then F(€) = W /=0 n Wi,
where £ € (—o0, —1), while if 2 = 1, then F(Q) = W° N W' However, W' = Us-,
and so F'(2) satisfies Condition (3) of Theorem 1. Finally, note that the case when z = 0, is

now handled by symmetry. [
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5. CONCLUSION

In Chapter 2, we developed a geometric characterization of Reinhardt L}-domains of holo-
morphy in C? in terms of logarithmic half-planes (Theorem 1). We also gave an example of an
unbounded Reinhardt domain of holomorphy which is not an L} -domain of holomorphy, demon-
strating the importance of the “bounded” hypothesis in Conjecture 1. We also gave an example of
a family of domains which provides a counterexample for Conjecture 2. In Chapter 3, we showed
that if Q) is a fat Reinhardt domain of holomorphy in C", then €2 is an L} -domain of holomorphy if
and only if log |€2| is contained in a region bounded by n linearly independent codimension 1 hy-
perplanes (Corollary 1). In Chapter 4, we altered our perspective from a rectangular to a spherical

perspective, which enabled us to greatly simplify our characterization in Theorem 1 (Theorem 3).

The results given in Chapters 2-4 also prompt further questions. First and foremost, is there a
geometric characterization of Reinhardt L} -domains of holomorphy in n dimensions? It seems that
if this were possible, it could be found by generalizing the spherical perspective given in Chapter
4 and by using the linear-algebraic fact given in the remark following Proposition 33 in Chapter 3,
namely that z™ is an integrable Laurent monomial on €2 if and only if every entry in m’ X is strictly

positive.

Finally, Proposition 4 in Chapter 2 gives a special case of Conjecture 1 in Chapter 1. However,
the method used in proving Proposition 4 seemingly cannot be used to prove the general case. I
think that the geometric characterization of L?-domains of holomorphy given in [7] gives a possible
way towards a solution. If one could demonstrate that given any pluripolar set K and any bounded
domain of holomorphy €2, there exists an L; function on 2 \ K which is completely singular at
every point in K, then Conjecture 1 would follow. Alternatively, the same result should follow if
there is a locally L} function on C" \ K which is completely singular at every point in K. Note

that this latter problem has the advantage of depending only on K and not on ().
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