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discussed in the framework of algebraic renormalisation.
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1 Introduction

Integral invariants in maximally supersymmetric theories, supergravity (MSG) or super
Yang-Mills (MSYM), can be viewed as possible higher-order corrections to string or brane
effective actions or as potential field-theoretic counterterms. Since no off-shell supersym-
metric actions are known for maximal theories, these invariants have to be constructed in a
perturbative fashion starting with expressions that are invariant under on-shell supersym-
metry. Broadly speaking, there are two main categories of on-shell invariants, those that
can be expressed as integrals over the full superspaces (with 16 or 32 odd coordinates for
MSYM and MSG respectively) of gauge-invariant integrands, and those that cannot. The
latter can usually be expressed as integrals over some subsuperspace, that is as superac-
tions [1], or as generalised chiral (harmonic superspace) integrals [2]. We shall refer to the
former as long and the latter, of which there are very few, as short, since the multiplets
of which the invariants are the top components have these properties. We can regard any
independent MSYM invariant as a possible deformation of the usual MSYM action. The
presence of such a deformation will alter the supersymmetry transformations and induce
higher-order terms as a consequence. In the case of full superspace integrals, there is no
problem in extending such an invariant to all orders in an expansion parameter, such as
o/, but this is not so obvious for short invariants.

In the current paper we investigate the question of invariants for MSYM in spacetime
dimensions 4 < D < 10, although we do not study their non-linear higher-order extensions.
There is a full classification for D = 4, N = 4 [3]. This is a special case because the starting
theory in D = 4 is superconformal, a fact that was exploited in [3] in the construction of
the invariants. The short invariants, of which there are just three, give rise to spacetime



integrals that are the supersymmetric completions of terms of the form trF*, tr2F* and
d’*tr? F*, where tr? indicates a double-trace. The pure F* terms are one-half BPS, that is
they correspond to short multiplets that are independent of one-half of the odd coordinates
when the latter are appropriately chosen, while the d?tr2F* invariant is one-quarter BPS,
i.e. it is independent of one-quarter of the odd coordinates. However, it is sometimes useful
to think of the latter as “pseudo” one-half BPS, that is, to express it as an integral of a one-
half BPS-type superfield which is a descendant of the one-quarter BPS primary [4]. To do
this, recall that the field strength superfield for MSYM in D = 4, N = 4 is a scalar W,. in the
6 of SO(6). From this scalar one can construct two scalar bilinears, the Konishi multiplet,
K := tr(W,W,), and the supercurrent J,.; := tr(W, W) — éérsK. The supercurrent is an
ultra-short one-half BPS multiplet; it has 128 + 128 components and has an expansion
that terminates at fourth order in the odd coordinates. It can be integrated over four
odd coordinates and gives rise to the on-shell action [1]. There are several independent
scalar multiplets that can be formed from the square of the supercurrent: the symmetric
traceless 105 is one-half BPS and gives rise to the tr?F* invariant, while the 84, which
has the symmetries of the Weyl tensor in six dimensions, is the one-quarter BPS multiplet
that gives rise to d?tr?F*. The pseudo-one-half BPS superfield is obtained by inserting
two contracted spacetime derivatives, one on each factor, into the one-half BPS product
of two supercurrents. It is a descendant of the one-quarter BPS superfield up to a total
spacetime derivative.

A similar situation obtains for the short multiplets in dimensions 5 and 6 [4]. In D <9
the field strength superfield is a scalar, W,., r =1...n wheren =10— D, butin D =7,8
there are only one-half BPS multiplets and no one-quarter BPS ones because the latter
type of constraint is incompatible with manifest Lorentz symmetry in these dimensions.
In D < 8 the supercurrent is the traceless, symmetric product of two Ws, and the Konishi
multipet is the singlet product. Although there are no one-quarter BPS superfields in
D = 17,8, we can still form pseudo-one-half BPS fields by inserting a pair of contracted
spacetime derivatives in the one-half BPS product of two supercurrents, which is again a
symmetric, traceless fourth-rank SO(n) tensor.

In dimension 9, the field strength is a singlet W with trI¥? being the Konishi superfield.
The supercurrent is an antisymmetric Lorentz tensor J,;, that has dimension three (in units
where the dimension of W is one), and has 128 + 128 components. However, in D = 10,
there are no physical scalar fields, and the supercurrent is a dimension-three, third-rank
antisymmetric tensor Jype [5]. It combines the components of both the 128 + 128 and
Konishi multiplets and is not locally reducible into a the sum of the two. It is therefore
not so easy to generalise integral invariants of the BPS type to D = 9, 10.

The way round this problem is to make use of the so-called “ectoplasm” formalism [6-8].
This allows one to construct spacetime supersymmetric invariant integrals in D dimensions
starting from closed D-forms in the corresponding superspaces. The idea is to integrate

LOur definition of a BPS superfield is one that is independent of some sets of fermionic coordinates each
of which transform under the smallest spinor representation for the spacetime dimension in question. It
might be possible to consider splitting up the basic spinor representations, i.e. to use Lorentz harmonics,
but we do not do this here.



the purely even part of the super-D-form, evaluated setting the odd coordinates 6 = 0,
over spacetime. The superinvariance of the resulting integral is guaranteed by the fact that
the superform, Lp say, is closed. Note that any exact D-form will integrate to zero so that
we are really concerned with the Dth cohomology class of super-forms.

In the next section we shall study supersymmetric invariants in D = 10. It is well-
known that the action itself and the F* invariants are Chern-Simons invariants, in the
sense that they can be constructed, using the ectoplasm formalism, from closed, Weil-
trivial (D + 1)-forms built from invariant polynomials [9]. A feature of the non-abelian F'*
invariants, not previously remarked upon, is that, unless one wishes to introduce explicit
dependence on the fermionic coordinates, the corresponding super-ten-forms have a more
complicated structure than those that have been constructed hitherto. We can also use this
formalism to construct the d?tr?F* invariant in D = 10 by the insertion of two contracted
spacetime derivatives. In this case, however, it turns out that the Chern-Simons nature
is only apparent and that there is a closed, strictly gauge-invariant superform. Since any
D = 10 invariant gives rise to a D = 4, N = 4 invariant with manifest SU(4) symmetry
by dimensional reduction it follows that there cannot be more invariants in D = 10 than
in D = 4, and this explicit construction shows that there are the same number of short
invariants in D = 10 and D = 4. A consequence of the existence of the d*tr>F* in D = 10
is that such an invariant exists and has maximal R-symmetry in all dimensions D < 9;
furthermore, as will be discussed in more detail in section four, it has the same cocycle
type as the closed super-form for the action, and so is not protected by algebraic non-
renormalisation theorems. In addition to the short invariants, section two also contains a
discussion of various other features of D = 10 invariants, such as Konishi and d®F4. In
section three, we explicitly show how to reduce invariants to lower-dimensional spacetimes
and in section five we state our conclusions.

2 D = 10 invariants

2.1 Basic formalism

Our conventions are as follows: spacetime indices are a,b, ..., running from 0 to D — 1,
while spinor indices are a, ... running from 1 to 16 and internal vector indices are 1, s . . .,
running from 1 to n = 10 — D; ten-dimensional 16 x 16 gamma-matrices are denoted by I'*
and the even (odd) coordinates of D = 10 superspace are (z% 6%). The supersymmetric
invariant basis forms are

E® = da® — ;dea(ra)aﬁaﬁ; E° = do~, (2.1)
and the dual invariant derivatives are d, and
Do = 0 + ;(rae)aaa . (2.2)

With respect to this invariant basis an n-form splits into a sum of (p, ¢)-forms where
p+q =n and p(q) denotes the number of even (odd) indices. The exterior derivative splits
into three parts, d = dy + dy + to with bi-degrees (1,0), (0,1) and (—1,2) respectively. The



operation tg, which is purely algebraic, converts a (p, ¢)-form into a (p—1, ¢+2)-form by the
contraction of one of the even indices of the form with the vector index of the dimension-
zero torsion Tpg® = —i(I'“)5 and then by the symmetrisation of all (¢ 4 2) odd indices on
the form and the torsion. It is not difficult to see that t% = 0, so that there are associated
cohomology groups HY? [10]. In D = 10 these vanish for p > 6 while the cohomology for
p > 1 is related to the five-index gamma matrix except for two additional contributions
in Ht1 L and Ht1 2 whose existence is due to the single-index gamma-matrix [9]. For p = 0,
HtO ! is isomorphic to the space of pure g-spinors, i.e. symmetric, gamma-traceless (0, q)-
forms. We can also define an odd derivative that acts on tp-cohomology. It is defined by
ds[wpq] = [diwp 4], where the brackets denote to-cohomology classes. It is easy to check
that the spinorial derivative dg is well-defined and that it squares to zero so that we can
define the so-called spinorial cohomology groups H*? [11, 12]. Tt is a generalisation of pure
spinor cohomology with which it coincides in the case p = 0 [13].

The field strength two-form in D = 10 superspace has F,g = 0 and F,g = (I'y)3,A7.
The Lie-algebra valued field strength superfield A has the spinor field of the D = 10 SYM
multiplet as its leading component; it obeys the constraint

VoA = = (1), PFy, (2.3)

i
4
where Fj, is the (2,0) component of the field strength whose leading component is the
spacetime Yang-Mills fields strength. The form of F,3 and (2.3) follow from the basic
constraint F,,3 = 0 which can be viewed as a pure spinor integrability condition [14, 15].
By use of the Bianchi identity one can then show that the field equations hold for A“ and
F,p. They are

VA =0
VOF,, = 2iAT,A, (2.4)

where the right-hand side is Lie-algebra valued because the quadratic expression in A forces
antisymmetry in the group indices.
The supercurrent is
Jabe = tr(AFabCA) : (25)

The simplest full superspace integral of a gauge-invariant integrand that can be con-
structed in D = 10 is the integral of the square of the supercurrent, which leads to a
spacetime integral of d°tr?F*. (The double-trace is required because the symmetrised
single-trace of A* vanishes identically.?) Furthermore, there are no gauge-invariant BPS
superfields that one can construct. This means that the construction of invariants with
lower dimensionality requires a different approach to D < 8. As we mentioned in the
introduction, this is the ectoplasm formalism. In D spacetime dimensions, given a closed
super D-form, Lp, in superspace, the integral

I= /dD:U MM g (2,0 = 0) (2.6)

2There are other A* possibilities involving AT'1 A or AT'sA but these contain gauge commutators.



is supersymmetric owing to the fact that Lp is closed. Now suppose we are given a closed
super (D + 1)-form Wpy1 = dZp, where Zp is an explicit potential form that is not
gauge-invariant, and such that Wp,4 is Weil-trivial [16], i.e. Wpy1 = dKp, where Kp is
gauge-invariant, then Lp = Kp— Zp is closed and so can be integrated using the ectoplasm
formula. Such an invariant is called a Chern-Simons invariant owing to the presence of the
Chern-Simons form Zp. Green-Schwarz actions for branes are examples of this [17].

In order for a closed D-form to give rise to an invariant it must have a non-vanishing
Lp, component, at least in flat superspace which is the case of interest here. It will have
a lowest non-zero component, L, , say, (lowest means lowest mass dimension, i.e. smallest
p) that must satisfy 9oL, , = 0 and that must not be of the form t,K, 1 42 since such a
term vanishes in ¢ty cohomology. So the lowest component will be defined by an element of
HP. the cohomology associated with the nilpotent operator ¢y, and moreover it must be
ds-closed, i.e. it must be an element of HY*Y. In D = 10 H}*? vanishes for p > 5 so that the
simplest possibility for the lowest non-vanishing component of a closed super-ten-form is
an Ls 5 that must have the form Ls 5 = I's 9 M 3 where ds[Mj 3] = 0. The integral invariant
corresponding to such a form can be expressed as a Berkovits superaction integral over five
thetas [13]. The spacetime integrand of such an invariant is [D®]*% M, 3,; it involves the
contraction of two 42 - 16-dimensional representations with opposite chirality, [00030] and
[00003] in terms of Dynkin labels.

However, there can be other more general types of closed super-ten-forms as we shall
discuss below. Indeed, more generally, we can ask the question of when a ds-closed element
[wp.ql of H? determines a closed n-form, for n = p 4+ ¢. The answer is that there is
a sequence of possible obstructions, [Apt14), [Apt2,g-1], [Ap+3,g—2], - ., each of which is dg
closed provided that the preceding ones in the sequence are dg exact. If they are all exact,
and if we set [Aptrq—rt1] = ds[itptr,g—r], then the entire closed n-form will be determined
by the sequence of elements [wp gl, [tp+1,g-1],-... This is easy to see; suppose wy 4 is a
representative of [WP#I]’ then there is an wy41,4—1 such that diwy ¢ +towps1,4—1 = 0. Hitting
this equation with d; we find that dow) ¢ + diwp41,4g—1 := A\pt1,4 is to-closed although not
necessarily exact. It is also easy to check that the associated to-cohomology class, [Apt1,4],
is ds-closed. If this is dy exact, we can redefine wy11,4—1 and deduce the existence of an
Wpt2,q—2 such that dowp g + diwps1,g—1 + towpt2,g—2 = 0, which is the (p+ 1, ¢) component
of the equation for a closed (p + ¢)-form. We can then iterate this procedure by applying
dy to this equation.

For D = 10 the typ-cohomology groups H'? can be related (via the five-index I'-matrix)
to cohomology groups for pure spinor (¢ — 2)-forms taking their values in AS~PTp, where
Ty is the even tangent bundle, i.e. tensors with k£ = (5 — p) antisymmetrised vector indices
in addition to (¢ — 2) spinorial form indices, modulo equivalences.®> We denote these
cohomology groups by Hl? ’q72(AkT0). It is also possible to extend the definition of dg to
act on these groups [9], so the obstructions to a ds-closed (p,10 — p)-form determining a
closed super-ten-form lie in the groups HH o~ Hg’gfn(A5_"T0), form=p+1,...5.

3There are two exceptional cases: H;'' and H,*?, but they are not relevant to the forms we are interested
in here.



Clearly 0 < p < 5, while the last obstruction will lie in H 94 If the lowest component of
the ten-form lies in H2*® there are no obstructions (this is the usual case), but if the lowest
component has p < 5 there can be obstructions. This turns out to be the case for the
Chern-Simons F* invariants as we shall see below.

2.2 Chern-Simons invariants

The D = 10 Chern-Simons invariants are constructed from the invariant polynomials Py :=
trF?, Py == trF* and P} := (trF?)%. They are written in terms of Chern-Simons forms as
Py = dQs, Ps = dQ7 and P{ = dQ%. Clearly a possible choice for Q% is Q7 = Q3Py. The
on-shell action is itself of this type; the closed 11-form is

Wi = H7 Py, (2.7)

where dH7 = 0 and in flat superspace Hy is proportional to I's o. It is easy to see that Wiy
is Weil trivial and that the lowest component of the corresponding K is

K&Q ~ Z'F572J370 + 32‘11172 * J370 . (2.8)

To see this, note that the lowest component of Py is P2 with
. 1 abc
Py ~itgJs o + 6P2abc,2J . (2.9)

We can choose Z19 = H7Q3 so that the lowest non-vanishing component of L is clearly
Ls5 = —Z55. In fact, one simply has My 3 ~ Qo 3.

The F* invariants involve Py or P; multiplied by the closed three-form Hs which in
flat superspace is proportional to I'y 5. Again it is not difficult to prove Weil triviality [9].
In both of these cases the lowest component of the corresponding K is Kg4. For the
double-trace,

) 7
Kega =1I'1 23022 + 2F3ab,2jab1,OP2,2 ; (2.10)

and a similar analysis applies in the single-trace case with K¢ 4 ~ trA.

At this stage we have two options for Z;9. The simpler one is to keep manifest Yang-
Mills gauge invariance and to choose a gauge for the ‘external’ two-form B, the potential
of Hs3. This involves the introduction of an explicit factor of # into the problem, but its
simplicity makes it useful for other purposes. However, in order to understand the structure
of the cocycle relevant to non-renormalisation theorems within the framework of algebraic
renormalisation, it is important to consider a cocycle which does not depend explicitly on
0, for which the components are related by supersymmetry in the normal fashion. This
requires the introduction of the Yang-Mills Chern-Simons seven-forms without specifying
any particular gauge, i.e. to choose the Wess-Zumino parts of the closed super-ten-forms
to be Z19 = H3Q7 and Z19 = H3Q3 Py, respectively. It turns out that the closed super-ten-
forms in this second approach involve non-vanishing lowest components with even degree
less than five, whereas the former method leads to forms that start at Lss.



Chern-Simons cocycles. Consider first the double-trace F* invariant in this second
approach. The lowest component Z37 ~ I'1 2Q03F» 2 is to-trivial, so that we can find a
cohomologically equivalent Z’ which has lowest component

Zj6 ~Taa2N4, (2.11)

where Ny 4 ~ él,léo,g is projected into the [10004] component.* The lowest component of
the ten-form is therefore Ly g = —Zj 5. From the discussion at the end of subsection 2.1 we
see that NV defines an element of Ht0 ’4(T 0) which must be ds-closed. This in turn leads to a
possible obstruction to the existence of a closed ten-form with this lowest component. It lies
in H, ;:’ = Hg’4 and must be trivial because Ly is closed. We therefore have a (0,4)-form,
Oo .4, such that [Og 4] = ds[Mp 3] for some My 3. If the form Op 4 were to be zero, then the
cocycle derived directly from L4 would have a vanishing top component, Lo, because
D6N174 does not contain a singlet. Furthermore, there would have to be a ds-closed My 3
in order to obtain a non-zero top component. In other words, the cocycle would split into

two irreducible multiplets, one with a standard Lig%’ first component defining the invariant,

and the other starting as Lj. The highest non-zero component of L, say Lg", would
define a conserved current (in spacetime) which would not be a total derivative (i.e. its
divergence would only vanish because of the equations of motion). However, there is no
such conserved current within the multiplet of Ny 4. It therefore follows that O 4 cannot
vanish. Furthermore, there can be no independent ds-closed [My 3] because there is only
one invariant. In the following we shall confirm these expectations explicitly.

The [10004] projection of N is given by

— A 7 2 A 1 25 A 1 S N
Na,4 = :a71Q073 + 96Fb72ra6.:gQ072ﬁ + 961“5,,21““’&‘3:2{@0,25 + 16[1““1“;,],10‘:5’,1@0,2&
1 o
+ 199 T T81°T¢ 2T 12 Q0 105 (2.12)

with 2¢ the gamma-traceless component of the supersymmetry current
7

tr
10

a

(1]

<[ — 8FAT, + FbcrabC] A) : (2.13)

and Qo3 the [00003] component of Qg3

A 3
Qa,@ﬁ/ = Qa,@ﬁ/ - 20P?aﬁrgnQ'y)5n : (2'14)

Z;G is not to-trivial, and the super-ten-form associated to the double-trace F* invariant
thus does not admit a representative with a vanishing L4 .

A possible obstruction to the definition of the (5,5) component would be associated
to a (4,7) to-cohomology class

d1Z3 6(N) ~ T40,20" 5(N) (2.15)

4The notation in this equation signifies that one of the even indices on I's,2, labelled by a, is contracted
with the even vector index on N. This notation is used in the following for both even and odd indices.



where O! 5 would be an operator in the [10005]. However, DNy 4 vanishes in the [10005],
and so there is no such obstruction. The obstruction to the definition of the (6,4) compo-

nent is associated to a (5,6) tg-cohomology class given by
doZy6(N) 4 d1Z5 5(N) ~ T52 0ga(N) (2.16)

where Op 4 is an operator in the [00004]. There are two distinct components in this repre-
sentation descending from Nj 4, so that

[00.4] ~ [D?]abe [P N€ 30 + 0 N 4 (2.17)

for some coefficient ¢ determined such that [d1Og 4] = 0. This is possible because the only
component of D3Ny 4 in the [00005] is the total derivative

[d10,N® 4] ~ T° 5P 0doQo 3, (2.18)

where® ]
N (3
Papea = tr F[achd} - Qa[a‘]bcd] : (219)

To discuss Op 4 more explicitly, let us describe some relevant components of the su-
perﬁeld Qo,3- DQo3 decomposes into two irreducible components of Q12 and Supeag =

1
16 FabcD’YQa,@5 ) as

154 - 3'

DéQaﬁ’Y = 8 Fg(aQa By) aﬁQa )0 + F(S(asabc Br) > (220)

where the [10002]

A )
QI1,2 = (Ql 2+ 96P1 2Fa b Qa,a,@ 96 Fa 2P1 Qa,aﬁ - 96Pa72ra’a6Q1,a6

7

1
20 Fb,2ra’aﬁslab,aﬁ

— TT% ¢ —
12[ 1 ],1 Qa,1a> 6

<Fab,1a51ab,1o¢ +

1 1
12 [Flrabc],lasabc,loz + 12Fab,la[rlrc],lﬁsabc,aﬁ> (221)

and the [00102] S3,2 is the corresponding component of S5 o. D2Q073 decomposes similarly
into Q% ; in the [01001], Sgpeq,q in the [00012], Suedq in the [10101] and Sgeqef,q in the
[01012].

Using representation theory, one computes that (where Z¢ = I‘“b’o‘gtrFabAﬁ )

[00.4] ~ c12%10,Q0,3 + 20,2 1Q0 3 + c3[T)1%02Z5,1Q0,20 + ca[T?]1%0°(d1 Jupe) Qo,20
+Fab0de,2 (C5pabch/e72+Cﬁaf!]abf§cde,2+C7afJachdef,2+68pabcfgdef,2+09ia ISbcde 1

+010[ng]1aéaa5'bcde,fg,1> + e [T%)1°Z,4105Q0 20 + 12016200 Qo 3
~ —dy My, (2.22)

5This differs slightly from the component that occurs in the superconformal multiplet.



with

Moz ~ A TQosz + AT Tape Qo200 + ¢ [FGde]la bed Q020 + AEY 1Qa 2
+C%EG,IQZL,2 + C%Fa,laEaQ;Q + Cl7 [Fab] a'—c abc 2+ Cg [Fabc]la:a abe,2 - (223)

Therefore
Zss = Z55(N)+Ts52Mos, (2.24)

but My 3 is clearly not a descendant of Ny 4 since DNj 4 does not have a [00003] component.
Moreover, two terms in Mj 3 involve the trace of the energy momentum tensor 7', which is
not a descendant of é{l, and the component of Q1 2 in the [00011] which is not a descendant
of Q0,3. To show that O 4 indeed appears with a non-vanishing coefficient, it is enough to
compute that one coefficient does not vanish, say cjp. We have

T02N® 4 = T402=" 1Q03 +toVs 4 (2.25)
with
7 . i .
Vsa = Tuaol1P22Q005 + - L0 ol PZ1 Q005 — [F5 al 172" 1Q0 20
96 . 96 16
(3 b A
~ 199 LCya2 [Farb],larl,mion,laﬁ . (2.26)

One computes

ce A e i .
d1 (F4a72N‘174) = —1p <F4a72:a71Q’172 — 1F4a72 (Tla + 5(9bJ1ab> Qo,s

67

. 3i .
~ ' 2PyQo3 + 5 T3% 5 Pyuy Qo3 + d1V5,4> ; (2.27)

and
do (T4a2N"4) + dy <P4a,2éa,1é?l1,2 +-- 4 d1V5,4>

. - ? 6 - 3 . R
+to (— 1 [F4a72 (Tla + 56bJ1“b> + 5F172P4 — 5P3ab72p2ab:| Q,LQ + dOV5,4>

= l4a2 <éa,1(doQo,3 +d1Q) o) — doéa,1Qo,3)

. . i 6 R 3 . A
+idy [T4a,2 <T1“ + 53bJ1ab> + 5111,2134 - 5T3ab,2p2ab] Qo3 - (2.28)

Oop,4 does not appear here explicitly, but one must take into account that the Zé75 rep-
resentative that we have used involves the components of E‘LJQ’ a2 and F“de,lafDabchovga
in the [00003] which do not appear in DNy 4. One computes in the same way that d;Vs 4

involves a non-vanishing [Fab]laég Aabc72 term in the [00003], exhibiting that ¢, = —1111,5)i2.
Because
di[T] 12 =e abcz ~ Tabede ) 719 | :aaSbcde,fg,l +- (2.29)

in pure spinor cohomology, and because such a term can only be cancelled by the corre-
sponding terms in d; V5 4 involving the components of él,lgg,Q in the [20003], the [01003],



the [00014] and the [10103] which appear in the corresponding components of DNj 4,
we conclude that cjo is also non-zero. In particular, as exhibited in (2.28), the unpro-
jected I’4a72é“71Q073 only contribute to Op 4 through terms in D2é1,1Q0,3, éle(]QO,g and
é171d1Q372, and therefore only contribute to the coefficients (¢, ¢3, ¢4), (c1, c11) and cg,
respectively.

My 3 is not a supersymmetry descendant of Nj 4, but Op 4 is a supersymmetry descen-
dant of both Mj 3 and Ny 4, and thereby provides the ‘bridge’ which relates the double-trace
invariant to Ny 4. The field Mg 3 satisfies the constraint

di Moz ~ —[DQ]abc [Fab]loch,:Sa — CaaNaA (2.30)

in pure spinor cohomology, which is weaker than the conventional linear constraint, but
strong enough in order for [D5]°‘5'7Maﬁﬁ, to define a supersymmetry invariant in space-
time. To see this one makes a supersymmetry variation, i.e. one applies another D to
[D5]O‘57Mam, and verifies that the result can only be a spacetime divergence. This makes
use of the fact that the component of D7N1,4 in the [00001] is a total derivative by repre-
sentation theory.

Note that this implies that this cocycle differs in structure from a cocycle associated
to an ordinary superspace integral in another sense, namely that, although Lg i usually
only involves a [00010], this cocycle has, in addition, a component in the [10001] represen-
tation i.e.

Loy ~ Tg1a[DY*° Mg, s + [D)*7 Ny 10, - (2.31)

The discussion of the single-trace invariant is rather similar. In this case, the lowest
component

Z19~T12Qo7, (2.32)

is again t(p-trivial, so that one can choose a cohomologically equivalent representative Z’
such that its lowest component is

1 .
Zyg ~ 6P2abc,25abc,67 (2.33)

where S3 6 = [['3]*’ D,Qo 65 projected into the [00106]. Again Zy g is neither to-trivial nor
di-exact, and there is no super-ten-form representative of the invariant with a vanishing
(2,8) component. The supermultiplet structure of the super-ten-form is similar to the
one of the double-trace invariant, although one must encounter at least two ‘bridges’ as
in (2.16), (2.22), (2.24), instead of just one, in order to obtain the last component Zj g

from the invariant L1070.6

B-field cocycles. As discussed in the beginning of this section, one can also remove the
lowest component in order to obtain a gauge invariant cocycle starting as Ls 5 ~ I's 2 M 3,
at the cost of introducing an explicit dependence on the fermionic coordinates 6. In order
to do this we shall take Z19 = BoFPs where dBy = Hs. In flat superspace one can choose

%One ‘bridge’ is necessarily associated to a (5,6) to cohomology class, and the second could be associated
to either a (3,8) or a (4,6) to cohomology class, or all three of them could be necessary.
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Bi1 = 1pT'1,2 where g indicates the contraction of a form with the odd vector field 6¢D,.
After some gamma-matrix algebra, one can show that the double trace Ls s ~ B1 1P 2P 2
is equivalent (up to tp-exact terms) to an expression of the standard form, I's o M 3, with

Moz ~ 1gl'q Y 2 (2.34)

where
Yaﬁ’y = (Fbadef)ﬁ'yjabc!]def . (235)

In this expression, we can take the product of the two supercurrents to be in the [10002]
representation of the Lorentz group owing to the self-duality of the gamma-matrix and the
fact that the four-form trace in J? gives a tg-exact term in (2.35). It is not difficult to see
that Ls 5 ~ B1,1P44 has the correct form in the single trace case as well.

Any pure spinor integral can be trivially rewritten as
/ APz [DP)*P M., = / Az [DY*F[DM]4as , (2.36)

where the integrand in the second expression is in the [10002] representation, but no longer
obeys a simple linear constraint in D. If we do this for the double-trace invariant, we can
get rid of the explicit # and rewrite it in the form

I= / dPz[DY* P Y, 05, (2.37)
where Y] o is given by (2.35).

2.3 The d?tr2F* invariant

We can also use the double-trace Chern-Simons invariant to construct the d*tr> 4 invariant
in D = 10. This can be done by inserting two contracted spacetime derivatives into the
eleven-form H3Pj = H3P;Py. We can write this as H30%P40,P;, where the derivative of
a form is the form with the derivative acting on its components. The above analysis goes
through in exactly the same way in the presence of the derivatives. For H3Py Py, we have
seen in the last section that there is a representative defined by My 3 ~ 6.J 2 (2.35), so when
the derivatives are inserted we shall simply get #9*J9,J leading to a spacetime integrand
of a similar form to that discussed in the introduction for this type of invariant in lower-
dimensional spacetimes. Note that such a procedure cannot be used for the single-trace
invariant as the derivatives would either have to sit outside the trace, leading to a total
derivative, or, if taken inside, would have to be covariant and hence spoil closure of the
W-form.

We have therefore succeeded in constructing the double-trace d? F# invariant in D = 10,
but it actually turns out to be expressible in terms of a strictly gauge invariant closed super-
ten-form. To see this, note first that d,w = L,w, where w is a form and £, denotes the Lie
derivative along the basis vector F, = J, in flat superspace. We therefore have

LoP = 1,dP + dig P = di, P, (2.38)

— 11 —



where ¢, denotes the interior product with the basis vector E, and P is an invariant
polynomial form. Therefore the eleven-form Wi

WH = H3EGP4EGP4 == Hg(dLaP4)EaP4
= d(H31,PyLOPy) := dVig , (2.39)

since dL, = L,d. But we already knew that the left-hand side can be written as dK 10, for
some K 10 (and also as leo), so that Lil%" =K 10—‘710 is closed and strictly gauge-invariant.

We shall now argue that LIV cannot be exact. To see this, let us go back to the
superform IA/lo = IA(lo — ZlO- Since 21070 = 0 it follows that the spacetime integrand is
given by K 10,0- We know that this is not zero because it is simply the same as that for the
tr2 F4 invariant but with two inserted derivatives. But similarly, we can see that Vmp =0
and so the new, gauge-invariant il%" also gives rise to a spacetime integral of KIO,O- If
Ky — Vig were exact, this integral would have to vanish, which it does not, as we have
just argued. This means that there is a d?tr? F* invariant in D = 10, and that it can be
derived from a strictly gauge-invariant closed superform.

The lowest component of Ky is IA(GA, which can simply be obtained from (2.10) by
inserting derivatives. So the lowest component of L™ is determined by V. As defined,

this is actually V4,6, so we first have to show that this is ¢y exact. This turns out to be the

case with
Vie =T12taP22l%Pyg = —tgNs4, (2.40)
where
Nsa = taPo2X$s, (2.41)
and where
D1 oL%Pag =to X, (2.42)

In fact, a similar equation to (2.42) holds for P» without the derivative, so that
X%~ 9%J. So now, if we add a term dN to V, where N has lowest component N5 4, the
resulting object will have a (5,5) lowest component which is ¢y closed, and we just have
to rewrite this in the form I‘572M(i)?3v to find the lowest component of the gauge-invariant
superform for d’tr?F*. After some algebra one finds that

MY ~ T 5 9,5 ) Jode (2.43)

up to tp-exact terms. One can also check explicitly that this expression is not trivial
in spinorial cohomology, thereby obtaining a direct proof that this closed super-ten-form
really does give rise to the required invariant.

This is the main result of the D = 10 analysis. We have now shown how all the short
D = 4 invariants can be derived from D = 10 invariants, and that they are of Chern-Simons
type, except for d*tr?F*, for which there is a gauge-invariant super-ten-form. Before we
move on to discuss the dimensional reduction of these special invariants we shall make
some brief comments about other invariants in D = 10.
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2.4 Other D = 10 invariants

The first is the single-trace d2F* invariant. It was shown in [3] that, in D = 4, this is
given by the full superspace integral of the Konishi superfield, a result that generalises to
all dimensions except D = 10 where there is no independent Konishi supermultiplet. The
supercurrent does admit a non-local decomposition into 128 + 128 together with a scalar
superfield [5], so that the latter can be projected out. This is the way that this invariant
was constructed in [18]. However, there is a local alternative, which is to integrate a scalar
projection of the Chern-Simons three-form over the whole of superspace. The formula is:

I= / A2 d1%0 (TP Quup - (2.44)

Although the integrand is not gauge-invariant, it changes by a total derivative under
gauge transformations, and so its integral is an invariant. It clearly has the same dimension
as the Konishi superfield and hence will give rise to the same invariant. We shall verify
this explicitly when we dimensionally reduce it to nine dimensions in the next section.

There are two further possible invariants of this type. They are given by contracting
the (5,2) components of the single- and double-trace Chern-Simons forms with T2, These
are dF* invariants; the single-trace example was discussed in [18]. In principle one could
get invariants of the same type by integrating A* over the full superspace, but it is easily
seen that there is no scalar in the symmetrised single-trace case owing to the Grassmann
nature of A. However, in the double-trace case there is, because the A? integrand is just
J2. Tt is likely that the double-trace Chern-Simons seven-form integral is equivalent to
this, but we have not explicitly checked this.

In D < 10, full superspace integrals of W* give rise to d*F* type invariants. Such
invariants cannot be constructed in an obvious fashion in D = 10 owing to the absence of
a scalar field in the SYM multiplet. In the abelian case, it is known that there is such an
invariant from superembedding considerations. It is easy enough to reproduce this result
using the ectoplasm formalism because we can insert two pairs of contracted derivatives
into H3F*. This does not generalise to the non-abelian case, at least not in the single-
trace case. In fact, it was shown sometime ago [19], using completely different methods,
that there should be a single-trace d*F* term in the string effective action and that it
goes together with other terms of the same dimension such as F®. Recently, this has been
confirmed from a supersymmetric viewpoint: the single-trace F'* term in the action induces
higher-order terms through the action of non-linear supersymmetry transformations, and
these terms do indeed include d* F* [20].7 So the fact that there is no independent invariant
of this type in D = 10 is perfectly consistent because this term is induced from F*. On the
other hand, there should be an independent double-trace d*F* invariant because we can
repeat the argument made above for d?F* starting from two pairs of derivative insertions.
If this is the case, then it would not necessarily imply that the double-trace F* term in the
action does not induce a d*F* term automatically, although this could be the case if there

is only one such term.

"In [20] the gauge group is U(k).
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3 Dimensional reduction

In this section we shall study what happens to the D = 10 invariants when they are reduced
to D < 9.8 We shall see that both of the F'* Chern-Simons invariants retain this property
in D =9, but below that they can be replaced by gauge-invariant super D-forms and that
the latter are what one expects from direct computations in these dimensions. We shall
underline ten-dimensional vector indices and set E% = (E*, E"), wherer =1...10—D = n.
We shall also underline ten-dimensional forms, but continue to write spinor indices as 16-
component. For the SYM potential we have

A=A+ EW,, (3.1)
where W, are the scalars in D dimensions. The ten-dimensional field strength is
1
F=(F+GW,)+E DW, — QESE”[WT7 Wil . (3.2)

Here D denotes the gauge-covariant exterior derivative in D dimensions, all fields are
independent of the compactified coordinates and G" = dE" is the dimension-zero torsion
in the extra dimensions. We can easily read off the constraints on the lower-dimensional
field-strength tensor from the D = 10 ones using this equation.

For an arbitrary p-form w,, we have

1

w :wp_"Erwp,r‘F"'n'

) E™ . E"Wy gy - (3.3)

If w,, is closed, then it is only the last term in the expansion that is closed by itself in
the lower dimension.

Now consider the D = 10 Chern-Simons F* invariants. They can be derived starting
from a closed eleven-form W, = H3Pg, where Pg can be single- or double-trace. Moreover,
Wy, = dK,. If we reduce this to nine dimensions, then we find, with W; = Wy1+ E°Wqg,
and similarly for K, that Wiy = dKg9. And we also have

Wi =W+ E9W10
= (H3 + E°Hy) Py (3.4)
where Hy = H3 + EYHy. Since Py = Pg(A), i.e. is a polynomial determined by A, and
since A = A + E°W, we know, from the general properties of such polynomials, that
Pg(A) = Pg(A) + d(E°Xg), where Xg is some gauge-invariant six-form in nine dimensions.
We therefore find
Wio = HQ(Pg + G9X6) — H3dXg
= HoPs — d(H3Xs), (3.5)
since dH3 = —G?H,. So the natural D = 9 Chern-Simons object, HyPy, is Weil trivial

and is equal to the exterior derivative of Kg + H3Xgs. We can therefore construct a super-
nine-form starting from this point. The lowest component of Kg is K54, but the lowest

8The construction of invariants by dimensional reduction was first discussed in [21].

— 14 —



component of H3Xg actually has bidegree (1,8), the point being that the natural F*
Chern-Simons construction in D = 9 leads to a superform whose lowest component is L1 g
as opposed to the L5 one would have obtained by direct dimensional reduction of the
super-ten-form in D = 10.

We can now repeat this manouevre and go from D = 9 to D = 8 starting from the
natural HyoPg form in D = 9. Now, however, we find that there is no Hy: it is identically
zero. Instead, we find that there is a natural closed, gauge-invariant eight-form given by
Kg — HgXé, where Kjg is derived by dimensional reduction from Kg + H3Xg and Xé is
derived from Py in a similar fashion to Xg, but in one fewer dimension. This means that
we now have a gauge-invariant super-eight-form in D = 8 that gives rise to an F* invariant
by the ectoplasm construction. So the two F* invariants are of Chern-Simons type in
D = 9,10 but in all lower dimensions they are given by gauge-invariant super-D-forms
whose lowest component is in Lg p.

The other Chern-Simons type invariant in D = 10 is the on-shell action which can
be obtained starting from the eleven-form H7trF?. In flat superspace Hy ~ I's 2, and so
the Chern-Simons nature of the action is maintained for D > 5. In D = 4 it reduces to a
gauge-invariant expression which is equivalent to the four-6 superaction formula given in [1].

We now consider the dimensional reduction of the integral of the Chern-Simons three-
form given in (2.44). We have

Q3(A) = Q3(A+ E°W) = Q3(A) + E°tr(2W F(A) + GW?) + d(tr(AE°W)),  (3.6)
and, from (3.2) and the D = 10 constraints,
Fop=i(T%)asW . (3.7)
The integrand in (2.44) can be written as
()’ Qaap(A) = (T Quas(A) + (I*)* Qoag . (3.8)

and (3.6) implies that the second term on the right is proportional to trW?2 up to a derivative
term that integrates to zero. The first term can be evaluated by contracting all four spinor
indices in the relation Pp4 = d1Qo3 + toQ1,2 with two factors of I'. The derivative term
will again drop out in the integral, and thus we find, since Py 4 o< (I'?)?trW?, that the first
term on the right in (3.8) is also proportional to tri/W?2. We have therefore shown that

I= /dloxde TP Qap — (:onst/dguvalm@trW2 (3.9)

under dimensional reduction to D = 9. Since trW¥? is the Konishi superfield in D = 9 this
confirms the claim made below (2.44).

4 Implications for ultra-violet divergences

In the algebraic approach to the renormalisation of MSYM in various dimensions, admis-
sible counterterms are those that can be associated with a closed super-D-form that has
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the same structure as that of the action [22]. This result is derived in the component
formalism starting from the putative counterterm considered as a spacetime D-form and
then deducing the existence of a sequence of spacetime (D — k)-forms by descent. This
descent series is then equivalent to a super-D-form of the type we have been considering
in the ectoplasm approach.

The F* invariants, as we have seen, are given by Chern-Simons type expressions in
D = 9,10 but can be replaced by gauge-invariant super-D-forms in D < 8. These gauge-
invariant super-forms certainly have a distinct structure to that of the action which allows
one to prove that counterterms of this type are forbidden within the algebraic approach [22].
However, as we saw in section 2.2, the D = 10 Chern-Simons cocycles for the F* invariants
are already longer than that of the action due to the fact that their lowest components have
bi-degrees (4,6) or (2,8) instead of (5,5). If we reduced these directly, we would expect to
retain this structure in lower dimensions. Either way, these invariants would be protected
purely by algebraic renormalisation. There is a third argument one could use which is
that, because Chern-Simons type operators can only get renormalised by gauge-invariant
operators [23], one does not need to consider the possibility that these invariants could be
defined as the top component of Chern-Simons type super-D-forms of the same structure
as that of the action.

Finally, we consider the one-quarter BPS invariant d?tr?F*. As we have seen, this
has a gauge-invariant super-ten-form compatible with the Lagrangian, which can be re-
duced straightforwardly to any lower dimension. We therefore conclude that the algebraic
method does not protect this operator from renormalisation. This is only relevant in
D = 5,6,7, since in D > 8 it can only occur in D = 10 at one loop where the algebraic
non-renormalisation theorem is not valid. In D = 7 this invariant corresponds to a two-
loop counterterm which was found to be non-zero in [24, 25]. In D = 6, however, recent
computations [26] based on the unitarity method have shown that this invariant, which
now occurs at three loops, is in fact ultra-violet finite. The algebraic method therefore does
not explain this, although it appears that string-based arguments can [27] (see also [28] for
a recent discussion based on a first-quantised pure spinor approach). In [4] it was argued
that there is a difference between D = 7 and D = 6 in that the cocycle for the former could
be shown to be equivalent to that of the action while this was not true in D = 6. One might
think that one could simply reduce the D = 7 expression to D = 6, but this would not
automatically lead to a fully D = 6 R-symmetric super-form. However, a closer analysis of
the cohomology reveals that there is not a problem with this. The cohomological analysis
in D =6 and D = 5 is somewhat involved, but the construction of the invariant in D = 10
simplifies the analysis considerably as it is now obvious that the one-quarter BPS invariant
is not protected by the algebraic method in any dimension.

The finiteness of D = 6 MSYM at three loops in the double-trace sector therefore
remains a puzzle from a purely field-theoretic point of view. It seems difficult to envisage
a mechanism that can allow a counterterm in one dimension but not in another based on
symmetry principles. There is one difference between D = 6 and D = 7, however. In
D = 6 this invariant is strictly one-quarter BPS, while in D = 7, as we mentioned in
the introduction, this notion is not compatible with Lorentz symmetry. If one takes the
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product of two supercurrents, for D < 6, the lowest scalar components define four different
multiplets: one-half BPS, one-quarter BPS, and non-BPS, long and short types. This last
multiplet satisfies a higher-order differential constraint (in terms of Ds). For example, in
D = 4, the square of the supercurrent in the real 20-dimensional representation of SU(4)
satisfies a second-order constraint which leads to its being a protected operator even though
it is not BPS [29].” In D = 7, on the other hand, the square of the supercurrent splits into
three scalar superfields, of which one is one-half BPS, one is long, and the third obeys a
higher-order constraint. It is this third one that contains the d?tr? 4 invariant. It may be
the case that the sum of the one-quarter BPS and short multiplets is no longer reducible
in D =7, or perhaps that one can separate them at higher dimension. Either way, it does
seem that there is a real difference but it is not clear that the algebraic method can detect
this in the analysis of divergences. It might be that there is some, as yet unknown, off-shell

formalism that is subtly different in the different dimension, but this is purely conjectural.

5 Summary and conclusions

In this article we have studied the invariants of maximally supersymmetric Yang-Mills
theory with gauge group SU(k), in D = 4,...10 using superspace techniques. We have
focused on the short invariants because the long invariants, corresponding as they do to
full superspace integrals, are much simpler to deal with. As we have seen, for D < 6, all
of the short invariants are of BPS type except for the on-shell action itself, and this is also
expressible as a gauge-invariant superaction in D = 4. There does not seem to be any good
reason to expect this situation to change in 1 < D < 3, although we have not investigated
this fully. For D > 6, the multiplet structure starts to change, and in particular, in
D = 9,10 we have seen that the F* invariants are of Chern-Simons type. We have also
shown how one can construct further invariants by inserting spacetime derivatives and
have made use of this trick to express the d?tr?F* invariant in terms of a gauge-invariant
closed super-ten-form via the ectoplasm formalism. In [18] a classification of single-trace
invariants, mainly in D = 10, was given. The authors of this paper used completely
different cohomological techniques to the ones we have used here, and in particular, did
not make the connection between invariants and short multiplets so explicit.

The results of our investigations are summarised in table 1 on the next page.

Combining these results with algebraic renormalisation techniques we were able to
confirm that the single- and double-trace F** invariants cannot mix with the action, owing
to the fact that they have different cocycle structures. On the other hand, the existence of
a gauge-invariant closed super-ten-form for the d?tr? £ in D = 10 dimensions implies that
the cocycle structure associated with this invariant will be the same as that of the action
in all lower-dimensional spacetimes and hence that one is not able to conclude that it is
protected by this argument even though it is known that it is finite in D = 6. There is
a difference for this invariant in D = 7 in that it is only truly one-quarter BPS in D < 6

°This operator was found to be non-renormalised by direct calculation in the context of AdS/CFT in
refs. [30, 31].
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tr F2 tr F* tr2 F* @2t F? d?tr F*

D=10 [ L% I LGS [ LB, [dPzd0Q

D=9 » ” » dex d169K
D=78 7 5 BPS ? v
D=56 7 v i BPS v

D=4 ; BPS 5 ) 5

Table 1. Some MSYM invariants and their construction in various dimensions. The short invariants
are, besides the action, the single and double trace F* invariants as well as the double trace d?F*
invariant. @) denotes the projection of the CS three-form and K is the Konishi superfield. The
one-half BPS integral for the action in D = 4 is special (ultra-short) in that it is an integral over
four fs rather than 8. For 1 < D < 3 the situation is expected to be the same as in D = 4.

and below, but it is not clear from the algebraic point of view why this distinction should
affect its ultra-violet properties.
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