1509.02550v2 [quant-ph] 13 Sep 2015

arxXiv

Steering Criteria via Covariance Matrices of Local Observables in Arbitrary
Dimensional Quantum Systems

Se-Wan Ji, Jaehak Lee, Jiyong Park and Hyunchul Nha!
! Department of Physics, Texas A&M University at Qatar University, PO Box 23784, Doha, Qatar

We derive steerability criteria applicable for both finite and infinite dimensional quantum systems

using covariance matrices of local observables.

We show that these criteria are useful to detect

a wide range of entangled states particularly in high dimensional systems and that the Gaussian
steering criteria for general M x N-modes of continuous variables are obtained as a special case.
Extending from the approach of entanglement detection via covariance matrices, our criteria are
based on the local uncertainty principles incorporating the asymmetric nature of steering scenario.
Specifically, we apply the formulation to the case of local orthogonal observables and obtain some
useful criteria that can be straightforwardly computable, and testable in experiment, with no need

for numerical optimization.

In quantum world, there exist some strong correla-
tions that cannot be described in classical ways providing
thereby a crucial basis for applications, e.g. in quan-
tum information processing. Among different forms of
quantum correlations, the most well studied are quan-
tum entanglement [1] and nonlocality |2]. Nonlocality
is the strongest correlation that does not admit any lo-
cal realistic models [3], in which the joint probability for
the outcomes a and b of local measurements A and B,
respectively, are explained by

Puav(a,b|A, B) = > paPa(alA)Pr(b| B), (1)
A

where a hidden-variable A is chosen according to the dis-
tribution py. On the other hand, quantum entanglement
is the correlation distinguished from classical correlation
within the framework of quantum mechanics. That is,
if a quantum state shows correlation that cannot be ex-
plained by the form

Po(a,b|A, B) = " paPy(alA) P2 (b B), (2)
A

where the superscript @ refers to the restriction to quan-
tum statistics only, it is called quantum entangled.

Recently, an intermediate form of correlation between
quantum entanglement and nonlocality was rigorously
defined in [4]—quantum steering—and it has attracted
a great deal of interest during the past decade. The con-
cept of quantum steering envisions a situation where Al-
ice performs a local measurement on her system, which
makes it possible to steer Bob’s local state depending
on her choice of measurement setting [5, |6]. This no-
tion is practically relevant when Bob wants to confirm
quantum correlation although he cannot trust Alice or
her devices at all [4], leading to some applications, e.g.
one-sided device-independent cryptography [7] and sub-
channel discrimination [§]. In view of joint probability
distribution, steering is the quantum correlation that can
rule out the local hidden state (LHS) models,

Puns(a,b|A, B) = 3" paP(a| AP (B B),  (3)
A

where Alice’s statistics Py (a|A) is unrestricted while Bob’
statistics Pf) (b| B) obeys quantum principles. Ppys is ob-
viously a subset of PLyy as seen from its construction,
which makes EPR steering more accessible in experiment
than nonlocality [9]. There have been other remarkable
works on quantum steering including its connection to
measurement incompatibility [10] and the phenomenon
of one-way steering [11], [12], etc.. However, we need to
have a more comprehensive set of steering criteria read-
ily testable particularly for higher-dimensional systems,
which may bring us a deeper understanding of quantum
correlation.

In this work, we introduce steering criteria based on co-
variance matrices of local observables that can be applied
to bipartite quantum systems of arbitrary dimensions.
This approach is an extension from the entanglement de-
tection via covariance matrices [13-15] by incorporating
the asymmetric nature of quantum steering and local un-
certainty relations. In particular, we apply our formalism
to local orthogonal observables and derive some useful
criteria that can be readily computable, and also prac-
tically testable, without doing numerical optimizations.
We illustrate the usefulness of our methods by detecting
steerability of some higher-dimensional states, for which
few criteria are known so far. Moreover, we show that
our method leads to the Gaussian steering criteria for
general M x N-modes of continuous variables (CVs) as
a special case [4, |16, [17].

Non-steerability—Let us begin with the notion of non-
steerablity. Assume that two separate observers, Alice
and Bob, share a bipartite quantum state pap on H =
Ha ® Hp, where dg (dp) is the dimension of Ha (Hp).
If this state is nonsteerable from Alice to Bob, then the
joint probabilities of local measurements on two observers
can be written as [4]

P (a, b|Ak, Bl) =1Tr [pABAk(a) (24 Bl(b)]

Yox PN P(alAk, N\)Tr [prBi(b)],

(4)
where Alice’s and Bob’s POVMs are denoted by {Ax}
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and {B;} respectively. In this case, the (un-normalized)
conditional state held by Bob, when Alice performs the
measurement Ay with the outcome a, is given by

palk = »_ P (N) P (alA, \) pa. (5)
A

The probability of Alice getting the output a for measure-
ment Ay is given by T7 (pa) = Yo\ P(A\)P (alAk, A),
and the set of un-normalized states {pa|k} is referred
to as an assemblage [€]. If the assemblage for a given
state pap is written in the form of Eq. (@) for all
measurements {A;} and outcomes a, we say that the

correlation of the given state pap can be explained by
the local hidden state (LHS) model [4].

Local  uncertainty  relations—Let {Ak} be the

observables on Hju. If they do not have a
common eigenstate, there exists a nontrivial,
state-independent, bound C,4 > 0 such that

3, 62 (Ak)pA = ,.(A2) — (A4)2 > C4 holds for

all states pa on Ha [18], which is the so-called local
uncertainty relation (LUR). For example, if we consider
the three Pauli operators o,,0,,0, in a qubit system,
then C'4y = 2. Another example is the case of two observ-
ables X (V) = \/Li (aN—i-aTN) , PV = \’/—% (aN —aTN) in
continuous variable systems, for which we have C'4 = N!

due to [XV) pMM] = iZiV:lr! atN-rgN-r

r
[17, 19]. The simplest case of N = 1 for the operators
XM pPN) - correspond to two orthogonal quadrature
amplitudes.

The following is a non-steerability criterion that is
based on LURs.

Lemma. (Steering criteria with local uncertainty rela-
tions) - If a given bipartite quantum state pap satisfies
Egs. ({{)) and (@), i.e., nonsteerable from Alice to Bob
(from Bob to Alice), the following inequality must be sat-
isfied

N
S (dv@t+19B) =Cp (Ca), ()
k

where Cp is a strict positive lower bound of LURs [18]
in Bob’s Hilbert space, i.e.,

)
Zk:a (Bk) > Cp > 0. (7)

Proof. We consider a situation where Alice attempts to
infer Bob’s measurement outcome by performing a mea-

surement on her subsystem. Let Bi (Ak) be Alice’s es-

timate of the outcome of Bob’s measurement ﬁk as a
function of the outcome of her measurement A;. The

2

average inferred variance of Ek given estimate Bj, (Ak)

is defined as
Spng (Bk) = <{3k — By, (Ak)r>- (8)

Here the average is taken over all possible outcomes aj
and bg. It can be readily shown that if a given quan-
tum state pap is nonsteerable from Alice to Bob, then

3,02, (Bk) > (Cp following the method in 20, 21).
With a linear estimate Bg (flk) = —gkflk + <Ek +gk/1k>

[20, 21], where {gi} are arbitrary real numbers, we have

S0 (grdy @1+ 19 By) > Cp. ©)

k
Then if we set g1 = ... = gy = 1, we obtain the desired
inequality in Eq. (@). O

Covariance Matriz—Let p be a given quantum state
and let {Of :k=1,..., N} be some observables. Then
the elements of N x N symmetric covariance matrix ~y
are defined by

ig = ((0i0;) +(0;0:) /2 = {0:)(05).  (10)

Now, let us consider a total set of observables in a com-
posite system, {O} = {Ar ® 1,1 ® By} to construct the
covariance matrix. Then the covariance matrix v4p with
{Ox} has the block form
A C
YAB (pABv {Ok}) = |: OT B :| ’ (11)

where A = v (pa,{Ar}) and B = v (pp,{Bx}) are co-
variance matrices for the reduced states p4 and pp, re-

spectively, and the correlation matrix C has the entries
Ck,l = <Ak ® Bl> — <Ak><Bl>

Theorem. If a given bipartite quantum state pap i
non-steerable from Alice to Bob, its covariance matriz

YAB Satisfies
vaB > 04 @ kB, (12)

where kg = Y, prY (|bk) (bk]), |bk) are the states on Hp,
and >, pr|br)(be| = pB is Bob’s reduced state.

Proof. To prove Theorem, we make use of the techniques
that were utilized in Ref.[13] for entanglement detection.
Let us define a set of matrices as T =
{t|t=04a®kp+ P with P>0}, which forms a
closed convex cone. Then Theorem is reformulated by
saying that if pap is non-steerable from Alice to Bob,
then yap € T. If a given pyp violates the inequality in
Eq. (I2), we have yap ¢ T.



As indicated by a corollary to the Hanh-Banach theo-
rem, for each yap ¢ T, there exists a symmetric matrix
W and a real number R such that Tr (W~yap) < R while

Tr (Wt) > R, VteT. (13)

Because Tr (WP) > 0 holds for all P > 0, we have
W > 0. Let us use the spectral decomposition of W =

S MTOTWT = 5 A (o @ gF) (oF) @ W7
Introducing Ay, VAR D ozz(-k)Ai and B, =
VALY, Bi(k)Bi where {4;} and {B;} are the observables
chosen for the construction of v4 5, we have for pap that

Te(Woap) = Y 0 (k@1 +10B,).  (14)
k

By definition we know that all 04 ® kg € T', and by the
concavity of covariance matrix it follows that all 04 &

v € T. Thus Te(W (04 &p)) = 32,6% (Bi) > R.
This implies that

R < min (;52 (B’“)p3> = Cp. (15)

Eventually, since the inequality in Eq. ([I2) is vi-
olated, yap ¢ T and Ekdz (Ak®ﬂ+ﬂ®Bk) =

Tr (W ’YAB) < R
inequality in Eq. (@)).

< Cp, showing a violation of

This means that if a given quantum state pap vio-
lates the inequality in Eq. ([I2]), there must exist the sets

{Ak}, {Bk} for which the given state violates the in-

equality in Eq. (@) and then p4p is steerable. Therefore
we conclude that if a given quantum state pap is non-
steerable from Alice to Bob, its covariance matrix y4p
must satisfy the inequality in Eq. ([I2). O

In contrast to the non-steerability condition in Eq.
([@2), we note that the separability condition reads as
YaAB > ka®kp [13,114], where the local covariance matrix
ka4 appears due to the restriction to quantum statistics
at Alice’s station as well.

Local Orthogonal Observables—We now derive some
readily computable steering criteria using Theorem. For

this purpose, let us choose d?4 observables {Ak} on Hx

such that they satisfy orthogonal relations Tr (/ik /11) =
0ri- Note that a quantum state ps can then be repre-
sented using these observables as py = ZZZ‘MA;C)M Ap.
Similarly, we take the local observables {Bk in Hp.

These orthogonal observables are called local orthogonal
observables (LOOs) [22]. In this case, the lower bound
of the inequality (@) is given by Cp = dp — 1 [23].

The covariance matrix 7599% is now constructed with

the LOOs, and their partioned blocks are represented by
ALOOs and BLOOs for the reduced states, respectively,
and CTO9s for the correlation matrix. We then obtain
the following result.

Proposition 1. If a given bipartite quantum state pap
is nonsteerable from Alice to Bob, the correlation matriz
CLOOs constructed with LOOs must satisfy

1000y < \/(da = Tr (p3)) (1~ Tr (43)),  (16)
where ||Al|¢ s a trace norm of a matriz A.

Proof. If a partitioned matrix in block form is positive
semidefinite,

-(a)ee o

we have the relation ||A1a]|Z. < ||A11|er [[Azz]ler [24]. We
thus find, due to the inequality ([I2),

|CE00 oy < \JI[AFOO% 1| BLOOS — 5EOO%|

(18)

=/(da =Tr (%)) (1 - Tr (p3)),
where we used [[AFOO%||, = TrA = Y0a(A2) —
(Ap)? = da — Tr (pi‘) and ||BFOOs — H%OOSHW =

Tr BLOOS — Ty kE00s = dp — Tr (p3) — (dp — 1) =
1 — Tr(p%) [13]. If a given state is nonsteerable from
Bob to Alice, the upper bound in Egs. (13) and (15)
is \/(dg —Tr(p%)) (1 —Tr(p%)). We can also prove
Proposition 1 without resort to the covariance matrix
formalism in Appendix. O

Ezamples - (i) Let us consider a noisy, asymmetric,
two-qubit state that is written as

P =p [0 ) @+ (1 —p)ps, (19)

where [1)7) = % (|01) — [10)) and p, = 2/3|00)(00| +
1/3]01)(01|. Using the condition in Eq. (I6]), we find
that the state in Eq. ([9) is steerable from Alice to Bob
if p 2 0.53197, and steerable from Bob to Alice when
p 2 0.53524.

(ii) Suppose now that Alice and Bob share a single pair
of 3-dimensional particles in the state

1-F
Php = FI@T)@T [+ —— (101){01] + [12)(12] + |20)

—~

201),

20)
where [®1) = 1/1/3(|00) + |11) +[22)) and 0 < F < 1.
It is straightforward to see that if F' > 1, then pf{; is
steerable in both ways.

—~

IN

1
2

It is worth remarking on two properties of the in-
equality in Eq. ([I8). First, this inequality is asymmet-
ric for the cases of Tr (pi‘) # Tr (p2B). For instance,



if we consider the two-qubit state in Eq. ([9), its re-
duced states p’i* and p%%° have asymmetric mixedness,
ie, Tr [(p’}f)z} #+ Tr {(p%s)ﬂ, unless p = 4/7, 2/5. Sec-
ond, the inequality in Eq. (6] is independent of the
choice of local orthogonal observables (LOOs) in each
party, because of the uniqueness of the singular values of
the correlation matrix [25].

We now make another proposition useful for detecting
steerability.

Proposition 2. If a given bipartite state pap is non-
steerable from Alice to Bob, the following must be satis-

fied,

Tr {(CLOOS)T (ALOOS)_l CLOOS} <1-Tr (p3), (21)

where A~ denotes the Moore-Penrose pseudoinverse of
the matriz A [24]. The term on the left-hand side of Eq.
(21)) is independent of the choice of LOOs.

Proof. Let us consider a real symmetric matrix with
a block structure as in Eq. (7). Then the follow-
ing statements are equivalent [26] : (a) A > 0, (b)
ker (Aga) C ker (Aj2) and Ay — AppAsy AT, and (c)

ker (All) C ker (A?Q) and Aoy — A?QAl_llAlg > 0.

Applying the conditions (a) and (c) to Eqs. () and
(@) leads to BLOOs _ (CLOOS)T (ALoos)—l CLOOs >
KEPO® > 0. Since Tr (kE09%) dp — 1 and
Tr (BEX99%) = dp — Tr(p%) 13, 23], we obtain
the desired inequality in Eq. (ZI)).

It is known that given a set {A;} of LOOs, any other
set {fll} of LOOs has the form A; = >k O Ay, where
Ok is an entry of an arbitrary d% x d% real orthogonal

matrix O, [22]. Similarly, there is a d% x d% real orthog-
onal matrix Op that transforms a set {By} to another

set {él} If we choose the sets {fll} and {él} of LOOs

instead of {A} and {Bg}, the covariance matrix in Eq.
(D is given by

~ B A é B OA ALOOs O£ OA CLOOs Og
TAB= AT B T Op (CLOOS)T 0% Oy BLOOs 0T,

(22)
Then the term on the left-hand side of Eq. (1)) is given
by

Tr (CT A1 A) =Tr [(04CH090F)" (044209°0%) ™" (04CH09°0F)]
—Tr |Op (CLOOS)T 0T0,4 (ALoos)*l OZ"OAOLOOSOE} - Ty {(OLOOS)T (ALOOS)*l OLOOS}

where we used the definition of orthogonal matrices and
the permutation invariance of the trace of a matrix . O

Ezamples- (iii) Let us consider a two-qubit Werner
state given by

s [ R L TR HCYY

where 0 < p < 1. Using Eq. (ZI) one finds that p%5 is
steerable from Alice to Bob and from Bob to Alice for
1

(iv) Let us consider a two-qutrit state represented by

/

2

where = 1/3(|01)(01] + |12)(12| + |20)(20]),
pa = 1/3(102)(02] + |10)(10] + [21)(21]), and 0 < F' < 1.
We can check that if F' > 1/7 (1 + 2\/5) ~ 0.5469, then
the state in Eq. (28] is steerable in both ways.

php = F'|o0)(@F| + (pr+p2),  (25)

We now turn our attention to CV systems.

(23)

Proposition 3. Consider a bipartite quantum state
pSY% of M x N-modes of continuous variables. If we
choose local observables as {Ax x Ipy, 14, ® Br} =

{Xg,lg © 15y, P @ gy, 14y @ XU, 14, ® PY }

k
where 14,, = ﬂ%M, I, = ﬂ%N, k= 1,...M,
l=1,...,N and Ay, B; denote the k-th and [-th mode in
the parties which are held by Alice and Bob, respectively.
Here we omit the tensor products in each party. For
mstance, X1(411)®ﬂBN means X;11)®HA2®~ cdapR1IB, .
If a state pGY is nonsteerable from Alice to Bob, the
covariance matriz vy that is constructed with those

local observables has to satisfy
Y9E =04 ®iQp, (26)

where Qp = @ij\LlQBi with Qp; = % <_(1) (1)> If this

inequality is violated then pS Y% is steerable from Alice to
Bob.

Proof. The proof of Proposition 3 is straightforward.
By Theorem, if it is impossible to steer from Alice
to Bob, we have that 7G5 > 04 @ kG" where GV =



S pkyCY (Jbr)(bi]). Since vV (|bg)(bk|) is the covari-
ance matrix of a physical quantum state with regular
quadrature amplitudes, we obviously have 04 & ngv >
04 @ iQ2p due to uncertainty principle [27]. Because the
sum of two positive semidefinite operators is also positive
semidefinite |25], we obtain the desired inequality in Eq.

(24). 0

The inequality in Eq. (26) is indeed the nonsteer-
ability criterion for Gaussian states under Gaussian
measurements that Wiseman et al. have derived in Ref.

.

Remarks—After completion of this work [28], we be-
came aware of a related interesting article [29], which
proposes moment-based steering criteria in a form I';; =
<SZSJ->. The operators S; in [29] are chosen as a prod-
uct of local operators S; = A ® B; and there arise some
unobservable matrix elements that are treated as free pa-
rameters with constraints due to joint-measurability on
Alice’s side and quantum algebra on Bob’s side.

In our case, the correlation matrix C' in Eq. ()
addresses all observable moments from the outset. On
the other hand, the local covariance matrix A at Al-
ice site contains moments A; ; = ((4;4;) + (A;4;)) /2 —
(A;)(A;) that cannot be directly determined due to the
incompatibility of local measurements {A4;}. Of course,
one might define a new Hermitian observable O4 =
A;A; + Aj;A; to evaluate it, which is however not ac-
ceptable in a rigorous steering test where Alice is fully
untrusted. Nevertheless, we have shown in the proof
of Theorem that the violation of the inequality (12) is
equivalent to the existence of local observables { Ay} and
{B}.}, with which one can show the violation of inequal-
ity (6). As the latter inequality requires only observable
moments, the strongest test of steering becomes always
possible for whatever states violating the covariance ma-
trix criterion as a matter of principle.

It now becomes an interesting question how those ob-
servables { A} and {Bj} can be systematically obtained
for a given covariance matrix. For those states violating
the inequality (16), we immediately obtain the observ-
ables {A;} and {B}} using a singular-value decomposi-
tion (SVD) of the correlation matrix ¢ = OMAO®),
where O (i = 1,2) are orthogonal matrices and A
a diagonal matrix with non-negative entries. As we
have shown in Appendix, the violation of the inequality
(16) is equivalent to the violation of (A. 2)—a strongest
form of steering test— by defining another LOOs A; =
> Ol(,i)Ai and By, = > Og)Bi, where O are the same
orthogonal matrices in the SVD of C = OMWAO® while
{4;} and {B;} are the original LOOs constructing the
covariance matrix.

Conclusion—We have derived steering criteria based
on covariance matrices of local observables, which can be
applied to both discrete and continuous variable quantum

systems. We have particularly employed local orthog-
onal observables (LOOSs) to obtain some readily com-
putable, and experimentally testable, criteria useful to
detect steerability for quantum systems of arbitrary di-
mensions. We have demonstrated that these are use-
ful to detect a wide range of entangled states particu-
larly for two qutrits, which can be further extended to
higher-dimensional systems. Moreover, we have shown
that the Gaussian steering criteria for CV systems of
M x N modes are derived as a special case of our cri-
teria. We hope our method could be a useful tool to
identify a broader set of quantum steerable states and
bring a deeper understanding to quantum correlations at
large.
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cussion on our manuscript. This work is supported by
an NPRP grant from Qatar National Research Fund.
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Appendix
Alternative Proof of Proposition 1

If a given bipartite quantum state pap is nonsteerable,
we know that the inequality in Eq. (@) is satisfied,

252 (gk/ik@)ﬂ—l—ﬂ@f}k) > Cp. (Al)
k

Now let us consider the case that the observables Ak, Ek
are LOOs, i.e., Tr (flk/ll> = Tr (Ekf?l) = 01, and set
g1 = g2 = ... = g. Then we directly derive, from Eqgs. (@)

and (), the criterion

Z&Q(QAkQ@ﬂBﬁ-]lA@BAk)ZdB—l. (A2)
k

Thus any quantum state violating Eq. (A.2) is steerable
from Alice to Bob. Let us now set the real number g to
make the term on the left-hand side of Eq. (A.2]) as small
as possible,

a(zk52(9Ak®ﬂB+]lA®Bk))
dg
=2g¢ (Zk 52Ak) +2 (Zk (A ® By) — <Ak><Bk>) =0,

k
_ R(AR®Br)—(Ag)(By)
>k 024

= g=

(A.3)
Substituting ¢g in Eq. (A3) into the inequality (A.2))
and using the properites of LOOs, we obtain the simple
relation for non-steerable quantum states from Alice to
Bob

> (Ap ® Bi) — (Ag)(By)
k

(A.4)
The inequality in Eq. (Ad) is always satisfied for all
bipartite non-steerable states from Alice and Bob with
arbitrary sets of LOOs in H4 and Hp. We can now
choose the LOOs that make the left-hand side of Eq.
(A4) largest. To this aim, we use the correlation matrix
C (d? x d% real matrix) of LOOs in Eq. (), which can
be brought to a singular value decomposition with real
orthogonal matrices [25]. The transformed LOOs by or-
thogonal matrices are also LOOs and we can reformulate

the inequality (A4) as

|CEO% i < 4/ (da = Tr (%)) (1 = Tr (s3)).  (A5)

< \J(da =T (p3)) (1= T (p3)).



