
  

A PROBABILISTIC APPROACH FOR MULTISCALE POROELASTIC 

MODELING OF MATURE ORGANIC-RICH SHALES 

 

A Thesis 

by 

MOHAMMAD MASHHADIAN  

 

Submitted to the Office of Graduate and Professional Studies of 

Texas A&M University 

in partial fulfillment of the requirements for the degree of  

MASTER OF SCIENCE 

 

Chair of Committee,  Arash Noshadravan 

Co-chair of Committee, Sara Abedi 

Committee Member, Zachary Grasley  

Head of Department, Robin Autenrieth  

 

August 2017 

 

Major Subject: Civil Engineering 

 

Copyright 2017 Mohammad Mashhadian



 

ii 

 

ABSTRACT 

 

 Organic-rich shales have been recognized as one of the most important energy 

resources in the world due to their ubiquitous presence. However, there are numerous 

engineering challenges serving as obstacles for exploiting these geo-materials with multi-

scale microstructure. This work addresses an important aspect of engineering challenges 

in understanding the complex behavior of organic-rich source rocks, namely their 

anisotropic poroelastic behavior at multiple scales.  

To this end, we utilize a framework obtained by combining experimental 

characterization, physically-based modeling and uncertainty quantification that spans and 

integrates scales from nanoscale to macroscale. The multiscale models play a crucial role 

in predicting macroscale mechanical properties of organic-rich shales based on the 

available information on poromechanical properties in microscale. Recently a three-level 

multiscale model has been developed that spans from the nanometer length scale of 

organic-rich shales to the scale of macroscopic composite. This approach is powerful in 

capturing the homogenized/effective properties/behavior of these geomaterials. However, 

this model ignores the fluctuation/uncertainty in mechanical and compositional model 

parameters. As such the robustness and reliability of these estimates can be questioned in 

view of different sources of uncertainty, which in turn affect the requisite information 

based on which the models are constructed. In this research, we aim to develop a 

framework to systematically incorporate the main sources of uncertainty in modeling the 

multiscale behavior of organic-rich shales, and thus take the existing model one step 
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forward. Particularly, we identify and model the uncertainty in main model parameters at 

each scale such as porosity and elastic properties. To that end, maximum entropy principle 

and random matrix theory are utilized to construct probabilistic descriptions of model 

parameters based on available information. Then, to propagate uncertainty across different 

scales the Monte Carlo simulation is carried out and consequently probabilistic 

descriptions of macro-scale properties are constructed. Furthermore, a global sensitivity 

analysis is carried out to characterize the contribution of each source of uncertainty on the 

overall response. Finally, methodological developments will be validated by both 

simulation and experimental test database. 
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1 INTRODUCTION 

 

 

 

1.1 Overview 

The term shale has been used in two categories from a historical point of view: 1) as a 

general group-name for all fine-grained siliciclastic rocks, and 2) as a definition of 

laminated clayey rocks [Tourtelot 1960]. In this work, we investigate shale materials from 

a geomechanics point of view. From this perspective, shale materials are considered as a 

sedimentary rock, composed of small-size particles (less than 4 𝜇m in diameter of 

characteristic length, but may include silt-size particles of 62.5 𝜇m) [Passey 2010].  

Organic-rich shales are multiphase, ultra-low permeable geo-materials which exhibit 

multi-scale microstructure [Dormieux et al. 2006], and can be classified into two groups: 

mature and immature. The rate of maturation is a function of time, temperature and 

pressure. Organic maturity processes during burial stages are classified as [Monfared 

2015]: 

• Diagenesis: “This process is associated with biogenic decay, catalyzed by bacteria and 

abiogenic reactions which occur in shallow depths with normal temperatures and 

pressures. During this process, methane, carbon dioxide, and water are given off by the 

originally deposited organic matter, leaving behind what is called kerogen. In this process, 

oxygen content is reduced, leaving the Hydrogen: Carbon ratio (H:C) unchanged”.   

• Catagenesis: “This phase is linked to petroleum release from kerogen as burial continues 

and subsequent pressure and temperature increases, first oil and later gas is generated. 

During this stage, the Hydrogen: Carbon (H:C) ratio decreases while the Oxygen: Carbon 

(O:C) ratio remains mainly intact”. 
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• Metagenesis: “This phase occurs at high pressure and high temperature environments 

(HP/HT). During this process, the last hydrocarbons (HC), generally methane, are 

expelled. The H:C ratio keeps decreasing until the Carbon left is in the form of graphite”. 

Organic-rich shales serve as main sealing formations in petroleum reservoirs [Mavko 

et al. 2009], and are used in nuclear waste storage [Andra 2005, Ortega et al. 2007, Sarout 

and Guéguen 2008]. Also, these rocks play a critical role as a source of energy based on a 

recently published report by Energy Information Administration (EIA) [World Energy 

Council (2007)]. However, their anisotropic poroelastic behavior at multiple length scales 

pose one of the most intricate challenges to the recovery of these hydrocarbon reservoirs. 

There are two main ideas about sources of anisotropy in shales: the first group attribute 

anisotropy to the geometric factors, i.e. particle shapes and orientation, which can be 

obtained through advanced imaging techniques [Hornby et al 1994, Sayers 2005]. The 

second school of thoughts believe that the main source of shale’s anisotropy behavior is 

due to the intrinsic anisotropy of shale’s building block, namely clay minerals [Ortega et 

al. 2007, Ortega et al. 2009]. 

The content and spatial distribution of different phases/materials forming organic-rich 

shales, mainly pores, clay minerals, organic content and silt inclusions, impact the elastic 

and poroelastic behavior of organic rich shales [Cosenza et al. 2015]. Hence, knowledge 

of the microstructure of these porous organic/inorganic composites is critical in predicting 

the elastic and poroelastic behavior of them. 



3 

Different researchers have investigated the role of microstructure in elastic and 

poroelastic characteristics of shales which can be categorized into two groups [Cosenza et 

al. 2015]: 

• In the first group, through employing imaging techniques and advanced X-

ray diffraction the estimated microstructural pattern of shales is obtained

which ultimately is used in characterizing bulk elastic properties of shales

[Hornby et al. 1994, Sayers 1994, Robinet et al.  2012, Vasin et al. 2013].

• In the second group, different effective medium approximations are

employed to introduce a homogenized elastic property of shales at a given

microstructure level [Giraud et al. 2007, Monfared and Ulm 2016].

The second group of approaches take a step forward to overcome the expensive and 

time-consuming experiments to obtain the mechanical behavior of shales, however, they 

have been utilized within a deterministic framework and as such does not account for the 

uncertainty in compositional and mechanical model parameters. Incorporating uncertainty 

into predictive mechanical models is a key factor in improving the robustness and 

reliability of the model predictions which has been employed for different materials such 

as bone [Sansalone et al. 2016], but it has not been used in multiscale predictive poroelastic 

models of shales. 

1.2 Research Motivation 

The goal of this research is to incorporate uncertainty in modeling behavior of mature 

organic-rich shales by considering the uncertainty in main subscale features. A 



4 

probabilistic model that links microtexture to anisotropic poroelasticity and seismic 

properties of organic-rich shales is valuable in many fields of petroleum engineering. 

Physical rock parameters can be inferred from seismic data inversion using this model. 

This information can be utilized to produce spatial distribution of various physical 

properties in the 3D volume of a target formation by integrating them into a geo-model. 

Knowing such models and uncertainty associated with them, a reservoir engineer can 

forecast reservoir performance with higher confidence. Furthermore, developed elastic 

property maps can be employed to estimate the spatial variation of energy release rates as 

a robust way to assess fracability of the formation of interest, accounting for organic-rich 

shale heterogeneity and anisotropic poroelasticity.  

1.3 Objectives 

We aim to extend and improve a recently developed multiscale model for organic-rich 

shale and introduce uncertainty to its input parameters through a systematic approach to 

construct probabilistic model of input parameters to the model based on available 

information, and then propagate the uncertainties over different length scales of the model 

and consequently obtain probabilistic descriptions of macroscale quantities of interest. 

The framework utilized to achieve this goal comprises experimental characterization, 

microporomechanical modeling and uncertainty quantification and propagation which is 

of great value. Utilizing this framework, the prediction and identification of essential 

quantities of interest in engineering scale, such as acoustic properties, is improved in terms 

of robustness. Three primary research objectives guide this research: 
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1. Extending and improving a recently developed multiscale model for predicting 

the poroelastic behavior of organic-rich shales. To this end, we employed a 

multiscale structure thought model developed by Abedi et al. (2016b) and 

improved it in order to make it suitable for mature organic-rich shales.  

2. Identifying and characterizing the most important uncertain input parameters 

to the multiscale model, and developing the required statistics for those 

parameters based on available information. In order to achieve this goal, after 

identifying the uncertain parameters, required statistics are developed through 

a systematic framework of random matrix theory and Maximum Entropy 

Principle.  

3. Propagating the uncertainty across different length scales and subsequently 

constructing probabilistic descriptions of quantities of interest at different 

length scales. The Monte Carlo simulation is carried out to propagate 

uncertainties, and ultimately construct the probabilistic description of 

poroelastic properties. 

 

1.4 Thesis Outline 

Following the introduction chapter, chapter 2 addresses acquiring a multiscale 

thought model for mature organic-rich shale, which will be used as a basis for the 

subsequent developments. Chapter 3 is dedicated to introducing the experimental settings 

used in order to mechanically characterize the samples of mature organic-rich shales. For 

macroscopic characterization of samples Ultrasonic Pulse Velocity (UPV), and for the 
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microscopic characterization of the samples instrumented nanoindentation is utilized. 

Chapter 4 develops the basic micromechanics tools which will be used in subsequent 

model development, such as theory of homogenization, self-consistent scheme as an 

approximation method for homogenization, and modeling of imperfect interfaces. Chapter 

5 utilizes developed tools in chapter 4 to develop a multiscale model for mature organic-

rich shale. Chapter 6 is dedicated to the uncertainty quantification of uncertain input 

parameters, incorporating them with the developed model in chapter 5, and propagating 

them through multiple length scales. To this end, maximum entropy principle and random 

matrix theory are employed. Chapter 7 presents the calibration and validation processes 

of the multiscale model. Also, a sensitivity analysis is conducted in this chapter to quantify 

the sensitivity of model output to the uncertain input parameters. Finally, chapter 8 is 

dedicated to a summary of findings, followed by limitations of this work and future 

prospective.   

 

1.5 Notations 

Throughout this work, fourth-order tensors are denoted by ⟦𝐴⟧, and second order 

tensors are denoted by [𝐴]. Specific notations for a chapter are introduced at the beginning 

of the chapter. 

It is assumed that mature organic-rich shale exhibits a transversely isotropic behavior 

at all different length scales. To develop the multiscale model in the subsequent chapters, 

a Cartesian coordinate system is adopted where axis x3 is perpendicular to the plane of 

isotropy (bedding plane), and x1 and x2 are parallel to the plane of isotropy. Also, the 
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stiffness tensor for a transversely isotropic medium, in Voigt’s notation, is defined as 

[Cowin 2003, and Cowin and Mehrabadi 1992]:  

 

[𝐶] =

[
 
 
 
 
 
𝐶11          𝐶12         𝐶13        0          0          0
𝐶12          𝐶11         𝐶13        0          0          0
𝐶13          𝐶13         𝐶33        0          0          0
0             0           0            2𝐶66     0          0
0         0             0           0         2𝐶44       0
0          0           0           0          0          2𝐶44]

 
 
 
 
 

         (1.1) 

 

where 𝐶66 =
𝐶11−𝐶12

2
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2 HIERARCHIAL PRESENTATION OF MATURE ORGANIC-RICH SHALES 

 

In this chapter, the multiscale thought model of mature organic-rich shale is 

introduced, which will be employed in future chapters in order to develop a model to 

capture the microporoelastic behavior of mature-organic rich shale. This model addresses 

both the structure and the morphology of mature organic-rich shale at different length 

scales.  

 

2.1 Multiscale Thought Model of Mature Organic-Rich Shale 

Following multiscale thought model is inspired by the work of Abedi et al. 

2016b, and will be used as a basis for future development of probabilistic multiscale 

model of mature organic-rich shale. 

2.1.1 Level 0 

This level has been considered as the building block of organic-rich shale and is 

fundamental scale of clay mineralogy (e.g. illite, kaolinite, etc.). Due to small nature of 

clay minerals, their platy geometry, and their high affinity for water [Ebrahimi et al. 2012], 

direct measurement of stiffness of a single clay crystal at this level is a formidable task. 

Clay is assumed to represent a transversely isotropic behavior at this level with a stiffness 

tensor of ⟦𝐶𝑐𝑙𝑎𝑦⟧, and is considered as the sole source of anisotropy behavior of shale at 

different length scales in our model. 
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2.1.2 Level I 

Level I represents porous organic/clay composite at the micrometer length scale 

with a drained stiffness tensor of ⟦𝐶ℎ𝑜𝑚
𝐼 ⟧, and undrained stiffness tensor of ⟦𝐶ℎ𝑜𝑚

𝐼,𝑢𝑛⟧. At 

this level, advanced observational methods (e.g. SEM) and nanoindentaion measurements 

are carried out [Babko et al. 2011; Abedi et al. 2016a]. 

2.1.3 Level II 

This level consists of porous clay/organic fabric intermixed with poorly sorted silt 

inclusions of characteristic size of millimeter and sub-millimeter range, and is represented 

with a drained stiffness tensor of ⟦𝐶ℎ𝑜𝑚
𝐼𝐼 ⟧, and undrained stiffness tensor of ⟦𝐶ℎ𝑜𝑚

𝐼𝐼,𝑢𝑛⟧.  This 

is the level of acoustic and classical strength of materials measurements [Ortega et al. 

2007, Bobko et al. 2011].  

It has been shown that as kerogen matures, morphology of organic-rich shale 

changes, from a connected network of kerogen to a disperse distribution of kerogen 

pockets in the background matrix [Prasad et al 2009, Ahmadov 2011]. Also, some works 

by researchers such as Vernik and Lnadis (1996), and Vernik and Liu (1997) suggest that 

discontinuities in mature organic-rich shales are prevalent relative to the immature shales. 

Weakened interfaces are introduced between equivalent inclusion grains and their 

surrounding matrix in the mature organic-rich shales to account for the presence of these 

discontinuities. This weakened/imperfect interfaces are modeled through employing 

Interfacial Transition Zones (ITZs) which will be addressed in the chapter 4. The term 

equivalent inclusion is utilized for the newly defined phase which is obtained from 

homogenization of different inclusion grains. 
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Figure 2.1 schematically represents the multiscale thought model employed for the 

mature organic-rich shale. 

 

  

 

 

 

  

 
 
 
 
 
 
 
 
 
Fig. 2.1 Multiscale structure thought model developed for mature organic-rich shale 

 

2.2 Chapter Summary 

This chapter presented a multiscale thought model of mature organic-rich shale 

which is suitable from structural and morphological points of view. This model consists 

of three length scales/levels: level 0 which is the level of consolidated clay; level I which 

is the level of porous organic/clay mixture and indentation measurements are performed 

at this level; and level II which is the level of porous clay/organic fabric intermixed with 

silt inclusions. This model, considers the role of maturity in the morphology of organic 

rich shales, and suggest a mechanism (weakened interface) to account for discontinuities 

which are a ramification of maturity.    
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3 MATERIAL CHARACTERIZATION AND PROPERTIES 

 

To develop the probabilistic microporomechanics model, two groups of datasets 

are used at each of the two length scales: microscale and macroscale with characteristic 

sizes of sub-micrometer and sub-millimeter/ millimeter ranges, respectively. One dataset 

at each length scale is used for model calibration and the other dataset is used for model 

validation. At the micrometer length scale, datasets contain the indentation moduli of 

nanoindentation test for the shale samples in the dataset. At the macroscale, datasets 

contain five independent components of shale samples which are obtained through 

Ultrasonic Pulse Velocity (UPV) measurement. 

 

3.1 Ultrasonic Pulse Velocity Measurement 

In this technique the travel time of elastic compressional (P-) and shear (S-) waves, 

which are generated by piezoceramic elements with central frequencies in the MHz range, 

through a rock sample for a known wave-path length is measured. These velocities are 

used to identify the five independent components of undrained elasticity tensor of shale 

samples at macroscale. Based on the elastic waves theory in a transversely isotropic 

medium, for the velocity of waves propagating in the plane of isotropy we get: 

𝑉𝑆1 = √
𝐶66

𝜌
 ; pure shear mode polarized normal to the symmetry axis (x3)   (3.1a) 

𝑉𝑆3 = √
𝐶44

𝜌
 ; pure shear mode polarized parallel to the symmetry axis (x3)   (3.1b) 
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𝑉𝑃1 = √
𝐶11

𝜌
 ; pure longitudinal mode                (3.1c) 

where 𝜌 is the mass density of material, subscript “s” denotes shear wave and subscript 

“p” denotes compression wave, and numbers in the subscript denote direction of the 

propagation. In this case, wave velocities are independent of the propagation direction in 

the plane of isotropy.  Also, for the waves propagating parallel to the symmetry axis we 

get [Ortega 2010]: 

 𝑉𝑆3 = √
𝐶44

𝜌
 ; pure shear mode polarized normal to the symmetry axis   (3.2a) 

𝑉𝑃3 = √
𝐶33

𝜌
 ; pure longitudinal mode         (3.2b) 

Thus, to obtain the components of undrained elasticity tensor at level II from UPV 

measurement, one can use following set of equations [Ortega 2010]: 

𝐶11
𝑈𝑃𝑉 = 𝜌𝑉𝑃1

2             (3.3a) 

𝐶33
𝑈𝑃𝑉 = 𝜌𝑉𝑃3

2             (3.3b) 

𝐶66
𝑈𝑃𝑉 = 𝜌𝑉𝑆1

2 =
(𝐶11
𝑈𝑃𝑉−𝐶12

𝑈𝑃𝑉)

2
           (3.3c) 

𝐶44
𝑈𝑃𝑉 = 𝜌𝑉𝑆3

2              (3.3d) 

𝐶13
𝑈𝑃𝑉 = −𝐶44 + 𝛼√(𝐶11 + 𝐶44 − 2𝜌𝑉𝑞𝑃45

2 )(𝐶33 + 𝐶44 − 2𝜌𝑉𝑞𝑃45
2 )                  (3.3e) 

where  

𝑉𝑞𝑃45 = quasi-longitudinal (𝛼 = +1) or quasi-shear wave (𝛼 = −1). 
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3.2 Instrumented Nanoindentation 

In this test, an indenter tip of known mechanical and geometric properties is 

pressed perpendicularly to the surface of the material under experiment. The load 𝑃 and 

the depth ℎ are recorded during the test (P is the load applied to the indenter, and ℎ is the 

depth of the indenter with respect to the initial material surface). The characteristic 

mechanical response of the tested material can be defined through the 𝑃 − ℎ curve (See 

Fig. 1), and using following equation: 

M =
√𝜋

2

S

√𝐴𝑐
               (3.4) 

where 𝐴𝑐 is the projected contact area between intender tip and the surface of the sample, 

and S =
d𝑃

dℎ
 is the initial slop of the unloading portion of the load-displacement (𝑃 − ℎ) 

curve. For the mature organic-rich shale with a transversely isotropic behavior, indentation 

moduli can be expressed in terms of components of ⟦𝐶ℎ𝑜𝑚
𝐼 ⟧ as [Delafargue and Ulm 2004]: 

M3 = 2√
𝐶11𝐶33−𝐶13

2

𝐶11
(
1

𝐶44
+

2

√𝐶11𝐶33+𝐶13
)−1        (3.5a) 

 M1 ≈ √√
𝐶11

𝐶33

𝐶11
2−𝐶12

2

𝐶11
M3         (3.5b) 

where 𝐶𝑖𝑗𝑠 are the components of ⟦𝐶ℎ𝑜𝑚
𝐼 ⟧, and M1 and M3 represent indentation moduli 

in x1 and  x3 directions, respectively. 
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Fig. 3.1 Typical indentation curve obtained by nanoindentation 

 

3.3 Calibration and Validation Datasets 

To calibrate the model and validate the simulations two sets of data at level I and 

two sets of data at level II are utilized. At level I, two data sets comprise calibration data 

set 1 (CDS1) and validation data set 1 (VDS1) which are reported in Table 7.1 and Table 

7.5, respectively. At level II, calibration data set 2 (CDS2) reported in Table 7.2 and 

validation data set 2 (VDS2) presented in Table 7.7 form the two data sets at this level.    

CDS1 comprises indentation moduli of samples from Marcellus (108, 150 and 

151) and Fayetteville (Fay) which are utilized to calibrate the model at level I and level 0. 

VDS1 contains measured indentation moduli of samples from Marcellus (46 and 49) and 

Haynesville (B2, B5 and B6) and is employed to validate the simulations at level I. 

Moreover, CDS2 includes the undrained elasticity components of samples from 

Haynesville (B1, B2 and B5) which are obtained through UPV measurements. These 

elasticity components are used to calibrate the model at level II. Finally, VDS2 contains 
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undrained elasticity components of samples from Haynesville (B3, B4 and B6) which is 

employed to validate the simulations at level II. 

Table 3.1 represents the mineralogy, organic content and porosity of Haynesville 

shale samples (B1, B2, B3, B4, B5, and B6). In this study, densities of 2.65 𝑔/𝑐𝑚3 for 

quartz and feldspar, 2.71 𝑔/𝑐𝑚3 for carbonates, 2.65-2.82 𝑔/𝑐𝑚3 for clay and 1.2 𝑔/𝑐𝑐 

for kerogen are considered [Abedi et al. 2016a]. Table 3.2 represents the volume fractions 

of clay and kerogen and porosity at level I for samples from Marcellus (46, 49, 108, 150, 

and 151) and Fayetteville (Fay). 

 

Table 3.1- Mineralogy and organic content of shale samples 

 

Table 3.2- Volume fraction of shale samples at level I 

 Measured Quantities B1 B2 B3 B4 B5 B6 

 Quartz (mass %) 30 27 16 20 32 28 

 Feldspar (mass %) 7 9 5 6 11 10 

 Carbonate (mass %) 30 22 65 51 9 12 

 Clay (mass %) 30 38 11 20 43 38 

 Kerogen (mass %) 2.48 3.34 1.57 2.65 3.3 3.16 

 𝝓 (𝐩𝐨𝐫𝐨𝐬𝐢𝐭𝐲) (%) 6.64 7.36 4.61 5.57 7.16 7.59 

Measured Quantity 46 49 108 150 151 Fay 

Clay (%) 0.8914 0.8688 0.6855 0.6776 0.6473 0.669 

Kerogen (%) 0.0246 0.0522 0.2425 0.2634 0.2877 0.291 

𝟇 (%) 0.084 0.079 0.072 0.059 0.065 0.04 
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Table 3.3 contains the isotropic elasticity of carbonate, quartz, and feldspar which is 

characterized by their bulk (𝐾) and shear (𝐺) modulus. 

 

Table 3.3- Isotropic elasticity of different minerals 

 

In the multiscale model which will be developed in the subsequent chapters, it is 

considered that feldspar is mechanistically represented by calcite, in terms of elasticity. 

The reason for the choice is that elasticity of calcite and feldspar are similar to each other. 

 

3.4 Chapter Summary 

This chapter briefly explains the mechanism of UPV measurement which is used 

to determine the undrained elasticity of shale samples at Level II, as well as instrumented 

indentation which is employed to inform us about the elasticity properties of shale samples 

at Level I. Furthermore, a set of shale samples is presented in this chapter which will be 

used to calibrate and validate multiscale model at multiple length scales in the following 

chapters.    

 

 

𝐏𝐡𝐚𝐬𝐞 𝑲(𝑮𝑷𝒂) 𝑮(𝑮𝒑𝒂) 

𝑪𝒂𝒍𝒄𝒊𝒕𝒆 58.2 28.3 

𝑸𝒖𝒂𝒓𝒕𝒛 37.9 44.3 

𝑭𝒆𝒍𝒅𝒔𝒑𝒂𝒓 62 29.3 
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4 BASIS OF MICROPOROMECHANICS 

 

The goal of this chapter is to develop a framework to compute the homogenized 

response of a heterogeneous material at different length scales. Different computational 

and theoretical methods have been developed to model heterogeneous materials such as 

finite element theory. One of the options in modeling heterogeneous materials is using 

analytical approaches where continuum mechanics and random homogenization theory 

are employed. In this chapter, a framework of inclusion-based effective medium theories 

is employed to estimate the effective composite response. All the developments in this 

chapter are obtained within the framework of linear microporoelasticity.  

 

4.1 Representative Elementary Volume (REV) 

Before implementing the tools of continuum mechanics, we need to define 

Representative Elementary Volume (REV), and ensure that scale separability conditions, 

which allow the usage of continuum mechanics tools, are met. REV is an infinitesimal part 

of a material system consists of r subdomains of micro-homogeneous phases (Ω =

⋃ Ω𝑖
𝑟
𝑖=1 ) with a characteristic length scale (l). Length scale (l) of REV has to meet 

following inequalities known as scale separability conditions:  

𝑑0 << 𝑑 << 𝑙 << 𝐿                     (4.1a)  

𝐿 << 𝜆            (4.1b)  

where:  

L: characteristic length scale of the material system  
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d: characteristic length scale of local heterogeneities (condition d<<l is for REV to be 

representative of the system and capture the properties of the system which are relevant in 

the behavior modeling)  

𝑑0: lower bound for the continuum mechanics to be applicable  

λ: load fluctuation length  

 

4.2 Concentration or Localization 

By relating a macroscale strain or stress field to its microscale counterpart, through 

solving a boundary value problem, one can obtain the constitutive model. Modeling of the 

local stress and strain fields (𝝈(𝐱), 𝜺(𝐱)) of the mechanical phases in the REV from the 

prescribed macroscopic stress and strain quantities 𝜮, 𝑬 is investigated in this part. Since 

constraints at the boundary of REV are not known, we consider Hashin boundary 

conditions where boundary conditions on the REV are homogeneous.  

If REV is subjected to a constant macroscopic stress (𝜮), uniform stress boundary 

condition is considered:  

𝝈(𝐱). 𝑛(𝐱)  =  𝜮. 𝑛(𝐱)               (4.2)  

where 𝑛 is the unit outward normal to the boundary of the REV. Also, if REV is subjected 

to a uniform displacement, uniform strain boundary condition is considered: 

𝜉(𝐱)  =  𝑬. 𝐱              (4.3)  

where 𝜉(𝐱) represents the uniform displacement. It can be shown that Σ is equivalent to 

the volume average of the divergence free stress in the REV, and E is equivalent to the 

volume average of the strain field in REV. So:  
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< 𝝈 >𝛺=
1

|𝛺|
∫ 𝛔(𝐱)
𝛺

𝑑𝑉𝐱 = 𝚺           (4.4)  

< 𝜺 >𝛺=
1

|𝛺|
∫ 𝜺(𝐱)
𝛺

𝑑𝑉𝐱 = 𝑬                         (4.5)  

where < ⋯ > stands for volume averaging. The consequence of applying uniform 

boundary condition is Hill lemma which states that the macroscopic strain energy is equal 

to microscopic strain energy [Dormieux et al. 2006]: 

< 𝝈: 𝜺 > = < 𝝈 >∶ < 𝜺 > =  𝜮: 𝑬          (4.6)  

Considering Hill lemma, we can express microscopic stress and strain fields (at each 

phase) as functions of the applied macroscopic boundary conditions:  

𝝈(𝐱) = 𝕭(𝜮)            (4.7a)  

𝜺(𝐱) = Ѧ(𝜮)                      (4.7b)  

 

4.3 Homogenization 

The goal of homogenization is to find the expression for 𝑬, macroscopic strain, 

associated with the 𝜺(𝐱), microscopic strain field, when the REV is subjected to a 

macroscopic loading 𝜮. Equivalently, the relation between the macroscopic stress 𝜮 and 

the microscopic stress field 𝝈(𝐱) is sought when the REV is subjected to a macroscopic 

strain 𝑬. So, we have:  

𝑬(𝜮) = < 𝜺(𝝈) >𝛺 = < 𝜺(𝕭(𝜮)) ><𝛺>       (4.8a) 

𝜮(𝑬) = < 𝝈(𝜀) >𝛺 = < 𝝈(Ѧ(𝜮)) ><𝛺>       (4.8b)  
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In the linear elasticity case, the microscopic and macroscopic stresses and strains 

are related by a fourth-order concentration tensor to the loading parameters 𝑬 and 𝜮 [Zaoui 

2002]. So (at each phase), 

𝝈(𝐱) = ⟦B(𝐱)⟧: 𝜮  (𝑓𝑜𝑟 𝑎𝑙𝑙 𝐱 є 𝛺)        (4.9a) 

𝜺(𝐱) = ⟦A(𝐱)⟧: 𝑬  (𝑓𝑜𝑟 𝑎𝑙𝑙 𝐱 є 𝛺)        (4.9b) 

where ⟦B(𝐱)⟧ is the fourth-order stress concentration tensor and ⟦A(𝐱)⟧ is the fourth-order 

strain concentration tensor. For the local stresses, at phase 𝑟:  

𝝈𝑟(𝐱) = ⟦C𝑟(𝐱)⟧: 𝜺𝑟(𝐱) = ⟦C𝑟(𝐱)⟧: ⟦𝐴𝑟(𝐱)⟧: 𝑬         𝑓𝑜𝑟 𝑎𝑙𝑙 𝐱 є Ω𝑟    (4.10)  

With using the average rule:  

𝜮 = < 𝝈𝑟(𝐱) >𝛺 =  < ⟦C𝑟(𝐱)⟧: ⟦𝐴𝑟(𝐱)⟧: 𝑬 >𝛺      (4.11)  

So, we identify homogenized stiffness tensor as:  

⟦Cℎ𝑜𝑚⟧ = < ⟦C𝑟(𝐱)⟧: ⟦𝐴𝑟(𝐱)⟧ >𝛺         (4.12)  

It is clear from Eq. (4.12) that determination of ⟦𝐴𝑟(𝐱)⟧ (strain concentration 

tensor) is critical to the homogenization problem. That’s what we aim to obtain in the next 

section.  

 

4.4 Eshelby’s Inclusion Problem 

The Eshelby’s solution [Eshelby 1957] provides the foundation for estimating 

concentration tensors that are suitable for particulate and granular microstructure. 

“Eshelby’s problem addresses the strain field in an ellipsoidal inclusion, embedded in an 

infinite homogeneous medium, with different elasticity, and subjected to uniform 

displacement boundary” [Ortega 2010]. The problem is presented as:  
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𝛻. 𝝈 = 0                                                 (𝐱 є 𝛺)  

𝝈(𝐱) = ⟦𝐶𝑚𝑎𝑡⟧: 𝜺(𝐱) + 𝝈𝑰(𝐱)         (𝐱 є 𝛺)                                                                               (4.13)  

𝜉1  = 𝑬. 𝐱                                         (𝐱 → ∞)  

where ⟦𝐶𝑚𝑎𝑡⟧ represents the homogeneous/matrix stiffness tensor, and 𝝈𝑰(𝐱) is a stress 

field that characterizes the deviation from the homogeneous state induced by the inclusion: 

𝝈𝑰(𝑥) = {
0                       (𝑓𝑜𝑟 𝑎𝑙𝑙 𝐱 є 𝛺𝑚𝑎𝑡)

𝛿⟦C⟧                      (𝑓𝑜𝑟 𝑎𝑙𝑙 𝐱 є 𝛺𝐼)
       (4.14)  

where 𝛿⟦C⟧ = ⟦C𝐼⟧−⟦C𝑚𝑎𝑡⟧ is the elasticity contrast between the inclusion and 

homogeneous matrix. In addition, Ω = 𝛺𝐼 + 𝛺𝑚𝑎𝑡 where 𝛺𝐼 denotes the domain of 

inclusion, and 𝛺𝑚𝑎𝑡represents the domain of homogeneous matrix which is not occupied 

by inclusion.  The result of Eshelby’s inclusion problem is that the strain field is constant 

within an ellipsoidal inclusion:  

𝜺𝐼(𝐱) =  −⟦𝑆𝑒𝑠ℎ⟧: ⟦C𝑚𝑎𝑡⟧−1 ∶ 𝝈𝐼(𝐱) + 𝑬        (4.15)  

where ⟦𝑆𝑒𝑠ℎ⟧ is the Eshelby’s tensor. The 𝝈𝐼(𝐱) is also constant in the inclusion, and it is 

related to the macroscopic strain by: 

𝝈𝐼(𝐱) =  [⟦𝐼⟧ + 𝛿⟦C⟧ ∶ ⟦𝑆𝑒𝑠ℎ⟧ ∶ ⟦C𝑚𝑎𝑡⟧−1] ∶ 𝛿⟦C⟧ ∶ 𝑬      (𝛺𝐼)      (4.16) 

where ⟦𝐼⟧ represents the fourth-order identity tensor defined as ⟦𝐼⟧𝑖𝑗𝑘𝑙 =
1

2
(𝛿𝑖𝑘𝛿𝑗𝑙 +

𝛿𝑖𝑙𝛿𝑗𝑘), and [𝛿] denotes the Kronecker delta.  Combining Eqs. (4.15) and (4.16) yields: 

𝜺𝐼 = [⟦𝐼⟧ + ⟦𝑆𝑒𝑠ℎ⟧: (⟦C𝑚𝑎𝑡⟧−1: ⟦C𝐼⟧ − ⟦𝐼⟧)]−1: 𝑬        (𝛺𝐼)                 (4.17) 

Now, by comparing (4.17) and (4.9b), one can recognize that: 

⟦A𝐼⟧ = [⟦𝐼⟧ + ⟦𝑆𝑒𝑠ℎ⟧: (⟦C𝑚𝑎𝑡⟧−1: ⟦C𝐼⟧ − ⟦𝐼⟧)]−1                      (4.18) 
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where ⟦A𝐼⟧ is the strain concentration tensor of the macroscopic strain into the inclusion 

phase. Now, using Eq. (4.18), one can obtain the strain field in the 𝑟𝑡ℎ phase in response 

to an imposed homogeneous macroscopic strain field on the boundaries of REV at 

infinity, 𝑬∞, as: 

𝜺𝑟(𝐱) = ⟦A𝑟⟧: 𝑬∞ = [⟦𝐼⟧ + ⟦𝑆𝑒𝑠ℎ⟧: (⟦C𝑚𝑎𝑡⟧−1: ⟦C𝑟⟧ − ⟦𝐼⟧)]−1: 𝑬∞    (4.19) 

where ⟦C𝑟⟧ is the stiffness tensor of the 𝑟𝑡ℎ phase. It is known that Eshelby tensor, ⟦𝑆𝑒𝑠ℎ⟧, 

and Hill concentration tensor, ⟦𝑃⟧, are related by: 

⟦𝑆𝑒𝑠ℎ⟧ = ⟦𝑃⟧: ⟦C𝑚𝑎𝑡⟧                     (4.20) 

Using Eq. (4.20), Eq. (4.19) can be re-written as: 

𝜺𝑟(𝐱) = [⟦𝐼⟧ + ⟦𝑃⟧: (⟦C𝑟⟧ − ⟦C𝑚𝑎𝑡⟧)]−1: 𝑬∞          (4.21) 

Now, using Eqs. (4.21) and (4.5), following relationship between 𝑬∞ and 𝑬 is obtained: 

𝑬∞ = < [⟦𝐼⟧ + ⟦𝑃⟧: (⟦C𝑟⟧ − ⟦C𝑚𝑎𝑡⟧)]−1 >𝛺
−1: 𝑬          (4.22) 

Finally, by substituting (4.22) into (4.21), one can obtain the expression for ⟦A𝑟⟧: 

⟦A𝑟⟧  = [⟦𝐼⟧ + ⟦𝑃⟧: (⟦C𝑟⟧ − ⟦C𝑚𝑎𝑡⟧)]−1 ∶ < [⟦𝐼⟧ + ⟦𝑃⟧: (⟦C𝑟⟧ − ⟦C𝑚𝑎𝑡⟧)]−1 >𝛺
−1

            (4.23) 

Now, by substituting Eq. (4.23) into Eq. (4.12) following expression for ⟦Cℎ𝑜𝑚⟧ is 

obtained: 

⟦Cℎ𝑜𝑚⟧  = < ⟦C
𝑟⟧: [⟦𝐼⟧ + ⟦𝑃⟧: (⟦C𝑟⟧ − ⟦C𝑚𝑎𝑡⟧)]−1 >𝛺 ∶ < [⟦𝐼⟧ + ⟦𝑃⟧: (⟦C𝑟⟧ − ⟦C𝑚𝑎𝑡⟧)]−1 >𝛺

−1            (4.24) 

Mori-Tanaka scheme (introduced by Mori and Tanaka 1973) and Self-consistent 

scheme (introduced by Hershey 1954, Kröner 1958, Budiansky 1965, and Hill 1965) are 

two effective medium theories that account for inclusion interactions through the use of 

Eshelby’s solution in microelasticity. Mori-Tanaka scheme accounts for matrix-inclusion 

morphology, and Self-consistent scheme accounts for materials with random 
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microstructures in which none of the phases play the role of a matrix material. This method 

is known to be a good approximation for polycrystalline materials and composites with 

granular microstructures including shale (Ortega et al. 2007, Ulm and Abousleiman 2006, 

Bobko and Ulm 2008). In the Mori-Tanaka scheme one needs to set ⟦C𝑚𝑎𝑡⟧ in Eq. (4.24) 

equal to ⟦C𝐷⟧, where ⟦C𝐷⟧ denotes the stiffness tensor of the load bearing phase in the 

composite. On the other hand, in the self-consistent scheme one needs to set ⟦C𝑚𝑎𝑡⟧ in 

Eq. (4.24) equal to ⟦Cℎ𝑜𝑚⟧ which results in an implicit equation. This implies that none of 

the phases play a dominant role in the effective stiffness of the composite. 

 

4.5 Hill Concentration Tensor (⟦𝑃⟧ Tensor) 

To construct a model for heterogeneous materials one needs to evaluate Hill 

concentration tensor (⟦𝑃⟧  tensor). The role of Hill tensor is to capture orientation and 

morphology of inclusion phases considered for estimation of the overall strain 

concentration tensors.  

The fourth-order Hill tensor reads [Zaoui 2002]: 

⟦𝑃⟧𝑖𝑗𝑘𝑙 = −[
𝜕2

𝜕𝑥𝑗𝜕𝑥𝑘
(∫ 𝐺𝑖𝑙𝛺

(𝐱 − 𝐱′) 𝑑𝑉𝐱′)](𝑖𝑗),(𝑘𝑙)                        (4.25)  

where 𝐺𝑖𝑙(𝐱 − 𝐱
′) represents the second-order Green’s tensor that expresses the 

displacement at point 𝐱 due to a unit force applied at a point 𝐱′ in the medium. Laws and 

Dvorak (1987) expressed the generalized Hill concentration as follows:  

⟦𝑃⟧𝑖𝑗𝑘𝑙 =
1

16𝜋
(ℳ𝑘𝑖𝑗𝑙 +ℳ𝑘𝑗𝑖𝑙 +ℳ𝑙𝑖𝑗𝑘 +ℳ𝑙𝑗𝑖𝑘)       (4.26)  

where  
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ℳ𝑘𝑖𝑗𝑙 = ∫
𝑎1𝑎2𝑎3

(𝑎1
2𝑤1

2+𝑎2
2𝑤2

2+𝑎3
2𝑤3

2)
3
2

Γ𝑘𝑗
−1(𝑤)𝑤𝑖𝑤𝑙 𝑑𝑆(𝑤)𝑠(𝑤)

          (4.27)  

Γ𝑖𝑘(𝑤)=𝐶𝑖𝑗𝑘𝑙
0 𝑤𝑗𝑤𝑙 denotes the stiffness of the matrix; 𝑑𝑆(𝑤) is the surface element of 

components 𝑤1, 𝑤2, 𝑤3, and 𝑎1, 𝑎2, 𝑎3 relate to the shape of ellipsoid. Evaluation of Eqs. 

(4.25) and (4.26) depends on the stiffness properties of the reference medium ⟦C𝑚𝑎𝑡⟧  and 

the shape and orientation of the inclusion phase [Ortega 2010]. Here, two different forms 

of Hill tensor are presented:  

1- Spherical inclusions presented in an isotropic medium  

2- Spherical inclusions presented in a transversely isotropic medium  

It is to mention that many derivations of Hill tensor are available in literature for variations 

of stiffness property of ⟦C𝑚𝑎𝑡⟧ (reference medium) and the orientation and shape of the 

inclusion phase (see e.g. Mura 2013, and Withers 1989).  

 

4.6 Spherical Inclusion in an Isotropic Medium 

This case results in the simplest expression for the Hill tensor. It reads (see e.g. 

Dormieux et al. 2006):  

⟦𝑃⟧ = 𝛼

3𝐾
⟦𝐽⟧+ 𝛽

2𝐺
⟦𝐾⟧           (4.28)  

where: 

𝛼 =
3𝐾

3𝐾+4𝐺
                     (4.29a)  

𝛽 =
6(𝐾+2𝐺)

5(3𝐾+4𝐺)
                      (4.29b)  
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𝐾 and 𝐺 are the bulk and shear modulus of the isotropic medium, and ⟦𝐽⟧𝑖𝑗𝑘𝑙 =
1

3
(𝛿𝑖𝑗𝛿𝑘𝑙) 

and ⟦𝐾⟧𝑖𝑗𝑘𝑙 = ⟦𝐼⟧𝑖𝑗𝑘𝑙 − ⟦𝐽⟧𝑖𝑗𝑘𝑙.  

 

4.7 Spherical Inclusion in a Transversely Isotropic Medium 

Evaluation of Christoffel matrix can be performed using the matrix operation 

shown below:  

[Γ] = [𝑤][𝐶][𝑤]𝑇            (4.30) 

[𝑤] has a matrix form of [Ortega 2010]:  

[w] =

(

 
 𝑤1 0 0 

√2

2
𝑤2 0 

√2

2
𝑤3 

0 𝑤2 0 
√2

2
𝑤1 

√2

2
𝑤3 0

0 0 𝑤3 0 
√2

2
𝑤2 

√2

2
𝑤1)

 
 

           (4.31) 

where 𝑤 is represented in spherical coordinates 0 <  𝜃 <  𝜋 and 0 <  𝛷 <  2𝜋 as 

following [Hellmich et al. 2004]:  

𝑤1 = 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝛷   

𝑤2 = 𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝛷            (4.32) 

𝑤3 = 𝑐𝑜𝑠𝜃   

The non-zero terms in Eqs. (4.25) and (4.26) produce line integrals: 𝜁=𝑐𝑜𝑠𝜃 and 

𝑑𝜁=−𝑠𝑖𝑛𝜃𝑑𝜃 that are evaluated numerically. For the final form of non-zero components 

of Hill tensor in Voigt’s notation (𝑃11, 𝑃12, 𝑃13, 𝑃33, 𝑃44) see Ortega (2010), and Hellmich 

et al. (2004) among others. 
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4.8 Imperfect Interfaces 

In this section, a set of formulations is introduced to obtain the effect of 

imperfect/weakened interface which plays an important role in the effective elasticity of 

mature organic rich shale, as mentioned in section 2.1.3. To this end, we introduce 

Interfacial Transition Zones (ITZs), and to calculate the effect of ITZ, generalized 

consistent model developed by Christensen and Lo (1979) is employed. This 

homogenization method, calculates the effective stiffness properties of a two-phase 

composite (ITZ and inclusion). In this approach, it is assumed that ITZ with a thickness 

of  𝛥𝑚 covers the inclusion grain of a radius 𝑟𝑚. The formulas presented in Christensen 

and Lo (1979) for calculation of the effective properties are summarized below: 

Eq. (4.33) calculated the bulk moduli of the homogenized REV, 𝐾𝑒𝑚 as: 

𝐾𝑒𝑚 = 𝐾𝑖𝑡𝑚 +
𝑓𝑒(𝐾𝑚−𝐾𝑖𝑡𝑚)(3𝐾𝑖𝑡𝑚+4𝐺𝑖𝑡𝑚)

3𝐾𝑖𝑡𝑚+4𝐺𝑖𝑡𝑚+3(1−𝑓𝑒)(𝐾𝑚−𝐾𝑖𝑡𝑚)
          (4.33) 

 

where 𝑓𝑒 is the volume fraction of inclusion phase (e=equivalent inclusion in our case for 

mature organic rich shale) in the two-phase composite composed of the inclusion and ITZ. 

𝐾𝑚, 𝐺𝑚, 𝜐𝑚 (𝐾
𝑖𝑡𝑚, 𝐺𝑖𝑡𝑚, 𝜐𝑖𝑡𝑚) are bulk moduli, shear moduli and Poisson’s ratio of 

equivalent inclusion (the ITZ), respectively. In order to obtain the shear moduli of the 

homogenized REV, one needs to solve the following parabolic equation: 

 

𝐴(
𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
)2 + 𝐵 (

𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
) + 𝐶 = 0           (4.34) 

 
where 𝐺𝑒𝑚 represents the shear moduli of the homogenized REV, and 

 

 𝐴 = 8(
𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
− 1) (4 − 5𝜐𝑖𝑡𝑚)𝜂𝛼(𝑓

𝑒)
10

3 − 2 [63 (
𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
− 1) 𝜂𝛽 + 2𝜂𝛼𝜂𝛾] (𝑓

𝑒)
7

3     (4.35a) 



 

27 

 

 

+252 (
𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
− 1) 𝜂𝛽(𝑓

𝑒)
5
3 − 25 (

𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
− 1) (7 − 12𝜐𝑖𝑡𝑚 + 8𝜐𝑖𝑡𝑚

2)𝜂𝛽𝑓
𝑒 

 
              +4(7 − 10𝜐𝑖𝑡𝑚)𝜂𝛽𝜂𝛾  

 

𝐵 = −4(
𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
− 1) (1 − 5𝜐𝑖𝑡𝑚)𝜂𝛼(𝑓

𝑒)
10

3 + 4 [63 (
𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
− 1) 𝜂𝛽 + 2𝜂𝛼𝜂𝛾] (𝑓

𝑒)
7

3   (4.35b) 

                 −504 (
𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
− 1) 𝜂𝛽(𝑓

𝑒)
5

3 + 150 (
𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
− 1) (3 − 𝜐𝑖𝑡𝑚)𝜐𝑖𝑡𝑚𝜂𝛽𝑓

𝑒  

 
                  +3(15𝜐𝑖𝑡𝑚 − 7)𝜂𝛽𝜂𝛾  

 

𝐶 = 4 (
𝐺𝑚

𝐺𝑖𝑡𝑚
− 1) (5𝜐𝑖𝑡𝑚 − 7)𝜂𝛼(𝑓

𝑒)
10

3 − 2 [63 (
𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
− 1) 𝜂𝛽 + 2𝜂𝛼𝜂𝛾] (𝑓

𝑒)
7

3       (4.35c) 

               +252 (
𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
− 1) 𝜂𝛽(𝑓

𝑒)
5

3 + 25 (
𝐺𝑒𝑚

𝐺𝑖𝑡𝑚
− 1) (𝜐𝑖𝑡𝑚

2 − 7)𝜂𝛽𝑓
𝑒(5𝜐𝑖𝑡𝑚 + 7)𝜂𝛽𝜂𝛾   

 
With 
 

𝜂𝛼 = (
𝐺𝑚

𝐺𝑖𝑡𝑚
− 1) (49 − 50𝜐𝑚𝜐𝑖𝑡𝑚) + 35 (

𝐺𝑚

𝐺𝑖𝑡𝑚
) (𝜐𝑚−2𝜐𝑖𝑡𝑚) + 35(2𝜐𝑚−𝜐𝑖𝑡𝑚)      (4.35d)  

 

𝜂𝛽 = 5𝜐𝑚 (
𝐺𝑚

𝐺𝑖𝑡𝑚
− 8) + 7(𝐺𝑚 + 𝐺𝑖𝑡𝑚 + 4)                            (4.35e) 

 

𝜂𝛾 =
𝐺𝑚

𝐺𝑖𝑡𝑚
(8 − 10𝜐𝑖𝑡𝑚) + (7 − 5𝜐𝑖𝑡𝑚)                   (4.35f) 

 

𝜙𝑚 = (
𝑟𝑚

𝑟𝑚+𝛥𝑚
)3                              (4.35g) 

 

4.9 Chapter Summary 

Chapter 4 stablishes a basis of micropromechanics which can be used in order to 

obtain the homogenized/effective poroelastic response of a composite material, under the 

assumption of linear microporoelasticity. It is started with introducing REV and scale 

separability conditions, which define the constraints under which tools of continuum 

mechanics can be applied. Next, through a framework of inclusion-based effective 

medium theories, it estimates the effective response of a composite material, and 
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elaborates on the estimation of important constituent of this framework, such as Hill 

concentration tensor. Finally, a generalized self-consistent model is introduced in order to 

model and estimate the effect of weakened/imperfect interfaces.  
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5 MULTISCALE MODEL FOR MATURE ORGANIC-RICH SHALE 

 

 

The objective of this chapter is to integrate the developments presented in previous 

chapter into multiscale thought model of mature organic-rich shales. To this end, first, the 

volume fractions of considered phases at each length scale are introduced. Then, 

formulations to capture the effective anisotropic poroelasticity at each length scale are 

derived. Ultimately, the undrained behavior of mature organic-rich shales is obtained 

based on their drained behavior. 

 

5.1 Volume Fractions 

Based on the structural thought model developed in chapter 2, following volume 

fractions are introduced. Note that mature organic-rich shales exhibit a granular system 

(Monfared and Ulm 2016, Abedi et al. 2016b), which qualifies the use of self-consistent 

scheme for homogenization at different scales. Because of self-consistent texture, it is 

assumed that an evenly distributed porosity exists in all phases of the material.  At level 

II, volume fractions read: 

𝑓𝑐𝑙𝑎𝑦 + 𝑓𝑘𝑒𝑟𝑜𝑔𝑒𝑛 + 𝑓𝑖𝑛𝑐 + 𝜙II = 1              (5.1) 

where  

𝑓𝑖𝑛𝑐 = (1 − 𝜙II)
∑

𝑚𝑖
𝜌𝑖

𝑁
𝑖=1

∑
𝑚𝑗

𝜌𝑗

𝑃
𝑗=1

          (5.2a) 
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𝑚𝑘 and 𝜌𝑘 are the mass percent and grain density of  𝑘𝑡ℎ phase, 𝑃 stands for all the organic 

and inorganic phases, and 𝑁 denotes all non-clay inorganic constituents. Also, volume 

fraction of clay and kerogen is defined as:  

𝑓𝑟 = (1 − 𝜙II)

𝑚𝑟
𝜌𝑟

∑
𝑚𝑗

𝜌𝑗

𝑃
𝑗=1

  (𝑟 = 𝑐𝑙𝑎𝑦, 𝑘𝑒𝑟𝑜𝑔𝑒𝑛)       (5.2b) 

It is assumed that 𝑓𝑖𝑛𝑐= 𝑓𝑐𝑎𝑙𝑐𝑖𝑡𝑒+ 𝑓𝑞𝑢𝑎𝑟𝑡𝑧 where 𝑓𝑐𝑎𝑙𝑐𝑖𝑡𝑒 and 𝑓𝑞𝑢𝑎𝑟𝑡𝑧 denote the 

volume fractions of calcite and quartz at level II, respectively. At level I, volume fractions 

satisfy following constraint: 

𝜂𝑐𝑙𝑎𝑦 + 𝜂𝑘𝑒𝑟𝑜𝑔𝑒𝑛 + 𝜑I = 1            (5.3) 

where 

𝜂𝑟 =
𝑓𝑟

𝑓𝑐𝑙𝑎𝑦+𝑓𝑘𝑒𝑟𝑜𝑔𝑒𝑛+𝜙𝑘+𝑐
II   (𝑟 = 𝑐𝑙𝑎𝑦, 𝑘𝑒𝑟𝑜𝑔𝑒𝑛)            (5.4a) 

where 𝜙𝑘+𝑐
II  denotes the portion of porosity at level II, 𝜙II, which belongs to clay and 

kerogen phases: 

𝜙𝑘+𝑐
II = 𝜙II  

𝑓𝑐𝑙𝑎𝑦+𝑓𝑘𝑒𝑟𝑜𝑔𝑒𝑛

𝑓𝑐𝑙𝑎𝑦+𝑓𝑘𝑒𝑟𝑜𝑔𝑒𝑛+𝑓𝑖𝑛𝑐
                                    (5.4b) 

and 

 𝜑I =
𝜙𝑘+𝑐
II

𝑓𝑐𝑙𝑎𝑦+𝑓𝑘𝑒𝑟𝑜𝑔𝑒𝑛+𝜙𝑘+𝑐
II          (5.4c) 

also, 𝜑I is divided between clay and kerogen proportional to their volume fractions: 

𝜑clay =
𝜂𝑐𝑙𝑎𝑦

𝜂𝑐𝑙𝑎𝑦+𝜂𝑘𝑒𝑟𝑜𝑔𝑒𝑛
 𝜑I                (5.4d) 

𝜑kerogen =
𝜂𝑘𝑒𝑟𝑜𝑔𝑒𝑛

𝜂𝑐𝑙𝑎𝑦+𝜂𝑘𝑒𝑟𝑜𝑔𝑒𝑛
 𝜑I          (5.4e) 
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To obtain effective stiffness tensor of porous inclusions with ITZ, a three-step 

homogenization is performed. The first step homogenization is needed to obtain the 

effective elasticity tensor of solid matrix, i.e. a self-consistent mixture of quartz and 

calcite. The second step of homogenization is performed through generalized self-

consistent method to introduce the weakened interface through ITZ. Finally, third self-

consistent homogenization is needed to introduce porosity to the composite of calcite and 

quartz with a weakened interface. The obtained stiffness tensor of weakened porous 

inclusion is then utilized for calculation of effective stiffness tensor at level II. Volume 

fractions needed for the three-step homogenization scheme are: 

• Step one:   𝑓𝑖𝑛𝑐
𝑚,1 =

𝑓𝑚

𝑓𝑞𝑢𝑎𝑟𝑡𝑧+𝑓𝑐𝑎𝑙𝑐𝑖𝑡𝑒
  (𝑚 =quartz, calcite)   (5.5a) 

• Step two:   𝑓𝑖𝑛𝑐
,2 = (

2−𝛥𝑖𝑡𝑧

2
)3       and      𝑓𝑖𝑡𝑧

,2 = 1 − (
2−𝛥𝑖𝑡𝑧

2
)3                       (5.5b) 

• Step three: 𝑓𝑖𝑛𝑐
,3 =

𝑓𝑖𝑛𝑐

𝑓𝑖𝑛𝑐+𝜙𝑖𝑛𝑐
 ;  𝜙𝑖𝑛𝑐

,3 = 1 − 𝑓𝑖𝑛𝑐
,3

  (𝜙𝑖𝑛𝑐 = 𝜙II − 𝜙𝑘+𝑐
II ) (5.5c) 

In Eq. (5.5b) 𝛥𝑖𝑡𝑧 (𝜇𝑚) denotes the thickness of ITZ. It is assumed that ITZ demonstrates 

a homogeneous behavior and the average sum of radius of inclusion grain and thickness 

of ITZ is chosen to be 2𝜇𝑚 [Monfared and Ulm (2016)]. 

 

5.2 Level I 

At level I, there are two porous phases considered in our model: homogenized 

porous clay and homogenized porous kerogen. Behavior of each of these porous 

composites can be described through employing the classical poroelastic state equations 

[Coussy 2004]:   
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𝜮 = ⟦Cℎ𝑜𝑚⟧: 𝑬 − [𝛼]𝑝                     (5.6a)  

𝜑 − 𝜑0 = [𝛼]: 𝑬 +
𝑝

𝑁
           (5.6b) 

Where 

𝜮: Stress average (𝜮 =< 𝝈(𝐱) >𝛺)  

𝑬: Strain average (𝑬 =< 𝜺(𝐱) >𝛺)  

𝑝: Pore pressure  

𝜑 − 𝜑0: Lagrangian porosity change  

⟦Cℎ𝑜𝑚⟧: Homogenized stiffness tensor  

[𝛼]: matrix of Biot pore pressure coefficients  

𝑁: Solid Biot modulus  

Equations above describe the poroelastic behavior of a REV with domain 𝛺. 𝛺 consists of 

the solid domain (clay or kerogen) 𝛺𝑠 = (1 − 𝜑0)𝛺 and the pore space 𝛺𝑝 = 𝜑0𝛺, 

where 𝜑0 = 
𝜑clay

  [𝜑clay+𝜂𝑐𝑙𝑎𝑦]
=

𝜑kerogen

  [𝜑kerogen+𝜂𝑘𝑒𝑟𝑜𝑔𝑒𝑛]
 . 

Using a description of the stress field in the REV: 

𝝈(𝑥) = ⟦𝐶(𝐱)⟧: 𝜺(𝐱) + 𝝈𝑇(𝐱)          (𝐱 є 𝛺)             (5.7) 

with the following distribution of elastic properties and eigenstresses:  

ℂ(𝐱) = {
0      (𝐱 є 𝛺𝑝)
⟦𝐶𝑠⟧ (𝐱 є 𝛺𝑠)

                (5.8a) 

𝝈𝑇(𝑥) = {
−𝑝[1] (𝑥 є 𝛺𝑝)

0      (𝑥 є 𝛺𝑠)
            (5.8b) 
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where [1] denotes second order identity tensor. Then, the mechanics problem of finding 

microscopic stress and strain when REV is subjected to the macroscopic strain 𝑬 and 

microscopic eigenstress 𝝈𝑇 is associated with the following equations:  

𝛻. 𝝈 = 0                                  (𝐱 є 𝛺)  

𝝈 = ⟦𝐶(𝐱)⟧: 𝜺 + 𝝈𝑇(𝐱)           (𝐱 є 𝛺)            (5.9) 

𝜉 = 𝑬. 𝐱              (𝐱 є 𝛺)    

One can separate the above problem into two problems, each with one of the 

loading conditions (𝝈𝑇 , 𝑬), since the defined problem is linear:  

1- Problem corresponds to the response of REV to the 𝑬 while 𝝈𝑇 is zero.  

2- Problem corresponds to the response of REV to the 𝝈𝑇 while 𝑬 is zero.  

The final solution of the microscopic stress and strain fields is the superposition of 

stress and strains fields of each sub-problem defined above.  

Solution of sub-problem 1:  

The problem of REV subjected only to the 𝑬 is associated with the following 

equations:  

𝛻. 𝝈1 = 0           (x є 𝛺)  

𝝈1 = ⟦𝐶(𝐱)⟧: 𝜺1   (x є 𝛺)                                     (5.10)  

𝜉1  = 𝑬. 𝐱         (𝐱 є 𝜕𝛺)  

Using (4.9b): 

𝜀1(𝐱) = ⟦𝐴(𝐱)⟧: 𝑬           (5.11)  

Using Eqs. (5.11), (5.8), and (5.7):  

𝜮1 = < 𝝈1(𝐱) >𝛺 = < ⟦𝐶(𝐱)⟧: ⟦𝐴(𝐱)⟧ >𝛺 : 𝑬      (5.12)  
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Thus, the drained homogenized stiffness tensor is equal to: 

⟦Cℎ𝑜𝑚⟧: = < ⟦𝐶(𝐱)⟧: ⟦𝐴(𝐱)⟧ >𝛺= 𝜂𝑠⟦𝐶𝑠⟧: ⟦𝐴𝑠⟧                      (5.13)  

where  

⟦𝐴𝑠⟧  = [⟦𝐼⟧ + ⟦𝑃𝑠𝑐⟧: (⟦𝐶𝑠⟧ − ⟦Cℎ𝑜𝑚⟧)]
−1: < [⟦𝐼⟧ + ⟦𝑃𝑠𝑐⟧: (⟦𝐶𝑠⟧ − ⟦Cℎ𝑜𝑚⟧)]

−1 >𝛺
−1

    (5.14) 

{𝑠 = 𝑐𝑙𝑎𝑦, 𝑘𝑒𝑟𝑜𝑔𝑒𝑛}  

where ⟦𝑃𝑠𝑐⟧ represents Hill polarization tensor obtained from a self-consistent approach.  

Solution of sub-problem 2:  

The problem of REV subjected to the 𝝈𝑇 is associated with the following equations:  

𝛻. 𝝈2 = 0                                                (𝑥 є 𝛺)   

𝝈2 = ⟦𝐶(𝐱)⟧: 𝜺2 + 𝝈𝑇(𝑥)                   (𝑥 є 𝛺)         (5.15) 

𝜉2 = 0                                                      (𝑥 є 𝜕𝛺)   

In this case the macroscopic stress 𝜮2 equals the average of microscopic stress 𝝈2over the 

REV volume. Also, using the Hill lemma to the 𝝈2 and 𝜺1 one obtains:  

< 𝝈2: 𝜺1 >𝛺= 𝜮
2: 𝑬            (5.16) 

Using (5.15) and (5.16), one obtains:  

< 𝝈2: 𝜺1 >𝛺=< 𝜺
2: ⟦𝐶(𝐱)⟧: 𝜺1 >𝛺+ < 𝝈

𝑇(𝐱): 𝜺1 >𝛺      (5.17) 

Second use of hill Lemma to the 𝜺2 and 𝝈1 yields (for this load case < 𝜺2 >𝛺= 0) 

< 𝜺2: ⟦𝐶(𝐱)⟧: 𝜺1 >𝛺= 0             (5.18) 

Using (5.18), (5.17), and (5.11):   

𝜮2 =< 𝝈𝑇(𝑥): ⟦𝐴(𝐱)⟧  >𝛺                          (5.19) 

The above equation is known as Levin’s theorem (Dormieux et. al 2006, and Zaoui 2002). 

𝜮2 is the variation in pressure under no macroscopic strain. Using Eqs. (5.19) and (5.8a):  
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𝜮2 = 𝜮𝑇 = −𝑝𝜑0[1]: ⟦𝐴𝑝⟧            (5.20)  

where ⟦𝐴𝑝⟧ is the strain localization tensor associated with the pore inclusions. One can 

calculate the matrix of Biot pore pressure coefficients, [𝛼], by comparing the 𝝈𝑇 and 𝜮𝑇: 

 [𝛼] = 𝜑0[1]: ⟦𝐴𝑝⟧  = (1 − 𝜂𝑠)[1]: ⟦𝐴𝑝⟧        (5.21)  

Now, superposition of macroscopic stresses of both load cases yields the Eq. 

(5.6a).  Now, we want to derive an expression for the strain field in the pore space as a 

function of 𝑝 (pore pressure) for the second sub-problem:  

We know that < 𝜺2 >𝛺= 0 , thus:  

𝜑0 < 𝜺
2 >𝛺𝑝= −(1 − 𝜑0) < 𝜺2 >𝛺𝑠           (5.22)  

Now, only considering solid domain:  

(1 − 𝜑0) < 𝜺2 >𝛺𝑠= (1 − 𝜑0)⟦𝑆
𝑠⟧: < 𝝈2 >𝛺𝑠       (5.23)  

Also, we have:  

𝜮2 =< 𝝈2 >𝛺= −𝑝[𝛼]  

< 𝝈2 >𝛺𝑝= −𝑝[1]                  (5.24) 

< 𝝈2 >𝛺=< 𝝈
2 >𝛺𝑝+< 𝝈

2 >𝛺𝑠  

Using above three equations, one can obtain:  

(1 − 𝜑0) < 𝝈2 >𝛺𝑠  = (𝜑0[1] − [𝛼])           (5.25)  

By using (5.25) in (5.22) and (5.23), we get:  

𝜑0[1] : < 𝜺2 >𝛺𝑝= 𝑝[1]: ⟦𝑆
𝑠⟧: ([𝛼] − 𝜑0[1])       (5.26)  

The strain field solution of Eq. (5.9) is the superposition of two sub-problems, 

namely 𝜺1 and 𝜺2. The second one is derived above. For the solution to the first sub-

problem we use Eqs. (5.11) and (5.21): 
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𝜑0[1] : < 𝜺2 >𝛺𝑝= 𝜑0[1]: ⟦𝐴𝑝⟧: 𝑬 = [𝛼]: 𝑬         (5.27) 

Finally, by the superposition of the results of (5.26) and (5.27) one can obtain the total 

change in porosity (Eq. 5.6b).  

In Eq. (5.6b) the solid Biot modulus is defined as: 

1

𝑁
= [1]: 𝕊𝑠: ([𝛼] − 𝜑0[1]) = 𝟏: ⟦𝑆

𝑠⟧: ([𝛼] − (1 − 𝜂𝑠)[1])    (5.28)  

Performing the steps mentioned above, following poroelastic coefficients and 

homogenized properties for porous clay and porous kerogen at level I are obtained: 

𝑃𝑜𝑟𝑜𝑢𝑠 𝐶𝑙𝑎𝑦 (𝑝𝑐)   ⟦Cℎ𝑜𝑚⟧𝑝𝑐 = (1 − 𝜑0)⟦𝐶
𝑐𝑙𝑎𝑦⟧: ⟦𝐴𝑐𝑙𝑎𝑦⟧                            (5.29a) 

[𝛼]𝑝𝑐 = 𝜑0[1]: ⟦𝐴
𝑝−𝑐𝑙𝑎𝑦⟧                                      (5.29b) 

   
1

𝑁𝑝𝑐
= [1]: ⟦𝑆𝑐𝑙𝑎𝑦⟧: ([𝛼]𝑝𝑐 − 𝜑0[1])                            (5.29c) 

𝑃𝑜𝑟𝑜𝑢𝑠 𝐾𝑒𝑟𝑜𝑔𝑒𝑛 (𝑝𝑘) ⟦Cℎ𝑜𝑚⟧𝑝𝑘 = (1 − 𝜑0)⟦𝐶
𝑘𝑒𝑟𝑜𝑔𝑒𝑛⟧: ⟦𝐴𝑘𝑒𝑟𝑜𝑔𝑒𝑛⟧             (5.30a) 

[𝛼]𝑝𝑘 = 𝜑0[1]: ⟦𝐴
𝑝−𝑘𝑒𝑟𝑜𝑔𝑒𝑛⟧                                              (5.30b) 

   
1

𝑁𝑝𝑘
= [1]: ⟦𝑆𝑘𝑒𝑟𝑜𝑔𝑒𝑛⟧: ([𝛼]𝑝𝑘 − 𝜑0[1])                     (5.30c)   

where 𝜑0 = 𝜑
I = 𝜙II due to the self ocnsitent texture of mature organic-rich shale.                                           

To obtain the homogenized stiffness tensor and poroelastic coefficients at level I, 

following formulations are employed:   

𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑖𝑧𝑒𝑑 𝑙𝑒𝑣𝑒𝑙 𝐼      

⟦𝐶ℎ𝑜𝑚
𝐼 ⟧ =< ⟦C⟧: ⟦𝐴(𝐱)⟧ >𝛺I= (𝜑𝑐𝑙𝑎𝑦 + 𝜂𝑐𝑙𝑎𝑦)⟦Cℎ𝑜𝑚⟧𝑝𝑐: ⟦𝐴

𝑝𝑐⟧                                   (5.31a) 

                   +(𝜑𝑘𝑒𝑟𝑜𝑔𝑒𝑛 + 𝜂𝑘𝑒𝑟𝑜𝑔𝑒𝑛)⟦Cℎ𝑜𝑚⟧𝑝𝑘: ⟦𝐴
𝑝𝑘⟧     

[𝛼]𝐼,ℎ𝑜𝑚 = (𝜑𝑐𝑙𝑎𝑦 + 𝜂𝑐𝑙𝑎𝑦)[𝛼]𝑝𝑐 + (𝜑𝑘𝑒𝑟𝑜𝑔𝑒𝑛 + 𝜂𝑘𝑒𝑟𝑜𝑔𝑒𝑛)[𝛼]𝑝𝑘                             (5.31b) 

1

𝑁𝐼
= (𝜑𝑐𝑙𝑎𝑦 + 𝜂𝑐𝑙𝑎𝑦)

1

𝑁𝑝𝑐
+ (𝜑𝑘𝑒𝑟𝑜𝑔𝑒𝑛 + 𝜂𝑘𝑒𝑟𝑜𝑔𝑒𝑛)

1

𝑁𝑝𝑘
                        (5.31c) 
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5.3 Level II 

At this level shale is considered as a composite consisting of porous equivalent 

inclusion grains (porosity + inclusions + ITZs) and a porous solid fabric upscaled from 

level I. Thus, continuous stress field in the REV at this scale reads: 

𝝈(𝑥) = ⟦C(𝐱)⟧: 𝜺(𝐱) + 𝝈𝑇(𝐱)           (𝐱 є 𝛺)             (5.32) 

where 

⟦C(𝐱)⟧ = {
⟦𝐶ℎ𝑜𝑚

𝐼 ⟧                   (𝐱 є 𝛺1
ℎ𝑜𝑚)

⟦𝐶ℎ𝑜𝑚
𝑝𝑜𝑟−𝑒𝑖𝑛𝑐⟧      (𝐱 є 𝛺𝑝𝑜𝑟−𝑒𝑖𝑛𝑐)

                   (5.33a) 

 𝝈𝑇(𝑥) = {
−[𝛼]𝑰𝑝            (𝑥 є 𝛺1

ℎ𝑜𝑚)

−[𝛼]𝒑𝒐𝒓−𝒆𝒊𝒏𝒄𝑝      (𝑥 є 𝛺𝑒𝑝𝑜𝑟−𝑖𝑛𝑐)
                  (5.33b) 

⟦𝐶ℎ𝑜𝑚
𝑝𝑜𝑟−𝑒𝑖𝑛𝑐⟧ represents stiffness tensor associated with the porous equivalent inclusion 

grains, and [𝛼]𝒑𝒐𝒓−𝒆𝒊𝒏𝒄 denotes the tensor of Biot pore pressure coefficient of the porous 

equivalent inclusion.  

For the homogenized [𝛼]𝑰𝑰 (homogenized Biot pore pressure at level II), the sub-

problem associated with the response of a REV to a prescribed macroscopic strain field at 

the boundaries while 𝝈𝑇= 0 is considered (sub-problem 1 at level I). Considering strain 

compatibility condition and the second poroelastic state equation, one can obtain: 

(𝜑 − 𝜑0)
1 =< [𝛼]𝑰𝜀1 >= ∑ 𝜂𝑟([𝛼]𝑰)𝑟𝑛

𝑟=1 (𝜀𝑟)1 = ∑ 𝜂𝑟([𝛼]𝑰)𝑟⟦𝐴𝑟⟧:𝑬 = [𝛼]𝐼,ℎ𝑜𝑚: 𝑬𝑛
𝑟=1   (5.34) 

From (5.34) it can be deduced that: 

[𝛼]ℎ𝑜𝑚 =< [𝛼]𝑟: ⟦𝐴𝑟⟧ >𝛺𝑠          (5.35) 

and 𝑟 denoted the solid phases.  
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In order to compute Biot solid modulus, one needs to consider sub-problem 2 from 

Level I, where response of a REV to the eigenstresses in the pore space is studied while 𝑬 

is zero. We have: 

(𝜑 − 𝜑0)
2 =<

𝑝

𝑁𝐼
>𝛺𝑠=

𝑝

𝑁𝐼
                                    (5.36) 

Hence: 

1

𝑁ℎ𝑜𝑚
=<

1

𝑁𝑟
>𝛺𝑠                                                                                (5.37) 

Adapting Eq. (5.28) for the porous equivalent inclusion, we get: 

1

𝑁𝑝𝑜𝑟−𝑒𝑖𝑛𝑐
= [1]: 𝑓𝑖𝑛𝑐

,3 (⟦𝑆𝑒−𝑖𝑛𝑐⟧): ([1]: (⟦𝐼⟧ − ⟦𝐴𝑒−𝑖𝑛𝑐⟧))                                                          (5.38) 

Now, one can write the homogenized drained stiffness tensor as: 

⟦𝐶ℎ𝑜𝑚
𝐼𝐼 ⟧ =< ⟦C⟧: ⟦𝐴(𝐱)⟧ >𝛺II= (𝑓𝑝𝑜𝑟−𝑒𝑖𝑛𝑐)⟦𝐶ℎ𝑜𝑚

𝑝𝑜𝑟−𝑒𝑖𝑛𝑐⟧: ⟦𝐴𝑝𝑜𝑟−𝑒𝑖𝑛𝑐⟧                          (5.39) 

                                               +(1 − 𝑓𝑝𝑜𝑟−𝑒𝑖𝑛𝑐)⟦𝐶ℎ𝑜𝑚
𝐼 ⟧: ⟦𝐴ℎ𝑜𝑚,𝐼⟧ 

𝑓𝑝𝑜𝑟−𝑒𝑖𝑛𝑐 = 𝜙𝑖𝑛𝑐 + 𝑓𝑖𝑛𝑐                                                                                                            (5.40) 

Poroelastic coefficients associated with the upscaled level I read: 

[𝛼]𝐼
up

=[𝛼]𝐼: (⟦𝐼⟧ − 𝑓𝑝𝑜𝑟−𝑒𝑖𝑛𝑐⟦𝐴𝑝𝑜𝑟−𝑒𝑖𝑛𝑐⟧)                  (5.41) 

1

𝑵𝐼
up =

1−𝑓𝑝𝑜𝑟−𝑒𝑖𝑛𝑐

𝑵𝑰
+ [𝛼]𝐼: (⟦𝐶ℎ𝑜𝑚

𝐼
⟧ − ⟦𝐶ℎ𝑜𝑚

𝑝𝑜𝑟−𝑒𝑖𝑛𝑐
⟧)−1: (−[𝛼]𝐼

up
+ (1 − 𝑓𝑝𝑜𝑟−𝑒𝑖𝑛𝑐)[𝛼]𝐼)      (5.42) 

Effective [𝛼]𝐼𝐼 and 𝑁𝐼𝐼 read: 

[𝛼]𝐼𝐼 = 𝑓𝑝𝑜𝑟−𝑒𝑖𝑛𝑐[𝛼]𝑝𝑜𝑟−𝑒𝑖𝑛𝑐 + (1 − 𝑓𝑝𝑜𝑟−𝑒𝑖𝑛𝑐) [𝛼]𝐼
up

            (5.43) 

1

𝑁𝐼𝐼
= 𝑓𝑝𝑜𝑟−𝑒𝑖𝑛𝑐

1

𝑁𝑝𝑜𝑟−𝑒𝑖𝑛𝑐
+ (1 − 𝑓𝑝𝑜𝑟−𝑒𝑖𝑛𝑐)

1

𝑵𝐼
up           (5.44) 
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5.4 Undrained Behavior 

In this section, we aim to derive expressions for undrained stiffness properties of 

shales when pores are fully saturated. The Lagrangian fluid mass content for a fully 

saturated pore system reads: 

𝑚 = 𝜑𝜌𝑓𝑙(𝑃)             (5.45) 

The change in fluid density due to applying pressure can be characterized by the 

following equation: (Coussy 2004): 

𝜌𝑓𝑙

𝜌𝑓𝑙,0
= 1 +

𝑃

𝐾𝑓𝑙
              (5.46) 

where 𝜌𝑓𝑙,0 is the initial fluid density, and 𝐾𝑓𝑙 is bulk moduli of fluid. Using Eqs. (5.6a), 

(5.6b), and (5.42) one can write: 

𝜮 = ⟦𝐶ℎ𝑜𝑚
𝐽,𝑢𝑛⟧: (𝑬 − 𝑩𝐽

(𝑚−𝑚0)𝐽

𝜌𝑓𝑙,0
)                   (5.47a) 

(𝑚−𝑚0)𝐽

𝜌𝑓𝑙,0
= [𝛼]𝐽: 𝑬 +

𝑝

𝑀𝐽                                                 (5.47b)  

where: 

𝐽: indicates the level                        ;       𝐽 = 𝐼, 𝐼𝐼  

𝑀𝐽: overall Biot modulus                       ;      
1

𝑀𝐽 =
1

𝑁𝐽
+
ϕ0

𝐽

𝐾𝑓𝑙
  

𝑩𝐽: second-order tensor of Skempton coefficients           ;      𝑩𝐽 = 𝑀𝐽 ⟦𝑆ℎ𝑜𝑚
𝐽,𝑢𝑛⟧: [𝜶]𝐽  

(ℂhom)
𝐽,𝑢𝑛: undrained stiffness tensor         ; ⟦𝐶ℎ𝑜𝑚

𝐽,𝑢𝑛
⟧ = ⟦𝐶ℎ𝑜𝑚

𝐽
⟧ + (𝑀[𝜶]⨂[𝜶])𝐽  

And:  

ϕ0
𝐼 = 𝜑I at level 𝐽=𝐼, and ϕ0

𝐼𝐼
=𝜙II at level 𝐽=𝐼𝐼.  
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Biot solid modulus, N, characterizes pore volume changes due to variations in pore 

pressure under the condition of 𝑬 =  0; tensor of Biot pore pressure coefficients, [𝛼], is a 

correction factor for stress in solid frame due to pore pressure variations [Cheng 1997, 

Rice and Cleary 1976]; tensor of Skempton pore pressure coefficients, B, indicates pore 

pressure variations as a result of stress application [Skempton 1984]. 

 

5.5 Chapter Summary 

This chapter develops a predictive multiscale model for poroelastic properties of 

mature organic-rich shale based on the developments of chapter 4, which takes into 

account the structure and morphology of these shales. First, the volume fractions of 

considered phases at multiple length scales are calculated. It is assumed that mature 

organic-rich shales exhibit a self-consistent texture, and consequently the distribution of 

porosity between all phases at different length scales is even. Then microporoelastic 

properties of shale at two levels (level I and level II) are obtained by considering two 

scenarios: 

1- Problem corresponds to the response of REV to the 𝑬 while 𝝈𝑇 is zero.  

2- Problem corresponds to the response of REV to the 𝝈𝑇 while 𝑬 is zero. 

The superposition of these scenarios returns the final answer. Finally, undrained 

properties of shales are obtained by integrating classical poroelastic state equations and 

drained properties of shales.      
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6 PROBABILISTIC DEVELOPMENTS 

 

So far, the deterministic multiscale model is developed assuming that all the reported 

values of input parameters to the model, i.e. volume fractions, stiffness tensors, etc., are 

the same as their true values in the samples. What if this assumption is not correct?  Based 

on a literature survey it is deduced that almost all the input parameters which are obtained 

by carrying some experiments are not accurate, and there are some fluctuations in their 

values based on different experiments. The extreme case is the stiffness values of clay 

minerals. Thus, it is a useful practice to try to consider the uncertainty in input parameters 

of the model, and estimate the result of propagating these uncertainties in multiple levels 

to have a more robust and reliable model. To this end, in the following sections, 

probabilistic models to capture the uncertainty in two separate types of input parameters 

are presented: 

• Fourth-order tensor of stiffness of materials (e.g. clay) belonging to the TI class of 

symmetry 

• Scalar parameters (e.g. volume fractions in the model, bulk moduli and Poisson’s 

ratio of kerogen, thickness of the ITZ, etc.)  

 

6.1 Notations 

Below is the set of notations that will be used throughout section 6: 

• Superscript or subscript “ti” refers to “transversely isotropic”  
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• 𝔼lati is the set of all the fourth-order elasticity tensors that display transversely 

isotropic material symmetry  

• ⟦𝐶⟧ is deterministic fourth-order elasticity tensor (⟦𝑪⟧ for stochastic) 

• [𝐶] is deterministic second-order elasticity tensor which is the matrix 

representation of the elasticity tensor ([𝑪] for stochastic) 

• Deterministic vectors and scalars are denoted by 𝒂 and 𝑎 (𝑨 and 𝐴 for 

stochastic, respectively) 

• 𝕄6(ℝ) is the set of real (6x6) matrices. 

 

6.2 Probabilistic Developments of a Fourth-Order Stiffness Tensor Belonging to the 

TI Class of Symmetry (i.e. Clay Stiffness Tensor) 

In this section, we aim to develop the probability distribution of stochastic 

elasticity tensors of organic-rich shales at level 0, i.e. the elasticity tensor of consolidated 

clay. To this end, we assume that the elasticity tensor of consolidated clay at level 0 for 

all different organic-rich shales belongs to the class of transversely isotropic 

materials, ⟦𝐶ti⟧, which has five independent components, namely C1111, C1122, C1133, C3333, 

C2323.  

 It is being shown that any element in ⟦𝐶ti⟧ can be decomposed as: 

⟦𝐶ti⟧ = ∑ 𝑐𝑖⟦𝐸ti
(𝑖)
⟧5

𝑖=1 ,                                                                              (6.1)   

Where {⟦𝐸ti
(𝑖)
⟧}
𝑖=1

5

is a tensor basis of 𝔼lati, and {𝑐𝑖}𝑖=1
5  are coefficients that must satisfy 

some properties related to the positiveness of ⟦𝐶ti⟧ [Guilleminot and Soize 2013a]. 
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It is possible to decompose a random elasticity tensor, ⟦𝐂ti⟧, with values in 𝔼lati by 

extending Eq. (6.1) as: 

⟦𝐂ti⟧ = ∑ 𝐶𝑖⟦𝐸ti
(𝑖)
⟧5

𝑖=1 ,                                                        (6.2)  

where {𝐶𝑖}𝑖=1
5  now play the role of random variables and {⟦𝐸ti

(𝑖)
⟧}
𝑖=1

5

is a determinist basis 

for 𝔼la𝑡𝑖.  

As stated before, the goal of this section is to develop the probability distribution 

of stochastic elasticity tensor of consolidated clay. To this end, we introduce stochastic 

elasticity matrix [𝐂𝑐𝑙𝑎𝑦
𝑡𝑖 ], which is the matrix representation of stochastic consolidated clay 

elasticity tensor, which can be modeled as a 𝕄6
𝑡𝑖(ℝ)-valued random variable [Guilleminot 

and Soize 2013a]: 

[𝐂𝑐𝑙𝑎𝑦
𝑡𝑖 ] = ∑ 𝐶𝑖

𝑐𝑙𝑎𝑦
[𝐸ti

(𝑖)
]5

𝑖=1            (6.3) 

where {[𝐸ti
(𝑖)
]}
𝑖=1

5

 are the matrix representations of the deterministic basis tensor 

{⟦𝐸ti
(𝑖)
⟧}
𝑖=1

5

. 

In this thesis, Walpole’s basis tensors are utilized as the basis for transversely 

isotropic class of symmetry [Walpole 1984].  

For self-readability, we recall the Walpole’s basis tensors for the symmetry class 

of transversely isotropic: 

Let matrix representation of stochastic consolidated clay elasticity matrix, [𝐂𝑐𝑙𝑎𝑦
𝑡𝑖 ], 

decomposed as: 

[𝐂𝑐𝑙𝑎𝑦
𝑡𝑖 ]=𝐶1

𝑐𝑙𝑎𝑦
[𝐸(1)]+ 𝐶2

𝑐𝑙𝑎𝑦
[𝐸(2)]+ 𝐶3

𝑐𝑙𝑎𝑦
[𝐸(3)]+ 𝐶4

𝑐𝑙𝑎𝑦
[𝐸(4)]+ 𝐶5

𝑐𝑙𝑎𝑦
[𝐸(5)]                 (6.4) 
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where {[𝐸(𝑖)]}
𝑖=1

5
 are matrix representation of the fourth-order tensors defined as 

[Guilleminot and Soize 2013a]: 

 ⟦𝐸(1)⟧ = [𝑚]⨂[𝑚], ⟦𝐸(2)⟧ =
1

2
[ℎ]⨂[ℎ], ⟦𝐸(3)⟧ =

1

√2
[𝑚]⨂[ℎ] +

1

√2
[ℎ]⨂[𝑚], ⟦𝐸(4)⟧ =

[ℎ]⨀[ℎ] − ⟦𝐸(2)⟧, and ⟦𝐸(5)⟧ = ⟦𝕀⟧ − ⟦𝐸(2)⟧ − ⟦𝐸(2)⟧ − ⟦𝐸(4)⟧. 

where [ℎ] and [𝑚] are second-order symmetric tensors defined as: 

[𝑚]= 𝒏⨂𝒏 and [ℎ]= [𝐼] − [𝑚], where 𝒏 denotes the unit normal orthogonal to the plane 

of isotropy,  [𝐼] is the second-order symmetry identity tensor and ⨀ is the usual 

symmetrized tensor product (⨀ is defined by: 2([𝑋]⨀[𝑌])𝑖𝑗𝑘𝑙 = [𝑋]𝑖𝑘[𝑌]𝑗𝑙 + [𝑋]𝑖𝑙[𝑌]𝑗𝑘, 

where [𝑋] and [𝑌] are second-order tensors). 

Considering Eq. (6.2) (or (6.3)) one can deduce that constructing a probabilistic 

model for {𝐶𝑖
𝑐𝑙𝑎𝑦

}
𝑖=1

5
 is the same as construction of a probabilistic model for [𝐂𝑐𝑙𝑎𝑦

𝑡𝑖 ] (or 

random elasticity tensor ⟦𝐂𝑐𝑙𝑎𝑦
𝑡𝑖 ⟧). In the following the steps taken for constructing a 

probabilistic model for random coordinates {𝐶𝑖
𝑐𝑙𝑎𝑦

}
𝑖=1

5
 are addressed. 

6.2.1 Model Developments 

“Uncertainty propagation is often based on strong assumptions regarding the 

probability distributions, which are mostly chosen for the sake of theoretical and 

numerical convenience rather than deduced from a probabilistic reasoning” [Guilleminot 

and Soize 2013a]. Hence, such models are not reliable. To circumvent this issue and 

increase the reliability of constructing a probabilistic model for the random coordinates, 

theory of random matrices and Maximum Entropy (MaxEnt) principal are employed. 
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MaxEnt principal is a stochastic optimization procedure utilizing the Information 

Theory [Shannon 1948a and 1948b]. Using this principal beside some available 

information which is formed in a set of constraints one can construct the probability 

distributions of random coordinates. 

Here we summarize what is done in Guilleminot and Soize (2013b) to model a 

𝕄6
ti(ℝ)-valued random variable: 

6.2.2 Probabilistic Modeling of 𝕄𝟔
𝒕𝒊(ℝ) Random Variable 

Let [𝐂𝑐𝑙𝑎𝑦
𝑡𝑖 ], matrix representation of stochastic consolidated clay elasticity tensor, 

be a 𝕄6
𝑡𝑖(ℝ)-valued second-order random variable, and [𝑵] be the auxiliary 𝕄6

𝑡𝑖(ℝ)-

valued random variable such that  

[𝐂𝑐𝑙𝑎𝑦
𝑡𝑖 ]  = (𝔼{[𝐂𝑐𝑙𝑎𝑦

𝑡𝑖 ] })1/2[𝑵](𝔼{[𝐂𝑐𝑙𝑎𝑦
𝑡𝑖 ] })1/2                                                                               (6.5) 

And 

𝔼{[𝑵]} = [𝐼],                                                                                (6.6) 

𝔼{log(det([𝑵]))} = 𝜈,         |𝜈| < +∞                                                          (6.7) 

Following [Guilleminot and Soize 2013b] there exists a matrix [𝑮] ([𝑮] is a 

random matrix which is unique and symmetric) such that 

[𝑵] ∶= expm([𝑮]),                                                                                 (6.8) 

where expm is the matrix exponential, and 

[𝑮] = ∑ 𝐺𝑖[𝐸ti
(𝑖)
]5

𝑖=1 ,                                                            (6.9) 

Now, we define 𝑮, {𝑮 ∶= (𝐺1, 𝐺2, 𝐺3, 𝐺4, 𝐺5)},  a ℝ5 −valued random variable of 

coordinates on 𝕄6
ti(ℝ). In the next part, the construction of marginal probability 
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distributions of random coordinate 𝑮 (or equivalently random matrix [𝑮]) is addressed. 

Having the probability density functions (pdfs) of 𝑮, one can construct the pdf of 

coordinates of [𝐂𝑐𝑙𝑎𝑦
𝑡𝑖 ]  using Eq. (6.9) and (6.5). 

6.2.3 Constructing a Probabilistic Model for Random Variable G 

As mentioned earlier, the construction of probability distributions of random 

variable 𝑮 is completely equivalent to the construction of the one for random matrix [𝑮]. 

Let define {𝒈 →  𝑝𝑮(𝒈)} as the family of marginal pdfs of 𝑮. Two steps are taken in 

deriving the stochastic model for random variable𝑮: 

Step 1) Constructing the density pG(g) 

For the MaxEnt formulation, following constraints are considered based on 

information on [𝑮]: 

𝔼 {∑ 𝐺𝑖[𝐸ti
(𝑖)
]5

𝑖=1 } = [𝐼],                                                                 (6.10) 

𝔼 {log (det (expm(∑ 𝐺𝑖[𝐸ti
(𝑖)]5

𝑖=1 )))} = 𝜈,         |𝜈| < +∞           (6.11) 

By substituting (6.8)-(6.9) in (6.6)-(6.7) one can derive above equations. It can be inferred 

from Eq. (6.11) that both [𝑵] and [𝑵]−1 are second-order random variables [Guilleminot 

and Soize 2013b]: 

𝔼{‖[𝑵]‖𝐹
2} < +∞                      𝔼{‖[𝑵]−1‖𝐹

2} < +∞                                (6.12) 

Where ‖[𝐴]‖𝐹 is Frobenius norm defined as:  as ‖[𝐴]‖𝐹 ≔≪ [𝐴], [𝐵] ≫ 1/2. 

For the self-readability, we recall here the MaxEnt principle. Let 𝐶ad represents 

the set of all the integrable functions from 𝑺 ⊂ℝ5(𝑺 is the support of 𝑮) into ℝ+ such that 

satisfies above constraints and let 𝜀(𝑝) denotes the Shannon measure of entropy of pdf 𝑝: 
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𝜀(𝑝) = −∫ 𝑝𝐆𝑙 𝑛(𝑝𝐆) 𝑑𝒈𝑺
                                                           (6.13) 

The MaxEnt then reads:  

𝑝𝐆 = argmax 𝜀(𝑝)                                                                (6.14) 

𝑝є 𝐶ad  

This method is utilized to obtain the most unbiased probabilistic model for 𝑝𝐆. 

Following [Guilleminot and Soize 2013b], the general solution for the optimization 

problem (Eq. (6.14)) is obtained as: 

𝑝𝑮(𝒈) = 𝑐
𝑮 exp (−≪ [𝛬sol], expm(∑ 𝑔𝑖[𝐸𝑡𝑖

(𝑖)]5
𝑖=1 ) ≫ – 𝜆sol∑ 𝑔𝑖 Tr([𝐸𝑡𝑖

(𝑖)]5
𝑖=1 ))    (6.15) 

where [𝛬sol] and 𝜆sol are the unknown Lagrange multipliers and must satisfy constraints 

(6.10) and (6.11). Following [Guilleminot and Soize 2013b], one can assume [𝛬sol] =

∑ 𝜆𝑖
sol[𝐸𝑡𝑖

(𝑖)]5
𝑖=1 . It is assumed that the optimization problem is well-posed and the it admits 

at most one solution. In the sequel, solution Lagrange multipliers will be considered as the 

vector-valued 𝝀sol ∶=  (𝜆1
sol , . . . , 𝜆5

sol , 𝜆sol). 

Step 2) Random generator and definition of 𝐺 

Let define the potential function, ϕ, from ℝ5 into ℝ as [Guilleminot and Soize 

2013b]: 

ϕ(𝒖, 𝛌) =  ≪ ∑ 𝜆(𝑖)[𝐸𝑡𝑖
(𝑖)]5

𝑖=1 , expm(∑ 𝑢𝑖[𝐸𝑡𝑖
(𝑖)]5

𝑖=1 ) ≫ – 𝜆 ∑ 𝑢𝑖  Tr([𝐸𝑡𝑖
(𝑖)]5

𝑖=1 )         (6.16) 

and let define 𝒁𝝀 as the ℝ5-valued random variable with the pdf 𝑝𝝀: ℝ
5 → ℝ+ given by 

𝑝𝝀(𝒖) = 𝑐𝝀 exp (−ϕ(𝒖))                                                      (6.17) 

where 𝑐𝝀 is a normalization constant. One can deduce that [Guilleminot and Soize 2013b] 

𝑝𝑮(𝒈) = 𝑝𝝀𝑠𝑜𝑙(𝒈)                                                           (6.18) 
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with 𝑐𝝀 = 𝑐𝑮. 

Now, let {(𝑼(𝑟), 𝑽(𝑟)), 𝑟 є ℝ+} be a Markov stochastic process which satisfies the 

following ISDE [Guilleminot and Soize 2013b]: 

{
d𝑼(𝑟) = 𝑽(𝑟) 𝑑𝑟,                                                                    

d𝑽(𝑟) = −𝛻𝑢ϕ(𝑼(𝑟); 𝝀)d𝑟 −
𝑓0

2
𝑽(𝑟)d𝑟 + √𝑓0d𝑾(𝑟)

                         (6.19) 

where 𝑓0 belongs to a family of free ℝ+-valued parameters and {𝑾(𝑟), 𝑟>0}) is the ℝ𝑁-

valued normalized Wiener process. Following Guilleminot and Soize 2013b we obtain: 

lim
𝑟→+∞

𝑼(𝑟) =𝒁𝝀                                                                          (6.20) 

in probability distribution. From (6.18) and (6.20), one can define random variable 𝑮 as 

𝑮 ∶=  ℋ ({𝑾(𝑟), 𝑟>0}) ,                                                       (6.21) 

Where ℋ is a non-linear operator. 

Following Guilleminot and Soize 2013b, we make use of the Stormer-Verlet algorithm in 

order to discretize above ISDE to sample 𝑼(𝑟). 

{
 
 

 
 𝑼

𝑘+
1

2 = 𝑼𝑘 +
𝛥𝑟

2
𝑽𝑘                 

𝑽𝑘+1 =
1−𝑎

1+𝑎
𝑽𝑘 +

𝛥𝑟

1+𝑎
𝑳𝑘+

1

2 +

𝑼𝑘+1 = 𝑼𝑘+1/2 +
𝛥𝑟

2
𝑽𝑘+1      

√𝑓0

1+𝑎
𝛥𝑾𝑘+1                                       (6.22) 

where 𝑼𝑘 = 𝑼(𝑟𝑘); 𝑽
𝑘 = 𝑽(𝑟𝑘); 𝑟𝑘 = (𝑘 − 1)𝛥𝑟 with 𝛥𝑟 represents the sampling step 

for k=1, 2, …, 𝑀 − 1; 𝑎 = 𝑓0
𝛥𝑟

4
; and 𝛥𝑾𝑘+1 = 𝑾(𝑟𝑘+1) −𝑾(𝑟𝑘) is the Wiener process 

increment between 𝑟𝑘+1 and𝑟𝑘.  𝒖1 and 𝒗1 are the initial values for 𝑼 and 𝑽, respectively, 

which are arbitrary deterministic vectors. The ℝ𝑁-valued random variable 𝑳𝑘 is defined 

as  
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(𝑳𝑘)𝑗 = −{
𝜕ϕ(𝒖;𝛌)

𝜕𝑢𝑗
}𝒖=𝑼𝑘                                                                   (6.23) 

Following Guilleminot and Soize 2013b, one can deduce that 

𝑮 = lim
𝛥𝑟→0

( lim
𝑘→+∞

𝑼(𝑟𝑘))           (6.24) 

To generate the samples of 𝑼 (or as Eq. (6.24) suggests samples of 𝑮) one needs 

to find solutions of Lagrange multipliers. For the cubic and isotropic symmetry classes, 

explicit solutions of Lagrange multipliers can be easily constructed. This is not the case 

for transversely isotropic class of symmetry. Staber et al. 2015, propose a method to find 

the approximate solution of Lagrange multipliers which relies on sequential optimization 

problem. For the class of transversely isotropic symmetry, Lagrange multipliers are: 

𝝀sol = −0.8156(𝛿[𝑵])
−2.01

(−1,−1,0, −1,−1,1),                                           (6.25) 

And subsequently  

ϕ(𝒖) = 0.8156(𝛿[𝑵])
−2.01

X Tr(expm(∑ 𝑢𝑖[𝐸𝑡𝑖
(𝑖)]5

𝑖=1 ) − ∑ 𝑢𝑗 [𝐸𝑡𝑖
(𝑗)
]5

𝑗=1 )           (6.26) 

where 𝛿[𝑵] ∶= √𝔼{‖[𝑵] − 𝔼{[𝑵]}‖𝐹
2}/‖𝔼{[𝑵]}‖𝐹

2  can be calculated using the available 

experimental data on elasticity matrix [𝐂𝑐𝑙𝑎𝑦
𝑡𝑖 ] . By substituting (6.26) in (6.23) and using 

(6.22) one would be able to generate the samples of 𝑼and subsequently samples of 𝑮. 

Now we aim to construct the pdf of coordinates {𝐶𝑖
𝑐𝑙𝑎𝑦

}
𝑖=1

5
 of elasticity tensor [𝐂𝑐𝑙𝑎𝑦

𝑡𝑖 ] 

using the pdf of random variable 𝑮. 

We re-write Eq. (6.9) as: 

[𝑮] = {[𝐺123], 𝐺4, 𝐺5}                                                          (6.27) 
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This representation allows for simple algebraic calculation as shown in Walpole (1984). 

Then, using Eq. (6.8), we obtain 

[𝑵] ∶= expm([𝑮]) = {expm([𝐺123]), exp(𝐺4) , exp (𝐺5)}                        (6.28) 

And finally using Eq. (6.5) one can generate multiple realizations of [𝑪] using a Monte 

Carlo simulation. 

To find statistical dependency between coordinates{𝐶𝑖}𝑖=1
5 , one can re-write Eq. (6.16) as: 

𝑝𝑮(𝒈) = 𝑝𝐺1, 𝐺2, 𝐺3(𝑔1, 𝑔2, 𝑔3) X 𝑝𝐺4(𝑔4) X 𝑝𝐺5(𝑔5)                            (6.29) 

Then, using the transformation (5.28) and (5.5) it is deduced that 

𝑝𝑪𝑐𝑙𝑎𝑦(𝒄
𝑐𝑙𝑎𝑦)  = 𝑝

𝐶1
𝑐𝑙𝑎𝑦

,𝐶2
𝑐𝑙𝑎𝑦

,𝐶3
𝑐𝑙𝑎𝑦(𝑐1

𝑐𝑙𝑎𝑦
, 𝑐2
𝑐𝑙𝑎𝑦

, 𝑐3
𝑐𝑙𝑎𝑦

) X 𝑝
𝐶4
𝑐𝑙𝑎𝑦(𝑐4

𝑐𝑙𝑎𝑦
) X 𝑝

𝐶5
𝑐𝑙𝑎𝑦(𝑐5

𝑐𝑙𝑎𝑦
)      (6.30) 

which implies the following: 

For the elasticity tensor of consolidated clay belonging to the transversely isotropic class 

of symmetry, the random coordinates {𝐶𝑖
𝑐𝑙𝑎𝑦

}
𝑖=1

5
 are such that: 

• the components 𝐶1
𝑐𝑙𝑎𝑦

, 𝐶2
𝑐𝑙𝑎𝑦

, and 𝐶3
𝑐𝑙𝑎𝑦

 are statistically dependent random 

variables, 

• the components 𝐶4
𝑐𝑙𝑎𝑦

 and 𝐶5
𝑐𝑙𝑎𝑦

are statistically independent (By developing 

complete equation of  𝑝𝑪𝑐𝑙𝑎𝑦(𝒄
𝑐𝑙𝑎𝑦) one can find that 𝐶4

𝑐𝑙𝑎𝑦
 and 𝐶5

𝑐𝑙𝑎𝑦
 are Gamma-

distributed random variables). 

 

6.3 Probabilistic Developments of a Scalar Parameter 

In this section, we aim to construct the probabilistic model for the scalar sources 

of uncertainty (scalar random variables) in developed microporomechanics model. The 
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construction of such model is carried out by using the principle of Maximum Entropy 

(MaxEnt) which has been used in the previous section. Let assume that we aim to construct 

a probability model for uncertain real-valued parameter 𝑥. Then 𝑋 represents a real-valued 

random variable with a probability law defined by a pdf 𝑥 → 𝑝𝑋(𝑥) on ℝ which we aim 

to construct. Following the MaxEnt principal 

𝜀(𝑝) = −∫ 𝑝X𝑙 𝑛(𝑝X) 𝑑𝑥𝑺
                                                   (6.31) 

Thus, 𝑝X(𝑥) is the pdf of random variable X which probabilistically models the uncertain 

variable 𝑥. Let assume that the available information on 𝑥 is (𝑖) the support of 𝑋, 𝑆X =

[𝑆1, 𝑆2]; (𝑖𝑖) the mean value of 𝑋, 𝜇𝑋; and (𝑖𝑖𝑖) the dispersion of 𝑋, 𝛿𝑋 =
𝜎𝑋

 𝜇𝑋
 , where 𝜎𝑋 

represents the standard deviation of 𝑋. One can form following equations using available 

information on 𝑥 besides using the normalization condition of the 𝑝X(𝑥): 

∫ 𝑝X(𝑥)𝑑𝑥𝑆𝑋
= 1                                                                (6.32) 

∫ 𝑥 𝑝X(𝑥)𝑑𝑥𝑆𝑋
= 𝜇𝑋                                                             (6.33) 

∫ 𝑥2 𝑝X(𝑥)𝑑𝑥𝑆𝑋
= (1 + 𝛿𝑋

2) 𝜇𝑋
2                                                (6.34) 

The MaxEnt consists of maximizing the entropy in Eq. (6.31) subjected to the constraints 

(6.32)-(6.34). The ensuing pdf turns out to be  

𝑝𝑋
𝛌(𝑥) = 𝟙𝑆(𝑥) exp (−λ0 − λ1𝑥 − λ2𝑥

2)                                   (6.35) 

where 𝟙𝑆(𝑥) is the characteristic function of 𝑆, i.e. 𝟙𝑆(𝑥) = 1 if 𝑥 ∈  𝑆,0 otherwise; and 

vector 𝛌 = (λ0, λ1, λ2) contains the Lagrange multipliers satisfying constraints in Eqs. 

(44)-(46). 𝛌 is achieved by minimizing the Hamilton function defined as: 

ℋ(𝛌) = λ0 + λ1𝜇𝑋 + λ2(1 + 𝛿𝑋
2) 𝜇𝑋

2 + ∫ exp (−λ0 − λ1𝑥 − λ2𝑥
2) 𝑑𝑥

𝑆𝑋
                 (6.36) 
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6.3.1 Random Generator of 𝑿 

In order to propagate the uncertainty of the uncertain parameter 𝑥, we should 

generate a sufficiently large number, 𝑁, of statistically independent realizations of 𝑋. To 

this end, we make use of pseudoinverse method [Devroye L. 1986] to generate realizations 

of random variable 𝑋 by utilizing the pdf calculated in the previous part. The N statistically 

independent realizations of random variable 𝑋, 𝑋(𝑎𝑖)(1 = 1,2, … ,𝑁) can be obtained as 

following: 

𝑋(𝑎𝑖) = (𝐹𝑋
λ)
−1
{𝑈(𝑎𝑖)}                                                         (6.37) 

where 𝐹𝑋
λ(𝑥) = ∫ 𝑝𝑋

𝛌(𝜉) d𝜉
𝑥

𝑆1
 is the c.d.f. (cumulative density function) of 𝑋 and 𝑈(𝑎𝑖) is 

a realization of a uniform random variable 𝑈 with values in 𝑆𝑋. 

We construct the pdf and generate independent realizations of scalar uncertain parameters 

in our model using described methodology. 

 

6.4 Uncertainty Propagation 

The algorithm of constructing probabilistic multiscale model of organic rich shale 

is schematically illustrated in the Fig. 6.1. The construction of probabilistic multiscale 

model requires substitution of the deterministic vector of input parameters with the 

random vector of input parameters. Since the input parameters are random, the model 

outputs will be random as well. Let 𝑾𝑙𝑒𝑣𝑒𝑙 𝐼 and 𝑾𝑙𝑒𝑣𝑒𝑙 𝐼𝐼 be the random vectors of input 

parameters at level I and level II. Then, one can show that the elasticity tensor of 

homogenized medium at level I and level II can be shown by: 

 at level I:⟦𝑪⟧ℎ𝑜𝑚
𝑙𝑒𝑣𝑒𝑙 𝐼 = 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛1

(𝑾𝑙𝑒𝑣𝑒𝑙 𝐼)                   => 𝑓1(⟦𝑪⟧ℎ𝑜𝑚
𝑙𝑒𝑣𝑒𝑙 𝐼;𝑾𝑙𝑒𝑣𝑒𝑙 𝐼) = 0                   (6.38a) 
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at level II: ⟦𝑪⟧ℎ𝑜𝑚
𝑙𝑒𝑣𝑒𝑙 𝐼𝐼 = 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛2

(𝑾𝑙𝑒𝑣𝑒𝑙 𝐼𝐼, ⟦𝑪⟧ℎ𝑜𝑚
𝑙𝑒𝑣𝑒𝑙 𝐼)

  => 𝑓2(⟦𝑪⟧ℎ𝑜𝑚
𝑙𝑒𝑣𝑒𝑙 𝐼𝐼;𝑾𝑙𝑒𝑣𝑒𝑙 𝐼𝐼 , ⟦𝑪⟧ℎ𝑜𝑚

𝑙𝑒𝑣𝑒𝑙 𝐼 ) = 0  (6.38b)

In order to solve the above system of stochastic equations, the Monte Carlo 

simulation is employed. At the first step, for each statistically independent realization 

of 𝑾𝑙𝑒𝑣𝑒𝑙 𝐼, statistically independent realization of ⟦𝑪⟧ℎ𝑜𝑚
𝑙𝑒𝑣𝑒𝑙 𝐼 is obtained by solving the Eq.

(6.38a). Then, statically independent realizations of 𝑾𝑙𝑒𝑣𝑒𝑙 𝐼𝐼 are used in order to obtain 

the statically independent realizations of ⟦𝑪⟧ℎ𝑜𝑚
𝑙𝑒𝑣𝑒𝑙 𝐼𝐼  by solving Eq. (6.38b).

Finally, statistics on  ⟦𝑪⟧ℎ𝑜𝑚
𝑙𝑒𝑣𝑒𝑙 𝐼 and ⟦𝑪⟧ℎ𝑜𝑚

𝑙𝑒𝑣𝑒𝑙 𝐼𝐼 are obtained by calculating the

statistics on the statically independent realizations of ⟦𝑪⟧ℎ𝑜𝑚
𝑙𝑒𝑣𝑒𝑙 𝐼 and ⟦𝑪⟧ℎ𝑜𝑚

𝑙𝑒𝑣𝑒𝑙 𝐼𝐼 obtained

from solving the Eqs. (6.38a) and (6.38b). 

𝑓𝑜𝑟 𝑖𝑡𝑟𝑖 = 1 𝑡𝑜 𝑁 (𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛𝑠)  

Compute the statically independent realizations of random input vectors 

Calculate the elasticity tensor at level I and level II 

𝑒𝑛𝑑  

Fig. 6.1 Constructing probabilistic multiscale model of organic-rich shale through Monte Carlo simulation 

 𝑖𝑡𝑟𝑖 Indep. random realization  
𝑊 𝑙𝑒𝑣𝑒𝑙 𝐼(𝑖𝑡𝑟𝑖) 
𝑊 𝑙𝑒𝑣𝑒𝑙 𝐼𝐼(𝑖𝑡𝑟𝑖) 

𝑊 𝑙𝑒𝑣𝑒𝑙 𝐼(𝑖𝑡𝑟𝑖) 

𝐸𝑞. (6.38𝑎) ⟦𝐶⟧ℎ𝑜𝑚
𝑙𝑒𝑣𝑒𝑙 𝐼 

𝑊 𝑙𝑒𝑣𝑒𝑙 𝐼𝐼(𝑖𝑡𝑟𝑖) 

𝐸𝑞. (6.38𝑏) ⟦𝐶⟧ℎ𝑜𝑚
𝑙𝑒𝑣𝑒𝑙 𝐼𝐼 
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6.5 Chapter Summary 

 

This chapter deals with the construction of a probabilistic multiscale model which 

quantifies the uncertainties in the uncertain input parameters, and propagates them through 

multiple length scales to capture the effect of uncertainties on the model output. To this 

end, a framework of maximum entropy principal and random matrix theory are employed 

to construct a probabilistic model for the uncertain parameters based on available 

information. Uncertain parameters are classified as random matrix and random scalar 

variable, and it is explained in detail how to construct a probabilistic model for both 

categories, and how to generate samples from those models. Finally, the uncertainties are 

propagated through different levels using generated samples of uncertain parameters and 

a Monte Carlo simulation. 
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7 RESULTS 

 

This chapter is dedicated to the implementation of probabilistic multiscale model 

developed in previous chapters. First, multiscale model is calibrated using available 

datasets. Then, values obtained from calibration procedure are validated. Next, an example 

is given to clarify the construction of probabilistic model at different length scales. Finally, 

a sensitivity analysis is performed to quantify the contribution of uncertain input 

parameters to the model output at different length scales. 

   

7.1 Model Calibration 

7.1.1 Optimization Problems 

The goal of this section is to identify the values of input parameters to our model 

which cannot be obtained through experiments, or their values cover a wide range and 

thus it is not easy to determine them based on existing data. Volume fraction of organic 

and inorganic phases at multiple levels, their corresponding stiffness tensors, the radius of 

inclusions’ grain, and thickness and elasticity properties of ITZ are the input parameters 

to our model. It is turned out that stiffness tensor of consolidated clay, bulk modulus and 

Poisson’s ratio of kerogen, and thickness and elasticity properties of ITZ cannot be 

accurately determined from available data. Although some attempts to obtain the stiffness 

tensor of clay minerals at level 0 have been reported [among others see Alexandrov and 

Ryzhova 1961; Katahara 1996; Wang et al. 2001], the large range of estimated values for 

stiffness of clay minerals makes it impossible to choose a value based on these data. 
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Besides, based on reported values from Monfared and Ulm (2016) and Ortega et al. (2007), 

stiffness values of consolidated clay at level I is considerably different from those of a 

single clay mineral. 

Thus, a two-step model calibration is performed to determine the mean values of 

aforementioned input parameters to our model. In step 1, mean values of five independent 

components of elasticity tensor of consolidated clay at level 0, bulk modulus and Poisson’s 

ratio of kerogen at level I are determined. In step 2, mean values of thickness and elasticity 

properties of ITZ are determined. 

Step 1: In order to find the stiffness tensor of consolidated clay at level I (or 

equivalently determine five independent components of stiffness tensor of consolidated 

clay), and bulk and Poisson’s ratio of kerogen a downscaling approach is set up. Here, the 

objective function is to find the values of aforementioned parameters such that Frobenius 

norm between measured and predicted indentation moduli at level I of samples in CDS 1 

would be minimized. The indentation moduli at level I read: 

M3 = 2√
𝐶11𝐶33−𝐶13

2

𝐶11
(
1

𝐶44
+

2

√𝐶11𝐶33+𝐶13
)−1        (7.1a) 

M1 ≈ √√
𝐶11

𝐶33

𝐶11
2−𝐶12

2

𝐶11
M3                    (7.1b) 

Following equation represents the minimization problem that is set up to calibrate 

the multiscale model: 

𝑚𝑖𝑛𝒅1  (
1

𝑛1
∑ ‖𝑀1

𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑
−𝑀1

𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑‖
𝐹
+

1

𝑛2
∑ ‖𝑀3

𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑
−𝑀3

𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑‖
𝐹𝐶𝐷𝑆 1 𝐶𝐷𝑆 1 )    (7.2) 
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where 𝑛1 and 𝑛2 are the total number of measurements in samples 108, 150, 151 and Fay 

with measured values of  M1 and M3, respectively. Also 𝒅1 = <

𝐶11
𝑐𝑙𝑎𝑦

, 𝐶12
𝑐𝑙𝑎𝑦

, 𝐶13
𝑐𝑙𝑎𝑦

, 𝐶33
𝑐𝑙𝑎𝑦

, 𝐶44
𝑐𝑙𝑎𝑦

 , 𝐾𝑘𝑒𝑟𝑜𝑔𝑒𝑛, 𝜈𝑘𝑒𝑟𝑜𝑔𝑒𝑛 > represents the degrees of freedom 

associated with the minimization problem. 𝐾𝑘𝑒𝑟𝑜𝑔𝑒𝑛 represents bulk modulus of kerogen 

and 𝜈𝑘𝑒𝑟𝑜𝑔𝑒𝑛 denotes Poisson’s ration of kerogen. The minimization problem is subjected 

to a set of constraints to insure the positive definiteness of clay stiffness tensor at level I. 

These constraints are: 

𝐶11 + 𝐶12 + 𝐶33 + 𝜉 > 0          (7.3) 

𝐶11 + 𝐶12 + 𝐶33 − 𝜉 > 0                               

𝐶11 − 𝐶12 > 0  

𝐶44 > 0  

where  

 𝜉 = √𝐶11
2 + 𝐶12

2 + 8𝐶13
2 + 𝐶33

2 + 2𝐶11𝐶12 − 2𝐶11𝐶33 − 2𝐶12𝐶33                      (7.4) 

In order to perform the optimization problem, a global search in MATLAB using 

fmincon interior-point optimization algorithm is employed. Obtained values from this 

optimization problem are used in Step 2 of model calibration in order to find the mean 

values of thickness of ITZ and its elastic properties. 

Step 2: To obtain thickness of ITZ, 𝛥𝑖𝑡𝑧, and its elastic properties (i.e. bulk and 

shear moduli) a downscaling of macroscopic elasticity of samples in calibration data set 2 

(CDS2) is performed. In our model it is assumed that, as mentioned before, ITZ has an 

isotropic homogeneous behavior whose bulk and shear moduli are set equal to 𝐾𝑖𝑡𝑧 =
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𝐶𝑖𝑡𝑧𝐾𝑒  and 𝐺𝑖𝑡𝑧 = 𝐶𝑖𝑡𝑧𝐺𝑒 where 𝐶𝑖𝑡𝑧 is a coefficient between 0 and 1 and 𝑒 denotes 

equivalent inclusion (self-consistent mixture of quartz and calcite). 

Following objective function is set up to obtain the optimum values of parameters: 

𝑚𝑖𝑛𝑑2 (∑ ‖[𝐶]ℎ𝑜𝑚,𝑝𝑟𝑒𝑑
𝐼𝐼,𝑢𝑛 − [𝐶]𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑

𝐼𝐼 ‖
𝐹

 𝐶𝐷𝑆 2 )          (7.5) 

where 𝑑2 =< 𝛥𝑖𝑡𝑧 , 𝐶
𝑖𝑡𝑧 > represents the degrees of freedom associated with the 

optimization problem, [𝐶]ℎ𝑜𝑚,𝑝𝑟𝑒𝑑
𝐼𝐼,𝑢𝑛

 denotes predicted undrained stiffness matrix at level 

II, and [𝐶]𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑
𝐼𝐼  is the measured undrained stiffness matrix at level II obtained through 

UPV measurement. 

 

7.1.2 Input Parameters to Optimization Problems 

Implementation of optimization in step 1 requires the volume fraction of 

consolidated clay, 𝜂𝑐𝑙𝑎𝑦, kerogen, 𝜂𝑘𝑒𝑟𝑜𝑔𝑒𝑛, porosity, 𝜑I, and the values of indentation 

moduli, 𝑀1 and 𝑀3, for all the samples presented at CDS1. Table 7.1 contains the values 

of indentation moduli for samples in CDS1. Samples 108, 150,151, and Fay are used to 

calibrate the model at level I. Also, for the volume fraction of different phases at level I 

for samples in CDS1 see Table 3.2. 
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Table 7.1 Calibration Data Set 1 (CDS1) - Indentation Moduli at level I (Abedi et al. 2016a) 

 

For the second optimization problem, Step 2, volume fractions of calcite and quartz 

grains, 𝑓𝑐𝑎𝑙𝑐𝑖𝑡𝑒 and 𝑓𝑞𝑢𝑎𝑟𝑡𝑧, porosity, 𝜙II, consolidated clay, 𝑓𝑐𝑙𝑎𝑦, and kerogen, 𝑓𝑘𝑒𝑟𝑜𝑔𝑒𝑛, 

at level II and measurements on macroscopic undrained stiffness tensor/matrix of samples 

in the CDS2 are required. Also, mean values obtained from first optimization problem in 

Step 1, namely five independent elasticity components of consolidated clay, bulk modulus 

of kerogen, and Poisson’s ratio of kerogen are input parameters to the second optimization 

problem. Furthermore, inclusion grain radius is another input parameter to this 

optimization problem. This parameter is obtained through Scanning Electron Microscope 

(SEM) images of Haynesville shale, and the average inclusion grain radius is considered 

to be 2𝜇𝑚 [Monfared and Ulm 2016]. Table 7.2 represents five independent components 

of macroscopic undrained stiffness tensor/matrix of samples B1, B2, and B5 which form 

CDS2. 

 

Sample M1 M3 

108 

28.81 +/- 5.04 19.66 +/- 3.44 

35.3 +/- 6.37 25.17 +/- 4.48 

33.02 +/- 5.74 23.51 +/- 4.24 

30.52 +/- 5.58 … 

34.06 +/- 7.2 … 

150 29.1 +/- 5.55 … 

151 

28.17 +/- 5.39 23.85 +/- 6.22 

29.41 +/- 5.5 23.92 +/- 5.28 

… 23.19 +/- 5.51 

Fay 
31.99 +/- 5.91 … 

30.27 +/- 6.05 … 
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Table 7.2 Calibration Data Set 2 (CDS2) - UPV measurements at level II (Monfared and Ulm 2016) 

  

Table 7.3 contains the volume fractions of phases at level II for samples in Table 7.2. 

 

Table 7.3 Volume fraction of constituent phases for samples presented in CDS2 at level II   

 

All the other volume fractions required for homogenization at level I and level II 

can be obtained using Table 3.2, Table 7.3 and formulas presented in chapter 5. 

7.1.3 Optimization Result 

Following the steps mentioned in section 7.1.1 and using the data provided in 

section 7.1.2 following values are obtained for parameters mentioned in section 7.1.1: 

Result from Step 1: 

𝐶11
𝑐𝑙𝑎𝑦

 = 95.6 (GPa),   𝐶12
𝑐𝑙𝑎𝑦

 = 49.6 (GPa),  𝐶13
𝑐𝑙𝑎𝑦

 = 26.5 (GPa) 

𝐶33
𝑐𝑙𝑎𝑦

 = 56.8 (GPa),  𝐶44
𝑐𝑙𝑎𝑦 

= 10.0 (GPa) 

Sample B1 B2 B5 

𝐂𝟏𝟏 58.7 54.1 51.4 

𝐂𝟏𝟐 20.5 19.9 18.3 

𝐂𝟏𝟑 15.4 11.3 12.6 

𝐂𝟑𝟑 33.8 33.1 30.3 

𝐂𝟒𝟒 14.9 15.7 13.6 

sample 𝒇𝒄𝒍𝒂𝒚 𝒇𝒌𝒆𝒓𝒐𝒈𝒆𝒏 𝒇𝒒𝒖𝒂𝒓𝒕𝒛 𝒇𝒄𝒂𝒍𝒄𝒊𝒕𝒆 𝝓𝐈𝐈 

B1 0.269 0.05 0.278 0.337 0.066 

B2 0.335 0.067 0.246 0.279 0.073 

B5 0.384 0.067 0.295 0.182 0.072 
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𝐾𝑘𝑒𝑟𝑜𝑔𝑒𝑛 = 6.35 (GPa),  𝜈𝑘𝑒𝑟𝑜𝑔𝑒𝑛 = 0.28 

Result from Step 2: 

𝛥𝑖𝑡𝑧 = 0.5 (𝜇𝑚),  𝐶𝑖𝑡𝑧 = 0.5 

 

7.2 Model Validation 

In order to validate the result obtained from model calibration, several steps are 

taken. First, the result obtained for five independent components of elasticity tensor at 

level 0 are compared to some data available in the literature. Next, result obtained from 

step 1 of model calibration are employed to predict the indentation moduli of samples in 

VDS1, and then obtained indentation moduli are compared to their measured counterparts. 

Finally, result obtained from step 2 of model calibration combined with those from step 1 

of model calibration are employed to predict the undrained elasticity tensor/matrix of 

samples in VDS2, and then are compared to their measured counterparts. Furthermore, an 

example is presented to validate the probabilistic developments and quantify the role of 

uncertainty in input parameters of the model on the model output at multiple length scales. 

7.2.1 Validation of Consolidated Clay Elasticity Tensor at Level 0 

In this section five independent components of stiffness tensor of consolidated clay 

at level 0 obtained from model calibration are compared to the reported values in the 

literature. Table 7.4 contains the components of transversely isotropic clay obtained from 

a combination of experimental techniques. It is clear that except for the value obtained for 

𝐶11
𝑐𝑙𝑎𝑦

from optimization, the values of other components obtained from optimization are 

compared well with the values reported in Table 7.4. Besides, one needs to take into 
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consideration that values in Table 7.4 are for individual clay particles at level 0, and not 

for the consolidated clay at level 0. So, some deviations from stiffness values obtained 

experimentally are expected as observed by Monfared and Ulm (2016), and Ortega et al. 

(2007).  

    

Table 7.4 Five independent components of elasticity tensor/matrix of some of the clay particles 

 

7.2.2 Validation of Optimization Result at Level I 

Values obtained from optimization problem in Step 1 for bulk modulus and 

Poisson’s of kerogen agree well with the data reported in the literature. 𝐾𝑘𝑒𝑟𝑜𝑔𝑒𝑛 = 6.35 

(GPa) is in the range of multiple values reported by Ahmadov et al (2009) and Zeszotarski 

et al. (2004) for bulk modulus of kerogen. Also, 𝜈𝑘𝑒𝑟𝑜𝑔𝑒𝑛 = 0.28 which is obtained from 

optimization in Step 1 agrees with the finding of Bousige et al. (2016) which suggests that 

kerogen’s Poisson’s ratio is nearly constant (𝜐 ≈ 0.25) irrespective to its density and state 

of maturity. To further validate the obtained values through optimization problems, 

Clay Type 𝑪𝟏𝟏(GPa) 𝑪𝟏𝟐(GPa) 𝑪𝟏𝟑(GPa) 𝑪𝟑𝟑(GPa) 𝑪𝟒𝟒(GPa) 

Muscovite(Alexandrov and Ryzhova 1961) 178 42.4 14.5 54.9 12.2 

Muscovite(Vaughan and Guggenheim 

1986) 

184.3 48.3 23.8 59.1 16 

Kaolinite(Katahara 1996) 171.5 38.9 26.9 52.6 14.8 

Muscovite(Seo et al. 1999) 250 60 35 80 35 

Chlorite(Katahara 1996) 181.8 56.8 90.1 96.8 11.4 
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measured indentation moduli (M1 and M3) are plotted against predicted values for samples 

in VDS1 which are presented in Table 7.5 as well as samples in CDS1.   

 

Table 7.5 Validation Data Set 1 (VDS1) - Indentation Moduli at level I (Abedi et al. 2016a) 

 

Table 7.6 contains the volume fractions of samples B2, B5 and B6 in VDS1 at level I. For 

samples 46 and 49 refer to Table 3.2. 

 

Table 7.6 Volume fraction of constituent phases for samples presented in VDS1 at level I    

Sample M1 M3 

B2 

… 23.04 +/- 6.07 

… 22.51 +/- 6.64 

… 24.26 +/- 4.19 

… 24 +/- 7.4 

B5 

36.83 +/- 6.24 22.84 +/- 7.99  

36.68 +/- 5.68 24.22 +/- 9.33 

28.39 +/- 6.68 22.36 +/- 7.52 

34.8 +/- 6.32 19.85 +/- 6.88 

B6 
29.68 +/- 7.18 21.09 +/- 5.94 

30.98 +/- 6.22 21.41 +/- 6.75 

46 

45.74 +/- 9.78 34.59 +/- 8.28 

41.7 +/- 6.3 40.95 +/- 9.58 

53.37 +/- 7.29 37.74 +/- 6.37 

52.61 +/- 7.29 40.5 +/- 7.66 

57.7 +/- 7.1 … 

49 50.94 +/- 9.01 … 

sample 𝜂𝑐𝑙𝑎𝑦 𝜂𝑘𝑒𝑟𝑜𝑔𝑒𝑛 𝜑I 

B2 0.773 0.154 0.073 

B5 0.79 0.138 0.072 

B6 0.777 0.147 0.076 
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Fig. 7.1 a) and b) depict this comparison. In these figures, horizontal axis denotes 

the predicted values and vertical axis denotes experimental measurement. In these graphs 

measured values denote the average of all the measurements for M1 or M3 for each sample. 

The points with a blue color belong to the CDS1 and the points with a red color belong to 

VDS1. It is clear from Fig. 7.1 a) and b) that model predictions for M1 and M3 is reliable 

for samples in VDS1 and CDS1.  

 

                                                                        

                                      a)                                                                   b) 

Fig 7.1 a) Represents predicted indentation moduli against measured indentation moduli M1 for both CDS 

1 and VDS 1. b) Depicts comparison between predicted and measured indentation moduli M3 for both CDS1 

and VDS1. 
 

7.2.3 Validation of Optimization Result at Level II 

In order to validate the result obtained from optimization at level II, predicted 

components of undrained stiffness tensor are plotted against their counterparts which are 

obtained through UPV measurements for samples in VDS2, which are shown in Table 7.7, 

as well as for samples in CDS2.  
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Table 7.7 Validation Data Set 2 (VDS2) - UPV measurements at level II (Monfared and Ulm 2016) 

 

Volume fractions of samples in VDS2 are presented in Table 7.8. 

 

 Table 7.8 Volume fraction of constituent phases for samples presented in VDS2 at level II   

 

  

Fig. 7.2 shows this comparison. In this figure, horizontal and vertical axes denote 

model prediction and measured values, respectively. Blue and red points represent 

different components of stiffness tensors for samples in CDS2 and VDS2, respectively.  

 

 

 

Sample B3 B4 B6 

𝐂𝟏𝟏 49.9 64.6 58.52 

𝐂𝟏𝟐 13.4 20.3 18.5 

𝐂𝟏𝟑 10.4 21.4 11.6 

𝐂𝟑𝟑 41.9 58.7 35.1 

𝐂𝟒𝟒 15.3 20.7 14.6 

sample 𝒇𝒄𝒍𝒂𝒚 𝒇𝒌𝒆𝒓𝒐𝒈𝒆𝒏 𝒇𝒒𝒖𝒂𝒓𝒕𝒛 𝒇𝒄𝒂𝒍𝒄𝒊𝒕𝒆 𝝓𝐈𝐈 

B3 0.103 0.034 0.154 0.663 0.046 

B4 0.181 0.055 0.187 0.521 0.056 

B6 0.364 0.069 0.276 0.215 0.076 
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Fig. 7.2 Five independent components of elasticity tensors/matrices at level II for samples in VDS2 and 

CDS2 obtained from model prediction are plotted against their counterparts obtained through UPV 

measurements.

7.2.4 Validation of Probabilistic Model at Level I and Level II 

In order to quantify the role of uncertainty in input parameters to the model outputs, 

first one needs to obtain the statistical representation of these parameters and generate 

realizations from them. To explain this step and as an example, the statistical 

representation of uncertain input parameters to the model are obtained for sample B6. 

Stiffness tensor of consolidated clay, volume fractions of clay and kerogen at level I, bulk 

modulus and Poisson’s ratio of kerogen, volume fractions of calcite and quartz at level II, 

thickness of ITZ and coefficient of elasticity properties of ITZ (𝐶𝑒) are considered as

uncertain input parameters.  
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Following chapter 6, one can easily generate realizations of components of 

stiffness tensor of consolidated clay.  To this end, we substitute Eq. (6.26) into Eq. (6.23) 

to obtain ℝ5-valued random variable 𝑳𝑘 (with components (𝑳𝑘)𝑗 {j = 1, 2, 3, 4, 5}) which 

is a function of 𝛿[𝑵] and [𝐸𝑡𝑖
(𝑖)
] {𝑖 = 1, 2, 3, 4, 5}. To obtain [𝐸𝑡𝑖

(𝑖)
] we need to select 𝒏, the 

unit normal orthogonal to the plane of isotropy. It is considered that 𝒏=(0,0,1) and 𝛿[𝑵] =

0.25. Selected value of 𝛿[𝑵] represents the uncertainty associated with the elasticity tensor 

of particles in Table 7.4. Although reported values in Table 7.4 belong to some of the clay 

particles and not to the consolidated clay at level 0, it is assumed that the uncertainty in 

elasticity tensor of consolidated clay at level 0 is close to the uncertainty associated with 

the elasticity tensor of the individual clay particles. Then, we substitute 𝑳𝑘 in Eq. (6.22), 

and set parameters 𝛥𝑟 and  𝑓0 equal to 0.001 and 8 respectively. The value of these 

parameters affects the convergence speed of the discretized ISDE. Also, the initial values 

for 𝑼 and 𝑽 are set equal to 𝒖1 = (0.1,0.2,0.3,0.1,0) and 𝒗1 = 0.5 ∗ 𝒖1, respectively 

(initial values for 𝑼 and 𝑽 are selected arbitrarily). Eq. (6.22) is an iterative equation. The 

iterating process should be carried on until the obtained values for 𝑼 (or as Eq. (6.24) 

suggests samples of 𝑮) converges toward the stationary solution of the ISDE.  

Fig. 7.3 a) displays convergence toward the stationary solution of the ISDE for 

𝛥𝑟 = 10−3 and Conv-Mes=
1

Nitr
∑ ‖𝑈𝑘‖2
Nitr
𝑘=1  where Nitr is the number of iterations and 

𝑈𝑘is the solution of ISDE at iteration 𝑘 . It is clear that after nearly 1.5x106 simulations, 

the solutions of the ISDE are stable. Fig. 7.3 b) depicts the convergence of the means of 

the five coordinates (elements) of the stationary solution of the ISDE, i.e. 𝑼 =
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( 𝑐1,  𝑐2,  𝑐3,  𝑐4,  𝑐5) to their stationary values, and Fig. 7.3 c) shows the correlation 

between five coordinates of the stationary solution of the ISDE. As it was expected, there 

is a high correlation between coordinates 𝑐1, 𝑐2 and 𝑐3 while there is not a considerable 

correlation between coordinates 𝑐4, 𝑐5 and the rest of the coordinates. 

 

 

 

 

 

 

 

 

 

 

                                                                         

a) 

Fig. 7.3 a) Convergence of ISDE toward the stationary solution b) Convergence of the mean values of five 

coordinates (elements) of the ISDE solution to the stationary values c) Correlation between five coordinates 

of the stationary solution of the ISDE 
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          b) 

 

 

 

 

 

 

 

 

 

             c) 

Fig 7.3 Continued. 



 

70 

 

 

Next, by having realizations of converged solution of discretized ISDE which are 

practically equal to realizations of ℝ5-valued random variable 𝑮, {𝑮 ∶=

(𝐺1, 𝐺2, 𝐺3, 𝐺4, 𝐺5)} (see Eq. (6.24)), one can obtain realizations of random matrix [𝑮] by 

substituting realizations of components of 𝑮 into Eq. (6.9). Subsequently, the realizations 

of auxiliary 𝕄6
𝑡𝑖(ℝ)-valued random variable [𝑵] is obtained by substituting samples of 

random matrix [𝑮] into Eq. (6.8). Finally, realizations of stochastic stiffness matrix of 

consolidated clay are obtained by substituting samples of [𝑵] in Eq. (6.5), and setting 

𝔼{[𝐂𝑐𝑙𝑎𝑦
𝑡𝑖 ]} equal to the stiffness matrix of consolidated clay obtained from Step 1 of model 

calibration. Realizations of stochastic stiffness tensor of consolidated clay can be obtained 

through conversion of generated matrices to corresponding tensors. Fig. 7.4 a) depicts the 

pdf of component 𝐶11
𝑠 of stochastic consolidated clay elasticity tensor which is obtained by 

following the steps mentioned above. To qualitatively evaluate the role of  𝛿[𝑵] in the 

resulting pdf of components of stochastic consolidated clay stiffness tensor, Fig. 7.4 b) 

shows the pdf of component 𝐶11
𝑠  for three values of 𝛿[𝑵], namely 0.15, 0.2, and 0.25. It is 

clear the as 𝛿[𝑵] increases, support of 𝐶11
𝑠 becomes wider meaning that the level of 

uncertainty increases. 
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a) 

 

 

 

 

 

 

 

      b)  

Fig. 7.4 a) Depicts the pdf of component 𝐶11
𝑠  of the stochastic stiffness tensor of consolidated clay. This pdf 

is obtained for 𝛿[𝑵]=0.25 and mean value of stochastic stiffness tensor of consolidated clay is equal to the 

one obtained from Step 1 of model calibration. b) Shows the effect of 𝛿[𝑵] on the pdf of 𝐶11
𝑠 . 𝛿[𝑵] is the only 

parameter that varies between three curves. 
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The remaining uncertain parameters to our model are scalar parameters, and based 

on section 6.3 the information we need to construct their statistical presentation is mean 

values, supports, and dispersions of these parameters. Table 7.9 summarizes required 

information for statistical presentation of uncertain scalar parameter: 

 

Table 7.9 Required information on the scalar uncertain parameters for developing their statistical 

representation 

 

Parameter Support (𝑆X) Mean Value (𝜇𝑋) Dispersion (𝛿𝑋) 

𝑲𝒌𝒆𝒓𝒐𝒈𝒆𝒏 [4, 10] 6.35 0.158 

𝝂𝒌𝒆𝒓𝒐𝒈𝒆𝒏 [0.25, 0.31] 0.28 0.034 

𝜼𝒄 [0.7, 0.84] 0.777 0.034 

𝜼𝒌 [0.13, 0.16] 0.147 0.034 

𝒇𝒄𝒂𝒍𝒄𝒊𝒕𝒆 [0.194, 0.237] 0.215 0.034 

𝒇𝒒𝒖𝒂𝒓𝒕𝒛 [0.248, 0.304] 0.276 0.034 

𝜟𝒊𝒕𝒛 [0.45, 0.55] 0.5 0.034 

𝑪𝒊𝒕𝒛 [0.45, 0.55] 0.5 0.034 

 

Mean values of 𝐾𝑘𝑒𝑟𝑜𝑔𝑒𝑛, 𝜈𝑘𝑒𝑟𝑜𝑔𝑒𝑛, 𝛥𝑖𝑡𝑧, and 𝐶𝑖𝑡𝑧 are those obtained from model 

calibration in section 7.1.1.  Mean values of the remaining parameters are set equal to 

experimental values reported for sample B6. For 𝐾𝑘𝑒𝑟𝑜𝑔𝑒𝑛, support is obtained from data 

reported in Ahmadov et al. (2009), and its standard deviation, 𝜎𝑋, is selected to be 0.83 (it 

is assumed that the range of support of 𝐾𝑘𝑒𝑟𝑜𝑔𝑒𝑛 equals 6𝜎𝑋), and its dispersion is 

calculated subsequently (𝛿𝑋 =
𝜎𝑋

 𝜇𝑋
). For the remaining parameters, ranges are selected to 

be [S1, S2], where S1 = (𝜇𝑋 – (~ 0.1)𝜇𝑋) = (𝜇𝑋 – 3𝜎𝑋) and S2 = (𝜇𝑋 + (~ 0.1)𝜇𝑋) = (𝜇𝑋 + 

3𝜎𝑋), and dispersion is calculated subsequently (𝛿𝑋 =
𝜎𝑋

 𝜇𝑋
). 
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In order to construct the probabilistic model of uncertain parameters, one needs to 

determine the Lagrange multipliers associated with each scalar uncertain parameter (see 

Eq. (6.35)). To this end, one needs to find the set of  (λ0, λ1, λ2) for each scalar parameter 

which minimizes Hamilton function defined by Eq. (6.36). Table 7.10 presents a summary 

of Lagrange multipliers associated with each of scalar uncertain parameter. 

 

Table 7.10 Estimated Lagrange multipliers for all the scalar uncertain parameters for sample B6 

parameter 𝛌𝟎 𝛌𝟏 𝛌𝟐 

𝑲𝒌𝒆𝒓𝒐𝒈𝒆𝒏 19.28 -5.81 0.46 

𝝂𝒌𝒆𝒓𝒐𝒈𝒆𝒏 409.6 -2952.3 5271.4 

𝜼𝒄 387.7 -1003.9 645.5 

𝜼𝒌 404.3 -5556.6 18889.9 

𝒇𝒄𝒂𝒍𝒄𝒊𝒕𝒆 409.9 -3850.6 8955.9 

𝒇𝒒𝒖𝒂𝒓𝒕𝒛 410.3 -3000.5 5435.7 

𝜟𝒊𝒕𝒛 410.6 -1654.9 1654.9 

𝑪𝒊𝒕𝒛 410.6 -1654.9 1654.9 

 

Now by substituting estimated Lagrange multipliers in Eq. (6.35), one can 

construct the pdf of scalar uncertain parameters and subsequently generate independent 

realizations of these parameters using Eq. (6.38). After generating sufficiently large 

number of realizations of all the uncertain input parameters to the model, one can construct 

probabilistic model of stiffness tensors/matrices and poroelastic properties of mature 

organic-rich shale (Sample B6 in our example) at different levels through Monte Carlo 

simulation which is described in Fig. 6.1. Fig. 7.5 and Fig. 7.6 represent the results of 

simulation for sample B6.  
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            Fig. 7.5 a) and b) represent the pdf of indentation moduli M1 and M3 against their 

measured counterparts for sample B6, respectively. Realizations of M1 and M3 are 

obtained by employing Eq. (7.1) and realizations of stochastic drained stiffness 

matrix/tensor of homogenized medium at level I. Fig. 7.6 depicts the pdf of five 

independent macroscale components of undrained elasticity tensor against their measured 

counterparts for sample B6. In these graphs, red points show the experimental 

measurements, and blue vertical lines denote the range of 95% confidence interval region. 

It is clear that developed model has a good performance in predicting the elasticity 

properties of sample B6. 

                                                         

 

a)                                                                            b) 

Fig. 7.5 a) Represents the pdf of M1 of sample B6 at level I against the measured values of M1 b) Shows the 

pdf of M3 of sample B6 at level I against the measured values of M3. 
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                                   a)                                                                  b) 

 

 

 

 

 

 

 

 

                                  c)                                                                d)                                                                

Fig. 7.6 Figures a) through e) represent the pdf of macroscopic undrained components of elasticity tensor of 

sample B6 against their measured counterparts.  
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                                                 e) 

Fig. 7.6 Continued. 

    

To better evaluate the performance of the developed probabilistic model, the 

standard deviation (as a measure of dispersion) of predicted indentation moduli at level I 

and predicted components of undrained elasticity tensor at level II are compared to their 

experimental counterparts.  Fig. 7.7 a) depicts the standard deviation of predicted 

indentation moduli against their experimental counterparts for all the samples in CDS1 

and VDS1. In addition, Fig. 7.7 b) represents the standard deviation of predicted undrained 

components of elasticity tensor at level II for samples in CDS2 and VDS2. In both figures, 

horizontal axis denotes the predicted values and vertical axis denotes the 

measured/experimental values. Moreover, horizontal and vertical error bars represent 

standard deviation of predictions and measurements, respectively.    
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a) 

Fig. 7.7 a) Represents standard deviation of predicted indentation moduli for samples in CDS1 and VDS1 
against their experimental/measured counterparts  b) Depicts the standard deviation of predicted 
components of undrained stiffness tensor at level II for samples in CDS2 and VDS2. Horizontal and 
vertical error bars represent standard deviation obtained from predictions and experiments, respectively. 
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                 b) 

Fig. 7.7 Continued.  

 

7.3 Sensitivity Analysis 

To obtain the sensitivity of model output with respect to the uncertainty associated 

with each uncertain input parameter, Spearman’s Rank Correlation Coefficient (SRCC) 

[Gibbons and Chakraborti, 2003] is employed. Fig. 7.8 a) and b) represent the result of 

sensitivity analysis at level I and level II respectively. At level I, sensitivity of indentation 

moduli, M1 and M3, with respect to the variations in the uncertain model input parameters 

at level I, namely components of clay Elasticity tensor, volume fractions of clay and 

kerogen, bulk moduli and Poisson’s ratio of kerogen is investigated. 
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At macroscopic length scale, the sensitivity of independent components of 

undrained elasticity tensor, elasticity moduli (Ex and Ez), Biot pore pressure coefficients 

(𝛼11
II  and 𝛼33

II ), and the anisotropy parameters [Thomsen 1986] to the variation in uncertain 

model input parameters, namely thickness of ITZ and coefficient of elasticity properties 

for ITZ alongside the uncertain parameters considered at level I are studied. The Thomsen 

parameters 𝜖, 𝛾 and 𝛿∗ as wells as elasticity moduli Ex and Ez are defined as: 

 

𝜖 =
𝐶11−𝐶33

2𝐶33
     ;   𝛾 =

𝐶66−𝐶44

2𝐶44
   ;    𝛿∗ =

1

2𝐶33
2 [2(𝐶13 + 𝐶44)

2 − (𝐶33 − 𝐶44)(𝐶11 + 𝐶33 − 2𝐶44)] 

 

Ex =
1

𝑺11
= −

−𝐶33𝐶11
2 +2𝐶11𝐶13

2 +𝐶33𝐶12
2 −2𝐶12𝐶13

2

𝐶11𝐶33−𝐶13
2    ;   Ez =

1

𝑺33
=

𝐶33(𝐶11+𝐶12)−2𝐶13
2

𝐶11+𝐶12
   

 

where 𝑺 denotes the compliance matrix of undrained elasticity tensor.  

 

It is clear from Fig. 7.8 that volume fraction of clay, 𝜂𝑐, at level I plays a crucial 

role in the stiffness tensor of model at different length scales compared to volume fractions 

of other phases. Also, the coefficient of elasticity properties of ITZ, 𝐶𝑖𝑡𝑧, and thickness of 

ITZ, 𝛥𝑖𝑡𝑧 , do not play a considerable role in the stiffness tensor of model at level II 

compared to uncertain input parameters at level I and level 0. Furthermore, sensitivity 

analysis at both levels emphasizes the role of inherent uncertainty in the components of 

consolidated clay at level 0 on the elastic and poroelastic properties of mature-organic 

shale at different length scales. To perform the sensitivity analysis, statistically 

independent realizations of the random input/output parameters generated before are 

utilized.  
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Fig. 7.8  a) Represents the sensitivity analysis of indentation moduli, M1 and M3, at level I for sample B6 
with respect to components of clay elasticity tensor at level 0, volume fraction of clay, volume fraction of 
kerogen, bulk modulus and Poisson’s ratio of kerogen  b) Shows the sensitivity analysis of model outputs 
at level 2, namely undrained components of elasticity tensor, elastic moduli (EX 𝑎𝑛𝑑 Ez ), Biot pore pressure 
coefficients (𝛼II11 and 𝛼II33) and Thomsen parameters with respect to uncertain input parameters, i.e. thickness 
of ITZ and coefficient of elastic properties of ITZ alongside the input parameters mentioned for Fig. 7.7 a). 

a)
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               b) 

Fig. 7.8 Continued.  

 

7.4 Chapter Summary 

This chapter mainly deals with the calibration and validation of developed model. 

Two datasets at each level are acquired, one for calibration and the other one for validation. 

Calibration procedure is performed in two steps. In Step 1, components of elasticity tensor 

of consolidated clay at level 0, bulk modulus of kerogen, and Poisson’s ratio of kerogen 

are obtained through a back-analysis of indentation moduli at level I. In Step 2, properties 

of ITZ, thickness and elastic properties, are determined through a back-analysis of 

macroscopic elasticity.   
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  Values obtained from model calibration are compared against available data 

which emphasizes their validity. To validate the performance of probabilistic 

developments, elastic properties of sample B6 are obtained by taking into account the 

uncertainties in the input parameters. It is shown that probabilistic developments in this 

work are effective in capturing the uncertainties of input parameters and predicting their 

effects. Finally, a sensitivity analysis is performed to capture the contribution of each 

uncertain parameter to the model output. 
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8 CONCLUSION AND FUTURE WORKS 

 

In previous chapters, a probabilistic approach for poroelastic multiscale modeling 

of organic-rich shale was presented, which accounts for maturity of organic matters and 

its effect on the morphology of the shale; and weakened interface between inclusion grains 

and the matrix. Furthermore, it considers the role of uncertainties in input parameters on 

the model outputs at multiple length scales.   

It has been shown that, integrating uncertainty quantification with multiscale 

modeling of shale can improve the robustness in exploration and exploitation of these 

highly heterogeneous geomaterials. 

 

8.1 Summary of Main Findings 

This work is started with stablishing a multiscale thought model that suites 

structure and morphology of mature organic-rich shales. Suggested thought model 

accounts for the self-consistent texture of the mature organic-rich shale, and by 

introducing the ITZ between inclusion grains and the background matrix, mechanistically 

models the presence of discontinuity in mature shale. Next, the fundamental rules of 

microporomechanics are established and employed to develop a multiscale model of 

organic-rich shale to predict the poroelastic properties of shale. To consider the role of 

uncertainty in the input parameters of the developed model, a probabilistic framework is 

constructed to model and quantify the uncertainties in these parameters. Finally, 



 

84 

 

 

probabilistic and multiscale models are integrated to develop a probabilistic poroelastic 

multiscale model for mature organic-rich shale. 

Result obtained from model calibration for consolidated clay elasticity tensor 

agrees well with the reported values in the literature ( 

there is an implicit assumption that components of consolidated clay at level 0 are constant 

for all the mature organic rich shales from different origins). Also, mean values from 

model calibration for bulk modulus of kerogen and Poisson’s ratio of kerogen is consistent 

with what is reported in the literature. Additionally, consistency between predicted and 

measured indentation moduli for two data sets, CDS1 and VDS,1 further verifies the 

values obtained from optimization problem at level I.   

At level II, predicted values for two data sets, CDS2 and VDS2, compare well with 

the experimental values obtained from UPV measurements. This verifies the obtained 

values from optimizations at both Steps. 

The sensitivity analysis with respect to the uncertainty associated with each 

uncertain input parameters is performed using Spearman’s Rank Correlation Coefficient. 

This study suggests that at level I, volume fraction of clay has the most important role 

among volume fraction of presented phases. Also, at level II, components of stiffness 

tensor of consolidated clay as well as the volume fraction of clay at level I has the most 

important role in the undrained elasticity tensor of shale. From this analysis, it is clear that 

the roles of thickness and elasticity properties of ITZs in the Biot pore pressure and 

Thomsen parameters are negligible compared to other uncertain parameters, which 
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implies that input parameters associated with ITZs do not serve as a tool to fit predictions 

to the measurements at level II, but they capture a physical mechanism.    

 

8.2 Limitation and Future Works 

The microporomechanics tools used in this work to model the poroelastic behavior 

of heterogeneous and anisotropic organic-rich shale are limited. For instance, the lack of 

knowledge about the statistical spatial distribution and orientation of different particles in 

the composite material serves as an obstacle in better understanding the physics of the 

problem which translates into a limitation of this model. Also, lack of enough data to 

capture the uncertainties associated with the uncertain parameters is another limitation of 

this approach. Having enough data, enables us to quantify uncertainties more accurately, 

and this will result in a more precise prediction of the quantity of interest.    

To improve the model one step forward, the correlation between the amount of 

different material phases at different length scales can be identified and integrated into the 

model.  

Developed probabilistic multiscale model provides a computationally efficient 

probabilistic material description that can be used as an input to the computational tools 

for numerical simulating of fracture behavior of shales at larger scale.        
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