QUANTITATIVE K-THEORY FOR BANACH ALGEBRAS AND ITS
APPLICATIONS

A Dissertation
by
YEONG CHYUAN CHUNG

Submitted to the Office of Graduate and Professional Studies of
Texas A&M University
in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

Chair of Committee, = Guoliang Yu

Committee Members, Zhizhang Xie
Ken Dykema
Fred Dahm

Head of Department, Emil Straube

August 2017

Major Subject: Mathematics

Copyright 2017 Yeong Chyuan Chung



ABSTRACT

This dissertation can be said to fall under the broad theme of computability of K -theory
of L, operator algebras (and perhaps more general Banach algebras).

The first part of the dissertation is about a variant of K-theory known as quantitative
K -theory, which has been defined for C'*-algebras and applied in a number of situations.
Our goal is to extend the theory to a larger class of Banach algebras so that it becomes
applicable to L, operator algebras and thus a tool for investigating an L,, version of the
Baum-Connes conjecture. We develop the general framework for this theory, culminating
in a version of the controlled Mayer-Vietoris sequence that has featured prominently in
existing applications in the C'*-algebra setting.

In the second part of the dissertation, we study the L, version of one of these appli-
cations. This application involves the notion of dynamic asymptotic dimension, which
is a notion of dimension associated to group actions on spaces (and more generally to
groupoids). In the C*-algebra setting, the work of Guentner-Willett-Yu showed that when
a group GG acts on a compact space X with finite dynamic asymptotic dimension, the
Baum-Connes conjecture with coefficients in C'(X) holds for the group G. We will for-
mulate an L,, version of the Baum-Connes conjecture with coefficients and show that under
the same assumption, the L, Baum-Connes conjecture with coefficients in C'(X') holds for
the group G. As a consequence, the K -theory of the L, reduced crossed product of C'(X)

by G does not depend on p if the action has finite dynamic asymptotic dimension.
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1. INTRODUCTION

Quantitative (or controlled) operator K -theory has its roots in [40], where the idea was
used by Yu in his work on the Novikov conjecture, which is a conjecture in topology on the
homotopy invariance of certain higher signatures. In fact, by applying a certain controlled
Mayer-Vietoris sequence to the Roe C*-algebras associated to proper metric spaces with
finite asymptotic dimension, Yu was able to prove the coarse Baum-Connes conjecture for
these metric spaces, from which it follows that the Novikov conjecture holds for finitely
generated groups with finite asymptotic dimension and whose classifying space has the
homotopy type of a finite CW-complex.

The underlying philosophy of quantitative K -theory is that the K, and K; groups
of a complex Banach algebra can essentially be recovered by using “quasi-idempotent”
and “quasi-invertible” elements respectively. A striking consequence of the flexibility
gained by considering such elements instead of actual idempotent or invertible elements
is that in place of closed (two-sided) ideals, which are often needed to apply the standard
machinery in K-theory, we can sometimes use closed subalgebras that are almost ideals
in an appropriate sense. This feature could already be seen in the controlled cutting and
pasting technique used in [40].

In [26], Oyono-Oyono and Yu developed the theory for general filtered C*-algebras,
i.e., C*-algebras equipped with a filtration, and they formulated a quantitative version of
the Baum-Connes conjecture, proving it for a large class of groups. They also suggested
that the theory can be extended to more general filtered Banach algebras. For most al-
gebras of interest in noncommutative geometry, we can obtain a natural filtration from a
length function defined on the algebra. This gives the algebra the necessary geometric

structure in order to define quantitative K -theory, and we may regard these algebras as



“geometric” algebras in the spirit of geometric group theory. It does seem, however, that
one needs the algebras to be equipped with an appropriate matrix norm structure, such as
a p-operator space structure, as one needs to incorporate norm control in the framework.
This norm control is automatic in the C*-algebra setting but not for arbitrary Banach al-
gebras. Motivated by the successful application of quantitative K -theory in investigations
of (variants of) the Baum-Connes conjecture [40, 14], our goal is to develop a framework
of quantitative K -theory that can be applied to filtered L,, operator algebras, i.e., closed
subalgebras of B(L,(X, 1)) for some measure space (X, i), where p € [1,00). This will
then give us a tool to investigate an L,, version of the Baum-Connes conjecture, which in
turn gives us information about the /-theory of certain classes of L,, operator algebras.

In trying to extend techniques and results for C*-algebras to more general Banach alge-
bras, the algebras of bounded linear operators on L,, spaces seem to be a natural class to be-
gin with. Moreover, L,, operator algebras have a natural p-operator space structure. From
the point of view of noncommutative geometry, in particular the Baum-Connes conjecture
[1], there are also reasons to study L,, operator algebras. Indeed, in Lafforgue’s work on
the Baum-Connes conjecture [20, 35], he considered certain generalized Schwartz spaces
whose elements act on (weighted) L, spaces. There is also the Bost conjecture, which
is the Banach algebra analog of the Baum-Connes conjecture obtained by replacing the
group (C*-algebra by the L; group convolution algebra. We refer the reader to [23] for
a survey on the Baum-Connes conjecture and similar isomorphism conjectures. Also, in
yet unpublished work [18], Kasparov and Yu have been investigating an L,, version of the
Baum-Connes conjecture.

While we are mainly interested in L, operator algebras, the class of algebras of bounded
linear operators on subquotients (i.e., subspaces of quotients) of L,, spaces, which we will
refer to as S, algebras, is a more natural class to work with, as suggested by the the-

ory of p-operator spaces. Indeed, an abstract p-operator space (as defined in [9]) can be



p-completely isometrically embedded in B(E, F'), where E and F are subquotients of L,
spaces [24]. Moreover, the class of L,, operator algebras is not closed under taking quo-
tients by closed ideals when p # 2 [13] while the class of S(), algebras is [25], which is
relevant to us when we are considering short exact sequences of algebras.

For general Banach algebras, one can still consider quantitative K -theory in a simi-
lar way as we do, provided one has an appropriate matrix norm structure on the Banach
algebra (see Remark 3.1.8). However, since notation becomes more cumbersome in this
generality, and the application we have in mind involves only L,, operator algebras, we
develop our framework in the setting of S(),, algebras.

In the first part of this dissertation, we develop the general framework for this the-
ory, culminating in a version of the controlled Mayer-Vietoris sequence that has featured
prominently in existing applications in the C*-algebra setting. This part of the dissertation
is based on [7].

In the second part of this dissertation, we study the L, version of one of these applica-
tions. This application involves the notion of dynamic asymptotic dimension, which is a
notion of dimension associated to group actions on spaces. This part of the dissertation is
based on [8].

Notions of dimension abound in mathematics, and they give us quantitative measures
of the sizes of various mathematical objects in a broad sense. In some instances, one
wishes to know the exact dimension while in other instances, one just wishes to deter-
mine finiteness of the dimension. Finiteness of various dimensions has been considered
in connection with central problems in the theory of C*-algebras and in noncommutative
geometry. For instance, finiteness of nuclear dimension plays a crucial role in the classifi-
cation of C"*-algebras [11, 12, 36], while finiteness of asymptotic dimension or of dynamic
asymptotic dimension has featured in work on the Baum-Connes conjecture [40, 14]. In

these works on the Baum-Connes conjecture, finiteness of dimension allows one to apply



cutting-and-pasting techniques (i.e., Mayer-Vietoris sequences) a finite number of times
to compute the K -theory of a certain C*-algebra. In this dissertation, we will consider
the implication of finiteness of dynamic asymptotic dimension on an L, version of the
Baum-Connes conjecture with coefficients.

Dynamic asymptotic dimension is a property of topological dynamical systems intro-
duced by Guentner, Willett, and Yu in [15] for discrete groups acting by homeomorphisms

on locally compact Hausdorff spaces, and it can be defined as follows.

Definition 1.0.1. [15] An action of a countable discrete group I" on a locally compact
Hausdorff space X has dynamic asymptotic dimension d if d is the smallest natural number
with the following property: for any compact subset K of X and finite subset E of T, there

are open subsets Uy, . .., Uy of X that cover K such that for each i € {0, ..., d}, the set

there exist x € U; and g,,,...,91 € E such that g = g, --- ¢
gel:
and gy - - g1z € U, forallk € {1,... ,n}

is finite.

One thinks of finite dynamic asymptotic dimension as a condition that allows one to
break up the action into at most a certain number of parts whenever we are given a finite
subset of the group, and such that on each part the action is fairly simple if we restrict
our attention to the given finite subset. One can also think of it as measuring the extent to
which we can decompose the dynamical system into neighborhoods of partial orbits de-
termined by the finite subset of the group. The main motivation of the authors of [15] was
the implications for K-theory of associated C*-algebras, such as crossed products, and
thus for manifold topology. They investigated some connections with controlled topology,
coarse geometry, and structure of C*-algebras (in particular nuclear dimension). They also

defined the dynamic asymptotic dimension of locally compact Hausdorff étale groupoids,
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and showed that an action has dynamic asymptotic dimension d if and only if the cor-
responding transformation groupoid has dynamic asymptotic dimension d. Indeed, the
groupoid point of view is useful if one wishes to decompose algebras associated with such
actions in order to apply cutting-and-pasting techniques.

In [14], the same authors considered a model for the Baum-Connes assembly map for
an action based on Yu’s localization algebras [39] and Roe algebras. In the appendix of
[14], the authors show that their model for the Baum-Connes assembly map agrees with
the one stated in terms of Kasparov’s K K-theory [1]. The main result in that paper is the

following:

Theorem 1.0.2. [14] Let a countable discrete group 1" act with finite dynamic asymptotic
dimension on a compact Hausdorff space X. Then the Baum-Connes conjecture holds for

[ with coefficients in C'(X).

Many interesting actions have finite dynamic asymptotic dimension. For example, it
was shown in [15] that all free minimal Z-actions on compact spaces (such as irrational
rotation of the circle) have dynamic asymptotic dimension one, and that groups with finite
asymptotic dimension act with finite dynamic asymptotic dimension on some compact
space.

Although the aforementioned result follows from earlier work of Tu [37] on the Baum-
Connes conjecture for amenable groupoids, the proof given in [14] is completely different,
and in some sense more direct. In fact, the proof is very much inspired by Yu’s proof of
the coarse Baum-Connes conjecture for spaces with finite asymptotic dimension in [40].
The main tool in both cases is a controlled Mayer-Vietoris sequence, which is part of
the framework of quantitative (or controlled) K -theory for C*-algebras mentioned earlier.
Finiteness of the appropriate notion of dimension allows one to apply the Mayer-Vietoris

argument a finite number of times to arrive at the quantitative K-theory of the algebra in



question. Passing to the limit in an appropriate sense, one gets the K -theory of the algebra.
Having extended the framework of quantitative K -theory to a larger class of Banach
algebras so that it can be applied to algebras of bounded linear operators on L,, spaces,
our goal is to consider the L, analog of the assembly map in [14], and use our extended
framework of quantitative K -theory to show that this assembly map is an isomorphism
under the assumption of finite dynamic asymptotic dimension. In fact, one sees that the
techniques and proofs in [14] carry over to our setting with minor adjustments, the main
difference being the exposition of the base case in the Mayer-Vietoris argument. In order to
state our main result, let us first recall the usual Baum-Connes conjecture with coefficients.
Let A be a C*-algebra and let a countable discrete group " act on A by x-automorphisms.
One may then form the reduced crossed product C*-algebra A x, I'. The usual Baum-

Connes conjecture with coefficients posits that a certain homomorphism

p: KN (ED;A) = K (A xyT)

is an isomorphism [1], where the left-hand side is the equivariant K -homology with co-
efficients in A of the classifying space EI for proper ['-actions, and the right-hand side
is the K -theory of the reduced crossed product C*-algebra. We will consider a particular
model for ET, namely | J,, Ps(I') equipped with the ¢, metric (cf. [1, Section 2]), where
P,(T") is the Rips complex of I' at scale s, i.e., it is the simplicial complex with vertex
set I', and where a finite subset £ C I spans a simplex if and only if d(g, h) < s for all
g,h € E. Here we assume that I" is equipped with a proper length function and d is the
associated metric. One may then reformulate the Baum-Connes map as

lim K,(C;(Py(T); A)) % lim K,(C*(P,(T); A)) = K. (A x, T,

S5—00 S—00



where C7 (Ps(I"); A) is Yu’s localization algebra [39] with coefficients in A, C*(Ps(I"); A)
is the equivariant Roe algebra with coefficients in A, and ¢, is (induced by) the evaluation-
at-zero map. The fact that K-homology can be identified with the K'-theory of the lo-
calization algebra was shown for finite-dimensional simplicial complexes in [39], and in
full generality in [33]. The fact that the equivariant Roe algebra with coefficients is sta-
bly isomorphic to the reduced crossed product forms the basis for the coarse-geometric
approach to the Baum-Connes conjecture with coefficients (see [34] for the case without
coefficients).

Now let A be a norm-closed subalgebra of B(L,(Z, 1)) for some measure space (Z, 11
and p € (1,00). We refer to such algebras as L, operator algebras. Let I" be a countable
discrete group acting on A by isometric automorphisms. Set Al to be the set of finite sums

of the form ) | __. a,g with a, € A and with the product given by

gerl’

(Z aHg) (Z bhh) = D aga(ba)gh.

gel hel g,hel’

where « denotes the I'-action on A. There is a natural faithful representation of AI" on

(T, Ly(Z, 1)) given by

(a&)(h) = ap-1(a)§(h),
(9€)(h) = &(g™"'h)

fora € A, g,h € I, and § € (,(I', L, (Z,n)). We then define the L, reduced crossed
product A X , I to be the operator norm closure of AI' in B(¢,(I', L,(Z, it))).

We can formulate the L, Baum-Connes conjecture with coefficients by replacing the
reduced crossed product C*-algebra by the L,, reduced crossed product, and also consid-

ering L, versions of Roe algebras and localization algebras, so that the map in question



essentially becomes

lim K,(C%(P,(T); A)) — K,(A x5, ),

5§—00

and this map is posited to be an isomorphism. Here we note that one can show that the left-
hand side is independent of p by Mayer-Vietoris arguments (cf. [2, 39]), and the L,, version
of the equivariant Roe algebra is stably isomorphic to the L, reduced crossed product by
the same argument as in the C'*-algebra case.

Our main result may then be stated as follows.

Theorem 1.0.3. (c¢f. Theorem 4.3.23) Let a countable discrete group 1" act with finite
dynamic asymptotic dimension on a compact Hausdorff space X. Then the L, Baum-

Connes conjecture holds for T" with coefficients in C'(X) for p € (1,0).

Since the left-hand side of the map is independent of p, we have the following corollary,

which gives a partial answer to [29, Problem 11.2].

Corollary 1.0.4. Let a countable discrete group 1" act with finite dynamic asymptotic di-
mension on a compact Hausdorff space X. Then the K-theory of the L, reduced crossed

product C(X) x, I is independent of p for p € (1, 00).

In the L, setting, we note that Kasparov and Yu have some (yet unpublished) work on
the L, Baum-Connes conjecture [18]. We also remark that at the moment, there seems
to be substantial difficulty in carrying over other approaches to the usual Baum-Connes
conjecture, such as the Dirac-dual Dirac method, to the L,, setting. However, quantitative
K-theory still works well in the L, setting.

The question of whether the K -theory of the L, reduced crossed product depends on p
remains open in general. In the case where X is a point with the trivial I'-action, one gets

the L, reduced group algebra. When I' is hyperbolic or amenable, the K -theory of this

8



algebra is known to be independent of p [18, 22]. The significance of this question is that
sometimes the K -theory of these algebras may be more computable for large p so if the
K-theory of these algebras is independent of p, then we get in particular a computation of

the /(-theory of the respective C*-algebras.



2. PRELIMINARIES

2.1 Banach Algebras

In this section, we record some basic facts about Banach algebras that can be found, for
instance, in [17]. Throughout this dissertation, we will only work with complex Banach

algebras.

Definition 2.1.1. A Banach algebra A is an algebra equipped with a submultiplicative

norm, i.e., ||ab|| < ||al|||b]| for all a,b € A, and such that (A,|| - ||) is a Banach space.

A'is said to be unital if there exists 1 € A suchthat la = al = aforall a € A. If there

is no such element, then A is said to be non-unital.

Definition 2.1.2. Let A be an algebra. A map x : A — A, a > a*, is called an involution

if it satisfies
1. (a+b)* =a*+b" foralla,b e A,
2. (M\a)* = Xa*forall A € C, a € A,
3. (ab)* = b*a* forall a,b € A,

4. (a*)* =aforalla € A.

If A is a Banach algebra equipped with an isometric involution, i.e., ||a*|| = ||a|| for
all a € A, then A is called a Banach *-algebra.
If the involution also satisfies ||a*a|| = ||a||* for all a € A, then A is called a C*-

algebra.

Definition 2.1.3. If A is a Banach algebra, and S is a subset of A, then the subalgebra of
A generated by S consists of all linear combinations of finite products of elements in S.

The closure of this subalgebra in A is the Banach subalgebra generated by S.

10



Example 2.1.4.

1. Let X be a compact Hausdorff space. Then C(X), the set of continuous functions

on X, is a unital Banach algebra when equipped with pointwise multiplication and

the norm || f|| := sup,ex [ f(2)]-

2. If X is locally compact but not compact, then Cy(X), the set of continuous functions
on X vanishing at infinity, is a non-unital Banach algebra with the above multipli-

cation and norm.

3. Let E be a complex Banach space. Then B(E), the set of bounded linear opera-
tors on F, is a unital Banach algebra with composition as multiplication and the

operator norm.

Remark 2.1.5. Suppose that (A, || - ||) is a unital Banach algebra. Then there exists
another submultiplicative norm || - || equivalent to || - || such that ||1||" = 1. Indeed,
if ||1]| # 1, then ||1]|| > 1 by submultiplicativity of || - ||. Define ||a||" = ||L.||, where

Ly, : A — Alis given by L,b = ab. Note that L, is a bounded linear operator on A as a

consequence of submultiplicativity of || - ||, and we have ||a||" < ||a|| for all a € A. On the
other hand, we have ||a|| = ||L,1|| < ||La||||1]| = ||al|'||1|| for all a € A.
Hence, whenever A is a unital Banach algebra, we will assume that ||1|| = 1.

Definition 2.1.6. Suppose A is an algebra. Define At = A x C equipped with the oper-
ation (a, z)(b,w) = (ab + zb + wa, zw) for a,b € A and z,w € C. Then A™ is a unital
algebra with unit (0, 1). We identify A as a subalgebra in A™ via the map a — (a,0). We

call A™ the unitization of A.

Note that this construction makes sense even when A is already unital, but the original

unit in A is not the unitin A™.
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Whenever B is a unital algebra, and ¢ : A — B is an algebra homomorphism, there
exists a unique algebra homomorphism ¢* : At — B such that |4 = ¢ and ¢ (0,1) =
1. This homomorphism is given by ¢ (a, z) = ¢(a) + z1 for all (a, z) € A™.

The unitization A™ of A can be equipped with a submultiplicative norm extending the

norm on A such that (0, 1) € A" has norm 1. One such norm is given by
[(a, 2)[l = [la]] + |z]

for all (a,z) € A*. If there is an isometric algebra homomorphism ¢ : A — B, where
B is a unital normed algebra with ||15|| = 1 and 15 ¢ ¢(A), then the homomorphism
¢t : AT — B is injective, and we can also define a submultiplicative norm || - ||" on A"
by

(@, 2)|I" = 1|6 (a, 2)I-

If A is a Banach algebra, then any submultiplicative norm on A" extending the norm on
A such that (0,1) € A" has norm 1 is in fact equivalent to the norm || - ||; defined above.
This is a consequence of the open mapping theorem once one observes that any such norm
is dominated by || - ||;.

The invertible elements in a unital Banach algebra play an important role in the theory

of Banach algebras, and also in K -theory.

Lemma 2.1.7. Suppose A is a unital Banach algebra, and a € A is invertible. Suppose

that b € A satisfies ||b — al| < ﬁ Then b is also invertible, and

[la " [P[1b—all
= lla=H[[[b = all

167 —a™t]| <
1

Proof. Define y = 1 — a~'b. Then ||y|| = |la™(a — b)|| < ||a!]||]a — b|| < 1. Since

|y"™|| < ||ly||™ for all n > 1, the series > - y" converges to an element z € A, and we

12



have

”1‘Z||<§:Hy!!” iHa i — afpy = Mo Hlllb—all
= i T JlaI[fo—al]

By the definition of z, we have z(1 —y) = (1 —y)z = 1,s0a'b = 1 — y is invertible, and

(a='b)~! = 2. Since a is invertible, it follows that b is invertible with inverse b~! = za~!.

We then have

[la="[P*[[b — all

o~ —a | = [I(1 = 2)a || < 11— 2la]| < e |
T —[la~H[I[b— a]

]

Corollary 2.1.8. If A is a unital Banach algebra, then the set of invertible elements in A,

denoted by GL(A), is open in A, and inversion is continuous.

Definition 2.1.9. Let A be a Banach algebra. A character of A is a nonzero algebra

homomorphism v : A — C.
Note that if A is unital, then the requirement that ~ be nonzero forces (1) = 1.

Proposition 2.1.10. Let A be a Banach algebra, and let v : A — C be a character. Then

7y is continuous, and ||y|| < 1.

Proof. We may assume that A is unital and ||1|| = 1. If not, we extend ~y to a character
vt of AT by v (a,z) = «v(a) + z and it will suffice to show that 4 is continuous and
I < 1.

Suppose there exists ag € A with |y(ag)| > ||ao||- Let A = v(ap) so that a; := A" 'aq
satisfies ||a;|| < 1. Then 1 — a; = 1 — A lqq is invertible. Since A # 0, it follows that
z:= A1 —ay) = Al — qq is invertible. But y(z) = A\y(1) — v(ag) = A — y(ap) = 0, and

this forces 1 = v(1) = v(27'2) = y(27')y(2) = 0, which is impossible. O

13



Definition 2.1.11. Let A be a unital Banach algebra. For a € A, the set

oa(a) ={\ € C: A\l — ais not invertible in A}

is called the spectrum of a (relative to A).

Theorem 2.1.12. Let A be a unital Banach algebra. For any a € A, the set c4(a) is

compact and non-empty.

Sketch of proof. Given a € A, consider the map ¢ : C — A given by ¥(\) = Al — a.
Then C \ 54(a) = ' (GL(A)). The fact that C \ o 4(a) is open is a consequence of the
continuity of ¢ and the fact that GL(A) is open.

If |A] > ||a||, then the element = A1 — a satisfies ||z — Al|| = ||a|]] < || =
[[(A1)71||~! so z is invertible, which means that A ¢ c4(a). Hence o4(a) is bounded as
oa(a) € {A € C: A < lal[}.

If 04(a) = 0, define F : C — Aby F({) = (¢1 — a)~!. Then F is continuous,
and one shows that lim._, ||F'(¢)|| = 0. For each continuous linear functional § € A*,
one shows that the map Fy = 6 o F' : C — C is holomorphic and lim;_,, F4(¢) = 0. By
Liouville’s theorem, it follows that Fy = 0. Fix ¢ € C. The fact that §(F(¢)) = Fp(¢) =0
for all & € A*, combined with the Hahn-Banach theorem, forces F'(¢) = 0, which is

impossible. u
Example 2.1.13.

1. For T € M,(C), we have oy, c)(T) = {\ € C: X is an eigenvalue for T'}.

2. Let X be a compact Hausdorff space. For f € C(X), we have oc(x)(f) = f(X).

The notion of functional calculus is also an important one in the theory of Banach
algebras. It allows one to make sense of expressions like f(a), where a is an element of a

Banach algebra and f : C — C is an appropriate function.
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Fix some element « in a unital Banach algebra A. Suppose that p : C — Cis a
polynomial, i.e., p(z) = ¢y + 12 + 2% + -+ + ¢,2" with ¢, ..., ¢, € C. We can then
define p(a) = col + c1a + -+ - + c,a”. Now let U be an open subset of C containing
oa(a), and denote by R(U) the set of all rational functions on U, i.e., f € R(U) if
and only if f = (%)[y, where p and g are polynomials with ¢(z) # 0 for all z € U.
Since 04(q(a)) = q(oa(a)), we have that 0 ¢ o4(g(a)) so we may define f(a) € A by
f(a) = p(a)q(a)™t. If we let R(a) = J{R(U) : U open,U 2 ca(a)}, then R(a) is an
algebra, and f(a) € A is well-defined for every f € R(a). In fact, the mapping f — f(a)
is a homomorphism from R(a) into A, and satisfies 04(f(a)) = f(oa(a)).

More generally, we can also make sense of f(a) for a function f that is holomorphic
on a neighborhood of ¢ 4(a). Given an open subset of C, let H(U) denote the algebra of
all holomorphic functions on U. For a € A, let H(a) be the set of all functions that are
holomorphic in some neighborhood of ¢ 4(a). Then H(a) is an algebra under pointwise

operations.

Proposition 2.1.14. [17, Proposition 3.15] Let A be a unital Banach algebra, let a €
A, and let U be an open neighborhood of o(a). Suppose that v, ...,~, are closed,
piecewise smooth curves in U \ o 4(a) such that for any holomorphic function f on U and

z € g4(a),
10=5 2 [ 4w

Then for any rational function f on U,

fla) = = Z/ f(2)(214 — a)'dz.

2mi j=1"Y7
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We would like to define, for f € H(a), an element f(a) € A by setting
fa) = 25 [ o)1 ay
2m = ’

where 71, ...,7, are as above. Indeed, this definition does not depend on the choice of
U and of the curves 7y, ...,7, [17, Lemma 3.16]. The set of mappings H(a) — A, f —

f(a), is referred to as the holomorphic functional calculus.

Theorem 2.1.15. (c¢f. [17, Theorem 3.18]) Let A be a unital Banach algebra, and let

a € A
1. The mapping f — f(a) is a homomorphism from H(a) into A.

2. Suppose that f and f,, (n € N) are holomorphic functions on some open set U
containing o 4(a) and that f, converges uniformly to f on every compact subset of

U. Then || f,(a) — f(a)|| — O.

Our main application of the holomorphic functional calculus is to produce idempo-

tents.

Theorem 2.1.16. (c¢f. [17, Theorem 3.29]) Let A be a unital Banach algebra. Let a € A
and suppose that o 4(a) = U?:l Cj, where the sets C; are nonempty, pairwise disjoint,

and clopen in o 4(a). Then there exist idempotents e1, . .., e, € A (ie., e? = e;) such that

Lo 1a=3"7 ¢ e;#0, andeje, = 0forj # k;

2. each e; is contained in the closed linear span of all elements of the form (A 4—a) ™,

/\EC\O’A(CL).

Proof. Since (1, . .., C,, are compact, there exist pairwise disjoint open subsets Vi, ...,V

of Csuch that C; C V;. For each j, choose an open subset 1, of C such that W;No4(a) =
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C;. Then the sets U; = V; N W; are pairwise disjoint, open, and satisfy U; N o4(a) = C;.
LetU = U?:l Uj;. For each j, define a function f; on U by f; = xy,. One can then check

that e; = f;(a) are the desired idempotents. O

2.2 K -Theory of Banach Algebras

In this section, we record some basic facts about the K -theory of Banach algebras,
details of which can be found in [3] (or [38] when restricted to C*-algebras).
In order to define the K, group of a Banach algebra A, we consider idempotents not
only in A, but in M (A) = [, ey Mn(A), where we regard M, (A) as embedded in
a 0

Mn+1 (A) via a +—
0 0

Definition 2.2.1. An idempotent in a Banach algebra A is an element e satisfying e? = e.
Two idempotents e and [ are orthogonal ifef = fe = 0.

Definition 2.2.2. Let e and f be idempotents in a Banach algebra A.

1. We say that e and | are similar, and write e ~ f, if there is an invertible element

2 € A" such that zez™' = f.

2. We say that e and f are homotopic, and write e ~y, f, if there is a norm-continuous

path of idempotents in A from e to f.

Proposition 2.2.3. /3, Proposition 4.3.2] Let e and [ be idempotents in a Banach algebra

A If|le—= fl] < m then e ~ f. In fact, there exists z € A* with ||z — 1|| < —‘|‘|2:__]3||||

and 2z ‘ez = f. Also, e ~}, f.

Proposition 2.2.4. [3, Proposition 4.3.3] If e ~}, f via the path e, then there is a path z

of invertibles with zo = 1 and zt_lezt =e, forallt. Thuse ~y f.

In general, it is not true that e ~, f implies e ~j f.

17



e 0 f 0
Proposition 2.2.5. /3, Proposition 4.4.1] If e ~, f, then ~n
0 0 00

Since we will consider simultaneously all matrix algebras over A, the two equivalence

relations become interchangeable (up to doubling matrix sizes).

Definition 2.2.6. Let A be a Banach algebra. Define V (A) to be the set of all homotopy
e 0
0 f

It 1s straightforward to check that this addition operation is well-defined and makes

classes of idempotents in M (A). On V (A), define addition by [e] + [f] =

V' (A) into an abelian semigroup with identity [0].
Example 2.2.7.

1. V(C) =V(M,(C)) = V(K(H)) = NU{0}, where K(H) denotes the algebra of

compact operators on a separable Hilbert space H.

2. V(B(H)) = NU{0, 00}, where B(H) denotes the algebra of bounded linear oper-

ators on a separable Hilbert space H.

If  : A — B is a homomorphism between Banach algebras, then ¢ extends to a

homomorphism from M., (A) to M., (B), which induces a semigroup homomorphism
¢« - V(A) = V(B) given by ¢.([e]) = [¢(e)].

Definition 2.2.8. Let A and B be Banach algebras. Two bounded homomorphisms ¢, :
A — B are said to be homotopic if there is a path of bounded homomorphisms w; - A — B
for 0 <t <1, continuous in t in the topology of pointwise norm-convergence, with wy = ¢
and wy = ).

Equivalently, ¢ and 1) are homotopic if there exists a bounded homomorphism w : A —
C([0,1], B) with g ow = ¢ and m o w = 1, where m; : C([0, 1], B) — B is evaluation

att.
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From the definitions, one sees that if ¢, 1) : A — B are homotopic, then ¢(e) ~; ¥(e)
for any idempotent e € M, (A), so ¢, = 1, : V(A) — V(B). This property is known as
homotopic invariance.

One can also verify that
o if A= Al D AQ, then V(A) = V(Al) D V(AQ),

Definition 2.2.9. For a unital Banach algebra A, define K,(A) to be the Grothendieck
group of V(A).
For a non-unital Banach algebra A, define Ky(A) to be ker(m, : Ko(AT) — Ky(C)),

where m : AT — C is the homomorphism given by m(a, z) = z.
Example 2.2.10.

1. Ko(C) = Ko(M,(C)) = Ko(K(H)) =7Z;

2. Ko(B(H))=0.

Let A be a Banach algebra. Let GL,,(A) = {z € GL,(A") : x = I, mod M,(A)}.

u 0
We embed GL,(A) into GL,,1(A) via the map u ,and let GLy(A) =

0 1
@ G L, (A), which can be thought of as the group of invertible infinite matrices that have

diagonal elements in 14+ + A, off-diagonal elements in A, and only finitely many entries

different from O or 1.

Definition 2.2.11. Let u and v be invertible elements in a unital Banach algebra A. We
say that u and v are homotopic if there is a norm-continuous path of invertible elements

in A from u to v.
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Definition 2.2.12. Let A be a Banach algebra. Define K(A) to be the set of homotopy

classes of invertible elements in G L, (A).

u 0
K1(A) has an abelian group structure under the operation [u] + [v] =

0 v

Example 2.2.13. K;(C) = 0 since every invertible matrix with entries in C can be con-

nected to the identity matrix.
The properties that we stated for K also hold for K, i.e.,

e If ¢ : A — Bisahomomorphism between Banach algebras, then it extends to a uni-
tal homomorphism A* — BT, thereby inducing a homomorphism ¢, : K;(A) —

Ky(B).
e If ¢, : A — B are homotopic, then ¢, = 1),.
o K (A1 Ay) = Ki(A)® Ki(Ay).
° Kl(%nAi) o thl(Ai).

Definition 2.2.14. Let A be a Banach algebra. The suspension of A, denoted by SA, is

Co(R, A) equipped with pointwise operations and the sup norm.
Using suspensions, one can view K7 groups as K groups. More precisely, we have

Theorem 2.2.15. [3, Theorem 8.2.2] There is an isomorphism 04 : K;(A) — Ky(SA)

such that whenever ¢ : A — B is a homomorphism, we have the following commutative

diagram:
Ky(4) & K.(B)
s s
Ko(SA) 59 Ko(SB)
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Definition 2.2.16. A sequence G LHSK of groups and group homomorphisms is said

to be exact if im f = ker g.

Theorem 2.2.17. If J is a closed two-sided ideal in A, then we have the following exact

sequence.

Ki(J) 5 Ki(A) B K(A)T) 5 Ko(J) 5 Ko(A) B Ko(A/J),

where i : J — A is the inclusion, ¢ : A — A/J is the quotient homomorphism, and

0: Ki(A)J) — Ko(J) is defined as follows: Let u € GL,,(A/J), and let w € G Ly, (A)

u 0
be a lift of . Then O([u]) = [wp,w™] — [pn] € Ko(J), where p,, is the matrix
0 u!

with n I’s along the diagonal and 0 everywhere else.

In fact, one can connect Ky(A/J) to K;(J) to make the sequence a cyclic six-term
exact sequence. This is a consequence of Bott periodicity, which we will now briefly
describe.

If e is an idempotent in M, (A1), write f.(z) = ze + (1 —e) € C(S',GL,(AT)).
Such loops represent elements in K (SA). Consider the homomorphism 54 : Ko(A) —
K1(SA) given by Ba(le] — [pa]) = [fef,.!]. called the Bott map. If ¢ : A — Bisa

homomorphism, then we have the following commutative diagram:

Ko(A) - Ko(B)
lﬁA lﬁB
Ki(SA) 59 K\(SB)

Theorem 2.2.18. [3, Theorem 9.2.1](Bott Periodicity) 34 is an isomorphism.
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Define 0 : Ko(A/J) — Ki(J) to be the composition

—1

Ko(A)T) 5 Ki(S(ALT)) — Ko(ST) ™S Ki(J).

Theorem 2.2.19. [3, Theorem 9.3.1] If J is a closed two-sided ideal in A, then we have

the following six-term exact sequence:

Uy Qx

K0 () Ky(A) Ky(AL)
aT l@
Ko(A/J) @ Ko(A) o Ko(J)

This six-term exact sequence is one of the standard computational tools in K -theory.

Another useful computational tool is the following Mayer-Vietoris sequence.

Theorem 2.2.20. (cf. [16, Exercise 4.10.21]) Let Jy and J, be closed two-sided ideals in a

Banach algebra A with Jy+ J, = A. Then we have the following six-term exact sequence:

Kl(Joﬂjl)—>K1(Jo)@K1(J1) Kl(A)
KO(A) K(](Jo) D Ko(Jl) <—K0<J0 N J1>
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3. QUANTITATIVE K-THEORY FOR BANACH ALGEBRAS

3.1 Filtered Banach Algebras, Quasi-Idempotents, and Quasi-Invertibles

In this section, we introduce quasi-idempotents and quasi-invertibles in filtered Banach
algebras, and we consider homotopy relations on these elements. These are the basic
ingredients for our framework of quantitative /-theory. We will only consider complex

Banach algebras.
3.1.1 Filtered Banach algebras and SQ,, algebras

Definition 3.1.1. A filtered Banach algebra is a Banach algebra A with a family (A,),~o

of closed linear subspaces such that
hd ArgAr’ifTST/;
o A A C A, forallr,r > 0;

e the subalgebra | ) ., A, is dense in A.

r>0

If A is unital with unit 1 4, we require 14 € A, forallr > 0. In this case, we set Ay = C1 4.
Elements of A, are said to have propagation r. The family (A,),~o is called a filtration of

A.

When A is a C*-algebra, we also want A7 = A, for all r > 0.
Remark 3.1.2.

1. When A = C, we will usually set A, = C for all r > 0.

2. If A is a filtered Banach algebra with filtration (A,),~o, and J is a closed ideal

in A, then A/J is a Banach algebra under the quotient norm, and has filtration
((Ar +J) /T )rso0.
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Example 3.1.3. Let G be a countable discrete group equipped with a proper length func-

tionl, i.e., a function | : G — N satisfying

e [(9) =0ifandonly if g = e;

e I(gh) <l(g) +l(h) forall g,h € G;

o l(g~") = (g) forall g € G;

o {ge€G:l(g) <r}isfinite forallr > 0.
Then

1. The reduced group C*-algebra, C5(G), is a filtered C*-algebra with a filtration
given by
(CX(@)), = {Z agg :ag € C,l(g) <r}.

2. Suppose that G acts on a C*-algebra A by automorphisms. Then the reduced

crossed product, A X G, is a filtered C*-algebra with a filtration given by
(Ax)G), = {Z agg :ay € A,l(g) <r}.

Other examples of filtered C"*-algebras include finitely generated C'*-algebras and Roe
algebras. One may also consider the L, analogs of the group C*-algebra and crossed
product, and these are examples of filtered Banach algebras. In fact, in each of these
examples, one can define a length function [ : A — [0, o] on the algebra A, satisfying the

following conditions:
e [(0) =0(orl(1s) = 0if Ais unital);
e [(a+b) <max(l(a),l(b)) and I(ab) < l(a) + () for all a,b € A;
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e [(ca) <l(a)forany a € A and c € C;

o theset{a € A:l(a) < oco}isdensein A, and {a € A : [(a) < r}is aclosed subset

of A foreach r > 0.

This length function then gives rise to a natural filtration by setting

A, ={a€ A:lla) <r}

foreach r > 0. Thus filtered Banach algebras may also be regarded as “geometric” Banach
algebras in the spirit of geometric group theory.

If A is a non-unital Banach algebra, let AT = {(a,2) : a € A,z € C} with multipli-
cation given by (a, z)(b, w) = (ab + zb + wa, zw). We call A™ the unitization of A. We

will use the notation
~ A if Ais unital,
A —
AT if A is nonunital.

Note that if A is a unital Banach algebra, then we can always give it an equivalent
Banach algebra norm such that ||14|| = 1, namely the operator norm from the left regular
representation of A on itself. Thus we will always assume that |[14|| = 1 when dealing
with unital Banach algebras.

For our framework of quantitative K -theory, since we will consider matrices of all

sizes simultaneously and we want to have norm control, we need our Banach algebras to

have some matrix norm structure.

Definition 3.1.4. [9] For p € [1,00), an abstract p-operator space is a Banach space X

together with a family of norms || - ||, on M, (X) satisfying:
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Doo: Foru € M,(X) andv € M,,(X), we have
u 0
= max(||u||n, ||v]|m);
0 v
n+m

M,: Foru € M, (X), o € My, ,,(C), and p € M,,,.(C), we have
lewBlln < [lal|Bep e l[ullml| Bl B o

In the general theory of p-operator spaces, one typically considers only p € (1, c0) but
the definition still makes sense when p = 1, and the properties of p-operator spaces that
we will use still hold in this case. We also mention Le Merdy’s result [24, Theorem 4.1]
that for p € (1, 00), an abstract p-operator space X can be p-completely isometrically em-
bedded in B(E, F') for some E, F' € SQ,, where S(),, denotes the collection of subspaces
of quotients of L, spaces. The class SQ); is precisely the class of Hilbert spaces while the
class S(); contains all Banach spaces since every Banach space is a quotient of some L,
space.

Note that a p-operator space structure does not necessarily respect multiplicative struc-
ture, so given a filtered Banach algebra A with p-operator space structure {|| - ||, }nen, We
also require (M, (A), ||-||.) to be a Banach algebra for each n. Here we note the following

result of Le Merdy:

Theorem 3.1.5. [25, Theorem 3.3] If A is a unital Banach algebra with a p-operator

space structure {|| - ||, }nen and p € (1, 00), then the following are equivalent:
1. Each (M, (A),|| -||») is a Banach algebra.
2. A is p-completely isometrically isomorphic to a subalgebra of B(E) for some E €
SQp.
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Remark 3.1.6. This theorem generalizes the result by Blecher, Ruan, and Sinclair in the
p = 2 case [5, Theorem 3.1] (also see [4, Theorem 2.1]). The p = 1 case is omitted in Le
Merdy’s theorem but we note that at least (2.) = (1.) is valid, i.e., algebras of bounded
linear operators on S()1 spaces have a canonical I-operator space structure such that
the matrix algebras are Banach algebras. This goes back to Kwapien [19, Theorem 4.2’ ]

(also see [24, Theorem 3.2]), and is sufficient for our purposes.

For the rest of this dissertation, we will refer to norm-closed subalgebras of B(F),
where £ € SQ),, as SQ, algebras for p € [1,00). If A C B(E) is a non-unital SQ,

algebra, we view AT as A + CIg so that A™ is a unital SQ, algebra.

Remark 3.1.7. If A is a filtered SQ), algebra, then

o ||,||n = 1foralln € N, where I, is the identity in M,(A);

o [lan|li < ||(aij)|ln < Z” l|aij| 1 for all (a;;) € M,(A), all k,l € {1,...,n}, and
alln € N;

o M,(A) is closed in M,(A) for each n;

e if A is unital and has filtration (A,.),o, then M, (A) has filtration (M,,(A,)),~o for

each n;

e if A is non-unital and has filtration (A,.),~o, then M, (A) has filtration (M, (A,))r>o
for each n, and M, (A™) has filtration (M,,(A, + C)),~o for each n.

Remark 3.1.8.

1. Since every Banach space is an S()1 space, every Banach algebra may be regarded
as an SQy algebra. However, in particular situations, this may not necessarily be

the most appropriate matrix norm structure to use.
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2. Of the two properties Dy, and M, that define a p-operator space, M, is more
crucial for our purposes because it gives us some compatibility between the norm
on M,(A) for a unital Banach algebra A and the norm on M,(C). In particu-
lar, the canonical map from C into the unitization of a non-unital Banach alge-

bra will be completely contractive. Property D, can be replaced by, for instance,

< [fulln+Ilvl

m» Which is automatic for most natural matrix norms.
0 wv

n+m

3. For a general filtered Banach algebra A, one needs an appropriate matrix norm
structure on A in order to consider quantitative K -theory. One (but perhaps not the

only) possibility is if A can be given a matrix norm structure {|| - || }nen satisfying

|| - ||1 extends the norm on A and ||1;]|, =1,
o (M,(A),]||-||n) is a Banach algebra for all n,

o the canonical inclusion M,(A) < M, 1(A) is isometric for each n,

norms of all signed permutation matrices are at most 1,

2l s, 4y = lI2]lan, () for all z € M, (C) and some matrix norm on C.

Given a filtered S(), algebra, other Banach algebras constructed from A will be given
matrix norm structures naturally induced by the matrix norm structure on A. We now
consider some of these constructions.

In some situations, we may want to adjoin a unit to A even if A is already unital. In this
case, A™ is isomorphic to A@C via the homomorphism A* > (a, 2) — (a+2z,2) € ABC,
and we will identify M, (A™) isometrically with M, (A) @, M,(C), where M,(C) is

viewed as B((}).

Remark 3.1.9. Matrix algebras of the form M, (M, (A)") will be viewed as subalgebras
of My, (A™) by identifying (a, z) € M, (A)" with (a, zI,)) € M,(A") for a € M,,(A) and
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z e C.

If A is a Banach algebra, and .J is a closed ideal in A, then J is a closed ideal in A. We
will view A/.J as A4/J, and we will identify M, (A/.J) isometrically with M, (A)/M,(.J)
equipped with the quotient norm.

Given a Banach algebra A, recall that the cone of A is defined as C'A = Cy((0, 1], A),
and the suspension of A is defined as SA = Cy((0, 1), A). These are closed subalgebras of
([0, 1], A) with the supremum norm. We will sometimes denote C'([0, 1], A) by A[0, 1].

Lemma 3.1.10. [f A is a filtered Banach algebra, then C([0, 1], A) is a filtered Banach
algebra with filtration (C([0, 1], A;.)),~o. This induces filtrations on C' A and S A.

Proof. Tt is clear that (C([0, 1], A,)),~o satisfies the first two conditions in the definition
so we just need to prove the density condition. Given e > 0 and f € C([0,1], A), let 0 =
to <ty <--- <ty = 1besuchthat whenever s,t € [t;_, 1], we have || f(s) — f(t)]| < 5.

For each 4, let a; € A,, be such that ||a; — f(t;)|| < §. Letr = maxo<i<x 7. Define

s—ti—1

g9(s) = J=tai + Fi—a; o for s € [tiy,t;]. Then g(s) € A, forall s € [0,1] so

g € C([0,1], A,). Moreover, for each i and for all s € [t;_1,;], we have

llg(s) = F(I < Nlg(s) = aall + [la; = F(@)I| + 17 (&) = f(s)]]
< lai — aiall + [las = f @)+ |1f () — ()]
< la; = fE)I + 11 (&) = )l + 1 (1) — aiall
+llai = f@)I + 1) = f(s)|

If f € C([0,1], A) and f(0) = 0, then we may take ag = 0 so that g(0) = 0. Likewise,
if f(1) = 0, then we may take a;, = 0 so that g(1) = 0. It follows that C'A and S A are

filtered Banach algebras. O
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We will view M, (A[0, 1]) as a subalgebra of M, (A)[0, 1] for each n, and similarly for
M, (SA) and M, (CA).

Definition 3.1.11. [32] Let X and Y be p-operator spaces, and let ¢ : X — Y be a
bounded linear map. For eachn € N, let ¢,, : M,(X) — M, (Y) be the induced map
given by ¢, ([zi5]) = [¢(xi;)]. We say that ¢ is p-completely bounded if sup,, ||¢n|| < oo.
In this case, we let ||p||per = sup,, ||énl|-

We say that ¢ is p-completely contractive if ||¢||per < 1, and ¢ is p-completely isomet-

ric if [|9]|pe» = 1.

The following lemma was proved for p € (1, 00) but the proof, which we reproduce

here, remains valid when p = 1.

Lemma 3.1.12. /9, Lemma 4.2] Let X be a p-operator space, and let |1 be a bounded

linear functional on X. Then pu is p-completely bounded as a map to C, and ||| |per = || 14]-

Proof. We wish to show that i, : M,(X) — B({y) is bounded with norm |[u||. Let
x = (w)ijm1 € Mp(X) so that p,(z) = (u(wy))f’j—y. Let o = ()i, € £ and

B = (B;j)j=, € £y, where q € (1, 00] is such that i + % = 1. Then
<6 /Ln Z Bz ng Z BZZL’UOZJ
1,7=1 i,5=1

Regarding o as an elementin M, ; (C) and 3 as an elementin M ,(C), we have ||| g3 en)
||l and [[B8]|Br.ery = 1|8]lg- By axiom M, in the definition of p-operator spaces, we

have [|Szally < [|B]lgl|2]n ][], s0

B (@) (D] < ([l Bl ql [ |l ex] |-

This implies that ||, (z)|| < ||u||||x||n, which in turn implies that ||u,|| < ||p|| as re-
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quired. O
Since all characters on Banach algebras are contractive, we get the following

Corollary 3.1.13. If A is a non-unital SQ, algebra, then the canonical homomorphism

7w : AT — Cis p-completely contractive.

Definition 3.1.14. Let A and B be filtered SQ), algebras with filtrations (A,),~o and

(B,)r>o respectively. A filtered homomorphism ¢ : A — B is an algebra homomorphism

such that
e ¢ is p-completely bounded;
e ¢(A,) C B, forallr > 0.

Recall that any bounded homomorphism ¢ : A — B between Banach algebras induces
a bounded homomorphism ¢t : AT — BT givenby ¢ (a, z) = (¢(a), 2). If ¢ is a filtered
homomorphism, then so is ¢™.

We will see later that filtered homomorphisms induce homomorphisms between quan-

titative /-theory groups.
3.1.2 Quasi-idempotent elements and quasi-invertible elements

Elements of K-theory groups of Banach algebras are equivalence classes of idempo-
tents or invertibles. For quantitative K -theory, we will consider quasi-idempotents and
quasi-invertibles. We now define these elements, and give a list of simple results based
on norm estimates that we will often use to conclude that two such elements represent the

same class in some quantitative K -theory group.

Definition 3.1.15. Let A be a filtered Banach algebra. For () < ¢ < %, r>0,and N > 1,

e an element e € A is called an (g, r, N)-idempotent if ||e* — ¢|| < ¢, e € A,, and

max({le]], [[15 —el]) < N;
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o if Aisunital, an element u € A is called an (e, r, N)-invertible ifu € A,,

ul| < N,

and there exists v € A, with ||v|| < N such that max(||uv — 1||, [|lvu — 1]]) < e.

We call v an (g, 1, N)-inverse for u, and we call (u,v) an (¢, r, N)-inverse pair.
We will use the terms quasi-idempotent, quasi-invertible, quasi-inverse, and quasi-

inverse pair when the precise parameters are not crucial.

Observe that if A is unital and a € A, satisfies ||a|| < N and ||a — 1|| < ¢, then (a, 1)
is an (e, 7, N)-inverse pair. Also, if u € A is an (e, r, N)-invertible, then u is invertible
and ||u™!|| < £=. Indeed, if v is an (e, r, N)-inverse for u, then uv and vu are invertible
so u 1s invertible and

N

-1 -1
= <—.
[l = {lo(uv) ™l < T

Lemma 3.1.16. Let A be a filtered Banach algebra.

1. Let e € A be an idempotent, and let N = |le|| + 1. Ifa € A, and ||a — ¢|| < 5%,

then a is an (¢, r, N)-idempotent in A.

2. Suppose that A is unital. Let ug € A be invertible, and let N = ||ug|| + ||ug*|| + 1.
Ifu,v € A, and max(||u—wo|, ||v —ug '||) < £, then (u,v) is an (g,r, N)-inverse

pair in A.
Proof.
L [la* = all < [la(a = e)|| + [[(a — e)e]| + |le — al| < (2N + 1)55 <e.

2. Juv — 1| < |[(w — uo)v|| + [Juo(v — ugh)|| < &; similarly |[vu — 1]| < e.
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Definition 3.1.17. Let A be a filtered Banach algebra.

e Two (g,r, N)-idempotents ey and ey in A are (¢',17', N')-homotopic for some £ >
e,r" > r,and N' > N if there exists a norm-continuous path (e;):cpo1) of (€', 7', N')-
idempotents in A from eq to e,. Equivalently, there exists an (¢',1', N')-idempotent

e in A[0, 1] such that e(0) = ey and e(1) = e;.

o [f A is unital, two (e, r, N)-invertibles uy and uy in A are (¢, 7', N')-homotopic for
some e > e, >r,and N' > N if there exists a norm-continuous path (Ut)te[o,l] of
(¢’,r", N')-invertibles in A from ug to uy. Equivalently, there exists an (¢',1', N')-
invertible w in A[0, 1] such that u(0) = uy and u(1) = u.

We also call the paths (e;) and (u.) homotopies of (€', 1", N')-idempotents and (€', ', N')-

e/ \N’ e ' N’
invertibles respectively, and we write eg '~ ey anduy '~  u;.

Lemma 3.1.18. Let A be a filtered Banach algebra.

1. Ifeisan (e,r, N)-idempotent in A, and f € A, satisfies ||f|| < N and ||le — f|| <
e=lle?—c]

“Ni1 s then e and f are (e,r, N)-homotopic. More generally, if ||le — f|| < 6 for

some 6 > 0, then e and f are (2N + 1)0 + €, r, N)-homotopic.

2. Suppose A is unital. If (u,v) is an (e,r, N)-inverse pair in A, and a € A, is such

that ||a|| < N and ||u — a|| < E_max(”"vj;lu’””“_”'), then a and u are (g,r, N)-
homotopic, with v being an (g,r, N)-inverse of a. More generally, if ||u — a|| <
d for some 6 > 0, then a and w are (N + ¢,r, N)-homotopic, with v being an

(N0 + ¢,r, N)-inverse of a.
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Proof.

1. The following estimate shows that f is quasi-idempotent.

172 = SIL< A = el + 11(F = edell + lle* — el + [le — [l
< (LA llell + Dle = fI[ + [le* — el

< @N +Dlle = fll +le* —ell.
The statement about homotopy follows from the inequalities ||(1 — t)e +tf|] < N
and ||((L —t)e+tf) —e|| <|le— f|| fort € [0,1].

2. |Jav = 1|| < |la — u||||v]] + |Juv — 1]] < Nlla — u|| + |Juv — 1||. Similarly,

[lva = 1] < Nla = ul| + |Jou — 1]].

The statement about homotopy follows from the inequalities ||(1 — t)a + tu|| < N

and ||((1 — t)a + tu) — u|| < |Ju — a| for t € [0, 1].
0

Lemma 3.1.19. Let A be a filtered Banach algebra. If e and f are (¢,r, N)-idempotents

in A, then e and f are (¢',r, N)-homotopic, where ¢’ = € + 1||e — f||*.

Proof. If e and f are (¢, r, N)-idempotents, then for ¢ € [0, 1], we have

(1—=t)e+tf)*—((1 —t)e+tf)
=1 =t)(—e)+ (* =) +t(f> = )+ = t)f>+ (t = t*)(ef + fe)

=(1=t)(e® —e) +t(f* = )+ (£ = t)(e — f)?

0 [|((1 = t)e +tf)2 = (1= e+ )] < e+ le — f[2 =
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Lemma 3.1.20. Let A be a filtered SQ, algebra, and suppose that e, f € A are orthog-
onal (e,r, N)-idempotents (i.e., ef = fe = 0). Then e + f is a (2¢,r,2N)-idempotent.
e+f 0 e 0

Moreover, and are (22,7, 3 N)-homotopic in M(A).
0 0 0 f

Proof. Since (e + f)? = e® + f2, it follows that e + f is a (2¢,7, 2N )-idempotent. For

t € [0,1], let ¢; = cos & and s, = sin Z*. Then

e 0 ¢ —s¢| [f O Ct St
E = +
0 0 St Ct 0 0 —St G
e+f O e 0
is a homotopy of (3¢, r, 2N)-idempotents in M5(A) between and
0 0 0 f

]

Let A be a unital filtered S(Q),, algebra. It is straightforward to see that if (u, v) is an

(e,r, N)-inverse pair in A, then

u 0 v 0 ) ) o
1. : is an (e, r, N)-inverse pair in M5 (A);
0 v 0 u
uv 0 1 0 ) ) o
2. ) is an (g, 2r, (1 + ¢))-inverse pair in My(A);
0 1 0 vu
u 0 v 0 ) ) o
3. : is an (g, 7, N)-inverse pair in M(A).
01 01

If ug and u; are homotopic as (e, r, N)-invertibles, and v, and v; are (e, r, N)-inverses
of uy and u, respectively, then vy and v; are (e, r, N)-homotopic. Indeed, let (u;) be a

homotopy of (e, r, N)-invertibles between uo and u,, and let v; be an (g, r, V)-inverse for
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u; for each t € [0,1]. Let 0 = sup;epoq)(|[ueve — 1|, [Jviur — 1]), and let 0 = o < t; <

-+« <t = 1 be such that ||u; — us|| < %foralls,t € [ti_i,t;)andi=1,... k. Let

t—t t—t
= —_ +
ti—ticg !

Wt Ut,

t; —tio1

if t € [t;i—1,t;]. Then max(||uqw; — 1, ||wius — 1|]) < € for all ¢ € [0,1] so (w;) is a

homotopy of (e, r, V)-invertibles between vy and v;.

Lemma 3.1.21. Let A be a unital filtered SQ), algebra. If (u,v) is an (e, r, N)-inverse
u 0

pair in A, then and Iy are (¢,2r,2(N + ¢))-homotopic in My(A).
0 v

Proof. Fort € [0,1], let ¢, = cos & and s; = sin It Define

u 0 Ct —8 1 0 c S
U, =
01 St ¢ 0 v -8 ¢
, [ U 0 , [ wv 0 0 U — UV
= + 55 + St ,
0 wv 0 1 1—w 0
Cr —58 v 0 c St 1 0
W =
St G 01 —S; ¢ 0 u
o [ 0 ) 1 0 VU — U
= ¢ + S + ¢Sy
0 u 0 vu v—1 0

w0
For each t € [0, 1], we have U,V;, = V,U; = , U] < 2(N + ¢€), and
0 ou

|Vil] < 2(N+e)so (U, Vi) isan (g, 2r, 2(N+e))-inverse pair in M, (A) foreacht € [0, 1].
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u 0
In particular, (Uy)scjo,1] is @ homotopy of (e, 2r, 2(N + ¢))-invertibles between

0 wv
u/l) O . . . .
and , while (V}):cp0,1] is a homotopy of (e, 2r, 2(N + ¢))-invertibles between
0 1
v 0 1 0 (I1—thuw+t 0
and . Then is a homotopy of (g,2r, (1 + ¢))-
0 u 0 vu 0 1
uv 0
invertibles between and I. O]
0 1

Remark 3.1.22. From the proof we see that if u™' € A, and ||u™!|| < N, then we may
u

take v = u™' so that (Uy)iepo1] is a homotopy between and I, with UV, =
0 ot

ViUy = I, for each t. Moreover, in this case, we have ||Uy|| < 2N and ||V;|| < 2N.

Lemma 3.1.23. Let A be a unital filtered SQ), algebra. If u,v € Aare (¢,r, N)-invertibles,
u 0 v 0

then and are (2,1, 2N)-homotopic in My(A).
0 v 0 wu

Proof. Suppose that (u,u’) and (v, v") are (e, r, N)-inverse pairs. For t € [0, 1], let ¢; =

cos & and s; = sin Zt. Define

C: —S¢ u 0 C: St
Ut -
S ¢ 0 v —S ¢
u 0 , [V 0 uU—v
=G + S + St s
0 v 0 u U —v 0
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Vv, =
St ¢ 0 o —S ¢
u 0 ) v 0 0 u =
=c; + 55 + St
0 2 0 u - 0
wu' — 1 0
Then ||Uy|| < 2N and ||Vi|| < 2N. Also, UiV, —1 = and VU, — 1 =
0 v’ —1
wu—1 0
so max(||U:V; — 1], ||ViU: — 1|]) < e. O
0 v'v —1

It is a standard fact in K -theory for Banach algebras that if we consider matrices of
all sizes simultaneously, then the homotopy relation and the similarity relation give us the
same equivalence classes of idempotents [3, Section 4]. In the remainder of this section,

we will examine the relationship between these two equivalence relations in our context.

Lemma 3.1.24. Let A be a unital filtered SQ, algebra. If e € Ais an (¢, r, N)-idempotent
and (u,v) is an (¢',r', N')-inverse pair in A, then uev is an ((NN')?¢' + N"e,r +
21", N N"?)-idempotent. In particular, if e € M, (A) is an (g,r, N)-idempotent and u €
M,,(C) is invertible with max(||ul|, ||u™||) < 1, then ueu™" is an (¢, r, N)-idempotent in

M, (A).

Proof. The first statement holds since

|luevuev — uev|| < ||ue(vu — 1)ev|| + [|Ju(e? — e)v|| < (NN')*" 4+ N"e.

The second statement follows from the first by setting ¢’ = 0 and 7’ = 0. O]

38



Lemma 3.1.25. Let A be a unital filtered S(Q), algebra. Ife € Aisan (e,r, N)-idempotent,
and (u,v) is an (¢',7', N')-inverse pair in A, then diag(uev,0) and diag(e,0) are homo-

topic as (", r", N")-idempotents in Ms(A), where

6” — 4(N/—|—€,)2(N2€/—|—€),
" =r 440" and

N" = AN(N' +€')2.

In particular, if e € M, (A) is an (e,r, N)-idempotent and u € M, (C) is invertible with
max(||ul|, ||[u™!]) < 1, then diag(ueu™",0) and diag(e, 0) are (4¢,r, 4N)-homotopic in
My, (A).

Proof. Let U; be a homotopy of (&', 21", 2(N' + ¢’))-invertibles between diag(u, v) and I,
given by Lemma 3.1.21, and let V; be a homotopy of (&', 2r', 2( N’ 4 £’))-invertibles be-
tween diag(v, u) and I such that (U, V;) is an (¢/, 20’ 2( N’ + €’))-inverse pair in Ms(A)
for each t € [0,1]. Then U,diag(e,0)V; is a homotopy of (¢”,r”, N”)-idempotents be-
tween diag(uev,0) and diag(e,0) by Lemma 3.1.24, where £” 1", N” are given by the
expressions in the statement. The second statement follows from the first by setting ¢’ = 0

and 7’ = 0. O

Lemma 3.1.26. Let A be a unital filtered Banach algebra. If e and f are (g,7,N)-
idempotents in A such that ||e — f|| < 5575, then there exists an (g, n.r, 5 )-inverse

(5N+2)e
1-3e

pair (u,v) in A such that |jluev — f|| < , where n. > 1 and € — n. is non-

increasing.

Proof. Letv = ef + (1 —e)(1 — f). Thenv — 1 = (2¢ — 1)(f —e) + 2(e* — ¢). If

lle = fI| < 5577 then [[v — 1| < 3e so v is invertible. We also have |[v[| < 1 + 3¢ and

1 1
ool < T=3e

o=l <
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Now ev = 2e%f —e®> —ef +eand vf = 2ef? —ef — f2+ f so

ev—uvf =20 —e)f +2e(f — f2) = (* —e)+ (f2 - f)

and [|ev — vf|| < (4N + 2)e. Since |[v7!|] < 5, we have

(4N + 2)e

-1
— <
lo~ew = fl] < o

Let m. be the smallest positive integer such that |37 . (1 —v)*|| < £, and let

u =" (1—v)* Then ||u|| < {5 and

(4N +2) _ (5N +2):
1— 3¢ 1—3

[luev — fI] < [|(w — v ev|| + [Jv"ev — fl| < Ne +

Also note that v € Ay, u € Aoy

o
oo =1 < || > A=v)f| ]l <&,
k=m<+1
and similarly ||vu — 1]| < € 50 (u,v) is an (e, 2m.r, =5 )-inverse pair in A. O

Proposition 3.1.27. Let A be a unital filtered Banach algebra. If there is an M -Lipschitz
. . . 1 .
homotopy of (¢,r, N)-idempotents in A between e and f with 5; < ¢, then there exists an
(¢',r', N')-inverse pair (u,v) in A such that ||uev— f|| < 3(§)MENTVT(EN +2)e, where
g = 2(MENTDHe o' = (M (2N +1) + 1)n.r with n. > 1 and € — n. non-increasing,

and N' = (%)M(2N+1)+1.

Proof. Let (e;) be an M-Lipschitz homotopy of (g, r, N')-idempotents in A between e and
fwith% <eLletO=ty<t; < - <t = 1besuchthatm < |t; —tiq] <

yravyy- Note that k < M (2N +1) + 1. By Lemma 3.1.26, there exists an (g, .7, 5 )-

40



inverse pair (u;, v;) in A such that

(BN + 2)e
1—-3¢ °

||uieti—1vi - eti” <
Set (u,v) = (ug - - - uy, vy - - vg). Then
9
lluv — 1] < 2(=)*e
4
and similarly for |[vu — 1||. Thus (u,v) is a (2(2)*e, kn.r, (3)*)-inverse pair, and
9k
|[uev — fl] < 3(1) (BN + 2)e.

]

If a homotopy of quasi-idempotents is not Lipschitz, the following lemma enables us
to replace the homotopy with a Lipschitz homotopy by enlarging matrices, after which
Proposition 3.1.27 becomes applicable. The Lipschitz constant depends only on the pa-

rameter V.

Lemma 3.1.28. Let A be a unital filtered SQ), algebra. If e and f are homotopic as
(e,r, N)-idempotents in A, then there exist ay > 0, k € N, and an ay-Lipschitz homotopy

of (2e,r, 3N)-idempotents between diag(e, I, 0y,) and diag( f, Iy, O).

Proof. Let (e;)c)o,1) be a homotopy of (e, r, N)-idempotents between e and f, and let

0=ty <t; <---<t, =1Dbe such that

e —|lef — e
— ey, < f ——t -
ller = exl ] 2N + 1

For each ¢ € [0,1], we have a Lipschitz homotopy of (¢, r, 2N)-idempotents between
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diag(e, 1 — e;) and diag(1,0) given by

e, 0 c —S 1—¢ 0 c S
+ )
0 0 S C] 0 0 —S;

where ¢; = cos %l and s; = sin %l for [ € [0, 1]. Also, there is a Lipschitz (in fact linear)
homotopy of (e, r, N)-idempotents between e;, , and e;, for each i. Then we have the

following sequence of Lipschitz homotopies of (2¢, r, %N )-idempotents:

6150 eto
1 1-— €t
eto
2e,r,2N 0 8,7',%]\[ €ty
Ik ~ ~
O
1 1-— €ty
0 etk
€t 1
1-— €tq 0
e,r,N €ty e 3N 1
~Y ~Y
1-— €tk71 0
etk etk
€ty
2e,7,2N I
~ k
Ok

]

Remark 3.1.29. From the proofs above, we see that in Proposition 3.1.27, if A is a non-
unital filtered Banach algebra, and e, f € A" are suchthate — 1 € Aand f — 1 € A,
then we can find (u, v) satisfying the conclusion of Proposition 3.1.27 such thatu—1 € A

andv—1¢€ A.
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3.2 Quantitative K-Theory

In this section, we define the quantitative K -theory groups for a filtered S, algebra
A. Then we establish some basic properties of these groups, and we examine the relation
between these groups and the usual K-theory groups. Our setup is in parallel with the

theory developed in [26] for filtered C*-algebras.
3.2.1 Definitions of quantitative K -theory groups

Given a filtered SQ, algebra A, we denote by Idem®™"(A) the set of (e,r, N)-
idempotents in A. For each positive integer n, we set IdemS™" (A) = Idem®"" (M, (A)).

n

e 0
Then we have inclusions [dems™N(A) — I demi’:jfv (A) given by e — , and we

0 0
set

Idem N (A) = | Idemi™N (A).

neN
Consider the equivalence relation ~ on IdemZ"(A) defined by e ~ f if e and
f are (4e,r,4N)-homotopic in M, (A). We will denote the equivalence class of e €
IdemZ"N(A) by [e]. We will sometimes write [e]. .y if we wish to keep track of the

parameters.

We define addition on Idem&™YN (A)/~ by [e] + [f] = [diag(e, f)].

Proposition 3.2.1. For any filtered SQ,, algebra A, IdemZ"™ (A)/~ is an abelian semi-
group with identity [0]. If B is another filtered SQ,, algebra and ¢ : A — B is a filtered

homomorphism, then there is an induced homomorphism
6o+ IdemZ N (A) )~ — Tdemdlro=r 190N gy )

Proof. To show commutativity, we need to show that [diag(e, f)] = [diag(f,e)] fore, f €
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Idems"N (A). We may assume that e, f € M, (A) for some n € N. Letting

n_ (cos T, (sinF)I,
=

—(sinZ)I, (cosH)I,

for t € [0, 1], one sees that R,diag(e, f)R; ' is a homotopy of (2¢, r, 2N )-idempotents
between diag(e, f) and diag(f, e).
Using the same notation ¢ for the induced homomorphism M (A) — M (B), note

that ¢(e) € Idem 2o 1eeN (BY whenever e € Tdems"™ (A). Moreover, if e ~ ¢/,

o

then ¢(e) ~ ¢(¢’). Thus
b+ Idemz™N (A) )~ — Idemo=r 190N (B) )

given by ¢.([e]) = [¢(e)] is a well-defined homomorphism of semigroups. O

Definition 3.2.2. Let A be a unital filtered SQ), algebra. For 0 < ¢ < %, r > 0 and

N > 1, define K" (A) to be the Grothendieck group of Idem="N (A)/~.

o0

By the universal property of the Grothendieck group, when A and B are unital filtered

SQ, algebras and ¢ : A — B is a filtered homomorphism, the induced homomorphism
6, : [dem=2 N (A) [/~ — Tdemlrr=m 19X (gy
extends to a group homomorphism
6. KoV (A) = K(|)|¢Hpcb5’7"7"¢||pch(B>‘

Moreover, if ¢ : B — C'is another filtered homomorphism between unital filtered SQ),
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algebras, then
(¢ o ¢)* — ¢* o gb* : KS‘,T,N(A) _> K(')"LM‘pch(prcbeﬂﬂva"pcb”d)‘lpch(C)‘

If A is a non-unital filtered S(), algebra, we have the usual quotient homomorphism
7 : AT — C, which is p-completely contractive by [9, Lemma 4.2] and the standard fact
that all characters on Banach algebras are contractive. Thus 7 induces a homomorphism

Ty KS’T’N(Aﬂ — KE’T’N(C).

Definition 3.2.3. Let A be a non-unital filtered SQ), algebra. For 0 < ¢ < %, r > 0 and

N > 1, define
K"V (A) = ker(m, : K" (AT) — K™Y (C)).

Note that for 0 < ¢ < &/ < %,0 <r<7¢,and1 < N < N’, we have a canonical

group homomorphism

LS,E/,’I‘,T'7N,N/ . KS,T,N(A) N KS’,T’,N/ (A)

given by (5" NN (el n) = (el n

We have already observed that if A and B are both unital filtered S(),, algebras, then a

filtered homomorphism ¢ : A — B induces a group homomorphism
¢ : KS,T‘,N(A> N K(|)|¢"pcbfvrvH‘ﬁ”pch<B).

If A and B are both non-unital and ¢+ : AT — BT denotes the induced homomorphism

between their unitizations, then we get a homomorphism

K§7T7N<A+) - K(l)‘(bJr"PCbEvT1|‘¢+Hpch(B+)’
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which restricts to a homomorphism
¢ . K€:7'7N(A) N K"¢+HPCbE’T7H¢+HpCbN(B)

Given a unital filtered SQ, algebra A, we denote by GL="" (A) the set of (¢,r, N)-
invertibles in A. For each positive integer n, we set GLE"N (A) = GL®™N (M, (A)). Then
u 0

we have inclusions GL="V (A) < GL;7Y (A) given by u , and we set
01

GLYN(A) = | GL;™N(A).

neN

Consider the equivalence relation ~ on GL5"N(A) given by u ~ v if v and v are
(4e, 2r, 4N )-homotopic in M., (A). We denote the equivalence class of u € GLE™Y(A)
by [u]. We will sometimes write [u]., y if we wish to keep track of the parameters.

We define addition on GLEN (A)/~ by [u] + [v] = [diag(u,v)].

Proposition 3.2.4. For any unital filtered SQ,, algebra A, GLETN (A)/~ is an abelian
group. If B is another unital filtered SQ), algebra and ¢ : A — B is a unital filtered

homomorphism, then there is an induced homomorphism
(b* : GLZ’OT’N(A)/N . GL!?'|pCbE’T’H¢HpCbN(B)/N

Proof. By Lemma 3.1.21, if (u,v) is an (e, r, N)-inverse pair in M,,(A), then [u] + [v] =
[1]. By Lemma 3.1.23, we have [u] + [v] = [v] + [u]. Hence GLEN (A)/~ is an abelian

group.
If ¢ : A — B is a unital filtered homomorphism, and u € GL:™V (A), then ¢(u) €
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GLW"P*E’T"W”PCZ’N(B). Moreover, if u ~ ', then ¢(u) ~ ¢(u’). Thus
6r 1 GLEN (W) = GLI= N ()

given by ¢, ([u]) = [¢(u)] is a well-defined group homomorphism. O

Definition 3.2.5. Let A be a unital filtered SQ, algebra. For 0 < ¢ < 2—10, r > 0, and

N > 1, define
KP™N(A) = GLEN(A) )~

If A is non-unital, define K" (A) = ker(m, : K"V (AT) — K27N(Q)).

By the previous proposition, K o (A) is an abelian group for any filtered S(), algebra

A.
For) < e <€ < zio, 0<r<7,and1 < N < N’, we have a canonical group
homomorphism
e,eryr’ ,N,N' K;,T,N(A) N Kf ' N (A)
1 ) /7 ) lszNl
given by (1= """ ([ulepn) = [uler

Remark 3.2.6. We will sometimes refer to the canonical homomorphisms
Li,e/,r,r’,N,N’ . K:’T’N(A) N Ki‘/,r/,N’(A)
as relaxation of control maps, and we will also omit the superscripts, writing just L., when

they are clear from the context so as to reduce notational clutter.

Just as in the usual K -theory, we can give a unified treatment of the unital and non-
unital cases. First, we make some observations about the behavior of quantitative K -theory

with respect to direct sums of unital filtered S(),, algebras.
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Let A; and A, be unital filtered S, algebras and let
ﬂ-ZAl@AQ _>Az (Z: ]_,2)

be the respective projection homomorphisms. If e € M,(A; & A,) is an (g,r, N)-
idempotent, then ;(e) is an (e, r, N)-idempotent in M, (A;) for i = 1,2. Conversely,
if e; € M,,(A;) is an (g, 7, N)-idempotent for i = 1,2, then (e, e3) € M, (A; & Ay) is an

(¢,r, N)-idempotent. It follows that we have an isomorphism

T @ Taw t KGN (AL @ Ay) = KN (Ar) @ K™Y (As).
Similarly, we see that

T ® Mo 1 K17V (Ar @ Ag) — K77V (Ay) @ K77 (Ay)

is an isomorphism.

In the usual K -theory, when A is unital, we have
K()(A) = ker(ﬁ* : K0<A+) — KQ(C))

and

Ki(A) = K1 (AY) = ker(m. : Ki(AY) — K,(C))

since K;(C) = 0. Recall that when A is unital, we identify M, (A1) isometrically with
M, (A) &+ M, (C) via the canonical isomorphism A" — A @ C. In our current setting,

we have a homomorphism K" (A) — ker 75"V given by [e] — [(e,0)], and we also
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have a homomorphism ker 75" — K S’T’N(A) given by the composition
ker w2 s KGTN(AY) S KRN (A@ €)= K™Y (A) @ K™Y (C) = K5 (A),

The composition K" (A) — ker 75N — K5 (A) is the identity map while the com-
position ker 75N — K5V (A) — ker 75N is given by [(e, 2)]crn — [(€ + 2,0)]crn.

*

Let ) : At — A @ C be the canonical isomorphism. Since [z] = 0 in K" (C), we have

[W((e, 2))] = [(e + 2, 2)] = [(e + 2,0)] = [¢¥((e + 2,0))]

in K;"N(A @ C). It follows that [(e,z)] = [(e + 2,0)] in K;""(AT), and we have
KN (A) 2 ker o,

It is not clear that K" (C) = 0 for all £, 7, N, and for all choices of norms on M, (C)
that we are considering, but by a similar argument as in the even case above, we still have
KoM (A) = ker nom N,

Thus we have

Proposition 3.2.7. For any filtered SQ, algebra A,
Ko™V (A) 2 ker (oY« Ko™V (AT) — KoY (C)).

3.2.2 Some basic properties of quantitative K -theory groups

If A and B are filtered S@), algebras, and ¢ : A — B is a filtered homomorphism,

then we have the following commutative diagram:

ker WZ:’N C KemN(AT) KemN(C)
o L
+ C 1"y + C N + C 2y + C N + C 10y + Cl N
kerwgﬁ [lpevem & Ipeb <_>Kl|¢ [lpebesms|1d™ | pen (B+)—>Ki|¢ [lpebesms|[d™ | pen (C)
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The homomorphism on the left is the restriction of ¢;. By the discussion above, we then

get a homomorphism
(b* . Ki‘,r,N(A) SN KLWﬂ‘pcb&ﬁ“‘bﬂ‘pch(B).

Moreover, if 1) : B — C'is another filtered homomorphism between filtered S(),, algebras,

then ¢, 0 ¢, = (¢ 0 @),

Definition 3.2.8. A homotopy between two filtered homomorphisms ¢y : A — B and
¢+ A — B of filtered SQ,, algebras is a filtered homomorphism ® : A — C([0,1], B)
such that evy o ® = ¢ and evy o ® = ¢y, where evy : C([0,1], B) — B denotes the

homomorphism given by evaluation at t.

Recall that a filtered homomorphism ¢ : A — C(]0, 1], B) is a p-completely bounded
homomorphism such that ®(A,) C C([0, 1], B,) for each » > 0. Given such a filtered
homomorphism ®, we may consider ¢, = ev, o ® fort € [0,1]. Then ¢, : A — B

is a filtered homomorphism, the map ¢ — ¢ (a) is continuous for each a € A, and

SUP¢e0,1] Dt lper < 1P |pe-

Proposition 3.2.9. Let ¢y : A — B and ¢, : A — B be filtered homomorphisms between
filtered SQ, algebras. Suppose that ® : A — C([0,1], B) is a homotopy between ¢y and
¢1. Then

q>+HpCbsv’r:Hq)+Hpch(

G0 = b1+ KN (A) — KL B).

Proof. For t € [0,1], let ¢, = ev; o ®. For any (e, r, N)-idempotent e in M,(A™"),
¢ (e) is a homotopy of (||®F||pee, 7, ||PT||pebV )-idempotents in M,,(BT) between ¢ (e)
and ¢ (e). Similarly, for any (e, 7, N)-invertible u in M, (A™), ¢/ (u) is a homotopy of
(||@||pebe, 7, || @7 || pes N ) -invertibles in M, (B™) between ¢ (u) and ¢ (u). O
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Proposition 3.2.10. If A is a filtered SQ), algebra, then the canonical embedding A —

M,,(A) induces an isomorphism

KV (A) 2= K20 (M (A))

for eachn € N.

Proof. Let A be a unital filtered SQ), algebra, and let i : A — M,,(A) be the canonical
embedding a — diag(a,0). Then we get the induced maps i), : M (A) — My(M,(A))
for k € N. Let

¢ o My(My(A)) = Myn(A)

be the isomorphism given by removing parentheses. Recall that we equip My (M, (A))
with the norm induced by this isomorphism. If e is an (¢, r, N)-idempotent in M;,(A), then
ir(e) is an (e, r, N)-idempotent in My (M,,(A)), and (ix(e)) is an (g, r, N')-idempotent in
M, (A). Now

((ix(e)) = udiag(e, 0)u "

for some permutation matrix u. By Lemma 3.1.25, diag(((ix(e)),0) and diag(e,0) are
(4e,r,4N)-homotopic in My, (A). Hence the composition (, o i, is the identity on
KN (A).

On the other hand, if f is an (e, r, N)-idempotent in M (M, (A)), then {(f) is an
(e,r, N)-idempotent in My, (A), and iy, (¢(f)) is an (g, r, N)-idempotent in My, (M, (A)).
As above, we see that diag(ix,(C(f)),0) and diag(f,0) are (4e,r,4N)-homotopic in
Maen (M, (A)). Hence the composition i, o ¢, is the identity on K" (M, (A)).

The odd case and the non-unital case are proved in a similar way. We just remark that
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in the non-unital case, we have

C(ix(e)) = udiag(e, w(e), ..., m(e))u"

for some permutation matrix u, where 7 : AT — C is the canonical quotient homomor-

phism. [

We also have a “standard picture” for the quantitative K, groups analogous to that for

the usual K group.

Lemma 3.2.11. Ife, f € M. (A) are (¢, 7, N)-idempotents and [e] — [f] = 0 in K5 (A),
then there exists m € N such that diag(e, I,,,0,,) and diag(f, I,,,0,,) are homotopic as

(4e, 7, 4N)-idempotents in M. (A).

Proof. 1f [e] — [f] = 0in K5 (A), then [e] + [g] = [f] +[g] in Idem="N (A) /~ for some

oo

g € Idems™N(A), so diag(e, g) and diag(f,g) are (4e,r,4N)-homotopic in M. (A).
Now I,,—g s (¢, 7, N)-idempotent in M,,(A), and diag(e, g, I,,—g) e diag(f, g, Im—
g) in M, (A). But we have a homotopy of (e, r, 2 N)-idempotents between diag (I, 0;,)

and diag(g, I, — g) given by
diag(g,0) + Rediag(l — g, 0)R; ",

(cos )L, (sinF) I,
where R; = . Hence we have a homotopy of (4e,7,4N)-
—(sin &)1, (cos )1,

idempotents between diag(e, I,,, 0,,,) and diag(f, L, 0).

Lemma 3.2.12. If [e] — [f] € KS"N(A), where e, f € My(A), then [e] — [f] = [¢] — [Ii]
in Ko™ (A) for some e € My, (A).

Proof. Let ¢ = diag(e, I, — f). Then ¢ € Idem$ ™ (A). We have a homotopy of

(e,r, 2N)-idempotents between diag(e, I, — f, f) and diag(e, I, 0). If A is non-unital,
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and [r(e)] = [7(f)] in KJ""(C), then [r(¢')] = [I,]. Hence [e] — [f] = [¢/] — [I] in
KN (A). O

If we allow ourselves to relax control, then we can write elements in K5 (A) in the

form [e] — [1};] with 7(e) = diag(/,0).

Lemma 3.2.13. There exist a non-decreasing function \ : [1,00) — [1, 00) and a function
h:(0,45) x [1,00) — [1,00) with h(-, N') non-increasing for each fixed N such that

for any filtered SQ, algebra A, if [e] — [f] € K;"™N(A), where e, f € My(A), then
le]—[f] = ["]—[I] in K V"N (A) for some € € May,(A) with m(e") = diag(Ix, Op).
Proof. By the previous proposition, [e] — [f] = [¢/] — [Ii] in KS""(A) for some ¢’ €
Moy (A). Since [m(e’)] = [I,], up to rescaling  and N, and up to stabilization, 7(e’) and
diag(ly, 0x) are homotopic as (e, r, N)-idempotents in My, (C). By Lemma 3.1.27 and

Lemma 3.1.28, up to stabilization, there exist functions A and h depending only on ¢ and

N, and there exists a (Aye, he y7, Ay )-inverse pair (u, v) in Mo (C) such that
||um(e")v — diag(Ix, 0)|| < Ane.
Then
diag(, o)diag(n(¢'), On)diag(v, u) — diag(Te, 054)]| < Awe.

Let ¢ = ue'v —urn(e')v+ diag(ly, O). Then w(e”) = diag(Ix, 0) and ||e” —ue'v|| <
Ane. By Lemma 3.1.25 and Lemma 3.1.18, diag(e”, 09) is homotopic to diag(e’, 09) as

(Aye, b y7, Ny )-idempotents. O

In the odd case, if we allow ourselves to relax control, then we can write elements in

K" (A) in the form [u] with 7(u) = I,.
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Lemma 3.2.14. There exist a non-decreasing function X : [1,00) — [1, 00) and a function

h:(0,5) % [1,00) = [1,00) with h(-, N) non-increasing for each fixed N such that for

any filtered SQ,, algebra A, if [u] € K"V (A) with u € My(A), then [u] = [w] in

KNEeNTAN (AY for some w € My (A) with w(w) = I,
Moreover, if u and v are homotopic as (g,r, N)-invertibles in M(A), and 7(u) =
m(v) = I, then there is a homotopy of (Ane, he T, AN )-invertibles w, between u and v

such that w(w;) = I, for each t € [0, 1].

Proof. Suppose that max(||uv — 1], [Jvu — 1|]) < e. Let w = w(u")u. Then |Jw|| <

=[] |ul| < 1N—_25 < %NQ and 7(w) = Ij. Note that

o . € 20
— 1l < 11— < = < :
™™ = 1] < fl(wu) 11— vull < T < 52

Similarly [[v™'u™" — 1]| < 23¢. It follows that

max(||w(uYuor(v™) — 1|, |Jor (o™ u — 1)]) < ((%N)Q + %>g

Thus w is a (((33N)? + 23)e, 7, 23 N?)-invertible in Mj,(A).
Up to stabilization, we may assume that 7(u) is (4e, 2r, 4N)-homotopic to I, so
m(u™t) is (4, 2r, 8 N)-homotopic to I;,. Hence w and w are (((33N)? + 1)e, 2r, 5AN?)-
homotopic.
For the second statement, if (u;) is a homotopy of (£, 7, V)-invertibles between u and

v, then w; = 7(u; ")y, defines a homotopy with the desired property. O

If Ais a filtered S, algebra with filtration (A, ),~¢, and (Bj)ken is an increasing
sequence of Banach subalgebras of A such that | J, . By is dense in A and {J, . ,(Bx N A;)
is dense in By, for each k, then each By, has filtration (By N A,.),~o. In this case, we have

a canonical homomorphism limy, &’ erN(By) — K™Y (A) but we can say more.
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Proposition 3.2.15. Let A be a unital SQ, algebra with filtration (A,),~o and let (Bj;)ken

be an increasing sequence of unital Banach subalgebras of A such that

o U,.o(Br N A,) is dense in By, for each k € N;

o Uien(Br N A,) is dense in A, for each r > 0.

L

Then for each 0 < & < 5,

r > 0,and N > 1, there is a homomorphism
KorN(A) thi,r,N-&-a(Bk)
k
such that the compositions
KEmN(A) - thi,nN-i-a(Bk) s KEmN+E(4)
k

and

h_n;lK:’T’N(Bk) N Kf’T’N(A) N @K:,T,N—&-E(Bk)
k k

are (induced by) the relaxation of control maps ..

Proof. Note that | J,. By, is dense in A. Let e be an (e, r, N)-idempotent in M, (A),

and let 6 = sggﬁi_l‘;”. Since | J,cn(Bi N A,) is dense in A,, there exist £ € N and

f € My(Bx N A,) such that ||e — f|| < §. By Lemma 3.1.18, f is an (¢,r, N + ¢)-

idempotent. If f' € M, (B, N A,) also satisfies ||e — f'|| < 0, then ||f — f'|| < 26. Set

fi=Q—t)f +tf". Then

£ = Fll <12 = Ffll+ 1 f = P12 = AL = £l
< ALfe = AL+ AT+ 1) + 1172 = 1]
< 20(2(N +6) + 1)+ (2N +2)8 + ||e* — €|

<eE.
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Thus f and [’ are (e,7, N + ¢)-homotopic. This gives us a well-defined homomorphism

K5™"(A) — ling, Kg™""*(By) given by

le] = [Ln] = [f] = [I].
It is straightforward to see that the compositions
KS,T,N(A) N thS,T,N—l-E(Bk) N KS,T,NJFs(A)
k
and
limg K™ (By) — K™ (4) - limg K57V4(By)
k k

are the canonical maps ¢q.

The proof for the odd case is similar. [
Remark 3.2.16.

1. In the preceding proposition, if each a € M, (A,) can be approximated arbitrarily
closely by some b € | J;. oy M, (BrNA;) with [[b|| < ||a

liﬂk K:,ryN(Bk)'

, then we have K"V (A) =2

2. Regarding M, (C) as B((}), we may view M, (A) as M,(C) @, A when Ais an L,

operator algebra and ®,, denotes the spatial L,, operator tensor product (see Remark

1.14 and Example 1.15 in [31]). Writing M& for |J, .y My (C), we see that MZ, is
a closed subalgebra of B({,). Let P, be the projection onto the first n coordinates
with respect to the standard basis in {,. When p € (1,00), we have lim,,_,, ||a —
P,aP,|| = 0 for any compact operator a € K ({,). It follows that M%, = K ({,) for
p € (1,00). However, when p = 1, we can only say that lim,,_,, ||a — P,al| = 0

fora € K(0y). In fact, there is a rank one operator on {; that is not in ML.. This
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operator is given by £ — (Zj &;)0n,, where ng € N is fixed. We refer the reader to

Proposition 1.8 and Example 1.10 in [31] for details.

Corollary 3.2.17. If A is a filtered L, operator algebra, then
KN (ME @, A) = K27V (A)
forp € [1,00). In particular, when p € (1, 00), we have
K (K(ty) @, A) = K27V (4).

3.2.3 Relating quantitative K -theory to usual K -theory

If e is an (e, r, N)-idempotent in a unital filtered Banach algebra A, then its spectrum
o(e) is contained in B z(0) U B z(1) C C, where B, (z) denotes the open ball of radius
r centered at z € C. In particular, if ¢ < i, then the two balls are disjoint. By choosing
a function kg that is holomorphic on a neighborhood of o(e), takes value 0 on B /2(0),
and takes value 1 on B /z(1), we may apply the holomorphic functional calculus to get an

idempotent

Ko(e) = L/ffo(z)(z —e)ldz € A,

271 ~

where v may be taken to be the contour
{2€C:|z|=Ve}u{zeC:|z—1] = e}

This enables us to pass from the quantitative K, groups to the usual K groups.
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Note that if e is an idempotent, then xo(e) = e. Indeed, for z € 7, we have

1

Ko(e) — e = 57 (ko(2) — 2)(z — e) tdz
1 1—e e
=57 (/so(z)—z)( ~ +Z_1)dz
=0.

When e is an (g, 7, N)-idempotent, we expect ko(e) to be close to e. In fact, we can
estimate ||xo(e) — e|| and ||ko(e)]|| in terms of € and N. We can also estimate ||xo(e) —

ko(f)|| in terms of ||e — f|].

Proposition 3.2.18. Let e be an (e, r, N)-idempotent in a unital filtered Banach algebra

A. Then
2(N + 1)

Isole) =l < T B0 2v3)

and
N+1

1— 2

Proof. Let v = v9 Uy, where v; = {z € C : |z — j| < e} forj = 0,1. Let

[lro(e)]] <

y = 1(1—e)+ efor z € 7. Then

rofe) — ell = o || [ (molz) = 2)(z = ) dz
= % [,0 —z(z—e)_ldz—l—[h(l—z)(z—e)_ldz
1

—x((z— )" — y)dz

“x|

27
{max“ z—e)

/ (1= 2)((z— o) —y)dz

71

|

Yo

)1~ il + max | (= — &) —yu} .
zeEm
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For z € ~, we have

1 1 1
—e)y—1|| = —=Je=e€Y| <
G- o=l =| (27 - 3 )= < ooty
< ! €= \/E .
T VeE(l=vE) 1-E
Ve
Thus ||((z — e)y) ™" — 1]| < ==& = £ Also,
1—17\5
1 N N+1

Hence

1z =€)~ =yl < Ilyllll((z = e)y)~" = 1]]

N+1 NG
S VRl VE)1-2vF
N +1

1= VA1 —2/5)

forall z € , and ||ko(e) — €| < %
We also get
1 ~1 -1
lmo(e)ll = o || | (z =€) dz|| < Ve(max]|(z =)™ =yl + lyl])

™ " zem

<\/_< N +1 N N +1 )
€

1—vol-2v5)  Vel—+5)
~ N+1
12y
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Proposition 3.2.19. If e and f are (g, 7, N)-idempotents in a unital filtered Banach alge-

bra A, then
(N +1)?
Vea—zyep

then ko(e) and ko ( f) are homotopic idempotents.

[|ro(e) — ro(N)I] <

g

In particular, if ||e— f| < 92N+3)(N+1)2°

Proof. We have

Iofe) = kol = |51 [ e = ™ = (s = )10
- |35 [ = o= ne= e
< VEmax|i(z — o) e — Pz~ 17
< D e~ 71

= Ve - 2R

If ||€ — f|| < W, then since

IN +3—2,/2
1-2e

[|12ro(e) — 1| < < 6N +17,

we have

Ve 1 1

sole) = mol DIl < SR TE) T —2vEr ~ 6N 19 = Zrole) — 1]

so ko(e) and ko(f) are homotopic idempotents [3, Proposition 4.3.2]. O

If Ais a filtered SQ, algebra, and e is an (e,r, N)-idempotent in M, (A), then we
may apply the holomorphic functional calculus to get an idempotent rg(e) in M, (A).
This gives us a group homomorphism K{""(A) — Ky(A) given by [e] — [ko(e)].

Also, since every (e, r, N)-invertible is actually invertible, we have a homomorphism

K;™N(A) — K (A) given by [u].,n + [u]. We will denote this homomorphism by
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k1. These homomorphisms allow us to represent elements in /y(A) and K;(A) in terms

of quasi-idempotents and quasi-invertibles respectively.

Proposition 3.2.20.

1. Let A be a filtered SQ, algebra. Let f be an idempotent in M,(A), and let 0 < € <
5. Then there existr > 0, N > 1, and [¢] € KN (A) with e € Idems™N (A) such

that [ko(e)] = [f] in Ko(A).

2. Let A be a filtered SQ, algebra. Let u be an invertible element in Mn(fl) and

let 0 < & < 55. Then there exist v > 0, N > 1, and [v] € KN (A) with

v € GLE"N(A) such that [v] = [u] in K, (A).

Proof.

1. Let N = [| f[[+1. There existr > O and ¢ € M, (A,) such that [|e— f|| < gr-gz-

Then e is an (g, 7, N)-idempotent in M, (A) by Lemma 3.1.16. Moreover,

|lro(e) = fII = [lKo(e) = ro()I]

(N +1)? 5
S Ve - 2 E2IN(N 1 172
1 1
SN S TRf 1]

so Ko(e) and f are homotopic as idempotents [3, Proposition 4.3.2]. When A is
non-unital, by increasing N if necessary, we get [r(e)] = 0 in K" (C) so that

[e] € K5 (A).

2. Let N = ||u]| + ||u""|| + 1. There exist » > 0 and v,v’ € M,(A,) such that
lv — || < £ and ||/ —u~!|| < &. Then v € GLZ""V(A) by Lemma 3.1.16.

Moreover, since ||v — u|| < ﬁ, we have [v] = [u] in K;(A) [38, Lemma 4.2.1].
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When A is non-unital, we may assume that w(u) ~ I,,. Then, by increasing NV if

necessary, we get [r(v)] = [I,,] in K" (C) so that [v] € K7V (A).

Proposition 3.2.21.

1. There exists a (quadratic) polynomial p with positive coefficients such that for any
filtered SQ, algebra A, if 0 < ¢ < WI(N)’ and [€]eyn, [flewn € KN (A) are
such that [ko(e)] = [ko([f)] in Ko(A), then there exist v’ > r and N' > N such that

. N)e,r',N’
(el pvyerr v = [Floyernr in KGN (A),

2. Let A be a filtered SQ, algebra. Suppose that 0 < e < 5, and [u]. .y, [V]er N €
Kf’T’N(A) are such that [u] = [v] in K;(A). Then there exist v’ > r and N' > N

such that [u]. .+ v = [V]c w7 in KT’T/’N,(A)-

Proof.

1. Let (pt)icjo,1) be a homotopy of idempotents in M, (A) between ro(e) and ro(f).

Then P := (p;) is an idempotent in C'([0, 1], M,,(A)). There exist 7’ > r and F :=

(er) € C([0,1], My, (A,v)) such that || E— P|| < ;77, where N = max(N, || P|[41).

In particular, we have |[eg — ko(e)|| < ;57 and ||e; — ko(f)|| < ;5. By Lemma

3.1.16, e, is an (g, 7', N')-idempotent in M,,(A) for each ¢ € [0, 1]. Also

lleo = ell < lleo = ro(e)]| + [lro(e) — el

€ 2(N 4+ 1)e
SIN T T VAl - 2ve)
< (6N +7)e

and similarly |le; — f|| < (6N 4 7)e. By Lemma 3.1.19, eq and e are (¢, 7/, N')-

homotopic, where &’ = ¢ + (6N + 7)%?, and similarly for e; and f. Hence
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[e)err v = [fler o -

2. Let (ug)icp,1) be a homotopy of invertibles in M, (A) between u and v. We may re-

gard U = (u,) as an invertible element in C([0, 1], M,,(A)). Let N = max(N, ||U||+
|U|| + 1). There exist ’ > 7 and W e C([0, 1], M,,(A,+)) such that

— max(||uu’ — 1], |Ju'u — 1], [[ov" — 1]}, [[v"v — 1]])
N’ ’

W —Ul| < =

where «’ is an (e,r, N)-inverse for u, and ¢’ is an (e,r, N)-inverse for v. Then

W is an (g,7’, N')-invertible in C'([0, 1], M,,(A)) by Lemma 3.1.16, and we have a

homotopy of (e, 7', N')-invertibles u ~ Wy ~ W ~ v by Lemma 3.1.18.

3.3 Controlled Long Exact Sequence in Quantitative K -Theory

In this section, we establish a controlled long exact sequence in quantitative K -theory
analogous to the one in usual K -theory. The proofs are adaptations of those in usual K-
theory (cf. [3]) and also those in quantitative K -theory for filtered C*-algebras (cf. [26]).
First, we introduce some terminology, adapted from [26] and [27], that will allow us to

describe the functorial properties of quantitative /& -theory.
3.3.1 Controlled morphisms and controlled exact sequences

The following notion of a control pair provides a convenient way to keep track of
increases in the parameters associated with quantitative K -theory groups. It has already

appeared in some of the earlier results, and we now give a formal definition.
Definition 3.3.1. A control pair is a pair (A, h) such that

e \:[l,00) = [1,00) is a non-decreasing function;
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e h:(0,55) % [1,00) = [1,00) is a function such that h(-, N') is non-increasing for

fixed N.

We will write Ay for \(N), and h. y for h(e, N).
Given two control pairs (A, h) and (X', 1), we write (A, h) < (N, R') if Ay < Ny and

hen < h. yforalle € (0,55) and N > 1.

Remark 3.3.2. These functions will appear as coefficients attached to the parameters <, ,
and N. One may choose to use three functions, one for each of the parameters, but we

have chosen to use just two to reduce notational clutter, with \ controlling both € and N.

Given a filtered S(@), algebra A, we consider the families

ICO (A) = (KS7T7N(A>>O<E<%,T>U,N21 )

ICl (A) = (K?T’N(A>>O<E<%,T>O,N21 :

Definition 3.3.3. Let A and B be filtered SQ), algebras, and let (\, h) be a control pair. A
(A, h)-controlled morphism F : IC;(A) — K;(B), where i,j € {0, 1}, is a family

F: (FE’T’N)O<E< 1

20\ v

r>0,N>1
of group homomorphisms
er,N . e,r,N ANEhe NTAN
F KT (A) = K (B)

such that whenever 0 < ¢ < &’ < he N7 < ho nit!, and N < N', we have the

_1
20\ 57 ”
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following commutative diagram:

e ()

e’ r' N’
K" (A)
Fs,r,N Fs’,r’,N/
L .
J

K;\N&ha,N?")\N (B) K‘;‘N/E/,hgl,N/T,7AN/ (B)

We say that F is a controlled morphism if it is a (A, h)-controlled morphism for some

control pair (A, h).

In some cases, the family of group homomorphisms F="" may only be defined for
values of r within some finite interval rather than for all » > 0, for example the boundary
homomorphism in our controlled Mayer-Vietoris sequence in section 3.4. Thus we make

the following refinement of the above definition.

Definition 3.3.4. Let A and B be filtered SQ), algebras, let (\, h) be a control pair, and
let R > 0. A (A, h)-controlled morphism F : KC;(A) — K;(B) of order R, where i,j €
{0,1}, is a family

F = (F=n)

1 R
0<e< 00y ,0<r< e ,N>1

of group homomorphisms
FE,T,N . Kia,r,N(A) s K;\N57hs,N7"7)\N (B)

such that whenever ) < ¢ < &' < ﬁ, he N7 < ho ! < R, and N < N, we have the
N/ i )

same commutative diagram as above.

Remark 3.3.5. The definitions in the rest of this section will be stated in terms of controlled
morphisms but they have obvious extensions to the setting of controlled morphisms of a

given order.
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Given a filtered SQ, algebra A, we will denote by Zd, 4 the (1, 1)-controlled mor-
phism given by the family (IdKZ_E,r,N(A))0<€<%’T>0’N21, where ¢ € {0, 1}.

A filtered homomorphism between filtered S, algebras A and B will induce a con-
trolled morphism between /. (A) and K, (B). Moreover, such a controlled morphism will

induce a homomorphism in K -theory.

Proposition 3.3.6. Ler A, B be filtered SQ, algebras. If F = (F="™) : K;(A) — K;(B)
is a controlled morphism, then there is a unique group homomorphism F : K;(A) —
K;(B) satisfying

F([ri(2)]) = [k;(F="Y ([2])]

forall0 <e < o5, 7 >0, N >1,and [z] € K™Y (A).

Moreover, if F : K;(A) — K;(B) is induced by a filtered homomorphism ¢ : A — B,
then F = ¢, : K;(A) — K;(B).

Proof. Given [f] € Ko(A) and 0 < € < 5, there exist ¥ > 0, N > 1, and e €

Idems™N (A) such that [ko(e)] = [f]. Then define

F([f1) = [r;(F=""([e]))] € K;(B).

This is well-defined by Propositions 3.2.20 and 3.2.21. The proof in the odd case is similar,

and the last statement follows from the definition of F'. ]

Let A, B, and C be filtered S@), algebras, and let 7, j,/ € {0,1}. Suppose that F :
Ki(A) — K;(B) is a (A, h)-controlled morphism, and that G : K;(B) — K;(C) is a
(X, h')-controlled morphism. Then we denote by G o F : K;(A) — K;(C) the family

(G)‘Nsvhs,NT7AN o FE,T,N)

0<e< r>0,N>1"

1
7
200] AN
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Note that G o F is a (A", h”)-controlled morphism, where Ny, = M\ Ay and Ay =
hl)‘Naa)\N hE,N‘
Hereafter, given two control pairs (A, i) and (X', &'), we will write (\"-A) ; for X} Ay,

and (h' - h). v for A/ hen.

ANEAN

Definition 3.3.7. Let A and B be filtered SQ),, algebras. Let F : IC;(A) — K;(B) and G :
Ki(A) — K;(B) be (A, h”)-controlled and (X9, h9)-controlled morphisms respectively.
Let (A, h) be a control pair. We write F O G if M RT) < (A R), (N9, h9) < (M h),

and the following diagram commutes whenever () < € < ﬁ, r>0,and N > 1:

K;:,T,N(A) GE””N , K;\N&ha,N’V‘,)\N (B)

Observe that if F X G for some control pair (A, k), then F and G induce the same

homomorphism in K-theory.

Definition 3.3.8. Let A, B, C, and D be filtered SQ), algebras. Let F : IC;(A) — K;(B),
F' Ki(A) = Ki(C), G : Kj(B) = K\n(D), and G' : K;(C) — K,,(D) be controlled

morphisms, where i,j,1,m € {0,1}, and let (A, h) be a control pair. We say that the

diagram
Ki(A) ———— K;(B)
f’l lg
k() —9 Kk (D)

is (A, h)-commutative if G o F L) G oF.

Definition 3.3.9. Ler A and B be filtered SQ, algebras. Let (), h) be a control pair, and
let F : Ki(A) — K;(B) be a (A, h”)-controlled morphism with (A", h") < (A, h).
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o We say that F is left (resp. right) (X, h)-invertible if there exists a controlled mor-
phism G : IC;(B) — K;(A) such that G o F O Tdy,(a) (resp. FoG b Tdy,())-

In this case, we call G a left (resp. right) (X, h)-inverse for F.

o We say that F is (\, h)-invertible or a (\, h)-isomorphism if there exists a controlled
morphism G : K;(B) — K;(A) that is both a left (\, h)-inverse and a right (X, h)-

inverse for F. In this case, we call G a (\, h)-inverse for F.

We say that F is a controlled isomorphism if it is a (\, h)-isomorphism for some

control pair (A, h).

Note that if F is left (A, h)-invertible and right (A, h)-invertible, then there exists a
control pair (A, h') > (A, h), depending only on (), i), such that F is (X, h’)-invertible.

Also, a controlled isomorphism will induce an isomorphism in K -theory.

Definition 3.3.10. Let A and B be filtered SQ),, algebras. Let (A, h) be a control pair, and
let F : Ki(A) — K;(B) be a (A, h”)-controlled morphism.

o We say that F is (), h)-injective if (N, h") < (\, h), and for any 0 < ¢ < ﬁ,

(B), then

MehL Nt A%

r>0 N >1andz € K"V (A), if F>"N(z) = 0in K

(@) = 0 in K" (4),

o We say that F is (A, h)-surjective if for any 0 < ¢ < m, r>0 N >1,
andy € K;’T’N(B), there exists x € K,V (A) such that FAN&he Nt AN (1) =

Lj(y) in K]('A}—'A)Nea(h}—'h)s,er(A}—'A)N(B)'

It is clear from the definitions that if F is left (A, h)-invertible, then F is (A, h)-
injective. If F is right (A, h)-invertible, then there exists a control pair (A, ') > (A, h),
depending only on (A, &), such that F is (X', h')-surjective. On the other hand, if F is
both (A, h)-injective and (A, h)-surjective, then there exists a control pair (X', h’) > (A, h),

depending only on (A, h), such that F is a (\', h’)-isomorphism.
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Definition 3.3.11. Let A, B, and C be filtered SQ), algebras, and let (X, h) be a control
pair. Let F : K;(A) — K;(B) be a (A, h”)-controlled morphism, and let G : K;(B) —

KCi(C) be a (N9, h9)-controlled morphism, where i, j,1 € {0, 1}. Then the composition

is said to be (\, h)-exact (at IC;(B)) if

e o F=0;

o forany 0 < € < 20max(()\}:-)\)N,)\gN)’ r>0N2>1andy € Kj’T’N(B) such that

?\,a,thr,/\]g\,

G=N(y) = 0 in Kl/\ (C), there exists x € K;\Na’hE’Nr’/\N(A) such that

F. F. r(OF.
F)\N57h5,N7"7/\N (I) — Lj(y) ln KJ()\ >\)N5,(h h)g,N ,()\ >\)N

(B).

A sequence of controlled morphisms

= K (Ak—1) = Ky (Ar) = Koy (Argr) = Ko (Agga) — -

Tg—1
is said to be (\, h)-exact if the composition K;,_ (Ar—1) — K, (Ar) — Kiy,, (Agy1) is
(A, h)-exact for every k.

Note that controlled exact sequences in quantitative /& -theory induce exact sequences
in K -theory.
3.3.2 Completely filtered extensions of Banach algebras

Let A be a filtered Banach algebra with filtration (A, )¢, and let J be a closed ideal

in A. Then A/J has filtration

(q(Ar))r>0 - ((Ar‘ + J)/‘])r>0a
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where ¢ : A — A/J is the quotient homomorphism. We will consider extensions of
filtered Banach algebras in which the ideal J has the natural filtration inherited from the
filtration for A, and for which we can perform controlled lifting from A/.J to A.

For r > 0, let J, = J N A,. Suppose there exists C' > 1 such that inf ¢ ; ||z + y|| <

Cinfyey ||z + y|| forallr > 0and x € A,. Forany y € J and ¢ > 0, there exist 7 > 0

Ce

and a € A, such that ||a — y|| < 5=5. Then there exists z € J, such that [|a — z|| < &7,

and ||y — z|| < e. It follows that (.J,.),~ is a filtration for J.

Definition 3.3.12. Let A be a filtered S(),, algebra with filtration (A, ),~o, and let J be a

closed ideal of A. The extension of Banach algebras
0—-J—>A—A/J—=0

is called a C-completely filtered extension of SQ), algebras if there exists C > 1 such that

foranyn € N, r > 0, and x € M, (A,), we have

inf |lz+y||<C inf [|z+y]
yEMn (Jr) yeMp(J)

Remark 3.3.13.

1. If A is a non-unital filtered SQ, algebra, J is a closed ideal of A, and the extension

0—J— A— A/J — 0is C-completely filtered, then the extension
0=J—A—>A/J—=0

is 3C-completely filtered.

22.If0 - J - A — A/J — 0is a C-completely filtered extension of filtered SQ,
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algebras, then the suspended extension
0—>SJ—SA—S(A/J)—0

is 3C-completely filtered.

A particular class of completely filtered extensions are the extensions
0=-J—=A5A/J—=0

that admit p-completely contractive sections s : A/J — A such that s(q(4,)) C A, for

all» > 0.

Example 3.3.14. If A is a filtered SQ), algebra, then the cone C'A and the suspension S A
have filtrations induced by the filtration for A. The extension() - SA — CA — A — 0

admits a p-completely contractive section s such that s(q((CA),)) C (CA), forall r > 0.

Lemma 3.3.15. Extensions that admit p-completely contractive sections s with s(q(A,)) C

A, for all r > 0 are 1-completely filtered.

Proof. Let x € M,(A,). Since s(q(A,)) C A,, there exists z € M,(.J,) such that

s(q(z)) = v + 2. Then

Iz + 2l = llsta@@DIl < lla(@)ll = inf {lz+ vl

n

so infyenr, (1, ||z + yl| = infyerr, ) |z + yll- -

3.3.3 Controlled half-exactness of /Cy and /C;

Lemma 3.3.16. Let A be a unital filtered SQ, algebra. For any C > 1 and any C-

1

500 T > 0, and

completely filtered extension 0 — J — A A/J =0, forany 0 < e <
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N > 1, if (u,v) is an (¢,r, N)-inverse pair in M, (A/.J), then there exists an invertible w

in My, (A) such that

w, w_l € MZn(AST);

max([[wl], [[w™]) < (N + &+ 1%

max(||q(w) — diag(u, v)|], llg(w™") — diag(v, u)|[) < (N +1)e;

w is homotopic to Iy, via a homotopy of invertible elements in My, (As,.) with norm

at most \/§(N + ¢+ 1)3, and likewise for w™.

Proof. Given an (g, r, N)-inverse pair (u,v) in M,,(A/J), there exist U,V € M,,(A) such
that ¢(U) = u, ¢(V') = v, and max(||U||, ||V||) < N + €. Consider

I U I 0 I U 0 —1I
w = EMQH(A3T>.

0 I -V I 0 I I 0

Then w™! € My, (Aj3,), and max(||w||, |[[w™]) < (N +¢&+ 1)3.
u(l—ou) wv—1
Moreover, ¢(w) — diag(u,v) = SO
1 —wvu 0

|lg(w) — diag(u, v)[| < (N + 1)e,

and similarly ||q(w™!) — diag(v,u)|| < (N + 1)e. Finally,

I tU I 0 I tU cos.%e —sin%t

0 I —tV 1 0 I sin%t Cos%t

Wy =

is a homotopy of invertible elements in Ms,, (A3, ) between w and I, w,” lisa homotopy of

invertible elements in Ma, (As,.) between w ™" and Iy, and max(|[w,||, |[|Jw; *|]) < vV2(N+
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e+ 1)3forallt € [0,1]. O

Proposition 3.3.17. For any C > 1, there exists a control pair (A, h) such that for any
C-completely filtered extension of SQ), algebras 0 — J ENNREN AJJ — 0, we have a

(A, h)-exact sequence

Ko(J) 25 Ko(A) % Ko(A/J).

Proof. Clearly the composition K5 (J) — K™V (A) — K™ (A/.J) is the zero map.
Let [e] — [I,] € K"V (A) be such that [¢(e)] — [I,] = 0in K"~ (A/.J), where e is an
(e,r, N)-idempotent in M, (A). Up to stabilization and relaxing control, we may assume
that ¢(e) and I,, are (¢, r, N')-homotopic in M, (A/.J). By Proposition 3.1.27 and Lemma
3.1.28, there exists a control pair (A, i) such that, up to stabilization, ||ug(e)v—1I,|| < Ane
for some (Aye, he n7, Ay )-inverse pair (u, v) in M, (A/.J).

By Lemma 3.3.16, there exists an invertible w € M2k<A3h£7N7«) withw™! € M%(flghe,m)

such that max(||w||, [|w™|) < Ay + e+ 1)3, ||g(w) — diag(u, v)|| < (Ax + 1)e, and

l|lg(w™1) — diag(v, u)|| < (Ax + 1)e. Set
¢/ = wdiag(e, 0)w™".

Since ||g(e') —diag(l,,0)|] < 3N (Ax+1)(An+e+1)3e, there exists f € Mgn(j(6h57N+1)r)
such that

I1f —¢€|| <3CNAy + DAy + e+ 1)%.
By further enlarging the control pair (A, /) if necessary, and applying Lemma 3.1.25 and
Lemma 3.1.18, we get [f] — [I,] = [e] — [L,] in K{¥7"=V" Y (A). O

Lemma 3.3.18. For any C > 1, there exists a control pair (A, h) such that for any C-
completely filtered extension 0 — J ERREN AJJ — 0 of SQ, algebras with A

unital, if u € GLE™N(A/J) is (g,r, N)-homotopic to I,,, then there exist k € N and
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ac GLE\QJZi;L;ZNT’AN(A) homotopic to I (o42), such that q(a) = diag(u, Iok+1)n)-

Proof. Let (ut).c(0,1) be a homotopy of (e, r, V)-invertibles with uy = v and u; = I,,. Let
0=ty <ty <--- <t =1besuchthat ||u, —u,_ || < 5 fori=1,... k. Foreacht,

let u; be an (g, r, N)-inverse for u; with v} = I,,. Set

. / !/
V = diag(usy, - - -, gy, Wy - - -5 U ),

: / /
W = diag(lp, uy,, - - Up, |5 Uty - - -5 Us,)-

By Lemma 3.3.16, there exists an invertible v € M, (2k+2)n(A3T) homotopic to /(9442), such

that ||v]| < (N + ¢+ 1) and ||q(v) — V|| < (N + 1)e. Since
W = diag(P, I)diag(uj,, ..., uy, , usy, - - -, uy, )diag(P~", )

for some permutation matrix P, by Lemma 3.3.16 again, there exists an invertible element
w € Mpi2)n(As;) homotopic to I(gx42), such that |Jw|] < (N + ¢ + 1) and ||¢(w) —

W|| < (N + 1)e. Then vw is homotopic to I(s42), and

lg(ow) = VW] < [(q(v) = V)g(w)][ + [[V(¢(w) = W)]|

< (N+1)((N+e+1)>+ N)e.
Let b € M, (A,) be alift of u. Then
la(diag(b, Ior+1yn) — vw)|] < (N +1)((N +e+1)° + N) +2)e
so there exists d € M oj2),(Jr) such that

||diag(b, Ioks1yn) — vw +d|| < (N + 1)((N +e+1)° + N) + 2)Ce.
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Then a = diag(b, /(2x41)) + d has the desired properties. O

Proposition 3.3.19. For any C > 1, there exists a control pair (A, h) such that for any
C-completely filtered extension of SQ), algebras 0 — J ENNRRN A/J — 0, we have a
(A, h)-exact sequence

KCi(J) 25 K (A) & Ko (A) ).

Proof. 1t is clear that the composition is the zero map. Let [u] € K" (A) with u €
M, (A) and [g(u)] = [I] € K"~ (A/J). By Lemma 3.3.18, there exist a control pair

Mh), k€ N, and w € GLXY"=N" W (4) homotopic to (o2, such that g(w) =
(2k+2)n ( )

diag(q(u), I(2k+1)n)-

Let w’' be a (Aye, h. n7, Ay )-inverse for w. Then w’ is homotopic to I(2k42yn, and up to
relaxing control, w'diag(u, I(2x11)n) is homotopic to diag(w, I(ak+1)n) as (A€, he NT, AN)-
invertibles.

Since

Hq(w’diag(u, [(2k+1)n)> - I(2k+2)n||
< lq(w")[[||diag(q(u), ars1n) — q(w)|| + [lg(w'w — Iori2pm)|]

< ()‘?V + )\N)é‘,
there exists U € M(2k+2)n(jh5’m) such that
U — w'diag(u, Iiper1yn)l] < C(A + Aw)e.

Thus by further enlarging the control pair (), k), we get j,([U]) = [u] in K;¥7"V™ ¥ (4).
[
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3.3.4 Controlled boundary map and controlled long exact sequence

Proposition 3.3.20. For any C > 1, there exists a control pair (\P,h?) such that if
0—-J =A% AJJ — 0 is a C-completely filtered extension of SQ,, algebras, then

there is a (\P, hP)-controlled morphism
Dy = (07"")  Ki(A)T) — Ko(J)

which induces the usual boundary map 0y : K1(A/J) — Ko(J) in K-theory.

Proof. Let u € GL5"N(A/J) and let v € GLZ"N(A/J) be such that diag(u,v) is
(e,2r,2(N + ¢))-homotopic to I,,.,,. For instance, we may take v € GLS"N(A/J) to
be an (g,r, N)-inverse for u by Lemma 3.1.21. By Lemma 3.3.18, up to stabilization,
there exist a control pair (A, /) and a (Aye, he y7, Ay )-invertible w € M, ,,,(A) with

q(w) = diag(u,v). Let w' be a (Aye, he N7, Ay )-inverse for w, and set

x = wdiag(I,,0)w" € M, (A).

There is a control pair (X', h') > (A, h) such that
o (w,w')isa (ANye, hl yr, Ny)-inverse pair,
o |[g(w') — diag(u',v")|| < Aye, where v’ and o' are (e, r, N)-inverses for u and v

respectively,

e 1 is homotopic to diag(/,,0) as (Nye, hl y7, Ny )-idempotents in M,, 1, (A), and

o llg(x) — diag(L,0)]| < Nye.

Then there exists y € Mn+m(f1h/€ wrnd ) such that

||z — diag(/n, 0) — yl| < 3CXye
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so there is a control pair (A", h"”) > (X', h') such that y +diag(/,, 0) is a (Ae, h. N7, A )-

&,

idempotent in M, _,,(.J), and it is homotopic to z as (Ne, hZ y7, Xy )-idempotents in

M,y 4 (A). We will define
O1([u]) = [y + diag(1,,0)] — [diag(I,,0)].

It remains to show that there is a control pair (AP, h?) > ()", h”) so that

D_pD D
/\N":’hs,NT’)‘N

o KP"N(A)) = K, (J)

is a well-defined homomorphism. We do so in several steps as follows:

1. Suppose that y' € Mn+m(z‘~1h; r N J) also satisfies
||z — diag(1,,,0) — /|| < 3C'Nye.

Then ||y — ¢/|| < 6CNye so y + diag(l,,0) and 3/ + diag(/,,0) are homotopic as
(ANe, hPyr, AR)-idempotents for an appropriate control pair (AP, h”).
2. Suppose that z € M, ,,(A) is another (Aye, he y7, Ay )-invertible such that ||¢(z) —

diag(u,v)|| < Ane, and 2 € M, 1m(A) is a (Ane, he nr, Ay )-inverse for z. Set

x’ = zdiag([l,,0)z’. Then there exists y’ € MQn(flh; r M J) such that
||z" — diag(I,,,0) — ¢/|| < 3CNye.

Since ||g(z) — q(2')||] < 2Nye, there exists y’ € Mn+m(Ah’€,Nr N J) such that

||z — 2" — y"|| < 6CNye. Then

[|lz — diag(I,,0) — 3 —3"|| < 9CNye.
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This reduces to the case in (1.).

. Replacing u by diag(u, I};) and replacing v by diag(v, I,), we get 2 € M, pmri;(A)

such that
llq(z) — diag(u, I, v, I;)|| < Ane.
. . . Wi Wiz .
In fact, if we write w as a block matrix , where wi; has size n X n
Wa1  Wa2
wyp 0 wip 0
) N 0 I, 0 O
and wyy has size m x m, then by (ii), we may take z = ,
wor 0wy 0
0 0 0 I
and similarly for 2’ corresponding to w’. Set z’ = zdiag(l,4x,0)z’. Then 2’ is

homotopic to diag(w, I,)diag(1,,0, I}, 0)diag(w’, I+,;) = diag(z, I;,0). There

exists y' € Mn+m+k+j(flh/€wr N J) such that
||z" — diag(l,4x,0) — ¢'|| < 3CNye.
Conjugating by permutation matrices yields 3" € Mn+m+k+j(flh/€ W ) such that
||diag(x, Iy, 0) — diag(l,,0, I}, 0) — y"|| < 3C'Nye.

Then ||y” — diag(y, 0)|| < 6CNye. It follows that there is an appropriate control
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D D
Evhs,er’\N

D
pair (AP, hP) such that in Ké\ N (J) we have

81([diag(u> Im)]) = [y/ + diag([n+ka Om+j)] - [diag([n-i-ka Om+j)]
= [y" + diag(Ln, Oppir)] — [diag(Ln, O]
= [dlag(y> Ok+j) + dlag(Ina Om+k+j)] - [dlag([na Om+k+j)]

= ly + diag(/n, 0)] — [diag(Ln, 0m)] = O ([u]).

4. Suppose that u and u; are homotopic as (&, 7, N )-invertibles in M, (A/.J), and that
v; € GLEN(A/J) is such that diag(u;, v;) is (€, 2r, 2(N + &))-homotopic to I,
for i = 0,1. Let ug and v} be (g, r, N)-inverses for ug and v, respectively. Then
there exists a control pair (A", h') > (X, h) such thatas (Aje, bl y7, Ay )-invertibles,
upuy ~ I, and diag(vyvy, I,,) ~ diag(l,,vjvy) ~ diag(uguy, vjvy) ~ Inim. Let
Wy € Myym(A) be such that ||q(wo) — diag(ug, ve)|| < Aye. There is a control
pair (A2, h2) > (A', h') such that, up to stabilization, there exist a € M, (A) and

b € M, ,m(A) such that

e |lg(a) — upur|| < Ay,
e [[q(b) — diag(vyur, In)|| < Ae,
o ||q(diag(wy, I,)diag(a, b)) — diag(uy, vi, I;)]| < M%¢e, and

o ||diag(woa, b)diag(I,, 0)diag(a'wp, V') — diag(l,,0) — diag(y, 0)|| < Aie,

where o', b, w(, are quasi-inverses for a, b, w, respectively. By the previous cases,
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there is a control pair (AP, h?) such that

01 ([u1]) = [diag(y, 0) + diag(I,,0)] — [diag(],,0)]
= [y + diag(I,,, 0)] — [diag(I,, 0)]

= O ([uo])

‘n K,\gs,thr,Ag
0

(J).

To see that this controlled boundary map induces the usual boundary map in K -theory,
let ug € M,(A/.J) be invertible, and let u € M, (A/.J) be sufficiently close to ug so that
u is (g,7, N)-invertible for some ¢, 7, and N. Similarly, let v correspond to uy"'. Up to
relaxing control, we may assume that (u,v) is an (¢, 7, N)-inverse pair. Let wy € My, (A)
be a lift of diag(ug, uy"'). Recall that the usual boundary map 9 : K1(A/J) — Ko(J) is
defined by

01([uo]) = [wodiag (L, 0)wy '] — [diag(L,, 0)].

Let N = [Jwo|| + |Jwg || + 1, and let w,w’ € Mo, (A,) be such that ||w — wp|| < £ and
|w' — wy || < £ so that (w,w’) is an (e, r, N)-inverse pair for some r > 0. Moreover,
||q(w) — diag(u,v)|| < %. We use this w in the definition of the controlled boundary map

to obtain y such that
||wdiag(I,,0)w — diag(l,,0) — y|| < 3CNye

and

97" ([u]) = [y + diag(1,, 0)] — [diag(l,,0)].
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Now

||y + diag(1,,0) — wediag(1l,, O)wo_1||

< ||y + diag(I,,0) — wdiag(l,,0)w'|| + ||wdiag(l,, 0)w" — wediag(Ll,, 0)w0_1||

so by making ¢ sufficiently small, y+diag(/,,, 0) and wodiag(1,,, 0)w, ' will be sufficiently

close in norm so that
[ko(y + diag(1,,0))] = [wediag(I,, O)wo_l]

in Ko(J). O

Remark 3.3.21. The following can be deduced from the definition of the controlled bound-

ary map.

1.If0 -1 —A— A/l -0and0 — J - B — B/J — 0 are C-completely
filtered extensions of SQ, algebras, and ¢ : A — B is a filtered homomorphism
such that ¢(1) C J (so ¢ induces a filtered homomorphism ¢~> : A/l — B/J), then
DF o g, = ¢. oD,

2. If0 = J - A— A/J — 0is a completely filtered split extension of SQ,, algebras,
i.e., there is a filtered homomorphism s : A/J — A such that qo s = Id ,,; and the

induced homomorphism A /J — Alis p-completely contractive, then D; = (.

Proposition 3.3.22. For any C > 1, there exists a control pair (A, h) such that for any
C-completely filtered extension of SQ), algebras 0 — J — A 5 AJJ = 0, we have a

(A, h)-exact sequence

Ki(A) = K1 (A)T) B Kco ().
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Proof. Let [u] € K:"N(A), where u € GLE™V(A), and let v be an (e, r, N)-inverse for
u. Then ¢(v) is an (e, r, N)-inverse for ¢(u), and diag(u, v) is a lift of diag(q(u), ¢(v)).
In the definition of the controlled boundary map, we may take w = diag(u,v) and w’ =
diag(v,u). Then z = wdiag(/,,0)w’ = diag(uv,0), and ||z — diag(l,,0)|| < € so we
may take y = 0. Thus 9, ([q(u)]) = [diag({,,0)] — [diag(,,0)] = 0, i.e., the composition
of the two morphisms is the zero map.

Now suppose 0, ([u]) = [y + diag(,,,0)] — [diag(,,0)] = 0 with u € GLE"N(A/.J).
We may assume that y+diag(/,, 0) and diag(/,,, 0) are homotopic as (e, r, N)-idempotents
in My, (.J) and thus in M,,(A). By Proposition 3.1.27 and Lemma 3.1.28, up to stabi-
lization, there exist a control pair (\”, 2") and a (\Nye, h! yr, A} )-inverse pair (2, 2’) in
M, (J) such that

|y + diag(I,,0) — zdiag(I,,0)2|| < Nae.

Moreover, with x = wdiag(/,,,0)w" as in the definition of the controlled boundary map,

we have ||z — diag(l,,0) — y|| < 3CNye so

||z — zdiag(I,, 0)2|| < (3CNy + Xy )e.

Let V = n(2)2'w, where 7 : J — C is the usual quotient homomorphism. Then ¢(V) =
7(2)7(2')g(w) so
llg(V) — diag(u, v)|| < 2Ane.

Also, ||7(z)diag(I,, 0)m(z") — 7(w)diag(1,, 0)m(w')|| < (BCNy + X% )e so

||7(2)diag(I,,0)n(2") — diag(m(uu),0)|| < (2An + 3CNy + Ny )e.
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Thus

|7 (2)diag(In, 0)m(2") — diag(ln, 0)]| < ARe,

where A5} = 2A\y + 3C Ny, + X}, + 1. It follows that, up to relaxing control, we have

||V diag(I,, 0) — diag(I,,, 0)V|| < Nee.

Let X be the upper left n x n corner of V. Then there exists a control pair (A, h')

such that X is a (Aye, hl yr, Ay )-invertible element in M, (A) and [¢(X)] = [u] in
1 B 1 r 1
ROV 4 7, O

Proposition 3.3.23. For any C > 1, there exists a control pair (A, h) such that for any
C-completely filtered extension of SQ, algebras 0 — J — A 4 A/J — 0, we have a
(A, h)-exact sequence

Ki(A)T) B Ko(J) = Ko(A).
Proof. Let [u] € K"V (A/J) and

D_pD .. \D
>‘N€7he,N77)‘N

01([u]) = [y + diag(Iy, 0)] — [diag(,,0)] € K, ().
From the definition of the controlled boundary map, we have

|z — diag(/y, 0) — yl| < Xye,

and z is homotopic to diag(l,,0) as (Nye, h. y7, Ny)-idempotents in My,(A). Hence

D_ 1D D
NE7hE,NT7)‘N

ly + diag(1,,0)] = [diag(l,,0)] in K{)\ (A), i.e., the composition of the two
morphisms is the zero map.
Suppose that [e] — [I;] € K" (J) with e € M,(J), and [e] — [I;] = 0in KJ" (A).

Up to stabilization and relaxing control, we may assume that e is (¢, , N')-homotopic to
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diag(Iy,0) in M, (A), and there exists a (Aye, he 7, Ay )-inverse pair (u,v) in M, (A)
such that

||luev — diag (I, 0)|| < Ane.

Then ||q(uev) — diag(Ix,0)|| < Axe. We may assume that

llg(e) — diag(Iy, 0)|| < Ane

by relaxing control so that [e] = [uev]. There exists another (Aye, he y7, Ay )-inverse pair

(w,w') in M,,(A) such that ||e — wdiag (I}, 0)w')|| < Aye. Then

||diag(Z, 0) — diag(q(w), g(w"))diag(Iy, 0)diag(g(w’), g(w))[| < 2Ane

and it follows that

||diag(1y, 0)diag(gq(w), g(w')) — diag(g(w), g(w"))diag (I, 0)|| < 3Ae.

Let V] be the upper left k x k corner of ¢(w) and let V; be the lower right (2n—k) x (2n—k)

corner of diag(q(w), g(w")). Then

[diag(Va, Va) — diag(g(w), g(w))]] < 3X%e

so there exists a control pair (\', 1) such that as (Nye, h yr, Ny )-invertibles, diag(V1, V2)

is homotopic to I5,. Since

||diag(w, w')diag(fx, 0)diag(w’, w) — diag(ly, 0) — (diag(e, 0) — diag(fx,0))|| < Ae,

it follows from the definition of the controlled boundary map that there is an appropriate
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control pair such that

01([V1]) = [diag(e, 0)] — [diag (I, 0)] = [e] — [Ix].

Combining the results of this section, we get the following

Theorem 3.3.24. For any C' > 1, there exists a control pair (A, h) such that for any C-
completely filtered extension of SQ, algebras 0 — J — A — A/J — 0, we have a

(A, h)-exact sequence
Ki(J) = Ki(A) — K1(A)J) By Ko(J) = Ko(A) — Ko(A/J).
Applying the theorem to the semisplit extension
0—+SA—-CA— A—0,

and recalling that K,(C'A) = 0, we see that there is a controlled isomorphism between
K1(A) and Ko(SA).

Corollary 3.3.25. Let Dys : K1(A) — Ko(SA) be the controlled boundary map associ-
ated to the semisplit extension

0=-S5SA—-CA— A—=0.

Then there exists a control pair (\, h) such that Dys is (A, h)-invertible for any filtered
SQ, algebra A. Moreover, we can choose a (A, h)-inverse that is natural, i.e., for any

filtered SQ), algebra A, there exists a (\, h)-controlled morphism By : Ko(SA) — KC1(A)
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that is a (A, h)-inverse for Dy s and such that for any filtered homomorphism f : A — B

of filtered SQ),, algebras, we have Bg o (Sf). = f. o Ba.

Corollary 3.3.26. There exists a control pair (A, h) such that if
0—J% A AlJ =0

is a completely filtered split extension of S(Q), algebras (so there exists a filtered homomor-
phism s : AJJ — A such that q o s = Ida,; and the induced homomorphism AlJ— A

is p-completely contractive), then we have (\, h)-exact sequences
0— Ki(J) = Ku(A) = K (A)J) =0,
and we have (\, h)-isomorphisms
K.(J)® K. (A)T) — K.(A)

given by (z,y) — j.(x) + s«(y).

Remark 3.3.27. At this point, it seems appropriate to make a remark about Bott period-
icity. Indeed, one can recover Bott periodicity in the usual K-theory from our controlled
long exact sequence by considering suspensions. In [26], a proof of controlled Bott peri-
odicity in the C*-algebraic setting was given using the power of K K -theory. However, we

do not have a proof of controlled Bott periodicity in our setting.

3.4 A Controlled Mayer-Vietoris Sequence

In this section, we follow the approach in [27] to obtain a controlled Mayer-Vietoris
sequence for filtered S(), algebras. Throughout this section, whenever A is a Banach

subalgebra of a unital Banach algebra B, we will view A" as A + Clg C B.
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3.4.1 Preliminary definitions

Definition 3.4.1. Let A be a filtered SQ),, algebra with filtration (A,.),~o. Let s > 0 and let
(A1, Ag) be a pair of closed linear subspaces of As. Then (A1, As) is called a completely
coercive decomposition pair of degree s for A if there exists ¢ > 0 such that for every
r < s, any positive integer n, and any x € M, (A,), there exist v1 € M,(A; N A,) and
xo € M, (Ay N A,) such that max(||x1||, ||x2]]) < c||z|| and v = x1 + xo.

The number c is called the coercity of the pair (A1, Ay).

Definition 3.4.2. Let A be a filtered SQ, algebra with filtration (A, );~o. Let r and R
be positive numbers, and let A be a closed linear subspace of A,. We define the R-
neighborhood of A, denoted by W™, 10 be A + ARA + AAg + ApAAp.

We will denote ‘JIX’R) N Ag by ’ﬁgf). For s < r, we also denote the R-neighborhood

of AN A, by MR,

Definition 3.4.3. Ler A be a filtered SQ,, algebra with filtration (A,),~o. Let s > 0 and
let A be a closed linear subspace of As. Then a Banach subalgebra B of A is called an

s-controlled A-neighborhood in A if B has filtration (BN A,),~o, and B contains ‘)?(ASAS).

The choice of the coefficient 4 in the preceding definition is determined by the proof

of Lemma 3.4.8.

Definition 3.4.4. Let Sy and S, be subsets of a SQ,, algebra A. The pair (51, S2) is said
to have the complete intersection approximation property if there exists ¢ > 0 such that
forany e > 0, any positive integer n, any v € M, (S1) andy € M, (Sy) with ||x —y|| < ¢,
there exists z € M, (S N Ss) such that max(||z — z||, ||z — y||) < ce.

The number c is called the coercity of the pair (Si, Ss).

Definition 3.4.5. Let A be a filtered SQ, algebra with filtration (A, ), let s > 0, and

let ¢ > 0. An (s, ¢)-controlled Mayer-Vietoris pair for A is a pair (Aa,, Aa,) of Banach
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subalgebras of A associated with a pair (A1, Ay) of closed linear subspaces of A, such

that

o (A1, Ay) is a completely coercive decomposition pair for A of degree s with coercity

¢
o Ap, is an s-controlled A;-neighborhood in A fori =1, 2;

o (An, ., An, ) has the complete intersection approximation property for every r < s

with coercity c.

Remark 3.4.6. If A is a non-unital filtered SQ), algebra, and (Aa, ., An, ) has the com-
plete intersection approximation property with coercity ¢ with respect to A, then also
(;1;:, le;) has the complete intersection approximation property with coercity 2c + %
with respect to A. Indeed, if € Mn(ZA\;) andy € Mn(ZA\;) are such that ||x—yl| < ¢,

then ||(x — m(x)) — (y — m(y))|| < 2¢ so there exists zo € M,,(Aa, » N Anp, ) such that
max(|lz — m(x) = zol[, [ly — 7(y) — 20[|) < 2ce.
Letting z = zy + 3(n(z) + 7(y)) € Mn(za; N m), we have

1
max(||z — 2|, [ly — 2[]) < (2 + F)e.

Let A be a filtered S, algebra with filtration (A,),~o, let s > 0, and let ¢ > 0.
Then C([0, 1], A) has filtration (C([0,1], A,))r>0. Suppose that (Aa,, Aa,) is an (s, ¢)-
controlled Mayer-Vietoris pair for A. Note that C'([0, 1], A;) is a closed linear subspace of
C(]0,1], A) for i = 1,2. Also, C(]0, 1], Aa,) is a Banach subalgebra of C(]0, 1], A) for
i =1,2. Forn € N, we view M, (C([0,1], A)) as a subalgebra of C'(]0, 1], M,,(A)) with

the supremum norm.
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One can show that (A, [0, 1], Aa,[0, 1]) is an (s, 2c¢)-controlled Mayer-Vietoris pair
for A[0, 1]. Moreover, if the decomposition x = z1 + z5 in the definition of completely
coercive decomposition pair satisfies ||z (k); —z(();|| < ¢||z(k) —x(1)|| forall k,1 € [0, 1],
i=1,2,and x € M,(A[0,1],), then (Aa,[0,1], Aa,[0, 1]) is an (s, c)-controlled Mayer-
Vietoris pair for A[0, 1]. Similar statements hold for the respective suspensions.

Our main goal is to show that a Mayer-Vietoris pair gives rise to a controlled Mayer-
Vietoris sequence. The following example is our motivating example. It illustrates the
potential applicability of the notions introduced here, and thus the existence of a controlled
Mayer-Vietoris sequence, in a situation where we have a group action with finite dynamic
asymptotic dimension as defined in [15]. Indeed, this idea was implemented to investigate
the C*-algebraic Baum-Connes conjecture in [14], and we discuss the L,, operator algebra

version in [8].

Example 3.4.7. Let X be a compact Hausdorff space, and let G be a discrete group acting
on X by homeomorphisms. Then we get an isometric action of G on C(X), where we
regard C'(X) as an L, operator algebra with functions in C(X) acting as multiplication
operators on L,(X, j1) for some regular Borel measure . Consider the reduced L, crossed
product A = C(X) X, G, which is defined in an analogous manner to the reduced C*
crossed product by completing the skew group ring in B(L,(G x X)) with the operator
norm (cf. [31]). Equip G with a proper length function l. Then A is a filtered L, operator
algebra (and thus a filtered SQ),, algebra) with A, = {3 f,g9 : f, € C(X),l(g9) <r}.
Suppose that for any finite subset E of G, there exist open subsets Uy and Uy such that

X = Uy U Uy, and the set

there exist v € U; and g, ...,q1 € E such
geEG: thatg =g, -q1and g --- g1z € U, for all
ke{l,...,n}
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is finite for i = 0,1. Let E = {g € G : I(g) < 4R} for some fixed R > 0, let Vi and V;
be the open subsets of X corresponding to the finite set E*, and let U; = | J ger 9Vifori=
0,1. Let A; be the Banach subalgebra of A generated by {f,g : supp(f,) C Ui, g € G}.

By considering

Ai=1{D_ fog: supp(fy) € Vi lg) < R},
one can show that (Ay, A1) is an (R, 1)-controlled Mayer-Vietoris pair for A.

3.4.2 Key technical lemma

In order to build a controlled Mayer-Vietoris sequence from a Mayer-Vietoris pair, we
need to be able to factor a quasi-invertible as a product of two invertibles, one from each
subalgebra in the Mayer-Vietoris pair. We will prove a lemma that allows us to do so.

Let A be a unital filtered S(), algebra. For z,y € A, set

Note that X (z1 +22) = X (21) X (22), Y (1 +v2) = Y (11)Y (12), X (2)"! = X (—x), and

Y(y)~' =Y (—y). Also, if (u,v) is an (¢, r, N )-inverse pair in A, then

u 0 (wv—1Nu 1—uw
- X(wY(-v)X
0 v vu — 1 0
(N +1)e

Observe that if © = u; + ug and v = v + vy, then
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Moreover, if u; € Ag, and v; € A; C A,, then
X (uy +us)Y (—00) X (uy —uz) — I € My, 00,

and

X(Uz - Ul)Y(_U2)X(U1 + U2) —1Ie€ M2(m(Arfr)+2R)-

If A is non-unital, and (u,v) is an (e, r, N)-inverse pair in A* with 7(u) = w(v) = 1,

u — 1 =1u; + ug, and v — 1 = v; + vy, then letting

Pr=X(u + D)X ()Y (—v1 — DX (w1 + 1) 0t X (us)
10
and
0 1
Py = X(—uy) o X(~up — 1)Y (—v2) X (u1 + 1) X (ug),

we have X (u)Y (—v)X(u) = P P,. Moreover, if u;,v; € A; C A,, then P, — I €
My(MSP) and Py — 1 € Mp(ML2).

Lemma 3.4.8. There exists a polynomial () with positive integer coefficients such that for
any filtered SQ, algebra A with filtration (A,),>o, any (s, c)-controlled Mayer-Vietoris
pair (Aa,, An,) for A, and any (¢, r, N)-inverse pair (u,v) in A such that u is homotopic
tolwith) <r <su—1¢€A andv—1 € A, there exist an integer k > 2, M =

M(c,N) > 1, and z1,z € Mk(:élz N A16r> such that
e z; is invertible in Mk(Z;)fori =1,2;
o max(||zl|, [[27]]) < M fori=1,2;

o |[diag(u, Iy—1) — z122|| < Q(N)e;
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e fori = 1,2, there is a homotopy (2;)ic[o,1] of invertible elements in Mk(Zl\A/ H/LGT)

between I, and z; such that

max(]|zi |, |12/ |)) < M

foreach t € [0,1]. Moreover, m;(z;,) and 7;(z;') are homotopic to Iy, in My(C) via
homotopies of invertible elements of norm at most \/2, where 7; : ZKZ. — C is the

quotient homomorphism.

Proof. If ||lu — 1|| < ¢, then we may simply take z; = 2o = I5. In the general case, we
proceed as follows.

Let (u);c(0.1) be a homotopy of (g, 7, N)-invertibles in A with uy = u and u; = 1. Up
to relaxing control, we may assume that u; — 1 € A for each . For each t € [0, 1], let u;}
be an (e, r, N)-inverse for u, with v}, = 1. Up to relaxing control, we may also assume

thatu, — 1 € Aforeacht. Let0 =ty < -+ < t,, = 1 be such that ||u;, — u, || < &2

fort =1,...,m, where
d = sup {||uvy — 1|, ||veus — 1|}
te[0,1]
Set
\% :diag(uto,...,utm,ugo,...,u;m),
W =diag(1,uy,, ... Uy Uy, -5 Us,_y, 1).

Then

||diag(u, fomy1) — VIVI| <e.
In the rest of this proof, we shall write X” for diag(1, X,1) € Moy 2(A) whenever
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X e Mgk(A)

For each i € {0,...,m}, there exist v;, v, € Ay N A, and w;, w} € Ay N A, such that

/ / /
u, — 1l =v; +w;, u, —1=v;+w;,

max([[vil], [Jwi]]) < effus, = 1], max(|[vil], [Juwil]) < ef[uz, = 1]].

Set
1 =diag(vg + 1, ..., v, + 1), 20 = diag(wy, . . ., Wy, ),
oy = diag(v, + 1,...,0), + 1), 25 = diag(wy, . .., w!,),
y1 = diag(vo + 1,...,vm1 + 1), 90 = diag(wo, . . ., Wp_1),
yi = d1ag(116 + 17 cee 7U7In—1 + 1)7yé = dlag(w()a ce 7w:n—1)‘
Then

and
A

Set

and
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with the convention that (2')" = x. We have

and

Y1+ v 0 0 L1
L — Pi(y1, y5) P2 (1, )
0 Y1+ Y2 y 0

SO

0
Hw — PU ) Paly ) (

and

HVW — Pi(21,22) Po(21, 22) (
Im+1 0

<3N(N +1)e.

Hence

U 0 0
' - Pl(I1,$2)P2(I1,$2)
0 Igm_H Im+1

< (BN(N +1) 4 1)e.

We will show that

0
P1($1,$2)P2($1,952)<

I7rn+1
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0 —im
V — Py(z1, x2) Pa(21, 22) ( H)
Inr O

0 “dm+1

< (N +1)e

I’”)AH < (N+1)e

I, 0

0
) Pi(yy, ys) Pa(y, v)" (

m

_Ierl
. )Pl(yi, ys) Pa(y1, y5)" <1

—dIm+1 0 _Im
. )Pl(yi,yé)”%(y’pyé)A (1 >

< (N +1)e

—I,
0

0

m

A

—I,
0

A



can be factored as a product z; 2o with z; and 25 having the required properties.

Let
0 *Im+1
21=P1($17172)< )Pl(yivy;)/\
Ime1 O
and N
0o -1,
29 = Z3P2(yi71/§)/\< > ,
I, 0
where

_ 0 Im 1 0 “Im+1
z5 = (Pu(yy, v5)") 1( ’ >P2(5U1a932)< ’ >P1(y/17y§)A

—Im+1 O J ] 0

Then z; and 2z, are matrices in M2m+2(;1\; N AlﬁT) that are invertible in M2m+2(:4; ), and

0 I 0 —In
Py(z1, 22) Py(1, xz)( H) Py(yl, yé)Apz(?/pyé)A< ) = 2172
Lm0 I, O
Let 7; : :4\;. — C denote the quotient homomorphism. Then
T (Py(z1, 22)) = 1 (Pi(y1, v5)") = Tomsa,
and
mo(Po(71,2)) = 7T2(P2(y/1>y§)/\) = lonta.
A
0 I, 0 —In
Thus 71(z1) = ) and mo(z) = . Similarly, 7,(z;') =
Im+1 0 Im 0
AN
0 Im+1 1 0 Im . .
and my(zy ) = . These are all homotopic to 5,2 in
—Im+41 0 _Im 0

Ms,,+2(C) via homotopies of invertible elements of norm at most V2.
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Note that || X (z)|| < 1+ ||z|| and ||Y (y)|| < 1+ ||y||. Fori = 1,2, since

max ([ zi], [l3]], [lyill, [[%i]]) < (N +1) +1,

we have

max(||zi][, [|77]) < (1 4+ N)* (1 +e(N +1))°(2+ (N +1))°.

Fort € [0, 1], set

(cos Z)I,, —(sin Z)I,,

P 2 2
m,t — )
(sin Zh) 1, (cos B) I,

214 = Pi(twy, twg) Roy1: P (tyy, tys) ",

200 = [(Po(tyy, tys)") T Ryky o Pa(tan, tm0) Ry o Pr(ty, ty) | Pa(ty), tyh) R, -

Then (2;+):c(0,1) is @ homotopy of invertibles in M2m+2(;1; N 121167«) between s, 2 and z;
for i = 1,2. Moreover, for each t € [0,1], m;(z;,) and m;(2;,") are homotopic to I3+ in

Mop,+2(C) via homotopies of invertible elements of norm at most v/2. Finally, fori = 1,2,

max(||z;, [|2;4']]) < 2v2(1 + N)* (1 + ¢(N +1))5(2 4 ¢(N +1))°.

3.4.3 Controlled Mayer-Vietoris sequence

Given a filtered S(), algebra A and an (s, ¢)-controlled Mayer-Vietoris pair (Aa, , Aa,)
for A, we will consider the inclusion maps 71 : Ax, — A, j2 @ Aax, = A, J1o

AA1 N AAQ — AAp and j271 : AAl N AA2 — AAQ'
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1

Forany 0 <e < 5,

r > 0,and N > 1, it is clear that the composition

KS,T,N(AAI N AAg) (J1,2%,J2,1%) Kg,r,N(AAl) @ KS’T,N(AAQ) J1x—F2x KS,T,N<A)

is the zero map.

Proposition 3.4.9. For every ¢ > 0, there exists a control pair (\, h) such that for any
filtered SQ,, algebra A, any (s, c)-controlled Mayer-Vietoris pair (Aa,, Ana,) for A, any

N>1L,0<e< and 0 <1 < 2=, if yr € K™Y (Ap,) and yy € KS™N (An,) are

1
20N’
such that ji, (11) = jau(y2) in K3 (A), then there exists z € KOANs’hE’W’/\N(AA1 NAa,)

A

such that jy 2.(z) = yy in K| NERe NTAN (Aa,) and jo1.(2) = yo in K(;\NE’hE’NT’)\N(AAQ).

Proof. Up to rescaling ¢, r, and NN, and up to stabilization, we may write y; = [e;] — [Ix],
where e; is an (e,r, N)-idempotent in Mn(;l;) for i = 1,2 with e¢; — diag(/,0) €
M,,(Aa,) and with e; and e, homotopic as (&, 7, N)-idempotents in M, (A). By Lemma
3.1.28 and Proposition 3.1.27, and up to stabilization, there exists a control pair (\, k), and

a (Ane, he N7, Ay )-inverse pair (u, v) in M, (A) such that ||uesv — ;|| < Aye. Then
||diag(u, v)diag(es, 0)diag(v, u) — diag(e1, 0)|| < Aye.

We may also assume that v — I,, € M, (A) andv — I,, € M, (A).

By Lemma 3.4.8, there exist () = Q(A\y) and M = M (c, A\y), and up to stabilization,
there exist invertibles w; and wy in Mgn(flwhsm) such that max(||w;]|, ||w; *||) < M for
i = 1,2, m;(w;) and 7;(w; ') are homotopic to I via homotopies of invertible elements with

norm at most v/2, where 7; : Ax, — C is the quotient homomorphism, and ||diag(u, v) —
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wyws|| < Qe. Then we also have

[|diag(v, u) — wy wy ']

= ||(diag(v, u) (wwy — diag(u, v)) + diag(vu — 1, uv — 1))wy wi ||

< Av(Q+1)M?%e
Thus

||wy tdiag(er, 0)w; — wodiag(es, 0)ws |
= ||w; ! (diag(er, 0) — wywsdiag(es, 0)wy 'wy Hw ||
< M?||(diag(u, v) — wiws)diag(es, 0)wy wy
+ diag(u, v)diag(es, 0)(diag(v, u) — wy 'wi ) + diag(e; — ueqv, 0)]|

< MP(QNM? 4+ M5 N(Q + 1)M? + Ay )e.

Note that M?*(QNM? + N3 N(Q + 1)M? + A\y) depends only on ¢ and N. We will
denote it by M’ = M’(¢, N).

Thus there exists e € M2n<1/4VA17(32hE7N+1)7‘ N gA27(32h5,N+1)T> such that
14 L\
lle — wy “diag(ey, 0)wn || < 20—1—5 M'e
and
: . L\
|le — wodiag(eq, 0)wsy || < | 2¢+ 3 M'e.
By Lemma 3.1.25 and Lemma 3.1.18, there exists a control pair (A\”, h”’) such that

1 A// £ h// T, )\//
e w; 'diag(e;, 0)w; and wydiag(es, 0)w, * are in Idem,) = ="

(A,
e diag(w; ', 0)diag(ey, 0)diag(wy, 0) and diag(ws, 0)diag(ey, 0)diag(w; ', 0) are ho-
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I
&

motopic to diag(ey, 0) and diag(ez, 0) respectively as (Nxe, h? yr, %, )-idempotents

in M4n(A),
e cis (\ye, h yr, Ni)-homotopic to w; 'diag(er, 0)w; and wydiag(ez, 0)w; ',

o 7(e)is (AN, h yr, A )-homotopic to I in M, (C), where 7 : ZXZ N ;4?;2 — Cis

&,

the quotient homomorphism.

1 1 "
ARERL NTAY

Thus we conclude that j; o.([e] —[I;]) = y1 in K, ‘ (Aa,) and jo 1. ([e] = [1x]) = y2

1" 1" 1"
)\Ns,hE’NT,AN

in KO (AA2). [

In the odd case, we also have that for any 0 < ¢ < 2%, r > 0,and N > 1, the

composition

K?nN(AAl N AA2> (J1,2%,J2,1%) Kla,r,N(AAl) D KT,T,N(AAQ) J1x—J2x Kle,r,N<A)

is the zero map.

Proposition 3.4.10. For every ¢ > 0, there exists a control pair (A, h) such that for any
filtered SQ), algebra A, any (s, ¢)-controlled Mayer-Vietoris pair (Aa,, Aa,) for A, any

N>1,0<e< and 0 <1 < 2=, if y1 € KN (Ap,) and y, € KI7N(Ap,) are

1
20AN’
such that j1,(y1) = jos(y2) in K™Y (A), then there exists z € K} NN (A5, N Ap,)

A

such that j1 2.(z) = y1 in K NEhe, NTAN (Ap,) and jo1.(2) = y2 in KlAN€7hE’NT’)‘N(AA2).

Proof. By relaxing control, we may write y; = [u;], where w; is an (¢, r, N)-invertible in
M, (Ap,) for i = 1,2 with m;(u;) = I,. Then [u;] = [us] in Ko™ (A) so up to stabi-
lization and relaxing control, we may assume that u; and uy are homotopic as (g, 7, N)-
invertibles in M, (A). Let vy € M, (Aa,) be an (¢,r, N)-inverse for us with my(vs) = I,..

If (¢41)ief0,1) is @ homotopy of (e, r, V)-invertibles in M, (A) between u; and uy with

m(uey1) = I, for all ¢, then (wy11v2)sep0,1] is @ homotopy of ((N?+1)e, 2r, N?)-invertibles
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in M,,(A) between v, and uyvy. Moreover, since ||ugvy — I,|| < €, we have that uyvy and

I,, are homotopic as (g, 2r, 1 + ¢)-invertibles in M,,(A). Hence u,v, and I, are homotopic

as ((N? + 1)e, 2r, N?)-invertibles in M,,(A).

By Lemma 3.4.8, there exist Q(N), M = M (c, N), and up to stabilization, there exist
invertibles w; in Mn(;lz N Asy,) such that max(||w;|], ||w;|]) < M, 7(w;) and 7(w; )
are homotopic to /,, via homotopies of invertible elements in M, (C) with norm at most

V2, and ||uyvy — wiws|| < Q(N)e. Now

i ur — waus|| < JJwi ™ (urve — wiws)us|| + ||y us (vaug — 1)]|

< MN(Q(N) + 1)e.
Thus there exists z € MR(Z;@BT N 2:27337,) such that
|2 — wytug]| < (20—1— %)MN(Q(N) + 1)e
and

||z — waus|| < (20+ %)MN(Q(N) + 1)e.

It follows from Lemma 3.1.18 that there exists a control pair (A, h) such that z is
homotopic to u; as (Axe, he n7, Ay )-invertibles in MH(ZXZ) for i = 1,2, and 7(2) is
homotopic to I,, as (Ane, he N7, Ay )-invertibles in M,,(C), where 7 : ;1; N ZZQ — Cis

the quotient homomorphism. Hence

o [2] € KV (AN N An,),
. . ANEhe NTIA
o jiou([2]) = g1 in KV (A4 ), and

. . ANEhe NTA
o jo1a([z]) = o in K7V (A,).
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Next, we want to define a boundary map

D_ 1D D
Navha,Nsv)‘N

86,7‘,N . K?S’N(/D — KO)\ (AAI N AAQ)

for an appropriate control pair (\?, h?) depending only on the coercity c.

Lemma 3.4.11. For every ¢ > 0, there exists a control pair (\, h) such that for any filtered
SQ, algebra A, any (s, ¢)-controlled Mayer-Vietoris pair (A, , Aa,) for A, any N > 1,
and 0 < r < =, ifu € GLE"N(A) and v € GL:"N (A) are such that

hs,N’

O<e<

1
20N’

u—1I, € M,(A) and v — I, € M,(A), and w; € GLs’T’N(Zl\A:)fori = 1,2 are such

n-+m
that ||diag(u, v) — wyws|| < €, then letting w; be an (e, 1, N)-inverse for w;, there exists a

(Ane, he N7, AN )-idempotent e € Mn+m(;1; N ;12/2) such that
max(||e — widiag(I,, 0)w]],||e — wediag(l,, 0)ws||) < Ane,

and diag(m(e), 0) is (Ane, he N7, An)-homotopic to diag(I,,,0) in Mayim)(C), where 7 :

Z\; N Z; — C is the quotient homomorphism.
Proof. Letu bean (g, r, N)-inverse for u with ' —I,, € M, (A), and let v’ be an (e, r, N)-

inverse for v with v’ — I, € M,,(A). Then

||widiag (1, 0)wy — widiag(u, v)diag(ly,, 0)diag(u’, v")w|
= ||widiag(I,, — uu’, 0)w,]|

< N,
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Since ||diag(u, v) — wyws|| < €, we have

|lwydiag(u, v) — ws|| < [lwi(diag(u, v) — wiws)|| + [|(wiws — D)ws|

< 2Ne.
Thus

) ding (L. 0), — wadiag(L,, )|
< N?c + ||w)diag(u, v)diag(1,, 0)diag(u', v")w; — wydiag(1,, 0)w)||
< N2c + ||(w)diag(u, v) — wy)diag (1, 0)diag(v’, v")w||
+ ||wediag (I, 0)(diag(u’, v")w; — wh)||
< N?¢ + 2N + N||diag(v/, v")w; — wh]|
< (N? +2N?)e + N(||diag(u', v")w; (wy — widiag(u, v))wh]|
+ ||diag(u', v)wi (1 — wow))[| + ||diag(w', ') (wiwy — 1)diag(u, v)ws||
+ [|diag(v'u — 1,v"v — 1)wy|)
< (N*42N*e + N2N* + N2 + N* + N)e

= (2N° 4+ N* + 3N? 4 2N?)e.
There exists e € M, (Zzl N ZZZ) such that
1
|le — widiag(1,,0)w;|| < (2c + 5) (2N° + N* + 3N? + 2N?)e

and

1
||le — wodiag(I,, 0)wh||) < (20 + 5) (2N° + N* + 3N? + 2N?)e.

By Lemma 3.1.18 and Lemma 3.1.25, there exists a control pair (A, k) depending only on ¢
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such that e is a (Aye, h. n7, Ay )-idempotent, and diag((e), 0) is homotopic to diag(/,,, 0)
as (Ane, he N7, An)-idempotents in Mo, 4 (C). O

Given u € GLE™N(A) with u — I, € M, (A), pick v € GLE™N(A) withv — I, €
M, (A) such that diag(u,v) is homotopic to I, .., as (g,2r,2(N + ¢))-invertibles. For
instance, by Lemma 3.1.21, we may pick v € GL5" (A) to be an (e, r, N)-inverse for .
By Lemma 3.4.8, there exists a control pair (A, k) depending only on the coercity ¢ such
that, up to replacing v by diag(v, ;) for some integer k, there exist (Aye, he N7, AN)-
invertibles w; and wy in Mn+m([lh5,m) such that ||diag(u, v) — wiws|| < Aye.

By Lemma 3.4.11, there exists a control pair (X', h') depending only on the coercity

c,and a (N - AN)ne, (B - h)ens, (N - \)y)-idempotent e € My ym(Aa, N Aa,) such that

letting w) be a (Ane, h n7, Ay )-inverse for w;, we have
max(||e — widiag(I,, 0)wy]|,||e — wediag(I,, 0)ws|]) < (N - A ne,

and diag(m(e),0) is (A" - N)ne, (B - h)e nr, (N - ) v)-homotopic to diag(Z,,, 0).

We would like to define the boundary map by O([u]) = [e] — [I,,] but in order for it to
be well-defined (i.e., independent of the various choices made), we need to place [e] — [1,,]
in the appropriate quantitative K group.

More precisely, we need to check that there is a control pair (AP, h?) (depending only
on the coercity c¢) such that for N > 1, 0 < ¢ < ﬁ and 0 < r < ﬁ, the map

D_pD D
ANERD NTAY

91 KN (A) — Ky 5NN (Ap, N Ap,) given by [u] = [e] — [1,]
e does not depend on the choice of e satisfying the conclusion of Lemma 3.4.11;
e does not depend on the choice of wy, wy satisfying the hypotheses of Lemma 3.4.11;

e does not change upon replacing u (resp. v) by diag(u, 1) (resp. diag(v, 1));
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e does not depend on the choice of v € GL:"N (A) such that diag(u, v) is homotopic

t0 I ym as (g,2r,2(N + ¢))-invertibles;
e only depends on the equivalence class of w.

We also want the compositions

D_pD D
o )‘Nsvhs,er/\N

KV (As) ® K7™ (As) 25225 K7m(4) B Ky (A2, N An,)

and
o ADehP AR

KT’T’N(A) — KO (AAl n AA2)
(J1,2%-02,1%) K(;\Es,thr,Ag(AAl) @ K(;\Es,thr,,\g(AAz)
to be the zero maps.
Now we will address each of these points in turn. When there is a need to relax

control by increasing the parameters, we will sometimes omit precise expressions of the

parameters involved with the understanding that they increase in a controlled manner.

1. If ey and e; both satisfy the conclusion of Lemma 3.4.11, then ||ley — e1|| < 2Ane

so eg and e; are (2\%¢, he n7, Ay )-homotopic by Lemma 3.1.19.

2. Suppose that w3 € GLflin]\i(;l;) and wy € GLflin]\i(;l;) have the same properties
as wy, wy so ||diag(u, v) — wiws|| < Aye and ||diag(u, v) — wswsl|| < Aye. Let w,

be a (Aye, he 7, Ay )-inverse for w;. Then ||wywy — wiwy|| < 2Aye and

|[wiwr — wyws|
< [|wi(wiwe — wywa)w| + [ [wiwi (1 — waw))[| + [[(whws — L)wawh]]

< 4X\3e.

The complete intersection approximation property yields y € M, m(Aa,,), e N
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Ang ) with ||y — whws || < 423(2c + $)e and ||y — wawh| < 473 (2¢ + L)e.
Thus

1
max(||wsy — wil[, |[[yws — w4l]) < (4>\§LV (26+ 5) - )\?V)a.

Similarly, there exists z € Mn+m(AZI o () XZQ, h. ) such that

1
max(||z — w|ws]), |2 — wawl)]) < 4A§’V(2c+ 5)5

SO

1
max(||zws — wi||, ||zws — wel]) < (4)@1\7 (20+ §> + )\?V)E.

Moreover,

lyz = 1|

< [y — wywn) 2] + [[whwi (2 — wiws)|| + [Jws (wiwy — Dws|| + [Jwyws — 1|

1 1 1
< <4A§V(26+ 5) ()\?V —|—4)\§’V(2c+ 5)) +4)\?V(20+ 5) —I—/\i,—l—)\N)s

1\? 1
= (16)\?V (2(: + 5) + 8% <2c + 5) + A3+ )\N) €,

and similarly for ||zy — 1||, so (y, z) is a quasi-inverse pair.

If e is the quasi-idempotent element obtained from w, and w-, then with respect to an

appropriate control pair (A\”, h”) depending only on the coercity ¢, yez is the quasi-
. ) . AN 7h// 7AII
idempotent element obtained from ws and wy, and in K" =hte, NN (Ax, N Ap,) We
have [yez] = [e].

3. Replacing u by diag(u, 1), and letting w1, wy be such that

||diag(u, v) — wiws|| < Ane,
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we have ||diag(u, v, Iy) — diag(wywe, I2)|| < Aye. Now

Udiag(u,v, I,)U ™" = diag(u, 1,v, 1)

for some permutation matrix U so

||diag(u, 1,v,1) — Udiag(wiws, I,)U || < Aye.

If ||e — widiag(1,, 0)w|| < (N - A)ne, then

||diag(€a ]-7 0) - dlag(wlla 12)diag(]n7 Oma 1a O)dlag(wla ]2)” < (/\/ ) /\)Ng'

But diag(I,,,0,,,1,0) = U~ *diag(I,,;1,0)U so

|diag(e, 1,0) — diag(w}, I;)U " diag(Ln41, 0)Udiag(wy, L)|| < (X" A ve.

Similarly, we have

|diag(e, 1,0) — diag(ws, I,)U " diag(Ly 41, 0)Udiag(wh, I)|] < (A" A ve.

Thus O([diag(u, 1)]) = [diag(e, 1,0)] — [In+1] = [e] — [I] = O([u]). Similarly, one

sees that replacing v by diag(v, 1) does not change 9([u]).

. Suppose that vy € GL5™N(A) and v; € GL;""(A) are such that diag(u, vo) is
homotopic to I, as (&, 2r, 2(N + ¢))-invertibles, and diag(u, v;) is homotopic to
Ik as (g,2r,2(N +¢))-invertibles. Assume that m > k. Then diag(u, vy, I, —x) is
homotopic to I, 1., as (&, 2r, 2(N + ¢))-invertibles. Let (Uy)¢c[o,1) be a homotopy of

(,2r,2(N +¢))-invertibles between diag(u, vy) and diag(u, vy, I,;,_x). We may as-
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sume that 7(Uy) = I, for all £. Then we may regard U = (U;) as an (e, 2r, 2(N +
g))-invertible in C/([0, 1], My (As,)) with 7(U) = I, .. Moreover, U is homo-
topic to 1 as (g, 2r, 2(N + ¢))-invertibles. By Lemma 3.4.8, there exist [ € N and

invertibles Wy, Wy € C([0,1], M, mi(A)) with ||diag(U, I;) — WiWs|| < Aye.
We obtain a quasi-idempotent E € C([0, 1], M, 1n+:(A)) by Lemma 3.4.11. Using
vp in the definition of O yields [Ey] — [I,,] while using v; in the definition yields

[Er] = [Ln], but [Eo] — [1] = [En] — [L].

5. Suppose that [ug] = [uy] in K5 (A). Then up to stabilization, we may assume that
o and u; are homotopic as (4e, 2r, 4N )-invertibles in M, (A). Let (u¢)efo,1) be such
a homotopy. We may assume that 7(u;) = I,, for all ¢. Then we may regard u = (u;)
as a (4e, 2r, 4N )-invertible in C'([0, 1], M,,(Ay,)). Let v’ be a (4e, 2r, 4N )-inverse
for u with w(u’) = I,,. Up to stabilization, there exist quasi-invertible elements w;

in C([0, 1], Mn(;l\g)) such that ||diag(u, u') — wyws|| < Ayne. Then there exists a

(Nxe, hyr, Ny )-idempotent e € C([0, 1], Mn(ﬂz’hmﬂ N /fl\A;’h,,,NT)) such that
max(||e — widiag(I,, 0)wy]],|le — wediag(l,, 0)ws|]) < Nye.

Now (€1)tefo,1] is @ homotopy of (ANye, hyr, A)-idempotents, and 9([uo]) = [eo] —

[]n] = [61] - []n] = a([“l])

Consider the composition

Kf7r7N(AA1) o Kla,r,N(AAz) (J1x—J2+)

D_pD D
] )‘Ns’hs,Nr’)‘N

KT’T’N(A) — KO (AAl ﬁAAQ).

Suppose that u € MH(Z;) and v € Mn(IZA;) are (e, 7, N)-invertibles. In the preliminary
definition of O([u]), we may take w; = diag(u,u’), where v’ is an (e, r, N)-inverse for u,

and wy = Io,. Then O([u]) = [eo] — [1,,], where eg isa (X - A)ne, (B - h)enr, (N - A)y)-
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idempotent in Ma,(A) such that ||ey — diag(Z,,0)|] < (X - X)ye. Similarly, 9([v]) =
le1] — [I,], where e is an (X - ) e, (B - h)en7, (X - \)v)-idempotent in My, (A) such
that ||e; — diag(7,,,0)|] < (N - A\)ne. Now ||eg — e1|| < 2(N - ) ye so by Lemma 3.1.19,
eo and e; are homotopic as (2(\ - A%, (' - h). n7, (X - X)y)-idempotents. Thus there

exists a control pair (AP, hP) depending only on the coercity ¢ such that d([u] — [v]) = 0

(Aa, N Ap,).

‘n K,\ga,thr,AE
0

Finally, consider the composition

Kéﬂ"yN(A) L K)\Es,hgzvr,)\% (AA ﬂAA )

1 0 : ’
122, n) o ABE AP AR ARERDNTAR
(J1,2%,2,1%) KONE e NT N<AA1) EBKONE &N" N(AA2>-

When (AP, hP) is sufficiently large, the preliminary definition of the boundary map

(AA2)

D_ 1D D_ 1D D
NEvha,er)‘ N57ha,NT7)‘N

. . . A R . ) A
yields ji 2.(9([u])) = 0in K, Y(Aa,) and j21.(9([u])) = 0in K
so that the composition is the zero map.

Now we give a formal definition of the boundary map in terms of a control pair

(AP, hP) making all the above hold.

Definition 3.4.12. Let A be a filtered SQ, algebra, and let (Aa,, Aa,) be an (s,c)-
controlled Mayer-Vietoris pair for A. Let (\, h) be the control pair from Lemma 3.4.8,
and let (N, ') be the control pair from Lemma 3.4.11. Given [u] € K""(A), where

N>10<e< 53y 0<r <5, andu € GLE"N (A) with u — I,, € M,(A),
N e, N
1. find v € GLE"N(A) with v — I, € M,(A) such that diag(u,v) is homotopic to
Lyym as (g,2r,2(N + g))-invertibles,

2. let wy, wy be (Ane, he N7, AN)-invertibles in M, ,,(A) such that

||diag(u, v) — wiws|| < Ane,
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3. let w, be a (Ane, he N7, AN )-inverse for w;, and

4. lete € Mn+m(ZZ1 N ;1;/2) be such that
max(||le — widiag(l,, 0)w|l, ||e — waodiag(l,, 0)ws||) < (N - ) ne

and diag(m(e),0) is (X - XN)ne, (B - h)e n7, (N - X) v )-homotopic to diag(1,,0) in
MQ(n+m) (C)

D_. 3D D
Na,hE’Nr,)\N

Define 0 : Ko™V (A) — Ka\ (Aa, M Ap,) by [u] — [e] — [1,].

Proposition 3.4.13. For every ¢ > 0, there exists a control pair (A, h) such that for any
filtered SQ),, algebra A, any (s, ¢)-controlled Mayer-Vietoris pair (An,, An,) for A, and

1 s
N21,0<8<m,6md0<r§hiw:

1. if u € M,(A) is an (g,r, N)-invertible such that O([u]) = [e] — [I.,] = 0 in

ABe,hlr A% ) ) . Anehe NTA
KON6 NN (Ap, N AR, then Gi(y1) — Jox(y2) = [u] in KGNV (A) for
some y; € K{\NE’hE’NT’/\N (An,);

D_. D D D_. D D
Nsvhs,er)‘N Nsvhs,Nn)‘N

2. ifle]—[L] € K, (Aa,NAp,) satisfies [e] —[I,] = 0in K,

fori=1,2, then d(y) = [¢] — [I)] for some y € K} "N M (A5 N An,).

(AAZ)

Proof. For (1.), suppose that v € M,(A) is an (e, r, N)-invertible such that d([u]) =

D_. D D
N‘Evhs,er)‘N

le] = [I,] = 0in KOA (Aa, N Aa,). Up to stabilization, we may assume that e
is (4\Re, hPyr, 4§ + 1)-homotopic to diag(Iy,0) in My, (Aa, N An,). By Proposition
3.1.27 and Lemma 3.1.28, there exists a (e, h yr, \;)-inverse pair (v, v') in Mo, (A, N

Ap,) such that

lle — vdiag(1,,0)v'|| < Ne.
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Since max(||e — wdiag(I,,0)w: ||, ||e — wodiag(I,, 0)wh||) < AKe, we have

||widiag(I,, 0)w; — vdiag(1,,0)v|| < (AZ + \V)e,

||wediag (1, 0)wy — vdiag(I,, 0)v'|| < (AY 4+ N3 )e.

By successively relaxing control if necessary, there exists a control pair (A", h") depend-

ing only on the coercity c such that

"

b ||dlag(-[na O)wlv - wlvdiag(-[na O)H < )\Ng’

o ||[v'wqdiag(1,,0) — diag(1,, 0)v'ws|| < A¥e;
o max(||wyv — diag(uy, v1)ll, ||[v'wy — diag(ug, v2)||) < e, where u;, v; are quasi-

invertible elements in M, (Ax,) fori = 1,2;

o ||diag(u,u') — diag(ujug, v1v9)|| < N¥e, where v is an (g, , N)-inverse for u;
o ||lu—uusl| < Nye;

e v and u uy are homotopic as (Aje, hY' s, \v)-invertibles;

" 1" "
ANERY NTAY

o [u] = [ua] + [ug] in K™ 5 T (A).
ARe,nP yr A%
For (2.), suppose that [e] — [I,,] € K,V =" " (Ax, N Ap,) satisfies [e] — [I,] =
DE r D
0 in Kg NEfte NTAN (Ap,) for i = 1,2. Up to stabilization, we may assume that e is

(4\Re, hPyr, 4N5 + 1)-homotopic to diag(I,,0) in Man(An,) for i = 1,2. By suc-
cessively relaxing control if necessary, there exists a control pair (\’, k") > (AP, hP)

depending only on the coercity ¢ such that

e max(|le — widiag(l,, 0)w]|, ||e — wodiag(I,,0)wh||) < Nye, where (w;, w)) are

(ANe, B s, A} )-inverse pairs in Mo, (Ax,);
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o ||wiwydiag(l,,0) — diag(I,, 0)wiws|| < 3(\})3e;

"

o |Jwywy — diag(u,v)|| < 3(X\})%, where u,v are (\ye,h!

M, (A);

g . .
~Ss Ay )-invertibles in

" 1 "
AR &R NTAY

o ([u]) = [e] = [[n] in K, (Aa, N Ay,).

‘We summarize the results of this section as follows:

Theorem 3.4.14. For every ¢ > 0, there exists a control pair (\, h) such that for any
filtered SQ,, algebra A and any (s, c¢)-controlled Mayer-Vietoris pair (An,, An,) for A,

we have the following (A, h)-exact sequence of order s:

<j1,2*7 j2,1*)
B

Ki(Aa, N Aa,) Ki(Aa,) ® Ki(An,) —I2 920 K ()

ICO(A) - ; ’Co(AAl) S¥ ’CO(AAQ) D E— ICO(Am N AAQ)
J1x — J2x (]1,2*7 J2,1*)

In view of the observations after Remark 3.4.6, one can also obtain the correspond-

ing controlled exact sequence for the suspensions by considering the controlled Mayer-

Vietoris pair (SAa,, SAa,) for SA.
3.5 Remarks on the C*-algebra Case

Finally, we make some remarks about the case where A is a filtered C*-algebra. In this
case, both our definition of the quantitative K -theory groups and the definition in [26] are
applicable, and we shall briefly explain (without detailed proofs) that the two definitions
give us essentially the same information.

In [26], the quantitative K -theory groups are defined by equivalence relations similar

to ours but in terms of quasi-projections and quasi-unitaries instead of quasi-idempotents
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and quasi-invertibles.
Definition 3.5.1. Let A be a filtered C*-algebra. Fix 0 < € < QLO andr > (.
1. Anelement p € Ais called an (¢, r)-projection ifp € A,, p* = p, and ||p* —p|| < <.

2. If A is unital, then an element u € A is called an (e,r)-unitary if u € A, and

max(||luu* — 1, [J[u*u — 1]|) < e.

It is straightforward to see that every (g, r)-projection is an (&, 7, 1 + ¢)-idempotent,
and every (e, 7)-unitary is an (¢, 7, 1 +¢)-invertible [26, Remark 1.4]. Writing K_*"(A) for
the quantitative K -theory groups defined in [26], we thus have canonical homomorphisms

by K5T(A) — KN (A) for0 < e < &

20,r>0,and]\721+5.

Given an (e, r, N)-idempotent e in A, by considering

= ((2¢" = 1)(2e — 1) + 1)2e((2e* —1)(2e — 1) +1)71/2,

p2 = Q((2e" — 1)(2e — 1))eR((2¢" — 1)(2e — 1)),

_ D2 + 5

b3 5

where ()(t) and R(t) are polynomials such that

I+ 10" = QI < 53
I+ D)™ = RO < =

on [0, (2N + 1)?], one can show the existence of a control pair (A, k) such that diag(e, 0)
and diag(ps,0) are homotopic as (Aye, he n7, Ay)-idempotents. Since p; is a quasi-
projection, we get a homomorphism K" (A) — K(I)AN =he.NT( 4), which is a controlled

inverse for ¢.

In the odd case, we have the following analog of polar decomposition:
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Lemma 3.5.2. [27, Lemma 2.4] There exists a control pair (A, h) such that for any
unital filtered C*-algebra A and any (e,r, N)-invertible © € A, there exists a posi-
tive (Ane, he N7, Ay )-invertible y € A and a (Aye, he ny7)-unitary w € A such that

l||z| — y|| < Ane and ||z — uy|| < Ane. Moreover, we can choose u and y such that

o there exists a real polynomial QQ with QQ(1) = 1 such that v = zQ(x*x) and y =

¥ rQ(z*x);
e y has a positive (Ane, h. NT, Ax)-inverse;

e ifx is homotopic to 1 as (¢, r, N )-invertibles, then u is homotopic to I as (Ane, h. nT)-

unitaries.

By applying Lemma 3.1.18 and using an appropriate polynomial approximation of
t — exp(tlogy), one can find a control pair (A, h’) > (A, h) such that z ~ uy ~ u as
(Aye, hL y7, Ny )-invertibles. This gives us a controlled inverse for ¢;.

In summary, we have a controlled isomorphism between K/, (A) and /C,(A) when A is

a filtered C*-algebra.
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4. DYNAMIC ASYMPTOTIC DIMENSION AND THE L, BAUM-CONNES
CONJECTURE

4.1 Dynamic Asymptotic Dimension

Dynamic asymptotic dimension is a property of topological dynamical systems intro-
duced by Guentner, Willett, and Yu in [15] for discrete groups acting by homeomorphisms
on locally compact Hausdorff spaces. In this section, we recall the definition and some

facts about this notion of dimension.

Definition 4.1.1. [15] An action of a countable discrete group 1" on a locally compact
Hausdorff space X has dynamic asymptotic dimension d if d is the smallest natural number
with the following property: for any compact subset K of X and finite subset I of I, there

are open subsets Uy, . .., Uy of X that cover K such that for each i € {0, ..., d}, the set

there exist x € U; and g,,,...,91 € E such that g = g, --- ¢
gel:
and gy - - g1z € U; forallk € {1,...,n}

is finite.

Many interesting actions have finite dynamic asymptotic dimension. For example, it
was shown in [15] that all free minimal Z-actions on compact spaces (such as irrational
rotation of the circle) have dynamic asymptotic dimension one, and that groups with finite
asymptotic dimension act with finite dynamic asymptotic dimension on some compact
space.

In this dissertation, we will restrict to actions on compact Hausdorff spaces. Moreover,
for the Mayer-Vietoris argument that we will use later, it will be more convenient (and

perhaps more natural) to use the language of groupoids instead of group actions. Indeed,
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in [15], dynamic asymptotic dimension is defined for locally compact Hausdorff étale
groupoids. We will only consider the transformation groupoid I' x X associated to the
action of I' on X. We will denote the action of I' on X by ' ~ X. We also assume that
I" is equipped with a proper length function [ : I' — N and the associated right invariant

metric.

Definition 4.1.2. The transformation groupoid I' X X associatedto " ~ X is

{(9z,9,2): g €T,z € X}

topologized such that the projection I' x X — I' x X onto the second and third factors is

a homeomorphism, and equipped with the following additional structure:

1. Apair ((hy, h,y), (gx, g, 7)) of elements in I'x X is said to be composable if y = gz.

In this case, their product is defined by

(hgz, h, gz)(gz, g, x) = (hgx, hg, x).

2. The inverse of an element (gx, g,x) € I' x X is

(g.]},g,l‘)_l - (l’,g—l,gl’).

3. The units of I' X X are the elements of the clopen subspace

GO = {(z,e,x):x € X},

where e is the identity in T. We refer to G as the unit space of ' x X.

Definition 4.1.3. Let I' X X be the transformation groupoid associated to I' ~ X. A
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subgroupoid of I' x X is a subset G C I' X X that is closed under composition, taking

inverses, and units, i.e.,

1. If (hgx, h,gx) and (gz, g, ) are in G, then so is (hgz, hg, ).
2. If (9,9, %) € G, then (gv,g,2)"" € G.

3. If (gz,9,x) € G, then (zv,e,x) € G and (gx,e,gx) € G, where e is the identity in
I

Such a subgroupoid is equipped with the subspace topology from I' x X.

Note that if S is an open subset of I' x X, then S generates an open subgroupoid of

I' x X (cf. [15, Lemma 5.2]).

Definition 4.1.4. Let G be an open subgroupoid of I' x X and let r > 0. The extension of

G by r, denoted by G, is the open subgroupoid of ' x X generated by

GU{(gz,9,2) : x € G 1(g) <7}

Roughly speaking, one can think of G*" as the subgroupoid generated by the “r-

neighborhood” of G.

Lemma 4.1.5. Let G be an open subgroupoid of I' x X, and let r1,ro > 0. Then

(GFr)tr2 ¢ GH(ritra).

Proof. 1t suffices to show that

{(92,9,2) s 2 € (GT) D, U(g) <o} C GHH2),

Pick such an element (gz, g, z). There exists h € ' with [(h) < 7, and hz € G©. Thus
(g9z,gh™', hz) and (hx, h,z) are in Gt"1472) 5o (g, g, 2) = (g, gh™, ha)(hx, h,x) €
GH(ritra) ]
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Definition 4.1.6. [15] An action I' ~ X has dynamic asymptotic dimension d if d is the
smallest natural number with the following property: for every open relatively compact
subset K of the transformation groupoid I' x X, there are open subsets Uy, ..., Uy of X

covering
{r e X :(gz,9,7) € K or (v,9,9 'x) € K for some g € '}
such that for each i, the subgroupoid of I' X X generated by
{(gz,9,7) € K : z,gx € U;}

is relatively compact.

One can check that this definition is equivalent to the earlier one [15, Lemma 5.4].
The main consequence of having finite dynamic asymptotic dimension that we will use

is the following.

Lemma 4.1.7. [14, Lemma 5.3] Suppose that I' ~ X has dynamic asymptotic dimension
d. Then for any r > 0, there is an open cover {Uy, ..., Uy} of X such that for each

i € {0,...,d}, if G, is the subgroupoid of T x X generated by

{(g$7g7x>€FD<Xx€ U hU17l<g)§T}a
I(h)<r

then G is relatively compact.

We also note that when 1 < d < oo and r > 0, if we set W, = U‘;:_Ol U,and W, = Uy

with {Uy, ..., Uy} as in the lemma, and G; is the subgroupoid generated by

{(gz,9.2) eETx X1z e | J h-Wil(g) <1},

I(h)<r
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then G is also relatively compact.

In [14], the authors considered a model for the Baum-Connes assembly map for an
action based on Yu’s localization algebras [39] and Roe algebras. In the appendix of [14],
the authors show that their model for the Baum-Connes assembly map agrees with the
one stated in terms of Kasparov’s K K-theory [1]. The main result in that paper is the

following:

Theorem 4.1.8. [14] Let a countable discrete group 1" act with finite dynamic asymptotic
dimension on a compact Hausdorff space X. Then the Baum-Connes conjecture holds for

I with coefficients in C(X).

As an application of our framework of quantitative K -theory, we will consider the
L, analog of the assembly map in [14], and show that it is an isomorphism under the
assumption of finite dynamic asymptotic dimension. In fact, our proof is modeled after

the proof in the C*-algebraic setting in [14] with only minor adjustments.
4.2 An L, Assembly Map

In this section, we will define an assembly map in terms of L, versions of localization
algebras and Roe algebras, where p € (1, 00). In the case p = 2, we recover (a model of)

the Baum-Connes assembly map for I with coefficients in C'(X) considered in [14].

Definition 4.2.1. Let s > 0. The Rips complex of ' at scale s, denoted Py(T'), is the
simplicial complex with vertex set I, and where a finite subset E C 1" spans a simplex if
and only if d(g, h) < s forall g,h € E.

Points in Py(I") can be written as formal linear combinations ger Lgg, where tg €

[0,1] for each g and } -ty = 1. We equip Ps(I') with the {1 metric, ie.,

d(Ztgg,ngg) = Z [ty — sl

gel ger ger
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The barycentric coordinates on Ps(I") are the continuous functions

ty: Ps(T') — [0, 1]

uniquely determined by the condition z = ) - 1,(2)g for all z € Py(T').

By assumption of properness of the length function on I', one sees that P;(I") is finite-
dimensional and locally compact. Also, the right translation action of I' on itself extends
to a right action of I on P;(I") by isometric simplicial automorphisms.

In the usual setting of the Baum-Connes conjecture, one considers Hilbert spaces and
C*-algebras encoding the large scale geometry of I' and the topology of P;(I"). We will
replace these Hilbert spaces by L,, spaces, thereby obtaining L,, operator algebras instead
of C*-algebras. First, we recall some facts about L,, tensor products. Details can be found
in [10, Chapter 7].

For p € [1,00), there is a tensor product of L, spaces such that we have a canonical
isometric isomorphism L, (X, u)®L,(Y,v) = L,(X xY, uxv), which identifies, for every
€€ L,(X,p)andn € L,(Y,v), the element £ ® n with the function (z,y) — &£(z)n(y) on

X x Y. Moreover, we have the following properties:
e Under the identification above, the linear span of all { ® 7 is dense in L, (X x Y, pu x
V).
o 1€ nlly = lElllnl, forall € € L,(X. o) and y € L, (Y,0).

e The tensor product is commutative and associative.

o Ifa € B(Lp(Xl,lLLl),Lp(XQ,ILLQ)) and b € B(Lp(}/vl,yl),Lp(}/Q,l/Q)), then there

exists a unique

(S B(Lp(Xl X le,[tl X Vl),Lp(Xg X }/2,#2 X 1/2))
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such that under the identification above, c(§ ® ) = a(§)b(n) forall £ € L, (X1, jt1)

andn € L,(Y1,v1). We will denote this operator by a ® b. Moreover,

lla @ b[[ = [lal[[b]]-

e The tensor product of operators is associative, bilinear, and satisfies

(a1 & bl)(ag X bg) = @109 X blbg.

Definition 4.2.2. For s > 0, define

Zy = {Ztgg e P,(I") : t, € Qforall g € F}.

gel

Note that Z is a I'-invariant, countable, dense subset of Py(I").
Define
E, = 6,(Z;) @ 6,(X) ® £, @ £,(),

and equip E with the isometric I'-action given by
Ug - (52®5x®7]®5h) :6zg*1 ®59$®n®59h

forze Z,xe X,nely and g,h cT.

Note that we have a canonical isometric isomorphism
Es=10,Zsx X, l,®(,(1)).

Also note that if sy < s, then P (I') identifies equivariantly and isometrically with a
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subcomplex of P,(I'), and Z,, C Z,. Hence we have a canonical equivariant isometric
inclusion E,, C E;.

We will write Kr for the algebra of compact operators on ¢, ® ¢,(I') = (,(N x I)
equipped with the I'-action induced by the tensor product of the trivial action on ¢,, and
the left regular representation on /,(I"). We also equip the algebra C'(X) ® Kr with
the diagonal action of I'. Note that the natural faithful representation of C'(X) ® Kr
on £,(X) ® ¢, ® {,(I") is covariant for the representation defined by tensoring the natural
action on ¢,(X), the trivial representation on ¢,,, and the regular representation on ¢,(I").

Now we can define the L, operator algebras that will feature in our assembly map.

Definition 4.2.3. Let T' be a bounded linear operator on E,, which we may think of as a

(Zs x Zs)-indexed matrix T' = (T, ,) with

Ty. € B(6,(X) ® £, @ £,(T))

foreachvy,z € Z,.
1. T is I-invariant ifugTu;1 =T forallg €T.
2. The Rips-propagation of T' is sup{dp,)(y, 2) : T, # 0}.

3. The I'-propagation of T, denoted by propr(T), is

sup{dr(g,h) : T}, . # 0 for some y, z € Zs with t,(y) # 0 and t;(z) # 0}.

4. T is X-locally compact if T,,, € C(X) ® Ky for all y,z € Z, and if for any
compact subset F' C Py(T"), the set {(y,z) € F x F: T, , # 0} is finite.

Definition 4.2.4. Let C[I' ~ X; s| denote the algebra of all I'-invariant, X -locally com-

pact operators on Eg with finite I'-propagation.
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Let C*?(I'" ~ X;s) denote the closure of C[I' ~ X s] with respect to the operator
norm on Eg. We will call C*P(I' ~ X; s) the (equivariant) L, Roe algebra of I' ~ X at

scale s.

We will always regard the algebras above as concretely represented on F, and we
will often think of elements of C*?(I' ~ X s) as matrices (7, ,), .cz, With entries being

continuous equivariant functions 7, , : X — Kr having additional properties.

Definition 4.2.5. Let C.[I' ~ X; s] denote the algebra of all bounded, uniformly continu-
ous functions a : [0,00) — C[I' ~ X; s| such that the I'-propagation of a(t) is uniformly
finite as t varies, and such that the Rips-propagation of a(t) tends to zero as t — oo.

Let C7P(T' ~ X; s) denote the completion of Cp[I' ~ X; s] with respect to the norm

llall := sup [|a(®)llc-srrxse)-

We will call C;"(T' ~ X; s) the L, localization algebra of T' ~ X at scale s.

We will regard these algebras as concretely represented on L, [0, 00) ® E;. Elements of
C7P(T ~ X; s) can be regarded as bounded, uniformly continuous functions a : [0, c0) —
C*P(I" ~ X; s) having additional properties.

Now consider the evaluation-at-zero homomorphism
€:C7P(T~ X;s) = CP(T ~ X 8),
which induces a homomorphism
€ : K.(CTP(T v X;8) = K (CHP(T v X5 8)).

If sy < s, then the equivariant isometric inclusion E,, C E allows us to regard
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C[I' ~ X 0] as a subalgebra of C[I' ~ X; s]. We then regard C*P(I" ~ X; sg) (resp.
CiP(T ~ X;s0)) as a subalgebra of C**(I' ~ X;s) (resp. C;7(I' ~ X;s)). Thus
there are directed systems of inclusions of L, operator algebras (C*?(I' ~ X; s))s>0 and
(CTP(T' ~ X;8))s>0, and the evaluation-at-zero maps above are compatible with these

inclusions.

Definition 4.2.6. The L, assembly map for I' ~ X is the direct limit

€ : lim K, (C7P(T ~ X;5)) = lim K. (C*P(T' ~ X;8)).

§—00 S—00

For most of the rest of this dissertation, we will work with the kernel of this L,, assem-

bly map.

Definition 4.2.7. Let C73(T' ~ X s) be the subalgebra of C7*(T' ~ X s) consisting of
functions a such that a(0) = 0. We will call C7{(T" ~ X;s) the L, obstruction algebra

of ' ~ X at scale s.

Lemma 4.2.8. The L, assembly map for I' ~ X is an isomorphism if and only if

lim K, (CH(T ~ X;5)) = 0.

§—00
Proof. We have a short exact sequence

0— Cpo(C v Xss) = CPP(T v Xys) = C*P(I' v X 5) — 0,

which induces the usual six-term exact sequence in K -theory. The lemma then follows
from continuity of A -theory under direct limits, and the preservation of exact sequences

under direct limits of abelian groups. [
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Our goal will be to show that if I' ~ X has finite dynamic asymptotic dimension, then
lim, o K. (CTH(T ~ X;5)) = 0, and thus the L,, assembly map is an isomorphism.
As indicated in the previous section, we will be working with the transformation

groupoid I' x X.

Definition 4.2.9. Let s > 0, and let P;(T") be the associated Rips complex of I'. The

support of z = 3 pty(2)g € Ps(L) is the finite set

supp(z) ={g €T : t,(2) # 0}.
The support of T = (1), )y .zez, € C*P(I' ~ X s) is

there exist y,z € Py(I') with T, ,(x) # 0,
supp(T) = { (gr,gh ', ho) €T x X :
g € supp(y), and h € supp(z)

With this definition, one sees that

propr(T) = sup{l(gh™") : (92, gh™', hx) € supp(T) for some z € X }.

Given two subsets A, B C I' x X, we write AB for

{ab:a € A b€ B,(a,b) is composable}.

With this notation, the following lemma says that supports of operators in C*?(I' ~ X; s)

behave as expected under composition of operators.
Lemma 4.2.10. Let S,T € C*P(I' ~ X; 8). Then supp(ST) C supp(S)supp(T).

Proof. Suppose that (gz,gh™', hx) € supp(ST). Then there are y,2 € Py(T) such

that (ST'),.(x) # 0, g € supp(y), and h € supp(z). Thus there is w € Py(I') such
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that S, ,,(z) # 0 and T, .(xz) # 0. If & € supp(w), then (gx, gk~ , kz) € supp(S)
and (kx,kh=* hx) € supp(T), so (gx,gh™t hx) = (gz,gk™t kz)(kx,kh™' hx) €

supp(S)supp(T). O

Subgroupoids of I'x X give rise to subalgebras of the Roe algebra, localization algebra,

and obstruction algebra that we defined earlier.

Lemma 4.2.11. Let G be an open subgroupoid of T' x X. Define C[G; s| to be the subspace
of C[I' ~ X; s| consisting of all operators T with support contained in a compact subset

of G. Then C|G; s| is a subalgebra of C[I' ~ X; s].

Proof. Given Lemma 4.2.10, it suffices to show that if A and B are two relatively compact
subsets of (G, then so is AB. To see this, first suppose that A and B are compact. Then any
net in AB has a convergent subnet since nets in A and nets in B have this property, and so
AB is compact. Now if A and B are relatively compact, then since AB C AB and AB is

compact, it follows that AB is relatively compact. [

Definition 4.2.12. Let G be an open subgroupoid of T' x X. Let C1[G;s] denote the
subalgebra of Co[I' ~ X s] consisting of functions a such that \J,q ., supp(a(t)) has
compact closure in G.
Let Cp, |G s] denote the ideal of C|G} s] consisting of functions a such that a(0) = 0.
Let C*P(G;s), CiP(G;s), and CZ’S(G; s) denote the respective closures of C|G; s],

CL[G; s, and Cpp[G; 8] in C*P(T' v X 5), CpP (T~ X 5), and (T ~ X 5).

Since we will be working mostly with the obstruction algebras, we introduce the fol-
lowing shorthand notation for these algebras. We also need to construct filtrations on these

algebras so as to apply quantitative K -theory to them later.

Definition 4.2.13. Let G be an open subgroupoid of I x X, and let s > 0. Set A*(G) to
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be C((G; s). Forr > 0, define

A*(G), = {a € CLy[G; 8] : propr(a(t)) < r forall t},

which is a linear subspace of A*(QG).

When G =T x X, we will simply write A® and A?.

Lemma 4.2.14. Let G be an open subgroupoid of I' X X, and let s > 0. Then the family
(A*(Q))r>0 of subspaces of A*(G) satisfies:

1. ifry <o, then A%(G),, C A%(G),,;
2. A%(G), A%(G)yy C A%(G)pyary forall ri, 19 > 0;
3. Upso A%(G), is dense in A°(G).
Proof. Note that a € A*(G), if and only if
o a € CpylG;s|,and
e [(g) < r whenever (g, g,z) € supp(a(t)) for some ¢t > 0.

Properties (1) and (3) follow immediately.

For (2), if a € A*(G),,, b € A*(GQ),,, and (gz,g,x) € supp(a(t)b(t)) for some ¢,
then by Lemma 4.2.10, (gz,g,z) = (gx, gh™', hz)(hx, h, z) for some (gz,gh™', hz) €
supp(a(t)) and (hz,h,z) € supp(b(t)). Thus i(g) < l(gh™') + I(h) < 71 + 13 S0
N (e) O

Lemma 4.2.15. Let G be an open subgroupoid of I' x X and let r,s > 0. Then

A%(G) - ATU AS - A%(G) C A*(GH).

Proof. Follows from Lemma 4.2.10. O
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4.3 L, Baum-Connes Conjecture with Coefficients

In this section, we shall prove the following theorem.

Theorem 4.3.1. Let a countable discrete group I' act with finite dynamic asymptotic di-
mension on a compact Hausdorff space X. Then the L, Baum-Connes conjecture holds

for T with coefficients in C'(X) forp € (1,00).

First, let us formulate the L,, Baum-Connes conjecture with coefficients. We define the
L, reduced crossed product as follows:

Let A be a closed subalgebra of B(L,(Z, 1)) for some measure space (Z, ) and p €
(1,00). Let I' be a countable discrete group acting on A by isometric automorphisms. Set
AT to be the set of finite sums of the form der ayg with a, € A and with the product

given by

() (Z) = Xt

ger her g.hel
where « denotes the I'-action on A. There is a natural faithful representation of AI' on

EP(Fa LP(Z7 M)) giVCI’l by

(a)(h) = ap-1(a)(h),
(9€)(h) = &(g™"h)

fora € A, g,h € I',and £ € (,(I', L,(Z, ). We then define the L, reduced crossed
product A X, , I" to be the operator norm closure of A" in B({,(I", L,(Z, i))).

We formulate the L, Baum-Connes conjecture with coefficients by considering the L,
reduced crossed product instead of the reduced crossed product C"*-algebra on the right-

hand side of the assembly map.
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Conjecture 4.3.2 (L,, Baum-Connes conjecture for I' with coefficients in A). The homo-
morphism

s Ki(ED; A) — Ko (A %y, T)

is an isomorphism, where the left-hand side is the equivariant K-homology with coeffi-
cients in A of the classifying space ET for proper I'-actions, and the right-hand side is the

K-theory of the L, reduced crossed product.

We will use a particular model for £1°, namely Uszo P,(T") equipped with the ¢; metric
(cf. [1, Section 2]), where Ps(I") is the Rips complex of I at scale s. The Baum-Connes
assembly map can then be thought of as a map

iy lim KL (Py(T); A) = K.(A %y, T).

S§—00

Just as in the C'*-algebra setting (see for example [14, Theorem A.3]), and with essen-

tially the same proof, we have a commutative diagram

KT(P(); A) —2 s K (A 5y, T)

| |

€0

K.(CL(Py(T); A)) ———— K. (C™P(Py(I); A))

where the vertical maps are isomorphisms, which allows us to identify the L, Baum-

Connes assembly map 1, with the evaluation-at-zero map

€0 : lim K, (C7P(Py(T); A)) — lim K, (C*P(Ps(T); A)).

5—00 S§—00

In the case where A = C'(X), this is the assembly map that we defined in Section 4.2.

Thus proving the L,, Baum-Connes conjecture for I' with coefficients in C'(X') amounts
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to proving that the evaluation-at-zero map €, induces an isomorphism, which is equivalent
to proving that

lim K, (C7o(T ~ X;s)) =0

5—00

by Lemma 4.2.8. The proof that we present is modeled after the proof in the C*-algebraic
setting in [14], and the idea is as follows:
We want to show that for any s, > 0 and any x € K.(C((I' ~ X s9)), there exists

s > sq such that the map

K. (CTH(T ~ X s0)) = Ko (CIH(T ~ X5 5))

induced by inclusion sends x to 0. By Proposition 3.2.20, we may pass over to the quan-
titative setting, so it suffices to show that the corresponding homomorphism between the
quantitative K -theory groups is zero. Via an induction argument using a controlled Mayer-
Vietoris sequence, it comes down to showing that if G is an open subgroupoid of I" x X
such that G C {(gz,9,7) € ' x X :I(g) < s} for some s > 0, then K, (C7((G;s)) = 0.
For that, roughly speaking, the point is that the assumption on GG essentially makes the

associated Rips complex contractible so homotopy invariance will give us the result.
4.3.1 Base case

Recall that we use the shorthand A°*(G) for C7(G; s). As mentioned above, the base

case of our induction argument involves proving the following.

Proposition 4.3.3. Let G be an open subgroupoid of I" x X such that

G C{(gx,g9,2) e T x X : l(g9) < s}

for some s > 0. Then K.(A*(G)) = 0.
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Before getting into the proof of the proposition, we need to fix some terminology that
is standard in the C"*-algebraic setting but perhaps less so when Hilbert spaces are replaced

by other Banach spaces.

Definition 4.3.4. Let E be a complex Banach space. We say that T' € B(FE) is a partial
isometry if ||T|| < 1 and there exists S € B(FE) such that ||S|| < 1, TST = T, and

STS = S. We call such an S a generalized inverse of T.
Remark 4.3.5.

1. In [30, Section 6], Phillips considers spatial partial isometries on L, spaces. Such
spatial partial isometries are partial isometries in the sense of the preceding defini-

tion but the converse is not true.

2. If (Z, p) is a o-finite measure space, p € [1,00) \ {2}, and T € B(L,(Z, 1)) is an
isometric (but not necessarily surjective) linear map, then it follows from Lamperti’s
theorem [21] that T is a partial isometry in the sense above, and one can find a
generalized inverse S such that ST = I (also see [30, Section 6]). Hereafter, we

will denote such an S by T,

Definition 4.3.6. If A C B(L,(n)) is an L, operator algebra, then we say that b €
B(L,(p)) is a multiplier of A if bA C A and Ab C A. We say that b € B(L,(1)) is an
isometric multiplier of A if b is an isometry and both b and b' are multipliers of A. The set

of all multipliers of A is denoted by M (A).
Fixing G as above and s > 0, we make the following definitions:
e P(G)={(z,2) € P,T) x X : (gx,g,z) € G forall g € supp(2)}.
o 7o = (Z; x X)N Py(G).

o [n= gp(Zg, ﬂp (024 Ep(l“)) = fp(Z(;) (%9 ép & EP(F)
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Note that E is a subspace of E;. Moreover, the faithful representation of C*?(G; s)
on Fj restricts to a faithful representation on Eg. Thus we will consider C*P(G; s)
as faithfully represented on Eg, and A*(G) := C7((G;s) as faithfully represented on
L,([0,00), Eg).

Also, if (z,2) € Py(G) and supp(z) = {g1,.-.,9n}, then {e,91,...,g,} also spans
a simplex A in P,(I") such that A x {z} is contained in P,(G). Hence the family of

functions
HT:PS(G)%PS(G%(Z?Z‘)H((1_T)Z+Teax> (OSTSl)

defines a homotopy between the identity map on P, () and the projection onto the subset
{(z,2) € P,(G) : z = e}, which we may identify with the unit space G*.

In the definition of C[I' ~ X; s], we may use K7°, the algebra of compact operators
on (B,~, 4, @ ,(I)), = (DB, —, p)p @ £,(T), thereby obtaining another L, Roe algebra
C*P(I' ~ X;K®;s). Moreover, fixing an isometric isomorphism ¢ : £, — (Do L)y

gives an isomorphism
CP(I A X;8) =2C"P (I ~» X; K55 s).

We also have the corresponding statements for the L,, localization algebras and obstruction
algebras defined earlier.

For each n, define an isometry u, o : £, — (D, ¢;), by inclusion as the nth sum-
mand, and define UL,O : (D, lp)p — £, by projection onto the nth summand. Then
uLOun,o = 1, for all n, and uLjOum@ = 0 when n # m. Define u,, : L,([0,00), Eg) —

L,([0,00), EZ) to be the operator induced by tensoring u,, o with the identity on the other

factors, where B = (D, Ec),p, and define v}, similarly using ULO. Then v u,, = I for
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all n, and u! u,, = 0 when n # m.

Given a € B({,), consider a® = a@®a®--- € B((D,_,¢y)p)- Then pu(a) = a™ is an
isometric homomorphism B(¢,) — B((D,_,¢;),).- We may also consider the isometry
v € B((D,_,¥p)p) given by the right shift taking the nth summand onto the (n + 1)st
summand. Denote by v' € B((D;~, {,),) the left shift. Then vu(a)o! = 0P a®a® - -
forall a € B(¢,). With u as above, uovoaug,o is given by a 0406 - - - foralla € B((,).
Now a — p*!(a) := vu(a)v’ and a — p0(a) := uggau] o are bounded homomorphisms
B(t,) = B b)),

Now given a € B(L,([0,00), E¢)), consider the bounded linear operator y(a) = a™

on L,([0,00), EZ). Proceeding similarly as above, we get bounded homomorphisms
po it 1 s B(Ly([0,00), Eg)) — B(Ly([0, 00), EZ)).

Moreover, each of them maps A*(G) into A*(G; K°), and M (A*(G)) into M (A*(G; ).

Lemma 4.3.7. Let A be a unital Banach algebra, and let I be an ideal in A. If u € A is

invertible, then Ad,(a) := uau™" induces the identity on K,(I).

Proof. Consider the double of A along I, i.e., D = {(a,b) € A® A:a—0b€ I}. Then
I is an ideal in D via the first coordinate inclusion ¢, and D/u(I) = A via the second
coordinate projection. The diagonal inclusion § : A — D given by a — (a,a) gives a
splitting of the quotient homomorphism so ¢, : K,(I) — K,.(D) is injective.

Now w = (u,u) is invertible in D, and (a,b) — w(a,b)w™" induces the identity in

K.(D). Moreover, we have the following commutative diagram:

1 D
a uau‘ll l(a, b) — w(a,b)w™?
I : D

132



It follows that @ — uau ™' induces the identity map on K, (7). O

The following lemma is an L,, version of a fairly standard result in the K -theory of

C*-algebras (cf. [16, Lemma 4.6.2]).

Lemma 4.3.8. Let o : A — C' be a bounded homomorphism of L,, operator algebras with
C C B(Ly(p)), and let v € B(L,(11)) be an isometric multiplier of C. Then the map
a + vala)v' is a bounded homomorphism from A to C, and induces the same map as o
in K-theory.

More generally, if v € B(L,(u)) is a partial isometry and a multiplier of C, w is a
generalized inverse of v that is also a multiplier of C, and a(a)wv = a(a) = wva(a) for
all a € A, then the map Ad, ,,(a(a)) := va(a)w is a bounded homomorphism from A to

C, and induces the same map as « in K-theory.

Proof. We prove the more general statement. Consider the top-left corner inclusion j :

v 1 —ow
C' — M,(C'), which induces an isomorphism j, on K, (C). Letu = ,
1 —wv w
. . . . . . . w 1 - wv .
which is invertible in My(M (C')) with inverse . By the previous
1 —ovw v

lemma, Ad, induces the identity on K, (C'). Since a(a)wv = a(a) = wva(a) for all a €

A, we have jo Ad, , oa(a) = Ad,ojoa from which it follows that (Ad, , o), = a,. O
Lemma 4.3.9. K.(M(A*(G))) = 0.

Proof. Note that pu, u™ : M(A%(G)) — M(A*(G;K¥)) induce the same map in K-
theory by the previous lemma. Moreover, since p°(a)p™ (a) = p™(a)p’(a) = 0 for
all a € M(A*(G)) and p = p° + p*', the induced maps in K-theory satisfy ji, =
wl + puft = 4 + p.. Hence ¥ = 0. But p° induces an isomorphism in K-theory so

K.(M(A5(G))) = 0. O
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Foreach z € Z, such that (2, z) € P;(G) for some x € X, let £, be a copy of ¢, so that
we have an isometric isomorphism ¢, = (,_, E.),, and letw, : £, ®(,(I') — £, {,(I")

be an isometry with range E, ® £,(I"). For each r € Q N [0, 1], define
w(r) : 4y(Za) @, @ ,(T) = ,(Ze) @ €, @ £,(T)

by 0., @ N > d(1—r)z4ree @ w,n, which is a well-defined isometry.

Fort > 0 and n € NU {oo}, define an isometry
Un(t) : 4p(Zc) ® €y @ Lp(T) = £p(Zc) @ €, @ £y(1)

in the following way:
1. fort < n,v,(t) = w(0) (in particular, v, () = w(0) for all t);

2. form € [n,2n) NN, t € [m,m + 1), (z,x) € Zg with z # e,and 1) € {, ® {,,(T"),

Un(t) (00 ® 1) =

(‘cos (g(t - m)> ‘ w(m; ”) n )sin (g(t - m)) ‘ w(%l_?l)) (0.0 @ 1);

3. fort € [n,2n), (e,x) € Zg, and n € £, ® £,(T),

Un(t) (5e,m ®n) = ez @ We;

4. fort > 2n, v,(t) = w(l).

One can check that the map [0,00) — B((,(Zg) @ €, @ (,(I')),t — v,(t), is norm
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continuous for each n. Now define an isometry
Up - Lp([ov OO), EG) - LP([07 OO)? EG)

for each n by (v,£)(t) = v,,(t)(&(t)) for & € L,(]0,00), E).

Let a € CLy[G;s] and let T = a(t) for some fixed ¢t € [0,00). The matrix entries
(0 () T, ()1),,.2 () Of v, (¢)Tw, (t)T will be linear combinations of at most four terms of
the form wiT4, (y).m,, (=) (z)w), where 1,75 € QN [0,1] and |r; — 73| < - whenever
t > 2. Tt follows that the Rips-propagation of v, (t)a(t)v,(t)! is at most proprisa(t) +
min(L, ;2y), 50 vaavh € Cp oG s).

Also, the operators S; := v,,11(t)v,(t)T on £,(Z¢) ® ¢, ® €,(") have matrix entries
(St)y, that act as constant functions X — B({, ® ¢,(I")), their Rips-propagation tends
to zero as t — oo, and they have I'-propagation at most s for all £. Hence v, v} is a

multiplier of A*(G) for all n.

Lemma 4.3.10. Let A be a unital Banach algebra, and let I be an ideal in A. Define the
double of A along I to be D = {(a,b) € A® A:a—be I}. Assume that A has trivial
K-theory. Then the inclusion v : I — D given by a — (a,0) induces an isomorphism in
K -theory, and the diagonal inclusion 6 : I — D given by a — (a,a) induces the zero

map on K-theory.

Proof. Note that (/) is an ideal in D, and D/.(I) is isomorphic to A via the second
coordinate projection. Since K, (A) = 0, it follows from the six-term exact sequence that
¢ induces an isomorphism in K -theory.

On the other hand, § factors through the diagonal inclusion A — D, a — (a,a), so &

induces the zero map on K -theory since K, (A) = 0. O

We shall apply the lemma in the case where A = M (A*(G)) and I = A*(G) to prove
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the next proposition.

Proposition 4.3.11. Let v,, : L,([0,00), Eg) — L,([0,00), E) be as defined above. Then

the maps a — voav) and a — veavl, induce the same map K,(A*(G)) — K. (A%(Q)).

Proof. Given a € A*(G), define

ala) = (EB vpav] EP vaeav])) € AN(G;KR) @ A%(G; KX).
n=0 n=0
Also define
B(a) = (D vniavy 1, P vcavl) € A°(GiKF) © A°(G1KY).
n=0 n=0

Let D be the double of M (A*(G; Kf°)) along A*(G; K°), and let

C={(c,d)eD:d= @vwavlo for some a € A°(G)},

n=0

which is a closed subalgebra of D. Moreover, « and [ are bounded homomorphisms with
image in C. Consider w = (wy, wy), where w; = @77, vy410;); and wy = P77, VoV,
Note that wy; € M (A*(G; K{°)). We claim that w is a multiplier of C. Indeed, if (¢, d) €
C, then wyd = dw, = d so it suffices to show that cw; — d and wyc — d are in A*(G; ).
We will only consider w;c — d since the other case is similar. Now wic —d = wy(c—d) +
(wyd — d) so it suffices to show that wyd —d € A*(G; K°). But wid —d = (wy —wq)d =
D, o (Vn10], — Vool Jvseavl, € A%(G; K) since vy, (1) = voo(t) for each fixed ¢ and all
n > t. Similarly, w' = (w!, w}) is a multiplier of C'. Now 3(a) = wa(a)w forall a € A.
Moreover, a(a)w'w = a(a) = wiwa(a) for all a € A so a and 3 induce the same map
K.(A*(G)) — K.(C), and thus the same map K,.(A*(G)) — K.(D) upon composing

with the map induced by the inclusion of C' into D.
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Let u be the isometric multiplier of A*(G; K¢°) induced by the right shift. Then (u, u)

is a multipler of D, and conjugating 5(a) by (u,u) gives

v(a) = (0 ® @ vpav 0@ @ vooavlo> :
n=1 n=1

Thus /3 and ~y induce the same map K,(A) — K,(D). On the other hand, the homomor-
phism ¢ : A*(G) — D given by

0 (Vo] 0D OB -+, voeav], DOBOD® ---)

induces the zero map on K-theory by the previous lemma. Also, v(a)d(a) = d(a)vy(a) =
0. Hence

Q=B =7 =+ 0, = (74 0), 1 K.(A%(G)) — K.(D).

Let 19, ¥ : A*(G) — D be the homomorphisms defined by

Yo(a) = (anvg@O@O@... ,0),

Uoo(a) = (vooavl, ®0BO@® -+ ,0).
Also define ¢ : A*(G) — D by

C(a) = (O ® é Vpav), é vooavlo) :
n=1 n=0

Note that ((a)wo(a) = ¥o(a)((a) = ((a)w(a) = Y(a)((a) = 0 for all a € A%(G).
Also, Yy + ( = aand Yo, + ( = v + 6. Hence
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s0 1y and 1, induce the same maps on K -theory.
Finally, if ¢ : A*(G) — D is the inclusion into the first factor (where D is now regarded
as the double of M (A*(G)) along A*(G)), then 1;(a) is given by the composition

a = viav] > (v;av],0) = (viav] ®0@0 & -+ ,0),

)

and the last two maps induce isomorphisms in K -theory, so a — voavg and a — veav],

induce the same map in K -theory. 0

Now it remains to show that a +— v.av], induces the identity map on K,(A*(G))
while @ — wvgav] induces the zero map on K, (A*(G)). This will complete the proof of

Proposition 4.3.3.

Lemma 4.3.12. The map ¢, : K.(A*(G)) — K.(A*(Q)) induced by conjugation by v

is the identity map.

Proof. Since v (t) = w(0) for all ¢, and w(0) is an isometric multiplier of A*(G), ¢oo

induces the identity map in K -theory. [

Lemma 4.3.13. The map ¢y : K.(A*(G)) — K.(A*(G)) induced by conjugation by vy is

the zero map.

Proof. Let G) be the unit space of G, which is an open subgroupoid of I' x X. We
may then consider A°(G(). In fact, ¢ factors through K,(A*(G®)), i.e., we have a

commutative diagram

(4%(G) — 2 K. (A%(@))

N

K, (A5(GOY)
so it suffices to show that K, (A*(G®)) = 0.
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For eachn € Nand a € A%(G")), define

a(t —n) fort>n
a(”)(t) =

0 fort <n

Note that o™ € A*(G?)). Now define o : A*(GY) — A*(GO; K¥) by a — @7, al™.
We also have the “top corner inclusion” ¢ : A%(G() — A3(G©®); KX) given by a +
a®0@0@- - -. Using uniform continuity of elements in A*(G®)) together with arguments

similar to those above, we see that o, + ¢, = a, so ¢, = 0. But ¢ induces an isomorphism

in K-theory so it follows that K, (A*(G®)) = 0. N

4.3.2 Inductive step

Given two open subgroupoids of I' x X, we will consider associated subalgebras of
A% = C’ng (I' ~ X s). However, the filtrations we put on these subalgebras are not the

induced filtrations from A°.

Definition 4.3.14. Fix sy > 0. Let Gy and G be open subgroupoids of I' x X, and let

s > sg. Forr > 0, define

Ay = AY(GF)r + A*(GYT), + A(GET N GYY),

and

taking closure in the norm of A®.

Also define

L = A(G"), + AGGTNGT), S = AP(G])r + A°(GgT NG,
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and

Lemma 4.3.15. With notation as above, (A,),>o is a filtration for A. Moreover, I and J

are ideals in A.

Proof. 1t is clear that A,, C A, if 7o < r, and that Urzo A, is dense in A. By Lemmas

4.2.10 and 4.2.15, it follows that for r1, 75 > 0,
A(GE™ ), - A(G2)y, € ARG, 4,
for: = 0, 1, while

A (GE™),, - A (GE2),, € ARG,y N ARG,

Also,
A5<G8-r1 N Gii—n) . AS(G[-)‘FTQ N Gi&-rg) C As(G(J)r(r1+T2) N GIF(HJFTQ))
and
AC(GI),y - A(Ge P NGY™) C A((Gg NGt
C A((Gg™) ™ n(Gi)T)
C AS(GS-(H-I—W) N Gil—(h-ﬁ-rz))'
Hence (A, ),>o is a filtration for A, while I and .J are ideals in A. O

Now we need to check that the ideals in Definition 4.3.14 satisfy the hypotheses for
our controlled Mayer-Vietoris sequence. To do so, we shall make use of partitions of unity

and associated multiplication operators.
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Definition 4.3.16. Let K be a compact subset of X, let {Uy,..., U} be a finite open
cover of K, and let {¢y,...,dq} be a subordinate partition of unity. Let s > 0. For

i €{0,...,d}, let M; be the multiplication operator on E associated to the function

Zyx X = (0,1, (z,2) = Y _ty(2)ei(gz).

gel

Lemma 4.3.17. With notation as above, the operators M; have the following properties:
LM <1,

2. If T € C*P(I' ~ X; 8) satisfies
{z € X : (gz,9,2) € supp(T) for some g € '} C K,

thenT =T (My+ -+ My).
3. Forany T € C*P(I' ~ X; s) with I'-propagation at most r, and i € {0, ...,d}, we

have

supp(TM;) C {(gx,g,x) el'xX:ze U h-U,l(g) < 7“} N supp(T).

I(h)<s

Proof. Each M; is a multiplication operator associated to a function taking values in [0, 1]
so it follows that || M;|| < 1.

Fori € {0,...,d}, T € C*?(I' ~ X;s),y,z € Py(T"),and x € X, we have

(TMy)y(2) = Ty o) - Y t(2)i(ha).

hel’
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Hence

(T(Mo + -+ + Ma))y,:() ) tn(2)(¢o(ha) + - - + pa(ha)).

hel’

Suppose that {z € X : (gx,g,x) € supp(T) forsome g € I'} C K. If T}, .(x) # 0,
then (gx,gh™', hz) € supp(T) for all g € supp(y) and h € supp(z). In particular,

hz € K forall h € supp(z), so

Z tw(2)(Po(hw) + - - - + Pa(hx)) Z th(z

hell hell

and this proves (2).

Suppose that (gz, gk, kz) € supp(TM;), where T € C*P(I' ~ X;s) has I'-
propagation at most 7. Then there exist y, z € Py(I") with ¢ € supp(y), k € supp(z),
and (T'M;),.(z) # 0. In particular, T, .(z) # 0, so (gz,gk™ ', kx) € supp(T) and
[(gk™') < r. We also have >, t4(2)¢;(ha) # 0, so there exists h € supp(z) with
¢i(hz) # 0, and thus hz € U,. Since h,k € supp(z), and z € P,(I'), we have
[(kh™') < s.Now kx = (kh™')hz € kh™! - U,, and this proves (3). O

In Section 3.4, we have shown the existence of a controlled Mayer-Vietoris sequence
under certain hypotheses. Here, we shall state the hypotheses in a slightly less general
manner (by omitting certain parameters) that suffices for our application. On the other
hand, we also give ourselves a bit more flexibility in terms of propagation control. One

can check that the proofs carry over after adjusting the propagation parameter.

Definition 4.3.18. Ler A be a filtered L, operator algebra with filtration (A,),>o. A con-
trolled Mayer-Vietoris pair for A is a pair (Aa,, Aa,) of Banach subalgebras of A as-
sociated with a pair (A1, Ay) of closed linear subspaces of A satisfying the following

conditions:
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e There exists p : [0,00) — [0,00) with p(r) > r such that for any v > 0, any
positive integer n, and any x € M,(A,), there exist x1 € M,(A1 N A,)) and

)

Ty € My(Ay N Apy) such that & = x1 + o and max(||x1]|, ||z2|]) < ||z

o A, has filtration (Aan,NA;) >0, and Aa, contains A+ Ays N+ N Ags+ Ags A Ags;

e For any r > 0, any ¢ > 0, any positive integer n, any v € M, (Ana,,) and y €
M, (A, ) with ||z — y|| < €, there exists z € My(Aa, piry N An, p(r)) Such that

max(||z — z||, ||z — y||) < &, where p is as above.

Remark 4.3.19. If A, is a closed ideal in A, and we let A; = An,, then the second part

of the second condition above is automatically satisfied.

Theorem 4.3.20. There exists a control pair (\, h) such that for any filtered L, algebra A
and any controlled Mayer-Vietoris pair (Aa,, Aa,) for A, we have the following (\, h)-

exact sequences.

Ka(Aa, N Ay L2020 e 4y e (Any) — 22T )
la
Ko(A) - - Ko(Aa,) ® Ko(Ap,) «—Ko(Ar, N An,)

J1x — Jox (j1,2*,j2,1*)

Ky(SAn, 1 SAA) 220 (G4 ) e k(S An) — T T sa

lo

Ko(SA) «——— Ko(SAn,) ® Ko(SAn,) «———— Ko(SAa, N SAu,)
J1sx — J2« (j1,2*7]2,1*)

where j19, ja1, j1, and jo are the respective inclusion maps, and SA = Cy((0,1), A)

denotes the suspension of A.
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Lemma 4.3.21. The pair (I, J) in Definition 4.3.14 is a controlled Mayer-Vietoris pair
for A.

Proof. Let U; be the unit space of G} fori = 0,1. If a € A,,, then

K :={x € X :(gz,g9,2) € supp(a(t)) for some t € [0,00),9 € T'}

is a compact subset of Uy U U;. Let My, M; be the multiplication operators defined with
respect to the compact set K, the open cover {Uy, U; }, and some choice of subordinate
partition of unity {¢g, ¢1 }. By the previous lemma, we have a(t)(My + M;) = a(t) for all
t. Moreover, ||a(t)M;|| < ||a(t)|| fori = 0, 1. It remains to show that ¢ — a(t) M is in I,
and t — a(t)M, is in J, for some r > r, (that may depend on s, but not on s). We will
focus on the case of M since the other case is similar.

Write a = by+b; +c withb; € A®(G™),, and c € A*(G{™NG{™). By the previous
lemma, we have supp(bo(t)My) C supp(by(t)) and also supp(c(t)My) C supp(c(t)) so
t e bo(t) My isin A (G{™),, C I, and t — c(t) My isin A5(Gg™ N G{™) C I,,.

Now assume that (gz, gh™*, hx) € supp(by(t) M) for some t. Then there exist y, z €
P,(T') such that ¢ € supp(y),h € supp(z), and (by(t)My), .(x) # 0. In particular,
(b1(t))y,=(x) # 0soy,z € Py (') and I(gh™') < ro. Also, >y ti(2)do(kz) # 0 so
there exists & € supp(z) such that ¢o(kz) # 0, and thus kz is in U, the unit space of

G¢™. Hence

(9z,gh™", ha) = (gz, gk~ ', kx)(kx, kh™", ha)

c (Ga—ro)—&-ro . (Ga-ro)-i-so C GS_(QT0+SO).

Hence t — by (t) My is in A0 (GFZ0T)), 1o C Dyotser and so t — a(t) My is in Ty o,

Next, suppose that a € I, and a; € J,, such that ||ag — a1|| < €. Again, let U; be the
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unit space of G for i = 0, 1. Consider

K;:={x € X :(gx,g9,2) € supp(a;(t)) for some t € [0,00),g9 € T'}

for? = 0,1, and let K = K; U K>, a compact subset of Uy U U;. Let My, M; be the multi-
plication operators defined with respect to the compact set K, the open cover {Uy, U, }, and
some choice of subordinate partition of unity {¢y, ¢; }. Define b(t) = ao(t) My + a;(t) My.
Then b € o1 s, N J2rgtsy, and since a;(t) = a;(t)(My+ M) by the choice of K, we have
lla;(t) — b(t)|| < ||ao(t) — a1(t)|| < efori=0,1. O]

Proposition 4.3.22. Let A and P be as in Theorem 4.3.20 and Proposition 3.2.21 respec-
tively. Let I' ~ X be an action. Let ro,s9 > 0, d € N, and N > 1. Then there
is v > max(rg, o) that depends only on the action, 1, S, d, and N, and there exists
0<e< % that depends only on N with the following property:

Let GG be an open subgroupoid of I' x X such that there are open subsets Uy, ..., Uy of X

with the following properties:
1. the unit space G'*) equals U?:o U;;

2. foreachi € {0,...,d}, if G; is the subgroupoid of T X X generated by

{(gl',g,l’)GFNXIEE U hUZal(g)ST}a
I(h)<r

then the expansion G" has compact closure.

Then for any s > max(rg, So) with

d
UG c {lgr,9.0) e T x X : U(g) < s},
1=0
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there exists N' > N such that the inclusion map
KEoN(A(G)) = K2 (A(67))
is the zero map.

Proof. First consider the case d = 0. By assumption, the subgroupoid G’ of G generated

by {(g9z,9,7) €T x X : 2, gv € G I(g9) < ro} has compact closure. Then

GN{(gr,g,2) eT x X :l(9) < 1o} =G N{(gx,9,2) e T x X : l(g) <o}

so A*(G),, = A*°(G’),,, and therefore the natural map

1
0,V

(A°(@) = K

1
K20PN r0,N
*

(A*(G))

is the identity map. On the other hand, A°(G’), = A*(G’) for s > max(rg,sp). By
#, N
Proposition 4.3.3, K, (A*(G")) = 0 so forany z € K,"™™ " (A*(G")), there exists N' >

N such that z = 0 in K20 (A*(G")). We have a commutative diagram

N (@) ——— KV (4(G))

2PN To

-1 T
TOJV(ASO(G/)) - 5 K§7S7N/(AS(G’))

1
0Py
K.V

which gives us the conclusion in the case d = 0.

Now suppose the result holds for some d € N. We want to prove the statement given
o, S0, d+ 1, and N. We first consider the odd case. By Theorem 4.3.20, we have a control

pair (A, h) and a (A, h)-controlled exact Mayer-Vietoris sequence. In particular, for every
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O<e< ﬁ, r > 0,and N > 1, we have a well-defined controlled boundary map

0 K;mN(A) = Ko (1 )

such that if 2 € K"V (A) and 0(z) = 0, then there exist y € K;V*"*""*V(I) and
z € KPNOMNTAN( 7Y with o = i+ z in K3 V"NV (A). In the rest of the proof, we will
write hy for h%N.

By the induction hypothesis, there exists r; > max(hy7, So) such that the result holds
with respect to d. We will show that r = r; + hyro + 79 + So Works. Let G be an open
subgroupoid of I' x X, and let Uy, . . . , Uz11 be open subsets of X be as in the assumptions
for the d + 1 case. Set W, = U?:o U; and Wy, = Uy, so that GO = W, U W,. For

1 =0, 1, let G; be the open subgroupoid of I' x X generated by

{(gx’g’x) elxX:ce |J h-wiily) S?“o}'

l(h)<so

We claim that

A% (G)TO C A% (gO)TO + A% (gl)ro' (41)

Indeed, let a € A*°(G),, so that

K :={x € X :(gx,g,2) € supp(a(t)) for some t € [0,00)}

is a compact subset of G©). Let M, and M, be the multiplication operators defined with
respect to the compact set &, the open cover {W,, W, }, and some choice of subordinate

partition of unity. Then a(t) = a(t)(My + M;) for all t. Moreover,

supp(a(t)M;) C {(g:p,g,x) el'x X:ze€ U h-Wil(g) < ro}
I(h)<so
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sot — a(t)M; is in A*(G;),,, thereby proving the claim.
Now, let s > max(ro, sp) with Uf:ol G c {(9z,9,7) e T x X : I(g9) < s}. In

particular, we have s > r. Fori € {0,...,d}, let

vi= U neus

l(h)<hnTo+so
which is open in X. By the definition of Gy, we see that the unit space of G- hNTo jg U?:o Vi.

Moreover, if H; is the subgroupoid of I' x X generated by

{(gr,g.0) eTx X ze | h-Villg) <nm),

I(h)<ry

then since r > 1y + hyrg + S, the assumptions on Uy, ..., Uy, imply that each H;r”
has compact closure contained in {(gz,g,2) € T' x X : I(g) < s}. By the induction

hypothesis applied to G, hNTO there exist 0 < gy < 2Lo and Ny > N such that the map
KN (A% (Gy ) — K (4 (g M) (4.2)

is the zero map.

Lete, = A;‘},ﬁ and let z € K"V (4%(@)). Let A, I, and .J be defined with respect
to Gy and G; as in Definition 4.3.14. We may regard z as an element in K" (A) since
A%(G)yy C A%(Go)yy + A®(G1)ry C Ay,. Then d(z) € KNV (11 J). But
I N .J N Apyr can be identified with A5G 0 G7*~") 50 we may regard d(z) as an
element in ()N INTOAN (A3 (GFINTO o G FRNTOY)

Since r > max(rg, hnro, So), if we let G} be the subgroupoid generated by

{(ga:,g,x)GFMX:a:E U h'W1,l(g)§7‘},
I(h)<r
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then we have
o " NG C G C G C {(gr,g.m) €D X X tl(g) < s}, (43)

the final inclusion following from the assumptions on s and W;. By Proposition 4.3.3, we

have

KL(A*(G5™ 7 nGH™) =0,

Thus there exists N; > Ay such that d(z) = 0 in KNV 70N (1 4 7). Now by
controlled exactness, there exist y € K NVermvoNy 1y and o e RgpvENerhnro Ny
with z = y + z in KVIverhvro N 4y

Since I, C AS(GT"™™), and J, ., C A%(G;"N™), by the assumption on s and the
observation in (4.3), we may regard y and z as elements in KN V09N (43(GFINT0)) and
KN ENens N gs (G FRNToY) respectively. Then there exists N, > Nj such that y = 0 in
KN (As(GHo)Y) by (4.2). Since K. (A%(GF"™)) = 0 by Proposition 4.3.3 and
(4.3), there exists N3 > N, such that z = 0 in K203 (As(G™v)).

gfr(hNToJrrl)
(A

Finally, G, and G, are contained in G+("0+50) 5o each is contained in G*".

In particular, y and z are both 0 in KfT’S’NS(AS(G+T)) soxz = 01in K?’S’NS(AS(G+T)).
This concludes the proof for the odd case.
One can check that everything from (4.1) onwards holds after taking suspensions

throughout and using the controlled boundary map
e,r,N ANEhe NTAN
0: K" (SA) = K| ’ (SINSJ).

Thus we also get the result for the even case. 0
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4.3.3 Proof of main theorem

Theorem 4.3.23. Suppose that I' ~ X has finite dynamic asymptotic dimension. Then

lim K, (CH(T ~ X;5)) = 0.

S§—00

Thus the L, assembly map in Definition 4.2.6 is an isomorphism. In other words, the L,

Baum-Connes conjecture holds for T" with coefficients in C'(X)

Proof. As above, we use the shorthand A° for C70(I" ~ X; s). We need to show that for
any sp > 0 and any x € K,(A*), there is s > s( such that the map K,(A%) — K,(A°)
induced by inclusion sends x to O.

Consider the commutative diagram

Kf’T’N(ASD) K*ZLO’S’N/(AS)
| |
K.(A%) K. (A%)

where the horizontal maps are induced by inclusion, and the vertical maps are the re-

spective maps passing from quantitative K -theory to K-theory. By Proposition 3.2.20,

1

5 there exist 7 > 0 and N > 1 such that = is in the image of

forany 0 < ¢ <
k1 KEmN(A%) — K,(A®). In particular, we apply this to the ¢ given by Proposition
4.3.22. Then Proposition 4.3.22 and Lemma 4.1.7 imply that there exist s > max{sg, r}

and N’ > N such that the top horizontal map is zero. Hence the bottom horizontal map

sends x to 0. ]

Since the left-hand side of the assembly map can be shown to be independent of p, we

have the following consequence, which gives a partial answer to [29, Problem 11.2].
Corollary 4.3.24. Suppose that I' ~ X has finite dynamic asymptotic dimension. Then
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the K-theory of the L, reduced crossed product C(X) X, I' does not depend on p for

p € (1,00).

Finally, we remark that the question of whether the K-theory of L, reduced crossed
products and L,, reduced group algebras depend on p remains open in general but there

has been some recent work in this direction [18, 22].
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5. SUMMARY AND CONCLUSIONS

In this dissertation, we have seen that the idea of quantitative K -theory can be trans-
ferred to the setting of L, operator algebras (or Banach algebras with an appropriate matrix
norm structure), and we have applied it to investigate the /-theory of L,, reduced crossed

products. Here we give a broad outline of some future prospects.
5.1 Further Study
5.1.1 L, operator algebras and their K-theory

It follows from my work that the /K '-theory of the L, reduced crossed product does not
depend on p € (1,00) under the assumption of finite dynamic asymptotic dimension. It
will be interesting to find other conditions under which the K-theory of the L,, reduced
crossed product does not depend on p, or to consider Morita equivalence of these algebras
in the sense of [28]. The same questions apply to the L, reduced group algebras. There are
some recent results in this direction [18, 22] but these questions remain open in general.
The importance of these questions, say in the case of the group algebras, is that sometimes
it is easier to compute the K-theory of the L, reduced group algebra for large p (cf. [18])
so if the K-theory of these algebras is independent of p, then we will get a computation
of the K -theory of the reduced group C*-algebra in particular. Perhaps related to these
questions is the interaction between various analytic/geometric properties of groups and
the structure or /-theory of the L, reduced group algebras.

Also, one of the questions posed by Chris Phillips in [29] is the following: What is the
K-theory of the L,, group algebra of a finitely generated free group, and more generally,
is there a Pimsner-Voiculescu exact sequence for L,, reduced crossed products by finitely
generated free groups? He also asks whether there are non-trivial idempotents in the L,

group algebra of free groups. One may also ask about the L,, Baum-Connes conjecture
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with coefficients for groups acting on trees (that is, whether it is equivalent to the L,
Baum-Connes conjecture with coefficients holding for all vertex stabilizers just like in the

(C*-algebra setting).
5.1.2 Other applications of quantitative K -theory

Quantitative K -theory makes sense for any C*-algebra with some geometric structure
given by a length function. This kind of geometric structure is reminiscent of what one
considers in geometric group theory. Indeed, any length function on a group will naturally
give rise to a length function on the group C*-algebra (and the crossed product C*-algebra
if the group acts on another C*-algebra). Finitely generated C*-algebras can also be given
a natural length function, and some work has been done in extending notions from geo-
metric group theory to the setting of finitely generated algebras [6]. It seems plausible that
quantitative K -theory can be used to give an “algorithm” for computing the K -theory of
finitely generated C*-algebras (under some geometric assumption), and it will be interest-
ing to see whether there are connections between the geometric properties introduced in

[6] and K -theory of C*-algebras.
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