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Dispersion Model for Varying Vertical
Shear in Vegetated Channels
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Abstract: A dispersion model for a wide range of depthwise vertical shear is derived by using perturbation analysis and power (m) law
velocity profile. For m ¼ 1, the velocity profile provides linear shear, whereas m > 1 provides nonlinear shear, and for m > 20, the velocity
profile resembles the flow through emergent vegetation. The power law represented parametrically simulates well the complex shear profiles
involved in emergent and submerged vegetated flows. The proposed model shows reasonable agreement with past data on vegetated flows for
a wide range of nonlinear shear velocities. DOI: 10.1061/(ASCE)HY.1943-7900.0000431. © 2011 American Society of Civil Engineers.
CE Database subject headings: Channels; Vegetation; Dispersion; Velocity; Shear.
Author keywords: Dispersion; Perturbation; Shear velocity.

Introduction
When pollutants in turbulent flow are transported downstream, vertical and transverse velocity profiles and cross-sectional mixing
spread them over the cross section of flow, after which the balance
between longitudinal shear and cross-sectional diffusion sets up
longitudinal shear dispersion. Several empirical expressions have
been proposed for the longitudinal dispersion coefficient for specific geometric channel configurations (Liu 1977; Seo and Cheong
1998; Deng et al. 2002; Kashefipour and Falconer 2002; Seo and
Baek 2004). Elder (1958) proposed a theoretical expression for a
wide-open channel as
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in which K = longitudinal dispersion coefficient, d = flow depth,
~
ey = vertical diffusivity, and y = depthwise dimension. UðyÞ
¼
  UðyÞ = shear, in which U
 = depthwise average velocity
U
and UðyÞ = depthwise profile of flow velocity. Taylor (1954)
and Fischer (1968) have derived similar expressions for flow
through pipes and natural streams, respectively. Eq. (1) suggests
that the dispersion coefficient is precisely governed by the relative
magnitude of shear in the velocity profile and diffusivity, and
thus one can calculate the accurate magnitude of the dispersion
coefficient if the velocity profile and diffusivity are known.
Fischer (1968) showed that dispersion owing to the transverse
variation of streamwise velocity is much greater than the vertical
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variation (Fischer et al. 1979). The term ey is often assumed to
be constant because its magnitude can be easily calculated from
the bed shear velocity. However, the contribution from U 0 ðyÞ
[included in the term I in Eq. (1)] involves numerous calculations
that make Eq. (1) difficult to solve. Moreover, any change in the
vertical velocity profile may potentially alter the magnitude of K.
To assess this change, Eq. (1) must be solved all the way from the
beginning for every change in the velocity profile. This intricacy
motivated us to derive a general result for a range of velocity profiles in this note. The derivation uses power law (Vennard 1961;
Kundu and Cohen 2002; Cheng 2007) to calculate velocity shear.
Power law, because it performs better than log law (Hinze 1975;
Cheng 2007), has been popularly used in smooth pipe flows
(Schlichting 1979) and open channel flows (Karim and Kennedy
1987; Bergstrom et al. 2001; Cheng 2007). For most of these flows,
the power law has been shown to fit well for a range of the m values.
Studies on open-channel flows show a range of 4–12 m values
for different Reynolds numbers (Chen 1991; Qian and Wan, 1999).
Chen (1991) suggested a general value of m ∼ 6 for the usual practical flows, whereas Smart et al. (2002) suggested reduction up to
m ∼ 2 for flows with larger scale bed roughness (Nowell and
Church 1979). Odgaard and Bergs (1988) used the power law to
model velocity distribution in a curved channel, whereas Odgaard
(1981) extended Falcon’s (1979) analysis based on the power
law to propose an improved model for steady-state transverse
bed profile.
In this paper, we used the power law velocity profile, represented in a parametric form, to calculate shear in vegetated channels
as a function of power; following perturbation analysis, we derived
an expression for longitudinal dispersion coefficient as a function
of power. The change in the m value in the power law velocity provides a corresponding change in the vertical velocity profile, which
in turn changes the shear. The proposed closed-form expression for
dispersion coefficient calculates the corresponding change in the
magnitude of longitudinal dispersion, thus eliminating the repetitive calculations required in Eq. (1). Multiple time scales have been
used for convection and diffusion processes. The proposed derivation is limited to the vertical shear; i.e., it follows Elder’s (1958)
assumption of an infinitely wide-open channel with no variation
in transverse flow velocity.
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Perturbation Analysis
We can estimate the scales required to conduct perturbation analysis using the vertical profile of flow velocity (U) as U ¼ UðyÞ
in 0 < y < d, in which d is the flow depth and y is the vertical
coordinate. The two-dimensional mass transport equation for the
pollutant concentration C can be written as

 2
∂C ∂UC
∂ C ∂2C
ð2Þ
þ
¼D
þ 2
∂t
∂x
∂x2
∂y
with no flux boundary conditions ∂C=∂y ¼ 0 at y ¼ 0 and d.
In Eq. (2), Cðx; y; tÞ = concentration of pollutants, U = depthwise
vertical velocity profile, D = turbulent diffusion coefficient, and
x and y = horizontal and vertical dimensions, respectively. The
solution of Eq. (2) depends on two time scales: the horizontal
advection time T a ¼ L=U m , in which U m is the horizontal velocity
scale, and the vertical diffusion time scale is T d ¼ d 2 =D. A parameter ε ≪ 1 is used to represent the ratio of these two time scales as
L=U m : L2 =D ¼ 1=ε : 1=ε2 , in which U m is the maximum horizontal velocity and L is the longitudinal scale such that d=L ≪ 1.
Assuming that ε ≪ 1 and P ¼ dU m =D ¼ Oð1Þ, the dimensionless
variables x ¼ Lx0 ; y ¼ dy0 ; U ¼ U m U 0 ; t ¼ ðL=U m Þt 0 ; and C ¼
C m C0 with vertical diffusion time scale are used in Eq. (2) to yield
 0
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with boundary conditions becoming ∂C 0 =∂y0 ¼ 0 at y0 ¼ 0 and
y0 ¼ 1. For convenience, primes on the variables are henceforth
dropped out. The solution of Eq. (3) has two independent time
scales, t 0 ¼ t and t 1 ¼ εt. Following the chain rule, the time derivative in Eq. (3) can be written as
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Introducing multiple perturbation for the concentration as C ¼
C 0 þ εC 1 þ ε2 C 2 with C i ¼ C i ðx; y; t 0 ; t1 Þ for all i ¼ 1; 2; 3; …
and substituting Eq. (4) in Eq. (3), the perturbation problems of
first and second order in ε are
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~ ¼ ∂ 2 BðyÞ=∂y2 with boundary conditions ∂C 1 =∂y ¼ 0;
U
∂BðyÞ=∂y ¼ 0 at y ¼ 0, 1. The term P∂UC 1 =∂x in Eq. (7) can
~ as Pð∂UC 1 =∂xÞ ¼ PðU
~ þ UÞfð∂=∂xÞ

be reformulated using U
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Pð∂C 1 =∂t 0 Þ is Pð∂C 1 =∂t 0 Þ ¼ Pfð∂=∂t 0 Þg½Pð∂C 0 =∂xÞBðyÞ ¼
 2 C 0 =∂x2 . Substituting in Eq. (6) and averaging over
P2 BðyÞU½∂
cross section, it is
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in which overbar is the depth averaged. Reverting to dimensional
variables and substituting for the long time scale leads to
∂C0  ∂C 0
∂ 2 C0
þU
¼ Kx
ð10Þ
∂t
∂x
∂x2


~ BðyÞ represents the longitudinal
in which K x ¼ D 1  P2 U
dispersion coefficient.

Longitudinal Dispersion Coefficient
We can use the power law velocity profile to represent the flow
velocity, which in dimensionless form may be written as

m
U
y
¼
ð11Þ
Um
2T 1 d
in which m = power and its value depends on Reynolds number

R ¼ 4Ud=γ
ðγ ¼ kinematic viscosity ¼ 106 m2 =sÞ. We employ
a usual substitution of pipe radius equaling twice the flow depth
to represent the depthwise vertical velocity profile in open channels. Moreover, the location of maximum velocity (U m ) can be represented as a fraction of flow depth, T 1 d. For example, in uniform
flow, the distance of U m is 0:9d from the channel bottom. Although
Eq. (11) is a monotonic function, we can use it as an approximate
model for measured velocity profile, which has a maximum below
the water surface. Fig. 1 shows a linear relationship between m and
R (Modi and Seth 1990), from which we can select the value of m
for a certain value of R. For different turbulent flows, we can select
different R and hence m , and we can obtain corresponding vertical
shear velocity profiles. To illustrate, U m ¼ 1 is assumed in Eq. (11)
11

2

10

ð6Þ

9

m

Assuming unit width of a channel, we can find concentration C 0
by averaging Eq. (5) across the channel depth and involving no flux
boundary condition


Z
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The solution to Eq. (7) is given by the solution to

∂C 0 =∂t0 þ Uð∂C
0 =∂xÞ ¼ 0. Multiplying by P and subtracting
the result from Eq. (6) leads to
~
PðUÞ

∂C 0 ∂ 2 C 1
¼
∂t 0
∂y2

ð8Þ

~ ¼UU
 = velocity defect. The solution for Eq. (8) is
in which U
of the form C1 ¼ Pð∂C 0 =∂t0 ÞBðyÞ. Substituting in Eq. (8),
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 (16) and substituting in the mixing coefficient
Simplifying Eq.
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in which ξ ¼ ðm þ 1Þðm þ 2Þð2T 1 Þm . In Eq. (17), the first term is
the molecular diffusion and the second term is the longitudinal dispersion coefficient (K) owing to shear flow, which is represented as
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Fig. 2. Shear velocity profiles according to magnitude of m

and U versus y=d is plotted in Fig. 2 for various values of m.
The figure shows various vertical profiles of flow velocities, which
resemble one or the other velocity profile that one can observe in
the field. For example, m ¼ 1 provides linear shear current, m ∼ 7
provides logarithmic profile in uniform flow, and m > 15 corresponds to the current profile in coastal areas or the velocity profile
of flow through vegetation. Moreover, for m < 1, the velocity profile reverses to become exponential and provides inverse shear
velocity, which resembles that induced by a hurricane. One can find
 over the flow depth from Eq. (11) by subthe average velocity (U)
stituting y ¼ T 2 d, in which T 2 is the fraction of flow depth at which
 in open
the average value of flow velocity lies. For example, U
channels lies at y ¼ 0:4d from the channel bottom, wherein
 in dimenT 2 ¼ 0:4. We can use Eq. (11) to write equation for U
sionless form as
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m
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in which B1 ¼ 0 = integration constant for the boundary condition
∂B=∂y ¼ 0 at y ¼ 0. Further integrating Eq. (13), one obtains
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¼ 01 BðyÞdy ¼ 0, the result is
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Moreover, one can calculate the fraction TR2 by averaging
 ¼ ð1=dÞ d Udy ¼ U max =
Eq. (11) over the flow depth as U
0
½ð2T 1 Þm ðm þ 1Þ. From this and Eq. (12), T 2 ¼ ½1=ðm þ 1Þ1=m .
The factor 2T 1 is the fraction of the flow depth from bottom where
the maximum velocity lies, which can be approximately fixed,
whereas one can calculate T 2 ¼ f ðmÞ by properly selecting m.
Eq. (18) provides a generalized closed-form expression for the
longitudinal dispersion coefficient. For a Reynolds number corresponding to a particular channel flow, one can use Fig. 1 to find the
corresponding magnitude of m, and using Eq. (18), one can assess
the longitudinal dispersion coefficient for that channel flow.

Application
Fig. 2 shows different shear velocities that exist in the field, for
which one can calculate the corresponding dispersion coefficients
from Eq. (18). This explains the versatility of Eq. (18). The prediction accuracy of Eq. (18) lies in the selection of m. For example, in a
uniform flow experiment, the depthwise velocity profile should be
logarithmic; however, it generally deviates in practice because of
laboratory constraints. Umeyama (2005) suggested a better prediction by using a power series law in place of logarithmic law.
However, the power series requires large computations; moreover,
its accuracy depends on the order of the series under consideration.
The present analysis simplifies the approach and allows for the prediction of dispersion coefficient simply by a suitable selection of m.
Experimental data of emergent (Nepf et al. 1997) and submerged (Murphy et al. 2007) vegetation have been used to examine
the performance of the derived model. In emergent vegetation,
Nepf et al. (1997) used a 38-cm-wide and 20-m-long flume
with 1-m length of vegetation canopy having 0.6-cm-diameter
wooden dowels to simulate the vegetative flow. For the mean
inlet flow ¼ 0:06 m=s, they measured the depthwise velocity profiles first in a bare-bed channel (without vegetation) and then in the
presence of vegetation with varying stem densities as 1, 1.5, and
5.5% (280, 430, 1;700 plants=m2 ), respectively. Their data of all
four velocity profiles were replotted in Fig. 3. The velocity profiles
predicted by Eq. (11) are also plotted with m adjusted to get the
proper fit. Fig. 4 shows the observed dispersion coefficients for
the preceding four cases, measured using dye experiments. This
figure also shows the corresponding dispersion coefficients predicted experimentally and those predicted by Eq. (18). We see some
deviations in the predicted values of Nepf et al. (1997), which have
been reasoned out because of the effect similar to the dead zone
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(Valentine and Wood 1977; Keefe et al. 2004) exercised by vegetation, whereas the dispersion coefficients for bare-bed as well as
vegetated flows are reasonably simulated by the present model.
Elder’s (1958) expression for the dispersion coefficient has also
been used to verify dispersion in bare-bed channels because his
work provides the necessary input: velocity profile (logarithmic
equation) and expression for dispersion coefficient (¼ 5:93dU  ).
m ∼ 8 in the power law equation provided T2 ∼ 0:4, at which
the average velocity of uniform flow lies. The maximum velocity
was calculated using U m ¼ 23d 0:63 and bed slope ¼ 0:0008 from a
given inclined angle 0.046° of flume (Elder 1958). We used this
data in Eq. (18) to calculate dispersion coefficients for flow depths,
for which the limit d < 1:5 cm given by Elder (1958). We then
matched these magnitudes with Elder’s expression for the dispersion coefficient ¼ 5:93dU  . We found reasonable matching,
as shown in Fig. 4, in which deviations for d → 1:5 cm occur
because the validity of Elder’s model reduces toward this value.
We also used data from Ghisalberti and Nepf (2004), who measured velocity profiles in submerged vegetation. The stem height
for all three runs was 13.8 cm, whereas the stem density varied
from 0.025 to 0:080=cm for seven runs, namely A, C, D, E, G,
H, and I. Murphy et al. (2007) measured the corresponding
dispersion coefficient values, which we reproduced in Fig. 4.
To validate the derived equation, we used the velocity profiles for
the preceeding runs (Fig. 5) as given in Ghisalberti and Nepf (2004)
to predict the dispersion coefficient. Because of the drag exerted by
stems, the flow velocity in vegetation region is much slower than
the overflow velocity (Carollo et al. 2002); thus it exhibits a point
of inflection at the top of vegetation. For such velocity profiles, in
which the point of inflection is an important feature, constructing
the velocity profile was possible by using cumulative power;
i.e., mcðnþ1Þ ¼ m0 þ nΔm þ mcn , in which subscript c denotes the
cumulative value of m and n denotes the steps that correspond to the
data points of y in y=d. With the initial m0 ∼ 0 at the surface
(finite value ≪ 1 was taken for practical purposes as T 2 ¼ ∞ at
m ¼ 0), we predicted the velocity profile by selecting a proper
value of the incremental power, Δm. Thus, the cumulative magnitude of power eventually provides initiation with m ∼ m0 at the surface and ends at the bottom for m > 1, with the point of inflection at
around m ∼ 1. Thus, from the surface to the point of inflection,
the concave velocity profile was simulated by 0 < m < 1, and for
the convex profile from the inflection point to the bottom, it was

0.000001
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0.1

0
0

0.04

0.08

0.12

Hz. velocity (m/s)

Fig. 5. Depthwise velocity profiles measured (dots); predicted (lines);
▴ = run G; ▪ = run C; ♦ = run H

simulated by m > 1. The cumulative law previously described
properly provides the necessary increase in m to simulate the entire
profile. For every y=d, the corresponding cumulative value of m
was assigned. The constructed velocity profile was solved by the
perturbation method, previously described, to get the dispersion coefficient. We calculated the vertical diffusivity D ¼ 0:013ðΔUt ml Þ
(in which ΔU is the difference between overflow and vegetation
velocity and t ml is the thickness of mixing layer) as suggested in
Murphy et al. (2007). We plotted the dispersion coefficients for the
seven runs in Fig. 4, which shows good predictions by the derived
equation with the observed data of Murphy et al. (2007).

Conclusion
This paper proposes a generalized expression for the longitudinal
dispersion coefficient for vertical shear that provides its magnitude
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according to the change in the shear velocity. The power law is used
to simulate flow velocity, in which the power term is maintained as
variable, and perturbation analysis to the second order is conducted
to obtain a closed-form solution of the dispersion coefficient. The
proposed expression has the capability to adapt to a wide range of
shear velocity profiles from linear to nonlinear, including common
velocities such as logarithmic profile in uniform flow, vertically
straight profile existing in coastal regions, and so on. In case of
m < 1, the power law also simulates the velocity pattern of a
hurricane. The obtained closed-form equation is applied to simulate the observed dispersion coefficients in the bare-bed flow,
flow through emergent vegetation, and submerged vegetation.
Results show the applicability of the proposed generalized equation for dispersion in vertical shear flow, and may be a useful contribution to the wetland mechanics (Carleton and Montas 2010;
Vandenbruwaene et al. 2011). In view of the numerous individual
dispersion coefficients proposed in the past for particular sitespecific conditions, the present expression can be considered a
more general expression that includes most of the depthwise velocity patterns observed in the field.
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