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ABSTRACT

Many engineering and scientific applications deal with models that have multiple s-
patial scales, and these scales can be non-separable. Many of these processes can exhibit
nonlinearities and have a tight coupling with the temporal scales. Because of the scale
disparity, modeling these processes in the fine-scale approaches often involves the use of
a large number of degrees of freedom, and thus can be prohibitively expensive. As such,
some efficient model reduction methods are required to handle the multiscale problems.

In the dissertation, we are solving multiscale nonlinear problems and time-dependent
problems. Existing methods to solve these problems include numerical homogenization,
multiscale finite element methods, heterogeneous multiscale methods, and the Generalized
Multiscale Finite Element Methods (GMsFEM). GMsSFEM approaches propose a system-
atic enrichment, which calculates multiscale basis functions via local spectral decomposi-
tion in each coarse cell.

We first propose a multiscale model reduction framework within GMsSFEM for non-
linear elliptic problems. We consider an exemplary problem, which consists of nonlinear
p-Laplacian with heterogeneous coefficients. The main challenging feature of this prob-
lem is that local subgrid models are nonlinear involving the gradient of the solution. Our
novel work includes re-casting the multiscale model reduction problem onto the bound-
aries of coarse cells, and introducing nonlinear eigenvalue problems in the snapshot space
for these nonlinear “harmonic” functions. We also present convergence analysis and nu-
merical results, which show that our approaches can recover the fine-scale solution with a
few degrees of freedom. The proposed methods can, in general, be used for more general
nonlinear problems, where one needs nonlinear local spectral decomposition.

We next consider solving problems with multiple scales in space and time. We de-

i



velop our approaches within the frameworks of GMsFEM and Generalized Multiscale
Discontinuous Galerkin Methods (GMsDGM), separately, using space-time coarse cells.
Previous research in developing multiscale spaces within GMSFEM or GMsDGM main-
ly considered spatial multiscale spaces and relevant ingredients only, which will usually
lead to very high dimensional models. In the dissertation, we construct space-time offline
spaces, where local spectral decomposition methods are designed based on our analysis.
We also discuss adding the online stage, where we make use of the online residual infor-
mation to construct online basis functions. Numerical results are presented to verify the
theoretical findings and to show that using our proposed approaches, we can obtain an

accurate solution with low dimensional coarse spaces.
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d-dimensional Euclidean space
Simply-connected bounded open subset of R?
Partition of 2 into fine grid elements
Characteristic length of a fine grid element
Partition of 2 into coarse grid elements
Characteristic length of a coarse grid element
Coarse grid vertex

Coarse neighborhood with a common vertex at z;
Oversampled coarse neighborhood for w;
Coarse-grid block

Oversampled coarse-grid domain that contains K
Primal variable

Fine-grid solution

Coarse-grid solution

Coarse-grid space-time solution defined on (7,1, 7},)
Fine-scale space spanned by polynomials

Partition of unity function
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I. INTRODUCTION

I.1 Motivations
I.1.1 Multiscale and nonlinearity

Many processes in nature have multiscale nature and nonlinearities. The interaction
between nonlinearities and multiple scales can be complex and non-separable. This occurs

in many applications. To discuss some main concepts, we consider an example

div(a(z,u, Vu)) = f. L1

We assume a(z, -, -) is highly heterogeneous with respect to x. In some nonlinear prob-
lems, the nonlinearities within coarse regions (a computational grid), that induce the
change in the heterogeneities, can be parametrized with a low dimensional parameter, e.g.,
a(x,u, Vu) = ag(z,u)Vu (assuming smoothness and boundedness of a). Within each
coarse region, one can approximate the solution v by a constant and thus, can handle these
nonlinearities via a low dimensional parametrization (see, e.g., [34, 55] for homogeniza-
tion and numerical homogenization discussions). If the nonlinearities and heterogeneities
are separable in this case, i.e., a(x,u, Vu) = a(x)b(u)Vu, then, in fact, one can use a
linear theory of multiscale methods (cf. [34, 55]). The situation is very different when
a(x,u, Vu) = ay(z, Vu)Vu. Because Vu is highly heterogeneous, one can not use any
low dimensional approximation and linear theories. This is true even for a separable case
a(x,u, Vu) = ag(x)b(|Vu|)Vu. These problems require nonlinear cell problems. In the
dissertation, we focus on the case a(x,u, Vu) = a(z, Vu).

Many previous research on multiscale methods have considered nonlinear problems.

The approaches including homogenization [56, 46], numerical homogenization [4, 63, 24],



heterogeneous multiscale methods [25, 2, 40, 50], multiscale network approximations [9,
10, 8], multiscale finite element methods [24, 63, 5], variational multiscale methods [43,
42,7, 44], polyharmonic homogenization [54, 11], generalized multiscale finite element
methods [26, 28] have been developed and applied. These approaches approximate the
solution of nonlinear PDEs on a coarse grid (see Figure II.1 for illustration of coarse and
fine grids) by using subgrid models. Some common ingredients in these methods for linear
problems are that local solutions are calculated and used to form equations on a coarse grid.
GMSsFEM approaches propose a systematic enrichment, which calculates multiscale basis
functions via local spectral decomposition in each coarse cell. The extensions of these
methods to nonlinear problems (as (I.1)) use nonlinear local problems.

The main idea of GMsSFEM for linear problems is to form snapshot spaces and perform
local spectral decomposition in the snapshot space. In this dissertation, we will follow the
same general concept and introduce nonlinear eigenvalue problems. Previous approach
[29] develops local nonlinear eigenvalue problems in each coarse cell. In Section III, we
propose a systematic model reduction using nonlinear harmonic functions. The latter is
important as it allows capturing the effects of separable scales. Without using nonlinear
harmonic functions, one can not, in general, capture the effects of small separable scales.
This is in contrast to linear problems, where one can construct one linear basis function
per every coarse node that contains the effects of small scales. Using local solutions al-
lows compressing the effects of small scales within a coarse block and we work with a
system reduced to the boundaries of coarse cells. In this case, we can also guarantee
that our approaches recover homogenization results when there is a scale separation (note
that previous approaches [29] can not guarantee it). The proposed method is related to

hybridization techniques [23, 32, 14, 33].



I.1.2 Multiscale in space and time

A wide variety of multiscale problems vary over multiple time and space scales. These
time and space scales are often tightly coupled. For example, flow processes involving
porous media can occur on multiple time scales over multiple spatial scales. Moreover,
these scales can be non-separable. Reduced-order models for these problems require si-
multaneously treating spatial and temporal scales. Many previous approaches only handle
spatial scales and spatial heterogeneities. These approaches have limitations when tempo-
ral heterogeneities arise. Some popular approaches for handling separable space and time
scales are homogenization techniques [46, 55, 57, 36]. In these methods, one solves local
problems These approaches work well in the scale separation cases, but do not provide
accurate approximations when there is no scale separation.

Previous researchers developed a number of multiscale methods for solving space-time
multiscale problems in the absence of scale separation. These approaches use Multiscale
Finite Element Methods [41, 31, 47, 35], where one computes multiscale space-time basis
functions, variational multiscale methods [45], and other approaches [60, 61, 52, 49] that
are developed for stabilization. In [53], Owhadi and Zhang proposed a novel approach
that uses global space-time information in computing multiscale basis functions. All these
approaches use only a limited number of basis functions (one basis function) in each coarse
block. We note that there has been a large body of works in space-time finite element
methods.

In this dissertation, we use the GMsSFEM framework and and GMsDGM framework,
respectively, and develop a systematic approach for identifying multiscale basis function-
s. Previous approaches mainly considered multiscale spaces together with corresponding
ingredients in space only when developing multiscale spaces within GMsFEM or GMs-

DGM. In our approaches, we develop snapshot spaces by solving local problems in local



space-time domains. We use the techniques of oversampling and randomization by solv-
ing local parabolic equations subject to random boundary and initial conditions, which
can reduce the computational cost. We then solve local spectral problems to obtain of-
fline multiscale basis functions in space-time domain. We discuss several choices for local
spectral problems and present an analysis of the convergence rate of the proposed method.

The multiscale online basis functions are introduced in [15, 16]. The main idea of
online basis functions is using the online residual information and add new multiscale
basis functions to the existing offline space. One need to select a number of offline basis
functions such that with only 1-2 online iterations, the error can be substantially reduced.
In this dissertation, we will propose a possible online construction along with the space-

time GMSFEM approach in Section IV.
I.2 Outline of the dissertation

In Section II, we present some preliminary background concepts that would be used in
the march of this dissertation. We introduce the coarse-scale and fins-scale grids, which
is the mesh we are using to solve for the discrete solutions. Numerical homogenization is
then discussed to give some insights of the motivation of our proposed approaches. We
also briefly explain reduced-order modeling via GMsFEM, which lay the framework for
the methods developed in this dissertation.

Section III is focused on solving nonlinear PDEs. An exemplary problem, p-Laplacian
with heterogeneous coefficients, is fully discussed. We propose a multiscale model reduc-
tion framework within GMsFEM, where we construct snapshot spaces and design non-
linear spectral problems in the spectral spaces to select dominated modes. One of the
innovative parts is that we focus on re-casting the multiscale model reduction problem on-
to the boundaries of coarse cells via using the concept of p-harmonic extension. A detailed

convergence analysis is presented and numerical results are shown to verify the theoretical



findings.

Parabolic equations with multiple scales in space and time are studied in Section IV.
We develop a new approach within GMsFEM to solve this kind of problems by construct-
ing space-time coarse cells. The local snapshot basis and local spectral basis are also
defined in space-time coarse cells. We argue that this space-time GMsFEM approach can
reduce the dimensions of the offline space substantially compared with the previous multi-
scale methods where only spatial multiscale basis functions are used. The convergence rate
of the numerical solution is also analyzed. Besides, we consider adding a new enrichment
procedure of computing online multiscale basis functions to the offline basis functions.
The use of online basis functions gives a rapid convergence. Some numerical results are
presented to exhibit the performance.

We continue exploring the space-time multiscale techniques by using discontinuous
Galerkin methods in Section V. Compared with the conforming approaches in Section IV,
we construct the local problems in each space-time coarse block instead of coarse neigh-
borhood. The proposed method is within the framework of GMsDGM, and we construct
local snapshot space and offline space in each space-time coarse block. A convergence
analysis is presented and the numerical experiments verify the results in the analysis.

In Section VI, we conclude the dissertation by summarizing the contributions we have

made as well as showing an outlook for future work.



II. PRELIMINARIES

In this section, we introduce some preliminary background concepts that would be
helpful for the understanding of the approaches presented in this dissertation. We will
explain the coarse-scale and fine-scale grids, numerical homogenization and reduced-order

modeling via GMsSFEM.
II.1 Coarse-scale and fine-scale grids

Multiscale approaches such as numerical homogenization [4, 63, 24], multiscale finite
element methods [24, 63, 5], variational multiscale methods [43, 42, 7, 44] and generalized
multiscale finite element methods [26, 28] require the construction of coarse-scale and
fine-scale grids. For example, in GMsFEM, the local model reduction is performed in
the level of coarse-scale grids. In this section, we will show in details how to define the
two-scale level grids. We consider both spatial and time scales.

Let 2 be a bounded domain in R? with a Lipschitz boundary 952, and [0, 7] (T’ > 0) be
a time interval. We introduce 7" to be a partition of the domain 2 into fine finite elements
where h > 0 is the fine mesh size. Then we form a coarse partition 7 of the domain
) such that every element in 7* is a union of connected fine-mesh grid blocks, that is,
VK; € TH, K; = Upe, F for some I; C T". We call T the coarse grid. H > 0 denote
the coarse mesh size. In Figure II.1, we illustrate a multiscale discretization.

Let {y;} ¥, be the set of nodes in the coarse grid 7'/, where N, is the number of coarse

nodes. We denote the neighborhood of the node y; by
w; = U{KJ S TH T € E}

Notice that w; is the union of all coarse elements /; € TH sharing the coarse node y;. See
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Figure II.1: Illustration of a multiscale discretization.
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Figure I1.2: Illustration of a coarse neighborhood and elements.

Figure II.2 for an illustration of a coarse neighborhood and elements. Inside each coarse
neighborhood w; ( = 1, - - -, V,)), we call the collection of the coarse edges with y; being
a common vertex the cross of y;.

Next, let 77 = {(T},_1,T,)|1 < n < N} be a coarse partition of the time interval
(0,7") where

0=Ty<Ti<Th<---<Tn=T

and we define a fine partition of (0,7"), 7* by refining the partition 7 7.



II.2  Numerical homogenization for nonlinear equations

When solving for numerical solutions of partial differential equations (PDEs) with
rapidly oscillating coefficients (multiple scales), numerical homogenization methods are
very useful techniques.

For example, we consider
—div(a(z,Vu)) = f in,

with © = 0 on 0€2. In numerical homogenization methods, one can use as a local problem
in each coarse cell K,

—div(a(z, VNg)) =0 in K,

with the boundary conditions Ve = £ -  on K. The homogenized fluxes are computed

by averaging the flux

1

() = (o(e. Vo9) = 7z [ ale VNG

The coarse-grid equation is given by
—div(a*(z, Vu*)) = f in(,

with u* = 0 on 0f2. These approaches follow homogenization theory ([39, 13, 3, 48],
see also [2, 50] and, the references therein, for numerical homogenization), which is well

developed.



I1.3 Numerical homogenization for space-time problems

Numerical homogenization methods for space-time problems with separable spatial
and temporal scales have been studied in the literature [46, 55, 57, 36]. In these meth-
ods, one solves local problems To give an example, we consider the following parabolic

equation

%u —div(k(z, /e t,t/’)Vu) = f, (IL.1)

subject to smooth initial and boundary conditions. Here, € is a small scale, and the spatial
scale is €%, and the temporal scale is €. One can show that (e.g., [46, 55]), the homog-
enized equation has the same form as (II.1), but with the smooth coefficients <*(z,t).
Due to the scale separation, the coefficients can be computed by using the solutions of
local parabolic equations in the periodic cells. The local problems may or may not in-
clude time-dependent derivatives depending on the interplay between « and [ since the
cell problems are independent of e. This homogenization procedure can be extended to
numerical homogenization type methods [51, 1, 35, 37, 59, 62], where the local parabolic
equations need to be solved in each coarse block and in each coarse time step. To compute
the effective property, one averages the solutions of the local problems. These approaches
work well in the scale separation cases, but do not provide accurate approximations when
there is no scale separation. One of our goals in the dissertation is to design numerical

methods for handling problems with non-separable space and time scales.
I1.4 Reduced-order modeling via GMsFEM

In many multiscale finite element methods, they construct one basis function per coarse
node. However, for many complex scale disparities, such as the case where several high-

conductive regions are contained in the coarse region, one need multiple basis functions



per coarse node to capture the local information of the solution space. In this section, we
will discuss how one can compute these multiscale basis functions and introduce Reduced-
order modeling via GMsFEM.

To see the framework of GMsFEM clearly, we take the elliptic equation
L(u) = -V - (k(x)Vu) = fin (I1.2)

subject to Dirichlet boundary condition u = g on 0f) as an example, where (x) is a highly
heterogeneous permeability field in €.

To propose the GMsFEM framework in the conforming setting, we first need to con-
struct a set of partition of unity functions {x; f&l. These functions are supported in coarse
neighborhoods, and summed to one. Specifically, the support of y; is w;, and > | fi”l xi = 1.
In addition, x; has value 1 at the vertex y;. There are two commonly used sets of partition

of unity functions, which are presented below.

e A bilinear partition of unity functions: Y; is defined as bilinear functions x! on w;,

which equals 1 at node y; and 0 on Jw;.

e A multiscale partition of unity functions: y; is defined by

Lu)=0 inK €w;, y;=x, ondK, forall K € w;.

In the following, we elaborate the steps of GMsFEM framework. And we note that the

work in this dissertation basically follows this framework.
I1.4.1 Step 1: Construct local snapshot space.

We consider one coarse neighborhood w;. The construction of the multiscale basis

functions on w; starts with a snapshot space Vg . There are two common choices of Vi

10



in practice.

Using all possible fine-grid functions in wj is the first choice. This can provide accurate
approximation for the solution space, while having large dimensions. The second choice
consists of the use of harmonic extensions. That is, for each w;, we obtain snapshot basis

functions ;" by solving

1

L) =0 onw; (w),

V5" (vx) = Oy for all fine grid node, x;, on dw;.

Next, one can perform an appropriate spectral decomposition (cf. Proper Orthogonal De-
composition (POD)) to obtain some linear independent basis in w;. The local snapshot

space V¥ is defined by

snap

Viap = span{y”

snap

1<j<p“}

I1.4.2 Step 2: Construct offline space.

The snapshot space Vi, constructed in Step 1 contains all or most necessary compo-
nents of the fine-scale solution restricted to w;. For the purpose of mode reduction, one
propose a spectral problem in the local snapshot space and extract the dominant modes in
the snapshot space. We use these dominant modes to obtain the offline basis functions and
the offline space.

For each w;, one solves the following spectral problem: find {¢%"} C Viuap(w;) such

that

A, (57, 0) = A" 80, (65", v), forallv € Vi

J snap*

For example, a,, (u,v) := [ £Vu- Vv, and s, (u,v) := [ Kuv.

11



The multiscale offline space Vo is defined by

Voir = span{x;¢5"| Yw;, 1 < j < p*'}

where {y;} are partition of unity functions of 2.
I1.4.3 Step 4: Solve the global problem.

One can now solve the discrete weak form of (II.2) in the offline space for the multi-

scale solution. That is, find ug € Vg such that

/ kVug - Vv = / fu, forall v € V.
Q Q

12



III. GMSFEM FOR NONLINEAR PROBLEMS

In this section, we present a multiscale model reduction framework within Generalized
Multiscale Finite Element Method (GMsFEM) for nonlinear elliptic problems [19]. We
consider an exemplary problem, which consists of nonlinear p-Laplacian with heteroge-
neous coefficients. Our main objective is to develop snapshots and local spectral problems,
which are the main ingredients of GMsFEM. In the process, we focus on re-casting the
multiscale model reduction problem onto the boundaries of coarse cells. The sections are
organized as follows. In Section III.1, we introduce the model problem and present a mo-
tivation. The description of our GMsFEM approach for nonlinear problem is presented
in Section III.2. The convergence analysis of the method is given in Section III.3. We
construct a numerical implementation in Section III.4, and present numerical results in

Section II1.5.
III.1 Model problem

Suppose (2 is a bounded open set in R? with Lipschitz boundary ). We consider the

following heterogeneous p-Laplacian equation

—div(a(z,Vu)) = f(z) inQ, u=g on Jf, (IIL.1)

where a(z, Vu) = k(z)|VulP"2Vu, p > 2, k(z) > ko > 0 is a high-contrast coefficient
(i.€., Fmax/Kmin 18 large), f € W=149(Q) (1/p + 1/q = 1) is an external forcing term, and
g € WYaP(Q)) is the Dirichlet boundary data.

The corresponding weak formulation is: (P) Find u € W, *(Q) = {v € W'?(Q) :
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v = g on I} such that

/a(x,Vu)-Vv:/fv, Yo € W, P ().
Q Q

The well-posedness of (P) is well established, and one can refer to, for example, Glowin-
ski and Marrocco [38] or the account in Ciarlet [22]. Throughout the section, we define

the energy norm of u € W?((2) as

1/p
|1p0) = (/Q /ﬁ(m)\VuPd:z:) ,

Next, we introduce the finite element approach for the problem. Let 7" be a fine
triangulation. We denote by V" = V"(Q) the usual finite element space containing con-
tinuous piecewise linear functions with respect to 7". We also define V{*(Q2) as the subset
of V() containing functions that vanish on 9f). Similar notations, V"(K), V*(K), are
used for K C €.

The discrete fine-scale problem is defined in the following: (P") Find v € V*(Q)

such that

/Qa(I,Vuh) Vo = /va, Yo € VI(Q).

Additionally, we introduce the coarse-scale and fins-scale spatial grids and relevant

concepts and notations such as coarse neighborhood in the domain €2, see Section II.1.
III.1.1 Motivation

First, we introduce the concept of p-harmonic extension.

Definition IIL.1.1. Ler u € W'?(K) (p > 2) be a given function. Let i € WP(K) be

14



defined so that @ — u € Wy *(K), and that @ satisfies:
—div(a(x,Vu)) =0 in K,

where a(x,Vu) = k(z)|Va[P~2Va. Then u is called the p-harmonic extension of u. We

denote 1 = Hp(u).

Remark II1.1.2. The p-harmonic extension minimizes the energy norm, i.e.

/ w(2)|ViPde = min / ()| VolPda,
K K

vEWLP(K)

where WhP(K) = {v e W'"(K)|v =wuondK}.

Remark IIL.1.3. In this context, all p-harmonic extensions are accomplished coarse-
element by coarse-element. Though, we might use the notation H, directly on a larger
domain such as a coarse neighborhoods w; or the whole domain §2, it means that the

p-harmonic extension is performed on each coarse element contained in w; or §2.

Our main idea is solving for the GMsFEM solution of Equation (III.1) on the crosses
of the coarse mesh and then the solution in the whole domain can be approximated by p-
harmonically extending the obtained cross values into the domain. This idea is motivated
by the technique of numerical homogenization. Our goal is to show that our proposed
GMSsFEM approach recovers numerical homogenization.

First, we describe a well known numerical homogenization technique. This method
can be regarded as using a limited number of degrees of freedom per coarse element. Our
objective is to show that the numerical homogenization is a finite element approximation
on a coarse grid using p-harmonic extension with only one degree of freedom per edge.
We consider

—div(a(z,Vu)) = f in(,
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with u = 0 on 0f). We consider a coarse-grid block K and our goal for each coarse-grid

block is to compute the effective property. This is done by solving local problem
—div(a(z,VNe)) =0 in K,

with boundary condition N = & - = on K. According to the previous definition, we can

write N¢ = H,(§ - x). Then a*(-) is defined as

1
a*(§) = —/ a(y, V. N¢)dy.
TR
The coarse-grid equation is given by
—div(a*(z,Vu")) = f inQ,
with u* = 0 on 0f2. Suppose u* = > ¢, Where {¢y} is a linear basis, then

FNH (@) = /Qa*(x,Vchqbk) -Vodr = Z /Ka*(z cxVor) - Vojdz,

KeQ

At this step, we denote ) | ¢, V¢, = £ = constant, then Ne = H, (> ¢V, - ) and

FNU(@ = | a’(€)- Voydo

Keq /K

:KZEQ/K (|—[1(|/Ka(x,VN§)dx> Voyda

:/Q% (/[(a(x,VHp(chquk-x))dx) - Voda
:/Q% (/I(a(x,VHp(chqﬁk))dx) - V;dr

= /Q fojdz.
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Compared with the numerical homogenization, GMsSFEM seeks the approximation of

the solution in the form ) ., x;¢;"¢;*, which solves

F(o) = / a(z, VH,( ZXZC ) - Voiidx

~ [ 1o5as

where {gb‘,‘c’i}il (L; 1s the number of basis chosen in w;) are generalized multiscale basis
constructed ineach w; (i = 1, -+, N,), {x: }; Ny | 1s the set of partition of unity functions. Our
main approach is to construct multiscale basis functions in a systematic way and provide
a priori error. We see from the above discussion that GMsFEM can be thought as an
extension of numerical homogenization, where we need to identify appropriate procedures
for finding multiscale basis functions. In the following section, we will describe the details

of constructing multiscale basis as well as partition of unity functions.
III.2 Generalized multiscale finite element basis

The goal of our proposed GMsSFEM is to find a numerical approximation of the solu-
tion as well as employing the degree of freedoms only on the crosses in order to exhibit
model reduction. Suppose the generalized multiscale finite element solution we are seek-
ing for is s = Hy(Y, S5, xici¢t), where {2} = | are multiscale basis constructed
in each coarse neighborhood w;, {x;}Y, is the set of partition of unity functions, then
the generalized multiscale finite element formulation for Equation (III.1) is the following:

Find ¢ = {¢ }; x such that
/ a(z, VH,(> Z XiCl ) - Voiida = / fovide  forany j, (111.2)
L i
where a(z, Vu) = k(z)|Vu[P?Vu.
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Remark I11.2.1. The GMsFEM numerical solution u,,s to (II1.2) is uniquely defined. We

suppose that u1 = H,(3, 25;1 XiCp1 ') and up = Hp(3-, Zizzl XiCh2®r') are two

solutions to (I11.2). Then, we have
/(a(a:, Vuy) — a(x,Vug)) - Vodx = 0,
Q
for any test function. Since u, and us are harmonic in each coarse block, we have

/Q/-i(x)\Vul — Vug|Pdz < /(a(x, Vuy) —a(x, Vug)) - V(ug — ug)dx = 0,

Q
which guarantees u; = us. So the solution to (111.2) is uniquely defined.

III.2.1 Snapshot space

We consider one coarse neighborhood w;. The construction of the multiscale basis
functions on w; starts with a snapshot space Vi . There are two common choices of V{Ti)
in practice.

Using all possible fine-grid functions in wj is the first choice. This can provide accurate
approximation for the solution space, while having large dimensions. The second choice
consists of the use of harmonic extensions. In particular, we denote by M}, (w;) the set of

all nodes of the fine mesh 7" which lie on dw;. For each fine-grid node z; € Mj,(w;), we

construct a discrete delta function 67 () defined on M), (w;) by

. 1 fork=y
5]- (.Z'k) = , V.Cl?k c Mh(wi).

0 fork#j

18



Then the j—th snapshot basis function @/);J is defined as the solution of

—div(s(2)Vy) =0 inw,
(I11.3)
Y= 5? on Jw;.

The dimension of V:  is equal to the size of Mj,(w;). We remark that oversampling and

randomization can be used to reduce the computational cost associated with the snapshot

calculations. We refer to [12] for more details.
I11.2.2 Offline space

The construction of generalized multiscale basis for solving p-Laplacian equation in
the fashion of p-harmonic extension is based on the design of a proper nonlinear spectral
problem which will be solved in the snapshot space. In each coarse neighborhood w;, we

define the following nonlinear eigenvalue problem:

o =, AP =0,

Gwi v Gwi ¢wi
v N = =7 o) —, fork > 2,
G (" — Pra(97))

“i — are min :
b N GE (v — B (v)

(IIL.4)
where ¢ € Vi is a constant function in w;, the functionals are given by
G (0) = [ wl@) V)P e G2 0) = [ wl@)VH, (i) P
the projector P (u) = arg min G (u —v), V., = span{¢7", - - -, ¢ ; }. This nonlinear

vEkajl
eigenvalue problem is a standard orthogonal subspace minimization method and is well-

defined (see e.g., [64]).
The eigenfunctions {¢;}) in each coarse neighborhood w; will contribute as offline

basis (or we call them generalized multiscale basis or eigenbasis) after being multiplied
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by the associated partition of unity function y,;. We choose the first L; eigenfunctions on

each w; and denote the offline space as
Ve=span{x;¢y :k=1,--+ L i=1,---, N, } CW"(Q).

. L; i i ;

Recall that our solution assumes the form of u,,s = H,(>_, > ", ¢; x:¢}"), which means
Upms i obtained by p-harmonically extending ) . Zﬁ;l cixai¢y in each coarse block K,
thus only the values of ) . Z,le coixi®, on each coarse edge matter in this sense. If we
consider one coarse neighborhood w;, for example the coarse neighborhood of an interior
coarse vertex (see y; and w; in Figure I1.2), it is the restriction of Zﬁ;l coixidy on the
12 coarse edges that will matter in the process of p-harmonic extension. Notice that the
partition of unity function y; vanishes on and beyond the boundary of w;, thus merely
the restriction of 25:1 coixi®y" on the cross (that is, the inside 4 coarse edges) makes an
influence. Therefore, we can restrict x;¢;' (k = 1,- - -, L;) on the cross of w; and denote

the restricted basis (which we call cross basis in this context) by QAS‘,;’ Then we can write

Ums = Hp(3; Zézﬂ 02“95?) We denote
Ve = span{gzgzi ck=1,--- Ly i=1,--- N,}.

In this way, we can focus on the degree of freedoms on the crosses and perform spectral

decomposition on these crosses.

Remark I11.2.2. In the computation, we use a simpler eigenvalue problem

Wi

V= AT =0,
G (v G (67 -

oh=arg min ———, A= for k>2,
k veEX, i Gy (v) b le(%l)
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where X" is a subspace of Vi and defined as X;" = (span{¢{",- - -, ¢, )L where the

snap

orthogonality L is defined with respect to the H* norm in V<

snap*
III.3 Convergence analysis

To analyze the convergence of our proposed method, we first prove several lemmas.
The first two lemmas are the direct applications of Lemmas 5.1 and 5.3 in Glowinski
and Marrocco [38] and prove the monotonicity and continuity of p-Laplacian operator
a(z,Vu) = k(z)|Vul|P~2Vu, respectively. In the following proof, we introduce the nota-
tion F' < G to represent F' < CG with a constant C independent of the mesh, contrast and

the functions involved.

Lemma IIL3.1. Vu,v € WY (K), p > 2, the following inequality holds:
k(x)|Vu — Vol? < (a(z, Vu) — a(z, Vv)) - V(u — v). (IIL.6)

Proof. We use Lemma 5.1 in Glowinski and Marrocco [38], which proves the following

inequality: Vp > 2, o > 0 such that Vy, z € R2,
(127722 — |y[P 2y, 2 — y)re > alz — y[.

If we take 2 = (k(2))YPVu,y = (k(x))YPVu, then (IIL.6) is proved. O
Lemma I11.3.2. Vu,v € WY (K), p > 2, the following inequality holds:

la(z, Vu) — a(x, Vv))| = M(z,u,v)|Vu — Vv, (IIL.7)

where M (x,u,v) = r(z)(|Vu| + |Vv|)P~2
Proof. According to Lemma 5.3 in Glowinski and Marrocco [38], there holds the follow-
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ing inequality: Vp > 2, 38 > 0 such that Vy, z € R?,

121P722 — [y[P2y| < Blz —yl(|2] + |y|)P2

If we take z = (k(2))Y P~ VVu,y = (k(z))"/P~VVv, then (IIL.7) is proved. O

Lemma I11.3.3. Suppose @ = H,(uy),? = H,(vy),w = H,(ug — vy), where ugy, vy €

WLP(K), p > 2. Then we have

/ ()| V(i — §)dz
- - (IIL8)

<(/ ,«U<ac>rvusmx)Z ([ wwrviras s+ [ worvipas)™

where 1/p+1/q = 1.

Proof. Using Lemma II1.3.1 and integrating by parts, we immediately obtain the following

inequality:

/K w(2)|V (i — 5)Pdz < /K (a(z, Vi) — a(z, V§)) - V(i — 5)
= /aK(a(x, Va) —a(x, V) -n(a — v)ds
— /KV (a(z, Vi) — a(x, V1)) (@ — 0)dz
:/ (a(z, Vi) — alx, V) - 7 dds
oK
— /KV (a(x,Va) — a(x, VD)) wdz

—/ (a(z, Vi) — a(z, VD)) - Vidz

oK
< / Mz, i, 9)|Vii — V| |Vib|da, (IL9)
K

where we used the continuity property of a(z, Vu) proved in Lemma II1.3.2 on the last
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line. Applying Holder’s inequality to (II1.9), we have

/K w@)lVia = v)fde < (/K ()| Vi Vﬁ|pdx>; </K /{(:L‘)|VLD|de>;

p—2

(/K (/ﬂ(a:)_% !M(:c,a,@)‘)pigdx> v

Dividing both sides by ( [ x(z)| Vi — Volrdz) ? gives

/ ()| V(i — 9)Pdz < (/ /<;|V@D|”dx) (/ (k73 [M(x, @, 0)| )de>
K K K
(I1.10)
Recall from Lemma I11.3.2 that M (z, @, 0) = k(z)(|Va| + |Vo])P~2, thus
p=2 p=2
</ (k(2)"F | M (2,8, 9) )zofﬁdx> _ (/ w(2)(| V] + yvm)pdx)
K K
2%%
= (/ k|Va|Pdx —I—/ /{|V17|pd$) :
K K
(IIL11)
We substitute (II1.11) into (II1.10), and we then see that (IIL.8) is proved.
]
Lemma I11.3.4. For any ug,vg € W'P(K), p > 2, we have
/ () |V H (g + v0) P < / k(@)Y (Hy(uo) + Hy(vo))Pde.  (IL12)
K K

Proof. Recall Remark III.1.2, we have

/K #(2)|VH, (u)Pdz = min / ()| VolPdz.

UEWJYP(K) K
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Therefore,

/ k(x)|VH,(up +v9)[Pde = min / k(x)|VwPdx
K (K)JK

1,p
wEWumLUO

= min //4&($)|V(w1+w2)|pdx
(K)JK

1,
w1+w2€Wu0p+U0

IN

min / K(x)|V(wy + wy)|Pdz.
K

w1 WP (K), wr WP (K)

Taking wy = H,(ug), ws = Hp(vp), we obtain

/K (@)Y Hy (g + o) Pz < /K ()| (H (o) + Hy(un)) Pl

]

We will next prove Lemma III.3.5 which approximates the error of GMsFEM solution

by using functions from the offline space V.

Lemma II1.3.5. Suppose u is the exact solution of Equation (I1l.1), u,,s is the GMsFEM

solution from Equation (I11.2), then for any p > 2, we have

q p=2
ot = sl ey = llu = Hyor) | 1l iy Sor any vw € V©,

where 1/p+1/q =1, [[ull1p0) = (J,, 5| VulPdz) Y s the energy norm.

Proof. Using Lemma II1.3.1, we immediately obtain that for any vy € V',

/ RIV (U — tps)|Pdx < /(a(x, Vu) — a(z, Viys)) - V(u — tps)
Q Q
= /Q(a(x, Vu) — a(x, Vi) - V(u — Hy(vg))

< / M (2t ) [Vt — Vit ||Vt — VH, (07)|di.
Q
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Applying Holder’s inequality, we have

témvw—uWwaj(AMV@—UWWWQ;QAMVW— (mmwm)P

p—2

L)

Dividing both sides by ( [, 5(z)|V(u — tps) |pda:) gives

/MV@—W@WMj</MVW—HQWMMQ (/f;qMD )p
Q Q Q
(/ K|V (u— Hy(vy) |pda:> (/ K(|Vu| 4+ |Viy,s|)Pdx )p_
Q Q
= </ k|V(u— Hy(vy) |pdx) (/Ii |Vu|pdx> T

Q Q

It follows immediately
[ = tms|[1p() = [Ju— H (UH)Hlp(mHUH ()"
[

Lemma II1.3.6. Suppose u is the exact solution of Equation (I11.1), K is any coarse block

of size H, p > 2, then we have

/ k(x)|V(u — Hy(u))[Pdx < Hq/ |f|%dzx, (TIL.13)
K K

where 1/p+1/q = 1.
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Proof. 1t’s clear that

—div(a(z, Vu) — a(z, VH,(u))) = f.
Thus,
/K(a(x, Vu) —a(zx, VHy(u))) - V(u — Hp(u))dr = /K(u — Hy(u)) fdx.

By Lemma III.3.1,

k(2)|V(u— Hy(w)|Pde 2 | |u— Hy(u)||f|dx
J J

(o '%) (f )

Using Poincaré’s inequality, we get

/K/i(x)|V(u— ())|pdx<H</ V(u—H \de) (/ |f|qd:c)
:/@(FH (/K/fow(u— |pda7> (/ |f|qu>
jH(/Kﬁ(xHV(u— |de> (/ |f|qu)

Dividing both sides by ( [, £(z)|V(u — Hp(u))|pdx)%, we get

| @t = mpds < e [ |y

]

Remark II1.3.7. This local error estimate proved in Lemma 111.3.6 immediately deduces
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the global error estimate:

Hy(W} iy = 2 f a0 (I1.14)

Now, we come to the main convergence theorem.

Theorem I1I1.3.8. Suppose u is the exact solution of Equation (I11.1), wu,,s is the GMsFEM

solution from Equation (II1.2), then for any p > 2, we have

b=2 — e 1)2 1 P(P 12 i
ot = timallupiey = ullfhey § HE £, A [ull} gy - (IL15)

where A, = min,, AT, |, {\]"} are the eigenvalues defined by (I11.4) in Section 111.2.2, L;

S

is the number of eigenbasis chosen in each coarse neighborhood w;.

Proof. We first define the interpolation of « onto the offline space V¢ as

Tou = arg min {{lu — Hy(v)[}1p)}-
Since Jyu € V¢, we denote Iyu = ), x;ui’, where uy" = Zézl oy’ By LemmaII1.3.5

and (II1.14), it follows that
—2 9
= HuH1 p(Q) Hu - HP(IOU)Hip(Q)
= 0+ 100 = 1))

= Jlull e (Il
< Hu||1p(Q (H(p 1)? Hf”;; 8) + [[Hp(u) — Hy(Lou) |17PEQ)) . (1I.16)

|u — umSHIP

_1
In the following, we will estimate |[H,(u) — Hy(lou)|{ ) Using Lemma IIL.3.3, we

have
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[1Hp(u) = Hp(Tow)|[] 0

p—2

< ([ sonwa - tipar) ([ s p s [ soremmpe)”

p—2

j(/g w(2)|VH, leu—u ))|pdac>z(/gfi(:n)|Vu|pdx>p_l. (IL.17)

Applying the property of H,,(-) proved in Lemma III.3.4 to (III.17), we achieve

| Hp(u) — Hp(Iou) Hllj,p(Q)

i (/Q ; KV ugimpd‘r) % (/Q /{(IL‘)|Vu|Pd:E) =
j (Z / e ))lpdx) | (/Q “<$)|Vu|pda:> : . (LI

Recall that ug’ = 310 ¢ with {#7} being eigenfunctions defined by (IIL.4) in Sec-

tion II1.2.2. We have the following inequality

L;+1

[ R@IVH (= w)Pds < 17— [ k@) VH - wg)Pde. L)

Define A, = min,, A} 1. 11> then through (II1.18) and (II.19) we get

| Hp(u) — Hy(Iou) Hzf,p(Q)

/ k|VH,(u—ug")

L;+1

) (/ /@|V1¢L|pdac>p_1
Q

< (L) (/ ﬁyvgp(u)wd;ﬁ)p (/ /<;|Vu|”dx>pl. (II1.20)
A* QO Q

Using the energy minimization property of H,(-) claimed in Remark III.1.2, we obtain
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from (II1.20) that

[ Hp(u) — Hp(Low) [} 0

() (e

:( ) /m(gg)\vuv’d:c)h_f
:( ) /Q ()| VulPde.

1\ r(r-1)2 L
1) = Ey(Ta iy = () Nl a2

)
1
©

K(z |Vu|pdx) ’

N
S—~—
il
&
<
s

=
QL
&
N———
|

=
2

i

I
|

A= -
)

This gives

Substituting (II1.21) into (II1.16), we obtain

—2

1 ;2 1
2= 7 p(p—1) —
lt = timellipie) < el {H@ T + (A—) ||u||f,pzm} .

]

O

Remark II1.3.9. We notice that A* will increase to infinity. Considering a function u
G (u)
G (u)

specifically, for u having highly oscillating boundary conditions, the value of G“*(u) is

with highly oscillating boundary conditions, the value of will be very large. More

large. But x;u will have less oscillation on the cross since u solves the harmonic problem.
Therefore, G (u) will be small and the ratio of G*(u) over G (u) will be large.
Besides, we can improve the offline convergence rate by using multiple oversampled

spectral problems. To be simple, we start with two eigenvalue problems. We denote

ITH(u) = udt, X = Xi, a = x; (u— I3 (u)), where x} is the partition of unity func-
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tion on the oversampled domain w;". Following inequality (I11.18),

> / IV By 15 ) e = 3 / o)V H, (%i(7 — I () Pda

Y s | IV H G~ L)
1 1 P
=< A—*Z e K|V H,y(u — I (u))|Pda

wi ALi4+1 7T
< [ eI VH - B )P
Rl W . U T
1
=

+
where A, = ming, A7’ and N} = min,,+ A7t 41 This result can be easily extended to
multiple oversampled eigenvalue problems (instead of two eigenvalue problems), and the

result would be

. 11 1
R b e 2

+N

+N _ i Wi +N
where AT = min + Ajl Ly, w;

N is a N layers oversampled domain (w;" is a I layer

oversampled domain). We note that if we choose all these — and +k ’s to be less than

A
some 0 (0 < 0 < 1), then ALA% e /\*LN < ON*1 and the offline error would be exponential

decay as the number of oversampled layers increases.

III.4 Numerical implementation

In this part, we exhibit the process of numerically implementing the proposed method
for p-Laplacian equation. From Glowinski and Marrocco [38], or Ciarlet [22], (P) is

equivalent to the following minimization problem: (Q) Find v € ng’i” Q) = {v €
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WP(Q) : v = g on 9Q} such that

Jo(u) = inf  Jo(v), (TI1.22)

veW,P(Q)

where Jq(u) = %fﬂ k()| VulPde — [, fudz.
It is easily established that .Jo(u) is strictly convex and continuous on W, ?(£2). Be-

sides, Jq(u) is Gateaux differentiable with
Jo(uw)(w) = / k(z)|VulP~*Vu - Vwdr — / fwdzr  Yw € WP(Q).
Q 0

Hence, there exists a unique solution to (Q), and (Q) is equivalent to its Euler equation

(P). The corresponding discrete problem of (Q) is: (Q") Find u" € V"(Q2) such that

Jo(u") = min Jo(v"). (I11.23)
vheVH(Q)

The well-posedness of (Q") = (P") follows in an analogous way to that of (Q) and (P),
see Glowinski and Marrocco [38] or Ciarlet [22].
Recall the discussion in Section II1.2.2, we can represent the GMSFEM solution by

uh = H,(>, 25:1 ot A‘,‘;) For simplicity, we use a single-index notation and denote

uh = p(zyzl cjngSj). Then we apply Broyden’s method (which is a Quasi-Newton’s

method) to solve the minimization problem (Q"), see Algorithm 1.
III.S Numerical results

In this section, we present a number of representative numerical results to verify the
proposed methods in the previous sections. In particular, we solve Equation (III.1) using
the proposed method. We also solve (III.1) for the fine-grid solution on the unit square

2 = [0,1] x [0, 1] using a uniform fine grid of 100 x 100 square finite elements which
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Algorithm 1 A Quasi-Newton algorithm

N
1: Initialization: An initial guess ¢® = <c§0)> and B ¢ RV*N
j=1
2: (1) Compute the gradient vector 3 (¢(?)) = VJQ(HP(Z;V:]_ cg-o) ?;))-
3:  (2) Compute the stepsize 7).
4: (3) Set: &V =9 — 70 BO)FO),
50 @ If||cY — &9 < 6, where || - || is a suitable norm, return.
6: for k =1to N:do R
7. (1) Compute the gradient vector §t¥)(¢t¥)) = VJQ(HP(Z;V:1 cg-k)gbj)).
8: (2) Compute the approximation of the inverse of Hessian matrix:
A (@0 — @h-D) — Bh-D (k) _ Gh-D)|(&k) _ k-1)T Blk-1)
(@® — GF-D)T 1) (§k) — g—D)
9: (3) Compute the stepsize 7*),

10: (4) Set: 5(k+1) — Ak _ T(k)B(k)g(k),
11: o) If ”5(k+1) _ é’(k)H < §, return.
12: end for

10 20 30 40 50 60 70 80 90 100

Figure III.1: Tlustration of the high-contrast permeability field x; ().

is divided into 10 x 10 square coarse elements uniformly. The forcing term is chosen as
f = 1 and we impose a linear Dirichlet boundary condition u(z,x2) = x; + x9. The
high-contrast permeability field x;(z) used in our experiments is shown in Figure III.1,

with high-contrast ratio £yayx/Kmin being 10°.
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III.5.1 Accuracy of GMsSFEM using different numbers of basis functions

We use both fine-grid (FEM) and coarse-grid (GMsFEM) methods to solve the model
problem (III.1). To compare the respective approaches, we introduce relative L,, errors and

relative energy errors, which are defined as

HU - umSHLP(Q)
x 100%,

||U||LP(Q) (I111.24)
Hu - umSHLP(Q)

L, error =

Energy error = x 100%,

[l 1pe0)

where we recall that © denotes the FEM solution and u,,,; denotes the GMSFEM solution.

For the first set of experiments, we take p = 3,4, 5,6 separately and use different
numbers of cross basis (L; for each w;) for each fixed value of p. Then we check the
relative errors of the GMSFEM solutions. Numerical results are shown in Table III.1 and
Figure II1.2. Note that in the first column of each sub-table, we show the numbers of basis
functions used in each coarse neighborhood w;, and the numbers in parentheses are the
degrees of freedom (DOF) of offline space. To visually observe the accuracy of GMsSFEM,
we plot the solutions obtained by both FEM and GMsFEM in the case p = 3 using 4 cross
basis functions in each coarse neighborhood, see Figure II1.3.

By observing the columns in Table III.1 (or the curves in Figure II1.2), we can clearly
see that for each p, the relative error decays as we use more cross basis functions. We note
that as L, increases, the the value of (L; + 1)’s eigenvalue increases, and the error bound
1/A. will correspondingly decrease. Through a more careful examination, we notice that
for each p, when 4 or more than 4 cross basis are chosen in each coarse neighborhood (i.e.
L; > 4 for each wj;), the errors are much smaller. This might suggest that if we use 4 or
more than 4 cross basis in each coarse neighborhood, we would get a better convergence.

We will explore this in more details in the following subsection.
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p=3 p=4
L (DOF) L, error | Energy error L (DOF) L, error | Energy error
1(81) 9.52 % 41.03 % 1(81) [ 1088% | 42.35%
2(162) | 6.45% 34.38 % 2(162) | 6.47 % 32.93 %
3(243) | 5.76 % 27.76 % 3243) | 5.12% 24.13 %
4324) | 0.52 % 6.55 % 4324) | 0.92 % 8.57 %
5(405) | 0.45 % 5.15 % 5(405) | 0.82 % 6.65 %
p=295 p=06
L (DOF) L, error | Energy error L (DOF) L, error | Energy error
181) [10.12% | 40.46 % 1(81) 8.95 % 39.68 %
2(162) | 771 % 34.05 % 2(162) | 6.94 % 30.92 %
3243) | 5.17 % 27.88 % 3243) | 437 % 23.85 %
4(324) | 0.94 % 9.94 % 4324) | 1.07 % 8.70 %
5(405) | 0.81 % 7.92 % 5(405) | 091 % 7.08 %

Table I1I.1: Relative errors for p = 3,4, 5, 6 using different numbers of cross basis.

Energy error

Figure I11.2: Relative error vs L; for p = 3,4, 5, 6.
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Figure 1I1.3: FEM v.s. GMsFEM node-wise solutions, p = 3, DOF = 324.

IIL.5.2 Correlation between errors and eigenvalues

Aside from the accuracy of our proposed method, we are interested in determining how
many cross basis (or DOFs) should be used. As we mentioned earlier, there is a ”jump”
in the relative energy errors when we take 4 cross basis in each coarse neighborhood (i.e.
L; = 4 for each w;, see Table III.1). Thus, L; = 4 might be a good choice. According
to our analysis in Section III.3, that is probably due to a sudden decrease in the quantity
of 1/A., where A, = min,, XL"' +10 {)\;’l} are the eigenvalues defined in (IIL.5) in Section
I11.2.2. To verify this theory, we calculate the corresponding 1/A, for each L; in the case
of p = 3. The results are shown in Table III.2. In this table, we see the jump in A, and
1/A. at L; = 4, which explains our earlier inference. Hence, we conclude that the proper
number of cross basis is chosen at the spot where there is a sudden increase in the values of
A, (or a sudden decrease in the values of 1/A,). We would like to remark that an adaptive
method can be employed to determine a best choice of L; for each coarse neighborhood w;.
Moreover, to see a more quantitative relationship between the relative errors and the values
of A, as well as being inspired by the result in Theorem III.3.8, we calculate the cross-

correlation coefficient between the relative energy errors and the corresponding values of
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1 1
(7-)#@=? for the case p = 3. We recall that the quantity (5-)#®-9> comes from (IIL.15)

in Theorem II1.3.8. The evaluated cross-correlation coefficient is 0.99. This indicates a

1
linear relationship between the relative energy error and the corresponding ( Al GRS

which verifies our result in (II1.15).

h

L] A [ 1A
8.86e-4 | 1.13¢3
2.59%-3 | 3.86¢2
446e-3 | 2.24e2
1.55¢2 | 6.44e-3

4.01e2 | 2.50e-3

N B~ W =

Table I11.2: Values of A, and 1/A, when p = 3.

Remark II1.5.1. We note that the choice of L; is not empirical. We refer to the discussion
in Section 3 in [30], which states that the choice of the proper L; is highly related to the
number of "channels” and “inclusions” in each coarse neighborhood. In more details, if
there are m inclusions and channels in a coarse neighborhood w; , then one can observe
m small, asymptotically vanishing, eigenvalues. In the example presented in this section,
we can see that there are at most 4 inclusions and channels in each coarse neighborhood.
This suggests the choice of L; = 4, and we verify this choice by observing the values of
A%

Since L; is the number of eigen-pairs solved from the nonlinear eigenvalue problem,
it’s a finite number and can not grow to infinity. We can only guarantee that as L; grows
(not necessary to be a large number), the error will decay to a significant small level,

which is verified by our numerical results and more importantly exhibits the effect of model

reduction. This result is similar to solving problems in the linear setting.
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’ L, \ Energy error \ 1/A. ‘
1 44.15 % 1.42e3
36.44 % 4.04e2
27.99 % 2.35¢e2
6.77 % 6.49¢-3
5.30 % 2.50e-3

N AW

Table I11.3: Relative energy errors and values of 1/A, using ks(z), p = 3.

II1.5.3 Numerical tests with more permeability fields

To verify that our proposed method is applicable to more situations, we examine other
choices of permeability field «(z). First, we would like to check that the GMSFEM solu-
tion errors do not depend on the high-contrast ratio Kyax/fmin- TO see this, we increase
the high-contrast ratio of x;(x), which is used in the previous subsections, from 10° to
107. We denote the new permeability field by x4 (z). Then we solve Equation (III.1) using
both FEM and proposed GMsFEM, and calculate the relative errors and the error bound
quantity 1/A,. Numerical results for p = 3 are shown in Table II1.3. Comparing these re-
sults with the top left sub-table in Table III.1 and Table III.2, we can observe similar trend
inside the columns as well as a slight increase in the values of both relative energy errors
and 1/A.,’s. The jump at L; = 4 still occurs. The cross-correlation coefficient between the
relative energy errors and (3-) 717 is calculated to be 0.98.

We also consider a different high-contrast permeability field x3(z), see Figure II1.4.
We solve Equation (III.1) for p = 3 and the results are presented in Table II1.4. The cross-
correlation coefficient between the relative energy errors and (Ai)m is calculated to
be 0.94. Similar conclusions as made in Section III.5.1 and II1.5.2 can be drawn for this
new choice of permeability field. We can see that our proposed method works well for this

permeability field.
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50 10000
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70 6000
80 4000
0 2000
100

10 20 30 40 50 60 70 80 90 100

Figure II1.4: Tllustration of the high-contrast permeability field x3(x).

’ L, \ Energy error \ 1/A, ‘
1 47.08 % 1.85el
27.68 % 4.64e0
20.81 % 2.68e0
4.33 % 2.26e-3
2.69 % 1.01e-3

N B~ W

Table I11.4: Relative energy errors and values of 1/A, using x3(z), p = 3.

II1.5.4 Comments on the computational cost

The online cost is independent of fine mesh parameters, while it will grow as the spec-
tral basis parameters increase. We note that the online cost is proportional to that of solving
homogeneous p-Laplacian equation with polynomial basis. In practise, we usually only
use a few spectral basis, so the online cost is close to that of solving homogeneous p-
Laplacian equation with low order polynomial basis. We note that solving the nonlinear
eigenvalue problem in each coarse neighborhood is one source of the computational cost.
However, this is an offline step, which means when dealing with different forcing terms
and boundary conditions we only need to solve this nonlinear eigenvalue problem for a

single time. Thus, the computation of this eigenvalue problem will not affect the online
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cost of our method. We also note that in Algorithm 1, we need to iteratively update the
values of the nonlinear function N (Vu) = x(x)|Vu[P~? at the fine-grid update level. This
can be time-consuming due to the large size of the fine grid. To decrease this computation-
al cost, one can use the discrete empirical interpolation method (DEIM). Within DEIM,
the nonlinear function on the fine grid can be approximated by only evaluating at a few
carefully selected points. We refer to [6] [58] for more detailed discussions on the use of
DEIM. Moreover, by comparing the degrees of freedoms listed in Table III.1 with the size
of the fine-scale finite element system N; = 10201, we see that we obtain a reduced sized

system by applying GMsFEM, which will reduce the computational cost.

Remark II1.5.2. Compared with the online cost, the offline cost depends on the fine mesh
parameter, considering that each local snapshot problem is solved on the local coarse
neighborhood consisting of fine grids. We note that the cost of numerical homogenization
is high because the local problem —div(a(z,VNg,)) =0 in K with boundary condition
N¢, = & - x on OK (K is a coarse block) is solved for all &,,&s, - - -, &n. Similarly, the
local problem in offline stage is solved for all possible boundary conditions, which is con-
sistent to numerical homogenization. So the offline cost is high. However, as mentioned in
Section 3.2.1, the techniques of oversampling and randomization can be adopted to help
reduce the offline computational cost associated with the calculation of snapshots. Also,
one can select and compute eigenbasis adaptively in each coarse neighborhood which
can eliminate the use of non-dominated modes and reduce offline cost. Besides, as men-
tioned above, DEIM is introduced to reduce offline computational cost when it comes to

the evaluation of nonlinear functions.

Remark II1.5.3. 7o illustrate how the error of DEIM affects the global error estimate
of Theorem 4.8, we adopt the notation apgry (v, Vu) = Ni(Vu)Vu, where Ni(Vu)(~

k(2)|VulP~?) is evaluated using DEIM. We denote fi,,s the DEIM solution which is ob-
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tained by solving

/ appinv (T, Viigs) - Vo = / fo, Yo € VI(Q).
Q Q
Then we have

et = e iy = [ 0V s = )+ e = )
S / CL(JI, VUms) : V(ums - ams) - / CL(I, v'&ms) ' v(ums - ams)
Q Q
- /(ums - ﬂms)f - / a(x, vams) : v(ums - ﬂms)
Q Q

B /Q(GDEIM(% VamS) - a(x> Vﬁms)) ’ v<u""b5 - ams)'

We note that ||apgrv (, Vi) — a(z, Viys)|| is the DEIM error, which can be assumed

to be a small quantity (ref. [5]). Then from the above inequality, it follows
||ums - ﬂmS”I;,p(Q) S 6])_1 Hums - ams”l,p(ﬂ); (IIIZS)

for some small (0 < § < 1).

Combining (I11.25) with Theorem 4.8, we obtain

= Gl <l = sl pie) + tms = Tmsll1p12

1
b=2 L oo 1\ re-12 L
=<4+ ||“||pr9> {H(pm Hngq(;;) + (A_) HqupZQ)} .
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IV.  SPACE-TIME GMSFEM

In this section, we consider a local multiscale model reduction for problems with mul-
tiple scales in space and time [18]. Our main objective is to develop a multiscale model
reduction framework within GMsFEM that uses space-time coarse cells. We organize the
sections as following. In Section IV.1, we present the underlying problem, the motivation
of space-time approach, and the space-time GMsFEM formulations. In Section IV.2, we
construct the multiscale basis by introducing the snapshot and spectral problems. In Sec-
tion IV.3, we present the convergence analysis for our proposed method. In Section IV.5,
we present the new enrichment procedure of computing online multiscale basis functions.
We present numerical results for offline GMsFEM and online GMsSFEM in Section 1V.4

and Section IV.6, separately.
IV.1 Model problem

Suppose €2 is a bounded domain in R? with a Lipschitz boundary 92, and [0, 7] (T >
0) be a time interval. In this section, we consider the following parabolic differential
equation

%u —div(k(z,t)Vu) = f in 2 x (0,7),

u=0 on 9Q x (0,7T), (IV.1)

u(z,0) = p(z) inQ,

where x(x,t) is a time dependent heterogeneous media (for example, a time dependent
high-contrast permeability field), f is a source term, 3(z) is the initial condition. Our
main objective is to develop space-time multiscale model reduction within GMsFEM and

we use the time-dependent parabolic equation as an example. The proposed methods can
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be used for other models that require space-time multiscale model reduction.

We will introduce the space-time GMSFEM in this section, where time dependen-
t multiscale basis functions are constructed on the coarse space-time cell. We recall that
the mesh used in this section is as introduced in Section II.1.

We first compute the fine-scale solution by using the standard conforming piecewise
linear finite element method. One can use discontinuous Galerkin coupling also [27, 20,

21]. Specifically, we define the finite element space V}, with respect to 7" x (0, T) as

{ve L2((0,T); C0<Q)) | v = ¢(x)(t), where
Ok € Qu(K) VK € T", v|. € C°(r) Vr e T"

and ¢|, € Pi(7) VT € T'},

then the fine-scale solution u;, € V}, is obtained by solving the following variational prob-

lem

8uh
/ —v—i—/ //fVuh Vv—l—Z/uth Jo(z, T.)
0 (IV.2)

//fv+/6 o(z, T,

Vv € Vj,, where [] is the jump operator such that

(up(x, T,)] = up(z, T,7) —up(x,T;) forn > 1,

[up(x, T,,)] = up(x, Ty)) forn = 0.

Now we use the space-time finite element method to solve problem (IV.1) on the coarse
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grid. That is, we find uy € Vj such that

aUH
/ —v+/ /KJVUH Vv+Z/uHxT Jo(z, T.F)
o Ja (IVv.3)

//fwr/ﬁ o(z, TH),

Vv € Vi, where Vj is the multiscale finite element space which will be introduced in the
following subsections.

The computational cost for solving the equation (IV.3) is huge since we need to com-
pute the solution uy in the whole time interval (0,7") at one time. To fix this issue, we
assume the solution space V7 can be decomposed into a direct sum of subspaces and each
subspace only contains functions defined on one single coarse time interval (7,,_1,7,,),

that is,

Vi = o v,

where V" is defined as
Vi = {u(a, t)|v(-,t) = 0 for t € (0, T)\(Tp_y, Tp)}

Then the coarse problem (IV.3) can be decomposed into a sequence of sub-problems: find

u’" e V" such that

auH Tn
/ / ’U+/ /I{VUEL?) V'U"’/USL[ (ZL‘,Tn 1) (ZL‘,T: 1)
Th-1 Tr-1/Q &

:/ /fv%—/g;?)( Wiz, T ), Yo e Vi, (IV.4)
T, 1 J0 Q
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where
) ughl)(- T,_,) forn>1,

y tn—1

B() forn = 0.

Then, the solution uy of the problem (IV.3) is the direct sum of all these ug”)’s, that is
ug = @,]y:lugy).

In the next, we will discuss space-time multiscale basis functions. First, we will con-
struct multiscale basis functions in the offline mode without using the residual. Next, in

Section IV.5, we will discuss online space-time multiscale basis construction.
IV.2 Construction of offline basis functions
IV.2.1 Snapshot space

Let w be a given coarse neighborhood in space. To simplify the notations, we omit
the coarse node index for now. Within GMSFEM framework, we need first to construct
a snapshot space V, (or Vsﬂ; )) on coarse time interval (7,,_1,7T,) in order to get offline
basis functions. There are two common choices of Vi & in practice.

Using all possible fine-grid functions in w x (7;,_1, T},) is the first choice. This can pro-
vide accurate approximation for the solution space, while having very large dimensions.

The second choice involves solving local problems using all possible boundary conditions.

In particular, we define 9; as the solution of the following local problem

gwj —div(k(z,t)Vy;) =0 inw x (1,1, T,),

ot (IV.5)
I/Jj(l‘, t) = (5J<l’,t) on 0J (w X (Tn—l,Tn» .

Here §;(x,t) is a fine-grid delta function and 0 (w x (7},_1,7,,)) denotes the boundaries
t =T, and on Ow x (T,,_1,T,). In general, the computations of these snapshots are

expensive because in each w, one need to solve the number of O(M?2+) local problems,
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where M2 is the number of fine grids on the boundaries ¢ = 7T}, _; and on dw X (T,_1, T;,).
Thus, in order to build a more efficient multiscale method, one needs a smaller yet accurate
snapshot space. We can take an advantage of randomized oversampling concepts [12] and
compute only a few snapshot vectors, which will reduce the computational cost remarkably
while keeping required accuracy. Next, we introduce randomized snapshots.

Firstly, we describe the notations for oversampled regions. We denote by w™ the over-
sampled space region of w C w™, defined by adding several fine- or coarse-grid layers

around w. Time interval (7¢_,,

T.,) is defined as the left-side oversampled time region for
(T,—1,T,). We will construct inexpensive snapshots by imposing random boundary con-
ditions on the local region w* x (T ;,T,,). In particular, one solves the following local

problems:

0 ) . «
Ew;r —div(k(z,t)Vy]) =0 inw™ x (T, T,),

Y (x,t) =7 on 9 (W x (T, Tn)),

where r; is a random vector. Then the local snapshot space on wt x (T*_|, T,,) is
wt . w w
Vvsnap = Span{w;_(xvt)‘] = 17 ) L +pbf}7

where L“ and py; are the number of local offline basis in w and the buffer number, respec-

tively.
IV.2.2 Offline space

Now, we are going to construct the offline basis functions. This is done by per-
forming a space reduction in each local space-time snapshot space through some well-
defined spectral problems. In particular, we propose the following eigenvalue problem on

wt x (Tn—la Tn)
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Find (¢, \) € V¥ x R such that

snap

An(d,v) = NS, (h,v), Vv e Ve (IV.6)

snap’?

where the bilinear operators A, (¢, v) and S,,(¢, v) are defined by

Ao, =3 ([ ote s+ [ ot tote 1)
T, :
+ /ﬁ(%,f)V(b'Vv, (IV.7)
Tho1 Jwt

Tn
Sn(o,v) :/ oz, T q)v(x, T, 1) —i—/T /+ FH(x, t)ov,

where the weighted function k™ (z, t) is defined by

Ne

R t) = k(1) Y |VXT

i=1

We note that { ;" }Y°, are partition of unity functions associated with {w;" }*, and satisfies

Vx| > |Vxi| onw;, while {x; }¥°, are partition of unity functions on {w; }.**, and defined

by the following local problems:
—div(k(z,T,,-1)Vx;) =0, in K € w;,
(IV.8)
Xi = iy on 8K7

for all K € w;, where g; is a continuous function on K and is linear on each edge of 0K.

The eigenvalues {)\;-J+ 7 = 1,2,- - - L + pig} from (IV.6) are then arranged in the

ascending order, and we select the first L eigenfunctions, which are associated with the

first L* ordered eigenvalues, and denote them by {0 ..., \I/f: ©M Using these eigen-
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functions, we can define

L® +pg;

w wt,o . w
0 ) = 3 (BN (2 t), =12, LY
k=1
where (\If;‘-’+’°ff) « denotes the k-th component of \I!;ﬁ’(’ff, and ;" (,t) is the snapshot basis

function computed on w™t x (T7*

* |, T,) as in the previous subsection. Then we can obtain

the snapshots 9% (z,t) on the target region w x (7,1, 7;) by restricting w;-“+ (x,t) onto
w X (T,-1,T,). Finally, the offline basis functions on w x (7},_1,7},) are defined by
¢ (w,t) = x¢¥(w,t), where x is the standard multiscale basis function from (IV.8) for a
generic coarse neighborhood w.

The local offline space on w x (T,,_1,T},,) can be defined as

OL;f = Span{¢;j(x7t)|j = 17 o '7Lw}'

Note that one can take V" in (IV.4) as V" = V") = span{¢;" (z,t)[1 < i < N, 1 <

j < L;}. Asaresult, Vi = Vo = 692[:1‘/}3”)-

Remark IV.2.1. For the convenience of convergence analysis in Section IV.3, we also
denote by {\If?+"ﬁ, SRS \Df:f’z}f all the eigenfunctions from (IV.6) corresponding to the

ordered eigenvalues, and define

LY +p

W () = Y (W) (,t),

k=1
fOl"j = 1727' ' 7Lw+pz}

We note that the snapshot space on w™ x (T*

*_1,T,) can be rewritten as

wt wt . w w
V;nap = SP“”{% (l’,t)"] = 17 T L +pbf}7
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and the snapshot space on w x (T,,_1,T,) can be written as

‘/;;Jup = Span{¢;’(x,t)|j =1L +p2}},

where each % (x,t) is the restriction of @b;’ﬁ (z,t) onto w x (T,_1,T,). By collecting all
local snapshot spaces on each w x (T,,_1,T,), we can obtain the snapshot space VYEJZ,), on
Q x (Tn—laTn)-

The offline space can be rewritten as

Vo = span{x1j (z,1)|j < L*}.
Remark IV.2.2. One can use a more general spectral problem in (IV.6) with

A6, v) :% ( /w o, To)o(z,T,) + /w ¢($,Tn_1)v($,Tn_1))

Tn Tn
T / / h(e )V - Vo + / / w0 1) (z0m + Vao - Va),  (IV9)
Th-1 Jw Tho1Jw

(o, v) = /w 8z, To_1)v(z, To_r) + /T T /w %z, £)dv + /T T /w KV X222,

w .
where for any w € Vi, 2y, satisfies

1)+ V- (5, )V (1)) = X

Ve e (T 1, To).
ot’ € (Tn-1,Tn)

With this spectral problem, one can simplify the proof presented in Section IV.3. However,

the numerical implementation of this local spectral problem is more complicated.
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IV.3 Convergence analysis

In this section, we will analyze the convergence of our proposed method. To start, we

firstly define two norms that are used in the analysis. We define || - ||?,,, and || - |7, by
2 T 2 1 2 1 2 +
o = [ [ v 5 [t [,
T 1 J0 Q Q
T,
2
JulByr =l + [ e OBy e
Tnfl
where
Jo uv
el gy

R TN

In the following, we will show the V(™) _norm of the error u;, — uy can be bounded
by the W (™ -norm of the difference uj, — w for any w € V", where uy, 1s the fine scale
solution from Eqn.(IV.2), uy is the multiscale solution from Eqn.(IV.4), and Vlg”) is the

multiscale space defined in the previous section.

Lemma IV.3.1. Both the fine scale problem (IV.2) and the coarse scale problem (IV.4)
have a unique solution for each H, At, and k. Moreover, if uy, is the fine scale solution
from Equation (IV.2) and uy is the multiscale solution from Equation (IV.4), then we have

the following estimate

, Cllun, — w3, forn=1,
||Uh - UH||V(n) <

C<||Uh - w”%/wm + [Jun — UH||%/<H,1>> forn > 1,

forany w € VIS"). If we define the V' ©)-norm to be 0, then we can write the above as

lun = wnr e < € (ln = w0l + lun = wnl ) forn =1,
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for any w € V}(I")

Proof. We will prove the existence of a unique solution for the coarse scale system (IV.4).

The proof for the fine scale system is similar. To simplify notations, we define

auH
a(ug,v / —U+/ /mVuH-VU—F/uH(x,Tn vz, TE )
Q Q Q

Futv) = [ [ o+ [ @nter,

Using integration by parts for the time variable, it is easy to see that a(uy, ug) = [|[ug |3, -

and

Moreover, we have

a(ug,v) < lug|lwm |v]ym. (IV.10)

For uy € V("), we denote uyg = Zwi Xili, then

auH Z/ 8uZ

Q

Notice that
8ul

925 +/ kVu; - Vo =0,V € H&(wi),
we have

aa? = //f(VuZ Vxi)v /mxz (Vu; - Vv)

/
(1) oo oo
( /<;Vuz Vi) + ﬁxl|vuz > (/ KV +/ ’€|VU|2)
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Therefore,

/au—Hv<C <Z/ H(Vui-VXi)z—i—Z/ KX?|VUZ'|2> (/ /{vz+//<;|Vv|2>
w; wj w; wji Q Q

(IV.11)
for some constant C'.
Recall the definition of || - || z-1(.,0), using (IV.11) we obtain
|| 6t ||H S 00102 I£|VUH| s (IVIZ)
Q
where
Z f (V- VX% + Zz fw- "JX?|VW‘2
C1(t) = max,- eV - ;
o Jo K5IV 325 il
Jo BIVO]2 + [, kv?
Co(t) = B 2
R A W T

are two continuous functions of ¢. Note that it is difficult to get an upper bound for C' (¥)
that is independent of discretization and physical parameters. Thus, our results are appli-
cable for a fixed discretization and physical parameters. We plan to investigate a different
approach that can provide results are robust w.r.t. discretization and physical parameters.

Then we get

0
/ I UH“H 1(k,9) < 00102/ /f<d|VuH|2
Tn—l _1

< CCLCollug |,

where C, and C, are two constants. This inequality immediately implies that

lunlliyem < Collun i
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for a constant (Y.

Recall (IV.10), we get the continuity of the bilinear form a(-, -), which is

a(ug; v) < Collup |y [[vflyen.

In addition,

Fu(0) < C (1 lea(cts ey + 195 Iy ) Il

Hence, by the standard Lax-Milgram theory, the problem (IV.4) has a unique solution.
Next, we prove the error bound. Notice that the coarse scale system (IV.4) is written

as

a(ug), v) = Fy(v).

On the other hand, the fine scale system (IV.2) is written as
a(uy”,v) = Fa(v),

where

F) = [ [ o+ [ aPwne e

WV T forn > 1,

and

B(-) forn = 0.

Since the multiscale space is conforming, we obtain

a(w(” —u v) = F,(v) — Fu(v).
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For any w € VM we take v = w — ugL) and the above implies

[w — w12 ) =alw — uly) w —uly)

—a(w — ul™,w — ul?) + Fy(w — o) — Fy(w—u'P).

Since

Futw =) = Futw =) = [ (67(@) = off (0) (w = o)
N /Q (Ugn_l)(‘r’ Tn_—l) - ug_l)<x> Tn_—l)) (w o ug)>

< Cllun = ugllyo-n lw = u§|yo.

Thus, we obtain

o = w e < C(Jlw = llweo + lun = iy ).

The proof is complete by noting that ||u{™ — w7 || o0y < [[ul™ — w0y + [Jw — uf? |y -

By the above lemma, we can estimate the error of our multiscale solution. In par-

ticular, it suffices to find a function w in VIS,") such that ||up, — w||ymis small. Besides

Lemma IV.3.1, we need the following lemma, which can be proved easily by multiplying

the equation by ; and using integration by parts.

Lemma IV.3.2. For any v satisfying

%v —div(k(z,t)Vv) =0 in w; x (T,-1,T,),
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we have

T T
/ (e, Tp) + / / K3Vl < / (2, To) + / / KV,
w; Th-1 Jw; wj Th-1 Jw;

(Iv.13)

where the notation F < G means F < CG with a constant C independent of the mesh,

contrast and the functions involved.

Next, we will state and prove our main result in this section. We will define a few
constants that will appear in our error estimate. Given a coarse block K, we define Mg
as the number of coarse neighborhoods having non-empty intersection with A and define

M = maxyrn M. For each coarse neighborhood w;, we define

L eIV + [ kxFVol? 1
Di = sup - : ) E =
veHE () J, BV + [, ko2

mingew, { X (2)]7}

and D = max;<;<n, D; and F' = max;<;<n, F;. Note that the constants D and I’ are
independent of the multiscale space and the basis functions. In addition, we define the

constant I by

Jo & Vw]* + [, kw?
E = sup

weHE(Q) fQ K| Vw|?

The constant E is related to the best constant C, in a weighted Poincare inequality by
E =1+ Cq where [, kw® < Cq [, k|Vwl|? for all w € Hj(f2). Recall that u, is the fine
scale solution. We define u;, as the best approximation of u; within the snapshot space,

namely,

Up, = argminvevsgzp) Huh - UHW(n)-

We remark that the norm ||u;, — || represents an irreducible error, and it is small

by the construction of the snapshot space. Notice that we can write @, = ) . X;Up,; With

54



+
Ui =Y, cijy". Finally, we define @, = >~ ¢i;¢;" and the || - [l () norm in the

oversampled region w;"~ by

T
n 1 1
2 2 2 - 2 i
= \Y% - T — T .
||U||V(n)(wi+) /Tn_1 /wf K| Vol + 5 /wj vi(x, T, ) + 7 /wj v (@, T, )

The main convergence result is presented in the following theorem.

Theorem IV.3.3. Let uy, be the fine scale solution from Equation (IV.2), uy be the multi-

scale solution from Equation (IV.4). Then we have the following error bound

N¢ 1

|un — UH||%/<n> =M(DEF +1) Z THﬂLH%/(n)(wj) + [lun — ﬁhH%v(n)
=1 ALZ+1 (IV 14)
+ lun — un|[finn-
Proof. By Lemma IV.3.1,
lun — i |[Fm = inf flup — WllHm + llun = wallf oy (V.15)

weVy

. . 2
Therefore, we need to estimate inf v |un — w|l e -
N N wr . . .
Note that @, = >, xiln;i = _, Zj cijXi¥;". Using this expression, we can define a

projection of @y, into Vf(ln) by P(un) = >, > <y, CijXa;". Then

inf(‘n) Huh - wH‘Q/V(n) S Huh - P(ﬁh)HtQ/V(n)
weVy

< M = @l + Nan — Pan)||5m- (IV.16)

We will estimate ||@, — P(n)][7 () -
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By the definition of || - ||y ), we have

1 = P(n) [y =1 X = P@n)) |3

T (Y il — Plin)
w7 = B s
where ﬁh,i = Zj Ci,jw;)i and P(ﬂhﬂ) = ZjSLi Ciij;-}i. Let e, — ﬁhﬂ' — P(fbhﬂ'), then
uy, — P(@,) = Y, x.€i. Therefore,

T 902 xi€:)
J

i — P(@n)lfe = 1Y xieallfo + Il (IV.17)

Tnfl

In the following, we will estimate the two terms on the right hand side of (IV.17), sepa-
rately. Then the proof is done.

First, we estimate the term || D, xié;|},.,- We define the local norm || - [|y/t) () by

2
Vn

T,
n 1 _ 1

1911 1) :/T /K"‘JW’UPJF§/I(02($,Tn)+§/[{v2($aTi1)-
n—1

Then we have
I XieiH%/(n) < | Xiez‘H%/m) K)*
(K)
7 K 7
Moreover,

1Y xi€llyo ey < Mk Ixi€ills o g
, (x) ' (x)

where M is the number of coarse neighborhoods w;’s which have nonempty intersection

with K.
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Therefore,

| ZXiei”%/(n) < ZMK Z ||Xi€i||%/(n)(1() < MZ ||Xi@i||%/(n>(wi)a IV.18)
i K i i

where we recall that M = max g { M }. Now, we need to estimate the term || x;¢; %, ()"

Since V(x;e;) = ¢;Vx; + x;Ve;, we obtain

Th Tn
Ixielly e, < 2 kIVxilPe] 42 rXG Vel
(wi)
Tr—1 Jw; Tn1 Jw;

+bLmzuT>2lﬁmuT+>

Using Lemma IV.3.2, we have

el / [ sonie+ [ e
/ [ wivre /-(x,T;_n-

+
: ons in wt +_ ot ~+ T i
Now we introduce notations in w;" and denote e;” = @, ,—P(&;, ;), where @, = > . ¢; j9;

+
and P(i;};) = Y., ¢i ;" . Itis obvious that @,

w; — ah,i’ P(a}tz)

w = P(ty;) and

4
7

e; |w; = e;. And there holds the following two inequalities,

Tn
/ //1|in|26?§/ / k|VxPe |2, (IV.19)
Tn-1 Jw; Tho1

and

[ éwriy< [ e av20)
wj w;r
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Thus,

Th
il < / / RIVX Pl / e (

vaJ 1>|2'

(Iv.21)
Substituting (IV.21) into (IV.18), we immediately obtain

Tn
I3 el = M (/ [ v [ e
i i n—1 v, w;"

Next, we will estimate the term

x, T 1)|2> . (IV22)

/Tn H a(zz Xlel) 2
T, . ot

||H*1(K,Q)'

By definition, we have

Since e; satisfies the equation

n n 861
/T Ha(Zz Xiei) H2 ) _ /T sup (IQZ Xl w)
H-1(k,Q) —
Tyt ot S weH} () fg"f|vw|2
. (S0, vwl)
S/ sup

: (IV.23)
Tn—1 weHE(Q) fQ li|vw|2

priie div(k(z,t)Ve;) = 0inw; x (T,_1,T),

[ x5

/ k(z,t)Ve; - V(xw)

/ k(z,t)wVe; - Vx; — / k(z,t)x;Ve; - Vw.
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Moreover,

Xia;tiw) :‘—/ ﬁwV€i~VXi—/ /‘@Xivei'vw)

1 1 1 1
< </ /@w2|VXi|2> ’ </ /@|Ve¢|2> ’ + </ /@XZZVw|2> ’ </ /4|Vez'|2) :
<2 (/ rw?|Vx;|? +/ nx?|vw\2) (/ ,%Vei\?) : (IV.24)

Using the definition

L, EIVxiP0* + [ kxZIVol?
D; = sup - -
UEHS(Q) fwi R|VU|2 + fwi KUZ

from (IV.24) we obtain

1 1
, 1 2 2
Xz‘aaetl’w‘ <2D;? (/ K| Vw|? +/ mv2> </ R|V6i12>

Therefore,

< 3 2 2)? / 2)?
Xlat ’ 2ZD </ k| Vuw| —l—/winw) <Win|Vezl)
<2<ZD /H‘V@U’Q /nw2)> (Z/ R\Ve¢]2>
" . :
<2DzM?= (/ /1|Vw|2+/mu2> <2/ /4|Vei|2> , (IV.25)
Q Q i w;

where D = max{D;}. Combining (IV.23) with (IV.25), we have

[NIE
N

T (Z Xi€i)
/ |———F-1(n0) < 4DME <Z/ / n[Vei2>. (IV.26)
Tn 1 Jw;

Tn—l
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where we use the definition

Jo BV + [ kw?
E = sup

weHE(Q) fQ K| Vwl?

Now, we substitute (IV.26) and (IV.22) into (IV.17), then we have

[an — P(an) |2

(IV.27)
'<MZ (DE/ / IQ|V€Z‘ +/ / H|VXZ | ’6 +/+| (CL',TJ 1)|2> .
Tn—1Jw; Thn-1 UJ w;

Note that

1
a[Vei? / / Bt Ve ?
/ —1 ‘/Wz n 1 mlnxewz{b(z ( )|2} Wy
T .
< / /a|xz||w|
mlnxewi{|xf($)|2} Thn-1

Applying Lemma IV.3.2 for w;" then implies

T"L
/ //{|Vei|2
Tn—1Jw;
< / /nrvmeﬂ? / It Pled (e, Tt ) P
mlanwz{’Xz 1 Jw
Th
<F; / / kIVxTPef | —i—/J Ha, TP, (IV.28)
Trn-1 w;

where

1
F =

X (@)}

minge,, {
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Substituting (IV.28) into (IV.27) gives

1an — P(@n)l[3 o

Th
<M S (DEF; +1) / / RIVXPlet? + / e (e, T )2
i Tny Juf wit
Tn
<M(DEF+1)Y / / (@t P + / e (. T )P ).
i To-1 Jwf w

where F' = max{F;}. Using the spectral problem, we have

1
lan = P(an)llfy o < MDEF +1) | el o )

v )\Lﬁ-l

Combine (IV.15), (IV.16) and (IV.31), and we finally obtain

i
7

1 -
lun, — wnl3) <M(DEF +1)3 (muﬁﬁvww
-\ AL

+ [lun — ulF -

IV.4 Numerical results. Offline step.

+)) + ”uh - ah”{%{/(n)

(IV.29)

Iv.30)

Iv.3n

We present representative numerical results in this section to show the performance of

the proposed method. In particular, we solve Equation (IV.1) using the space-time GMs-

FEM. We take the space domain {2 to be the unit square [0, 1] x [0, 1] and divide it into

10 x 10 uniform coarse square blocks. Each coarse block is then divided into 10 x 10 uni-

form fine square blocks. That is, €2 is partitioned by 100 x 100 square fine-grid blocks. The

whole time interval is [0, 1.6] (i.e., T = 1.6) and is divided into two uniform coarse time

intervals and each coarse time interval is then divided into & fine time intervals. The source
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term is chosen as f = 1 and a continuous initial condition 5(z1,x2) = sin(mwz; ) sin(7xs)
is imposed. We employ three different high-contrast permeability fields «(x,t)’s to exam-
ine our method, which will be shown in the following three cases separately. In each case,
we first solve for u;, from Equation (IV.2) to obtain the fine-grid solution. Then we solve
for the multiscale solution uy using the space-time GMsFEM. To compare the accuracy,

we will use the following error quantities:

e = (fOT |ww(t) — Uh(t>|%2(9)>1/2 o — (fOT Jo 6V (up(t) — uh(t))2>1/2'

Jo lun(®)]1220 Iy IV un(t)]?
(IV.32)

Since we are using the technique of randomized oversampling in the computation of
the snapshot space, we would like to introduce the concept of snapshot ratio, which is
defined as the ratio of the number of chosen randomized snapshots over the number of the
full snapshots on one coarse neighborhood w;. In the following experiment with 100 x 100

fine-grid mesh, this number of the full snapshots on each coarse neighborhood is calculated

by "% = 21 x 21 + 40 x 8 = 761.

total

IV.4.1 High-contrast medium translated in time

We construct a time dependent high-contrast permeability field «(x,¢) by uniformly
translating the permeability field after every other fine time step. High-contrast permeabil-
ity fields at the initial and final time steps are shown in Figure IV.1. Next, we consider
applying the space-time GMsSFEM to Equation (IV.1) and solve for the multiscale solu-
tion uy. Recall the procedures that are described in the Section IV.2, where we need to
construct the snapshot spaces in the first place.

First, we fix L; = 11 for all w;’s and examine the influences of various buffer numbers
on the solution errors e; and es. The results are displayed in the left table of Table IV.1. It

is observed that when increasing the buffer numbers, one can get more accurate solutions,
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Figure IV.1: High-contrast permeability field 1. Left: initial. Right: final.

which is as expected. But the error decays very slowly, which indicates that using different
buffer numbers doesn’t affect the convergence rate too much. Based on this observation,
it is not necessary to choose a large buffer number in order to improve convergence rate.
Then we consider the choice of L;, the number of eigenbasis in a neighborhood. With
the fixed buffer number p,; = 8, we examine the convergence behaviors of using different
L;’s. Relative errors of multiscale solutions are shown in the right table of Table IV.1.
We observe that as adding more offline basis, the relative errors decay. We note that the
error decay is becoming slow after using more than 40 offline basis per space-time course
neighborhood. This is because space-time problems have very large degrees of freedom,
while we are using a small part of them at this stage. We will further explore a fast decay
technique by adding online basis functions in Section IV.5.

To see a more quantitative relationship between the relative offline errors and the val-
ues of L; as well as being inspired by the result in Theorem IV.3.3, we inspect the values
of 1/A. and the corresponding squared errors (see Table IV.2 and Figure IV.2), where
A. = ming, A7'; and {\"} are the eigenvalues associated with the eigenbasis computed
by spectral problem (IV.6) in each w;. We note that when plotting Figure IV.2, we don’t
use the values of case L; = 2, because in this case as in the case with one basis function

per node, the method does not converge as we do not have sufficient number of basis func-
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DPoe | Snapshot ratio el e L; | Snapshot ratio el €

1 0.0158 6.18% | 53.90% 2 0.0131 17.03% | 129.14%
4 0.0197 5.66% | 48.04% 6 0.0184 8.11% | 62.59%
8 0.0250 5.17% | 45.86% 10 0.0237 6.97% | 54.85%
12 0.0302 5.16% | 43.83% 20 0.0368 481% | 41.18%
20 0.0407 4.71% | 41.14% 30 0.0499 3.29% | 31.64%
30 0.0539 4.35% | 38.68% 40 0.0631 2.28% | 24.43%
40 0.0670 4.23% | 37.60% 50 0.0762 1.54% 18.45%

Table IV.1: First permeability field. Left: errors with the fixed number of offline basis
L; = 11. Right: errors with the fixed buffer number pys = 8.

tions. We note that the two curves in Figure IV.2 track each other somewhat closely. This
indicates that 1/A,’s and e3’s are correlated and we calculate for the correlation coefficient
to be corrcoef(1/A,, e3) = 0.9778.

Observing the dimensions of the offline spaces Vg, one can see that compared with
the traditional fine-scale finite element method, the proposed space-time GMsFEM uses
much fewer degrees of freedom while achieving an accurate solution. Also, by inspecting
the snapshot ratios, one can see that the use of randomization can reduce the dimension of
snapshot spaces substantially. We would like to comment that oversampling technique is
necessary for the randomization. For example, in the case L; = 6 and pys = 8, if without
oversampling the errors e; and e, are 11.19% and 88.42%), respectively, which are worse

than the errors obtained with oversampling.
IV.4.2 Four channels translated in time

In this subsection, we consider a more structured high-contrast permeability field x(z, t),
which has four channels inside and these four channels are translated uniformly in time.
High-contrast permeability fields at the initial and final time steps are shown in Figure
IV.3. We repeat our steps from the previous example by fixing L; and pys, separately. The

results are shown in Table IV.3. One can still observe that increasing the buffer numbers
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2

’Li\ 1/A, ‘ €1 ‘ €2 ‘
2 102734 | 2.90% | 166.78%
6 | 0.0120 | 0.66% | 39.17%
10 | 0.0085 | 0.49% | 30.08%
20 | 0.0061 | 0.23% | 16.96%
30| 0.0053 | 0.11% | 10.01%
40 | 0.0048 | 0.05% 5.97%
50 | 0.0042 | 0.02% 3.40%

Table IV.2: 1/A, values and errors.

Figure IV.2: Left: 1/A, vs L;; Right: €3 vs L;.

will slowly reduce the relative errors and when fixing the buffer number, the errors de-
cay as more offline basis are being used. Using a similar approach, we can also get the
cross-correlation coefficient between e3 and 1/A., which is 0.9863. This suggests a linear

relationship between €3 and 1/A, and verifies Theorem 1V.3.3.
IV4.3 Four channels rotated in time

In the third example, we consider another structured high-contrast permeability field
k(x,t) which has four channels inside and these four channels are rotated anticlockwise
around the center by 11.25 degrees after each fine time step. High contrast permeability

fields at the initial time step is shown in Figure IV.4. We repeat the same procedures as in
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Figure IV.3: High-contrast permeability field 2. Left: initial. Right: final.

Dot | Snapshot ratio el €9 L; | Snapshot ratio e1 €9
1 0.0158 7.42% | 61.87% 2 0.0131 11.91% | 104.95%
4 0.0197 7.30% | 58.95% 6 0.0184 8.33% | 70.82%
8 0.0250 7.14% | 57.30% 10 0.0237 7.25% | 58.25%
12 0.0302 7.00% | 54.01% 20 0.0368 5.67% | 43.10%
20 0.0407 6.81% | 50.85% 30 0.0499 3.90% | 32.75%
30 0.0539 6.61% | 49.30% 40 0.0631 2.73% | 27.08%
40 0.0670 6.43% | 48.26% 50 0.0762 1.86% | 20.70%

Table IV.3: Second permeability field. Left: errors with the fixed number of offline basis
L; = 11. Right: errors with the fixed buffer number py; = 8.

the previous two examples. The results are shown in Table IV.4 and one can draw similar
conclusions as before. The cross-correlation coefficient between e3 and 1/A, is calculated

as 0.9959. This shows a linear relationship between e2 and 1/A, (see Theorem 1V.3.3).
IV.5 Residual based online adaptive procedure

As we observe in the previous examples, the offline errors do not decrease rapidly after
several multiscale functions are selected. In these cases, online basis functions can help to
reduce the error and get an accurate approximation of the fine-scale solution [17]. Next,
we will derive a framework for the online multiscale method.

We use the index m > 1 to represent the online enrichment level. At m’s enrichment
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Figure IV.4: High-contrast permeability field 3 at the initial time.

Dot | Snapshot ratio e1 €9 L; | Snapshot ratio e1 €9
1 0.0158 8.68% | 72.86% 2 0.0131 10.41% | 109.40%
4 0.0197 8.67% | 71.67% 6 0.0184 9.40% | 83.60%
8 0.0250 8.56% | 71.42% 10 0.0237 8.63% | 70.84%
12 0.0302 8.44% | 68.87% 20 0.0368 7.42% | 57.66%
20 0.0407 8.18% | 65.88% 30 0.0499 6.14% | 47.78%
30 0.0539 7.96% | 61.56% 40 0.0631 4.75% | 39.89%
40 0.0670 7.58% | 57.58% 50 0.0762 3.29% | 30.11%

Table 1V.4: Third permeability field. Left: errors with the fixed number of offline basis
L; = 11. Right: errors with the fixed buffer number py; = 8.

level, we define V.. as the corresponding space-time GMsFEM space and w._ the cor-

responding solution to (IV.4) in space V.. We remark that both offline and online basis

functions can be contained in V™, and define anbs = Vog. We will show how to update

ms?

Vit from V™ iteratively.

Now we consider constructing online basis functions. We first note that the compu-
tation of online basis occurs in the iterative process and involves the use of the residual.
This is the different from offline basis functions, of which the computation happens before
the iterative process. In particular, we use local residuals for the multiscale solution u;,

to construct the online basis functions for enrichment level m + 1. For brevity, we denote
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the left hand side of (IV.4) by a(ugffs), v) and the right hand side G(v). That is, the solution

Upns = @nNzlug{”ﬁ where u") satisfies

a(u™, v) = G), Yve V.

We consider a given coarse neighborhood w;. Suppose that at m’s enrichment level, we
need to add an online basis function ¢ € Vj, in w;. Then the required ¢ = ®_ ™

satisfies that ¢(™) solves the equation
a(p™,v) = R™(v), Yv eV,

where R™(v) = G(v) — a(u%gn), v) is the online residual at the coarse time interval
(Th—1, T}

In the following, we would like to form a residual based online algorithm in each coarse
time interval [T},_1, 7], see Algorithm 2. We will omit the time index (n) on the spaces
and solutions in this description. We note that online enrichment are performed on non-
overlapping coarse neighborhoods. Thus, we divide the {w; i\ﬁl into P non-overlapping
groups and denote each group by {w; }icr,, p = 1, ..., P. We denote by M the number of
online iterations.

To further improve the efficiency of the online method, we can adopt an online adaptive
procedure. In this adaptive approach, we only perform the online enrichment in coarse
neighborhoods that have a cumulative residual that is # fraction of the total residual. More
precisely, assume that the V(™ norm of local residuals on {cw;|i € I,}, denoted by {r;|i €
I,}, are arranged so that

TP1ZTP2ZTP32"'2TPJ’

where we suppose I, = {p1,p2,ps,- - -,ps}. Instead of adding {¢;|¢ € I,} into V7" at
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Algorithm 2 Residual based online algorithm

1: Initialization: Offline space V.2, = Vg, offline solution u?,, = uy.

2: form = 0to M: do
3: for p =1to P do

4: (1) On each w;(i € 1), compute residual R™(v) = a(upr,,v) — G(v), v €
Vi

5 (2) For each i, solve a(¢;,v) = R™(v), Yv € V.

6 (3)Set V™ = V™ U {¢ii € I}

7 (4) Solve for a new u, € V™ satisfying a(ul?,,v) = G(v), Yv e V™.

8 end for

9. SetVmrl =Vm and ! =™,

10: end for

step 6 in Algorithm 2, we only add the basis {¢y, - - -, ¢x } for the corresponding coarse
neighborhoods such that £ is the smallest integer satisfying

ko2 J 2
Yy, =05,

In the examples below, we will see that the proposed adaptive procedure gives a better

convergence and is more efficient.
IV.6 Numerical results. Online step.

We conduct numerical experiments to demonstrate the proposed online method in solv-
ing Equation (IV.1). To implement the space-time online GMsFEM, a fixed number of
offline basis functions need to be constructed in each coarse neighborhood. Then we con-
duct the online process by following Algorithm 2. In this experiment, we use the same
space-time domain and mesh (coarse and fine), the same source term f and initial condi-
tion 5(z1,x2), the same definitions of relative errors e; and es, as in Section IV.4. The
permeability field x(z,t) is chosen as the high-contrast permeability field 1 from Section

IV.4.1. The buffer number in the computation of snapshot space is chosen to be 8.
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First, we implement the space-time online GMsSFEM by choosing different numbers
of offline basis functions (L; = 1,2, 3,4,5) on every coarse neighborhood. The relative
errors of online solutions are presented in Table IV.5 and Table IV.6. Note that in the first
column, we show the number of basis functions used for each coarse neighborhood w;
along with the degrees of freedom (DOF) of multiscale space on each coarse time interval
which are the numbers in parentheses, after online enrichment. For example, 2(162) in
the first column means that after online enrichment, 2 multiscale basis are used on each w;
and the DOF of multiscale space on each coarse time interval is 162. And if we initially
choose L; = 1, then it means 1 online iteration is performed, which add 1 online basis to
each w;. If L; = 2 initially, then it means we do not perform any online iteration and 2
multiscale basis are offline basis functions. By observing each column, one can see that
the errors decay fast with more online iterations being performed. This is observed for
both e; and e; when L; > 4. This suggests that in this specific setting, we can get a fast
online convergence with 4 offline basis chosen on each w;. After a small number of online
iterations, the relative errors decrease to a significantly small level. We consider reducing
the high contrast of the permeability field x(z,t) from 10° to 100. Then we look at the
relative errors of online multiscale solutions (see Table IV.7 and Table IV.8). The same
phenomena can be observed except that the fast online convergence rate can be achieved
for any choice of L;. This implies that the number of offline basis functions used to
guarantee a fast online convergence rate is related to the high contrast of the permeability
field.

Next, we perform online adaptive basis construction procedure with § = 0.7. The
numerical results for using 3, 4, and 5 offline basis per coarse neighborhood are shown in
Table IV.9. Notice that "M 1 + M2 in the DOF columns means )M 1 degrees of freedom
are used on the first coarse time interval and M 2 degrees of freedom on the second coarse

time interval. To compare the behaviors of online processes with and without adaptivity,
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| DOF [ ei(Li=1) | eLi=2) [ ei(L; =3) | ex(Li =4) | ex(L; =5) |

1(81) 97.57% - - - -
2(162) | 93.20% 96.71% - - -
3(243) | 44.24% 23.22% 21.27% - -
4(324) | 15.37% 6.53% 7.17e-1% 10.20% -
5(405) 8.65% 3.69% 2.06e-1% | 2.58e-1% 5.20%
6(486) 5.15% 1.71% 541e-2% | 1.75e-2% | 1.06e-1%
7(567) 2.58% 3.11e-1% | 5.54e-3% | 6.12e-4% | 2.99¢-3%

Table I'V.5: Relative online errors e;, with the different numbers of offline basis functions.
High contrast = 106.

| DOF [ ex(Li=1) | ea(Li =2) [ ea(Li =3) | ea(Li = 4) | ea(L; =5) |

1(81) 138% - - - -
2(162) 113% 114% - - -
3(243) | 84.93% 139% 104% - -
4(324) | 82.48% 82.08% 11.43% 73.50% -
5(405) | 69.15% 51.13% 3.29% 4.78% 48.26%
6(486) | 51.17% 34.00% 1.01% 3.53e-1% 1.86%
7(567) | 37.93% 7.81% 1.05e-1% | 9.89¢-3% | 4.75e-2%

Table IV.6: Relative online errors e,, with the different numbers of offline basis functions.
High contrast = 106,

we plot out the log values of e; against DOFs. See Figure I'V.5. We observe that to achieve
a certain error, fewer online basis functions are needed with adaptivity. This indicates that

the proposed adaptive procedure gives us better convergence and is more efficient.
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| DOF | ex(1 basis) | e1(2 basis) | e1(3 basis) | e1(4 basis) | e1(5 basis) |

1(81) 19.28% - - - -
2(162) 1.97% 13.03% - - -
3(243) | 2.81e-1% | 9.81e-1% 9.27% - -
4(324) | 3.48¢-2% | 1.24e-1% | 2.23e-1% 8.34% -
5(405) | 1.89e-3% | 1.11e-2% | 9.70e-2% | 2.09e-1% 7.38%
6(486) | 2.67e-5% | 1.33e-4% | 2.07e-4% | 8.71e-3% | 1.56e-1%
7(567) | 2.51e-7% | 9.32e-7% | 1.45e-6% | 1.16e-4% | 8.62e-3%

Table I'V.7: Relative online errors e;, with the different numbers of offline basis functions.

High contrast = 100.

| DOF | ey(1 basis) | e5(2 basis) | ex(3 basis) | e(4 basis) | e(5 basis) |

181) | 219% - - _ _
2(162) | 14.75% 123% - - _
3(243) | 3.35% 8.37% 81.80% - -
4(324) | 4.03e-1% | 1.11% 2.63% 67.86% -
5(405) | 2.11e2% | 1.01e-1% | 1.68¢-1% | 2.29% 59.93%
6(486) | 5.61e-4% | 1.64e3% | 3.71e-3% | 1.35¢-1% | 1.77%
7(567) | 457¢-6% | 1.72¢-5% | 2.29¢-5% | 2.08¢-3% | 1.41e-1%

Table I'V.8: Relative online errors e; with the different numbers of offline basis functions.
High contrast = 100.

3 offline basis 4 offline basis 5 offline basis
DOF € DOF €9 DOF €
2434243 104% 324+324 | 73.50% || 405+405 | 48.26%
3234322 | 10.57% || 399+401 3.56% 4714473 1.95%
4034392 1.49% 468+466 | 2.13e-1% || 5334536 | 1.21e-1%
480+465 | 9.81e-2% || 541+529 | 1.03e-2% || 599+603 | 6.81e-3%
552+533 | 4.24e-3% || 611+601 | 5.00e-4% || 670+669 | 3.41e-4%

Table IV.9: Relative online adaptive errors eo with different numbers of offline basis func-
tions.
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Figure IV.5: Adaptivity v.s. no adaptivity.

73



V. SPACE-TIME GMSDGM

This section is a continuing exploration in space-time multiscale method for solving
parabolic equations. The main objective is to develop a multiscale model reduction frame-
work within Generalized Multiscale Discontinuous Galerkin Method (GMsDGM) that us-
es space-time coarse cells. There are several benefits in exploring the space-time multi-
scale methods in the fashion of discontinuous Galerkin, such as small local problems, and
feasible for parallel computing. We organize the sections as following. In Section V.1,
we present the underlying model problem and the space-time GMsDGM formulations. In
Section V.2, we construct the multiscale basis by introducing the snapshot and spectral
problems. In Section V.3, we present representative numerical examples. In Section V.4,

we demonstrate the convergence analysis for our proposed method.
V.1 Model problem

Suppose €2 is a bounded domain in R? with a Lipschitz boundary 92, and [0, 7] (T >
0) ia a time interval. We consider the same model problem as presented in Section IV.1,
which is the following parabolic equation

%u —div(k(z,t)Vu) = f in 2 x (0,7),

u=0 on 9 x (0,7, (V.1)

u(z,0) = p(z) inQ,

where (z,t) is a time dependent heterogeneous media, 5(z) is the initial condition.
Now we present the general idea of space-time GMsDGM. We will use the space-time

finite element method to solve problem (V.1) on the coarse grid. That is, we find uy € Vg
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such that

>

/ kVug - Vv

KeQ 0

/ Z/ ({kVuy -ne}v] + {cVo - ngHuu]) / Z / Rlug][

0 BeeH 0 peeH

—i—ZZ/uHxT o(z, T) = / /fv+2/6 o(z, Ty,

n=0 KeQ 0 Keq KeQ

KeQ

(V.2)

Yv € Vg where V is the multiscale finite element space which will be introduced in
the following subsections, ng is a fixed unit normal vector defined on the coarse edge
E € ¢!, v > 0 is a penalty parameter. Note that, in (V.2), the spatial average operator {-}
and spatial jump operator [-] are defined in the classical way. The time jump operator ]

is defined such that

[up (2, T,)] = uy(x, T,)) —uy(x,T,;) forn >1,

(ug (2, T,)] = ug(x, Ty)) forn = 0.

The computational cost for solving the equation (V.2) is huge since we need to compute
the solution uy in the whole time interval (0,7") at one time. To fix this issue, we assume
the solution space V7 can be decomposed into a direct sum of subspaces and each subspace

only contains functions defined on one single coarse time interval (7},_1,7},), that is,
Ve = o V"
H 69n:l H >
where V" is defined as

Vi = {u(a, t)|v(-, t) = 0 for t € (0, T)\(Tp_y, Tp)}
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Then the coarse problem (V.2) can be decomposed into a sequence of sub-problems: find

u'" € Vi such that

/ KauHU+/ Z//NUH- v

-1 KeQ -1 KeQ

n TVL
v
[ % [ (v bl toveensd 1) + [ 3 / Aty 1]
Tn-1 peen Tn-1 peen
—l—Z/uH (x, TF v(z, T ) / /fv—i—Z/ ™) ()o(z, T ),
KeQ Tn-1 gen KeQ
(V.3)
Yo € Vi, where
(n—1) _
. uy (T, forn>1,
g () =
B(+) forn = 0.

Then, the solution uy of the problem (V.2) is the direct sum of all these ug‘)’s, that is
ug = @Qf lug).
V.2 Construction of multiscale basis functions

V.2.1 Snapshot space

We will use the techniques of oversampling and randomization in the construction of
snapshot spaces. Firstly, we describe the notations for oversampled regions. We denote by
K™ the oversampled space region of K C K™, defined by adding several fine-grid layers

around K. Time interval (77

n—1»

T, ) is defined as the left-side oversampled time region
for (T,,_1,T,). We will construct inexpensive snapshots by imposing random boundary

conditions on the local region Kt x (T*

n—1»

T,). In particular, one solves the following
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local problems:

0
&W —div(k(z,t)VY]) =0 in K* x (T, T,),

Of (z,t) =1 on O (KT x (T ,Ty)),

where r; is a random vector.

Then the local snapshot space on K x (T _,,T,,) is
Vi = span{v:f (2, 0)lj = 1+ L + pii},

where L and pg are the number of local offline basis in K and the buffer number, re-

spectively.
V.2.2 Offline space

Now, we are going to construct the offline basis functions. This is done by per-
forming a space reduction in each local space-time snapshot space through some well-
defined spectral problems. In particular, we propose the following eigenvalue problem on
K™ x (T,-1,T)):

Find (¢, \) € VX" x R such that

snap

An(d,v) = NSy (p,v), Yove VE' (V.4)

snap

where the bilinear operators A, (¢, v) and S,,(¢, v) are defined by

=

Ty Th
o) = [ [ wwovo-vosn [T wtwo@o-mwe-
net nt (V.5

Tn
Sn(¢7v) :/Tn1 /3K+ H(I,t)(b'l} + or (b(l',Tn,l)U(l',Tn,l),
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where H is the size of coarse elements.
The eigenvalues { A Tj=1,2,--- L¥ +p[} from (V.4) are arranged in the ascending

order, and we select the first L% eigenfunctions, which are associated with the first LX or-

dered eigenvalues, and denote them by {\I/{( +’°ff, S \I/f; ’Off}. Using these eigenfunctions,
we can define
LE4pk
+ KT off :
Qbf (‘r7t>: Z (\II] )kl/}];"_(xat)» J :17277LK7
k=1

where (\IJJK +’Off) 1 denotes the k-th component of \Iff( ot and ¥ (2, t) is the snapshot basis

function computed on Kt x (T*

*_1,T,) as in the previous section. Then we can obtain the

offline basis functions ¢ (, t) on the target region K x (T},_1, T},) by restricting ¢ ()
onto K x (T,,-1,T,).
The local offline space on K x (7,,_1,T},) can be defined as

Vfé = Span{qb]K(x,t)U = 17 ) LK}

(0)

Note that one can take V" in (V.3) as V" = V(") = span{¢i(z,1)]1 < i < N, 1 <

j < Li}. Asaresult, Viy = Vo = N, V.
V.3 Numerical result

We take the space domain €2 to be the unit square [0, 1] x [0, 1] and divide it into 8 x 8
uniform coarse square blocks. Each coarse block is then divided into 10 x 10 uniform fine
square blocks. That is, €2 is partitioned by 80 x 80 square fine-grid blocks. The whole
time interval is [0, 2] (i.e., 7" = 2) and is divided into two uniform coarse time intervals
and each coarse time interval is then divided into 10 fine time intervals. The source term
is chosen as f = 1 and a continuous initial condition 3(x1,z5) = sin(mwzy) sin(mwxs) is

imposed.
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We first solve for the FEM solution uy;,, then solve for the multiscale solution ug us-
ing the space-time GMsDGM. To compare the accuracy, we will use the following error

quantities:

e = (fOT |um (t) — Uh(t)|%2(9))1/2 - (fOT Jo IV (up (t) — uh(t))2>1/2.

Jo Iun (132, Jo Jo KIVun(t)P?
(V.6)

Since we are using the technique of randomized oversampling in the computation of
the snapshot space, we would like to introduce the concept of snapshot ratio, which is
defined as the ratio of the number of chosen randomized snapshots over the number of
the full snapshots on one coarse block K. In the following experiment with 80 x 80 fine-

grid mesh, this number of the full snapshots on each coarse neighborhood is calculated by

nea =11 x 11 4+ 40 x 10 = 521.

total —

V.3.1 High-contrast medium translated in time

We construct a time dependent high-contrast permeability field x(z,t) by uniformly
translating the permeability field after every other fine time step. High-contrast permeabil-
ity fields at the initial is shown in Figure V.1. The number of local offline basis that will be
used in each K;, denoted by L;, and the buffer number py is fixed to be 30. Relative errors
of multiscale solutions are shown in Table V.1. We observe that as adding more offline
basis, the relative errors decay. However, we note that the error decay is becoming slow
eventually, which is quite similar to what we have observed in Section IV.4. We emphasize
that we are dealing with space-time problems, which have large degrees of freedom. Tak-
ing this experiment as an example, at each fixed time, there are 81 x 81 = 6561 fine-scale
degrees of freedom, which results in 65610 degrees of freedom in each coarse time inter-
val. But due to our space-time GMsDGM approach, we only use 3200 degrees of freedom

in each coarse time interval to obtain a relative energy error of 19.44%, which is a great
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10 20 30 40 50 60 70 a0

Figure V.1: Initial high-contrast permeability field 1.

L; | dim(Vyg) | Snapshot ratio e €9

2 128 0.0997 47.84% | 97.42%
6 384 0.1121 18.85% | 84.20%
10 640 0.1246 9.57% | 63.55%
20 1280 0.1558 4.56% | 40.30%
30 1920 0.1869 3.02% | 28.98%
40 2560 0.2181 2.03% | 22.89%
50 3200 0.2492 1.64% | 19.44%

Table V.1: Permeability field 1: relative errors using different L;’s.

saving and exhibit the effect of model reduction.

To see a more quantitative relationship between the relative errors and the values of L;
as well as being inspired by the result in Theorem V.4.2, we inspect the values of 1/A,
and the corresponding squared errors (see Table V.2, where A, = ming, )\f 41 and {)\JK}
are the eigenvalues associated with the eigenbasis computed by spectral problem (V.4) in

each K. We calculate for the correlation coefficient to be
corrcoef(1/A,, e3) = 0.9617.

This indicates that 1/A,’s are correlated to e3’s.
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(L] VA | &4 ]
2 ] 0.2653e-4 | 0.9491
6 | 0.1483e-4 | 0.7089
10 | 0.1172e-4 | 0.4038
20 | 0.0881e-4 | 0.1624
30 | 0.0674e-4 | 0.0840
40 | 0.0527e-4 | 0.0524
50 | 0.0456e-4 | 0.0378

Table V.2: Permeability field 1: 1/A, values and errors.

V.3.2 Four channels translated in time

In this subsection, we consider a more structured high-contrast permeability field x(z, t),
which has four channels inside and these four channels are translated uniformly in time.
High-contrast permeability fields at the initial time steps is shown in Figure V.2. We re-
peat our steps from the previous example by fixing L; and pyy, separately. The results are
shown in Table V.3. One can still observe that when fixing the buffer number, the errors
decay as more offline basis are being used. Using a similar approach, we can also get the

cross-correlation coefficient between e% and 1/A,, which is

corrcoef(1/A,,e3) = 0.9672.

This suggests a linear relationship between e3 and 1/A.,.
V.3.3 Four channels rotated in time

In the third example, we consider another structured high-contrast permeability field
k(x,t) which has four channels inside and these four channels are rotated anticlockwise
around the center by 18 degrees after each fine time step. High contrast permeability fields

at the initial time step is shown in Figure V.3. We repeat the same procedures as in the
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Figure V.2: Initial high-contrast permeability field 2.

L; | dim(Vyg) | Snapshot ratio e €9

2 128 0.0997 23.52% | 96.83%
6 384 0.1121 16.89% | 80.17%
10 640 0.1246 11.25% | 71.53%
20 1280 0.1558 5.57% | 46.96%
30 1920 0.1869 243% | 31.62%
40 2560 0.2181 1.70% | 22.03%
50 3200 0.2492 1.31% | 18.07%

Table V.3: Permeability field 2: relative errors using different L;’s.

previous two examples. The results are shown in Table V.4 and one can draw similar
conclusions as before. The cross-correlation coefficient between e3 and 1/A, is calculated

as 0.9937.
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Figure V.3: Initial high-contrast permeability field 3.

L; | dim(Vyg) | Snapshot ratio e €9

2 128 0.0997 26.86% | 99.32%
6 384 0.1121 17.64% | 79.92%
10 640 0.1246 12.71% | 68.59%
20 1280 0.1558 6.53% | 48.32%
30 1920 0.1869 4.63% | 36.64%
40 2560 0.2181 3.74% | 30.77%
50 3200 0.2492 2.74% | 24.87%

Table V.4: Permeability field 3: relative errors using different L;’s.

V.4 Convergence analysis

In this section, we will analyze the convergence of our proposed method. To start, we

firstly define two norms || - [|?,,, and || - |2, on each V ) by

T
HUI|2v<n>=/ g1, 11) + Z/ 2/
Tn—1 KeQ KeQ

ully e = el +/ e (2, 1)1 0
Th-1 g
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where the bilinear form ag4(-, -) is defined as

Qg (U, v) = Z /K kVu - Vv — Z /E({/fVu ‘ng}tv] +{xVo-ng}u])

KeQ EceH

+ 3 7 [ Hulpl.

EceH

e (-, t)||HJg1(mﬂ) is defined as

ZKleK“U
[l ooy = sup KD
g

|k EHY (KWK EQ (adg(v,v))%

In the following, we will show the V(™) _norm of the error u;, — uy can be bounded
by the W (™-norm of the difference u, — w for any w € V("), where uy, is the solution
by solving Eqn.(V.3) using all fine-scale basis (uy, is a proxy of the exact solution), u s is
the solution by solving Eqn.(V.3) using space-time multiscale basis constructed in Section

V.2, and VI({") is the multiscale space defined in in Section V.2.

Lemma V.4.1. Both the coarse scale problem (V.3) and the fine scale problem associated
with (V.3) have a unique solution. Moreover, if uy, is the fine-scale solution by solving
Egn.(V.3) using all fine-scale basis (a proxy of the exact solution), uy be the coarse scale
solution by solving Eqn.(V.3) using space-time multiscale basis constructed in Section V.2.

We have the following estimate

C’Huh—wH%V(n) forn=1,
Jun, — [} <
Clllun — w3y + llun — umllf o) forn>1,
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or any w € VI If we define the VO -norm to be 0, then we can write
y H

lun = wr Vo < Clllun = wilye + lun — v lyo-n) forn =1,

for any w € Vlsn).

Proof. We will prove the existence of a unique solution for the coarse scale system (V.3).

The proof for the fine scale system is similar. To simplify notations, we define

Th 8’LLH Th
a(ug,v) = g ot v+ aag(vum,v) +
Tn—l KeQ K Tn—l

3 /K wn (o, T Yo, TF )

KeQ

and

)= [ [rer X [ @nte i,

n-1 KeQ KeQ

Using integration by parts for the time variable, it is easy to see that a(ug,uy) =
2

ez 13-

Moreover, we have

a(um,v) < llug |l [[vllye- (V.7)
For uy € v,ﬁ,”), we denote uy = > x; Wis then u; solves the following local problem

8UZ’
K, Ot

v — / div(kVu)v = 0, Yo € H (K;).
K;

Using integration by parts, we have

u; S
0 v :/ K(Vu; - )v — / kVu; - Vo
K; Ot OK; K
1 3 > 3
< (H/ k|Vu; - ﬁ|2> </ m}2> + </ /£|Vui|2> (/ K|Vv|2>
oK, H Jor, K K
1 1 1 1
N 2 2 9 2 2 2
< (H/ /@]Vui-n|2> </ /{\VvP) + (/ K|V, ) </ k| V| ) ,
OK; K; K; K;

(V.8)

M

N
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where on the last step we use trace theorem.
Combining the temporal integration and using integration by parts for the temporal

variable, we get

/ 3uz
T'n 1
: Lo : :
o) (o) () ()
Tnfl 8K1 Tn 1 K
Ty T, T,
(H/ / /£|Vui-ﬁ|2 / / K|Vul\2 / / K| Vol
Th—1 JOK; Th-1 Th-1
T, T, 3 T 2
<V2 (H/ / K|V - 72 —|—/ / K|V 2 / / K| Vol?
Tnfl aKz Tnfl Kz Tnfl K’L
Using the eigenvalue problem (V.4), we have
T, T, 2 T, >
/n aulv< 2\ (/ ' / mu?+/ w;i(T, 2) </ ’ / /~$|Vv|2>
Thn-1 Thn-1 aK Kz Th-1 Kz
/ / K|V |2 + uZ ) / ﬁ\VU\Q
Th-1 -1
Ty 2 1 5 Th %
o2\ |VH (/ / K|V 2 +xf2</ ui(Trfl)2) / / K| Vol?
Th1 JVK; 2 K; Th-1 VK;

(S

N

(V.9)
This immediately leads to
25
Tn 1
Tn : ) :
<oV VA [ 5 [ wvul) +vE (53 [ wmi?
Toouq TH 2T, (V.10)

(/ 12/ n]Vv|2>

86



for some constant Cy, where A = max; \;.

Recall the definition of ||u,(-, )] H; (r0)» DY Using (V.10) we obtain

Ou;

/T" 124 )2 / O sty
—_— .? 1 — Sup e —

T,, Ot Hyg (=) V| €EHY(K)WVKEQ I Tha adg(v, v)

<CiA(H +2)|Jug|} o)

for some constant Cy. Thus we have ||ug||yym < /1 + C1A(H + 2)||ug |y -

Recall (V.7), we get

aum,v) < /14 C1AH +2)llug ||y 0]y o-

In addition,

Frr(v) < C (1l e + 195 Iy ) [ollyo.

Hence, by Lax-Milgram theory, the problem (V.3) has a unique solution.

Next, we prove the error bound. By the definition of || - ||;/(n),

||uh - uHH%/(n)

1 1 T
5 =Pl 45 [ w7 o= i — )
Q n- Th-1

/ . / uh - UH) OUh ZYUH) () ) + /Q(uh . “H)2|t=Tn+_1

+/ aqg(up — wm, up — Up)

" uh—uH
/ / (= w0) + | (=)o = )l
n 1
uh—uH
+/ aag(up — um,up —w / / w—ug)
Th—1 1

+/(uh—uH)(w—uH)|t:T+ 1-1—/ adg(Un — U, W — Up).
Q ne Tn 1
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From (V.3) and the similar formulation for fine scale solution u;, we have

T T

" O(up, —ug "
/ /( 5 )U+/ adg(“h_UHaU)+/(uh_ H)Vlp—gt |
Th-1 Q Th-1 Q "

= /Q (9 = gii”) vl T ), vo e Vi, (V.13)

Therefore, taking v = w — uy and combining the equation (V.12) and (V.13), we obtain

Tn O(up, —ugy
oo —un e = [ [ =) [ o= ) )l
Tn-1JQ Q "

Ty
+/ adg(uh—uH,Uh—w)+/ ( ) 9?) (UJ—UH)‘t:w a
Tn—l "

Using integration by parts, we have

/ 1/ uh—UH (up, — )+/Q( n—um)(un = w)l_p+

/jnl/ Uh_ Uh—UH)+/Q(Uh_“H)(uh_w)t:T”'

Thus,

Th Uh _
lan — w2 = / / ) — ) + / (un = 1) (ot — ) -
n 1 Q

+ / aqg(up — wp,up —w) + <9h - 95?) (un — um )|+
To1 Q n—
+/ (o~ 05") 0 — w)ly_s
Q n
T, (un— w) (up — u 2 T,
< / | fQ o n — ui)| / adg(un — wE, up — UH)
Ty Qdg(Up — W, up — Up) T,

+ I = wr) (T 22 @l (un = w) (T 2o

[T
NI

+ lun = w21y Tyi) 1Un — wHl L2 (T 1 )5k
+ g™ — &) 2 (I (un — wm) (T 22

+1(un = w) (T ) 2)-
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Using Young’s inequality, we have

(n

1
e = w2 < Slln = il +2 (Cllun = wly + 9l = 985 Pey)

and

/

0 forn=1
lgs™ — 951220 =

n—1 — n—1 —
HUI(”L )("Tn—l) - u(fl )(7Tn—1)‘|%2(9) fOI‘ n > 1

0 forn=1

IN

HUh - U’HH%/(nfl) forn >1

The main convergence result is presented in the following theorem.

Theorem V.4.2. Let uy, be the solution by solving Eqn.(V.3) using all fine-scale basis (a

proxy of the exact solution), uy be the solution by solving Eqn.(V.3) using space-time

multiscale basis constructed in Section V.2. Let tiy, = argmin, _,, o {|[un —v||we } and we
snap

denote Uy, =y . Uy, ; With Uy, ; = Zj CH@ZJJK”‘ There holds

1 4 -
Jun — w3 502 ((( +1) + H)||kVip - nH%Q((‘)Ki))

K; K;

+ llun = @l + llun — wnllfe-y-

Proof. By Lemma V.4.1,

lun = wrlf = f flun — wlfym + llun = wmlfo- (V.14)
wEVHn
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Therefore, we need to estimate infwev,ﬁ,") [un—wl[3, - Note @y = 3 i = 35, 3, cZ-J@DJKi

Using this expression, we can define a projection of u;, into VIS") by
K;
=22
i j<L;

Then

inf(n) Jun — 0|20 < llun — P(@)|[5y o
wEVH

< lun = @l + [1an — P(an)[[5y - (V.15)

We will estimate ||t — P (i) |12, -

By the definition of || - ||y, we can obtain

Vi, = P (@n) [l

) ) Ty Z ‘f o(p, 3Puh)(uh_UH)’2
<| Z(th — P(an)) 3o + ( R . ;

Gdg(uh UH, Up — UH)

n—1

where ﬁhﬂ' = Zj Ciij;-(i and P(ﬂhﬂ) = ZjSLi Ci’jw;-(i. Let e, = fbh’i — P(fbh,i), then
ﬂh — P(ﬂh) = Zl €;. ThUS,

To Sl i, G “h_“H>|2) (V.16)

T 1 deg(uh —Ug,Up — UH)

ln = P(an) 3y < 1> eillo + (
7

In the following, we will estimate the two terms on the right hand side of (V.16), separately.
Then the proof is done.

Slnce —V-kVe; =0in K; x (T,,_1,T,), it deduces

Tn
/ / e + / /m\Vez\Q / / kVe; - ne;,
Tn-1 8t n—1 —1 JOK;
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which implies

1
/ / K| Ve)? = / /6[( kVe; - ne; + / ez, T 1)—5/[( ez, T,).

Therefore,

T 1
/ / k| Ve;|* + / e, T ) + —/ eX(x, T,)
Th1 2 K;
Th
/ / kV iy, - ne; + / e(x, T )
Th-1 JOK; K;

K;

ALiyiy 1
||f£2Vuh n||7. oK) T f ||’f2€i||i2(a](i)+/ e (x, T 1)
L+1 Ki
3 1 1
S(__ K >_1 K
4N A
4

I

<

1.
|52 Vi, - ”||%2(3K)

£V, - nH%Q({)K)'

Now, we estimate the term

pYAVESS

E

which is the following,

1 T T C T, ,
— k|e; . k|Ve;
h ;/T/E [e.” < Z/ / ~ AL /T /K IVed

< Z h)\K 3)\[( ||/<,Vuh n”L2 (0K)"

Li+1 Li+1

‘We will also need to estimate the term

—_—
3| S, G (un — un)|?

9
Tp_1 adg(uh Upg, Up — UH)
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where

— 1
(Uh - UH) K; = (Uh - UH) K; — —/ (Uh - UH)
|G| K,

Since e; satisfies the equation

2@ — V- (kVe;) =0in K; x (T,,-1,Ty),

ot
we have
aeiw = —/ kVe;Vuw + / (kViy, - n)w
K; Ot K; K
1 1 1 1 1
g(/ K,’VBZ”Z)?(/ k|Vw?)z + (H m(Vﬁh-n)2)2(E/ Kw?)?.
K; K; 0K, OK;

Moreover, we have

1
= w? < C/ K| Vwl|?
H Jox, K

for all w € H'(K;) with [, w = 0.

Therefore,

061- -

ot (uh—uH) S C(/ H|V€i|2+H (KVﬂh'n)2)
K; K; 0K;

[NIES
[ I

([ s =)’

and

Ty 861 u —u T, Ty
Li i it (un = ) / /I{|V6,|2+ZH/ / (kViiy, - n)
n 1 n 1

Tp_1 adg(uh UH, Up — UH

C’Z 3)\K H)|”€Vf¢h'n“%2(af<i)-

Li+1

92



VI. CONCLUSION

In this dissertation, the model reduction methods for two types of partial differential
equations, nonlinear equations and parabolic equations, in high-contrast heterogeneous
media are investigated. The work is partially motivated by numerical homogenization,
and proceeds within the framework of GMsFEM which is introduced in Section II.

In Section III, we develop a multiscale model reduction method for nonlinear problems
within GMsFEM. Making use of the nonlinear harmonic extension (p-harmonic extension,
for example), we recast the problem on the boundaries of coarse elements and only use
the degrees of freedom defined on the boundaries. This will reduce the dimensions of the
model compared to other approaches that use basis in the whole domain. In our approach,
we construct the local snapshot space and propose a local nonlinear spectral decompo-
sition, which select dominant modes in these nonlinear snapshot spaces. Via these local
solutions, we can capture the effects of small separable scales. The convergence of the
multiscale solution is studied and we are able to relate the convergence rate to the coarse
cell size and the eigenvalues. We also design a numerical implementation of our proposed
method by applying Broyden’s method to solve the derived optimization problem.

In Section IV and Section V, we study space-time heterogeneous parabolic equations.
We focus on the construction of the space-time methods to solve these equations. We
propose two different approaches within GMsFEM framework and GMsDGM framework,
respectively. The main ingredients of our approaches are (1) the construction of space-time
snapshot vectors, (2) the local spectral decomposition in the snapshot space. To perform
local spectral decomposition, we discuss a couple of choices for local eigenvalue problems
motivated by the analysis. We present convergence analysis of the proposed methods.

In particular, we consider examples where the space-time permeability fields have high
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contrast and these high-conductivity regions move in the space. If only spatial multiscale
basis functions are used, it will require a large dimensional space. Thanks to the space-
time multiscale space, we can approximate the problem with a fewer degrees of freedom.
Our numerical results show that one can obtain accurate solutions. The proposed concepts
can be used for other applications, where one needs space-time multiscale basis functions.

We also discuss online procedures in space-time GMsFEM approach in Section 1V,
where new multiscale basis functions are constructed using the residual. These basis func-
tions are computed in each local space-time domain. Using online basis functions adap-
tively, one can reduce the error substantially at a cost of online computations. We will

investigate the convergence rate of the online procedures in our future work.
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