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ABSTRACT

Several instructions need to be considered in order to transfer classical error cor-
rection techniques to the quantum regime. The quantum error correction field has
been developed to face these issues. One of the common source of errors in quan-
tum systems is environment decoherence. Due to interaction with the environment,
the quantum states of a system entangle with the environment and are subject to
decoherence. In this thesis, we mainly focused on the amplitude damping which is
one of the most important models of decoherence processes. We showed that general
two-qubit mixed states undergoing an amplitude damping, can be almost completely
restored using a reversal procedure. This reversal procedure through CNOT and
Hadamard gates could also protect the entanglement of two-qubit mixed states from
general amplitude damping. Concurrence and fidelity are two measurements used in
order to examine how our proposed scheme performs. Furthermore, to give gener-
ality to our scheme, we proposed a robust recovery scheme to protect the quantum
states when the decay parameters or the input quantum states are not completely

known.
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NOMENCLATURE

Qubit Quantum Bit
DFS Decoherence Free Subspace
QECC Quantum Error Corection Code

CNOT gate Controlled Not gate

Cavity QED  Cavity Quantum Electrodynamics
ESD point Entanglement Sudden Death
RRS Robust Recovery Scheme
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1. INTRODUCTION

Due to the inevitable interaction with the environment, a quantum system can en-
tangle with the environment and subsequently becomes decoherent. This decoherence
procedure is a fundamental obstacle for successful transfer of quantum information
and for practical quantum computation. A number of effective approaches have been
proposed to suppress the decoherence effect. One way for protecting a quantum state
from decoherence is based on the existence of decoherence free subspaces (DFS) which
requires special symmetry properties of the interaction Hamiltonian. In Quantum
Computation, this procedure, i.e. utilization of DFS to protecting quantum states, is
called “error-avoiding code” [1]. “Quantum error correction code (QECC)” is another
way to suppress the decoherence effect. In QECC, the logical quantum bit (qubit) is
encoded in a larger Hilbert space of several physical qubits and the correction process
is performed by constructing proper measurements and correction operations |2, 3.
Other methods such as quantum Zeno effect [4, 5] and dynamical decoupling [6, 7|
are also widely used to mitigate decoherence and to protect the quantum state.

Amplitude damping is a consequence of the coupling of the system with a reservior
and therefore it is a fundumental source of noise in many syestems [8]. For exampale,
an atom placed in vacuum can undergo spontaneous emission. Similarly, a field
state inside a leaky cavity can intercat with vacuum modes outside the cavity and
consequently loss its coherence, schematicly shown in FIg. 1.1. In the past years,
several strategies have been proposed to protect quantum states from the amplitude
damping. Three widely used strategies to protect the quantum state from amplitude
damping are: (1) weak measurement reversal |12, 13, 14, 15|, (2) un-collapsing a

quantum state towards the ground state and the reversal measurement [16], and (3)
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Figure 1.1: A schematic view of the two level atom placed in vacuum undergoes
spontaneous emission (left) and a field state inside a leaky cavity(right)

utilization of quantum gates to restore a qubit state in a weak measurement [17, 18|.
Quantum state recovery based on quantum gates can be implemented in a shorter
time compared with the weak measurement reversal. It is shown that a one-qubit
state in a weak measurement can be completely recovered by applying Hadamard
and CNOT gates on the system qubit and an auxiliary qubit [17]. This method
is generalized to recover an arbitrary two-qubit pure state undergoing amplitude
damping [18].

In this thesis, we show that this method can be generalized to protect an arbitrary
two-qubit mixed states which can have many more free parameters as compared to
a pure superposition state. We also consider the case when the input density matrix
and the damping parameter are not completely known (or partially known) and pro-
pose a robust recovery scheme. We test our recovery schemes by generating arbitrary
mixed states via Monte-Carlo simulations and obtain the optimal parameters to re-
cover an unknown quantum state. Here, we restrict our analysis to zero temperature,
as we are only interested in reversing the noise due to quantum fluctuation.

This chapter provides a motivation and general introduction to reversal proce-

dures of a quantum state from amplitude damping.



1.1 Measurement and reversal procedure

Quantum measurement is located at the heart of controversial discussion of quan-
tum mechanics. A quantum state is defined as a superposition of the eigenstates of
the system. The main issue occurs when the system collapses because of the act
of measurement given an eigenvalue corresponding to an eigenstate [2]. Thus, the
crucial question here is that “would it be possible to reverse a measurement and re-
cover the original state?" Traditionaly the answer was no. Due to collapsing of wave
function, the original state is gone forever. However, as this thesis will discuss in the
following chapters, there is a class of measurements so called “weak measurement”,
which can restore any unknown premeasured state, though with the probability less
than unity [14, 13]. In the weak measurement, full information of the probability
amplitude is retained in the superposition of the states. So, in other words, the more

strong measrement, the less probability of successful recovery.
1.2 Amplitude damping channel and weak measurement

Envoironmental decoherence is one important source of errors in quantum sys-
tems. In order to model this decoherence, in this thesis, we consider amplitude
damping which can be a field in a leaky cavity, two level atom with spontaneous
emission, etc. A single qubit amplitude damping can be mathematically described

by the following mappings:

0)s10)e = 0)s]0)p

Dsl0)e = V1 =p1)sl0)s +v/pl0)s|1)e (1.1)

where p € [0, 1] is the possibility of decaying of the excited state, and S (E) denotes

the system (environment). For exapmle, within the Weisskopf-Wigner approximation



[8], the decaying probability of an atom interacting with vacuum field is given by
VI —p = e 1" with T being the spontaneous decay rate of an atom. Similarly, the

Kt

damping of a field in a cavity is given by /1 —p = e " with k being the leakage
rate of a cavity.

Let us consider a two level atom with spontaneous emission and suppose that an
ideal detector is placed outside of the system in the environment [9]. If the detector
detects a photon, it seems that we have prepared |0) ;. In fact we know with certainty
that the initial state was the excited state, because the ground state could not have
decayed. On the other hand, if we detect no photon with our ideal detector then we
have projected out the state |0), of the environment. Therefore, we have prepared
the atomic state: a|0), +0b|1) ,.

As we saw, the atomic state was obtained due to our failure to detect a photon.
This is an example of a “weak measurement" where we obtain partial information

about the state but the information about the amplitude a and b can be fully recov-

ered. In contrary, if ther is no detector in the environment we have:

(@]0)4 +b11)410) g = (a]0) 4 + b3/1 = p[1) )]0) g + VPI0) A1) g (1.2)

In this thesis, we aime to present new schems in order to recover the initial state
from amplitude damping in Eq 1.2 and show that even without weak measurement,
quantum entanglement of a two-qubit system can also be partially protected using
the proposed schemes.

In the following, we will begin with three widely used strategies to protect the
quantum state from amplitude damping in the weak measurement and after that we

will discuss about our schem for recovery without weak measurement.



1.2.1  Amplitude damping reversal with monitoring the environment

As we discussed in the previous section, using weak measurment would be bene-
ficial in order to recover the initial state from amplitude damping.

In [13], the authors demonstrated the probabilistic reversal procedure with con-
tinuos weak measurement applied to solid-state qubits. At the first step, [13] con-
sideres a quantum double dot qubit, measured by a quantum point contact. The
authors practically described how to undo the measurement and calculate its related
probability, as well as the mean undoing time. At the second step, they demon-
strated the same procedure similar to the first step for the phase qubit. The general
theory of the reversal measurement proposed in this paper is that they described
a linear operator M, for general measurement with result called r. Thus, for an
initial state the p probability of the result r is P, (p) = Tr (E,p) where E, = MM,
which is a positive Hermitian operator. The state after measurement changes to
p = M,pM}/Tr (E,p). In order to reverse the measurement, they applied the in-
verse operation characterized by L, = CM, ! where C is a complex number. Since
L, can be physical only if all eigenvalues of LIL, are < 1, it leads to conclude the
upper limit bound |C|*> < min,; P, , where {P;} is the set of eigenvalues of F,. There-
fore, the probability of success P, = T'r (LILTﬁ) corresponding to L, is bounded by
miniPi /p, (). Finally, it is concluded that the upper bound for the successful reversal
measurement probability, similar to [7], is Py < (minPr)/p, ;. They compare the prob-
ability results found for the two considered systems where proof that results of two
systems reach the defined upper bound F;.

Furthermore, Sun et. al in [14], proposed that by using weak measurement, we
can reverse the entanglement change of two qubits. They assumed that two entangled

qubits interacted with their own individual environments due to undergoing different
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Figure 1.2: A schematic view of the uncollapsing sequence suppressing energy relax-
ation n a phase qubit in [15].

paths. Gradually, their entanglement became changed. To recover the entanglement
they first apply bit flip operation to both qubit, then perform a null-result weak
measurement, and finally flip the qubits back. Finally, paper concludes that the
initial entangled state and the entanglement were recovered exactly due to using

weak measurement.
1.2.2  Uncollapsing a quantum state and the reversal measurement

As another approach of reversal measurement, |[15] used scheme introduced in
Fig. 1.2 They started with moving the qubit state toward the ground state in a
coherent but non unitary way (as in Ref. [11] ) to protect the qubit against zero-
temperature energy relaxation.

Then after the storage time they apply the uncollapsing procedure for the phase
qubit consisting of a pulse, second partial measurement, and one more 7 pulse which
restores the initial qubit state. The procedure was probabilistic since specific result
of both measurements were selected. The measurement was rejected at the selection
of the second measurement, if an energy relaxation event happens during the storage

period. Therefore, in the first step and to analyze the procedure quantitatively, they
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Figure 1.3: Circuit diagram for the reversal of the weak measurement of one qubit

in [17].

considered the initial state of the qubit within a rotating frame. After applying the
reversal procedure they characterized the performance of the proposed scheme by
calculating fidelity of the quantum state storage. Then, after some calculation, they
concluded that the uncollapsing is the only known method of improving the qubit

storage fidelity against energy relaxation.
1.2.3  Reversal measurement with quantum gates

In 2011 Al Amri et al. [17] suggested to directly choose ancilla qubit following
with appropriate quantum gates for reversal procedure. They proposed the circuit
diagram depicted in Fig. 1.3 for the reversal of the weak measurement of one qubit
pure state undergone amplitude damping. The advantage of their proposed scheme
include iterativiity iterative and experimentally being realizable within the presently
available cavity quantum eloctrodynamics (QED) systems. Furthermore, although
no weak measurement required and the reversal state was accomplished in a small
time in the reversal process, the probability of success remained essentially the same.
After that, in [18], Liao et al. extended the scheme in Fig. 1.3 for reversing of tow

qubit pure state and proposed the scheme described in Fig. 1.4 for that.



Figure 1.4: Circuit diagram for the reversal of theamplitud damping of two qubit
pure state in [18].

1.2.4 Thesis contribution

All approaches mentioned above, were recovering the damped quantum state by
employing weak measurements. So, the question becomes “what if we aim to recover
the quantum state in general amplitude damping meaning that in this situation
there is no weak measurement?" In second part of the paper [18|, Ziao et al. show
that using similar procedure in Fig. 1.3, two qubit pure state could be recovered
when system was undergoes general amplitude damping. The work presented in this
thesis aims to further expande the applicability of the proposed circuit in Figs. 1.3
and 1.4, by considering it within two-qubit mixed state framework and discuss how
a robust scheme can revover the amplitude damping once we have uncertainty in
the underlying quantum system. The schematic workflow of thesis contributions is

depicted in fig. 1.5.
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Figure 1.5: Schematic workflow coresponds to the thesis contributions.



2. QUANTUM STATE RECOVERY UNDERGOES AMPLITUDE DAMPING

Consider amplitude damping in order to model the environmental decoherence
of a quantum system. Since we aime to work in the mixed-state framework, in this
chapter, we begin with amplitude damping of two-qubit mixed-state. Then, the

initial state is recovered by schemes proposed in this thesis.
2.1 Amplitude damping of two-qubit mixed state

Following the universal chracter of amplitude damping explained in introduction,
it is appropriate to begin the amplitude damping within the mixed-state frame work.

The amplitude damping operations are given by [10].

1 0 0
AO - ,Al - \/]_) . (21)

0 V1I-p 0 O

An arbitrary two-qubit mixed state can be written as

a e [ g
e* b 1

Pi = (2.2)
)

The amplitude damping of an arbitrary two-qubit mixed state can be calculated
by the following procedures. First an arbitrary two-qubit mixed state can be also
written as p = Zijmnzo Qijmn|i7)(mn|. Each element |ij)(mn) can be written as

two-qubit direct products |i){(m| & |j)(n|. Next we apply the amplitude damping

10



g

Figure 2.1: A schematic view of the recovery process proposed in [18], generalized
herein for the mixed states setting.

operations on each qubit which yields
i) (mnl = | Aoli) m| Af + Ay Ji) (m] AT| &) [ Ao 15) (] A+ A1 1) nl AT (2.3)

After applying the amplitude damping operations on each element, we obtain the

two-qubit amplitude damped state given by

a+bp + cp + p3d eN/q+piva VAt 9q
e'a+ri*Va bq + pdq hq 1q9/q
I*Va+1i'pya h*q cq+pdqg  7q\/q
g*q i*q\/q 7*a\/q d¢?

where ¢ =1 — p.

11



2.1.1 Two-qubit mized states recovery

In this section, we propose a method to recover the damped quantum mixed
states in Eq. (2.4) to the initial quantum mixed states in Eq. (2.2). This method
has recently been introduced for two-qubit pure state [18]. In this model, we use
the circuit diagram outlined in Fig. 2.1. Two auxiliary qubits both in the |0) state
initially, are added. First, we apply a Hadamard gate with angle 0 for each ancilla

qubit.

cosf@ —sinf
Hy = (2.5)
sinf cos®

The ancilla qubits (Al and A2) after passing through the Hadamard gate will change

to:

cos 6? cos@sinf
PAL = PA2 = . (2.6)
cosfsinf sin #°

The state of the whole system, after combining ancilla qubits to the damped system

in Eq. (2.4) can be written as:

PAd = PAL ®Pd ®PA2~ (2.7)

Afterwards, we apply two CNOT gates onto each pair of the system and ancilla

qubits: The final state is then given by:

CNQOT gate I CNOT gate II

1 000 1 0 0 0
0001 01 00
UCi=19 01 0 UG =190 01
01 00 0 010

Table 2.1: CNOT gates used for recovery in Fig. 2.1

12



pf:U01®UCQpAdUCQT®U01T (28)

Finally, we make measurements on the two ancilla qubits. If the ancilla qubits are
both in |0) state, the recover process is successful. Otherwise, the recover process
fails. Since the ancilla qubits are measured to be in |0) state, the state of the whole

system becomes

pr =(Pu® PAQ)Pf(PL & le1) (2.9)

where the projection operators P4 = [0) (0| @ L, and Py = I, Q) |0) (0] with
I, being a two-by-two unit matrix. The reduced system density matrix is p, =
Trar, Az(plfl) where T'r 41,42 denotes the partial trace over the ancilla qubits.

By choosing 6 = tan~'(1/,/g), the final state after the recovery process for the

system can be calculated to be

a+bp+ep+pid e+pj f+ip g

1 e+ 7'p b+ pd h 7
Pre 1T 0—a+dp+pid . |- (210)
p=p f*+i'p h* c+pd j

From Eq. 2.10 we can obtain p, = (p; + perr)/IN where p; is the initial state, N =
14 (1 —a+d)p+p*d is the normalization factor, and p.,,. the recovering error matrix

which is given by

bp+cp+p*d jp ip O
"D dp 0 O
Porn = g . (2.11)
p 0 pd O
0 0O 0 0

Thus, the system is not completely recovered but is restored to the initial input

13



density matrix plus an error term. When p = 0, p, = p; which is expected. Here, we
have neglected the amplitude damping of the system qubits and ancilla qubit during
the recovery process. This is a good approximation as the recovery process is based
on quantum gates which can be implemented much faster than the decoherence time
of the system. For example, a CNOT gate can be implemented by a cavity-QED
system proposed by [17] where the interaction time is around 20us while the atom
and field relaxation time are 30ms and 1ms, respectively [19]. In the following, we
quantitatively analyze how the quantum state is restored using fidelity and quantum

concurrence
2.2 Protect from the entaglement

The entanglement is the phenomenon related to non separable states whereby
particles interacting with each other become permanently dependent to each other.
In this situation they act as a single entity. Variety of measurements, such as entan-
glement cost, entropy measurement, concurrence and fidelity, are used to quantify the
entanglement. In this thesis, fidelity and concurrence are considered for measuring

the entanglement of states.
2.2.1 Fidelity

In quantum information theory, fidelity is a quantity which is determine how
two states are distinguishable. Therefore, in order to study how a quantum state is
recovered with proposed scheme, we calculate the fidelity between the recovered and
the initial states. The fidelity function between two quantum mixed states is defined
by [20] ,

Flowps) = |1 (VVoorvan) | 212

14



where p; and py are the initial and final state, respectively. In this study, the fidelity
between the damped state and the initial state is Fy; = F(p;, pa), and the fidelity
between the recovered state and the initial state is F,. = F'(p;, p;).

In Figs. 2.2(a) and 2.2(b), we depict the recovering fidelities as a function of the

decaying probability p for two mixed states given by:

04 O 0 0.25 0.6 0 0 0.25
0O 01 0 0 0 012 0 0
P1 = s P2 = (213)
0 0 03 0 0 0 011 0
025 0 0 0.2 025 0 0 0.17

From the figures, we see that the fidelities of the recovered states are higher than
those of the damped states which indicates that our recovery scheme also works for
the two-qubit mixed states.

To justify whether our method works for general two-qubit mixed states, we also
perform the numerical calculation of average fidelity of the damped states and the
recovered states over a large ensemble. To do so, we randomly generate a large
ensemble of two-qubit mixed state using the method shown in |21, 22, 23] in which
they would obey the required properties of a valid density matrix from a certain
probability distribution. Following [22], for generating an ensemble of random density
matrices, we firs generated a Ginibre ensemble and then used the probability measure
induced by the Bures metric. After that, for each decaying probability p, 8 is chosen
to be tan~'(1/4/1 —p) and the average fidelity of the damped and recovered states
are shown in Fig. 2.3 where we can see that our recovery scheme can effectively

restore the general two-qubit mixed state.

15
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Figure 2.2: Fj (dashed line) and F, (solid line) as a function of decaying factor p.
Panels (a) and (b) show the results for pl and p2 described in Eq.(2.13), respectively.
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Figure 2.3: The average fidelity of the damped and recovered states via Monte Carlo
method with 10% iteration as a function of damping probability (p)

2.2.2 Concurrence

In this subsection, we study whether the quantum entanglement of the two-qubit
mixed state can be protected by our scheme or not. The quantum entanglement of
a two-qubit mixed state can be calibrated by the quantum “concurrence” which is
defined as [24]

C(p) = max (0, \; — Ag — A3 — \g), (2.14)

in which Aq,..., A\ are the eigenvalues in decreasing order of the Hermitian matrix
R(p) = \/v/pp/p with p = (0, Q@ 0y)p*(0y & 7).

The damped concurrence and the recovered concurrences for the two quantum
states used in the previous section are shown in Fig. 2.4(a) and 2.4(b) respectively.
From Figs. 2.4(a) and 2.4(b) one can see the following features: (1) The concurrence
of recovered state is higher than that of the damped one which indicates that our

scheme can protect the quantum entanglement of the two-qubit mixed state from
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amplitude damping. However, the amount of the quantum entanglement does not
improve very much. (2) The entanglement vanishes at a special point which is called
entanglement sudden death (ESD) [25, 26]. Before the ESD point, the quantum
entanglement can be restored by a certain amount. However, beyond the ESD point,
the quantum entanglement can not be improved by the quantum algorithm shown
in Fig. 2.1 because the recovering scheme shown in Fig. 1 is essentially non-unitary

local operation.
2.3 Extended scheme

In the previous section, we show that a quantum state can be recovered with very
good fidelity by the scheme shown in Fig. 1. However, the quantum entanglement
can not be well recovered in that scheme. In this section, we discuss how to improve
this scheme. Similar to that of [18], we can significantly improve the fidelity and
quantum entanglement by adding a preparation stage before the amplitude damping
of a two-qubit mixed state. The extended scheme scenario is depicted in Fig. 2.5,
which is a mixed-state generalization of the scheme in [18§].

The proposed method proceeds as follows: Before the initial two-qubit mixed
states undergoes amplitude damping, we pre-process the system to make it robust
against the amplitude damping. To do so, we apply the same quantum circuit as
in the recovery part to prepare the initial state. In this stage, the preparation is
successful if the ancilla qubits are measured to be |00). After the preparation stage,
the system undergoes the damping stage shown in Sec. 2.1. In the final part, we
perform the same recovery procedure as shown in Sec. 2.1.1 to recover the quantum
state and quantum entanglement.

The quantum state after the preparation stage can be obtained from Eq. (2.10),

by considering p = 0 and # = 6; where 6; is the rotation angle of Hadamard gate
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in the preparation step. Then, by denoting x = tan?#;, the quantum state after the

preparation stage is given by

a 1 \3/2 T 1 4\3/2 T T
(1+z)2 e<1+x) V 1+z f(l—i-x) I+ (1Jgr:c)2
w1 \3/2 T bx hx L1 N\3/2 T
Pp = € (1+m) V T+z (1+a)? (1+a)? Z(1+$) 1+z
p =
w1 \3/2 T h*z cx .1 \3/2 T
f (H_x) V 14z (14-2)? (14-z)? j(lﬂ") 1+z

*x w1 \3/2 T 1 N\3/2 T dx?
(1g+x)2 t <1+a:) Vitz J <1+x) V 14z (1+z)?
(2.15)

It is noted that if #; is selected such that x < 1, the system uncollapses toward
the ground state as weak measurement [16, 15]. The ground state is less vulnerable
to the amplitude damping because it is uncoupled to the environment [16]. In the
next stage, the prepared state shown in Eq. (2.15) undergoes the amplitude damping
and the recovery procedure, shown in Fig 2.5. For the recovery stage we determine
the rotation angle of the Hadamard gate, 6, such that zqy = 1 where y = tan?6,.
Then, as in Sec. 2.1.1, we measure the ancilla qubits in |00) states, and finally obtain
the recovered density matrix.

We now examine how our extended scheme works compared with the scheme
without preparation stage. In Figs. 2.6(a) and 2.6(b), we show the quantum entan-
glement recovery C, under different values of x. From the figures, we see that C,
in the extended scheme with x < 1 can be higher than C, in the previous scheme
without preparation stage. When x = 1, C,. in the extended scheme returns back to
the previous one. In addition, we notice that the quantum entanglement does not
vanish in the extended scheme even beyond the ESD point which never occur in the
previous scheme. The reason why the ESD can be inhibited in the extended scheme
is because we prepare the initial state in a more robust state by un-collapsing the

quantum state toward the ground state before the amplitude damping. The more
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we un-collapse the system toward the ground state, the larger the ESD point will
be. After a certain value, the ESD point can be even eliminated in the whole region.
The fidelity of the recovered state can be also significantly improved in the extended
scheme (see Figs. 2.7(a) and 2.7(b)). However, we note that the success probability

decreases when x is smaller.
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Figure 2.4: Concurrence as a function of damping probability, p, for damped state
and recovered state. Corresponding to p; and ps described in Eq. (2.13) respectively.
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Figure 2.5: A schematic view of the extended scheme process proposed in [18], gen-
eralized herein for the mixed states setting.
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Figure 2.6: Concurrence as a function of damping probability for damped state and
recovered state corresponds to the results in Section 2.2.2 and the other curves relates

tox =0.1, z = 0.5 and z = 0.8. All curves are belonging to p; and p, described in
Eq. (2.13).
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Figure 2.7: Fidelity in the extended scenario as a function of damping probability.
Damped state and recovered state corresponds to the results in Section 2.2.1. The
other curves relates to x = 0.1, z = 0.5 and z = 0.8 in the extended scenario. All
curves are belonging to p; and py described in Eq. (2.13).
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3. ROBUST RECOVERY SCHEME

3.1 Robust recovery under uncertainty

In previous chapter, we have considered the scenario where we have the complete
knowledge about the parameter of the apparatus. It means that our model would
work in the situation where we know the exact values of the parameters, e.g. known
p and consequently designing 6 based on p. In this situation, as described above, we
can follow the reversal scheme outlined in Fig. 2.1 and 2.5, and use them to reverse
the initial mixed states when it undergoes amplitude damping.

Another question that has been studied is: What if we aim to design such an appa-
ratus where we face with some issues of uncertainties? One of the important issues
is uncertainty on p. Furthermore, we know that Hadamard gate angle which works
properly for one state may not necessarily be the best one for other states. Below,
we depict two scenarios. First, we consider a scenario where we want to design the
setup whereas there is a mismatch in the actual p and the one with which we design
the angle. We discuss the effect of this mismatching in Sec. 3.1.1. Next, in order to
overcome the illustrated shortcoming of this mismatch, we propose a robust recovery
scheme (RRS) where we can find an optimal Hadamard gate angle and it can be
indeed helpful for battling against the uncertainty on p, and also uncertainty around
the input state. This approach would be applicable widely, since it requires no initial

assumption.
3.1.1 Uncertainty in p

In the previous chapter, we assume that the decay parameter p is known which led
to designing ¢ such that 6 = tan~'(1/,/g). However, in practice, one may not have a

complete estimate of p, i.e. either completely unknown or known up to an interval.
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Therefore, a legitimate question can be “How can we determine the Hadamard gate
angle such that given our uncertainty about p, the achieved fidelity w ould become
sufficient?”

In order to quantify the degrading effect of an unknown p, we conduct a numerical
simulation study. Suppose that, we have a point estimation for the value that p can
take, say p = 0.7. Then, based on this value, we set the Hadamard gate angle using
6 = tan"!(1//T—p) = 61.3°. Now, we are interested in evaluating the fidelity of
this “#-fixed” recovery scheme across all the possible actual values of p. Moreover, we
would like to see the difference in fidelity with the case with known p and adaptive
selection of 0 as § = tan=!(1/y/1 —p), i.e. for every p design 6 such that § =
tan='(1/4/T — p). Simulation results, for the two mixed density matrices p; and p,
are shown in Figures 3.1(a) and 3.1(b). We plot the fidelity of recovered scheme by
considering fixed 6 above (i.e. corresponding to p = 0.7), along with the two other
curves, taken from Figs. 2.2(a) and 2.2(b).

Deducing from Figs. 3.1(a) and 3.1(b), we can summarize the simulation results
by the following two points: 1) For fixed # = 61.3°, the quantum state is not re-
covered well on all p’s, unless in the range around p = 0.35 to 1 for density matrix
corresponding to p; and the range around p = 0.55 to 1 for py. 2) Even though selec-
tion of # through the tangent formula shows a better performance overall, as shown
in Figs. 3.1(a) and 3.1(b), one may find a better € for a specific damped probability
p rather than that calculated by tan™'(1/4/1 —p). It seems that in this situation,
where we do not know about p, choosing a random p to determine the angle 6 is not
a considerable way. Hence, in Section 3.1.2, we define a robust method to solve this

problem.
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Figure 3.1: The system states are p; and p,. The solid line and dashed line depends
on fidelity with known p and adaptive 6 with p, (§ = tan=*(1/4/T — p), used in 2.2.1.
The doted line depends on fixed § which obtains from 6 = tan~'(1/+/0.3).
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3.1.2  Unknown p and p

In the previous subsection, we studied how choosing a Hadamard gate angle 6,
where we have uncertainty on p, would affect the fidelity under different values of p.
We want now make our uncertainty broader by assuming uncertainty on both p, and
the initial quantum state of the system p. In this scenario, we introduce a robust
recovery scheme based on finding an optimal 6 which yields the best average fidelity

taken over the distribution.

Definition 1 (Fidelity-Robust Recovery Scheme) Suppose that the (unknown)
density states are governed by a given distribution, i.e., each density matriz has also
a probability of occurrence. Then, we define fidelity as a function of p, p and 6, and
denote it by F(p,p,0). We define the average fidelity over the range of p and p, as

follows

F(Q) =E, [Ep [F'(p, p,0)]] (3.1)

Then, we define a recovery scheme, fidelity-robust, if its Hadamard gate angle 0,y s
chosen as follows

Bopr = max F(6). (3.2)

We call 0,, the robust Hadamard gate angle. It should be noted that by averaging
we cancel out the roles of unknown p and p on the fidelity. This is also called

marginalization.

In the case of a given interval, for the (uniformly distributed) unknown p € (p;, p..),

we can simplify Eq. (3.1), as follows

F0) = —— [ E,[F(o.0.0) dv (3.3
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In many situations, it may not be feasible to find a closed-form solution for either of
(3.1) or (3.2). In these cases, one may take numerical approaches for computing the
expectations, and solving the maximization problem. In the following, we show an
example, where we find the robust angle via Monte Carlo simulations.

To examine the performance of the proposed recovery scheme with the robust
angle 6, we compare the case with complete knowledge of 6 (the original scheme)

with the 6 obtained from Eq. (3.2):
F, = B, |E,[F(p.p,6,)]|. (3.4)

where 6, = tan™'(1/yT=5).
3.1.3  Simulation
In order to test the RRS scheme and finde the optimal angle, we generate random
p via Monte Carlo approach with 10* iterations, and p also uniformly varies between

0.1 and 0.9. To find the maximum average fidelity, we grid the range of 6 between

0 and 27 with steps of {5. Fig. 3.2 is depicted these simulation procedures. The

results are summarized in Table 3.1. One can find 6,, (among the selected
Flo |0 /o 27/io 37/ Amho ST/io 67/io Tm/i0 8Tho  9m/i0 T
F(@) 0.250 0.427 0.632 0.790 0.751 0.248 0.090 0.089 0.114 0.154 0.250

0.838 0.838 0.838 0.838 0.838 0.838 0.838 0.838 0.838 0.838 0.838
0.72v 0.727 0.727 0.727 0.727 0.727 0.727 0.727 0.727 0.727 0.727

Sl

Table 3.1: Average recovery fidelity for two scenarios. The first row shows
the results for the case where p and p are assumed unknown. Also the results
are repeated periodically until 2. The second row show the fidelity for the
scenario where the gate angle is chosen with the knowledge of p same as Sec.
2.2.1. The third row is the average damped fidelity.
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Figure 3.2: The illustrative scheme of Monte Carlo simulations.

candidate angles) by choosing the maximum fidelity among these numbers. The
optimal fidelity, bolded in the table, is 0.790 which corresponds to 37/10. We omit the
rest of numbers after 7, because they periodically repeat. Although 0.790 is smaller
than the fidelity 0.838 in the case we have know exactly what the p is, it is still larger
than the damped fidelity 0.727. One should note that, one may achieve better results
by a finer grid of #. Next, we test the idea by choosing the probability of decay in
the case of smaler range than previous consideration where it was varied from 0.4 to
0.6 and also from 0.45 to 0.55. The results showed in the table 3.2 and 3.3.

As we expected, the simulation results show that when the the interval is tight
enough, i.e. low amount of uncertainty meaning being closer to the complete infor-
mation situation, we can achieve near-optimal results. Overall, one may conclude

that via the robust recovery scheme, the mixed states recovery can be robustly im-
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F|o |0 /10 2o 37/10 mho  ST/io /o TMho 8/ /o 7w

F(0) | 0.2497 0.4268 0.6348 0.7967 0.7487 0.2500 0.0883 0.0885 0.1091 0.1566 0.2497
F, 0.8345 0.8345 0.8345 0.8345 0.8345 0.8345 0.8345 0.8345 0.8345 0.8345 0.8345
Fy 0.7409 0.7409 0.7409 0.7409 0.7409 0.7409 0.7409 0.7409 0.7409 0.7409 0.7409

Table 3.2: Average recovery fidelity for two scenarios. p varied from 0.40 to
0.60. The first row shows the results for the RRS scheme. The second row show
the fidelity for the scenario where the gate angle is chosen with the knowledge
of p same as Sec. 2.2.1. The third row is the average damped fidelity.

Flo |0 /10 o 37ho dmho  Bmho  6mho  Tmho 8m/p MM @

F(0) | 0.2498 0.4274 0.6362 0.7987 0.7507 0.2506 0.0922 0.0917 0.1091 0.1577 0.2498
F, 0.8362 0.8362 0.8362 0.8362 0.8362 0.8362 0.8362 0.8362 0.8362 0.8362 0.8362
Fy 0.7438 0.7438 0.7438 0.7438 0.7438 0.7438 0.7438 0.7438 0.7438 0.7438 0.7438

Table 3.3: Average recovery fidelity for two scenarios. p varied from 0.45 to
0.55. The first row shows the results for the RRS scheme. The second row
shows the fidelity for the scenario where the gate angle is chosen with the
knowledge of p same as Sec. 2.2.1. The third row is the average damped
fidelity.

plemented with no (or limited) knowledge of the underlying p or p, and one would
need to quantify the prior knowledge in the form of distributions governing these two
variables. This is of high importance given the fact that in practice, one may only

have limited knowledge regarding the quantum system parameters.
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4. CONCLUSION

In summary this thesis presented variety approaches in order to protect an arbi-
trary two qubit mixed state from amplitude damping. Starting from reviewing recov-
ery of quantum states from amplitude damping in the weak measurement framework.
In the second step, we reported recovery schemes without considering weak measure-
ment in the mixed state framework where mixed state involves many more parameters
than the pure state and it is mathematically many complicated. The basic scheme
without preparation stage can recover a quantum state with very high fidelity, but
the quantum entanglement of the two-qubit mixed state is not significantly improved.
The extended scheme with preparation stage can recover the two-qubit mixed state
with a very high fidelity and the quantum entanglement can be also significantly
recovered by choosing suitable parameters. Furthermore, the extended scheme can
also recover a quantum state even beyond the ESD point.

In addition, a recovery scheme was next introduced which takes the system’s
uncertainties into account which in turn led to a robust recovery scheme. Firs we
studied the effect of choosing inappropriate decay probability where we have partial
knowledge about the parameter of the apparatus in order to design our recovery
scheme. We saw this mismatch had not appropriate results for variety of apparatus
with different decay probabilities. Then we proposed “Robust Recovery" method
where not only we had partial knowledge about decay probability, but also we had
uncertainty in the initial state. We find an optimal angle for recovering a two-qubit
mixed state when the quantum state and the decay probability were unknown. This
scheme may be very useful for protecting a quantum state from amplitude damping

in practice.
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