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ABSTRACT

In this dissertation we study three problems in applied algebraic geometry. The
first problem is to construct an algorithmically efficient approximation to the real part
of the zero set of an exponential sum. We construct such a polyhedral approximation
using techniques from tropical geometry. We prove precise distance bounds between
our polyhedral approximation and the real part of the zero set. Our bounds depend
on the number of terms of the exponential sum and the minimal distance between
the exponents. Despite the computational hardness of the membership problem for
the real part of the zero set, we prove that our polyhedral approximation can be
computed by linear programing on the real BSS machine.

The second problem is to study the ratio of sums of squares polynomials inside the
set of nonnegative polynomials. Our focus is on the effect of fixed monomial structure
to the ratio of these two sets. We study this problem quantitatively by combining
convex geometry and algebra. Some of our methods work for arbitrary Newton
polytopes; however our main theorem is stated for multihomogenous polynomials.
Our main theorem provides quantitative versions of some known algebraic facts, and
also refines earlier quantitative results.

The third problem is to study the condition number of polynomial systems ‘on
average. Condition number is a vital invariant of polynomial systems which con-
trols their computational complexity. We analyze the condition number of random
polynomial systems for a broad family of distributions. Our work shows that earlier
results derived for the polynomial systems with real Gaussian independent random
coefficients can be extended to the broader family of sub-Gaussian random variables

allowing dependencies. Our results are near optimal for overdetermined systems but
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there is room for improvement in the case of square systems of random polynomials.

The main idea binding our three problems is to observe structure and randomness
phenomenon in the space of polynomials. We used combinatorial algebraic geometry
to observe the ‘structure’ and convex geometric analysis to understand the ‘random-
ness. We believe results presented in this dissertation are just the first steps of the

interaction between these two fields.
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1. INTRODUCTION

This introductory section will walk the reader through mathematical objects and
problems that are present in this dissertation. Every subsection introduces tools from
a branch of mathematics and concludes with a related research problem. Section 2
of the dissertation corresponds to the problem introduced at the end of the Combi-
natorial Algebraic Geometry subsection. Section 3 of the dissertation corresponds
to the problem introduced at the end of Modern Convex Geometry and Semidefi-
nite Programing subsection, finally the problem introduced at the end of Efficient
Polynomial System Solving subsection corresponds to the Section 4.

A quick look at this section will reveal the diversity of the topics included in this
dissertation. The common theme binding these topics is the desire to understand
structure and randomness phenomenon in the space of multivariate polynomials.

Combinatorial algebraic geometry offers a beautiful frame to study the structure
of sparse polynomials via combinatorial tools. Some of these tools will be introduced
in the first subsection below. On the other hand, a generic real polynomial with n
variables and degree d is by definition a high dimensional object, and one expects
the high dimension to have regularity effects. Modern convex geometry offers strong
tools to analyze these effects of regularity. Due to space limitations we will not be
able introduce even some of the main ideas of modern convexity. However, we hope
the second and the third subsections will provide a taste of the field.

The interaction between modern convex geometry and it’s probabilistic tools with
algebraic geometry is very important and fruitful. As first steps of this interaction,
and to train our intuition, we studied problems arising from applied algebraic geom-

etry. We hope the reader of this dissertation will find these problems interesting in



their own right. We were happy that these problems were also challenging enough

to force development of new theoretical tools.
1.1 Combinatorial Algebraic Geometry

We start with an example that we borrow from [100]. We consider the following

system of polynomials

2 3 5 6.7 6 7.5 7 5.6 8 9.9
Pz, Yy, 2) = anx + apy” + a132° + a1ax°y 2" + a7y’ 2 + aer'y°2” + apraty’z

10, 9.9 9 8.9 9 10_9 9 9_10
+a18X Y 27 + a19x7Y 2" + a11027Y 2T+ a111T7Y 2

2 3 5 6.7 6 7.5 7 5.6
P2(T, Y, 2) = A21% + Ay~ + 232" + a2y 2" + a252°Y 2° + agsex'y’z

10,99 9,910

8.9_9 9.8.9 9.10_9
Faorx Y 27 + aogT Y 2T + Ao Y 2T + a0’y 27 + Qo1 TTY 2

2 3 5 6.7 6.7.5 7.5.6 8. 9.9
p3(x,y,2) = as1® + azy” + aszz” + azax’y 2" + assxy 2’ + agex'y 2 + agraty’z

10,99 9210

9.8.9 9.10_9 9
+assx Y 27 + azox Y 2" + a3’y 2T + a3 Ty

One might guess that for a generic set of coefficients a;;, the polynomial system
P1, P2, p3 Will have a finite number of common roots. The classical theorem of Bezout
states that this finite number is bounded by multiplication of the degrees of poly-
nomials i.e 28 x 28 x 28 = 21952. As one can see from the statement of Bezout’s
theorem, this theorem does not take into account the structure of monomials; all the
degree 28 polynomials are treated equivalently. This shortcoming is overcome by one
of the fundamental objects of combinatorial algebraic geometry: toric varieties. The
theory of toric varieties studies geometric objects encoded by combinatorial data. In
our example 1.1 above, the correct combinatorial concept is the Newton polytope:

for a polynomial p = 3", c,z® where a € Z", the Newton polytope of p is defined as

Newt(p) = conv({a : co # 0})



where conv(x) stands for the convex hull of % . For the above example, we have

Newt(p,) = conv({(1,0,0),(0,2,0),(0,0,3),(5,6,7),(6,7,5)

,(7,5,6),(8,9,9),(10,9,9), (9,8,9), (9,10,9), (9,9,10)})

Using the compactification provided by theory of toric varieties, instead of clas-
sical projective space, helps to prove that the number of common roots are bounded
by mixed volume of Newton polytopes [72]. In our example 1.1 above, this approach
(Bernstein’s theorem) gives the bound 321, and this number is exactly the number
of common roots for a generic set of coefficients a;;.

We will not work explicitly with toric varieties in this thesis but quite often it
will be the underlying structure. For more information on this beautiful subject we

refer the reader to [49] and [31].
1.1.1 A-discriminants

In this section we look a little more closely at the idea of generic set of coefficients.

We start by considering the following example from high school algebra:

F = {q(z) = az® + br + ¢}

Here F is the family of univariate quadratic equations. The reader surely knows that
the discriminant corresponding to this family is A[2, 1, 0] := b* — 4ac and whenever
A[2,10](a,b,c) = 0 at a certain triple (a, b, c), the two roots of ¢(z) = az? + bx + ¢
coincide. It is also known that whenever A[2,1,0](a,b,c) > 0 there are two real
roots of ax? + bxr + ¢ and whenever A[2,10](a,b,c) < 0 there are no real roots of

ax® + bx + c.



Now we consider another family H := {q(z) = ax®® + bx'® + cz”}. We observe
that the monomial set {29, 18,7} can be obtained by the set {2,1,0} by scaling with
11 and shifting with 7. Thus, one expects the same algebraic rule A to govern this
family of polynomials i.e A[29,18,7] = A[2,1,0]. We define the A-discriminants

below, which is the expected, intuitive algebraic rule.

Definition 1.1.1. Given A :={ay,as,...,a,} CZ" of cardinality m we define the
family of polynomials Fa to be Fy = {>;c;ix® : ¢; € C} then the A discriminant

variety V 4 is defined to be the following

Va={la:c:...:¢n) € PC)™ 1 p(x) =D ¢z possesses a singularity in (C*)"}

)

where V is the Zariski closure of V.. When V4 has codimension 1, Ay is the

defining polynomial of V 4.

Within the perspective of the A-discriminant definition, a generic set of coeffi-
cients for the support A is a set of coeflicients that does not lie in the A-discriminant
variety.

The canonical reference for the theory of A-discriminants is [51]. The very first
theorem ( i.e Biduality Theorem, Thm 1.1) of [51] proves that A-discriminants are
projective duals to the toric varieties parametrized by {[t* : t* : ... : t%"] : t €
(C*)"}. We will not pursue this geometric direction further here; instead we continue
with a concrete example that we borrow from [41]. Before going into the example, we
note that via a standard method called the Cayley trick one can extend the definition
of the A-discriminants to the polynomial systems [41]. Our example is an important

family of polynomials called the Haas family [61].



Example 1.1.2. We consider the following family of polynomials Hgp g4

fi=a* +ayt —y

f2=y2d—l—bxd—x

then we have A = {(2d,0), (0,d), (0,1), (0,2d), (d,0),(1,0)} and As(1,a,—1,1,b,—1)
happens to be a polynomial of degree 47 with 58 monomials and coefficients of the

order 10%3.

As one can see from the previous example, A-discriminants can easily become in-
volved and computationally expensive. This clearly shows the need for more efficient
ways of addressing the A-discriminant variety. Combinatorial algebraic geometry
offers different tools for this issue. However in the most general form, finding an
efficient (approximate) algorithm for A-discriminant variety membership can still
be considered as an open problem. We close this section with a strong and simple

theorem from [69].
Theorem 1.1.3. (Horn-Kapranov Uniformization) A := {ay,as,...,an} C Z", if
V 4 is of codimension then it is exactly the Zariski closure of

{[urt™ :ugt™ = ... upt™] :u € P(C)™ !, Au = 0,t € (C*)"}

where A is the following matrix



Figure 1.1: Amoeba of x1 + x5 =1

1.1.2  Amoebas of Hypersurfaces

Assume we are interested in the magnitude of the points inside a variety X which

lives in (C*)™ and for this purpose we define the following map

Log: X — R"

Log(z) = (log(|z1]),1og(|22]), - - -, log(|znl))

The image of X under this map is called amoeba of X. One may wonder the reason
for this interesting name; we hope figures 1.1 and 1.2 provide a hint. Definition of
the amoeba first appeared in [51]. Since then, it began to show up in different areas
of pure and applied mathematics.

Amoebas carry a surprising amount of information from the original variety X.
For instance, for a hypersurface X defined by p = >, c,z® and it’'s amoeba A, it

was proven by Forsberg, Passare and Tsikh that there exists a one to one map from



Figure 1.2: Amoeba of —1 + 5x; — 1525 + 10x129 + 327 + 523

connected components of the complement of A to the lattice points of Newt(p) [91].
They proved in particular there are always connected components corresponding to
vertices of Newt(p), and other components of the complement correspond to inner
lattice points.

Another surprising example is about the volume of two dimensional amoebae.
Even though a two dimensional amoeba A of a hypersurface X is unbounded, the
volume of A is bounded and the extremal examples are special plane curves. More
precisely, when X is a hypersurface defined by p(z,y) = 3, cax® where o € Z?, and

A is the amoeba of X; we have the following inequality [92]:

Area(A) < 2 Area(Newt(p))

where Area is the usual area on R2.  Moreover, it was proven by Rullgard and
Mikhalhin that the polynomials that achieve equality are precisely the extremal

examples on Hilbert’s 16th problem, namely the Harnack curves [84]. To the author’s
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knowledge there is no multivariate analog of the area type result above.

After defining the amoeba and observing it’s interesting properties, one natural
question is to ask what happens if we modify the Log map by changing the basis
from e to t?7 Especially, if we have a one parameter family of varieties V;, what are
the limit shapes of amoebae Log,(V;) as t — oo? This question will be answered in

the next section by tropical geometry.
1.1.8 Tropical Geometry

There are several ways to introduce tropical geometry. We prefer to start with
introducing the tropical varieties on non-Archimedean fields. This is mainly due
to the conceptual importance of Kapranov’s Theorem. We begin by defining the

valuation.

Definition 1.1.4. (Valuation) Let K be a field and we denote the set of non-zero
elements of the field by K*. A wvaluation on K is a function val : K — R U oo

satisfying the following three properties:
1. val(a) =0 if and only if a =0
2. wal(ab) = val(a) + val(b)
3. val(a + b) > min{val(a),val(b)} for all a,b € K*
The following is a standard lemma.
Lemma 1.1.5. If val(a) # val(b) then val(a + b) = min{val(a),val(b)}.

—val(x

Every valuation introduces a norm by ||z|| = ¢ ) for any ¢ > 0. The extra

property of this norm is that it satisfies the ultrametric inequality:

[z +yll < max{[[z]|, [ly[l}

8



Figure 1.3: Tropical curve of 1 + x5 =1

Normed fields that satisfy the ultra metric inequality are called non-Archimedean

fields.

Definition 1.1.6. If v: K — R U oo is a valuation, then there are several objects

that can be defined from it:

1. the wvaluation ring of v, denoted R, is the set of elements a € K such that

v(a) >0, R, is a ring in K.

2. the prime ideal of v (or the mazximal ideal of v), denoted m, is the set of

elements a € K such that v(a) > 0, m, is a mazimal ideal of R,.
3. the residue field of v, denoted k, is R,/m,,.

For elements a € R, the image of a under the canonical projection to the residue

field k, is denoted by a.

Now let K be a non-Archimedean field, f € Klzy,xs,...,2,] and V(f) := {z €
K : f(z) = 0}. Then the analogue of amoeba in this non-Archimedean setup is the

following;:



Figure 1.4: A quadratic tropical curve

Ap = {(val(z1),val(z),...,val(z,)) : z € V(f)}

Let f =, cax®, we set trop(f)(w) = min{val(c,)+w.a} then we define the tropical

variety as follows

Trop(f) = {w € R" : the minimum in trop(f) is attained at least twice }

Kapranov’s Theorem will relate A; and the Trop(f). To state Kapranov’s The-
orem fully, we need to introduce one more object. To motivate the concept, we ask
a basic question: how can we order monomials that appear in K[z, xo,...,2,] 7
For the case n = 1, we all know that this can be done basically by the degree of
the monomial i.e 2° < 27 if i < j. Moreover, we also know that with this order-
ing <, ' < 27 implies 2°|z7. This observation is the foundation of the euclidean

division algorithm for univariate polynomials. Appropriately developing these ideas

10



in multivariate setting leads to the theory of Grobner basis. We don’t cover the
Grobner basis theory here, but let us point out that there are infinitely many pos-
sible orders for the multivariate case. Let w € R"™ and define the following order;
1 <, 2P if (o, w) < (B, w). Thus all w € R" provides an order for the monomials in
Klxy,29,...,x,]. Let f € K[xy,29,...,1,], for a generic w € R™ one hopes to have
unique minimal monomial with respect to the order introduced by w. This intuition

leads to the following definition.

Definition 1.1.7. (Initial Term) For a fized w € R" and f = Y, c,x*, let W =

trop(f)(w) then the initial term with respect w is

in,(f) = > Cu"

wal(cy)tw.u=W

where a is as defined in 1.1.6.
We are now ready to state Kapranov’s Theorem ( see Thm 3.1.3, [79]).

Theorem 1.1.8. (M. M. Kapranov) We use the notation developed in this section.
Let K be a field with valuation and let f € K|xy,xa,...,x,], then the following three

sets coincide
1. Trop(f) C R™
2. w € R™ such that in,(f) is not a monomial
3. Ay CR"

There is a systematic algebraic way of defining the T'rop(f) from the polynomial
f. This algebraic approach was developed by Brazilian computer scientist Imre

Simon. Contemporary French mathematicians named the object Imre developed

11



as tropical geometry, because everything produced in Brazil is exotic and tropical!

Tropical Semiring is (R U oo, ®, ®) with the operations @, ® defined as follows

a®b:=min{a,b}

a®b:=a+b

Then the tropicalization of a polynomial f =", c,z® is the following

trop(f)(w) = Gaval(cq) © x°

The tropical variety corresponding to f, can be also defined as follows

Trop(f) ={w € R" : trop(f) is not linear at w}

For the non-Archimedean fields, Kapranov’s Theorem proves that the amoeba and
the tropical variety coincide. Now, we would like turn our attention back to the
Archimedean fields and the amoeba defined by the Log map. In the Archimedean
fields we don’t expect the coincidence of the two objects as in the case of Kapranov’s
Theorem. However, we expect the tropical variety to approximate the amoeba in
some sense. First, we note that topologically tropical variety might be different than
the amoeba; tropical variety is not always a deformation retract of the amoeba.
Therefore one needs to search for a different notion of closeness. We ask a very basic
question then; is the tropical variety always included inside the amoeba? Example
1.1.3 below will show that the answer to this basic question is negative.

Before continuing with the example, we would like to make several remarks. We
note that, everything carried out with the min convention so far can be defined

with the max convention as well. Same definitions with the max instead of the

12



min, produce identical results. In the Archimedean setting, we would like to modify
definitions of the objects as follows: max instead of min and log instead of val. That
is, from this point on trop(f)(w) = max{log(|c,|) + w.a} and we define the tropical

variety as follows

Trop(f) = {w € R™ : the max in trop(f) is attained at least twice }

The example below shows that the Archimedean tropical variety is not always

included inside the amoeba.
Example 1.1.9. Define g(x) =1+ 21 + 22+ ... + x,, then we have Trop(g) C A,.

Proof. We first observe that (=*, =%, ..., =1} is a root of g. Hence

q= (log(‘% )y ,log(’%‘)) is a member of the amoeba. The second observation is

that the Archimedean Newton polytope of g is
conv{(1,0,...,0),(0,1,0,...,0),...,(0,0,...,1,0))}

and the tropical variety is the set of outer normals of the Archimedean Newton
polytope. Therefore, Trop(g) NR™" is the boundary of the negative orthant. Hence

the distance of ¢ to the tropical variety is at least log(n). B

Example was borrowed from [8]. The following theorem from [8], proves that the

amoebae and the tropical varieties are metrically close.

Theorem 1.1.10. ( Avendarno, Kogan, Nisse, Rojas) Let f € Clzy,xq,...,x,] be a
polynomial with t > n + 1 terms, and assume Newt(f) is of dimension n. Then, we

have the following distance bounds

13



Ssu inf r—wl <log(t —1
rGAmofba(f) weTrop(f) ’ | >~ g( )

sup inf w—r| < (2t —3)log(t —1
weTrop(f) reAmoeba(f) | | ( ) ( )

A corollary of Theorem 1.1.10, will provide an answer to the limit shapes of the
amoebae question which was posed in the previous section. In order to present the

corollary, we need to define the Hausdorft distance.

Definition 1.1.11. (Hausdorff Distance) For two subsets A and B of R™

A(A,B) = max{sup 1nf la —b|, sup 1nf la — b|}

acAb

Corollary 1.1.12. Let f = 3, c,a® be a polynomial, and define f, = 3, () z% be

the family of polynomials polynomials parametrized by s. Then as s — oo we have

A(Logs(V(fs)), Trop(f)) — 0.

Proof. We first observe that |c,z¥| > |c,z®| < |e,a®|5® > |c,a?[*5®). Thus

Trop(fs) =log(s)Trop(f). Therefore by the theorem 1.1.10 we have

A(log(s)Logs(V (fs)), log(s)Trop(f)) = A(Log(V (fs)), Trop(fs)) < (2t—3)log(t—1)

(2t — 3) log(t — 1)

A(Logs(V (fs)), Trop(f)) < log(s)

14



Before passing to the next section, I would like to say a few words about the nu-
merous applications of tropical geometry. Very first application of tropical geometry
is to prove classical theorems of algebraic geometry via combinatorics. For instance,
intersection theoretic properties of the initial variety carries through tropicalization
very nicely , and this fact allows us to prove the theorems of Bezout and Bernstein
just by sliding piecewise linear tropical curves [79] | Approaching classical theorems
of algebraic geometry with the tropical point of view has ben very fruitful; it ex-
panded some classical theorems and it most cases provided new insights. This line of
thought has far reaching conequences that we will not mention here. One other no-
torious application of the tropical geometry is due to Grigoriy Milhalkin. Milhalkin
proved that the Gromov-Witten invariants of the plane can be studied using tropical
geometry [83]. Finally, we would like mention that tropical geometry has interesting
and deep links with the Berkovich Spaces [93]. This is by no means an exhaustive

list, but we hope it gives a general idea about the applications of tropical geometry.
1.1.4 Real Part of the Roots of an Exponential Sum

In this section we would like to introduce our research problem on the metric
relations between the amoebae and the tropical varieties for exponential sums. Ex-
ponential sums are a general family of functions that includes polynomials. We define
an n-variate exponential sum, real part of it’s zero set and the tropical variety as

follows.

Definition 1.1.13. We use the abbreviations [N]:={1,..., N}, w:=(wy,...,wy,),
z:=(21,. .., 2n), W-2:=W1 21+ -+ Wy2p, and C*:=C\ {0}. We also let R(z) denote
the vector whose i™ coordinate is the real part of z;, and R(S) = {R(z) | z € S}
for any subset S C C". Henceforth, we let A:={ay,...,a;} CR™ have cardinality

t>2,b;€C for all j€[t], and set g(z) := 2311 e% i We call g an n-variate
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exponential t-sum and call A the spectrum of g. We also call the a; the frequencies
of g and define their minimal spacing to be §(g) :=min,, |a, — a,| where |- | denotes
the standard L?>-norm on C". Finally, let Z(g) denote the zero set of g in C", and
define the (Archimedean) tropical variety of g to be

Tr0p<g)3:3%({2’€@” : max; |e% =t

e is attained for at least two distinct j }) o

We hope at this point it is observable that the real part of the zero set for an
exponential sum corresponds to the amoeba in the polynomial setting. This is mainly
because the Log map is already ‘built in’ to the exponential sum and the real part
corresponds to the magnitude.

We are interested in proving precise distance bounds between the real part of the
zero set for an exponential sum and the tropical variety. The new subtlety is that the
exponents in the spectrum can be arbitrarily close to each other. This brings new
difficulties for approximating the real part of the zero set. For this reason, the d(g)
quantity is defined. Chapter 2 of this dissertation proves a theorem providing the

desired distance bounds and also discuss it’s algorithmic and theoretical applications.
1.2 Modern Convex Geometry and Semidefinite Programing

Optimization of multivariate polynomials is a fundamental problem that appears
in numerous branches of basic science and engineering. Algorithmically, the opti-
mization problem is equivalent to the certification of nonnegativity. Therefore find-
ing algebraic certificates of nonnegativity is a central problem in both theory and
applications.

One useful algebraic certificate of nonnegativity is the sums of squares represen-
tation. More precisely, if a polynomial p(x) = ¥, ¢;(x)? then p is called sums of
squares of ¢;. Clearly if a polynomial p is sums of squares of real polynomials then

it is nonnegative on R". The reverse of this assertion was studied by Hilbert [66].
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Hilbert proved that every nonnegative polynomial with n variables and degree d is
sums of squares of polynomials if and only if n=1ord=2orn=3,d = 4.

An important aspect of the sums of squares representation is it’s amenability to
semidefinite programing. That is, whether a polynomial is sums of squares or not
can be checked via semidefinite programing. We will introduce basics of semidef-
inite programing in the third subsection below and briefly discuss it’s algorithmic
efficiency.

Practical efficiency of the semidefinite programing motivates usage of the sums
of squares representation as a relaxation to the optimization problem.

One clear question in this context is how much we loose by the sums of squares
relaxation? Or what portion of non-negative polynomials are sums of squares? To
make this question precise we need to introduce a bit of terminology.

Let R[Z| := R[zy,...,z,] denote the ring of real n-variate polynomials and let
P, o1, denote the vector space of forms (i.e homogenous polynomials) of degree 2k in
R[z]. A form p € P, 9 is called non-negative if p(z) > 0 for every z € R™. The set
of non-negative forms in P, o5, is closed under nonnegative linear combinations and
thus forms a cone. We denote the cone of nonnegative forms of degree 2k by Pos,, o.
Similarly, polynomials in P, o that can be represented as sums of squares of real
polynomials form a cone that we denote by Sq,, o

Hilbert’s Theorem proves that Pos,, o1 = Sqm% if and only if n = 1 or d = 2
or n = 3,d = 4. Hilbert’s work in not constructive and for the cases of inequality
it does not examine how close is Sq,, o to Posy 9. Gregoriy Blekherman developed
a quantitative approach to the problem of comparing these two cones [17, 18]. In

particular he proved the following theorem.

Theorem 1.2.1. (G. Blekherman) Let Cy o = {p € Pnox | [¢pdo =1}. For any
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1
X C P, o we set u(X) = (%) Pr2k where Dy, o, is the dimension of P, o

and B is the D,, o dimensional Euclidean ball. Then the following estimates hold;

1.
1 1 2k 1
5 < p(Pos, ) < 4 z
vt | S HPosna) S 45T
2
(k)2 ns 425(2k)1V24
— N

< <
42k (2k)1V/24 (5 + 2k)k — 14(S¢, 1) < o

In this dissertation we refine Blekherman’s approach by considering the effect
of monomial structure. Main novelty in our work is the modern convex geometry
point of view. Following three subsections will introduce the necessary background
from classical/modern convexity and semidefinite programing. The final subsection

on quantitative aspects of Hilbert’s 17th will introduce our research problem.
1.2.1 Santalo, Reverse Santalo and Uryshon Inequalities

Let K be a convex body (i.e convex and compact set with non-empty interior)
in n dimensional real vector space V' equipped with inner product ( , ). We define

polar of a convex body K as follows.
K ={xeV:(r,y) <1lforeveryy e K}

Let BY be the Euclidean unit ball with respect to ( , ). Now we present a classical

inequality of Santalo.

[KI K| < |B3||Bs] (1.1)

where |.| denotes the n-dimensional volume.
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It is also known that for any convex body, there exist a point z such that
|K| (K —2)°| < |B¥||By|. This point z is called the Santalo point. In the op-
posite direction, Mahler conjecture states that for every symmetric convex body the
following statement holds.

K] K7 = 5 (1:2)
n!

Mabhler’s conjecture is verified in some special cases but in the general form it
remains open. However, a remarkable inequality of Bourgain and Milman solves the
conjecture asymptotically [24]. We present Bourgain and Milman’s reverse Santalo

inequality below.

Theorem 1.2.2. There exists a constant ¢ > 0 such that for every convex body K

in R™ that contains 0 in the interior the following holds

K]

( | K°|
| B3|

(5o
| B |

3=
3=

) )r=c (1.3)

After the proof of Bourgain and Milman, several different proofs with improved
universal constants are obtained. We refer the reader to the article [56] by Gi-
annopoulos, Paouris and Vritsiou which nicely surveys related results and gives yet
another proof of Reverse Santalo inequality. We would like to note that Santalo in-
equality also known as Blaschke-Santalo inequality is known since 1917 [16]. However
the reverse form and it’s numeruous proofs is discovered only after the development
of modern convex geometry point of view.

Modern convex geometry or convex geometric analysis is an interplay of the ideas
from the theory of Banach spaces and the ideas from classical convex geometry. The

theory of Banach spaces is mainly concerned with the infinite dimensional normed
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spaces. Classical convex geometry is mainly concerned with convex objects in a finite
dimensional Euclidean space. Around 60’s, it was realized that there is a theory
in ‘between’, which deals with finite but large dimensional Banach spaces and the
effects of dimension as it grows. Since then, this approach uncovered deep relations
between the analysis point of view of the Banach space theory and the geometric
point of view of convex geometry. In this dissertation we’ll be using different tools
of convex geometric analysis without formally introducing basics of the field. For a
nice survey by two masters of the subject, we refer the reader to [54].

Below, we present a classical inequality of Urysohn. As in the case of the Santalo
inequality, reverse forms of Urysohn’s inequality are studied by convex geometric

analysis researchers [55].

Theorem 1.2.3. (Urysohn Inequality) Let K be a convex body in R™ and let the
support function of K be hy(u) = max,cx(x,u). Then we define width of K in the
direction uw € S™' as wi (u) = hg(u) + hg(—u). The mean width of K is defined as

follows

w(K) = /wK(u) o(u) = 2 / he (w)

Sn—1

Then we have the following inequality

(!KI
B3|

3=

)r < w(K)

1.2.2  John’s Theorem, Brascamp Lieb Inequality and Isotropic Measures

Every convex body K includes an ellipsoid of maximal volume. This was proved

by Fritz John with a complete characterization of the cases where this maximal
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ellipsoid is the Fuclidean ball. For the proof of John’s theorem and the basics
of modern convex geometry, we refer the reader to a masterpiece of mathematical

exposition by Keith Ball [10].

Theorem 1.2.4. (John’s Theorem) Every conver body K contains an ellipsoid of
mazximal volume. This ellipsoid is By if and only if the following conditions are
satisfied: By C K, there are unit vectors (u;)i™, on the boundary of K and positive

real numbers ¢; satisfying
Z Cil; = 0

and for all x € R"

Z cifz, Uz‘>2 = le\i

i

The first condition in John’s theorem guarantees that the vectors u; are not all
in one side of the Euclidean ball. In other words, weighted average of the vectors is
0. As one can see from the lemma below, the second condition of John’s Theorem
can be viewed in different ways. The lemma below is standard and it’s proof can be

found in any textbook on frame theory.

Lemma 1.2.5. We denote the map which sends x to (x,u)u by u @ u. Then the

following are equivalent

2. For every x € R"

T = Z cix, ughu;

7
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3. For every x € R"

> aile,u)? = |l

i
Now we present an important functional inequality due to Brascamp and Lieb.

Theorem 1.2.6. (Brascamp-Lieb Inequality) Let n,m > 1 and p1,...,pym > 0
be such that Z,-p%_ =n. Let fi,fo,....fm : R — RY be integrable functions,

V1, V2, ..., Uy € R™ then

pi

J TLAitws ) dr < DTN

R

where D is universal and the equality is attained if f; are all centered Gaussian

functions.

The theorem of Brascamp and Lieb is a very strong and important inequality.
However, precise equality conditions of the inequality are quite complicated. Keith
Ball had the observation that the conditions of John’s theorem is amenable to the
Brascamp-Lieb inequality. This observation led him to produce a geometric version

of the Brascamp-Lieb inequality [11]. We state the theorem of Keith Ball below.

Theorem 1.2.7. Let n,m > 1 and let uy, us, ..., Uy € S™1, c1,Co,...,Cm > 0 be
such that I = Y, cu; @ u;. Let f; : R — RY be integrable functions. Then the

following holds true

[ 115Gy e < (/ fi)

Remark 1.2.1. In theorem 1.2.7 if we let f; = =% then by Lemma 1.2.5 we have

that
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Hfz(<£17,uz>)a _ Hefa(cz'(:r,uiﬂ) _ efaHng — ﬁ (/ fl)
7 7 [ R

Therefore for Theorem 1.2.7, D = 1 and the equality conditions are much simpler

than the original Brascamp-Lieb inequality.

We feel compelled to mention that in [11] Ball also proves sharp reverse isoperi-
metric inequalities. His proof is based on ‘isomorphic’ point of view modern convexity
and the theorem 1.2.7 proves very useful. For more details and precise statements,
the reader is invited to read the very nice article of Ball.

Now, we would like to make a slight change in our point of view. We would
like to see the vectors u; and positive real numbers ¢; in Lemma 1.2.5 as a discrete
measure on the sphere. First we calculate the ‘measure’ of the sphere. The following
observation is useful; if we take traces in both sides of the first item in Lemma 1.2.5

we have

n = Trace(I) = Tmce(z Cil; @ u;) = Zci

Thus, we need to divide ¢; by n to define a discrete probability measure on the sphere.
The resulting measure will be supported only at points u; and the measure of u; will
be 2.

At this point, a clear question is what would be a continuous analog of the
conditions of Lemma 1.2.57

We believe that the following definition gives a satisfactory answer.

Definition 1.2.8. (Isotropic Measure on the Sphere) A measure Z on S™! is
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isotropic if for every x € R™ we have

a3 = [ (ww)? dZ(y)

Building on the ideas of Ball and Barthe, the three authors Lutwak, Yhang and

Zhang proved the following theorem [78].

Theorem 1.2.9. (Lutwak, Yhang, Zhang) If Z is an isotropic measure on S™ !

whose centroid is at the origin and Z~, = Conv(Supp(Z)), then we have

n+1
2

nz(n+1)
n!

Vol(Z3,) <

Here the main intuition is that, with the correct inequalities (i.e continous versions
of theorem 1.2.7) support of the isotropic measure behaves like the touching points of
Jonh’s ellipsoid. We are going to use Theorem 1.2.9 to prove volume bounds on the
cone of nonnegative polynomials. Our main idea is to create an isotropic measure

linked to the nonnegative polynomials.
1.2.3  Semidefinite Programing

In this section, we introduce basics of semidefinite programing and relate the
technique to the polynomial optimization. As a refresher, let us recall the linear

programing problem in standard form.

minimize ¢’z
subject to Axr = b
x>0

In this formulation of linear programing, the feasible set of z € R" is the intersection

of the positive orthant with the affine subspaces given by Az = b. Thus, by definition
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the feasible set is a polyhedron. If the feasible set is bounded that means it is a
polytope. Hence, linear programing problem is essentially optimization of a linear
function over a polyhedron.

The idea of semidefinite programing is to change the variable x € R™ to a matrix,
and therefore optimize a linear function over a (preferably convex) set of matrices.
To make this idea precise, we need to define linear inequalities on matrices and the

corresponding polyhedra-like objects.

Definition 1.2.10. (Linear Matriz Inequality) Let S™ be the set of n x n positive
semidefinite matrices and = be the order induced by S . Thatis A~ B if A—B € S%.

Then a linear matriz inequality (LMI) has the form
A() + Z AZIZ >0

where A; € S™ are n X n real symmetric matrices.

Definition 1.2.11. (Spectrahedron) A set V is a spectrahedron if it has the following

form

Vi={x=(r1,22,...,Tm) ERmtAo-I-ZAﬂi > 0}

i=1
Spectrahedra will be the feasible set for semidefinite programs (SDP) as polyhedra
is the feasible set to the linear programs (LP). Below we borrow an example from

89).

Example 1.2.12. Consider the spectrahedron in R? given by

Vi={(zy): Alz,y) - 0}
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where A(x,y) is given by

r+1 0 Y
0 2 —x—1

Y —x—1 2

Then calculating determinant of A(x,y) shows that the boundary of V is given by

elliptic curve

342 —23—322 -2y =0
and the complete description of the spectrahedron is given by the following inequlaties
1.z+52>0
2. — 24+ 20 — 2 +7>0

3. 34+r—a%—-322—-29>>0

A semidefinite program in it’s standard form is the following.

minimize (C,X)
subject to (A;, X) =b; fori =1,2,...,m
X >0
Note that in the SDP formulation, we used inner product on matrices defined by
(A, B) = Trace(ATB).
The feasible set for a semidefinite program is intersection of the cone of positive
semidefinite matrices with the hyperplanes defined by (A4;, X) = b;. Thus, by defini-

tion it is convex and actually it is defined by constraints of a spectrahedron. Hence,
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semidefinite programing is optimization of a linear functional over a spectrahedron.
This brings a host of questions that we will not cover here; which sets can be rep-
resented as spectrahedrons? Are spectrahedrons closed under projection? If not,
which sets are projected spectrahedra? Given a spectrahedra how do we efficiently
compute the defining LMI’s?

A new area of mathematics that strives to answer these questions is called convex
algebraic geometry. Up to authors knowledge, there is only one book written in this
area, and luckily it is a good book! We refer the reader to [19] for delving deep into
convex algebraic geometry.

We would like to briefly mention algorithmic efficiency of semidefinite program-
ing. On the theoretical side, ruling out doubly exponentially small solutions, ellip-
soid method guarantees semidefinite programing to work in polynomial time. How-
ever, despite it’s theoretical strength in practice ellipsoid method is often too slow.
This fact led to development of SDP algorithms based on the interior point meth-
ods. Currently, there are several different SDP algorithms and implemented software
packages. We refer the reader to [89] Section 2.3.1 for a survey of current software
packages. In conclusion, theoretical complexity of semidefinite programing is not
completely clear. However, in practice it is widely accepted as an efficient method.

Let p be a n-variate degree 2d polynomial such that p = 3=, ¢? where ¢; are real
polynomials of degree d with n variables. We consider each ¢; represented as a vector

in the basis of n-variate monomials with degree at most d. Note that this basis has

(ner

J ) elements. We set the vector X, to be vector of all these monomials. Then in

this basis, ¢? is represented with a rank 1 matrix 4; = ¢; ® ¢; with

@ =X] A Xy
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Therefore, in this basis p is represented with a positive semidefinite matrix A =
> Ai as p = XJAX,;. We believe in the reader that she is able to observe this line of
reasoning is reversible. Therefore the representation of a sums of squares polynomial
with a positive semidefinite matrix is an if and only if criterion. Hence, certifying

whether a polynomial is sums of squares can be done via semidefinite programing.
1.2.4  Quantitative Aspects of Hilbert’s 17th Problem

We start with recalling a theorem of Rezncik [97, Thm. 1].

Theorem 1.2.13. (Reznick) If p = >I_, g? for some g1, ..., g, € R[Z] then Newt(g;) C

)

%Newt(p) for all i.

Reznick’s theorem clearly enables us to ask questions related to sums of squares
decomposition in the more refined setting of Newton polytopes. Our aim is to com-
pare the cone of nonnegative polynomials and the cone of sums of squares for poly-
nomials with a given Newton polytope. As a first step, we considered the case of

multihomogenous polynomials.

Definition 1.2.14. Assume henceforth thatn =ni+---+n,, andk = ki+---+k,,,
with k;,n; €N for all i, and set N := (ny,...,ny) and K = (ky,..., kp). We will
partition the vector & = (1,...,x,) into m sub-vectors Ty, ..., Ty, so that &; consists
of exactly n; variables for all i, and say that p € R[Z] is homogenous of type (N, K)

if and only if p ishomogenous of degree k; with respect to x; for all v. Finally, let

QN,K = in,kl X X Qnm,k’m' <&

Example 1.2.15. p(7) := 2322 +z12322 + 232425 is homogenous of type (N, K) with
N =(3,2) and K = (2,3). (So z1 = (21,22, x3) and Ty = (x4,x5).) In particular,

Newt(p) € Qnix = Q32 X Qa23. ©
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We aim to develop a quantitative comparison of the multihomogenous nonneg-
ative polynomials and sums of squares. In particular, we would like to develop a
localized version of the theorem 1.2.1. Third chapter of this dissertation presents our
quantitative theorem on the multihomogenous nonnegative polynomials and sums of

squares.
1.3 Efficient Polynomial System Solving

In theory, every linear algebra student knows how to solve the system of lin-
ear equations Arx = b. It is just the Gaussian elimination! In practice however,
controlling the round of errors; exploiting structures such Toeplitz matrices; taking
advantage of sparsity; and using the randomized methods; occupy a vast literature
in numerical linear algebra. Now we consider the following example; which is a

non-linear counterpart of the equation Ax = b.

Example 1.3.1.

fi = 10500t — t*u*? — 35000530 w®
fo = 10500t — t* — 3500u%" 5w
f3 = 14000t — 2t* + t*u*? — 2500tv

f1 = 14000t + 2t* — t*u*? — 3500tw

In theory, students of undergraduate algebraic curves class know that the system
of equations f = (fi, fa, f3, f4) has at most 501 x 701 x 494 x 494 = 85705687236
common complex roots. Bernstein’s Theorem mentioned in the first subsection of
this section, improves this bound to 7663 on (C*)". If we ask a bound for the number
of common roots in positive real orthant, Gale duality shows that it is only six [15].

In practice, efficiently finding these finitely many roots occupy a good portion of
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literature in computational algebraic geometry.
1.3.1 Smale’s 17th Problem

Around the turn of millennium, Vladimir Arnold wrote to several mathematicians
asking a list of problems for 21st century. Arnold’s aim was to create a list for the
21st century mathematicians which can serve as Hilbert’s list of problems for the
mathematicians of 20th century. In his response to this call, Steve Smale included

the following problem as the 17th [116].

Smale’s 17th Problem. Can a zero of n complex polynomial equations in n un-
knowns be found approximately, on the average, in polynomial time with a uniform

algorithm?

To make this problem precise, we need to define three words: approximate, av-
erage and uniform. Uniform is a technical term that is precisely defined in compu-
tational complexity literature. The reader can safely assume it means an algorithm
that has precisely described steps which works for all polynomials with any number
of variables n and any degree d. We will explain the ‘average’ word in the last sub-
section on random polynomial systems. We give Smale’s definition of ‘approximate

root’ below.

Definition 1.3.2. (Approzimate Root) Let f = (f1, fa,.-., fa) be a polynomial sys-
tem, we consider the system as a map f : C* — C". Multivariate Newton iteration

of f at x is defined as follows

N(f,z) =2 — Df(x)" " f(z)

where D f(z) is Jacobian matriz of f at x. An approximate zero associated to (,

f(¢) =0 is a point xq such that
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1. The sequence defined inductively by x; 1 = N(f,z;) is well defined
2 i — @il < 277 oy — |

In fact, Smale defined two types of approximate roots and this is the second one. We
preferred to give the second definition because it is made efficient with consequent
theoretical developments.

Shub and Smale developed tools to check if a given point 2z is an approximate
root for a polynomial system f [109, 110, 111]. This tools are called Smale’s «
theory. Currently, there is a software package due to Sottile and Hauenstein which
implements tools of « theory [65].

Steve Smale in collaboration with Mike Shub, wrote series of articles on the 17th
problem [109, 110, 111]. These articles are titled Complexity of Bezout’s Theorem
I, I1,111,IV and V. In these series of papers, several novel ideas are introduced
including the mentioned development of a theory and a clarification of the metric
structure of deformation paths between polynomial systems. We would like briefly
explain the idea of deformation paths between polynomial systems.

Assume there is a polynomial system g = (g1, g2, - - - , gn) for which it is easy to find
common roots. For instance, g; can be a polynomials with only two terms. Wlog say
deg(g;) = d;. Now, suppose we want to solve a polynomial system f = (f1, fa, ..., fn)
where deg(f;) = d;. We define hy = (1 —t)g +tf. At a given t, h; is a polynomial
system with deg((h);) = d;, ho = g and hy = f. Now let zy be a root of g. If zy does
not possess multiplicity greater than 1, we know that Dg(z) is full rank, and we have
the implicit function theorem. Therefore, around zy there is a continuous function
between coefficients of h; and a root of h, say z;. Iterating this idea, one can prove

existence of a continuous path from (hg, 2o) to (h1, z1). The only necessary condition
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is along the path, for every t, h; should have all roots isolated (i.e multiplicity one).
Using language of the discriminants, we can also say that the only condition along
the path id h; should not be a member of the discriminant variety.

For generic set of coefficients, by Bezout’s theorem g = hg has dyds .. .d, many
roots. Therefore, there will be dids . ..d, many paths to follow between roots of hg
to hy. This is the reason for the title of the series of papers by Shub and Smale.

After this conceptual step, the clear question is how can we track all these root
paths numerically? Shub and Smale proved that one can track these paths by the
multivariate Newton iteration! This statement will be made precise in the next sec-
tion. However, the following question should be clear; what is the complexity of the
algorithm that tracks dids...d, many paths using the multivariate Newton itera-
tion? Answer to this question is given by a fundamental invariant of the polynomials
on the path; the condition number of h;. We invite the reader to the next section

for an introduction to notion of conditioning in numerical analysis.
1.3.2  Condition Number

Computational complexity of a numerical problem depends on the sensitivity of
the answer to the small changes in the input. This is formalized in the notion of
condition number. Every numerical problem has a corresponding condition number,
and this invariant is vital for any realistic complexity analysis of algorithms.

Consider the case of linear equation solving; Ar = b. For now, assume that
we have a parametrized system with respect to t; A(t)x(t) = b(t). Differentiating

implicitly we have

Az + A(i) = b
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i=A"— A Az
If we take norms of both sides and follow routine manipulations we have

lall _ - I P
o < 147 141 (uAHi ol

where we use ||||, for the operator norm and ||| for the Frobenius norm. Therefore

for the case of linear equation solving, the quantity x(A) = [|[A™!||, ||A||» provides an
upper bound to the relative change in the output in terms of the relative change in the
input. Thus, condition number of a matrix A is defined to be k(A) = [[A7|, | 4]l -

For conceptual understanding, one would like to see the condition number quan-
tity geometrically. Following theorem of Eckart and Young provides the desired

geometric insight [44].

Theorem 1.3.3. (Eckart-Young) Let A be an n x n complex matriz, then

_ Al

HA) = Ay

where ¥ = {M € C" : det(M) = 0} and d is the usual Euclidean distance.

Condition number of a problem being proportional to reciprocal of the distance
to the set of ill posed problems is a general phenomenon in numerical analysis. For a
nice exposition of this phenomenon, we refer the reader to [39]. In the case of linear
equation solving the set of ill posed problems are the set of matrices that we can not
take the inverse, which is precisely the set ..

For polynomial system solving, the set of ill posed problems are the polynomial
systems that possesses a singularity i.e members of the discriminant variety. There-

fore we expect a condition number notion which is proportional to reciprocal of
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distance to the discriminant variety. Shub and Smale defined such a condition num-
ber for polynomial system solving on the field of complex numbers [109]. However,
in this thesis we are mainly interested in finding real roots of polynomial systems.
Luckily a correct variant of condition number for real root finding is defined by
Cucker, Krick, Malajovich and Wshebore in their series of papers [32, 33, 34].
Before closing this section we would like to present a theorem from Complexity
of Bezout’s Theorem VI by Mike Shub. Let Hp be the space of polynomial systems
h = (hi,ha, ..., h,) where deg(h;) = d;. Let X be the discriminant variety in Hp
and assume h; is a path in Hp \ . We perform Newton iteration on the path h; as

follows:

Za+ty — Ra — (Dha-l-to (Za))_lha-i-to (Za)

We denote the condition number (in Shub-Smale sense) of system h; at (; as
w(he, ¢;). The following theorem of Shub proves that the number of Newton iterations
to track a path from hg to h; is bounded by the ‘condition number length’ of the

path.

Theorem 1.3.4. (M. Shub) Let hy € Hp \ ¥ where t € [a,b] be a C' path. If the
steps t,, t1,... are correctly chosen, then approzimate root of hy is achieved at some

point, namely there exists a k such that Y-F_, t; = b — a. Moreover, one can bound

k< Cd3L,

where d = max; d;, C' is a universal constant, and



Moreover the amount of arithmetic operations needed in each step is polynomial in
terms of dim(Hp), and hence the total complezity of following hy is polynomial in

dim(Hp) and linear in L.
1.8.3 Small Ball Probabilities

Our work on random polynomials and parts of our work in Chapter 2 relies on
probabilistic estimates which are called the ‘small ball probabilities’ In this section,
we would like to briefly introduce the idea of small ball probabilities and present
some basic small ball type estimates.

Perhaps the earliest appearance of small ball probabilities is in the work Little-
wood and Offord, and later strengthened by Erdés [45]. Let &1,&, ..., &, be inde-
pendent identically distributed random variables, a = (a1, as,...,a,) € R" € > 0,

the basic problem about small ball probabilities (Littlewood-Offord problem) is to

2

Erdos proved that if & are random signs which takes 1 with probability % and

estimate the following quantity:

pe(a) = supIP’{

u€R

Zaz’fi —u

a € R™ is a determistic vector such that |a;| > 1 then,

N

pi(a) ~n
It is known that for &; centered Gaussian random variables with variance 1,

€

lally

pe(a) ~

Work of Erdés was motivated by combinatorial problems and was not aimed to

build up a probabilistic theory. Until recently, it was not so clear that small ball
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probabilities, i.e estimates on the function p.(a), is a very fundamental aspect of the
random variables &;. Small ball probabilities are now becoming common in different
aspects of probability theory mainly with the contributions random matrix theory
and asymptotic convex geometry researchers. I would like to list two different types
of small ball probabilities as examples of the general framework. First example is

due to Rudelson and Vershynin [101]. We need to introduce a piece of terminology.

Definition 1.3.5. (Essential LCD) Let o € (0,1) and k > 0. The essential least
common denominator LCD,, (a) of a vector a € R™ is defined as the infimum of
t > 0 such that all except Kk coordinates of the vector ta are of distance at most a

from monzero integers.

Theorem 1.3.6. (Rudelson-Vershynin) Let &; be centered identically distributed ran-
dom wvariables with variances at least one and third moment bounded by B. Let

a= (ay,as,...,a,) € R" such that there exists Ky, Ko > 0 with

K1 < ]az\ < K2

for alli. Let a € (0,1) and k € (0,n). Then for every e > 0 one has
C 1 2
. < = Cleca's
pe(a) < K <6+ LCDQ,H(a)> e
where C, ¢ > 0 depend polynomially only on B, K1, K.
Our second example concerns k dimensional subspaces of R". Let G, be the
Grassmanian of k-dimensional subspaces of R”, equipped with its unique rotation-

invariant Haar probability measure ji,, . Then the following ‘small ball probability’

type estimate holds.
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Lemma 1.3.7. [52, Lemma 3.2] Let 1<k<n—1, x€R", and e< Then

po ({FeGn,k \PF@)!Se\/fm}) < (vee)".

where Pp is the surjective orthogonal projection mapping R™ onto F. B

S

Even though we provided a reference for this lemma, it is actually folklore in
convex geometric analysis literature and it is hard to find a reference with a complete

proof.
1.3.4  Condition Number of Random Polynomial Systems

It has been known since the 80’s that deciding whether a polynomial system has
real root or not is NP-Hard (see, e.g., [27]). Therefore one does not expect to develop
an efficient exact polynomial time algorithm for finding the real roots of a polyno-
mial system. However, based on the numerical ideas introduced in Smale’s 17th
problem section it is possible to develop algorithms for real root finding. Note that
this algorithms are always analyzed in terms of the corresponding condition num-
ber. Therefore, one expects the intrinsic complexity of the problem to be transferred
into the corresponding condition number. The word ‘average’ in Smale’s 17th prob-
lem gives a way out: one analyzes algorithms and thus the corresponding condition
number ‘on average’.

Explaining the word ‘on average’, Smale wrote the following [116]: “ A probability
measure must be put on the space of all such f, for each d = (dy,ds, ... ,d,) and the
time of the algorithm is averaged over the space of f ”.

Smale did not specify the probability measure on the input space. In Smale 17th
problem literature, the probability measure is always taken to be consisting of inde-

pendent Gaussians coordinates with specially chosen variances so that the measure
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remains invariant under the action of orthogonal group. These strong assumptions
makes it questionable that if the resulting complexity analysis is a property of the
analyzed algorithm or more of a property of strongly symmetric probability measure.

In chapter 4 we provide estimates for (real) condition number of random poly-
nomial systems for a broader family of distributions. We do not assume orthogonal
invariance of the the distribution which allows refined analysis for sparse polyno-
mials. Main novelty of our approach is usage of small ball probabilities instead of

analytic formula for random fields.
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2. TROPICAL VARIETIES FOR EXPONENTIAL SUMS

2.1 Introduction

Since the late 20th century (see, e.g., [123, 70, 72]) it has been known that many
of the quantitative results relating algebraic sets and polyhedral geometry can be
extended to more general analytic functions, including exponential sums. Here, we
show that the recent estimates on the distance between amoebae and Archimedean
tropical varieties from [8] admit such an extension. Metric estimates for amoebae
of polynomials are useful for coarse approximation of solution sets of polynomial
systems, as a step toward finer approximation via, say, homotopy methods (see,
e.g., [5, 64]). Polynomial systems are ubiquitous in numerous applications, and via
a logarithmic change of variables, are clearly equivalent to systems of exponential
sums with integer frequencies. Exponential sums with real frequencies are important

in Signal Processing, Model Theory, and 3-manifold invariants (see Remark 2.1.1

below).!

Definition 2.1.1. We use the abbreviations [N]:={1,...,N}, w:= (wy,...,wy),
2:=(21, ..., 2n), W-2:=W1 21+ - F Wy 2y, and C:=C\ {0}. We also let R(z) denote
the vector whose i coordinate is the real part of z;, and R(S) :={R(z) | z € S}
for any subset S C C™. Henceforth, we let A:={ay,...,a;} CR™ have cardinality
t>2, b;€C forall j€[t], and set g(z) := Xi_; e . We call g an n-variate
exponential t-sum and call A the spectrum of g. We also call the a; the frequencies
of g and define their minimal spacing to be §(g) :=min,, |a, — a,| where |- | denotes

the standard L?*-norm on C™. Finally, let Z(g) denote the zero set of g in C", and

'Lest there be any confusion, let us immediately clarify that we do not consider terms of the
form e*) with p a polynomial of degree > 2. The latter type of exponential sums are of great
importance in analytic number theory and the study of zeta functions.

39



define the (Archimedean) tropical variety of g to be

Trop(g) =R ({€C" : max; |e%=+®

is attained for at least two distinct j }) o

Note that while we restrict to real frequencies for our exponential sums, we allow
complex coefficients. Trop(g) also admits an equivalent (and quite tractable) defini-
tion as the dual of a polyhedral subdivision of A depending on the real parts of the
b; (see Thm. 2.1.10 and Prop. 2.2.4 below).

Example 2.1.2. When n=1 and g(z) =eV2% + 8@+ ™V=1 e see that Z(g) is a

countable, discrete, and unbounded subset of the vertical line {Zl €C|R(z)= log3}.

V2
So R(Z(g))={"%2}. o

Example 2.1.3. When g(z):= #1101 ea221402 for some distinct a1, a3 €ER (and any
by,by € C) it is easily checked that Trop(g) =R(Z(g)) = {%} More generally,
for any n-variate exponential 2-sum g, Trop(g) and R(Z(g)) are the same affine
hyperplane. However, the univariate exponential 3-sum g(z1) := (e** + 1)? gives us

Trop(g) = {*log2}, which is neither contained in, nor has the same number of

points, as R(Z(g))={0}. ¢

When A C Z", R(Z(g)) is the image of the complex zero set of the polynomial
>%_; €%z under the coordinate-wise log-absolute value map, i.e., an amoeba [51].
Piecewise linear approximations for amoebae date back to work of Viro [122] and,
in the univariate case, Ostrowski [88]. More recently, Alessandrini has associated
piecewise linear approximations to log-limit sets of semi-algebraic sets and definable
sets in an o-minimal stucture [3]. However, other than Definition 2.1.1 here, we are
unaware of any earlier formulation of such approximations for real parts of complex
zero sets of n-variate exponential sums.

Our first main results are simple and explicit bounds for how well Trop(g) ap-

proximates $(Z(g)), in arbitrary dimension.
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Definition 2.1.4. Given any subsets R, S CR", their Hausdorff distance is

A(R, S):=max {sup inf |r — s/, sup inf\r—3|}. o
reR s€S s€S TER
Theorem 2.1.5. For any n-variate exponential t-sum g(z) := Y5_; e% =0 with

a; € R" and b; € C for all j, let d be the dimension of the smallest affine sub-
space containing ay, ..., a;, and set 6(g):=min,, la, — a,|. Then t>d+1 and

(0) If t=d + 1 then Trop(g) CR(Z(g)) (and thus sup inf |r—w|=0).
w T0 reR(Z
(1) For t>2 we have: € Trpl) 7 € (2l
(a) sup inf |r—w| <log(t—1)/d(g)
r € R(Z(g)) w € Trop(g)

(b) A(R(Z(g)), Trop(g)) < YA

t—3)log3
(9) '

(2) Defining the n-variate exponential t-sum g;,(x):= (e’ +1)"""+ed2 ... +

0zn

e’ we have

AMR(Z(gen)), Trop(gen)) = log(t —n)/d
fort>n+1 and 6 >0.

We prove Theorem 2.1.5 in Section 2.4. Fundamental results on the geometric and
topological structure of R(Z(g)) have been derived in recent decades by Favorov
and Silipo [46, 113]. However, we are unaware of any earlier explicit bounds for the
distance between R(Z(g)) and Trop(g) when A Z".

The special case A C Z™ of Theorem 2.1.5 was known earlier, with a bound
independent of n: Our Trop(g) agrees with the older definition of (Archimedean)
tropical variety for the polynomial f(z) := Z§:1 e’z and the simpler bound
A(Amoeba(f), Trop(f)) < (2t — 3)log(t — 1) holds [8]. Earlier metric results for
the special case ACZ date back to work of Ostrowski on Graeffe iteration [88]. Viro
and Mikhalkin touched upon the special case A C Z? in [122] and [83, Lemma 8.5,
pg. 360].

We derive our distance bounds by using a projection trick arising from the study
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of random convex sets (see [52] and Section 2.3 below) to reduce to the d=1 case.
The d =1 case then follows from specially tailored extensions of existing results
for the polynomial case (see Section 2.2 below). This approach results in succinct
proofs for our bounds. However, it is not yet clear if the dependence on d is actually
necessary or just an artifact of our techniques.

A consequence of our approach is a refinement of an earlier estimate of Wilder (see
[124], [123], and Section 2.2.2 below) on the number of roots of univariate exponential
sums in infinite horizontal strips of C: Theorem 2.2.10 (see Section 2.2.2) allows us to
estimate the number of roots in certain axis-parallel rectangles in C. A very special
case of Theorem 2.2.10 is the fact that all the roots of g are confined to an explicit
union of infinite vertical strips explicitly determined by Trop(g). In what follows, the

open e-neighborhood of a subset X CR issimply {2’ €R : |z—2a'|<e for some z€ X }.

Corollary 2.1.6. Suppose g is any univariate t-sum with real spectrum and W is

log3
5(9)
1

In particular, sup inf |r—w| < g’(g;’ in the univariate case. B
r €R(Zlg) w € Trply !

the open neighborhood of Trop(g). Then all the complex roots of g lie in W x R.

Unlike the distribution of roots of g in horizontal strips, where there is a kind of
equidistribution (see, e.g., [123, 4] and Section 2.2 below), Corollary 2.1.6 tells us
that the roots of g cluster only within certain deterministically predictable vertical
strips.

Our next main results concern the complexity of deciding whether a given point
lies in the real part of the complex zero set of a given exponential sum, and whether

checking membership in a neighborhood of a tropical variety instead is more efficient.
2.1.1  On the Computational Complezity of R(Z(g)) and Trop(g)

We have tried to balance generality and computational tractability in the family

of functions at the heart of our paper. In particular, the use of arbitrary real inputs
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causes certain geometric and algorithmic subtleties. We will see below that these

difficulties are ameliorated by replacing exact queries with approximate queries.

Remark 2.1.1. “Polynomials” with real exponents — sometimes called posinomi-
als — occur naturally in many applications. For example, the problem of finding
the directions of a set of unknown signals, using a radar antenna built from a set
of specially spaced sensors, can easily be converted to an instance of root-finding in
the univariate case [47, 68]. Approximating roots in the higher-dimensional case
is the fundamental computational problem of Geometric Programming [42, 29, 25].
Pathologies with the phases of complex roots can be avoided through a simple expo-
nential change of variables, so this is one reason that exponential sums are more
natural than posinomials. Among other applications, exponential sums occur in the
calculation of 3-manifold invariants (see, e.g., [82, Appendiz A] and [63]), and have
been studied from the point of view of Model Theory and Diophantine Geometry (see,
e.g., [125, 127, 128]). ¢

To precisely compare the computational complexity of ®(Z(g)) and Trop(g) we
will first need to fix a suitable model of computation: We will deal mainly with the
BSS model over R [21]. This model naturally augments the classical Turing machine
[90, 6, 114] by allowing field operations and comparisons over R in unit time. We are
in fact forced to move beyond the Turing model since our exponential sums involve
arbitrary real numbers, and the Turing model only allows finite bit strings as inputs.
We refer the reader to [21] for further background.

We are also forced to move from exact equality and membership questions to
questions allowing a margin of uncertainty. One reason is that exact arithmetic
involving exponential sums still present difficulties, even for computational models

allowing field operations and comparisons over R.
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Proposition 2.1.7. The problem of determining, for an input (z1, z2) € R?, whether
2 =e*2, is undecidable® in the BSS model over R, i.e., there is no algorithm termi-

nating in finite time for all inputs.

(We were unable to find a precise statement of Proposition 2.1.7 in the literature, so
we provide a proof at the end of this section.) Note that when the input is restricted,
deciding whether z; = e* can be tractable (and even trivially so). For instance, a
famous result of Lindemann [76] tells us that e* is transcendental if 2, € C is nonzero
and algebraic.

Proposition 2.1.7 may be surprising in light of there being efficient iterations
for approximating the exponential function [22, 2]. Determining which questions
are tractable for expressions involving exponentials has in fact been an important
impetus behind parts of Computational Algebra, Model Theory, and Diophantine
Geometry in recent decades (see, e.g., [99, 125, 127, 62, 105]). As for the complexity
of 8(Z(g)), deciding membership turns out to be provably hard, already for the

simplest bivariate exponential 3-sums.

Theorem 2.1.8. Determining, for arbitrary input ri,r9 € R whether (ry,ry) €

R(Z (1 —e* — e*)) is undecidable in the BSS model over R.

(We prove Theorem 2.1.8 at the end of this section.) The intractability asserted in
Theorem 2.1.8 can be thought of as an amplification of the NP-hardness of deciding
amoeba membership when A C Z [8, Thm. 1.9]. (See also [94] for an important
precursor.) However, just as in Proposition 2.1.7, there are special cases of the
membership problem from Theorem 2.1.8 that are perfectly tractable. For instance,

when e, €™ €Q, deciding whether (r1,72) € R(Z (1 — e* — e*)) is in fact doable —

2[95] provides an excellent survey on undecidability, in the classical Turing model, geared toward
non-experts in complexity theory.
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even on a classical Turing machine — in polynomial-time (see, e.g., [117, 118] and
8, Thm. 1.9]).

More to the point, Theorem 2.1.8 above is yet another motivation for approxi-
mating R(Z(g)), and our final main result shows that membership queries (and even
distance queries) involving Trop(g) are quite tractable in the BSS model over R.
We refer the reader to [60, 126, 37] further background on polyhedral geometry and

subdivisions.

Definition 2.1.9. For any n-variate exponential t-sum g, let X(Trop(g)) denote the
polyhedral complex whose cells are exactly the (possibly improper) faces of the closures

of the connected components of R™\ Trop(g). ¢

Theorem 2.1.10. Suppose n is fized. Then there is a polynomial-time algorithm
that, for any input w€R™ and n-variate exponential t-sum g, outputs the closure —
described as an explicit intersection of O(t*) half-spaces — of the unique cell oy, of

Y (Trop(g)) containing w.

We prove Theorem 2.1.10 in Section 2.5. An analogue of Theorem 2.1.10, for the
classical Turing model (assuming A C Z™ and w € Q") appears in [5, Thm. 1.5].
Extending to A CR™ and real coefficients, and using the BSS model over R, in fact
conceptually simplifies the underlying algorithm and helps us avoid certain Diophan-
tine subtleties.

By applying the standard formula for point-hyperplane distance, and the well-
known efficient algorithms for approximating square-roots (see, e.g., [22]), Theorem
2.1.10 implies that we can also efficiently check membership in any e-neighborhood
about Trop(g). This means, thanks to Theorem 2.1.5, that membership in a neigh-
borhood of Trop(g) is a tractable and potentially useful relaxation of the problem of

deciding membership in R(Z(g)).
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For completeness, we now prove Proposition 2.1.7 and Theorem 2.1.8.

Proof of Proposition 2.1.7: The key is to consider the shape of the space of inputs
7 that lead to a “Yes” answer in a putative BSS machine deciding membership in
the curve in R? defined by y=e¢®. In particular, [21, Thm. 1, Pg. 52] tells us that any
set of inputs leading to a “Yes” answer in a BSS machine over R must be a countable
union of semi-algebraic sets. So if Z is indeed decidable relative to this model then Z
must contain a bounded connected neighborhood W of a real algebraic curve (since
7 has infinite length). Since Z is the graph of e”, W extends by analytic continuation
to the graph of an entire algebraic function. But this impossible: One simple way
to see this is that an entire algebraic function must have polynomial growth order.

However, the function e* clearly has non-polynomial growth order. l

Proof of Theorem 2.1.8: Similar to our last argument, one can easily show that
Z:=R(Z(1 — e** — €*)) being decidable by a BSS machine over R implies that a
neighborhood W of the boundary of I must be real algebraic. (We may in fact assume
that W is the part of the boundary that lies in the curve defined by y=Ilog(1 — e”).)
So, via analytic continuation to U := C \ {(2k + 1)v/—17 | k € Z}, it suffices to
show that log(1 — e”) is not an algebraic function that is analytic on U. But this is
easy since an algebraic function can only have finitely many branch points, whereas
log(1 — €®) has infinitely many. (Moreover, each branch point of log(l — €”) has
infinite monodromy whereas algebraic functions can only have branch points with

finite monodromy.) W
2.2 Tropically Extending Classical Polynomials Root Bounds to Exponential Sums
2.2.1 Basics on Roots of Univariate Exponential Sums

Let #S denote the cardinality of a set S. It is worth noting that although

#Trop(g) and our bounds for A(R(Z(g)), Trop(g)) are independent of the maximal
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distance between frequencies D := max,,|a, — q,|, the cardinality #R(Z(g)) can

certainly depend on D, and even be infinite for n=1.

Example 2.2.1. For any integer D >2, g(z1):=eP? +e* + 1 satisfies #Trop(g)=1
but #R(Z(g)) = [D/2]. The latter cardinality is easily computed by observing that
the non-real roots of the trinomial f(x1):=xP +x1 + 1 occur in conjugate pairs, and

at most 2 roots of f can have the same norm. (The latter fact is a very special case

of [119, Prop. 4.5].) ©

Example 2.2.2. Considering the decimal expansion of \/2, and the local continuity
of the roots of eP* + €' + 1 as a function of D € R, it is not hard to show that

X = %(Z(eﬁzl + e*t + 1)) s in fact countably infinite, and Corollary 2.2.6 below

tells us that X is also contained in the open interval (— \1/o§g_21’ \1/‘);_21). o

To derive our main results we will need the following variant of the Newton

polytope, specially suited for studying real parts of roots of exponential sums.

Definition 2.2.3. Let Conv(S) denote the conver hull of a subset S CR™, i.e., the
smallest convex set containing S. Given any n-variate exponential t-sum g(z) =
Z;Zl e+ with real frequencies a;, we then define its Archimedean Newton poly-
tope to be ArchNewt(g) := Conv({(aj,—%(bj))}je[tO. We also call any face of a
polytope P C R™ ! having an outer-normal vector with negative last coordinate a

lower face. ¢

Proposition 2.2.4. For any n-variate exponential t-sum g with real spectrum we

have

Trop(g) ={w | (w,—1) is an outer normal of a

positive-dimensional face of ArchNewt(g)}
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Furthermore, when n = 1, Trop(g) is also the set of slopes of the lower edges of
ArchNewt(g).

We refer the reader to [8] for further background on the polynomial cases of ArchNewt
and Trop.

A key trick we will use is relating the points of Trop(g) to (vertical) half-planes
of C where certain terms of the univariate exponential sum g dominate certain sub-

summands of g.

Proposition 2.2.5. Suppose g(z1):=>_, e%*1* satisfies ay < - <a, and b; e C
for all j. Suppose further that w € Trop(g), ¢ is the unique index such that (as, R(be))
is the right-hand vertex of the lower edge of ArchNewt(g) of slope w, and let 6, :=

miny,_q [a, — aq|.

/-1
> ei711bj | L |parzitbe
N .

Then for any N €N and z; € {w + w oo) xR we have
j=1

Proof: First note that 2 </ <t by construction. Let f; :=R(b;), r:=R(z), and

note that
-1 -1
a;jz1+bj Z a;jz1+b; Z ea]rJrﬁJ Z eaj(rfw)+ajw+ﬁj
=1 =1
Now, since a]+1 ;>0 forall je{1,. — 1}, we obtain a] <ag— (€ —j)og. So for
-1
r>w we have Zeaﬂzl+b7 < Z (ag=(=3)00) (r—w)tawth; < Ze(‘” (=3)e) (r—w)Fagwthy
Jj=1 =1 j=1

where the last inequality follows from Definition 2.1.1. So then

/-1
< elar=(=1)é;)(r—w)+apw+py Z el=1)de(r—w)

j=1
—1)5o(r—w

p(ae—=(E=1)3¢) (r—w)+agw+p; (=1 (r—w) _ q
ede(r—w) _ 1

0—1)8p(r—w arr+By
< e(ae*(471)52)(7“7w)+agw+,8[ w e +8e
664(7"—111) -1

ajzl—l—bj

- ede(r—w) _ 1
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So to prove our desired inequality, it clearly suffices to enforce e?("=*) — 1> N. The

log(N+1)

5, SO we are done. W

last inequality clearly holds for all r >w +

It is then easy to prove that the largest (resp. smallest) point of R(Z(g)) can’t
be too much larger (resp. smaller) than the largest (resp. smallest) point of Trop(g).
Put another way, we can give an explicit vertical strip containing all the complex

roots of g.

Corollary 2.2.6. Suppose g is a univariate exponential t-sum with real spectrum
and minimal spacing §(g), and Wy, (T€SP. Wiax ) s max Trop(g) (resp. min Trop(g) ).
log 2

Then R(Z(g)) is contained in the open interval (wmin — 3 Wmax T %).

The log 2 in Corollary 2.2.6 can not be replaced by any smaller constant: For g(z1)=
et=ha _elt=221 ... _e% 1 we have §(g) =1, Trop(g) ={0}, and it is easily checked
that R(Z(g)) contains points approaching log2 as ¢ —» oo. While the polynomial
analogue of Corollary 2.2.6 goes back to work of Cauchy, Birkhoff, and Fujiwara pre-
dating 1916 (see [96, pp. 243-249, particularly bound 8.1.11 on pg. 247] and [48] for
further background) we were unable to find an explicit bound for exponential sums

like Corollary 2.2.6 in the literature. So we supply a proof below.

Proof of Corollary 2.2.6: Replacing z; by its negative, it clearly suffices to prove

R(Z(g)) C (—oo,wmax + 10(%2). Writing ¢(z1) = Z;:l €% with a; < -+ <ay, let
¢ denote any root of g, 7 := R((), and f; := R(b;) for all j. Since we must have

Yo et = —emCth taking absolute values implies that ‘Z;;ﬁ eiCHby | = |guCHbe

log 2
5 -

However, this equality is contradicted by Proposition 2.2.5 for R(z1) > wmax +

So we are done. B

Another simple consequence of our term domination trick (Proposition 2.2.5

above) is that we can give explicit vertical strips in C free of roots of g.
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Corollary 2.2.7. Suppose g(z) 3223’:1 e%*1 %0 satisfies a; < -+ <ay, b; €C for all

2log3
5g) -

Let € be the unique index such that (ags, R(by)) is the vertex of ArchNewt(g) incident

J, and that wy and wy are consecutive points of Trop(g) satisfying wy > wq +

to lower edges of slopes wy and wo. Then the vertical strip [wl + 160(%7 Wy — ?éﬂ x R
contains no roots of g.

Proof: By Proposition 2.2.5, we have ‘Z?j eti#11b) g1 tbe

1
<3

for all z; € {wl + %,oo) and (employing the change of variables z; — —z)

t a;z1+b;
‘Zj:€+1€ J j

etz +by

ezl +by

1
<3

forall z; € (—OO, Wy — ?fgﬂ So we obtain ‘Zj# i1+

in the stated vertical strip, and this inequality clearly contradicts the exis-

<

. log3 _log3
tence of a root of ¢ in {wl + i) W2 5(9)] xR. N

Remark 2.2.1. Corollary 2.1.6 from the introduction follows immediately from
Corollaries 2.2.6 and 2.2.7. ¢

Let us now recall a result of Wilder [124] (later significantly refined by Voorhoeve
[123]) that tightly estimates the number of roots of exponential sums in infinite
horizontal strips of C. Let &(«) denote the imaginary part of a € C and let (x):=

min,ez | — u| be the distance of z to the nearest integer.

Wilder-Voorhoeve Theorem. [123, Thm. 5.3] For any univariate exponential t-
sum g with real frequencies a; < --- <a; and w<v let H,, denote the number of roots
of g, counting multiplicity, in the infinite horizontal strip {z €C | 3(z1) € [u,v]}.

Then
V—Uu
27

Hum - (at - (11)

cooao ()

j=2
We will ultimately refine the Wilder-Voorhoeve Theorem into a localized deviation

bound (Theorem 2.2.10 below) counting the roots of ¢ in special axis parallel rectan-
gles in C. For this, we will need to look more closely at the variation of the argument

of g on certain vertical and horizontal segments.
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2.2.2  Winding Numbers and Density of Roots in Rectangles and Vertical Strips

To count roots of exponential sums in rectangles, it will be useful to observe a

basic fact on winding numbers for non-closed curves.

Proposition 2.2.8. Suppose I C C is any compact line segment and g and h are
functions analytic on a neighborhood of I with |h(z)| < |g(z)| for all z€ 1. Then

/ / /
‘% (f[ ggiz dz — [; %dz)‘ < .

Proof: The quantity V; =S (f[ %,dz) (resp. Vo : =S (f[ gglizl dz)) is nothing more
than the variation of the argument of g (resp. g + h) along the segment . Since
I is compact, |g| and |g + h| are bounded away from 0 on I by construction. So
we can lift the paths g(I) and (g + h)(I) (in C*) to the universal covering space
induced by the extended logarithm function. Clearly then, V; (resp. V3) is simply a
difference of values of ¥(Log(g)) (resp. I(Log(g + h))), evaluated at the endpoints
I, where different branches of Log may be used at each endpoint. In particular, at

any fixed endpoint z, our assumptions on |g| and |h| clearly imply that g(z) + h(z)

and g(z) both lie in the open half-plane normal (as a vector in R?) to g(z). So

S(Log(g(z)+h(2)))—3(Log(g(2)))| < § at the two endpoints of I, and thus [V —V5| <

+§:7T. [ |

SIE]

Re-examining Corollary 2.1.6 from the last section, one quickly sees that the
vertical strips in C containing the roots of a univariate exponential sum ¢ correspond
exactly to clusters of “closely spaced” consecutive points of Trop(g). These clusters
of points in Trop(g) in turn correspond to certain sub-summands of g. In particular,
sets of consective “large” (resp. “small”) points of Trop(g) correspond to sums of
“high” (resp. “low”) order terms of g. Our next step will then be to relate the roots

of a high (or low) order summand of g to an explicit portion of the roots of g.
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Lemma 2.2.9. Let g(z1) := X'_, %% with a; < --- < ay and bj € C for all j,
u<wv, and let Wy, (TeSP. Wimax ) be min Trop(g) (resp. max Trop(g)). Also let wy and
wy be consecutive points of Trop(g) satisfying Wy < w1 < Wy < Wpax and let £ be
the unique index such that (ae, R(be)) is the vertex of ArchNewt(g) incident to lower
edges of slopes wy and wy (so 2<0<t—1). Finally, assume wy — wy > 21983 - und let

5(9)

R}w and wa respectively denote the number of roots of g, counting multiplicity, in

. log2 log3 _ log3 log2
the rectangles (wmm o) Wi 5(g)) X [u,v] and (w2 5oy Wmax + 5(g)) X [u, v].
Then
v—u v—u
‘quw—2(@é—a1) <e1+1 and ’wa— (ar —ap)|<eg + 1,
9 7T 3
where £1,69>0 and ey + 2 <t — 1 — 35, <%>

When Trop(g) has two adjacent points sufficiently far apart (as detailed above),
Lemma 2.2.9 thus refines the Wilder-Voorhoeve Theorem. Lemma 2.2.9 also con-
siderably generalizes an earlier root count for the polynomial case presented in [8,
Lemma 2.8]: Rephrased in terms of the notation above, the older root count from |8,
Lemma 2.8] becomes the equalities Ry, =a; — a1 and R, =a; — a, for the special

case ACZ.

Proof of Lemma 2.2.9: By symmetry (with respect to replacing z; by —z1) it
clearly suffices to prove the estimate for wa. Since ¢ is analytic, the Argument
Principle (see, e.g., [1]) tells us that

R ! 7 .

Wy 2m/—1 Ji_ur,ui_ui, g
where I_ (resp. I, J_, J;) is the oriented line segment from

(i~ 50) 6. (e + 457.0), o 285.0). (st 385.0)

to

(v 5530) s (e 558, (i + 558, (3 550,

assuming no root of g lieson I_UI, UJ_UJ,. By Corollaries 2.2.6 and 2.2.7, there
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can be no roots of g on I_ U I,. So let assume temporarily that there are no roots

of gon J_U J,.

Since wqy — 10( :)3 >wy + log?’ by assumption, Proposmon 2.2.5 tells us that

wa— S +V=T0)+be | Z L i (wa— SV Tv) 4
j=1
and, by symmetry and another application of Proposition 2.2.5,

ag (w2~ 553 +F“)+b4

coe™ (

1
2

1

t
5 |coe ¢TI |

Jj=0+1
So we can apply Proposition 2.2.8 and deduce that ‘% ( I %dz -/ (e;[;:;i)/dz) ‘ <

m. So then, since the last integral has imaginary part easily evaluating to a,(u —
. g

v)y/—1, we clearly obtain dz —ap(u—v

W, we deaty obtain | 3 [ Las) —atu =0

argument (applying Propositions 2.2.5 and 2.2.8 again, but with the term e+

1 g’d ( ) 1
—az | — a4\ — U
o2mv/—1J1, g ¢

<-.
So now we need only prove sufficiently sharp estimates on ﬁ J1. %dz:

5
g/

/ S()dz

J_UJ+ g

1
< 3 An almost identical

dominating instead) then also yields

w

/wmax+§’ﬁj o (g’ (z + u\/—_l) q (z + v\/—_1> ) .

2= 56y g(z + u\/—_1> glz+ v\/—_l)
wmast 555 | (g (z + u\/—_) q (z - v\/—_l)

/w?—l(s‘)(gS N (g(z+u\/—_1> g(z—l—v\/—_l) )

9)

log 3 log 2
= K - max ; Uy U5 .
(102 5(9) " " 5(g) """ g)

IA

dz

A quantity closely related to K (x1, zo; u, v; g) was, quite fortunately, already studied

in Voorhoeve’s 1977 Ph.D. thesis: In our notation, the proof of [123, Thm. 5.3] imme-

diately yields lim K(—z, ;0,05 9) =t—1-Y"_, <(1’_u)(+_a7‘1)> In particular, by the

additivity of integration, the nonnegativity of the underlying integrands, and taking
e1:=K (wmin -

log 3 log 3 log 2
5w+ 5w, v g) and eg:= K (wy — §E7 W + 55550, 05 ), we
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obtain < &9, with £1,69>0 and

/
/ %<9> dz
J7UJ+ g

crasi-1-y (el

= 2

v—u
2m
in the special case where no roots of g lie on J_ U J,. To address the case where

Adding terms and errors, we then clearly obtain ’wa —

(a; — ap)|<eg + 1,

a root of g lies on J_ U J, note that the analyticity of g implies that the roots

of g are a discrete subset of C. So we can find arbitrarily small n > 0 with the

boundary of the slightly stretched rectangle (wg - %, Winax + %) X [u—mn,v+mn)

not intersecting any roots of g. So then, by the special case of our lemma already
v—u+2n
Rz—n,v—‘rn - o (a’t - aﬁ)

1 _ 5 <(v7u+277%(ajfaj71)>' Clearly, R?

j=2 I u—n,v+n

proved, <eh+1, with €},e, >0 and ¢} + &, <t —

= R2 , for 1 sufficiently small, and

2

u—nv+n tends to the estimate stated in our

the limit of the preceding estimate for R

lemma. So we are done. W
We at last arrive at our strongest refinement of the Wilder-Voorhoeve Theorem.

Theorem 2.2.10. Suppose g(z1) = >5_; e%* 0 ay < --- <ay, and C is any con-

nected component of the open ?(ggi’ -neighborhood of Trop(g). Also let wymm(C) (resp.
Wiax(C)) be min(Trop(g) N C) (resp. max(Trop(g) N C)) and let i (resp. j) be the
unique index such that (a;, R(b;)) is the left-most (resp. right-most) vertex of the
lower edge of ArchNewt(g) of slope wmin(C) (resp. Wmax(C)). Finally, let Re ., de-
note the number of roots of g, counting multiplicity, in the rectangle C X [u,v]. Then
v—u
‘RC,u,v ~ o
where e >0 and the sum of ec over all such connected components C' is no greater

than t — 1 — ¥ _, (L=Guman)),

(a; —a;)| <ec+1,

Note that Lemma 2.2.9 is essentially the special case of Theorem 2.2.10 where C'is the
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leftmost or rightmost connected component specified above. Note also that a special

case of Theorem 2.2.10 implies that the fraction of roots of g lying in C' x R (i.e.,

the ratio ylgrgo %, using the notation from our statement of the Wilder-Voorhoeve
Theorem) is exactly % This density of roots localized to a vertical strip can also

be interpreted as the average value of the function 1, evaluated at all root of g in
C x R. Soprunova has studied the average value of general analytic functions h,
evaluated at the roots (in a sufficiently large vertical strip) of an exponential sum
[115]. Theorem 2.2.10 thus refines the notion of the “average value of 1 over the

roots of g in C” in a different direction.

Proof of Theorem 2.2.10: The argument is almost identical to the proof of Lemma
2.2.9, save for the horizontal endpoints of the rectangle and the dominating terms in

the application of Proposition 2.2.5 being slightly different. Il

A consequence of our development so far, particularly Corollary 2.1.6, is that ev-
ery point of R(Z(g)) is close to some point of Trop(g). We now show that every point
of Trop(g) is close to some point of R(Z(g)). The key trick is to break Trop(g) into
clusters of closely spaced points, and use the fact that every connected component

C' (from Theorem 2.2.10) contains at least one real part of a complex root of g.

Theorem 2.2.11. Suppose g is any univariate exponential t-sum with real spectrum

and t > 2. Let s be the mazimum cardinality of Trop(g) N C' for any connected

component C' of the open ?(ggi’ -neighborhood of Trop(g). (So1<s<t—1 in particular.)

Then for any v &€ Trop(g) there is a root z€C of g with |R(z) — v| g%_

Proof: For convenience, for the next two paragraphs we will allow negative indices

i for o;€Trop(g) (but we will continue to assume o; is increasing in 7).

Let us define R to be the largest j with v,04,...,0; being consecutive points of
Trop(g) in increasing order, o; — v < 261‘()5)3, and 0,11 —0; < 251‘()5)3 for all i € [j — 1].
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(We set R =0 should no such j exist.) Similarly, let us define L to be the largest

J with v,0_1,...,0_; € Trop(g) being consecutive points of Trop(g) in decreasing

order, v —o_1 < 251?5)3, and o_; —o_;_1 < 251?5)3 for all ie[j —1]. (We set L=0 should

no such j exist.) Note that L + R+ 1<s.

By Theorem 2.2.10 there must then be at least one point of R(Z(g)) in the

interval [v — (2L + 1)?(%;,1) + (2R + 1)?@?}. So there must be a point of R(Z(g))

within distance (2max{L, R} + 1)?@? of v. Since 2L + 2,2R 4+ 2<2s, we are done.

At this point, we are almost ready to prove our main theorems. The remaining

fact we need is a generalization of Corollary 2.1.6 to arbitrary dimension.
2.2.3 A Quick Distance Bound in Arbitrary Dimension

Having proved an upper bound for the largest point of R(Z(g)), one may wonder
if there is a lower bound for the largest point of R(Z(g)). Montel proved (in different
notation) the univariate polynomial analogue of the assertion that the largest points
of R(Z(g)) and Trop(g) differ by no more than log(t — 1) [85]. One can in fact
guarantee that every point of R(Z(g)) is close to some point of Trop(g), and in

arbitrary dimension.

Lemma 2.2.12. For any n-variate exponential t-sum g with real spectrum and t>2

we have sup inf |r—w| <log(t—1)/d(g).
r € R(Z(g)) w € Trop(g)

Proof: Let z€ Z(g) and assume without loss of generality that

eal-z+b1 > 6&2-Z+b2 >0 > eat-erbt .
Since g(z) =0 implies that [e®1*+01| = |ea2#+b2 ... 4 ear=+be| the Triangle Inequality
immediately implies that |e® 01| < (¢ — 1) [e2*+02|. Taking logarithms, and letting
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p:=R(z) and B;:=R(b;) for all i, we then obtain

ap-p+p>-->a-p+ P and (2.1)

a;-p+ 1 <log(t—1)+as-p+ P (2.2)

For each i€{2,...,t} let us then define 7; to be the shortest vector such that

ay - (p+mn) + B =a;- (p+m)+ B
Note that n; = A;(a; — a1) for some nonnegative \; since we are trying to affect the
dot-product 7;- (a3 —a;). In particular, ;= % so that |n;| = %

(Indeed, Inequality (2.1) implies that (a; —a;) - p+ f1 — 5; >0.)

Inequality (2.2) implies that (a; — a2) - p+ 1 — P2 <log(t — 1). We thus obtain

|772| < log(t—1) < log(t—1

o] < ) ) So let ig € {2,...,t} be any i minimizing |;]. We of course

have |n;,| <log(t — 1)/d(g), and by the definition of n;, we have

ay - (p+ i) + Br=aiy - (p + i) + Bio-
Moreover, the fact that 7, is the shortest among the 7, implies that

ay - (p =+ i) + Br=>ai - (p+mni,) + Bi

for all . Otherwise, we would have a; - (p + n;,) + 51 < a; - (p + n;,) + fi and
ay - p+ B1>a; - p+ B (the latter following from Inequality (2.1)). Taking a convex
linear combination of the last two inequalities, it is then clear that there must be a
we |0, 1) such that

ar - (p + pmip) + Br=a; - (p+ pni,) + Bi-
Thus, by the definition of 7;, we would obtain |n;| < p|n;,| <|ni,| — a contradiction.

We thus have the following: (i) a1 - (p + mi,) — (—51) = a4y - (p + 1iy) — (—Bis),

(i) a1 - (p+nip) = (—=B1) Z ai- (p+niy) — (—5;) for all i, and (iii) |n;,| <log(t —1)/d(g).
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Together, these inequalities imply that p+mn;, € Trop(g). In other words, we’ve found

a point in Trop(g) sufficiently near p to prove our desired upper bound. W
2.3 Small Ball Probability

Let G, 1, be the Grassmanian of k-dimensional subspaces of R", equipped with its
unique rotation-invariant Haar probability measure i, ;. The following “small ball

probability” estimate holds.

Lemma 2.3.1. [52, Lemma 3.2] Let 1<k<n—1, x€R", and e< Then

ok ({FeGn,k \Pp(x)lgg\/gm }) < <\/g€)k7

where Pp is the surjective orthogonal projection mapping R™ onto F'. B

3

An important precursor, in the context of bounding distortion under more general
Euclidean embeddings, appears in [80].

A simple consequence of the preceding metric result is the following fact on the ex-
istence of projections mapping a high-dimensional point set onto a lower-dimensional

subspace in a way that preserves the minimal spacing as much as possible.

Proposition 2.3.2. Let y>0 and 1, ..., xnx €R" be such that |z;—x;| > for all dis-

tinct i,j. Then, following the notation of Lemma 2.5.1, there exist F' € G, i, such that

kv

|Pr(zi) = Pr(z)l 2\ — 7

for all distinct i, .

Proof: Let zy; j := x;—x;. Then our assumption becomes zy; j; > for all distinct 7, j
and there are no more than N (/N —1)/2 such pairs {7, j}. By Lemma 2.3.1 we have, for
any fixed {1, j}, that |Pp(zg.51)| Zs\/g|z{i,j}| with probability at least 1— (y/e£)". So

1/k
if e < % <m) / , the union bound for probabilities implies that, for all distinct

i,J, we have |Prp(zp 1) 2 6\/§|Z{i’j}| > 57\/5 (and thus |Pg(z;) — Pp(z;)| > 57\/%)
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with probability at least 1 — W(\/&:)k . Since this lower bound is positive by

construction, we can conclude by choosing €:= [ ]

1
\/ENQ/I“ .

2.4 Proof of Theorem 2.1.5

The assertion that t >d+1 is easy since any d-dimensional polytope always has at
least d + 1 vertices. So we now focus on the rest of the theorem. We prove Assertion
1(b) last.

In what follows, for any real n x n matrix M and z € R", we assume that z
is a column vector when we write Mz. Also, for any subset S C R", the notation
MS:={Mz | z€ S} is understood. The following simple functoriality properties of

Trop(g) and R(Z(g)) will prove useful.

Proposition 2.4.1. Suppose g1 and g, are n-variate exponential t-sums, a € C*,
a € R, B:=(061,...,0n) € C", and gy salisfies the identity go(z) = e gy(z1 +
Bro e o+ Ba). Then R(Z(92)) = R(Z(1)) — R(B) and Trop(gs) = Trop(g1) —
R(B). Also, if M € R™™ and we instead have the identity go(z) = g1(Mz), then
MR(Z(g2))=R(Z(g1)) and MTrop(gz)="Trop(g,). W

2.4.1 Proof of Assertion (0)

First note that, thanks to Proposition 2.4.1, an invertible linear change of vari-
ables allows us to reduce to the special case A = {O,ey,...,e,}, where O and
{e1,...,en} are respectively the origin and standard basis vectors of R™. But this
special case is well known: One can either prove it directly, or avail to earlier work
of Rullgard on the spines of amoebae (see, e.g., the remark following Theorem 8 on
Page 33, and Theorem 12 on Page 36, of [104]). In fact, observing that our change
of variables can in fact be turned into an isotopy (by the connectivity of GL. (R)),
we can further assert that Trop(g) is a deformation retract of (Z(g)) in this case.
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2.4.2  Proof of Assertion 1(a)
This is simply Lemma 2.2.12, which was proved in Section 2.2. B
2.4.8  Proof of Assertion (2)

The special case § =1 follows immediately from Assertion (2) of Theorem 1.5 of [§]
(after setting z; =e* in the notation there). Proposition 2.4.1 tells us that scaling the
spectrum  of ¢ by a factor of J scales R(Z(g)) and Trop(g)

each by a factor of 1/J. So we are done. l
2.4.4  Proof of Assertion 1(b)

First note that the Hausdorff distance in question is invariant under rotation in
R™. So we may in fact assume that g involves just the variables zy, ..., z4 and thus
assume d=n.

By the k=1 case of Proposition 2.3.2 we deduce that there exists a unit vector

6 € R™ such that

(g)
Vent?

(2.3)

i#£]

Now let v€Trop(g) and write v=wvg6 + vy for some vy perpendicular to 6. Also let
up € C and u € C™ satisfy u=wuyl + fuj. For z; € C define the univariate exponential

t-sum g(z1) = X5, el (210+v)+bi - By Inequality (2.3) we see that §(§) > jé—fl;. We

also see that g(ug) =g(u) and g(vg) = g(v). By Theorem 2.2.11 there exists a value

for ug such that 0 = f(ug) = f(u) and [R(ug) — vg| < (Qt}?;)log?) < MtQ(gf!;S) g3,

So [R(u) — v| = |(R(ug) — vg)0| < ‘/&ﬁ(;fg_)‘g) log3 _ \/at2(§€g—)3) g3 gince we've already

reduced to the case d=n. B
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2.5 Proving Theorem 2.1.10

We will need some supporting results on linear programming before starting our

proof.
Definition 2.5.1. Given any matriz M € RN*" with it row m,, and c:= (c1,...,cn)E
RN, the notation Mx < c means that m; - <cy,...,my - x <cy all hold. These

inequalities are called constraints, and the set of all x € RY satisfying Mz < c is
called the feasible region of Mx < c. We also call a constraint active if and only
if it holds with equality. Finally, we call a constraint redundant if and only if the
corresponding row of M and corresponding entry of ¢ can be deleted without affecting

the feasible region of Mx<c. ¢

Lemma 2.5.2. Suppose n is fized. Then, given any ¢ € RN and M € RN*", we
can, in time polynomial in N, find a submatriz M' of M, and a subvector ¢ of ¢,
such that the feasible regions of Mx<c and M'x<c are equal, and M'z <c has no
redundant constraints. Furthermore, in time polynomial in N, we can also enumerate

all maximal sets of active constraints defining vertices of the feasible region of Mx <c.

Note that we are using the BSS model over R in the preceding lemma. In particular,
we are only counting field operations and comparisons over R (and these are the
only operations needed). We refer the reader to the excellent texts [107, 59, 58] for

further background and a more leisurely exposition on linear programming.

Proof of Theorem 2.1.10: Let w €R" be our input query point. Using O(tlogt)
comparisons, we can isolate all indices such that max; [e% 7| is attained, so let jo
be any such index. Taking logarithms, we then obtain, say, J equations of the form
aj-w+R(b;) =aj,-w+R(b;,) and K inequalities of the form a;-w+R(b;) > a;,-w+R(b;,)

or a; - w~+ R(b;) <aj, - w+ R(bj,).
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Thanks to Lemma 2.5.2, we can determine the exact cell of Trop(f) containing
w if J>2. Otherwise, we obtain the unique cell of R™\Trop(f) with relative interior
containing w. Note also that an (n — 1)-dimensional face of either kind of cell must
be the dual of an edge of ArchNewt(g). Since every edge has exactly 2 vertices, there
are at most £(t — 1)/2 such (n — 1)-dimensional faces, and thus o,, is the intersection

of at most t(t — 1)/2 half-spaces. So we are done. B
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3. MULTTHOMOGENOUS NONNEGATIVE POLYNOMIALS AND SUMS OF
SQUARES

3.1 Introduction

Let R[z] := R[zy,...,x,] denote the ring of real n-variate polynomials and let
P, o1 denote the vector space of forms (i.e homogenous polynomials) of degree 2k in
R[z]. A form p € P, o is called non-negative if p(z) > 0 for every z € R™. The set
of non-negative forms in P, o5, is closed under nonnegative linear combinations and
thus forms a cone. We denote cone of nonnegative forms of degree 2k by Pos,, 2. A
fundamental problem in polynomial optimization and real algebraic geometry is to
efficiently certify non-negativity for real forms, i.e., membership in Pos,, 9.

If a real form can be written as a sum of squares of other real polynomials
then it is evidently non-negative. Polynomials in P, o5 that can be represented as
sums of squares of real polynomials form a cone that we denote by Sq,, 5. Clearly,

SAy 01 © Posy, 2. We are then lead to the following natural question.
Question 3.1.1. For which pairs of (n, k) do we have Sq,, o5, = Posy a1 ¢

In his seminal 1888 paper [66] Hilbert showed that the answer to Question 3.1.1 is
affirmative exactly for (n, k) € ({2} x2N)U(Nx{2})U{3,4}. Hilbert’s beatiful proof
was not constructive: The first well known example of a non-negative form which is
not sums of squares is due to Motzkin from around 1967: z§ + z2x3(2? + 23 — 3z3).

Hilbert stated a variation of Question 3.1.1 in his famous list of problems for 20"

century mathematicians:

Hilbert’s 17th Problem. Do we have, for every n and k, that every p € Pos,, o, is

a sum of squares of rational functions?
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Artin and Schrier solved Hilbert’s 17th Problem affirmatively around 1927 [7]. How-
ever there is no known efficient and general algorithm for finding the asserted collec-
tion of rational functions for a given input p. Despite the computational hardness
of finding a representation as a sum of squares of rational functions, obtaining a
representation as a sum of squares of polynomials (when possible) can be done effi-
ciently via semidefinite programming (see, e.g., [74]). This connection to semidefinite
programming (which has been used quite successfully in electrical engineering and
optimization) strongly motivates a classification of which (n, k) have membership in
Sq,, 2, Occuring with high probability, relative to some natural probability measure

i on Pos,, of.
3.1.1 From All or Nothing to Something in Between

Hilbert’s 17th problem is essentially an algebraic problem. However methods from
analysis have recently enabled some advances. The first example of this perspective
is Gregoriy Blekherman’s work: A consequence of his paper [18] is a probability
measure j on Pos,, o supported in an hyperplane, for which p(Sq,, 5,) — 0 as n— oo,
for any fixed k> 2.

It is important to observe that for many problems of interest in algebraic geome-
try, forms with a special structure (e.g., sparse polynomials) behave differently from
generic forms of degree 2k. Precious little is known about Hilbert’s 17*" Problem
in the setting of sparse polynomials [40, 97, 20]. So let us first recall the notion of
Newton polytope and then a theorem of Reznick: For any p(z) = Y czn Cax® with

a1

a=(ag,...,a,) and z% = x{* - - - 2% the Newton polytope of p is the convex hull

Newt(p) := Conv({a | ¢o # 0}).

Theorem 3.1.1. [97, Thm. 1] If p = YI_, g? for some gi,...,9, € R[] then

Newt(g;) C sNewt(p) for all .
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This theorem enables us to refine the comparison of cones of sums of squares and

non-negative polynomials to be more sensitive to monomial term structure.

Definition 3.1.2. For any polytope QQ C R™ with vertices in Z", let Ng := #(QNZ"),
c=(ca|a€QNZ"), p(T) = Xoconzn ca®® and then define
Posg := {c € R | p.(T) > 0 for every x € R"}

Saq = {c € RNe | p.(z) = ¥, ¢;(Z)* where Newt(q;) C 3Q} o

In our notation here, Blekherman’s paper [18] focused on volumetric estimates for

the cones Posg, ,, and Sqg . , where @, o is the scaled (n — 1)-simplex

n,2k

{zeR" | XF 2, =2k, z1,...,2, > 0}.

In this context the following problem arises naturally:

Weighted Polytopal SOS Problem. Given a polytope (Q and a probability measure

w1 on Posg, estimate ,u(SqQ). o

Note that Hilbert’s classic work [66] implies that, for any n and & and any con-
tinuous nonnegative probability measure on the cone Pos,, o5, we have ,u(Sng 4) =
,u(SqQ2 %) = p(SqQM) = 1. A related variant of the Weighted Polytopal SOS
Problem was recently answered, as a consequence of the main theorem from [20]:
There is now a complete combinatorial classification of those polytopes @) for which
Sqg = Posg.
3.1.2  Our Results

We focus on the multihomogenous case of the Weighted Polytopal SOS Problem.

We have leaned toward general methods rather than ad hoc methods, in order to

allow future study of arbitrary polytopes. We begin here with Cartesian products of

scaled standard simplices.
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Definition 3.1.3. Assume henceforth thatn =n,+---+n,, and k = ki +-- -+ ky,,
with k;,n; €N for all i, and set N := (nq,...,ny) and K = (ky,..., k). We will
partition the vector * = (1, ...,xT,) into m sub-vectors Ty, ..., T, so that T; consists
of exactly n; variables for all i, and say that p € R[Z] is homogenous of type (N, K)

if and only if p ishomogenous of degree k; with respect to x; for all i. Finally, let

QN,K = in,kl XX Qn'nukm' ¢

Example 3.1.4. p(7) := x322 + z 2322 + 232475 is homogenous of type (N, K) with
N =(3,2) and K = (2,3). (So &1 = (21,22, x3) and Ty = (x4,x5).) In particular,

Newt(p) € Qnix = Q32 X Q23. ©

Multihomogenous forms appeared before in the work of Choi, Lam and Reznick.

In particular they proved the following theorem in [30]:

Theorem 3.1.5. (Choi, Lam, Reznick) Let N = (ny,ng,...,ny,) and
K = (2ky1,2k;, ..., 2k,,) where n; > 2 and k; > 1 then Posg, , = Sdg, , o and only

if m =2 and (N, K) is either (2,n9;2kq,2) or (n1,2;2,2ks).

Our result can be viewed as a localized version of Blekherman’s Theorem and also
as a quantitative version of the theorem of Choi, Lam and Reznick [30]. In order to

state our result we need to introduce the following function on subsets of Py k.

Definition 3.1.6. Let S"~! denote the standard unit (n—1)-sphere in R™ and define
S = 8mlx oo x St Py = {p € R[Z] homogeneous of type (N, K)}, and
Cnvik ={p € Pnk| [gpdo=1}. Forany X C Py x we set u(X) = (Mf+$m) PN.x

where Dy i 1s the dimension of Py x and B is the Dy i dimensional ball. ©

Our main theorem is the following.
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Theorem 3.1.7. Let N = (ny,ne,...,ny) and K = (2ky, 2k, . .., 2k,,). We define

Loy :={p € Posqy 10 =2 PR 2k phere lij is a linear form in variables z;}

, then the following bounds hold

kz m Ck ki
2k; + —)72 < (S < ki
011_]_[1( +5)72 < uSdg, ) CQZ:Hl(nmLki)
e TT@k+ )™ < n(Lgu,) < Jmmsm: [[ 42k + D} [[ (o)
=1 ' i=1 =1 2 1

where ¢; are absolute constants with ¢, <5 and ¢ = 2'%%.

To compare our bounds with Blekherman’s bounds [18] let us consider the fol-

lowing special cases of Theorem 3.1.7:

Corollary 3.1.8. 1. For N = (2,n—2) and K = (2k—2,2) we have the following

bounds:
& _ 1(Sq
¢ (2k —1) bt (n+2)71 < M <1
N(POSQN,K)
2. Assume n = k.ny, we partition into k groups by setting N = (ny,nq,...,nq)

and K = (2,2,...,2), then we have the following bounds:

/“L(SqQN,K) n | —k+1

n . =k
a2+ o) < < (2
/J“(POSQN,K) ck

2k

210¢
48 -

where ¢, ¢y and cy are absolute constants with ¢ =

Note that both cases considered above are contained in @), 2. In particular, Blekher-
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man’s Theorems 4.1 and 6.1 from [18] give the following estimates:

k+1

W aklk -1 #(890,.) _ e @HVE
G+2RF R (Posg,,) - M

where ¢; and ¢, are absolute constants.

The first case in Corollary 3.1.8, is a modest example to show the reflection of
monomial structure in our bounds. Bounds in the second case is dependent on 7
instead of n which shows the effect of underlying multihomogeneity. In particular in
the cases that k and n are comparable bounds behave significantly different then the
bounds of Blekherman.

In general, Theorem 3.1.7 proves that if we assume multihomogeneity on the set
of variables z1, s, . .., Z;,, bounds derived in Blekherman’s work for the ratio of sums
of squares to non-negative polynomials, holds locally for every set of variable z;.

The remainder of this paper is structured as follows: In Section 2 we define
two different inner products, and investigate basic relations between geometries in-
troduced by these two inner products. Section 2 also includes definiton of zonal
harmonics and their basic properties. The hurried reader can see the definitions at
the very beginning and then go to Lemmata 3.2.8, 3.2.11, 3.2.13 and 3.2.14. In Sec-
tion 3 we prove volumetric bounds for Posg, . A key step is discovering existence of
an isotropic measure linked to the zonal harmonics. In Section 4 we give bounds for

SAgy ., Via classical convex geometry. Section 5 is devoted to polynomials that are

powers of linear forms. The bounds there are derived by a simple duality observation.
3.2 Harmonic Polynomials and Euclidean Balls

In this section we develop necessary background for the proof of Theorem 3.1.7.

We are going to make use of two different inner products on Py x, mainly due to
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two useful notions of duality.

Definition 3.2.1. For f,g € Py the “usual” inner product is defined as (f,g) :=

[ fgdo. For f(z) = Y ,cax® € Py with o = (aq,...,a,) we define the linear
S

differential operator D[f] :== >, Ca (;;31 e (.?;Z), and set (f,g)p := D[f](g). This
way of defining (f, g)p, introduces an inner product which we call the “differential”

inner product. ¢

If g(z) = >4 baz® € Pyg and f(z) =3, car® € P, 4 then it is easily checked that

Fgp=d 3 (b>

041+"‘+04n:d

A15..5Qn

d . . . . |
where ( ) is the multinomial coefficient —%—.
A15-.0,0n atlap!

Below we list some useful properties of the differential inner product. This inner

product is actually the Bombieri- Weyl inner product (see, e.g., [112]) in our setting.

Lemma 3.2.2. For any vectors v,x € S we define

Kv(x) = (Ulg;l 4+t Unlxn1)2k’l (Um+137n1+1 4+t Un33n1+n2)2k2

2k
e (Unfnerlxnfnerl + -+ Unl'n) "

Then
1. (p, K,(2))p = p(v)

2. (pg, h)p = S48 (g, DIp)(h)) p

3. Let s; = 23'21 n; and sy = 0 let for any i A; = (%2872“ 4o 8?322 and
Si—1 Si

ri= (22 e al)3 then (p+2)(p+ 1), q)p = (9, Ail0))p
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We would like to compare the geometry induced by the two different inner prod-
ucts. For instance how are the Euclidean balls with respect to two different products
related to each other? To find out, we will need to introduce a generalization of
harmonic polynomials that applies to our multihomogenous setting, and define cor-
responding linear operators acting on underlying vector spaces.

We call f IT-harmonic if A(f) = Ao(f) = -+ = An(f) = 0. One may suspect
that II-harmonicity is too strong a condition to be as natural as ordinary harmonicity.
However, one observes that Il-harmonicity is a special case of Helgason’s general
theory of Harmonic polynomials (see Chapter 3, [67]) .

Let Hy g be the space of II-harmonic polynomials in Py . We observe that
Hy g is a vector space by the linearity of the A; operators. Also, for any vector

K = (ki,...,kn) € (NU{0})™ we define
Kk ={Q e (NU{0})™ | Q= (q1,---,Gm), 2k; > q; and g; is even.}.
Lemma 3.2.3. For U,Q) € Kk such that QQ # U we have that Hyy and Hy g are

orthogonal with respect to the usual inner product.

Proof. Let f € Hyg and g € Hyy with QQ # U. Without loss of generality, assume

Q= (q1,--,qm) , U= (u1,...,un) and ¢; # uy. Then we have

(Q1—U1) / fgdo, = /(q1fg—u1fg)d01

Sgn1—1 Sgn1—1

| (@fg—wtgydor= [ (fDu(9)=gDu(f))dor= [ (fBrg—gAif)dor =0.

Sn1—1 Sn1—1 Bn1—1
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So [ fgdo; =0 and thus

S"l_l
/fgdaz / / fgdoy---do, =0
S

Snm—1 Sn1—1

To see the connection between our two inner products we use a variant of a map

introduced by Reznick [98]: Let T : Py x — Py be defined via

T =a"t [ K@) o)

Snl—lxn_xsnm—l

2](31 $2k2

2% :
P, 2o and K (v, 7) as defined in Lemma

where A = Ik x
Sn1—1 ><S"2_1~~~><S”M*1

3.2.2.

The following lemma shows that the operator T" captures the relationship between

our two inner products.
Lemma 3.2.4. For all f,g € Py we have (T(f),g)p = A7 2k -+ 2k, /{f, g).

Proof. The case of arbitrary m is only notationally more difficult than the m = 2,

thanks to induction. So we assume without loss of generality than m=2.

TP = (A" [ fofing) =4 [ e

S"lflxs""Q*l D 3"171XS"271

Since (vX, g)p = 2k;!2k,!g(v) we have

Al / (f0W", g)p do = A~ / 2k 12k5! f(0)g(v) dor
Sn1—lygna—1 Sn1—lygna—1

2k, 12k,
= (f.9)
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The lemma above immediately tells us 7" is one-to-one since for f,h € Py,
assuming T'(f) = T'(h) implies (f,g) = (h,g) for all g € Py k. To prove our next

lemma we need to recall a theorem of Funk and Hecke.

Theorem 3.2.5. [50] Given any measurable function K on [—1,1] such that the

integral

1

JIE@I =)= at

-1

is well-defined, for every function H that is harmonic on S™ we have

/K ¢) d¢ = (Vol (57 /1K () Pen(t)(1 — 12)°5 )H(J)

where Py, (t) is the classical Gegenbauer (ultraspherical) polynomial.

Gegenbauer polynomials are naturally introduced by zonal harmonics and they
do exist more generally in spaces of sparse polynomials as well. Zonal harmonics and
ultraspherical polynomials in our setting are introduced in Lemmata 3.2.12, 3.2.13,

3.2.14.

Lemma 3.2.6. For f € Hy g we have

T(f)(x) = Enxf(x)

where Ey k depends only on N and K.

2k

Proof. Defining K;(v,z) = (Vs,_,41Ts;_,+1 + "+ + Us; 141, Ts;_14+n;) -+, we have

T(f) / / (v, ) do;(v)

Snm— 1 Sn1— 1 1=

72



We observe that each K; satisfies the assumptions of the Funk-Hecke formula. So

we have
T(f)(x) = A~ / / Avfi(v,2) [T Ki(v, %) doi(v)
Snm—1 Sna—1 1=2
here fi(v,z) means first ny variables are fixed to xi,...,z,, and the rest left as

ny—2

a1
variables in the integral and A; = (ml(sll)) [ 2P, o () (1 —12) 72 dt) where
1

dim(Hnl,le

P,, 2k, is the corresponding ultraspherical polynomial. Iterating the argument we

have

T(f)(x) = A7 [[ A (2)

n;—2
2

dt) f(x)

Thanks to Lemma 3.2.6 we know that II-harmonic polynomials are eigenvectors
for T'. We also know a relation between our two inner products thanks to Lemma
3.2.4, and the orthogonality of spaces of II-harmonic polynomials with respect to
usual inner product thanks to Lemma 3.2.3. We thus immediately obtain the follow-

ing corollary.

Corollary 3.2.7. For U,(Q) € Kk such that Q) # U we have that Hyy and Hy g are

orthogonal with respect to the differential inner product.

Remark 3.2.1. For notational convenience we setr = ry - - - r,, where r; is as defined

(031

in Lemma 3.2.2 and let r* = r{" ---rom for any o € Z™.
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For g € SO(ny) x---xS0(n,,) and f € Py x we define go f by setting go f(z) =
f(g7 (x)). This gives a well defined group action on vector spaces of polynomials.
We observe that the operator T commutes with SO(ny) X - -+ x SO(n,,) action.

This implies that T(r®) = ar® for some constant a since the only polynomials
that are fized under the action are constant multiples of r’*. To compute a we check
1=T")(en, ++-+en) =arf(ey+---+e,) = a. Hencer is fived under T. Lemma

3.2.4 implies that the hyperplane orthogonal to r is fized also. ¢
Now we prove a decomposition lemma for Py i in a Hilbert space sense.
Lemma 3.2.8. Py x = @cic, 1 *Hy

Proof. First observe that r®~*Hy , LrX=FHy 5 for any o # 3 by Lemma 3.2.3. Also
via iterated usage of third property in Lemma 3.2.2 we observe r® ~*Hy , | prX =P Hy 5.
So direct sum makes sense for both of the inner products. Let E = @, rK—efg Noa
and assume E # Py . This implies there exists p € Py x such that pLpE. By
assumption p ¢ Hy i therefore there exist ¢ such that A;(p) # 0. Wlog say Ay(p) =
p1 # 0. Then if p; is II-harmonic we have (p,rp;)p = (A1(p),p1)p = (p1,p1)p # 0.
This yields a contradiction since rip; € E. If p; is not II-harmonic there exist a j
such that A;(p;) # 0. Wlog say Ai(p1) = ps. Repeating the same argument, we

arrive to a contradiction surely since all polynomials of degree 0 are II-harmonic! B

Corollary 3.2.9. Py x(S) = @oecxm Hno(S) where Py i (S) is restriction of Py k

to S = 8m—1 x §na—l » Gua=l »  x §nm—1

From Lemma 3.2.8 we know how Py g is decomposed into II-harmonic polyno-
mials. We also know T(f) = Exf for any f € Hyg. For f € r=°H, ,, since

K-«

T is averaging over S where r is constant, repeating Funk-Hecke argument in

Lemma 3.2.6 we observe T(f) = Cn,f for some constant depending on N and «
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only. We would like to compute these constants and write the operator 7" explicitly.
Thankfully the integrals that gives the constants are well known and computed. (See

for example Lemma 7.4 of [17]). We write the result without proof.

Lemma 3.2.10. Let f, be the projection of f onto the subspace Hy o then we have

0= & =g rems

ael K i=1

TK’afa.

Now let f = ZaeKKTKiafa that is ||f||2 = (f,f) = > aekx ||foé||2 We set

Jog D (it 2ki .
— m z 2 — —
aq, =11, T Then define Ay x = maXoex, @o , By x = Mingex, Ao

and CN,K =A"! H:’il 2]@'

AnxCOni IFIP = (T(f). T(f)p = Cnx{f, T(f)) > BnxCns | 1

We denote the ball with respect to the usual inner product by B and the ball

with respect to the differential inner product by Bp. The observation above implies

1 1

————T(B) € Bp € ————=T(B)
\VANKCN K \/ Bn kCOn i

Lemma 3.2.11. Let T be the operator on Py as defined before Lemma 3.2.4, let

ANk, By i, Cn i be defined as above , and let dim be the dimension of Py k, then

we have the following
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=1 i ? i=1
: Bo) 3
m 1 2 BD 1 © m 1 2
<,/C im < e2
H(2k+> < /O —H< i +1)
Proof.
B ﬁ kl(& + k)l
i G = SN A+ ks 9!
It is quite clear that a, is maximized for & = (0,0,...,0) and minimized for

a=K. Thus Ayx =1and By g = H;?il((%i;%i))_l. Also T is a diagonal operator

in the basis of harmonic polynomials and it’s entries are a,. Thus

T(B)|
| Bl

H adzm n,a)
e

aEK

= |det(T

We observe |Kg| = (k1 + 1) (ke +1) - (kp, + 1),

. (3
R LICH

L2k, )

[&23

Fofd

o)

mL

this yields the formula

dim(Hy o)

o g1 (1 (72)

ol \i=1 )

|det(T)

2
If we partition Ik into ki +1 subsets by defining K; := {a € Kk : a; = 2k; —2j}

then we have

(g Ok,
\det( dzm_BNKHHaa—BNKH< )

J=0 aek; j

For some A determined by n; and k; for i > 2. We repeat the same trick for A

and do some housekeeping to arrive at the following formula
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=1

1 " 1
m [ ki /n; ) Fit1 m [ ki (52K [
maawﬁn:BMK[[OI<z+ﬁh>) 1 Qﬁ>

m ki ny ki+1 m ki . kljﬁ
e =TT 5 ) -1 (5l )

i=1 jzoj!(%+2k1_j i=1j=1 71+2k1_j+1

. . . ; ki !(5k+k1)! i k;
Applying the trivial bounds (%i% Y < j!(l%lj%lij)! and "71+21317j+1 < i
we have
ki ki
m 1 ) 2 IR k; 2
I+ ENM@WWSH<.Z>
i—1<r§z+2ki i=1 %+ki+1

Let us note that

We define a class of II-harmonic polynomials which turns out to be very useful.
Assume yi, . .., yyr is an orthonormal basis of Hy ;. Thenlet v € S™ 1 x. . x §"m~1,
¢ = M, yi(v)y;. We observe g, € Hy x moreover (f,q,) = f(v) for all f € Hy .
This special polynomial g, is called the zonal harmonic corresponding to the vector

v on Hy . The following lemma states basic properties of zonal harmonics:
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Lemma 3.2.12.

1. qy(w) = qu(v) for all v,w € S.

2. quw(v) = qrw)(T(v)) for allv,w € S and T € O(ny) x O(ng) x O(ng) X -+ %

3. qp(v) = ||(]U||2 =dim Hy k.
4. |qu(w)| < dim Hy k.

Proof. (1) Let eq,...,e be an orthonormal basis for Hy x. Then

G = S i (e, quher = S ei(v)er. So gu(w) = X ei(v)ei(w) = gy, (v).
(2) For p € Hy x we have

P(T(w) = (poT,a) = [ p(T(@)au(@) do(x) = [ p(@)gu(T () do(x)

S S

Since the zonal harmonic is unique we deduce that g, o T7! = 4T (w)-

(3) By the notation of (1) and using (2) afterward

(V) = (qv, Qo)1 = (Z ei(v)ei, Zei(v)€i>n = Z lei(v) ?

qv(v) = /qv( /Z\el \ do(v) =m =dim Hy
s 5 =1

(4) [gv: gu)| = lgo(w)] < llgullllgwll = dim Hy . Thus |g,(w)] < dim Hy e = ¢u(v).
|

Now we define, for any vector v € S, the polynomial p, = Y pcx, 75~ “Go,a Where

Qv is the zonal harmonic corresponding to v in Hy,. Let ||f|lcc = max,es|f(v)].
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We observe p, inherits properties from zonal harmonics:

Lemma 3.2.13. 1. f(v) = (f,pv) for every f € Py k.
2. lpol? = o, Po) = XAvsar Gua) = > dim Hy o = dim Py x
31 f @) = (.2 < I FIlpoll and thus Wk < lp,|| = \/dim Py .
4. |pu(w)] < py(v) for allw € S and % = /dim Py .

The third property turns out to be a characterization of the polynomials p,:

Lemma 3.2.14. Let f € Py be such that % > % forall g € Py k. Then f

is a constant multiple of p, for some v.

Proof. Assume || f|l« = f(v) = C and let T' = {g € Py : g(v) = C}. We observe
forg €T, [|gllec = C.

Using the assumption on f we deduce ||g|| > ||f]| for all ¢ € T". Thus f is the
shortest form on the hyperplane. We also observe g(v) = (g, p,) from Lemma 3.2.13.

This proves f to be a constant multiple of p,.

Let us consider the hyperplane Lo = {q € Py x : q(v) = C} = {q € Py :
(q,py) = C}. We define SO(v) := {g € SO(ny) x -+ x SO(ny,) : g(v) = v}. Now
observe that L¢ is fixed under SO(v) action. This implies p, is fixed under SO(v)
action and thus, for every ¢ € R and M, =: {x € R" : (x,v) = ¢}, p, is constant on
M,. This implies p,(w) = gy x((v,w)) for some univariate polynomial gy x. This
gn,x is the Gegenbauer or ultraspherical polynomial in our setting. Gegenbauer
polynomial in our setting or the classical Gegenbauer polynomial will be both referred

as ultraspherical polynomial throughout this paper.
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3.3 The Cone of Nonnegative Polynomials

In this section we construct an isotropic measure introduced by the zonal har-
monics, then use a theorem of Lutwak, Yhang and Zhang (Theorem 3.3.1 below)
on the volume of convex hull of an isotropic measure supported on the sphere. Our
upper bound for Vol(Pios N, K) then follows from Theorem 3.3.1 via duality.

Let us start by defining isotropicity: A measure Z on S*~! is isotropic if for every

x € R! we have

lall3 = [, (@.9)* dz(y)

We need to introduce one more definition to state the theorem Lutwak, Yhang
and Zhang. For a convex body K € R” the polar of K denoted by K° is defined as

follows:
Ko :={xeR": (z,y) <lforalye K}

The main theorem of [78] is the following:

Theorem 3.3.1. (Lutwak, Yhang, Zhang) [78] If Z is an isotropic measure on S*~*

whose centroid is at the origin and Z~, = Conv(Supp(Z)), then we have

(VIS

t+1
t

(t+1)>

Vol(Z3,) < i

The lemma below states our upper bound for VOI(%N’K>. As we derive our
bounds we will find that PT)SMK is always in John’s position in a sense we now

describe.

Remark 3.3.1. We will observe that Posy x is a dual body to the convex hull of

an isotropic measure on the sphere. Condition of being an isotropic measure with
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centroid at the origin is actually a “continuous” version of the decomposition of
identity in John’s Theorem. This point of view is elaborated in [53], and essentially
tells us that a section of the cone of nonnegative polynomials Posy x is in John’s
position. This fact will remain valid for cone of nonnegative polynomials supported
with arbitrary Newton polytopes.

Theorem 3.53.1 above uses a “continuous” version of John’s theorem combined
with the observation of Ball [11] that conditions of John's theorem are compatible
with the Brascamp-Lieb inequality to derive their sharp estimates.

Barvinok and Blekherman [13] used the classical version of John’s Theorem to
approzimate the volume of the convex hull of orbits of compact groups. The classical
John’s Theorem provides very good approximation for ellipsoid-like bodies but may
not be sharp for convex bodies that do not resemble ellipsoids. For instance, as far as

we are able to compute Barvinok and Blekherman’s Theorem yields an upper bound
= L
of onter VAT for the o (SG51) . o

Lemma 3.3.2.

|B]

1
Vol (Pos M
(( NK)) <C
where M is the dimension of Posy r, B is the M-dimensional ball with respect to

usual inner product, and C' is an absolute constant bounded from above by 5.

Proof. We identify (N, K)-homogenous polynomials with the corresponding vector

n1+2k1—1) (n2+2k2—1

space Py i of dimension R< 2k o) where N = (nq,ns) and K = (2ky, 2k,).

We define a map ® : S™~1 x S"271 — Py g by

Pv—T
n1+2k1—1 no+2ko—1 _ 1
2k 2ko
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where p, is the polynomial corresponding to the vector v as in Lemma 3.2.13.

It is not hard to prove that ® is Lipschitz and injective. Now let U be the
subspace of Py i defined by U = {p € Py : (p,r) = 0}. We observe that for all
ve St x Sl d(v) € U and [|[(v)|, = 1.

Now let o1 x o9 be the product of uniform measures on S™~! and S"2~!. We define
the measure Z on the unit sphere of U, as the push-forward measure of o; X o5 under
the map ®. It follows directly that Z is well-defined, with Supp(Z) = Image(®), and

satisfies the following property (see, e.g., [81] Theorem 1.19 Chapter 1)

/gdZ:/g(fl))leag

Now for every g € U we have the following equality

ldi= [ a@Peixe@) = [ M{ge@)e x o)

S"l_le"Z_l Snl—lxsn,Q—l

= [ M{g02az()

SgM—1

where M = ("122“1171) ("f;ikzrl) — 1. This simply implies MdZ is an isotropic mea-

sure on SM-11

To compute the centroid of Z let ¢ = i Py 01 X 02(v). We observe ¢
Snl—IXSnQ—l

is invariant under the action of SO(n;) x SO(ny) as defined in Remark 3.2.1. This
observation immediately yields ¢ = r. Thus the centroid of Z is the origin. Now

using Theorem 3.3.1 we deduce

M M+1
2

(M+1)"=2
M!

M

Vol(Conv(Im(®))°) <
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We define A = Conv({p, —r : v € S"~! x S"~1}) where p, is the polynomial
corresponding to the vector v as defined in Lemma 3.2.13. We consider A in R,

and note that A = v/ M Conv(Image(®)). Using the above estimate we have

MY (M + 1)
(M +1) (3.1)

|A°] <
M'M=

Now observe that for all ¢ € Py x that satisfies Ik q={q,r) =1 we have

Sn1 XS"2_1

q(v) >0 for allv € S™ x Sl o (q—7)(v) > -1 (r—q,p,—r) <1

Thus P?SN,K —r = A°. Hence by 3.1

M+1

2 1
)M

‘POSN,K’

M
L < M= (M;I;l)
| B| ~ MIM7%|B|

where B denotes the M dimensional ball.

’%N,K’ 1 |B|X71M%
)V <
B

e

o
‘ OSN7K’)1\1/1 S e : S 5
| B| VM |B|

. Vol(PiosNyK) ﬁ .
Remark 3.3.2. Blekherman derived an upper bound for —olB) in [18] for
the usual homogenous polynomial setting with degree fixed. Blekherman’s bounds
seems sharper than ours for fized degree homogenous polynomials, i.e., the special

case where the underlying Newton polytope is a scaled standard simplex. However,

83



Blekherman’s methods do not apply to polynomials supported on more general Newton

polytopes. ©

The following lemma states our lower bounds for Vol(% N, K). The construction
carried out in the previous proof seems to indicate a lower bound via discretization
and Vaaler’s Inequality [120]. For now we give the following lower bound by using

the Gauge function.

Lemma 3.3.3.
7)1\/1 >
| B V16 max{ny, ny}(2k; + 1)(2ks + 1)
Proof. To derive a lower bound for (W) " We examine Pos ~N,x — 7. For any

q € Py k such that (g,7) = 0 we observe

q € Posy —r & q(v) > —1forallv e Sl gna—l

That is for f € U and Gp— (f) the Gauge Function of Posy x — r we have

Posy g —r

Gpoay - () = [min f(z)]

€S

We set || ]|, = max,egm-1ygm-1 | f(x)] and let SM=1 ={f € U : ||f||, =1} then

1/M

‘%N’K‘ T ﬁ : —-M d
|B| B / ‘xesnlrglgsnrlf(x)‘ /

and

(\PE\—) | [ st s = [ s

SgM—1 SM—1
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where the second line of inequalities is derived by consecutive applications of Jensen’s
inequality. Therefore to prove a lower bound for the volume of VOI(PYSM K), it
suffices to prove an upper bound for Mf 1 Il fllo df. To this end we invoke Theorem
3.1 from [13] for the compact groupSG = SO(ny) x SO(n2) and the vector space

V = (Rm)®%k1 x (R"2)®2k2 Barvinok’s theorem shows that for any m > 0 we have

2m 2m

s | <fle<dim | [ fa

nlflxsngfl 77'1*1)(5”2*1

ni+2kim—1 na+2kom—1 : :
where d,, < ( e )( Sharm ) This yields

[ Wledr<az [ | [ seprae|

SM-1 SM-1 n1—1ygnao—1

Using Holder’s inequality and Fubini’s theorem we have

2m

[ Wledr<az | [ [ @

SM—1 ny—lygno—1 gM—1

The average inside the integral is independent of vector v, thus for a fixed v

1

2m

[ Wledr <di | [ (o

SM—1 M-1
Note that we know ||p,||, = vM + 1. So we obtain

1

D(m + ;>r<;M>> o

[ s < VAT

SM-1 ﬁr(%M +m)
T(m + 1)\ 2" ria) \= _ [2
YA SN o mand (o2 N\ 2
( 7 =VIAEATAMmy) VM
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_1
ny + 2kim — 1\ > (ng + 2kam — 1
2k1m ngm

N ( )m@@

SM-1

We set h = max{ny,na}, m = h(2k, +1)(2ky+ 1), for the case t = (2k; +1)(2k2+

1) > h we have

ny +2kym — 1 e ng + 2kem — 1\ 2™ ny ny 1 2
< (2k 1)2m (2k 1)zm < ti(th): <4

1

For the case t = (2k; +1)(2ks + 1) < h we write ("ﬁ;:i’;;n*l) < (it 1)% then

the rest of the proof follows similarly. Hence we have proved

[ e df < /B2y 1)@k + 1)

SM-1

Remark 3.3.3. If we would like the bounds in Lemma 3.3.2 and Lemma 3.5.3 to be

in terms of the body A that was introduced in the proof of Lemma 3.5.2 we have

Co S <||2||> S 4\/H1&X{TZ1, ng}(2k‘1 + 1)(2]{32 + ]_)

where ¢y 1S a constant. ©

3.4 The Cone of Sums of Squares

In this section we prove our bounds for Vol(%]v, K). We start with the upper
bound.
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Lemma 3.4.1.

=
w3

Vol(Sawac)\ ™ _ 9 uompm by ks
VOI(B) -2 ny + kq ng + ko

where ¢ is a constant with ¢ < 5.

Proof. We define C = {p € Uy : p+71 € Sqnr} Let ho(f) = maxyec(f,g). We
use Urysohn’s Lemma [106] in order to bound volume of C. The mean width of C'

can be written as

We =2 // ho(f) do

Sm—1

where SM=1 = {f € Uy : ||f|| = 1}. By Urysohn’s Lemma we have

(wﬂmM@>&<wmm>&<W@

Vol(B) Vol(B) 2

Observe that the extreme points of C' are of the form g* — r where g € Py /o

and |lg|| = 1. Also observe for f € SM~' we have (f,r) = [ fdo = 0 that is
s

(f,9> —r) = (f,9%). Hence we could write ho(f) < maxgep, ., g1=1(f,9%)-

B [ hetnydo= [ wax  {gdo< [ wax ()] do
2 9EPN K /2,ll9l1=1 gri—1 9E€PN K /2,ll9l1=1

SM-1

For a fixed f, (f,g?) is a quadratic form. So Theorem 3.1 of [13] or Barvinok’s

earlier inequality [14] for ¢ = (”1+k]‘i1_1) ("ﬁkk;_l) yields
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s [ [ g < (M, 1)2%5 [ [ ittt

SM-1 gD

where SP~1 = {g € Py /2 : ||g|| = 1}. Thanks to Reverse Holder inequalities of

J. Duoandikoetxea [43] we know ||g?|| < 24(ki+k2),

We follow the proof of Lemma 3.3.3 verbatim to arrive at the following estimate

e (311 | CENCE)
2 T\ 2 (mgikll—l) (nagzkizrl)

After this point we apply classical bounds for binomial coefficients, hence

M h < 9(28)7'“2'“2( deby g o deks (i
Vol(B) ~ 2 ny+k’ o ng+ ke

To prove our lower bound we need the following lemma which was essentially

proved by Blekherman as Lemma 5.3 at [18]

Lemma 3.4.2. (Blekherman)

SCI?I\;k,K - SqN,K

where Sqﬁl\}k’K is the dual cone with respect to the differential metric.

Lemma 3.4.3.




Proof.

(T'(r),r)p = (r,ryp = Cyk(r,r) = Cnk
Sanx ={p €Sayx : (p,r) =1} :={p € San : (,7)p = Cn .}
A=Sqnx—r:={pE€Pyxkg:p+rE€ Sdy x and (p,7)p = 0}
Ag=1{q9€ Pnk:{(¢7)p=0,(¢;p)p < 1Vp € A}
Cyxr—Ag={q€ Pvi:{gr)p=1,{¢,p)p > —1Vp € A}

CN}KT —AS={q€ Pyk:{q,m)p=0,{(¢,p)p <0Vp € Sqnx}

Observe that for any f € Py x

<fag>D EOVQG ST:lN,K@ <f7g>D Zov.ge SqN,K

thus C]Q}Kr —A5=DBC Sq}i\;K C Sqy k- Hence B C Sqy i = CJQ}KSinyK. By

the Reverse Santalo inequality [24] we have

1

o< ( Vol(A) )M (vol(A;) ) . (VOI(SCIN,K)>AI/[ (vol(cN}quN,K)> M

VOI(BD) VOI(BD) VOI(BD) VOI(BD)
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Vol(Sq M
o < (VelSavs)

’ VOI(BD)
Using the bounds in Lemma 3.2.11 completes the proof.
[ |

3.5 The Cone of Powers of Linear Forms

This section develops quantitative bounds on the cone of even powers of linear
forms. More precisely let Ly := {p € Loy, : (p,7) = 1}, we prove upper and
lower bounds on the volume of Ly k.

Now let us consider the image of p, (as in Lemma 3.2.13) under the map 7"
L (T(pv),r)p = Cni

2. For every f € Py we have

(f,T(p))p = Cni(f,p0) = Onx f (V)

Since for all f € Pyg, (f,CnkKy)p = Cnif(v) we have T(p,) = Cn g K,.
Now let A = {p, : v € S} and A = Conv(A4). If we define the map ® as in the
non-negative polynomials section we observe A = y/dim(Py k) Conv(Image(®)). By

Krein-Milman theorem and linearity of T we have

Ly x = Conv(Cy K, :v e S) = Conv(T(A) = T(Conv(4)) = T(A)

This implies that VOl(EN7K> = |det(T)| Vol(A). Therefore, from Remark 3.3.3
and the bounds derived in Lemma 3.2.11, we deduce the following estimate on the

volume of Ly .
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Lemma 3.5.1.

k

) < ()’

M5

m

< 4\/max{n1, na}(2k1 +1)(2ko + 1) |

where ¢ s a positive constant and cy < 5.
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4. CONDITION NUMBER OF RANDOM POLYNOMIAL SYSTEMS

4.1 Introduction

When designing algorithms for polynomial system solving, it quickly becomes
clear that complexity is governed by more than simply the number of variables and
degrees of the equations. Numerical solutions are meaningless without further infor-
mation on the spacing of the roots, not to mention their sensitivity to perturbation.
A mathematically elegant means of capturing this sensitivity is the notion of condi-
tion number (see, e.g., [21, 26|, and the next section).

A subtlety behind complexity bounds incorporating the condition number is that
it is probably as hard to compute the condition number — even if one allows a large
multiplicative error — as it is to compute the numerical solution one seeks in the first
place (see, e.g., [39] for a precise statement in the linear case). However, a growing
body of results have shown that the condition number admits probabilistic bounds,
thus enabling its use in average-case and/or high probability analysis of numerical
algorithms. In fact, these probabilistic bounds have revealed that numerical solving
can be done in polynomial-time on average, in spite of numerical solving having
exponential deterministic complexity.

The numerical approximation of complex roots provides an instructive example
of how one can profit from randomized input.

First, there are classical reductions showing that deciding the existence of complex
roots for systems of polynomials in U, ,en(Z[z1,. .., 2,])™ is NP-hard. However,
classical algebraic geometry (Bertini’s Theorem and Bézout’s Theorem [108]) tells us
that the number of complex roots of a random polynomial system p:=(p1,...,pm) €

Clzy,...,x,) (with each p; having fixed positive degree d;) is 0, [I"; d;, or infinite,
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according as m >mn, m=n, or m<n. Any continuous positive probability measure
on the coefficients will do in the preceding statement.

Secondly, examples like p := (z; — 23,29 — 23, ..., 2,1 — 22, (22, — 1)(3z, —
1)), which has affine roots (2_2%1, .. .,2_20> and (3_2%1, . ,3_20) , reveal that
the number of digits necessary to distinguish the coordinates of roots of p may be
exponential in n (among other parameters). However, it is now known (via earlier
work on the condition number, or an application of discriminants [51] and Weyl’s
Tube Formula [57]) that on average, the number of digits needed to separate roots
of p is polynomial in n. The key assumption on the underlying probability measure
is that the probability of being near a certain discriminant variety be small. (See,
e.g., [28] for more explicit results along these lines.) In particular, this discriminant
distance criterion is equivalent to a suitable condition number being large. (We fully
define condition numbers in the next section.)

In short, for the problem of numerically approximating a single complex root of a
polynomial system, randomization enables polynomial-time average-case complexity
when exponential deterministic complexity appears inevitable. The recent positive
solution to Smale’s 17th Problem provides a rigorous and explicit framework for this
intuition.

It appears that similar speed-ups are possible for the harder problem of numeri-
cally approximating real roots for real polynomial systems. However, a new subtlety
is that the number of real roots of n polynomials in n variables (of fixed degree) is
no longer constant with probability 1, even if the probability measure for the coeffi-
cients is continuous and positive. In fact, small perturbations of the coefficients can
sometimes change the number of real roots from positive to zero. Nevertheless, it
is possible to define a condition number that enables useful average-case and high

probability complexity estimates: This is accomplished in the seminal series of papers
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[32, 33, 34], where the probability measure underlying the coefficients is a centered
Gaussian distribution with specially chosen variances (and zero covariance).

Our main results (Theorems 4.3.9-4.4.14 below) show that useful condition num-
ber estimates can still be derived for a much broader class of probability measures,
allowing dependence and non-Gaussian distributions. Unlike the existing literature,
our methods do not use any imposed structure (by special variances) such as uni-
tary invariance. This aspect allows localized analysis for sparse polynomials, where
unitary action does not preserve sparsity.

We denote the condition number of a polynomial system p = (p1, pa, . . ., pr) With
k(p). Since the condition number notion is a bit technical, we defer the precise defi-
nition of x(p) until the next section. Our estimates cover overdetermined and square
random polynomial systems for both generic and sparse cases. Up to our knowledge,
our estimates are the first ones in literature for the overdetermined random systems.
For square systems, the seminal work of Cucker, Malajovich, Krick and Wschebore
[32, 33, 34] considers polynomial systems with Gaussian i.i.d random variables with

specially chosen variances. We recall their result below.

Theorem 4.1.1. Let p = (p1,...,pa1) be a system of homogenous polynomials
where p; = 3-4|=4; (Cz)caxo‘ and c,, are 1.1.d Gaussian random variables with mean
zero and variance 1. Also let D = T[; d; where d; = deg(p;) and assume d = max; d;

then the following inequalities hold:

1. Let N =y ("97Y), K, = 8¢*VDVNn? +1 and a > K, then
1
P{r(p) < a} < K, HEW2

[SI

2. E(log k(p)) < log(K,) + log(K,)? + log(K,) 2.

Our results at the third section, provides estimates for a broader family of distri-

butions allowing dependency among the coefficients. For the precise statement of our
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assumptions on the randomness, we refer the reader to the beginning of the section 3.
Let us mention that known examples of distributions satisfying our assumptions in-
clude the uniform distributions on the Euclidean ball, the Euclidean sphere, and the
B, balls for p > 2. Random vectors which has independent subgaussian coordinates
with bounded densities are also among the examples that satisfy our assumptions.
To illustrate our results for generic polynomials systems, we recite a corollary of
Theorem 4.3.9 for the square systems. In what follows, C'is a universal constant and

o, K are parameters of our assumptions on the randomness.

Theorem 4.1.2. Let p be a random polynomial system as in Theorem 4.3.9 with

m =mn — 1. Then we have the following:

1. If d =deg(p;), 1 <1 <m, set

M := M(n,d, co, K) := C\/aoV'NK (CeoKdlog (ed))" 2.

then

(a)

3 if1<t< e(n—1)log (ed)

P{H(p) > tM} < 4¢3 (%)nT Zf e(n—l)log(ed) <t

(o) T () e <

€N

IN

(b) Forallqgl—m

95



Moreover

2. If max; deg(p;) = d set

M := M(n,d, co, K) 1= C\/eoV'NK (CeoKd? log (ed) )

then

(a)

P{r(p) > tM} <

(b) Then for all g <1 —

Moreover

Elog k(p) < log M + 1

n—2

% Zf 1<t< e(nfl)log (ed)
3 ( logt )TLTiQ Zf e(n—l)log (ed) < t < eN
t \(n—1)log (ed) -7 =

1 n—2
3 (logt)2 logt T2 e N
(%) (oen) © eV st

1
2log (ed)

Elogk(p) <logM +1

As once can see from the corollary above our results are quite similar to the results

of Cucker, Malajovich, Krick and Wschebore for Gaussian i.i.d polynomial systems.

The only important difference is a factor of 2 in the expectation. We discuss this

further at remarks 4.3.2 and 4.3.3.

Up to our knowledge, the only non-Gaussian result for condition number of poly-

nomial systems is due to Nguyen [87]. The quantity that is analyzed in Nguyen’s

96



work is not the condition number and the degree of polynomials are assumed to be
bounded by a small of number of the variables. Nevertheless, we borrow some of the
ideas present in Nguyen’s work, as we will mention in section 3.

In section 4, we consider random polynomial systems with a given monomial
structure. Let p = (p1,p2,...,pm) be a system of polynomials with a fixed set of
monomials S; for all p;. At the beginning of section 4, we provide examples of S;
such that for a polynomial system p supported with S = (S1,5,...,5.), £(p)
is always infinite independent of the coefficients. To rule out such examples, and
to control the effect of the monomial structure on the conditioning, we develop a
quantity depending on the set S that we denote by H(S). In particular, we prove
that if kK(p) < oo then H(S) < oco. And also if H(S) < oo then k(p) < oo with
probability 1. To illustrate our results at section 4, we recite a corollary of Theorem

4.4.9.

Theorem 4.1.3. There exists C,c,¢ > 0 such that for every n > 3,d > 2 and
p = (p1, - ,Pn-1) be a random polynomial system in n-variables with degrees d;,
which satisfies the randomness assumptions with constants K, cq respectively and has
(proper eligible) support S := (S, ---,.5), the following holds

In the case dj = d,1 < j < m we set

M := VIeKH(S)(nco)? (ceoK VmH(S)dlog(ed))"
In the case maxi<j<n, d; = d we set

M := VIeKH(S)(nco)? (ceoK /mH(S)d log(ed)) "

We consider two cases:
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1. In the case I > (n — 1)log (ed), we have that

3 Zf 1<t< e(n—l)log (ed)
n—=2

P{Ii(p) = tM} =17 ((n—ll)olifg (ed))T Zf e("—l) s e =ts 61

%(ngty ((nfllfitg@d))n% ifel <t.

2. In the case I < (n — 1)log (ed), we have that

o
Q.;
—
IN
~
IN

Q]
~

P{r(p) > tM} <

o+l
—
3
~ie
-
~—
V)
=
D
~
IN
o

Moreover,

Elog (k(p)) < log M + 1.

We observe that estimates for the sparse polynomial systems are better in terms
of I being possibly much less than N. However, H(S) can get quite big for certain
sparse systems. Currently, trade off between the loss from the H(S) and the gain
from I is not completely clear. However, we are still able to prove some optimistic
results as in the proposition 4.4.15. For more details on this trade-off, please see the
remark 4.4.1.

As one can easily observe, our estimates for the same degree case and the mixed
degree case are always different. This is mainly due to one of the tools that we
developed, which might be of independent interest: Theorem 4.2.3. Theorem 4.2.3
is an extension of Kellog’s classical theorem on polynomials, to the systems of poly-
nomials. This theorem bounds the Lipschitz constant of a homogenous polynomial

system, in terms of the supremum of the system on the sphere. For the precise
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statement and the proof of Theorem 4.2.3, we invite the reader to the next section.
4.2 Technical Background

We start by defining an inner product structure on spaces of polynomial systems.
For n-variate degree d homogenous polynomials f and g, say [ = 3 4=4ba®® and

g = > jaj=d Cax™ the Weyl-Bombieri inner product is defined as follows

It is known that for U € O(n)

<fangoU>W: <fvg>W

Now let D = (dy,...,d,,) and set Hp to be the space of homogenous n-variate
polynomial systems with degrees dy, ..., d,, respectively. Then for f = (f1,..., fm) €

Hpand g = (g1,...,9m) € Hp the Weyl-Bombieri inner product is defined as follows:

(f, 9w = Zl<fiagi>W

Systems of n-variate homogeneous polynomials can be divided into three categories:
overdetermined (m > n — 1), underdetermined (m < n — 1), and square (m =
n—1). We provide estimates for the condition number of overdetermined and square
systems.

How to define the condition number for a given numerical problem is already
a non-trivial question. In their seminal work [109, 110, 111, 112] Shub and Smale
defined the condition number of the complex root finding problem for square systems.

We are interested in real root finding, and this problem requires a different notion

of conditioning. A correct variant of the condition number for real root finding was
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defined in [32] as follows:

Let p = (p1, ..., pm) be a system of n-variate polynomials with degrees dy, ..., d,,
respectively, let A(d; / ?) be the diagonal matrix with entries d; /2 Also let Dp(z) |1, 501
be the Jacobian matrix of polynomial system p evaluated at point x restricted to the
tangent space of z. Then we define k(p, ) the condition number of the polynomial

system p at point x, and k(p) the condition of polynomial system p as follows:

u(p, ) = llplly || A2 (Dp(@) i, 501) 7

w(p. 1) — 21w
©:7) = o )2 + @) D)

k(p) = max k(p, )
zesn—1

In ([33], Proposition 3.1) the authors also prove an Eckart-Young type theorem
that provides geometric justification for their definition of condition number. In order
to state Eckart-Young type theorem of Cucker, Krick, Malajovich, and Wschebor we
need to introduce some terminology:.

For x € S"~! we define the set of polynomial systems with singularity at z as

Yr(z) ={f € Hp | f has a multiple root at z}

Then we set Y to be the ‘real’ disciminant variety

Sk ={f € Hp | f has a multiple root in S"} = ] Zg(z).

reSn

The main theorem of [33] reads as follows:
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Theorem 4.2.1. [33] For all p € Hp we have k(p) = el

- d’iSt(p,ER) :
For convenience we define
. 1/2 1|72 21
L=Lp) = min {(|A)(Dp@)lrs-) |, + llp)2)2}
It directly follows that k(p) = %. Now we make an important observation, say

M = A(d?/z) and D,(p) = Dp(z)|r,sn—1 then

1

|MD.0) Y, = e M (p)) = min{ [ ML D, () (v), - y Ly € 571

L= min {(|MD.) ], + o))

zesn—1

L = min{(|M7' D)), + Ip(@)[2)? : yLa,y € 5

Since the W-norm of a random polynomial system has strong concentration prop-
erties for a broad variety of distributions we are mainly interested in behavior of the

L quantity. To confuse matters more we set

L(z,y) = /| M1 DOp(x) ()| + |Ip(x)|2

It directly follows that L = min,,, L(x,y) and x(p) = HPQW.

Now we have a correct variant of condition number for square systems, we need
to define a correct one for overdetermined systems as well. Newton’s method for

overdetermined systems was studied at [36]. Inspired by [36] for m > n —1 we define
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1(p, ) = |plly Tmin(A(d ) Dp()|7,50-1) "

Il
2 72W 2y\1/2
(Iplly p(p, 2)=2 + [[p(2)13)

K(p, ) =

k(p) = max k(p, )

rzesSn—1

where 0,,i,(A) is the smallest non-zero singular value of matrix A. Similarly for

m > n — 1 we define

L = min{y/ o, (M~ D.p))? + [p(@)[} : = € 5"}
Now, we review Kellog’s classical Theorem.

Theorem 4.2.2. Let p be a polynomial with n wvariables and degree d.  Let

[P0 = maxsese s [DOpte) )] and ol = supscsn-s o)l

1. If p is homogenous we have HD(l)pH <d|plly
2. For any polynomial of degree d we have HD(l)pH < & |p|l

Let p = (p1,---,Pm) € (Clzy,...,2,])™ be a polynomial system with p; ho-
mogeneous of degree d; for all 4, and let d := max;d;. We also define ||p||_
SUD,egn-1 4/ 2oreq Di(2)?, and let Dp(z) denote the Jacobian matrix of the system p
at the point . We also let Dp(x)(u) denote the image of the vector u under the

linear operator Dp(x), and set

I L T R SO
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Theorem 4.2.3. Let p = (p1,...,pm) be a system of homogenous polynomials p;

with n variables and degrees d;.

IA

1. For the case where deg(p;) = d for alli € {1,2,...,m} we have HD(l)pH

d||pll

2. If d=max{d;} then [DWp| < & |lp]..

Proof. Assume for (xg,ug) we have HD(l)pH = ||Dp(xo)(uo)||, , then let o =
(a1, ..., ap,) where o = W. Note that |||, = 1. Now we define a poly-

nomial ¢(z) with n variables and degree d as follows

q(z) = anpi(x) + aopa(x) + -+ + Ampm ()

_ . Op (9292 8pm Ipr Ipa Opm
Va(r) = (g o+ aag — e damp . ag =t o =g amg =)
8 3}92 3 P1 8p2 8Pm
<Vq,u>—u1(oqa 1+ 28x1+ +a max1)+ +u (alaxn+ 25 n+ +am8$n)
(Vg(x),u) = a;i(Vpi(z),u)
=1
In particular for zy and wug
Vp;(x
(VQ(SCO Z% Vpi Io) U0> Z% HD pH

i=1 i=1 ||D(1)p||

Using the second part of Kellog’s Theorem we have
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[DWp|_ < sup |(Vae), u)l < @ fall

z,uesSn—1

Now we observe by the Cauchy-Schwarz Inequality

f: a;p;i()

=1

< sup

lqllc = sup
resn—1

zesSn—1

<§;pz~<x>2>“?

So we conclude that HD(l)pH < d&?|q|l, < dsup,egna (X0 pi(2))Y2 = & ||p|..-
We also note in the case deg(g;) = d for all 4, ¢(x) is a homogenous polynomial of

degree d. So for this special case using the first part of Kellog’s Theorem we deduce

DO < dlpl.. m

Using our extension of Kellog’s Theorem to the polynomial systems we develop useful

estimates for ||p[|, and HD(i)pHOO.

Lemma 4.2.4. Let p = (p1,...,pm) be system of homogenous polynomials p; with n
variables. Let N be a d-net on S™*. Let maxy(p) = sup,en [p(y)|ly and |pll, =

SUPgegn1 ||p(2)||y. Similarly let us define,

%’EF%(D(k)p) N CE,ULSnl-lﬂIL)kE'/\/’ HD(k)p(x) (ur, - ’uk>H2
HD(]“)pHOO = sup D(k)p(:c)(ul, o ,uk)H2

T, up €S L

1. For the case deg(p;) = d for alli € {1,2,...,m} we have

max(p)

<
Il < S0
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maxnark+1 (D(k)p)

1 —ddvk+1

L

2. For systems of different degree homogenous polynomials with max;{deg(p;)} <

d we have

IIlaXN(P)
<
||p||°° - 1-4d2%

HD(k)pH < maX/\/kH(D(k)p)

T 1-0d?VE+1

Proof. For p a system of homogenous polynomials, Lipschitz constant of p on S"~!
is bounded by HD(I)pH . A direct way to observe this fact is the following; let

x,y € S ! and consider the integral

1
p(@) = ply) = [ (Dply +to = y)).(x =) dt
0
Since ||y +t.(z —y)||, < 1 for all ¢ € [0, 1] by homogeneity of the system f we

have

IDp(y + t@ = y))-(x = ), < ||DDp| ==yl

Using the integral formula above we conclude

Ip(x) = pw)ll, < ||DWp||_llz = yll,

Now, for an unmixed polynomial system p, let the Lipschitz constant of p be L.

By Theorem 4.2.3 we have
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L<||pWp|_<dlpl.

Now let g € S™ ! be such that ||p(zo)|l, = ||pll, and let y € N which satisfies

|a:0—y! < 0.

1Pl = llp(zo)lly < llp()l; + llzo = yll, L < max(p) +dd |||l

Il (1= d8) < masx(p)

For D®p(x)(uy, ..., ux) let us consider the net NV x -+ x N/ = N*+! on §7~1 x
cox ST Now let o = (21, ..., 2py1) € S" Ix- - xS andlety = (y1,. .., Yrt1) €
N*+L such that ||z; — i, < e for all i. We observe that, ||z — y||, < vk + 1e. Since
x was an arbitrary point, this argument proves N**1 is a vk + le net. Also we
observe that, D®p(z)(uy, ..., us) is a homogenous polynomial system with (k+1)n
variables and degree d. The desired bound follows from the inequality obtained

above.

For the mixed case, the preceding proof carries over verbatim, simply employing

the second case of Theorem 4.2.3. B

4.3 Condition Number of Random Polynomial Systems

4.3.1 Introducing the Randomness

Let p = (p1, ..., pm) be arandom polynomial system where p; = > jaf=d, cg),/ (‘i{ x®.
Let Cj = (cf))jaj=s, € R (N = ("137")) and &5 = (1 (7)2)iai=, then ps () =<

C;, X; >. We consider random polynomial systems with independent subgaussian
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centered random vectors C; that satisfy a small ball probability condition. This as-
sumption allows the coefficients CY) to have dependencies and also covers a broad
variety of distributions. More precisely our assumptions on random vectors C; € RM:

are the following:

For every § € SNi—=1 |1 < j <m,

(1) (Centered vectors) E(C;,0) = 0.
(2) (Independent Rows) C;,1 < j < m are independent random vectors.

There exists K > 0 such that for every § € SVi—1, 1 < j < m,

t2
3) (Subgaussian Assumption) P (|(C;,0)| >1t) <2e &2, for all t > 0.
( g J

There exists ¢y > 0 such that for every vector a € RY:, 1 < j < m, we have

(4) (Small Ball Assumption) P (|{a,C;)| <e|lally) < coe, for all e > 0

From this point on, we will always assume that the assumptions (1) and (2) are sat-
isfied. Moreover, we keep the letters K, ¢y to express the constants on the subaussian

and Small Ball assumption respectively.

Let us give some examples of random vectors that satisfy our assumptions with
some universal constants ¢y, K > 0. The standard Gaussian measure in R™ satisfy
the above since the 1-dimensional marginals are again Gaussians. It is a direct
computation to check that the uniform measure in the Euclidean ball and in the
Euclidean sphere in RV satisfy the above assumptions. A much less trivial example
is the case where C; := (cg))m‘:di, where ¢, are independent subgaussian random
variables with bounded densities. Our assumptions are satisfied in this case due to
Theorem 4.3.1 and the main result of [102] or [77]. Other non-trivial examples of
random vectors that satisfy our assumptions are the uniform measure on B;)Vi, p> 2,
where Bévi = {z € RV : Z;V:il x% < 1}. In this case the subgaussian assumption

follows from ([12], Section 6) and the Small Ball Assumption is a direct consequence
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of the well-known fact that BZ])VZ' satisfies the Hyperplane Conjecture.

Let £ be a random variable. We denote by M (§) a median of £, i.e. a number that

satisfies

P (€< M() > 5 and B(€ > M(6) >

N —
N | =

Let § := |(C},0)| and assume that the subgaussian assumption and the Small Ball

assumption holds for C;. Then for ¢ := 2K we have

P(¢ > 2K) <

N | —

hence, M(§) < 2K. On the other hand, if we set ¢ = ﬁ, our small estimate gives
the following

P < -—)<

N | —

1
200
that is; M(§) > ﬁ This implies that

1
KCO 2 Z

In what follows we will use that above inequality several times.
4.8.2  The Subgaussian Assumption and “Operator Norm" Bounds

We start by proving an operator norm type estimate for the polynomial system
p. Our operator norm type estimate at Lemma 4.3.2 follows from our subgaussian
assumption, our extension of Kellog’s Theorem and a standard net-type argument.

For the proof we are also going to need the following Hoeffding-type Inequality.

Theorem 4.3.1. [121, Proposition 5.10] Let Xy, ..., X, be subgaussian (with con-

stant K ) random variables with mean zero. Then for every a = (ai,...,a,) € R"

108



and every t > 0,

t2
P( 2ﬂ>§2wp(—;z2>
K2 lall;

where ¢ > 0 is an absolute constant. W

Z a; X

Lemma 4.3.2. Let p = (p1,...,Pm) be a polynomial system where
P = 2jal=d, ) (‘fj)xo‘, C; are centered sub-gaussian random vectors with constant

K. Then for N a §-net over S ! and t > 2 we have the following inequalities

1. If deg(p;) =d for all j € {1,2,...,m}

2tK
P (HpHoo S 1:2?) 2 1-2 ’N’ 6_C1t2m

For specific values § = 35, t = slog(ed) with s > 1 we have

P (HpHoo S 33K\/E10g(€d>> 2 1— e*CQSleOg(ed)

where co > 1 is an absolute constant.

2. If deg(p;) = d; and max(d;) =d

2tK\/m
P <——|>1-2 —etm
(1l < 3 ) = 121

For specific values § = ﬁ, t = slog(ed) with s > 1 we have

P (HpHoo S SSK\/EIOg(ed)) Z 1— e*CQSZmlog(ed)

where co > 1 is an absolute constant.

109



Proof. We prove the case (2) since the proof of two cases are identical. We observe

that the identity (74 --- +28)? = |, =4 (Z)x%‘ implies || X}, = 1 for all j < m.

We use our subgaussian assumption on random vectors C; and the observation that

p;i(z) = (C}, X;), then for every x € S"! we have

2

B (|p;(x)] > 1) < 2%

Now we need to tensorize the above inequality. By Theorem 4.3.1 for all a € S™!

we have

Let M be a §-net on S™! then we have

ct?
P (max| (o ()] > t) < 2|M]|exp(~ )

where we used a union bound on M. Since ||p(z)||, = maxgegm-1 |(0, p(x))| using

Lemma 4.2.4 for linear functional (., p(x)) we have

(I, > Y75 ) < 21Mlexp(-ettm

It is known that there exist a d-net M on S™ ! such that |M] < (%)m (see, e.g,

[121, Lemma 5.2]). So for ¢t > 1 and § = 1 we have

P (|lp(x)l, > 2tv/mK) < 2exp(—cit*m)

We arrived to a pointwise estimate on ||p(z)||,, we again do a union bound on a

d-net N this time on S™! then we have
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P (me%c Ip(2)|, > Qt\/ﬁK> < 2|N|exp(—ecit*m)

Using Lemma 4.2.4 again completes the proof.

|
Theorem 4.2.3 and Lemma 4.3.2 imply the following:

Corollary 4.3.3. Let p be a polynomial system as in Lemma 4.53.2. We have the

following inequalities for s > 1

1. If deg(p;) =d for all j € {1,2,...,m}
P(|pWp|_ <35k vimdlog(ed)) = 1 - 2eexetmiosted
P (HD(2)pHOO < 38K\/Ed2 lOg(ed)) >1— 26—6282m10g(8d)
2. If deg(p;) = d; and max(d;) =d
P (HD(I)pHOO < 38K\/Ed2 lOg(ed)) >1— 26—cgs2mlog(ed)

P (HD(Z)pHOo < 3sK+/md* log(ed)) > 1 — 9 —e2s*mlo(ed)

4.8.8  The Small Ball Assumption and Bounds for the “L" Quantity

We will need the following standard Lemma (see Lemma 2.2 of [101] or [86]).
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Lemma 4.3.4. Let &, --- , &, be independent random variables such that for every
e>0,

P(|&] <e) < ce.

Then, for every e > 0

P&+ +& <evim) < (ee)”,

where ¢ > 0 is an absolute constant.

Lemma 4.3.5. Let p be a system of n-variate random homogenous polynomials
satisfying the Small Ball assumption (with constant cy). Then for every e > 0 and
x e S,

P{l[p(z)ll, < ev/m} < (Ccoe)™,
where ¢ > 0 is an absolute constant.
Proof. By the Small Ball assumption on random vectors C;, and the two observations
that p;(z) = (Ci, X)), || Xi]l, = 1 for all z € S*~! we have

P{lpi(z)| < e} < coe.

By Lemma 4.3.4 we get the result. l
The next Lemma is a variant of a Lemma of H.H. Nguyen ([87], Claim 2.4).

Lemma 4.3.6. Let n > 3, p = (p1,...,pm) be a system of n-variate homogenous
polynomials, and ||p|| ., < 7. Assume for some x,y € S* ', xly and L(x,y) < «
,then for every w such that w = x + fry + Bz with 2 € S™' 2 Lz, z Ly, |r] <1,

the following inequalities hold
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1. If deg(p;) =d for alli € {1,2,...,m} and § < é, then

Ip(w)ll; < 5(a® +195%d%?)

2. If deg(p;) = d;, max;d; = d and < d%, then

Ip(w)|; < 5(a® + 198%d"y?)

Proof. We prove the case (1) only since the proof of the case (2) is quite similar.
We start with some auxiliary observations on ||p||,,. First observation is that by
Kellog’s inequality ||p||,, <~ implies HD(l)pHOO < d~y and similarly HD(’“)pHOO < dky
for every k > 1. Also for any w and u; € S ! for i = 1,2,...,k by homogeneity of

polynomials in the system p, ||p||,, < v implies

D®p(w)(ur, ... w)|, < lwlls™ d*y
These observations above yield the following inequality for w = x + fBry 4+ [z with
zeS8" | <1, 8<d ! k=3 and uy,uy, uz € S*1
_ 2 4
HD(?’)P(U))(UhU%Us)HQ < lwlly ™ d*y < (1+ g)d APy < ed’y
pi(w) = p;(x) + (Vp;(2), Bry + Bz) + 1/2(Bry + B2)" DPp;(x)(Bry + Bz) + O(5?)

_ _Bry+pBz
We set v = TBryt 62l then we have

pj(w)| < |pj(x)| + BI(Vp;(x), y)| + BI(Vp;(x), 2)]

+1/2||Bry + Bz[15 |DPp; () (v, 0)| + |O(5%)].
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Note that ||Sry + Bz, < 28, and |O(8%)] < 1/6(28)*A;(z) where the integral form

of the remainder

1
A5(@) = [ D9pya + tull,0)(w,v,0)
=0

t

Using Cauchy-Schwarz Inequality (for the coefficients 1, de 1,1,1) implies the fol-

R P

lowing

pi(w)? < (4+ B2d;) (p;(x)* + d;  (p;(x),y)* + B*(Vps(x), 2)°
+ 28 (DPpy () (0,0))? + = (26)°4;(2)?)

Summing up through all j < m, using the assumption ||p||,, < 7 and auxiliary

observations at the beginning, we have

Ip(w)ll3 < (4+5°d)(lIp()l;+|[M DDy WwW%M%%%%WZA

2
Clearly Y ;<. A;(7)? < maxyev,, |D®p(w)(u, UQ,Ug)H2 < e2d%y2, hence we have

64e>
[P} < (4+ 52)(0® + By + 454" + 2o 5%

Since 8 < d~' and %< < 14

Ip(w)l; < (4+ B%d)(0” + 195%d"y*) < 5(a” + 198%d"y?).
The proof is complete. B

Theorem 4.3.7. Letn > 3 and p = (p1,...,Pm) be a system of random homogenous

n-variate polynomials p; such that p; = 37|q—q, c), | (i")xo‘ where C; = (co{))|a|:dj are
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random vectors satisfying the Small Ball assumption (with constant cy). let a,,y > 0.

Then we have the following inequalities for the L(p) quantity:

1. If deg(p;) = d for all 1 < jm and oo < min{1, %}7 then

n [ coCdy "2 e Ca\ ™
<o) < n [ co 0 >
IP’(L_a)_Ca\/;< m) (\/m) +P(lple =),

where C > 0 is an absolute constant.

2. If max; deg(p;) = d and o < min{1, %}7 then

n CoCdQ’)/ n—2 CoCOé m—n+1
< < — >
Pz a)< cayfT (UOET) (20T p(ipl, 2 ),

where C > 0 is an absolute constant.

Proof. We consider the case where d = max;<j<;, d;. Let @ > 0,7 > 0 and 3 < 4.
Let B: = {|Ipll < 7} and let L := {L < a} := {3z L y : L(z,y) < a}. Let
I := 5(a? + 193%d*y?). Lemma 4.3.6 implies that, if the event B N L holds, then

there exists a set
Viy ={weR" :w=x+Bry+pBz,2€ 8" |r|<lzLzylz}\B)

such that for every w in this set, ||p(w)||3 < T. Let V := |V,,|. Note that for
w € Vpy, 1 <|wll2 <14 252 Since V., C (14 23?%)By \ By, we have showed that

the event B N L is included in the event
{{{z € (1 +28*)By \ By : ||p(a)|l. < T} > V'}.

Using Markov’s inequality, Fubini Theorem and Lemma 4.3.5, we can estimate the
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probability of this event. Indeed,

P([{x e (1+28")By\ By : [p()]s <T} > V) <

< ;E\{x € (1428 B3\ By : |p(a)|3 < T} < < P (|lp(x)[3 <T)dx

(14282)BR\BR

(1+26%) By \ By 2
- P <T).
) v easax o P(Ip@) <)

So, | ]‘ﬁ?i'l‘ < \CF’ where C’ > 0 is an absolute constant.
2

We also assume that % < 1 - which yields (1 + 232)" < €%, and we compute that

Recall that |By| = m

2 n n n 2\n __
00425985\ Bl _ B (425" 1) _ (o
4 ppr By
where C' > 0 is an absolute constant. For x # 0 we write = := ”x” For z ¢ B, we

have that

Ip(2)II2 = le] ley )Plzl" = Z i (D) = Ip(2)]l3,

which implies that for every w € (1 + 24%)By \ BY,

P(Ip(w)l3 <T) <P (|lp(@)]3 <T) < ( ) ,

where we have used Lemma 4.3.5. So we conclude that
1" m
P(L <a) <P(|plle >7)+P(BNL) <P(||plle > 7) + CVns>" (000 ) :

Recall that I' = 5(a” + 194°d"y?). We choose 8 := -% and we observe that under

our assumption o < v this is an eligible choice for 8. For this choice of 5 we have
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that I' = 100a2. So we get that

P(L < a) <P(lplle = 7) + Cv/a (7‘;) ) (“’m‘“) |

In the case where d := d;, 1 < j < m, we have that ' := 5(a? + 198%d*+?). In this

case our choice of = % (note that this is eligible in this case) and we conclude that

B(L < a) < P(Iplle > 7) + Cv/m (j;) _ (10@“) |

By adjusting the constants we complete the proof. l

4.8.4  The Condition Number Theorem and Consequences

We will need bounds for the Weil-Bombieri norm of the polynomial system. Note
that ||p;|lw = [|C{Pla, 1 < j < m. The following Lemma which provides large
deviation estimates for the Fuclidean norm is standard and follows e.g. from Theorem

4.3.1.

Lemma 4.3.8. Let p be a random n-variate polynomial system satisfying our sub-

gaussian assumption (with constant K). Let N; := (”erf_l), 1 <j < mand let

N =3 Nj. Then ’
P (Ipjll > teK \JN;) < e 1>1, 1< <m, (4.1)
where ¢ > 0 is an absolute constant.
P (|Ipll > teKVN) < eV, ¢ > 1. (4.2)

where ¢ > 0 is an absolute constant.
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We are now ready to prove our main theorem on condition number of random poly-
nomial systems.
Theorem 4.3.9. There exist universal constants C, ¢ > 0 such that ifp = (p1,-+* , Pm)

1
is a system of homogenous random polynomials, where p; = > jal=d; cfj) (dj)%"‘,

N =37 ("+d ) and C; = (c¥) )lal=d; are random vectors satisfying the subgaus-
.7
sian and Small Ball assumptions (with constants K,co > 0 respectively) then the

following hold true:

1. If d =deg(pj) for all1 < j <m set M := M(n,d,m,cy, K),

M —ccco( )2(’“ T NE (3CeoK dlog (ed) 75 m-t max (1, \/_}.

Co

Then we denote P (k(p) > tM) with P(t), we have

log (ed)
s if0<t<emonis
_ n=2 m log (ed)
PO | et () 1R <o < o
m n—2
3 (logt)(m—n+2)\ 2 N Z
tm—n+2 ( N ) (mlog(ed)) Zfe +2 S t

2. If max;<,, deg(p;) = d set M := M(n,d,m, ¢y, K),

M = CCOC'< )2(m & VNK (3000Kd log (ed))m = m™% max{1, \/—}

Co

We consider two cases:

118



(a) In the case N > mlog (ed), we have that

m log (ed)
- if1<t< e mniz
_ n—2 m log (ed)
PO <\ e (e ) if S <t < e
m n—2
3 (logt)(m—n+2)\ 2 N 2z . #
tm—n+2 ( N > (mlog (ed)) Zf@ 2 <t
(b) In the case N < mlog (ed), we have that
tm_% if1<t< Fnﬁm
P(t) <
ey (oD ) 2 g ot <

Proof. We consider first the case where max;<ny = d.

P (k(p) > tM) <P (|lplly > uckvVN) + P (L(p) < C%K> -

To estimate the above probabilities, we apply Theorem 4.3.7 for o := 7= and
v := 3sK+/mlog (ed), Lemma 4.3.2 and Lemma 4.3.8. First we note our restrictions.

We have that s > 1, u > 1 and (since v < min{1, %}7),

1 1m—n+l

Com) 2(m—n+2) 1 m?2m—n+29q, ) d2
—— < 3Ksy/mlog (ed) min{l, —=}.

( max{1, %'} coCt(coCKd? log (ed)) =2 NG

Note that, (x) is always true if u < s and ¢t > 1. Under the above restrictions we
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have that if P :=P{k(p) > tM},

C\/ uK 3coKCd2sy/mlog (ed)\"* ( coCov/Nuk mom
P < CW/ —_—
vm tMy/m

— 2 2
4 ec2s mlog (ed) 4t N

or,
- 2.n—2
u™ n+ S 2 2
< —c2s*mlog (ed) —u*N
P — tmfn+2 t+e te :

cymlog (ed)

We consider first the case where N > mlog(ed). If 1 <t < e mnt2 | we take

u = s =1 (note that (x) is satisfied and that ¢y > 1) and then we get that

P<;+e_czm1°g(6d)+e_]v<i t>1, u>s>1.

— ¢m—n+2 — ¢m—n+2’
m log (ed) _
In the case where e m—n+2 < { < gm- 7=n73 we choose u = 1 and s = ,/{egD(m—n+2) ~ 1

mlog (ed) =

(Note that u < s). The above choices give

n—2
_ 5=
P < 1 (logt)(m —n +2) 1 LN
— m-—n+2 m IOg <€d) te2(m—n+2)
3 (logt)(m —n + 2)
= ment2 mlog (ed)
In the case where em=rt3 < t, we choose s := % and u 1= 4/ (log?) (m n+2)

(Note that u < s also in this case). In this case we get that

1
<
tm—n+2 —

po 1 ((logt)(m—n+2)>m

— tmfn+2 N

[ V)
VR
5}

02 | =
—
)
ISH
S~—
~—

[ V]
~
S

3
—
3
+
L
+
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We consider now the case where N < mlog (ed). In the case 1 <t < emjlﬂ, we

choose s =1 and u = 1 and we get as before

1 ) 3
—cam log (ed) -N
P B tm—n+2 +e te = m—n+2 :
In the case t > em—]z+2, we choose s := u = %. Note that again (x) is

satisfied and with these choices we get

w[3

— tm—n+2 N

P 1 <(logt)(m—n—|—2)>

tcg(m7n+]2\2mlog(ed) + tm_n+2 S

3 ((mgt)(m—mz))?

tmfn+2 N

In the case where d; = d for all 1 < j < m, the proof is similar. One has just to

observe that in this case it is always true that N > mlog (ed). B

Remark 4.3.1. Note that the above tail estimates for the probability of the condition

number of the random polynomial system imply that
M(k(p)) < 6M,

where M as defined in the Theorem 4.3.9.

Theorem 4.3.10. Let p be a random polynomial system as in Theorem 4.3.9 and

let M be as defined in Theorem 4.3.9. Set

5 g\/T™n ( n—2 >31 1
1=

m —n+ 2 \ 2emlog (ed)




Then we have the following estimates

1. Ifd:=d;;1 <j<m, forall0 < ¢ <m—n+2 we have

1

§M<1+ q +51+62>

m—-—n—q+2

S

(E(x(p)"))

In particular, if ¢ < (m —n + 2) (1 — m), then

Q=

(E(x(p)")

<M <3m10g (ed)) a |
n

and if ¢ < men+2 then
(E(r(p)))s < M4s.

Moreover

Elogk(p) < log M + 1.

2. If max; deg(p;) = d we consider two cases:

(a) In the case N > mlog (ed), we have for all0 < g <m —n+ 2

In particular, if ¢ < (m —n + 2) (1 — ﬁ(ed))’ then

3mlog (ed) a
n 7

(E(x(p)?)t < M (



Moreover

Elogk(p) <logM +1

(b) In the case N < mlog (ed)

In particular, if ¢ < (m —n + 2) (1 - %), then

3mlog (ed) i
n )

(Er(p)?)t < M (

. m—n+2
and if ¢ < "= then

Proof. We first consider the case where d := d;, for all 1 <i < m. Set

m—n+2)*" m-n+2\%( N \'
Allz T EE—— ,AQ::( )
mloged N m log ed
L3 mloged N
ri=m-—n— = ——————, gy i = —————.
e = e T 12

Note that we have assumed that r > 1. Using the formula

En(p) =g [ P ({n(p) = t}) dt
0
and Theorem 4.3.9, we have that

Ex?(p) < M° (1 +q /1 TP ({k(p) > M) dt) or
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-1

Er (p) e 1 > (log £)3-
<1 / dt + gA / vost)r
AMe S Taf o pettas ] ¢

log t)

dt + g/, / dt.

We will give upper estimates for the three integrals appeared in the above inequality.

First note that

q/ - lcht - T (1—etrhan) < - 1 -

Also we have that

e*? (logt)= A az(r—1)
qu/ (og )%™ dt—qu/ t5Llelr Vg = 121 / T letdt <
tr (r—1)2 Jai(r—1)

N3

(r—1 2 m —n+ 2 \ 2emlog (ed)

S (3) < i ( o ) (1—m11+2)

Finally we check that

4D, / (Qogt)® 1y _ /A, / 15 Digy = 922 / t3etdt <
€42 tr a2 (T — 1) 2+ az(r—1)

o () e () ()

(r—1) “(m-n—-q+2)2"! eN mlog ed
(m)m_;m 1 VTmg m 1
~ i e —.
N (1_ )Em—n+2—q (log (ed))2 !
m—n-+2

Note that if ¢ < (m —n + 2) (1 then 4,0, < 1.

210g( ))
The proof for the case max; d; = d and N > mlog(ed) is identical. For the case

max; d; = d and N < mlog(ed), working as before we get that

q

E‘? 1
r 1+/ dt+A/Ogt>
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In the case where N < mlog (ed) we have that

5, < VT <m>?(1_ L

“m—-n+2\eN ¢ \ztl’
m—n—+2

In this case we can show that if ¢ < (m —n + 2) (1 — %) then 6, < 1. R

For the important case m = n — 1 our main theorems reads as follows: (Note
that if m =n — 1 then N > mlog (ed)). Moreover, one may check that in that case

one do not need to add the max{1, %} term on “M"; since (x) is satisfied without

it.

Corollary 4.3.11. Let p be a random polynomial system as in Theorem 4.3.9 with

m =mn — 1. Then we have the following:

1. If d = deg(p;), 1 <i<m, set
M := M(n,d,co, K) := v/2¢C\/eoVNK (3CcoKdlog (ed))" .

then

(a)

|

Zf 1<t< e(n—l) log (ed)

P{x(p) >tM} < {3 (W&%)T if en=Dlog(ed) < ¢ < N

(i) T () e <

~

(b) Forallg<1-— 7210;(6(1)



Moreover

2. If max; deg(p;) = d set

M = M(n,d,co,K)

then

(a)

P{r(p) > tM} <

(b) Then for all g <1 —

Moreover

Elog k(p) < log M + 1

n—2

‘= V2cC\/eoVNK (36’00Kd2 log (ed))

% Zf 1<t< e(nfl)log (ed)
3 ( logt )TLTiQ Zf e(n—l)log (ed) < t < eN
t \(n—1)log (ed) -7 =

1 n—2
3 (logt)2 logt T2 e N
(%) (oen) © eV st

1
2log (ed)

Elogk(p) <logM +1

Remark 4.3.2. The above results has been obtained under the assumptions on the

randomness mentioned at the beginning of this section. FEwven if these assumptions

allows us to consider much more general randomness than Gaussian the results are

quite similar to the results obtained by Cucker, Malajovich, Krick and Wschebor in

the Gaussian case as once can

notice by comparing Corollary 4.3.11 with Theorem

4.1.1. In particular if d := d;,1 < j < n —1, in the Gaussian case Cucker and all
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proved that

n+1
2

1 )
Elog(k(p)) < 5 log N + logd + 2 log n + smaller terms

while Corollary 4.3.11 gives
1 ~
Elog(k(p)) < 5 log N + (n — 2) (log d + loglog (ed) + log (C(co, K))) + log C,

where C(co k) s a constant depending only on co, K and C > 1 is an absolute
constant.
One may notice that the most important difference in the two estimates is a factor

“2" missing in the second term in our result.

Unfortunately, we do not know if the estimate of Cucker, Malajovich, Krick and
Wschebor is of the right order. The next proposition provide some (most probably)
very loose lower bounds for the condition number of a random polynomial system.

In order to prove it we will need a slightly different assumption than our Small Ball.

There exists ¢y > 0 such that for every 1 < j < m, we have that

(5) P(|COl2 < e\/N;) < (Ge)™, & > 0.

Let us comment on the above assumption. If the vectors C; have independent co-
ordinates then our Small Ball assumption and Lemma 4.3.4 implies that (5) holds
true. Moreover, if CU) are uniformly distributed on a convex body K and satisfy
our subgaussian assumption, a result of J. Bourgain [23] (see also [35] or [73] for
alternative proofs) implies again that (5) holds true (with a constant ¢y depending
only on the subgaussian constant K and not the convex body K). In particular, all
examples presented at the beginning of this section satisfy (5). For the proof we will

need the following extension of Lemma 4.3.4 ([102], Theorem 1.5 and Corollary 8.6).
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In order to state Lemma 4.3.12 we need to introduce a bit of terminology.
For a matrix A := (a;;)1<ij<m we write ||A| g is the Hilbert-Schmidt norm of A

and ||Al|,, for the operator norm , i.e.

N|=

[All s = (Z a; ) 1Allop == max, |[A0]]2.

i,j=1

Lemma 4.3.12. Let &, 1 < i < m be independent random variables that satisfy the

following small ball assumption.:
P& <e)<cee, >0, 1<i<m.
Let & := (&, -+ ,xm). Then for every A, m X m matrix we have that

A% g

P (|| A¢]l> < el Allus) < (ccoz) or >0

where ¢ > 0 is an absolute constant. In the case where |A||lgs = vVml||A||op we have
that

P (|| All2 < el|Allas) < (ccoe)™, € >0

We are now ready to prove lower bounds for the condition number of random poly-

nomial systems:

Proposition 4.3.13. Let p = (p1, -+ ,pm) be a homogeneous n-variate polynomial

system with deg(p;) = d;. Then we have that

I

"R 2 e Tl

Moreover if p == (p1,-+ ,Pm) @S a random polynomial systems satisfying our sub-
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gaussian assumption and our assumption (5) (with constants K, ¢y respectively) we

have that

VN ¢ min{ N 28=m N5 a0 (ed))
IP) < < ~ max]S"le d
</<;(p) = Kmd log (ed) ) — (ccoe) o

v N /
P <o Y )< ~ \¢'mlog (ed) fd=d. 1<i<
(f@(p) < gKm g (ed) ) = (céoe) 1 i, 1 <7 <m,

where ¢, > 0 are absolute constants. In particular we have that

VN

——— whend=4d;,1 <j<m.
leog(ed)wen i, 1<jg<m

expElog (r(p)) =
Proof. First note that Theorem 4.2.2 implies that for every x,y € S™ 1,
ld; ' DWp;(2)yl13 < |Ip;12-
So, we have that

M~ DOp()(m))15 < 3 sz < mllpllZ.

Jj=1

Recall that L2(z,y) := |M~'DWp(z)(y)||? + ||p(z)||2. So, we get that

L? = mLin L*(z,y) < (m+1)|pl%,
zly

which implies that

n(p) > [Pl [Pl

> :
L= vm+1|ple

In case where d; = d,1 < j < m the proof is identical.
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We will show that under our assumption (5) the following holds true: for every ¢ > 0
N i <m Ny
P (Hp”w < 5\/N) < (0608) max)<j<m Ny

Indeed, recall that [|p;|l. = [[Cjl ~;. Then for any fix € > 0,

P (llpjll < £y/N;) < (@2)™ < (coe)™.

where Nj, := minj<;<,, N;. Let & = il 1 < j < m. Set £ = (&1, ,&m)

Vi
A = diag(v/Ny, -+ , v/ Np). Note that ||plle = |42, |Allus = +/ TN = VN

and || A||op := maxi<j<m /Nj. Then Lemma 4.3.12 implies
N < <m Ny
P (bl < eVN) < (cdpe) ™ Pzien™
Recall that Lemma 4.3.2 implies that for every ¢ > 1,

P (plloc > cti yimlog (ed)) < e~ "mios(e),

So, using our lower bound estimate for the condition number we get that

1P| 0/5\/N ce\/ﬁ
: <||p||oo = TRy log (ed>> =F (“(m = thdlog(d))

P ({lIplla = ¢evN} 0 {lIpllo < etk Vimlog (ed)}) < P (*@(p) 2 mm%)

B minjgm Nj

P (Hpr > CIE\/N)—HP (HpHoo < ¢y/mlog (ed))—l > 1—(cépe) Nz Ny _g=tPmlog (ed)

We may choose t := \/log% and by adjusting the constant we get the result. The

case where d; = d,1 < j < m is similar. The bounds for the expectation follows by
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integration. H

Remark 4.3.3. The above lemma and Theorem 4.3.10 imply that the following

asymptotic formulas holds true (n,d >3, m=n—1,d; =d,1<j<n-—1):
c1(nlogd+ dlogn) < Elog (k(p)) < ca(nlogd + dlogn)

for random polynomial systems p satisfying the assumptions at the beginning of the

section. This settles the asymptotic order of log (k(p)).

Remark 4.3.4. Of course we would like to know the asymptotic behavior of k(p)
instead of log (k(p)). One must notice that the dominant term in our estimates is
V'N, which is the normalization that comes from the Weil-Bombieri norm of the
polynomial system. So we would like to know the asymptotic behavior of %. When
m = n — 1, the upper bounds that we get, are exponential with respect to n, while
the lower bounds are not. But when m = 2n — 4 we have the following estimates

(consider the case d =d;,1 < j <m)

Ch < E(k(p)) < Cadloged
ndlog(ed) = /N — n

where Cy,Cy are constants depending on K, cy. This suggest that our estimates tends

to be more accurate when m is much larger than n.

Remark 4.3.5. There are similarities on the probability tail estimates of our main
result and the estimates in the linear case [103]. In particular our estimates in the
quadratic case d = 2 when m is propositional to n are quite similar to the optimal
result as appeared in [103], which indicates that in the proportional case (m ~n) our

result is close to be optimal.

131



Remark 4.3.6. As we mentioned in the introduction H.H. Nguyen proved similar
results in [87] for subgaussian random polynomial systems. He worked without the
Small Ball assumption that we used that allowed him to state results also in the
case of independent Bernoulli’s. However he assumed that all the entries in of the
random vectors are independent random variables contrary to our setting. It appears
that our methods avoids several restrictions that appears in [87] such as the degree
of the polynomials must be less than a small power of the number of variables. Since
his results are stated for a quantity that resembles the condition number (but it is

not) it is not possible to compare the estimates.

Remark 4.3.7. Up to our knowledge our results for the condition number of random
polynomial systems when m > n are the first one to appear, even when the underlying

randomness is Gaussian.

Remark 4.3.8. As we mention at the beginning of the section, if C; are uniformly
distributed on the unit sphere (of dimension N;) then our subgaussin and Small Ball
assumptions are satisfied. Moreover, in that case, one has that ||p|le = VN with
probability 1. So, in that case the estimates on our main results can be slightly
improved since one does not need to invoke Lemma 4.3.8. We leave the details to the

reader.

4.4 Random Polynomial Systems With Given Support

In this section we will extend the results of the previous section to the case of random
polynomial systems with given support. Let us first fix the notation and provide some

basic examples.
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4.4.1 Notation and the Basic Quantities

Fix n to be the number of variables, m be the number of equations and d;, 1 < j <m
be the degrees of the polynomials. We will always assume that n > 3 and m > n—1.

We define
S”lud = {(ab' o 7an> e N": ZO@ = d},
i=1

Sy sdm =151, ;) 1 Sj € Spayy 1 <7 <mi.

We say that S = (S1, -+ ,Sm) € Sndy,.d

m

is eligible (and we write S C Sy ; ;)
if S; # 0 for all 1 < j < m, and for every 1 < i < n, there exists o € Uj<m S; such
that a; # 0.

Given S C S} ; and coefficients a,,a € S, a polynomial with support S is written

as follows:
p(x) =) agx®.
aes
Given S := (S1,- -+ ,Sm) €584 .. 4, and let a¥),a € S;, 1 < j < m be coefficients.
We write
(SPS) P = (P o)y pile) = 3 o, 1< j <m,
a€s;

for a polynomial system with support S. Let cgj), a; € S; be a random vector in
R’ where I; is the cardinality of S}, that satisfies our Sub-Gaussian and Small Ball
assumptions (with constants K and cy) and the vectors CV) := ¢l) are independent

1 <5 <m. Then we write

. d _
(RSPS) pi=(p1, pm), pi(x) = V) ( ):ca, 1<j<m
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for a random polynomial system with support S. In the case where S := S, 4, . 4.,
then the RSPS is just the random polynomial system that we have investigated in
the previous section.

Of course the same definition of the condition number applies to this case. Our
goal is to give bounds for the condition number for the RSPS polynomial system.
In this case the role of the support S is very important. It is easy to construct an
example of SPS that has condition number infinity for any choice of coefficients.

Let us give an example where n = 3, m = 2 and d; = dy = 6. Consider the system

p = <p17p2)7 where
pi(z) == a; 125 + aj027 75 + ajzrizy, j=1,2.

Then every point in the subshpere {(y1,%2,%3) € S* : y1 = 0} is a root of the system
of multiplicity 2. But this implies that the condition number of the system is infinity.
Under the Small Ball assumption, our random polynomial system will give that c(()f)
are not zero (for all « € S;, and any 1 < i < m) with probability 1 which imply that
the condition number of the system is infinity with probability 1. We will introduce
the quantity H(S), which captures the geometry of the support and we will provide

bounds for the condition number of RSPS with respect to H(S).
In order to introduce the quantity H(S) we will need some additional notation.

Let x € S"', S C 5S¢, and let Xg: S"~ ' — RN, where N := (”“Ljﬂ), defined as
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Moreover, we define the function Ag : S"! — R, as

=

As(z) = || Xs (@)l gy = (Z <d>x2a>

a€sS «

1
Note that for every z € S"', Ag, () = (Zaesn,d (d):vzo‘)2 = 1. Note that, if

(&7

S1,85 C S,,.4 such that S; N Sy = @ then for every z € S ! we have that
A% us, (1) = A%, () + A%, (2).

The above relation, together with the fact that Ag, ,(z) =1, implies that for every
Svg 5%@7

max Ag(r) <1 and Xs(z) € BY.
zesSn—1

Let z € S™1 S :== (S1,-,5n) C Sna..a, and let Xg : St — RN where

m

d;

s (({0)_ - ({@) )

We also define the function Ag: S"~! — R, as

N =", ("H?H), defined as

m 3
As(o) = 250y = (L 00
=1
As before we have that if Sy, S C S, 4,.... 4,, and S; NSy = (), then

A%lUSQ ('r) = Aél (x) + Agg ('r)
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Also,

max Ag(z) <vm=As,, . (y), ye s

zesSn—1

We can introduce now the quantity H(S). For any eligible support S C S;. ; . 4

< dm?

we define

1
V= P sy

We will also need the following quantity. For any S C S, 4, ... 4,, We define

m

Ag(z)
a2 As; @ < 1

As(z) -1
max;<m ASj (m)\/ﬁ

cmin 1 As(z)
zES™ max;<m, Ag. (x)v/m
AS = - 7

if mingegn-1

1 if mingcgn—1

where 0 < ¢ < 1 is an absolute constant that appears in Corollary 4.3.12.
Note that in the special case where S; = S, 1 < j < m, we have that Ag =1. In
general we have that

<As <L

BN

Note that

1
H(Sn,dly“'ydm> = m a’nd ASn,dlw“,dm = 1

4.4.2  Bounding the Quantity H(S)

Before we prove our main result, we will investigate further the quantity H(S).

We start with the following

Lemma 4.4.1. Let S C S, ., and let p be a SPS polynomial system with
support S. Assume that there exists y € S™! such that As(y) = 0. Then y has to be

a common root the polynomial system p with multiplicity greater than 1.

Proof. 1f Ag(y) = 0 for some y € S"~! then for all & € U;<,, S; we have y** = 0. For
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a € Z" we define supp(a) := {i € {1,2,...,n} : a; # 0}. y® = 0 implies that there
exist ¢ € supp(a) such that y; = 0. Let S, := {i € {1,2,...,n} : y; = 0}. Then we
get that Ag(y) = 0 implies S, N supp(a) # O for all @ € Uj<,, Sj. Since y € S" 7,
Sy € {1,2,...,n}. First we consider the case |S,] = n — 1, wlog say 1 ¢ S,. Then
we dehomogenize the system p as follows: for all p; set p; = p;(1, 2o, x5, ..., 2,) and
p = (p1,02, .- ,Pn-1). We denote the support set of the system p by S. Then for
every a € S we have Sy N supp(ar) # @. Thus, (0,0,...,0) is a root of multiplicity
greater than 1 for p. Hence (1,0, ...,0) is a root of multiplicity greater than 1 for p.
Second we consider the case |9,| < n—2, wlogsay 1,2 ¢ S,. Then we dehomogenize p
with respect to 1 as in the first case and define yo = (y2,ys3, - .., ¥n). We observe that
for any j and for any monomial x® that appears in a%gp}- we have supp(a) N Sy # 0.
That is, for all j we have %p} (yo) = 0. Therefore the Jacobian matrix of the system
p is not full rank at yq i.e yg is a root of multiplicity greater than 1 for p. Hence the

same conclusion for p at y.

Let e;,1 < i < n be the standard orthonormal basis of R". We say that a support
S C Sfl7d17,,_’dm is proper if for every 1 <14 < n, there exists j < m such that d;e; € S;.

We write Py, 4, ... 4, for the set of proper supports.

Proposition 4.4.2. Let S ¢ P, 4, ... 4, be a non-proper eligible support. Then
H(S) = oc.

Proof. Note that

H(S) =00 <= min Ag(z)=0.

rzesn—1

Since S is not proper there exists 1 < i < n such that dje; ¢ S; for all 1 < j < m.

Without loss of generality we may assume that ¢ = n. Since S is eligible we have
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that

Uil {a € S;:a, #0} #0.

But the non-proper assumption implies that
ULi{fa€Sjia, #0} =UL{a €S a,#0and 31 <i<n:aq; #0}.

Let o = (0,---,0,1) € S"!. We clearly have Ag(xy) =0. B

Let p > 1 and = € R™. Recall the definition of p-norm of x:

n 1
P
lellp = 2l = (Z ) |
=1

Proposition 4.4.3. Let S € P, q,. .4, be a proper eligible support. Let d :

m

maxi<j<m d;, then for every x € S™1,

As(z) > [l]l3, and

H(S) <

Bk

Moreover, when m = n — 1 and d; = d we have that there exists proper eligible T

such that for every x € S™1,

Ar(z) = |lz]l34 and H(T) =

<

Proof. For every x € S"~1, since d; < d, for all i € {1,2,...,n} we have .7 > 227,

As a direct consequence of S being proper, we get the following inequality
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n
Aylx) =z D> @z} ai =l
i=1

Uit {eeS;}

Note that Holder inequality implies that for p > 2 and every z € R”,

1_1
[y = e 2|zl

with equality when x = (ﬁ, -+, =) € S"71. So we have that
d  nk
1 1
Hs = sup < max —— < (n274d) =
sesnt As(x) T zesm g ()

In the case where m =n — 1 and d; = d,1 < j < m, consider T := (T3,--- ,T,,_1)
with T := {de;}, when 1 < j <n—2and T,,_; := {de,_1,de, }. It is straightforward

d
to check that Arx(x) = ||z||¢;. Therefore, H(T) = o=

The above two proposition provides a characterization of the supports that H(S) is

finite.

Corollary 4.4.4. Let S C S ; .. 4 be an eligible support. Then
H(S) < oo <= S is proper.

4.4.3 The Main Result

We now turn our attention to the proof of a condition number theorem for random
polynomial systems with fixed support. Assume that we have a polynomial system
with support S := (Sy,---,S,,) and random vectors O € R’ 1 < j < m indepen-
dent with the Subgaussian property (with constant K). Fix x € S"~!. We have that

p;(x) == (O, X, (x)). We set Xg (z) = T Note that Hxsj(x)Hz = Asg, (2).
J 2
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Then we have the following,

P (|p; ()] > £) <P (|(CV, X ()| > ¢) <

Since Ag,(r) < 1, we have the following

2

P (|p;(2)] > t) < 2e75@

Tensorazing the above inequality, as in Lemma 3.2, for every x € S"~! we have

t2m
P (|lp(2)]l2 > tv/m) < 2¢ =
Working as in section 3 we prove the following

Lemma 4.4.5. Let p be a RSPS with the Subgaussian assumption (with constant

K ). Then we have that for every s > 1 and d := max;<,, d;,
P <||p||OO > 3sK+v/mlog (ed)) < eastmiog (ed).

where co > 1 is an absolute constant.

Corollary 4.4.6. Let p := (p1,- -+ ,pm) be a a RSPS with support S, satisfying the

Small Ball assumption (with constant c¢y). Then, for every x € S !, we have that

Pomuwzscﬂ)s<wﬁWﬂé

where ¢ > 0 is an absolute constant.
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Proof. Fix z € S"7! and recall that p;(z) := (CY), X, (z)). Let & := |p;(z)| and
€ := -5 Note that for the random variables 7, our small ball assumption implies

that
P({<e) :IP(|(O(3 Xs, Ys (2))] <€> < coe.

Set 5 = (gla"' 7€m) and é = (517"' ame) and A := dlag(A51<x)7 aASm('T))'
Note that
€= AL, | Allns = As(z). [ Ally = max A, (z).

AZ(2)

Assume first that mingegn—1 =80 < 1. Since lp(x)]l2 == [|£]|2, Lemma
=m Sj
4.3.12 implies that
A2<z>
max; <, (‘L)
P ([lp(x)]l2 < eAs(2) < (ccoe) "=
A% ()

Since for every x € S"71, ﬁ < Ag(z) and ¢ > A%m, we conclude that

max;<m A%j (z)

P (Hp(x)llz < H(S)) < (cepe)™%.

A (@)

M MaX;j < A%j (z)

We treat the case mingecgn—1 = 1 similarly. W

We are now ready to prove the following

Theorem 4.4.7. Let p := (p1, -+ ,pm) be a a RSPS with support S satisfying the

Small Ball assumption (with constant cy). Let o,y > 0. Then we have the following

1. In the case where d = maxi<j<p, d;, if o« < min{l, \%}% we have that

(L < 0) < Fllplhe > 2)+ OVt (5 ) (enati(s)"%,

where C, ¢ > 0 are absolute constants.
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2. In the case where d :=d;,1 < j <m, if a < min{1, %}%

P(L < a) < P(plls > 1) + Oy (j;)  (cconH(S))"

where C, ¢ > 0 are absolute constants.

Proof. The proof is identical to the proof of 4.3.7 with the only difference to be the

use of Lemma 4.4.6 instead of Lemma 4.3.5. B
The proof of the following Lemma is identical to the proof of Lemma 4.3.8.

Lemma 4.4.8. Let p := (p1, -+ ,pm) be a a RSPS with support S := (Sy,--+ , Sm),
that satisfies our Subgaussian assumption (with constant Ky). Let I; be the cardinal-

ity of S; and let I := 377" I;. Then, for everyt > 1,
P (|lpllw > etk VI) < e,

where ¢ > 0 is an absolute constant.

We are now ready to state the main Theorem of the section. The proof is similar to

the proof of Theorem 4.3.9 and will be omitted.

Theorem 4.4.9. There exist constants C, c,¢ > 0 such that the following holds: Let
p = (p1, - ,pm) be a RSPS with support S := (Si, -+ ,Sn), that satisfies our
subgaussian assumption (with constant Ky) and our Small Ball assumption (with
constant cg). Let I; be the cardinality of Sj and let I := 377" I;. We also assume
that mA% > n — 1 and set mA§ —n+2 = A. In the case d := max<j<m d; we set

M = \/7( )%4<d210g(6d))T(CCOK\/_H( )) m 2max{1 \/_}

Co
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In the case d :=d;,1 < 7 <m, we set

M= ﬁ(ﬁ)ﬁ(dlog(ed))%z(ccoKﬁH(S))mT%m_% max{1, \f}

Co
We denote P{r(p) > tM} with P(t) and we consider two cases;

1. In the case I > mlog (ed), we have that

. m log (ed)
i fl<t<e i
P(t) < { 3 (_logtA nz2 PR G R
— | tA \mlog (ed) Zf@ A ST s e4a
mAZ
3 (logtA 2S I nT_Q e L
(25T (o) ifex <t.

2. In the case I < mlog(ed), we have that

ifl1<t<en

o~
R

P(t) < A2

S
logtA 2
1

if ex <t.

o~
Rfeo

Proof. We give the proof for the all d; = d case. We first recite the L estimate

P(L < ) < P(Iplle 2 7) + OV (7d)" 7 ()57 (ceo H(S))™S

B (u(p) 2 03) < B (Iplhy 2 uekcvT) + B (L(p) < 0.
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P (k(p) > tM) < e+ P (||pllw > 7)

C\/T uK
tM

mAé—n+2
+Cvn(yd)" ™ ( ) (ccoH(S))™As

We choose v = 3sK+y/mlog (ed) and set

mAZ—n+2
(ﬁmaf{l, {f}) = Ci(dymos(ed))"~? (ccg KH(S))"

then we have

_ 2 _
g 2umAS n+2

—t2 7082m0 €
P (s(p) > tM) < e o emeasimioned) 4 =0

The rest of the proof follows as in section 3. B
As in the previous section we can prove the following

Theorem 4.4.10. Let p be a random polynomial system as in Theorem 4.4.9.

Ifg < (mA3—n+2) (1 - 5tg), then

Q|

(E(x(p)")) SM(W);.

n

Moreover

Elog k(p) <log M + 1.

4.4.4  Consequences of the Main Theorem

As a consequence of Lemma 4.4.1 we have the following
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Corollary 4.4.11. Let p be a SPS with support S C S, q,.... a,,- Then

If k(p) < oo then H(S) < oc.

Proof. By Lemma 4.4.1 if H(S) = oo there exists y € S"! such that y is a root of

multiplicity 2. But this implies that x(p) = co. B

Due to standard facts in the theory of A-discriminants such as the Horn-Kapranov
uniformization, it is known that for any support S with H(S) < oo, the set of
polynomials with support S and a root of multiplicity is nonempty - indeed, in most
cases this set is a codimension one variety-. So the reverse of the above corollary is
not true. The canonical reference on A-discriminants is [51]. For an accessible review
of A-discriminants and the Horn-Kapranov uniformization we refer the reader to [41].
Surpassingly the reverse holds true with probability 1 in the case of a random poly-

nomial system. Theorem 4.4.9 implies the following

Corollary 4.4.12. Let p be a random polynomial system as in Theorem 4.4.9. Then

If H(S) < oo then k(p) < oo with probability 1.

Recall that in the special case where the support of the polynomial system S :=
(S,---,S5), we have that Ag = 1. In this special case we have showed the follow-
ing Theorem, which can been viewed as the generalization of Theorem 4.3.9 in the

“sparse’ case. The proof follows by Theorem 4.4.9 and Proposition 4.4.3.

Theorem 4.4.13. There exists C,c,¢ > 0 such that for everyn > 3,d > 2,m > n—1
and p := (p1, -+ ,Pm) be a random polynomial system in n-variables with degrees
d;, which satisfies the subgaussian and Small Ball assumption with constants K, cy

respectively and has proper eligible support S := (S,--- ,.5), the following holds:
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In the case dj = d,1 < j < m we set

M = ﬁ(ﬁ)m (ccOK\/ﬁH(S)dlog(ed))mﬁ;’j’Q cco K H(S) max{1, \{f}

Co

In the case maxi<j<n, d; = d we set

M = \/T(Cﬁ)%m—lm% (ccOK\/ﬁH(S)d2 1og(ed)> o cco K H(S) max{1, \gf
0

We denote P{r(p) > tM} by P(t) and we consider two cases:

1. In the case I > mlog (ed), we have that

m log (ed)

t'm,f% Z'flﬁtﬁem‘g”“
P(t) < 3 (logt)(m—n+2) nx2 o mlog(ed) <} < ot
- | tmnt2 mlog (ed) Zfe montr St S emend

w[3
3
|
N

3 ((logt)(m*nJr?))

I R e
tm—n+2 I (mlog (ed)) if e st

2. In the case I < mlog(ed), we have that

tm*%ﬁ if1<t< eim—ln-!—Q
]P(t) S m

t'mf3n+2 <(10g t) (7711_"“1‘2) ) B Zf e m*€'1,+2 S t

Moreover,

Elog (k(p)) < log M + 1.

Corollary 4.4.14. There exists C, c,¢ > 0 such that for everyn > 3,d > 2 and p :=
(p1,- -+ ,Pn—1) be a random polynomial system in n-variables with degrees d;, which
satisfies the subgaussian and Small Ball assumption with constants K, ¢y respectively

and has proper eligible support S := (S,---,5), the following holds
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In the case dj = d,1 < j < m we set
M = \/TCKH(S)(TLCO)% (ccoK\/EH(S)dlog(ed))n_2

In the case maxi<j<n, d; = d we set

n—2

M = VIcKH(S)(nco)? (ccoK /mH(S)d? log(ed))

We consider two cases:

1. In the case I > (n — 1)log (ed), we have that

o+l

Zf 1<t< 6(nfl)log (ed)
n—2

P(t){x(p) = tM} < g((ligt) 2

n—1)log (ed)

(o) (i) T el <

Zf 6(n—l)log (ed) <t< eI

2. In the case I < (n — 1)log (ed), we have that

P(t){r(p) = tM} <

Moreover,

Elog (k(p)) < log M + 1.

Remark 4.4.1. One should compare the bounds that we get in the Theorem 4.4.9,

at least in the case where Ag = 1, with the bounds in Theorem 4.3.9. Let M, be the
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constant in Theorem 4.3.9 and My be the constant in Theorem 4.4.9. We have that

Ml_\/ﬁ 1\
My f(ﬁH(S)) |

It is unclear when the above ration is bigger (or not) to 1. Of course N is possibly
much larger than I (possibly by an exponential factor with respect to n or d) but as
we have seen /mH(S) can be as large as n?. So there is a trade-off: The support
can be very small but the geometry of the support ( H(S)) may effect the estimates

by a large factor. Nevertheless we have the following proposition.

Proposition 4.4.15. Let py := (p1,--+ ,pm) be a random polynomial system with
eligible and proper support S = (S,---,S) C S,4...qa and let py be a random poly-
nomial system with support Spq... a. Let My = M(k(p1)) and My := M(k(p2)). If
m > 2n — 2, dloged <n and I has cardinality at most polynomial with respect to n

(I < n®, for some o > 1), then for n large enough,
My < M,.

In other words if m is at least proportional to n and random polynomial system with
at most polynomial with respect to n terms has smaller condition number than a

generic random polynomial system (with the same homogeneity degree).

Proof. Note that m < I <n®. By Lemma 4.3.13 we have that

M;

- VN . _o/n+d (n—l—d)g(n—ird)g
~ Kcomlog (ed) = v/ndlog (ed) \ n d '
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By Theorem 4.4.13 we have that

So,
My _ C,<COK>2\/dn\/Elog(ed)\/7< n ) nd -
M, vn+d n+d n+d

C'(cok )2 log (ed)n®+2e 2d2 < 1

if we assume that n is large enough (larger than a fixed universal constant and larger

than log cpK). W

Remark 4.4.2. One can prove lower bounds for the condition number of random

polynomial system with a given support as in Proposition 4.3.13. We omit the details.
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5. SUMMARY

This dissertation consists of three independent sections. Results presented in the
section two show the existence of an algorithmically efficient polyhedral approxima-
tion for the real part of the zero set of an exponential sum. We derive our approx-
imation using archimedean tropical geometry. Our results capture the quantitative
aspects of a certain tropicalization. Our particular tropicalization is computationaly
efficient and can be used to aid iterative numerical methods.

In section three, we study nonnegative multihomogenous polynomials and sums
of squares. Our results show that for fixed degrees of multihomogeneity, ratio of sums
of squares polynomials inside the set of nonnegative polynomials approaches to 0 as
number of variables grow. Section three also includes some basic observations on the
zonal harmonics. These basic observations indicates a new connection between high
dimensional measures and multivariate polynomials.

In section four, we provide probabilistic condition number estimates for a broad
family of random polynomial systems. Our techniques are quite different from the
existing literature which allows us to work with more general distributions. Despite
the difference of our techniques, we proved similar results to the known ones for
polynomial systems with Gaussian independent random polynomials. It is not known
yet, if our results and the existing results in literature are optimal. Flexibility of
our techniques also allow us to work with sparse polynomials; we proved condition
number estimates for sparse polynomial systems that involves quantities depending
on the geometry of the support. Our results on random sparse polynomial systems
indicate the need for a fundamentally different notion of conditioning for sparse

polynomial systems.
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In this dissertation we always used a blend of algebraic geometry with convex
geometric analysis. We believe there are many connections -yet to be discovered-
between convex geometric analysis and real algebraic geometry. In particular, two
clear questions are the implications of concentration of measure phenomenon and

the analogs of the isoperimetric problem in the space real polynomials.
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