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ABSTRACT

This dissertation discusses the string disc amplitudes and D-brane higher deriva-
tive couplings. In the first part, we investigate all tree-level string theory vacuum
to D-brane disc amplitudes involving an arbitrary RR-state and two NS-NS vertex
operators. Our method is that, we develop an algorithm to derive the amplitudes in
a manifestly gauge invariant and exchange invariant form, then we implement the
algorithm on computer to systematically solve the amplitudes. In the second part,
we derive the four-derivative brane interactions for one R-R field C®*) and two
NS-NS B-fields based on the amplitude from the first part. We find the effective cou-
pling actually vanishes, which implies the interaction obeys a non-renormalization

theorem.
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1. INTRODUCTION*

D-branes have played many roles in string theory. From the point of view of
the string world-sheet they are simply boundary conditions, i.e. strings can end on
D-branes. In practice, this means that if we compute string scattering amplitudes in
a background with D-branes (including the type I string, which in this language is
interpreted to have space-time-filling D9-branes), then we must include contributions
from world-sheets with boundaries, in addition to the usual closed world-sheets.

Alternatively, from the point of view of the low-energy effective theory, D-branes
host some degrees of freedom that are localized on the D-brane world-volume. In
this paper, we will only be considering separated D-branes, in which case the content
of the world-volume theory is simply that of maximally supersymmetric super-Yang-
Mills with gauge group U(1) for each D-brane. The full effective action is then a
sum of a bulk action plus localized actions at each D-brane. These localized actions
involve both the world-volume fields and the bulk fields, and can be expanded in
derivatives. The details of that expansion are interesting in their own right as an
example of an effective theory that admits many different dual perspectives. But
even more compellingly, there are examples in which the higher derivative couplings
localized on D-branes play an essential role in determining the vacuum structure of
string theory, such as in the F-theory duals of M-theory backgrounds on Calabi-Yau
four-folds [1, 2|. In the IIB description of these constructions, there are D7-branes

which wrap four-cycles of the internal space. These D7-branes host four-derivative

“Part of the result reported in this dissertation is reprinted with permission from Three-point
disc amplitudes in the RNS formalism by Katrin Becker, Melanie Becker, Daniel Robbins, Ning
Su, published in Nuclear Physics B 907 (2016) 360399, Copyright by The Authors. Published by
Elsevier B.V.



bulk-field couplings of the schematic form
/ CY Atr(RAR), (1.1)
D7

which lead to the C® tadpole equation. This condition is crucial to get consistent
solutions. Similarly, there should be more four-derivative couplings which can con-
tribute to charge cancellation in certain other flux backgrounds [3, 4, 5]. For these
reasons it is important to systematically compute the entire four-derivative effective
action localized on a D-brane.

Of course, the world-sheet and effective theory perspectives are related. The
terms in the effective action can be computed by the relevant perturbative string
scattering amplitudes. For example, the coupling (1.1) can be obtained by computing
a three-point disc amplitude with one R-R vertex operator and two graviton vertex
operators [6, 7, 8, 9] (though there are other methods for deducing these particular
couplings [10, 11, 12, 13, 14]). As a preliminary step towards computing the full
effective action, we need to compute all of the relevant string scattering amplitudes,
as we do herein.

We calculate type II superstring scattering amplitudes on world-sheets with the
topology of a disk, with closed or open string insertions. We are following references
[15], [16], and [3], where the formalism was developed and some simple amplitudes
were computed. Similarly as done in these references, the final goal is to extract
information about the corresponding Dp-brane effective actions.

The calculation of the two-point function involving one R-R state and one NS-NS
state appeared in earlier papers [17, 18, 19, 20, 21] or in the notation and conventions
used herein in [15]. The three-point amplitude involving one R-R field of type C?~3)

was calculated in [16, 22], and some pieces for C?*?) appeared in [22]. Our goal here



is to compute the most general tree level string theory vacuum to Dp-brane amplitude
with insertion of an arbitrary R-R state and various NS-NS vertex operators. We
then restrict to the case of one R-R field and two NS-NS fields. This amplitude is
expressed in terms of the R-R potential C®*142%) and two NS-NS fields.

Because the amplitudes are invariant under a certain Z, symmetry (combining
reflection in the space-time directions that are normal to the brane with worldsheet

parity), they are non-vanishing only if
1. k is even and both NS-NS fields are antisymmetric or both are symmetric.

2. k is odd and one of the NS-NS fields is symmetric and the other one is anti-

symmetric.

The collection of these amplitudes is C?™) BB, CP)ph, CPH3)Bh, CPHY BB,
CPtOph, P~V B, CP=3) BB, C®=3hh. In principle, we could have C®*7 C@=5),
C®=7) as well, but in our calculation we see those amplitudes actually vanish.

In general, the coefficients of the amplitudes cannot be evaluated analytically,
so we write them in a complex integral form. Due to conservation of momentum
and integration by parts, the integrals can be written in many different ways. We
determine a minimum set of variables and express the final result in terms of them.
Our choice makes the exchange symmetry of the two NS-NS fields apparent. This
is a nontrivial check of our result, since at the level of the vertex operators this

symmetry is not manifest.



2. THREE-POINT STRING DISC AMPLITUDES

2.1 Calculational Tools and Strategy

To calculate the expression of the three-point function we are interested in we

follow the notation and conventions presented in [15].
2.1.1 Manipulating the region of integration

We construct the n-point correlator as in eqn. 3.1 of [16],

<0

Vi(21, 51 Va2, 52) <f[ /C dQZkUk(zk,Zk)) (b0 + o)

2 -

X / —d L wbog—lo
2
|w|>max(1/|z;|) |QU|

where U(z, z) is the integrated vertex operator defined as

B>, (2.1)

U(z,2) = {6_1, [b_l,V(z,z)]} , (2.2)

and V' (z, z) are closed string vertex operators, whose explicit form is presented later
in this section. Also, |B) is a boundary state which encodes the D-brane boundary
conditions. We would like to manipulate this expression to eliminate the explicit
factor of w=Low Lo and convert the integration region to something easier to work
with.

In practice, all vertex operators have the form V(z,z) = V(2)V(Z) (or a linear

combination of such terms) with V = ¢U + nW, leading to U(z,z) = UU. Now we



show the general correlator defined in (2.1) can be further simplified. We first use
wLowLOO(z Z)w™ Logg—Lo = w'o"O (2w, Zw), (2.3)

for any conformal primary operator of weight (h, ﬁ), to pull the propagator to the

left. Then the correlator can be written as

/ d2w|w|2n—6 0
|w|>max(1/|z;])

Vi(wzy, wzy ) Vo(wze, wzs)

« (ﬁ /(C dQZkUk(wzk,u_)zk)> (0 + o) B>. (2.4)

We can use conformal symmetry to set z; = oo, so it will not affect the |w| >

max(1/[z]) condition. Then we can write [[,_ [ d*2z = >0_, [, [15_s @*2, where
fva denotes the region where z, = min({z}). Also use O,>max(1/|z)) to denote
the Heaviside function 6(|w| — max(1/|2;])). Then we can rewrite the integration

f\w\>max(1/\zi|) d*w as [ d*wh|y|>max(1/|=])- The correlator becomes

Vi(00, 00)Va(wze, wZs)

> XC AW 01151/ 124] O)za|=min(l=:)) 0] <0
</ Hd ZkUk wzk,wzk)) (bo + BD>
C

k=3

B> . (25)

Next we can rescale the coordinates as 2}, = wzs, 2;, = wzy,

dQ /
Z/| PAE Iza|>19|za\ =min(|z;|) <0

Vi (00, 00)Va(w', ')

(/CHd U, zk,,?k)> (v + bo)

k=3

B> . (2.6)



On the other hand, we can conveniently rewrite the Heaviside function as

> 05100 =g = L[ 0] (2.7)
«a 7

B>,

(2.8)

leading to the expression

/;N§%<omhqmﬂﬂaé)03/

Zk‘>1
where we renamed the dummy variable. This is the formula we use to calculate the

d? 2. U (21, zk)) <bo + 50)

three point amplitudes.

We can choose the picture charge for each vertex operator to an arbitrary value,
as long as the total picture charge equals —2. The amplitude is independent on how
these charges are precisely distributed. See section 4 of [15] for a detailed discus-
sion on these issues. We choose (—1/2,—1/2),(—1,0) for first two vertex operators
respectively, then (0,0) for the last.

Let us now evaluate the amplitude with one R-R and two NS-NS vertex operators

B>.

(2.9)

d? ~
/ / 22 <3 <0 ‘V 1 l(OO OO)V7170(22, ZQ)UO,O(Z?H 23) (bO + b0>
|z2|>1 J|z3|>1 |Z2’ 272

Vertex operators for different picture charges appear in [15]. In particular for this

case we use

. o —= A —= B ip1 X .
= fap: cce 29546729 9B¢ir1 :

44
V—l,o = Euw: Cgefd)gb“ <6X” Zppr¢V> p2X
1 ~ o~
—5" ce el e X (2.10)
Uno = o (OX* — iphiu) (DX — ip§l,a ) €7 -



Here €5 and €3 are the polarizations for the two NS-NS states, while

fap = (cz —F" Ml"'un> : (2.11)
AB

with C4p being the antisymmetric charge conjugation matrix for the Clifford algebra
of (I")A5. In our amplitude we can also drop the second line in V_,; it is only
included in order to ensure that the vertex operator is BRST-invariant, but it doesn’t
have the right charges to contribute to this amplitude.

We will also use that

1 17~ . 1
lim <0 ‘: cce 225472988 (2, 7)) 1 cCe (20, %) 1 = <A,B 237y (2.12)

21— 00

where A and B are spinor indices and (A, B| is the corresponding R-R vacuum.

After plugging in the vertex operators, we can separate the correlator into each
sector (boson, fermion, be, and ¢ sectors) and do all possible Wick contractions. Note
that we have already dealt with the ghosts by the equation (2.12). This leaves only
the matter fields ¢ and X. Here we review the evaluation of each sector following
[15].

1) sector:

Each explicit 7;;(2) is brought to the right and converted into a ¢(z~!) using the

boundary state |B), via

§4(2)|B) = —iz"' D",y (") |B). (2.13)



This gives

_n

2(21"'Zn)

D=

fag (A, B (z1) - (2,)| B) = (=1)""" 2

21+ 2
X 4 THEn nmuzTus Pno 4oL
21 — 22

+Zl + Z9 23 + 24 nﬂlug,’,I,U«BNALTMU“Nn + .. } , (214)
21 — %923 — 24

where - - - represents all the possible contractions, keeping track of appropriate signs

from anticommuting the 1’s or I'’s, and where the objects T#1#» are given by

32 ai--ag Fb1~~-bp+1—ki1"'ie

ar-aRilte [ l(102+]O+k2+k)ererl
T 1 kU1t ( 1)2 (p + 1 _ k)' bl"'bp+17k

(2.15)
Recall that we use notation where a, b, etc. represent directions along the D-brane,
while ¢, j, etc. are normal to the D-brane.
X sector:
For the bosons, we again use the boundary state to convert anti-holomorphic
operators to holomorphic ones. Indeed, if we split the exponential into left- and
right-moving parts!,

. eipX(z,Z) - eipXL(z)eipXR(Z) :7 (216)

then we can use

¢PXr() | B) = oPDX1(z7") 1B . (2.17)

'This neglects the zero-mode, but the zero-mode piece is correctly accounted for in the full
correlators (2.18) and (2.20).



Then for a correlator with only exponentials, we have

—_

<0 }: e Xz L. pirn X (2n,70) :‘ B> - (27r)p+1 5p+1 ~(1+D) Zpl

[\.')

n
< [T (1zl? = 1) pebe IT 12— 2P 202 — 177777 (2.18)
k=1

1<té<m<n

Similarly, if we have explicit factors of X (z), we use
0X"(2)|B) = —z D" 0X" (2 ) |B), (2.19)

to convert them to holomorphic operators. Then for a correlator that involves these

as well, we have for example

<O } eiplx(zlyzl) et elpn 1X(Zn 1,2n— 1) aX}L( ) ian(Znyzn) | B>
— <0 ’: 6ip1X(zl,21) Cea eian(zn,Zn) :| B>
. . . P D .7nD o IJ/
x( T < —— pl—---—%) . (2.20)
21 — Zn Zn—1 — Zn Znkl1 — 1 |Zn| —1

If there is more than one 0X(z), then we must also include in the usual way terms

where they contract with each other.
2.1.2  The integrand of the amplitudes

After evaluating each sector, we see all the integrands can be spanned by the

following set of integrals

Topcdefr = / d? 2 d?23KK, (2.21)
|z |<1



where

~ o c d e _
K = |2 |2” (1= |2) (1 — |2]") " |22 — 23 |1 — 205, (2.22)

D D
K= |Z2|2p1p2 |Z3|2p1p3 (1 . |22|2)p2 P2 (1 i |23|2)p3 P3

X |29 — 23|73 |1 — 2925|P2PP . (2.23)

The matrix D, differs for the directions tangent to the brane, denoted with indices

a, b, ¢, etc., and directions transverse to the brane, with indices 7, j, k, etc. Explicitly,
Doy =napy  Dai = Dig =0, Dy = —0y. (2.24)

When writing the result in terms of I, pc 45, We still do not see the manifest
exchange symmetry under 2 <+ 3. To observe this symmetry, i.e. to show amplitudes
with its image under 2 <+ 3 exchanged are the same, we need to go to a minimal set
of integrals. For this, we must understand two sets of relations - first the coefficients
of the integrals enjoy identities following from conservation of momentum and on-
follow from integration by parts.

We now derive the second type of conditions. If we write a polar decomposition
2 = r;¢", then we note that the integrand KK depends on 1y, 73, and the average
angle %(% + ¢3), but is independent of the relative angle ¢o — ¢3. Therefore we

expect three relations from integration by parts.

10



0 0
0%y Ozo

The integration by parts from [ KK =0 (i.e. from the 75 integration) is

0=2(pp2+a+1)Ilopecder—2(P2Dp2+¢)lotipe1ders
+ (p2ps +€) apedes + Latipedet,f — Lapticdet,f)

+ (p2Dps + ) Lapedef — Labede f—1 + Lat1pt1cdef—1) - (2.25)

Similarly from [ %%EIC = 0 (the r3 integration) we have

0=2(pips+b+1)Lopcaer—2P3Dps+d) Inpi1cdaies
+ (p2p3 + 6) (Ia,b,c,d,e,f + [a,bJrl,c,d,efl,f - IaJrl,b,c,d,efl,f)

+ (p2Dps + f) Lapeder — Lapedef—1 + Lat1p+1,cde,f—1) - (2.26)

Finally we have a relation from [ (0%38%2 + %%)KIC = 0 (which corresponds to the

non-trivial angular integration)?

0=(p2Dps+ f) Lopecdet,f (—Z322 + 5223)2

- =~ 2
+ (paps + €) Topede fii (—Z322 + Zo23)" + TopedefZet, (2.27)
where
Zo ;= — ZoZ37s + 27325 + 25,7528 — 3Zazs — Bazpzs — Bazpzy — FaZazazs + 2252523

22523 = 3.3 2.2 25 .21 923, .2 _ 22z . .2 _ 35 2.2
— 25252523 + 229252528 + 22525 — ZoZszs + 2252025 — 25232025 — ZoZ32523

— ZoZ32azs — 3Zazs + 2722325 + 223 Bazads — ZaZszads. (2.28)

Next we construct a minimal basis for the integrands using the following strategy:

2Here we already used relations (2.25) and (2.26) to eliminate pips and p;ps.

11



1. We observe that the amplitudes are real. If the integrand is not real, we know
that the imaginary part must vanish upon integration, so we can delete the
imaginary part without changing the integration. Our integrand can then be

written in terms of the integrals I, pcde. f-

2. Conservation of momentum in the presence of the brane (which comes from

evaluating the zero mode part of the boson sector of the correlator) implies

0 = p1 + Dp1 + p2 + Dpa + ps + Dps. (2.29)

We use this to eliminate (p;),. Whenever p; appears, it should be contracted
with only normal indices. For example we do allow p; Nps where we define
N = =2 for contraction of normal indices (N;; = &;;, all other entries zero),

but not pips.

3. We use the relations (2.25) and (2.26) for I, 4. to eliminate p,Dp, and

p3Dps, and if any factor of the following form

_ _ 2 — — 2
fIa,b,c,d,eJrl,f <_Z322 + ZZZ3> + e[a,b,c,d,e,erl (_2322 + ZZZB) + [a,b,c,d,e,fze,f7
(2.30)

appears, we use relation (2.27) to rewrite it in terms of pyDps, paps.

2.2  The Amplitudes

Obtaining the concrete expressions for the amplitudes is rather challenging, so we
used the aid of a computer, to evaluate the contractions and reducing the integrals
to a unique form using the procedure explained above.

For C?=3) and C®*%) we have verified that the result agrees with the computa-

tions of [16, 22]. For C»~Y C®+1) and C®*3) one can predict pieces of the amplitude

12



using linearized T-duality [3], or linearized T-duality combined with gauge invari-
ance [22, 23, 24]. For C®=Y and C®*V | those computations didn’t give the full am-
plitudes, so a direct comparison with our results is difficult. Terms get mixed around
as we perform our minimal basis procedure. For C**®) our result matches [24].

Finally, for all cases we have written the result in a way that makes the symmetry
under exchange of the two NS-NS fields manifest. This is a non-trivial check of the
results, since the computation treats the two operators on unequal footing (since
they are in different pictures and one operator is in integrated form, while the other
one is not).

Since the results are long and elaborate, we list them below without further
comments. Each result can be split into pieces according to the number of indices
of the R-R polarization C’,(]f) u, Which are contracted with the world-volume epsilon
tensor €4,...q,,,- The remaining indices are contracted with linear combinations of
the NS-NS polarizations €, and €3, and the three momenta p;, p2, and p3. Finally,
each term in this linear combination multiplies a scalar integral Iy, k = 0,--- ,24 (or
I}, which is obtained from [ by interchanging 2z, with z3 in the integrand) and these

combinations are defined in section 2.5.

13



2.2.1 C®) gmplitudes

4 5 6
AO<p+5>BB = 'A(c<)p+5>BB + A(c()p+5)BB + *A(c<)p+5>BB' (2'31>

2iP(P+1) /2 g
4 g
(C()p+5)BB - (p+1)! ghbrn @ Jklbl-~~bp+1 (4p2ip3j (P1N€2), (pa€s) Ly

+4p2yp3;(P1Nea),(p1Nes) ; Lio — 4p2ypa;(p1Ne2),(p2Des) ;15
—2(p1Nesp2) p2;psjearily — 2 (P1Nes Dpz) pa;psjeanls

—2 (plNPZ)p?)j(pZeS)iﬁle[Q —2 (PlNPS)PZi(P2€3)j€2kz[9

+2 (p2p3) p3;(p1Nes) 2 lo + 4 (p1Np2) p3;j(p1Nes) a0
—2 (pQng) p3j(p1N€3)¢€2kl[5 +2 (]?2]?3) p2i(p1N€3)j€2klI9
+2 (pQDp3)p2i<p1N63>j€2klI5 —2(p1Np2) D3; (p2De3) €211 15
—2 (ple3)p2i(p2D€3)j€2klI5 + (p1Np2) (p2ps) €25x€31i19

- (Ple2) (ple3) €2jk€3u110 + (plez) (P2Dp3) €2jk€3li]5)

(24 3), (2.32)

5) 9;p(p+1) \/§
cw+5) BB — P!

A

ijklm aby...b
CIEy €% (2240203 (D2€3) €20 1o

+2P2;P3,03;(P2€3) €201 lo — 4D2,D2:03;(P1IN€3) €200 110

+2p2p2;p3;(P2Des),,€aril5 + 2pa;P3,p3; (P2 De3), 20015
— (p2p3) P2aP2i€2jk€31m Lo + 2 (DIND3) D2uP2i€21€31m 10

— (p2Dp3) P24P2:€25k€31m 15 + (P2P3) P2aP3i€2;1€31m Lo

- (pQDp3)p2ap3i62jk€31mI5> + (2 + 3), (2.33)
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2;P(P 1), /9

6 ijklmn abby...by—
"4<C<>P+5>BB - Wcjkl br..bp 1€ bbby ' P2pD2P3aP3i€2k1€3mn 10 T (2 < 3).
(2.34)
2.2.2 CPH3) amplitudes
2 3 4 5
Acwropn = Aoy gy + A o + AL o+ AR (2.35)

e :Qip(pﬂ)\/ﬁeblmb
Cc(®»+3)Bh (p i 1)!

p+1 Cijbl...pr(

— 2 (p1Neaespa) pa;p3ila — 2 (p1Neseaps) pa,ps; [

+ 2 (p1NeaDespa) papsilin — 2 (p1Neaes Dpa) p2;psilin

+4 (p1NeaesNpy) pajpsilo — 2 (p1NegDeaps) pajps; 11,

— 2(p1NeseaDps) pajpsidyy + 2 (p1NeaDesDpy) p s Iy

—4 (P1N62D63Np1)P2jp3i[5 -2 (plNESDEQDp?))ijp?)i[l

— 2tr(Des) (p1Neaps) pa;ps; I — 2tr(Des) (1 Nea Dps) pajps,I;
+ 2 (p1Neaps) paj(paes); 1o — 2 (p1 Nea Dp3) pa;(pa€3); I

+ 2 (p1Ne€aps) ps;(p2es); > + 2 (p1 Nea Dps) 3 (p2€3) 11,

+ 2 (p1Nesp2) pa2j(psea) 2 + 2 (p1Nes Dpa) pa;(pse2); 111

+ 4 (p1NesDps) p2j(psez) Ig — 4 (01 NesNpy) paj(p3ea); Lo

— 2t1(De3) (p1Nps3) p2j(psea);ls + 2 (1N espa) ps;(pae2) L2
+ 2tr(Des) (ple2)p3j (P3€2)ifé —2(p1Np2) (p263>j(p362)i-[2
— 2(p1Nps) (p2€3) ;(psea); Ja — 2 (p1Ne3Dp2) ps;(pae2) ;111

— 2(p1Np2) (p2ps) (€2€3) ;12 + 2 (1 Nps) (p2ps) (e2€s) 1

+ 4 (p1Np2) (p1Nps3) (6263)3'2‘]9 —2(p1Np2) (p2Dp3) (6263)ji111

15



+ 2 (p1Np3) (p2Dp3) (€2€3) ;111 + 4 (p1Neapa) p3;(p1Ne2) 1o

+ 4 (p2ps) (11N€2),(p2€s) ;12 — 4 (p1Np3) (p1 N €2),(p2€3) ;1o

+ 2 (p2€sp2) p2i(p1Ne2) ;1o — 8 (p1Nesp2) pa;i(p1lNes) ;1o

+ 4 (p2Desps) p2;(p1lNea) 111 + 4 (p2€3 Dps) po;(p1 N e2) ; Ig

— 8(p1Ne3Dps) p2;i(piNea) 15 — 4 (p1Nes Dps) pay(piNe2) ;I

+ 8P NesNp1) pay(piNes) jTio + 2 (p2Des Dps) pa;(p1Nes) ; 1

— 4 (p2DesDps) p2;(p1Nex); Iz — 2tr(Des) (paps) pa;(p1Nea) I
+ 2tr(De3) (p1Np3) pa;(p1Nea) 1y + 2 tr(Des) (p2Dp3) pa; (01 Nea) ;17
+ 2 (p2€3p2) p3i(p1Ne2) ;1o + 4 (D1 Nes Dp) ps;(p1 N e2) ;15

— 2(p2De3Dps) ps;(p1Nea) ;11 + 2 tr(Des) (paps) ps;(p1Nea); I
+ 2tr(De3) (p2Dps) p3;(p1Ne2) ; Ir — 4 (p1 Neaps) pa;(p1Nes), lo
+ 4 (p1 NeaDps) D2; (p1Ne3) Is — 4 (p1Nps) (p1N€3>i(p362)jIQ

+ 4 (paps3) (p1N€2)j(p1N€3)i-79 — 4 (p2Dps) (plNEQ)j (p1Nes),Is
+ 2 (p1Neaps) pa;(p2Des) 11 — 2 (p1Ne2 Dps) pa;(p2Des), 1

+ 2 (p1Np2) (p2D€3)i(p362)j111 + 2 (p1Np3) (]92D63)i(]?362)jf{1

— 4 (p1Np3) (piNea) ;(paDes) s + 4 (p2Dps) (p1Ne2);(p2Des), Iy
— 2(p1Neaps) p3i(p2De3) ;111 — 2 (p1NeaDps) ps;(p2Des) ;1o

— 2 (p1Np3) pa;(p2€sez); Ia + 2 (p1Np2) ps;(p2esez); I

— 2 (p1Nesp2) p2j(psDea); 11y — 2 (p1Ne3Dpz) pa;(psDe); Iy

+ 4 (p1Ne3Dp3) p2(p3Dé2) 17 + 4 (Pt NesNp1) pa;(psDez) I

— 2tr(De3) (p1 Np3) pzj(pgDGQ)ifé + 2 (p1 Nesps) ij(p3D€2)i[{1
+ 2tr(Des) (p1Np2) p3j(psDez) 17 + 2 (p1Np2) (]9263)j (psDes), 111

—2(p1Nps) (p263)j(p3D62)i[11 — 4 (p1Np2) <p1N€3>j<p3D€2)i[5
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+ 2 (p1Np2) (p2De3) j(psDe2) ;11 — 2 (p1Np3) (p2Des) ;(psDea), Iy
— 2(p1NesDps) p3i(psDea) ;11 + 4 (p1Neaps) p2j(psDe3), g

+ 4 (p1Ne2Dp3) p2j(psDes); 17 + 4 (p1Np2) (psDes); (pse2); I

— 4 (p2ps) (PN e2);(psDes) I — 4 (p2Dps) (p1Ne2) (s De3), 17
+4(p1Np2) (psDe2);(psDes) 17 — 2 (p1Nps) paj(pseaes) L2

+ 2 (p1Np2)p3j(p36263)i]2 -2 (p1Np2) (p2p3) (€2D€3)ij[11

— 2 (p1Nps) (p2ps) (e2Des) ;111 + 4 (p1Np2) (p1Nps) (e2Des) ;15
— 2(p1Np2) (p2Dps) (e2Des) ;11 — 2 (p1Nps) (p2Dps) (€2De3),,11
— 2 (paps) Pzi(p1N62€3)jfz + 4 (p1Nps) p?i(p1N€263>j[9

— 2 (paDps) p2;(p1Neaes) ;11 + 2 (p2ps) ps; (p1Nezes) ;I

+2 (pQDp3)p3¢(p1N€2€3)j[{1 +2 (p2p3>P2j(p1N6362)i]2

+ 2 (p2Dp3) pa;(p1Nesez) 11 + 2 (p2p3)P3¢(P1N€3€2)j]2

+ 4 (p1Np2) p3;i(p1Nesea)  Ig + 2 (paDps) p3;(p1 Nesea) ;I

— 2(p1Np3) p2;(p2Desez); 111 + 2 (p1Npa2) ps;(paDeses) I

+ 2 (P1Np3) p2;j(p2€3Dea); [11 — 2 (p1Np2) ps3;(p2esDez); 11

— 2 (p1Np3) p2;j(psDeaes) 11, + 2 (p1Np2) ps;(psDeaes) 11

— 2 (p1Np3) p2j(pseaDes) 11, + 2 (p1Np2) ps;(pseaDes), 11,

+ 2 (p2ps) p2s(P1Ne2 Des) ; 1y — 4 (p1Nps) pa;(prN €2 Des) 15
+2(p2Dps) p2i(p1N€e2Des) ;11 + 2 (paps) psi(piNe2Des) 11,

+ 2 (p2Dps) p3;(p1Ne2Des) It — 2 (paps) pa;(p1NesDea); I

— 2 (p2Dp3) p2j (1 NesDeg); It + 2 (paps) ps;(p1 NesDea) 11,

—4 (P1Np2)p3i(p1N€3D€2)j[5 + 2 (p2Dp3) p3i<p1N63D62)j[1
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+ 2 (p1Np3) p2j(p2DesDer); Iy — 2 (p1Np2) psj(paDesDea), 1
—2(p1Np3) p2(p3sDea Des), Iy + 2 (p1 Npz) ps;(psDea Des), I
+ 2 (p1Nesp2) (p2ps) €2i512 + 4 (p1Nezp2) (p1Np2) €24519

+ (P1Np2) (p2€3p2) €2j;l2 + (p1Nps3) (p2€3p2) €2jil2

+ 2 (p1Np2) (p2Desp) €25:111 + 2 (p1Np2) (p2€3Dps) €21
—4(p1Ne3sDps) (p1Np2) €255 + 2 (p1NesDps) (p2Dps) €251
— 2(p1Ne3Dps) (p2ps) €25ils — 2 (p1Nes Dps) (pi1Np2) €21}

— 2 (p1NesDps) (p2Dps) €217 + 2 (p1 NesNpy) (pops) €219
+4 (p1NesNp1) (p1Np2) e2il10 — 2 (p1NesNp1) (p2Dps) €2:15
+ (p1Np2) (p2Des Dp2) €gjil1 — (p1Nps3) (p2De3 Dpy) €211

-2 (plez) (p2D€3DP3) €2jz’[§ - tl"(D€3) (ple2) (pzps) 62]‘1'[(/3
+ tr(Des) (p1Nps3) (paps) €2l + tr(Des) (p1Np2) (p1Nps) €251

+ tr(Des) (p1Np2) (p2Dps) €215 + tr(Des) (1 Nps) (p2Dps) €2:17),

4® B 2iP(P+1), /2
Cc(+3)Bh p!

Gk, et
202,03 (P2€3),,(P3€2); 12 + 23,03, (P2€3), (P3€2), I2

— 2pa,p2;(P2€3), (Pac2) ;12 — 2p2;p3,(pa€s), (P3€2) ;12

+ 2tr(De3)pa,p2,p3i(P3€a) s + 2 tr(Des)pa;ps,p3i(p3ea), L
+ 2 (p2ps) p2ap2i(€2€3)jk]2 — 4 (p1Np3) p2ap2i(€2€3)jk19

+ 2 (p2Dps) paapa;(€2€3) 111 — 2 (P2p3) P2aP3i(€2€3) ;1,12

— 2(p2Dp3) p2apsi(€2€3) 111 — 2 (P2ps) P3apsi(€aes) .12

— 4 (p1NDP2) paapsi(€aes) Lo — 2 (paDps) paopsi(€eaes) .11

18
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+ 2 (p2p3) P2;P3a(€2€3) ;12 + 2 (P2 Dps3) p2;psa(€aes) i1

+ 4p3ops;(p1N€2);(p2€s) Lo — 4p2;ps (p1 N €2) ;(p2€3), Lo

+ 2tr(De3)p2;pa,ps; (D1 N €2), 1y + 4p2;p3;i(p1Nea), (paea) Lo
— 4pa;p3;(p1Nes), (p3e2), Lo — 8p2,ps;(p1Nea), (p1Nes), Lio
+ 4pa,p2;(P1N€3);(p3ea), Lo + 4p2;ps, (P1N€3); (p3ea), Lo

+ 8p2;p3.(P1N€2) (P1N€s); Lo + 4pa;p3;(P1N€2), (p2Des) , I
- 2P2apzj(p2D€3)i(p362)k[11 - 2P2jp3a(p2D€3)i(p3€2)k[11

- 4P2jp3a(p1N€2)k(P2D€3)1-I5 - 4P3ap3i(P1N€2)k(P2D€3)j[5
— 2p2,p3;(P2De3),, (P3€2) ;111 — 2p3,p3;(P2De3), (p3e2) ;11

+ 2p2,p2;P3i(P2€3€2) L2 + 223,03 (P2€3€2) , I

+ 2p2,03;(2€3), (PsDea), I11 + 2ps,ps;(pacs),, (p3Der) I,

- 4p2ip3a(p1N63)k(pgDeg)jI5 - 2p2ap3i(P2D€3)k(p3D€2)j]1
— 2P3ap3i(p2D€3)k(p3D€2)jf1 +2 tr(Deg)Pza]bjp:ai(psDﬁz)kfé
+ 2tr(Des)pa;psaps;(psDea) Iy + 2pa,p2;(p2€s); (psDer), 1
+ 2p2;p3,(p2€s); (p3De2) 111 + 4pa;ps;(p1Nes),, (psDez), 15
— 4paap2j(p1Nes);(psDez) 15 + 2pagpa;(p2Des), (p3sDea), 1y
+ 2p2;p3,(P2De3);(p3De) 11 — Apaapa;(P3Des) (paca), L

— 4pa;p3q(p3Des),; (paea), L5 — 4p2;p3,(p1Ne€a), (p3 Des) 1

— Apaopa;(psDe2), (p3Des) 17 — Ap2;ps o (psDer) (psDes), 17
+ 2p2,p2;p3i(P3€a€s) 2 + 2pa;3,03;(P3€2€3), I

+ (p2p3) P2jp3a(€2D€3) . 11 + 2 (p2Dp3) pa;pa, (€2 Des) Ly

— 2 (pap3) p2ap2i(€2De3) ;. L1 + 4 (p1Np3) pagp2;(€2De3) ;.15
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— 2 (p2Dps) p2ap2i(€2D€3)jkf1 + 2 (p2ps) p2ap3i(62D63)ij{1
+ 2 (p2Dp3) p2ypsi(€aDes)y ;11 + 2 (paps) paapsi(€2Des), 11,
— 4 (P1NDp2) p3apsi(€2Des)y ;15 + 2 (p2Dps) psapsi(e2Des) ;1
+ 4pa2p3apsi(p1Neaes), Lo — Apa,p2;ps;(p1 Nesea), o

+ 2p2,p2;p3i(p2Desea) Iin + 2pa;p3,p3;(p2Desea) i

— 2pa,p2;P3i(P2€3Déa) T11 — 2pa;p3,p3;(PacsDea) i I1a

+ 2p2,D2,03:(P3Deses) 11y + 2pa;p3,psi(psDeses), I

+ 2p2,D2,03:(P3€2Des) 11y + 2pa;p3,psi(pse2Des), I

— 4pyp3apsi(p1Nex Des) Is + 4pa,pa o3 (p1 NesDey), I

- 2p2ap2jp3i<p2D€3D€2)k]1 - 2p2jp3ap3i(p2D63D€2>k[1

+ 2p2ap2jp3i<p3D62D€3)k[1 + 2p2jp3ap3i(p3D€2D€3)k[1
+2 (P2p3) pza(p2€3)k€2¢jf2 —2 (ple:&)pza(PzE?,)kE%j[g

+ 2 (pap3) P3a(D2€3) €245 12 + 2 (D1 ND2) P34 (D2€3) €215 10

+ 2 (p2p3) P24 (P3Des) €245 15 + 2 (p2Dps) pag (psDes) €2:5 17
- (P2€3p2) p2ap2i€2jk]2 +4 (p1N€3p2) p2ap2i€2jk]9

— 2 (p2Desps) paop2i€2kdin — 2 (p2€3Dps) pagpai€ajnls

+ 4 (p1NesDps) paapri€ajils + 2 (p1NesDps) paop2i€ajinly
— 4 (P NesNp1) pagp2i€2jilio — (P2DesDps) pagp2i€ajnli

+ 2 (p2De3 Dp3) pagp2i€ajnly + tr(Des) (paps) p2gp2icajnls
— tr(Des) (p1Nps3) p2ap2i€2ily — tr(Des) (p2Dps) pagp2icajily
— (p2€3p2) P2;034€21 L2 + 2 (D1N€3p2) P23 €210

— 2 (p2Despy) P2iP3a€256 111 — 2 (p2€3Dp3) p2ip3a62jkjfli

+ 2 (p1NesDp2) pa;ps.€26ls — (P2DesDps) pa;psgcajnli
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+ 2 (p2De3Dps) pa;p3ae2jidy + tr(Des) (paps) pripsacajils

— tr(Des) (p2Dps) pa;P3a2;uls — (P2€3D2) P24P3i€2;1 12

+ (P1N€e3p2) Paapsi€anlo — 2 (P1Ne3sDps) pagpsi€anls

+ (p2De3sDp2) pagpsi€zjrli — tr(Des) (paps) paapsi€zjnls

— tr(Des) (p2Dps) P2aPsi€2;6lr — (D2€3D2) D3aP3i€2;1 12

+ (p2De3Dps) p3 p3icajnli — 2 (p2ps) 2o (P1Ne€3) €255 1o

+ 2 (p2Dps3) p2q(P1N€s) €25 L5 — 2 (p2p3) 3o (P1N€s) €255 1o

— 4 (p1Np2) p3,(P1Nes) 26110 + 2 (D2 Dp3) p3,(P1N€3), €255 15
+2 (plNPS) p2a<p2D€3)i€2jk[5 -2 (psz3)P2a(P2D€3)¢€2jk[1
+ 2 (p1Np2) p3,(p2Des) 2115 — 2 (p2Dp3) ps, (p2Des) €251 11
+ 2 (pap3) p3a(p3Des) €241 + 2 (D1 Np2) p3o(psDes) €211

+ 2 (p2Dps) 3, (p3Des) €217 + 2 (p1Nps) p2;(p2€s) 2ri o
—2 (p1Np2)P3j(p2€3)a€2m]9 -2 (p2p3)p2j(p1N€3)a€2kz’19

— 2(p2Dp3) pa;(P1N€3) arils + 2 (p2p3) ps;(P1N€3) ,arilo

+ 4 (p1Npo) p3j(p1N€3)a€2kiIIO -2 (p2Dp3)P3j(p1N€3)a€2ki]5
+ 2 (p1Nps) p2j(p2Des) 2515 — 2 (p1Np2) p3;(p2Des) €2i 5
+ tr(Des) (p2ps) psapsiari LG + tr(Des) (p1Np2) psapsieanily
+ tr(Des) (p2Dps) p3op3i€2ri Ly + 4 (01N ps) p2;(ps€2) p€30ilo
+ 2 (p1Np2) (P2p3) €21€30ido — 2 (P1NP3) (P2p3) €21€34i Lo

— 4 (p1Np2) (p1Nps) €2x€34id10 + 2 (D1 NP2) (p2Dp3) €2x€34i 15
+ 2 (p1Nps) (p2Dps3) €21€30i 15 + 4 (D1 NP2) p3;(D3€2) €345 10

+4 (p2p3) p2i<p1N€2)k63aj[9 -8 (P1NP3) P2¢(P1N€2)k€3ajf1o
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+ 4 (p2Dps3) pa;(p1 N €2) €30515 — 4 (p2p3) p3i(P1N€2) €345 19
+ 4 (p2Dp3) p3;(p1Ne€a) y€3q515 — 4 (p1N €2p3) P2;P3i€345 Lo
+ 4 (p1Ne2Dps) p2;p3i€3ards + 4 (p1Np3) p2;(psDer) €301 L5

— 4 (p1Np2) p3j(psDea);€3arl5),

@ B 2iP(P+1) /9
Cc®+3)Bh (p _ 1)!

A C«z]kzlblmb 6a,bb1...bp71 (

—4payp2;P3aP3i(€2€s) Lo

1
+4poyD2,;P3403;(€2D€3) 15 — 2p2yD2,13,(P2€3), €251 10
+2D2,03,03:(P2€3) €2, 610 + D2y D203, (D1 N €3), €21 110
—2p2yp2;P34(P2De€3) €250 L5 + 2payps,ps; (P2 Des) €21 15
—2p2yp2;D3q (P3Des) €251y — tr (Des) payp2Psapsi€anily
—2payP2,;P3i(P2€3) o C2rilo — 2P2;03,03:(P2€3) s €211 Lo
+4payp2;p3:(P1N€3) €2 l10 — 2p2yP2;p3i(P2Des) 2l
—2pa,p3pp3i(P2De3) €aruls — Apayp2;ps;(P3€a) €3ai Lo
_4p2@'p3bp3j (P3€2)l€3akf9 - 4p2bP2jp3i(P3D€2)z€3akI5
_4p2jp3bp31'(p3D€2)163ak15 — 2(p2ps) P2uP2i€2K€3a1 10
+4 (p1Np3) P2yp2i€2;1€30 110 — 2 (P2Dp3) p2yP2i€2k€3als
42 (p2p3) P2pp3i€2jk€salo — 2 (D2Dps) Dayp3i€2;k€3als
—2 (pap3) p2;P3aC2ri€30ilo — 2 (P2 Dp3) P2;P34C2ki€30i 5
+2 (pap3) p3ap3j€2kz€3bifg +4 (p1Npo2) psap3j€2kz€3bi110

—2 (p2Dps) p3ap3j€2kl€3bi]5 - 8P2jp3ap3i(]91N€2)l€3bk]10) )

e &iP(P+1) /2

— abcby...bp_2
C(»+3)Bh (p - 2)!

ijklm
CYo ™y bps€ P2cP2;P3aP3:€2k1€36m L10-
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2.2.8 CPY gmplitudes

_ 400 1 (2) 3 4
AC(P+1)BB — AC(p+1)BB + A(C'()p""l)BB + AC(p+1)BB + A(C'()p""l)BB + A(C,()p+1)BB. (240)
2;P(P 1), /2
0
A(C’()p+1)BB = <p + 1)| 051...bp+1€b1mbp+l (2 (p1N€2p3) (p1N63p2> [2

—2 (p1Nespa) (p2Deaps) Iro — 2 (p1N€aps) (p2Despa) L1y

—16 (p1Ne2Dp3) (p1Nespa) o + 2 (p1NeaDps) (p2Despz) L
—2 (p1Ne2Dp3) (paesDps) 2o + 4 (p1Neaespa) Iz

—2 (p1Neaespa) (p2ps) I + 2 (p1Ne2Dps) (p1NesDps) Iy
—2(p1Ne3Dpa) (p2DeaDp3) In1 + 2 (p1Nps) (p2Dezespa) Ino
—2 (p1Neaps) (p2DesDps) Iy — 2 (p1Np3) (p2Deseaps) Ty
—2 (p1Np2) (p2esDeaps) 1 + 2 (1N ey Despa) (paps3) L1a

+2 (p1Ne2e3 Dps) (p2Dps) L1 — 2 (p1Ne2e3 Dps) (p2ps) 1o
+2 (p1Ne2e3Dps) (p2Dps) I22 + 2 (p1N 263N p1) (p2ps) I

—8 (p1NexesNpy) (p2Dps) Io — 4 (p1NesDeaps) (p1Np2) 11y
—4(piNese2Dps) (p1Np2) 11y — 2 (p1Np2) (p2DesDeaps) I
=2 (p1Np2) (p2Desea Dp3) Is — 2 (p1Np2) (p3sDeaez Dps) I
—2(p1Np2) (psDes Deaps) Iog + 4 (p1Nea De3 Dps) 1oy
—2(p1NeaDe3Dpy) (p2Dps) Iz + 2 (p1 Nea De3 Dps) (paps) Loz
—2(p1Ne2De3 Dps) (p2Dps) I3y — 8 (piNe2DesNpi) (paps) Lo

+2 (p1NeaDesNpy) (p2Dps) It + 2 (p1 Nps) (p2DeaDes Dps) 1o
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+2tr(—eze3) (P1Np2) log — tr(—ezes) (p1Np2) (p2p3) L1s

+ tr(—exes) (p1Np2) (P1NDs) T2 — tr(—€2e3) (pLNp2) (p2Dps) L1
—2tr(DexDe3) (p1Np2) 4 + tr(DesDes) (p1Np2) (p2ps) 115
—tr(DeyDe3) (p1Np2) (1 Nps) I

+tI‘(D€2D€3) (plez) (pQng) [17) + (2 <> 3), (241)

1) 2iP(P+1) /9
Ac(p+1)BB :T

Cﬂ‘bl...bpﬁabl"'bp (=2 (paesDeaps) prap2:1ia

—2 (p2e3€a Dps) paop2;T1a + 2 (p3Deseaps) paap2ila

—4 (p1NesDeaps) pap2; 11y — 4 (1N esea Dps) pagpailiy

—2 (paDezDeaps) pa,p2:l1s — 2 (p2Desea Dps) pagpa;Lis

—2 (p3Deze3 Dps3) pa,p2ilas — 2 (p3DesDeaps) paypa; Lo

+2 (psDesDes Dps3) paop2ily; + 2 tr(—€xes)pagpailas
—tr(—e263) (p2p3) P2aP2; 116 + 2tr(—€2€3) (p1NP3) pagp2; o
— tr(—e€a€3) (p2Dp3) paapa;l1a — 2tr(Dey Des)pa,p2;Las

+ tr(Dea Des) (p2ps) p2ap2ifis — 2 tr(Dea Des) (p1Nps) p2ap2i i
+tr(Dea Des) (paDps) p2op2:17 + 2 (p1Neaespa) pa;ps, Lo
—2 (p1Neseaps) pa;p3al2 — 2 (paesDeaps) pa;p3,dia

—2 (pa€szeaDp3) pa;p3at1a + 2 (p3Deseaps) pa;p3alog

+4 (p1 Neaes Dps) p2;ps L5 — 4 (p1NeaesNpr) pa;psa Lo

—2 (p1NesDeaps) pa;psa L1y — 2 (prNesea Dps) paipsatiy

—2 (paDesDeaps) po;p3ql1s

24



—2 (paDesea Dps3) pa;ps,d1s — 2 (p3sDeaes Dps) pa;p3, o

—2 (p3DesDeaps) pa;psqlaz — 2 (p1Nea Des Dpa) pa;ps, [y

+4 (p1Ne2De3Dps) p2ip3al7 + 4 (p1Ne2DesNp1) pa;ps, s
—2(p1NesDea Dp3) pa;p3oli + 2 (psDea Des Dps) paps oIy
+2 tr(—€2€3)p2;p3, oz — tr(—e2e3) (P2p3) P2ip3ql16
—tr(—e2€3) (p2Dp3) p2;p3gl1a — 2tr(Dea Des)pa;ps, I24
+tr(Deg Des) (paps) p2;p3q 115 + tr(Dea Des) (paDps) p2;p3a iz
—2 (p1NegDegps) p2ap3i111 + 2 (p1Nesea Dps) p2ap3z'[11

+2 (p1 Neaps) pa;(p2€3) L2 + 2 (P1N €2ps) p3;(paes), I

+2 (p1N€2Dp3) p3i(]92€3)a]{1 -2 (p1N€2p3) P2a(p2€3)i[2

+2 (p2Deaps) pa, (p2€s) L20 + 2 (psDeaps) pag(p2€3), 114

—2 (p1 Neaps) pag(p2es); Lo + 2 (p2Deaps) psq(p2€3), 120

+2 (psDeaps) p3o(p2€3) 114 — 2 (p1 Nes Dpy) ps;(p3e2) 11

+2 (p1Np2) (p2€3);(p3e2) L2 + 2 (p1 Nps) (p2€3),(p3€2) 12

—2 (p1NesDpo) pag(ps€2); 115 + 2 (p2Des Dps) pa, (ps€); o
—2(p1NesDps) psg(pse2); 111 + 2 (p2DesDps) psg (pse2); oo
+2(p1Np2) (P2ps) (€2€3) 412 — 2 (P1Nps) (p2ps) (€2€5) 4 L2

—4 (p1Np2) (PLNDs) (€2€3) 1o — 2 (pLNp3) (p2Dps) (€2€5) 11,
+2 (p1Np3) (p2Dps) (e2€3),, 111 + 4 (1 Nesps) ps;(p1Nez), Iy
+4 (p1NesDp2) p3;(p1Nez)  Is + 4 (p1Nps) (piNe2), (p2€s), Lo
—4 (p1Nespz) p3o(P1Ne€2) Lo — 4 (paes Dps) ps,(p1Ne2) 1

+4 (p1NesDps) ps,(p1Nes), Is — 4 (paDes Dps) ps, (p1Ne2), I
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—4 (pops) (p1Ne2);(p2€s) L2 + 4 (p1 Nps) (p1Nea),; (pa2€3) Lo

+4 (p2ps) (p1Ne2);(p1Nes) Iy — 4 (p2Dps) (p1Ne2),(p1Nes) 15
+4 (psDeaps) p2o(p1Ne€s) 11y + 4 (p1Nesps) p3;(p2De2) , o

+4 (PN €3 Dps) psi(p2Des) 17 + 4 (p1Nps) (p2De2) . (p2€3) Lo
(p2ps) (p1Ne3);(p2Dez) Is — 4 (p2Dps) (p1Nes),(p2De2) Iz
—2(piNe2Dps) p2;(p2Des) 11 + 2 (p1Neaps) ps;(p2Des) 11,
+2(p1Ne2Dps) ps;(p2Des) 11 + 2 (p1Nps) (p2Des) , (pse2); 11y
—4 (ple:s) (PlNﬁz)i(PzDﬁs)als +4 (pszs) (plNEQ)i(pZDGZS)a[l
+2 (p3D62P3)p2a<p2D€3)i[15 —2 (plNEZDPS)p2a(p2D63)i11

42 (p2Dea Dp3) pa, (p2Des); 21 + 2 (p3Deaps) ps, (p2Des), 115
—2 (p1NeaDp3) ps,(p2Des); 11 + 2 (paDea Dp3) ps,(p2Des) 11
—2(p1Nps) (p2D€3)i(p3€2)aI{1 +4 (p1Nps3) (1 Ne2),(p2Des), 15
+4 (p1 Np3) (p2Des), (p2Des) I + 2 (p1 Nps) pa,; (p2esea) Lo

—2 (p1Np2) p3;(p2€3€2), L2 + 4p2, (p2€se2) 23

—2 (paps3) D2 (P2€3€2) 116 + 2 (P1ND3) D2, (P2€3€2); 12

+4ps, (pa€sea); Los — 2 (Pap3) P3a(D2€3€2); 116

—2(p1Np2) p3a(pa€sea); Io + 2 (p1Nespa) ps;(psDe2) 11

+2 (p1Nps) (p2€3),(p3De2) 111 + 2 (p1Np2) (p2Des) (psDe2) . 11
—2 (p1Nps) (p2Des);(psDe2) 11 — 2 (p1Nespse) pag(p3Des) 11,
+2 (p2€3Dp3) p2o (3 Dea); 122 — 2 (p1N€3p2) pso(psDe2) 11,

+2 (paes Dp3) p3,(psDea)  Ioa + 2 (D1 Nps) (p2e€3), (psDes) 11,
+2 (p1Np3) (paps) (€2Des) 11y — 4 (p1Np2) (01 Nps3) (e2Des) ;15

+2 (plez) (psza) (€2D€3)ai1—1 +2 (ple:s) (P2Dp3) (€2D€3)m-[1
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+2 (p1Np3) (p2ps) (€2De3);, 111 + 2 (p2p3) p2;(p1 N e€2es) 12
—4 (p1Nps3) p2;(p1Neaes) o — 2 (paps) p3i(p1Neaes) , I
—2(p2Dp3) p3i(p1Neaes) 11y + 2 (p2ps) pag(p1 N eaes) I

—4 (p1Np3) pa,(P1N€2€3) lg + 2 (p2p3) p3q(p1Neaes), I

+2 (p2Dps) psi(p1Nese2) 11y + 2 (p2Dps) pag (p1Nezea), 11
+2 (p2Dp3) p3,(p1Nese2) 11y — 2 (p2ps) pag (P2 Dezes) o

—4 (p1Np3) p2g(p2Deses) I — 2 (paps) P (p2Deses) I

+2 (p2Dps) p2q(p2Deses) L15 + 2 (p2Dps) ps,(p2Deses),; 115
+2 (p2p3)P2a(P2€3D62)i[14 +2 (p2p3)P3a(P2€3D62)i[14

—2 (p1Nps3) pa;(psDeses) 11y + 2 (01 Np2) p3;(psDeaes) I,
—2 (ple3)P2a(P3D€2€3)i[{1 —2 (plez)p3a(P3D€2€3)i[{1
+2 (p2Dps) p2q(p3Desea) Loa + 2 (p2Dps) psg(p3Deses), Ioa
—2 (p1Nps) pa;(pse2Des) 11y + 2 (01 Np2) p3;(pseaDes) I},
+2 (p1Np3) p2q(Pse2Des); 11y — 2 (p1Np2) ps,(pseaDes) 11
+4 (p1Np3) p2;(p1NeaDes)  Is — 2 (p2Dps) p2;(p1Nea Des) .1y
—2 (pops) psi(p1NeaDes) 111 — 2 (p2Dps) ps;(piNeaDes)  Ix
—4(p1Nps) p2o(P1Ne2Des) 15 + 2 (p2Dps) pao (p1N €2 Des), 1y
+2 (p2Dps) pso(p1NeaDes) Iy — 2 (paps) psi(p1 NesDes) 11
+2 (p2ps) p2a(P1N€esDea) 115 + 2 (p2ps) psa(P1Nes Dea) 114
—4(p1Nps) p2a(p2DexDes); I — 2 (p2Dp3) p2o (P2 De2 Des) I
—2 (p2Dps) p3,(p2DesDes) Io1 + 2 (p1Nps3) pa;(p2DesDes) Iy
—2 (plNPQ)pSi(pZD@)DQ)a[l + 4p2a<p2D€3D€2)¢IZ4

+2 (p1Np3) p2, (P2 DesDeg) Iy — 2 (p2Dp3) pa,(p2DesDes) I
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+4ps, (p2DesDey); 124 + 2 (p1 Nps) ps,(p2DesDes) 1y
=2 (p2Dp3) p3,(p2DesDey); 117 + 2 (pap3) paq(p3DesDey); I

+2 (p2p3) p3a(psDes Dea), I2o) (2.42)

) 2Pt /2 .
A(c‘()m—l)BB :Wcjbl...bp,ﬁ P11 (tr(—€2€3)p2bp2jp3ap3i12

—tr(DeaDe3)paypa;p3apaili + 2paypa;(paes); (p3e2), I
+2p2, D3 (P2€3); (P3€2) 2 + 2p2yp3 5 (p2e€3); (P3€2) 12
+2p3ypa;(P2€3); (Pa€2) L2 — 2 (P2p3) P2pP2i(€2€3) ;12

+4 (P1ND3) P2up2(€2€3) ;Lo + 2 (P2p3) P2yp3i(€2€3) 12

+2 (p2Dps) paypsi(€2€3) ;111 — 2 (P203) P2;P3a(€26€3), 12
—2 (p2ps) P3apsi(€2€3) ;1> — 4 (PLNP2) p3apsi(€xes), ;Lo

—2 (p2Dp3) p3ops;(€a€s)y; I11 + 4 (paDps) payps,(€2€3) ;1o
—2(p2Dps) papsi(ea€s) 111 + 2 (p2Dp3) P3apsi(€2€3) 114
—4p2bp3i(P1N€2)a(p2€3)jf9 - 4p3bp3i(p1N62)a(p263)j[9
+4p3yp3; (11N €2);(p2€3) o + 4p2;p3a (1N €2) ;(p2€3), Lo
—8p2¢p3a(p1NEQ)j(p1N€3)b[10 - 4p2bp3i<p2D€2)a(p2€3)j[6
—4p3yp3i(p2De2), (p2€3) ;I — Ap2ppsi(p1Nes) ;(p2Dez) L
—2payp3;(P2Des) , (pse2) ;111 — 2psyps;(p2Des) , (pse2) 11
+4psyps;(P1N€2) ;(p2De3) L5 + 4p2;ps, (p1Ne€a) (P2 De3), 15
+2payp3; (P2Des) ; (psea) 111 + 2psypss(p2Des) j (p3€2) 11
+8p2bp3a(p2D€3)j(p362>z‘10 — 4p2bp3i(p1N62>a(p2D€3)j]5

—4p3bp3i(p1N€2)a(p2D€3)jf5 — 4payps;(p2De2), (p2Des) ; I7
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—4psyps;(p2Dé2), (p2De3) It — 2paypa;ps;(p2€sea) L2

—2p2;P3yD3; (P2€3€2) L2 + 2D2yP2;P3, (D2€3€2) ;12

+2payp3aP3i(P2€3€2) ;12 — 2payps(p2€s) ; (3 Dé2) 11y

—2p3yp3;(2€3) ;(paDez) 11y + 2p2yp2; (P2 Des),; (paDez) . 11

+2p2;psy(P2Des) (p3De2) It + 2payps;(paDes) (psDe2) 11
+2p3yps; (P2 Des) ;(p3Dea) 11 + 2payps;(pacs), (p3Der) 11y
+2p3yp3;(P2€3) (D3 Dea); 11y + 4 (p1NDP3) paypa;(€2Des) . Is

—2(p2Dps) p2bp2i(62D63)aj[1 — 2 (p2ps) p2bp3i(62D63)ajIZ/Ll

—2 (p2Dp3) p?bp3i(€2DE3)aj[1 — 2(p2Dps) p2;psa(e2De3),,11

+2 (p2p3)p3ap3i<€2D€3)bj[il — 4 (p1Np2) p3ap3z'(€2D€3)bj[5

+2 (p2Dps) paapsi(e2Des)y; It — 2 (paps) paypsi(e2Des) ;11

+2 (p2p3)P3ap3i(€2D€3)jbI{1 — 4 (p2ps) p2bp3a(62D63)jiIO
—4p2jp3ap3i(p1N€2€3)b19 — 4p2yp3,p3i (1 N€2€3)j-79

_4p2bp3ap3i(p2D€2€3)j]6 + 2p2bp2jp3i(p3D€263)a]{1 + 2p2jp3bp3i(p3D€2€3)a]{1
+2payp2:P3q(P3De2es) ;111 — 2p2yp3ap3i(psDeaes) 111 + 2payp2;psi(psea Des), 11
+2pa;payps; (P32 Des) 111 + 2paypa;aq(pacaDes) 11y + 2paypsapa;(pseaDes) Iy
+4p2;ps3aps;(P1Nea Des ), Is — 4paypspai(p1Ne2 Des) I
—Ap2ypsaPsi(P2DerDes) 1 Ir — 2poyp2 ps; (P2 DesDes) Iy
—2p2;p3ppsi(P2Des Dea) It — 2paypa;paq (p2DesDer) 11
+2paypsapsi(p2DesDea) .11 + 2 (p1Nespa) p2;psi€aanl

+2 (p1Ne3Dpz) p2;psi€aanls — 2 (D1 Np2) p3j(p2€3);€205 10

—2(p1Nps) p2i<p263)j€2ab[9 + 2 (p2p3) p3j<plN63)i€2ab[9
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+4 (p1Np2) p3j(p1Nes) caapl10 — 2 (P2 Dps) p3j(p1N€s) €205
+2 (p2ps) p2s(P1Ne€s) j€2ap Lo + 2 (p2Dp3) p2; (1N €3) €201 15
—2 (p1Np2) p3j(p2Des);€2apl5 — 2 (P1Np3) pa;(p2Des) je2a0 15
+2 (p2e3Dp3) payp34€2ii 16 + 2 (paDes Dps) paypsqcaii Iy

—2 (p1Nesp2) p2op3p€2:ilo + 2 (D1 NesDpa) pagpspeoijls

+2 (paps) P2y (D2€3) 2512 — 2 (P1NP3) P2y (P2€3) €245 1o

+2 (p2p3) P3y(P2€3) ,€2i512 + 2 (1N D2) P3y (p2€3) €241

—2 (p2p3) p2p(P1N€3) y€2i519 + 2 (P2 Dp3) P2y (p1N€3) 624515
+2 (ple3)p2b(p2DE3)a€2ij[5 —2 (p2Dp3)p2b(p2D€3)a€2ij[1
+2 (p1Np2) p3p(p2Des) €2i515 — 2 (p2Dps) p3y(p2Des) €245 11
+2 (p2ps) P2y (PsDes) €2::15 + 2 (P2Dp3) pay(p3Des) €241
—2 (P2p3) psa(p1N€3)b€2j¢]9 —4 (ple2> P3a(p1N€3)b€2j¢]10
+2 (p2Dp3) D3 (1 N€s)y€25:d5 + 2 (pap3) P3q(p3Des) y€a,i L
+2 (P1Np2)P3a(P3D€3)b€2ji]:1 +2 (p2Dp3) p3a(p3D€3)b€2jiI§
+ (p1Np2) (]92]73) 62ji€3ab]9 - (p1Np3) (p2p3) €2jz'€3ab[9

=2 (p1Np2) (01 Np3) €25i€3a110 + (P1NP2) (D2 Dp3) €2i€3a015

+ (p1Nps3) (p2Dps) €2ji€3al5 + 2 (P3Deaps) poypsgesijliy) + (2 ¢ 3),  (2.43)

2Pt /2
3 1. aocoq ... —
A(C’()P+1)BB - (p—2)! C]kb1~~bp—25 bbb (4p2cp2jp3ap3¢(€263)bk]9

+4pa.pa;p3aPsi(€2D€3) 15 + 2p2.21p3;(P2€3) j€2an Lo
+2p2kp30p3i(p263>j€2ab]9 - 4p20p2k;p3i(p1N63)j62ab-[10

+2p2.P21,P3i(P2De3) €2ap L5 + 2p2ypscps; (P2 Des) j€2a 15
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+2D2,03,D35(P2€3) s €21 L9 — 2D2.D2:D34 (P2€3) €25 Lo
+4pa. 2,03, (P1IN€3), €251 110 + 2p2yp3.p3; (P2 Des) €255 15
—2p2.D2:P34(P2De3) €251 I5 — 2p2.P2;D3,(p3Des) €250 1)
— (p2p3) P2cP2i€2j1€3a0 10 + 2 (P1NP3) PacP2:€2jk€3ab 110
— (p2Dp3) p2cp2i€2;k€sanls + (P203) P2cP3i€25KE3an 0

— (p2Dp3) pacp3i€2ji€sapls — (P2p3) P2jP3a€21i€30c 10

— (p2Dp3) p2;P3a€ari€pels + (P2p3) P3,D3j€21i€30c o

+2 (p1Np2) p3aPsj€ari€svelio — (P2Dp3) P3opsj€ari€ancls) + (2 < 3), (244)

4Z'p(p+1)\/§ .y b
A(c4<)p+1>BB = WC ]klbl...bp,gg ’ dbl.“bp73p2dp2jp3ap3i€2kl€3bc]10 + (2 + 3).
(2.45)
0 1 2 3 4
Ac(p+1)hh = A(CV()p-kl)hh + ‘A(C()p+1)hh + "4(C<)P+1)hh + ‘A(c()p-kl)hh + A(C():D-‘rl)hh’ (2-46)

40 _ 2;P(P+1), /2
C(+) pp (p 4 1)!

Chy.tyir €0 (=2 (p1 Neaps) (p Nesps) I

+2 (p1Nespa) (p2Deaps) oo + 2 (p1N€2ps) (p2Desps) T
—2(p1Ne2Dps) (paespz) Tao — 8 (p1Ne2Dpz) (p1Nespz) I
—4 (p1NexDps) (paesDps) Lig — 2 (p1NexDps) (paespz) Ta
+8 (pNexDps) (i Nespz) Is — 2 (p1Nea Dps) (p2Desps) L
—2 (p1Ne2Dps) (paesDps) Iz + 2 (1 NeaNp1) (paespa) I
—8 (1 NeaNp1) (piNesps) Iy + 4 (p1NeaNpy) (p2esDps) I
—4 (1 Neesps) Ins + 2 (p1Nexespa) (p2ps) Lis

—8 (plNEQng) (p1N€3Dp2) [7 + 2 (plNEQng) (plN(-ngpQ) Il

—8(p1NeaNp1) (p1NesDps) Is + 4 (p1NesDps) (psDeaps) Iao
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+4 (p1NeaDpa) (p1NesDps) I3 — 4 (p1NeaNpy) (p1NesDps) I

+4 (p1NesNp1) (psDeaps) 11y + 4 (piNe2Np1) (piNesNpr) o
—2(p1NesDpsy) (paDeaDps) 1oy — 4 (p1 NesDps) (paDea Dps) 1o

—4 (1 NesNp1) (p2De2Dps) I — 2 (p1Nps) (p2Desespa) Ing

+2 (p1Neaps) (p2DezDps) Iis — 2 (p1 Nea Dps) (paDez Dps) I

+2 (p1NeaNp1) (p2Des Dpa) It + 2 (p1Neaps) (p2Des Dps) Lo

+2 (p1Np3) (p2Deseaps) Iia — 2 (p1Np2) (p2esDeaps) 11

+2 (p1NeaDesps) (paps) Tia — 2 (p1Neaez Dps) (p2Dp3) Lis

+2 (p1Neses Dp3) (p2ps) 139 — 2 (p1Neae3 Dps) (p2Dp3) 2

—2 (p1NeaesNp1) (paps) Io + 8 (p1NeaesNp1) (p2Dps) Lo

—4 (p1NesDeaps) (1 Np2) Iy + 4 (p1Nesea Dps) (p1Np2) I,
—2(p1Np2) (p2De3Deaps) Iis + 2 (p1Npa) (p2Desea Dps) I

+2 (p1Np2) (p3DeaesDps) Izg — 2 (p1Np2) (p3Des Deaps) I

+4 (P NeaDe3 Dpy) Ioy — 2 (p1Nea Des Dpy) (p2Dps) I

+2 (p1NeaDes Dps) (paps) Iao — 2 (p1Nea Des Dps) (paDps) I,

—8 (p1NeaDesNp1) (paps) lo + 2 (1 Nex DesNpy) (p2Dps) I

+2 (p1Nps3) (paDea De3 Dpy) Iy + tr(Dea) (p1Np2) (p2espa) 2o
+tr(Dez) (p1Nps) (p2€3p2) L20 — 2tr(Dez) (p1Nesp2) (p2ps) T2
+4tr(Des) (p1Nesp2) (p1Np2) I + 2 tr(Des) (p1Np2) (p2€3Dps) Ls
+4tr(Dey) (p1 NesDps) (p1 Np2) I7 + 2tr(Des) (p1 NesDps) (p2Dps) I
—2tr(Des) (p1NesDps) (paps) Iis — 4tr(Des) (p1 NesDps) (p1Np2) I3
+2tr(Des) (p1NesDps) (p2Dps) Iig — 2tr(Des) (p1 NesNpy) (paps) Is

+2tr(Dey) (11 NesNpy) (p1Np2) 1y
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+2tr(Des) (p1 NesNp1) (p2Dps) I7 + tr(Des) (p1 Np2) (peDesDps) 1o
—tr(Dea) (p1Nps) (p2DesDps) I + 2tr(Dey) (p1Np2) (p2DesDps) ©hg
—2tr(Des) (p1Nps) (psDeaps) 122 — tr(Dez) tr(Des) (p1Np2) (p2ps) Lis

+ tr(Dey) tr(Des) (p1Np2) (p1Nps) I3 — tr(Dez) tr(Des) (p1Np2) (p2Dps) Lo
+2tr(exes) (p1Np2) 23 — tr(ezes) (p1Np2) (p2ps) Lie

+tr(ezes) (p1Np2) (p1Np3) I — tr(ezes) (p1Np2) (p2Dps) L1

—2tr(DeyDes) (p1 Npa) Iog + tr(DeaDes) (p1 Np2) (paps) I1s

—tr(DeyDes) (p1Np2) (p1 Nps3) Iy + tr(DeyDes) (p1 Np2) (p2Dps) Ii7)

+ (24 3), (2.47)
2P+ /9
Aggpumh :Tclbl...bpfabl"'bp (=2 (p2esDeaps) p2op2; 114

+2 (pa€eseaDps) pagp2;f1a — 2 (p3sDeseaps) paapai Ly

—4 (piNesDeaps) paop2; 11y + 4 (1N ese2Dps) paopailiy

—2 (paDesDeaps) pogp2;l15 + 2 (peDesea Dps3) pagpailis

+2 (p3De2es Dp3) pa,p2:daz — 2 (p3Des Deaps) pagpa; 12

+2 (p3sDey Des Dps3) paop2ily; + tr(Dea) (p2esp2) p2qp2il20
+4tr(Dey) (D1 Nesp2) paapaile + 2 tr(Des) (p2e3Dps) pagp2ilis
+4tr(De2) (prNesDp2) paop2il7 — 4tr(Des) (p1NesDps) pagpa;ls
+2tr(Dez) (prNesNp1) pagpa;ls + tr(Dea) (p2Des Dps) paop2ilor
+2tr(Dé2) (p2aDes Dps) paapa;lio + tr(Des) (pseaps) p2ap2ilag

— tr(Des) (ps Dea Dps) pagpai Ly — tr(Des) tr(Des) (paps) pagp2ilis

+2tr(Dey) tr(Des) (p1Nps) paap2ils
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— tr(De2) tr(Des) (p2Dps) p2gp2;l19 + 2 tr(ezes)p2,pa;las

— tr(€zes) (paps) P2ap2ilic + 2 tr(€2es) (D1 ND3) P2op2i L2

— tr(ezes) (p2Dps3) p2ap2if1a — 2tr(DezDes)pa,p2ilaa

+ tr(DexDes) (p2ps) p2ap2ilis — 2tr(Dea Des) (p1Nps) p2ap2ili
+tr(DezDes) (p2Dps) paap2ilir — 2 (p1Nezespa) p2;psq I

+2 (p1Nezeaps) pa;pagla — 2 (paezDeaps) p2;p3glia

+2 (p2es€aDps) p2ipsaTia — 2 (psDeseaps) pa;psalog

—4 (p1Neaes Dp3) pa;pa I + 4 (1 Neaes Npr) paips,Io

=2 (p1NesDeaps) paipsa iy + 2 (p1Nesea Dps) pa;psa 1

—2 (p2De3Deaps) pa;ps,dis + 2 (p2Desea Dps) pa;p3, i

12 (p3Deae3 Dps) pa;p3qlao — 2 (p3DesDeaps) pa;p3qIoo
—2(p1NeaDesDpy) pa;ps,y + 4 (prNea DesDps) pa;ps Iy

+4 (p1Nea DesNp1) pa;psIs — 2 (p1NesDea Dps) pa;ps, Iy

+2 (psDey Des Dps3) pa;ps, Iy + tr(Dea) (p2esp2) p2ipsal20
+2tr(Deg) (p1Nesps) po;p3gle + 2 tr(Des) (p2e3Dp3) p2,p3glis
+2tr(Dey) (p1NesDpa) pa;psg 7 + tr(Dez) (p2Des Dpy) p2;ps, I
+2tr(De2) (p2Des Dps) pa;psqlio + tr(Des) (ps€aps) p2iPsalag
+2tr(Des) (p1Neaps) p2ipsals — 2tr(Des) (p1Ne2 Dps) pa;psa !y
— tr(Des) (p3DeaDps) p2;psa sy — tr(Des) tr(Des) (paps) p2ipsalis
—tr(Deg) tr(Dez) (p2Dps) p2ipsa L1 + 2tr (e2€3) p2;p3,los
—tr(ezes) (pap3) P2;p3q L1 — tr(ezes) (p2Dps) p2ips,L1a

—2tr(DeaDe3)pa;p3glos + tl”(D€2D€3) (P2P3) D2;P3a 115
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+tr(DeyDes) (p2Dps) pa;psa i — 2 (p1NesDeaps) pa,psil,
—2(p1Nesea Dps) papsili; — 2tr(Des) (p3Deaps) p2,psilae
—2tr(De3) (psDeaps) p3psilas + 2 (1N eaps) pa;(pa€s) L2
+2tr(Dez) (p1Nps3) p2i(p2e€s) I + 2 (p1Neaps) ps;(p2€3), Lo

+4 (p1NeaDps) ps;(p2es) Lo + 2 (p1 Ne2Dp3) p;(p2€s ), 111

+4 (p1NeaNpy) ps;(pa€3) Lo — 2tr(Dey) (p1 Np2) p3;(p2€s), Lo
—2 (p1Neaps) pag(p2€3) Lo + 2 (paDeaps) pag (p2€3) 120

+2 (p3Deaps) p24(p2€3); 114 — 2 (p3De2Dps) pa, (p2€3); 115
—2tr(Dea) (p2p3) P2a(p2€3) ;120 — 2tx(Der) (p1Np3) p2o(p2€3),16
—2 (p1N€aps) P34 (p2€3); 12 + 2 (P2 Deaps) ps,(p2€3) 120

+2 (293D€2p3) pga(p2€3)i1'14 —4 (p1N€2Dp2) psa(])2€3)i]6

—4 (p1N€2Np1) p3a(p2€3)ifg -2 (psDﬁszfz) p3a(p2€3)if15
—2tr(De2) (p2p3) P3o(p2€3) 120 + 2 tr(Dez) (p1Np2) pag (p2€3) Lo
+2 (p1NesDpo) ps;(pse2) 111 — 2 (p1Np2) (p2€s);(psez) Lo

—2 (p1Nps3) (p2€3);(ps€2) L2 + 2 (1 NesDps) pa,(pse2) I3

+2 (paDe3 Dps) pa,y(p3€a) T2 + 2 (1 NesDpo) ps, (pse2), 11y

+2 (p2De3 Dps) p3a(p3e2) L2 — 2 (p1Np2) (p2ps) (€2€3) 12

+2 (p1Nps) (p2ps) (€2€3) 12 + 4 (p1Np2) (D1 NDs) (€2€3) Lo
+2 (p1Nps) (p2Dps) (e2€3) 111 — 2 (01 Nps) (p2Dps) (e2€3),,11
=2 (p2€3p2) p2i(P1N€2) 12 + 8 (PN €3p2) p2s (1N €2) Ly

—4 (p2e3Dps) p2i(p1Ne2), Ig + 8 (p1Nes Dpa) po;(p1 N e2) I

+4 (p1NesDps) pai(p1Nea) Iy — 8 (piNesNpy) pa;(p1Nea), Tro
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—2 (p2De3Dps) po;(p1Nes2), [ + 4 (p2Des Dps) po;(p1Ne2) 17
+2tr(Des) (paps) p2i(p1Ne2) L — 2tr(Des) (p1Nps) pai(piNea), 1
—2tr(Des) (p2Dps) p2;(p1Ne2), 17 — 2 (p2e3p2) psi(p1Nez2) I

+4 (piNesp2) psi(piNe2) LIy — 4 (PN esDps) psi(p1lNe2) 15

+2 (p2DesDps) ps;(piNe2) It — 2 tr(Des) (paps) ps;(p1Ne2), Ig
—2tr(Des) (p2Dps) ps;(p1Ne2) 17 + 4 (p2ps) (1N e€2) , (p2€s) L

—4 (p1Np3) (p1Nea), (p2€3), 1o + 2 (p2€3p2) pao (1 Ne2), o

—8 (p1Nesp2) p2a(P1N€2); 1o + 4 (p2e3Dps) pay (P1Ne2) I

—8 (p1Ne3sDpa) pa,(p1N€2);Is — 4 (p1NesDps) P2Q(P1N62)iﬂl

+8 (P NesNp1) pog(p1Ne€2), J10 + 2 (p2DesDpa) pa, (p1 Nea), 11

—4 (p2DesDps) pa, (p1N€2) 17 — 2 tr(Des) (paps) p2o(p1Nea), I
+2tr(De3) (p1Np3) pag(p1N€2), I} + 2 tr(De3) (paDps) p2, (11 Nea), I
+2 (p2€3p2) p3a(p1N€2)iI2 —4 (p1N€3P2) p3a(p1N€2)Z-19

+4 (p2e3Dp3) pso(p1Nes), I — 4 (piNesDps) ps,(p1Nes), I

+2 (paDesDps) s, (p1Nea), It — 4 (p2DesDps) ps,(p1Nes), Ir
—2tr(Des) (p2ps3) psa(p1Ne2), I + 2tr(Des) (p2Dps) ps,(m1 Nez), I
—4(p1Nps) (p1Ne2),;(p2€3),lo — 4 (p3Deaps) psi(p1Nes) 11

+4 (p2ps) (pN€x);(p1N€s) Lo + 4 (p2Dps) (piNe2);(p1Nes) 15

+4 (psDeaps) pao(p1Nes) 11y + 4 (psDeaps) psa(p1Ves); 11,

—2 (p2€3p2) P2 (P2Dea); 1o0 — 8 (p1N€3ps) P2y (P2 De2), I

—4 (P2€3Dp3)p2a(p2D€2)i118 -8 (p1N€3Dp2)P2a(p2D€2)if7

+8 (p1 NesDps) pa, (p2Des); Is — 4 (p1 NesNpy) pag (p2Dea); 1y
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—2 (p2DesDps) poy(p2Der) I — 4 (p2DesDps) pag(p2Des), Irg
+2tr(Des) (p2ps) p2a(p2Dea); l1s — 4 tr(Des) (p1Nps) pa,(p2Des), I3
+2tr(Des) (p2Dps) p2o(p2Dea); 119 — 2 (p2espz) psa(p2De2) 120
—4(p1Nesp2) psa(p2De2);le — 4 (p2€3 Dps) p3(p2De2); s

—4 (p1Ne3Dps) p3,(paDéa) I — 2 (p2De3 Dps) p3,(paDea) 1oy

—4 (paDesDps) pso(p2Der), L1g + 2 tr(Des) (paps) psq(p2De2), l1s
+2tr(De3) (p2Dps3) p3g(p2De2), l1g — 4 (p1Nps) (p2Dea), (p2€3) 16
+4 (pops) (1 Nes), (p2De2) I + 4 (p2Dps) (p1Nes), (p2Des), 17

+2 (p1N €2 Dps3) pa;(paDes) Iy + 2tr (Dey) (p1Nps3) pa;(p2Des) Iz
—2 (p1N€2p3) p3¢(P2D€3)a[i1 +4 (P1N€2Dp2) p3i<p2D€3)aI7

—2 (p1NeaDp3) ps;(p2Des) ,J1 + 4 (1 NeaNpy) ps;(p2Des) 15
—2tr(Dez) (01 Np2) p3i(p2Des) I + 2 (p1 Nps) (p2Des), (pse2) 11,
—4 (p1N]93) (p1N€2)i(p2D€3)aI5 —4 (ple3) (p2D€2)i(p2D€3)aI7
—2 (p3€aps) Pag (P2 Des); J1a + 2 (p3Deaps) pa, (p2Des); 115

+2 (p1NeaDps) pa, (paDes), Iy — 2 (p2DeaDps) pag (paDes), a1
+2tr(Des) (p1Np3) p2q(p2Des) I7 + 2 tr(Des) (p2Dps3) pag(p2Des); I
—2 (p3s€2ps) P3o(p2De3); 114 + 2 (p3Deaps) pso(p2Des) 115
—4(p1Ne2Dps) p3,(p2Des); I7 + 2 (01 Ne2 Dps) p3, (p2Des), 1y

—4 (p1NeaNp1) p3o(p2eDes), Is — 2 (p2DeaDps) ps,(p2Des), Io1
+2tr(Dez) (p1Np2) p3,(p2Des); I + 2tr(Dez) (p2Dp3) ps,(paDes) a1
—2(p1Np3) (p2De3) (psea) 111 + 4 (P1Nps) (piNe2),(p2Des),; Is

—4 (pQDp?)) (p1N€2)a(p2D€3)i[1 -2 (ple3) P21(P2€362)a]2

+2 (plez) pai(p2€3€2)a12 - 4]92@(]926362)1[23 +2 (p2P3) p2a(p263€2)@-f16
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—2 (p1Np3) pag(p2€sea) fo — Aps, (p2esen) fog + 2 (P2p3) P3g (D2€3€2); 116
+2 (p1Np2) p3o(p2€sea); Io + 2 (p1Nespa) ps;(psDe2) 11
—2(p1Nps) (p2€s);(psDe2) 111 + 2 (p1Np2) (p2Des), (p3sDe2) . 11
—2(p1Np3) (p2Des);(psDes) .11 — 2 (p1Nespa) pa, (p3sDer) I
—2 (pae3Dp3) pag(p3Dea) Ioa — 2 (p1Ne€sps) psq(psDe2), I,

—2 (p2e3Dps) p3,(p3Dez) Toa — 2 (p1Np3) (pa€s), (psDea), I},

+4 (psDeaps) p2o(psDes); 122 + 4 (psDeaps) ps, (psDes),; Iz

+2 (p1Nps) (p2ps) (e2Des) 111 — 4 (01 Np2) (p1Np3) (€2D€3) 15
+2 (p1Np2) (p2Dps3) (€2Des) i 11 + 2 (p1Np3) (p2Dps) (€2Des) ., 1
+2 (p1Np3) (paps) (e2De3),, 111 — 2 (paps) p2i(piNezes), I

+4 (p1Nps3) p2i(p1Nezes)  Io + 2 (pap3) ps;(p1 Neaes), Lo

+2 (p2Dps) ps;(p1Neses)  I11 — 2 (paps) p2q(p1Neses), I

+4 (p1Nps3) p2,(P1Neaes) Ty — 2 (pap3) p3,(P1N e2€s) 1o

—2 (p2Dps) psi(p1Nesea) 11y — 2 (p2Dps) paa(p1Nesez); 11,

—2 (p2Dp3) ps,(p1Nesea), 111 + 2 (paps) Pag (P2 Deses); I

+4 (p1Np3) D2 (P2 Deres), Is + 2 (paps3) psq (P2 Deres); I

=2 (p2Dps) p2a(p2Dese2) 15 — 2 (p2Dps) psa(p2Desez) 11

+2 (p2p3) P24 (P2€3Dé2); 114 + 2 (p2p3) P3a(p2€esDer); 14

+2 (p1Np3) p2i(psDeaes) 111 — 2 (p1Np2) psi(psDeses) 114

+2 (p1Nps) pao(P3Deaes) 11y + 2 (p1Np2) pso(ps Dezes), 11

—2 (p2Dps3) p2o(psDeses) Ioa — 2 (p2Dps) p3g(psDeses), Ioo

=2 (p1Np3) p2;(ps€2De3), 11y + 2 (p1Np2) p3;(pse2Des) Iy

+2 (p1Np3) p2g(pseaDes), It — 2 (p1Nps) ps,(pse2Des) I,
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+4 (1 Nps) p2; (1 NeaDes)  Is — 2 (paDps) pa;(p1 NeaDes) .1y
—2(p2p3) p3i(p1Ne2De3) 11y — 2 (p2Dps) ps;(p1NeaDes) . 11

—4 (p1Np3) p2o (1N e2De3) 15 + 2 (p2Dps) pa, (1 Ne2 De3), Iy
+2 (p2Dps) pso(prNeaDes) ;I — 2 (paps) ps;(p1NesDes) 11

+2 (pap3) p2o (1N €3 Déa) 115 + 2 (p2ps) pso (P1NesDea), 11y

—4 (p1Np3) pag(p2DeaDes) 17 — 2 (p2Dp3) pag(p2Dea Des), I
—2 (p2Dps) p3,(p2DeaDes) Iy 4 2 (p1 Nps3) po;(p2DesDes) 1o
—2 (p1Np2) p3;(p2DesDey) 11 + 4p2,(p2DesDes)  Ioa

+2 (p1Nps3) pao(p2DesDer); Iy — 2 (p2aDps) pa,(p2DesDes); Iz
+4ps,(p2DesDey), Ias + 2 (p1 Np2) p3,(p2DesDey), Iy

—2 (p2Dps) p3,(p2DesDes) L7 + 2 (paps) D2y (psDesDes), Ioo
+2 (p2ps3) P3q(p3DesDes) Ioa + 2 (p1 Np2) (p2€3D2) €20:12

+2 (P1Np3) (P2€3p2) €24il2 — 4 (p1Nespa) (Paps) €2qil2

—8 (p1Nezpa) (p1Np2) €2aily + 4 (p1Npa) (p2e3Dps3) €24i15

—8 (p1NesDp2) (p1Np2) €24il5 + 4 (p1Ne3 Dpa) (p2Dps) €24i11
—4 (p1Ne3Dps) (p2p3) €2ails — 4 (p1NesDps) (1 Np2) €2ai1)
—4(p1Ne3Dps) (p2Dp3) €2ail7 + 4 (p1 NesNp1) (paps) €2ailo

+8 (p1 NesNp1) (p1Np2) €24il10 — 4 (p1 NesNp1) (p2Dps) €24 15
+2 (p1Np2) (p2Des Dp2) 2411 — 2 (p1Np3) (p2Des Dp2) €24i11
—4 (p1Np2) (p2De3 Dp3) €245l — 2tr(De3) (p1Np2) (p2p3) €24ilg
+2tr(Des) (p1Nps) (p2ps) €2ails + 2tr(Des) (01 Np2) (p1Nps) €20:1]
+2tr(Des) (p1Np2) (p2Dp3) €20il7 + 2t1(De3) (p1Nps) (paDps) €241

+4 (01 Np3) (psDeaps) €30:111) + (2 <+ 3), (2.48)
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e _ 2iP(P+1),/2
C(r+1)pp (p o 1)!

+ tr(e2€s)payp2,;P3apaila — tr(DeaDes)paypa;paaps; i

CYhy .y €701 (tr(Dey) tr(Des)payp2;ps,psils

—2t1(Dég)payp2;p3i(p2€3) I — 2 tr(Dez)p2;p3yps; (p2€3), Lo
+2 tr(Dea)paypa;psa(paes); Lo + 2 tr(Dea)payps ps;(p2€3) Lo
—2payp2;(Pa€s); (P3€2),l2 — 2p2,p3(Pae3);(P3€2), 12

_2p2bp3j (pzﬁg)i(]kﬁz)afz - 2p3bp3j(p263)i(p362)a12

—4 (p1Nps) p2bP2¢(62€3)aj19 — 2 (p2ps) p2bp3¢(€263)aj[2

—2 (p2Dp3) paypsi(€aea) ;111 + 2 (paps) P2;paq(€aes)y L2

+2 (p2p3) P3aP3i(€2€3)y;12 + 4 (D1ND2) P3opsi(€2€s)y; Lo

+2 (p2Dp3) p3apsi(€a€3)y; 11 — 4 (p2Dps) paypa,(€aes) ;1o

+2 (p2Dp3) p2ypsi(€2€s) j, 111 — 2 (P2Dp3) p3apsi(€xes) 11
—4p2;ps3; (m1Nea),(p2€s), Lo + 4p3bp3i(p1N€2)a(p2€3)j19
—2tr(De3)p2psaps;(p1N€2), Iy + 4p2;ps, (PN ea), (p2€s), Lo
—2tr(De3)paypsapsj(pr1Nea), Iy — Apayps;(p1Nes), (p2es) o
—4paypa;(P1IN€2);(pa€s) Lo + Ap2yp3, (D1 N €2)(p2€3) ;o
+4p2;p3;(p1Nea), (P1N€s) Lo + 8payps; (p1Nez);(p1Nes), Tio
+4p2ypsa(P1N€2) ;(p1Nes) Lio + 4 tr(Des)payps,ps; (p2Dea), I
—4payp3j(paDea) (P2€3) L6 — Apspps;(p2Dea); (paes) Lo
+4p2yp3q(PaDé2); (p2€3) ;Lo — 4p2yps;(p1Nes),(p2Dés),; Ly
+4p2ypsq(P1N€s) ;(p2De) Iy — 2 tr(Déa)payp2;ps; (P2 Des)  I7
—2tr(Dé2)p2;p3ppa; (P2Des) 11 — 2p2yps; (P2 Des) ,(p3€2) ;11

—2p3bp31»(p2D63)a(p362)jI{1 - 4p2jp3i(plNEZ)b(pZDGS)aIS
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—4paypa;(P1Ne€2);(paDes), Is + 4payps;(p1Nea) ;(p2Des) , Is

—4payps;(p2De2) (p2Des)  Ir — 4psyps;(p2Dez2);(p2 Des)  I7
+2t1(Déa)payp2p3q(p2Des) 17 + 4p2;p3, (p1Nez), (p2Des), Is
—4payp3a (1N €2) ;(p2Des); Is — 4payps, (p2De2) (p2 Des) 17
+2tr(Dea)paypsapsi(p2Des) i I + 2paypsi(paDes) ;(p3€2) 114
+2p3yps;(p2Des) j(p3ea)  I11 + 4p2ypsa(P2Des) ;(pse2); Is

—4psyp3; (PN €2) (P2 Des)  Is + 2p2ypa;ps; (D2€3€a) Lo + 2p2,;03p3; (P2€3€2) I
—2p2yP2;D3q (D2€3€2) ;12 — 2p2yD3aPsi(p2esen) 1o + 2p2ppsi(p2€s) ;(ps Dea) Iy
+2p3p3:(paes) ;(P3De2) 11 + 2payp2;j(paDes); (s Dea) . 1o
+2p2jp3b<p2D€3)i(p3D€2)a11 + 2p2bp3i<p2DE3)j (p3sDez), 1

+2p3bp3i(p2D€3)j (psDe2), It — 2p2b])3j(p2€3)a<p3D62)iI{1
—2p3,03;(P2€3) o (P3De2) I11 + Apayp3, (paDes) (3 Des) I3

+4 (p1Np3) paypa;(€2D¢€3) ;15 — 2 (p2Dp3) payp2;(e2Des) , 1n

—2 (p2ps) p2bp3i(€2D€3)aj]{1 — 2(p2Dp3) p2bp3i(€2D€3)ajjl

—2 (p2Dp3) p2jp3g(€2De3)y; 11 + 2 (p2ps) paapsi(€aDes)y 11

—4 (P1Np2) p3apsi(e2Des)y; Is + 2 (p2Dps) p3opsi(€2De3),, 11

—2 (p2ps3) prp3i(€2D€3)ja]{1 +2 (p2p3)p3ap3i(€2D€3)jinl

—4 (p2ps3) P2P3a(€2Des) ji 1o + 4p2;ps3.ps;(P1Neses), Iy
+4p2ypsopsi(P1N €2€s) 1o + Ap2ypsaps;(p2aDeéaes) ;1o — 2p2ypa;p3i(ps Deres) 11y
—2p2;P3yp3:(P3Deaes) 111 — 2p2,P2iD34(P3 Dézes) 1y + 2payp3apsi(ps Deaes) ;11
+2pap2,D3;(P3€2Des) 11y + 2D2;D3up3:(PaeaDes) L1y + 2payp2;ps, (paeaDes) ;11
+2p2yP3aP3i(P3€2De3) 111 + Apa;psapsi(p1Nea Des), I

+2 (p2p3) p2bp2i(€263)aj[2
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—4payp3aP3i(P1N€2De3)  Is — Apayps,ps;(p2DeaDes) ; I7
—2poy2;3;(P2DesDer) Iy — 2pa;p3yps;(paDesDes) Iy
—2poyp2:P3a(P2DesDer) i It + 2paypsopsi(p2DesDer) 11y

+4 (p1Np2) p3;(p2€3)y€24il9 — 4 (P2p3) P25 (P2€3) j€24i 2

+4 (p1Np3) pay(p2€3) j€20il0 — 4 (P2D3) D3y (P2€3) €24i 2

—4 (p1Np2) p3y(pa€s) j€2ailo — 4 (paps) p3;(P1N€s)y€24il

—8 (P1Np2) p3;(p1Ne€s)y€20i 110 + 4 (p2Dp3) ps3;(p1Nes) 245
+4 (paps) P2y (1 N€3)j€2ai[9 — 4 (p2Dp3) pay(p1 Nﬁs)j€2ai[5
+4 (ple2)p3j(p2D€3>b€2ai[5 —4 <p2p3)p2b<p3D€3)j€2aiIé
—4 (p2Dp3) pzb(PsDEB)ani[é — 2 (p2€sp2) P2yD2i€24;12

+8 (p1N€spa) Paypai€ailo — 4 (p2€3Dps) payp2i€aa; I

+8 (P1NesDps) payp2i€2qils + 4 (P1NesDps) payp2i€2a; Ly

—8 (p1NesNpy) P2P2i€245110 — 2 (p2DesDp,) P2yD2i€2q5 11

+4 (pQDGSDPS)prp2i€2ajI’/7 +2 tl"(D€3) (p2p3)p2bp2i€2ajl(/5
—2tr(De3) (D1 Nps3) paypai€24;1y — 2tr(Des) (p2Dps) paypai€2a; 17
-2 (p2€3p2)p2ip3b€2aj12 +4 (p1N€3p2) p27;p3b€2aj]9 —4 (p2€3Dp3) inp?)beQaj]é
+4 (p1Ne3sDpa) p2;p3y€2qls — 2 (p2De3sDpa) pa;p3y€aa;li

+4 (p2Des Dp3) p2;psy€aa;l7 + 2 tr(Des) (paps) p2ipsyeaa;ls
—2tr(Des) (p2Dps) P2:D3p€205 17 — 2 (P2€3D2) P2yP3i€2a; 12

+4 (p1Nespa) paypsi€2qilo — 4 (1 NesDps) payp3i€aqils

+2 (p2DesDps) paypsi€aajli — 2 tr(Des) (paps) poypsi€2a; 16

—2tr(De3) (p2Dps) P2bp3i€2aj14 — 2 (paesp2) D3pP3i€245 12
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+2 (paDes Dps) p3ypsi€aaili + 4 (01N D3) P2;(P2€3) €245 10

—4 (pap3) p2i(p1Nes)€aailo — 4 (p2Dps) p2i(p1Nes), €0, L5

+4 (p1Np3) p2;(p2Des) €245 + 4 (p1Nps) pay(p2Des) 24515

—4 (p2Dps) pay(p2Des) 24511 + 4 (D1 ND2) p3y(p2Des) €245 15

—4 (p2Dps) psy(p2Des) 24511 + 2 tr(Des) (paps) P3aPsi€ans 16
+2tr(Des) (p1Np2) p3apsican; I + 2 tr(Des) (p2Dps) psapsican; I7
+4 (p2p3) P (P1N€3) €251y + 8 (P1NP2) p3o(P1N€s) 265110

!

—4 (Pszs) p3a<p1N63)¢626j15 —4 (Pzps) p3a(p3D63)i€2bj[6
—4 (PlNPQ) Psa(P3D€3)i€2bjL’1 —4 (Pszs) p3a(p3D€3)i€2bj[§
—4 (p3Deaps) paypsi€sajliy — 4 (psDeaps) paypsi€sa; 11

+4 (ple2) (p2p3) €2aj€3bz'[9 —4 (plez) (ples) €2aj€3bz'f10

+4 (p1Np2) (p2Dps) €2aj€3bil5) + (24 3), (2.49)

4@'p(p+1)\/§ B
3 . aocl —
A(C()erl)hh (p—2)! C jkbl~~'bp—2€ bebrbp-2 (_2p2cp2jp3ap3z‘(€2€3)bk[9

+2p2,D2,;P3403:(€2D€3) . I5 — 2p2.P2:P3;(P2€3) €20k Lo
—2D2,;D3.P3; (p2€3)y€2an 1o + 4p2cP2;Ds; (p1Ne3)ye2q 110
—2p20p2ip3j (p2D€3)b€2ak[5 - 2p2ip3cp3j (p2D€3)b€2ak[5
+2p2cp2ip3a(p2€3)k€2bj19 - 2p2ap3cp3i(p2€3)k€2bj19
—4pa.p2;D3.(P1IN€3) €26 110 + 2P2.P2:D34 (D2 D€3) €20 L5
—2D0,D3aD3;(P2D€3) €2p; 5 + 2D2.D2:P3, (D3 Des) €201

— tr(Des)pacp2P3aP3i€2ordy — 2 (D2p3) P2cP2:€245€301 10
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+4 (D1 Nps) Da.D2i€245€306 110 — 2 (P2DP3) P2cD2i€245€30k15

+2 (p2p3) P2cP3i€2aj€306 10 — 2 (2 Dp3) PacP3i€2ai€s015) + (2 ¢ 3), (2.50)

4 8ir+y/2 ube
Aé?pmhh = WC Jklbl...bp_gf ’ dbl"’bp_3p2dp2jp3ap3i€2bk€3cz[1o + (24 3).
(2.51)
2.2.4 CP=Y amplitudes
_ 40 (1) (2) 3
AC(P‘l)Bh - 'Ac(p—l)Bh + Ac(p—l)Bh + Ac(p—UBh + A(C()p—l)Bh' (2'52>

2ip(P+1) /2
0 abby...by,—
A(c()meh :—(p 1) Chy..by 1€ Prbe (2 (p1Neaesp2) paypsa o

+2 (p1N€3€aps) paypagla — 2 (p2Déaeapa) payp3qlao

—2 (p2Deseaps) paypsgia + 2 (p2eseaDp3) payps,L1a

+2 (p1Ne2Desps) paypsaIin + 2 (prNe2es Dps) paypsa I
+4 (p1Neaes Dps) paypsaIs — 4 (D1 Neaes Np1) paypsa Lo

—2 (p1NesDeaps) paypsaI1y + 4 (p1Nese2aDpa) paypsale
+2 (p1Nesea Dps) paypsaI1y + 2 (p2Dea Despa) paypsa Lo
+2 (p2Deaes Dpa) poyp3alay — 4 (p2Deaes Dps) poypsalis
—2 (p2DesDeaps) poypsglis + 2 (p2e3DeaDps) poypsgLis
—2 (p3De2es Dps) paypsaI2 + 2 (p1Nea Des Dpy) payps, [a
—4 (p1N€e2De3 Dps) paypsol7 — 4 (p1Nea DesNpr) payps, Is
+4 (p1 NesDea Dps) poypsa Iz — 2 (p1 NesDea Dps) payps, i

—2(paDea DesDps) paypsglor — 4 (p2Dea Des Dps) paypsadio
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—2tr(Des) (p1Neaps) Daypsg L + 2 tr(Des) (p2Deaps) poypsglis
+2tr(Des) (psDeaps) paypsa Loz + 2tr(Des) (p1Ne2Dps) payps, Iy
+2tr(Des) (p2De2Dps) paypsaLio + 2 (P3Deseaps) p2apaplag

+2 (psDesDeaps) pagpsylaz + 2 (psDea Des Dps) pa,psy Iy

—2 (p1Neaps) pay(p2€s) L2 + 2 (p2 Deaps) pay(p2€3) , Ioo

+2 (p3Deaps) pay(p2€3) . L1a — 2 (p1 N €2 Dp3) pay(p2€3) , J11

—2 (paDey Dp3) pay(p2€s)  I3o — 2 (1N €aps) p3y(p2€s) I

+2 (p2Deaps) psy(p2es) Io0 + 2 (psDeaps) pay(p2es) 114

—2 (p2DeaDp3) p3p(p2es) Ioo + 2 (1N €2Dps) pso(p2es), L1z

—2 (p1Nespy) pay(p3ea) L2 + 2 (p2Desps) pay(ps€2)  J1a

+2 (p2e3Dp3) pay(P3€2) 120 + 2 (1N ez Dpa) pay (p3e2) 113

—4 (p1NesDps) pay(pse2) Lg + 4 (p1 NesNpr) pay (pse2) Lo

+2 (p2De3s Dps) pay(p3€2) 15 + 2 (p2Des Dps) pay (p3ea) 22
—2tr(De3) (paps) P2y (P3€2) Loy + 2 tr(Des) (p1 Nps) pay(psea), I
—2 (p1Nespa) pay(pse2) Lo + 2 (p2Despa) p3y(pse2) . 114

+2 (p2e3 Dps) p3y(ps€a) Lo0 + 2 (p1 NesDpa) psy(psea), 11y

+2 (p2DesDps) p3y(pse2) . 15 + 2 (p2DesDps) psy (pse2) 122
—2tr(Des) (p2p3) pap(pse2) Joo — 2tr(Des) (p1Np2) p3y(p3ez), Lo
—2(p1Np2) (p2€3),(P3€2) L2 — 2 (p1Np3) (pae€s)y (ps€2), I

=2 (p1Np2) (p2ps) (€2€3) 12 + 2 (P1NP3) (p2p3) (€2€3) 12

+4 (p1Np2) (p1Np3) (€2€3) Lo — 2 (p1Np2) (p2Dps) (e2€3) 111

+2 (p1Np3) (p2Dps3) (e2€3) 111 + 2 (D2€3D2) P2y (1 N€2) I
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—8 (p1Nespa) pay(p1Nea) Lo + 4 (p2Desps) pay(p1Nez) 111

+4 (p2€3Dps) p2y (1N e2) g — 8 (p1NesDp2) pay(p1Nea) 15
—4(p1NesDps) pay(piNe2) Iy + 8 (p1NesNpi1) pay(piNe2), Lio

+2 (p2Des Dps) pay(piNea), [1 — 4 (p2Des Dps) pay(p1lNea), I7
—2tr(Des) (p2ps) p2o(p1Ne2), Ig + 2 tr(Des) (p1Nps) pay (PN e2) I
+2tr(De3) (p2Dps) p2y(p1]Ne2) 7 — 4 (p1Nesp2) psy(p1Nea), 1o

+4 (paDesps) p3y(p1Nea)  Ii1 + 4 (p2esDps) psy(piNea)  Ig

—4 (p1NesDps) p3y(p1Nea)  Is — 4 (paDes Dps) Psb(p1N€2)a[§
—2tr(De3) (paps) pay (1N €2) I + 2 tr(Des) (p2Dps) pay(p1Nea), I7
—4 (ple3) (p1N€2)a(p2€3)b[9 —2 (p2€3p2)p3a(p1]\762)b]2

—2 (p2DesDps) ps,(p1Nea), It + 4 (p1 Neaps) pay(p1Nes) Lo

+4 (p2Deaps) pay(p1Nes) Lo + 4 (p3sDeaps) pay(p1Nes), 11y

+4 (p1NeaDps) pay (p1 Nes) s + 4 (p2Dea Dps) pay(p1 Nes) Iz

—4 (paps) (p1Nes), (pse2), 2 — 4 (p1Np2) (p1Nes), (psea), Lo

+4 (p2ps) (p1Ne2),(P1N€s), Iy + 4 (p2Dps3) (1 Ne2),,(p1Nes), I

—2 (pa€spa) P2y (P2Der) 20 — 8 (1 Nesps) pay(p2Des) 16

+4 (p2Desps) pay(p2De2) 135 — 4 (p2e3 Dps) pay(p2De2)  L1s

—8 (p1NesDps) pay(p2Dér) 17 + 8 (p1NesDps) pay (p2Des) 13

—4 (p1NesNpy) pay(p2Des) 1a = 2 (p2DesDpa) pay(p2 Dez) I

—4 (paDe3 Dp3) pay(paDea)  T1g + 2 tr(Des) (paps) pay(p2Dea) L1
—4tr(Des) (p1Nps) pay(p2Des) I3 + 2 tr(Des) (p2Dps) pay(p2Dez) . 11

—2 (P2€3p2) pr(p2D€2)a[20 — (p1N€3p2) p3b(p2D€2)aI6
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+4 (p2Despa) psy(p2Dea) 130 — 4 (p263Dp3) psy(p2Des) , I1s

—4 (p1Ne3 Dp2) pay(p2De2) 17 — 2 (p2De3 Dpa) p3y(paDez) , Ion

—4 (p2DesDps) psy(p2Dex ) J19 + 2 tr(Des) (paps) psy(p2Dez) L1
+2tr(De3z) (p2Dps) psy(paDez) 19 — 4 (p1Np3) (p2Dea) ,(p2€3), L

+4 (p2p3) (p1Nes), (p2Dea)  Io + 4 (p2Dps) (p1Nes), (p2Dez)  I7

=2 (p1Nesps) pay(p2Des) I — 2 (p2Deaps) pay(p2Des) o Lo

+2 (p3Deaps) pay(p2Des)  J15 — 2 (p1Nea Dps) pay,(p2Des) . 11

+2 (p2D62Dp3)pzb(P2D€3)a[21 —2 (p2D€2p3)p3b(p2D€3>a[é2

+2 (p3sDeaps) psy(peDes) 15 — 2 (p1 Nea Dps) psy(p2Des) 11

+2 (pzDﬁszs)pBb(mDEs)a[m +4 (p1NP3) (p2D€2)b(P2D€3)a[7

+2 (p1Neaps) psq(p2Des)y 1o — 2 (p1 Np2) (p2Des), (p3e2), J11

+2 (ples) (p2D€3)b(P3€2)aI{1 —4 (ple3) (p1N€2)a(p2D€3)bI5
—4]9217(1?26362)&]23 +2 (p2p3)p2b(p2€3€2)a-716 —2 (ple3)P2b(p2€3€2)af2
+4p3a(p2€362)b123 —2 (pzp:s) p3a(p2€3€2)b]16 —2 (Ple2)p3a(p2€3€2)bf2
—2 (p2€spa) pay(p3Dea)  J1a — 2 (p1 Nesps) pay(psDes) 115

—2 (p2Despa) pay(p3sDe2) , J15 — 2 (p2esDps3) pay (p3Dea) 122

+2 (p1Ne3Dps) pay(psDea), [1 — 4 (p1NesDps) pay(psDes) 17

—4 (p1Ne3Np1) pay(psDea)  Is — 2 (p2Des Dps) pay(psDea) Iy
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+2tr(Des) (p1 Nps3) pay(psDea) 17 + 2 tr(Des) (p2Dps) pay(psDez) Iy
—2 (pa€spa) p3y(p3 De2) J1a — 2 (p1N€spa) pay(ps De2) 11y

—2 (p2Despa) pay(paDea)  J15 — 2 (pae3Dps) pay(psDez) , 122

+2 (p1Ne3Dps) psy(psDea), It — 2 (p2Des Dps) psy (p3Dea) 1y
+2tr(De3) (p1Np2) psy(psDe2) 17 + 2 tr(Des) (p2Dps) p3y(ps Dea) 11
=2 (p1Np2) (p2€3),(psDea)  J11 — 2 (p1Nps) (paes), (psDea), 11,

=2 (p1Np2) (p2Des),(psDes) 11 + 2 (p1 Nps) (p2Des), (psDes) .11

—4 (ple2) (p1N€3)a(p3D€2)b[5 +4 (pszz) (P1N€3)a(p3D€2)bI1
—4P2b(p3€2€3)a123 +2 (pzps)p2b(p3€2€3)a[16 —2 (Ple3)P2b(p3€2€3)aI2
+4p3a(p3€263)b[23 -2 (]?2]93) p3a(p3€2€3)b116 —2 (Ple2)P3a(P3€2€3)bIQ
+2 (p1Np2) (p2ps) (€2D€3)ba[11 + 2 (p1Np3) (p2p3) (€2D€3)baI{1

—4 (p1Np2) (p1Nps) (€2D€3>ba]5 + 2 (p1Np2) (p2Dps) (€2D€3)baf1

+2 (p1Np3) (p2Dps) (€2De3)y, [1 + 2 (p2p3) pay(p1 Nezes), I

—4 (p1Nps) pay(p1 N eaes) g + 2 (p2Dps) pay(p1 N €2€s) 111

—2 (paps) P34 (P1N€2es) I — 2 (p2Dp3) psq(p1Neses), 12

—2 (p2p3)p2b(p1N€3€2)a]2 — 2 (p2Dps) p2b(P1N€3€2)aIiz

+2 (paps) Pao(P1N€ze2), la + 4 (p1Np2) pa, (1 Nesez), Io

+2 (p2Dps) pso(prNesea), I11 — 2 (paps) pay(p2Deaes) L2

—4 (p1Nps) pay(p2Deses) Lo + 2 (p2Dps) pay(p2Deaes) Iy

12 (p2p3) P3a (P2 Deres), Tao — 2 (p2Dps) ps, (p2Deses), Iy,

+2 (p1 Np3) pay(p2Deses)  J11 — 2 (p2Dps) pay(p2Deser) 11

+2 (p1Np2) p3y(p2Deser)  I11 — 2 (p2Dps3) psy (p2Deses) 115
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+2 (pap3) pay(p2€3Des) 114 — 2 (01 Nps3) pay (p2€sDer) 111

+2 (p2ps) p3y(paesDea)  I1a + 2 (p1Np2) psy(p2esDez) 111
—2(p1Nps) pay(ps Deses) 111 — 2 (p2Dps) pay(psDeaes) L1
—2(p1Np2) psy(ps Deses) 111 — 2 (p2Dps) psy(psDeaes) L1
+2 (paps) P2y (p3Desea)  Iog — 2 (paDps) pay(ps Desea) 22

+2 (paps) p3y(psDesea)  Iog + 4 (p1 Np2) psy(psDeses) Iy

—2 (p2Dps) psy(psDeser)  L2o + 2 (paps) poy(pse2Des) 114

+2 (p1Nps3) pay(pse2Des) 111 + 2 (paps) psy(pseaDes) , T1a

—2 (PlNPQ) Psb(pgézDﬁs)&[h +2 (p2p3)P2b(p1N€2D€3)af11
—4 (Ple3) sz(p1N€2D€3)aI5 +2 (P2DP3) pzb(P1N€2D€3)a[1
—2 (Pzpa) p3a(p1N€2D€3)b[12 —2 (pQng) psa(p1N€2D63)b[1
+2 (pop3) P2y (P1 N €3 Des) 11y + 2 (p2Dps) pay (p1 NesDes) Iy
—2 (paps) P3a(P1 NesDes)y 11y + 4 (p1Np2) ps, (p1NesDes), I
—2 (p2Dps) pso(p1NesDea)y Ii + 2 (paps) pay(p2DeaDes) I3y
—4 (p1Nps) pay(p2Dea Des) I — 2 (paDp3) pay(paDeaDes) 1oy
—2 (paps) psq(p2DeaDes)y I3y + 2 (p2Dps) p3,(p2DeaDes), I
+4poy(p2DesDes)  Iog + 2 (p1 N p3) pay(p2DesDes) , 14

—2 (p2Dp3) pay(p2DesDes) L7 — 4ps, (p2DesDes), Ios
—2(p1Np2) p3a(p2DesDer), It + 2 (p2Dp3) ps,(p2Des Dea), L7
+4pay(p3DeaDes) Ias + 2 (p1Np3) pay(psDeaDes) . [y

—2 (p2Dps3) pay(psDeaDes) L7 — 4ps,(psDeaDes), Loy

-2 (PlNPQ) p3a(p3D€2D€3)b[1 +2 (p2DP3) p3a(P3D€2D€3)b117
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+2 (paps) pay(psDesDes)  Ioo — 2 (p2Dps) poy(psDesDes) 15,
+2 (p2p3) psy(psDesDey)  Jag — 4 (p1Npa) psy(psDes Dey) 17
—2(p2Dps) p3y(psDes Dea) 13y — (p1Np2) (p2€3pa) €241 12

— (p1Np3) (p2€3p2) €aaplz + 2 (p1N€spa) (pap3) €2ap 2

+4 (p1Nezp2) (P1Np2) €209 — 2 (P1Np2) (P2 Déspa) €20p111
—2(p1Np2) (p2€3Dp3) €245l + 4 (p1Nes Dp2) (pi1Np2) e2anls
—2(p1Ne3Dpz) (p2Dps) €zl + 2 (p1NesDps) (paps) €2anls
+2 (p1NesDps) (1N p2) €2ap14 + 2 (p1 Nes Dps) (p2Dps) eaan !
=2 (p1Ne3Np1) (p2p3) €2a0lo — 4 (1 NesNp1) (p1Np2) €2ap 110
+2 (p1NesNp1) (p2Dps) €aanls — (p1Np2) (paDes Dp2) €244 11

+ (11 Nps3) (p2DesDpa) €aa 11 + 2 (p1 Np2) (p2DesDps) €241
+tr(Des) (p1 Np2) (p2p3) €2abfé — tr(Des) (p1Np3) (p2ps) €2abIt/}
—tr(De3) (P Np2) (01 Np3) €205 1y — tr(De3) (p1Np2) (p2Dps) €241

—tr(Des3) (p1Nps) (p2Dps) €2017) , (2.53)

2;P(p+1) /2 ; abe
A :WC by by €02 (=2t (Deg)pa payps; (psea) I

—2p20p2i(p263)b(p362)a[2 - 21721-]930(]7263)5(17362)&]2
—217201332-(29263)1,(17362)&]2 - 2p3cp3¢(p263)b(293€2)a12
+2tr(De3)pacp2;P3e (P3€2), Lg — 2 (P2p3) P2cD2;(€2€3) Lo
+4 (1N p3) Da.p2;(€2€3) Lo — 2 (P2Dp3) P22 (€2€3) 1111

+2 (p2p3)P2cp3i(62€3)ab]2 +2 (pszs)P20p3i(€2€3)ab]{1
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+2 (pops) P3cpsi(€2€3) 12 + 4 (D1 ND2) P3cps;i(€2€3) 4 Lo

+2 (p2Dps) Pscpsi(€2€3) 111 — 2 (P2p3) P2iD3a(€2€3)p0 12

=2 (p2Dps) p2ipsa(€2€s)yJ1n — 8 (p2Dps) p2cpsa(€xes )y Lo
+8 (p2Dps) pacpsa(e2€s) lo — 2 tr(Des)pacpappsi(p1Nez), I
—4pa.ps3;(p1Nea), (pa€s)y Lo — 4pa.p3;(P1N€2),(p2€3), 1o
+4pa. 3y (D1 N €2), (P2€3); L0 — 4p2cp2; (D1 N€s), (P3€2), Lo
+8paypsi(P1N€r) (p1Nes)  Tio + 4pacps; (11 Nes), (ps€2) Lo
—|—4p20p3a(p1N63)i(p362)b19 - 8]92029317(101Nﬁz)a(PlNﬁs)iho
+4tr(Des)pap3ppsi(p2Dea) I3 — 4pa.ps;(p2Dea), (p2€3), 16
_4p3cp3i(p2D€2)a(p2€3)b[6 + 4p26p3b(p2D€2)a<p263)i[6
—4po p3; (PN €3), (P2 De2) Ly + 4pa.psy(p1N€3), (p2Des) 1y
+2p9.p2;(p2Des)  (psea)y 111 + 2p2;p3.(p2Des) , (pse2), 11
—4poyps;(P1N€2) (p2Des) 15 + 4pa.ps;(p2De2), (p2Des) 17
+4p3.p3;(p2De2), (p2Des) L7 + 2pacps;(p2Des), (ps€2) 11y
+2ps3.p3; (p2Des), (p3€2) , I11 + 8P2csqa (P2 Des)y (p3€2). Lo
—4p3.p3;(p1N€2),,(p2Des), Is — 4pacps, (p2Des); (ps€2), Is
+4pacpsy(p1Nea), (p2Des) L5 + 4pacpsy(p2Des) (P2 Des), I7
—2p2,D2;034(P2€3€2), [2 — 2P2.P3,D3;(P2€362), [2
—2tr(Des)pacpsppsi (p3De2) Iz = 2p2cpsi(p2e3)y (p3Dea) 11y
—2p3,p3i(p2€3), (p3De2) I}y — 4p2.p3y(paes); (psDea), I
—4pa,p3;(p1N€s), (psDea) 15 + 4pa.psy(p1Nes),(psDe2)  Is

+2p9.p3;(p2Des), (psDe2) 11 + 2p3.ps;(p2Des), (psDe2) . 11
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—2 tr(DGS)p%pZipiia(P3D€2)b]§ + 2p2cp2i(P2€3)a(p3D62)b111

+2p2;psc(paes), (psDeéa)y 11 — Apacpa;(p1Nes) (s Der)y I

+2p2.p2i(p2Des) ,(psDea), Iy + 2p2ips.(p2Des), (psDer ) Iy
+8p2.D3, (P2€3), (P3Déa); o + 4pa psy(p3Des), (p3e2) I

+4p2,p3y(P1Ne€2), (psDes); I} — 8pa,p3y(p2Dez) ,(p3Des), I3
+4p2cpsy(p3Des) (3 Des) Iy — 2P pa;D3q(Ds€2€s), I

—2D2.03,P3:(P3€2€3), I — 2 (pap3) P2 P2 (€2D€3) 1 111

+4 (p1Nps3) pa.p2;(€2D€3) Is — 2 (P2 Dps) pacpa;(€2D€3) ., 11

+2 (paps) pacpsi(€aDes)y 11y + 2 (p2Dps) pa ps;(e2Des),, [

+2 (pap3) P30p3¢(€2D€3)ba]{1 — 4 (p1Np2) p3cpsi(€aDes)y, Is

+2 (p2Dp3) pap3i(€2De3)y, 1 — 2 (paps) p2ips,(e2Des)y I

—2(p2Dp3) p2:psa(€2Des)y.I1 + 8 (paps) pacbsq(€2Des)y, Lo

+8 (pop3) P2cp3q(€2Des)  Io — 42 p3,Ds; (D1 N €2€3), Lo
+4p2.p2;03.(P1N€3€2) Lo — 4o, p3,p3;(P2Deres) I — 2p2,D2;03, (P2 Deser), 11
+2pgcp3ap3i(p2D63€2)bIn - 2p2cp2ip3a(p2€3D€2)b]11 - 2p20p3ap3i(p2€3D€2)b]11
+2p2.P2;D34(P3Deses )y 111 — 2D2,D3aP3s(P3Deses)y I11 — 4pacpoipsq(psDeses), I
+2p2.p2:P34(P3€2De3), 111 + 2pacp3apsi(pseaDes)y 11y
—4pa.p3,p3;(P1NeaDes)y Is + 4pa p2;p3, (1N esDeg), I
—4p2,p3,03;(D2DeaDes), Ir — 2pa pa;ps, (P2 DesDer), Iy
+2pa.p3,p3i(P2Des Dea )y Iy — 2pa.pa;ps,(p3sDex Des), Iy
+2p2,D3,03;(P3Dea Des), It + Apa.pa;ps,(3DesDer), Iy — (pa€sp2) P2.p2i€2anl2

+4 (p1N€3p2) D2cP2i€2aplo — 2 (p2D63P2) P2.P2;€2ap 111
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—2 (p2e3Dp3) p2cp2i€2apls + 4 (P1Ne€3Dp2) pap2i€2als

+2 (p1Ne3 Dp3) p2cp2;€2apls — 4 (p1NesNp1) p2cp2;€2anlio

— (p2De3Dps) pacp2i€2ap]1 + 2 (p2Des Dp3) Pacp2i€2an
+tr(Des) (p2p3) Pacp2i€oanls — tr(Des) (p1NDs) Pacpai€oanly
— tr(Des) (p2Dps3) pacp2i€2anly — (p2€3p2) P2iD3 20012

+2 (p1Ne3p2) p2;p3ccaanlo — 2 (p2Despz) p2;paccaan iy
—2(p2€3Dp3) pa;psceaanls + 2 (D1 Nes Dp2) paipsceaanls

— (p2DesDpy) p2ips.€2apli + 2 (p2Des Dps) pa;ps.€aanly

+ tr(De3) (paps) P2iPacc2anls — tr(Des) (paDps) p2ip3ce2anly
— (p2€3p2) P2cP3i€2apl2 + 2 (D1 N €3D2) P2.D3i€2an o

—2 (p1Ne3Dps) p2.p3i€2a1s + (P2De3Dp2) pacpsi€aanl

— tr(De3) (paps) P2cpsi€2anls — tr(Des) (p2Dps) pa.psi€oanly
— (pa€3p2) PacP3i€aanla + (P2De3Dpa) ps.ps;aa i

+2 (ple3)p2i(p2€3)c€2abI9 -2 (ple2)p3i(P2€3)c€2ab19
42 (p2ps) P2c(P2€3) €202 — 2 (P1ND3) P2.(P2€3) €200 10

+2 (p2p3) P3.(P2€3) €202 + 2 (P1NP2) P3.(P2€3) ;€200 Lo

—2 (p2p3) p2;(p1Ne€s) 200 lo — 2 (P2 Dp3) p2;(P1N€3) 20015
+2 (p2ps) p3;(p1Nes) 2aplo + 4 (P1ND2) p3;(p1Nes) 2an 110
—2 (p2Dp3) p3;(p1Nes) 20015 — 2 (p2p3) P2 (P1IN€3), €201
+2 (p2Dp3) p2.(P1Nes) €20015 + 2 (1 Np3) p2;(p2Des) €205 15
=2 (p1Np2) p3;(p2De3) 2015 + 2 (p1Np3) p2.(p2De3) €205 15

-2 (psz3) p2c<p2D63)i€2ab[1 +2 (plNP2) p3c(p2D€3)i€2abI5
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—2 (p2Dp3) pso(paDes).€2ap T + 2 (p2p3) P2o(p3Des); €201
+2 (p2Dp3) p2.(p3De3) €2ap 17 — tr(Des) (p2ps) P3aPsic2oels
—tr(De3) (p1NP2) p3apsi€ancly — tr(Des) (p2Dp3) paapsi€ane!s
—2 (p2p3) p3a(P1N€s) e20clo — 4 (P1ND2) p3,(p1N€s) 20110
+2 (p2Dps3) p3o(P1N€3) €205 + 2 (p2p3) p3, (p3Des) €ape g
+2 (p1Np2) p3o(paDes),€apc 1y + 2 (p2Dp3) paq (3 Des) e2ueI7
—4 (p2p3) P2c(P3€2)€30il2 + 4 (PN D3) P2, (P3€2) €30 Lo

—4 (pap3) P3.(P3€2) €305 12 — 4 (P1NP2) P3.(P3€2) €345 Lo

—4 (pap3) p2c(p2Dé2)yesails — 4 (P1NP3) pac(P2De2)€30il4
—4 (p2Dp3) p2o(p2De2) €34 l7 — 4 (D1 ND3) P2, (p3Der) €305
+4 (pgng) pQC(p3D€2>b€3aiII —4 (plez) p3c<p3D€2>b€3aiI5
+4 (p2Dp3) ps.(psDea) €30l + 4 (D1 N €2ps) PocPsq€snilo

+4 (paDéaps) pap3aeapile + 4 (p3Deaps) pch3a€3bz']11

+4 (p1Ne€2Dp3) p2.p3,€3il5 + 4 (p2De2 Dp3) pa p3gesnilz

+4 (pap3) pac(P1Ne€2) €30 Lo — 8 (p1ND3) pac(P1Ne€2) €30 110
+4 (p2Dps3) pa.(p1N€2) €30i L5 — 4 (p2p3) 3o (P2De2) €30 16
—4 (p2Dp3) p3,(p2Dez) €37 — 4 (p2p3) pay(P1N€2) ,€30:19
—4 (p2Dps3) pay(P1N€2) €30 15 + 2 (P1ND2) (P2p3) €24p€3ci 1o
—2 (p1Np3) (p2p3) €2ap€cilo — 4 (P1NP2) (P1NDP3) €2ap€3ci 110

+2 (p1Np2) (p2Dps) €2ap€seils + 2 (p1Nps) (p2Dp3) €2ap€36il5) (2.54)

AR _AVR
C(r—1)Bhp (p _ 3)! 1.

abcdbs...bp_3 (
bp—3

£ 2p2dp2jp3ap3i<6263)b019
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+2P24P2,P3,D3i(€2D€3) . I5 + pagpa;p3;(p2€3) €2ap o

+P2:P34P3; (P2€3) €206 10 — 2P24P2:P3;(P1N€3) 240110

+D2ap2:p3 (P2 Des) €20pl5 + P2iP3p3; (P2 De3) 20015

—% tr(De3)P2gp2;P3aP3i€2ecls + P2aP2;P30(P2€3) €200 Lo + P2qP3aP3;(Pa€s) €20e L
_2p2dp2jp3a(p1N€3)i€2bc[10 + p2dp2jp3a(p2D€3>i€2bcI5
+P2dp3ap3¢(p2D€3)j€2bcI5 + p2dp2jp3a<p3D€3)i€2bcLl,L + 2P24p2:P34 (D3€2) €305 Lo
_2p2ap3dp3i(p3€2)063bj]9 - 2P2dp3ap3¢(p2D€2)C€3bjf4
+2p2gp2iP34 (D3 De€2) €305 15 + 2D2,03403:(P3Der) €34 15
+4pagpsppsi(P1N€2)  €30i110 — (P2D3) D2aP2:€2ab€3¢5 Lo

+2 (p1ND3) D2aP2:€2ab€3¢j 110 — (P2DD3) P2gD2i€2ab€3¢5 L5

+ (P2p3) P2aP3i€2a0€3¢iTo — (P2DP3) P2aP3i€2ab€3¢j 15 — (P2D3) P2P34€26c€34i Lo

— (P2 Dp3) P2,;P34€20c€34i 15 + (P2D3) P34D3€26c€34i Lo

+2 (p1NDP2) P3apsj€26c€30i 110 — (P2DP3) P3aps3 j€20c€3ail5) - (2.55)
&P+ /o
3 i abedebs ...by
A(CV()pfl)Bh = T C*y, -y (£ =1 Dy Do D3 D3 21308 T10- (2.56)

2.2.5 CP=3) amplitudes

0 1 2
'AC(P*3)BB - A(C,()p,:),)BB + A(C()P*3)BB + A(C'()pfg)BB' (257)

2ip(p+1) /2
0 aoc —
A((;BP—P»BB ETED Chy.by_s €™M0 "=3 (=4 (paDp3) p2gp3a(€2€3)p. L0

+4p2gp3y(P1N €2) . (P2€3) Lo + 4p2.p3,(P1N€2) (1 Nes), T1o

+4pagpsy(p2De2), (p2€3) L6 + 4D2gp3,(P1N€3) (P2 Der) 1y
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—4p2.p3a(P1N€2) y(p2De3), Is + 4p2gp3, (2 Der) (paDes), I
—4pagps, (P2 Des) (p3€a)yls — Apagps, (P2 Dea) (p3Des), I3
—4 (P2p3) P2apsa(€2Des) Lo + 2 (P2p3) P2a(p2€s) 2012

—2 (p1Nps3) p24(P2€3) 24010 + 2 (P2p3) P3a(P2€s) 2an ]2

+2 (P1Np2) p34(p2€3) 2aplo — 2 (p2p3) P2a(P1N€3) €2q0 10

+2 (p2Dp3) p24(p1N€3) aanls + 2 (p2p3) P2a(p3Des) €201
+2 (p2Dps) pag(psDes) oIy — 2 (D1 N €3D2) P24D34€200 10

—2 (p2€3Dp3) paaPsacavels + 2 (P1Ne3 Dp2) paopaacanels

—2 (p2D€3DP3) Pzap3d€2bc[§ +2 (prg) Psa(PlNﬁzs)dGch[g

+4 (p1Np2) p3,(P1N€3) e2p. 10 — 2 (P2Dp3) P34 (p1Ne€s) y€2pe s
+2 (p1Np3) p24(p2De3) €200 15 — 2 (p2Dp3) pag(p2Des) yape L1
+2 (ple2>p3d(p2D€3)a€2bcI5 —2 (pzpps)p3d(p2D€3)a€2bcf1
—2 (p2ps) p3a(p3D€3)d€2bcIé —2(p1Np2) P3a(P3D€3)d€2bc]i
—2 (p2Dp3) p3q(psDes) seave Ly + 2 (psDeaps) P2aP3a€snelis

— (P1ND2) (P2p3) €2ap€3cals + (P1ND2) (P1NP3) €24p€3cal10

— (p1Np2) (p2Dp3) €2ap€3cals) + (2 < 3), (2.58)
2Z'p(p+1)\/§ 7 abede
A(Cl()p_g)BB :W iy €I (= 2y o D3 (D2€3) g Lo

+2D2,03.03:(D2€3) y€26c L9 + 4D2.D2:D3, (D1 N €3) 46250110
—2D2,p2:P34(P2Des) y€2pels — 2P2P3.D3;(D2D€s) se2pe L5

_2p2ep2ip3a(p3D63)d62bch/1 - (png) D2eP2i€2ab€3calo
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+2 (p1Np3) P2ep2i€200€3cal10 — (P2DD3) P2cD2i€2ab€30al5

+ (paps) P2eP3i€2ap€3calo — (P2DP3) D2eP3i€2ap€3cals) + (2 > 3), (2.59)

- 1
o 2\/§,lp(p+ ) ij abcdefby...by_5

./4(2)

-3 B — W by..bp—5€ €2bc€3deP2 fP2P3aP3i 110 + (2 < 3),
(2.60)
Agw-spy = A9 (2.61)

C(P—=3)hh CP=3)hh" :

84/2;P(P+1) ube
AL :chlwbp—SPde:gag bedbi-b=3 ((py Dps) (€2€3) Lo

—2(p2D63)C(p362)b[0 — (pgpg) (€2D63)cb10) + (2 e 3) (262)

o7



2.3 Algorithm to Covariantize the Amplitudes

The amplitudes obtained in the previous section are expressed as an S-matrix of
the elementary fields C, B, h. This form can be useful in some cases. However for the
purpose of construction of the effective couplings (or performing T-duality), it would
be better to rewrite the amplitudes such that (1) the Ramond field is expressed in
terms of the gauge field strength F' = dC'; (2) the two NSNS fields are symmetric
under exchange. This is closer to the feature of the off-shell effective action.

As dicussed in [15], no matter how we distribute the picture charge, at the for-
malism level, we either have explicit gauge invariance or explicit exchange invariance,
but cannot have both at same time. With our choice of the picture charge in the
previous section, the Ramond field is automatically gauge invariant and expressed in
terms of the 7" symbol. We would like to have an algorithm to make the exchange

invariance explicit. To do this, we need the Bianchi identity:

0 — eal...akbl...bwrl*kp[ak Fbl...bpﬂ,kil...z’l]' (2.63)
In terms of the T symbol, it becomes
Pap T %5y iy + o, T %1, 4 = 0. (2.64)
If there are no normal indices in T, we simply have
Pa, I = 0. (2.65)

The algorithm is the following;:

1. We start with the amplitudes that have the largest number of normal indices,
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for example the T term in all C**Y BB amplitudes. We decompose it

into the 2 <+ 3 exchange symmetric part and antisymmetric part.

2. The antisymmetric part is also in the form of p, T%; ; . We then apply
the Bianchi identity to reduce the number of normal indices by 1. For example,

the T3kl terms become T terms.

3. We combine the terms from (2) with similar terms from Wick contraction, then
perform step (1) and step (2) again. Again this procedure reduces the number

of normal indices by 1.

4. Repeating the above steps, we will eventually reach the amplitude that has
the least number of normal indices, for example the 7* part in all C**Y BB
amplitudes. However we observe that the antisymmetric part of those terms is

always zero.
5. We obtain the final result by collecting the symmetric part in each step.

Note that in all of the above steps, we will need to impose on-shell conditions
and the minimal basis condtion.
In the following sections, we list all the covariantized amplitudes. The amplitudes

are expressed in terms of the T symbol, and classified by the number of indices in
T(7))

49 B5) denotes the terms that contain T%7*mn  Qur

the T tensor. For example, A (
results are consistent with the partial terms calculated in the existing literature [21]

22].
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2.4 The Covariantized Amplitudes

M (5)
Acwinpp = Acwen g + Acwropp: (2.66)
(7 i aijklmn
-Ag(ws)BB == _8\/§T I p2g,p2jp31‘€2mn€3kl[10 + (2« 3), (2.67)

(5) U ijkim
A§<i+s)33 :8\/§T K <2p2mp3i<p1N€3)l€2jk[10 - 2]021-193]- (p2€3)m€2sz9

+ 2p2,p3;(p2De3),, €aruls + (P2p3) P2i€2imesnlo
— (P11 NDp3) p2s€aimesjrlio + (P2Dp3) p2i€aimesjuls) + (2 <> 3).  (2.68)

T7(7) T7(5) T7(3)
AC(P+3>Bh = Ac<p+3>Bh + Ac(p+3)3h + Ac<p+3>Bh- (2-69)

() i abijklm
Al g :mT PRI (Do D203 j€21mEbi 10 + D2;P3aP3i€281E30m T10) + (2 4 3),

(2.70)

C(r+3) Bh 16\/§

T8 (—Aps p3,psi(€a€s) Lo + 4pagpaips j(€aes) Lo

+ 4p2jp3ap3i(€2D€3)kll5 - 4p2ap2ip3j(€2D63>lkI5
- 2p2ip3a<p2€3)l€2jk]9 + 2p2ap3i(p2€3)l€2jk]9

— 4pa;p3 (1N es) €26 110 + 4D2; P34 (D1 N €3) €255 110
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— 2p2;p3q(P2Des) €251 15 — 2p2,p3;(p2Des) €25 L5

+ 2p3,p3;(p2Des) €215 + 2p2,D2;(PsDes) €211

— 2p2;034(p3Des) €211y — tr(Des)pap3ap3i€amly
— tr(Des)pagp2ips;camly — 4p2;ps;(P2€s) canlo

— 2p2,p2;(p26€3) €20 Lo + 2p3,p3;(P2€3) €2l

+ 4pa,p2;(P1N€3) o l10 — 4p2;psi(p2Des) ol
— 2p2,p2;(P2De3) €21 L5 + 8payps;(p1Nez2) €345 110
— 4 (pap3) P2i€2ri€3ajle + 4 (P1ND3) D2s€211€345 110
—4 (Pszs) p22‘€2kl€3aj[5 +4 (Pz]?s) p3z‘€2kl€3aj[9

+4 (ple2)p37;€2kl€3aj[1o —4 (Pszs) p3i€2kl€3aj[5

— 8p2,;03;(P3€2),€3a1 Lo — 8p2;p3;(p3Déa) €341 L), (2.71)
T®) _ i ijk
Acwis g, —mT (—4ps;(p2€3), (P3€2) 12 + 4p2;(pa€s) (p3€a) I

— 4 tr(De3)p2;ps;(pse2) i Is + 4 (pap3) pa;(€2€3),; 12

— 4 (p1Np3) p2;(€2€3), 1o + 4 (p2Dp3) p2;(e2€3) ;11
— (P2p3)p3i(€263)kj]2 —4 (PINP2)P3i<€2€3>ij9

— 4 (p2Dps) ps(e2€3),,;111 — 4ps;(p1Ne2);(paes )i Lo

+ 2t1(De3)payps; (P1N€2) ;I + 4ps; (p1Ne2) ;(pa€s) i Lo
— 8p2;(p1Nes);(ps€a) Lo + 8p2;(p1Ne2), (p1Nes) T
+ 4pa;(p2Des); (psea) Iin + 4pa;(p1]N€2),, (p2Des); Is
+ dps;(p2De3), (paea) ; 11y — 4ps;(p1N€2);(paDes), 15

— 4py 3 (paesea) o — 4psj(paes), (psDes) 11,
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— 4ps;(p2De3), (psDes), 11 — 4tr(D€3)p2iP3k(P3D€2)jf§
- 4P2j (p2€3)¢(p3D€2)k111 + 8p2j(p1N63)i(p3D€2)k;I5
— 4py;(p2Des), (p3Dez), It + 8p2;(psDes), (psea), I

+ dpa;(piNes), (p3Des), Iy + 8p2;j(paDez), (p3Des), Iy
— 4p2;ps;(ps€acs) i Io + 4 (p2p3) p2;(€2Des) ;i I

— 4 (p1Nps) pai(€aDes) . 15 + 4 (p2Dps) p2;(€2D€3) 5. 1y
— 4 (p2ps) p3i(62D63)kj111 +4(p1Np2) p3i(€2D€3)kj[5
— 4 (p2Dp3) pai(GzDﬁg)kjﬁ + 4p2kp3,;(p1N6263)j[9

- 4p2¢p3j<plN€3€2)k[9 - 4p2jp3i(p2D6362>k[11

+ 4pa;ps; (paesDeg), T — 4pa;p3;(psDeaes) 11,

- 4p2jp3i(p3€2D€3)kI{1 - 4p2kp3i(p1N€2D€3)j[5

— 4dpa;p3 (PN es Dea) ; Is + dpa ps;(p2Des Dea), 1y

- 4p2jp3i<p3D€2D€3>kII —6 (p1N€3DP2) p2k€2ij-75

— 2 (p1NesDps) poreaiily + 4 (01 NesNp1) pageaiilio

— 2 (p1Nespa) papeaijly + 2 (p1NesDpa) pajea;ils

— 4 (pap3) (p2€3)€2ijla — 2 (1 Np2) (pa2€s)€2ii Lo

+ 2 (p1Nps) (p2€3) €210 — 2 (p1Np2) (p2Des) €2i515
— 2 (p1Nps) (p2Des)€2:515 + 4 (p2Dps) (p2Des) €2, 11
— 4 (paps) (p3Des) 62515 — 2 (p1Np2) (p3 Des) €5 1)
— 4 (p2Dps) (pSDEB)kE2ij[§ +2 (p2€3p2)p22'62jk12

— 6 (p1Nespa) pascajulo + 4 (p2Desps) poseajndin

+ 4 (p2e3Dps) pa;€anls + 2 (p2DesDps) paseajiy

—4 (P2D€3Dp3)p2¢€2jk[§ - Qtf(DE:s) (p2p3)p21'€2jklé

62



+ tr(Des) (p1Nps) paseanly + 2tr(Des) (paDps) pai€zjils
+ 2 (p2espa) p3;€2jile — 2 (p2Des Dpa) p3;eaji 1y
+ 2tr(De3) (paps) pai€ajile + tr(Des) (1 ND2) pasez;nly

+ 2tr(Des) (p2Dps3) psiejuly + 4 (p2p3) (p1N€s) €21 1o

+ 4 (p1Np2) (P1N€s), €250 110 — 4 (p2Dps) (p1Nes) €251 15). (2.72)
©) (5) (3) )
AC(P+1)BB = Ag(pﬂ)BB + Ag@“)BB + Ag(pﬂ)BB + Ag<p+1>BB- (2'73>
(7) i abcij
Ag<;+1>33 :8_\/§T beiH! (anPijSiEle€3bcIIO - p2jp3ap31‘€2kl€3bcll()) + (2 A 3)»
(2.74)
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)BB

:—8\/§Tabzgk (2p2jp3ap3,~ (6263)bk]9 + 2p2,p2,03; (6263)bkl9

+ 2p2p3.03i(€2D€3) . 15 + 2p2,p2;p3,(€2De3) . 1
+ 2pop3i(p2€3) j€2a0 1o — 2paips;(P1N€s) €205 110
+ 2p2k;p3i(p2D€3)j€2abI5 — DayD2;(D2€3) €21 10

— D2yD3i(D2€3) €210 + P3yp3i(P2€3) €251 Lo

— D2iP3q(P2€3) €210 + 2D2y2; (D1 N €3) L €255 110
+ 2p2;p3, (D1 N €3) €25 110 — P2yp2i(P2Des) €215
+ poypsi(P2De3) €21 ls — P2;034(P2Des) €251 15

+ P3a03:(P2De3) €2, L5 — P2yp2;(P3Des) y 62,114

— P2iP3.(P3De3) €251y — (P2p3) D2i€2;1€3a0 10

+ (P1Np3) pas€ajresanlio — (P2Dps) P2i€2k€3a0 15

+ (P2p3) P3i€2;k€3a0 10 + (P1ND2) D3;€25k€300 110

— (p2Dps) psi€2jk€sanls) + (2 <+ 3),
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7(

3)
r+1)BB —

i aij
ﬁT (tr(—eae3)p2;p3.p3ila — tr(DeyDes)papsaps; 1

+ 2pa;(p2€3);(p3€2) L2 + 2p3;(pacs); (p3€2), 1o

— 2 (p2ps) p2;(€2€3),5 12 + 2 (D1 N D3) P2;(€2€3) 510

+ 2 (p2p3) ps;(€2€3),;12 + 2 (p1Np2) ps;(€2€3) ;1o

+ 2 (p2Dps) p3i(e2€3) ;111 + 4 (p2Dp3) psa(e€s);;lo
—2 (P2Dp3)p3i(€263)jaf{1 — 4p3¢(P1N62)a(p2€3)j]9

+ 2p2;(p1Nea),;(p2e3), Lo + 2ps;(p1N€2), (paes) , Lo

+ 4p2i (PN €s) (p1Nes)  Jio — 4psi(p2Der) , (p2€3) ;16
— 2p3;(p1N€s) ;(paDez)  Ls — 2p3;(paDes) , (p3e2) ;11
— 2p2 (PN €2) ;(p2Des), Is + 2ps;(p1Ne2) ;(p2Des) 15
+ 4pa, (P2 Des) (pae2) ;1o + 2ps;(p2Des) ;(paea) 11

+ 4ps, (p2Des) (ps€a); lo — 4ps;(p1Ne2) (p2De3) ; 15
— 4ps;(p2Déa),,(p2De3) ;17 — 2pa;ps;(paesea) Lo

- p2ap2i(p2€3€2)j12 + inp3a(p2€362)j[2

— P2aP3i(P2€3€2) ;2 + p3ps;(P2€3ea) ;12

— 2p3;(paes) ;(P3De2) 111 + 2paj(paDes),; (psDes) Iy
+ 2p3i(p2D€3)j (psDez), 11 + 2p3j<p263>a(p3D62>iI{1
+ 2 (p1Np3) pa;(€2D¢€3) ;15 — 2 (p2Dp3) pa(€2Des) ;11

—2 (P2p3)p3¢(€2D€3)ajIh + 2 (p1Np2) ps;(€2De3) ;15
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— 2 (paDps) pa;(e2De3) ;11 — 4 (paps) paq(e2Des) ;1o
— 2 (paps) p3i(€2D€3) j, 111 + 2p2;p3;(p1N€2€3),, 1o

+ 2p24p3i(P1N€2€s) 1o — 2p3,p3;i(PL1N €2€3) ;1o

+ 2p2,ps; (P2 Dezes) ; Io — 2p3,p3i(p2Déres) ;1o

+ 2p2;p3;(paDeses) 11y — p2,p2;(P3Dezes) ;I

+ P2iP3a(P3Déaes) j 11y + pagpsi(psDeaes) 11,

— P3aP3i(p3Dézes) Iy + 2p2;p3i(pse2 Des) Iy

— p2gp2i(pseaDes) 11y + pa;psg (pseaDes); Iy

— P2uP3i(P3e2Des) 11y + pagpsi(pseaDes) Iy

- 2p2jp3i(p1N€2D€3)a[5 + 2p2ap3i<plN€2D€3)j[5
— 2p34p3i(P1N€2De3)  Is + 2p2,ps;(p2Dea De3) ; I7
- 2p3ap3i(p2D€2D€3)jI7 - 2p2j]?3¢(p2D€3D62)a11
+ paaP2i(P2Des Déa) ;11 — p2;ps, (paDesDes) Iy

— P2qP3i(p2Des Dea) It + p3ps;(p2Des Dez) 1y

— (PN esps2) P2y€2i519 — (P23 Dps) pag€aijI

+ (p1Ne3sDp2) pag€2ijls — (p2DesDps) pageaiily

+ (p1Nespa) p3a€aiilo + (pae3Dps) psqcaiily

— (p1N€esDps) p3y€2:i15 + (p2DesDps) psge217

+ 2 (pap3) (p2€3) €2i512 + (P1ND2) (p2€3) €251

— (P1Np3) (p2€3) ,€2i10 — 2 (P2ps) (P1N€s) €215 19
—2(p1Np2) (p1Nes) €2i5110 + 2 (p2Dps) (p1Nes) ,€2:515
+ (p1Np2) (p2Des) €2:515 + (p1Nps) (p2De3) €215

— 2 (p2Dp3) (p2Des) €2:511 + 2 (pap3) (P3D€3)a€2ij[é
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A

T1)

+ (ple) (pSDGB)GGZijI!l +2 (pgDp3) (p3D€3)a€2ij]§

— (psDeaps) pagesiiliy + (p3Deaps) paqesijliy) + (2 < 3),

7 .
Cc+) BB :8_\/§TZ(— (p1N€2€3p2)P2i12 + (p1N€3€2P3) D212

+ 2 (paesDeaps) pa; 14 + 2 (p2eseaDps) o114

— 2 (psDegeaps) pa;Iag — 2 (p1NexesDps) pa, I

+ 2 (p1NeaesNpy) pa;lo + 3 (p1Nea Deaps) pa, 11,

+ 3 (piNese2Dps) po; 11y + 2 (p2Des Deaps) po;1is

+ 2 (p2Desea Dps) pa; 15 + 2 (p3sDeres Dps) pa;Lao

+ 2 (psDesDeaps) pa; Lo + (p1NeaDes Dps) poi 14

— 2 (p1NeaDes Dps) po, I — 2 (p1 Nea DesNpy) pa,Is
+ (p1NesDes Dps) po; 11 — 2 (p3Dea Des Dps) po, Iy,
+ 2tr(exes)pa;foz — tr(eaes) (paps) po;is

+ tr(ezes) (p1Nps) p2;Io — tr(ezes) (p2Dps) p2;f1a

+ 2 tr(D€2D63)p2iIQ4 — tI'(DEgDEg) (pgpg)pgi]m

+ tI‘(DEgDEg) (ple3> inll — tI‘(DEgDEg) (pQDp3) pgill'y

+ (p1NesDeaps) psid1; — (p1NeseaDps) ps; I,
+ 2 (p1Neaps) (p2€3)Io — 2 (p2Deaps) (pa€3); 120
— 2 (psDeaps) (paes); L14 + 2 (p1 NesDpa) (psea); Ios

— 2(p2DesDps) (psea) Ioa + 2 (p1Nespa) (p1Nea); Lo

+ 2 (p2e3sDps) (1 Nea), I — 2 (p1NesDps) (p1Nez), 15

+ 2 (p2DesDps) (p1Nea), I; — 2 (p3sDeaps) (p1Nes), Iy,
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— 2 (psDeaps) (paDes), l15 + 2 (p1 Nea Dps) (paDes), Iy
— 2 (p2DeyDps) (p2Des) o1 — 4(paesea) Ios

+ 2 (paps) (p2€ae2) 16 + (P1NDP2) (Pa€aez); I

— (p1Nps) (pa€sez); I + 2 (p1Nesps) (psDez) Iy

— 2 (p2e3Dps) (psDe2), Iaz — 2 (p2p3) (p1Neaes), I

+ 2 (p1Np3) (piNeaes), Iy — 2 (paDps) (p1Nesea) Is
+ 2 (paps) (p2Deses); Iao + 2 (p1 Nps) (p2Deses), I

-2 (PzDP:s) (p2D6362)Z-[15 -2 (pzps) (p2€3D€2)¢]14

+ (p1Np2) <p3D€263)¢[{1 + (p1Np3) (p3D€2€3)1-I{1

— 2 (p2Dps) (p3D€3€2)¢]22 + (p1Np2) (p3€2D63>iIil

— (p1Nps) (pseaDes), I}, + 2 (p1Nps) (pi NeyDes), I
— 2 (p2Dp3) (11 NeaDes), It — 2 (paps) (p1 NesDes), Lo
+ 2 (p1Np3) (p2DerDes); Iz + 2 (p2Dps) (paDea Des), 1o
— 4(paDesDes) Ios — (p1Np2) (p2DesDes), 1y

— (11 Nps) (p2DesDes), It + 2 (p2Dps) (p2DesDes), 117

— 2 (paps) (psDegDey) 1) + (2 < 3).

4T T(5) T7(3) T1
Acwrnn = Acwrop, + Acewron, T Aceronn T Acwron:

(7) i abcij
ALy, =—=T" ]klp2ap2jp3i€2cl€3bk[10 +(2 ¢ 3),
2v/2
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(2.79)



7(
A

5)

P+ BR

A

T7(3)

8_\/§Tab jk(_2p2jp3ap3i(62€3)bk19 - 2p2ap2ip3j(€2€3)bk19

+ 2pa;P3,D3:(€2De€3) . 15 + 2p2,p2;p3(€2De3) I
+ 4payp3; (P1N€3), €205 110 — 4p2;p3;(P2€3) €201 Lo
+ 4p2;p3;(p2De3) a0 s + 2p2;p3,(P2€3) p €205 Lo

— 2P24p3i(P2€3) w2050 — 4D2;03, (D1 N €3) €265 110
+ 2p2;p34 (P2 Des) €21 I5 + 2p2,p3; (P2 Des) €2p;15
— 2p3,03;(p2Des) €20 15 — 2D2,D2:(P3De3) €614
+ 2p2;p34(P3Des) e I — tr(Des)pa 3, psican s
— tr(De3)pa,p2ips;€anndy — 2D2402;(P2€3) €20 o
+ 2p3,p3;(p2€3) €200 Lo + 4p2,p2;(P1N€3) €200 110
— 2pa,p2;(p2Des) €api s — 4 (p2p3) P2;€2vi€3q5 1o

+ 4 (p1Np3) D2i€20k€3a5 110 — 4 (P2Dp3) D2i€2pk€3ails) + (2 <+ 3),  (2.80)

i aij
CO+D R :ﬁT (tr(Dey) tr(Des)p2;psqps;Is + tr(eaes)pa;p3,p3ila

—tr(DeyDe3)paps3psili — 2 tr(Deg)pa;p3;(pacs), Lo
- tT(DGQ)p2ap2j (P2€3)¢fe + tr(Dﬁz)szp3a(p2€3)iI6
+ tr(Dez)ps,ps;(p2€3); ls + tr(D£2)p2ap3i(p2€3>jI6
- 2p2j (p2€3)2-(p3€2)a[2 - 2p3j (p263)2-(p362)a12

+ 2 (p2ps) P2i(€2€3) 512 — 2 (P1NDs) pai(€2€s) ;1o
—2 (p2p3)p3i(€2€3)aj]2 -2 (ple2>p3i(62€3)aj]9
—2 (p2DP3)p3i(€2€3)aj]{1 —4 (p2Dp3)p3a<6263)ij]0

+ 2 (p2Dps) p3;(€2€3) j, 111 + tr(Des)pa;psi(piNea), I
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+ 2po; (PN €2),,(p263) ;1o + 2p3;(P1 N €2) . (P2€3) ;Lo

+ tr(Dez)p2,ps;(p1Nea), I} — tr(Des)ps,ps;(p1Nea), Iy
— 4ps;(p1Ne€2),(p2€s) Lo + 2ps, (D1 N€2),(p2€s) ;Lo

+ 2p2,(P1N€2) ;(p2€3); 1o + 4ps;(p1Ne2);(p1Nes) T
—4p2, (11 Nea);(p1Nes); o — 2tr(De3)pa,psj(p2Dea),; I3
+ 2tr(De3)ps,p3;(paDea) I3 — Aps;(p2Dea),; (paes) . Lo
+ 2p3a(p2D62>i(p263)j16 - 2p3j(p1N€3)a(P2D€2)if4

+ 2P3Q(P1N63)j (p2Des), 14 + 2p2a(p2D62)j (p2€s3) 1

+ 2p2, (p1N€3) (p2Dea) ;1o — 2 tr(Dé2)pa;ps; (paDes) , I7
- 2P3i(p2D€3)a(p3€2)j[{1 - 4p3j(p1N€2)i(p2D€3)aI5

— 4ps;(p2De2);(p2Des) I — tr(Dez)pa,p2;(p2Des) 17
+ tr(Déa)pa;pas(p2Des); I + 2p2, (p2Des), (paea) ; Is

- 2p2j(p1N€2)a(p2D€3)i-75 + 2p2a(p1N62)j(p2D63)J5
+ 2p2, (p2Dés) j(paDes) 17 — 2ps,(paDé2) ;(p2De3), 17
— tr(Dea)pa,ps;(p2Des) 17 + tr(De2)ps ps; (p2Des) ;17
+ 2p3;(p2De3) ;(ps€a) 111 + 2p34(P2Des) ;(psea) s

— 2p3;(p1Ne2), (p2Des) i I5 + 2p3,(p1Ne2);(p2Des) ;15
+ 2p2;p3;(pa€a2) Lo + Paqapa;(Pa€sea) ;i L2

— P2iP3q(D2€3€2) ;12 + pagps;(P2€3e2) ;12

— P3aD3i(P2€3€2) ;12 + 2p3;(p2cs) ;(ps De2) 114

+ 2p2;(p2De3) (3 Dez) 11 + 2p3;(p2Des) ;(p3 De2) [y
- 2P3j(p263)a(p3D€2)2-[{1 - 4p2a(p2D62)j (P3D€3)1-1.3

+ 2 (p1Nps) p2;(€2De3) ;15 — 2 (p2Dps) pa; (€2 Des) . 11
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— 2 (p2p3) p3i(€2D€3),; 111 + 2 (D1 Np2) ps(e2Des) 15
— 2(p2Dps) psi(€2De3) ;1 — 4 (paps) pa,(€2Des),510
— 2 (p2p3) p3i(€2D€3) j, 111 — 2p2;p3;(p1 N €2€3) 1o

— 2p2,p3i(PLN €2€3) Lo + 2p3,psi(PLN €a€s) Lo

— 2p2p3i(p2Déses) Lo + 2ps,psi(p2Deses) L

— 2pa;p3i(psDeaes) 11y + pagp2i(psDeses) ;11

— p2iP3a(p3Deaes) 11y — paopsi(psDezes) 11

+ p3aD3i(P3Deaes) Iy + 2p2ps; (P32 Des) 11,

— P2aP2i(P3€2D63) 11y + p2;p3a(pseaDes) 11

- PzaP3¢(p3€2D€3)j[{1 + p3ap3i(p3€2D€3)j[{1

— 2pa;ps;(piNe2Des)  Is + 2pa,ps; (1 Ne2 Des) ;15

— 2p34p3;(P1N€2De3)  Is + 2pa,ps;(p2DeaDe3) Iz

- 2p3ap3¢(p2D€2D€3)jI7 - 2p2jp3i(p2D€3D€2)aI1

+ paaP2i(P2DesDez) ;11 — p2;ps,(paDesDeg) ; Iy

— P2aP3i(p2DesDez) ;11 + paps;(p2DesDea) 1 1y

— 6 (p1NesDpy) P2j€24il5 +4 (p1N€3Np1)P2j€2aiflo
— 2 (p1Nespa) psj€aaily — 4 (p2ps) (P2€3) €24l

— 2(p1Np2) (p2€3) je20ilo + 2 (D1 Np3) (p2€s) je24il

= 2(p1Np2) (p2Des) j€20il5 — 2 (p1Nps) (p2Des) j€24il5
+ 4 (p2Dps) (p2De3) j€20i11 — 4 (paps) (psDes) j€2ails
— 2(p1Np2) (p3Des) j€24i 1y — 4 (p2Dp3) (p3Des) j€24:17
— 2 (pae3po) P2i€24512 + 6 (p1Nespa) P2:€24519

— 4 (p2e3Dp3) p22‘62aj[é + 2 (p1 NesDps) p2i€2ajjz,1
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— 2 (p2DesDps) pajea;Ii + 4 (p2Des Dps) pa;€a; I
+ 2tr(Des) (paps) p2i€2qils — tr(Des) (p1Nps) p2i€2e; L)
— 2tr(Des) (p2Dps) p2i€24;17 — 2 (P2€sp2) P3i€2qi12
— 2 (p1Ne3sDpa) p3;€24515 + 2 (p2De3 Dpa) psi€aq;
— 2tr(Des) (pap3) P3i€20i 15 — tr(Des) (p1Nps) psi€an; I}
— 2tr(Des) (p2Dps) p3i€24;17 — 4 (pap3) (P1N€3), €245
— 4 (p1Np2) (p1Nes)€205110 + 4 (p2Dps) (p1N€s) 24515

— 4 (p3Deaps) psi€sailiy) + (2 ¢ 3),

17 .
Yhh :mTZ((plNQE:sm)p%b — (p1Neseaps) po; 1o

+ 2 (p2€3 Deaps) p2; 114 — 2 (paeseaDps) pa; L1

+ 2 (psDeseaps) pa;lag + 2 (p1 Neaes Dps) pa, I

— 2(p1Ne2esNp1) pa;lo + 3 (p1Nes Deaps) pa; 1y

— 3 (p1Nesea Dps) po; 11, + 2 (p2DesDeaps) pao; 11

— 2(p2Dese2 Dps) pa;l15 — 2 (p3Deaes Dps) pa;lz

+ 2 (psDesDeaps) pailzz + (p1Nea Des Dpa) pa Iy

— 2(p1NeaDesDps) pa, It — 2 (p1 NeaDesNpy) pa; 15

+ (p1NesDes Dps) po; It — 2 (p3Dea Des Dp3) po; I,

— tr(Dez) (p2€spz) p2ilao — 3tr(Dez) (p1Nesps) p2iLe

— 2tr(Des) (p2e3Dp3) pa; 18 — 3tr(Des) (p1 NesDps) po; 17
+ 2tr(Dey) (p1 NesDps) po; I3 — tr(Des) (p1NesNpy) pa;1s

— tI‘(DEg) (pgDGgng) pgifgl — 2 tl"(DEg) (p2D63Dp3) pgiflg
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— tr(Des) (pseaps) p2; Loy — tr(Des) (p1Neaps) pa I

+ tr(Des) (p1Ne2Dps) pa;I7 + tr(Des) (p3Dea Dps) pa; I,
+ tr(Deg) tr(Des) (paps3) p2;L1s — tr(Dey) tr(Des) (p1 Nps) p2, I3
+ tr(Deg) tr(Des) (p2Dps) p2; 110 — 2 tr(€x€3)po; o3

+ tr(egez) (paps) p2ili6 — tr(eses) (P1Nps) p2; 1

+ tr(ezes) (P2 Dps) p2ilia + 2tr(Dey Des)p; Loy

— tr(DeyDe3) (pap3) p2; 15 + tr(Deg Des) (p1 Np3) po; Iy
— tr(DeyDes) (p2Dps) p2; 117 + (p1NesDeaps) p3; I,

+ (p1Nesea Dps) ps; 11, + 2tr(Des) (psDeaps) ps; Lo

+ 2 (p1 Neaps) (p2e€s); 12 — 2 (p2Deaps) (p2€3) 120

— 2 (psDeaps) (p2es) ;114 + 2 (p1 Nea Dpy) (pae3),; Lo

+ 2 (p1NeaNp1) (p2€3); o + 2 (p3Dea Dps) (pa€s) i

+ 2tr(De2) (p2ps) (p2€3); 120 — tr(Dea) (p1Np2) (p2€3) Lo
+ tr(Dey) (p1Nps) (paes); le — 4 (p1 NesDpa) (pse2), Lo

— 2(p2De3Dps) (psea); I2a — 2 (pa€sp2) (MmN e€2), 1o

+ 6 (p1Nespo) (p1Ne2), lg — 4 (po2esDps) (p1Nea), I

+6 (11 NesDps) (piNe2);Is + 2 (p1NesDps) (piNe2), I
—4(p1NesNp1) (p1Nea); Iio — 2 (p2DesDpa) (p1Nez), 11
+ 4 (p2Des Dps) (piNe2); 17 + 2tr(Des) (paps) (p1Nea), g
— tr(Des) (p1Nps) (p1Ne2), Iy — 2tr(De3) (p2Dps) (pr1Ne2) 17
— 4 (p3Deaps) (plNGS)iIh + 2 (pa€ap2) (p2De2) 120

+ 6 (p1 Negpa) (p2De2), I + 4 (p2e3Dps) (p2Des), 11s

+ 6 (p1 NesDps) (p2De2) Iz — 4 (p1NesDps) (p2Des), I3
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+2(p1NesNp1) (p2Des), 1y + 2 (paDes Dps) (paDes), I

+ 4 (p2DesDps) (p2Dez) 19 — 2tr(Des) (paps) (p2De2);11s
+2tr(Des) (p1Nps) (paDes) I3 — 2tr(Des) (p2Dps) (p2De2); Tho
+ 2 (ps€aps) (P2 De3);l1a — 2 (p3Déaps) (p2Des); I

+ 2 (p1 NeaDpsa) (p2Des) Iz — 2 (p1Nea Dps) (p2Des), 1y

+ 2 (p1NeaNp1) (p2Des); 15 + 2 (p2Dea Dps) (p2Deg), 1o
—tr(Dez) (p1Np2) (p2Des); Ir — tr(Deg) (p1Np3) (p2Des), I7
— 2tr(Dez) (p2Dps) (p2Des), I + 4(p2ese2); Las

-2 (PzPS) (P2€3€2)i[16 - (plNP2> (p2€3€2)l-1.2

+ (p1Np3) (p2€3€2)7;1.2 +4 (p1N€3p2) (p3D62)¢[£6

+ 2 (p2e3Dps3) (p3sDea) loy — 4 (p3Deaps) (psDes),; Iz

+ 2 (paps) (1 Nexes), o — 2 (p1 Nps) (p1 Neoes),; Lo

+ 2 (p2Dps) (p1Nesea), Lo — 2 (paps) (p2Deses), I

— 2(p1Np3) (p2Deses), I + 2 (p2Dps) (p2Deses), Iis

-2 (p2P3) (p2€3D€2)i]14 - (ple2) (P3D€2€3)i[{1

— (1 Nps3) (psDeges), I1y + 2 (p2Dps) (psDeser); I

+ (p1Np2) (pseaDes) L1, — (p1Nps) (pse2Des), 11,

+ 2 (p1Nps3) (i NeaDes), Is — 2 (p2Dps) (p1 NeaDeg), Iy

— 2 (paps) (p1NesDea), Ins + 2 (p1 Np3) (paDea De3), I

+ 2 (p2Dp3) (p2DeaDes) Iay — 4(paDezDey); 1oy

- (ple2) (P2D€3D€2)i[1 - (plea) (p2D€3D€2>i[1

+ 2 (p2Dps) (p2DesDer) L7 — 2 (paps3) (psDesDer), Iaz) + (2 <+ 3)
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4T T7(5) T7(3) (1)
Ac(p—l)Bh, - Ac(pﬂ)Bh + Ac(pfl)Bh + Ac(pfl)Bh + Ac(p%)Bh

) i bedijk
AT( . — rabedi; (
Cc(r=1)Bh 4\/5

—p2ap2ipsj€2cd€3bkflo - p2jp3ap3i€2bc63dk[10)

AT(S)_ — Tabczg
Cc(—-1)Bh 16\/§ (

— 4Apa;p3,pai(€2De3)y 15 + 4pa,p2;p3j(e2Des) 4 I

_4p2jp3ap3z'(€263>bc[9 + 42?2@292@-103]-(6263)(31;[9

— 4pa;p3;(p2€3) E2aplo + 4p2;p3;(P1Ne€s) €24 110
— 4py;p3;(paDes) €20, Is + tr(Des)pa;psapsicaney
+ tr(Des)pagp2iPs;j€ancly + 2D2402,(P2€3);€20e Lo

- 2p2jp3a(p263)i€2bc[9 — 2P34P3; (p2€3);€20e 9

- 2p2ap3i(p263)j€2bcj9 - 4p2ap2j (p1N€3)¢€2bc110
+ 4po p3.(P1N€3) €apc 10 + 2P2,P2; (P2 Des) €200 L5
— 2p2,p34(P2De3) €200 15 + 2p2ap3i(p2D€3)j€2bcI5
— 2p3ap3i(p2D€3>j€2bcI5 + 2p2,p2; (psDes) €1}
— 2p;D3,(p3Des);€ape Iy + 4 (P2ps) P2i€20c€345 Lo
— 4 (P1Np3) D2;€20c€3405110 + 4 (D2DPp3) P2i€2pe€3ai 15
— 4 (p2ps) P3i€2bc€305 10 — 4 (71 Nps2) P3i€26c€345110
+ 4 (p2Dp3) p3i€apc€3ails — 4D2:P34(P3€2) €305
+ 4pa,p3;(paca) €30 19 + 8p2,p3; (1N €2) €345 10
— 4pa,p3;(p2Der) €34 14 + 4ps,p3;(p2Der) €305 14

+ 4pa,p2; (3 Der) €355 — 4p2ip3,(P3Der) 3415
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- 4p2ap3i(p3D€2)C€3bj]5 + 4p2bp2i(p362)a€3cj]9
— 4psyp3i(P3€2) €3051o — 8p3ppsi(P1 IV €2) €3¢ 110

+ 4psyps;(p3De2) €3¢ 15)

7(3) ¢ abi

Aco-v s W) (tr(Des)paypa; (ps€a) . Jg — tr(Des)psyps;(psea), L

—2p2;(p2€s), (P3€2) Jo — 2p3;(p2€3), (P3€2) L2

+ tr(Des)papsq (psez), I6 — tr(Des)paqps;(p3e2), L

+2 (p2p3>p2i(6263)ba[2 —2 (Ple3)P2¢(€2€3)ba[9

+2 (pgng) pzi(€2€3)ba111 —2 (p2p3) pSi(€2€3)baIQ

—2 (p1Np2) p3;(€2€3)poTo — 2 (P2 Dp3) ps;(€2€3),, 111

+4 (p2Dps) paq(€2€3) Lo — 4 (P2Dp3) psa(€2€3)y,; Lo

—4 (p2Dps) p2,(€2€3) Lo + 4 (p2Dps) p3g(€2€3) 1o

— tr(Des)psyps;(p1N€2) I} — 4psi(p1Nea), (p2es), Lo
+2p3p(p1INe2), (p2€3), Lo — tr(Des)pagps(pr1Nea), I
+2p2q (D1 N €2), (P2€3), 1o — 2p2;(P1 N €3), (P3€2)y Lo
—2ps3;(p1Nes), (pse2), Lo — 4ps;(p1Ne2), (p1 Nes), Lro
—2psy(P1N€3);(Psea) o — 2p2q(P1IN€s) (P3€2), 1o
—4p3,(p1Ne2), (p1Nes); Tio — 4p2, (p1Nea), (P1Nes), Tio
+2tr(Dez)psyp3; (p2De2) I3 — 4ps;(p2De2), (p2€3), 16
+2psy(p2De2) ,,(p2€3) L6 — 2p3;(p1Ne€3), (p2Des)  1s
+2psy(p1Nes);(p2Der) Ls + 2 tr(Des)pa,ps;(p2Dea), I3

+2p2,(p2Dea), (p2€s); L6 + 2p2,(p1 Nes),(p2Der),y 1

76

(2.85)



+2po;(p2Des)  (p3€2), 111 + 4pay(p2Des) , (p3ea),; Lo
+4ps;(p2Dea)y (p2Des)  Ir + 2ps;(paDes) (pse2) 114
+4p3,(p2Des) (p3€a); Lo — 4ps;(p1Ne2),, (p2Des) I
+2p2,(P2Des); (pse2), Is — 2p3a(p2Des); (pse2)y Is
+2ps,(P1N€2), (p2De3) Is + 2pa, (p1N€2), (p2Des),; I5
+2p3y(p2Dé2), (P2 Des ), I7 + 2pa, (p2Déa), (paDes) I
+Dp24D2i(P2€3€2) Lo — P2;D3, (P2€3€2), 12
+p2403i(P2€3€2) I — P3aD3;(P2€3€2), 12

— tr(Des)psyps;(ps Dea) 17 — 2p3;(p2€s), (psDe2) Iy
—2P3b(p263)i(]93D€2)a[8 - 2p3i(P1N€3)b(P3D€2)a[5
+2psy (p1 Nes);(psDea) 15 + 2p3;(p2Des), (psDes) . 11
+ tr(Des)p2op2i (s Dex), It — tr(Des)p2ipsq (psDe2)y Iy
- tr(D63>p2ap3i<p3D€2)bI§ + 2p2i(p2€3)a(P3D€2)b111
—2p2,(p2€3);(psDe2) Is — 2pa;(p1 Nes),, (psDer), I
+2pa, (p1Nes),(psDea), Is + 2pa;(p2Des) ,(psDea)y Iy
—4pa, (p2€3), (P3De2) Lo + 4ps, (p2€s), (p3De2), 1o
+2p3y(p3Des);(ps€2) L + 2p2q(P3Des), (p3€a)y I
+2p3y(p1N€a), (3 Des); Iy + 2p2,(p1 N €2) (3 Des), I
—4psy(p2Der),, (psDes), I3 — 4pa, (p2De2), (psDes),; I3
+2p3(p3 Dea),, (p3Des) 17 + 2p2, (3 Dea)y (ps Des), 17
+p24D2i(P3€2€3) Lo — P2;D3, (P3€2€3), 1

+D2,03i(P3€2€3) I — P3aP3;(P3€2€s), I
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—2 (pops) pa;(€2Des) 111 + 2 (p1Np3) pa;(€2Des) 15
—2 (p2Dps) pa;(e2Des) 11 + 2 (paps) psi(€2Des)y, I1;
—2(p1Np2) p3i(€2De3)y, Is + 2 (p2Dps) pa;(€2Des)y, n
—4 (p2p3) p2a(€2D€3) ;Lo + 4 (P2ps) P3q(€2Des )y Lo
—4 (paps) pag(€2Des)y lo + 4 (p2ps) psa(€2Des)y Lo
+2p24p3;(P1 N €2€3), lg — 2p3,p3;(p1 N €2€3), 19
—2po,p2:(P1Nesea), Io + 2p2;ps, (D1 N €3€2), 1o
+2p2,p3;(p2Deses), Is — 2p3,p3;(p2Deses), I
+p2aD2i(P2Deser), Ii1 — a3, (P2 Deses), I
—D2aP3;(P2Deser), 11 + psps; (D2 Desea), 11
+p2aD2i(P2e3Der), [11 — PaiDs, (P2esDea), I1n
+p2aP3;(D2esDea)y I11 — D3 psi(p2€e3Der)y 111
—P2aP2i(P3Dees), 11y + p2;p3a (psDeaes), 11
+D2ap3i(PsDeses), I11 — p3aps;(psDeses), 11,
+2p2,p2:(psDeser), I — 2p2;ps, (psDeser), I
—p2ap2i(p3€2D€3)bf{1 + p2ip3a(p3€2D€3)b]{1
—P2aD3i(P3€2D€3), 111 + P3aps;(P3€2Des), 11
+2paqp3;(p1Ne2Des), Is — 2p3,p3;(p1Ne2Des), 15
—2pa,p2; (PN €3 Dea) Is + 2pa;p3, (p1 N ez Dea), Is
+2p2,p3;(p2De2 Des), I — 2ps,ps;(p2Dea Des) I7
+p2ap2;(P2DesDer)y Iy — pa;psg(p2DesDes), Iy

—D2,D3i(P2DegDes), It + p3,p3;(p2DesDes), Iy
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+D2,02;(p3Des Des), Iy — paip3,(psDeaDes), Iy
—p2,03i(PsDea Des), Ii + ps,p3;(psDeaDes), Iy
—2p2,p2i(P3Des Der)y I7 + 2p2;ps, (ps Des Dea), 17

— (p2€3p2) P2;€2anl2 + 3 (PN esp2) pa;€aaplo

—2 (p2Desps) pai€aaplin — 2 (p2e3Dp3) paj€aaply

+3 (p1NesDp2) paiaanls + (p1NesDps) pa;€aay

=2 (p1NesNp1) pas€aaplio — (paDesDpa) paicaanl
+2 (p2De3 Dps) pasezapls + tr(Des) (paps) poieaan
—% tr(Dez) (1N ps) paseaanly — tr(Des) (p2Dps) paseaan !
— (p2€3p2) p3i€aanla + (P1N€3p2) P3;€2a010

— (p1Ne3sDp2) psi€aapls + (p2De3 Dps) p3ieaap
—tr(De3) (p2ps) p3i€aanls — %tr(Des) (P1NDP2) p3ieaanly
— tr(Des) (p2Dps3) psi€aapls + 2 (p2p3) (p2€3) €25 12
+ (p1Np2) (p2€3>i€2ab~[9 — (p1Nps3) (p2€3)i€2ab~[9

—2 (p2p3) (p1N€3),-€2ab19 —2 (ple2) (p1N€3),-€2abI10
+2 (p2Dps3) (p1Nes) €205 15 + (p1Np2) (p2Des) 20015
+ (p1Np3) (p2Des) €aanls — 2 (p2Dps3) (p2Des) 2an ]y
+2 (p2ps) (p3Des);eaanls + (P1ND2) (p3De3) €201
+2 (p2Dps) (psDes);€2ap Ly — 4 (D2p3) (P3€2),€30i 12
=2 (p1Np2) (p3€2)p€sailo + 2 (p1Np3) (P3€2),€34i Lo
—4 (p2ps) (P1N€2)€30ily + 4 (1 Np3) (P1N€2),€34i 10

—4 (p2Dps) (p1Ne2)y€30ils — 4 (paps) (p2Des) €34ils
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—2 (p1Np3) (p2De2)€30ils — 4 (p2Dp3) (p2De2) €34il7
—2(p1Np2) (p3Dea)yesails — 2 (p1Nps) (psDea)y€s4i 1
+4 (p2Dp3) (p3Dez) 3411 — 2 (1N €2p3) pag€spilo

—2 (paDeaps) payespils — 2 (p3Deaps) pagespiliy

=2 (p1Ne2Dp3) pa€apils — 2 (p2Dea Dp3) pag€apily

+2 (p1N€2p3) p3q€spilo + 2 (P2Deaps) paq€anils

+2 (p3Deaps) psqeapiliy + 2 (p1Ne2Dps) pageanils

+2 (p2Dea Dps) p3q€spilr)

ATD U e () Nege Iy — (py Nege I
(-1 Bh 8\/§ ( (pl 23p2)p2a2 (p1 32]93)]?2@2

+ (p2Dezespa) pagloo + (p2Deseaps) pagL1a

— (p2€3€aDp3) P2, d1a + (p3Deseaps) p2,Iag

— (p1NeaDesps) pa, 11 — (p1Ne2esDps) oI

— 2(p1NeaesDps) pao I + 2 (p1 Neaes Npy) pag I
+ (p1NesDeaps) pao 11y — 2 (p1Nesea Dpa) pa, Lo

— (mNeseaDps) p2, 11y — (paDeaDezps) pa, Iy

— (p2De2e3 Dps) pao Iy + 2 (p2Déaes Dps) p2,Lis

+ (p2aDesDeaps) pay 115 — (pa€sDeaDps) pag 115

+ (p3De2e3Dps) pag Loz + (p3sDesDeaps) pag Lo

— (piNexDes Dpy) pa, Iy + 2 (p1Neg De3 Dps) pa, 17
+ 2 (i NeaDezNp1) pagIs — 2 (p1NesDea Dps) pa,I7

+ (p1NesDea Dps) pa, 11 + (p2Dea Des Dps) pa,Io
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+ 2 (paDea Des Dps) pa,T1g + (p3Dea Des Dps) pa, Iy,

+ tr(Des) (p1Neaps) pag L — tr(Des) (p2Deaps) paqlis
— tr(Des) (p3Deaps) paoloz — tr(Des) (p1NeaDps) pag 17
— tr(Des) (p2De2Dps3) paoL19 + (P1N€x€sp2) psal

+ (p1Nezeaps) pao Iz — (p2Dezespa) pa, Iz

— (p2Deseaps) p3gLia + (p2eseaDp3) ps,L1a

— (psDeseaps) psala + (PN eaDespa) psolin

+ (p1NezesDps) p3I11 + 2 (p1Neaes Dps) ps, I
—2(p1NeaesNp1) ps3olo — (p1NesDeaps) p3, I,

+ 2 (p1NeseaDpa) p3,Is + (p1Nesea Dps) ps, 11,

+ (p2DesDesps) ps s + (p2Deres Do) pso sy

— 2 (p2DeresDps) p3,L1s — (p2DesDerps) ps, Lis

+ (p2e3Dea Dps3) p3, 15 — (p3sDeaes Dps) p3, Iz

— (psDesDeaps) p3,das + (prNea Des Dps) p3, Iy

— 2(p1NeaDegDps) pso Iy — 2 (piNeaDesNpy ) ps,Is
+ 2 (p1NesDey Dpy) p3oI7 — (p1NesDey Dps) ps, 1h

— (p2DeaDe3Dpa) p3, o1 — 2 (p2Dea Des Dps) ps, 1o
— (p3sDe2De3 Dps) p3 Iy, — tr(Des) (p1Neaps) psq L

+ tr(Des) (p2Deaps) ps, T + tr(Des) (psDeaps) ps,Ioo
+ tr(Des) (p1Ne2Dps) psoI7 + tr(Des) (p2Dea Dps) psa g
—2(p1Neaps) (p2€3) L2 + 2 (p2Deaps) (pae3) ,Iao

+ 2 (p3Deaps) (p2€s) J1a — 2 (1 Ne2Dps) (p2€s)  Los
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— 2 (p2Dey Dp3) (p2es) I9y — 2 (p1 Nesp2) (psez) I

+ 2 (p2Desp2) (pse2),J1a + 2 (p2€3Dps) (psez) I3

+ 4 (p1NesDps) (pse2) Iy — 2 (p1Nes Dps) (pse2) L

+ 2 (p1NesNp1) (pae2), Lo + 2 (p2De3 Dps) (pa€2) ,Lis

+ 2 (p2DesDps) (pses) oo — 2 tr(Des) (pops) (pse2) Lo

— tr(Des) (p1Np2) (pse2) Lg + tr(Des) (p1Nps) (psez), L

+ 2 (paesp2) (P1Ne€2) L2 — 6 (p1Nesps) (p1Ne2) Lo

+ 4 (paDesps) (i Nea)  I11 + 4 (p2e3Dps) (1 Nez) I,

— 6 (p1NesDps) (piNeg), Is — 2 (p1NesDps) (p1Nea) 1y
+4 (p1NesNpy) (piN€r), Iio + 2 (p2DesDps) (piNeo) , Ix

— 4 (p2Des Dp3) (p1Ne2), I7 — 2t1(Des) (p2ps) (p1Ne2) L
+ tr(Des) (p Nps) (p1Ne2) Iy + 2tr(Des) (p2Dps) (p1 Nea) Iy
+ 2 (p1Neaps) (p1Nes), Lo + 2 (p2Deaps) (p1Nes), 1s

+ 2 (psDeaps) (m1Nes) 111 + 2 (piNeaDps) (p1Nes), I

+ 2 (p2DeaDps) (p1Ne3) L7 — 2 (paespa) (p2Des) 1o

— 6 (p1Nesps) (p2Des), I + 4 (p2Desps) (p2Des) I3

— 4 (p2esDps) (p2Des)  J1s — 6 (p1NesDps) (p2Deg) 17

+ 4 (p1 NesDps) (p2Des) I3 — 2 (p1 NesNpy) (p2Des)  1s

— 2 (paDesDps) (p2De2)  Io1 — 4 (p2DesDps) (p2Des) , Thg
+ 2tr(De3) (p2p3) (p2De2)  1s — 2tr(Des) (p1Nps) (p2Dez), I3
+ 2tr(De3) (p2Dps) (p2Déa) . J19 — 2 (p1Ne2ps) (p2Des) , Ios

— 2 (p2Desps) (p2Des)  Iny + 2 (p3Deaps) (paDes), I
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— 2(piNeaDps) (p2Des) 11 + 2 (paDea Dps) (p2Des) 121
— 4(paesea) Jaz + 2 (paps) (paesez), Lis

+ (11 Np2) (p2ese2), Iz — (P1Nps3) (p2€se2), L2

— 2 (p2€sp2) (p3De2), J1a — 4 (p1Nesp2) (ps Dez) I

— 2(p2Desps) (psDes) 15 — 2 (p2esDps) (psDer) , I22
+2(p1NesDps) (psDes) It — 2 (p1NesDps) (psDes)  Ir
—2(piNesNp1) (psDes), Is — 2 (p2Des Dps) (psDez) I3
+ tr(De3) (11 Npo) (psDez) 17 + tr(Des) (1 Nps) (psDes) 17
+ 2tr(Des) (p2Dps) (psDea) I3, — 4(pseaes) Lo

+ 2 (pops) (pseaes) Ji6 + (P1NP2) (p3eaes), Lo

— (p1Np3) (p3eaes) Lo + 2 (paps) (p1 Neaes) 1o

— 2 (p1Np3) (p1Neses) Lo + 2 (p2Dps) (p1Nexes)  Los

— 2 (pops) (M Negea) Lo — 2 (01 Np2) (1 Neses) Lo

— 2 (p2Dps) (p1Nesea)  Ios — 2 (paps) (paDeses)  Ioo

— 2(p1Nps) (p2Deses) 16 + 2 (p2Dps) (p2Deses) 15,

+ (01 Np2) (p2Deses) , [11 + (p1Nps) (p2Deses) 111

— 2 (p2Dp3) (p2Desea) D15 + 2 (paps) (paezDez), 11a

+ (p1Np2) (p2esDes) 111 — (p1Nps3) (paesDes) 11

— (p1Np2) (p3Deaes) I}y — (p1Nps) (p3Deges), I},

— 2(p2Dps) (psDeses), Iis + 2 (paps) (psDeser) Iy

+ 2 (p1Np2) (psDesea) I — 2 (p2Dps) (psDeser)  Ino

+ 2 (pap3) (P3€2D€3)a[14 — (p1Np2) (p3€2D63)a111
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+ (p1Nps) (pseaDes) 11, + 2 (paps) (p1NeaDes)  Ios

— 2(p1Np3) (p1 NeaDes) 15 + 2 (p2Dps) (p1 NeaDeg) 14
+ 2 (p2ps) (11 NesDez) I35 — 2 (p1Np2) (p1Nes Dez) I
+2(p2Dps) (mNesDea) 11 + 2 (paps) (p2DeaDes) 13,
— 2(p1Nps3) (p2DesDes) Iz — 2 (p2Dps) (p2Dea Des) I
+ 4(paDegDey)  Ios + (p1 Np2) (p2DesDes) Iy

+ (p1Np3) (p2DesDes) Iy — 2 (p2Dp3) (p2DesDes)  I17
+ 4(p3Dea Des)  Ios + (p1Np2) (p3sDez Des) Iy

+ (p1Nps) (psDexDes) Iy — 2 (p2Dps) (psDeaDes) L1z

+ 2 (paps3) (psDesDes)  Ios — 2 (p1 Npo) (psDesDes) Iy

-2 (pQng) (p3D€3D62)a[£1)' (287)
(M (5) (3)
AC(I)*?OBB = Ag(p%)BB + Ag(pr)BB + «42@73)133- (2-88)
) i abcdeij
‘Ag(P*S)BB :8_\/§T bed j<_p2ap2jp3i€2de€3bc)[10 + (2 + 3), (2.89)

1
AL gy =—=T
Cc(P-3)BB 8\/§

- 2p2ip3a(plN63)d€2bcIIO + pZip?)a(pQDEB)dEZbc[5

abedi (p2¢p3a(p2€3)d€2b019 - p2ap3z‘(p2€3)d62bcl9

+ p2ap3i(p2D€3)d62bc[5 - p3ap3i(p2D63)dE2bc[5
+ p2¢P3a(P3D€3)d€2bcL/1 + p2bp2i<p263)a620d[9

- p3bp3i(p2€3)a62cd[9 - 2P2bp2i(p1N€3)a€2cdflo
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+ poyp2i (P2 Des) €2cals + Doybai (D3 De3) €2cal)
+ (p2p3) P2i€2ca€3a0lo — (P1NDP3) D2;€20a€3a0 10

+ (pQDp3)p2i620d€3abI5> + (2 A 3)7 (290)

@ U abe
Al s 55 :ﬁT P(4 (paDps3) psg(€2€3) Lo — 203, (P1N€2), (p2e3) Lo

— 2py (PN €2) (p2es) Lo + 4pay (P1N€2) (p1Nes)  L1o
- 2p3b(p2D52)a(p2€3)C[6 - 2p3b(p1N€3)c(p2D€2)aI4
— 2pay(p2Des) (p2€3) Lo — 2p2p (11N €3) (P2 De2) 1y
- 2p2b(p2D63)a(P3€2)018 - 2p2b(p1N€2)c(P2D€3)a[5
— 2poy(p2De2) (P2 Des)  Ir — 2p3y(p2Des) (p3€a) I
- 2p3b(p1N62)a(p2D63)CI5 - 2p3b(p2D€2)a<p2D€3)cI7
— P2,P3p(P2€3€a) Jo + 4pay(p2De2) (p3 Des) 13

+ 4 (pap3) p2q(€2D€3),. Lo + P2up3p(P1N €2€3) 1o

+ paaPsp(psDeres) I11 + pagpsy(pseaDes) 11

— P2aP3p(P1N €2 Des) I5 — pagpsy(p2DesDes) 1y

-2 (p2p3) <p263>c€2ab]2 - (p1Np2) (19263)C€2ab]9

+ (P1ND3) (p2€3) 20610 — (P1NP2) (P2De3) €20015

— (P1Nps3) (p2Des) €2apl5 + 2 (p2Dp3) (p2De3) €241

+ (PN esps) p2,€pelo + (p2e3Dps) P2, €anels

— (p1NesDpa2) p2,€avels + (p2Des Dps) pa,€avely

— (p1Nesps) p3q€apcly — (p2e3Dps3) P3gcancl

+ (p1NesDpa) psgeanels — (p2DesDps) psq€apely
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+ 2 (paps) (1N €3) 2elo + 2 (D1 Np2) (p1Nes) €2pe110
— 2 (p2Dps) (p1Nes) €20el5 — 2 (p2p3) (psDes) €201
— (p1Np2) (psDes) €ae 1) — 2 (p2Dps) (psDes) €ape 17

+ (P3D€2p3)P2a€3bc[i1 - (p3D62P3)p3a€3bc]{1) + (2 s 3)- (2-91)

Ag((;)—smh :LTabc(—Q tT(D€2)p2cp3a(p2€3)b[6 -8 (p2Dp3)p3a(€263)bcIO
16v/2
— tr(Des)p2apsc(p1Nea2), Iy — 8pay(p2Des) , (pse2) Lo
— 2tr(Déa)pep3q(p2Des)y I — 8psy(p2Des) . (p3€a) o
+ 22,035 (D2€3€2) L2 + 8 (P2p3) D2, (€2D¢€3),. 1o
— 2pa,p3p(p1Neaes) g — 2p2ap3b(P3D€2€3)cIi1
+ 2p2, D3y (P3€2Des) 111 — 2pa,psy(p1 NeaDes) 15

— 2p2,p3y(paDes De) 1) (2.92)

2.5 Some Integrals

The integrals appearing in the amplitudes section are defined as

]n = / d222d223AnK: (293)
|2:]<1

where A,, are listed below.

AO <—§322 + 2223) 2

_ 2.94
2’22|2|1—2322|2|22—23|2’23|2 ( )
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1 = 2
PPN L |
|22] 2|1 — Z32o| ? [ 23]

2
A2: 2|22—|—2’3’2 .
|22] 2 |22 — 23] % | 23]

(1+[22]*) (1 + 28] %)

As =
|22] 2 (1 — |22] 2) |23 2 (1 — |23]| 2)
A — 2 (14 |2]?)
L=
|22] 2 (1 — [22|2) |23] 2
I el - 2
7 12l 2|1 — Zaza| 2 23] 2
Ag = (—1 — [22]?) (]z2]* — | 23] ?)
|22] 2 (1 — |22| 2) |22 — 23] 2 |23] 2
A = (=1 —[22] %) (1 — |22 |25 ?)
|22] 2 (1 — |22| 2) |1 — Z322] ? [ 23] 2
Ay = (J22]? — | 23| %) (1 — |22| | 25| ?)

a2l 21— Z320| 2 22 — 23] % |25 2

[22] % — |2s] *

Ag =
| 22| 2 |22 — 23] % |23] 2
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(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)

(2.101)

(2.102)

(2.103)



1

Apg= ———— 2.104
RIS PAEIPAP (2.104)
A — (|22 = |23 %) (1 — |22] ? | 23] ?) (—Z322 + Z223) 2
11 — — - —
|20] 2|1 — Z320| 2 |20 — 23] % |23] 2 [22] 2|1 — Z322| 2 |20 — 23] ? | 23] 2
Ao — (|22 > — |23 %) (1 — |22] * | 23] ?) 3(—Z322 + Za23) 2
12 — — - —
20| 2|1 — Z320| ? |20 — 23] % |23] % [22] 2|1 — Z322| 2 |22 — 23] ? |23 2
— Ag — 64, (2.106)
Ave — 3(|z2]? — J23] ) (1 — | 22| * 23] %) (—Z329 + Z923)
13 — — - —
20| 2|1 — Z320| 2 |20 — 23] % |23] 2 |2] 2|1 — Z320] ? |20 — 23] % |23] 2
= 345 — 24, (2.107)
(1 — 22| |23]?) |22 + 23] 2
Ay = 2.108
14 |ZQ|2|22_Z3|2|23|2|_1+2223|2 ( )
(J22] > — |23] ?) |1 + Zp23]?
A= = 2.109
B 20 2 22 — 23] 2 |23 2 |—1 + Zozs) 2 ( )
(J22]? — | 23| %) |22 + 23]
Aip = 2.110
R A P N EY A (2.110
1_ 2 2 1 = 2
A17=( 22| % |23] ) |1 + Zp23 (2.111)

|22| 2 ‘Zgl 2 ’—1 + 2223| 4
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(1+122]) (22 * — |23]*) (1 +|25]*)

A = 2.112
= L1+ 502) 12 = 2] o0l (=L £ 23] ) (2.112)
e () (415 0 lal ) -
Sl (=1 [222) 20]2 (L + Tl ®) |1 £ B3]
(1+|2’2‘2)‘22+23|2
Agy = 2.114
0= (1= |2l ) |22 — 2] 2 7] (2.114)
1 D11+ z 2
A21_ ( +|Z2| )| +2223| (2115)

el 2 (1= Jz2]?) 28] 2 |1 + Zaz) 2

pyy = LB a1 (0=l [l?) + =22 o0

| 22| % |22 — 23] % |23 2 (1 — |23] 2) | =1 + Za23)2

(|22]® — |23] 2) (2322 + 2223)

Aoa = 2117
N Y Y PN EYPNE (2.117)
el ] (G + B) o)
. 2] 2 |2 2 [~ 1 + Z525] 4 -
(2l — |212) (1 = |0l 2 |25] ) 2 (=7 + 5278)?

A25

T |zl 2 1 = Zaz| 2o — 23] 2 [2s] 2 |22] 2|1 — Z32a| 2 [0 — 23] 2 2s]

= As — 440 (2.119)
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A Uzl ® —1251%) (1 — |2 * | 25]%) (—Z322 + Z223)
26 -

a2l 21— Z320| 2 2a — 23] 2 2|2 2|20] 2|1 — Z3z2|? |20 — 28] 2 |25 ?

= Ag — A (2.120)

Each of these expressions could be expanded out in terms of the integral I, cd.e. f
defined in section 2.1.2, but it is these combinations which appear naturally from
the contractions.

Finally, when we put a prime on an integral, I/, we obtain it from I,, by exchang-

) n’

ing zy with 23 in A,, before performing the integration, so for instance

2(1+ 23] ?)
I :/ d? zod?2 . 2.121
* |z]<1 ? 3|22|2(1_ |Z3|2)|23|2 ( )
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3. HIGHER DERIVATIVE EFFECTIVE COUPLINGS

3.1 Effective Couplings from the String Scattering Amplitudes

There are different ways to derive supergravity effective couplings from string
theory, such as by requiring the beta function of the worldsheet theory vanishes.
However when the Ramond field is present, it is most convenient to derive the effec-
tive couplings by comparing the string scattering amplitudes with the field theory
Feynman diagrams. Some computations on two point couplings can be find in the
earlier literature [17, 18, 19, 20].

In this section, we construct the four-derivative C®*% BB effective coupling from
the disc amplitude.

The basic principle is that the string scattering amplitudes contain all the on-
shell field theory results. We need to evaluate all possible field theory Feynman
diagrams from the known vertices, then isolate the new couplings appearing in the
string amplitudes.

The detailed strategy is the following:

1. We start with the ten dimensional supergravity action and calculate all possible
zero-order RR-NSNS Feynman diagrams using the D-brane vertices from the

Wess-Zumino term.

2. We compute the RR-NSNS disc amplitudes and expand them up to four deriva-

tives.

3. By comparing the results in step 1 and step 2, we can find the RR-NSNS (two

points) four-derivative correction to the Wess-Zumino action.
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4. Using the Wess-Zumino action plus the corrected two-point couplings from
step 3, we calculate all possible RR-NSNS-NSNS Feynman diagrams up to

four derivatives.

5. We calculate the RR-NSNS-NSNS string scattering amplitude, and expand it

up to four derivatives.

6. By comparing the results in step 4 and step 5, we can isolate the RR-NSNS-

NSNS (three points) four-derivative correction to the Wess-Zumino action.

In addition, we should keep in mind that the string amplitudes calculation is
determined up to a overall constant. Thus we also need to fix this constant by

comparing the zero momentum terms in field theory and string theory.
3.2 Review of Ten Dimensional Supergravity

We use same notations as in [15]. The ten dimensional supergravity action has

the following form:

RN 1 (n) (n+1)! o\
S0 = _5 / d"x Z (Tl 4 1)! ((n + 1)8[“1 Cu2-~~un+1] + 2H3[<n _ 2)!H[”1“2”3 Cu4~~~un+ﬂ
(3.1)
where & is gravitational constant and n is the rank of C' form.
Isolating the C™(C=2) B coupling, we obtain
() c(n—2) 1 " i
iy < [t Mg @ o (g
n — 2)12! bn
In momentum space, this becomes
cmon-2)B 1 o) fhdeeefin
1(0 | B _Rm / dpdpdp>276 (p + p1 + p2) FN1~~~ﬂn+lHul'.HSC(n Rfatind
(3.3)
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where H = dB, F = dC.

The part relevant for the propagator is

(c(n)c(n))

1 (n+1)? n ) 12 fin1]
st ") = 3 | om0 O 07

The equation of motion (EOM) is!

1 9 (ctmo)
- E(;C(n)u 10

= o) D (DO B~ (P, ))

(n+1)!
(n+1) 4
(27T)(+)p0

| V2...Vn41"

where v = (v;...,41) and we made a gauge choice p"C,,... = 0.

The two point function is defined as

1 & 1 4 (ctmom)
Al SCY nl §CmE 10

. 1
i(27)6 (p1 + p2) 519255 :

<C(n)# (p1) C(n)u (p2)> =

The propagator G,” is defined through

G (C (p1) €, () ) = (27)0 (1 + )

which can be written in the simpler form

v —1 v
G =l

(3.6)

(3.8)

I'To make the expression simpler, we will use a bold letter to denote a sequence of indices in
this work. The precise definition of the functional derivative using the bold indices is in the section

3.4.
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At zero order, the fields on the brane are described by the Wess-Zumino action:

_1
Spt1 = \/§,upli/w ce* Pt (3.9)
p+1

where fW » denotes the integration on the Dp-brane and F' is the field strength for
the U(1) gauge field.

This action is understood in the following way:

1. The indices in C, B, F' are space-time indices. We expand the Ce structure
to get all differential forms that live in the bulk and could be rank higher than

p+1.

2. We use the pullback map X* = X* (z%) , where X* is the spacetime coordinate
and x® is the brane coordinate, to pull all the field to the brane, then perform

the integration.

Note that any form with rank higher than p 4+ 1, will vanish on the brane after
the pullback. Therefore when we expand the Ce structure, we should select forms
of rank p + 1 or lower.

We work out the two point coupling in the Wess-Zumino action. To simplify the

calculation, we redefine the field’s normalization

V2p,sC — C,

2B — B,

F— F (3.10)
\/,u_p

We will restore the dimensional coefficient in the final step.

94



In terms of the redefined field, the action is

Sp+1 = /C€B+F

Z/C'(p+1)+/C’(”_1)/\B—i—/C(p_l)/\F—}—%/C’(”_g)/\B/\B

1
+/C<p3)/\B/\F+§/O(p3)/\F/\F+...

We denote the map X#(z) = 6*,2* + 6*; X' (x) as f.

Pulling back the C field to the brane, we see

1
Cp+D) _ ] £OOD e (X)AXH A LA dX
1 oX ™ OX Ho+1 a a
“(pr ) T iy (2 D e A e d

where f, is the induced pullback map on the forms.

In first order, we expand partial derivatives as

DG ,
= 5, + 0,0, X
B Mo+ 0%0, X" (x)

and are left with the expression

(p+ DICT(X) =@V, (X)dr™ A ..dx+

+(p+1)CP, oy 0 (X)0ay X (2)dz™ A ..dz,

(3.11)

(3.12)

(3.13)

(3.14)

Here C'(X) still contains fields at higher order. Up to two-field order, we have

C(p+1)a1...ap+1 (X) = C(p+1)a1~--‘lp+1 (J:) + aicv(p-i-l)alma“l (x)XZ
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Therefore the first term in the amplitude (3.11) is

1 1 .
Oy 1) ;
/ ((p + 1)' ¢ a1.--Ap+1 + <p + 1)| aZC a1...ap+1X

1 .
+_lc(p+1)i1a2...ap+1 8111 Xl) et dp+1$' (3' 16)
p:

Up to second order in the fields, the 2nd and 3rd terms in (3.11) are

1
-1 1 at....a —1
[P RB= [ O B

1
/C(p—l) AF = /meal..“a;ﬂrlO(p—l)almap1@apAap+1dp+1x, (317)

The rest of the terms in (3.11) contain at least three fields and can be neglected.
Putting all pieces together and restoring the dimensional coefficient; at two-field

order the two-point couplings on the D-brane are

V24K V24K .
S= dp+1 et £ C(p+1)a a i 8@'O(p+1)a a X"
/ xTe <(p + 1)' 1.--Gp+1 _I_ (p _'_ 1>' 1---Qp41
+_p|p -O(ZH’ )i1a2-..ap+1aa1X + @_—1};'2'0@ )a1...ap71Bapap+1dp+ T
V2 HpK o
+WC(1’ 1)(11'”%_18%/4%“ . (3.18)

3.3 Construction of Four-Derivative Effective Couplings for C**>BB

We follow the strategy listed at the beginning of this section. The three point

RR-NSNS-NSNS string amplitudes contain following the Feynman diagrams:
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cwr+y

Dp

Figure 3.1: Zero-derivative diagram for C**% BB

cwr+d

Dp

Figure 3.2: Four-derivative diagram for C®*% BB, with four-derivative two point

D-brane vertex
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cwr+d

Dp

Figure 3.3: Four-derivative diagram for C?*> BB (the contact term)

In the above diagrams, the thick lines represent the D-brane; the dashed lines
represent the B field; and solid lines represent the Ramond gauge field C. Figure 3.3
is the four-derivative correction to the Wess-Zumino term, which is what we want
to calculate. In Figure 3.2, the D-brane vertex comes from the Wess-Zumino term,
therefore this term is zero-order. In Figure 3.1, the D-brane vertex is unknown yet,
because there is no C**3) B coupling at lowest order. However we can evaluate this
vertex from the two point RR-NSNS string amplitude. It contains the following field

theory diagrams:
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cwr+d

Dp

Figure 3.4: Zero-derivative order effective coupling for C?+3) B

cwr+d

Dp

Figure 3.5: Four-derivative order effective coupling for C'?+3) B
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Figure 3.4 is the four-derivative correction to the two point coupling C®?+3)B.
This is the brane vertex in figure (3.2). In the following section, we will evaluate

those diagrams.
3.3.1 CPT3B couplings in zero momentum

The amplitude corresponding to Feynman diagram (3.4) has the following form:

©) . ~(p+3) 1 0 1 J o o)
Apprsg = C M(p+3)!§0(p+3)“ (p+ )i oCwi, 5BSlOG( ) baX
1 0
(p T 1)1 3G, 7+ (3.19)
where the bold indices are defined as

n= (Mla "':up—i-4) )
a = (CLl, ...Cl,p+1),
b= (b1,...bp11). (3.20)

Using lelCh p+1))a,beb = ;—ziea (p+1)!, one can check the brane action takes the form

1) 1 0
! )a’b(p+1)!5c<p+1 Opr1 = ‘/_“P (3:21)

while the bulk part is

K1 3) 50, (p+ 1)1 50w D, 5510

p + 4 i RJ c
— S () O () B (322)

Here p, p1, p» are momenta for CP+3) C®+) B respectively and the delta function

§ (p + p1 + p2) is implicit.
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The brane is p+ 1 dimensional, so p1, jt2, 13 have to be normal indices. Thus the

amplitude takes the form

A(O)

Ccr+3B — m i jke]

.
= V2 L gl e
(p+1)2!p* 3 ’ "

We define kinematic variables

s =p1.D.p,
t = p1.p2,
t+ i
r= -
27

in terms of which the two-point function takes the form

2u,k% 11 g
<C(p+3)B> — ;A0 _ \/_“p“ (—1)7’F(7’+4)”kHijkec.

c

3.3.2  The string disc amplitude for CP*3B

At zero momentum order, the relevant RR-NSNS amplitude is [15]

ir T(t+1)I'(s+1) (—1

272 T(t+s+1) 7) (D) (Dpa), TH.

Plugging in the defintion for D and T' , we have

(eD)ij (Dp2), = —€ijpay

32

Tk — _pp=1)
(p+ 1)!

b1...bpt+115k
Ebl...bp+1F i )

101

=k p+4) (pl)[ ol ((pz) iBjk) ﬁc’b (\@MM;—;> €b

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)



where we take all the indices in T to be normal to get the gauge field strength for
CP+3)

The amplitude then becomes

T ooy 32 TE+DI(s+1)1 )
jp(p—1) - Fbl...bpﬂz]kHi' . 390
6v/2 (pr D)l T(ttst1) ¢ b " (3.29)

We expand the I' factor up to four momentum order:

L+ 1) (s+1) w2
—1- Tty 3.30
T(t+s+1) 6T (3:30)

while at zero order in momentum we have

ooy 321
5" G D B @31

We see? the amplitudes differ by an overall factor

. . (m)2ﬂp

At four momentum order, the amplitude takes the form
2 2
%(—mﬂ (-”-ﬁ) @ik pr €. (3.33)

D 12!

More explicitly

1 . . .
;(St)Fc(erZl)”kHijk = 2Fc(p+4)ljk (pl)a (pl) aHijk = —2Fc(p+4)”kVaV“Hijk. (334)

2Each point will contribute a dimensional coefficient (ix) . So in case of the three-point function,

. \3
the factor would be 32(:5()1 L. As we will see later, this is indeed the case.
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where we used the on-shell condition

(p1+p2), =0, (3.35)

p1"p1,, = pat'p2, = 0. (3.36)

Therefore the four-derivative couplings for C®*3 B on the brane are
2 2

() _ V2R (T praieg ey
(C(p+3)B) - (p+ 1)'3'( 1) ( ) Fc Vav Hz]k

6
= (er—f)!Q!(—l)p (g) (p+4) (P11, Coscprrijil (P2), (P2)  (P2) M,

(3.37)

3.8.8 CWH) BB couplings at zero momentum

The Feynman diagram is shown in Figure 3.1. The corresponding field theory

amplitude is

b
c+1)\Y cp+1)
S, S Badp,S10G " ) 18049, 0 e Bsdp, S10G ) a8 S,

(3.38)

where o, g, v are rank p + 3 indices (i.e. ¢ = (01,...0543)) and a,b are rank p + 1
indices.

Momentum convervation on the brane gives

Pas = —P1 — P2,

(pa)* = (p3) . (3.39)
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Thus

(n+1)

50(")’/50(n,2)#B5BSIO - K/m

() 8220008 () BP0 (3.40)

p2---Prt1]

The amplitude can be rewritten as

(-1) (%%fﬁpggpw)(p%))

oz 0920¢ 1 2 03 1 c
% ((pl)[al (O(p+5)) P <p2) 1 B,0293 ( ) 51;)2[036 (pg)ﬂ Bs? pdﬁe ) .

(p4)
(3.41)

We now have two cases in the above expression: (1) g contains p + 1 tangential

indices, and 2 normal indices, (2) p contains p tangential indices, and 3 normal

indices.
Case 1:
The number of upper and lower normal indices in the delta function must match,

otherwise the Kroneker delta vanishes. Therefore in this case all indices p;p2p3 and

010903 need to be normal indices.

1
(p4) 2

1 1 \/§ KJS o 020
(—1) (55@ i‘pl)!(p+6)(p+4)> ((pl)[gl C#H) oy (py) 7 By

| =

(p4)[P1 5[)2030] (p3) " B3P2P3 ¢

2

3

(3.42)

vv

3 5 v ost] L i
= (m) ((p1>[7" CP) ke (p2) ' By ](p4) (pa), (p3) £ B37M

@|H

where we used identities appearing in the appendix.
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Rewriting in terms of the T symbol we have

(%) (1 1 M) (3) <T7’Stj’f (Hs),., N (p)* (Hs),, Z%) . (3.43)

3131 32ip(1+p) (ps)?

Case 2:
There are (p'gg) choices for p. But no matter which positions we choose, we
always shift all the normal indices to the front and denote them as ijke , where e

denotes p tangential indices.

11 v/2p,k
(=1) <M<p+ ]

(p+ 6)(p+4)> X

((p1>[al C/(P+5) 02034 (pQ) 1B,7208__— (p4)[pl 5I;2p3c] (pg) 01330203E6c>

(ps)?
p+1 o 1o oaoa] L S
:(<‘”Ep+4§) (<p1>[al CP s ijrel (p2) 7 Bo Qm)z(m)c(pg)[zagm?e)
LY (11 V2 1 1
e — RN S N _1 F(p+5) ke H 010203 H Uk_ ce '
(z) (3! 3 pl (=1) sr0s0siike (H2) —<p4)2(p4)c( 3) s
(3.44)

Now there are two cases, either 010,03 are all normal indices, or 2 normal indices
and 1 tangential index.

In terms of the T symbol, the first case yields

1\ (11 v2u,k® . — ijh L
<;> (ggm (=) { T tmnijnHz TOE (pa). H3" 7 (3.45)

while the second case yields

1\ (11 V2 — ik L
(z) (5?% (3) | TonijuHo w(m)a H3" 2 (3.46)
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Collecting all pieces, we have

1 11 \/iﬂpﬁ’g rstjk 1 7 1
() (§§W S e Gy 0 ()i
1

1 o1 1
c Imn ijk amn ijk
—TpnijrHo —(p4) 5 (pa). H3" o + 3T nijnHo —(p4) 5 (pa), H3" p—Q) + (2 + 3).

(3.47)

We added a (2 <+ 3) at the end, because there will be a similar expression with

2 and 3 exchanged.
3.8.4 The string disc amplitude for C?*®) BB at zero momentum

In this section, we evaluate the C?*%) BB amplitudes up to four derivatives. We

use the following expansion for the integral [16]

7T2 71'2 71.2 772
Iy=——— (1= —p*(p2.D. ™ (1" 2. D >+
9 2 (p1.p3) < 6]) <p2 pQ)) 2 (p1.p2) < 6]) <p3 p3)
(3.48)
7T2 ( 7'(‘2 ) 7T2 < 7T2
= 0= g (67 020 g (1 6 0 D)
(3.49)

where p* = p1.pa2 + p1.ps + P2.ps.

At zero momentum order, the terms with six normal indices are

-2
X0 Tm-jklmnl < D24P2;P3i€2mn€3ki  P24P2;P3i€2mn €3kl

82 p? (p1p2) (p1ps) > 2o

(3.50)
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The terms with five normal indices take the form

A®)0

:ﬁTijklml (2p2mp3i<p1N€3)l€2jk . 2p2,,P3;(P1 N €3),€28
8v/2 p? (p1p2) (p1ps)

2pa,p3;(P2De3) 20 N 2p2,p3;(p2De3),, €2
(p1p2) (P1p3)

2p27;p3j(p2€3)m62kl _ 2p2z'p3j<p263)m€2kl
(p1p2) (p1ps)

(ple3>p2i€2lm€3jk _ (ple?))szfZlmijk
(P1p2) (p1ps)

(pszs)mezsz?)jk i (P2DP3)p2i€2zm€3jk
(P1p2) (p1ps)

(p2p3) P2i€21m€3;k (p2p3) P2;€21m €35k

(o) - (p1p3) ) + (24 3). (3.51)

+

Using the definition for the NSNS field strength H,;,,, = 3pj.€;m) and the Bianchi

identity 0 = p(, Hyny) , we can rewrite all of the above terms as

A0 _i72p4aH2ain3kzmTijklm + 12 pa™ Ho i H g T
6v/2p? (pa) 2 6v/2p? (pa) 2
1P Ho jpy H iy T4H™

18v/2p? (p4) 2

+ (2 < 3), (3.52)

where py = p1 + p2 and so that (ps)? = 2p1.p2 , (pa), = — (p3)..-
Comparing this with the field theory result, we see

(Z"‘Q)Bﬂp

QFT = Strlng X W

(3.53)
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3.3.5 The field theory diagram for CPT) BB at four momentum

The relevant Feynman diagram is Figure 3.2. We should take the brane vertex

to be the four-derivative correction from (3.37). The expression for this diagram is
(r+3))¥
CP) e, S Bady S10G ™) e, Badp, S (3.54)

Let p1,ps, ps, pa be momenta for C®P*5) By Bs CP*3) respectively. The above

expression can be written as

(1) (%%fﬁp&@wxpw)) (-0%)

(000, €250 )7 Ba7) () S () Bae) (), ) 5 ) - 359

If we compare this with the zero momentum expression, we see they are almost

the same except for a overall factor <(—1)%2> and # being replaced by (ps3), (ps) *

Since all the Kronecker delta structure is exactly the same, the calculation is the

same as for the zero momentum case. We therefore know the four momentum field

theory result is

(1) (s ) (-5) oo

<3Tr5tjk (H2), (P2) " (Hs), 55, — T tmnign Ho™ (pa), Hs"*

+3T niji H2"™" (pa),, H37*) + (2 +» 3). (3.56)
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3.3.6 The string disc amplitude for CP*) BB at four momentum

The four momentum terms are A©®* 4 AG)4 where

©)4 _ imt aijkimn ((pZDp2>p2ap2jp3i€2mn63kl (pSDp3>p2ap2jp3i€2mne3kl>
48v/2 (p1p3) (p1p2) ’
(3.57)

A6)4 imt pikim (_2 (p2Dp2) P2mpsi(p1Ne€s), €2 2 (p3Dp3) P2mp3i(P1N€3) €2k

48V2 (P1p3) (P1p2)
_2 (pszz)pszsi(p2D€3)m€2kz _ 2 (Psts)pszsi(p2D€3)m€2kz
(p1ps) (p1p2)
2 (p2Dp2) p2;p3;(p2€3),, €21 2 (p3Dp3) p2;ps;(p2€3),, €201
(p1ps) (P1p2)
(PLNDs) (P2Dp2) pri€aimesji  (P2Dp2) (P2Dps) p2i€2imes;n
(p1ps) (p1ps)
_ (p2Dp2) (p2p3) P2i€21m€3i n (PLNDs3) (PsDps) P2i€2imes;
(P1p3) (p1p2)

(p2Dps) (p3Dps3) paseaimesr — (P2ps) (P3DP3) P2i€21m€s i

_ n > . (3.58)

(]91272) (p1p2)

Note this is just like the zero momentum result except that the pl%m pole terms
have an extra factor <—%2> (p2.D.po) p* and the pl%pg pole terms have an extra factor

<_%2> (p3.D.ps3) p?. Therefore the final result is

1\ (11 V2, 2\ 1 1
L == S S A ) — (pa.D.pa) =
! (z) (3! ] 32ip(1+p)> ( 6 ) oz )3

(3Tmtjk (Hs),q (p1)° (H3), — T mmiji Ho™ (pa) , H3"" + 3Ty pije 2™ (), Haijk)

(3.59)

But this is just what we get from the field theory calculation! Therefore we con-

clude the four-derivative correction to C'®*5 BB vanishes and the amplitude obeys
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a non-renormalization theorem.
3.4 Some Identities for Antisymmetrization

In this appendix, we list some identities that we used in the Feynman diagram

calculation in previous section.

Statement 1:

p!(m —p)!

m! A[bl.,.bp}6a1...am_pc1...cp- (360)

A[cl...cp €ay...am—plb1...bp —

where € is a antisymmetric rank p tensor and indices a;, b; take valuesin 1,...p .
Statement 2: Assume all indices take values in 1,...m, and A, T, € are antisym-

metric tensors, then

601...cpa1...am,p

— )lp!
C1...Cp@l...0m—p __ MAblpr

Acl...cpTal.,.am,pbl...bpe Q1...Qm—pCl...Cp

m!
(3.61)
The case with p =1 is
1
ACTalmam71b€a1...am71C — _AbTaL..am,lcealmamilc‘ (362)
m

Let A, .4, be the antisymmetric tensor field. Denote the indices as a = (a1...ap)

Deﬁne (Sb - 5a[b1 6abp] - (5[[b1 5bp}]
a 1 e p a; " ap .
Statement 3:
5 ]b(x) ai...ap ‘Ya . .
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Statement 4:

/da:Ab(x) 5Af(93)Aa1"'a” (y) = plAa;..a, (y). (3.64)

Statement 5:
soAe = A, (3.65)
Statement 6: Let i;... , ji..., ... be one type of index (“normal ”), a;..., by... be

another type (“tangential” ). For indices of different type ¢% = 0. Then

Ay, §FFombr b _ (p+m)!(m + n)!A[jl...

k1 kmbi.bn
Jp Vi1 imar...an] (p+n+m)‘m| 0 (366)

Jp 7 i1 dm]ar...an

Statement 7: Let iy... , ji..., ... be one type of index (“normal”), a;..., by... be

another type (“tangential”). For different type of index 6% = 0. Then

+
arantt A gkiekmbibn _ (mnn) (IZ)) (_1)l(p+mfl) a1 v
€ [J1---Jp Uelm—1Q1 Q1] (n+m+p) €

n+1

5k1--~k’mbl--~bn (367)

. . . .. . 9
ai..-a []1"']P—l ]p—l+1---Jph---Zm—z]az+1---az+n

where (f ) is the binomial coefficient.
Statement 8: Let 4;... , ji..., ... be one type of indices (“normal”), a;..., b;... be
another type (“tangential”).

Let A, B be the antisymmetric tensors. Then

m n

A[a A[al Bag.,.am}il...in +

(—=1)" A, Blay...amliz..in]-

1 Bag...amil...in] =

m-+n m-+n

(3.68)
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Statement 9: Let H; be an antisymmetric tensor, then

D V. . }Hlilm?’ [, 13n—213n—193n _
21 22...13n eeeddn

n
1 o ) ) .
- 2 : _1\3m—=3,,. . . L . 117213 13n—213n—113
n ( 1) p7f3m72‘/'51---713m737/3m7113m13m+1---'LBnHl Hn " " . (369)
m=1
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4. CONCLUSION

This thesis describes calculations in perturbative string theory. In chapter 2, we
evaluated the entire tree level RR-NSNS-NSNS disc amplitudes. We presented the
amplitudes with explicit Ramond gauge invariance as well as exchange invariance
among NSNS fields. There are still many interesting questions regarding these am-
plitudes. In particular, it would be nice to have B-field gauge invariance manifest.
However, so far this can only be derived in the case of C?™) BB, and it is not
straightforward. We do not have a generic algorithm that works for all amplitudes.
Another interesting question is that whether we could generalize the algorithm in
section 2.3 to generic n-point function. If this is the case, we could formulate string
theory in a way that is closer to the features of low energy effective theory.

In chapter 3, we evaluated the four-derivative effective couplings from the C*+% BB
amplitude. We show this coupling vanishes and points to an interesting non-renorma-
lization theorem. The surprising observation is that the heaviest calculation needed
is actually not for the contact diagram that we are interested in. Rather, the four-
derivative correction can be calculated easily by recycling the zero order result. In
our calculation we observe that relative coefficients of four-derivative terms to zero-
derivative terms are similar in both three-point and two-point disc amplitudes. It
is this similarity that cancel out most terms and renders the effective coupling zero.
If a lot of terms cancel each other, it often indicates that there might be a better
method or formulation to start with. We suspect that there might be a recursive
relation between higher point string amplitudes and lower point ones. A complete
evaluation of the C®*3) C@+D CP=1 four-derivative couplings might give more

insight into this question. We hope to return to these questions in the future.
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