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ABSTRACT

The linear discontinuous finite element method (LDFEM) is the current work
horse of the radiation transport community. The popularity of LDFEM is a result of
LDFEM (and its Q' multi-dimensional extensions) being both accurate and preserv-
ing the thick diffusion limit. In practice, the LDFEM equations must be “lumped” to
mitigate negative radiation transport solutions. Negative solutions are non-physical,
but are inherent to the mathematics of LDFEM and other spatial discretizations.

Ongoing changes in high performance computing (HPC) are dictating a pref-
erence for increased numbers of floating point operations (FLOPS) per unknown.
Higher order discontinuous finite element methods (DFEM), those with polynomial
trial spaces greater than linear, have been found to offer more accuracy per unknown
than LDFEM. However, DFEM with higher degree trial spaces have received only
limited attention due to their increased computational time per unknown, LDFEM’s
preservation of the thick diffusion limit, and the relative accuracy of LDFEM com-
pared to other historical spatial discretizations. As solution methods evolve to make
the most efficient use of HPC, it is possible that the increased computational work
of higher order DFEM may become a strength rather than a hindrance.

For higher order DFEM to be useful in practice, lumping techniques must be
developed to inhibit negative radiation transport solutions. We will show that
traditional mass matrix lumping does not guarantee positive solutions and limits
the overall accuracy of the DFEM scheme. To solve this problem, we propose a
new, quadrature based, self-lumping technique. Our self-lumping technique does not
limit solution order of convergence, improves solution positivity, and can be easily

adapted to account for the within cell variation of interaction cross section. To test
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and demonstrate the characteristics of our self-lumping methodology, we apply our
schemes to several test problems: a homogeneous, source-free pure absorber; a pure
absorber with spatially varying cross section; a model fuel depletion problem; and

finally, we solve the grey thermal radiative transfer equations.
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1. INTRODUCTION

This dissertation is dedicated to the solution of the thermal radiative transfer

(TRT) equations. The TRT equations:

10 ~ - > . |
_%+Q.v1+0t1_/ /as(Q’—>Q,E’—>E)IdQ’dE’+aaB (1.1a)
C 0 4
dTl’ >
Cv—:/ 0, (¢p —4nB)dE, (1.1b)
at ),

are a nonlinear system of equations that describe the exchange of energy between a
photon radiation field and a non-moving material. Radiation intensity, I, is a seven
dimensional field dependent upon spatial location, &; photon energy, F; photon di-
rection of travel, Q; and time t. c¢ is the speed of light. Material opacities for all
interactions, oy; absorption, o,; and scattering, o, are functions of photon energy
and material temperature, T'. Material heat capacity, C,, is also a function of mate-
rial temperature. The angle integrated radiation intensity, ¢, is an integral over all
photon directions of the the photon intensity and is a function of space and photon
energy. Finally, the Planck function, B, is a function of photon energy and material
temperature. While materials at all temperatures emit photon radiation, the radia-
tion emission is proportional to 7. Thus, solution of the radiative transfer equations
is most important in situations where materials are very hot. Solving the thermal
radiative transfer equations is an important component of the simulation of different
scientific and engineering problems including astrophysics supernova explosions and
high energy density physics laboratory experiments such as the ones conducted at

the National Ignition Facility.



1.1 Simplifications of the Thermal Radiative Transfer Equations

In this dissertation, we make a number of simplifying assumptions to make solu-
tion of Egs. (1.1) more tractable. First, we limit our focus to 1-D Cartesian (slab)
geometry. The assumption of slab geometry is not required, but slab geometry ra-
diation transport simulations require significantly less computational time. Further,
any methods that have a possibility of being viable for radiation transport in multiple
spatial dimensions must also work well in slab geometry.

Second, we approximate the continuous angle dependence of the intensity using
the discrete ordinates (Sy) method. The Sy method approximates the true definition

of the angle integrated intensity,

using quadrature integration,

Nyir

S(F B, t) ~ Y wal (7, g, E.1). (1.2)
d=1
In Eq. (1.2), {wy, ﬁd}d:17_,_Nd” is the set of Ny, quadrature weights w, and discrete
directions, Qd and corresponding intensities /.
Finally, we treat the photon energy dependence assuming a grey, or photon energy

integrated model. The grey assumption assumes suitable opacities, o, exist such



that

/00 o(E)I(E)AE = 0geylgrey (1.3a)
/OOO 0(E)P(E)AE = 0OgreyPgrey (1.3b)
/OO o(E)B(E,T)dE = 0g4eyBgrey(T), (1.3¢c)

where Iy ey, @grey, and Bgre, are photon energy integrated quantities,

oy = [ HE)ME (1.4
Pgrey = /Om¢(E)dE (1.5)
Byrey = /OOB(E,T)dE. (1.6)

For the remainder of this work, we will forgo explicitly denoting quantities as grey,
and unless otherwise noted, all quantities should be assumed to be photon energy
integrated (grey). Though the assumption of Egs. (1.3) does not hold unless all
opacities are constant in energy, methods developed for the grey case are readily
extensible to the multi-frequency treatment of photon energy dependence, and the
multi-frequency approximation is by far the most common treatment of thermal

radiative transfer photon energy dependence[l].
1.2 Spatial and Temporal Discretization

To complete a description of the approach we will take to solve Egs. (1.1), we

now describe how we will discretize the spatial and temporal variables.



1.2.1  Time Integration

The appearance of the speed of light in Eq. (1.1) results in the TRT equations
being very stiff. To solve the such a stiff system of equations would require either
an impractically small time step, or the use of implicit methods. We elect to use
Diagonally Implicit Runge-Kutta (DIRK) methods to advance our TRT solution in
time. The simplest of DIRK scheme is the first order implicit Euler scheme, but

S-stable DIRK schemes with higher order convergence exist [2].
1.2.2  Spatial Discretization with Discontinuous Finite Elements

The linear discontinuous finite element method (LDFEM) has long been used to
solve the discrete ordinates neutron transport equation [3]. Through manipulation,
the thermal radiative transfer equations can be transformed into a form that is equiv-
alent to the neutron transport equation with pseudo- scattering, fission, and fixed
sources. This makes it possible to use the same methods and techniques developed
for neutron transport to assist in solving the thermal radiative transfer equations.
LDFEM has achieved wide spread acceptance in the neutron transport community
because it is accurate [4] and highly damped. Because it possesses the thick diffusion
limit [5], LDFEM has also been applied to the Sy TRT equations. Morel, Wareing,
and Smith first considered the application of LDFEM to the Sy TRT equations in
[6]. Mass matrix lumped LDFEM was shown to preserve the thick equilibrium diffu-
sion limit [6]. This suggests that discontinuous finite element (DFEM) schemes can
be used to accurately solve the TRT equations in both diffusive and transport effects

dominated regions.



1.3 Progression Towards Higher Order DFEM Thermal Radiative Transfer

For higher order (quadratic and higher polynomial degree trial spaces) DFEM to
be accurate and practical for solving Eqs. (1.1) we must demonstrate that higher

order DFEM:
1. are “robust”,
2. account for within cell spatial variation of opacity accurately, and
3. can be accelerated using appropriate iterative acceleration techniques.

By “robust”, we mean that that calculated radiation outflow from a spatial cell is
strictly positive for all cell widths and optical thicknesses.

In Section 2 we use a steady-state, mono-energetic, source-free pure absorber neu-
tron transport problem with a cross section that is constant in space to examine the
robustness of different radiation transport DFEM matrix lumping techniques. Next,
we extend the techniques developed by Adams [7, 8|, for a spatial discretization
scheme related to LDFEM to address the within cell spatial variation of opacity, for
higher order DFEM in Section 3 . Then, we examine iterative acceleration techniques
compatible with higher order DFEM spatial discretizations in Section 4. In prepa-
ration for solving the coupled, non-linear TRT equations, in Section 5 we combine
all of the strategies we have developed in Sections 2-4 and apply them to a coupled
system of linear equations to solve a two-group fuel depletion problem that uses
explicit Euler time differencing. In Section 6 we develop the necessary theory and
simulation procedures to solve the grey thermal radiative transfer equations using
higher order DFEM, fully deriving the necessary equations, and acceleration tech-
niques. Finally we give numerical results in Section 7 that verify our newly developed

DFEM methods and demonstrate their capabilities on a series of test problems.



2. DISCONTINUOUS FINITE ELEMENTS FOR RADIATION TRANSPORT !

In Section 1, we briefly mentioned that through manipulation, the thermal radia-
tive transfer equations can be put into a form equivalent to the neutron transport
equation with pseudo- scattering, fission, and fixed sources. We will fully demon-
strate the linearization process in Section 6, but for now we take for granted that
solving for the neutron transport equation’s angular flux, ¢, is related to solving
Eq. (1.1) for I. Additionally, we will assume that a steady-state, source-free, pure
absorber neutron transport problem taxes DFEM schemes in a manner similar to
the way DFEM schemes are tested in time-dependent thermal radiative transfer

simulations, in particular Marshak wave type problems [9].
2.1 History of DFEM for Neutron Transport

The linear discontinuous finite element method (LDFEM) for discrete ordinates
neutron transport is widely used and has been extensively studied [10, 11, 12, 13].
However, the DFEM technique is not limited to linear trial spaces. Reed et al. [3]
used arbitrary order DFEM Sy neutron transport in TRIPLET but, due to data
storage limitations at the time, only LDFEM was computationally practical. As a
result of these historical computing limitations, the accuracy of LDFEM [4], and

LDFEM possessing the thick diffusion limit [5], the majority of reported DFEM ra-

'Reprinted with permission from

1. “Characterization of High Order Spatial Discretizations and Lumping Techniques for Dis-
continuous Finite Element Sy Transport” by P. G. Maginot, J. C. Ragusa, and J. E. Morel,
appearing in International Conference on Mathematics and Computational Methods Applied
to Nuclear Science and Engineering (M&C 2013) on CD-ROM, copyright 2013 by American
Nuclear Society; and

2. “Lumping Techniques for DFEM Sy Transport in Slab Geometry” by P. G. Maginot, J. C.
Ragusa, and J. E. Morel, Nuclear Science and Engineering: 179, 1-16, copyright 2015 by
American Nuclear Society.



diation transport literature has focused on the LDFEM approximation. Higher order
DFEM methods have received periodic attention; some older examples include the
work of Walters [14] and Hennart and del Valle [15, 16]. More recent investigations
of higher order DFEM trial spaces include those of Warsa and Prinja [17] and Wang
and Ragusa [18, 19]. The primary focus of the work in [15, 16, 17, 18, 19] was the
convergence rate of arbitrary order DFEM schemes.

Negative angular flux solutions of the neutron transport equation obtained with
LDFEM have been well documented in [11, 12, 13]. While these negativities do not
affect the order of convergence and can be tolerated for certain applications [20],
some nonlinear problems, particularly radiative transfer calculations, can diverge if
the angular intensities are negative. As a result, several methods to eliminate or
inhibit negative solutions have been developed and can be categorized into one of
three categories: ad-hoc fix-ups [11], strictly non-negative solution representations
[12], and matrix lumping [13]. The first two methods result in nonlinear systems of
equations, while matrix lumping yields linear systems of equations. By definition,
ad-hoc fix-ups and strictly non-negative solution representations yield non-negative
outflows in 1-D, 2-D, and 3-D geometries, regardless of material properties. Mass
matrix lumping (applied to LDFEM) yields strictly positive outflows only in 1-D
geometries, though it does otherwise inhibit negativities [13].

Solution positivity of even degree unlumped DFEM methods for 1-D problems
has been noted previously [14, 15, 16]. In comparing DFEM methods to nodal
transport methods, Walters derived the quadratic DFEM scheme from the nodal
transport equations using the Padé(2,3) approximation to the exponential term and
noted that this approximation would result in a strictly positive outflow, regardless
of cell optical thickness [14]. Hennart and del Valle then showed for slab geometry

that all even P degree polynomial DFEM schemes approximate the cell outflow



angular flux as a Padé(P, P 4 1) function, which is a strictly positive approximation
of the exponential [15, 16]. The positivity of even degree unlumped DFEM for 1-D

problems was also shown in [17].
2.2 Mass Matrix Lumping Techniques

In this Section, we examine the idea of mass matrix lumping and its ability to
ensure positive angular flux solutions of the neutron transport equation for arbi-
trary degree DFEM trial spaces in non-scattering 1-D slab geometries. We consider
traditional lumping (TL), that constructs a diagonal mass matrix by collapsing all
off-diagonal entries onto the main diagonal [13], and quadrature-based self-lumping
(SL) methods [21], that yield a diagonal mass matrix by numerically integrating
the DFEM equations using the DFEM interpolatory points as quadrature points.
Restricting ourselves to equally-spaced interpolation points, self-lumping numeri-
cal integration with the greatest degree of accuracy is achieved through the use of
closed Newton-Cotes formulae [22]. However, Newton-Cotes formulas with a large
number of integration points are known to be oscillatory and are of relatively low-
order accuracy, integrating polynomials at most of degree equal to the number of
integration points. By considering solution representations that employ quadrature
points as the interpolatory points, for example Gauss-Legendre (hereafter Gauss) or
Lobatto-Gauss-Legendre (hereafter Lobatto) quadrature points [22], we wish to find
methods that are self-lumping with a significantly higher accuracy. We analyze the
combinations of Lagrange interpolatory points and numerical integration strategies
given in Table 2.1 for positivity of the angular flux solution, local truncation error
order, and spatial convergence order as a function of trial space polynomial degree.

We limit the consideration of exact numerical integration schemes to those with

equally-spaced interpolatory points, due to the fact that exact integration with any



Table 2.1: Nomenclature of numerical schemes. Taken from [10].

Interpolation Integration Method
Point Type Strategy Short Hand Name
Equally- Exact spatial integration, TL
Spaced with collapsing of mass matrix
entries to the main diagonal
Equally- Numerical integration via SL Newton-Cotes
Spaced Newton-Cotes quadrature restricted
to interpolation points
Gauss Numerical integration via SL Gauss
Quadrature Gauss quadrature restricted
to interpolation points
Lobatto Numerical integration via SL Lobatto
Quadrature Lobatto quadrature restricted
to interpolation points
Equally- Exact spatial integration Exact DFEM
Spaced

particular set of interpolatory points will always yield the same DFEM solution.

It has long been noted that traditional lumping (TL) with equally-spaced inter-
polatory points for 1-D LDFEM is equivalent to using the trapezoidal quadrature
rule to approximately integrate the mass matrix [23] while exactly integrating the
gradient operator. Since the trapezoidal rule is identical to the closed Newton-Cotes
formula with two points, we hypothesize that, for finite elements of arbitrary order
using equally-spaced interpolatory points, traditional lumping is equivalent to using
a closed Newton-Cotes formula to compute the mass matrix while exactly integrating
the gradient operator. We demonstrate the equivalence between traditional lumping
and closed Newton-Cotes formulae in the computation of the mass matrix.

Self-lumping (SL) based on Newton-Cotes formulae differs from traditional lump-
ing in that SL Newton-Cotes generally does not exactly integrate the gradient oper-

ator. Coincidentally, the gradient operator is exactly integrated for linear/quadratic



trial spaces using a 2-point/3-point Newton-Cotes formula, respectively. However,
for higher degree polynomial trial spaces, the corresponding Newton-Cotes formula
does not exactly integrate the gradient operator.

Self-lumping based on either Gauss or Lobatto quadratures exactly integrates the
gradient operator in 1-D slab geometry for all degree of polynomial trial spaces; thus,
there is no need to distinguish between exact integration and quadrature integration

of the gradient operator for the SLL Gauss and SL Lobatto schemes.

2.3 Lumping Techniques for the 1-D Sy Neutron Transport Equation with
Arbitrary Order DFEM

We now derive the weak form of the 1-D Sy neutron transport equations dis-

cretized with DFEM and define the different mass matrix lumping techniques.
2.3.1 Weak Form Derivation

Consider the 1-D slab geometry Sy neutron transport equation:

d
Md% + X = Qq, (2.1)

where 1) is the angular flux [1/[cm? — sec — ster]] in the pg direction, pg is the d’th
directional cosine relative to the z-axis, 3; is the total interaction cross section [em™!],
and Qg is a total source (fixed+scattering+fission) angular source in the direction of
pa [1/[em?® — sec — ster]]. In all that follows, we consider only non-scattering, non-
fissioning media (pure absorbers), thus Q; will only be non-trivial if a fixed source

is present in the problem. The scalar flux, ¢ [n/cm? — sec], is defined as

o(z) = 27?/_1 W(x, pg) dig - (2.2)
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For simplicity, we derive the DFEM equations for a single-cell domain, with x €
[zr, xg]. A known angular flux, v, 4, is defined on the incoming face of the domain
for all pg. For pg > 0, 1y q is defined only at x; and for pug < 0, i, q is defined
at rr. We begin our derivation by first transforming the physical geometry to a

reference element, s € [—1,1]. This affine transformation is such that:

A
r = iH—TIS, (2.3a)
A
dr = Txds, (2.3b)

with z = %, and Ax = ri —xy. We seek a numerical approximation to the true

angular flux ¢4 using Lagrange polynomials of degree P:
~ NP
Ya(s) ~ Ya(s) = Z V5,ab;(s) , (2.4)
j=1

where the QZd(S) denotes the numerical approximation. The basis functions b; are

the canonical Lagrange polynomials with interpolatory points s;,

e S — Sk

b;(s) :Hs-—s : (2.5)
k=19 7k
=,

and Np = P + 1. To determine the Np unknown coefficients of Eq. (2.4), we follow
a standard discontinuous Galerkin procedure, successively multiplying Eq. (2.1) by
weight function b; and integrating by parts, hence generating Np moment equations

(1 <i < Np). We assume that the cross sections are constant per cell. Inserting our

11



solution representation {/;d, the 7-th moment equation is given by:

b(T1) b3 - [ B P ] + 222 [ )it as

= % _1bi(s)Qd(s) ds. (2.6)

We now introduce the upwind approximation to define the angular flux at the cell

edges. For py > 0 the angular flux at the cell interfaces is

Ya(—1) = tinq and (2.7a)
Ya(l) = i%dbj(l)- (2.7b)
Similarly for j1g < 0:
Np
da(—1) = Z;wj,d@.(—m and (2.8a)
Ya(l) = ;nd (2.8b)

In Eq. (2.7a) and Eq. (2.8b), 94 is either the known angular flux outflow from
the upwind cell or a boundary condition. Inserting the definition of ibvd(s), Eq. (2.6)

becomes, for ug > 0,

Hd [bz(l) <Zp wj,dbj(1>> ( 1/de - /1 (ij db )

A””Et / bils (Z%db > ds = % bi(s)Qals) ds, (2.9)

-1

12



and, for pug < 0,

L [bi(1)¢in,d —bi(—1) (Zp 1/)j,dbj(_1)> / (Z j.ab;(s ) — ds]

+Am§]t/ <Zwﬂdb ) ds—% bi(s)Qq(s)ds. (2.10)

-1

Considering all of the Np moment equations at once we can write both Eq. (2.9)

and Eq. (2.10) in a single matrix form:

—

(1aG + X, M) b= Qa + dem,df (2.11)

In Eq. (2.11) we have made use of the following definitions: the vector of unknowns

is given by
Vi =[ra - Ynpal (2.12)
the mass matrix M is:
A 1
M, = Tx bi(s)b;(s) ds, (2.13)
—1

the fixed source moment vector, de, is a column vector of length Np:

= A 1
4= | bi(9)Quls) ds, (2.14)
-1
and f is a column vector of length Np:
- bz(—l) for g >0
fi= . (2.15)

—b;i(1) for ug <0

13



G is a Np X Np matrix which we refer to as the gradient operator. When py; > 0,

G is given by:

1 .
Gy = by (1) = [ G0 ds. (2.160)
-1 dS
For puy < 0, G is:
L db;
-1

When interpolatory points are not located at the cell interfaces (i.e., at s = £1), it

can be noted that
1. f has Np non-zero entries and
2. bi(£1)b;(£1) #Oforalli,j=1,..., Np.

When a Lagrange interpolatory point exists on the cell edges, then f has only one
non-zero entry and the product b;(£1)b;(£1) # 0 only when ¢ = j = Np for pqg > 0
or when ¢ = j = 1 for ug < 0, as is the case when equally-spaced points or a Lobatto
quadrature are used as interpolation points.

We evaluate the integrals of Eq. (2.13) and Eq. (2.16) using a numerical quadra-
ture. A method exactly integrates a quantity when the quadrature rule used to
evaluate the integral is accurate for polynomials of degree equal to or greater than
the polynomial degree of the integrand. In general, the matrices are dense and their

entries are computed as:

Az 2
My~ = ) webi(sq)bj(sq) (2.17)
q=1
Jn o db,
Gij ~ sg(pa)bi(s9(pa))bi(s9(pa) = Y wy—+|  bylsy), (2.18)
q=1 §=38q

14



where N, is the number of quadrature points to be used, w, are the weights associated

with quadrature points s,, and sg(a) is the sign function defined as

+1 ifa>0
sg(a) = : (2.19)
-1 ifa<0

2.3.2  Traditional Lumping

The traditional lumping (TL) scheme replaces M with ﬁ, the latter being formed
by collapsing row entries onto the main diagonal via the following formula [13]:

—~ Z;\fzpl Mij for i = j

0 otherwise

2.3.8  Quadrature-Based Lumping

An alternative method of mass matrix lumping restricts the quadrature points to

the interpolatory points where:

h 1 if S; = 8§j )
i(sj): s Z:]_,...,NP, (221)
0 otherwise

and the quadrature integration of Eq. (2.17) reduces to:

AZE . .
S W 1=

M;={ ° . (2.22)
0 otherwise

As mentioned previously, we refer to the implicit lumping of Eq. (2.22) as self-

lumping (SL). Self-lumping is a method to automatically generate a diagonal mass
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matrix. We note that self-lumping does not imply that the quadrature formula

inexactly integrates the mass matrix.
2.8.4  Source Moment Evaluation

Historically, when discussing lumping techniques, the focus has been on matrix
lumping [13] and little attention was paid to lumping source terms. For instance,
consider a d-shaped volumetric sources (i.e., equal to 0 everywhere except at one given
point). In such a case, the evaluation of @d using quadrature-based self-lumping
schemes is an open question. Obviously, quadrature-based schemes cannot evaluate
Eq. (2.14) for d-sources. To address this, we expand the source on a Legendre

polynomial basis:

.
Sa(s) = ) SuPuls) (2.23a)
with S, — 2”2“ /_ 1IQd(sﬂDn(s) ds | (2.23D)

and evaluate @d as follows

1
Cjd,z‘ = % bi(s)Sq(s) ds. (2.24)
-1

Note that if the right-hand-side of Eq. (2.24) is exactly integrated, this is equivalent

to exactly integrating Eq. (2.14).
2.4  Quadrature Point Selection

We now discuss the properties of different numerical quadratures as applied to
the 1-D DFEM Sy neutron transport equations. We consider three different types
of interpolatory points: equally-spaced, Gauss quadrature, and Lobatto quadrature.

On the [—1,1] interval, the Np = P + 1 equally spaced interpolation points for a

16



degree P polynomial trial space are:
‘ 2
sj:—l—l—(]—l)ﬁ, j=1,...,Np. (2.25)

Self-lumping using equally-spaced interpolation points requires numerical integra-
tion with closed Newton-Cotes quadrature formulae. The Np weights, w;, used for
Newton-Cotes numerical integration at the interpolation points do not follow a con-
cise pattern, so we refer the reader to [22]. The Gauss quadrature points are the Np

roots of the Legendre polynomial, Py, (s) [22]. The corresponding weights are:

w; = ﬁ [P, (s,)]° . (2.26)

J
Lobatto quadrature points have fixed endpoints, s; = —1, sy, = 1. The remaining

Np — 2 points are the roots of Py _,(s) [22], with corresponding weights:

2
Np(Np—1)

2
Np(Np—1) [PNp—l(Sj)]2

Jj=1,j=Np
(2.27)

w]' =
otherwise

The highest polynomial degree a particular self-lumping quadrature formula exactly
integrates is given in Table 2.2 for Newton-Cotes, in Table 2.3 for Gauss, and Ta-
ble 2.4 for Lobatto quadratures. Also listed in Table 2.2 - Table 2.4 is the maximum
polynomial degree of the integrands present in the gradient and mass matrices.
Since the accuracy of an Np = P+ 1 point Gauss quadrature integration exceeds
the polynomial degree of the M and G integrands for a trial space of degree P, using
the SL Gauss scheme will strictly yield the same numerical solution as any DFEM
scheme that exactly integrates M and G. Thus, the SL Gauss scheme yields the

same numerical solution as the Exact DFEM scheme.
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Table 2.2: Accuracy of self-lumping closed Newton-Cotes quadratures for DFEM
trial spaces of polynomial degree P. Taken from [10].

Polynomial | Np = Degree of Degree of Quadrature
Degree of @Z P +1 | M integrand | G integrand Accuracy

1 2 2 1 1

2 3 4 3 3

3 4 6 5 3

4 5 8 7 5

5 6 10 9 5

P P+1 2P 2P -1 Odd ¢: P

Even J: P+1

Table 2.3: Accuracy of self-lumping Gauss quadratures for DFEM trial spaces of
polynomial degree P. Taken from [10].

Polynomial | Np = | Degree of Degree of | Quadrature
Degree of {/; P +1 | M integrand | G integrand | Accuracy
1 2 2 1 3
2 3 4 3 5
3 4 6 5 7
4 5 8 7 9
5 6 10 9 11

P P+1 2P 2P —1 2P +1

Table 2.4: Accuracy of self-lumping Lobatto quadratures for DFEM trial spaces of
polynomial degree P. Taken from [10].

Polynomial | Np = | Degree of Degree of | Quadrature
Degree of zZ P +1 | M integrand | G integrand | Accuracy
1 2 2 1 1
2 3 4 3 3
3 4 6 5 5
4 5 8 7 7
5 6 10 9 9

P P+1 2P 2P —1 2P —1
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For linear and quadratic trial spaces, self-lumping methods using either Lobatto
or equally-spaced interpolation points will yield identical solutions. This is a direct
result of the two- and three-point Lobatto quadrature formulae being identical to
the two- and three-point closed Newton-Cotes quadratures. This equivalence does
not hold for higher degree polynomial trial spaces because the Lobatto quadrature
points will no longer correspond to the equally-spaced quadrature points.

By definition, TL uses equally-spaced interpolation points and exactly integrates
the gradient operator. For cell-wise constant cross sections, TL is equivalent to a

numerical integration scheme that:
1. uses equally-spaced interpolation points,
2. integrates the gradient operator exactly, and

3. uses a Newton-Cotes quadrature restricted to the DFEM interpolation points

to compute the mass matrix.

To prove the third point, consider the following. With traditional lumping, M;; is
exactly computed and then a row-sum operation is performed on the rows of M,

thus the entries of the diagonal mass matrix computed for TL are

:Z%/_lbi(s)bj(s) A‘” [Zb ] ds

A
Tx dsbl-(s) Vi=1,...,Np, (2.28)
~1

because Zjvp bj(s) =1V s € [-1,+1] by definition. The integral £ f_ll bi(s) ds is
exactly integrated using a closed Newton-Cotes formula with Np = P+1 points since
b;(s) is a polynomial of degree P. Finally, when the b; functions are defined using

equally-spaced points, the use of a closed Newton-Cotes formula with Np points
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yields

M, = — bi(s) ds = - webi(sqg) = —w;, (2.29)

because b;(s;) = ;5. Thus, the diagonal mass matrix computed using TL contains the
closed Newton-Cotes weights as diagonal entries and is equivalent to approximating
M using closed Newton-Cotes quadrature in Eq. (2.22). We also numerically verify

this in Table 2.5 for polynomial degrees up to 4, assuming Az = 2. For linear and

Table 2.5: Equivalence of traditional lumping and closed Newton-Cotes quadrature
approximation of the mass matrix. Adapted from [11].

P Exact Integration of M Row Sums of M | Newton-Cotes w
with P + 1 points
2 1
| 5 3 1 1
12 1 1
3 3
T 2 1 T T
5 15 15 3 3
9 2 16 1 1 4
5 15 15 3 3
1 2 4 1 1
15 15 15 3 3
38 3 I F 1T T
105 280 70 840 4 4
33 21 _ 21 _ 3 3 3
3 280 35 280 70 4 4
3 2 2 33 3 3
70 280 35 280 4 4
19 3 38 16 1 1
840 70280 105 L 4 ] L 4
292 296 58 8 29 i e
2835 2835 945 405 2835 45 45
296 256 128 256 8 32 32
2835 405 945 2835 405 45 45
4 58 128 208 128 _ 58 4 4
945 945 315 945 945 15 15
8 256 128 256 296 32 32
405 2835 945 405 2835 45 45
_ .29 8 _ 58 29 292 7 7
2835 405 945 2835 2835 45 45

quadratic trial spaces, the 2-point and 3-point Newton-Cotes quadrature formulae
exactly integrate the gradient operator, as shown in Table 2.2. Thus, for linear and

quadratic trial spaces, schemes that use
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1. equally-spaced interpolation points and traditional lumping,
2. equally-spaced interpolation points and self-lumping numerical integration, or

3. Lobatto quadrature interpolation points and self-lumping numerical integra-

tion,

will yield identical solutions.
2.5 Numerical Results

In this Section, we present numerical results for two 1-D slab problems. For
the first problem, we consider a source-free pure absorber with vacuum boundary
conditions on the right, a known angular flux v, 4 incident on the left face, and a
spatially constant total cross section ;. The second problem consists of a slab with
vacuum boundary conditions on both sides, no scattering, constant ¥, and a fixed
d-source.

For pig > 0, the numerical approximations to the angular flux near the cell inflow

and outflow are as follows:

Np

Vind = ij,dbj(—l) and (2.30)
=1

.

wout,d = Z¢j,dbj(1)- (231)
j=1

Regardless of the sign of g4, the numerical approximation to the cell average angular

flux is defined as:
Np

~ 1

Yaaq= 3 Z Wit . (2.32)
j=1

We used the following quadrature weight normalization: j.vzpl w; = 2. In Eq. (2.30),

Eq. (2.31), and Eq. (2.32), ;4 are the components of @Zd, the numerical solution
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obtained by solving Eq. (2.11). Hence, the numerical angular flux solution of any
of the previously discussed DFEM schemes can be obtained as a function of h, the

number of mean free paths divided by g,

A
p= 22t (2.33)
Hd

2.5.1 Incident Flux Single-Cell Outflow Comparison

For the incident-flux problem, the analytical solution of Eq. (2.1) is:

Yind €XP [—M] for 114 > 0
(@, pa) = " (2.34)
0 for pg < 0
The analytic angular flux outflow, ©¥,uq = ¥ (xR, pa), is:
wout,d - 7~pin,d exp[—h] . (235)
Similarly, the analytic average angular flux within the cell, ¥4 4, is:
vna == [ blena) de = 2 (1~ expl-t) (2.36)
= — x r = — exp|[—h]) . .
Ad Az - y Md h p
The solution components are given by
Ya=Yina (G+M)'f, (2:37)

and since M « h, we can compare the various choices of interpolatory points and
numerical integration strategies solely as a function of h.

Figures 2.1-2.4 show the numerically calculated cell outflow, Jout,d, as a function
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of h for all methods considered.  All methods converge to the analytical solution

-A-Exact DFEM
4+ TL
-x- SL Newton—Cotes
0.4; —-©-SL Gauss
A\ -*-SL Lobatto
Y — Analytic
0.3
=
s 0.2
(=N
0.1
0
0 1 3
10 10 , 10° 10

Figure 2.1: Angular flux outflow as a function of h, for different linear trial space
DFEM schemes, from a homogeneous, single cell pure absorber. Taken from [11].

as h — 0, thus we have zoomed in the range where the methods visually differ (i.e.,

h > 1). We observe that:

e SL Gauss yields strictly positive outflows for even degree polynomial trial

spaces,

e SL Lobatto and SL Newton-Cotes yield strictly positive outflows for odd degree

polynomial trial spaces, and
e TL yields strictly positive outflows only for a linear trial space.

We also numerically verify the remarks made of Section 2.4, that is:
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-A-Exact DFEM
- TL
~x SL Newton—-Cote
-©-SL Gauss
-#-SL Lobatto
— Analytic

0.4

woutd

-0.1 ‘
10° 10" 10°

Figure 2.2: Angular flux outflow as a function of h, for different quadratic trial space
DFEM schemes, from a homogeneous, single cell pure absorber. Taken from [11].

-A- Exact DFEM
o TL
-x SL Newton—Cote
0.4 -©-SL Gauss
A -#-SL Lobatto
— Analytic

wout,d

ot
10° 10" 10° °

Figure 2.3: Angular flux outflow as a function of h, for different cubic trial space
DFEM schemes, from a homogeneous, single cell pure absorber. Taken from [11].
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e SL Gauss is equivalent to Exact DFEM,

e SL Lobatto, SL Newton-Cotes, and TL are equivalent for linear and quadratic

trial spaces, and

e for even degree trial spaces, the outflow value computed by SL Gauss is not
monotonically decreasing as a function of h for cells of intermediate optical

thickness (the same was noted in [17] for Exact DFEM).

-A-Exact DFEM

- TL

~x SL Newton—-Cotes

0.4 -©-SL Gauss
5 -%-SL Lobatto

— Analytic

wout,d

-0.1 ‘ ‘
10° 10" 10° 10°

Figure 2.4: Angular flux outflow as a function of h, for different quartic trial space
DFEM schemes, from a homogeneous, single cell pure absorber. Taken from [11].
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2.5.2  Fized Source Single-Cell Inflow Comparison

As noted in [12], it is possible for LDFEM to yield negative solutions near cell

inflows for source driven problems. In this second problem, we use a d-source:

Sz —x,) for pg >0
Qa(z) = , (2.38)
0 for pg <0

x € [—1,1], and —1 < x, < 1. The analytic solution to this problem for uy > 0 is:

exp [——Zt(zx")] T >, (2.39)

0 r <,

¢(x7 H’d) =

(For pg < 0, ¥(z,uq) = 0.) We now examine the numerical approximation to the
angular flux near the cell inflow, {/;m,d, for various integration schemes, trial space
degrees, and as a function of the ratio of the first Legendre moment of the source, Sy,
to the zero-th Legendre moment of the source, Sy. Note that the physical range of
that ratio, g—;, is [—3, 3], corresponding to a d-source at the left cell edge (g—; = -3)
or at the right edge (g—; =3).

We first consider the case of a vacuum (3; = 0), thus only testing the effect of
quadrature accuracy in evaluating de and G. In Figs. 2.5-2.8, we plot f@m,d for three

schemes:

1. Lobatto quadrature, which is exact for G and approximate for the source mo-

ments, Eq. (2.24) ,
2. Gauss quadrature: which is exact for both G and the source moments, and

3. Newton-Cotes quadrature: which is approximate for both G and the source

moments.
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Ny -~ SL Lobatto/Lobatto RHS
g, -6-SL Gauss/Gauss RHS
T % SL, Newton-Cotes/Newton-Cotes RHS
2 “ )
.
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-3 ‘ >
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S1/So

Figure 2.5: Numerical inflow values as a function of 5 2L for a single cell (vacuum case)
with a d-shaped source, using linear DFEM. Taken from [11].

-#-SL Lobatto/Lobatto RHS
—-6-SL Gauss/Gauss RHS
% ST, Newton-Cotes/Newton-Cotes RHS ||

3 15 -1 0 1 15 3

Figure 2.6: Numerical inflow values as a function of L for a single cell (vacuum case)
with a d-shaped source, using quadratic DFEM. Taken from [11].
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-#-SL Lobatto/Lobatto RHS
-6-SL Gauss/Gauss RHS
-8, Newton-Cotes/Newton-Cotes RHS

3 18 -1 0 18 3
S1/So

Figure 2.7: Numerical inflow values as a function of 5 2L for a single cell (vacuum case)
with a d-shaped source, using cubic DFEM. Taken from [11].

2.5 -#-SL Lobatto/Lobatto RHS
—-6-SL Gauss/Gauss RHS
% SL, Newton-Cotes/Newton-Cotes RHS

@

0
S1/So

Figure 2.8: Numerical inflow values as a function of L for a single cell (vacuum case)
with a d-shaped source, using quartic DFEM. Taken “from [11].
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The dotted vertical lines in Figs. 2.5-2.8 correspond to the extrema values of g—;
that yield a strictly positive polynomial source representation of degree P (indeed,
the degree-P Legendre expansion of the d-source is not everywhere positive for a
wide range of possible g—é that are physically realizable). For all trial space degrees,
the Gauss scheme exhibits less negativity than either of the other two schemes. The
dramatic difference between the Gauss scheme and the Lobatto scheme is solely due
to the quadrature formula used to evaluate de since both schemes exactly integrate
G. The Newton-Cotes scheme exhibits less severe negativities than the Lobatto
scheme but is less robust than the Gauss scheme. Given the results shown in Figs. 2.5-

2.8, we conclude that the most robust schemes exactly integrate the source moments,

Eq. (2.24).

-#-SL Lobatto
-©-SL Gauss
-&-TL

x-SL, Newton-Cotes

e,
B

-0.2 1
-0.4- ‘ 1
3 -1 1 3

0
S1/So

Figure 2.9: Numerical inflow values as a function of %, for a single cell (absorber
case) with a d-shaped source, using linear DFEM. Taken from [11].

29



-%-SL Lobatto
-6-SL Gauss

1+ -8-TL
-« SL, Newton-Cotes

-3 -1.5 -1 0 1 15 3
S1/So

Figure 2.10: Numerical inflow values as a function of ‘;—;, for a single cell (absorber
case) with a d-shaped source, using quadratic DFEM. Taken from [11].

1.5¢

-#-SL Lobatto
-©-SL Gauss
-8-TL

x-SL Newton-Cotes

S1/So

Figure 2.11: Numerical inflow values as a function of Sl , for a single cell (absorber
case) with a d-shaped source, using cubic DFEM. Taken from [11].
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-#-SL Lobatto
—o-SL Gauss
-&-TL i
x-SL, Newton-Cotes

Figure 2.12: Numerical inflow values as a function of g—;, for a single cell (absorber
case) with a d-shaped source, using quartic DFEM. Taken from [11].

In Figs. 2.9-2.12, we again examine the positivity of Jm,d, but for a non-vacuum
case. Total cell optical thickness was chosen to be 5 mean free paths in Figs. 2.9-
2.12 because this value led to the clearest plots. The relative behaviors observed
do not change with cell optical thickness, but using a thicker domain reduces the
magnitude for the values of @Zm,d. All methods in Figs. 2.9-2.12 exactly integrate
Eq. (2.24). Regardless of trial space chosen, all schemes exhibit some negativities,
but the SL Gauss scheme exhibits the greatest negativities and oscillations. The SL

Newton-Cotes scheme presents the least severe negativities.
2.5.8  Single-Cell Taylor Series Analysis

Next, we perform a local truncation error analysis by comparing the Taylor series
expansions for the exact and numerical angular fluxes as a function of powers of h for

the source-free, incident flux pure absorber problem. Matlab [24] has been employed
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to perform the symbolic Taylor series expansions about A = 0. We denote the Taylor-
expanded quantities using the subscript 7. The expansions for the analytical inflow,

cell average, and outflow are given below:

VindrT = Yind (2.40a)
h h*> R ht h?
= Yl oot — b — 2.4
wA,d,T wzn,d < 9 + 6 o1 -+ 120 720 ) ( Ob)
h? h3 h4 h5
ou = in 1-— - — — —_— = ... . 2.4
Yout,d,T (0 ,d( h + 5 5 + 51~ 190 ) (2.40¢)

The Taylor expansions of the numerical analogues to the quantities in Eqs. (2.40)
depend on the trial space polynomial degree, the choice of interpolatory points, and
the numerical integration strategy. For brevity, we omit giving these numerical ana-
logues. Table 2.6 gives the lowest order term for the difference between v, 47 and
the numerical analogs for the Exact DFEM and TL schemes. The same information
for the SLL Newton-Cotes, SLL Gauss, and SL Lobatto schemes is given in Table 2.7.
The differences between 14 47 and the respective numerical analogs are given in Ta-
ble 2.8 for Exact DFEM and TL, and Table 2.9 for the SL. Newton-Cotes, SL Gauss,
and SL Lobatto schemes. Differences between vout,d, T and the corresponding nu-
merical analogs are given in Table 2.10 for Exact DFEM and TL and Table 2.11
gives the lowest order difference between the SL. Newton-Cotes, SL Gauss, and SL
Lobatto approximations of 9y, 47. In Tables 2.6-2.11 all entries are listed as ¢(C),
to be read as “the difference between the analytic taylor expansion and the numeric
analog is Ch? with h = ¥;Az/u”. Entries of “Machine Precision” in Tables 2.6-
2.11 are meant to indicate that the difference between the analytic Taylor expansion
and Taylor expansion of the numerical approximation was inconclusive due to all

coefficients being within machine precision.
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Table 2.6: Local truncation error analysis in Jm,d for a single cell problem with
constant cross section, for Exact DFEM and TL. Adapted from [11].

Polynomial Exact TL

Degree of {D/ DFEM
1 2(2x107Y) [2(hx107h)
2 3(2x1072) |3 (4x107?)
3 4(1x1073) | 2(7x107?)
4 5 (7x107°) [ 3 (1 x 1072)
5 6 (3x107%) [2(5x107%)
6 7(1x1077) | 3(1x1072)
7 8 (4x107%) [ 2 (5 x107?%)

Table 2.7: Local truncation error analysis in de for a single cell problem with
constant cross section, for SL Newton-Cotes, SL Gauss, and SL Lobatto. Adapted
from [11].

Polynomial | SL Newton-Cotes | SL Gauss SL Lobatto

Degree of QZ
1 2 (5x107h) 2(2x107h [2(5x107h)
2 3 (4x1072) 3(2x107%) |3 (4x107?)
3 2 (1x107h) 4 (1x1073) | 4 (3x1073)
4 3 (1 x107%) 5 (7x107°) | 5 (1 x 107%)
5 2 (6 x 107%) 6 (3x107°) | 6 (7 x107°)
6 3 (9 x1079) 7(1x1077) |7 (3x1077)
7 2 (4 x 1072%) 8 (4x107%) | 8 (8 x 1077)

Table 2.8: Local truncation error analysis in Qf/)vAd for a single cell problem with
constant cross section, for Exact DFEM and TL. Adapted from [11].

Polynomial Exact TL

Degree of 1) DFEM
1 3 (1 x1072) 2 (2x1071)
2 5(1x107%) 4 (2 x1073)
3 T(Tx1007) |3 (Bx1079)
1 0(2x109 [5@8x109)
5 11 (5x10°2) |3 (Ix1079)
6 13(7x10°5) |5 (7x10°7)
7 Machine Precision | 3 (1 x 1073)
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This local truncation error analysis illustrates the following.

. Exact DFEM and SL Gauss, which are equivalent, exactly integrate the mass

matrix, and are the most accurate,

. TL does not guarantee increasing order of accuracy by using higher degree

polynomial trial spaces,

. TL converges at most third or fifth order for {/; 4.4 and fourth or sixth order for

Jout,d for odd or even polynomial trial spaces, respectively,

. SL Newton-Cotes increases in accuracy with higher degree polynomial trial

spaces, but only for Tzout,d and 1; Ad

. TL and SL Newton-Cotes are at most second order or third order accurate for

{/;md for odd or even polynomial trial spaces, respectively,

. SL Gauss is order 2P +1 accurate in calculating zz 4,4 and order 2P +2 accurate

in calculating Yoy 4,

Table 2.9: Local truncation error analysis in QZAA for a single cell problem with
constant cross section, for S Newton-Cotes, SL Gauss, and SL Lobatto. Adapted

from [11].
Polynomial | SL Newton-Cotes SL Gauss SL Lobatto
Degree of @Z
1 2 (2x1071) 3 (1 x1072) 2 (2x1071)
2 4 (2x1073) 5 (1 x 107%) 4 (2x1073)
3 4 (6 x 107%) 7 (7 x1077) 6 (1 x 107°)
4 6 (8 x 107°) 9 (2x107Y) 8 (5 x 107%)
5 6 (2 x 107°) 11 (5 x 1071%) 10 (1 x 1071Y)
6 8 (2 x 1078) 13 (7 x 1071°) 12 (2 x 10713)
7 8 (3 x1077) Machine Precision | Machine Precision
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Table 2.10: Local truncation error analysis in ?Zout’d for a single cell with constant

cross section, for Exact DFEM and TL. Adapted from [11].

Polynomial Exact TL

Degree of @Z DFEM
1 4 (1x1072) 3(2x 1071
2 6 (1 x107%) 5 (2 x107%)
3 8 (7x1077) 4 (3x1073)
4 10 (2 x 1079) 6 (1 x1072)
5 12 (5 x 1071%) 4 (1x1073)
6 14 (7 x 1071°%) 6 (7 x 107°)
7 Machine Precision | 4 (1 x 107%)

Table 2.11: Local truncation error analysis in {b/out,d for a single cell with constant
cross section, for SL Newton-Cotes, SL Gauss, and SL Lobatto. Adapted from [11].

Polynomial | SL Newton-Cotes SL Gauss SL Lobatto
Degree of @Z

1 3(2x107Y) 4 (1 x1072) 3(2x107Y)

2 5 (2 x107%) 6 (1 x 107 5 (2 x107%)

3 5 (6 x 107%) 8 (7x1077) 7 (1 x107°)

1 7 (8 x 1079 10 (2 x 1079) 9 (5 x 1075

5 7(2x 1079 12 (5 x 10~ 12) 11 (1 x 10-19)

6 9(2x10°5) 14 (7 x 10°59) 13 (2 x 107 )

7 9 (3x1077) Machine Precision | Machine Precision
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7. SL Lobatto is order 2P accurate in calculating JA,d and order 2P + 1 in calcu-

lating zbout,dv

8. SL Gauss, SL Lobatto, and Exact DFEM are accurate to order P + 1 in cal-

culating {Emd’ and

9. SL Gauss is more accurate than SL Lobatto (smaller error constant) in com-

puting f@m,d, but not an order of h .
2.5.4 Convergence Rates for Spatially Discretized 1-D Domains

Here, we consider a homogeneous pure absorber material placed in a 1-D slab con-
figuration and uniformly mesh the domain using N5 cells. We use: = € [0, 10 cm],
3, =1 [em™!], no external sources, vacuum conditions on the right face of the slab,
and a normally incident unit beam on the left face. The analytical solution to this

problem is trivial to obtain:

exp |—Xx g=1
U(x, pa) = bl : (2.41)

0 otherwise

The L, norm of the error is:

Ncells

Tiy1/2 ~ 2
o=y Y [ (v~ Gusw) s (2.42)
i=1 Ti-1/2
where we recall that Jd,i(:v) is the DFEM approximation of the angular flux in cell 7.
To evaluate the above integral, we use a high-order Gauss quadrature set (zy,, wy,)

that employs a large number of quadrature points:

Neelis Az, Nos N
Fom\| 3 5 D (Vs =~ Btes)) (2.43
-

=1
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Values of Ey shown here are calculated using Ny = 10. In addition to the L, error,

we also present the cell average angular flux error, Ey,,, defined as

Ncells

By, = Z Ax; (1/1A,d,z' — JA,d,z‘)z ; (2.44)
i=1

and the cell outflow error, Ey, ., given by:

Ncells

~ 2
Eq/)out = Z A'rl <77Z)(xi+1/27ﬂd) - 77Z)out,d’i> . (245)
i=1

In Eq. (2.43), Eq. (2.44), and Eq. (2.45), Az; is the cell width of cell i and 14 4, is

the exact cell-averaged angular flux in cell ¢, which, for u; = 1, is simply:

1
Yag; = exp[—thi,l/g]E (1 — exp[—X;Ax;]) . (2.46)

(2

In the plots that follow, we omit plotting the errors of Exact DFEM since the Exact
DFEM solution is identical to that of SL Gauss. For linear and quadratic polynomi-
als, we plot only SL Lobatto and omit plotting TL and SL Newton-Cotes since these
methods yield identical solutions for linear and quadratic trial spaces. Figures
2.13-2.16 mirror the results of Table 2.6 and Table 2.7, which is expected since the
convergence rate of £, will be limited by the slowest converging local approximation
which is lzm,d- Similarly, Figs. 2.17-2.20 are the multiple-cell analogue of the local
truncation error analysis of QZ a4 given in Table 2.8 and Table 2.9.  Ey, ,, as shown
in Figs. 2.21-2.24, does not converge at the local truncation error rates of Table 2.10

and Table 2.11.
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Figure 2.13: Convergence rate of the Ly norm of the error, Fy, as a function of the
mesh cell size for a pure absorber discretized with linear DFEM. Taken from [11].
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Figure 2.14: Convergence rate of the Ly norm of the error, Ey, as a function of the
mesh cell size for a pure absorber discretized with quadratic DFEM. Taken from [11].
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Figure 2.15: Convergence rate of the Ly norm of the error, Fy, as a function of the
mesh cell size for a pure absorber discretized with cubic DFEM. Taken from [11].
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Figure 2.16: Convergence rate of the Ly norm of the error, Fy, as a function of the
mesh cell size for a pure absorber discretized with quartic DFEM. Taken from [11].
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Figure 2.17: Convergence rate for Fy 4 as a function of the mesh cell size for a
homogeneous pure absorber and linear DFEM. Taken from [11].
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Figure 2.18: Convergence rate for Ey 4 as a function of the mesh cell size for a
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homogeneous pure absorber and quadratic DFEM. Taken from [11].
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Figure 2.19: Convergence rate for Fy 4 as a function of the mesh cell size for a
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homogeneous pure absorber and cubic DFEM. Taken from [11].
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Figure 2.20: Convergence rate for Fy 4 as a function of the mesh cell size for a

homogeneous pure absorber and quartic DFEM. Taken from [11].
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Figure 2.21: Convergence rate of Ey ., as a function of the mesh cell size for a

homogeneous pure absorber for linear DFEM. Taken from [11].
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Figure 2.22: Convergence rate of Ey ,, as a function of the mesh cell size for a

homogeneous pure absorber for quadratic DFEM. Taken from [11].
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Figure 2.23: Convergence rate of Ey ., as a function of the mesh cell size for a
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homogeneous pure absorber for cubic DFEM. Taken from [11].
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Figure 2.24: Convergence rate of Ey ,,; as a function of the mesh cell size for a pure

absorber for quartic DFEM. Taken from [11].
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The accumulation of errors in multiple-cell problems causes £y, to globally
converge one order of accuracy lower than the local truncation orders given in Ta-
ble 2.10 and Table 2.11. It should be noted that the plateauing of errors E, Ey ,,
and Ey,,, to values ~ 107" in Figs. 2.13-2.16, Figs. 2.17-2.20, and Figs. 2.21-2.24,
respectively, is simply a result of our numerical solutions being limited by machine

precision (double precision).
2.6 Conclusions About Self-Lumping

We have shown that, for arbitrary degree polynomial trial space DFEM, a diago-
nal mass matrix does not necessarily ensure strictly positive angular flux outflow in
a purely absorbing slab with spatially constant cross section. Indeed, the TL scheme
was neither robust or accurate for polynomial trial space degree greater than linear.
Also, we have shown that by using quadrature-based lumping schemes and choosing
DFEM interpolation points that are not equally spaced, robust, accurate polynomial
DFEM schemes can be obtained. Based on the observed robustness, accuracy, and
spatial convergence order results, we conclude that, for applications requiring robust
solution techniques, the SL Lobatto scheme with odd degree polynomial trial space
DFEM should be used to discretize the angular flux . If p-adaptivity is desired,
software should be developed such that the ability to use either Lobatto (for odd
trial space degrees) or Gauss (for even trial space degree) quadrature as the DFEM
interpolation points is possible. However, given the non-monotonic behavior of the
outflow angular flux as a function of the cell optical thickness when employing the
SL Gauss scheme with even degree trial spaces for under-resolved problems, using SL
Lobatto with an odd degree trial space would seem to be more accurate than using
SL Gauss, despite SL Gauss being more accurate in the asymptotic (fine mesh) limit.

Finally, though not as accurate SL Lobatto or SL Gauss, we will continue to consider
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SL Newton-Cotes due to its observed robustness.

45



3. DFEM METHODS FOR NEUTRON TRANSPORT FOR PROBLEMS WITH
SPATIALLY VARYING CROSS SECTION!

For many problems of interest to the nuclear science and engineering community,
macroscopic cross sections in neutronics and opacities in radiative transfer calcula-
tions cannot accurately be described as piecewise constants in space. Cross sections
and opacities are functions of continuously varying quantities such as temperature,
density, burn-up history, etc. [25]. An example simulation that is not adequately de-
scribed with cell-wise constant cross sections includes nuclear reactor isotopic deple-
tion calculations. In thermal radiative transfer, interaction opacities can be rapidly
varying functions of temperature. For example, consider Marshak wave problems
and the canonical T2 dependence [9] of absorption opacity, Across cells near the
heated/cold material interface, opacity variations of several orders of magnitude are
easily possible.

Historically, the neutron transport and thermal radiative transfer communities
assumed interaction cross section and opacities, respectively, that were cell-wise con-
stant [1, 6, 13]. Adams first described [7] and then presented computational results
8] for a “simple” corner balance (SCB) spatial discretization method that explicitly
accounted for the spatial variation of opacity within individual spatial cells. The
SCB scheme (which can be shown to be related to a LDFEM for certain geometries)
accounts for opacity spatial variation within each cell via vertex-based quadrature
evaluation. Similar strategies have been adapted to LDFEM radiative diffusion [9]

and LDFEM TRT [26] calculations. For accurate TRT solutions, use of higher or-

I'Reprinted with permission from “Discontinuous Finite Element Discretizations for the Sy Neu-
tron Transport Equation in Problems with Spatially Varying Cross Sections” by P. G. Maginot, J.
C. Ragusa, and J. E. Morel, Annals of Nuclear Energy 73, 506-526, copyright 2014 by Elsevier
Ltd.
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der DFEM will requires the development of corresponding higher order strategies
for treating the within cell spatial variation of opacities. However, the majority of
neutron transport literature has only considered the case of cell-wise constant cross
sections, see [1, 13, 19, 27]. The work of Kavenoky and Lautard [28] and more
recently Santandrea and Bellier [29] are notable exceptions in neutron transport.
In [28], continuous cubic finite element diffusion calculations that assume a linearly
varying spatial cross section within each mesh cell were compared to results obtained
using the same spatial discretization but with the assumption that cross sections are
constant in each cell. Similarly, [29] compared the results of a linear characteristic
scheme that assumes a linearly varying cross section in each spatial cell to those of
a linear characteristic scheme that assumes a constant cross section in each cell.
Our work differs from [7, 8, 28, 29] by considering a discontinuous finite element
(DFEM) spatial discretization of the slab geometry Sy transport equation using ar-
bitrary degree polynomial finite element trial spaces. In addition, like [7] and [8] we
do not make any approximation to the particular spatial shape of the cross-section
spatial variation in each cell. We build on the quadrature integration ideas presented
in Section 2 and employ a numerical quadrature to evaluate the mass matrix integrals
that involve cross sections as a function of space. In general, the quadrature inte-
gration of the DFEM interaction term with arbitrary spatial cross section form will
not be exact. However, we showed in Section 2 that exact computation of integrals
appearing in the DFEM weak form, when cross sections are spatially constant, is
not required to achieve high-order accuracy with high-order DFEM approximations.
Building on this idea, we investigate the effects of using numerical quadratures to
compute DFEM mass matrices, accounting for the spatial variation of cross section in
space. As in Section 2 we use self-lumping numerical quadratures [21, 23], restricting

quadrature integration points to the DFEM polynomial interpolation points. Results
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are compared as a function of DFEM polynomial trial space degree and interpolation
point type.

We demonstrate that assuming a piecewise constant cross section in each cell,
when the cross section is not cell-wise constant in space, has several undesirable
effects. Considering a source-free, purely absorbing medium, we show that DFEM
schemes that assume a cell-wise constant cross section are at most second-order
accurate for the angular flux solution and limited to at most first-order accuracy
for the interaction rate solution, regardless of the DFEM polynomial trial space
degree. We also show that assuming a piecewise constant cross section results in a
highly discontinuous, non-monotonic spatial interaction rate. This phenomena has
likely been present in published numerical results for problems with non-piecewise
constant cross section but was not observed previously due to the choice of data
presentation.

We then consider schemes that explicitly account for cross-section spatial vari-
ation within individual mesh cells. First, the positivity and robustness of different
schemes are discussed using a source-free pure absorber problem. Next, we demon-
strate that self-lumping schemes that evaluate the DFEM weak form integrals in-
volving cross section with quadrature result in fully accurate schemes for arbitrary
degree polynomial DFEM. By fully accurate we mean schemes that achieve the same
order of convergence for problems with spatially varying and cell-wise constant cross

section, for a given DFEM approximation order
3.1 Weak Form Derivation

We begin by repeating the DFEM neutron transport equation derived in Section

(114G + S M) g = Qa + pratinaf - (3.1)
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To account for the within cell variation of cross section, we need only make one
change to Eq. (3.1). We introduce the concept of a reaction matrix, Ry, where ¥ is

any interaction cross section or other material property:

(114G + Rs,) Yha = Qu + Ud¢in,df- (3.2)

The Np x Np reaction matrix, Ry, is defined as:

Az [!
Ry, ;i = - /_1 Xi(s)bi(s)bj(s) ds. (3.3)

Note that if 3, is indeed spatially constant within the mesh cell, there is no approx-

imation in removing 3;(s) from the integral of Eq. (3.3), giving

AR, !
Ry, i == / bi(s)b;(s) ds, (3.4)
-1
which is equivalent to
Ry, = 3XM. (3.5)

3.2 Numerical Schemes

We consider two classes of numerical methods in this paper. The first class uses
exact spatial integration to evaluate the integrals that define Ry,. A second class of
methods uses numerical quadrature to evaluate Ry,, M, and G. Specifically, we limit
out discussion of quadrature-based integration to so called self-lumping methods [30].
Self-lumping methods, first discussed in [21, 23] for parabolic problems, use numerical
quadrature restricted to the finite element interpolation points, and thus naturally
yield diagonal mass matrices. A shorthand notation is given in Table 3.1 for all

of the numerical methods considered in this section and described in detail in the
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remainder of this section.

Table 3.1: Nomenclature of numerical schemes considered for the pure absorber
problem with a spatially exponential cross section. Taken from [27].

Interpolation Ry, Matrix Method

Point Type Integration Strategy Short Hand Name
Equally- Exact Integration EXS DFEM
Spaced using true X;(x)
Equally- Yi(x) ~ 3y, CXS DFEM
Spaced Ry, = f}tl\/[

Exact Integration of M

Equally- Self-Lumping via SLXS Newton-Cotes

Spaced Newton-Cotes Quadrature

Lobatto Self-Lumping via SLXS Lobatto
Quadrature Lobatto Quadrature
Gauss Self-Lumping via SLXS Gauss
Quadrature Gauss Quadrature

3.2.1 Exact Spatial Integration

By exact spatial integration, we mean schemes that compute the entries of M
and G exactly. Here, we achieve this by using equally-spaced interpolation points
and employing a Gauss-Legendre quadrature rule [22] that exactly integrates the
respective integrands of M and G. Two schemes use exact spatial integration. One
approximates the spatially varying cross section as a cell-wise constant cross section.
The other uses the exact cross section when integrating the weak form DFEM quan-
tities involving cross section. The scheme that assumes a cell-wise constant cross

section represents the state of the practice in the neutron transport community,

50



while the second scheme represents the ideal scenario for DFEM transport schemes

in problems with spatially varying cross sections.
3.2.1.1  FExact Cross Section

The exact cross section, exact spatial integration scheme (EXS DFEM) attempts
to analytically integrate the full definition of Ry,. Note that since ¥;(x) can be an
arbitrary function, analytic integration of Ry, is in general impossible. Likewise,
quadrature integration is unlikely to be exact. In our testing of the EXS DFEM
scheme, we use a 20-point Gauss-Legendre quadrature to approximately integrate
Eq. (3.3). Alternatively, adaptive quadrature, with a controllable tolerance, may be
used such that the quadrature error in evaluating Eq. (3.3) could be reduced below

some small tolerance.
3.2.1.2 Constant Cross Section

Historically, neutronics and some radiative transfer calculations have approxi-
mated spatially varying cross sections by assuming cell-wise constant cross sections
[1, 6, 13, 27]. That is, some evaluation of the true ¥;(s) within a given cell is used
to determine a constant value, f]t, within each cell. Under this simplification, Ry, is
approximated as:

Ry, = M. (3.62)

In our test problems, the constant cross section scheme (CXS DFEM) uses the vol-

umetric average of ¥;(s) to generate 3;:
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3.2.2  Self-Lumping Quadrature Integration

Schemes that are self-lumping evaluate the integrals of Eq. (3.3) using numerical
quadrature. In Section 2 we showed that by definition, self-lumping schemes create
diagonal mass matrices. Self-lumping schemes also create diagonal reaction matrices:

Ry, = wi%zt(&) = (3.8)

0 otherwise

Though the choice of interpolation points does not affect exact integration schemes,
as shown in Section 2, the choice of interpolation points was shown to influence both
the robustness and accuracy of self-lumping schemes. We consider equally-spaced
closed Newton-Cotes, Lobatto-Gauss-Legendre, and Gauss-Legendre quadratures as
interpolation points for self-lumping schemes. We do not expect any self-lumping
scheme to exactly integrate Ry,, as the integrand defining Ry, will generally not be

a polynomial.
3.3 Pure Absorber Numerical Results

A beam of radiation, 1;,(1q), is incident on the left face of the slab, the right
face is a vacuum boundary, x € [0, zg|, and there are no fixed volumetric sources in

the medium. We consider ¥;(z) to be of the form,

Yi(x) = e, (3.9)

with ¢; and ¢y are constants [em ™!, with ¢; > 0 and ¢y # 0. The analytic angular flux

solution for a source-free pure absorber with an exponentially varying cross section
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1s:

Yin (1) exp [% (1—e2®)| pu=py

U(x, p) = (3.10)

0 otherwise

By definition, the outflow angular flux from cell i, You; is ¥(2it1/2, pta) and the

average angular flux within cell 7, 14, as

L[ d 11
wA,’i - Aﬂfl /mi—1/2 1/J($7/J/d) xa (3 )

with ¥,(z) defined as in Eq. (3.9). The analytical average flux value is:

. C2T541/2 C2T51/2
_ Yinlta) exp{ & } [El (—Cle ) - B, (—Cle )} L (312)
Az; HdC2 fdCo HdC2

with E; the exponential integral [22].

Ya;

3.3.1 Single Cell Outflow Comparisons

The only variable cross-section schemes that yields strictly positive angular out-
flows in a source-free pure absorber are the SLXS Lobatto and SLXS Newton-Cotes
schemes using a linear trial space. For pg > 0, consider a source-free, purely ab-
sorbing cell with known inflow, ¥, (1q), of width Az, and the total cross section at
each interpolation point is 3, ;. Regardless of the actual functional form of the cross
section within the cell, the linear DFEM SLXS Lobatto and SLXS Newton-Cotes

schemes’ numerical angular flux outflow, Jd(l), is:

ba(1) = .
Ya(l) 203 + Az?8 180 + Az pigXey + Axpigy s

(3.13)

Equation 3.13 is strictly positive when ¥;(x) > 0, suggesting that the strictly positive

outflow results observed in [30] might hold for an arbitrarily varying spatial cross sec-
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tion. However, the results of [30] do not hold for higher-order DFEM approximations
for spatially dependent cross sections.

To demonstrate that negative cell outflows are possible, we carry out the following
test. In Figs. 3.1-3.4, we plot the angular flux outflow of each method as a function
of trial space degree, and the parameter co. We hold the total cell optical thickness
to 20 mean-free-path (MFP), vary ¢, € [1,10], fix xg = 1, and pg = 1. With an
exponential cross section, the cell optical thickness in M F'P of a cell with z € [0, xg]
is:

(&1

MFP = /OmR Yi(z) do = — (e“"” — 1) . (3.14)

C2
To maintain a constant optical thickness in Figs. 3.1-3.4, ¢; is required to be:

co MFP

e2r — 1"

(3.15)

C1 =

Figures 3.1-3.4 confirms that SLXS Lobatto (and the equivalent SLXS Newton-Cotes
scheme) with a linear trial space is the only scheme that explicitly accounts for
the spatial variation of cross and maintains a strictly positive angular flux outflow
regardless of the shape of ¥ (x). From Figs. 3.1-3.4 we also observe that @Zout varies
for every method as a function of the shape of ¥;(z), with the obvious exception of
CXS DFEM. Considering that the analytic angular flux outflow is only a function of
total cell MFP:

outs = Yon(112) €D [— / S0 (w) drfpa = bin(pa) exp [-MFP Jpg) . (3.16)

it is unphysical and undesirable that @Zgut, for the SLXS Gauss, SLXS Lobatto, SLXS

Newton-Cotes, and EXS DFEM schemes, depends on the spatial shape of ¥;(x).

54



—— CXS DFEM
0.08 1 -©--SLXS Lobatto 7
g -EF-SLXS Gauss
"Cfa 0.06] -<}- SLXS Newton-Cotes 7]
~X 0040 EXS DFEM ]
9 . .
cqo.s —— Analytic
-2 0.02F |
p: - g
R e e
<
\
= -0.02r |
$-0.04r |
S
-0.06 |
0087 g ]
0.1 T ‘

5 10
co lem—

Figure 3.1: Numerical outflow from single cell pure absorber with ¥;(x) = ¢;e®*, as
a function of ¢ with constant optical thickness for linear DFEM. Taken from [27].
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as a function of ¢y with constant optical thickness for quadratic DFEM. Taken from
27].

55



0.1 B
—%— CXS DFEM J 5
0.08 1 -€3--SLXS Lobatto i L
5 -EF-SLXS Gauss A Y
"cfg 0.067 -<}- SLXS Newton-Cotes I,il Y
~~ (.04~ < “EXS DFEM ; H
9 . . g h
) — Analytic ﬂl
NQ 0.02} /\ 1
S €?='|-FFI“IMI\I’QW--—---Qﬂ_-“-_‘-_“z\:: ‘‘‘‘‘‘‘‘ P
3 0 7 g _____ <
T~ ‘/‘/ —~""®- --------
=.-0.02¢ er 1
SR ECEE & 3¢ 5 5 =
B
-0.06f 8
-0.08f 8
0.1 !
5 10
co lem—

Figure 3.3: Numerical outflow from single cell pure absorber with ¥;(z) = ¢;€%?, as
a function of ¢, with constant optical thickness for cubic DFEM. Taken from [27].
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3.3.2  Multiple Cell Spatial Convergence Rates

We now consider the order of spatial convergence for the following schemes: CXS
DFEM, SLXS Gauss, SLXS Lobatto, and SLXS Newton-Cotes. Since exact integra-
tion of Ry, is generally not feasible, we no longer consider the EXS DFEM scheme.
Convergence results of the following angular flux errors as a function of the polyno-

mial approximation order are presented:

Neelis i+1/2 9
B, = \ 3 / (%(x) —w(x,ud)> dz (3.17a)
i=1 Y %i-1/2
Neeirs
By, = \ Z Az <7ZA,1‘ - wA,i>2 (3.17b)
i=1
Eypw = \ iﬂg Az, <77Doutz —¢($i+1/2,lld)>2- (3.17¢)

In Egs. (3.17), Ax; is the width of cell 4, cell i spans [2;_1/2, Tit1/2), zzd(a:) is the
DFEM numerical approximation, ¢ (x, j14) is the analytic solution (see Eq. (3.10)).
The problem is spatially discretized using N spatial cells of equal width. We
approximate the integrals defining the L? norm of the angular flux error, E,, using

a high-order Gauss quadrature set, (wyq, sf,), With Ny¢ points, such that:

/miﬂ/2 ({E(x) - ¢($7Md)>2 Awl waq ( U(sfq) w(sf,q,,ud)y. (3.18)
i—1/2

For the results that follow, N,y = 10. We recall the definitions for the numerical

approximations of the cell average angular flux, @ZAJ, and the outflow angular flux,
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wout,i:

~ 1 Ne

Ya; = izwﬂbm (3.19a)
j=1

Youri = Y Vishi(1). (3.19b)
j=1

We also consider the convergence of the numerical interaction rate, ﬁ%(x) to the
true interaction rate I R(z). First, we define the analytic reaction rate for our beam

problem:

IR(x) = X(x)Y(x, p1a) - (3.20)
Similarly, we define a cell average interaction rate as:

1 i+1/2
IRai=x / Si(x)h(x, pa) da. (3.21)
tJTi_1/2

Defining a point-wise numerical approximation, ﬁ:i(x), to the analytic interaction
rate for the self-lumping schemes presents a unique problem, since only a a numerical
quadrature is used to approximate the integrand of R. Quadrature integration only
requires point evaluations of ¥;(x), not knowledge of ¥;(z) in between quadrature

points. However, for the purpose of plotting the SLXS schemes, we define:

Zb )05 (5;) - (3.22)

We approximate the cell average interaction rate in cell ¢ as:
— 1 <&
]RAJ' = 5 Z ijt(sj)l/Jj,d . (323)
j=1
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In Bq. (3.23), ¥(s;) = % for the CXS DFEM scheme, and %,(s;) is the point
evaluation of the true cross section for all other schemes.

We consider two measures to assess the error of the DFEM schemes’ approxima-
tion of the true interaction rate, IR(z). The first, E;p is an approximation of the

L? norm of interaction rate error:

Neeuis

Eir = Z
=1

N T R

We reiterate that, for the self-lumping schemes, ﬁ%(s) is only truly defined at the
DFEM interpolation points. E;r, measures the convergence of the average interac-

tion rate:

Ncells
Err, = Z Azi(IRa; — [Ra;)*. (3.25)

i=1
For our convergence study, we consider a source-free purely absorbing slab with
a cross section that varies exponentially in space as in Eq. (3.9) with ¢; = 0.1
and ¢ = 2In(10). A beam of radiation is incident on the left face in the direction
of ug = 1, vacuum boundary conditions exist on the right face of the slab, and
x € [0,1]. The convergence of the Ey, Ey,, and Ey, , as a function of the choice of
numerical scheme for linear through quartic trial space polynomial degree are given

in Figs. 3.5-3.8, Figs. 3.9-3.12, and Figs. 3.13-3.16, respectively.
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Figure 3.5: Convergence of E as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with linear DFEM. Taken from [27].
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Figure 3.6: Convergence of £, as a function of mesh size for a pure absorber with

exponentially varying cross section discretized with quadratic DFEM. Taken from
[27].
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Figure 3.7: Convergence of E as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with cubic DFEM. Taken from [27].
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Figure 3.8: Convergence of £, as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with quartic DFEM. Taken from [27].
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Figure 3.9: Convergence of E;, as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with linear DFEM. Taken from [27].
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Figure 3.11: Convergence of £, as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with cubic DFEM. Taken from [27].
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Figure 3.12: Convergence of Ey, as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with quartic DFEM. Taken from [27].
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Figure 3.15: Convergence of Ey, . as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with cubic DFEM. Taken from [27].
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Figure 3.16: Convergence of £, as a function of mesh size for a pure absorber with
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The plateauing of numerical errors for various high-order methods using very
small cell sizes in Figs. 3.5-3.16 is a consequence of having reached machine precision.
The lines in Figs. 3.5-3.16 that extend to values smaller than machine precision are
reference lines.

Figures 3.5-3.16 show that, for a linear angular flux trial space, CXS DFEM
achieves the same orders of spatial convergence as observed with Exact DFEM in
[30]. However, as the degree of the DFEM trial space is increased, the CXS DFEM
scheme does not show an increase in the order of the spatial convergence rate of Ey,
and Ey ,; the convergence rate of CXS DFEM is limited to at most second order for
both E, and E,,, regardless of the trial space polynomial degree. The increase in
order of convergence of CXS DFEM for Ey, ., as trial space is increased is a result
of angular flux outflow in the CXS DFEM discretization being only a function of
the cell optical thickness, which is preserved exactly by our definition of it; see Eq.
(3.7).

Of the self-lumping schemes, SLXS Newton-Cotes is the least accurate. SLXS
Newton-Cotes convergence of E,, is limited to at most second order for odd degree
polynomial trial spaces and third order for even degree trial spaces. Convergence
of By, and £y, for the SLXS Newton-Cotes scheme generally increases with an
increase in the DFEM polynomial trial space degree, but is only proportional to P.
Both SLXS Lobatto and SLXS Gauss converge Ey, Ey,, and £, similarly to the
study carried out in [30] with a spatially constant cross section.

The spatial convergence of E,, for SLXS Lobatto and SLXS Gauss is order P+ 1.
Though SLXS Lobatto and SLXS Gauss converge with the same order of spatial
convergence for £, SLXS Gauss is more accurate than SLXS Lobatto by a constant.
SLXS Gauss converges Ey, and Ey , oc 2P + 1, whereas SLXS Lobatto converges

both o« 2P. SLXS Gauss and SLXS Lobatto converge angular flux error quantities
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for the case of a spatially varying cross section with the same rates of convergence as
their constant cross-section analogs did in [30]. This suggests that exactly integrating
the interaction term in the DFEM moment equations is not essential for developing
arbitrarily high-order accuracy DFEM schemes for radiation transport.
Convergence of Ejgr as function of numerical scheme for linear - quartic trial

spaces is given in Figs. 3.17-3.20. We observe the detrimental effect of approxi-
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Figure 3.17: Convergence of Ejg as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with linear DFEM. Taken from [27].

mating a spatially varying cross section with a constant in each spatial cell when we
examine the Ly convergence results for the interaction rate, Erg, for the CXS DFEM
scheme. Regardless of angular flux trial space polynomial degree, CXS DFEM con-
verges Frr to only first order in space. However, the self-lumping schemes exhibit
the same trends in converging Erx (in the L2-norm sense) as exhibited in converging

E¢Z
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Figure 3.18: Convergence of F;r as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with quadratic DFEM. Taken from

[27].
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Figure 3.19: Convergence of F;r as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with cubic DFEM. Taken from [27].
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Figure 3.20: Convergence of Fjr as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with quartic DFEM. Taken from [27].

e SLXS Lobatto and SLXS Gauss converge Ejr with order P + 1,
e SLXS Gauss is more accurate than SLXS Lobatto by a constant, and

e SLXS Newton-Cotes converges Erg second order in space for odd degree trial

spaces and third order in space for even degree trial spaces.

Convergence data for E;r, as function of cell size for linear - quartic trial spaces
is given in Figs. 3.21-3.24. The convergence results for the error in cell average
interaction rate, Erg,, shown in Figs. 3.21-3.24, do not behave as intuitively as the
convergence rates for Ejg observed in Figs. 3.17-3.20. Given the poor performance
of CXS DFEM in converging F;r, one would expect that CXS DFEM would con-
verge Erp, poorly as well. However, this is not the case and CXS DFEM converges
Err, with the same order of convergence as the best performing self-lumping scheme

considered.
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Figure 3.21: Convergence of Erp, as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with linear DFEM. Taken from [27].
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Figure 3.22: Convergence of E;r, as a function of mesh size for a pure absorber with
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27].

70



10° '
—»— CXS DFEM
-6--SLXS Lobatto
-EF-SLXS Gauss

-<€}- SLXS Newton-Cotes
5 || =——— 4th Order Ref

| ——6th Order Ref

s 7th Order Ref

10

Err,

10" 10°

Cell Size [cm]

Figure 3.23: Convergence of Erp, as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with cubic DFEM. Taken from [27].
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Figure 3.24: Convergence of E;r, as a function of mesh size for a pure absorber with
exponentially varying cross section discretized with quartic DFEM. Taken from [27].
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CXS DFEM converges Err, with a high-order of accuracy because of the locally

conservative properties of DFEM approximations, that is:

Particles Into Cell — Particles Out of Cell = Total Interactions in Cell.  (3.26)

As shown in Figs. 3.13-3.16, CXS DFEM converges the quantities on the left hand
side of Eq. (3.26) with the same order of accuracy as any self-lumping scheme
considered; CXS DFEM is at least as accurate in calculating the particles into a cell
(outflow from the previous cell) and out of the cell (outflow from the current cell)
as any other scheme considered. Since Eq. (3.26) holds regardless of the numerical
scheme considered, it follows that CXS DFEM converges Erg,, the term in the right
hand side of Eq. (3.26) summed over all cells, with the maximum order of convergence
displayed by any of the DFEM schemes we consider here. Figures 3.21-3.24 validate
this conclusion. CXS DFEM and SLXS Gauss exhibit the highest order of spatial
convergence, converging Erp, with order oc 2P 4+ 1. SLXS Newton-Cotes and SLXS
Lobatto converge E;r, with the same orders of convergence each method exhibits in
converging Fy,. For this problem SLXS Lobatto converges Err, o< 2P and SLXS

Newton-Cotes converged Err, o< P.
3.3.8 Consequences of Assuming a Cell-Wise Constant Cross Section

To more fully understand the poor convergence of point-wise error in angular
flux and interaction rate, Fy and Eg, associated with CXS DFEM we now examine
more closely the CXS DFEM spatial approximations to i (x, j4) and I R(x). We again
consider a pure absorber with total absorption cross section that varies exponentially
in space with ¢; = 0.1, and ¢y = 2In(10). A beam of radiation is incident on the left
face in the direction of 1y = 1, vacuum boundary conditions are applied on the right

face of the slab, and z € [0, 1].
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In Fig. 3.25, we plot the exact () and in Fig. 3.26, we plot I R(x). Additionally
we plot the respective CXS DFEM numerical approximations, ¢(z) and IR(z), using
Neays = 5, and f]t,i as defined in Eq. (3.7). Also plotted in Fig. 3.25 and Fig. 3.26,
we plot the analytic angular flux and reaction rate, respectively, one would obtain if
the cell average cross section, XAIM, had been used instead of the true ¥;(z). We refer
to these analytic solutions as ¢ (z) and I Re(x).

Since CXS DFEM is a discontinuous scheme, some discontinuity is expected in
the plot of QZ in Fig. 3.25 and of IR in Fig. 3.26. However, the discontinuities present
in Fig. 3.26 are highly disconcerting. The analytic IR(x) is smooth and does not
vary rapidly within individual mesh cells, yet there are significant, non-monotonic
discontinuities in the CXS DFEM interaction rate solution to the pure absorber
problem with exponentially varying cross section. The noticeably poor behavior of
ﬁ%(m) in Fig. 3.26 is inherent to the assumption of a cell-wise constant cross section.
This inherent error of approximating a continuously varying cross section with cell-
wise constants is clearly visible when comparing the plots of IRc(z) to IR(x) in
Fig. 3.26. The only difference and source of error in I Rq(z) is the assumption of
a cell-wise constant cross section. Figure 3.25 and Fig. 3.26 does not suggest that
linear DFEM is unsuitable for use in problems with spatially varying cross sections.
Rather, comparing the CXS DFEM 4 (z)to ¢¢(z) in Fig. 3.25 and ﬁ%(:v) to IR¢(x)
in Fig. 3.26, we see that CXS DFEM is very accurate when compared to the analytic
solution of the problem CXS DFEM is solving, a pure absorber with cell-wise constant

cross section.
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Figure 3.25: Plots of the analytic ¢ (x), CXS DFEM ¢ (z), and cell-wise constant

cross section analytic ¢¢(z), for the pure absorber with exponential cross section.
Taken from [27].

74



Given the poor accuracy of CXS DFEM in approximating the true ¢ (x) and
IR(z), we wish to see how a scheme that does not assume a cell-wise constant cross
section behaves. Consider 1(z) and ﬁ%(x) obtained with SLXS Lobatto using a
linear DFEM trial space and five spatial cells, shown in Fig. 3.27 and Fig. 3.28, for
the same problem. In Fig. 3.27, the differences between the angular flux solutions
obtained using (1) a cell-wise constant cross section (CXS DFEM) and (2) evaluating

cross section values at quadrature points (SLXS Lobatto) are small.
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Figure 3.26: Plots of the analytic I R(z), CXS DFEM ﬁ%(az), and cell-wise constant
cross section analytic I Ro(x) for the pure absorber with exponential cross section.
Taken from [27].
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Figure 3.27: Plot of the linear trial space SLXS Lobatto and CXS DFEM approxima-
tions of ¢ (x) for the pure absorber problem with exponentially varying cross section.
Taken from [27].

76



This is not the case when comparing the different approximations to the interac-
tion rate, ﬁ%(m), in Fig. 3.28. Though there are discontinuities in the SLXS Lobatto
IR(z), the discontinuities are smaller and the SLXS Lobatto IR(z) is monotonic
unlike the CXS DFEM IR(z). The SLXS Lobatto IR(z) is clearly more accurate
than the CXS DFEM IR(z).
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Figure 3.28: Plot of the linear trial space SLXS Lobatto and CXS DFEM approx-
imations of IR(x) for the pure absorber problem with exponentially varying cross
section. Taken from [27].

In this problem, there are two possible sources of error that could cause a DFEM to
be inaccurate: inexact matrix evaluation and not incorporating cross-section spatial
variation into the scheme. By definition, CXS DFEM exactly integrates the mass

matrix, and we showed in Section 2 that schemes that exactly integrate the mass
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matrix are more accurate than schemes that only approximately integrate the mass
matrix, like SLXS Lobatto. Thus, the poor accuracy of CXS DFEM relative to SLXS
Lobatto is entirely caused by the approximation of a spatially varying cross section
with a cell-wise constant value.

The “blading” in ﬁ%(x) has not previously been reported in neutron transport
or thermal radiative transport community literature. We are likely not the first to
have generated these large, non-monotonic discontinuities. In fact, we believe that
blading has frequently been present in DFEM both neutron transport and thermal
radiative transfer simulations but has likely gone unnoticed due to the prevalence of
linear DFEM and simplified data visualization using cell midpoint values.

To demonstrate that a minor choice in data presentation can obscure the exis-
tence of blading, consider Fig. 3.29 and Fig. 3.30 that linearly interpolate between
J 4, and IR 4, plotted at cell centers. Though Fig. 3.29 is visually indistinguishable
from Fig. 3.25, the blading of ﬁ%(m) present in Fig. 3.26 is not at all visually present
in Fig. 3.30. Interaction rate terms are present in other radiation transport physics.
In particular, we think of the radiative transfer analog to the neutronics interac-
tion rate, absorption rate density. We hypothesize here, and will show in Section 6
that assuming cell-wise constants opacities for problems with temperature dependent
opacities introduces blading in thermal radiative transfer temperature solutions, via

the material energy equation’s absorption rate density term.
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Figure 3.29: Plot of the CXS DFEM cell average angular flux at cell centers with lin-

ear interpolation for a pure absorber with exponentially varying spatial cross section.
Taken from [27].
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Figure 3.30: Plot of the CXS DFEM cell average interaction rate at cell centers
with linear interpolation for a pure absorber with exponentially varying spatial cross
section. Taken from [27].
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3.8.4  Fluz-Weighting versus Volume-Averaged Cross Sections

In our results thus far, we have only considered volume-averaged cell-wise cross
sections(the CXS DFEM scheme). However, in reactor physics problems, a flux-
weighted cross section is often used to generate spatially averaged cross sections [31].
We now introduce the flux-weighted cell-wise constant cross section scheme (FW
CXS), which differs from the CXS DFEM scheme only by how 3 is defined in each
cell. For the FW CXS scheme, we define 3, as

[Fne s (), pa) do

3, = ol . 3.27
T 0l ) da 320

Ti—1/2

In practice, flux-weighting is often done using the scalar flux in order not to have
angle-dependent total cross section. However for the beam problem we consider here,
W (x, ug) is proportional to the scalar flux.

We first compare the accuracy of FW CXS versus volume-averaged CXS DFEM
for a cubic DFEM trial space, as shown in Figs. 3.31-3.34. In Figs. 3.31-3.34, we omit
a plot of Ey, . as we have already demonstrated that the accuracy of any method in
calculating Ey, ., determines the method’s accuracy in calculating F;r,. That is, if
Fir, converges at a given rate, Fy , converges at the same rate.

Figures 3.31-3.33 show that FW CXS scheme is more accurate than CXS DFEM
when comparing Ey, Ey,, and, at low resolutions, Err. However, though designed
to preserve cell average interaction rates, FW CXS scheme is not only less accurate
than CXS DFEM in calculating cell average interaction rates, it converges Ejr, at
most second order in space, whereas a volume-averaged cross section converges Frp,
x 2P + 1 for the pure absorber problem.

Finally, we consider the FW CXS scheme’s ¢(z) in Fig. 3.35 and ﬁ%(x) in
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Figure 3.31: E, for FW CXS vs. CXS DFEM for a pure absorber with exponentially
varying cross section using a cubic DFEM trial space. Taken from [27].
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Figure 3.32: Ey, for FW CXS vs. CXS DFEM for a pure absorber with exponentially
varying cross section using a cubic DFEM trial space. Taken from [27].
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Figure 3.33: Ejg for FW CXS vs. CXS DFEM for a pure absorber with exponentially
varying cross section using a cubic DFEM trial space. Taken from [27].
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Figure 3.34: Erp, for FW CXS vs. CXS DFEM for a pure absorber with exponen-
tially varying cross section using a cubic DFEM trial space. Taken from [27].
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Fig. 3.36. In Fig. 3.35 and Fig. 3.36 the FW CXS and CXS DFEM schemes cal-
culate slightly different solution representations. However, the FW CXS scheme
exhibits the same interaction rate blading phenomena as the CXS DFEM scheme,
reiterating that blading is a result of approximating a spatially varying cross sec-

tion as a cell-wise constant. The choice of cell-wise cross section does not eliminate

blading.
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Figure 3.35: Plot of the linear trial space FW CXS and CXS DFEM approxima-
tions to 1 (z) for the pure absorber problem with exponentially varying spatial cross
section. Taken from [27].
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Figure 3.36: Plot of the linear trial space FW CXS and CXS DFEM approximations
to IR(zx) for the pure absorber problem with exponentially varying spatial cross
section. Taken from [27].
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3.3.5  Elffects of Mesh Spacing

In practice, computational domains are not necessarily discretized with uniform
grids; rather cells are concentrated in regions where the solution is known or assumed
to vary rapidly. For the pure absorber problem, we compare two alternative methods
of mesh spacing (logarithmic grids and equal optical thickness grids, see Table 3.2),
to the results obtained with equally-spaced mesh cells. We derive how to generate

these meshes in Section 3.3.5.1 and give results in Section 3.3.5.2.

Table 3.2: Shorthand notation of different cell spacing schemes. Taken from [27].

Spacing Label Spacing Type
EQUAL Equally-spaced cells
MFP Constant optical thickness cells
LOG Logarithmically spaced cells

3.8.5.1 Generating Improved Spatial Meshes

Two alternative meshing strategies are compared to equally-spaced meshed. In
the following, we will use a shorthand notation, given in Table 3.2. With the MFP
meshing strategy, we find each cell width by determining the width of each cell from
i =1 (leftmost cell) to i = N as outlined by Eq. (3.28): First, we determine the

average cell optical thickness:

CNeeut1/2 3 (1) dx

h= 22 . 3.28
Ncell ( a)
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Then, we solve the following equation for x;,y/o:

Tit1/2 _
/ Yi(z)de —h =0, (3.28b)

Ti—1/2

yielding

1 {Cz(h + Si(i-1/2) (3.28¢)

Tit1/2 = — log
Co &1

There are several ways to specify LOG spacing, but we elected to set a ratio, 0.6,
between adjacent cell sizes with the caveat that we would set a minimum cell size,
AZ . In our convergence testing, at the first refinement when Az oy < A%pin, the
grid is “fixed” and all further refinements uniformly refine the ”fixed” grid. Axy

cell

is the cell width for the right most cell where, for R < 1,
Az, = Az R i € [1, Net] - (3.29)

Axy is determined by requiring that the geometric series of cell widths completely
fill the space:

1-R
Al’l = (chell+1/2 - $1/2) 1——RNcezz (3,30)

The grid is “fixed” by resetting the width of every cell whose width, if set to the value
required for a purely logarithmically spaced grid with R would be below Az, to
Axpin. After imposing this, cell widths are determined by requiring the cells that
were not reset to fill the problem space logarithmically using R. If there is no mini-
mum cell width, at high mesh refinements, most cells will be infinitesimally small and
the large cells will never be refined, causing error to stagnate. Logarithmic spacing
represents the “smart” meshing strategy most likely to be employed in engineering

practice as it requires the least amount of solution information prior to problem
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execution. For all of our calculations, we set R = 0.6 and Az, = 1073 [em].
3.3.5.2  Mesh Spacing Results

We begin our discussion of alternate mesh spacing by first noting that the choice
of mesh spacing method does not alter asymptotic convergence rates, as shown in
Figs. 3.37-3.40. The convergence of the SLXS Lobatto scheme using a quadratic trial
space for F is shown in Fig. 3.37, for Ey, in Fig. 3.38, for Erg in Fig. 3.39, and
for Erg, in Fig. 3.40. Regardless of the choice of mesh spacing, all error quantities
of interest converge at the same asymptotic rate. Plots showing other trial space
degrees and DFEM schemes are omitted for brevity. We also omit showing the
convergence of Ey . as we have already demonstrated that the convergence rate of

Ey,.. and Erg,are related and identical.
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Figure 3.37: Asymptotic convergence of E, for the SLXS Lobatto scheme using a
quadratic trial space with different mesh spacing methodologies. Taken from [27].

87



10°

—5—-MFP
-B8--LOG
-%--EQUAL
——Order 4 Ret

_____

10" 4

10' | |
10° 10" 10°
Cell Size [cm]

Figure 3.38: Asymptotic convergence of E;, for the SLXS Lobatto scheme using a
quadratic trial space with different mesh spacing methodologies. Taken from [27].
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Figure 3.39: Asymptotic convergence of Erg for the SLXS Lobatto scheme using a
quadratic trial space with different mesh spacing methodologies. Taken from [27].
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At mesh refinements that are not in the asymptotic convergence regime, the intel-
ligent meshing can result in a significant reduction in error. Consider the difference
smart meshing has in reducing Ey, Ey,, Ergr, and Erg, for the SLXS Lobatto scheme
in Figs. 3.41-3.44, for the SLXS Gauss scheme in Figs. 3.45-3.48, and for CXS DFEM

in Figs. 3.49-3.52 when using a quadratic DFEM trial space at low cell resolutions.

, || &~ MFP
10° 7 -8--1L0G
-%--EQUAL
—Order 4 Ref| _@@7--
10" 1
<
o
ES 10 b
106 1
N
10-10 i
3

10> 107 10"

Cell Size [em]

Figure 3.40: Asymptotic convergence of Erpr, for the SLXS Lobatto scheme using a
quadratic trial space with different mesh spacing methodologies. Taken from [27].
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First, we note that any particular mesh spacing methodology results in solutions
that are more accurate for certain quantities, but not for all quantities. For exam-
ple, with the self-lumping schemes, Fy is generally smaller when using an equally
spaced mesh, but using the LOG mesh results in orders of magnitude improvement
in Erp and Ejg, on coarse meshes. Figures 3.49-3.52, CXS DFEM again illus-
trates that LOG spacing is more accurate in calculating interaction rate quantities
than an equally-spaced mesh and equally-spaced meshes are generally more accurate
than other meshing strategies for calculating angular flux quantities. However, CXS
DFEM shows a two order of magnitude reduction in calculating E;r, when using a
mesh that has a uniform optical thickness in each cell. This is a direct result of CXS

DFEM converging as ¢Ax — 0.

107
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Figure 3.41: E, for SLXS Lobatto using a quadratic trial space scheme with different
mesh spacing methodologies, at low resolutions. Taken from [27].
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Figure 3.42: E,;, for SLXS Lobatto using a quadratic trial space scheme with different
mesh spacing methodologies, at low resolutions. Taken from [27].
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Figure 3.43: E;p for SLXS Lobatto using a quadratic trial space scheme with different
mesh spacing methodologies, at low resolutions. Taken from [27].
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Figure 3.44: Ejr, for SLXS Lobatto using a quadratic trial space scheme with
different mesh spacing methodologies, at low resolutions. Taken from [27].
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Figure 3.45: Ey for SLXS Gauss using a quadratic trial space with different mesh
spacing methodologies, at low resolutions. Taken from [27].
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Figure 3.46: E,, for SLXS Gauss using a quadratic trial space with different mesh
spacing methodologies, at low resolutions. Taken from [27].
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Figure 3.47: E;g for SLXS Gauss using a quadratic trial space with different mesh
spacing methodologies, at low resolutions. Taken from [27].
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Figure 3.48: Ejp, fore SLXS Gauss using a quadratic trial space with different mesh
spacing methodologies, at low resolutions. Taken from [27].
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Figure 3.49: E, for CXS DFEM using a quadratic trial space with different mesh
spacing methodologies, at low resolutions. Taken from [27].
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Figure 3.50: E, for CXS DFEM using a quadratic trial space with different mesh
spacing methodologies, at low resolutions. Taken from [27].

10°

N -6~ MFP
-8-LOG
B | | -%-EQUAL
01 0.2 0.3 0.4 0.5

Average Cell Size [cm]

Figure 3.51: Ejg for CXS DFEM using a quadratic trial space with different mesh
spacing methodologies, at low resolutions. Taken from [27].
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Figure 3.52: Erp, for CXS DFEM using a quadratic trial space with different mesh
spacing methodologies, at low resolutions. Taken from [27].

3.4 Conclusions to Be Carried Forward

The SLXS Lobatto and SLXS Gauss schemes are accurate for problems Sy neu-
tron transport problems that have within cell spatial interaction cross-section varia-
tion. Though no less accurate for the case of spatially varying cross sections that for
cell-wise constant cross section, the SLXS Newton-Cotes scheme will no longer be
considered. SLXS Newton-Cotes is not as asymptotically accurate as SLXS Gauss
or SLXS Lobatto schemes, though the SLXS Lobatto scheme is equivalent to SLXS
Newton-Cotes for linear and quadratic trial spaces. We continued to consider a
self-lumping scheme using closed Newton-Cotes quadrature due to the robustness
SL Newton-Cotes exhibited for the cell-wise constant cross section case. However,
since no scheme other than linear SLXS Lobatto will yield strictly positive angular

flux outflow for arbitrary within cell cross section variation, we conclude that SLXS
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Lobatto has all of the strengths exhibited by SLXS Newton-Cotes, with the added
benefit of increased accuracy.

We have also documented that the assumption of a cell-wise constant cross section
will in general be less accurate than using a self-lumping scheme that explicitly
accounts for within cell variation of cross section when constructing R. Though the
CXS DFEM was more accurate than self-lumping schemes in calculating E;r,, and
Ey,.., when using the exact volume average cross section, this is more a function of
our test problem being a pure absorber than an inherent benefit of CXS DFEM that

will be true for all problems of interest.
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4. ITERATIVE ACCELERATION FOR THE Sy NEUTRON TRANSPORT
EQUATIONS

Thus far, we have omitted a discussion of how the global system of angular flux
unknowns is solved, focusing instead on the solution of a single system of equations
that describes the unknowns of a single spatial cell, for a single discrete direction.
In Section 4.1, we explain the fundamental iterative techniques used to solve the
neutron transport equation for all of the angular flux unknowns. In Section 4.2 we
discuss two different synthetic acceleration techniques compatible with our chosen
spatial discretizations of the transport equation. In Section 4.3 we derive the S5
synthetic acceleration (S2SA) technique [32] and in Section 4.4 we derive a modified
interior penalty (MIP) diffusion synthetic acceleration [33] (DSA) operator. Finally,
in Section 4.5, we verify the implementation of each for a set of test problems with

spatially constant and spatially varying interaction cross sections.
4.1 Tterative Solution of the Neutron Transport Sy Equations

To describe the iterative process by which the discrete ordinates neutron transport
equations are solved, we re-visit the spatially analytic, steady-state, mono-energetic
discrete ordinates neutron transport equation, but do not have a monolithic right
hand side source. Rather, we treat the right hand side as having both an isotropic

scattering component, and a fixed source component, as given in Eq. (4.1).

dl/Jd - Es
N%"‘thd = 47T¢+Sd. (4.1)

The traditional practice is to solve Eq. (4.1) iteratively with Richardson iteration.

Each Richardson iteration is referred to as a transport sweep, where for a fixed
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right hand side, 14 is updated direction by direction, cell be cell, sweeping from
each direction’s incident boundary through the entire mesh with upwinding at cell

interfaces. Introducing iteration index /¢, this process can be written as:

dw(é+1)
dx

2
" Sy = 7000 + S (4.2)
e

After we find, ¢ (e+1) . we update ¢tV using the discrete ordinates definition:

Ndir
6D =21 wayl Y. (4.3)
d=1

Though convergent, the source iteration process can converge arbitrarily slow, as
shown by Larsen[34], When ¢ — 1. To accelerate the convergence of source iteration,
the diffusion synthetic acceleration (DSA) technique was developed [35]. DSA is best
explained through example.

To start, we consider to a single source iteration:

dZU (£+1/2)

s
—— =90 4+ 5, (4.4)

+ 98 (e+1/2) =

Subtracting Eq. (4.1) from Eq. (4.4) yields:

doyy % (e+1/2) 2
—& 4+ 30 = 50" 4.5
dr + t 1/) An ¢ ) ( )
where we have defined the iterative error of the angular flux, dy, EH),
va =y T+ 0 (4.6)
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and scalar flux iterative error, 6o

¢ =o¢ + ¢ (4.7)

Subtracting 456¢(€ from both sides of Eq. (4.5), we see arrive at:

(£+1/2)

Aoy, + R s5¢<e+1/2> _ E&b(@ _ %&NH/?) : (4.8)

dr 4T 4m 4m

Recognizing:

6 = QYD 4 §pltri2) (4.9a)
¢ = 6O +500 (4.9b)
G172 _ (0 — (¢ _ 5¢(€+1/2)) _ (¢ _ 5¢(f)) , and (4.9¢)
5O — §pHD = p+l/2) _ p(O) (4.9d)

Eq. (4.8) becomes:

dsut (£+1/2)

+ Et(SwMJrl/Z 3(5¢(£+1/2) + by
dx 41 4

_; (¢(e+1/2) — o) . (4.10)

Equation 4.10 indicates that if we could solve a transport problem with a driving

source equal to the difference between two scattering iterates,

s
- (a2 — 0 | (4.11)

then we could get the iterative error of iteration d¢“*t1/? add to the ¢¢“*1/2) we
already have, and then have the exact solution, ¢. However, solving Eq. (4.10) is as

difficult as solving the original problem in Eq. (4.1). Alternatively, if we could solve
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an approximation to Eq. (4.10), perhaps the result would satisfy:

b~ APt 4 pt+1/2) (4.12)

where Ap“+1/2) comes from the lower order approximation to Eq. (4.10). The idea of
using a lower order operator to approximately solve Eq. (4.10) is central to synthetic

acceleration.
4.2 Qualitative Comparison of Different Synthetic Acceleration Techniques

We consider two synthetic acceleration techniques that have received significant
attention in the neutron transport and thermal radiative transfer literature, Sy syn-
thetic acceleration (S2SA)[32] and diffusion synthetic acceleration (DSA)[35]. Both
methods of synthetic acceleration has both advantages and disadvantages relating to
the computational efficiency and iterative effectiveness of each method.

The S2SA method was shown to be iteratively effective in both slab and 1-D
spherical geometries. Additionally, it is easily compatible with any DFEM spatial
discretization of the Sy neutron transport equations. S2SA solves for ¢, and _
using a single global matrix solve, rather than a direction by direction solve for the
full transport 14y unknowns. The full transport scalar flux iterative update is then
defined as,

AGD 2 2 [+ wop ] (4.13)

where w,, w_ correspond to the weights of a direction quadrature (typically Gauss)
set with corresponding discrete direction p, and p—, and ¢, ¢_ are the fundamental
unknowns of the Sy discretization. Thus, S2SA uses the same local matrices of Eq.
(3.2) as the full transport operator. However, the S2SA global matrix that must be

inverted to solve for 1, and v _ is extremely difficult to invert for multiple spatial
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dimensions. This makes S2SA iteratively effective, but computationally expensive,
limiting the extensibility of any techniques that require S2SA. But since our initial
focus is on solving slab geometry neutron transport problems, we will continue to
consider S2SA as it is readily adaptable to our new spatial discretization schemes.
32

Gelbard and Hageman first showed in [35] that diffusion synthetic acceleration
(DSA) could be used to accelerate the convergence of source iteration in neutron
transport since the diffusion operator effectively attenuates the slowly varying error
modes that hinder the convergence of source iteration. To be unconditionally effec-
tive, Larsen showed that DSA needed to be derived in a method consistent with the
spatial and angular discretization of the transport equation [34]. Adams and Martin
first showed that partially consistent diffusion discretizations could be used to ef-
fectively accelerate DFEM spatial discretizations of the neutron transport equation
[36]. Though shown to be unconditionally stable for certain geometries the M4S DSA
proposed in [36] has been shown to be unstable for unstructured multi-dimensional
geometries [37]. To allow more general applicability, we wish to consider a more ad-
vanced DSA discretization. Alternative DSA discretizations that have been applied
successfully to unstructured multi-dimensional geometries include: the partially con-
sistent WLA DSA proposed in [38], the fully consistent DSA (FCDSA) proposed in
[37], and the partially consistent MIP DSA proposed in [33]. WLA DSA produces
a symmetric positive definite (SPD) diffusion matrix and is unconditionally stable,
but the spectral radius of the WLA DSA scheme increases on distorted mesh cells
and for optically thick cells with scattering ratios very close to unity [37, 38]. While
the FCDSA scheme remains effective in optically thick cells, it creates a diffusion
operator that is very difficult and costly to invert[37]. The MIP DSA discretization

[33] of Wang and Ragusa generates a SPD diffusion operator, remains effective for all
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cell optical thicknesses, has been successfully applied to high order DFEM Sy trans-
port, and can be used with adaptive mesh refinement. Further, it was shown in [39]
that the MIP DSA diffusion operator can be inverted very quickly using advanced
preconditioners such as algebraic multi-grid. Thus, if we can show that a MIP DSA
discretization is iteratively effective for neutron transport problems discretized with
our higher order DFEM methods that account for the spatial variation of cross sec-
tion within each cell, we will have found a scheme that is most likely to prove useful
in meaningful (multiple spatial dimensions) thermal radiative transfer simulations.
We will derive an S2SA operator in Section 4.3 and MIP DSA operator in Section
4.4. The S2SA operator re-uses a lot of the transport sweep capability we have
already developed with our high order DFEM of Section 3, but is computationally
challenging to invert (in multiple spatial dimensions), and the MIP DSA operator we
define in Section 4.4 requires significant derivation independent of the DFEM neutron
transport methodology we have already derived, but is computationally efficient to

invert.
4.3 S5 Synthetic Acceleration

We begin our derivation by repeating the Ss, spatially analytic angular flux up-
date equations from Morel (Eqgs. (12a) and (12b) in [32]), noting that we have elected
to use ¥t and ¢~ instead of ¢t and ¢~, ¥ represents macroscopic interaction cross

sections rather than o, and we define ¢ = 27w >, wqty:

M+£ + St = &&ﬁ + s (pH1/2) — p0) (4.14a)
dx 47 4
- 5 5
L+ N = ZAG+ = (oD — ) 4.14
pogm AT = CAG+ (¢ o) (4.14b)
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In Egs. (4.14) we are assuming scattering is isotropic only. Spatially discretizing

with a P degree DFEM as in Chapter 3, for an interior cell, ¢, we have:
- 1 - 1 — —, —
(1:Gs + R)) U = TRe A+ Ry, (02 = 3) + ot /i (4150)

-_ 1 - 1 — —, -
(-G +Ry,) U = R 86, + Ry, (2 = 3l0) +pthun [ (415D)

All reaction matrices are evaluated in cell ¢, unless otherwise noted with a subscript.
In Egs. (4.15), we note that p > 0 and u— < 0, and as such use the + subscripts to

define the appropriate G and f, defined in Eqgs. (4.16) and Eqgs. (4.17), respectively:

Goi = bi(1)by(1) — / 1 %b](s) ds (4.16a)
G_; ;= —bi(=1)b;(—=1) — /1 %bj(s) ds | (4.16b)
fri=bi(—1) (4.17a)

foi=—bi(1). (4.17b)

Noting that the inflow to cells on the interior is the outflow from the appropriate
cell, for and using the definitions of Eqs. (2.7b) and Egs. (2.8b), we define by, 4 f+

and Y, _ f_ entirely in terms of 1 | and 1, Y

¢in,+ﬁ = U+J2__1 (4.18&)

Yin—f- = U_iy, (4.18)
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where

[ b(—1)

U, = : By(1) ... by, (1)] (4.192)
| O (=1)
(1)

U - C (=) o (1] (4.19D)
| vy (1)

Finally, assuming a symmetric angular quadrature,
1 - 1 T
Ry, A0, = R, (U +07) (4.20)
47 2

we may write Eqgs. (4.15) as:

—

1 nd - g 1 — —,
(II’L"I‘G"F + REt) ¢2_ - §RES <¢: + 'ch_> - M+U+'¢j__1 = ERZS <¢£€+1/2) — ¢)££)>

(4.21a)
= 1 oy s 1 2e+1/2) _ 70
(,UJfo -+ REt) wc - §RES (wc + wc ) - M*U*wcﬁ»l = ERZS <¢C - (bc ) .
(4.21D)

Thus, the S2SA scheme uses all of the same matrices, in particular we think of Ry,
and Ry, that we have already defined in our higher fidelity transport model. To
find ¥* and 1, we must then solve a system of 2 x Np X N,y linear equations with
2 X Np X Ng unknowns. It important to note that S2SA can accelerate not only
the scalar flux, but also the first angular moment, J, of the Sy neutron transport
equations

To complete our derivation of the S2SA scheme, we must now define appropriate

boundary conditions. We will focus only on the leftmost boundary, though similar
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equations for the right boundary can be defined analogously. It is sufficient for our
purposes to consider problems only with specified incident flux boundary conditions
and reflective boundaries. With incident flux conditions, we wish for the accelerated
iterate to maintain the same inflow current as the specified boundary condition.
Allowing for non-isotropic incident fluxes, the incident current, J* specified by our
problem is:

Nair

Z WaltdPin,d - (4.22)

d:Ndir/2+1
Given the S2SA equations were derived via the assumption of a P, angular flux, the

additive angular flux correction for direction d is:

Ap = 2r (Pt +47) (4.23a)

AJ = 27 (st + p_v7) (4.23b)
A¢ 3AJ

Awd = E—l—ﬂd A . (4230)

Wishing to maintain J*, we have:

Ndir

A¢ 3AJ
Jt=2 ; — —_— .
T wapd |:77Z}m,d+ 1 M ] ; (4.24)
d:Ndir/2+1
which implies
Nair
Ao 3AJ
0= > W [g + e ud] : (4.25)
d:Ndi'r/2+1

Inserting the definitions of Eqgs. (4.23), and allowing for DFEM interpolation points
that do not exist at the left boundary:
Nair

0= 3w B (vh+ Loy ) + S (nevi + M_Eﬁl)} . (4.26)

2
d:Nd'L'r/2+1
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where

-

L=1[bi(=1)...bxp(~1)] . (4.27)

Defining constants dependent on the Sy quadrature used,

Wb = > wapa (4.28a)
#a>0
(e = > wapj, (4.28b)
Ha>0
Eq. (4.26) becomes
+ +\ . 3 -
0= % in T+ @L@b; + 5 (um:a + u_w;) : (4.29)
Solving Eq. (4.29) for v,
+ 3 -1 + 3 o
fm = (U B ) (Y S ) 2 o)
Defining a constant, Cj,.,
+ 3 -1 ut 3
Coo == (2 S0t ) (Y2 2t ) . s

and substituting into Eqs. (4.15), we have

- 1 - 1 - . RN
(1:Gey + R ) f = R 86, + R, (6% = 017) + 1. Cone (L07 ) £
(4.32a)

1

— ]_ — —
TR 80+ R, (AP = 39) i f. (4320)
T 47

(:U’—G— + REt) 'Jl_ =

Noting that ﬁl_; creates an Np x Np matrix, and inserting all of our other definitions,
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we have the equations for cell 1 for incident angular flux boundary conditions

.1 T S 1
(1:Gs + R ) 0 = SR, (UF + 07 ) = i Cnefo LT = R, (617 = 619)

47
(4.33a)
(-G + Ry, ) 7 = JRe, (6 +97) — U = —Rs, (677 = 4)") .
(4.33b)
For reflective conditions, we have a zero current on the left edge:
0=27 Z wdudw((f“/?) (434)
d
A¢ 3AJ
(+1/2)
=2 — —. 4.35
0= wzwdu{ o2y (4.35)
Equation 4.34 implies
3Md e
0= deud 5 (B + E07) + 252 (i + L) | (4.36)
Expanding our earlier quadrature definitions,
() = > wapa (4.37a)
d
W) = 3w (437D)
d
we now solve for 1, . as a function of @/71_ :
-1
B 3p B 3p T
Yin+ = — (% + T+<M2>) <<2—> + T<M2>) Ly (4.38)
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Defining another constant, C,.y,

Crs == (4 220) R (B4 2=0m) (439)

, the leftmost cell equations with a reflective boundary condition are:

—

1 e L ; ;
(1+G4 + Ry, ) ¥ — §R25 (@Df + ) — p4-Crep fr Ly = —Ry, ( EKH/Q) - ¢§£)>

A7
(4.40a)
P e 1 Jer1/2) A0
(ILLfo +R2t)w1 — 2RES (wl +w1) - M*U*wQ = 47TRES <¢1 - ¢1 > .
(4.40D)

4.4 Modified Interior Penalty Diffusion Synthetic Acceleration

We now derive the modified interior penalty diffusion synthetic acceleration (MIP
DSA) operator introduced by Ragusa and Wang [33], and also considered by Turcksin
and Ragusa [39]. To accelerate the convergence of Np x N spatial unknowns of
the scalar flux, we will need to solve a system of Np x N,y linear equations with
Np X Ngeiy unknowns. Adapted from [33], the MIP DSA update will attempt to solve

the diffusion approximation of Eq. (4.10),
—V - DVA¢ + E,A¢ = 5 (a2 — ¢)) | (4.41)
where we use the standard definitions [31],

D - — 4.42
35, (4.42)

e = =%, —3,. (4.43)
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MIP DSA is presented in the standard finite element bilinear form

brirp(A¢, b)) = lyrp(by) (4.44)
with

barp (A, b.) = (SaAd, b)p + (DﬁAa:, %*)D
+ (s 180], D),
+ (1861, (Db )
+ ({ D0, AGY | [b:]
+ (KelA@, bi) ypa —

1
-5 (DO AG, b)) gpa

(4.45)

~—

Ej,

(A, DOLD.) ypa

DO | —

and

lMIP(b*) - (Zs<¢(z+1/2) - qb(Z))’ b*) + (Jinw b*)apr . (446)

In Eqgs. (4.44)-(4.46), b, is any/every basis function (also referred to as test func-
tions), the (f, g) £ Operator acting on quantities f and g is a sum over all cell interior

edges:
Ncellfl

(f7 g)E;l = Z (f: g)C+1/2 ) (447)

c=1

the jump operator, [[f]]cH/Q, is defined as

[flesrye = f<xc++1/2) — [T i) (4.48)
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where x.11/7 is the position of cell edge ¢+ 1/2, the average operator, {f}}c+1/2, is

U e = 5 [F@la) + Tasy)] (1.49)

and 0, is the edge directed normal dotted into the gradient operator. On the interior,

the direction of 9,, does not matter as long as it is consistent. We we assume the edge

normal always pointing from left to right, thus 0, = %. However, on the domain

boundary, the edge directed normal must point outwards. Also in Eqs (4.45)-(4.46),

the (f, g)p operator is an integration of quantities f and g over the entire domain

D:
Ncell
(f.o)p = > (f.9). (4.50)
c=1
Tet1/2
o = [ rgde (451)
Te—1/2
Finally, k. is defined on edge ¢ — 1/2 as
_ _ 1 p A
Ke = Ke—1/2 = Max 1’ Ke—1y2 ] » (4.52)
and Kﬁf 1/2 is defined as:
Z Z D._
P MIP c MIP -1
_ (pe+1 o1 (Pe1 + 1 , 4.53
Ke—1/2 5 P (pe + >Axc . 5 P 1(pe1 + )Axc,l . (4.53)

c—1/2 c—1/2

where Zy7p is a stability constant. Unless otherwise stated, we use Zy;p = 2, as
recommended by Wang and Ragusa[33]. Larger values of Zy;;p will increase scheme
stability (by adding numerical diffusion), but if chosen too large, will affect the accu-

racy of the spatial discretization. Terms denoted by D indicate Dirichlet boundary
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terms (specified incident angular boundary condition), and terms applicable only for

reflective (Neumann) boundary conditions are denoted with a 9D".

Focusing now on an interior mesh cell, ¢, and the Np b; that are non-zero in that

cell, we now go about defining all of the terms of Eq. (4.45). First, we consider the

volumetric integration terms, defining
(EGA(b? b*) = R2a5¢c 9

and

(DVA$,Vb,) =S.

In Eq. (4.55), we have defined:

2 (1 1 dbdb;
T Az, /_1 3%:(s) ds ds °

Now we treat the edge terms. We begin by defining [A¢] on each edge,

[A¢],_y, = LAY, — RAG,

[[A¢Hc+1/2 = E5¢C+1 - §5¢cv

where we’ve defined

il
|

[br(=1) .. by (=1)]

[b1(1)...bn,(1)] .

v
I
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(4.55)
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(4.57a)

(4.57b)

(4.58a)

(4.58b)



Treating all test functions for cell ¢ at once, we now define [[b,]:

[0 1pp = LT =0 (4.59a)

[0y, = 0—R", (4.59b)

where 0 is a length Np column vector whose entries are all identically zero. Now we

define the average operator on the edges { D0, A¢p} and {DI,.b.}}. On edges ¢ —1/2

and ¢+ 1/2,
D(x" o o D(x L 5
{{D@nA¢}}Cfl/2 = %LSA%—F%RSA@A (4.60a)
c c—1
D)~ o Dlan)
i c+1/2 c+1/2
{00 A} 1)y = TMLSA¢c+1+A—%RsA¢C> (4.60b)
where
- dbq dby
L, = |— £ 4.61
|:d8 s=—1 ds s:l:| ( a)
- dbq dby
R, = |— £ . 4.61b
{ds s=1 ds 51:| ( )
On edges ¢ —1/2 and ¢+ 1/2,
D($+ 1 )
_ c=1/2) 7T
{{D@nb*}}c_l/z = A—:L’CLS (462&)
D(‘rc_+1/2) =
{000 Y1)y = TRZ. (4.62b)

Combining Eq. (4.54), Eq. (4.55), Egs. (4.57), Eqgs. (4.59), Egs. (4.60), and Egs.
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(4.62), we have the left hand side of the cell ¢ MIP DSA equations:

Ry, A¢, + SAG,
+ { [“c_1/2ET (E&bc - E5¢c—1)] - [’icﬂ/?ET <E5¢C+1 B §£¢C)] }

D(z* e S D(z,. BT (LA BAC
4 { D@y Lt (LAqbc - RA(bc_l) T MRZ <LA¢0+1 B RM)O) }

Az, Az,
. [ D(xf Lo D(x . o
+ L7 Dieeyy) 0*1/2)LSA¢C+—( “/Q)RsAgﬁC_l
Az, Az,

. [ D(x! Lo D(x Lo
~ R <—(A;+12)LSA¢CH 4 Do) A";/z)RSAgbc) } . (4.63)

and the right hand side on the interior is obviously
R, (009~ 50 (160

In Eq. (4.63) and Eq. (4.64), Ry,, Rys,, and S are evaluated in cell ¢. Arranging
Eq. (4.63) to isolate 5¢C_1, 5¢C, and A_;bc—&—l? we have

o~ D', .).. - D )
iy [Th_ 2 rrp ;WLTRS A
{ "{ ]./2 A[L’C S + A:L'C_ 1 ¢C*1

D<xc+—1/2)—' o D))
A

LTL —
Le Le

{Rza + S+ /‘%71/2[_:71[_; + KC+1/2§T§ + R'ZR'

D(x" —— D(x o o
+—< c-1/ 2)LTLS _ Dloeyy) 2)RTRS} AD,
Ax, Te
- D(x . D(x' . R
{—/{cﬂ RRTL+ MRZL - MRTLS} Aoy (4.65)
Te Axeiq

We now consider the leftmost cell, so that we derive appropriate boundary con-

ditions. We will derive equations for reflective and incident current boundary condi-
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tions. Equations for the right boundary can be derived analogously. Starting with
incident flux boundary conditions, we must define the (Iil 1200, b*), (A, DO,b,)
and (D0, A¢,b,) operators. They are:

(K1pA0, b)) = ks /QETEA?Dl (4.66a)
2D xt .
AQ?l
2D(x
(DO, A, b)) = M LAY, (4.66¢)
AZL‘l
where we remind the reader that on the left edge, 0, = —a%. Combing with the cell

integral quantities, and the interior edge terms, for problems with an incident flux

boundary condition, the leftmost cell equations are

Ry, Ad; + SAG, + k1 s LT LAY, + LTLAG, + L"L,A¢,

D(xT/Q) S A D(xir/z) =
Az Axy

D(ay,) o
Axq

o [ D(xy0) o o D(z -
~ R <—<A3/2)RSA¢1+ (A3/2)L A¢2> RZS( Py 35)). (4.67)

T

~ kg7 (EA}sz . é&bl) + BT (LA¢2 é&m)

If the left edge satisfies a reflective condition, the leftmost cell equations are:

Ry, Ay + SN, — ko BT (E&zﬁz _ é&bl) +

D($5/2) —»T - = - —
A H (LA¢2 _ RAgbl)
o [ D(z5,,) o - D(zt,) -
T 3/2 3/2
_ A LA
i ( Ar, (BBt T P2

~ Ry (ﬁ“” R ) + CurpLT, (4.68)

s
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where C)yrp is the incident partial current,

Cyip =27 Z wd,udwg(fﬂ/?) . (4-69)

Ha>0

4.5 Numerical Results Verifying Implementation and Performance of S2SA and

MIP DSA

We will consider two test problems to compare the effectiveness of S2SA and
MIP DSA compared against source iteration, abbreviated as SI in the following
results. To measure effectiveness, we will numerically compare the spectral radius, p
of each scheme. The spectral radius of an iterative technique is the largest magnitude
eigenvalue of the iterative operator. For an iteration scheme to be convergent, it must

be true d < 1. After sufficiently many iterations, the following is true:

o) < p o

, (4.70)

where ||-|| is a valid norm and §¢) is the error as defined in Eq. (4.7). We will
numerically test our methods by considering a trivial solution problem. That is to
say we will solve a problem with vacuum boundary conditions on all edges and no
volumetric solutions. However, rather than initialize with a zero solution, we set
the values of ¢(® to be random numbers € [0,1]. We then use 150 iterations to
estimate p, taking the last value to be the converged estimate of p. In Section 4.5.1
we present results for a scattering medium with a spatially constant cross section and
in Section 4.5.2, we consider a scattering medium with spatially varying interaction
cross section.

In the plots of Section 4.5.1 and Section 4.5.2 we will examine p as a function of

scattering ratio, ¢, Sy order, DFEM trial space degree, iterative technique, DFEM
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interpolation point type, and cell optical thickness, ¥;Ax.
4.5.1 Spatially Constant Cross Section Scattering Problem

Our first test problem with is a 20 [cm] slab with spatially homogeneous cross
section. We use at least 10 cells in all simulations in Figs. 4.1-4.8. For X;Ax >= 2,
we increase Y; to the necessary value to obtain the desired ¥; Az, while holding Az =
2[cm] constant. For 3;Az < 2, we hold %; = 1[cm™!] constant, while increasing the
number of cells to achieve the desired >;Ax.

The purpose of the following section is to

1. verify that results from our S2SA implementation for linear SL. Gauss are qual-

itatively similar to those presented in [32],

2. determine whether S2SA is an effective iterative acceleration technique, for SL

Gauss and SL Lobatto DFEM with P € [1,4],

3. verify that results from our MIP DSA implementation used in conjunction with

SL Gauss, gives results similar to those presented in [33] for P € [1,4], and

4. determine whether MIP DSA is an effective iterative acceleration technique for

SL Lobatto DFEM.

In Fig. 4.1, we compare SI, S2SA, and MIP DSA for linear SL. Gauss, with Sg
angular quadrature, and ¢ = 0.999. We see that as expected, p for source iteration
~ c¢ [34]. Additionally, we see that MIP DSA achieves a p similar to that given in
Figs. 6 and 7 of [33]. Likewise, our S2SA implementation estimates p <~ 0.2, which
agrees well with the Fourier analysis of [32] a true spectral radius of 0.2127¢. Since
the analysis of [32] is for an infinite medium, we expect our estimate of p to be less.

In Fig. 4.2, we compare the p estimates of SI, S2SA, and MIP DSA for linear SL
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Figure 4.1: Estimates of p for different iterative techniques for Sg, ¢ = 0.999, linear
SL Gauss.

Lobatto differencing. Results indicate that both S2SA and MIP DSA are compatible
with SL Lobatto neutron transport. MIP DSA for linear SL Lobatto exhibits the
same peaking as observed with linear SL Gauss, though the peak is slightly smoother.
We now examine the sensitivity of S2SA and MIP DSA to different values of ¢, Sy,
and DFEM trial space degree. From Fig. 4.1 and Fig. 4.2, we expect that the choice
of DFEM interpolation point will change the estimate of p, but will not cause a

method to become unstable.

4.5.1.1 S2S5A Spectral Radius Sensitivity

In Fig. 4.3 and Fig. 4.4, we compute p for S2SA as a function of Sy order for
linear SL. Gauss and linear SL Lobatto, respectively. In both Figs. 4.3-4.4, the higher

the Sy order, the larger p, across all cell optical thicknesses, though there is little

118



——I

T —— —S25A 1
- % MIP
o)
= o8
E
=
n
E 0.6f
R s,
= N
g oaf \
Z \
N X

X ,
[ —

Figure 4.2: Estimates of p for different iterative techniques for Sg, ¢ = 0.999, linear
SL Lobatto.

difference between Sg and S14. Comparing our estimates of p of S2SA, as a function
of ¢, for linear SLL Gauss and SL Lobatto in Fig. 4.5 and Fig. 4.6, respectively, we
conclude that the closer ¢ is to unity, the larger, p, but there is negligible increase
from ¢ = 0.999 to ¢ = 0.9999, except in very optically thick cells, but p is not largest
with the S2SA scheme for large values of ¥;Ax. Finally, in Fig. 4.7 and Fig. 4.8,
we compare p for Sg, ¢ = 0.999 S2SA with SL Gauss and SL Lobatto differencing,
respectively, as a function of DFEM trial space degree. p remains nearer the optically
thin value for larger values of X; Ax the higher the DFEM trial space degree, but S2SA
remains stable for all P. Regardless of ¢, P, ¥;Ax, and Sy order, we numerically
verified that the S2SA matrix that must be inverted was neither symmetric or positive

definite, requiring direct (Gaussian) elimination to invert the matrix.
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Figure 4.3: Estimate of p for S2SA as a function of Sy order for ¢ = 0.999 for linear
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Figure 4.4: Estimate of p for S2SA as a function of Sy order for ¢ = 0.999 for linear
SL Lobatto.
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Figure 4.6: Estimates of p for S2SA as a function of ¢ for Sg linear SL Lobatto.
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trial space degree.
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4.5.1.2  MIP DSA Spectral Radius Sensitivity

In Fig. 4.9 and Fig. 4.10 we compare p for MIP DSA as a function of Sy order,
for linear SLL Gauss and linear SL Lobatto, respectively, with ¢ = 0.999. As with
S2SA, the higher Sy order, the larger p is for the MIP DSA scheme. However, the
value of p obtained with Sg is only slightly smaller than the p of Sis, and as such
we prefer the reduced computational work of Sg simulations to Sig in examining

iterative effectiveness.
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Figure 4.9: Estimate of p for MIP DSA as a function of Sy order for ¢ = 0.999 linear
SL Gauss.

Figure 4.11 and Fig. 4.12 examine the effect of ¢ on p for MIP DSA with the

linear SLL Gauss and SL Lobatto schemes. The general trend is that as ¢ — 1, the
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Figure 4.10: Estimate of p for MIP DSA as a function of Sy order for ¢ = 0.999
linear SL Lobatto.

larger the estimate of p, but both SL Gauss and SL Lobatto with MIP DSA remain
iteratively stable.

It is as this point that we remember that the MIP DSA scheme uses a constant,
k1p, which depends on a chosen constant. In all of the results that have presented to
this point, we have assumed that Zy;p of Eq. (4.53), Zyp = 2. Just as Wang did
in his dissertation [40], we now consider Z);;p = 4. Estimates of p for MIP DSA as
a function of ¢ for SL. Gauss and SL Lobatto, with Zy;;p = 4 are given in Fig. 4.13

and Fig. 4.14, respectively.

124



0.9

|
| :
PR NeNel

'
%
cooco

p Numerical Estimate

Figure 4.11: Estimate of p for MIP DSA as a function of ¢ for Sg linear SL. Gauss.

o

©

T
s EeNe

OOOO)
NeNeNelNe)
OOO
Rei=}

©

X

0.8 4

p Numerical Estimate

Figure 4.12: Estimate of p for MIP DSA as a function of ¢ for Sg linear SL Lobatto.
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Figure 4.13: p for MIP DSA as a function of ¢ for Sg linear SL Gauss, with Zy;;p = 4.

There are small differences between Figs. 4.11-4.12 and Figs. 4.13-4.14 . With
Zyrp = 4 1in Fig. 4.13 SL Gauss maintains a slightly higher value of p at small optical
thicknesses than when Z,;;p = 2, and the the transitional drop from intermediate to
larger rho at small optical thicknesses to smaller p for large cell optical thicknesses is
more pronounced. With Z,,;;p = 4, SL Lobatto displays a modest, smooth increase
in p over a range of intermediate >;Ax and exhibits a sharper drop in p as well.
Currently, the choice of Zy;;p = 2 or Zy;;p = 4 seems to have negligible effect on p,
but we will retain adjustments to Z,;7p as a tool should any combination of spatial
discretization and MIP DSA appear unstable.

Having determined that ¢ = 0.999 and Sg will yield nearly maximal p, we calculate
p as a function of P for MIP DSA acceleration of SL Gauss and SL Lobatto transport
spatial discretizations in Fig. 4.15 and Fig. 4.16, respectively, using Zy;;p = 2.

As P increases, both SL Gauss and SL Lobatto accelerated with MIP DSA remain
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Figure 4.14: p for MIP DSA as a function of ¢ for Sg linear SL Lobatto, with
Zurp = 4.
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Figure 4.15: Estimate of p for MIP DSA as a function of P for Sg, ¢ = 0.999, SL
Gauss with Zyrp = 2.
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Figure 4.16: Estimate of p for MIP DSA as a function of P for Sg, ¢ = 0.999, SL
Lobatto with ZM]p = 2.

iteratively effecting. Similarly, if we consider Zy;;p = 4, both SL Gauss and SL

Lobatto spatial differencing schemes remain stable.
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Figure 4.17: p for MIP DSA as a function of P for Sg, ¢ = 0.999, SL Gauss with
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Figure 4.18: Estimates of p for MIP DSA as a function of P for Sg, ¢ = 0.999, SL
Lobatto with ZMIP = 4.

4.5.2  Spatially Varying Cross Section Scattering Problem

To test the effectiveness of MIP DSA and S2SA for a problem with a spatially

varying cross section, we again consider a slab z € [0,20[cm]]. We impose

S(z) = Sogexp {mo—z_"”)'] . (4.71)

We hold ¢ constant in space. We will estimate p as a function of ¥;Ax, the average
optical thickness of each mesh cell. For values of ¥;Az > 2, we will use 10 mesh cells,
and adjust X, to achieve the desired optical thickness. For values of YAz < 2, we
will hold ¥; o constant, and increase the number of mesh cells. We wish to maintain

a total slab optical thickness of at least 20 mean free paths. Since,

10 ecm 10 =
Total Mean Free Path = 2 21,0 €xp 5 dx (4.72a)
0

Total Mean Free Path = 4%, (exp[5] — 1) , (4.72b)
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the minimum value of ¥, is:

Yio = 4.72

t0 exp[5] — 1 (4.72¢)
For values of ¥;Ax > 2,
103; Az = 4% (exp[5] — 1) (4.72d)
5ZtA.fC

g = ——m———. 4.72

Y= 5 (exp[s] — 1) (4.72¢)
4.5.2.1 S254

In Fig. 4.19 and Fig. 4.20, we plot the estimate of p for the variable cross section
problem, with ¢ = 0.999 and Sg angular quadrature for S2SA using SL Gauss and

SL Lobatto schemes, respectively, as a function of trial space degree. S2SA remains
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Figure 4.19: Estimate of p for S2SA as a function of ¥;Az and P, with SLXS Gauss.
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Figure 4.20: Estimate of p for S2SA as a function of ¥; Az and P, with SLXS Lobatto.

unconditionally stable for the case of a spatially varying cross section, for all P

considered, for both SLXS Gauss and SLXS Lobatto schemes.
4.5.2.2 MIP DSA

We now examine p for the MIP DSA scheme as a function of P for the variable
cross section problem, with ¢ = 0.999, Sy angular quadrature, and Zy;;p = 4. Results
for SLXS Gauss are given in Fig. 4.21 and p for MIP DSA with SLXS Lobatto scheme
is given in Fig. 4.22. Since p < 1 in Figs. 4.21-4.22, we conclude that MIP DSA
remains a stable iterative scheme for SLXS Gauss and SLXS Lobatto, for all P

considered when Z,;;p = 2 for problems with spatially varying cross sections.
4.6 Conclusions

Both S2SA and MIP DSA are stable iterative acceleration techniques for prob-
lems with spatially constant and spatially varying cross section. We have verified

our implementations of S2SA and MIP DSA by comparing to published, spatially
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Figure 4.21: Estimate of p for MIP DSA with SLXS Gauss as a function of ¥;Ax

and P.

Figure 4.22: Estimate of p for MIP DSA with SLXS Lobatto as a function of ¥;Ax

and P.
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constant cross section results. While the S2SA technique is more effective than MIP
DSA (smaller p), the S2SA matrix that must be inverted is not symmetric or positive
definite. Thus, S2SA requires direct matrix inversion which in general is not feasible
for large systems of equations. Conversely, though MIP DSA is not as effective as
S2SA, the MIP DSA matrix is SPD, thus it can be inverted much more efficiently
(faster) [39] than the S2SA matrix can be inverted. As such, to demonstrate that
self-lumping schemes that account for within cell spatial variation of quadrature can
be used for more realistic problems, we first employ S2SA to accelerate neutron
transport within a model fuel depletion problem in Chapter 5. However, since S2SA
is really only practical for small, one dimensional problems, we will apply a variant of
MIP DSA to accelerate the iterative process required for thermal radiative transfer

problems in Section 6.
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5. FUEL DEPLETION PROBLEM!

We now consider a fuel depletion problem initially published in [41] to illustrate
that self-lumping DFEM schemes remain accurate for more complex physics than
simply a purely absorbing medium. The depletion method we use [time stepping
scheme, time step size, etc.] is chosen for its simplicity, not for its fidelity relative
to state-of-the art depletion methodologies. Our goal is to assess the accuracy of
spatial discretization methods for problems with spatially varying cross sections, not
to propose a new depletion method. However, we stress that self-lumping meth-
ods can be implemented with any time depletion method or time stepping scheme
since implementation of self-lumping only requires changes pertaining to the spatial

discretization.
5.1 Problem Physical Description

We will consider a 1-D slab fuel depletion problem. The dimensions and layout
of the fuel and moderator layers lattice is shown in Fig. 5.1.
Initially, each fuel region is a homogeneous mixture containing only fissile 25U

and fertile 233U nuclei, with compositions given in Table 5.1.  As fuel depletion

Table 5.1: Fuel atom density data. Taken from [27].

Fuel Density [g/cm?] 10.97

Atom Fraction 2*°U 0.05

Atom Fraction U 0.95
Fuel Molecular Weight [amu] | 270.03

'Reprinted with permission from “Discontinuous Finite Element Discretizations for the Sy Neu-
tron Transport Equation in Problems with Spatially Varying Cross Sections” by P. G. Maginot, J.
C. Ragusa, and J. E. Morel, Annals of Nuclear Energy 73, 506-526, copyright 2014 by Elsevier
Ltd.
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Figure 5.1: Depletion problem fuel/moderator lattice. Taken from [27].

progresses, the isotopic composition of fuel changes. The moderator is light water

and its composition, given in Table 5.2, does not change with irradiation. We track

Table 5.2: Water atom density data. Taken from [27].

Water Density [g/cm?] 1

Atom Fraction 'H 2

Atom Fraction %0 %
Water Molecular Weight [amu] | 18.02

five nuclide types in the fuel during the fuel depletion problem: fissile, fertile, parasitic
absorber fission product, scattering fission product, and inert, whose spatial nuclide
densities, [atom/cm?], are respectively denoted as Npg, Npr, Nrpp_a, Npp_g, and
Ny.

We use a two-energy-group approximation with the standard numbering convention-

the lower the group number, the faster the neutron. All neutrons are born fast, there
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is no thermal upscattering, and we assume all scattering and fission is isotropic in
angle. We also assume that if neutron absorption leads to isotopic transmutation,
the transmutation occurs at the time of absorption, there are no radioactive decay

chains. All possible transmutation paths are shown in Fig. 5.2.

Absorption

NFS / NFT
\
|

Fission .
Fast Fission Only

N N FP-S

FP-A
Absorp\ /Absorption
N

Figure 5.2: Depletion problem possible transmutation paths and mechanisms. Taken
from [27].

Under these assumptions, and given the transmutation paths given in Fig. 5.2,
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the fully analytic, nonlinear depletion equations are:

Iy s 11 1 (vds, vio
By o= — o ’ 5.1
15, + X1t i o1+ o G o1+ . b9 (5.1a)
Iy Y252 Ys12
5. T Xt = —; : 5.1b
M D7 + X2t e Do + ™ o ( )
ON,
a:s = _NFS [(1 - 'YFS,I)O-a,FS,ld)l + (1 - ’YFS,2>O-a,FS,2¢2}
+ NFT[’YFT,lga,FT,lﬁbl + ’}/FT,QUa,FT72¢2] (5.1C)
ON
afT = —Npr|0arr101 + 0 Fr202] (5.1d)
ONpp_
g: ® = Nps [(1 - pFS,1)yFS,10a,FS,1¢1 + (1 — PFS,2)yFS,20a,Fs,2¢2]
+ Npp [(1 - pFT,1)yFTaa,FT,1¢1] — Npg [Ga7Fp,571¢1 + Uayppfgg(bg] (5.16)
ONpp_
g: 2 = Nrs [PrsiYrsi0a,rs 191 + PFs2Yrs20a,rs,202)]
+ NErPrriYrr,10a,F1,101
— Nep—a (1 = &€pp-a1)0arp—a101 + (1 —Epp_a2)0apr_aads) (5.1f)
ONy

o Nep_a[Epp—a10arp—a101 + Epp—a 204, Fp—a202]

+ Npp_s [0arp—s5101 + Oarp—s202] . (5.1g)

In Eq. (5.1a) and Eq. (5.1b) ¢, is the group g scalar flux [n/cm?/sec], ¥, , is the
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total macroscopic cross section [em™!] of group g, ¥ 4, [cm ™! is the macroscopic
cross section for neutrons scattering from group g to group ¢’, k is the system multi-
plication factor, and vX;, is the average number of neutrons released per fission (v)
for a fission induced by a neutron in group ¢, multiplied by the group g macroscopic
fission cross section. The nuclide production destruction equations, Egs. (5.1c) -
(5.1g), use the following notation: +,,, is the probability that a neutron absorption
in nuclide m results in the production of a fissile isotope, ¥, 4 is the ratio of nuclide
m’s fission cross section to total cross section for group ¢, p,, is the probability
that the fission of nuclide m yields a parasitic absorber fission produce, and &, is
the probability that when a parasitic absorber fission production absorbs a neutron,
another parasitic absorber fission product is produced. Though not explicitly noted
in Egs. (5.1), all scalar fluxes ¢,, macroscopic cross sections ¥, and nuclide densities
N, are functions of position. We use Gauss-Legendre S5 angular quadrature, with
weights that sum to 2, to approximate the scalar fluxes.

Macroscopic cross sections are generated from nuclide density and microscopic

cross section data. As an example, ¥, , is calculated as shown in Eq. (5.2):

Ytgi = Nrpsorrsg + Neroyprg + Npp_aoipp—ayg

+ Npp_sorrp-sg+ Niovrg. (5.2)

Macroscopic fission cross section and average neutrons per fission products are found
in a similar fashion, but we can limit our consideration to the fissile and fertile nuclide

densities as shown in Eq. (5.3),

vEfgi = NrsVrsg0rrsg + NFTVFT g0 £ FT,g - (5.3)
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5.1.1 Microscopic Cross Section and Yield Data

We complete the specification of the depletion problem by giving the physical data
used to solve the problem. Microscopic cross section data for the water is given in
Table 5.3. Absorption and scattering cross sections for the fertile and fissile nuclides
are given in Table 5.4, and fission cross sections and average neutrons per fission
are given in Table 5.5. Radiative capture fractions and probability of an absorbed
neutron inducing fission are given in Table 5.6. Cross-section data for the fission
products and inert nuclides are given in Table 5.7. Fission product yields and the

parasitic absorber fission product regeneration fraction, &, are given in Table 5.8.

Table 5.3: Water microscopic cross section, in barns [1072* ¢m?]. Moderator is

composed only of H,O. Taken from [27].

Nuclide Oal | Oa2 | 05151 | 05252 | 05152
H 0 ]0.332 0 20.47 | 3.926
e 0 0 2.739 | 3.780 0

Table 5.4: Fuel microscopic cross sections, in barns [1072* ¢m?|. Taken from [27].
Nuclide Oa,1 0q,2 O0s1—1 | 0522 | 05,152
25U 1.325 | 683.21 | 4.566 | 15.04 0
28U 10374 | 2.717 | 4.804 | 9.36 0

139



Table 5.5: Average neutron yield per fission, and fission microscopic cross section

[1072* ¢m?]. Taken from [27].

Nuclide | 14 Vo of1 Of2
20U | 26| 2.4 | 1235|5844
200 | 2.8 | N/A|0.308 0

Table 5.6: Radiative capture fraction, and fission probability for fissile and fertile
nuclides. Taken from [27].

Nuclide " v " "
0.09 98.81 __ 1235 SIT

zggU [ = 0.068 | 555 = 0.145 L = 0.932 | 2BLL = (.855
02U | gy = 0177 1 3o =10.823 0

Table 5.7: Parasitic absorber fission product, scattering fission product, and inert
nuclide microscopic cross section data in barns [1072* ¢m?]. Taken from [27].
Nuclide | 041 | 0a2 | 051 | Os2 | 05152
FP-A 15 [ 1000 | 0.5 | 5 0
FP-S | 0.5 5 15 | 100 0
Inert 1 ) 1 ) 0

Table 5.8: Fission product branch ratios and parasitic absorber fission product re-
generation fraction. Taken from [27].

prsy | 0.3
prs2 | 0.3
prra | 0.3
prr2 | 0.3
§rp—aa | 0.3
Erp—az2 | 0.5
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5.1.2 Reactor Power Levels and Normalization

Vacuum boundary conditions are imposed on both sides of the slab. We normalize
reactor scalar flux values so that the reactor produces a constant fission power level of
2000 [W] for the duration of the burn-up cycle. The burn-up cycle length consists of
600 full-power days and we use a time step of 10 days to update the scalar fluxes. A
typical beginning-of-cycle flux profile is shown in Fig. 5.3 and an end-of-cycle scalar

flux profile is shown in Fig. 5.4.
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Figure 5.3: Example normalized scalar flux profiles at beginning of fuel burn-up
cycle. Taken from [27].
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Figure 5.4: Example normalized scalar flux profiles at end of fuel burn-up cycle.
Taken from [27].

5.2 Spatial Discretization

We solve Egs. (5.1) using a semi-static approach [31] assuming the flux distri-
bution at the start of the time step remains constant throughout the time step.
Nuclide densities are advanced in time using explicit Euler time differencing, then a
corresponding radiation solution is found. We will consider three DFEM schemes to

spatially discretize Eqgs. (5.1).

1. AD DFEM: expands the angular flux in a P degree polynomial trial space using
equally-spaced interpolation points, uses exact spatial integration, assumes cell-
wise constant cross sections for solving the radiation equations, and tracks only

cell average nuclide densities.

2. SL Collapse: expands both the angular flux and nuclide densities in a P degree
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polynomial trial space, uses self-lumping quadrature to approximate integrals,
and assumes cell-wise constant cross sections for solving the radiation equa-
tions. Lobatto quadrature is used as the DFEM interpolation points for odd
degree trial spaces and Gauss quadrature as the DFEM interpolation points

for even degree trial spaces.

3. SL Full: expands both the angular flux and nuclide densities in a P degree
polynomial trial space, uses self-lumping quadrature to approximate integrals,
and explicitly accounts for the variation of macroscopic cross section within
each spatial cell. Lobatto quadrature is used as the DFEM interpolation points
for odd degree trial spaces and Gauss quadrature as the DFEM interpolation

points for even degree trial spaces.

5.2.1 Radiation Solution

Using the nomenclature developed in Section 2 and Section 3, the spatially dis-

cretized radiation equations are:

— — — 1 —
1iGYa1 — paVina1f + Ry, ¥a1 = —Rs, 1, P01

4
11 - -
o (Rusy 01+ Rusyu2) o (5.4)
and
— — — 1 — —
1iGYa2 — pa¥ina2f + Ry, ,Ya2 = o <RES,2_>2¢2 + RES,1_>2¢1> : (5.5)

In Eq. (5.4) and Eq. (5.5) k; is the multiplication factor at time index 7 and

Ry Ry, Ry, , .0 Ryg“, and Rygm are defined analogously to Ry,, as in

5,1—17 s,1—2)

Eq. (3.3), replacing ;(s) with 3;11(s), Xs152(5), Ls252(5), Xr1(s), and Xyo(s),

respectively.
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We solve Eq. (5.4) and Eq. (5.5) following the standard power iteration proce-
dure, described for DFEM neutron transport in [42]. Convergence is checked after
each power iteration. Using ¢ as the iteration index, convergence after the ¢ + 1

iterate is said to occur when:

L) _ (o)
and
e+ ¢
0y = max  max max w < €. (5.7)
9=1,2 i=1,.,Neey j=1,..Np ¢§;Zj

In our computational results we use e, = 107" and e, = 107!, For each power iter-
ation, the within group components of Eq. (5.4) and Eq. (5.5) are solved separately
with a single transport sweep and S2SA iteration. Since we are using an S, angular
quadrature, a single source iteration with a single S2SA step exactly solves a given
within group neutron transport problem.

The converged scalar flux is normalized such that the desired power level of
Prota = 2000 [W/em?], is achieved. All fission energy is assumed to be deposited
only in the fuel. For the SL Full scheme, we calculate the normalization factor, Fp,

as:
2 Nruet

FP:EfZ Z
g=1 L i=1

where in E is the energy released per fission, assumed to be 200 [MeV], w; is the

Ax;

Z W;Ef,g,i,Pgisi | » (5.8)

quadrature weight associated with the j-th DFEM interpolation point, and Ng,; is
the total number of spatial cells in the fuel region. The SL Collapse and AD DFEM

schemes calculate F'p as

NFuet

2 Amzzf,gz
= Z Z ijzfg, P | - (5.9)
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gb(”l) is then scaled as:

P
/+1 Total 7 (041
¢§ ) —¢§ ) (5.10)

5.2.2  Nuclide Density

We consider three spatial discretization schemes to solve the nuclide produc-
tion/destruction components of Eqs. (5.1). The first, AD DFEM, tracks only cell
average nuclide densities, approximating the true spatial distribution of nuclide m,
Ny, (z,t), as being a constant in each cell, equal to the cell average density of nuclide
m. Denoting the average nuclide density in cell i for nuclide m as N,,; and the
average group ¢ scalar flux in cell 7 as Qgg,i, we give the fissile nuclide update equation

for the AD DFEM scheme in Eq. (5.11):

T+ \TT
NFS,Z' - NFS,i
At

NTT 0T 0T
= Npr; [’YFT,lo-a,FT,lgbl’i + '7FT,20'a,FT,2¢27i]

— Nigi (1= vps1)0a,rs107; + (1 — Yrs2)0ars20);) - (5.11)

In Eq. (5.11) superscript 7 denotes time index 7 quantities and At is the time
step size. The update equations for Npr, Npp_a, Npp_g, and Ny can be derived
analogously to Eq. (5.11). AD DFEM -calculates ggw» using closed Newton-Cotes

quadrature with the quadrature points limited to the DFEM interpolation points:

1Ox
gbg,i = 5 Z wjgbg’j . (512)
j=1

The averaging in Eq. (5.12) is exact since an Np point closed Newton-Cotes quadra-
ture can exactly integrate any P degree polynomial. Equation (5.11) locally updates
all average nuclide densities, NFSJ', NFT,Z-, NFP_,M, NFP_SJ, andNM, simultane-

ously via a 5 X 5 matrix-vector multiply.
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The SL Full and SL Collapse schemes approximate the true spatial density of

nuclide m as a P degree Lagrange polynomial, Nm(s), in each cell:

Np(s) = Z Nyibi(s), (5.13)

where b; are the Np = P + 1 Lagrange interpolatory polynomials in the interval
s € [—1,1]. We require the set of nuclide density DFEM interpolation points to be
the same set of Np points as the angular flux DFEM interpolation points. Following
a Galerkin procedure, we multiply each production/destruction nuclide equation of
Egs. (5.1) by basis function b; and integrate generating 5(P + 1) equations. The

system of update equations for N Fs,i is shown in Egs. (5.14):

]_ r T v 7T
M <NFg,1i - NFS,i) = —(1 = vrs1)0a,rs1 My, ;7 Npg;

—
— (1 = vrs2)0a,rs2Mg, , +Nigi

—

+ Yrr100 T Moy Nip; + Vp1200,r7,2Mog Npg; . (5.14)

The equations for N FT,i) N FP—Ai, Nrp—si, and Ny, are derived in a similar fashion
to Eq. (5.14). In Eq. (5.14) we have defined:

—~ Ax [t ~

M¢;7i7jk = 7 bj(S)bk(S)qZSg’T’i(S) ds s and (515)

-1

NT

m,1

NT.=1| N~ |. (5.16)

m,t m,)

-
| Nm,P—i—l
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Given that we track five nuclides in the fuel region, each expanded in a P degree
polynomial in each cell, there are 5(P + 1) unknowns in each cell, thus Eq. (5.14) is
a closed, 5(P + 1) x 5(P + 1) system of linear equations for the 5(P + 1) unknown
nuclide densities, IV, ; ; in each cell.

Using self-lumping quadrature to approximate Eq. (5.15) causes ﬁd@,i to be
a diagonal matrix. Recalling that Nm uses the same interpolation points as ag,
approximating the integration of Eq. (5.15) with numerical quadrature restricted to
the DFEM interpolating points, results in

Ax .
. A6, =k
My =14 2 : (5.17)

0 otherwise
Macroscopic cross sections are generated from nuclide density and microscopic
cross section data. For the AD DFEM scheme, each cell has a single macroscopic
cross section (per reaction type), and a single value of nuclide density for each nuclide
type. Thus, interaction cross sections are easily tabulated. As an example, the cell

average total interaction cross section in cell 7 is calculated in Eq. (5.18):

Y94 = Nrsiotrs,g + Nrrioirrg + Nrp—a,i0t pp—ayg

+ Npp_s,i0tpp—sg + Niiot1g. (5.18)

Macroscopic fission cross section and average neutrons per fission products are found
in a similar fashion, but we can limit our consideration to the fissile and fertile nuclide

densities as shown in Eq. (5.19),

v3jgi = NrsiVrsg0frsg + NFTiVFT 401 FT.g - (5.19)
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The SL Full and SL Collapse schemes calculate macroscopic cross sections in a similar
fashion to Eq. (5.18) and Eq. (5.19), but instead of calculating a cell average, ig,i,
they calculate macroscopic values at each DFEM interpolation point. SL Collapse
then averages the macroscopic cross section at each DFEM interpolation point to

estimate the cell average cross section, as shown in Eq. (5.20) for it,i:
S 1
Et,i = 5 Z wj2t797i7j . (520)

5.3 Numerical Results

Since an analytic solution to this depletion problem is not available we employ
a fine spatial mesh to obtain the reference solution. We use a fine mesh of 10,240
cells and the SL Full scheme with a quartic polynomial trial space as our reference

numerical solution. We present L, spatial error measures for
1. the total scalar flux (Ey),
2. the fissile nuclide density (En,.),
3. the fertile nuclide density (Ey,.,.), and
4. the parasitic absorber fission product (En,,_,).

To allow for easier comparison, we normalize each error to the reference solution

quantity. We define E, as:

~ 2
ref Ax; N
ﬁg LS 88 w0, (Bregigl) — Bunsalsn)
Nye Az, N, e
\/Zg 1 Z ! Ax q:qjlc wq¢ref7i:g(s(I)2

: (5.21)
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where N,.s is the number of reference cells, are 1.ig(s) is the reference solution group
g scalar flux in cell i, and ggnum,i,g(s) is the coarse mesh numerical scheme’s approxi-
mation of the group g scalar flux in cell 7. Error measures for Npg, Npr, and Npp_4

are derived similarly.

Convergence of Ey is shown in Figs. 5.5-5.8 as a function of DFEM trial space

degree and DFEM scheme.
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Figure 5.5: Normalized total scalar flux error for the depletion problem at end of
cycle, for linear DFEM. Taken from [27].
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Figure 5.8: Normalized total scalar flux error for the depletion problem at end of
cycle, for quartic DFEM. Taken from [27].

Figures 5.5-5.8 re-emphasize two key results observed in the case of a pure ab-
sorber. First, when employing cell-wise constant cross sections, angular / scalar flux
convergence is at most second order in space, regardless of the DFEM trial space
polynomial degree. Second, exact integration of the interaction terms in the DFEM
moment equations is not required to achieve high-order accuracy. In the deple-
tion term, the DFEM interaction term is a degree 3P polynomial, and self-lumping
schemes using Gauss or Lobatto quadrature only integrate 2P + 1 and 2P — 1 degree
polynomials, respectively.

Convergence of Fy,., En,,, and Ey,, , are given in Figs. 5.9-5.12, Figs. 5.13-

5.16, and Figs. 5.17-5.20, respectively for linear through quartic trial space degrees.
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Figure 5.11: Normalized fissile nuclide density error for the depletion problem at end
of cycle, for cubic DFEM. Taken from [27].
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Figure 5.12: Normalized fissile nuclide density error for the depletion problem at end
of cycle, for quartic DFEM. Taken from [27].
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Figure 5.13: Normalized fertile nuclide density error for the depletion problem at
end of cycle, for linear DFEM. Taken from [27].
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Figure 5.14: Normalized fertile nuclide density error for the depletion problem at
end of cycle, for quadratic DFEM. Taken from [27].
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Figure 5.15: Normalized fertile nuclide density error for the depletion problem at
end of cycle, for cubic DFEM. Taken from [27].
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Figure 5.16: Normalized fertile nuclide density error for the depletion problem at
end of cycle, for quartic DFEM. Taken from [27].
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Figure 5.17: Normalized parasitic absorber fission product error for the depletion
problem at end of cycle, for linear DFEM. Taken from [27].
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Figure 5.18: Normalized parasitic absorber fission product error for the depletion
problem at end of cycle, for quadratic DFEM. Taken from [27].
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Figure 5.19: Normalized parasitic absorber fission product error for the depletion
problem at end of cycle, for cubic DFEM. Taken from [27].
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Examining the spatial convergence in nuclide densities, we make several obser-
vations. First, we note that the AD DFEM scheme (cell-wise average cross section,
cell average nuclide density) achieves at most first-order convergence for all spatial
nuclide density errors, regardless of the angular flux trial space degree. The AD
DFEM scheme is limited to at most first-order convergence of the error in the spatial
distribution of nuclides because the scalar flux is updated using only a cell-wise aver-
age cross section and only the cell average nuclide density is tracked. Second, though
the SL Collapse scheme expands nuclide density in a P degree polynomial DFEM
trial space, it achieves at most second-order L? convergence of the error in nuclides
spatial distribution, for all trial space polynomial degrees. SL Collapse is limited to
at most second-order convergence of the spatial nuclide density solely because the
scheme assumes a constant cross section in each cell when updating the scalar flux.
The respective first-order and second-order convergence of the error in nuclide spatial
distribution of the AD DFEM and SL Collapse scheme verifies the result observed
in the pure absorber problem: assuming a cell-wise average cross section for coupled
radiation transport problems limits the order of convergence of any quantity that
depends on an interaction rate. SL Full achieves P+ 1 order convergence of the error
in spatial nuclide density for the fuel depletion problem, showing that coupled sys-
tems of equations involving radiation transport can be solved with arbitrary order of
accuracy using high-order DFEM polynomial trial spaces and self-lumping numerical
quadrature that explicitly accounts for the spatial variation of cross section within

each cell.
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6. GREY THERMAL RADIATIVE TRANSFER- THEORY

We now apply our self-lumping DFEM methodology to the grey thermal radiative
transfer equations. Our framework shares important characteristics of the work

presented by Morel, Wareing, and Smith [6]
1. linearization of the Planckian about an arbitrary temperature,

2. expansion of the angular intensity and temperature in a P degree trial space,

and
3. expansion of the spatial dependence of the Planckian in a P degree trial space.

However, there are several differences between the work we present here and that
of [6]. First, we derive our method for arbitrary DFEM polynomial trial space
degree, not only a linear polynomial trial space. Second, [6] used a DFEM scheme
equivalent to traditional lumping, whereas we primarily consider quadrature based
self-lumping discretizations. However, the equations we derive are applicable to any
DFEM scheme that uses polynomial trial space and test functions. Additionally, we
consider arbitrary order (and stage count) SDIRK time integration, not only implicit
Euler time integration. The two most important differences between our work here

and that of [6] are:
1. we assume opacity and heat capacity can vary within each spatial cell and
2. we fully converge the Planckian linearization in temperature.

As shown by Larsen, Kumar, and Morel, failure to fully converge the Planckian
linearization in temperature can result in non-physical solutions that violate the

maximum principle [43].
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The remainder of this section is divided into three parts. Section 6.1 describes our
linearization and discretization of the grey thermal radiative transfer (TRT) equa-
tions. We describe the time marching and nested iteration process we follow while
solving the TRT in Section 6.2 In Section 6.3 we describe necessary modifications
to physical quantities handle negative angular intensities and temperatures and in
Section 6.4 we describe some adaptive time step selection techniques. We conclude

with a brief description of our computer code implementation in Section 6.5
6.1 Linearization and Discretization of Grey TRT Equations

We begin our discussion of how to linearize the Planckian of the grey thermal ra-
diative transfer in temperature by first briefly outlining SDIRK temporal integration

in Section 6.1.1. A more complete explanation can be found in [2]
6.1.1 SDIRK Time Integration

SDIRK time integration schemes are one of many options available for solving

initial value problems of the form:

9(0) = 9o (6.1)
dg
— = f(t 6.2
where ¢ is time, and Gy is the initial value of g at time ¢ = 0. Depending on

the literary source, SDIRK stands for Single-Diagonally Implicit Runge-Kutta, S-
stable Diagonally Implicit Runge-Kutta, or one of many other expansions of the
SDIRK acronym. The coefficients, a;, b;, and ¢; that describe any Runge-Kutta time
integration are typically given in formatted tables called Butcher tableaux. Due to
the stiff nature of the TRT equations, we limit ourselves to SDIRK time integration

schemes. The Butcher tableaux of an SDIRK scheme with Ngge stages is given in
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Eq. (6.3)

Stage ci a
1 C1 a1q 0 Ce 0
2 Co a1 a2 0
(6.3)
) C; ;1 ;9 . 0
NStage CNstage aNstagel aNsta962 te aNstageNstage
b1 by e DN stage

To illustrate how SDIRK is used to advance time-dependent quantities, let us con-
sider a time-dependent scalar function, ¢(t). Given an initial value at time (or time
step) ¢, g(t") = gn, then g(¢t"™!) is:

Nstage

Gn+1 = gn + Al Z biki , (6.4)
i=1
where At = t"*! — " and k; is defined as:
ki=f (tn + At , g, + Atiaijkj> ) (6.5)
j=1
Equation 6.5 can also be interpreted as meaning:
9i = gn + At i ai; f (5, 9;) , (6.6)

J=1

where g; is the intermediate value of g at the time of stage i and ¢; = t" + Atc;.
We consider three different SDIRK schemes in our work, implicit Euler (IE); a
two stage, second order S-stable scheme (SDIRK 2-2); and a three stage, third order

S-stable scheme (SDIRK 3-3). Both multi-stage schemes were taken from [2]. The
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Butcher tableaux for the implicit Euler scheme can be written as:

1]1]1
. (6.7)
1
The SDIRK 2-2 scheme of Alexander has the following Butcher tableaux,
V2 V2
11— [1-% 0
21 1 22 (6.8)
V2o V2
2 2
and the SDIRK 3-3 scheme’s Butcher tableaux is:
L e
9| 1ty | 1=y
z |z T (6.9)
31 1 o B v
o B v
with
v = 0.435866521508459 (6.10)
—67% + 167 — 1
5 = —9 +4 g (6.11)
672 — 20y + 5
3 = % (6.12)

6.1.2 Spatially Analytic Linearization

We now linearize Planckian of the spatially analytic, 1-D slab, grey, discrete

ordinates TRT equations with SDIRK time integration. The spatially and temporally
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analytic grey discrete ordinates TRT are given in Egs. (6.13),

101 ol 1
EE“?‘}M%-}-O}]— Easgb—i-UaB-i—S[ (6.13&)
T
Cv%_t =0,(¢p—4n1B) + Sr. (6.13b)

In Egs. (6.13), we have assumed all scattering and material photon emission is
isotropic, defined that [ is the photon intensity with directional cosine pg (relative
to the z-axis), Sy is a driving radiation source intensity source in the direction of
ta, St is a driving temperature source, and the frequency integrated (grey) Planck
function, B, is:

1

B(T) = EacTA‘, (6.14)

where c¢ is the speed of light and a is the Planck radiation constant. To use SDIRK

to advance I and T in time, we must first define the time derivatives of I and T':

ol 1 ol
a =cC EO'S¢+O'QB+S[—,U(1%—O}[ (615)
and
oT 1
E = Fv [Ua (Qb - 47TB) + ST} . (616)

We evaluate kj ¢ and kr s, the SDIRK & values (Eq. (6.5)), for intensity and temper-

ature for stage s as:

k[,s =cC %O—S(TS)QSS + Ua(Ts)B(Ts) + Sl(ts) - Md% - Ut(Ts)Is (617)
and
1
kT,s = Cv(Ts) [O-a(Ts) (¢S - 47TB(TS)) + ST(ts>] ’ (618>
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where ¢4, I, and T, are the angle integrated intensity, angular intensity, and tem-

perature at time t,, and t, is the time of stage s.
6.1.2.1 SDIRK Stage 1

With the definitions of Eq. (6.6), Eq. (6.17), and Eq. (6.18), we now seek to find
I

Il = ]n + CLHAtkLl . (619)

Substituting in the definition of Eq. (6.17) into Eq. (6.19), for the intensity in stage

1, we have,

1 ol
I =1, + anAtc |—osp1 + 0,B + S — ud—l —ody| . (6.20)
4 ox
Similarly, for T}, we have
a1 At
T, =T, + 15 (0o (p1 — 4w B) + Sp] . (6.21)

In Eq. (6.20) and Eq. (6.21), we have assumed that unless otherwise noted, all
material properties and sources are evaluated at time ¢, and temperature T5.
We now introduce the linearization of the Planckian in temperature. For an

arbitrary temperature iterate, Ty, we approximate B(T}) as:

OB
B(T) ~ B(T.)+ — (T -T.) (6.22a)
or T=T
B(T) = B.+D.(T-T.) (6.22Db)
1
B, = —acT! (6.22¢)
AT
1
D, = =acl?. (6.22d)
™
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Equation 6.20 has a strong non-linear dependence on 7 due to the Planckian term,
0.B, and a weak non-linear dependence on T if the material opacities are tempera-
ture dependent. If we could remove the dependence of T from Eq. (6.20), we could
solve Eq. (6.20) using the same techniques that have been developed to solve the
discrete ordinates neutron transport equation. We attempt to remove the strong
non-linear dependence on 7T from Eq. (6.20) by linearizing the Planckian term. We
neglect the non-linear dependence material opacities and heat capacities on temper-
ature. To linearize the Planckian we first apply the linearization of Eq. (6.22) to Eq.

(6.21) and manipulate. Inserting the linearization, we begin with Eq. (6.23)

At
T, =T, + “% (02 (61 — 47 (B, + D, (T1 — T.))) + Sr] , (6.23)

then move all T terms to the left hand side,

aHAt
Cy

dman A
(1 | dman At (00 (61 — 4B, +4xD,T.) + Sr] . (6.24)

. UaD*) Tn=T,+

In Eq. (6.23), we have made the assumption that all material properties are evaluated
at T, but we neglect to denote this for streamlined notation. Next, we divide by the

coefficient in front of 7T} on the left hand side:

Amtag; A -
T1=(1+MUQD*) T, +...
Cy
Amay At an At
1+ 20, D) M2 (6 — 4nBL) + Sr] + ...
C, C,
Amai At M dran At
<1+M%UGD*> M%O'QD*T*, (6.25)
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and then add “nothing”,

Amag A -
(1 + %MJQD*) (T, - T.) (6.26)

to the right hand side,

Aray, At !
T1:<1+M%%D*) T, + ...

Amay At “ap At
(]__|_ kUaD*> i [Ua (le —47TB*) +ST] —I—

C, C,
Amar At - Amar At
(1 ; TD) (1 ; TD) T...
Amas At -
- <1+m;10—a1)*> T.. (6.27)
Cy
Noting that
dmai At ! dmai At
(1 + M%UGD*) (1 + M%UQD*) =1, (6.28)

and condensing, we finally have:

T T, + (1 + ‘”“O;lmaap*) B (Tn ST+ “%M (00 (61 — 47B.) + ST]) |

' ) (6.29)
We occasionally refer to Eq. (6.29), and subsequent, similar equations, as a tem-
perature update, as Eq. (6.29) is the non-linear iteration for temperature we must

converge in order to solve the grey TRT.

We now linearize the Planck term of Eq. (6.20) in temperature,

1 oI
I = I + an e | =061 + 00 (B + Du(T1 = 1)) + 51 — “da_; — oy | . (6.30)
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We then insert Eq. (6.29) into Eq. (6.30),

1 ol
I = I, + anAtc | —o,01 + 51 — Md—l — oy
4 ox

-1
+Ua <B* + D* (1 + MGC;MUCLD*> (Tn - T* + G%At [Ua (¢1 - 47TB*> + ST]))

(6.31)

Next, we divide by a;;Atc, and move the interaction and gradient terms to the left

hand side:
ol 1 1 1
— I I, = I, +—o, Sr...
udax+at1+anmcl AL + o+ 5
Amras At - At
10 (B* LD, <1 + M%UGD*) (Tn — T+ = [0, (61— 47B.) + Sﬂ)) .
(6.32)
We now manipulate the right hand side,
ol 1 1 1
— 1 I, = I, +—0s01...
Ha ox toh a1 Ate ! a1 Ate * 47TU 1
47T(1,11At -1 anAt
D | 1+ ———a,D, a1 - ..
+0 ( + . ) c° ¢1
Amar At - At
+ S] + UaB* + O'QD* <1 + m%aaD*) (Tn - T* + alé, [ST - 47T0aB*]> )
(6.33)
and define
1
S _ 6.34
Or1 =0t + PRVNE ( )

167



giving

ol 1 1
— 11 = I, +—o0.01...
Ha ox + oy a1 Ate + 47ra &
471'@11At -1 GHAt
Dol 1+ ——0,D. wd1 ...
+0 ( + c ) . TaP1

C, Cy

Aay, At - At
+ S[ + O'aB* + O'aD* (1 + m;anD*) <Tn - T* + m [ST - 47TUaB*]> .

Focusing on the second ¢; term on the right hand side,

Aman At 1 an At
m;lgaD*) an Ou®1,

D, |1
7 (+ C, C,

we first simplify the terms in front of o,¢;

then multiply by j—; and arrange, yielding:

1 O'aD*anAt
47 C, + 4mwa Ato, D,

Ua¢l .

Defining a constant, vy,

vV = (47T(111At0aD*) (Ov + 47ra11At0aD*)71 y

C,  C,+4wa,Ato,D,’

(6.35)

(6.36)

(6.37)

(6.38)

(6.39)

we arrive at an equation for intensity I; that is similar in form to the discrete or-

dinates neutron transport equations with isotropic scattering, fission, and a fixed
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source:

o0l 1 1
a T [ — —— 05 - a ) 640
U o7 + or11q 47T<7 o1+ 47TV10' o1+ & ( )
where
1S ! I, + S;+ 0,8, +
= n 0B« + ...
! CLHAtC !

Amay At - At
oD, (1 + M%UGD*> (Tn ~ T, + ‘“é Sy — 47maB*]) . (6.41)

The similarity of Eq. (6.40) to the neutron transport equation is especially apparent

if we define pseudo total interaction and scattering cross sections, g and ivs, to be

S o= 01 (6.42a)

Yo = 05+ 110,. (6.42b)

By definition, i < i]: This can be seen by considering the definition of Eq. (6.39),
and realizing that v < 1. Since Z > o0y, and ENS < oy, it follows that /ZVS < it

Inserting Eqs. (6.42) into Eq. (6.40) yields

o, —~ 1 ~
—+ 4 = —X . 6.43
Hd o7 + 24 dq e o1+ & ( )

If we define a pseudo absorption interaction cross section as,
Yo =2 — X, (6.44)

then it appears that all of the methodology, including DSA, developed for discrete
ordinates neutron transport might be applicable for solving the discrete ordinates

thermal radiative transfer equations using SDIRK time integration. The next step
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in examining the possibility of applying neutron transport methods to solve the TRT
equations is to attempt to form a pseudo neutron transport equation for stage i of

any SDIRK time integration scheme.
6.1.2.2 SDIRK Stage 1
The intensity at stage ¢, is given by:
i—1

1
Ii = In—i—AtZaijij—l—aiiAtc |:Eas¢i + 04 [B* + l)*(T'Z — T*>] + S[ — U4

j=1

ol;
ox

_UtIi .

(6.45)

Likewise for T;, we have

i—1
Ty =T, + At aykr; + “O (00 (¢ — A7 [B. + Do(T, — T.)]) + Syl . (6.46)
=1 !

The only difference between Eq. (6.45) and Eq. (6.30) is the addition of

1—1
AtZaijk;Lj . (647)
j=1

Likewise, the only difference between Eq. (6.46) and Eq. (6.23) is the additional

term

i—1
At Z aijkT,j . (648)
j=1

For brevity, we omit the manipulation of Eq. (6.46) to form a temperature update

equation, and instead give the final result:

Arrag; At !
ﬂ:ﬂ+0+l%—@£0

i—1
Tn — T* + Atzaijk’TJ +

P

CL”At

v

o0 (¢ —4mB.) + S7] |, (6.49)
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where we have highlight that the stage ¢« SDIRK temperature equation differs from
the stage 1 SDIRK temperature update equation, Eq. (6.29), by only an additional
term. This result is significant because Eq. (6.29) could be thought of as being
unique to the implicit Euler discretization which is only first order accurate in time.
Modifying Eq. (6.29) by the addition of only a single term, or alternatively, by
thinking in terms of arbitrary stage count SDIRK time integration schemes rather
than deriving the thermal radiative transfer equations for a single time discretization
(implicit Euler), allows for arbitrary order accuracy time integration. Similarly, we
omit the manipulation of Eq. (6.45) into a pseudo-fission form, and instead give the
final result,

0l; 1 1
i = T—0sQ; + —V;0,0; + &, 6.50
Md8x+0’ 47TU¢+47TVU¢ng ( )

where we have defined the following:

47Tan-At -1 CL”At 47TCL“‘AtO'aD*
i 4 aD* 1 al’x - s 6.51
vi = Ao ( e, ° ) C.  Cut dnayAto,D, (6.51a)
Ori = + o0y ,and (6.51Db)

’ (077 Ate

i—1

1 1
S =o0,B.+S+—1, —E iikri+ ...
Sl = ouB. + I+aiiAtC +aiic j:1aj w

4 “At -1 1—1 “At
O’aD* (1 + ﬂ—(é o'aD*> Tn — T* -+ AtZaijkT,j + GT (ST — 47TO'aB*)

=il

(6.51c)

Again, we have highlighted in Egs. (6.51) the only structural changes that result by
considering arbitrary order accuracy SDIRK time integration of the thermal radiative

transfer equations instead of limiting oneself to implicit Euler time integration of the
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thermal radiative transfer equations.

In the spatially analytic case, the grey TRT equations, with Planck lineariza-
tion and arbitrary stage count SDIRK time integration can be put into a pseudo
neutron transport form. This suggests that we may techniques such as spatial dis-
cretization and acceleration methods, can be used to solve the grey TRT equations.
To verify this, we go through the linearization procedure again with the spatially
discretized grey TRT equations that explicitly account for the spatial variation of
material properties in the next section.

If we could solve the spatially discretized equations efficiently through source iter-
ation alone, it would be redundant to go through the entire linearization process with
the spatially analytic and spatially discretized TRT equations. However, iterative ac-
celeration is essential for efficient solution of the TRT equations due to the Planckian
absorption /re-emission terms in the linearized radiation intensity equation creating
a situation analogous to a scattering dominated medium in neutron transport. As
we will see, the problem with accelerating the spatially discretized TRT equations is
that we need a pseudo diffusion coefficient, 15, both at quadrature integration points
and cell edges for MIP DSA acceleration, but do not have a physical definition of

that quantity.
6.1.3  Spatially Discretized Linearization

Now we attempt to derive a pseudo fission form of the spatially discretized grey
TRT equations. First, we must define a spatially discretized k; and kp. To do this,
we apply the standard Galerkin procedure outlined in Section 2 and Section 3 to the

spatially analytic forms of k; and kr given in Eq. (6.17) and Eq. (6.18), respectively.
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For k;, we have:

1 —

kr=cM™ | —Ro,.6 + Ry, B — Ro, T — 11aGI + palinf + Si| |

47

—

(6.52)

where we have approximated the true angular intensity, angle integrated intensities,

and temperatures in every spatial cell as P degree polynomials:

with

and

I
I(
o
o
7
I(
T
¢ =
P
B -
5, =

s) = I(s)

s) ~ ols)

s) = Z¢z‘b¢(5)

s) ~ T(s)

s) = ZTJ%(S),
[Il‘ INP]T

[¢1- ¢NP]T
[Ty...Tn,]"

1 T
=BT BTy,
Az (!

= /_ B95:(s) ds

173

(6.53)

(6.54)
(6.55)
(6.56)

(6.57)

(6.58)

(6.59)
(6.60)
(6.61)

(6.62)

(6.63)



Additionally, R,, , R,,, and R,,, are defined analogously to the Ry defined for

neutron transport, as are G, M, and f Defining ke

kr = R [Roa (5 . 4m§) n S}} , (6.64)
with
1
Spi = % / b;(s)Sr(s) ds, (6.65)
—1
and
A 1
Re, ., = 7"” C,(3)bi(s)b;(s) ds. (6.66)
—1

Before proceeding, it is critical to note that in Eq. (6.52) and Eq. (6.64) we

approximate the “true” spatial dependence of the Planckian,
B(s) = B(T(s)), (6.67)
as

B(s) ~ Zbi(s)B(Ti) : (6.68)

Additionally, since the we assume the Planckian is a P degree polynomial in space,

it follows that:

dB

B(T(s)) ~ Zbi(s) B(T,.) + (T, — T’*)ﬁ

, (6.69)
T=T; «

where T , is an arbitrary temperature at DFEM interpolation point ¢.
6.1.3.1 SDIRK Stage 1

As we showed with the spatially analytic case, the i-th SDIRK stage is only

slightly different than the first SDRIK stage. Thus, we omit the first stage derivation
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for the spatially discretized case, and begin with SDIRK stage ¢, first writing the

equation for [: and ﬁ

i1
I =T, + At Z agikyj+

j=1
1 . . L - . L
AtaceM ™ [ER@QZ‘ +R,, (B* + D, (TZ - T*>> —Ro, I; — paGILi + palin f + 51}

(6.70)

i—1
,_Z:'; = Tn =+ At Z CLijk?TJ‘ + AtCLuREi |:Raa (qu — 47T§* — 47TD* (ﬁ — 71)) + §Ti| .
7j=1

(6.71)
In Eq. (6.70), Eq. (6.71), and all of the equations that follow, we evaluate all
material properties (o, C,) at T %, but fail to denote this with ,, to improve equation

readability. The diagonal matrix D, is defined as

dB

D*,ii = d_T .
T:Ti,*

(6.72)
We now solve Eq. (6.71) for ﬁ, by first moving all T; terms to the left hand side:

T, + 4rAta;RG'R,, D, T; =
i—1
T+ ALY aghr; + AtaiRg! |Ro, (6~ 47B. + 47D.T.) + 5r| , (6.73)

j=1
and consolidate the 7:1 coefficient matrices,
[I+47Ata;RE'R,, D] T; =
i—1
fn -+ At Z aijkT,j + Ata“RE& [Rga ((51 — 47T§* + 47TD*i> + gTi| . (674)

j=1
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Multiplying the inverse of the coefficient matrix,

T, = [I + 47Ata;RG'R,,D.] ™

i—1

j=1
+ Atag [T+ dxAta R Ry, D.] " Re! [Ry, (6 — 475, + 47D.1) + 5r | |

(6.75)

Isolating the T. term on the right hand side,

ﬁ = |:I + 47TAtCLiiREjR0aD*] -

i—1
fn + At Z aijkaJ'] .

j=1
1

+ Atag [T+ dxAta R Ry, D.] " Re! [Ry, (6= 47B.) + 5 ..

+ 4rAtay [1+ 4rAta;RG'R,,D.] " RS R,, D.T., (6.76)
adding nothing,

ﬁ = [I + 47TAtCLiiR5v1R0aD*] -

i—1
,-Z:n + At Z aijkT,j] c.

j=1
+ Atag [T+ 47 Ata;RG'R,,D.] ' Re! [Ro, (6= 4nB.) + 57 ...
+ [T+ 47Ala R R, D.] " [47Ala;RG!R,, DT ..

+ [T+ 47 Ata;RS'R,,D.] " (f - :F) . (6.77)
and noting that

11 -
[47rAtaiiR53RaaD*T*} [47rAtaiiRgiRaaD*T* _1, (6.78)
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we reach the stage ¢ temperature update equation,

i—1
fn — i -+ Atz aijkT,j

Jj=1

T, =T, + [I+4rAta;Rc!R,,D.]

+ Atay [T+ 47 Ata;RG'R,,D,] ' Rg! [Raa (51- - 47r§*) + 57} . (6.79)

Multiplying Eq. (6.70) by ﬁM:
i—1
1 - 1 - 1
P = MI, + —M iikri...
CAtCLii cAtaii * CQj; = @ij L
1 — — — — — — — —
+ Ro.6i+ Ro, (B + D, (T = 1)) = RouTs = G + palinsf + Sr, (680)

moving the gradient terms and ﬁl\/ﬂz to the left hand side and inserting the result
of Eq. (6.79) into Eq. (6.80), we have:

i—1

M+Ry, |, =—F—"MIl,+—M iikri+—R,.0i+Rs, B . ..
+ ) Ata MLt ;ag 1t R Ry,

taiz CQj;

GI,
Ha + ( CAtCLii

+ RaaD* { [I + 47?AtaiiREijaaD*] o

i—1
Tn - 7_—;* + Atz aijk:T,j] ce

j=1
+Atay [T+ 4nAta; R R, D.) " Rg! [Ro, (6 — 47 B.) + Sr] }+ palinsf+ 51

(6.81)
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Re-arranging Eq. (6.81) to isolate ggz terms on the right hand side, we have:

1

R, ;...
47_(_ S¢

. 1
GI;
palls + (cA

M + Rgt> L=

ta;;

+ AtazR,,D. [1+ 47Ata; R R, D.] " RG'R,, & ...
i—1

MZaijk:[,j + Rgaé* Ce

J=1

. - 1 L1
+ paflim; + Sr+ MI, +

cA Qi CQj;
i—1

fn - i + At Z aijkT,j

J=1

# Ro.D. [+ 478t R R, D]

+ Ata;Rg! [T+ 4rAta;RG'R,,D.] ™ [§T - 47nga§*} . (6.82)

Making the following definitions:

1—1

MI, + —M a;kr;+ Ro, B, + 5 . ..
j=1

CAt(lZ’i CQjj;

fd,i =

i—1
+ RUGD* |:I + 47TAta“»R63R%D*} - {fn - f* + At Z aijkT,j

j=1

+Ata R [§T - 4%R0a§*} } (6.832)

U, = 4rAtauR,, D, [I+4rAta;RG'R,,D.] " RS (6.83b)

|

O'T,i = RO't + C—M’ (683C)

and inserting into Eq. (6.83a) gives our final equation for the radiation intensity:

- = - 1 - 1 — - = -
4aGL+ R il = R+ T ViRau0i+ Eai + paf Lini (6.84)
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Given the form of Eq. (6.84), it appears that we can apply MIP DSA to accelerate
the iterative solution of Eq. (6.84), but we still wish to verify that definition of 3,
and 3, is consistent between both the spatially discretized and spatially analytic

cases.
6.1.4 Consistency of Pseudo Cross Sections

In Section 4, we used MIP DSA to accelerate a spatially analytic problem of the

form
dip 1
—— 4+ = —3, , 6.85
Ha 7 + X = ¢+ Qa (6.85)
with spatially discretized analog
d 1 ~
,Ud_wREﬂ/} = —Ry, ¢+ Q4. (6.86)
dx 4

In the neutron transport problem, ¥, 3, and ¥, are physically meaningful quan-
tities, the total macroscopic interaction cross section, macroscopic scattering cross
section, and absorption macroscopic cross section are inherent physical properties of
a material, and by definition

S48, = 5. (6.87)

Likewise for the spatially discretized case, it is true that

Ry, = Ry, — Ry, (6.88)

a
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since we have defined

A 1

Ry, = S (s)by(s) d (6.892)
A 1

Rs.ij = Tx 125(5)61’(3)[9]'(3) ds (6.89b)
A 1

Ryij = 756‘ IEt(s)bi(s)bj(s) ds. (6.89¢)

Equation 6.88 can be verified by inserting the definitions of Eqs. (6.89) into Eq.
(6.88),

Az ! Ax !
7/ Y (5)bi(s)b;(s) ds — — 3 Es(s)bi(s)bj(s) ds, (6.90)

and obviously,

Az (! Az !
Ry, i = - /1 (2e(s) — 2s(s)) bi(s)bj(s) ds = - » Xa(s)bi(s)b;(s) ds. (6.91)

However, though the forms of Eq. (6.50) and Eq. (6.84) appear analogous to
neutron transport, it is not obvious that the linearized, pseudo interaction cross sec-
tions (Eq. (6.50)) and their spatially discretized analogs, (Eq. (6.84)) are equivalent.

That is, if we started with the spatially analytic linearization, Eq. (6.50), re-cast as,

dl 1

NI = 3, ; 6.92
Mddm + 24 = ¢+ & ( )
with
S o= oy (6.93)
Y., = 0.+, (6.94)
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then applied the Galerkin procedure, yielding,

1aGI + Rl = %Rgﬁ + fd : (6.95)
with
Rg , = % llit(s)bj(s)bk(s) ds (6.96a)
Rg , = % _1153(5)53«(3)@(3) ds (6.96b)
?d,j = % _tbj(s)gd,i ds, (6.96¢)

would the definitions of Eqs. (6.96) be equivalent to

(6.97a)

oo T 7iR,,"? (6.97D)

In Eqs. (6.96), we use i subscript to denote SDIRK stage i, j to denote matrix row,
and k to denote matrix column. We continue this notation for the remainder of this
section.

We first consider the equivalence of I:{Um to Rg.. By definition,

o . =
o CLiiCAt

M +R,,. (6.98)

It follows that,

= 1 Az [! Az !

R = oy /_ ) ds + 5 /_ aus)by(s)iu(s) ds - (6.99)
— Al’ 1 1

Ro .k = 5/, (aiicAt - Ut(s)) b;(s)br(s) ds. (6.100)
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From Eqs. (6.96),

Az (! 1
R,E:’jk a 7 /1 (aiiAtC * Ut(s)) bj(s)bk(s) ds, (6'101)

and we conclude that I:{O.m. = Rg;. This is a very important result because it implies
that we have a consistent definition of f]t, that in turn allows us to define a diffusion

coefficient for MIP DSA,

D(s) = —— — ! . (6.102)

T35 3 (s +(9))

We now attempt to determine if

Rs =R,, + 7R, . (6.103)

First, we expand the definition of Rg_from Eqgs. (6.96), with the definition of TRT

pseudo cross sections,

Az (! dra;; Ato, Dy
R5.n = 2 /_1 bils)uls) ds (Gs - Cy + 4ma; Ato, D, Ua) . (6.104)

Obviously, we may split Eq. (6.104) into separate components:

A 1
Rg .= _x/ osbi(s)bk(s) ds+ ...

2 1
Az ! dra;; Ato, D
— [ bi(s)b w5, | ds. (6.105
2 1 J(S) k (CU+47TCLiiAtO'aD*U) ° ( )

Clearly
— | osbi(s)b(s) ds =R, , (6.106)
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so we are left to determine whether

Az ! b ( )b 47miiAt0aD*
ar (g
2 ), N\ Oy + dragAto, D,

cra) ds =7;R,, . (6.107)
Using the definition of 7; from Egs. (6.83), we expand 7;R,,,,
7R,, = 4nAta;R,, D, [I + 47Ate;RZ'R,,D.] " RG'R,, . (6.108)

In the general case, when R,,, and R¢, are dense, Eq. (6.108) will not yield a matrix

with elements

1

PR [

-1

dra;0,D
bi(s)b neaE o | ds. 1
3 (5)b (C’U + 47miiAtaaD*0 ) s (6.109)

Though we have showed in the general case, R,, + 7;R,, # Ri’ we wish to
investigate whether self-lumping DFEM schemes may be better suited for the solution

of the TRT equations. Consider an arbitrary, linear DFEM self-lumping scheme, with
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the following matrices,

22w, Clyy 0
Re, = (6.110a)
0 %wer,r
%wlaa’l 0
R,, = (6.110b)
0 %wraw
D,y 0
D. = ! (6.110¢)
0 D.,
dB
D, = — (6.110d)
dT | ;_7,,
B
D,, = B (6.110e)
7 dT T=Txr

with the [ and r subscripts denoting values at the two quadrature points, s; and s,

Since R¢, is diagonal,

2
el 0
e ) , (6.111)
0 AzwrCy,r

we have

Azwo,,
I+ 4rAta;RG'R,,D.],, = 1+ 4nAtay ( Amw )( st l) o (6.112)
NN

A rva,r
1+ 4nAta;RGR,,D.],, = 1+ 4rAta, ( ~ ) ( g ) D.,(6.113)
? .CC'LUT v,r

[I+47Ata;Re!R,,D.),, = [I+4nAta;R:R,, D], (6.114)
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Completing the definition of 7;R,,,

Azw
I/iRga = 47raMAt X ...
Azwoa,r
0 100, 0 D.,
1 0 A
9 W0
%a,l _ e —~iva,t
1+4ﬂAaii&J Azw;Cy 0 5 0
1 2 Azw;oq,r
0 1+4wAay; 237 0 AzwrCy,r 0 2
(6.115)
wioa,1Dsi Oayl 0
— A.Z' 1+47TA(1“' a,l C’u,l
E-Raa = 47TCLZ‘Z'At— Coyl (6116)
2 0 ZUTO'a,rD*,r Oa,r
1+47rAaii E,Z’: Cv’r

For some quantity f, we note that Ry with our linear, self-lumping quadrature would

be:
Az, 0
R, = | ’ i . (6.117)

0 Swf

Considering Eq. (6.116), and thinking about 7;R,, = Ry

O-a,lD*,l

= 4 “At a 6118
J e Cyi +41Aa;;04, Tal ( )
OarD
= Adwa; At wr 6.119
f i Ov,r + 47rAaii0—a,rO- 7 ( )
oo D
== 4 “At s a — ViOg 6120
f T Cv + 47TACL“'O'GO- vig ( )
R,,, = viR.,. (6.121)

Thus, when accounting for the within cell spatial variation of material properties,

only when using self-lumping DFEM schemes would it be equivalent to

1. linearize the Planckian of the spatially analytic grey TRT and then spatially
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discretize, or
2. spatially discretize the grey TRT equations then linear the Planckian.

Given this information, in the most general case, when using MIP DSA to ac-
celerate grey radiative transfer, we define the integration in cell k£ (Eq. (4.54) )
as:

(ZaAp,b,) =R, — (R,, +TiRs,) Agy,, (6.122)

where A¢ is the low order approximation of the angle integrated intensity error, not
the neutron transport scalar flux error. Likewise, we define the MIP DSA driving

source, the difference between two successive iterates, as
(Ss(0“T2 — ¢ b,) = (R,, + TiRy,) (5(”1) - q_s'(f)) . (6.123)

Since we have shown that

Az (!
R, .. =—2 [ ds
0] 2
-1

o) B(e) (6.121)

we use the point-wise definition of Eq. (6.102) to evaluate S and MIP DSA edge
integrals requiring knowledge of a point-wise diffusion coefficient.
6.2 Iterative Solution Process

To solve the time-dependent, grey TRT equations, we use a time marching loop
with two levels of nested iteration, as detailed through the pseudo-code shown in

Listing 6.1.
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Listing 6.1: TRT iteration pseudo-code

time = t_start; t_step = 0

while !end_of_time

{

t_step += 1; dt = calculate_dt (t_step, dt_old ,time,t_-end)

t_star = t_old

for stage = 1:1:n_stage
{
time_stage = time + dtxc_sdirk [stage]
damping = 1; thermal_iter = 0; thermal_converged = false

while !thermal_converged
{
thermal_iter += 1; intensity_converged = false; phi_new = 0
while !intensity_converged
{
phi_new = calculate_new_intensity_iterate(t_star)
change_phi = normalized_diff(phi_new ,phi_old)
intensity_converged = change_phi < epsilon_phi
phi_old = phi_new
}
[t_star ,change_t] = update_temperature(t_star ,phi_new ,damping)
thermal_converged = change_t < epsilon_temperature
damping = check_if _damping_needed (thermal_iter)
}
k_I[stage] = calculate_k_I(t_star ,phi_new)
k_T[stage] = calculate_ k_T (t_star ,phi_new)
}
advance_intensity (i_old ,k_T)
advance_temperature (t_old ,k_T)

time += dt; end_-of_time = time < t_end
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We terminate the thermal iteration using a point-wise relative change criterion.
However, we only store two objects of temperature unknowns, each of size N..; X Np,
corresponding to T, and T, T, is modified only after the completion of a time step.
This is not a problem, as we already have the point-wise change in temperature,

AT =T — 79 from Eq. (6.79):

A_T = [I + 47TAt(IiiRE«3RUaD*} -

i—1
fn - i + Atz a,ijkT,j] e

j=1

+ Mag [T+ dmAtaREIR,, D R Ry, (6, - 4nBL) + 5] | (6125)

and

change_t = max |max
e=1 | j=1 T; .

Neelr |: Np HATJ

H . (6.126)

Likewise, we terminate the intensity update iteration using a point-wise relative

change criterion:

N N gb(efl) . (b(g)‘
s cell P c,] c,]
change_phi = Mo | Mo —gb(Gl) . (6.127)
C?J

Unless otherwise noted, we use an angle integrated intensity convergence criteria
€5 = 107! and a temperature criteria of er = 1071,

Since MIP DSA requires two iterates of the angle integrated radiation energy
density, oY and ¢, both of size N, x Np, we store at least two objects of
the same dimensionality as ¢. We use one of these objects, phi_new in Listing 6.1,
to update f*, while the other is local only to the intensity update. Our code is
designed to use only a single intensity data object of size Ny X Np X N, fN.
Limiting ourselves to a single i_old requires our intensity update convergence to

be based upon the angle integrated intensity and to perform one additional sweep
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while calculating k7. The SDIRK time integration technique requires that we save
data objects kr and kr with, Ngege X Neew X Np and Nggge X Neey X Np X Ngjp
unknowns, respectively. For all significant values of Ng;,., the need to store fn and
EI dominates the memory footprint of our implementation, and a reasonable upper

bound on memory usage is (1 + Nyiage) X Nair X Neeyy X Np.
6.3 Methods for Tolerating Negative Solutions

As shown in Section 3, only linear SLXS Lobatto schemes yield strictly positive
angular flux outflows from pure absorbers with arbitrarily spatial variation of cross
section. However, we wish to use higher trial space DFEM methods to improve
solution accuracy. Since opacity will vary by orders of magnitude within single mesh
cells near the Marshak wave front, we expect that we may generate negative angular
intensity solutions, which may then generate negative temperature solutions. Though
we would prefer to have strictly non-negative angular intensities and temperatures,
we must alter our definitions of the Planck function, derivative of the Planck with
respect to temperature, and opacities that are temperature dependent, to enable the
continued solution of our non-linear thermal radiative transfer simulations in the
presence of negative solutions.

We will use the same techniques given by Morel et al. [44] for self-adjoint angular
intensity forms of the thermal radiative transfer equations. First, we require that all
temperature dependent material properties, o,, o, and C, remain positive, despite

negative temperature values. In particular, we will o, to be

Oa Tco T< Tco
0o(T) = (ZLeoa) " (6.128)

o.(T) otherwise
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On the basis that:

a negative intensity contributes to a negative time derivative of the temperature, the
Planck function at negative temperatures should similarly contribute to a megative
time derwative of the intensity. This implies that the Planck function at negative

temperatures should be negative,

Morel et al. [44] argued that for an arbitrary positive temperature T,

B(-T) = —B(T) (6.129)
dB dB

i A 6.130
dT |, - dT |, - (6.130)

For grey thermal radiative transfer, we define this to be

_ T| acT*
B(-T) = - 6.131
(=T) T i (6.131)
dB T| acT?
e _ [Tlact® (6.132)
drT T—_T T (e

6.4 Adaptive Time Stepping Methods

To be as efficient as possible, we would like to take as large of time steps as we
can while still maintaining some measure of accuracy for our time dependent thermal
radiative transfer simulations. Additionally, after a time step, we would like to verify
that the solution did not change too rapidly over a single time step. We achieve
these goals by using adaptive time stepping algorithms. For those problems that
are too large to be clearly over resolved in time, adaptive time stepping algorithms,
in general, compare differences in the solution at different time steps. Comparisons

can take the form of a high-order /low-order adaptive quadrature to predict error or
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may be as simple as permitting only a certain level of relative change per time step.
We elect to use relative change time step controllers, taken from and inspired by the
work of Edwards, Morel, and Knoll for radiative diffusion [45].

As in [45], given the current time step, At™, At" = ¢" — "' the next time step,

A AL = ¢n L 7 ig predicted as:

Ajjgoal

At =
AT

At", (6.133)

where ATy,q and Chy,q, are user prescribed values and AT is a measure of the change
in temperature that occurred over At". Typical values of ATy, would be on the
order of AT}, = 0.01, corresponding to approximately a 1% increase in temperature
across a time step. In addition to also choosing At"*! so that we end the simulation
at the desired time, we also prescribe a maximum time step size, At,,q., and a

maximum allowable increase factor, C,,.., so that

A = min (A", Criae A", Atygg) - (6.134)

We use the adaptive criterion to verify that in advancing the solution from t"~! to

t" the solution has not changed too rapidly by enforcing

AT < 1.2AT, 0y . (6.135)

If a given At"™ has caused Eq. (6.135) to be false, the time step is restarted using a
time step that is % the size of the time step that violated our change tolerance.

We will consider three different methods for calculating AT. Regardless of how
we calculate AT, we will select our next time step according to Eq. (6.133) and Eq.

(6.134). In [45], a point-wise formula is prescribed to calculate the adaptive time
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criterion AT,

T _ -1

‘ i jn |
n n—1

7+ 17

1=1,...;.Neen | j=1,...Np

AT =2 max [ max

] : (6.136)

If calculating AT according to Eq. (6.136), we say that we are using the point-wise
adaptive criterion. In our testing, using Eq. (6.136) resulted in taking extremely
small time steps, in particular when considering higher order DFEM spatial dis-
cretizations of the thermal radiative transfer equations. We believe this is because
the denominator does not account for the possibility of point-wise temperature so-
lutions than the physical limits of the problem. To account for the possibility of
lower, possibly even negative temperatures, we also consider a modified point-wise

temperature criterion:

AT =2 max [ max [ |Tjn+1 _Tjn‘ ” : (6.137)
i=ToeNeen |i=1-Np | max (|77 4 | TP, Togpoet)

where T, ffse: is a user selected temperature. In practice, Eq. (6.137) with Ty rset = 0
works for problems in where Eq. (6.136) fails, but still chooses very small time
steps. To achieve reasonable time step sizes for higher order DFEM, reasonable
being defined as time step sizes comparable against the reported time step sizes
of [45] for the same test problem, we often needed to use T,ffser on the order of
50 X Trprq, where T4 is the initial slab temperature for a Marshak wave problem.
We refer to our final time adaptive criterion as the volumetric adaptive criterion.
The volumetric adaptive criterion is inspired by Eq. (6.136). Dividing the spatial
mesh into Ngyups contiguous groupings of cells, each grouping with N, cells, such

that Neew = Nyroups X Neg, the volumetric adaptive criterion defines AT as:

an+1 - j’lm

AT =2 max —
Ngroups HTn—H ‘

29| (6.138)
+ ”Tn
2,9

2,9
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T,

g.2|| 1s an Ly norm of T over the space covered by grouping g:

Tg+1/2 s\ 2
- / (T) dz | (6.139)
92 Tg—1/2

ZL’g_l/Q = chg(g—l)—H/Q? and ZL’g_H/Q = chgg+1/2' We exactly integrate Eq (6139)

where ‘

|7

using a 2P point Gauss quadrature. N, is user defined, and can range from one to
Neey. When N, = 1, the volumetric adaptive criterion is most like the point-wise
adaptive criteria. However, increasing N, has the same effect as increasing 75, f s in
Eq. (6.137), thus we will investigate the effect of N, on the time step sizes chosen by
the volumetric adaptive criterion. We elect to use sum of norms in the denominator
of Eq. (6.138) to avoid any cancellation that could occur if either T or T are

negative. Additionally since

la+ bl < llall +{|o] , (6.140)

for any quantities a and b, separating the norms results in a larger magnitude de-
nominator, thus making it more likely that larger step sizes will be taken. As will
be seen in Section 7, the main drawback of the point-wise and modified point-wise

adaptive time criterion is that they select prohibitively small A"
6.5 Software Implementation

We have implemented our grey radiative transfer equations in a C++ 11 com-
puter code. All attempts have been made to incorporate the best practices of modern,
C++ programming and software design[46, 47]. We have made extensive use of the
object-oriented programming paradigm of virtual base classes with concrete instan-

tiations. For example, we have compared the effects of different methods of DFEM
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mass matrix construction. Regardless of whether we use exact matrix construction,
traditional lumping, or self lumping integration, solution of the radiative transfer
equations requires access to a mass matrix, for example when calculating l_c} in Eq.
(6.52). To shelter other portions of our code and programming logic from the particu-
lars of a given simulation’s choice of mass matrix construction, in our radiative trans-
fer implementation, we declared a virtual base class, V_Matrix_Construction with
pure virtual member function construct_dimensionless_mass_matrix() . The
concrete instantiations of V_Matrix_Construction: Matrix_Construction_Exact,
Matrix_Construction_Trad_Lumping, and Matrix_Construction_Self_Lumping,
each exhibit the object-oriented programming inheritance “is a” relationship with
base class V_Matrix_Construction. Then, through the use of C++ 11’s smart
pointers, in particular the std: :shared_ptr, at program run-time we declare, once
during the entire program’s execution, the particular instantiation of base class
V_Matrix_Construction we wish our smart pointer, named matrix_construction,
to point to/possess. From this point forward, anytime a mass matrix is needed, we
simply call matrix_construction->construct_dimensionless_mass_matrix (), and,
regardless of our choice of DFEM integration strategy, the appropriate mass matrix
is returned.

Where possible we have used third party software to prevent duplication of efforts.
All Gauss-Legendre, Gauss-Lobatto, and closed Newton-Cotes quadrature functions
are derived from the QUADRULE [48] package, with minor modifications including: use
C++ std: :vectors rather than arrays and encapsulation of the QUADRULE functions
into a QUADRULE class to limit access and contamination of the global name space. We
have directly implemented all of the matrix/vector based equations in this section,
as written, using the Eigen linear algebra package [49]. To invert the MIP DSA

matrix used to accelerate the iterative solution of the grey TRT equations, we use
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the PETSc package[50] preconditioned with algebraic multigrid[39] via the BoomerAMG
package of Hypre [51]. We document our code using inline comments and Doxygen
[52]. To build and test the components of our grey thermal radiative transfer code,
we use the CMake and CTest packages from Kitware[53]. By using CTest to verify
and test the code, we have created a set (greater than 50) of unit tests that can
be performed every time the code is changed or compiled. Tests range in size from
single component to full simulations using the method of manufactured solutions|54]
testing for convergence. Though requiring more additional work than simply using
std: :cout to test components as added then commenting out the output statements,
CTest allows for continuous testing to find bugs that the programmer would not
otherwise suspect. Finally, input parameters for the code are input an XML file,

which we read using TinyXML [55].

195



7. GREY THERMAL RADIATIVE TRANSFER- NUMERICAL RESULTS

We now consider several test problems to verify and demonstrate the capability
of the self-lumping DFEM spatial discretizations we have developed to solve the grey
TRT equations. First, in Section 7.1 we will consider problems with analytic solutions
to verify and demonstrate the asymptotic convergence rates of our DFEM and SDIRK
discretizations of the grey thermal radiative transfer equations. In Section 7.2, we
will consider two Marshak wave problems. A Marshak wave test problem consists
of an initially cold slab that is heated by a strong, incident photon source, and
is characteristic of several thermal radiative transfer problems of interest, such as
inertial confinement fusion. Finally, we summarize the effectiveness of the modified
interior penalty diffusion synthetic acceleration operator in accelerating the iterative
convergence of the grey TRT equations in Section 7.3.

We present numerical results for several DFEM schemes:

1. TL: traditional mass matrix lumping using equally-spaced interpolation points

with cell-wise constant material properties,

2. SL Lobatto: self-lumping quadrature using Lobatto interpolation points with

cell-wise constant material properties,

3. SL Gauss: self-lumping quadrature using Gauss interpolation points with cell-

wise constant material properties,

4. SLXS Lobatto: self-lumping quadrature using Lobatto interpolation points

with approximate integration of spatially varying R, and

5. SLXS Gauss: self-lumping quadrature using Gauss interpolation points with

approximate integration of spatially varying R.
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In problems where opacities and heat capacities are constant functions of tempera-
ture, SL Lobatto is equivalent to SLXS Lobatto and SL Gauss is equivalent to SLXS
Gauss. However, for problems with temperature dependent material properties, SL
Lobatto and SL Gauss will approximate the within cell variation of material proper-
ties assuming a cell-wise constant equal to the volumetric average of each material
property, whereas SLXS Gauss and SLXS Lobatto will explicitly account for the
within cell variation of material properties following the example of Eq. (3.8).
Accuracy comparisons will be based upon the discrete Ly norm of the error in
angle integrated intensity, £y = Hg(x) — gzﬁ(x)HLQ, and the L, error in temperature,

Er =

‘Tv(x) — T(a:‘)HLQ. We calculate Ey as

Neeu

B, = Z

qu< ¢ (Sq; tena) — Qb(sq;tend))Q, (7.1)

where wy, s, are Gauss quadrature points and N,y = 2P + 7, and P is the DFEM
trial space degree. E7p is calculated analogously to E,. Additionally, we will consider
L? like norms of the cell average angle integrated intensity, F,,, and cell average

temperature error, Fr,. F,, is approximated as:

Neeu

E¢A = Z ! qu¢ qu end qu¢ qu end 5 (72)

c=1

with N,; defined as in Eq. (7.1). Ep, is estimated in a similar fashion.

197



7.1 Problems with Analytic Solutions
7.1.1 Su-Olson Problem

The Su-Olson problem [56] is an analytic benchmark that consists of an initially
cold (initial radiation energy density and temperature conditions are identically ab-
solute zero) half-space slab, heated for a finite amount of time by a volumetric,
isotropic radiation source. The slab’s scattering and absorption opacities are con-
stant in space and temperature and C, oc T%. Assuming C, = oT? is critical; as
Long, et al. [57] noted, the assumption regarding C, is not physical, but is required
to make the thermal radiative transfer equations linear in I and T, or conversely
linear in [ and material energy density. After a series of transformations, Su and
Olson derived an analytic solution to the thermal radiative transfer equations under
these conditions; their solution is more accurately described as being semi-analytic.
While the radiation energy density and material temperature at every point can be
expressed as a closed form integral, evaluation of each integral requires numerical
estimation. Further, the integral is a 2-D, indefinite integral (in both variables) of
a trigonometric function with a slowly decaying exponential argument. However,
[56] provides several radiation energy density and material energy density points in
space, and thus the Su-Olson problem is beneficial as a benchmark problem to verify
the physics of a given radiative transfer implementation.

Given the initial temperature condition is explicitly zero, this implies the initial
C, is also zero. This is problematic when solving explicitly for temperature and
not material energy. A near-zero heat capacity would result in the material rapidly
heating, but a zero heat capacity implies a material that cannot accept heat, and

thus can never be heated up. To prevent this problem, we modify the definition of
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C,=10"%+aT?. (7.3)

Alternatively, we could set an initial temperature to be a non absolute zero value.

Since [56] presents results in a non-dimensional format, we elect to define a =
c=1,0,=1, 0, =0, a =4, truncate the full half space to = € [0, 5|, and define the
reference temperature, Ty = 1. We solve the problem using 200 spatial mesh cells,
linear SLXS Lobatto, the SDIRK 2-2 time differencing scheme, an initial time step
size of At = 107°, and increase the time step size by a factor of 1.1 until a maximum
time step size of At = 1073 is reached.

In Fig. 7.1 we present the radiation energy density solution, (W (z) in the nota-
tion on [56]) for Sy angular differencing plotted against the analytic diffusion and
transport solutions. Likewise, in Fig. 7.2, we plot the material energy density (V' (z)
in the notation on [56]) for Sy angular differencing. Solutions at non-dimensional
times 7 = 1 and 7 = 10 are given in both plots. As expected, the S5 solution is
nearly identical to diffusion, but skews slightly in the direction of the full transport
solution.

Increasing the number of discrete ordinates, the radiation energy density profile
and material energy density profiles are given in Fig. 7.3 and Fig. 7.4 for Sy angular
differencing. By adding a few discrete directions to the quadrature set, our numerical
solution becomes indistinguishable from published results of [56], and we conclude

that our TRT equation implementation is valid.
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7.1.2  Method of Manufactured Solutions

The method of manufactured solutions, MMS, consists of choosing an analytic
solution, then defining the driving source necessary to achieve that solution [54].
Though MMS solutions are derived, they are excellent for testing the convergence
of numerical methods devised to solve complex physics phenomena. While analytic
solutions that do not use exotic source terms are more appealing for verification pur-
poses, these types of solutions are difficult to devise for complex physics phenomena,
especially for coupled physical phenomena like radiative transfer. For those multi-
physics problems for which an analytic solution does exist, the solutions are usually
semi-analytic, and cannot be used effectively as a reference solution for a convergence
study because the semi-analytic solution has numerical errors of the same magnitude
(or greater) than the numerical simulations we are attempting to verify.

We elect to choose separable manufactured solutions of the form:

Lo(z, pat) = M(pa) F@Q)Wi(z) (7.4a)
T(x) = F(t)Wr(x) (7.4b)
dz) = CuF(H)Wi(z) (7.4c)
Cv = jitde(ud). (7.4d)

where M (puq) is as angular component of the intensity solution desired, I(z, pg,t);
F(t) is the time component of the manufactured solution, chosen to be the same
for the angular intensity, angle integrated intensity, and temperature; Wy(z) is the
spatial component of the angular intensity; and Wy (z) is the spatial component of
the temperature solutions. The definition of Cj given in Eqgs. (7.4) and Wi (z) being

the spatial component of ¢ is required for the Sy approximation to be true.
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For all MMS simulations, our initial conditions are

I(x, pas to) = M (pa)Wi(x)F(to) (7.5)

o(z,ty) = [iwd]\/[(ud)] Wi(x)F(to) - (7.7)

Likewise, we always use an incident flux intensity boundary condition, for ug > 0:

Lin(pay t) = M(pa)Wi(z1/2) F(t), (7.8)

and for pg < 0

Lin(p1a, t) = M (pa)Wi(@n,1/2) F () | (7.9)

where w15 is the left domain boundary and x ., +1/2 is the right domain boundary.
We do not impose, and no boundary conditions are required for the material tem-
perature. We evaluate S; and S using the spatially analytic definitions of S; and
St respectively, and numerically integrate the source moments using a N, Gauss-
Legendre quadrature points, with NV, = 2Np + 5, and Np is the number of DFEM

interpolation points, as defined previously.
7.1.2.1 Linear in Time - Trigonometric in Space

In our first method of manufactured solutions problem, MMS1, we design a source
whose radiation and temperature solutions is a cosine in space and linear in time. We
use a non-dimensional form of the TRT, assume that a = ¢ = 1, and that material

opacities and heat capacities are constant functions of space and temperature. We
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impose the solution:

M(ug) = i (7.10)
Wi(z) = 10cos (% - g) +15 (7.11)
Wr(z) = 25cos (% . g) +30 (7.12)

F(t) = 1+.02t. (7.13)

Physically, z € [0,10], C, = 0.1, 0, = 100.0, o5 = 0.5, we start the simulation
at tp = 0, end the simulation at t.,4 = 1, taking 100 equal time steps of length
At = 0.01, with the SDIRK 2-2 scheme.

Figure 7.5, Fig. 7.6, and Fig. 7.7 plot the order of convergence of E, for the TL,
SL Lobatto, and SL Gauss schemes, respectively, as a function of trial space degree
and cell size. Analogous data for Er is given in Figs. 7.8-7.10.

We make several observations regarding Figs. 7.5-7.10. First, the TL scheme
does not necessarily increase in accuracy with an increase in trial space degree. TL
convergence of I, is limited to second order in space for odd degree trial space DFEM
and third order spatial convergence for even degree trial space schemes, behavior
identical to that demonstrated in our neutron transport testing. A similar limit
exists for TL convergence of Er; TL converges Fr at most first order for odd trial
space DFEM and second order for even trial space degree DFEM. Second, SL Lobatto
converges the L? norm of the angle integrated intensity oc P + 1, the same order of
convergence achieved in our neutron transport test problems for the convergence
of L? error of the angular and scalar fluxes. However, SL Lobatto only converges
Er o< P, not P+ 1, as was the case for the neutron transport interaction rate.
Finally, SL Gauss converges F, and Ep o< P + 1, the same order of convergence as

seen with neutron transport.
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Figure 7.5: Convergence of Ey for the TL scheme in problem MMSI.
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Figure 7.6: Convergence of Ey for the SL Lobatto scheme in problem MMSI.
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Figure 7.7: Convergence of I for the SL Gauss scheme in problem MMSI1.
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Figure 7.8: Convergence of Ep for the TL scheme in problem MMSI.
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Figure 7.9: Convergence of Er for the SL Lobatto scheme in problem MMSI.
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Figure 7.10: Convergence of Er for the SL Gauss scheme in problem MMS1.
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Convergence of Ey, is given in Fig. 7.11 for SL Lobatto and Fig. 7.12 for SL
Gauss. Convergence of Ep, is given in Figs. 7.13-7.14 for SL Lobatto and SL Gauss,
respectively. No definitive pattern emerges in the convergence of E4, as a function
of P for SL Lobatto in Fig. 7.11 when considering linear through quartic polynomial
trial spaces, though SL Lobatto convergence of E,, looks to be oc 2P or slightly
less. SL Lobatto’s apparent order of convergence for Ey, for TRT problems as
shown in Fig. 7.11 is less than SL Lobatto convergence of Fy, for neutron transport
(Figs. 2.17-2.20), but not significantly. Similarly, the radiative transfer variant of
SL Gauss does not converge Fy,, for TRT simulations consistently oc 2P + 1 as SL
Gauss converged Fy, neutron transport problems, but it is close. Interestingly, the
observed decreases in the convergence of E,;, for SL Lobatto and SL Gauss when
applied to TRT relative to neutron transport convergence of £, does not hold when
considering the convergence of Ep,. SL Lobatto converges Ep, for TRT with the
same order as SL Lobatto converges £y, and E;r, for neutron transport, oc 2P.
SL Gauss actually exhibits an Ep, order of convergence that appears to exceed its
neutron transport analog, converging Lrp, o< 2P + 2.

It is our hypothesis that the apparent super convergence demonstrated by SL
Gauss in converging E7 is related to how we expand the Planckian in the same trial
space as the DFEM temperature and radiation solutions. That is to say that we
suspect the Np quadrature points of a given trial space degree SL Gauss scheme are

significantly more accurate at integrating

bi(s)B(T), (7.14)

a degree 5P polynomial, than an Np Lobatto quadrature. Though the Np point

Gauss quadrature only exactly integrates polynomials of degree 2P + 1, it may be
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Figure 7.11: Convergence of E,, for the SL Lobatto scheme in problem MMSI.
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Figure 7.12: Convergence of Ey, for the SL Gauss scheme in problem MMSI.
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Figure 7.13: Convergence of Er, for the SL Lobatto scheme in problem MMSI.
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Figure 7.14: Convergence of Ep, for the SL Gauss scheme in problem MMSI.
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that the remaining terms are coincidentally very small in magnitude for a degree 5P

polynomial of the particular nature of Eq. (7.14).

7.1.2.2  Trigonometric in Space - Linear in Time - with Temperature Dependent

Material Properties

We now consider a problem with temperature dependent material properties,

MMS2. We impose the following solution:

1

M) = - (7.15)
Wi(z) = 9cos (%—g) +3, (7.16)
Wae(z) = 5cos (%—g) +5, (7.17)
F(t) = 1+.02t, (7.18)

and define the following material properties:

C, = 0.2+40.017° (7.19)
10*

Oq — F (720)

o, = 0.5. (7.21)

In our problem, z € [0,10], t € [0,2] and we discretize in time using the SDIRK 3-3
scheme with At = 0.001. In total , we consider four different DFEM schemes for
this problem, SL Lobatto, SL Gauss, SLXS Lobatto, and SLXS Gauss. To reiterate,
methods denoted SL assume cell-wise constant opacities and heat capacities, equal to
the cell-wise volumetric average of that quantity; SLXS schemes explicitly account for
the within cell variation of temperature dependent material properties by evaluating

R as in Eq. (3.8). Ej4 convergence for the SL Lobatto and SL Gauss schemes is
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plotted in Fig. 7.15 and Fig. 7.16, respectively.

107 107 10° 10’
Cell size [cm]

Figure 7.15: Convergence of Iy for the SL Lobatto scheme in problem MMS2.

Regardless of DFEM interpolation point type or trial space degree, assuming
cell-wise constant material properties limits spatial convergence of E, to at most
second order. Confirming our suspicion that assuming cell-wise constant material
properties limit the convergence of Er as well, we plot the convergence of Fr for the
SL Lobatto scheme in Fig. 7.17 and for the SL. Gauss scheme in Fig. 7.18. Figures
7.17-7.18 verify the hypothesis we developed while discussing our neutron transport
results: assuming a cell-wise constant opacity limits L? convergence of temperature
to at most first order in space, regardless of DFEM trial space degree.

Recalling that in Section 3, assuming a cell-wise constant cross section equal to
the volumetric average cross section in a neutron transport pure absorber problem

resulted in a scheme that converged the cell average interaction rate, Erg,, oc 2P 41,
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Figure 7.16: Convergence of E for the SL Gauss scheme in problem MMS2.
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Figure 7.17: Convergence of Er for the SL Lobatto scheme in problem MMS2.
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Figure 7.18: Convergence of Er for the SL Gauss scheme in problem MMS2.

we now consider convergence of Ep,, a quantity controlled by cell average interaction
rates. in Fig. 7.19 and Fig. 7.20. Figure 7.19 verifies that regardless of trial space
degree, the SL Lobatto scheme assuming a cell-wise constant opacity for a problem
with temperature or spatially varying opacities converges £, second order in space.
Likewise, Fig. 7.20 demonstrates the same is true for the SL Gauss scheme.

We now consider the convergence of SLXS Lobatto and SLXS Gauss. First, we
see that in Fig. 7.21, SLXS Lobatto converges E4 o< P + 1, and in Fig. 7.22, SLXS
Gauss converges 4 oc P41 as well. Moving on to the convergence of Er, in Fig. 7.23
SLXS Lobatto converges Er o< P, the same rate SL Lobatto converged Er for the
TRT problem with constant material properties. In Fig. 7.24 SLXS Gauss converges
Er very rapidly, and only the asymptotic convergence rate of linear and quadratic

DFEM can be estimated, though both suggest SLXS Gauss converges Er o< P + 2.
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Figure 7.19: Convergence of Ep, for the SL Lobatto scheme in problem MMS2.
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Figure 7.20: Convergence of Er, for the SL Gauss scheme in problem MMS2.

215



16" 10
Cell size [cm]

Figure 7.21: Convergence of E, for the SLXS Lobatto scheme in problem MMS2.
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Figure 7.22: Convergence of E, for the SLXS Gauss scheme in problem MMS2.
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Figure 7.23: Convergence of Er for the SLXS Lobatto scheme in problem MMS2.
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Figure 7.24: Convergence of Ep for the SLXS Gauss scheme in problem MMS2.
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Figure 7.25: Convergence of E;, for the SLXS Lobatto scheme in problem MMS2.
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Figure 7.26: Convergence of Ey, for the SLXS Gauss scheme in problem MMS2.
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Figure 7.27: Convergence of Er, for the SLXS Lobatto scheme in problem MMS2.
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Figure 7.28: Convergence of Ep, for the SLXS Gauss scheme in problem MMS2.
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Focusing now on the convergence of cell average error quantities, we first consider
E,, for SLXS Lobatto and SLXS Gauss in Fig. 7.25 and Fig. 7.26, respectively. Both
SLXS Lobatto and SLXS Gauss converge Ey, at an order less than or at most equal
to the order that their respective neutron transport analogs converged Fy,,. However,
since both methods require only a small amount of mesh refinement to reach an error
level approximately equal to our temperature tolerance, it is difficult to establish with
certainty the order of convergence of either method for higher P. For completeness,
we include convergence plots of Ep, for SLXS Lobatto and SLXS Gauss respectively
in Fig. 7.27 and Fig. 7.28. All we can definitively conclude from Figs. 7.27-7.28 is
that both SLXS Lobatto and SLXS Gauss experience increases in convergence of

Er

. With increases in trial space degree.

In Figs. 7.5-7.28, the plateauing of errors that appears in some plots is a result
of our relative convergence tolerances for both temperature and angle integrated
intensity. Given our convergence criteria, we might expect a plateau, Er ., of

approximately

Neenp+1/2
ET,min / €T [Ft(tend)WT(x)} dx . (722)

12
Applying Eq. (7.22) to MMS1, E7 i, = 4.6 x 1078, which is consistent with the
location of the Er error plateau. In Eq. (7.22), we are implicitly assuming that
the error in ¢ is significantly less than the error in temperature. Alternatively, we
could consider resulted generated with less stringent ey and €;. In Fig. 7.29 and
Fig. 7.30, we give the results for Fr convergence for the SLXS Gauss scheme and
E, convergence for the SLXS Lobatto scheme for MMS2, but use ez = 107% and
€ = 1071% Comparing the Er plateau in Fig. 7.29 of ~ 5 x 1077 we see a factor
of roughly 1000 increase compared to the plateau observed in Fig. 7.24 for the same

quantity, equivalent to the relative relaxations of er and €4. Likewise, the F, plateau
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of ~ 107° in Fig. 7.30 is roughly 1000 times greater than the same plateau observed
in Fig. 7.21.

107 10°

Cell size [cm)]

10

Figure 7.29: Convergence of Ep for the SLXS Gauss scheme in problem MMS2 using
er = 1078 and €p = 10719,

7.1.2.3  Constant in Time - Trigonometric in Space - with Temperature Dependent

Material Properties

We now consider a problem that is constant in time and varies as a cosine in space
with temperature dependent material properties. Though very similar to MMS2, we
hope that by considering a truly steady state problem, we can study the spatial error

of our DFEM schemes without temporal error interference. We impose a solution of
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the form:

Mua) = o (7.23)
Wi(z) = 19cos (%x>+20, (7.24)
Wr(z) = 15cos (?)mo, (7.25)
F(t) = 10 (7.26)

and define the following material properties:

C, = 0.1+0.27? (7.27)
5

Oqg — ﬁ (728)

o, = 0.01. (7.29)

Cell size [cm)]

Figure 7.30: Convergence of Ey for the SLXS Lobatto scheme in problem MMS2
using ey = 1078 and ¢, = 1071.
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Repeating as we have before, we first consider the convergence of Ey for SLXS

Lobatto and SLXS Gauss in Fig. 7.31 and Fig. 7.32.  As before, SLXS Lobatto

‘ ——5th Orde
o i h Order

Cell size [cm]

Figure 7.31: Convergence of E, for SLXS Lobatto scheme for steady state test
problem.

converges Fy, oc P+ 1. However, SLXS Gauss appears to converges Fy, oc P+2. It is
not clear why SLXS Gauss convergence of £, increases when moving from the time
dependent MMS1 and MMS2 problems to the steady-state test problem.

Now considering the convergence of Er, the steady-state problem confirms SLXS
Lobatto converges Er o P, shown in Fig. 7.33, and SLXS Gauss converges Fr
P + 2, as shown in Fig. 7.34.

We now examine the convergence of E4,. The estimated order of convergence
of By, in Fig. 7.35 for SLXS Lobatto, appears to be o< 2P, greater than the results

from MMS1 and MMS2, but equal to what we would have hypothesized from neutron
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Figure 7.32: Convergence of 4 for SLXS Gauss scheme, for steady state test prob-
lem.

——4th Order

-1 0

10 10
Cell size [em]

Figure 7.33: Convergence of Ep for SLXS Lobatto scheme, for steady state test
problem.
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transport. Similarly the convergence of F,, for SLXS Gauss estimated in Fig. 7.36
appears to be greater, oc 2P 42, than the SLXS Gauss order of convergence for E ,,
< 2P + 1, given in Fig. 7.26.

Finally, we consider the convergence of Er,. In Fig. 7.37 SLXS Lobatto converges
Ep, o 2P, and in Fig. 7.38 SLXS Gauss converges Ep, o 2P + 2. Both of these
convergence rates are higher than those observed in any of our previous MMS test
problems. The SLXS Lobatto Ep, convergence rate is equal to the SLXS Lobatto
convergence rates for Fy, and Erg,, whereas the SLXS Gauss Er, convergence rate

is greater than any convergence rate observed for SLXS Gauss for neutron transport.

— 5§h Order

Cell size [eml]

Figure 7.34: Convergence of Er for SLXS Gauss scheme, for steady state test prob-
lem.
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Figure 7.35: Convergence of E,, for SLXS Lobatto scheme, for

problem.

steady state test

— 8Fh Order
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Figure 7.36: Convergence of F,, for SLXS Gauss scheme, for steady state test

problem.
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Figure 7.37: Convergence of Ep, for SLXS Lobatto scheme, for steady state test
problem.
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Figure 7.38: Convergence of Ep, for SLXS Gauss scheme, for steady state test
problem.
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7.1.2.4  Constant in Space - Trigonometric in Time

We now verify the asymptotic order of convergence of each SDIRK scheme: IE,

SDIRK 2-2, and SDIRK 3-3, as a function of time step size. To simplify the process,

we consider a problem with constant spatial dependence:

1
M(ua) = -
10
W[(l’) = E

F(t) = 45cos(mt)+ 46,

(7.30)
(7.31)
(7.32)

(7.33)

t€|0,1], 05 =0.1, 0, = 2.5, C, = 0.2, x € [0, 10] discretized with 10 equally spaced

cells. Convergence of E as a function of At for the IE, 2-2, and 3-3 time differencing

schemes is given in Fig. 7.39. As expected, IE converges 1st order in time, SDIRK

2-2 converges second order, and SDIRK 3-3 converges third order in time. The same

data for temperature is given in Fig. 7.40. Though the SDIRK 2-2 and SDIRK 3-3

schemes are always more accurate than IE, much smaller time steps were required

for SDIRK 2-2 and SDIRK 3-3 to demonstrate their respective asymptotic orders of

convergence for Ep than were required to reach asymptotic convergence of E; with

respect to time step size.
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7.2 Thermal Radiative Transfer Simulations Without Analytic Solutions

We now consider two Marshak wave test problems. In thermal radiative transfer
problems, at low temperatures, materials are generally optically thick and emit very
few photons, behaving like pure absorbers. However, as the material heats up, its
optical thickness decreases, photon emission increases, and the problem becomes very
diffusive. Marshak wave test problems, problems that begin with a cold material
that is heated by an incident photon beam, are extremely challenging for discrete
ordinates transport spatial discretizations, requiring methods that are accurate in
both transport effects (cold material) and diffusive (heated material) regimes, and
that can handle rapid variations in material properties.

The first problem, originally described by Ober and Shadid for radiative diffusion
[9], arbitrarily sets a = ¢ = C, = 1, and as such, we will refer to it as the “unity”
Marshak wave problem. Originally proposed in 1960 by Petschek and Williamson
[58], but considered more recently in [44, 45|, our second Marshak wave problem
has a similar opacity dependence, o, oc T3, as the unity Marshak wave problem,
but uses physical units. We thus refer to the second Marshak wave problem as the

physical Marshak wave problem.
7.2.1 Unity Marshak Wave Problem

Given as a radiative diffusion problem, we adapt the radiative diffusion problem of
[9] to discrete ordinates thermal radiative transfer by interpreting the left boundary
to be a unit isotropic incident current. The physical domain is z € [0, 1] and we
advance the solution from ¢ = 0 to t = 1. Initially, the slab is in thermal equilibrium,
and T = (10_5)1/ *. There is no scattering, o, = 0, and the absorption opacity is
temperature dependent, o, = 7% Like most thermal radiative transfer problems, no

analytic solution exists. As such, we focus on qualitative comparisons of how DFEM
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trial space degree, mesh refinement, and time step refinement affect the radiation
energy density and material temperature solutions.

We use an initial mesh of 20 cells, but also consider results using meshes of 80,
320, and 1280 cells. Unless otherwise noted, for all simulations we use the SDIRK
2-2 time discretization. We begin with a minimum time step of At = 5 x 10™*
and increase the time step size by 10% until we reach a maximum time step size of
At = 1072, For our time refinement studies, we divide the minimum and maximum
time step sizes both by a factor of 4, 16, or 64. We consider linear, quadratic, cubic
and quartic SLXS Lobatto and SLXS Gauss schemes. To demonstrate that assuming
a cell-wise constant opacity results in a bladed TRT temperature solution, we also
consider linear SL. Lobatto with a cell-wise volumetric average opacity.

We first investigate the effect of assuming a cell-wise constant opacity. Figure
7.41 shows the linear SL Lobatto radiation energy density solution at ¢ = 1.0. Except
for the effects of a very coarse spatial mesh when using 20 cells, the radiation energy
density solution is effectively smooth, and comparable to the results published in
[9]. The full temperature solution is shown in Fig. 7.42. Clearly, the large, non-
monotonic discontinuities (blading) observed in the neutron transport interaction
rate profile are present in the TRT temperature profile. In Fig. 7.42, mesh refinement
reduces the magnitude of the temperature solution blading but does not eliminate
the phenomena. To emphasize that blading is not eliminated with mesh refinement,
consider Fig. 7.43, that zooms in on the material temperature solution near the
Marshak wavefront. Clearly, Fig. 7.42 and Fig. 7.43, in addition to the limited order
of convergence results of Fig. 7.17 and Fig. 7.18 demonstrate that the assumption of a
cell-wise constant opacity is not appropriate for thermal radiative transfer simulations
with temperature dependent material properties.

For comparison, consider the linear SLXS Lobatto radiation energy density solu-
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Figure 7.41: Linear SL Lobatto radiation solution for the unity Marshak wave prob-
lem assuming cell-wise constant volumetric averaged opacities.
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Figure 7.42: Linear SL Lobatto temperature solution for the unity Marshak wave
problem assuming cell-wise constant volumetric averaged opacities.

232



| | | ——320 Cells
11 TRY \ — — 80 Cells |1
o \\\\ -—-20 Cells
T \
2 N
S 06 "\ \
v\
5}
= \ \
.7‘304 \, \ \
8 N
goz ‘\ \‘\
0,

0.3 0.32 0.34 0.36 0.38 0.4 0.42
Position

Figure 7.43: Linear SL Lobatto temperature solution for the unity Marshak wave
problem near the wavefront.

tion in Fig. 7.44 and the temperature solution in Fig. 7.45, computed using 80 mesh
cells. Visually, there is little difference between the SL Lobatto and SLXS Lobatto
angle integrated intensity solutions. However, this is not the case when examining
the material temperature solutions. Unlike Fig. 7.42, Fig. 7.45 does not exhibit any
blading.

We now consider the effects of spatial mesh refinement on the unity Marshak
wave problem. We first consider the linear SLXS Lobatto scheme, looking at a
zoom in near the wavefront of the radiation profile in Fig. 7.46 and the material
temperature profile in Fig. 7.47 Though the changes are subtle, we can see that mesh
refinement actually changes the location of both the radiation and temperature profile

wavefront, with the changes more prominent in the material temperature profile,
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Figure 7.44: Linear SLXS Lobatto angle integrated intensity solution with 80 cells.
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Figure 7.45: Linear SLXS Lobatto temperature solution with 80 cells.
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Figure 7.46: Linear SLXS Lobatto radiation solution near wavefront with increasing
spatial mesh refinement.
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Figure 7.47: Linear SLXS Lobatto temperature solution near wavefront with increas-
ing spatial mesh refinement.
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Fig. 7.47. The changes in the material temperature profile are more pronounced than
in the radiation profile because linear SLXS Lobatto more accurately calculates the
radiation intensity than the material temperature, converging F,; o< 2 and Ep o< 1.
Equivalent plots to Fig. 7.46 and Fig. 7.47 are provided in Fig. 7.48 and Fig. 7.49,

respectively for the quartic SLXS Gauss scheme. Due to the SLXS Gauss’ high order
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Figure 7.48: Quartic SLXS Gauss radiation solution near wavefront with increasing
spatial mesh refinement.

of spatial convergence, few changes are noticeable with mesh refinement, except when
moving from 20 to 80 cells. However, when moving from 20 to 80 cells, the Gibbs’
phenomena near the solution discontinuity are no longer visible, except for a very
small negativity in the temperature solution. All solutions for this spatial mesh
refinement study use At = 1.5625 x 107

We now examine the effect of increasing DFEM trial space degree, on a fixed mesh
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Figure 7.49: Quartic SLXS Gauss temperature solution near wavefront with increas-
ing spatial mesh refinement.

of 320 spatial cells using SLXS Lobatto, focusing on the region near the Marshak
wavefront. In Fig. 7.50 we plot the angle integrated intensity profile and plot the
temperature profile in Fig. 7.51 Increasing P make the wavefront in the radiation
profile sharper, but at a resolution of 320 cells, none of the P considered result in
a visually continuous solution. The most notable changes with increase P come in
the temperature profile, where linear SLXS Lobatto does not form a sharp inter-
face, whereas all of the higher P schemes capture the non-smooth transition more
accurately.

Before looking at very high spatial resolution solutions, we first consider the
effect of time step refinement on the unity Marshak wave problem in Fig. 7.52 for
the angle integrated intensity and in Fig. 7.53 for the material temperature solution.

Both Fig. 7.52 and Fig. 7.53 use a quartic SLXS Gauss spatial discretization with

237



E—

206 —- P2
Tkl e Pl
o
O 0.5¢
A
25 0.4}
—
B}
LT;J: 0.31
o
Q02
>
8
= 0.1
&
o'

0 L

0.38 0.3;85 0.59 0.395

Position

Figure 7.50: SLXS Lobatto radiation energy density solution with 320 cells for dif-
ferent P near Marshak wavefront.
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Figure 7.51: SLXS Lobatto material temperature solution with 320 cells for different
P near Marshak wavefront.
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1280 cells. The effects of decreasing time step size are non-trivial near the wavefront.
As seen in Fig. 7.52, at lower time resolutions, At and %, the wavefront is visibly
not uniform concave down, with several “wiggles” in the radiation profile in the
heated region of the slab. Additionally, increased temporal resolution causes the
discontinuity at the leading edge of the wavefront to sharpen. In Fig. 7.53, the
effects of increased time resolution are the same as in Fig. 7.52. However, increased
time resolution more noticeably sharpens the discontinuity in the temperature profile
than it eliminates wavefront wiggles, though in Fig. 7.53 the At curve is not strictly

concave down in the heated region of the slab near the wavefront.
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Figure 7.52: Quartic SLXS Lobatto radiation energy density solution with 1280 cells
for different time refinements near the Marshak wavefront.
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We now discuss highly resolved S5 solutions to the Marshak wave problem. Our
hope is that with sufficient spatial resolution and higher order DFEM, we are able
to resolve transport boundary layers. Our highest resolution simulation uses ten
thousand spatial mesh cells. Given the initial, cold temperature of the slab is roughly
T = 0.056, 0, = 0, = %, then the total slab optical thickness is roughly 5700 MFP
thick, and when using ten though cells, each mesh cell is roughly 0.57 MFP thick.
As noted by Larsen, Morel, and Miller [59], this type of mesh spacing is neither
optically thick nor thin. To answer whether ten thousand mesh cells is sufficient, we

first consider Fig. 7.54 where we compare the results of cubic SLXS Lobatto schemes

that use

1. ten thousand spatial cells, with ten thousand time steps and the SDIRK 3-3

scheme,
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Figure 7.53: Quartic SLXS Lobatto temperature solution with 1280 cells for different
time refinements near the Marshak wavefront.
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2. ten thousand spatial cells, with one thousand time steps and the SDIRK 3-3
scheme, and

3. 1280 spatial cells, with six thousand time steps of the SDIRK 3-3 scheme.
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Figure 7.54: Plot of the radiation energy density on a logarithmic scale for different
high resolution simulations near the Marshak wavefront.

Missing” segments in Fig. 7.54 are caused by negative angle integrated intensity
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solutions. The 1280 cell simulation has only 1 negative node. The ten thousand
cell simulation that uses one thousand time steps has a total of 8 negative nodes;
one entire cell has a negative radiation energy density, and two other cells have at
least one node with a negative radiation energy density. Since the ten thousand cell
simulation with ten thousand time steps does not have any negative radiation energy
densities, it is clear then that accurate TRT simulations require both space and time
refinement.

In Fig. 7.55, we plot the angular intensities for p = :l:\/% of the ten thousand

cell, ten thousand time step simulation. Clearly the radiation traveling from the hot
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Figure 7.55: Plot of the angular intensity on a logarithmic scale near the transport
boundary layer at the Marshak wave front.

to cold region, I;(pq = \/ig, x) has a large boundary layer near the thermal, but the
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rapid rise in angular intensity appears to be smooth, suggesting we have resolved the
radiation boundary layer. Unfortunately, to obtain high resolution everywhere at all
times in the simulation requires a uniform spatial mesh, and using ten thousand total
cells leaves only ten cells available to resolve the transport boundary layer present
at x € [0.3870.388] at ¢ = 1.0.

We conclude our discussion of the unity Marshak wave problem by considering
higher Sy solutions to the Marshak wave problem. First, we compare the Sg solu-
tion to the S5 solution for material temperature in Fig. 7.56 and for radiation energy
density in Fig. 7.57. The Sg solution in Figs. 7.56-7.57 was generated using quartic
SLXS Gauss with five thousand spatial cells, the SDIRK 2-2 scheme, and approxi-
mately ten thousand time steps. The S solution is the same solution as plotted in

Fig. 7.55. The Sg solution exhibits many of the qualitative features we would expect

1.4

— 53

1.2 —— 55 |
@
—
=
2
—
2,
E 081
<5}
H
_, o6}
[av]
or—
—
L o4t
=

0.2

0 L L L L
0 0.2 0.4 0.6 08 1

Position

Figure 7.56: Sg and S5 material temperature profiles.
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Figure 7.57: Sy and S5 radiation energy density profiles.

a transport solution to exhibit. For example, we expect the transport solution to
have a higher temperature solution near the problem boundary, with a more rapid
drop in both the material temperature and radiation energy density/angle integrated
intensity solutions relative to a diffusion solution. Additionally, we expect the trans-
port material temperature and radiation energy density solution to penetrate farther
into the slab than the diffusion solution, but with a less steep gradient. Figures
7.57-7.56 both exhibit these behaviors, caused by the transport solution becoming
more and more like §(x — 1) in optically thick regions. However, we did not expect
the non-smooth features near x = 0.2. We suspect the kinks in the temperature
and radiation energy density profiles is caused by the transition of the most glancing
g > 0 from being dominated by boundary contributions to being dominated by

photon re-emission. To verify this, we plot the Sy intensity solution in Fig. 7.58.
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Figure 7.58: Logarithmic plot of Sy intensities for the unity Marshak wave problem.

We now zoom in to the boundary layer intensities near x = 0.2 and near the
thermal wave front. In Fig. 7.59, it is clear that the intensity in the direction of
1 = +0.1834 experiences a rapid variation as the incident flux from the boundary is
attenuated, and the isotropic emission from the heated regions of the slabs becomes
the main contributor to I(uq = +0.1834). It is also clear that despite having 25
cells with quartic DFEM in the region x € [.18,.185], the factor &~ 7x step drop in
I(pqg = +0.1834) cannot be fully resolved. The more glancing pg4, the sooner the
transition, relative to the left boundary.

Near the hot/cold material interface, all angular intensities experience a boundary
layer transition. Using higher order DFEM and high spatial resolution, it appears
that we are able to resolve these boundary layers, given the smooth profile of angular
intensity for every direction in the quadrature set.

Next we investigate the structure of an Ss, solution with 1000 spatial cells, quartic

SLXS Gauss, and five thousand time steps using the SDIRK 2-2 time integration
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Figure 7.59: Logarithmic plot of intensity near glancing u = +0.1834 boundary layer.

scheme. The material temperature solution is plotted in Fig. 7.61 against the Sy
solution that uses quartic SLXS Gauss, five thousand spatial cells, and ten thousand
SDIRK time integration steps. Likewise, the angle integrated intensity solutions
are compared in Fig. 7.62. Even with S35 Gauss quadrature, we continue to see
non-smooth dips in both the material temperature and angle integrated intensity
profiles, however the dips are significantly smaller for the Ss, solution as compared
to the Sg solution, particularly for the material temperature profile. In Fig. 7.62, the
S3o exhibits four smaller dips as compared to the single, larger dip associated with
Ss. Suspecting these are caused by glancing incidence angles in the quadrature set,
we plot the angular intensity for all u; > 0 in Fig. 7.63. As with the Sg solution,

the dips in ¢ are associated with corresponding dips in I for glancing pg > 0.
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Figure 7.60: Logarithmic plot of intensity boundary layers near thermal wavefront.

The discontinuity associated with pg = 0.3319 is obscured in Fig. 7.62 as the dip
occurs just as the S3y angle integrated intensity cross over the Sg angle integrated
intensity solution. The py = 0.0483 intensity jump in Fig. 7.63 causes the greatest
effect in Fig. 7.62 for two reasons. First, the most glancing quadrature angle is
attenuated the most rapidly and as such would be expected to have the greatest
drop in value. Second, Gauss angular quadrature assigns the greatest weight to
the quadrature points most near py = 0. Surprisingly, the Sy and S3 calculations
have nearly identical positions and values of the temperature and angle integrated
intensity solution near the problem boundary and the hot/cold interface. If however,
the goal is a smooth transport solution, the value of N required to create a smooth
Sy ¢ solution appears to be much higher than S3,, due to the presence of time ray
effects [1].

The kinks observed in the higher order Sy solutions for the Marshak wave problem
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Figure 7.61: Comparison of Sy and S3; material temperature profiles for the unity
Marshak wave problem.
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Figure 7.62: Comparison of Sy and S3, angle integrated intensity solutions for the
unity Marshak wave problem.
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Figure 7.63: Ssy intensity solutions for all pgy > 0, for the unity Marshak wave
problem.

are examples of time ray effects. Typically these are not observed in thermal radiative
transfer simulations, because as the material heats up, the magnitude of photon re-
emission sources quickly becomes comparable to and surpasses the rapidly attenuated
incident photon contribution to the angular intensity. If the observed kinks are time
ray effects, they will be worse at earlier times and less pronounced at later times,
due to the attenuation of the incident intensity contribution over a greater distance
(as the wave front advances) and photon re-emission from the increased material
temperature. To verify that the observed kinks are indeed time ray effects, consider
Fig. 7.64 and Fig. 7.65 which show the S5, Marshak wave radiation energy density and
material temperature at different points in time, computed using 1000 spatial cells,
cubic SLXS Lobatto, Atmee = 2x 1074, and the SDIRK 2-2 time scheme. While the

earliest time material temperature solution does not have visually large kinks due
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Figure 7.64: S3» radiation energy density at different times for the unity Marshak
wave problem.
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Figure 7.65: S3 material temperature solution at different times for the unity Mar-
shak wave problem.
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to ray effects, ray effects can be seen in the radiation energy density solution at all
times considered. To observe that the radiation energy density ray effects decrease
in magnitude at later times, first consider the radiation energy density at ¢t = 0.1,
given in Fig. 7.66, and then compare to the radiation energy density at ¢ = 2.0
given in Fig. 7.67. Figure 7.66 and Fig. 7.67 use the same y-axis scaling. Comparing
Figs. 7.66-7.67, it is clear that the radiation energy drops associated with ray effects

are significantly larger at ¢ = 0.1 than at t = 2.0.  The u labels in Figs. 7.66-

2.5

\®)

1= 0.0483

—
9,
T

= 0.2393

1= 0.3319

p—
T

= 0.5069

0- |

| | | | |
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Position

Radiation Energy Density

e
W
T

Figure 7.66: Ss3» radiation energy density at ¢ = 0.1 for the unity Marshak wave
problem.

7.67 correspond to the directional cosines of angular intensities that experience a
significant drop at those locations. as shown in Fig. 7.68 and Fig. 7.69 for t = 0.1
and t = 2, respectively. Comparing Fig. 7.68 to Fig. 7.69 clearly shows that as time

progresses, ray effects decrease, in Fig. 7.68, there are six angular intensities that
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S3o angular intensity for pug > 0 at ¢t = 0.1 for the unity Marshak wave
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have a discontinuous jump from being dominated by incident boundary conditions
and heated material photon re-emission whereas in Fig. 7.69, at most 4 directions
experience a non-smooth transition from being dominated by incident boundary
contributions ti being dominated by photon re-emission.

Though ray effects are inherent to discrete ordinates calculations, the severe time
ray effects observed in the unity Marshak wave problem are more a function of
problem parameters than of a fundamental flaw with discrete ordinates methods
applied to thermal radiative transfer. The choice to define a = ¢ = C, = 1 and
O = 0, = % was chosen by previous authors, and did not correspond to a physical
scaling of typical physical material properties. This can easily be seen by considering

1000

an alternative simulation, where we define 0; = 0, = . Under this assumption,

even the heated material is optically thick, and photon re-emission quickly becomes
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Figure 7.69: S3, angular intensity for pg > 0 at t = 2 for the unity Marshak wave
problem.
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the more dominant contributor to angular intensity than incident photon energy. In
Fig. 7.70, radiation energy density solutions for the modified unity Marshak wave
problem at different times are given for a simulation using 1000 spatial cells, x € [0, 1],

linear SLXS Lobatto, and SDRIK 2-2 time differencing.  Figures 7.70-7.71 make
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Figure 7.70: Sy radiation energy density solutions for the modified unity Marshak

wave problem with o, = % at different times using linear SLXS Lobatto, and 1000

spatial cells for z € [0, 1].

it clear that changing o, fundamentally alters the “unity” Marshak wave problem.
The thermal wave does not penetrate nearly as far in the modified unity Marshak
wave problem, but also does not exhibit any time ray effects as compared to the
original unity Marshak wave problem. The apparent gaps in Fig. 7.70 and Fig. 7.71
are discontinuities in the solution representation at cell edges. Though Fig. 7.70

and Fig. 7.71 use 1000 spatial cells, the 1000 spatial cells are equally distributed for
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Figure 7.71: Sg material temperature solutions for modified unity Marshak wave
problem with o, = 1:220 at different times using linear SLXS Lobatto, and 1000

spatial cells for z € [0, 1].

x € [0, 1], whereas, thermal wave travels only to x < 0.15. Ideally, we could use time
adaptive mesh refinement to refine the mesh only near the Marshak wavefront at the
current simulation time, refining in the area immediately in front of the wavefront,
and coarsening after the steepest gradient of the wavefront has passed. However,
such adaptivity is computationally challenging to implement, and beyond the scope

of this work.
7.2.2  Physical Marshak Wave Problem

We now consider a Marshak wave problem that uses physical units. The problem
has has been considered repeatedly in the literature [44, 45, 58] and consists of a
0.05 [cm] slab at an initial temperature of 1 [eV], heated from the left with an

isotropic 1 [keV] photon source. After 0.1 [sh], 1 [sh] = 107® [sec], the thermal
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wave will have nearly passed through the entire domain. The material heat capacity

is temperature independent, C, = 0.3 [mﬁr’;iv], Oq = 3E,%)[cm_l], with T in keV,
and o, = 0. Representative angle integrated intensity and temperature solutions at
various times are given in Fig. 7.72 and Fig. 7.73. The representative solutions are

generated using 100 spatial cells with cubic SLXS Lobatto and Sg Gauss angular

quadrature. ~ We note that Fig. 7.72 does not exhibit any time ray effects. This
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Figure 7.72: Sg angle integrated intensity solutions at various times for physical
Marshak wave problem generated using 100 spatial cells and cubic SLXS Lobatto.

problem description, given in the cm-sh-keV unit system, has a heat capacity on
the same order as C, = 1 in the unity Marshak wave problem. In addition the

product of the radiation constant, a = 0.01372 [~ jerks

o (heryr)> and speed of light, ¢ =

299.792 [em/sh], ac = 4.113 [%}, is on the same order as a = ¢ = 1 from

the unity Marshak wave problem. The only thing that is significantly different in this
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Figure 7.73: Temperature solutions at various times for physical Marshak wave prob-
lem generated using 100 spatial cells and cubic SLXS Lobatto.

problem is that the numerator in the definition of o, is a factor of 300 larger in this
physical Marshak wave problem than the unity Marshak wave problem, reaffirming
that the time ray effects observed in the unity Marshak wave problem are atypical of
discrete ordinate solutions applied to the thermal radiative transfer equations, and
a function more of the optically thin nature of the unity Marshak wave problem at
higher temperatures. The apparent discontinuities and overshoots in Figs. 7.72-7.73
are the tails of the cubic finite element in some mesh cells. The discontinuities would
be resolved with increased mesh refinement.

Our main interest in the physical Marshak wave problem is to test our different
adaptive time criteria. Using the notation of Eq. (6.133), in all of the results that
follow, we will assume AT, = 0.01, unless otherwise stated. We first apply each

adaptive method to a linear SLXS discretization of the physical Marshak wave using
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50 spatial cells and S5 Gauss quadrature in angle. These discretization choices will
yield the most direct comparison possible to the radiative diffusion results of [45].
Time step size selection as function of the simulated time is given for each method in

Fig. 7.74. For this particular problem, the point-wise adaptive criterion taken from

10 ? — Volumetric, Ny = 1
r -~ Point-wise
r -—-Modified Point-wise, Toffser = 0 [eV]
4
10 =
_57
10 "=

At Accepted [sh]
S

| | | | | | | | |
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Simulation Time [sh]

Figure 7.74: Time step sizes selected for different adaptive criterion applied to a
linear SLXS Lobatto discretization of the physical Marshak wave problem with S5
angular quadrature and 50 spatial cells.

[45], yields the same time step selection at every time step as the modified point-
wise criterion with Tprrset = 0 [€V/] because no negative temperature solutions are
generated with a linear SLXS Lobatto discretization of this problem. The volumetric
scheme with N., = 1 chooses larger time step sizes than the point-wise adaptive
criterion as expected, since a 1% change over a volume permits a much larger increase

in temperature than a 1% increase maximum at any one point. We also note the large
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number of sharps peaks and valleys present in all traces of time step size in Fig. 7.74.
Each peak and valley is related to the location of the thermal wave passing through an
individual mesh cell. The point-wise and modified point-wise schemes choose larger
At when the thermal wave is in the middle of a mesh cell. The volumetric scheme
chooses larger At as the thermal wave crosses a cell boundary. The logic behind both
point-wise schemes choosing larger At when the thermal wave (localized increase in
temperature) is in the middle of the cell is that the increased heating is distributed
amongst two points rather than heating a single point. Conversely, the volumetric
scheme chooses larger At as the thermal wave crosses cell boundaries because the
increase in temperature is distributed amongst two cells rather than 1. Additionally,
we note that since the speed of the thermal front slows as time progresses, the peaks
occur at a greater frequency at earlier times in the simulation than near the end of
the simulation. The slowing of the wave can be more clearly visualized by viewing
Fig. 7.73. At t = 0.01 [sh], the wave is at approximately x = 0.0125 [em]. If
the thermal wave propagated at a constant speed, then at t = 0.08 [sh], we would
expect the thermal wave to be near x = .1 [em]. However, the thermal wave is only
located at approximately x < 0.04 [em] in Fig. 7.73. The number of time steps each
adaptive method took, as well as the number of time steps that were rejected are
given in Table 7.1. Rejected time steps are those At", that after computing AT
using T+ and T ", AT > 1.2AT 04, thus indicating At" was too large, requiring
a repeat of the time step from " to t"*!.  The point-wise and modified point-
wise results in Table 7.1 are comparable to the results reported in [45], where the
point-wise adaptive scheme was applied to a 50 cell linear DFEM radiative diffusion
discretization, reported to take about 33,000 time steps when using AT}, = 0.01.
We now examine the performance of each adaptive time criterion applied to a

cubic SLXS Lobatto discretization of the physical Marshak wave problem using 100
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Table 7.1: Time steps taken for different adaptive time stepping criterion for physical
Marshak wave problem using Sy angular quadrature, spatially discretized with linear
SLXS Lobatto, 50 cells, and AT}, = 0.01.

Total Steps | Rejected Steps
Point-wise 40900 0
Modified Point-wise,
Toppset =0 [eV] 40900 0
Volumetric, Ny, =1 26214 0

spatial cells. As seen in Fig. 7.73, negative temperature solutions are present at the
thermal wavefront. Table 7.2 gives the total number of time steps a given adaptive
scheme takes to solve the Physical Marshak wave problem discretized with cubic
SLXS Lobatto, and confirms that negative temperature solutions cause the simplest
point-wise adaptive criterion, Eq. (6.136), to fail. By fail, we mean that the point-
wise adaptive scheme attempts to take unacceptably and vanishingly small time
steps.

To show that the it is only the challenging nature of an under resolved Mar-
shak wave problem causes the point-wise adaptive criterion to fail, we consider an
alternative to the physical Marshak wave problem. Using the same spatial domain,
temporal domain, and material properties as the physical Marshsak wave problem,
we heat the slab heated with a distributed volumetric radiation source equivalent to
a black body material radiating energy at a temperature of 1 keV, rather than heat-
ing the slab with an incident 1 keV temperature source. In this volumetric source

driven problem,
1. the solution is constant in space,
2. opacities do not vary spatially,

3. the radiation solution is strictly non-negative,
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Table 7.2: Time steps taken for different adaptive time stepping criterion for physical
Marshak wave problem discretized with cubic SLXS Lobatto and 100 cells.

Total Steps | Rejected Steps
Modified Point-wise, Failed
Toffset =0 [GV]
Modified Point-wise, 558495 3
Toffset =1 [GV]
Modified Point-wise, 397608 2
Toffset =5 [GV]
Modified Point-wise, 184033 0
Toffset =50 [GV]
Volumetric, N, =1 1320259 976
Volumetric, Ny, = 2 68182 1252
Volumetric, Ng; = 5 29607 1346
Volumetric, N, = 10 16657 1449
Volumetric, N, = 25 9716 1631
Volumetric, N, = 50 7124 1736
Volumetric, N, = 100 5936 1808

4. negative temperatures are not generated, and
5. the point-wise adaptive criterion does not fail.

A trace of At selected at each time step, normalized by dividing the time step number
n by the total number of time steps, nyinq, required by a given adaptive criterion
to complete the problem is given in Fig. 7.75 for a simulation of the source driven
problem using cubic SLXS Lobatto and 1000 spatial cells. Figure 7.75 shows that for
a spatially constant solution all three adaptive criteria yield the same time step size,
as might be expected, and demonstrates that adaptive time step selection criteria
may be used for higher order DFEM TRT simulations, but they must be designed in

a sufficiently sophisticated way to be applicable to challenging simulations of interest.

Comparing the number of steps taken in Table 7.2 to the number of steps taken
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Figure 7.75: Time step sizes selected for adaptive criteria for volumetric radiation
source driven problem.

in Table 7.1 makes it clear that higher order DFEM methods applied to TRT sim-
ulations challenge the performance of simple time adaptive criteria. Indeed, the
modified point-wise scheme struggles, requiring 7,0 to be artificially high to yield
reasonable time step sizes. Interestingly though, using an artificially high T't;o0, did
not yield significantly larger maximum time step sizes. As seen in Fig. 7.76, the
largest time step size chosen with the modified point-wise adaptive scheme is the
same regardless whether Tprfet = 1 [ev] or Tprpser = 50 [€V]. This can be seen more
clearly by considering a zoom in if time step selection, as given in Fig. 7.77.

The increased numbers of peaks and valleys in Fig. 7.76 as compared to Fig. 7.74
is a result of increased spatial cell count and moving from linear to cubic DFEM.
Consider Fig. 7.78 that plots the time step trace of linear SLXS Lobatto simulations

using 50 and 100 spatial cells for Sg angular differencing with the point-wise adaptive
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Figure 7.76: Time step sizes for modified point-wise adaptive criteria for cubic SLXS
Lobatto discretization of the physical Marshak wave problem with different 75 se-
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Figure 7.77: Time step sizes for modified point-wise adaptive criteria for cubic SLXS
Lobatto discretization of the physical Marshak wave problem with different 7, ;.
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criteria. At early times, such as those considered in Fig. 7.78, the accumulation of
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Figure 7.78: Zoom in of At trace for the modified point-wise adaptive criteria using
linear SLXS Lobatto discretizations of the physical Marshak wave problem with 50
and 100 cells.

temporal errors is minimal, and despite the different spatial resolutions affecting
wavefront location, for our purposes here, we assume the thermal waves are at the
same position in the simulation. Under this assumption, it is clear that there are
twice as many At spikes with the 100 cell scheme than there are with the 50 cell
scheme. It is worth noting that even after 20% of the simulation, ¢ = 0.02 [sh], the
At traces of the different spatial resolution begin to move out of phase. We note that
the apparent ratio of the 50 cell maximum and minimum At to the 100 cell maximum
and minimum At at identical simulation times is roughly equal to two. Figure 7.79

plots the time trace of simulations that use linear and cubic SLXS Lobatto, each
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with 100 cells. Clearly the cubic DFEM scheme has significantly more features. The
cubic DFEM time trace retains the same periodicity at the cell level, but within each
cell there is a complex structure associated with the thermal wave advancing across

individual degrees of freedom within each cell.
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Figure 7.79: Time step traces for the modified point-wise adaptive scheme with
Torpset = 1 [€V] for linear and cubic SLXS Lobatto with 100 spatial cells.

Though the volumetric adaptive criterion with V., = 1 requires more than twice
as many time steps to solve the same Marshak wave problem with cubic rather than
linear DFEM, the modified point-wise scheme requires more than 7x time steps
to solve the same problem with cubic rather than linear DFEM. Additionally, the
modified point-wise adaptive criterion is not universally applicable without sufficient
Toffset, as evidenced by the failure the modified point-wise adaptive criterion for

Torfset = 0 [eV], and exceedingly high number of time steps required with Tpffser =

265



1 [eV]. Consider now the trace of At selection as a function of time in the simulation
in Fig. 7.80 for the modified point-wise scheme with T},fs.; = 5 [eV/] to the volumetric

adaptive criterion with N, = 1. Using the volumetric adaptive scheme, we see the
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Figure 7.80: Time step sizes for volumetric and modified point-wise adaptive criteria
for cubic SLXS Lobatto discretization of the physical Marshak wave problem.

same types of features in the time step size trace as we observed with the modified
point-wise scheme: peak/valley pairs as the thermal wave through the mesh, as well
as a complex structure of dips and peaks associated with the higher order spatial
discretization. However the volumetric scheme, smooths corresponding modified
point-wise At trace structures significantly; several of the very large dips in At
taken by the modified point-wise scheme do not appear, or are averaged out by the
volumetric adaptive criteria with N,, = 1. Given that the maximum and minimum

At chosen by each adaptive criterion are of the same order, we conclude that the
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volumetric adaptive scheme with N, = 1 takes approximately a quarter of the
time steps taken by the modified point-wise adaptive scheme with Ti,ffsec = 5 [€V/]
because the volumetric adaptivity scheme minimizes and smooths a number of very
rapid transients the modified point-wise At trace takes.

Table 7.2 demonstrates that larger values of IV, take significantly larger average
time steps, but how does At selection vary for different N, as a function of time?
In Fig. 7.81, the two extrema of IV, for this particular spatial discretization, there
appear to be no significant differences between the trend in time of the different

values of N,

cg» With the exception that for N., = 100, At is chosen approximately

10 x —100x larger than At for No, = 1. Both Ny = 1 and N4, = 100 have the peaks

and valleys associated with the thermal wave passing through the spatial mesh.
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Figure 7.81: Time step sizes for volumetric adaptive criteria with N,, = 1 and

Ny = 100 for cubic SLXS Lobatto in 100 cell physical Marshak wave problem.
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Figure 7.82: Time step sizes for volumetric adaptive criteria with N, = 1 and
Ny = 100 for cubic SLXS Lobatto in 100 cell physical Marshak wave problem.

This is not the case for intermediate values of N.,. Consider Fig. 7.82 that plots
At selected during the simulation for the volumetric adaptive criterion using Ny = 5
and N, = 25. The dips we have thus far seen and associated with the thermal wave
crossing individual mesh cells are present, but in Fig. 7.82, there are additional lower
frequency dips in At. These slower, periodic drops in At are associated with the
thermal wave crossing from one volumetric adaptive grouping into another. If a
problem was run until the slab was at a uniform temperature, i.e. the thermal wave
has passed entirely through the slab, there would be Ny;qups — 1 repetitive groupings.

Finally, we wish to examine whether the vastly different values of time steps
taken by the different adaptive criteria result in significant differences in solution
representation. As no analytic solution exists, we must simply compare the results

of simulations that use different adaptive criteria at some selected time value. Assum-
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ing that any temporal introduced by taking too large of a time step accumulates, we
look at the angle integrated intensity and temperature solutions at ¢ = 0.1 [sh]. Fur-
ther, assuming that the largest differences occur between the simulation that took the
most time steps and the simulation that took the fewest time steps, in Figs. 7.83-7.84
we compare the angle integrated intensity and temperature solutions of simulations
that use either the modified point-wise adaptive criterion with T,frser = 1 [eV] or

the volumetric adaptive criterion with N., = 100. Despite the modified point-wise
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Figure 7.83: Comparison of angle integrated intensity for different adaptive criteria
at t = 0.1 [sh].

scheme with T, = 1 [eV] using nearly 95x more time steps than the volumetric
criterion with N, = 100, with this level of spatial accuracy, there is no appreciable
visual difference between the two solutions when considering the problem as a whole,

suggesting that the volumetric adaptive criteria is more efficient than the modified
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Figure 7.84: Comparison of temperature for different adaptive criteria at t = 0.1 [sh].

point-wise criteria when applied to higher order DFEM TRT simulations. Even when
focusing in on the Marshak wavefront, as in Fig. 7.85 and Fig. 7.86, the difference
between the cubic physical Marshak wave simulations with different adaptive time
criteria is small when compared against the difference between a cubic physical Mar-
shak wave problem cubic result and a linear SLXS Lobatto result that uses the same

number of mesh cells, and the point-wise adaptive criteria.
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Figure 7.85: Comparison of angle integrated intensity for different adaptive criteria
at t = 0.1 [sh] with cubic SLXS Lobatto using 100 cells vs. linear SLXS Lobatto
using 100 cells and the point-wise adaptive criteria.
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Figure 7.86: Comparison of temperature for different adaptive criteria at ¢ = 0.1 [sh]
with cubic SLXS Lobatto using 100 cells vs. linear SLXS Lobatto using 100 cells
and the point-wise adaptive criteria.
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7.3 Effectiveness of MIP DSA for TRT Iterative Acceleration

As of yet, we have failed to discuss the iterative performance of the modified
interior penalty diffusion synthetic operator (MIP DSA) applied to the grey thermal
radiative transfer equations. Though the problems we have considered are not nec-
essarily optically thick or diffusive, we have used MIP DSA to iteratively solve all
problems. A large number of the problems we have considered are not optically thick,
in part because we were interested in spatial error convergence. In Table 7.3, we give
a sampling of the average number of iterations required to update the intensity for
a given thermal iteration for different MMS and unity Marshak wave simulations.
Iteration counts for a designed optically thick and diffusive problem are given in
Table 7.4.

Several observations can be made regarding the data in Table 7.3. Most impor-
tantly, MIP DSA applied to the grey TRT is a stable iterative scheme and at worst
requires as many iterations as source iteration alone. Also, the number of iterations
for MIP DSA and SI are nearly equal only for most of the problems we have con-
sidered. Finally, MIP DSA is compatible with the self-lumping DFEM schemes we
have developed that explicitly account for the within cell variation of opacity and
heat capacity.

To demonstrate the iterative effectiveness of MIP DSA we now present a problem
designed solely to be optically thick and diffusive. We again define a dimensionless

problem, a = ¢ = 1. We assume a constant C,, = 0.05, define x € [0,100], t € [0, 5],

5000

US:O, and Oq — Tz -

We are motivated to choose o, % to ensure that as the

1

73, the 04D, components of v

problem heats up, v — 1. In the cases where o,
cancel one another out, in terms of functional temperature dependence. Initially, the

slab is in thermodynamic equilibrium at a temperature of 7' = 0.5, and is heated
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Table 7.3: Iteration count for different TRT model problems.

20 cells, largest At

SLXS Lobatto

Problem Description Scheme Average DSA+SI | Average SI
Iterations Iterations
MMS Constant Time Linear 1.4 2.4
4 cells SLXS Lobatto
MMS Constant Time Cubic 1.6 2.3
8 cells SLXS Lobatto
MMS Constant Time Cubic 1.8 1.8
128 cells SLXS Lobatto
MMS1 Quadratic 2.0 13.5
2 cells SLXS Gauss
MMS1 Quadratic 3.0 13.6
32 cells SLXS Gauss
MMS1 Quadratic 4.0 13.5
128 cells SLXS Gauss
MMS1 Quadratic 4.2 13.5
256 cells SLXS Gauss
MMS2 Linear 1.0 2.7
2 cells SLXS Gauss
MMS Constant Space Quartic 17.0 39.0
Alexander 3-3, At =1 | SLXS Lobatto
MMS Constant Space Quartic 6.6 11.7
Alexander 3-3, At = % SLXS Lobatto
MMS Constant Space Quartic 2.3 4.9
Alexander 3-3, At = ﬁ SLXS Lobatto
Unity Marshak Wave Linear 2.1 2.9
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with an incident current of 100 on the left hand side of the slab. We discretize
the problem with linear SLXS Lobatto using 50 spatial cells, implicit Euler in time
differencing, and a maximum time step size of At,,.. = 0.1. The average number of

transport iterations per thermal iteration is given in Table 7.4. Clearly, MIP DSA

Table 7.4: Iteration count for a very optically thick TRT problem.

Intensity Average Intensity
Iterative Strategy | Iterations Per Thermal Iteration
DSA 10
SI 18378

can significantly reduce the iterative work required to solve the grey TRT equations,
but the majority of problems we have considered are not very optically thick.
In optically thick and diffusive problems such as this, the traditional convergence

condition of

o@D — 60|
[t

< €p, (734)

can lead to false convergence [60]. Noting that our chosen point-wise convergence

-

is not a true mathematical norm, we would still like to investigate the issue of false

condition change_phi < €4, repeated here from Eq. (6.127)

41 £
Go " — Pey
¢(€+1)

. Neenr Np
change_phi = max | max
c7j

c=1 j=1

convergence. To do so, we use the L' norm variant of Eq. (7.34):

||¢(€+1) _ ¢(f) HLl
@D 4

< e (7.36)
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As shown in [60], we may eliminate false convergence by normalizing our convergence

condition with 1 — p,
0 — 6@,

(1 =p) [lo“ ]

where p is the spectral radius, which we estimate as:

< €y, (737)

et =],
P60 = @),

(7.38)

In Table 7.5, we plot the average number of iterations required to converge ¢ for each
time step for our optically thick and diffusive test problem. For all methods, we used

€5 = 1071 Table 7.5 clearly indicates that for optically thick, diffusive problems,

Table 7.5: Average number of inner iterations per thermal iteration using different
convergence criteria.

: [+ -6 ., [[o+D -6,
change phi < ¢; oo, < | apfe@],, <
ST 18378 6382 22563
DSA 10 7 7

the near unity spectral radius can lead to false iterative convergence, and as such
should be accounted for explicitly via Eq. (7.37). We also remark that our choice of
using H¢(€+1)H ;1 as a physical scaling constant could possibly be improved upon, as
Hgb(“l) H ;1 is dominated by the already heated region, whereas the greatest changes

in ¢ are occurring near the thermal wavefront.
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8. SUMMARY AND CONCLUSIONS

8.1 Summary

In this dissertation we have developed a new family of interpolatory DFEM spatial
discretizations for discrete ordinates radiation transport. This set of DFEM schemes
is unique in that it is not limited to equally-spaced DFEM interpolation points,
automatically generates diagonal mass matrices, can be used with DFEM trial spaces
of arbitrary degree, and can explicitly account for the within cell variation of material
properties such as interaction cross section. We have tested this new family of DFEM
techniques in a variety of slab geometry radiation transport applications including
steady-state neutron transport, criticality, and time dependent thermal radiative
transfer simulations.

Additionally, we have demonstrated that some canonical methods of discrete or-
dinates radiation transport do not always behave as expected. First, we showed
that the traditional method of mass matrix lumping limits solution accuracy for
higher degree polynomial trial spaces and is robust with a linear DFEM trial space.
Later, we demonstrated that the usual assumption of a cell-wise constant interaction
cross section has several negative effects in problems with spatially varying inter-
action cross sections. Across all application areas considered, the assumption of a
cell-wise constant cross section for problems that had cross section variation within
individual mesh cells resulted in a fundamental limit on spatial order of convergence,
and generated non-smooth interaction rates. The non-smooth neutron transport in-
teraction rates manifested themselves in our thermal radiative transfer results as a
material temperature solution that contained large, non-monotonic discontinuities.

Mesh refinement can reduce the severity of the thermal radiative transfer tempera-
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ture solution discontinuities, but cannot eliminate the discontinuities. Not only are
the discontinuities non-physical and a sign of limited spatial order of convergence,
they also complicate and can inhibit the non-linear temperature iteration required

to solve the thermal radiative transfer equations.
8.2 Conclusions

There are two main conclusions to be made from this dissertation.

1. Self-lumping DFEM schemes using Gauss-Legendre (SL Gauss) or Gauss-Lobatto-
Legendre (SL Lobatto) quadrature as the DFEM interpolation points are well

suited to discrete ordinates radiation transport calculations.

2. Self-lumping schemes are easily modified to explicitly account for the within
cell variation of material properties, resulting in methods that are significantly
more accurate for problems with spatially varying material properties than

those that assume cell-wise constant material properties.

In neutron transport, criticality, and thermal radiative transfer simulations, both
SL Gauss and SL Lobatto converge the L? norm of the angular flux error oc P + 1
for problems with cell-wise constant cross section. SL Lobatto is robust for all odd
degree DFEM trial spaces, and SL Gauss is robust for all even degree trial spaces,
assuming cell-wise constant cross section. Further, SL Lobatto is equivalent to tradi-
tional lumping for linear DFEM, but unlike traditional lumping DFEM schemes, SL
Lobatto increases in spatial order of convergence with increased trial space degree.

Self-lumping DFEM schemes easily account for the variation of interaction cross
or other material properties. A P degree self-lumping scheme using Gauss or Lobatto
quadrature only requires P + 1 material property evaluations to obtain schemes that

converge the L? norm of the angular flux or radiation intensity oc P + 1. This is
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in contrast to DFEM schemes that assume a cell-wise constant cross yielding only
second order spatial convergence, regardless of trial space degree, for problems with
spatially varying interaction cross sections. In our neutron transport test problems,
SLXS Lobatto and SLXS Gauss (the variants of SL Lobatto and SL Gauss that ex-
plicitly account for within cell variation of material properties), converged interaction
rate and interaction rate dependent quantities o< P + 1. However, in our thermal
radiative transfer MMS testing SLXS Lobatto converged the L? error of tempera-
ture, a quantity driven by an interaction rate, oc P. Though not P + 1 as we had
hoped, given the non-linear nature of the thermal radiative transfer equations, and
necessity to integrate much higher order polynomials, e.g. the Planckian term that
is a P* degree polynomial, order P convergence is still promising, as it still allows
for increased accuracy with increasing DFEM trial space degree. More surprising
is that SLXS Gauss applied to the grey TRT appears to converge the L? error of
temperature o< P + 2. It should be noted though that the orders of convergence we
have given here are effectively only experimental observations, and there was some
disagreement between the apparent orders of convergence for certain error quantities

between test problems.
8.2.1 Future Work

There are several exciting avenues for continued study and advancement if the
topics and methods covered in this dissertation. Clearly the extension of this slab
geometry work to multiple spatial dimensions is required for problems of greater
scientific and engineering interest and complexity. Additionally, MIP DSA appeared
to be an effective iterative acceleration technique for the grey TRT equations, and as
such we would like to see how it performs as the diffusion operator for linear multi-

frequency grey acceleration of the multi-group/multi-frequency thermal radiative
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transfer equations.
Topics of research beyond simply extending our methodology are abundant as

well. A non-exhaustive list includes:

1. developing a theory to explain and apriori predict whether a given matrix

lumping technique will yield a robust solution,

2. explaining the apparent super convergence of SLXS Gauss for the TRT tem-

perature solution,

3. conducting a diffusion limit analysis of higher order trial space DFEM, and

4. developing additional TRT manufactured solutions that challenge spatial dis-
cretization more completely and are closer to real-world applications in both

nature and scaling.
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