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ABSTRACT

Given two von Neumann algebras M and N acting on the same Hilbert space,
d(M,N) is defined to be the Hausdorff distance between their unit balls. The
Kadison-Kastler problem asks whether two sufficiently close von Neumann algebras
are spatially isomorphic. In this article, we show that if F is an injective von Neu-
mann algebra with a cyclic tracial vector, G is a free group, « is a free action of G
on Py and N is a von Neumann algebra such that d(N, Py x, G) < 1/7-1077, then
N and Py x, G are spatially isomorphic. Suitable choices of the actions give the
first examples of infinite noninjective factors for which this problem has a positive

solution.
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1. INTRODUCTION

The study of perturbation of operator algebras was initiated by Kadison and
Kastler. In [23], they introduced a metric on all closed *-subalgebras of bounded
linear operators on a Hilbert space and asked if two sufficiently close von Neumann
algebras are spatially isomorphic. The metric is defined in terms of the Hausdorff
distance of the unit balls of the algebras (see Definition 2.1 for the exact details).
Examples of close von Neumann algebras can be obtained by conjugating an operator
algebra by a unitary close to the identity operator. The Kadison-Kastler problem
for injective von Neumann algebras was solved positively by the independent work
of Christensen [10], Johnson [22], Raeburn and Taylor [30]. There is also a similar
formulation for C*-algebras represented on Hilbert spaces: whether close C*-algebras
are isomorphic or spatially isomorphic. Although there are counterexamples where
close C*-algebras are non-isomorphic [7], the problem was solved positively for vari-
ous classes of C*-algebras (for example, [12], [28], [29]). Recently, Christensen et al.
[15] solved it completely for separable and nuclear C*-algebras on separable Hilbert
spaces. Other recent progress was obtained in [3], where Cameron et al. provided the
first examples of finite non-injective factors for which the Kadison-Kastler problem
holds. They considered crossed product algebras associated with trace preserving
actions of certain discrete nonamenable groups. Their techniques were specific to
the finite case, so it is natural to ask if their results hold for the case of infinite fac-
tors. By modifying their methods to apply to the infinite case, we will show that the
Kadison-Kastler problem holds for Py x, G where P, is an injective von Neumann
algebra with a cyclic tracial vector, GG is a free group and « is a free action of G on

the von Neumann algebra Fy. We do not assume that G preserves any trace of P,



so that these crossed products include infinite factors.

When Py C B(Hy) is an injective von Neumann algebra with a cyclic tracial
vector & and « is a free action of a free group G on Fy, there is a natural cyclic
and separating vector ¢ (related to &) for M = Py X, G and a group of normalizing
unitaries {u, : g € G} for the algebra P C M (the image of I in M) and the Hilbert
space H, where M is represented, decomposes as a direct sum of closed subspaces
spanned by u,P¢. If we have another von Neumann algebra N C B(H) close to M,
by a theorem of Christensen [12, Theorem 4.3], we may find a unitary w close to
the identity so that P C Ny = wNw* and Jy,PJy, C Ni where Jys is the modular
conjugation associated with M and the cyclic and separating vector . Using the
methods of Cameron et al. [3], for each g € G, we may find a unitary v, € N; close
to ug so that vy, normalizes P, v,P§ and u,P¢ generate the same closed subpace,
and v, and u, have the same conjugate action on P. Now, g — v, may not be a
group homomorphism in general. However, due to the freeness of GG, we may find a
group homomorphism ¢ — v, from G into the group of normalizing unitaries for the
inclusion P C N; such that 9, and v, coincide on a generating set of G . Moreover,
0, and u, have the same conjugate action on P, and 0,P¢§ and u,P§ generate the
same closed subspace. Then there is a natural unitary ws such that weu,w; = v, for
all g € G and wy commutes with P. To show Ny = woMw3, it suffices to show that
{0, : g € G} and P generate N;. Here we use a different method which does not need
the finiteness of N. Let Ny be the von Neumann algebra generated by {7, : g € G}
and P. We can show that £ is also a cyclic and separating vector for N; and Ns. Let
Jn, (resp. Jn,) be the modular conjugation associated with Ny and & (resp. Ny and
€). Then My = wjJn, N{Jn,ws is a von Neumann algebra of M containing P and &
is cyclic for M;. We then show that M; = M. Hence, N, = N; which implies that

M and N are spatially isomorphic.



In section 2, we recall some background results in von Neumann algebras and
some existing perturbation results of von Neumann algebras.

In section 3, we relax the factor requirement and prove that commutants of a pair
of close von Neuman algebras are close when one algebra has a cyclic vector. In [5],
the connection between having the similarity property and having close commutants
is established. While it is unknown if commutants of a pair of close von Neumann
algebras are close, this question is settled when one algebra is properly infinite [11,
Corollary 2.5] and when both algebras are II; factors with one algebra having a cyclic
vector [3, Lemma 4.1(iii)]. This is Corollary 3.7 (see also Proposition 3.6) and the
proof is based on a type-decomposition argument and modification of [3, Lemma
4.1(iii)]. This result is needed when we prove the main theorem, Theorem 4.11, of
this thesis. It allows us to reduce the problem to the hypothesis of Theorem 4.7.

In section 4, we prove the main result of this thesis, Theorem 4.11, after several
propositions. When M and N are close von Neumann algebras with a common
injective subalgebra P, we show that several properties can be transferred from the
inclusion P C M to the inclusion P C N.

In section 5, we construct examples of actions of F, (free group of countably
infinite many generators) on some measure spaces (Z, u) which gives non-injective
type Il and type III factors L>(Z) x F,. The construction is due to Houdayer and
Vaes [21, Corollary B].

The thesis ends with section 6 where, under mild restrictions, we show that the
property of being isomorphic to close neighbors is independent of the representation
in the following sense: if M C B(J) is *-isomorphic to any close von Neumann
algebra on H and M is another von Neumann algebra acting on a possibly different
Hilbert space X and is *-isomorphic to M, then M, is *-isomorphic to any close von

Neumann algebra on X. We do not know if this holds in general, but we establish



this for countably decomposable von Neumann algebras in Theorem 6.9. As a con-
sequence, we provide some examples of infinite non-injective von Neumann algebras
that are weakly Kadison-Kastler stable and some that are Kadison-Kastler stable

(see Definition 6.1 and Corollary 6.12).

Sections 3-6 of this thesis were published in [§].



2. PRELIMINARIES

2.1 Background results in von Neumann algebras theory

We will assume familiarity of the basic theory of von Neumann algebras, as
can be found in chapter 5 of [24] and chapters 6-8 of [25]. We will briefly review
some of these results in this subsection. Given a Hilbert space JH, there are several
natural topologies on the set B(H) of all bounded operators on H: strong operator
topology (SOT), weak operator topology (WOT) and ultraweak operator topology
among the others. A net {z)}rea in B(H) converges to some operator z € B(H)
in the strong operator topology if ||z \{ — x£|| — 0 holds for all vectors £ in H. A
net {z)}rea in B(H) converges to some operator x € B(H) in the weak operator
topology if (z)&,n) — (x&,n) holds for all vectors £ and 1 in H. A net {x,}icp in
B(H) converges to some operator z € B(H) in the ultraweak operator topology if
S ore A&y ) — D pey (@Ek, mie) holds for all sequences {&;}72, and {n;}32, in H
such that Y2 [|1&k]|? < oo and Yoo, [|nk]* < oo.

The identity operator on a Hilbert space J{ will be denoted by either 14¢ or
simply 1. Given a subset A of B(H), A’ is the commutant of A in B(H), i.e.
{z € B(H) : 2y = yx for all y € A}. Aisa *-subalgebra of B(H) if it is a subalgebra
of B(H) such that z* € A for all z € A. A von Neumann algebra is a weak-operator-
closed *-subalgebra of B(H) containing the identity operator 1ls;.. The following
theorem gives other equivalent definitions for a *-subalgebra to be a von Neumann

algebra. A proof of the theorem can be found in [24, Theorem 5.3.1].

Theorem 2.1 (Double commutant theorem). Let M be a *-subalgebra of B(JH)

containing the identity operator 1. Then the following are equivalent:

(i) M is WOT-closed.



(11) M is SOT-closed.
(ii) M = M", where M" = (M')'.

The crucial part of the following theorem is the norm estimate on the approxi-

mating nets {xx},.,. A proof of the theorem can be found in [24, Theorem 5.3.5].

Theorem 2.2 (the Kaplansky density theorem). If A is a *-subalgebra of B(JH)
and x 1s an element in the unit ball ofEWOT, then there exists a net {xx} o, in the
unit ball of A such that x) converges to x in the strong operator topology. If = is
a self-adjoint element in the unit ball of ﬁWOT, then there exists a net {xx},c, of
self-adjoint elements in the unit ball of A such that x\ converges to x in the strong

operator topology.

Let M be a von Neumann algebra on a Hilbert space J{. The center of M will be
denoted by Z(M) or Zy;. A central projection e of M is a projection in the center
of M. For each projection e in M, there exists a smallest projection ¢, in Z(M)
such that ¢, > e. The projection ¢, is called the central support of e relative to
M. Murray and von Neumann classified different types of von Neumann algebras
by introducing an equvalence relation on the set of projections in M. Given two
projections p and ¢ in M, we say that p is equivalent to ¢ (write p ~ ¢) relative to M
if there exists v € M such that p = v*v and ¢ = vv*. We say that p is subequivalent
to q (write p < q) relative to M if there exists a projection ¢ such that ¢; < ¢ and
p ~ q. A projection e in M is finite relative to M if e = f whenever f < e and
f ~ e relative to M. A projection e in M is called infinite relative to M if it is not
finite relative to M. A projection e in M is properly infinite relative to M if pe is
an infinite projection relative to M or pe = 0 for each projection p in Z(M). These

definitions on projections depend on the ambient algebra M. We will drop the words



‘relative to M’ when the context is clear. We say that M is a finite (properly infinite
resp.) von Neumann algebra if 1 is a finite (properly infinite) projection relative to
M. For any von Neumann algebra M, there exists a largest projection in Z (M)
such that Mp is a finite von Neuman algebra (acting on the Hilbert space p(JH)).
Moreover, M (15 — p) is a properly infinite von Neumann algebra on (15 — p)(H) if
19¢ — p is not zero. A projection e in M is called abelian relative to M if pMp is a
commutative algebra. A von Neumann algebra M is type I if there exists an abelian
projection e in M such that ¢, = 1. A von Neumann algebra M is type II; if it has
no nonzero abelian projections and 1 is a finite projection in M. A von Neumann
algebra M is type Il if: it has no nonzero abelian projections, there exists a finite
projection e in M such that ¢, = 1 and 1 is a properly infinite projection in M. A
von Neumann algebra is type III if it has no nonzero finite projections.

A proof of the following theorem can be found in [25, Theorem 8.2.8]. The map

T is called the center-valued trace of M.

Theorem 2.3 (Center-valued trace). Let M be a finite von Neumann algebra. Then

there exists a unique positive linear map T : M — Z(M) such that
(i) T(ab) = T'(ba) for all a and b in M.
(i1) T(c) =c for all ¢ in Z(M).
Morover, for alla € A and c € Z(M),
(i1i) T(a) >0 if a > 0.
(v) T(ca) = cT(a).
(v) 1T (a)[| < llall.

(vi) T is ultraweakly continuous.



A proof of the following theorem can be found in [25, Theorem 8.3.5].

Theorem 2.4 (the Diximier approximation theorem). Let M be a von Neumann
algebra and Z (M) be its center. Let x be an element in M and convy(x) be the norm-
closed convex hull of the set {uzu* : u is a unitary in M}. Then convy(x)NZ(M) #
0.

Recall that a linear map between two von Neumann algebras is called normal if
it is ultraweakly continuous. Equivalently, a linear map between two von Neumann
algebras is normal if and only if it is weak-operator-continuous on the unit ball.

If a von Neumann algebra M acts on a Hilbert space H, then a subset F of H is
a cyclic set for M if the closed linear span of {xn:z € M,n € F} is H. A set F is
a separating set for M if: x € M such that xn =0 for alln € F = x = 0. A vector
n is called cyclic vector (resp. separating vector) for M if the set {n} is a cyclic set

(resp. separating set) for M.

Theorem 2.5. [25, Theorem 7.2.3] Let M C B(H) be a von Neumann algebra with
a separating vector. Then any normal state T on M is a vector state, i.e. there exists

a vector n € H such that T(x) = (xn,n) for all x € M.

Proposition 2.6. [25, Proposition 9.1.2] Let M be a von Neumann algebra on a
Hilbert space H and n be a vector in H. Let e be the orthogonal projection from H
onto M'n and €' be the orthogonal projection from H onto Mn. Then e is an abelian
(resp. finite or infinite) projection in M if and only if €' is an abelian (resp. finite

or infinite) projection in M'.

The following proposition is an immediate and well known consequence of the

previous proposition.



Proposition 2.7. If M C B(H) is a finite von Neumann algebra and M has a cyclic

vector n, then the commutant M’ is a finite von Neumann algebra.

Proof. Let e be the orthogonal projection from H onto M’n and e’ be the orthogonal
projection from J onto M. Since M is a finite von Neumann algebra, e is a finite
projection in M. Since €’ equals 1, by the previous proposition, 1 is a finite projection

in M’ and hence M’ is a finite von Neumann algebra. ]

Proposition 2.8. [25, Excercise 6.9.11] Let M be a finite von Neumann algebra.
Let e and f be two projections in M such that p ~ q. Then there exists a unitary u

i M such that ueu* = f.

Note that part (ii) of the following proposition follows from part (i) since M = M”

by the double commutant theorem.

Proposition 2.9. [24, Proposition 5.5.11] Let M be a von Neumann algebra on a
Hilbert space H and F be a subset in H. Then

(i) F is a cyclic set for M if and only if it is a separating set for M.
(i) F is a separating set for M if and only if it is a cyclic set for M'.

Recall that a vector 7 is tracial for a von Neumann algebra algebra M if (xyn,n) =

(yxn,n) holds for all elements x and y in M.

Proposition 2.10. /25, Lemma 7.2.14] A cyclic tracial vector for a von Neumann

algebra M s a separating vector for M.

A left ideal I of a von Neumann algebra M is a subspace of M such that ax € I
whenever a € M and x € I. An ideal I of a von Neumann algebra M is a subspace
of M such that ax € I and xza € I whenever a € M and x € I. A *-ideal I of M is

an ideal of M such that x* € I whenever x € I.



Proposition 2.11. /25, Proposition 6.8.9] An ideal of a von Neumann algebra is a

*_ideal.

Theorem 2.12. [25, Theorem 6.8.8] If I is a weak-operator-closed left ideal of a
von Neumann algebra M, then there exists a projection p in M such that I = Mp.
If I is a weak-operator-closed ideal of a von Neumann algebra M, then there exists

a central projection p in M such that I = Mp.

Proposition 2.13. [24, Proposition 5.5.5] Let M be a von Neumann algebra. Let e
be a projection in M’ and p be the central support of e relative to M'. Let ® : Mp —

Me be the map given by ®(xp) = xe for all x € M. Then ® is a *-isomorphism.

In the following theorem, the maximal condition means: if A is a family of

orthogonal projections in M such that p ~ g for all p € A and {ei}ieff1 C A, then
{ei}iefﬁ = A

Theorem 2.14. [25, Theorem 6.3.11] Let g be a finite projection in a von Neumann

algebra M. Let {e;};cq and {f;} be two orthogonal family of subprojections in

JETF2
M mazimal with respect to the property e; ~ f; ~ g for alli € Fy and j € F5. Then

|F1] = [Fal.

Theorem 2.15. [25, Ezxercise 10.5.15] Let ¢ be a singular state on a von Neumann
algebra M. Let e be a nonzero projection in M. Then there exists a nonzero subpro-

jection [ of e such that ¢(f) = 0.

Theorem 2.16. [31, Theorem IV 5.5] Let w : M — N be a normal *~homomorphism
between two von Neumann algebras M C B(H) and N C B(X). Then there exists
a Hilbert space L, a projection e in (M®Clg) and a unitary u from e(H ® L) onto
X such that

m(x) =u(zx®1).u* for all x € M.

10



2.2 Completely positive maps and conditional expectations

Let A be a C*-algebra and M,,(A) be the set of all n x n matrix with entries in A.
M,,(A) is a vector space under the pointwise scalar multiplication and addition. For
a = (a;;)ij=1,.n and b = (b;;)ij=1, .n, define ab = (¢;j)ij=1,.n DY Cij = D> py Qb
and a* = (a;i)i’jzlmn. Then M,(A) is a *-algebra under these operations. Let
m: A — B(H) be a faithful *-representation of A. By identifying M, (B(H)) as
B(H™), we can define a norm on M,(A) by |[(ai;)ij=1..xl = [[(7(ai;))ij=1, .l
Then M, (A) becomes a C*-algebra under this norm and note that the norm does
not depends on the choice of faithful *-representation .

Let A and B be C*-algebras. Then M, (A) and M, (B) are C*-algebras as de-
scribed in the preceding paragraph. Let ¢ : A — B be a linear map. Define
On + My(A) = M, (B) by ¢n((aij)ij=1,.n) = (¢(a;j))ij=1,.n A lineap map ¢ is
called completely positive if ¢, are positive linear maps for all positive integers n.

Let B C A be two C*-algebras. A projection from A onto B is a linear map
E : A — B such that E(b) = b for all b € B. A conditional expectation E from
A onto B is a completely positive linear map E from A onto B with the following

properties:
(i) ||E(x)| < ||z| for all z € A.
(ii) E(b) =bfor all x € B.
(i) E(bixby) = biE(x)bs for all by,by € B and = € A.

In [33, Theorem 1], Tomiyama showed that a norm-one projection E from a C*-
algebra onto a C*-subalgbera is a positive linear map satisfying properties (i)-(iii)

of the conditional expectation. The concept of completely positivity was introduced

11



after Tomiyama’s paper [33]. A proof of the following theorem can be found in a

recent book by Brown and Ozawa [2, Theorem 1.5.10].

Theorem 2.17. Let B C A be C*-algebras and E be a projection from A onto B.

Then the following are equivalent:

(i) E is a conditional expectation.

(i) E is a completely positive linear map and ||E|| < 1.
(ii1) |E| < 1.

Recall that a positive linear map ¢ : A — B between C*-algebras is faithful if

x = 0 whenever z is a positive element in A and ¢(z) = 0.

Proposition 2.18. [32, Proposition IX 4.3] Let M be a von Neumann algebra and
P be a von Neumann subalgebra of M such that P'N M C P. Assume that there
exists a normal conditional expectation E from M onto P. Then E is faithful and

unique.

2.3  Modular theory

In the following theorem, A is called the modular operator associated with M

and & while J is called the modular conjugation associated with M and €.

Theorem 2.19. /25, Theorem 9.2.9] Suppose that a von Neumann algebra M has a
unit cyclic and separating vector & in a Hilbert space H and let So : M& — H be the

map Sox€ = x*€ for any x in M. Then Sy is preclosed and let S be the closure of
So. Let S = JAY? be the polar decomposition of S. Then the following hold:

(1) J is a conjugate-linear isometry onto M such that J*> = 1.
(i1) S*x& = x*& for all x € M.

12



(iii) J& = A2 = ¢,

(iv) JA" = A"J for all t € R.
(v) JMJ = M.

(vi) A*MA~® = M for allt € R.

Recall that a one-parameter group of *-automorphisms of a von Neumann algebra
M is a map t — o from R to Aut(M) such that oy, = oo for all real numbers
t and s. A one-parameter group « of *-automorphisms of a von Neumann algebra
M satisfies the modular condition relative to a state w on M if: for any a and b in
M, there exists a continuous function f on the region {z € C: 0 < I'mz < 1} and is

analytic in {z € C: 0 < I'mz < 1} such that

f(t) = w(az(a)b), ft+1i) = w(bay(a)) for all t € R.

Assume that a von Neumann algebra M has a unit cyclic and separating vector
&, Let A be the modular operator associated with M and £. Let w be the normal
state on M given by w(x) = (z€,&) for all x € M. For each t € R, let oy be the
*_automorphism on M by ay(z) = A%zA~" for all z € M. Then the map t — o
is a one-parameter group of *-automorphisms of M by the Tomita theorem. By [25,
Theorem 9.2.13], « satisfies the modular condition relative to w. Then the following

proposition follows from [25, Proposition 9.2.14(iii)].

Proposition 2.20. Let M be a von Neumann algebra with a unit cyclic and sepa-
rating vector §&. Let A be the modular operator associated with M and . If x is an
element in M such that (ax€, &) = (xa&, &) for all a € M, then A%xA™" = x holds

for all real numbers t.

13



The first three parts of the next result follow from Stone’s Theorem [24, Theorem

5.6.36] and the last part is shown in the proof of [25, Theorem 9.2.16].

Theorem 2.21. Let M C B(H) be a von Neumann algebra with a unit cyclic and
separating vector &. Let A be the modular operator associated with M and . Then

there exists a (possibly unbounded) self-adjoint operator h defined on a dense subspace

of H such that the following hold:

(1) exp(ith) = A",

(i1) dom(h) = {& € H : lim;_y Aitil_& exists in the norm topology}.

(i11) For any & € dom (h), ih&; = limy g thtl_&-

(iv) A =exp(h).

2.4 Some existing perturbation results

In this subsection, we will recall some related lemmas and theorems known in the

literature.
In [23], Kadison and Kastler introduced the following distance on the set of all

von Neumann subalgebras of B(H).
Definition 2.22. Let M and N be von Neumann algebras acting on a Hilbert space
H. Given a bounded operator x € B(H) and a subset F' of B(H), define

d(z, F) = inf{||lr —y| :y € F'} and

d(M, N) = sup{d(a, Ny),d(b, M;) : a € My,b € Ny}

where My (resp. Ny) denotes the closed unit ball of M (resp. N), My = {a € M :
lal] <1}

14



In [12], Christensen introduced the following notion of near inclusion for a pair

of von Neumann algebras.

Definition 2.23. Let M and N be von Neumann algebras acting on a Hilbert space
H and v > 0. M C, N means for any a € M with ||a|| <1, there exists b € N such

that ||a —b|| <~. M C., N means there exists vy < v such that M C., N.

The following proposition comes from [9, Lemma 2.7] where the bound for ||u—1||

is sharper than stated here.

Proposition 2.24. Let x be a bounded operator on a Hilbert space H and x = u|z|

be its polar decomposition. If ||z — 1| < 1, then |ju — 1|| < V2|lz — 1]
A proof of the following proposition can be found in [27, Lemma 6.2.1].

Proposition 2.25. Let p and q be two projections in a unital C*-algebras A with

lp —ql| < 1. Then there exists a unitary u in A such that ¢ = upu* and ||u — 1| <

V2[lp—qll.
The following proposition is [23, Lemma 4].

Proposition 2.26. Let p be a projection in a von Neumann algebra M. Then p is

central if and only if ||px — xzp|| < 1 for all elements x in the unit ball of M.

The following proposition is a consequence of [26, Lemma 1.10] since the function

a(t) used there satisfies a(t) < v/2t.

Proposition 2.27. Let A and B be unital C*-subalgebras of a unital C*-algebra C

(In this case, 14 = 1g = 1¢). Assume that A C B for some v < 1. Then

(i) If u is a unitary in A, there exists a unitary v in B such that ||u —v|| < V/27.

15



(i1) If p is a projection in A, then there exists a projection q in B such that ||p—ql|| <

a
Nk

The following proposition was used in the proof of [12, Corollary 4.4]. We include

a proof for the convenience of the reader.

Proposition 2.28. Let B be a C*-subalgebra of a C*-algebra A. If A C., B for some

positive number v < 1. Then A = B.

Proof. For each element y in A, we can find recursively a sequence {z,}>2, in B
such that ||y — x1 — ... — x| <~™||y||. Hence y = > °°  x, € B. O

n=1

The following proposition is an immediate consequence of [11, Theorem 2.4]. Note
that D, in [11, Theorem 2.4] is the map on B(H) such that D, (y) = xy — yx for all
y € B(H). Under the hypothesis of (i), any element « in the unit ball of N’ statisfies

Proposition 2.29. Let M and N be von Neumann algebras on a Hilbert space JH.
(1) If M is a properly infinite von Neumann algebra and M C., N, then N' Cs, M.

(i1) If M and N are properly infinite von Neumann algebras, then

d(M',N') < 6(M, N).

The following proposition (with other constant in the conclusion) follows from
[13, Corollary 5.4]. The form stated here was obtained recently in [3, Proposition

2.8(ii)] with improved constant.

Proposition 2.30. Let M and N be von Neumann algebras on a Hilbert space JH.
Assume that M has a finite cyclic set of m vectors. If M C, N, then N’ Co(14v3)my
M.

16



The following proposition is [14, Lemma 3.4].

Proposition 2.31. Let M and N be von Neumann algebras on a Hilbert space H.
Let Zyr and Zy be the center of M and N respectively. Assume that d(M, N) <~ for
some vy < 1/6. Then there exists a unitary u € (Zy U Zy)" such that uZyu* = Zy

and ||u — 1| < 57.

The following proposition can be proved in the same way as the proof of [3,

Lemma 4.1(ii)]. We briefly sketch the proof used in [3, Lemma 4.1(ii)]

Proposition 2.32. Let M and N be von Neumann algebras on a Hilbert space J.
Assume that M C., N for some positive number v with (2 + v)2y < 1. If N is a

finite von Neumann algebra, then so is M.

Proof. Let v be an element in M such that v*v = 1 and vv* = e for some projection
e in M. By hypothesis, there exists an element w in N such that ||[v — w]|| < 7.
Then ||w*w — 1| = [[w*w — v*v|| < (2 4+ 7v)y and ||lww* — vo*|| < (2 + v)7. Since
N is a finite von Neumann algebra, there exists a unitary w in N such that w =
u|w|. Then ww* = vw*wu* and |Jww* — 1|| = ||Ju(w*w — Du*|] < (2 + ~)y. Hence
le — 1| < JJov* — ww*|| + |Jlww* —1|| < (2+7)27y < 1. Since 1 — e is a projection,
the inequality |je — 1] < 1 implies that e = 1. This shows that M is a finite von

Neumann algebra. O

The following proposition is known (for example, [14, Lemma 3.5]). It is an

immediate consequence of the previous proposition.

Proposition 2.33. Let M and N be von Neumann algebras acting on a Hilbert space
H with common center Z. Assume that d(M,N) < ~ for some positive number -y
with (2 + )2y < 1. Let p (resp. q) be the largest projection in Z such that Mp (

resp. Np) is a finite von Neumann algebra. Then p = q.
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Proof. We have Np C, Mp and Mp is a finite von Neumann algebra on the Hilbert
space pH. By previous proposition, Np is a finite von Neumann algebra on pJ.

Hence p < ¢. Similarly, we can show that ¢ < p. Hence, p = q. O]
The following proposition is [3, Lemma 4.1 (iii)].

Proposition 2.34. Let M and N be 11, factors acting on a Hilbert space H. Suppose
that M has a cyclic vector. If M C, N amd N C, M for some 0 <y < 1/47, then

M’ Ca(1+v2)y N'.

The following theorem is due to Christensen. Part (i) of the theorem is [12,

Theorem 4.3] and part (ii) of the theorem is [12, Corollary 4.4].

Theorem 2.35. Let M and N be von Neumann algebras on a Hilbert space JH.

Assume that M is injective.

(1) If M Cy N for some ~y < 1/100, then there exists a unitary u € (M UN)" such

that uMu* C N, ||lu— 1| < 150y and ||Juzu* — x| < 100v||z|| for all z € M.

(i1) If d(M,N) < v < 1/101, then there exists a unitary u € (M U N)" such that
uMu* =N and ||u — 1| < 1507.

2.5 Crossed product algebras

Let Py be a von Neumann algebra acting on a Hilbert space Hy. Let G be a
discrete group with identity element e and let ¢ — «a, : G — Aut(Fp) be a free
action on Py. For any g € G, let §, € (*(G) be the characteristic function of {g},
let p, be the orthogonal projection of £*(G) onto Cd, and let A\, € B(¢*(G)) be the

unitary operator determined by A;(d;,) = 0,4, for any h € G. For any a € Fy, define

m(a) = Zagq(a) ® py-

geG
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For any g € G, define

Uy = ly, ® A\, € B(Ho @ *(Q)).

Then Py x, G is the von Neumann algebra generated by {m(a) :a € Po} U{u,:g €
G}.

Recall that the freeness of the action o means for any g € G with g # e, if
a € Py is such that aay(b) = ba for every b € P, then a = 0. It is folklore that the
freeness of the action implies 7(Py) N (Py xo G) € 7(Fy). Indeed, it follows easily

from Proposition 4.9 (i) and (ii).
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3. COMMUTANTS OF CLOSE VON NEUMANN ALGEBRAS WITH A
CYCLIC VECTOR*

In [23], Kadison and Kastler introduced the following distance on the set of all

von Neumann subalgebras of B(J).

Definition 3.1. Let M and N be von Neumann algebras acting on a Hilbert space
H. Given a bounded operator x € B(H) and a subset F' of B(H), define

d(z,F) =inf{||lx —y| : y € F'} and

d(M,N) = sup{d(a, N1),d(b, My) : a € My,b € Ny}

where My (resp. Np) denotes the closed unit ball of M (resp. N), My = {a € M :
lafl < 1}.

In [12], Christensen introduced the following notion of near inclusion for a pair

of von Neumann algebras.

Definition 3.2. Let M and N be von Neumann algebras acting on a Hilbert space
H andy> 0. M C, N means for any a € M with ||a|| <1, there exists b € N such

that ||a —b|| <~. M C, N means there exists vy <y such that M C., N.

In general, it is not known whether close von Neumann algebras have close
commutants. Recently, [4] shows that a C*-algebra A satisfies the Kadison simi-
larly property if and only if commutants are continuous at A. The main result of

this section is Corollary 3.7: commutants of close von Neumann algebras are close

"Reprinted with permission from ”Perturbations of certain crossed product algebras by free
groups” by Wai-Kit Chan, J. Funct. Anal. 267 (2014), no. 10, 3994-4027, Copyright 2014 by

Elsevier.
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when one algebra has a cyclic vector. More precisely, there exists £ > 0 such that
d(M',N") < kd(M,N) when M has a cyclic vector, where M’ denotes the commu-
tant of M. Proposition 2.29 (ii) shows d(M', N') < 6d(M,N) when M and N are
properly infinite von Neumann algebras. Lemma 6 and Lemma 9 of [23] show that M
is a properly infinite von Neumann algebra if and only if N is a properly infinite von
Neumann algebra when d(M, N) is sufficiently small. Thus the question is settled
when M is properly infinite. By Proposition 2.30, the question is settled when both
algebras have a cyclic vector. The question is settled when M and N are type II;
factors and M has a cyclic vector by Proposition 2.30 and 2.34 . By modifying the
proof of Proposition 2.34, we prove Proposition 3.5 which is a version of Proposition
2.34 when M is a finite von Neumann algebra with a cyclic vector. Proposition 3.6
will be used to prove the main result of this work: Theorem 4.11.

The following lemma is analogous to [3, Lemma 2.15] and the proofs are the same.

In the following lemma, conv(S) refers to the convex hull of a set S.

Lemma 3.3. Let A and B be von Neumann algebras acting on a Hilbert space H.
Let A be a finite von Neumann algebra and suppose that A C, B with v < 1. Let Ty
be the center-valued trace for A. Let p be a state on B(H) such that p|p is tracial.
Then, for each x € A,

p(Ta(x)) = p(z)| < (2+ 2V2)7|z]).

Proof. Let x € A and let u be a unitary in A. There exists y € B such that

|z — y|| < 7||z|| and there exists a unitary v € B such that |ju — v|| < v/2y by
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Proposition 2.27 (i). Then

[uzw” —vyv™|| < [[(u = v)zu’|| + Jve(u” = v7)[ + [Jo(z = y)v7]|

< V2y|lz| + vV2yllel + 7zl

As p|p is a trace,

|p(uzu®) = p(x)] < [pluzu” —vyo™)| + |p(vye®) = p(y)| + [p(y — 2)]

< (2V2+ Dyllel + )l = V2 + 2)7]z].

By the Dixmier approximation theorem (See Theorem 2.4) ; Ts(x) lies in the norm
closure of conv{uzu* : u unitary in A}. Thus we have |p(Ta(x)) — p(z)| < (2v/2 +
2)7l]l- O

As remarked above, it is not known whether close von Neumann algebras have
close commutants. Proposition 3.5 establishes this relationship under the additional
hypothesis that there is a unit cyclic vector. Proposition 2.31 allows us to reduce
to the situation where two algebras have a common center. Proposition 3.5 can be
thought of as the generalization of Proposition 2.34 to general finite von Neumann
algebras. We extract the main argument of the proof of Proposition 3.5 into the
following lemma. Its proof is adapted from the proof of [3, Lemma 4.1.1(iii)] by

using a center-valued trace.

Lemma 3.4. Let M and N be von Neumann algebras acting on a Hilbert space
H with common center Z. Assume that M is a finite von Neumann algebra and
has a unit cyclic vector §. Suppose also that M C, N and N C, M for some
positive number vy < 1/47. Then there exists a nonzero projection ¢ € Z such that
M'q Cya4vm), N'G
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Proof. Since M has a cyclic vector and M C, N, the near inclusion N' Cy(y, /3), M’
follows from Proposition 2.30. Since M is a finite von Neumann algebra and has a
cyclic vector, M’ is finite by Proposition 2.7. Note that N’ is finite since M’ is finite
and N’ Cyy, ), M’ by Proposition 2.32.

The map z — (T (2)€,€) : M' — C is a normal state on M’ where T}y is the
center-valued trace of M’. Now M’ has a separating vector, so there exists a unit

vector 7 such that

(Thir(2)€, ) = (am, ) for any & € M’ (3.1)

by Theorem 2.5. As J = {y € N’ : yn = 0} is a weak-operator-closed left ideal in

N’, there exists a projection p € N’ such that

J = N'p. (3.2)

For any z € Z such that ||zn|| # 0, define a state p, on B(H) by

p:(x) = (wzn, 2m) /||2nll*, = € B(30).

For z € M’,

p:(x) = (x2m, 2m) [||2n||* = ("zzn,m) /|l 2n]*
= (Tar ("w2)€,€) /znll* = (Tarr(2)2€, 2€) /2|,

where the third equality follows from equation (3.1) and the last equality follows
from the fact that Ty is a Z-bimodular map Theorem 2.3 (iv). Thus p.|y is a

tracial state on M’. Then, by applying Lemma 3.3 to the pair N’ Co(14+/3)y M', we
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have for any y € N,

0:(Tre(y)) — p:(y)] < (2+2V2) - 2(1 + V2)7 |y

Now, p.(p) = (pzn, zn) /|2n||* = (zpn, zn) /||2n||> = 0 since pn = 0. Hence we have

(Te(p)zn, zn) [llzn* < 4(1+ V2)*y,

which is equivalent to

(T (p)zn, 2n) < 4(1+ V2)%y (2n, 1) .

By density, it follows that for any 7 in the closure of Z7, we have

(Tw:(p)i, ) < 4(1 + V2)%y (i3, 7). (3.3)

Let g be the projection onto the closure of Zn. Then ¢ is a nonzero projection in 2’

and the inequality (3.3) implies that

Ty (p)g < 4(1+ v2)*7q. (34)

Let ¢ be the central support of ¢ relative to the von Neumann algebra Z’. Then,
g € Z. Since the map aq — aq is a *-isomorphism between Z¢ and Z¢ by Proposition
2.13, from (3.4), we have

Tn(p)q < 4(1+V2)*73 < 54 (3.5)

N | —

24



by the choice of v. Thus,

Tne(pq) < T ((1 = p)q)

and hence

pg < (1 —p)gin N’ (3.6)

by Theorem 2.3 (iii), (iv) and [25, Theorem 6.2.7]. As noted in the beginning of the
proof, N’ is finite and hence (3.6) implies that there exists a unitary u € N’ such

that

upqu” < (1 —p)q (3.7)

by Proposition 2.8.
Let n; = ¢qn and 1y = Gun. If y is an element of N’G such that yn, = yn, = 0,

then

yn = yqn = ym = 0.

Thus y € J and y = yp by (3.2). Hence

y(1—p)=0. (3.8)

Also, yun = yqun = yny = 0. Then yu € J and by (3.2), we have

Yyu = yup.

From the last equation, we have

y = yupu” = yqupu” = yupqu” = y(1 — p)upgu* =0

by noting that ¢ is in the center Z of N’, and that inequality (3.7) and equation (3.8)

25



hold. Thus {7, 7.} is separating for N'¢g. The von Neumann algebra N¢ acting on
¢ has a 2-cyclic set {n,72}. Together with Ng C., M§, we have M’'q Caavay N'G

by Proposition 2.30. O

Proposition 3.5. Let M and N be von Neumann algebras acting on a Hilbert space
H with common center Z. Assume that M is a finite von Neumann algebra and has
a unit cyclic vector §. Suppose also that M C, N and N C, M for some positive

number v < 1/47. Then M’ Cy4 5, N'-

Proof. Lemma 3.4 shows that for any nonzero projection p € Z, there exists a nonzero
subprojection ¢ of p such that ¢ € Z and Mg Ca(1+v2) N'q. By a maximality
argument, there exists an orthogonal family of projections {¢;};cn in Z such that

>ien @ =1 and M'q; Cy /5, N'g; for each i € A. The proposition follows. O

Proposition 3.6. Let M and N be von Neumann algebras acting on a Hilbert space
H with common center Z. Assume that M has a unit cyclic vector £. Suppose also
that M Coy N and N C,, M for some positive number v < 1/47. Then M’ C 4y, /3,
N'.

Proof. Let p be the largest projection in Z such that Mp is finite. If p = 1, the
proposition follows from Proposition 3.5. Otherwise, 1 — p is nonzero and M (1 — p)
is properly infinite. In this case, p is also the largest projection in Z such that Np is
finite and N (1 — p) is properly infinite by Proposition 2.33.

Applying Proposition 3.5 to the pair of von Neumann algebras Mp and Np, we
have M'p Cy(143), N'p. Since N(1—p) is properly infinite and N(1—p) C, M(1—p),
we have M'(1 —p) C3, N'(1 —p) by Proposition 2.29 (i). Thus M’ Cyy, 5, N

The proposition follows. m
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Corollary 3.7. Let M and N be von Neumann algebras acting on a Hilbert space JH.
Assume that M has a unit cyclic vector §. If d(M,N) < 1/517, then d(M’', N') <
230d(M, N).

Proof. Let v be a real number such that d(M, N) < v < 1/517. Let Z(M) and Z(N)
be the center of M and N respectively. Since d(M, N) < v < 1/6, by Proposition
2.31, there exists a unitary u € B(H) such that uZ(M)u* = Z(N) and ||lu—1]| < 57.

Let Ny be u*Nu. Then Z(N;) = Z(M) and
d(Ni, M) <d(Ny,N)+d(N,M) < 2||u—1]| + v < 114.

Hence M Ci1, N1 and Ny Cy14 M. Since M has a cyclic vector and M Cy14 Ny, by
Proposition 2.30, we have N{ Cy, /5).1;, M'. Since 11y < 1/47, by Proposition 3.6,
we have M" C,1, /511, Ni- Hence d(M', N7) < 8(1 + v2) - 117 and

d(M', N') < d(M', N) + d(N], N') < 2207 + 2|ju — 1|| < 2307.

The corollary follows. m

Remark 3.8. A similar conclusion can be reached without an upper bound on d(M, N).
The inequality d(M', N") < 517d(M, N) certainly holds for d(M,N) > 1/517 since
d(M',N") <1 generally, while it also holds for d(M, N) < 1/517 by Corollary 3.7.
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4. PERTURBATION RESULTS*

In this section, we will prove the main result of this thesis Theorem 4.11: For
certain crossed product algebras of the form Fy x, G where F, is an injective von
Neumann algebra and G is a free group, they are *-isomorphic to any nearby von
Neumann algebras. By Corollary B of [21], suitable choices of actions by a free group
G give type Il and type III factors of the form L>(X, u) %, G. Propositions 4.2-
4.5 and Theorem 4.7 transfer several properties from one algebra to another close
algebra, while Propositions 4.8-4.10 are used to identify a subalgebra of the crossed
product algebra to be the whole algebra.

Throughout this section, for a subset F of a Hilbert space, [F] denotes the closed
linear span of F. For a von Neumann subalgebra P C B(H) and = € B(H),
WWOT is the closure of the set conv{uxu* : u is a unitary in P} in the weak
operator topology.

In proving the next two propositions, we will need the normal-singular decompo-
sition for a bounded linear functional on a von Neumann algebra and more generally
the normal-singular decomposition for a bounded linear map between two von Neu-
mann algebras. We give a brief description here. For details, we refer the reader to
the reference [25, section 10.1] or [31, section III.2].

Let M be a von Neumann algebra acting on a Hilbert space J{. Let ¢ be the
inclusion map from M into B(H) and let m be the universal representation of M.
There exists a unique ultraweakly continuous *-homomorphism o : WWOT

B(H) such that 0 om = «. Then kero is an ultraweakly closed two-sided ideal

"Reprinted with permission from ”Perturbations of certain crossed product algebras by free
groups” by Wai-Kit Chan, J. Funct. Anal. 267 (2014), no. 10, 3994-4027, Copyright 2014 by

Elsevier.
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of WWOT and hence there exists a central projection p of WWOT such that
kero = WWOT(l — p). For any bounded linear functional ¢ on M, there exists a
unique ultraweakly continuous linear functional qz~5 on WWOT such that gzzo ™= .
Then the normal part ¢, of ¢ is defined by ¢,(z) = ¢(w(z)p) for any € M and
the singular part ¢, of ¢ is defined by ¢,(x) = ¢(m(z)(1 — p)) for any z € M. Then
¢ = ¢n + ¢s will be called the normal-singular decomposition of ¢.

Let P be another von Neumann algebra and let ® : M — P be a bounded linear
map. There exists a unique ultraweakly continuous linear map P - WWOT — P
such that ® = ® o 7. The normal part ®, : M — P of ® is defined by &, (z) =
®(n(z)p) for any x € M and the singular part ®, : M — P of ® is defined by
®,(z) = ®(n(x)(1—p)) for any x € M. Then & = &, + ®, will be called the normal-
singular decomposition of ®. Note that if ¢ is a positive linear map, then so are ¢,
and ®,. If p € P,, then p o ® is ultraweakly continuous and (po (i)) om=po®. For
any . € M, (po ®),(x) = po ®(n(x)p) = po ®,(z). This shows (po ®), = po D,.
A similar argument shows (po ®), = po P,.

Suppose in addition that P is a von Neumann subalgebra of M and & : M — P

is a P-bimodular map. Then for any a € P and x € M,

- ———WOT
Since ® is ultraweakly continuous and (M) is ultraweakly dense in 7(M) , we

have ®(m(a)y) = ad(y) for any y € W(M)WOT. Then for any a € P and v € M,

———wor
By noting that p is a central projection of 7(M) , a similar argument will show
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that ®,(za) = &, (x)a for any a € P and x € M. Thus ®,, is a P-bimodular map.

A similar argument gives that ®, is a P-bimodular map.

Proposition 4.1. Suppose that M and N are von Neumann algebras acting on a
Hilbert space . Assume that N C, M for some 0 < v < 1 and that ¢ is a
state on B(H) such that ¢|y is normal. Let ¢|n = ¢, + ¢ be the normal-singular

decomposition of ¢|n. Then ||¢s| < V2.

Proof. Since ¢y is singular, there is a net of projections {p;}icp in N such that
¢s(p;) = 0 for all i € A and p; — 1 in the strong operator topology by Theorem
2.15. For each i € A, there exists a projection ¢; € M such that ||p; — ¢ < 272y
by Proposition 2.27 (ii). Using the weak-operator-compactness of the unit ball of M,
we may drop to a subnet and assume that {¢; };ca converges to some x € M in the

weak operator topology. Since ||p; — qi|| < 272y for all i € A,

11— 2| <2712, (4.1)

Since 0 < ¢; < 1 for all i € A,

For each i € A,

|¢n(pz> - ¢|M(Qz)| = |¢(pz) — qb(qz)l < ||pl - QZH < 2—1/27'

Since ¢, and ¢|y; are normal, by taking limits, we have

[6a(1) = dlar(x)] < 2712 (4.3)
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Now, from (4.1), (4.2) and (4.3), we have

0<¢s(1) = ¢(1) = dn(1) = (1) — ¢(2) — (¢n(1) — B(2))

<L =z + [da(1) = d(x)] < 2-2712y = V2,

showing that ||¢,|| < v/27. O

Proposition 4.2. Suppose that M and N are von Neumann algebras acting on a
Hilbert space H and P is an injective von Neumann subalgebra of MNN. Assume that
N Cy M for some 0 <y < 1/+/2. If there exists a normal conditional expectation ®
from M onto P, then there exists a mormal conditional expectation 6 from N onto

P.

Proof. Since ® is a unital completely positive map and P is injective, there exists
a unital completely positive map ¥ from B(H) onto P such that ¥|,; = ®. Then
U is a conditional expectation from B(H) onto P and hence ¥ is a P-bimodular
map. Let |y = ¥,, + ¥, be the normal-singular decomposition of ¥|y. Then V,,,
W, are positive P-bimodular maps and their ranges lie in P. For each 0 < A\ < 1,
there exists a normal state p on P such that po U (1) > A|U(1)]] = A||¥s]|. Then
poVly = poW, 4+ po VU, is the normal-singular decomposition of p o U|y. By
Proposition 4.1, ||p o ¥,|| < v/2y. Thus \|¥,| < v/2y < 1. By letting A\ — 1, we
have ||W,]| < v/2y < 1. Then ||1 — ¥, (1)|| = ||¥,(1)|| < 1 and ¥, (1) is invertible in
P. Define 6 : N — P by

0(z) = U, (1), (2)T, (1) /2

Since U, (1) lies in the center of P and V¥, is a P-bimodular map, #(a) = a for any

a € P. Also, as 6 is a positive linear map, ||| = ||6(1)|| = 1. Thus @ is a normal
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conditional expectation from N onto P. O]

In this section, we will need the equivalence between Schwartz Property (P) and
injectivity for a general von Neumann algebra. Recall that a von Neumann algebra
M C B(H) has Schwartz Property (P) if WWOTOM’ # () for all x € B(H). Tt
can be shown that a von Neumann algebra M having Schwartz Property (P) has an
injective commutant M’ [25, Exercise 8.7.24] and hence M is injective [1, Theorem
IV.2.2.7]. Thus, a von Neumann algebra having Schwartz Property (P) is injective.
The backward direction was obtained among the equivalence of other properties
for a von Neumann algebra. A von Neumann algebra M is approximately finite di-
mensional if there is an increasing sequence of finite dimensional *-subalgebras whose
union is ultraweakly dense in M. When M is a factor with separable predual, Connes
proved that M has Schwartz Property (P) if and only if M is injective [16, Theorem
6] among other properties including approximate finite dimensionality. When M is
a von Neumann algebra with separable predual, injectivity of M implies that M
is approximately finite dimensional [20, Theorem 2.2, Theorem 5.3 and section 6.3]
and hence has Schwartz Property (P). That injectivity implies Schwartz Property
(P) for a general von Neumann algebra follows from a result of Elliott [18, Theorem
4]. When the subalgebra P C M is abelian, this section proceeds without the use of
equivalence between Schwartz Property (P) and injectivity.

The following proof is very similar to [3, Lemma 2.16(i)] except that the use of

conditional expectations is replaced by the use of the Schwartz Property (P).

Proposition 4.3. Suppose that M and N are von Neumann algebras acting on a

Hilbert space H and P is an injective von Neumann subalgebra of M N N. Assume

that N Cy M for some 0 <~y < 1. If PNM C P, then PPN N = Z(P).
Proof. Note that under the condition P' N M C P, we have PN M = Z(P). Fix
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any © € P'N N with ||z|| < 1. There exists y € M such that ||z — y|| < ~. For any
unitary v € P,

[l = uyu|| = [Juzu” —uyu™|| < [l -yl <.
Thus, ||z — z|| < v for any z € mWOT. Since P has the Schwartz Property
(P), there exists zg € mWOT NP, and zp € M NP = Z(P). We have that
|z —z0|| <~y with 2o € Z(P). This shows that P’NN C, Z(P). Since Z(P) C P'NN
and P"NN C, Z(P) with v < 1, we have PN N = Z(P). O

Suppose that a von Neumann algebra M has a unit cyclic and separating vector
¢ in a Hilbert space H and let Sy : M ¢ — I be the map Spxé = x*€ for any = in M.
Then S is preclosed by Theorem 2.19 and let S be the closure of Sy. Let S = JA/?
be the polar decomposition of S, where A is called the modular operator associated
with M and £ and J is called the modular conjugation associated with M and &.
Tomita’s Theorem (See Theorem 2.19) states that J is a conjugate-linear isometry
onto H, JMJ = M’ and AYMA~* = M for any t € R. Note that we also have
J? = 15 and J& = A¢ = £ by Theorem 2.19.

The following proposition is known to the experts. We include the proof of it for

the convenience of the reader.

Proposition 4.4. Let M be a von Neumann algebra on a Hilbert space H and let P
be a von Neumann subalgebra of M. Suppose that M has a unit cyclic and separating
vector & and that there exists a normal conditional expectation E from M onto P such
that (E(x)£,&) = (x€, &) for any x in M. Assume also that & is a tracial vector for
P, e (xyg, &) = (xy, &) for any x,y € P. Let ep be the orthogonal projection from
H onto [PE]. Let A (resp. J) be the modular operator (resp. modular conjugation)
associated with M and &. Then the following hold:

(i) E(x) = epxt, for any x in M.
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(i1) Ja& = a*¢, for any a in P and Jep = epJ.
(iii) P={ep} N M.

(iv) JPJ = (M U{ep}).

(v) eprep = E(x)ep for any x in M.

Proof. (i) For any € M and a € P,

(E(2)€,a8) = (a"E(2)€, &) = (E(a"2)¢, §)
= <0J*(E§,£> = <$£,CL£> = <€PI£,6L£> :

Since E(x)§ and epx are elements of [P¢], we have F(z)§ = epzé.

(ii) For any x € M and a € P,

(€, &) = (B(ax)é, &) = (aB(2)¢, &) L (B(x)ag, &) = (E(za)é, &) = (wak,€),

where (x) holds since ¢ is a tracial vector for P. By Proposition 2.20, we have
A"aA™" = g for any t € R. By Stone’s Theorem [24, Theorem 5.6.36], there exists a
closed (possibly unbounded) self-adjoint operator h such that exp(ith)=A% for any

t e R,

A" — &

dom(h) = {§& € H - PH& — exists in the norm topology} and
—
Aite, _
ih& = lim A for any & € dom(h).
t—0 t

For any & € dom(h) and a € P,

.a
li = lim
t—0 t t—0

i SO0 STE D8 g,
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This shows that a&; € dom(h) and ha&; = ah&;. From this, we can see that ah C ha
for any a € P. Thus h is affiliated to P’. By the proof of [25, Theorem 9.2.16],
exp(h)=A, hence we have A2 = exp(ih) is affiliated to P’ and aA'/? C A'/%q. For
any a € P,

Jaé = JaAY?¢ = JAY?a€ = a*€.

For the second assertion, we now have Jep = epJep, and by taking adjoints, we
have epJ = epJep = Jep.

(iii) [P¢€] is invariant for P, and so ep lies in P’. Thus P C {ep}' N M. Conversely,
if € {ep} N M, then x = zepf = epxé = E(x)&, by (i). Since ¢ is a separating
vector for M, we have © = E(x) € P.

(iv) By (iii), JPJ = {JepJ Y N JMJ = {ep} N M.

(v) For any x € M and a € P,
eprepaé = epral = E(xa)§ = E(x)aé = E(x)epal. O

The following proposition is the corresponding version of [3, Lemma 2.10] that
we will need for general von Neumann algebras M. The proof is basically the same

as the proof of [19, Lemma 3.2] when M is a finite von Neumann algebra.

Proposition 4.5. Let P C M be von Neumann algebras satisfying the hypotheses
of Proposition 4.4. Further assume that P is injective and P' N M C P. Then, for

each y € P'N (M U{ep})”, there exists a € P such that y&§ = a€.

Proof. Let y be an element in P'N (M U{ep})” and let n = y&. Pick a sequence (z,,)

in M such that ||z,§ —n|| — 0. Then for any unitary u € P,

JuJun = JuJuyé = yJuJué = y& =, (4.4)
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where the second equality follows from y € P’ and JuJ is in the commutant of
(M U{ep})” by Proposition 4.4(iv) and the third equality follows from Proposition
4.4(ii). Thus, from (4.4), we have

[ JuJuwng —nll = [[JuJu(zng = n)|| = l[2n§ — nl| (4.5)

Since JuJux,§ = ux, JuJé = ur,u* by Proposition 4.4(ii), (iv), from (4.5), for any

——WoT
w € convp(x,) , we have

[wE —nll < [Jz.€ —nl|.

Since P has Schwartz Property (P), for each positive integer n, there exists y, €
———WorT
convp(x,) NP C MNP CP. We have ||y, —n|| — 0 as n — oo. Then for

any b € P,

yb& = byé = lim by, &.
n—oo

This shows that

yep = epyep € ep(M U {ep})’'ep = Pep

by Proposition 4.4(v). Thus there exists a € P such that yep = aep. Then y& =
a€. O]

Lemma 4.6. Let P be an injective von Neumann subalgebra of a von Neumann
algebra N acting on a Hilbert space H such that P" NN C P. Suppose that there
exists a mormal conditional expectation E from N onto P. Assume that there exists
a vector £ € H such that (uxu*€, &) = (x€, &) for all unitaries u € P and elements
x € N. Then (E(2)€,&) = (x€,€). Moreover, if € is separating for P, then £ is

separating for N.
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Proof. Let u be a unitary in P and let z be an element in N. By the hypothesis,
(uzu*é, &) = (x€, &) and hence we have

(&, &) = (x€,€) for any y € coan(x)WOT. (4.6)

Also, since E' is a P-bimodular map and by the hypothesis

(E(uru®)E, &) = (uB(z)u"¢, §) = (E(x)§,€) -

The normality of E then implies that

(E()&, &) = (E(@)&,€) for any y € convp(z) . (4.7)

Since P has Schwartz Property (P), there exists yo € convP(x)WOT NP C P. Then

combining equations (4.6) and (4.7), we have

(E(x)8,€) = (E(y0)§, &) = (wo&, &) = (2€,€) - (4.8)

This shows the first assertion.
Suppose also that £ is separating for P. If x € N is such that & = 0, then by
(4.8),

|E(*2)'%¢|* = (B(a"2)€, €) = (aa€,€) = 0.

Since ¢ is separating for P, E(z*z)'/? = 0 and E(z*z) = 0. Since E is faithful by
Proposition 2.18, z*x = 0 and hence x = 0. This shows that ¢ is separating for

N. O

In the following theorem, when P is a von Neumann subalgebra of a von Neumann
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algebra M, we denote by N(P C M) the set {u € M : u unitary in M and uPu* =
P} of unitary normalizers.
The following theorem can be thought of as a generalization of [3, Lemma 4.4]

from a type II; factor M to general von Neumann algebras M.

Theorem 4.7. Let M and N be von Neumann algebras acting on a Hilbert space .
Suppose that M has a unit cyclic and separating vector & and let Jy; be the modular
congugation associated with M and &. Suppose that P is an injective von Neumann
subalgebra of M such that P "M C P, P C M NN and JyPJy € M' NN
Assume that there exists a normal conditional expectation EM from M onto P such

that <E£4(x)§,f> = (x€,&) for any x € M. Suppose also that (xy&, &) = (yx&, &) for
any x,y € P. Assume that d(M,N) < v < 1/7 < 1/(2v/2(1 ++/2)). Then

(i) There exists a normal conditional expectation EY from N onto P and (E (2)€,&) =

(x€,&) for any x € N.
(i1) & is a cyclic and separating vector for N.

(11i) Let Jy be the modular conjugation associated with N and §. Let ep be the or-
thogonal projection from 3 onto [PE]. Then JyxJy = Iyaxdy for any element
z € P and (M U {ep})/ = JuPJy = JInPJy = (NU {6p})/.

(iv) If uw € N(P C M), then there exists a normalizing unitary v € N(P C N) such

that uru* = vav* for any x € P, [uP¢] = [vP¢] and |ju —v|| < (4 +2v/2)7.

Proof. (i) Applying Proposition 4.2 to the near inclusion N C, M with the common
injective subalgebra P, there exists a normal conditional expectation EX from N

onto P. Since P"N M C P and N C., M, by Proposition 4.3, PN N C P. For any
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unitary v in P and x in N,

(uzu™s, §) = (zu"&,u"e) = (wyudus, Jyuné) = (@8, (Jau* ) (I )§) = (1€, €)

by Proposition 4.4(ii) and Jy, PJy; € N'. By Lemma 4.6, <Eg(x)§,§> = (x,&) and
¢ is separating for N.

(ii) We showed that ¢ is separating in the proof of (i). To show that £ is cyclic
for N, it suffices to show that & is separating for N'. Let @ = Jy PJy. Since € is
separating for M’ = Jy M Jy and @Q is a subalgebra of M’ £ is separating for Q.
Note that @ is a subalgebra of N’ by the hypothesis. Also, () is injective since P is

injective. Moreover,
Q' NM =Jy(PPNnM)Jy CJuyPJy =Q. (4.9)

Since M C, N and M has a cyclic vector, we have N’ Cy, /5, M’ by Proposition
2.30. Now applying Proposition 4.3 to the near inclusion N’ Co(14v3)y M'" with the
common injective subalgebra @), we conclude that @' N N’ C @ from equation (4.9).

Define EJ' : M' — Q by
Eq () = Jyu EM (Jya* T ) Jar for any o € M.

Then Eé‘f " is a normal conditional expectation from M’ onto Q. Applying Proposition
4.2 to the near inclusion N’ Co14v2)y M'" with the common injective subalgebra @,
there exists a normal conditional expectation Eg " from N’ onto Q). Moreover, for

any element y in N’ and unitary v in @, we have v = Jyu*Jy, for some unitary
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u € P and

(00" €, €)=(agu” Iy Tart s € =(yTaru s Taruwdn€) 2 g€, u€) 2 yun’e, € =(y&, €)
(4.10)

where equation (x) holds since Jyué = u*€ by Proposition 4.4(ii) and equation (*x)

holds since y € N', u € P C N.

To sum up, we showed that () is an injective von Neumann subalgebra of N’ such
that @' N N’ C @ and there exists a normal conditional expectation Eg " from N’
onto Q. Also, ¢ is separating for ) and equation (4.10) holds for any element y € N’
and unitary v € Q. Now apply Lemma 4.6 to the inclusion Q C N’ to conclude that
¢ is separating for N'.

(iii) Applying Proposition 4.4(ii) to the inclusion P C M, we have Jyx€ = z*¢
for any element x € P. Similarly, we have Jyz& = z*¢ for any element © € P.
Then for any element x € P, JyzJyé = Jyxé = 2°6 = Iz = Iy JyE. Since
JyxJy, ey are elements of N’ and ¢ is separating by (ii), JyzxJy = Jyzdy.
This shows the first assertion and the second assertion follows from it and Proposition
4A(iv).

(iv) By [3, Lemma 3.4(iii)] and its proof, there exists a normalizing unitary v €
N(P C N) such that ||u —v|| < (4 + 2v/2)y and uzu* = vev* for any 2 € P. Thus
u*v € P'N (M U{ep})” by (iii). Then by Proposition 4.5, there exists a € P such
that v*vé = a and [vP¢] = [uu*vP¢] = [uPu*v€] = [uPa&] C [uP¢]. By reversing

the roles of u and v, the same argument shows that [uP¢] C [vP¢]. O

The following notations will be used from Proposition 4.8 to Theorem 4.11.
Let Py be a von Neumann algebra acting on a Hilbert space Hy. Let GG be a

discrete group with identity element e and let g — «, : G — Aut(F) be a free
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action on Fy. Recall that the freeness of @ means that for any g € G with g # e, if
a € Py is such that aa,(b) = ba for every b € Fy, then a = 0. For any g € G, let
6y € *(G) be the characteristic function of {g}, let p, be the orthogonal projection
of /#(@) onto Cé, and let A\, € B(f*(@)) be the unitary operator determined by
Ag(0n) = dgn for any h € G. For any a € Py, define w(a) = 3, ag-1(a) @ py.
For any g € G, define u, = 13, ® A\, € B(Ho ® (*(G)). Then Py x, G is the von
Neumann algebra generated by {7(a) : a € Py} U{u, : g € G}. It is folklore that the
freeness of the action implies 7(Py) N (Py Xq G) € 7(F). Indeed, it follows easily
from Proposition 4.9 (i) and (ii).

The following proposition is well-known and so we omit the proof.

Proposition 4.8. Let Py be a von Neumann algebra acting on a Hilbert space I,
and &y 1s a unit cyclic and separating vector for Py. Let G be a discrete group and
g ay: G — Aut(FRy) be an action on Py and let £ = & ® 6. € Ho @ (*(G). Define
¢: PyxoG— Py by

(p(x)m,me) = (x(m ® ), 2 @ de) for any x € Py X G,m1,m2 € Ho.

and define E : Py xo G — w(FRy) by E=mo¢. Then ¢(m(a)) = a and ¢(m(a)uy) =0
for all a € Py and g € G\ {e}. Also, £ is a unit cyclic and separating vector for

Py Xo G and E is a faithful normal conditional expectation from Py X, G onto w(Fp)

such that (E(x)§,&) = (x€,§) for any x € Py x4 G.

Note that, in part (v) of the following proposition, we do not assert that N, is

closed in the norm topology or weak operator topology.

Proposition 4.9. Let Py be a von Neumann algebra acting on a Hilbert space H,

and & is a unit cyclic and separating vector for Py. Let G be a discrete group and

41



g — ag: G = Aut(Py) be an action on Py and let £ = & ® d. € Ho @ (*(G). Let
¢ Py ¥y G — By be the positive normal linear map constructed in Proposition 4.8.

Then the following hold: for any a € Py, 7,y € Py x4 G and g € G,
(i) d(r(a)zu?) = ad(zus).

(i) d(xm(a)uy) = ¢(zug)ay(a).

(iii) p(xuy) = ag(P(ugr)).

(iv) If d(wur) = p(yw,) for all k € G, then x = y.

(v) If N is a von Neumann subalgebra of Py X, G containing w(Py) and [N&] =
Ho @ *(G), then the set Ny = {¢(xu}) : € N} is a *ideal in Py and its weak

operator closure contains ls,.

Proof. (i)-(iv) Parts (i)-(iv) are standard results and so we omit the proof.
(v) From (i) and (ii), N, is an ideal of P. Since any ideal in a von Neumann
algebra is a *-ideal [25, Proposition 6.8.9], N, is a *-ideal. If n € H, is orthogonal

to the subspace {¢(u;x)& : ¥ € N}, then
0= <¢(u;x)§07 77> = <u;x(§0 ® ), ® 5e> = (2(§o ® dc),n @ Jy) -

Since [N¢] = Ho ® £*(G), n ® 0y = 0 and hence 17 = 0. This shows that {¢(u}z)& :
x € N} is dense in Hy. From (iii), {¢(ujx) : € N} = oy~ (N,) is a *-subalgebra of
Fy. Since {¢(ujr) : x € N} has a cyclic vector &, its weak operator closure contains
L, Since ay is a *-automorphism of Py and Ny = ay({#(ujz) : ¥ € N'}), the weak

operator closure of N, contains 1g,. O

When N € M C B(H) are finite von Neumann algebras with the same cyclic
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and separating vector, N must equal M. The same conclusion may fail when M is

not finite [17, Proposition 1.2].

Proposition 4.10. Let Py be an injective von Neumann algebra acting on a Hilbert
space Hy and & is a unit cyclic tracial vector for Py. Let G be a discrete group, let
g ay: G — Aut(Py) be a free action on Py and let £ = & ® . € Ho ® (*(G). Let
N be a von Neumann subalgebra of Py x4 G containing w(Py). If [N¢] = Hy @ (3(G),
then N = Py x, G.

Proof. Since & is a cyclic tracial vector for Py, & is separating for Py by [25, Lemma

7.14] and P, is a finite von Neumann algebra. Let T be the center-valued trace of Py

and P be w(Fp). Since P, is injective, P is injective and hence has Schwartz Property

(P).

Let z € N and g € G. Since P has Schwartz Property (P), there exists y €
WO

convp(ruy) "AP'. Then y € Coan(xu;)WOTﬂP’ C (PyxoG)NP = Z(P) where

the last equality holds by freeness of the action. Thus
y =m(y;) for some element y; € Z(Fp). (4.11)

For any unitary v € P, vzuzv*u, € N since uyPuy, = P, v € P,z € N and N

———wor
contains P. Since y € convp(zu}) , it follows that

yug € N. (4.12)

For any unitary w € Py, ¢(m(w)zuim(w*)) = we(ru;)w* by Proposition 4.9 (i), (ii)

and u;m(w*)uy, = 7(ag-1(w*)). Thus, by (4.11),

y1 = o(y) € convPo(gb(xu;))WOT. (4.13)
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Since T' is the center-valued trace of F,, T is a normal linear map and 7" maps

conVPO(qb(xu;))WOT onto the singleton set {T'(¢(xuy))}. Since y1 € Z(Fy) and by
(4.13), y1 = T(y1) = T(¢(wuy)). Hence, by (4.11) and (4.12),

(T (d(ruy)))ug = 7(y1)ug = yuy € N for all z € N and g € G. (4.14)

By Proposition 4.9 (v) and the Kaplansky density theorem, there exists a net {z;}

in N such that |¢(z;u})|| < 1 and ¢(zu;

5) — 1y, in the weak operator topology.

Since T' and 7 are weak-operator continuous on bounded sets, 7(T'(¢(ziu;)))u, —
7(T(15,))uy = u, in the weak operator topology and hence, by (4.14), u, € N. Since
ug € N for all g € G and N contains P, N = Py ¥, G. [

In the proof of the next theorem, we will adopt the notations used in the para-
graph before Proposition 4.8. The construction of the spatial isomorphism Ad(w)

from the crossed product algebra uses the idea of Choda [6, Lemma 2].

Theorem 4.11. Let Py be an injective von Neumann algebra acting on a Hilbert
space Hy and let & be a unit cyclic tracial vector for Py. Let G be a free group with
a free generating set A and let g — oy : G — Aut(Py) be a free action on Fy. Let
M = Pyx,G and let N be another von Neumann algebra acting on Hy ® (*(G) such

that d(M,N) < v < % 1077, Then M and N are spatially isomorphic.

Proof. Let £ = & ® 6. € Ho ® %(G), P = n(Fy) and H = Hy ® ¢*(G). Note that
P'N' M C P since « is a free action on Fy. Note also that &, is separating for Py
since it is a cyclic tracial vector by [25, Lemma 7.2.14].

By Proposition 4.8, £ is a cyclic and separating vector for M and there exists a
faithful normal conditional expectation EY from M onto P such that <Ef\34 (2)€,& > =

(x€,&) for any x € M. Since & is a tracial vector for Py, & is also a tracial vector for
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P. Let Jy; be the modular conjugation associated with M and £. Let Zy; (resp. Zy)
be the center of M (resp. N).

Since d(M, N) < v < 1/6, by Proposition 2.31, there exists a unitary w; € B(H)
such that wy Zywf = Zy and |Jw; — 1]] < 5. Let Ny = wiNw;. Then M and N,

have common center and
d(M, Ny) <2||w; — 1|| +d(M,N) < 11~.

Since P is an injective von Neumann algebra, P C M Cy1, N; and 11y < 1/100
, by Theorem 2.35 (i), there exists a unitary we € {P U N;}” such that wy Pwi C Ny
and ||Jwy—1]| < 150-117. Let Ny = w}Nywy. Since Zyr = Zn,, wy € {PUN, Y C Zy/.
Thus

* *
ZN2 = UJZZNIUJQ = ’lUQZMUJQ = ZM

and P C N,.
d(M, No) < 2||wg — 1|| + d(M, Ny) < 300 - 11y + 11y = 301 - 114.

Since M and N, have common center and M has a cyclic vector and d(M, Ny) <

301 - 11y < 1/47, by Proposition 3.6,

/

M’ C4(14v2)-301-115 Ny

Since Jy PJy € M', we have

JuPJIu C4(1+\@).301-117 N,'.

By Theorem 2.35 (i), there exists a unitary ws € {JyPJy U Ny'} such that
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w3 Jy PJyws C Ny and |jws — 1]| < 150 - 4(1 + v/2) - 301 - 117. Let N3 = wiNyws.

Then
d(N3, M) < 2||lws—1]|4+d(Ny, M) < 300~4(1+\/§)~301~117+301~11’y =m < 107-7.

Now, ws € {JyPJy UN'}Y C{M' U Ny} = (M N Ny) C P, so P =wjPws C
wj Nyws = N3. By the choice of ws, Jy PJy C N3'.

Thus we have P C N3, JyPJy C N3, d(M,N3) < v < 1/7, N3 and N are
spatially isomorphic. Now we can apply Theorem 4.7 to the pair M and N3. We
have £ is a cyclic and separating vector for N3 and there exists a faithful normal

conditional expectation EN® from N3 onto P such that
(B ()€, &) = (x€,€) for all z € Na. (4.15)

For each g € G, by Theorem 4.7 (iv), there exists a unitary v, € N(P C N3) such

that

ugruy = vgrvy, for any x € P and (4.16)

[ug PE] = [vg PE]. (4.17)
For each g € G, define an automorphism 6, € Aut(P) by
04(7) = ugzuy for any = € P. (4.18)

Then the map g — 0, : G — Aut(P) is a group homomorphism. Since G is free on

the set A, there exists a group homomorphism g — 7, : G — N(P C Nj3) such that
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0y = v, for any g € A. For each g € G, define ¢, € Aut(P) by

¢g(x) = V420 for any z € P. (4.19)

Then g — ¢, : G — Aut(P) is a group homomorphism. Since 6, = ¢, for any ¢ in a
generating set A for the group G, we have 6, = ¢, for any g € G. So for any g € G
and z € P, by (4.16),

*_

9

*_

5= a0l (4.20)

VgV UgTU g

Then v;v, € P'MN N3. Applying Proposition 4.3 to the near inclusion N3 C, M and
P'NM C P, we have P"N\ N3 C P, so 930, € P"N N3 C P. Thus [0,P§] = [v,P{] =
U y (4.17). dince U = H, there exists a unitary w € suc

P& by (4.17). Si gealugPE H, th i i B(H h
that

wugaé = v4aé for all a € P and g € G. (4.21)

Forall g, he G,a € P,

WUgUpal = Wghal = Ugpal = VgUpal = Vgwupal,

hence

wu, = v,w for all g € G. (4.22)

For all a,b € P, g € G, by (4.20) and (4.21),

waugb§ = wiugty,—1augb§ = Vgug—1augh§ = V0,100,066 = avyb§ = awugbé,

hence

wa = aw for all a € P. (4.23)
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Let Ny be the von Neumann subalgebra of N3 generated by {9, : ¢ € G} U P. Then,
by (4.22) and (4.23),
wMuw* = Nj. (4.24)

Also,
[Ni&] = [wMw*€] = w[M¢] = wH = . (4.25)

As noted before (see the sentence preceding (4.15)), & is a cyclic and separating
vector for N3. Combining with (4.25), ¢ is also a cyclic and separating vector for Ny.
Let Jy, (resp. Jy,) be the modular conjugation associated with N3 and £ (resp. Ny
and &). Using (4.15) and that ¢ is a tracial vector for P, we can apply Proposition

4.4(ii) to the inclusion P C N3 to get

JIn,aé = a*¢ for any a € P. (4.26)

Similarly, we can apply Proposition 4.4(ii) to the inclusion P C Ny to get

JIn,a€ = a*€ for any a € P. (4.27)

By (4.26) and (4.27), Jy,aJn,E = a*¢ = Jy,adn,€ for any a € P. Since & is
separating for Ny,

JN3GJN3 = JN4(IJN4 for any a € P. (428)

Let My = w*Jy,JJnysN3JnyJn,w. Then Tomita’s theorem (See Theorem 2.19 (v))

and (4.24) give

M1 = w*JMNéJMw Q w*JMNiJMw = w*N4w =M. (429)
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Together with (4.23) and (4.28), M; is a von Neumann subalgebra of M containing
P. Since Jy,& = Jn,& = wé = £ and € is cyclic for N3, [M&] = w*Jn, Jn,[N3€] = H.
By Proposition 4.10, we conclude that M; = M. Hence Jy, Jn,N3Jn,Jn, = Ny, so
Nj = JnyN3Jn, = Jn,NuJn, = Nj. Therefore Ny = Ny = wMw* by (4.24). Hence

M and N are spatially isomorphic. O]

Remark 4.12. The previous theorem remains true if the condition of G being a free
group 1is replaced by a cohomological condition. The freeness of G is used only when

we modify vy to get v,. For all g,h € G and x € P, by equation (4.16),
VgURTURV, = UgUpTURUy = UghTUgy, = VghTUyy,. (4.30)
So v vgvn € PPN N3 = Z(P). Thus there exists a unitary o(g,h) € Z(P) such that
vvp = 0(g, h)vg, for all g, h € G. (4.31)
For all g, h, k € G,

o(g,hk) = vgvhkvg_hlk = v,0o(h, k)_lvhvkvg_hlk = 04(ca(h, k)_l)vgvhvkv;hlk (4.32)

= 0y(a(h, k)" )a (g, h)vgnvivgy, = Og(a(h, k)" )a(g, h)o(gh. k). (4.33)

Hence, since o(h,k),o(gh,k),o(g, hk) and o(g, h) are unitaries in an abelian algebra
Z(P),
0,(a(h,k))o(gh, k) 'o(g, hk)a(g, h) ™" = 1. (4.34)

For all g,h € G, define a1(g,h) = 7 (o(g,h)) € Z(Py). By equation (4.34) and
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Toag =040,
ag(oy(h, k))oi(gh, k) to1(g, hk)oi(g,h) ™" = g, (4.35)

In other words, o, is a 2-cocycle with respect to the action o of G on the unitary
group U(Z(Fy)) of Z(Fy).

Assume that there exists a function s : G — U(Z(FPy)) such that
o1(g,h) = ag(sh)s;}fsg for all g,h € G. (4.36)

In other words, o1 is a 2-coboundary for the action o of G on U(Z(Fy)). Let t, =
m(sy) € U(Z(P)) and 0, =1,

g

Ywy. Then, by Eqs. (4.34), (4.36) and moay = 0,0,

o(g,h) = Qg(th)tg_hltg and (4.37)
Dgn = o vgn =t (g, h) " wgun (4.38)
=t 0, (th) Tugun (since tyn,t, are elements in abelian algebra Z(P))
ghtg tghYg\'h gVh ghs lg q
(4.39)
= t;leg(th)’lvgvh = t;lvgt,zlvg’lvgvh = t;lvgt,jlvh = Uy0p, (4.40)

holds for all g,h € G. Also, since t, is a unitary in P and vy is a normalizer of P,
bgP =t vy P =t ' Pvy = Pvg = v,P. (4.41)

Hence, [0,P¢] = [v,PE]. Replacing 0, by vy, the rest of the proof of the previous

theorem remains the same. In conclusion, the previous theorem still holds if the
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freeness of G is replaced by H*(G,U(Z(P,))) = 0 for the action o of G on U(Z(P)).

Theorem 4.11, Examples 5.6 and 5.7 combine to give the first examples of non-
injective type Il and type III von Neumann algebras which are spatially isomorphic
to all nearby von Neumann algebras. These results require a representation on a
specific Hilbert space. In Section 6, we explore the extent to which they can be

made independent of the particular representation.
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5. EXAMPLES*

In this section, we would like to construct examples of non-injective type Il
and type III factors of the form L>(Z) x, F, for some suitable choice of actions of
the free group F, of countably infinite many generators. The construction is due to
Houdayer and Vaes [21, Corollary B] where G = F, and H = Z. For background on
crossed product algebras, we refer the reader to [25, Section 8.6 and Section 13.1].

Let (X, M, i) be a measure space. Recall that (X, M, p1) is countably separated
if there exist a sequence of M-measurable sets {E,}>°, such that u(E,) < oo for
all positive integers n and for each pair of distinct points x and y of X, there exists
some positive integer j such that x € E; and y € X \ E;. When the context is clear,
we will simply call an M-measurable set a measurable set.

Let G be a countable discrete group and a be a measurable action of G on
(X, M, p), i.e. g — a4 is agroup homomorphism from G into the group of measurable
permutations of X. When the context is clear, we write gx for a,(z). The action «

is called

e nonsingular: for any g € G and F C X, g(FE) is measurable if and only if £
is measurable. Moreover, if E is measurable, then u(g(E)) = 0 if and only if

u(E) =0.
e free: for any g € G with g # e, the set {z € X : gr = x} is a p-null set.

e crgodic: if E is a measurable subset of X such that u(gE \ E) = 0 for all

g € G, then u(E) =0 or u(X \ E) = 0. In this case, we also say that G acts

"Reprinted with permission from ”Perturbations of certain crossed product algebras by free
groups” by Wai-Kit Chan, J. Funct. Anal. 267 (2014), no. 10, 3994-4027, Copyright 2014 by

Elsevier.
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ergodically on X.

These definitions depend not only on the map g — o, but also on the measure
p. However, if v is another measure equivalent to u (for any F € M, u(E) = 0 if
and only if v(E) = 0), then G ~* (X, M, p) is nonsingular (resp. free, ergodic) if
and only if G ~* (X, M, v) is nonsingular (resp. free, ergodic).

The following proposition comes from [25, Lemma 8.6.6]. It allows us to check the
ergodicity of an action by studying the family of bounded ”essentially G-invaraiant”

measurable functions.

Proposition 5.1. Let G be a countable discrete group and o be a free non-singular
action of G on some countably separated measure space X. The following conditions

are equivalent:
(i) « is ergodic.

(i) if f is a bounded measurable complex-valued function on X such that for all
g € G, f(gx) = f(x) holds for almost all x in X, then there exists c € C such

that f(x) = ¢ holds for almost all z in X.

Proposition 5.2. Let 7 : G — H be a surjective homomorphism between two count-
able discrete groups. Let o be a free non-singular action of G' on some countably
separated measure space (X, p). Let B be a free non-singular action of G on some
countably separated measure space (Y,v). Write gx for ay(z) and hy for By(y).

Define an action v of G on (X X Y, X v) by setting

9(z,y) = (92, 7(g)y), v€ X,y €Y,

Then
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(i) (X XY, xv) is countably separated.
(ii) v is a free non-singular action.
(iii) If &tlxer(xy and B are ergodic, then v is also ergodic.

Proof. (i)-(ii) Parts (i)-(ii) are easy exercises and so we omit the proof.

(iii) Replacing p (resp. v) by a probability measure p; (resp. v4) equivalent to
i (resp. v), we may assume that p and v are probability measures. Let f be a
bounded measurable complex-valued on X x Y such that for all ¢ € G, we have

flg(z,y)) = f(z,y) for p x v-almost all (z,y). Let g be an element of ker(r). Then
[ 1#25) = 1@ ldnt)aviy) o 5.)
There exists a measurable subset F, of Y such that v(F,) = 0 and
[ 17(62.5) = 1. )ldutz) =0 for ally € Y\ F, (5.2
Let F' = Ugeker(m) Fy. Since G is countable, v(F) = 0, and for all y € Y\ F', we have
[ 17(62.5) = 7. )ldutz) =0 for all g € ker(r), (53
Hence, for all y € Y\ F and for all g € ker(7),
flgx,y) = f(x,y) for almost all x in X. (5.4)

Since ker(m) acts ergodically on X, by Proposition 5.1, for each y € Y \ F, there
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exists a complex number ¢, such that
f(z,y) = ¢, for almost all z in X. (5.5)
Since the action « is nonsingular, for all y € Y\ F and all g € G,
f(gz,y) = ¢, for almost all z in X. (5.6)
Hence, for all y € Y\ F and all g € G,
[ 1566, = s planta) <o 5.7)
Also, by Equation (5.5), for ally € Y\ F,
[ 15w - 16 @t = o 5:5)

Let h be an element of H. Since 7 is surjective, there exists an element g, € G such

that 7(gn) = h. Then

/|thy £z 9)\dv () du(a)
< / (s hy) — F(gne, hy)|dv(y) / g ) — f () do(y)du(a)
=[5 = S hduavts) +0

=0 (By Equation (5.7))

There exists a measurable subset Ej, of X such that u(Ey,) = 0, and for all z € X\ Ej,,
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we have,

/|f z, hy) — f(z,y)|dv(y) = 0. (5.9)

Let E = UpegE). Since H is countable, E is measurable, pu(E) = 0, and for all
x € X \ E, we have

/|f z, hy) — f(z,y)|dv(y) = 0. (5.10)

Since H acts ergodically on Y, by Proposition 5.1, for each x € X \ E, there exists

a complex number d, such that
f(x,y) =d, for almost all y in Y. (5.11)

Hence, for any z € X \ F,

/Ifwy £ () dv(y)dv(y) = . (5.12)

Let r be [[ f(2/,y)dpu(z")v(y'). Then

//\f z,y) — rldp(x)dv(y)

/// /(@) Y dp(a')dv(y'Ydu(z)dv(y)

////'fx y) = [ (@, y)|du(2")dv (y ) du(z)dv (y)+

////'f =y y)ldp(2)dv(y')dp(w)dv (y)

//lfmy Jepldvy) o+ [[[ 1) = eyt vty

=0 (By Equations (5.8) and (5.12))

Thus, f(x,y) = r for almost all (x,y) in X x Y. By Proposition 5.1, the action - is
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ergodic. O]

Proposition 5.3. Let m : G — H be a surjective homomorphism between two count-
able discrete groups. Let o be a free measure-preserving action of G on a countably
separated measure space (X, M, 1) such that o|er(r) is ergodic and p(X) = 1. Let 3
be a measurable action of H on some o-finite measure space. Define an action v of

G on (X XY, xv) by setting

g(x,y) = (g2, 7(9)y), € X,y €Y.

If there is a o-finite measure p on X XY such that p is G-invariant and p is absolutely
continuous with respect to p X v, then there is a o-finite measure vy on'Y such that

vy 18 absolutely continuous with respect to v and vy is H-invariant.

Proof. Since p is absoluely continuous with respect to p x v, by the Radon-Nikodym
Theorem, there exists a non-negative M ® N-measurable function ¢ on X x Y such

that
p(A) = / o(z,y)d(p x v)(z,y) for any measurable subsets A of X x Y. (5.13)
A

For any ¢ € ker(7m) and A € M ® N,

p(gA) = p(A). (5.14)

We have
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p(gA) = / / Xga (2, y)P(z, y)dp(x)dv(y)
- / / xalg™'2,4)é(z, y)du(x)dv(y) (since g € ker(m))

= // xa(x,y)o(gz,y)du(x)dv(y) (since u is G-invariant)

and

p(A) = / / xale, 9)b(e,y)du(z)du(y).

By Equations (5.14), (5.17) and (5.18), for any ¢ € ker(m),

o(gz,y) = ¢(x,y) for p x v-almost all (z,y) in X x Y.

Then

J[19062.) = ot plau@)avty) o

(5.15)
(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

For any g € ker(m), there exists a measurable subset 7, C Y such that v(7,) =0

and

/ 16(g,y) — Bz, 9)|du(z) = 0 for any y € Y\ T},

(5.21)

Let T' = Ugeker(m)Ty- Then T is a measurable subset of Y and v(T') = 0. For any

y €Y \T and g € ker(m),

o(gx,y) = ¢(x,y) for u-almost all x in X.
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Since ker(m) acts ergodically on X, by Proposition 5.1, there exists a complex

number ¢, such that

¢(x,y) = ¢, for p-almost all z in X. (5.23)

Define ¢ : Y — C by

o, y)du(z) =c, ,ifyeY\T

0 JfyeT.

Y(y) =

By the Fubini-Tonelli Theorem, v is a measurable function on Y. Define a measure

vy on 'Y by

n(F) = / ¥(y)dv(y) for any measurable subset F' of Y. (5.24)
F

Then vy is absolutely continuous with respect to v. We will show that v, is o-
finite and is H-invariant. Since p is o-finite, there exist pairwise disjoint measurable
subsets {A4,,}5°, of X x Y such that US° A, = X x Y and p(A,) < oo for all n.
Define ¢, : Y — C by

A, (x,y)du(z) it Y\T
oly) = [ xa, (@ y)dp(z) LifyeY\

0 Jify e T.

Then 1, is a measurable function on Y and

Z¢n(y) =1 foranyy € Y\ T. (5.25)
n=1
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V(Y)Y (y)dv(y)

cyXa, (@, y)du(z)dv(y)
\T (5.26)

I
—
— —

. Xa, (2, y)0(x, y)du(x)dv(y)

=p(A,)

By Equation (5.25), Y\ T = Uy, kenFn i where F,, ={y € Y\ T : ¢, (y) > 1/k}.

—1/1 / ¥(y)dv(y) (By Equation (5.24))
< / Un(y)(y)dv(y)
i (5.27)
<[
=p(A,) < oo (By Equation (5.26)).

Since v(T') = 0, v1(T) = 0. This shows that v is o-finite. For any measurable subset
E of X and measurable subset I’ of Y,

p(E x F) = / / o(z,y)du(x)dv(y) (5.28)
/ Y(y (5.29)
(E)vi(F). (5.30)

Thus p = pu X v1. For any g € G and measurable subset F' of Y, we have

vi(m(g)F) = m(gX)n(m(9)F) = p(9(X x F)) = p(X x F) = v, (F). (5.31)
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Since 7 is surjective, vy is H-invariant. O

Proposition 5.4. [25, Proposition 8.6.10] Let « be a free ergodic nonsingular action
of a countable discrete group G on a countably separated measure space (X, ). Then

L>®(X) x4 G is a factor. Moreover,

(1) L=(X) oG is type L, if p({zo}) > 0 for some xg € X and n is the cardinality
of G.

(ii) L=(X) xq G is type 11y if p({z}) =0 for all x € X and there exists a nonzero
finite measure 11 on X which is G-invariant and is absolutely continuous with

respect to .

(111) L(X) %G is type Il if p({x}) =0 for all x € X and there exists an infinite
measure(o-finite) py on X which is G-invariant and is absolutely continuous

with respect to .

(iv) L®(X) x4 G is type 111 if p({x}) = 0 for all x € X and there does not exist
a nonzero o-finite measure py on X which is G-invariant and is absolutely

continuous with respect to .

The following proposition is due to Houdayer and Vaes [21, Corollary B] where
G=F,and H =7.

Proposition 5.5. Let m: G — H be a surjective group homomorphism between two
countable discrete groups. Assume that G is nonamenable and H is amenable. Let o
be a free ergodic measuring-preserving action on a countably separated measure space
(X, ) with p(X) =1 and p({x}) = 0 for any x € X. Assume also that ofxer(x) is
ergodic. Let B be a free ergodic non-singular action of H on a countably separated

measure space (Y,v) with v({y}) = 0 for any y € Y. Define an action v of G on
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(X XY, uxv) by setting

g(z,y) = (g7, 7(g)y), r€ X,y €Y.

Then
(i) The action v is a free ergodic nonsingular action.

(1) L=®(X x Y, uxv) x, G is a noninjective factor which has the same type (type
IIy, I or III) as L=(Y) x5 H .

Proof. (i) This follows from Proposition 5.1.

(i) By (i), L™®(X x Y, x v)x, is a factor. If L>(Y) xg H is type I1;, then
there exists a nonzero finite measure v on Y which is H-invariant and is absolutely
continuous with respesct to v. Then p X vy is a nonzero finite measure on X x Y
which is G-invariant and is absolutely continuous with respesct to u x v. Hence,
L>*(X xY,uxv)x, G is type 11;.

If L>*(Y') x5 H is type I, then there exists an infinite measure (o-finite) v, on
Y which is H-invariant and is absolutely continuous with respesct to v. Then p X 14
is an infinite measure (o-finite) on X X Y which is G-invariant and is absolutely
continuous with respesct to u x v. Hence, L®(X x Y, u x v) ., G is type Il.

If L°(Y') xp H is type I11, then there does not exist a nonzero o-finite measure
vy on Y which is H-invariant and is absolutely continuous with respesct to v. By
Proposition 5.3, there does not exist a nonzero o-finite measure on X x Y which is
G-invariant and is absolutely continuous with respesct to p x v. Hence, L>®(X X
Y, xv)x, G is type 111

Noninjectivity of L>(X X Y, x v) x, G can be proved in the same way as [21,

Corollary B] where G = F» and H = Z. O
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Proposition 5.5 gives examples of non-injective factors of the form L>(Z) 3, Fi.

Example 5.6. (Type I1,) Take G to be Fl, (the free group on a countably infinite
number of generators ay,as,...), X to be [0,1]%> and u to be the infinite product
measure of Lebesgue measure. Consider the Bernoulli action of G on X: G acts on
X by

g12(g2) = x(gflgg) for any ¢1,¢92 € G and x € X.

Take H to be the rationals Q, Y to be the real line and v to be Lebesgue measure.
H acts on Y by translation. Let 7 : F,, — Q be any surjective homomorphism such
that ker(m) contains the generator a;.

Since the Lebesgue measure v is an infinite measure which is invariant under H,
L>(Y,v) x5 H is a type 11, factor. For details, we refer the reader to [25, Example
8.6.13].

Example 5.7. (Type III) Take G to be F, (free group on countably infinite genera-
tors ay, as, ...), X to be [0, 1]¥= and u to be the infinite product measure of Lebesgue

measure on X. G acts on X by

g17(g2) = x(gy *go) for any g1,90 € G and z € X.

Let Y be the real line and let v be the Lebesgue measure. Let H be the group of
maps * — cx +d : R — R where ¢,d are rationals and ¢ # 0. Let 7 : F,y — Q be
any surjective homomorphism such that ker(m) contains the generator a;.

Since there does not exist a nonzero o-finite measure v; on Y which is absolutley
continuous with respect to v and is invariant under H, L>(Y,v) x3 H is a type 111

factor. For details, we refer the reader to [25, Example 8.6.14].
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6. CHANGING REPRESENTATIONS*

In this section, we will show that if a countably decomposable von Neumann
algebra M C B(H) is *-isomorphic to any close von Neumann algebra and M; C
B(X) is *-isomorphic to M, then M; is *-isomorphic to any close von Neumann
algebra. The question can be solved if for any von Neumann subalgebra N; of
B(X), we can find a von Neumann algebra N C B(JH) which is *-isomorphic to N;
and N is close to M. It is a known fact that any *-isomorphism between two von
Neumann algebras is a composition of three types of *-isomorphisms (See Theorem
2.16): an amplification, cutting down by a projection in the commutant, a spatial
isomorphism. For amplifications and spatial isomorphisms, we can bring two close
von Neumann algebras acting on a Hilbert space to two close von Neumann algebras
acting on a possibly different Hilbert space. Complications occur since it is not
known whether close von Neumann algebras have close commutants. The case of
properly infinite von Neumann algebras is easy as it is known that close properly
infinite von Neumann algebras have close commutants. The work of [3] solved this
question when M is a type 1I; factor. Based on the methods used in [3], we solve this
question first for a cyclic representation M; of M and then for any faithful normal
unital *-representation M; of M.

In [3], the following definitions were made:
Definition 6.1. Let M be a von Neumann algebra acting on a Hilbert space J.

(i) We say M is strongly Kadison-Kastler stable if for any positive number n > 0,

there exists a positive number € > 0 such that: for any faithful normal unital

"Reprinted with permission from ”Perturbations of certain crossed product algebras by free
groups” by Wai-Kit Chan, J. Funct. Anal. 267 (2014), no. 10, 3994-4027, Copyright 2014 by

Elsevier.
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*-representation 7 : M — B(X) and for any von Neumann algebra N C B(X)
with d(m(M), N) < e, then there is a unitary v € B(X) such that ||u — 1| < n
and uMu* = N.

(ii)) We say M is Kadison-Kastler stable if there exists a positive number ¢ > 0
such that: for any faithful normal unital *-representation m : M — B(X) and
for any von Neumann algebra N C B(X) with d(n(M),N) < €, then n(M)

and N are spatially isomorphic.

(i1i) We say M is weakly Kadison-Kastler stable if there exists a positive number
€ > 0 such that: for any faithful normal unital *-representation m: M — B(X)
and for any von Neumann algebra N C B(X) with d(w(M), N) < €, then w(M)

and N are *-isomorphic.

We will need terminology which is slightly different from these. The primary
difference is that we consider a von Neumann algebra M in a representation on a

specific Hilbert space J.
Definition 6.2. Let M be a von Neumann algebra acting on a Hilbert space J.

(i) We say M is Kadison-Kastler stable on 3 if there exists € > 0 such that for
any von Neumann algebra N C B(H) with d(M,N) < €, then M and N are

spatially isomorphic.

(ii) We say M is weakly Kadison-Kastler stable on H if there exists ¢ > 0 such
that for any von Neumann algebra N C B(H) with d(M,N) < ¢, then M and

N are *~isomorphic.

A question arises as to whether dependence on H in definition 4.2 can be removed.

We do not know the full answer to this, but in this section we show that for countably
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decomposable von Neumann algebras M C B(H), weak Kadison-Kastler stability on
H carries over to any other faithful normal unital *-representation of M on another
Hilbert space. We also show the same conclusion for Kadison-Kastler stability on JH
when M is a type III factor with separable predual.

Throughout this section, for a projection e in a von Neumann algebra M C B(%H),
c. stands for the central support of e relative to the von Neumann algebra. For a
projection ¢’ € M" and = € M, we denote by z. the restriction of z on €'(HH). Also,

we denote by M, the von Neumann algebra {z. : x € M}.

Lemma 6.3. Let P be a finite von Neumann algebra acting on a Hilbert space H and
let £ be an infinite dimensional Hilbert space. Let {e;};., be an orthogonal family of
minimal projections in B(L) with sum equal to 1. Then any projection in PRB(L)

is equivalent to Y.\ fi ® e; for some projections f; € P.

Proof. First, we will show that for any nonzero projection e in PQB(L), there exist a
nonzero central subprojection p of ¢, in Z(P®RB(L)) and projections f; in P such that
pe ~ p(D ien fi ®€i). Let {g;};., be a maximal orthogonal family of subprojections
of ein P@B(L) such that g; ~ c.(1®e;) for all j. (If such a family does not exist, take
Q = (). By maximality, we cannot have e =3, g; = c.(1®e;) and so there exists a
nonzero central projection p’ in Z(P®B(L)) such that p'(e —>_.cq gj) < pec(1®@e;).
Take p = p'c.. Now, 1 ® e; is finite in P®B(L) and so is p(1 ® e;). Since p =
> iea P(1 ®e;), by applying generalized invariance of dimension (See Theorem 2.14)
to the von Neumann algebra p(P®B(L)) with test projection p(1® e;), we conclude

that | < |A|. Fix g in A. Since A is an infinite set, there exists Ay C A\ {ip} such
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that |Q2] = |A¢|. Then

> pgi~ > plee)

JEQ 1€EA

ple=> gi)~g

JEQ

for some subprojection g of p(1®e;,). Now p is a central projection in Z(P®B(L)),
so there is a central projection ¢ in Z(P) such that p = ¢ ® 1. Also, p(1 ®
ei,) POB(L) p(1®e;,) = p(PRCe;,) C PRCe;,, so there is a projection f;, in P such
that g = fi, ®ej. So pe = ple =3 cq 95) + 2 jea 9 ~ Pfio @ € + 2 ien, (1@ €)).
This proves our first claim.

Let e be a nonzero projection in P®B(L). Let {ps},.s be a maximal or-
thogonal family of nonzero central subprojections of ¢, in PQB(L) such that each
Pat ~ DD _icn fia @ €;) for some projections f;, in P. By maximality and the first
paragraph, we have ) _<p, = c.. Since p, is a central projection in Z(PRB(L)),
Pa = Go ® 1 for some central projection ¢, in Z(P). Then e = ) _opae ~
> aes 2ien(lafia) ® =3 icp (D aes Gafia) ® €. [

Lemma 6.4. Let P and () be von Neumann algebras acting on some Hilbert space
H. Assume that d(P,Q) < v < 1/4 and e is a projection in P' N Q. If the central
support of e relative to the von Neumann algebra P’ is 1, then the central support of

e relative to the von Neumann algebra Q)" is 1.

Proof. Let g be the central support of e relative to the von Neumann algebra ()’

1/2

Then there exists a projection p in P such that |1 — ¢ — p|| < 272~ by Proposition

2.27 (ii). By Proposition 2.26, p € Z(P). Then

Ipell = [|(1 — g — ple|| <272y < 1.
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Since pe is a projection, pe = 0. As the central support of e relative to the von

Neumann algebra P’ is 1, p=0. Thus ||[1 —¢|| <272y <1 and ¢ = 1. O

Proposition 6.5. Let My C B(H) be a finite von Neumann algebra with a cyclic
vector and let m: My — M C B(X) be a *~isomorphism of von Neumann algebras.
Assume that Ng C B(H) is another von Neumann algebra such that Z(No) = Z(My)
and d(My, No) < v < 1/84. Then there exists a von Neumann algebra N C B(X)

with d(M, N) < 21y and a *~isomorphism p: Ny — N.

Proof. By Theorem 2.16, there exists an infinite dimensional Hilbert space £, a pro-
jection €' € (My®Cl,)" with central support equal to lygs and a unitary u: ¢/ (H ®
L) — K such that

m(x) = u(r ® 1g)eu™ for any z € M.

Fix an orthogonal family of minimal projections {e;},., in B(£) with sum equals
to 1;. Since My is a finite von Neumann algebra with a cyclic vector, M{ is finite
by Proposition 2.7. By Lemma 6.3, there exist projections f; € M{ and a partial

isometry v € Mi®B(L) such that

/
E fi®e, v =¢€.
€A

Define a unitary v;: e’/(H @ L) — ¢/ (H ® L) by v1€ = v for any £ € ¢’"(H ® L).

Then for any x € My, we have

(z® 1)y =vi(z @ 1)y,

m(z) =u(z ® 1) u* = uvi(z @ 1) viu

By Proposition 3.5, My C 14z, Ng- By Proposition 2.27 (i), there exist projections
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g; € N{ such that

Ifi — gl <272 4(1+ V2)y < 1.

Then, by Proposition 2.25, there exist unitaries w; € B(H) such that

|lw; — Lge]| < \/§||fz —gil <4(1+ \/5)% w; fiw; = g;.

Let w = ) .., w; ® ;. Then w is a unitary in B(H ® £) such that w*e"w =
Yoicn 9i @€ € Ny@B(L) = (No®C1y)', so €” € (My&Clg) Nw(No@Clyg) w*.
Define p: Ny — B(X) by

p(z) = vv(w(z ® 1g)w") viu".

Since €” is equivalent to ¢’ in (My®Clg)’, €’ has central support lyg, relative to

(My®C1,)". Since

d(M0®C1£,w(NO®C15)w*) < d(Mo, N()) + 2||w — 19{@5” <7+ 8(1 + \/5)’7 <21y < 1/4 ,

and by Lemma 6.4, ¢” has central support 1y, relative to w(No®@Clg) w*. So p is

a *-isomorphism onto its image. Let N = p(NNg). Then

d(M, N) < d(Mo@ClL,’(U(NQ@ClL)U)*) < 21’}/

]

Proposition 6.6. Let My C B(H) be a properly infinite von Neumann algebra and
m: My — M C B(X) be a *isomorphism of von Neumann algebras. Assume that

No € B(XH) is another properly infinite von Neumann algebra such that d(My, Ny) <
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v < 1/28. Then there exists a von Neumann algebra N C B(X) with d(M,N) < 7~y

and a *-isomorphism p: Ny — N.

Proof. By Theorem 2.16, there exist a Hilbert space £, a projection ¢’ € (My®Cl)’

with central support equal to lyg, and a unitary u: €/ (H ® £) — XK such that
m(z) =u(z ® 1g)eu” for any x € M,.

Since Ny®Cly is properly infinite and Ny®@Cl, C, My®Cl,, by Proposition 2.29
(i), we have

(M()@Clg), Cay (N()@(Clg)/.

By Proposition 2.27 (ii), there exists a projection f’ € (Ny®Cl.)" such that || f" —
el < \/Lﬁ -3y < 1. By Proposition 2.25, there exists a unitary w € B(H ® £) such
that w*e'w = f' and ||w — laec| < V2|l = f/|| < 3. Then ¢’ € w(Ny®Clg)w*

and
d<M0®6157w<N0®(ClL)w*) < 2||U} — 19{@@” + d(MQ, Ng) < 77 < 1/4

As noted in the beginning of the proof, the central support of €’ relative to (My&Cl,)’
is 1g¢gs. By Lemma 6.4, the central support of €’ relative to w(No@Clg) w* is lyge.

Define p : Ny — B(X) by
p(x) = u(w(r @ 1z)w*)eu” for any x € Ny.
Then p is a *-isomorphism onto its image N = p(Np) and
d(M,N) < d(My®Clg, w(No®@Clg)w*) < 7.
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]

Proposition 6.7. Let My C B(H) be a von Neumann algebra with a cyclic vector
and m: My — M C B(X) be a *~isomorphism of von Neumann algebras. Assume
that Ny C B(H) is another von Neumann algebra such that d(My, No) < v < 1/924.
Then there ezists a von Neumann algebra N C B(X) with d(M,N) < 231y and a

*_isomorphism p: Ng — N.

Proof. Let Z(My) and Z(Ny) be the center of My and Ny respectively. By Proposition
2.31, there exists a unitary v € B(H) such that |[u — 15| < 5y and Z(My) =
uZ(No)u*. Let Ny = ulNou*. Then Z(N;) = Z(My) and d(Ny, My) < 2[ju — 1g|| +
d(No, My) < 117. Let p be the largest central projection in Z (M) such that Myp
is finite. By [14, Lemma 3.5], p is the largest central projection in Z(N;) such that
Nip is finite. If p is 1g¢, the proposition follows from Proposition 6.5. Otherwise,
lg¢ — p is nonzero and My(13c — p) is properly infinite. In this case, Ni(1s5 — p) is
also properly infinite.

Let ¢ = w(p). Let m : Myp — Mq C B(¢X) be the *-isomorphism defined by

m(zp) = w(x)q for any z € M,.

Let w9 : My(19c —p) = M(1x — q) € B((1x — ¢)X) be the *-isomorphism defined by

Ta(z (13 — p)) = m(z)(lx — q) for any x € M.

Since M, has a cyclic vector, Myp (acting on pH) has a cyclic vector. Applying
Proposition 6.5 to Myp and Njp, there exists a *-isomorphism p; : Nyp — p1(N1p) C
B(¢X) such that d(p1(Nip), Mq) < 21 - 11~.

Applying Proposition 6.6 to My(15—p) and N;(15c—p), there exists a *-isomorphism
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p2 : Ni(lsc—p) = p2(Ni(lsc—p)) € B((1x—q)XK) such that d(pa(N1(13c—p)), M (1xc—
q)) < T7-117.

Let N be p1(N1p) @ po(Ni(13c — p)). Then N is a von Neumann algebra acting on
X. Define p: Ny — N by

p(x) = p1(uru’p) @ pa(uru*(ly — p)) for any z € Np.

Then p is a *-isomorphism and d(M, N) < max{21 - 11,7 - 11y} = 231~. O

Proposition 6.8. Let My and Ny be von Neumann algebras acting on a Hilbert space
B(H). Assume that My is countably decomposable. Suppose that d(My, No) < v <
107%. Then there exist a Hilbert space X, von Neumann algebras M and N acting
on X such that M has a cyclic vector, M is *~isomorphic to My, N is *~isomorphic

to Ny and d(M,N) < 210,/7.

Proof. Let Z(M,) and Z(Ny) be the center of My and Ny respectively. By Proposition
2.31, there exists a unitary u € B(H) such that |[u — 1y|| < 5y and Z(My) =
uZ(No)u*. Let Ni = uNou*. Then Z(Ny) = Z(My) and d(Ni, M) < 2||u — Lac|| +
d(No, Mp) < 11~.

By [3, Lemma 4.8] and a maximality argument, there exists an orthogonal family
of projections {p;}ica in Z(My), cyclic projections {e;};cp in M{ and projections

{fi}iea in N] such that

Zpizlﬂf,

TSN
e <pi,fi < Pi,Ce;, = Pi

lle: = fill < 214/117.
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Let e = > . che;and f = > .\ fi . Since My is countably decomposable, A is
countable. Since e is a sum of a countable family of cyclic projections in M/ and
{¢ce, }iea are pairwise orthogonal, e is a cyclic projection in M{. Also, the central

support of e relative to M is 1g.. Since

le— £l < 21/T1y < 1,
by Proposition 2.25, there exists a unitary u € B(H) such that u*eu = f and
= Lacll < Ve - £ < 21V3/TT.
Then e € uNju*. Since
d(My, uNyu*) < d(Mo, Ny) + 2|lu — 1gc|| < 117 4 42v/2,/11y < 2107 < 1/4 ,

by Lemma 6.4, e has central support 1 relative to uNju*. Let X be e, M be (M),

and N = (uNju*).. Then

and the proposition follows. O

Theorem 6.9. Let M be a countably decomposable von Neumann algebra acting on
a Hilbert space H. If M is weakly Kadison-Kastler stable on H, then M is weakly

Kadison-Kastler stable.
Proof. This follows by combining Propositions 6.7 and 6.8. O]
Proposition 6.10. Let M and N be type 111 factors acting on a Hilbert space H.
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Assume that M has separable predual and d(M,N) < v < 1/300. If p : M — N is
a *-isomorphism, then there exists a unitary w € B(H) such that p(r) = wrw* for

any r € M.

Proof. First, observe that for any vector £ € H, [M¢] is separable. Indeed, since
M has a separable predual, the closed unit ball of M is compact and metrizable
under the weak operator topology. Hence the closed unit ball of M has a countable
WOT-dense subset C. Thus [M¢] = [C€] is separable.

Let {e; }ica be an orthogonal family of cyclic projections in M’ with sum equal to
1g¢. Let A be the von Neumann algebra generated by {e; : ¢ € A}. Then A is abelian.
Since N C, M and N is properly infinite, by Proposition 2.29 (i), M’ Cs, N'. Then
A C3, N'. By Theorem 2.35 (i), there exists a unitary u € B(H) such that uAu* C N
and ||lu — 1g¢|| < 150 - 3y. Let Ny = u*Nu. Then e; € Nj for all i € A. Define a

*-isomorphism v; : M., — (Ny),_ by

Yi(ze,) = (U p(x)u),, for any x € M.

By the first paragraph, e;J is separable for all « € A. Since M., and N,, are type III
von Neumann algebras acting on a separable Hilbert space e;H, by [25, Proposition
9.1.6], both algebras have a cyclic and separating vector. By [25, Theorem 7.2.9],
there exists a unitary v; € B(e;H) such that 1;(z.,) = vize, v} for any © € M. Let

v =1 ..o V- Then v is a unitary in B(J) and for any x € M,

vavt = Zvixei P = Z<U*<P(5U)U)e = up(z)u.
ieA ieA
Thus ¢(z) = wwz(uw)*. -

Theorem 6.11. Let M be a type 111 factor with a separable predual acting on a
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Hilbert space H. If M is weakly Kadison-Kastler stable on H, then M 1is Kadison-

Kastler stable.

Proof. By Theorem 6.9, M is weakly Kadison-Kastler stable. In other words, there
exists € > 0 such that: if (p, £) is any faithful normal unital *-representation of M
and N C B(£L) is another von Neumann algebra with d(p(M), N) < ¢, then p(M)
and N are *-isomorphic. By [23, Corollary A and Lemma 11], N is also a type III
factor whenever d(p(M), N) is sufficiently small (independent of p). Then, when
d(p(M), N) is sufficiently small, any *-isomorphism between p(M) and N is spatial

by Proposition 6.10. This proves the theorem. O

Corollary 6.12. The von Neumann algebras of Examples 5.6 and 5.7 are respectively

weakly Kadison-Kastler stable and Kadison-Kastler stable.
Proof. These algebras have separable preduals so Theorems 6.9 and 6.11 apply. [

Lemma 6.13. Let M and N be von Neumann algebras acting on the same Hilbert

space H and K be another Hilbert space. Then d(M,N) < d(M&B(X), N B(X)).

Proof. Let e = d(M®B(X), N®@B(X)) and let p be any normal state on B(X). Then
there exists a normal completely positive map E : B(H)®B(X) — B(H)®Clx
such that F(z ® y) = x ® p(y)lx for any 2 € B(H) and y € B(X). Note that
E(M®&Cly) = M®Clg and E(N®Cly) = N®Clx. Let x be any element in the
unit ball of M. Then there exists an element z in the unit ball of N®B(X) such
that ||z ® 1g — z|| < e. Note that E(z) =y ® 1 for some element y in the unit ball
of N. Then

[z =yl = llr @ lx —y © lxcl| = [[E(z @ 1 = 2)[| < [l @ 1xc — 2[| <e.
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By the same argument, we can show that any element in the unit ball of N can be
approximated by an element in the unit ball of M within a distance e. This shows

that d(M, N) < d(M&B(X), N&B(X)). O

Proposition 6.14. Let M be a von Neumann algebra acting on a Hilbert space JH

and X be any Hilbert space. If M is strongly Kadison-Kastler stable, so is M&B(X).

Proof. Let n > 0. Let ¢ > 0 be a number as in Definition 4.1(i) for M. Let
m: MRB(X) — B(L) be any faithful normal unital *-representation. Let €; be
min{ %, 557, 755} and let My = 7(M®B(X)). Assume that N C B(L) is any von
Neumann algebra such that d(N, M;) < €. Let P be m(Cly®B(K)). Then P is
injective and P C., N. By Theorem 2.35 (i), there is a unitary u € B(£L) such that

|lu—1z]] < 150€; and uPu* C N. Let Ny be u*Nu. Then P C N; and
d(Ml, Nl) < d(Ml,N) -+ 2||U, — 1,@“ < €1 + 300e; = 301¢,. (61)

Let {& }iea be an orthonormal basis for K and {e; ;}i jea be a system of matrix units
for B(X) such that e;; is a rank-one projection onto the subspace spanned by &;. Fix
ip € A. Let f;; =m(lyc®e;;). Let w: L = fi ;) (L)@K be the unitary map defined
by

w(Q) =Y fipuiC @& for any ¢ € L.

ieA
For any € P’, x commutes with any f; ; and hence wrw* =« Figin @ L. This shows
that wMjw* = (Mq)y, ,, ®Clx and hence wMw* = (M), . @B(X). Similarly,
wNyw* = (N)y, , @B(X). Then by Lemma 4.13 and inequality (6.1),

d<<M1>inﬂ.0, <N1>fi07i0) < d(lew*,lew*) = d(Ml, Nl) < 301¢; <. (62)
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Note that 7 induces a *-isomorphism between (M)y, .

and (M®B(j<:>>19—(®€i0,i0 :
Hence, (M), ,, is ™isomorphic to M. Since M is strongly Kadison-Kastler stable
and by inequality (6.2), there is a unitary v € B(f;,,(£)) such that ||jv —1|| < n and

v(My) g, ., v = (N1)g,, .- Let v2 be w*(v @ 1 )w. Then [jva — 1| = [Jlv —1|| <75 and

Jigyig

veMivy = Ny = u*Nu. So uvaM(uvy)* = N and ||uvg — 1| < [[u—14]|+]jv—1¢] <

150€; +1n < 2n. O]

Remark 6.15. For any integer n > 3, let a : SL,(Z) ~ (X, ) be a free, ergodic
and measure preserving action of SL,(Z) on a standard nonatomic probability space
(X, ). Theorem A of [3] states that M = (L*>°(X, p) X SL,(Z))RR is a strongly
Kadison-Kastler stable 11y factor where R s the hyperfinite 11, factor. Combining
this result with Proposition 6.14, M = (L°°(X, 1) X0 SL,(Z))QRRB(X) is a strongly
non-injective Kadison-Kastler stable 11, factor for any infinite dimensional Hilbert

space K.
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7. CONCLUSION

In section 4, we have shown that P x, G is *-isomorphic to any nearby algebras
when P is an injective von Neumann with a cyclic tracial vector and « is a free
action of a free group G of n (n = 2,3...,00). As remarked before (See Remark
4.12), the same result holds for more general groups when a cohomological condition
is satisfied. It would be interesting to know if this result holds for all countable

discrete groups without any cohomological assumptions on the action «.
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