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ABSTRACT

Radial basis functions have been used to construct meshfree numerical methods
for interpolation and for solving partial differential equations. Recently, a localized
basis of radial basis functions has been developed on the sphere. In this dissertation,
we investigate applying localized kernel bases for interpolation, approximation, and
for novel discretization methods for numerically solving partial differential equations
and integral equations. We investigate methods for partial differential equations
on spheres using newly explored bases constructed from radial basis functions and
associated quadrature methods. We explore applications of radial basis functions to
anisotropic nonlocal diffusion problems and we develop theoretical frameworks for

these methods.
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1. INTRODUCTION AND BACKGROUND

A judicious choice of basis can make all the difference in the success of a numerical
method. We explore and develop numerical methods for applied problems using a
recently developed localized basis of kernel functions. The basis is constructed by
linear combinations of radial basis functions. In many ways, this new basis maintains
the flexible approximation powers of radial basis functions (RBFs) for scattered data
while simultaneously avoiding the downsides of RBF methods. The localized basis
enables interpolation of scattered data on manifolds such as spheres and we explore
developing an analogous basis in R?. Due to the desirable properties of the basis
for interpolation and approximation, we may consider constructing discretization
spaces for solving partial differential equations and integral equations in a variety of
settings.

We consider the following classical interpolation problem: let Q@ C R? be a
bounded set and let {z;}Y, = X C Q be a set of scattered points (called centers).
Let {y;}, be a set of known data values (e.g., samples of a function y; = f(z;)).
The interpolation problem seeks an interpolant s : @ — R which satisfies s(z;) = y;.

Let mx(R?) denote the space of polynomials of degree at most N on R% In
the case d = 1 with X C R, the interpolation problem always has a unique in-
terpolant s € my_1(R). That is, there exists a subspace of functions which always
admits a unique interpolant, regardless of the location of the centers. For d > 1,
the Mairhuber-Curtis theorem demonstrates that it is not possible to fix a subspace
of functions that always admits a unique interpolant regardless of the location of
the data sites [28]. This result implies that the interpolants must be constructed by

taking into account the configuration of the centers. This raises the difficult problem



of requiring a customized subspace of functions for each different set of centers.
1.1 Radial Basis Functions

One possible solution to the interpolation problem is to use radial basis functions.
In this section, we define radial basis functions and we discuss their applications to
scattered data interpolation, previous work, and other applications of radial basis
functions. Let ¢(r) : RT — R be a continuous function and define the function
® : R — R by ®(z) = ¢(||x]|). We say such a function ® is radial. Let Q C R? be a
region of interest where we have some given data. Let {z;}Y, = X C Q be a finite

set of centers, and define the space

Vx = span{®(z — x;) : 7; € X }.

Given data values {y;}7_,, we seek an interpolant in Vx which is a linear combination
of translates of ®. This leads to a system of N equations in N unknowns with

conditions
N

i=1
If we let A;; = o(||z; — z;||) and let (€); = ¢; and (¥); = y;, then we seek a solution
to the problem Ac¢ = 1. We refer to the matrix A as the interpolation matrix. This
leads to the following question: what functions ¢ : Rt — R necessarily generate an
invertible interpolation matrix for any set of centers? This problem remains open,
but the following restricted question is a classical question in analysis: what functions
 generate a positive definite interpolation matrix for all sets of centers? Bochner’s
theorem characterizes all positive semi-definite functions as the Fourier transform of
a non-negative Borel measure. A useful corollary is that a continuous, integrable

function ® : RY — R is positive definite if and only if ® is bounded and its Fourier



transform is non-negative and non-vanishing. One such example is the Gaussian
o(r) = exp(—ar?) for a > 0 [28].

A more general notion is that of a conditionally positive definite function of order
m. Recall that 7,,(R?) is the space of at most degree m polynomials on R%. We say
that ¢ : Rt — R is conditionally positive definite of order m on R if and only if for

any set of scattered centers, the quadratic form

> aaje(fla — )

i=1 j=1

is positive for any set of scalars {;}Y, not identically equal to zero that satisfy

N
Z Oéip(l“z‘) =0
i=1

for all p € m,_1(R%). That is, the interpolation matrix is positive definite on a

subspace “orthogonal” to the polynomials. One such example is the thin plate spline

o(r) = r?log(r), which is conditionally positive definite of order 2 on every R<.

Interpolating data on a set of centers with a conditionally positive definite function

requires the addition of polynomial constraints to ensure the existence and uniqueness
N

of an interpolant. Given centers {x;}}_, and data values {y;}}_,, the interpolation

problem is to find coefficients {c;}, and {b;};"¢ such that

N mqy
yi =Y cpllzy —zill) + > bipi())
i—1 1=0
N

subject to Zcipl(xi) for 0 <1< my

=1

where {p;}"% form a basis for m,,_1(R%).



Radial basis functions have been actively explored for the past several decades.
Hardy’s work with the multiquadric was one of the first explorations of radial basis
functions for interpolation, dating back to work in 1971. Duchon’s investigation of
the thin plate spline used a variational approach of minimizing a semi-norm [5]. The
thin plate spline was found to be the minimizer of a certain energy functional (which
has a physical interpretation as the bending energy of a thin metal plate). Later,
Meinguet pushed forward the use of thin plate spline interpolation for numerical
methods [20, 21, 22].

Radial basis functions are actively being researched for discretization methods
for partial differential equations. They are particularly intriguing because they do
not require a mesh or triangulation and can be used for high dimensional problems.
In 1990, Kansa introduced a radial basis function method for the solution of partial
differential equations [16]. This work, based on the multiquadric RBF, established
the first collocation method for elliptic, parabolic, and hyperbolic partial differen-
tial equations. Future work has explored the application of the Kansa method for
shocks and shallow water wave equations. Engineers have reported success in using
these methods for modeling high order differential equations which often are diffi-
cult for finite element methods. Unfortunately, Kansa’s method does not guarantee
a solution. Hon and Schaback reported an example of a differential operator, ra-
dial basis function, and set of centers which yielded a singular collocation matrix
[15]. Furthermore, no error estimates have been proven for Kansa’s method. In con-
trast to Kansa’s method, the symmetric radial basis function method introduced by
Fasshauer guarantees an invertible collocation matrix and provides error estimates,
but at the cost of requiring basis functions to be twice as smooth as Kansa’s method
6].

Galerkin methods are of interest because they provide a functional analytic frame-



work for constructing error estimates. Much work over the past several decades has
yielded a wealth of theory which can be readily applied to produce error estimates
provided the basis of functions being used has known interpolation error estimates.
Since radial basis function methods have known error estimates for certain kernels,
this suggests a Galerkin method using radial basis functions is viable theoretically.
While these have been investigated, due to difficulty with numerically integrating
radial basis functions to construct elements in the stiffness matrix, these methods
have not been pursued as actively as collocation methods. In contrast to Kansa’s
collocation method, Wendland developed error estimates for a Galerkin radial basis
function method for elliptic partial differential equations [27].

Radial basis function (RBF) interpolation offers interpolation of possibly highly
scattered, high dimensional data. Two computational drawbacks associated with
RBF interpolation are the construction of the interpolant and subsequent evaluation
of the interpolant. Given N centers, constructing the interpolant requires inverting
a matrix where the number of rows is O(N). For globally supported RBFs (e.g., the
thin plate splines or Gaussians), the interpolation matrix is dense. The condition
number of the interpolation matrix grows with respect to the minimum distance
between two centers. Therefore, solving for the interpolant on a large set of centers
requires inverting a large, dense, ill-conditioned matrix. The computational cost of
evaluating the interpolant on M points is of order O(M N). Fast multipole methods
have been investigated to reduce the computational complexity of RBF evaluation,
although these methods reduce the accuracy of the interpolant [28].

Radial basis function interpolation has suffered from a so-called trade off prin-
ciple. Consider, for example, the positive definite radial basis function ¢(r) =
exp(—ar?) for & > 0. The Gaussian RBF is positive definite on any R?, but for

numerical approximations, the choice of « is problematic. A large value of « results



in a well-conditioned interpolation matrix, but yields poor approximation of a func-
tion. On the other hand, decreasing « leads to better numerical approximation, but
the condition number grows quickly with the number of centers [28]. There is no
known analytic method for choosing o and some suggest ad hoc methods of guessing
or trial-and-error methods for choosing «. This issue is not unique to the Gaussian;
compactly supported Wendland functions also require a user chosen scale parame-
ter. The thin plate spline does not require a scale parameter and recent work has

demonstrated a “self-scaling” basis which scales automatically with the data density.
1.2 Native Spaces

In this section, we cover background regarding error estimates for radial basis
function interpolation on compact domains in R™. Error estimates for radial basis
function interpolation have been a subject of investigation for at least two decades.
Most RBF interpolation error estimates take place in the native space, a reproduc-
ing kernel Hilbert space corresponding to the (conditionally) positive definite RBF
kernel. We discuss these spaces and their importance as well as error estimates for
functions not residing in the native space. The error estimates for functions not resid-
ing in the native space is crucial for error estimates on partial differential equations
and for approximation error from interpolation of lower smoothness functions.

Let H denote a Hilbert space of functions on 2 C R". We say that a kernel

®: Q) xQ — Ris a reproducing kernel for H if
o 1: &(-,x) € H for all x € Q.
e 2: f(x)=(f,®(-,x)) for all f € H and all x € Q.

We say that H is a reproducing kernel Hilbert space and ® is the reproducing kernel.

An example of a reproducing kernel Hilbert space is Wy (R) with the reproducing



kernel ®(-,z) := exp(—3|z—-|). Not all Hilbert spaces are reproducing kernel Hilbert
spaces. It can be shown that a Hilbert space H having a reproducing kernel is equiv-
alent to the point evaluation functionals being continuous. A consequence of this
result is that L?[a,b] does not have a reproducing kernel since the point evaluation
functionals are not continuous.

Positive definite functions naturally relate to reproducing kernel Hilbert spaces.
Given a positive definite function, we can directly construct a Hilbert space on which
the function is a reproducing kernel. Let & : 2 x 2 — R be a continuous, positive

definite function We construct a space Hg by considering all finite linear combinations

of ®(-,x). That is,we define
N
Hy := {Z a;®(-,z;):z; € X and N < oo} (1.1)
j=1

We note that this is a space of continuous functions (since ® is a continuous positive

definite kernel). This space may be equipped with a bilinear form

<fa (I)(ay)>¢’ = f(y)

for all f € He and all y € 2. By taking the completion of this space and appropri-
ately identifying the elements in the completion as continuous functions, we have a
Hilbert space He with a reproducing kernel ®. The resulting Hilbert space is called
the native space of the kernel ®, under appropriate interpretation of the elements of
the Hilbert space as continuous functions. See [28] for a more thorough discussion.
In the context of a conditionally positive definite function, the concept of a native
space is significantly more technical. The interested reader is strongly encourage to

consult [28] for a much more thorough and full discussion and exposition on the topic



of native spaces and reproducing kernel Hilbert spaces, as well as a complete and
rigorous discussion of native spaces for conditionally positive definite functions.

We refer to the Sobolev space on a region (2, denoted W:(Q) to be the collection
of LP functions with up to order k L? weak derivatives. That is,

WkEQ) .= {f € LP(Q) : D*f € LP(Q) for |a| < k}.

p

The Sobolev space is equipped with the Sobolev norm given by

1/ lwp ) == ( > ||D“f||’£p>p.

la| <k

For the case p = 2, which is frequently of interest for our purposes, the Sobolev space
is a Hilbert space. In addition to the Sobolev norm on W5 (), we also may use the

Sobolev semi-norm given by

[flwg) = (Z HD“inz)z-

laf=k

We define the Beppo-Levi space BL(R™) to be the space of functions
BL(R") i= {f € L(R") : |fluypqar) < o).

The Beppo-Levi space is a semi-Hilbert space when equipped with the above semi-
norm. We note that polynomials of degree less than £k are contained within the kernel
of the Beppo-Levi semi-norm.

We refer to the surface splines or thin plate splines of order m, denoted ¢,, :



R¢ — R, to be the functions

|z||?m d is odd
Pm([l]]) =

z|*™4log(||z||) d is even.

These functions are conditionally positive definite of order m. If m,,_;(R?) denotes

the space of degree at most m — 1 degree polynomials on R?, then the bilinear form

N

> aia;6(]|x; — al]) > 0

(2
provided that S-N  a;p(z;) = 0 for each p € m,,_1(R%). Informally, we may interpret
this as the thin plate splines being positive definite on a subspace “orthogonal” to
the polynomials of degree at most m — 1. The interpolation space for these functions

takes the form

S(X):= {Z aipm (- — ;)| Z ap(x;) = 0for all p € w1} + mp1.

r;,€EX r;€EX

Since the ¢, are conditionally positive definite, on a set of scattered centers X,
the interpolation problem has a unique solution provided that the set of centers is
unisolvent. We say a set of points X is unisolvent with respect to m,,_;(R?) if the
only polynomial which is zero on all of X is the zero polynomial. We note that this
is a mild condition that should not cause issue (except, possibly in the case of very

few points or points that lie exactly along a plane or line).
1.3 Error Estimates

We first discuss error estimates for radial basis function interpolation. Histor-

ically, these estimates were primarily restricted to functions residing in the native



space of the kernel. This restriction was suspected to be artificial, as numerical
experiments with functions not smooth enough to reside in the native space (e.g.,
WE(Q)) would still present predictable convergence rates. Characterizing the con-
vergence rates requires knowledge of the geometry of the centers. Analogous to the
finite element method, where the convergence rate of the scheme depends on the size
of the largest elements (denoted by h), radial basis function interpolation conver-
gence rates depend on the largest gaps in the distribution of the centers (a quantity
aptly also denoted by h). We note that the radial basis function estimates are anal-
ogous to the error estimates typically derived for finite element schemes; typically,
one expects the solution to a function in W¥(Q) to converge at a rate of O(h¥) in
the L? norm. Additionally, one expects the solution to converge at a rate of O(h¥=)
in the W$*(€2) norm. Such results have been developed for radial basis functions and
we present them below.

The geometry of the data affects the quality of the interpolant in multiple ways.
Informally, if the data is sufficiently “dense” in the domain, we expect the interpolant
to provide a high degree of approximation to a smooth function. Furthermore, the
distribution of the points may affect the quality of the interpolation matrix. If two
centers x;,x; are very close, then the ¢ and j columns of the interpolation matrix
are very “similar”, which causes the condition number of the matrix to be poor.
Therefore, the challenge for scattered data interpolation is to have well-distributed
data that is sufficiently dense, yet does not clump. We mathematically characterize
these ideas with different quantities to represent the geometric properties of the data.

Let X C 2 be a collection of scattered centers. We define the mesh norm or
fill distance h to be the radius of the largest ball in {2 that does not intersect X.

We define the separation radius ¢ to be half the minimum distance between centers.

10



Mathematically,

inf [lz; — ;]| (1.2)

ho=swpminlle — ol q=
= sup min [lz — z; q.—2%x]€X

TEN Ti€

See Figure 1.1 for a visual example of the mesh norm. We define the mesh ratio
p = %. Informally, for p near one, the centers are nearly uniformly distributed and
large p indicates clustering of points. Let {Xj,,} be a collection of sets of centers
indexed by mesh norm h,q. We say the collections of centers are quasi-uniformly

distributed if there exists constants C4, Cy such that
Ciqg < h < Cy.

Consequently, supy Xna} Pha < %, which implies the mesh ratio is bounded. Quasi-
uniformly distributed collections of centers allow for theoretically shrinking A to zero
while controlling the distributions of the centers so they do not clump arbitrarily as
h — 0. This is a fundamental assumption we assume throughout.

Now that we may quantify geometric properties of the centers, we present a

classical radial basis function theorem for interpolation error estimates.

Theorem 1. [28] Suppose that Q C R? is bounded and satisfies an interior cone
condition. Let ®(z) = (=1)*||z[|**log(||x]|) and let f € Ng(Q2). Let X be a
collection of quasi-uniformly distributed centers and let Ix f denote the radial basis
function interpolant constructed using ®. Then, there exists C' > 0 such that for

sufficiently small h,

|D° f(x) — D*Ix f| < CHE| flyo ).

11



Figure 1.1: The dots represent locations of centers. The quantity h represents the
radius of the largest ball that does not intersect any centers. This quantity measures
how dense the data is in the region of interest.

Analogous results hold for compactly supported Wendland functions. The key
observation in the above theorem is that the function f lies in the native space. This
assumption is highly restrictive, so error estimates for functions not contained in
the native space are of interest. The restriction of error estimates for functions only
residing in the native space was a limiting factor for the theoretical development of
error estimates for methods in partial differential equations. Work by Narcowich,
Ward, and Wendland proved that error estimates can “escape” the native space
for certain radial basis functions [26]. We present an example of such an “escape”

estimate which will prove to be useful for our purposes later.

Theorem 2. Let Q C R? be a compact domain with Lipschitz boundary and satisfy

12



an interior cone condition. For sufficiently small h, and f € WE(Q) for g <k <m,

If = Ix fllL2@) < Chk”f”vv,f(n)

where Ix f € W3(§2) is the thin plate spline interpolant [26].

We briefly remark that the restriction & > g is imperative. If £ < g, then f is
not necessarily a continuous function; by the Sobolev embedding theorem, WF ()
are continuous for k > g. Hence interpolation is a questionable operation.

The proof of this theorem relies on a very important lemma that is interesting
in its own right. The so-called “Zeros lemma” relates different Sobolev norms of a

function that has sufficiently many zeros within a region.

Proposition 1. Let ) C R"™ be a bounded and satisfy an interior cone condition.
Let k be a positive integer with 0 < s < 1, 1 < p,q < 0o and let m € N satisfy
k >m+%f07"p> lork>m+4d forp=1. Let X be a set with mesh norm h that

is sufficiently small. If u € WEts(Q) satisfies u|x = 0, then
k+s—m—d(-1
|U|Wgn(g) S Oh + (p q)+|u|W1§c+S(Q).

In particular, for the choice ¢ = p = 2 and s = 0 (i.e., a non-fractional or-
der Sobolev space), we have |u|w;m (o) < Chk_m\ulwzk(m. As one might suspect, by
noting that a function u and its radial basis function interpolant are zero on the
set of centers, an error estimate for |u — Ixu|wy (o) can be derived. Since the thin
plate splines have error estimates which escape the native space and require no scale
parameter, they are of particular interest for numerical methods besides interpola-
tion. We use these approximation powers later for work involving partial differential

equations and nonlocal diffusion. We briefly remark on the approximation powers of

13



alternative radial basis functions. The Gaussians and multiquadrics enjoy a spectral
convergence result for functions in their native space [18]. That is, for f € Ng(2),

the native space for the Gaussian kernel,

C
e I

For functions in the native space, the interpolant rapidly converges to the function
at an exponential rate. However, the trade off is the small size of the native space.
Elements of the native space for Gaussians and multiquadrics are necessarily analytic,
which is a “small” space. In contrast, the thin plate splines guarantee convergence
to less smooth functions. In particular, it has been shown that error estimates for
functions outside of the native space exist.

Now that we have some understanding of the approximation powers of radial basis
functions, we consider how numerically stable the construction of the interpolant
is. The construction of the interpolant requires the solution of a linear system of
equations, and hence the solution of a matrix equation via some iterative method
or by LU decomposition. The solution of a matrix equation by iterative methods
can be sensitive to noise in the data, which is a guaranteed reality since computers
are involved. The condition number of a matrix measures, roughly, how much small
perturbations in the data affect the solution to a problem. For a matrix A, we define
the condition number k(A) := ||A]| ||A™Y||. In the lucky case of a symmetric, positive
definite matrix, we know ||A|| = sup{\ : A € o(A)} where o(A) is the collection of
eigenvalues of A. Furthermore, ||A7!]| is the reciprocal of the minimal eigenvalue of
A. Therefore, we have k(A) := %.

Constructing an accurate solution to a linear system of equations is problem-

atic for “very large” condition numbers. Understanding how the condition number
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changes as parameters for a problem are modified is imperative. For the problem
of radial basis function interpolation, the condition number can be characterized in
terms of the separation radius q. (We note that, in the quasi-uniform assumption,
this number can be bounded above and below by the mesh norm h). The depen-
dence on ¢ is perhaps not particularly surprising; as ¢ shrinks, the centers get closer
and closer. Consequently, two columns of the interpolation matrix will be very close
componentwise, which implies the matrix becomes “more and more nearly linearly
dependent”.

We can quickly measure an upper bound on the maximal eigenvalue for kernels.
To approach this problem, the Gershgorin Circle Theorem for eigenvalues provides a
method to approximate upper bounds on the difference between matrix entries and

eigenvalues:

’)\ — CLZZ‘ S Z CLL]'

i#]
where a; ; are the (7, j) matrix entries. For an interpolation matrix, a; ; = ®(z;, x;),

and consequently,

Amax (4) = @ (25, 2:)| < | @ (5, 25)] < (N = D[|B(-, )10
i#]
Consequently,
Mimax| < NJ@(-, )= < Cq R, )| 2w

The last inequality follows by a simple bound on the number of centers in a region
Q c R?% A significantly more difficult problem is analyzing lower bounds for the
minimal eigenvalue. We refer the interested reader to [28] for a thorough discussion,
but we present some results here. For the thin plate splines ¢(r) = (—1)¥+1r2* log(r),

the minimal eigenvalue falls as ¢?*. Consequently, as ¢ goes to zero, the interpolation
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system may become ill-conditioned. For this reason, constructing an interpolant
on a large set of centers with a small separation radius may be difficult. Solving,
large, dense, ill-conditioned linear systems is a non-trivial computational challenge.
Furthermore, poor condition numbers degrade the performance of iterative methods.
This issue is one of many which motivates our future work with an alternative basis.

We remark briefly on alternative radial basis functions. The compactly supported
Wendland functions also possess an algebraic rate of change in the minimal eigen-
value. On the other hand, the Gaussians suffer from an exponential decrease in
the minimal eigenvalue, which leads to unpleasantly ill-conditioned systems even for

small collections of centers.
1.4 Spherical Basis Functions

The problem of interpolation on Riemannian manifolds is of interest for scientific
applications. In particular, much work has been done in the case of a boundaryless,
compact Riemannian manifold, such as the n-sphere S™. In the case of S™, spherical
basis function (SBF) interpolation has been explored and allows for interpolation
of scattered data. Excluding a few special cases for point distributions along pla-
tonic solids, constructing uniformly spaced points along the sphere is not possible.
Methods requiring regular distributions of points are not available. Therefore, inter-
polation methods which allow for scattered data are imperative for spheres.

Given a set of points (centers) distributed along the n-sphere, a spherical basis
function ® : S x S* — R can be defined by choosing ®(z,y) = ¢(z - y) for ¢ :
[-1,1] — R. For each center x; € {z;}Y,, the spherical basis function is the

rotation to the point z;, ®;(x) = ¢(x - ;). The interpolant is then formed from
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linear combinations of rotations of ®, given by

s(z) = chqzﬁ(:v S T).

Positive definite spherical basis functions, analogous to positive definite radial basis
functions, yield positive definite interpolation matrices. Conditionally positive defi-
nite kernels, such as the restriction of the thin plate spline to S™, may also be defined
in a similar fashion. While these methods offer interpolation for highly scattered
data, they suffer the same drawbacks as the radial basis functions on domains in
R". In particular, we are interested in the restricted surface splines or polyharmonic

splines

Om(z-y) = (—)"(1—z-y)" " log(l—z-y)

for m > 3.

We discuss in detail later partial differential equations on spheres, which neces-
sitates some discussion of background. We focus on the n-sphere with an interest
in differential operators, spherical harmonics, Sobolev spaces, and approximation
spaces on spheres. The sphere S" is a compact, boundaryless Riemannian manifold.
Let (z',2?%,...,2™) be a smooth set of local coordinates. The sphere S" has a metric
tensor g;; and measure dj = \/mdxldx2 ...dz™. We are particularly interested
in the case n = 2, which is the usual sphere. In this case, we have the usual local

spherical coordinates (6, ), where @ is the colatitude and ¢ is the longitude. With
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these local coordinates, the metric tensor takes the form

1 0
Gij =
0 sin?(6)

Differential operators on spheres are of particular interest since we aim to dis-
cretize and solve partial differential equations on the sphere. The covariant derivative
operator, V, acts as the usual gradient when operating on functions expressed appro-
priately. The Laplace-Beltrami operator acts as a spherical analogue of the Lapla-

cian. The Laplace-Beltrami operator is defined as V*V, which in local coordinates

may be expressed as

1 0 - Ou
Ay = —— —/det(g;;)9” =— 1.3
U /—det(gij) ; or' € (gj>g ot ( )

where ¢ is the inverse matrix of g;;. As usual, we are particularly interested in
the case of S?, which in spherical coordinates leads to the Laplace-Beltrami operator

taking the form

2
Au = sml(e) % (m(e)%) + ﬁ%. (1.4)

The eigenfunctions of the Laplace-Beltrami play an important role on the sphere
and we make use of them as a basis in our numerical methods. These eigenfunctions,
known as the spherical harmonics, are eigenfunctions of —A on S" with eigenvalues
A = (({ +n —1). The eigenspace corresponding to A, is spanned by a collection
of orthonormal eigenfunctions denoted by Y, where k = 1,...,d,. We denote the
eigenspace spanned by {Yg,k}z‘: . = H¢. The space spanned by all eigenfunctions

up to order L will be denoted by Iy, := @&} ,H,. The dimension of the eigenspace
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He ~ O™ 1), Let z,y € S" and let z - y denote the dot product in R*™!. Then, the

famous addition formula tells us
204+n—1_n=1
ZYEk Yék = ——DPF"7 (xy)

where w,, is the volume of S™ and P;Tfl is the degree of the ¢ ultraspherical polynomial
of order ”T_l For the case n = 2, these polynomials are the Legendre polynomials.
The space L*(S") is the Hilbert space of square integrable functions with respect
to the measure dyu. An orthonormal decomposition of L? functions is provided by the
spherical harmonics. As a complete orthonormal set, we may expand any f € L?(S")

via the formula

F=Y" fuYon

(=0 k=1

It then follows that the L? inner product of f,g € L?(S") is given by

In addition to L?(S™), we require Sobolev spaces on spheres so we may char-
acterize the smoothness of the functions we are working with. This is invaluable
for partial differential equations, as error estimates often depend on some notion of
smoothness. Furthermore, regularity theorems guarantee smoothness properties of
the solution provided some level of smoothness on the data. We define the Sobolev
space of order m to be the collection of functions

o0

dg
mo={FELXSY) ) ) (14 M\)FfEy < oo} (1.5)

{=0 k=1
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which has an inner product given by

dg

(f, @ mpsmy = Z Z(l + 2 frGre

(=0 k=1

We note that we may also denote H,, by W3*(S") to match our notation for R™.
Fractional order Sobolev spaces extend the definition above. For fractional 7, we
may define H, as the space of functions such that ||(I — A)Z f]|p2@n) < oc.

We note that the Laplace-Beltrami operator is a self-adjoint operator with respect
to the L?(S™) inner product and —A is positive on the orthogonal complement of a

finite dimensional subspace of spherical harmonics.
1.4.1 Conditionally Positive Definite Kernels on Spheres

A kernel k is conditionally positive definite with respect to a finite dimensional
subspace II if, for any set of N distinct centers, the matrix Kx := (n({,n)) is
positive definite on the subspace of all vectors a € CV satisfying 256 x asp(g)&l 0
for all p € II.

In the case of the sphere S?, we focus on the finite dimensional subspaces Il
of degree at most L spherical harmonic polynomials. By a slight re-indexing of
the {Y; 1}, we may write them as a collection of orthonormal functions {¢,}. We
now consider a class of conditionally positive definite kernels that we characterize by
studying their expansion in terms of the orthonormal basis {¢;}. Let {x;}52, € /*(N)

with all but finitely many &; positive. Then, we consider the kernel x of the form

r(z,y) = Y k(i)e(@)d;(y). (1.6)

jEN

Such a kernel is conditionally positive definite with respect to the space Il :=

span{¢; : k; < 0}. Let J denote the set of indices so that x; < 0. To verify condi-
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tionally positive definite, we consider Zg ; aek(€,m)a, for some arbitrary collection
of centers X with £,n € X and some arbitrary collection of coefficients {ag}eez
such that .. ;ae¢;(§) = 0. Then, we compute by expanding « in terms of the

orthonormal basis

Zagﬁ (&, n)a Zn] Zagqﬁj (€)di(n) e, Z/ﬁzj||oz§gbj(§)||gz(x) > 0.

jEN JjgJ

As we know, conditionally positive definite kernels give rise to unique interpolants
provided additional constraints from some finite dimensional subspace II are in-
cluded. Using a kernel of the form Equation (1.6), an interpolant to a function f is

constructed by

Ixf() = ack(- ) + > bigs(-)

gex jeJ
where we know dex agp;(€) = 0 for all j € J. Constructing the interpolant to the
function f by data samples {f(&)}eex follows by solving a matrix problem of the
form
KX P a f

= (1.7)
PT 0 c 0

where (Kx)e, = k(&,n) and (®)e; = ¢;(£). As we know, this matrix system is
invertible since k is a conditionally positive definite kernel with respect to II. Fur-
thermore, the interpolant can be viewed from an alternative, variational perspective.
The interpolant is a minimizer of a certain variational problem involving a semi-norm

induced by the coefficients.
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We define the native space inner product corresponding to x by

(f,9)s = <ij¢j,29j¢j> ::ZW (1.8)

jeN jeN k jeJ J
where f] denotes the Fourier coefficient of f with respect to the orthonormal basis
{¢;}. We note that this is certainly a semi-inner product and not a true inner prod-
uct. Consider, for example, applying the above semi-inner product to functions in
IT; the semi-inner product yields zero since the sum runs over j ¢ J. The semi-inner
product induces a semi-norm in the usual way by |f|2 = (f, f)x. The interpolant

constructed by solving (1.7) minimizes the semi-norm | - |4.
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2. LAGRANGE FUNCTIONS

Radial basis functions present numerous advantages for numerical methods, such
as impressive interpolation and approximation powers. Well-understood convergence
rates for interpolation as well as characterizations of the stability of interpolation
matrices support the notion that, theoretically, radial basis functions may be potent
tools for developing numerical methods for problems involving scattered, irregular
data. However, difficulties arise in the implementation of the methods. Solving ill-
conditioned, dense linear systems can be a non-trivial computational burden. We
present methods that enable one to maintain all the benefits of radial basis func-
tions while simultaneously reducing the computational overhead. To achieve this,
we change from the basis of translates of a kernel ®(||z — y||) to a basis of functions
which interpolate one at a single point and zero elsewhere. These functions we refer
to as Lagrange functions (others may refer to these as cardinal functions).

Lagrange functions and local Lagrange functions are the primary objects of inter-
est for constructing numerical methods. The choice of basis can impact the efficacy of
a numerical method, and we demonstrate that the local Lagrange functions perform
admirably. In this chapter, we discuss in detail Lagrange functions and local La-
grange functions. We provide background information necessary to understand their
theoretical properties and we provide some numerical experiments demonstrating the

theoretical properties.
2.1 Lagrange Functions on Spheres

We begin our discussion of Lagrange functions by focusing on Lagrange functions
on the n—sphere, S”. The manifold S™ has numerous advantageous properties, most

notably that it is a manifold without boundary. This fortunately reduces numerous
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theoretical difficulties which arise during the case of bounded subsets of R™. In
particular, we note that the boundary is a nuisance ubiquitous throughout the field
of numerical methods. By working on a manifold without boundary, we avoid many
of these issues.

We start by considering a set of quasi-uniformly distributed centers X C S™. We

restrict our focus to the surface splines of order m defined by

Om(z,y) == (L —a-y)" 'log(l —z - y).

We know this is a conditionally positive definite spherical basis function with respect
to the space I1,,,(S™). The approximation space Vx is defined to be the collection of
acceptable linear combinations of rotations of ¢,,(z - z;) plus polynomials of up to a

certain degree. That is,

N
Vx == {Z ajom(x - xj) + 1L, Z a;p(z;) =0V pell,}.
z;€X j=1
We consider changing from this basis of rotations of ¢(x - z;) to a basis which
is highly localized spatially. Let ; € X and consider constructing the interpolant,
denoted y;, that takes a value of one at z; and zero elsewhere. That is, x;(x;) = d;
where 9, ; = 0if ¢ # j and 1 if ¢« = j. We know that for any collection of unisolvent
centers, there always exists a unique interpolant to any data condition on the centers,

so we know x; must exist in Vx. To construct this function, we enforce for each
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§e X,

N m  dy
Xi(©) =i ®(x, ) + ) > BraYer(6),
i1 (=0 k=1

N
0= Z a; jip(x;) for all p € 11,,.
i=1

Consequently, enforcing this condition requires the solution of a linear system of

1

~a, and as N grows, the

size O(N). By quasi-uniformity, we know that ¢ ~ C
condition number gets progressively worse with a decrease of the minimal eigenvalue
algebraically in terms of ¢g. Consequently, the construction of the Lagrange function
requires solving a large, dense, possibly ill-conditioned linear system of equations.
Furthermore, to construct the full basis, N such systems must be solved. The reader
may be very suspicious of any possible numerical use or practical application of such a
basis; this skepticism is warranted, and indeed, we do not suggest the use of this basis
for application necessarily. We later present a computationally friendly basis which
preserves many of the properties of the Lagrange basis. However, before we discuss
this basis, we present background information required which we take advantage of
for our purposes later.

We begin our discussion of results on Lagrange functions on spheres by presenting
estimates on their norms. To do so, interpolation error estimates for spherical basis
functions are used, which are based on the powerful “Zeros Lemma” for Riemannian
manifolds. The first observation is that the Lagrange functions, for various quasi-
uniform sets, are pointwise bounded above. This prevents the possibility of the
Lagrange functions “spiking” up too high or low off of the centers as the mesh norm

h gets small. Indeed, the bound depends on the mesh ratio, which is bounded under

the quasi-uniform assumption.
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Lemma 1. The Lagrange functions are uniformly bounded by constants independent

of h orq.

We next note a remarkable property of the Lagrange functions on the sphere:
they are highly spatially localized. Indeed, the Lagrange function centered at a point
x; exponentially decays with respect to the distance from the center x;. One may
erroneously view this as unsurprising; x; certainly is zero on all of the centers except
one, so it being small may not seem surprising. However, functions that interpolate
zero throughout might still posses wild oscillations between the centers. Apparently,
the Lagrange functions for thin plate splines do not. Furthermore, this is surprising
because of the structure of a thin plate spline; these functions grow with distance
and are categorically not localized spatially in any way. However, the correct linear
combinations of thin plate splines plus the appropriate polynomial apparently results

in a highly localized function.

Proposition 2. [13/[Proposition 4.5] Suppose that m > % and K, is a polyharmonic
kernel on S™. There exist positive constants hg,v, and C independent of h and q so
that for any set of quasiuniform centers X with mesh ratio p and sufficiently small

mesh norm h, the Lagrange function centered at & € X satisfies

o)l < Co e (= Vo)),

This argument was developed in [13] and also in [10]. The argument is based off
of a trick showing that the bulk of the Sobolev semi-norm of the Lagrange function
was contained in a thin annulus about the center. This “bulk chasing” argument
was inspired by a similar result due to Matveev, which he used for working with D™
splines on R" [19]. For more general manifolds, the decay results can be extended

but with a modification that the decay is not in terms of just d(x,§), but in terms

26



o Spatial Decay of a Lagrange Function

Log of llé(}{)l
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Figure 2.1: A Lagrange function constructed from 625 centers has been evaluated at
5041 points. The distance from the center of the Lagrange function to the evaluation
point versus the log of the absolute value of the evaluation of the Lagrange function
at the point is plotted. A clear, exponential decay is visible.

of min (d(x,f),TM) where ry denotes the injectivity radius of the manifold. The
argument for the decay largely takes place in the tangent space, which converts
the problem from a problem on manifolds to a problem in R", which is where the
injectivity radius factors in.

In addition to the spatial decay of the Lagrange functions, they also exhibit a

special Holder continuity type of estimate.

Proposition 3. [12] Under the assumptions of Proposition 2, for any 0 < e < 1,
there exists a constant C' depending on the mesh ratio, the order m of the basis

function k,,, and €, so that

() = )] < c(d‘”’y))e.

q
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These results suggest the basis behaves well: the basis functions are spatially
localized with predictable continuity patterns. These results enable one to begin
proving results about the stability of the basis. The first result that we present from
[13] is one that studies the Lebesgue constant of the basis.

The Lebesgue constant corresponding to the collection X of centers is defined to
be L(X) = sup,esn )_ecx IXe(®)]. This quantity measures the stability of the inter-
polation process. If this quantity grows without bound as h — 0 for quasi-uniform
sets, the interpolation operation becomes increasingly unstable. Consequently, the
coefficients for the interpolant can grow without bound, as may happen with the case
of using the basis of translates {x(+,&)}. The Lebesgue constant depends fundamen-
tally on the choice of basis; alternative bases for the same approximation space may
lead to different results. Therefore, establishing a uniformly bounded Lebesgue con-
stant independent of mesh norm suggests the Lagrange bases provide stable methods
for interpolation even as the mesh norm becomes quite small.

This should be contrasted with the case of other interpolation methods, such as
interpolation via spherical harmonic polynomials. This method is indeed unstable
[13]. It can be shown that spherical harmonic polynomial interpolation suffers from
a Lebesgue constant that grows as LT where L is the highest degree of spherical
harmonic used. On the real line, equidistant nodes yield an exponentially growing

Lebesgue constant, which suggests interpolation can become problematic.

Proposition 4. [13] Under the assumptions of Proposition 2, the Lebesgue constant
15 bounded by a constant depending only on the kernel, the mesh ratio p, and the

manifold.

A bounded Lebesgue constant provides a wonderful result which suggests that

interpolation with the SBFs we employ is a near best approximation in L*°. In
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general, given a finite dimensional subspace of continuous functions, it does not
follow that using these functions to interpolate data provides in any way optimal
approzimation. Polynomial interpolation can wildly oscillate yielding diverging L>°
error. However, as a result of a bounded Lebesgue constant, an interpolation scheme
yields near optimal approximation. Let Ixf denote the interpolant and Vx the
approximation space using the centers X and a kernel x,, with bounded Lebesgue
constant. Then, given any other function ¢ in the approximation space, we know

Ixg = g, and we can bound

1f = Ixfllee = If =9+ 9= Ixflleee = f = g+ Ix(f — )|l
< f = gllee + [1x(f = 9z

= (14 L)dist(f, Vy) = (1+ L) inf 1f = gllze~-

What this suggests is that interpolation is near optimal in the L*° norm. This
result is analogous to, for example, Cea’s lemma, which states the Galerkin solution
to a bilinear problem is near optimal in the Hilbert space norm of choice. This
invaluable result is often the first step in an error estimate for a discretization method
for partial differential equations.

Combining techniques from the exponential decay of the Lagrange functions as
well as the bounded Lebesgue constant properties led to the development of norm
inequalities that enable one to bound the so-called “condition numbers” of the La-
grange functions. Let {v¢}ecx be a basis for an approximation space. We define the

condition numbers to be the values C ,, Cs,, so that

Crplfactlom) < 1) agvelln < Coy
cex

{ac}H|er(x)-
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The constants depend in some way upon the basis and upon p. Having condition
number bounds of this form suggests the basis is LP stable. That is, the LP norm
of the interpolant is comparable to the 7 norm of the coefficients. Besides being
useful for theoretical purposes, understanding the L” condition numbers enables one
to make estimates for condition numbers of matrices arising from the discretization

of partial differential equations and integral equations.

Proposition 5. [7] Let X be a quasi-uniformly distributed set of centers. There
exist constants c; and co depending only on m, the order of the SBF, and p, the mesh
ratio, so that for sufficiently small mesh norm h, the Lagrange functions satisfy the

condition number estimates

d d
a1 [{allercx) < 1Y aexellns < c2av llallencx).
feXx

To be clear, this result is not limited to merely one collection of centers X; this
holds as we shrink h,q — 0, provided the sets of centers satisfy the quasi-uniformity
assumptions (that is, €} < Z—;‘ < (4 for some fixed € and Cy independent of X).
An immediate consequence of this statement is that the L norm of a single Lagrange

function is on the order of q%.

Proposition 6. [7] Let X be a set of quasi-uniformly scattered centers in S™ and
let xe¢,xn denote Lagrange functions for the points §,m € X. Assume the ap-
proximation space is generated by a conditionally positive definite kernel k(-,&) =

> ien K595 ()i(§). The Lagrange function x¢ has expansion

Xe() =) Aper(,m) + pe

neX

where A¢py = (Xes Xn)k-
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Decay of Lagrange Function Coefficients A&n

Log of Coefficient I%“I
=

. 34
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Figure 2.2: A Lagrange function centered at a point & constructed from 625 centers
has its coefficients A, displayed. A clear, exponential decay with respect to the
distance d(&,n) is visible.

As a consequence of this, it has been demonstrated that the Lagrange function
coefficients decay exponentially. The result follows by a type of Cauchy-Schwarz

inequality that was presented in [7].

Proposition 7. [7] Let X be a quasi-uniformly distributed set of centers on the
sphere S™ with sufficiently small mesh norm h. Then, the coefficients of the Lagrange

function x¢ satisfy

The significance of Proposition 7 is that the Lagrange functions are not solely

localized spatially. The Lagrange functions, in the words of the authors of [7], have
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a “small footprint” in the kernel basis. While each Lagrange function is a linear
combination of all rotations of the kernel k(-,7), apparently only kernels centered
near ¢ contribute significantly to the total value of the Lagrange function. The
exponential decay forces the coefficients A¢, to be small for d(¢,n) large enough.
This is highly suggestive of the idea that perhaps the Lagrange functions can be
constructed in a way that takes advantage of this spatial locality while not reducing
the approximation power of the functions.

The last major property we mention is the ability to switch between to relate
different order Sobolev norms of linear combinations of basis functions. These are
often referred to as Bernstein estimates. Let Vx be the space generated by the

restricted surface splines (we sometimes refer to them as thin plate splines) ¢4(t) =

(—1)**1(1 — ) log(1 — #).

Proposition 8. [2/] Let g € Vx which is generated by the thin plate spline for a
quasi-uniform set of centers X C S"™. Then, there exists a constant C independent

of q, h such that

lgllwzsmy < Cq " |lgllr2sm)-

This result can be extend to handle L? spaces instead, but our primary focus is
on L2,

We close this section by summarizing the key points developed by different au-
thors over several years. The Lagrange functions of conditionally positive definite
functions on manifolds are highly spatially localized as well as localized in the sense
that the coefficients decay rapidly. The basis is inherently stable with a bounded
Lebesgue constant as well as computable upper and lower condition number bounds.
The LP norm of a linear combination of Lagrange functions is comparable directly

to the /P norm of the sequence of coefficients, with a factor of qg to be included.
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Finally, switching between Sobolev norms induces a penalty of ¢, where k is the

difference between the order of the Sobolev spaces.
2.2 Local Lagrange Functions

We discuss results in this section regarding the development of a highly spatially
localized, “small-footprint” basis. By small-footprint, we mean each basis element is
constructed from few kernels, relative to the total number of kernels. The local basis
retains many of the advantages of the full Lagrange basis discussed in Section 2.1.
In particular, they decay quickly away from their center, are L stable, and provide
near optimal approximation.

While the full Lagrange basis enjoys numerous theoretical advantages, the com-
putational difficulty of assembling the Lagrange functions impedes their use in appli-
cation. Developing a basis of functions which approximates the Lagrange functions
has been a topic of some interest. Previous efforts have considered ad hoc methods
of constructing Lagrange functions using few centers clustered around a center, but
there was no strategy for choosing the number of centers nor for how the number of
centers chosen should change as the mesh norm decreased. The results in [13] and
[14] suggested that the Lagrange functions were highly localized spatially. Indeed,
Proposition 2 suggests the Lagrange function is nearly zero for far away points. That
the coefficients also decay exponentially, as shown in Proposition 7, suggested that
a function that mimics the properties of the Lagrange function could be constructed
that only requires a small number of kernels, rather than being a linear combination
of every kernel. In [7], these ideas are explored and a full theory has been developed
for a localized collection of Lagrange functions, referred to as local Lagrange func-
tions; provable, theoretically supported bounds for the number of centers required

for the construction of each local basis function are presented.
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We begin by presenting the algorithm for the construction of the local Lagrange
functions. We then discuss their theoretical properties. We encourage the interested
reader to read [7] for a thorough and detailed account of the theoretical properties.
Let X C S? be a collection of quasi-uniformly scattered centers with mesh norm h and
separation radius g. We focus on the thin plate spline kernel r,,(t) = (—1)™ (1 —
t)™ -log(1 —t), which is a conditionally positive definite function with respect to the
space II,,, of at most degree m spherical harmonics. The (full) Lagrange function at
the point £ € X is xe(1) = >, agpr(-,n) + S bretr(+), which is constructed by
solving an interpolation problem with the data x¢(n) = d¢,. As we've mentioned
before, this requires solving a system of size O(NV) for each Lagrange function, where
N is the cardinality of X. The local Lagrange function will be constructed in a
similar fashion, but with fewer points.

Let r > 0 be a fixed number. Let Y(&) := {n € X : d(&n) < r}. T() is
the collection of the nearest neighbors of £ in the set X. Let K¢ denote the matrix
Ke(n,¢) == k(n,¢) for n,¢ € T(§) and let V¢ denote the matrix We(n, k) = 1x(n) for
n € Y(£) and Yy, € I1,,,.

We define the local Lagrange function centered at £, denoted x¢ to be the unique

function that interpolates 1 at £ and 0 at n # £ € T(€) in the space Vy(g). That is,

XAE() = Z (lmgli(-,n) + Zbk7f¢k(')’
n€Y(€) k=0 (22)

subject to Z anep(n) = 0 for each p € Il,,.
neY (¢
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To solve for a, ¢ and by ¢, we solve the linear system

e el fog e (2.3)

\Ilg 0 b 0
Notice that the local Lagrange function is constructed only using kernels centered
in T(£). We may estimate the number of kernels in this set using the radius r chosen
for T(£) and the quasi-uniformity of the set of centers X. On the sphere S¢, for
some constant Cy, the ball u(B(&,r)) = Cygr?. Since Y(n) C B(£,r), we know
B(n,q) C B(&,r + q) for each n. Furthermore, B(n,q) N B((,q) = 0 for n,¢ € T(£).

Consequently,
u( U B(n,q)) < (B +q))
neY(§)

and consequently,

#Y(£)Caq® < Cy(r + q)*

Assume ¢ < r, and consequently, ¢ + r < 2r. We then have the estimate

#1(6) < 20’(5) (2.4

Furthermore, we may bound the total number of centers, N = #X by observing that
S™ = UgexB(&, h). For, if x € S, then d(§, z) < h by the definition of h. Therefore,

it follows that

u(S) < 37 (B, ) = CaN e,

feX

so we see that N ~ h™% As a consequence of these results, if we choose r =
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Kh|log(h)| for some fixed positive K > 0 in the definition of Y (), we find

£1(6) < 2d(§| 1og<h>|) < (2pdlog(V))". (2.5)

Since the mesh ratio p is bounded for quasi-uniformly distributed sets of centers, we
have #7 (€) scales as M log(N)¢ where N is the number of centers. The significance
of this result is that the size of the system to be solved for the assembly of a single
local Lagrange function in Equation (2.3) is on the order of O(log(N)?). In contrast,
constructing a single full Lagrange function requires solving a system of size O(N).
We remark briefly on the computational and practical aspects of the local Lagrange
functions to contrast them with the full Lagrange functions. From a computational
standpoint, the local Lagrange function assembly is now practical. A log scaling
of the number of centers in T(§) implies that the linear systems to be solved are
relatively small. Furthermore, the storage required for the local Lagrange functions
is far smaller. Each Lagrange function requires storing the vector A¢ := (a¢,) which
is also of size O(log(N)?) as opposed to storing O(N) entries for the full Lagrange
function. While this may seem insignificant at first, there are N total vectors for
each £ to be stored. Consequently, storing all the full Lagrange function coefficients
requires O(N?) rather than O (N log(N)?) for all of the local Lagrange functions.
In addition to significant savings, the local Lagrange functions may be constructed
in parallel. This is a significant difference that reduces the cost of constructing all of
them. While each function only requires solving a small linear system on the order
of O(log(N )d), there are still NV functions in total to be constructed. This remains
a significant computational burden to construct. Taking advantage of the embar-
rassingly parallel nature of the local Lagrange assembly routine enables significant

savings. Experiments in Python have demonstrated the construction of the local
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Lagrange functions benefits from employing simple parallelism by distributing the
assembly tasks among multiple processing cores.

We now consider the theoretical properties of the local Lagrange functions and
discuss how well they compare with the full Lagrange basis. We consider their
use for interpolation and for pre-conditioning problems. By their construction, the
local Lagrange functions enjoy many of the properties the full Lagrange functions
do. They exhibit L? stability as well as spatial localization, although the decay is
algebraic rather than exponential [7]. Most importantly, the local Lagrange functions
provide near optimal L approximation [7]. That is, the difference between using
a local Lagrange function or a full Lagrange function is negligible in the sup norm.
However, a caveat for all of these statements is that the number of points for each
local Lagrange function must be chosen correctly. Simply choosing a few nearest
neighbors is inadequate; choosing all nearest neighbors within a distance Kh|log(h)|
is the appropriate scalable choice, with appropriate choice of K. Choosing too few
points will yield a fast assembly, but unpredictable behavior of the local Lagrange

function.

Proposition 9. [7/[Proposition 6.5] Let k., be a thin plate spline of order m on the
sphere S* and let X C S? be a collection of quasi-uniformly scattered centers. Let
K >0 be chosen so that K > =222 qnd let Y (£) := B(¢, Kh|log(h)|) N X. Let x¢

denote the local Lagrange function centered at &. Let J = Kv —4m + 2+ 2u. Then,

Ixe — XellLe < CR7 (2.6)

[Xe(@)] < C(1+d(€,2)\h) " (2.7)

If J > 2, then the basis is LP stable. There exists positive constants Cy and Cy so
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that

2 . 2
Crgr llallox) < 1) Rellrez) < Coar llallm)- (2.8)
3

The significance of Proposition 9 is that it implies the local Lagrange basis main-
tains the advantages of the full Lagrange basis while being computationally tractable.
Since only small systems need to be solved, the local Lagrange functions can be as-
sembled practically (and in parallel). They are L? stable and the difference between
the full and local Lagrange function can be tuned by the parameter K, which is
related to the radius of the ball used in the construction of the point set T(&).

The local Lagrange functions may be used directly in the form of quasi-interpolation.
We define the quasi-interpolant of a continuous function f, denoted Q) x f, by sam-
pling the function on the centers and using these values as weights for the local

Lagrange functions. That is,

Qxf() =D FOxe().

feX

The quasi-interpolant is not a true interpolant: the xe(n) # d¢, for all n € X;
rather, x¢(n) = 0,y for n € Y(€). However, we may demonstrate that the error is

quite negligible relative to the full Lagrange interpolant Ix f. We note

|f(z) = Qx f(x)| < |f(w) — Ix f(z) + |Qx(f) — Ix(f)]

and consequently, to guarantee that Qx f approximates f well, the error for Q. (f) —
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Ix(f) must be controlled. We see that

Qxf(@) — I f()] = \ SO (xelr) xg@s))\
13
<l 3 e — Rellim
3

P e T P

where we applied the L™ error estimate from Proposition 9, noted that the cardinality
of X is bounded above by Ciq~2 on S?, and used quasi-uniformity to eliminate an
h?q=2 term. As a consequence of this result, we may choose K large enough to
guarantee that Kv — 4m + 2u > 2m which guarantees optimal order approximation
for functions f € C*™(S"). That is, by choosing K large enough, the convergence
order of the quasi-interpolant is the same as the full Lagrange interpolant. This
suggests that there is no significant loss in approximation by choosing the local
Lagrange functions over the full Lagrange basis. The local Lagrange functions inherit
the stability of the basis as well as the near best L> approximation order, provided
the radius parameter K is chosen sufficiently large in the definition of T(£).

The local Lagrange functions also provide a preconditioner for spherical basis
function interpolation. The full Lagrange function interpolant, Iy f, may be written
in terms of the local Lagrange functions by solving for the coefficients a¢ in the

equation

]Xf = Zaw(-,f) + meﬁk = Z&g}%g.
k €

3

The objective is to construct the full Lagrange interpolant by solving for the vector
of coefficients a and b. Solving for these coefficients requires solving a O(N) size

linear system, where N is the number of centers in X.
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Let Ay and Cy stand for the matrices storing the local Lagrange coefficients
where Ay (¢,n) = ag, and Cy(k,n) = by, where the columns of Ay and Cy are
found by solving Equation (2.3) for each . Then, since Ixf = ). ax¢ interpolates

a function f on the centers of X, we have

Ay |

(e o) [T a=1is (2.9
Cy

where Kx(§,m) = k(&,n) for §,n € X and Ux(n, k) = ¢x(n) for n € X and for each

spherical harmonic ¢, € II,,. Therefore, we have that

T (4
(a C) [ |a (2.10)
Cy

In this sense, the local Lagrange functions act as a right-preconditioner on the
system (2.9). Consequently, the system in (2.9) can be solved for the coefficient vector
a first. Then, the coefficients a and ¢ may be computed by the matrix multiplication
in (2.10). See Section 7 of [7] for details and numerical experiments. The numerical
experiments considered in [7] suggest that solving (2.9) can be solved by GMRES
efficiently. Using very few centers per local Lagrange function, the preconditioned
system was solved via GMRES with few iterations independent of the total size of the
system. This suggests the local Lagrange functions provide a highly efficient method
for determining the full Lagrange function interpolant by an efficient, theoretically

verifiable preconditioner.
2.3 Pointwise Convergence of Interpolants and Quasi-interpolants

We present here results which demonstrate pointwise convergence of the inter-

polant to arbitrary continuous functions. This differs greatly from previously men-

40



tioned error estimates, which always assume a level of smoothness in the functions.

Here, as long as continuity is available, we are able to demonstrate convergence.

Theorem 3. Let f be a continuous function on S™ and let {X,} be a collection
of quasi-uniformly distributed centers. Then, as h converges to zero, Ix, converges

pointwise to f.

Proof. Fix h and and fix z € S™. Let {y;} be a set of Lagrange functions centered
at x; respectively. Let Ixf be the interpolant to f constructed from the Lagrange
functions. We demonstrate that | f(z) — Iy f(z)| ~ max (w(f, Khlog(h), h**), where
w(f, R) is the modulus of continuity of f with radius R. Consequently, as h — 0,
Ix f converges pointwise to f.

We invoke several facts regarding Lagrange functions. First, we know Zfil Xi(x) =
1 for all + € S™ and the Lagrange functions decay exponentially. Let K, :=
Kh|log(h)| and let B, = {z; € X : ||z; — z|| < K.}

@) = Ixf @) = 11 = 3 Sl = | 3 (f2) = S ()
< X @) = f@)l e \+Z\fxz )l xi()]
icieBI x¢Bz

We first discuss term I. We note that since each x; € B, |f(z;) — f(z)] <
w(f, Kp,). Furthermore, by Proposition 4, we know S~ [xi(z)| < C is bounded

independent of h or ¢g. Consequently,

S 1) @) @) < (K S el < Colf, K.

T, €Bg i=1
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For term 1, we may invoke the exponential decay of the Lagrange functions. By
Proposition 2, we have |y;(z)| < C'exp <— y%). Since d(x,x;) > Khlog(h), we
have |y;(z)] < h*E. Furthermore, we estimate the cardinality of the set X N B¢ ~

Cq~?. Therefore, we have

Do @) = fa)l @) < Y sup|f(x) = fla)] [xi(@)]

T,T;

<2\ flle= Y Ixi@)l

zi¢ By

< 20 fll e hE < CRE ) £ e
Putting this all together, we find

[f(2) = Ix f(2)] < C(w(f, Kn) + D57 fl1).

Therefore, as h — 0, the interpolant converges pointwise to f. O

Corollary 1. Let f be a continuous function on S™ and let {X}} be a collection of
quasi-uniformly distributed centers. Assume the local Lagrange functions are con-
structed using all points within a ball of radius Kh|log(h)| for appropriately large K.

Then, as h — 0, the quasi-interpolant fo converges pointwise to f.

Proof. This follows as a direct corollary of Section 2.3 and properties of the local
Lagrange functions. Fix h and a point x € X. Let Ix f denote the Lagrange function

interpolant and let Ix f denote the local Lagrange quasi-interpolant. Then,

|[f(@) = Ixf(@)] = | f(2) = Ix f (@) + x f (@) = Ix f(2)].

We argue that | Iy f(x)—Ix f(x)| converges to zero. Recall that the local Lagrange
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function satisfies the assumption |Y¢(z) — x¢(z)| < Ch’ where the value of J depends

on K and may be tuned by increasing K. Therefore,
LS @) - I £ (@) = | 10 (o) - 20)|
13
reS"

<l sup IXe(2) = Xe(2)]
¢

< Ol flle=a™h" < Ol fllp=h’ .
Consequently, we have |Ix f(z) — Ix f(z)| < Ch’~". By choosing K larger, if neces-
sary, we may guarantee J —n > 0, and hence the pointwise difference between the

quasi-interpolant and the interpolant decreases as O(h’~™). Applying this observa-

tion along with the pointwise convergence of Iy f(x) to f(z) yields the result. O
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3. LAGRANGE FUNCTION QUADRATURE

We discuss a novel quadrature method for manifolds. Given data samples of
a function on a manifold, a difficult problem is approximating the integral of the
function over the manifold. A robust numerical quadrature method must be capable
of approximating an integral provided scattered data samples of a function. That
is, given data centers, the quadrature weights must be constructed corresponding to
the locations of the given data points. Relying on quadrature routines that assume
specific locations of the centers is not acceptable: the method must be capable of
handling possibly scattered, irregularly spaced data. Lagrange functions of certain
spherical basis functions may be used to construct a quadrature routine for scattered
data that yields provable error estimates for smooth data.

The absence of implementable, practical quadrature routines for radial basis func-
tions has impeded the application of radial (spherical) basis functions for solving
partial differential equations via weak formulations. Galerkin methods which rely
on the weak formulation require the ability to compute integrals efficiently. Gen-
erating quadrature routines for spherical basis functions and radial basis functions
enables one to practically implement a numerical Galerkin method using radial ba-
sis functions. This should be contrasted with the traditional radial basis function
approach for partial differential equations, which is typically to use a collocation
method. These “strong-form” methods often suffer from a dearth of theoretical jus-
tification, although they often perform quite admirably in practice. Most notably,
theoretical error estimates for many radial basis function collocation methods lack

error estimates.
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3.1 The Quadrature Routine on Spheres

Let X C S" be a quasi-uniformly distributed set of centers and let {x¢}ecx
be a collection of Lagrange functions corresponding to a kernel k(-,-), such as the
restricted surface spline ¢4(t) := (=1)*1(1 — #)*log(1 — t). Our objective is to
construct a collection of quadrature weights {w¢}ecx so that, given a collection of

data samples {f(&)}eex for a function f, we may approximate the integral of f by

[ Sy duta) = Qx () =3 F(eme

{eX

The approach, first presented in [8], is to construct the quadrature weights using
the Lagrange functions. Let Vyx = span{x¢}eex denote the approximation space
generated by the conditionally positive definite kernel x with respect to the finite
dimensional subspace of continuous functions IT = span{¢; }£_,. For example, on S"
with k generated by the thin plate splines, II could be the span of the first degree m
spherical harmonic polynomials. Let W, = 14 (§) and let A, = (£, n) as usual.

We first note that integrating kernels on S™ is invariant under rotation.
Lemma 2. [8] The integral J(y) := [, s(z,y)du(x) is independent of y.

As a consequence of Lemma 2, the integral of x(-,&) is independent of . We

define the following quantities:

= Jou Kz, E)dp (),

e = Jou Vr(2)dp() for k=1,... L,

J:(Jl,...,JL).

\

Consider an arbitrary s = > . s(§)xe(-) € Vx. We may decompose s in the basis
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of rotations of k plus an appropriate polynomial from II by

s() =Y agk(-,&) + ) bl

£eXx

Let a and b denote the vectors consisting, respectively, of the values as and b;. We

see that the integral of s satisfies

[ st@int) =350 [ et = 3 s€)e 3.)
13

tex S

where we have defined ¢ := [, xe(z)du(z). Let ¢ denote the vector of the ¢¢ values;
consequently, [., s(z)du(z) := c¢"s|x. Next, observe that the vectors a and b are the

solution to the problem

Y a S
- (3.2)
v 0 b 0
—
A

Now, we repeat the computation from Equation (3.1), but this time in the basis of

rotations of k. We compute

Tole =S ae [ wwOdnta) + S [ dnloldno). (33
e &L _ k=1 sn _

~~

Jo Ji

Note that since A is self-adjoint, so is A~!. Furthermore, by applying Equation (3.2),
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we find

What this implies is that the values of ¢ are formed by the usual interpolation
matrix, albeit with a slightly modified right hand side. Now, choose s := )¢ and
note that x¢|x := d¢,. Therefore, we get exactly that s|xc’ = ¢, and by (3.3), we

see that
ce= [ xele)du(a). (3.4
We may bound ¢¢ above by the L' norm of y¢ by noting that

< Ixellrsmy-

e = | [ xe(auto

Putting these ideas together, we arrive at the quadrature construction result derived

in [8]. We list here only the result for S, although this may be generalized to other
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manifolds.

Proposition 10. [8/ Let k be a conditionally positive definite kernel with respect to

IT on S™ and suppose that ¢ and d are vectors which are the solutions to the problem

Then, for any s(x) € Vx,

| st@hdnt) = 3 eeste).

feX

As a result of this, we may define the Lagrange Function Quadrature Rule.

Definition 1. Let X be a collection of scattered centers on S™, let x be an ap-
propriate conditionally positive definite kernel (e.g., the thin plate spline), and let
f be a continuous function on S". We define the quadrature rule Qy, (f) which

approximates

Quy(f) = f&)ce~ | flx)du(x)

§ Sn

where the c¢ are defined in (3.4).

Now that we have a quadrature routine, we discuss the construction of the quadra-
ture weights. While (3.4) tells us the weights may be computed by integrating a
Lagrange function x¢, we emphasize that this is not the method one should use for
the assembly of the weights. First, this necessitates the construction of the Lagrange
function as a pre-processing step. This is a computationally intense task which
should be avoided if possible. Furthermore, each weight requires the integral of the

Lagrange function to be computed. This means each weight requires a highly accu-
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rate quadrature of the Lagrange function, which is rather circular since our objective
is to obtain the weights in the first place. Instead, the weights should be constructed
by solving the linear system of equations in Proposition 10.

In the event of a positive definite kernel, the quadrature weights are constructed

1
Jo*

by directly solving the interpolation problem for the constant function f(x) :=
Our focus is on the case of conditionally positive definite functions with respect to
some space [I. We need to construct the values c. First, we split ¢ into two orthogonal
pieces ¢ = ¢ + ¢ where ¢ is the orthogonal projection of ¢ onto the range of V.
Let P := U(UTW)~10T be the orthogonal projection onto the range of ¥. We know
by Proposition 10 that J = U%¢, and consequently, ¢ = Pc = W(UTW)~1J. This

is simply matrix multiplication, and consequently we have ¢. We may attempt to

solve for ¢; now. First, since Pc; = 0, we have ¥7¢c, = 0. We know

AC+\de: ng

and consequently, by splitting ¢ into its orthogonal components, we arrive at

Ac) +Wd = Jol — Ac = Jol — AU(UT0) 1]

and we further have the constraint U7c; = 0. Consequently, we may solve for ¢, by

solving the interpolation problem

A U Cl Jol — AW(‘IJT\I/)J
T o0 d 0

See [8] for more details as well as a discussion of how to solve for ¢; only without the

need to solve for d. This system may be pre-conditioned using the local Lagrange
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functions as discussed in Section 2.2.

We note that the quadrature formula perfectly reproduces the integrals for func-
tions in the space Vx. We now aim to study how the quadrature error varies with the
space Vx. As usual, we consider quasi-uniformly distributed sets X with mesh norm

h := hx. Then, we may derive the following quadrature error estimate immediately.

Lemma 3. [8/Let X be a quasi-uniformly distributed set of centers and let k,, be

a polyharmonic kernel with respect to the space 11 of continuous functions on S™.

Then, for f € W§(S") where 2 < k < m,

[ Hute) - Qul)| < CH 1 g

Proof.

[ o) - @ (1) =| [ fa)iuta) - 3 e
§

— N fz)du(z) — Zg: f(€) /Sn Xe(@)dp(z)

—| [ (@)= X Foxela)ana)

3

We see that this is simply the L! error between f and its interpolant in Vy, Ixf =
Zg f(€)xe. Applying the error estimates as usual yields the result. Alternatively,
an application of Cauchy-Schwarz yields a constant multiple of the L? error, and
the usual L? error estimate may be applied which yields an order h* convergence

rate. O

An optimal error estimate is presented for functions in C?™ in [8]. By applying

the “intermediate doubling trick” from [25], we extend that result to handle values
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Figure 3.1: The function f(0) = cos(6)exp(cos()) is integrated on the sphere nu-
merically with icosahedral nodes ranging from 2562 nodes to 163842 nodes. The
quadrature error decays at a rate of O(h*).

between m and 2m.

Lemma 4. Under the same assumptions as Lemma 3, consider [ € WF(S") for

5 <k <2m. Then,

’ . F@)dpu() = Quy(F)| < CH¥(| fllws -

Proof. The proof follows in an identical fashion as Lemma 3 with the application of

the improved error estimate [25]. O
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4. NONLOCAL DIFFUSION

The purpose of this section is to introduce a meshfree method for the solution of
an anisotropic nonlocal diffusion equation. We take advantage of a recently developed
approximation and interpolation scheme to construct an approximation space to dis-
cretize the weak form of a nonlocal diffusion problem. We present a new quadrature
method unique to the discretization that provides a method to generate a sparse
stiffness matrix. Evaluating the entries in the stiffness matrix follows by pointwise
evaluations of a kernel and multiplication by quadrature weights. Computing entries
in the stiffness matrix for a piecewise polynomial finite element discretization is a
non-trivial computational challenge currently. For a problem in R"”, evaluating the
stiffness matrix entries requires 2n-iterated integrals over partial element volumes.
The paper [1] studied radial basis function methods for the discretization of the non-
local diffusion equation by employing the use of a localized basis and an associated
quadrature routine. The new approach we present here reduces the computational
difficulty of both the construction of the quadrature weights and the evaluation of the
solution on a set of points. The method we previously developed in [1] was primarily
to study whether or not we could employ radial basis function techniques to nonlocal
diffusion problems. Having established that, we pursued a superior computational
method along with a goal of placing the method on a more sound theoretical basis.
The approach we present here maintains the same benefits of the radial basis func-
tion method in [1] without the need to solve large, dense linear systems. In addition
to the computational improvements, we now consider anisotropic nonlocal diffusion
equations and we demonstrate that both the continuum and discrete problems are

well-posed. The first approach we describe here is joint work with Lehoucq.
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4.1 Nonlocal Vector Calculus

We present background material and topics from the nonlocal vector calculus
required to define the nonlocal diffusion equation. The nonlocal vector calculus
provides nonlocal analogues of classical operators such as the gradient, divergence,
and curl operators. The nonlocal vector calculus was developed in [9].

Let v(x,y),a(x,y) : R* x R" — R where « is an anti-symmetric mapping, i.e.,

a(x,y) = —a(y,x). The nonlocal divergence operator D acts on v by

(Du)(a:) = /n (V(:c,y) + V(y,m)) ca(x,y)dy.

The adjoint operator D* acts on u(x) : R” — R pointwise by
D*(u)(z,y) = —(uly) —u(@))a(z,y)  forz,y eR",

where D*u : R® x R® — R¥. We remark that £ may be considered a nonlocal
analogue of the classical Laplacian. Section 4.2.1 discusses the relationship between
nonlocal operators and differential operators in more detail.

For an open subset 2 C R", we define the interaction domain
Qr ={y e R"\Q: a(x,y) # 0 for some = € Q}. (4.1)

Given functions f : Q2 — R and ¢ : Q27 — R, we want to solve the weak formulation

of the steady-state nonlocal diffusion problem

Lu=f on €2,
(4.2)

u=gyg on {7,
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where O(z, y) is a second-order tensor satisfying © = ©T and the nonlocal diffusion

operator is defined to be

Lu(x) = Q/QUQ (u(y) —u(@))o(z,y) - (O(x,y) a(w,y))dy, Q. (4.3)

The nonlocal diffusion model places conditions over a positive measure volume,
which we refer to as a volume constraint. This should be contrasted with a partial
differential equation, which places constraints on a measure zero boundary. The
volume constraint is sufficient to guarantee that the weak formulation of (4.2) is
well-posed, provided certain conditions on the kernel. For the case of integrable
kernels, [3] demonstrates that (4.2) is well-posed on the constrained energy space
L2QUQz) ={ue€ LA(QU Q1) : ulg, =0 a.e.}.

Let s € [0, %] and consider nonlocal operators £ that map H*(QU$2z) to its dual
space (or L2(QUQz) to L2(Q U Qz)). Imposing boundary conditions on 9 rather
than volume constraints on 2 U {7 is not possible. For s € |0, %] trace operators do
not exist, and hence imposing ulsq = ¢ is not well defined. The nonlocal diffusion
problem is well-posed with the addition of a volume constraint, even for s € [0, %],
provided certain conditions on the kernel. Let u € L*(QUQz) and let 7. := a- O -«

be a radial kernel with support radius, or horizon, €. Under general conditions, as

e — 0, the solution wu, of (4.2) converges to the solution of

V.- CVu=f on {2
(4.4)

u=g ondf2,

where C is a diffusion tensor. For details, further exposition on nonlocal operators
and comparisons between classical and nonlocal diffusion operators, as well as addi-

tional theory, the interested reader would be wise to consult [3, Section 3 pp.674-678].
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The aforementioned paper also discusses comparisons between nonlocal calculus and
the usual vector calculus in far more detail than we present here. The recent paper
[4] explores the connections between nonlocal problems of the form (4.4) with a Neu-
mann boundary condition and a smoothed particle hydrodynamic approximation.
We now begin by demonstrating that the solution u of the nonlocal diffusion
equation (4.2) is the minimizer of a variational problem, the weak formulation of
(4.2). Let 2 C R™ be an open region and let {27 be the corresponding interaction

domain as defined in (4.1). The energy functional is defined to be

Blu f) = = / D (u)(@,y) - (O(x,y) - D*(u)(@.y)) da dy
QuQz JouQs

2

/Q f(@)u(=) d

where f is a given function defined on 2. Let g(x) denote a function defined on Q7

and let E.(u;g) denote the constraint functional
Ewi):= [ (u(e) ~o(w) do (45)
We are interested in the constrained minimization problem of finding u such that
min E(u; f) subject to E.(u;g9) =0.

The constraint functional enforces a nonlocal Dirichlet volume constraint, which may
be viewed as a nonlocal analogue to Dirichlet boundary conditions for differential

equations. By choosing appropriate test functions v that satisfy F.(v;0) = 0, the

55



necessary conditions for the minimization problem are found to be

/ D (u)(@,y) - (O(x.y) - D" (v)(, y)) dy de = / f(@)o(z) dz.  (4.6)
QU7 JQUOQL Q

To relate (4.6) to (4.2), we make use of a nonlocal analogue of Green’s first identity.

Define the interaction operator N'(v) : R® — R by

N () = — /m (M@, y) +v(y.@) -alz,y)dy  foree Q.

The nonlocal Green’s first identity is

/vD(@-D*u)dw— / / (D*v) - (©-D*u) dyda::/vN(@-D*u) da. (4.7)

Q QUQ T QUQT Qr

We apply (4.7) to (4.6) and we note that v = 0 in Q7 by definition of the test

functions to obtain

/ v(2)D(0 - D*u) () de = / f(x)v(x) de. (4.8)
Q Q
Since this holds for arbitrary test function v, the minimizer u satisfies

—Lu=DO - -D'u=f on 2,

u=g on 7.

4.2 Discretization of the Variational Problem

Let 2 C R™ be an open region and let {27 denote the interaction domain corre-

sponding to €2, as defined in (4.1). Let u,v € L*(QUQz), f € L*(Q), and g € L*(Qz).
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The nonlocal bilinear form a(-, -) is defined to be

a(u,v) = 5/ D*(u)(z,y) - (O(x,y) - D*(uv)(x,y)) dy de. (4.9)
uez Jouor

The nonlocal bilinear form acts as a semi-inner product on the space L?(QUQz) and
the semi-inner product induces a semi-norm [[u|| = v/a(u, u) on L*(QUQz), which is
equivalent to the L?(Q U $7) norm for functions restricted to the constrained energy
space

L2(QU Q) :={u e L*(QUQg) : [Jul|] < oo and ulg, = 0 a.e.}.

The problem we aim to solve is to find v € L2(2 U Qz) such that for all v €
LZ(QUQg),
a(u,v) = / f(x)v(x) dz. (4.10)
Q

To show that the problem is well-posed, the bilinear form must be coercive and
bounded in the Hilbert space LZ(Q2UQz), and the linear functional must be continuous
with respect to the same Hilbert space; the Lax-Milgram theorem implies then that
the problem (4.10) is well-posed. These theoretical properties for the forms appearing
in (4.10) have been verified in [3, Lemma 4.7], which implies that the anisotropic
nonlocal diffusion problem is well-posed on the space L?(2 U Q7). The problem
can be discretized by introducing a finite-dimensional subspace Vj, = span{¢;}¥*, C
L2(2U Q7). The corresponding discrete problem seeks u; = Ef\;l cio; € Vj such

that for all v, € V},,

a(uh,vh):/ﬂf(a:)vh(a:) dx.

By choosing v, = ¢; for each i« = 1,..., N, a linear system of equations for the

coefficients of u, can be created. The linear system Ac = b produced by these
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choices of v, has entries given by

A = a(gi, ¢;5) b; = /Qf(m>¢z($) de. (4.11)

Our goal is to choose a basis that produces a well-conditioned, sparse stiffness matrix.
In 4.5, we present a discretization using a localized basis of radial basis functions that
has numerous computational benefits. We also introduce another method that makes

use of Lagrange multipliers to enforce any type of volume constraint.
4.2.1 Classical Differential Operators as Limits of Nonlocal Operators

We now discuss relationships between nonlocal operators and classical differential
operators. Let u,v € L*(QUSz) and let 7, := - O -« be a radial kernel with support
radius e. Under general conditions, the nonlocal operator (4.3) converges to a second
order elliptic operator, see, e.g., [3] and the references provided. We provide an
example of a nonlocal limit that justifies the interpretation of the nonlocal operator
as a nonlocal analogue of the Laplacian [3]. Define (C.);; := fBe(O) Ye(llz|)) iz, dx
for i,7 =1,...,n. Recall that v.(||z||) is compactly supported on a ball of radius e.

It can be shown [3] that the compact support of «, implies that

e—0
QUOQ 7 QUQ T

lim / / (u(y)—u(a}))(v(y)—v(a:))”y(Ha:—yH)dyda::Q/Vv(w).(C.Vu(a:)) dx.

4.3 Lagrange Functions and Local Lagrange Functions

We discuss a recently investigated localized basis that may be used for interpola-
tion and approximation using linear combinations of thin plate splines in this section.
Let X C Q be a set of N quasi-uniformly distributed centers and let ¢(r) denote the

surface spline of order m. For each x; € X, there exists a unique interpolant y; that
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satisfies x;(x;) = 0, j; see Chapter 2 for theoretical properties of this basis on spheres.
Identically to the case of the sphere, we refer to the basis {x;(x)}Y, as the Lagrange
basis and x; as the Lagrange function centered at a;. The Lagrange basis allows the
interpolant to a continuous function f to be written as a linear combination of the
basis elements as Iy f = Y., f(a;)xi(x). The x; functions are constructed by solv-
ing the (N +nr) X (N +ny) linear system described in Chapter 2 for each x;, where
ny, denotes the number of basis elements in the polynomial space I1,,, corresponding
to the kernel . The assembly of the Lagrange functions is a computational issue
that has limited the exploration and use of Lagrange functions. Our previous work
explored the use of Lagrange functions for discretizing nonlocal diffusion problems
[1].

Rather than work directly with the computationally inefficient Lagrange func-
tions, we discuss the construction of a basis that offers nearly identical properties,
but is constructed far more efficiently; we refer to these functions as local Lagrange
functions. The discretization we later introduce for the solution of nonlocal dif-
fusion problems in Section 4.5 uses local Lagrange functions for compact domains
Q C R". Let X C ) be a quasi-uniformly distributed collection of scattered cen-
ters with mesh norm A and separation radius ¢ and let K > 0 be a fixed constant.
The method for constructing local Lagrange functions we discuss requires additional
centers outside of the domain €2 to produce a a larger set of points = O X. Let
Q = {x € R" : d(z,Q) < Kh|log(h)|}. A set of centers = can be constructed
such that 2N Q = X and = has mesh norm h in Q. For each x; € X, let

T, = {y € = : d(z;,y) < Khllog(h)|}. We define the local Lagrange function
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centered at x; to be the function b;, which has the form

bi(@) =Y anplllz —yl)+ > Bun() (4.12)

yeT; =

and the coefficients are constructed by solving

S, P\ [ e;
| = (4.13)

P" 0)\p 0
where S;(y,2) = ¢(|ly — z|) for y,z € T;, P(y,l) = pi(y) and e;(y) = o(zi,y).
The cardinality of T; can be estimated by using the separation radius ¢ and a volume

estimate. Applying quasi-uniformity and noting that every center is separated by at

least ¢, we estimate

p(Ba, Khllog(W)) K" :
#ITil < ~ [log(h)[* < Cp"|log(N)|".
u(B(z:,q)) Cq"
For quasi-uniformly distributed sets of centers, % := p is bounded above and be-

low by fixed constants. Therefore, constructing a local Lagrange function requires
solving linear systems of size O(log(N)") as opposed to O(N) for the full Lagrange
functions. We demonstrate that the local Lagrange functions provide approxima-
tion rates analogous to known approximation rates for globally supported Lagrange

functions.

Lemma 5. Let 2 < k < m and let QU Q; C R™. Let f € WH(QU Q) be a
compactly supported function such that f|o, = 0. Then, for sufficiently large K, the

quasi-interpolant Ix(f) = TN | f(:)b; satisfies

If = Ixfllz@ < COMIf llwgo-
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Proof. We assume the set of centers = C QU Q; with X := =N . Let x; be the
Lagrange functions centered at x; and b; denote the local Lagrange function centered

at ;. Then,

N N
lu — Z u(®;)bil| L2 ouo;) < Jlu— Z w(x;) Xill L2 (uay)

i=1 i=1

N
+ ZU(“’@)(M — bi)|| 2(quay)-
=1

We note that Zf\il u(a;)x; is the Lagrange function interpolant to u using the set of
centers in = C QU ), and hence we may apply radial basis function error estimates

on QU Q7 to find
N
lu = " u(@)xillz2@uen < CHFllullws@uay).

i=1

Next, we apply Theorem 4.10 [11] to bound |be — X¢|r2(Qua,)- Noting that
N < Cq~? for quasi-uniformly distributed sets and applying the Sobolev embed-

ding theorem to bound [|u||z=@ua,) < Cllullwsua,), we compute

1 Zu<mi)(bi = Xi)llz2ues) < Cq "[Juillez vy sup [|b; — Xl 2quay)
i=1 '
QUQI)hKu\2f4m+2n72'rfl

< q *"fullpe

< Cpfv\Eameerd lullwe@uar)-

Therefore, for sufficiently large K, the exponent on the h term is at least as large as

k. Combining the two inequalities yields the result. O
We refer to the Lagrange function at x; as the full or global Lagrange function to
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contrast it with the local Lagrange function at x;, which is constructed using only
points in a neighborhood of x;. The paper [7] introduces a theoretical framework
for local Lagrange functions, where decay properties, quasi-interpolation convergence
rates, and preconditioners were studied. The local Lagrange basis may be assembled
in parallel by solving small (relative to the number of centers) linear systems. Both
the parallel advantages as well as the requirement to only solve small linear systems
stands in stark contrast with previous radial basis function methods that necessitate
solving large, dense linear systems. We make use of recent work in [11], which has
extended theoretical properties of the local Lagrange basis to compact domains in
R™.
4.4 Local Lagrange Quadrature

We introduce a quadrature method for compactly supported functions in €2 that
is essential for the implementation of the Galerkin method we introduce later for the
assembly of the stiffness matrix for the nonlocal diffusion discretization in Section 4.5.
Let f € WP (Q) be compactly supported in Q and let X C Q be a collection of N
centers. Let y;(x) be a globally supported Lagrange function centered at x; € X
and let b; be a local Lagrange function centered at ;. We define the quadrature
weight at a; to be w; = fQ Xi(x) dx and the Lagrange function quadrature rule to be
Qx(f) = sz\il f(x;)w;. Similarly, we define the local quadrature weight at ; to be
w; = [;,bi(x)dx and the local quadrature method Qx(f) = o, f(z)wi. As we
expect, the quadrature error decreases as the mesh norm decreases analogous to the

convergence rates observed on the sphere.

Lemma 6. Let [ € Wf(Q) be compactly supported for § < [ < m. Then, for

sufficiently large K,

< Ohﬁ”fHWf(Q)-

/Q f(@) - Oxf

62



Proof. The result follows by the Cauchy-Schwarz inequality along with Lemma 5.

f@)dm - Ou(| =| [ H@yde — S s
/ | [y

N

< /Q |f(x) — Zf(fﬂz)bz(a:)] da < /()| f — ijHLQ(Q)

<Cvy M(Q)hﬁHvavf(Q)'

]

The Lagrange function quadrature weights can be constructed without assembling
all of the Lagrange functions. Let ¢(r) denote the surface spline of order m on R".
For a set of centers X C €2, the Lagrange function quadrature weights are the solution

to the linear system of equations

T P w v
= (4.14)

P 0 d n

where T = (| — @), P = @), vi = [0z — @] dz, m = [, pi(@) de
and w; is the quadrature weight at a;. This requires solving a dense, symmetric
linear system, where the size of the system grows as O(N). In the case of the sphere,
the system (4.14) can be preconditioned by using the local Lagrange functions as
described in [8]. We present an alternative method of producing quadrature weights
by using the local Lagrange functions directly. These weights may be assembled by
taking advantage of GPU to compute many of the necessary integrals quickly and in
parallel. This enables rapid assembly of the quadrature weights.

The local quadrature weights are constructed by computing the integrals of the
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translates (|| — x;||). Recall that by equation (4.12)

b(@) = 3 ayaellz —yl) + > Aun(a)

yeT; =

and consequently,

=3 aya, / oz — yl) d + Zﬁ / pi(@) dz. (4.15)

yeY;

The construction of the local quadrature weights does not require the solution of a
large linear system, in contrast to the quadrature method introduced in [1]. However,
(4.15) does require that the local Lagrange function coefficients are computed before
the weights can be constructed. After constructing the local Lagrange functions, the

weights can be assembled in parallel.
4.5 Galerkin Radial Basis Function Method

We propose a new method for the discretization of the nonlocal diffusion problem
by using local Lagrange functions to be a local Lagrange Galerkin method. The local
Lagrange quadrature method of Section 4.4 enables rapid assembly of the stiffness
matrix entries. Applying the local Lagrange quadrature produces a sparse stiffness
matrix, where the sparsity pattern of the stiffness matrix is determined by the horizon
€ of the kernel. The quadrature formula for the entries only requires a pointwise
evaluation of the kernel and multiplication by the quadrature weights. This is in
contrast to a piecewise polynomial finite element method for a €2 C R™ which requires
the evaluation of 2n-iterated integrals over partial element volumes. The resulting
quadrature problem is a nontrivial computational challenge. Such issues relating
to evaluating numerical integrals over partial element volumes do not arise in the

Galerkin radial basis function method.
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We previously explored a Galerkin radial basis function method using full La-
grange functions and an associated Lagrange function quadrature rule [1]. The ma-
jor difference between the method of [1] and the method we have described is in the
discretization space and the assembly of the quadrature weights. Assembling the
quadrature weights using the full Lagrange functions necessitates the solution of a
single large, dense linear system where the number of rows grows as O(N) where N is
the number of basis functions in the discretization. Evaluating the solution requires
the solution of yet another dense linear system of size O(N). The local Lagrange
function method we have discussed here requires solving small linear systems of size
O(log(N)™) for centers in R™ in contrast to large linear systems in the full Lagrange

function method.
4.5.1 Local Lagrange Discretization

Let €2 be an open region in R” and {27 be the corresponding interaction domain.
Let X C QUQz be a set of quasi-uniformly scattered centers with mesh norm h. An
extended set of centers X’ D X can be constructed such that X'N (Q U QI) = X and
h(X') = h, and Supgcx/ 4.ex || — xil| < Kh[log(h)| for a fixed user chosen integer
K > 0. For each x; € X, we construct b;, the local Lagrange function centered at
x;. Let Vi, = span{b; : ©; € Q}. The space V;, ¢ L*(2 U Q) because the local
Lagrange functions in V}, are necessarily nonzero in {)7; however, they are provably
small in ;. We now seek to augment the space V}, to construct a discretization
space that is conforming. We replace b; with b; = b; 1, where 1q is an indicator
function for Q. Since the space Vj, is conforming with respect to the bilinear form a
from Equation (4.9), there exists u, € V,, such that a (up, vp) fQ x) dx for
all v, € f/h. We establish an error estimate that demonstrates how the smoothness

of the solution affects the convergence rate. The interpolation error estimates for
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the local Lagrange functions for interpolation match the approximation error for the

Galerkin solution.

Proposition 11. Let u € W§(Q) for k > 2 be the solution to the nonlocal problem
(4.10). Let uy be the discrete solution from the restricted local Lagrange method.

Then, for sufficiently small h and for sufficiently large K,

lu = unllz2@ues) < CR*[lullwguar) (4.16)

Proof. By the Lax-Milgram theorem, the discrete solution uy, satisfies ||u—us|| 2(ua,) <

Cinfy,cu, ||v — il L2000y By setting v, = SOV u(x)bi, we have

N N

lu = wnl 2aues) < Cllu =Y wl@:)bill 2 @uay) = Cllu = > u(@:)bi| 20
=1 =1
N

< Cllu =Y w(@)billz2uny)-

=1

Since u € L*(Q2 U Q7) it is compactly supported and hence we may apply Lemma 5

to compute

[ — unll2@uar) < ChMl|ullws@un,)-
L]

Let A;; == a(b;, B]) denote the stiffness matrix generated by applying the bilinear
form to the local Lagrange functions in V},, we demonstrate that the condition number

is bounded independent of the mesh norm A or the separation radius gq.

Lemma 7. The condition number of the discrete stiffness matriz A is bounded above

by a constant independent of h and q.
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Proof. Let A denote the N x N symmetric stiffness matrix and let ¢ € RY. Then,

(Ac,c) = f: (iAmc,-)cj) = a(écigi, é cjzéj).

i=1 N j=1

By the coercivity of the bilinear form and since S | ¢;b; € L2(QU Qy), there exists

A1, Ao such that
N N N N
At Z cibil| L2 (uas) < a ( Z cib, Z Cjbj> < Ao Z ¢;ibjll 22 (uar)-
i=1 i=1 j=1 i=1
It follows that since b; = 0 on 7 and 51]9 = b;,

N N
M| Z cibill L2 (uaz) = M| Z cibill 2 ()
=1 i=1

By [11, Proposition 5.3] and [11, Theorem 4.12], there exists Cq and Cquq, indepen-

dent of A and ¢ such that

N N
CQQn“CHe?(N) < Z Cz'bz'||L2(Q) | Z CibiHL?(QUQI) < OQUqun||c||Z2(N)-
i=1 i=1

Then, we bound

4.5.1.1 Assembling the stiffness matriz by quadrature

Assembling the stiffness matrix requires evaluation of 2n iterated integrals for
problems on R™. We introduce a practical method to assemble the elements of the

stiffness matrix by taking advantage of the local Lagrange quadrature. We form
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the discrete stiffness matrix by evaluating a(b;, 5]) for each x;,x; € X N Q. The
integrals are evaluated by applying the local Lagrange quadrature rule introduced in

Section 4.4. The stiffness matrix A;; = a(b;, b;) is approximated by

QUO

The integral involving v(x, ;) may be computed analytically for some kernels or by
any form of quadrature. We compute the values for the source term b; from (4.30)

by applying the Lagrange function quadrature rule to approximate

A crucial detail that may be overlooked above is that applying the quadrature
rule produces a sparse stiffness matrix. The entries A, ; are zero for centers such that
|z; — ;|| > € due to the compact support of 7. The support horizon € of the kernel
~ and the mesh norm of the centers h determines the number of nonzero entries per
row. If the local Lagrange quadrature method is not used, the stiffness matrix is
dense due to the nonzero values the local Lagrange functions assume throughout §2.
We can prove that the density of nonzero elements in the stiffness matrix is bounded
independent of h, g; if this were not the case, then for small mesh norm values h,
the sparsity could deteriorate for smaller mesh norm values. If this occurred, the

problem could degenerate into a dense system; this is fortunately not the case.

Lemma 8. Let {X},, be a collection of quasi-uniformly distributed centers in R™.
Then, the ratio of the number of nonzero entries per row to the total number of

columns is bounded independent of h,q.

Proof. Fix X := X;, and fix &; € X. Recall that |x; — x,|| > €, A;; = 0 by
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(4.17). Let N; = {x; : |z; — x;|| < €}. Let C,, denote the constant so that a ball of
radius r has volume C,,r". The number of nonzero entries on row i is the same as
the cardinality of N;, which we compute by estimating the number of centers in NN;.
We bound the cardinality of N;, denoted #N;, above by noting that every center is

separated by at least ¢, so

Co(#N:)q" = Ugent(B(xi, q) = p(Be(x;)) = Cpe”

n n

€'q
N

which implies #N; < €"q™". The density per row is computed by % < . We

bound NV by noting that we may cover €2 with balls of radius i by Q C Ug,ex B(x;, h).

Consequently, u(Q) < NC,h", which implies N > % Therefore,

% < Eann B Onenﬁ
N 7 p(@)Cmh p() ¢

The result follows by recalling that the quasi-uniformity assumption bounds the mesh
ratio %. [

Let u;, denote the solution to the discretized linear system assembled by quadra-
ture from (4.17) and (4.18). Let uy, denote the solution to the the problem a(up, vy) =
Jo, f(@)vp(x) dx) as described in Section 4.5.1. We desire an estimate that predicts
the convergence rate of @, to u in terms of h, as in Proposition 11. However, this re-
quires a thorough analysis of the affect of quadrature on the solution to the resulting

linear system of equations. By applying the triangle inequality and Proposition 11,

we may estimate

ot — anllze < llu— wnll + lfun — Lz < CHMullwg + llun — nllz2.
2
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Both wu;, and w, are linear combinations of local Lagrange functions with coeffi-
cients {a;}Y, and {&;}Y, respectively. In the numerical experiments we present
in Section 4.6, we only produce the coefficients {a;}¥, since we apply quadrature
to assemble the linear system of equations. The error between u; and u; may be

quantified by
N
lun = dnllre = 1) (0 = @)billze < Cq™llow — aille -
=1

We do not currently have an estimate to bound |o; — @&;||;2(w). Despite the lack
of theoretical justification, we demonstrate in Section 4.6 that the discrete solution
produced by solving the linear system assembled by using quadrature follows an
estimate of the form in Proposition 11. These results suggest ||[u — |2 ~ |Ju —
up|[r2 < C’thuH%k. One possible method to solve this issue is to introduce a larger
set of centers Y to use as quadrature nodes. The disadvantage to this method is that
the quadrature evaluations will require more than a single point evaluation which

removes one of the advantages of the one point quadrature method we use.
4.6 Numerical Results

We present numerical results for experiments using the local Lagrange function
method we discussed in Section 4.5. The topics we address are local Lagrange func-
tion construction, L? error computations, and condition number computations. We
validate the theoretical prediction for L? convergence and condition numbers with
observed results from numerical experiments. We study two dimensional problems
of the form (4.10) with a radial kernel ® and two different anisotropy functions x;
see Section 4.6.1 and Section 4.6.2. As required by the method, we only solve prob-

lems with zero Dirichlet volume constraints. The testing domains are €2 U )7 where
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Q = (0,1) x (0,1) and Q7 = [-1,2] x [-1,2]\Q. The computational results we
present here are computed in MATLAB and the condition numbers of the sparse
stiffness matrices are approximated by the condest function, since the matrices are
in sparse format. If the matrices are in full format, the cond or rcond commands
may be used to compute the condition number or reciprocal condition number, re-
spectively. The sparse linear system is solved with either directly or with an iterative
method. For a direct solution, MATLAB’s backslash operator is used, or by conju-
gate gradient with a specified tolerance of 10~ for an iterative method. The number
of iterations required for convergence to the specified tolerance with conjugate gra-
dient was independent of the mesh norm h. This is not particularly surprising since
the matrices are well-conditioned with condition numbers independent of the mesh
norm h. We briefly remark here that if we instead force € — 0, the condition number
decays with e.

The local Lagrange functions are computed using the surface spline ¢(r) =
r?log(r). To ensure the local Lagrange functions provide sufficient quasi-interpolation,
we choose more points than may be necessary; each local Lagrange function is con-
structed using approximately 11log(N)? nearest neighbor centers, where N is the
total number of centers in 2 U {27. The stiffness matrix for the nonlocal problem
only requires Lagrange functions centered in {2; however, the surface splines centered
in €27 are required for the construction of the local Lagrange functions. See Sec-
tion 4.3 for a discussion on the construction method and the need for points outside
of Q.

We choose a kernel v(z,y) = (k(x) + r(y))®(||z — y||) with fixed horizon ¢;
the function k provides spatial variation which makes the problem anisotropic. We
choose a solution u € L?(2 U Q) is chosen for each numerical experiment and

manufacture the source function f by computing Lu(x;) = f(x;) for each center
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x;. The values of f(x;) are computed by using large numbers of tensor products
of Gauss-Legendre nodes to approximate the integral in Equation (4.3); the large
number of quadrature nodes used is to guarantee that the value of f at each center
is as accurate as possible; errors in this step are independent of the discretization
method and merely errors in the manufacturing step.

The experiments are aimed at evaluating the L? convergence of the discrete so-
lution by constructing sets of uniformly spaced centers and sets of scattered centers
with various mesh norms. Uniformly spaced collections of centers X}, are constructed
using uniformly spaced centers with spacing h = .04,.02,.014,.008, and .006. To
study the effect of non-uniform, irregular sets of centers, collections of scattered
centers X, are constructed by modifying centers in Xj, by a random perturbation
of magnitude at most % For all of the X, and X,, Local Lagrange functions are
constructed to build the discretization space. The convergence of the discrete so-
lution u;, to the solution u is evaluated by plotting the log of the L? norm of the
error ||up — ul[z2(Quo,) against the log of the mesh norm h and viewing a best fit
line of the data. By our theoretical predictions in Proposition 11, We expect for

u e WF(QUQg) that [lu — up|| 12 < C’hk||u|\w2k(ﬂ).
4.6.1 Linear Anisotropy Experiment

We choose solution a sinusoidal, continuous function u and a kernel v with a

linear anisotropy function s and radial function ® given by

u(x) = sin(27rz) sin(2rze) Lo (x)
K(x) =1+ x + 29 (4.19)

R =)

\
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Figure 4.1: The log of h versus the log of the L? error for the linear anisotropic
experiment with functions given by (4.19) is displayed.

and we discretize (4.10) with local Lagrange functions.

The observed L? convergence rates with respect to the mesh norm A for the uni-

formly spaced and scattered centers experiments are provided in Figure 4.1. Table 4.1

displays the condition numbers of the stiffness matrices for each experiment. As we

expect from our theoretical predictions, the observed condition numbers of the stiff-

ness matrices are invariant under decreases in the mesh norm h. This numerically

validates the claims that the method produces well-conditioned matrices, even for

large sets of centers.

73



4.6.2  Exponential Anisotropy Experiment

We choose solution a u and a kernel v with an exponential anisotropy function x

and radial function ® given by

\
[SI)
lwo

(@) = <:1:1(:c1 - 1)) (x2<x2 _ 1)) o (@)

ko) = exp(ay + x2) (4.20)

- _ 1
¥l - 1) = o ( - =37y

\

and we discretize (4.10) with local Lagrange functions.

Figure 4.2 provides the L? convergence plots for the experiments involving s
and ky. The L? error rate matches the expected convergence rate predicted by
Proposition 11. We observe a convergence rate of O(h?) in both the uniformly
spaced centers and the scattered centers experiments, which matches our expectation.
Table 4.1 displays the condition numbers for the discrete stiffness matrices of various
values for h; once again, the condition numbers of the discrete stiffness matrices do
not increase as the mesh norm decreases, which matches the prediction in Lemma 7.
Consequently, as we vary the anisotropy functions, the stiffness matrices still adhere
to a fixed condition number (although the number varies depending on the anisotropy

function, it is independent of the mesh norm).
4.6.2.1  Vanishing Nonlocality

We present numerical results as part of an investigation of the effects of shrinking
the horizon e, which is the radius of support of the kernel . The solution of the
nonlocal problem converges to the solution of (4.4) as € decreases under appropriate

conditions on the kernel and anisotropy function. We are focused on anisotropic
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Figure 4.2: The log of h versus the log of the L? error for the exponential anisotropy
experiment with functions given by (4.20) is displayed.

Table 4.1: The mesh norm h, number of rows n of the stiffness matrix, and the esti-
mated condition number for the stiffness matrix with the linear anisotropy (4.19) and
the exponential anisotropy (4.20). The condition numbers of the stiffness matrices
does not increase as h decreases.

Approximate Condition Number

h n Linear Exponential
2.83e-2 625 58 89
1.41e-2 2500 59 90

9.9e-3 5041 59 90
5.7e-3 15625 60 92
4.2e-3 27889 60 92
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kernels of the form

1@.y) = 5 (5(@) + w(w) 21z~ y]), (1.21)

where ®(1||z||) is a compactly supported radial function with support radius €; the e
value determines the horizon of the nonlocal operator. We study the idea of approx-
imating the solution to an anisotropic differential equation by solving an anisotropic
nonlocal problem with sufficiently small horizon €. Ideally, as € decreases to zero, the
the discrete solution to the anisotropic nonlocal problem should be near the solu-
tion to the differential equation. The numerical experiments we present demonstrate
that the discrete solution to the anisotropic nonlocal problem indeed converges to
the solution of the anisotropic differential equation.

To analytically study the relationship between nonlocal operators and differential
operators, we employ a Taylor series expansion argument. We relate the differential
operator D to a nonlocal operator that approximates D in the small horizon limit.
We assume that x,u : R — R are smooth functions for the analysis we employ.

Fix z € Q and apply a Taylor series expansion in a ball B.(z) to obtain for some

¢,n € Be(x)

uly) — ulw) = @)y — ) + @)y — 2 + ' (Qly — )

K(7) + Ky) = 26(x) + () (y — 2) + K" (@) (y — 2)" + 2K" () (y — 2)*.

Let £, denote the nonlocal operator with kernel +.. Then, for smooth u, it follows
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that

—€ €

+ L (2" (@)n(a) / z2¢<%\z\) dz +u"(z)w (x) / o (%m) dz + )

3
€ —€ —€

Lou(z) = é(?u'(m)ﬁ(x) / 20 <%|z|) dz + /(2K (2) / 20 (%|Z|>dz)

where we have truncated the expression to exclude any of the (y — x)3 terms. These
terms will be of an order that is vanishingly small relative to other terms later, so

we exclude them now. The z®(£|z|) integrals vanish due to the fact that z®($|z|) is

€

an odd function. We also exclude any integrals involving z? since

1, (1 1
g/_ez q’(gfz\) < §€H‘I’||L°°(Q)>

which is O(e). After eliminating these terms, we find

Lou(w) ~ 2(u/ (2)k (z) + v (x)k(z)) / "2 (M) dz

Consequently, as € decreases to zero, it follows that

Lou(z) — p(u'(2)K (z) + " (2)k(x))

1
p = 2/ 2®(|7|) dr

1

We numerically study a discretization method by using Lagrange functions to
form an approximation space to solve the problem L. u. = f for anisotropic nonlocal
operators. Let u denote the solution to Du = f for the differential operator D and

let h be the mesh norm corresponding to the set of centers X used to construct the

7



Lagrange functions. We solve L.u. = f by discretizing the problem with Lagrange
functions to construct an approximate solution u. j, where the € is varied to a suffi-
ciently small quantity to find sufficient accuracy. Our experiments provide evidence
that as € = 0, ||u — Ul L2(0u0y) ~ O(e?).

For our experiments, we consider the radial kernel

@(%Hxl\) - (1 - él!x!V)ﬂnmn«(@

for the nonlocal operator and we consider two separate anisotropy functions x(x,y).
A linear anisotropic function of the form ky(z,y) = 1 + = + y is used for the
first experiment and the second experiment uses an exponential anisotropy function
ro(z,y) = exp(z + y). The kernel 7, is defined as in (4.21) for each of the different
choices of k. For these experiments, we are not interested in exploring mesh norm
convergence; the mesh norm h = .000075 is fixed for the experiments and we instead
consider a range of € values .075,.0625,.05,.04, and .035. With these mesh norm
values, we construct a grid of uniformly spaced centers on [0, 1] and we discretize the
problem L.u. = f with Lagrange functions constructed using the uniformly spaced
centers. The discrete solution u.j is computed as described in Section 4.5.

We choose
u(z) = (1 — cos(2mx)) L (2) (4.22)

and we analytically compute Du = f, where D is the differential operator that L.
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converges to. We compute,

—27( sin(27x) + 27(1 + ) cos(27x) for xy
fz) = ( )
— exp(x) (27 sin(27z) + 472 cos(2mx)) for ko

In contrast to the experiments in Section 4.6.1 and Section 4.6.2, we do not vary
the source function f or the mesh norm h. Rather, we vary € to analyze how the
discrete solution to the nonlocal problem relates to the solution to the differential
equation as e shrinks. We manufacture f by applying the differential operator D
to the chosen solution u to construct Du = f, where wu is the fixed function (4.22).
Figure 4.3 provides evidence that for both s and ko, the L* error ||u — wep|r2(01]
converges at about O(e?). This observation matches the error we expect from the
Taylor series analysis we used previously. As a consequence of these experiments, the
results suggest it is possible to approximate the solution to an anisotropic differen-
tial equation by discretizing and solving an anisotropic nonlocal volume constrained
equation. Whether this is computationally advantageous or not is another question
entirely, but it is nonetheless an interesting experiment. Indeed, if further work
demonstrates that the nonlocal problem is easier to discretize and solve, then the
methods discussed here provide a new avenue of investigation for solution methods

for anisotropic differential equations.

4.6.3  Quadrature Fxperiment

We present a numerical experiment for the proposed local Lagrange quadrature
method introduced in Section 4.4. The tests are computed on the set Q2 U Q27 where
Q =(0,1) x (0,1) and Q7 = [—1, 3] x [-1, 3]\ Let X C QU Q7 be a collection
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O L2error O L2error
102 o' i 0l 0"

(a) k(z,y) = exp(z +y) (b) k(z,y) =14+2x+y

Figure 4.3: The log of € vs. the log of the L? error of the discrete solution wu,y is
plotted. As e goes to zero, we observe €2 convergence.

of scattered centers and let w; denote the quadrature weight centered at the point
x; € X. We choose a function u : QU7 — R and we investigate how the quadrature

error, given by

: (4.23)

’ /Q PRCILED WA

x,€X

varies as we decrease the mesh norm. We expect the quadrature error to decrease as
O(h*) by Lemma 6 depending on the smoothness of the function u. We choose the

function
w(@) = (21(1 = 21))* (22(1 — 7)) *1o() (4.24)

and we consider various sets of centers with mesh norms h = .04, .02,.014, .008, and
.006. Figure 4.4 shows the results for an experiment using the polynomial function

(4.24), which exhibits a convergence rate of h?®.
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O L2error
Convergence O(h2'6)
1e-07 o
1le-08
° o
1e-09
1e-10 . . . . .
0.006 0.008 0.014 0.02 0.04

Figure 4.4: The log of the quadrature error (4.23) versus the log of the mesh norm
h is displayed for the function (4.24).

4.7 FError Analysis

The purpose of this section is to provide two quadrature error estimates relevant

to the quadrature method used for the nonlocal diffusion problem.
4.7.1 Two Quadrature Error Estimates

Let f € WFQUQ7) be a given function and let X be a collection of centers
in QU Q7. Let {x;} be a set of full Lagrange functions where y; is centered at
x; (ie., xi(z;) = d;j). Let {w;} be the corresponding set of quadrature weights.
For the conforming Local Lagrange method for nonlocal diffusion, we must compute

integrals, which we approximate using the Lagrange function quadrature method:

/Q Faa) o~ Y () Few

Xi(Tj) wj =
ijX (Sij
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Analysis is required in order to quantify the quadrature error

Ei =

/ f@)xile) de — fla)w
Q

Lemma 9. Let X C Q C R"™ have mesh norm h and separation radius q. Let

f e WEQ) and let x; € W3 () with 2 < k < m. Then,

E; < Cq%”f”w;c(g)

Proof. This result follows by applying by applying the interpolation error estimates
and a Bernstein estimate. We know for a function g € W§ the quadrature error is
O(R¥|] 9llwz (o)) by the interpolation error estimates. Therefore, the product fy; €
Wx(€Q) and we have

E; < Ohk”inHWQk(Q)'

This looks promising (order k approximation) but the right hand side has dependence

on y; which we must remove. We estimate

1 xillwe) < I llweelxallwe e (4.25)

and by estimates from, for example, [11], it follows that

IXillw @) < Cq2™. (4.26)
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Applying (4.26) to (4.25) enables us to predict

E; < Ch¥|| fxillws o)

< Chk(]%_knfnwg(m

< Ch2 || fllws
where we have used the quasi-uniformity assumption that there exists fixed constants
such that C; < % < (. ]

The result Lemma 9 is undesirable. We may slightly strengthen the result from

hz approximation to h".

Lemma 10. Under the same assumptions as in Lemma 9, we may show that
E; < Ch"w(f, Khlog(h)) + CR*|| f| r~

We begin by rewriting the error as the integral of differences of Lagrange func-

tions. We are using the fact here that ) x; = 1.

Proof.

‘/f o)) dz — f(:)w

’/ i) xi(w) da

Let K > 0 be a fixed integer and let h denote the mesh norm of X. Let B := {z €

‘/f D) ds = () [ o) da

Q: ||lr — z4]] < Kh|log(h)|} and let B¢ := Q\B. We split the region of integration

into two pieces, B and B¢, and use different approximations on each piece of the
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integral. That is,

E; =

[ 6@ = fa)de+ [ (56 = f)t) do

Be¢

We first consider the integral over B. Recall that the modulus of continuity
w(f, R) = supj,_y<r |f(®) — f(y)| and w(f, R) — 0 as R — 0. Furthermore, it
has been shown that the L! norm of y; is of order ¢" ~ h™. With these pieces of

information, we compute

‘ / f(z;) X, x) dx

/|f £ (@) (o)) de
< w(f, Kh| og(h / ()| da

< Cw(f, Kh|log(h)|)n"

Now we consider the integral over B¢. Here we invoke the exponential decay of

the Lagrange functions. It has been shown in [11] that

xile)] < Cexp(—rd(x, z:))

Consequently, sup,cge |xi(z)| < CRh®¥. Therefore, we have

[ 10 = 1)@ de < 20 llomoh™ [ do

c

< 2| fll oo ()R

where 11(€) is the volume of the region of integration. Combining the two integral
estimates on B and B¢ yields the result. If desired, we could replace the ||f||Le

by bounding it above by || f[lyys(). K can be chosen to be larger than n (we had
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freedom to choose it) and v > 0 is a constant. [

Lemma 10 provides at least h"™ convergence, which is an improvement over Lemma 9
which yielded just an h%z. However, we should note the A" is multiplied by an
w(f, Khllog(h)|), a term which decreases to zero. A further refined estimate would
require some control on how w(f, R) decays. We note that we suspect this error
estimate is still pessimistic.

This quadrature error problem is an open problem in radial basis functions which
needs to be addressed. The results appear exceedingly pessimistic, especially for
products x;x;. However, in practice, the quadrature performs quite well. We study

one additional example of a quadrature error estimate by making use of Taylor series.

Lemma 11. Let f € C™(Q2) (f has m continuous derivatives) and Q@ C R. Then,

the quadrature error is on the order of hi.

Proof. Let z; € X be a center, let K > 0 be a fixed (chosen) integer and let K} :=

Khllog(h)|. We need to estimate

\ [ faratrde - f(e) [ vito)ds

-| [ 0@ - st
We expand f into a Taylor series about z; to obtain

F() = fle) + £ @) =) + 3@ = o ) ),
Therefore, it follows that

() = F@) = /@) = a2) 30" @) = 2+ -+ =) ),

Let B:={z € Q: |z — ] < K} and B® := Q\B. Then, we split the error into
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two integrals over B and B¢ respectively

<

‘ /Q (f(@) = f(2))xi(z)

[ ()= et ds

i ‘ [ () = st do

As in the proof of Lemma 10, we may bound the integral over B¢ using the expo-

nential decay of the Lagrange function to find

(f(x) = fz))xi(e) dz| < OV f|ne.

Be¢

The new approach focuses on the integral over the ball B. We assume h is sufficiently

small so that the Taylor expansion on B is valid, and we compute on B that

£@) = fal = 1 @) —z) + -+ I — gy

We apply the triangle inequality to get a term involving a polynomial |(z —z;)*x;(z)|
for k = 1,...,m. We note that since the integral is over B, |z — y| < 2K}, for all

x,y € B. Therefore, we compute, for example,

[ e =2l do < sup (@ = 2] [ xita)da

< C(K)PR" ~ O(h**"|log(h)|)

where we invoked the fact that the L' norm of y; is on the order of h". Therefore,
the error is O(K,h™) = O(h"*!|1log(h)|). Since we are in R, n = 1, and therefore we

have O(h?|log(h)|). O
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4.7.2  Local Lagrange Quadrature Error Estimates

The estimates in Lemma 9 and Lemma 10 both use the full Lagrange functions
rather than the local Lagrange functions. We may extend the lemmas to get ana-

logues of both Lemma 9 and Lemma 10 for the local Lagrange functions.

Lemma 12. Under the same assumptions as in Lemma 9 with x; denoting the local

Lagrange functions, we have

\ [ f@)te) do— s

< OR*[| fllwy @)

Proof. We begin by adding and subtracting terms within | [, f(2)X;(2) dz— f(z;)).
We add and subtract, [, f(z)xi(z)dz and f(2;)w;. Therefore, we have

\ [t de - s

[5G - )
[ (@)= )t do
+ ‘f(fz‘)/ﬂ(xz‘(ﬂﬁ) — Xi(z) dz|.

<
+

We have broken up the local Lagrange quadrature error into three pieces: an error
between the integrals of f times a Lagrange function vs. a local Lagrange function,
the quadrature error using the full Lagrange function, and the difference between
the local Lagrange quadrature weight and the full Lagrange quadrature.

We apply Corollary 4.11 [11] to bound ||x; — Xi||z2 < Ch? for a J > 0. The value
of J can be increased by increasing the number of centers used in the local Lagrange

function construction.

‘/Qf(x) (Xi(2) = xi(2)) dz| < || fllr2@ IR — xillzz) < CR7 | fllz2e)-
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The next term we estimate is the quadrature error for the full Lagrange function,

which we may apply Lemma 9 to find

[ () = f@0) o) d| < € g

The last term we estimate controls the error between the quadrature weight from the
full Lagrange function and the quadrature weight from the local Lagrange function.

We have

]f<:ci> ( [ o) - it dx) \ < supl (o) [ [hule) — i) d

< fllze@llxi — Xill Lo

< CV||fll1=(e).

Therefore, we have bounded the local Lagrange quadrature error above by

/Q F@)xi(w) do — f(x)i,

< C<h"(HfHLz<m 1 lle) + hgl\f!lw;(m)

We may choose J by tuning the value K used in the construction of the local

n

Lagrange functions so that J > §. Therefore, we have the quadrature error is

O(h3). O

Corollary 2. The estimate in Lemma 10 is valid for local Lagrange functions as well,
provided sufficiently many centers are used in the construction of the local Lagrange

function

Proof. The proof is identical to Lemma 12 but we invoke Lemma 10 in the proof

rather than Lemma 9. For J > n, the result holds. O
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4.7.8  The Quadrature Error for Solutions to Nonlocal Diffusion Problems

We address the difficulty associated with getting an error estimate for the discrete
solution we construct to the nonlocal diffusion problem. Let u € W¥(QUQz) denote
the solution which we aim to approximate. Let wuj;, which is a linear combination of
local Lagrange functions, denote the approximate solution that would be constructed
if there were no quadrature error. This is not an interpolant; this would be the
result of solving a linear system of equations where the matrices and vectors are
constructed without quadrature error. The error estimate we derived currently shows
that ||u — up|| ~ O(h¥). As we know, this is inadequate because we do not construct
up. Rather, we construct w4y, which is also a linear combination of local Lagrange
functions like uy, by solving a linear system of equations. The matrices and vectors
for the solution @y, are constructed by solving A = b where A and b are the arrays
assembled by employing the one point quadrature methods. What we want is the

following:
Conjecture 1. |ju — ||z < Ch*|[ullyys

This is significantly different from the current estimate, as this takes into account
quadrature error. Numerically, we have strong evidence for this conjecture. One

obvious approach is to simply apply the triangle equality, which yields

Hu — U~hHL2 = ||u — Up + Up — ahHL?
< Nl — unllr2 + llun — |2

< Ch*|Jullyy + [lun — @l 2
—_———

?

It does not follow from either of Lemma 9 or Lemma 10 that ||up — @p||zz <

Chk||U||W2k unfortunately. It doesn’t even follow that the error is O(h™) (where recall
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that n is the spatial dimension). The reason is because the error ||u, — @y||z2 is not

a direct quadrature error. Let uj = Y a;x; and 4y = Y a;x;. Then,

un = dinllz2 = 11> (@ — dixill 2

< Oq"|{ai — di}lle

The coefficients {a;} are computed by building the matrix equations using equations
the quadrature methods and solving the resulting linear systems. The coefficients
{a;} are the coefficients that we would get if we constructed the linear system of
equations without any quadrature error and then solved the system of equations.
Therefore, problem of comparing u;, and uy, is the following: first we build a linear
system of equations, which has error built into it because we use quadrature, then we
solve that linear system of equations to get 4. A simple quadrature error estimate
of the form given in either Lemma 9 or Lemma 10 is unfortunately insufficient; we
either need a more sophisticated analysis on the quadrature errors in the matrices and
we must understand how the solution of the linear system of equations is affected
by this perturbation in the matrix, or we need a Strang’s lemma. There is an
“obvious” alternative. We simply could mimic the technique used in the elliptic
partial differential equations solution method and introduce a dense set of quadrature
nodes Y with mesh norm hy. Then, the framework used for the theory of quadrature
error in the elliptic PDE method could be applied and we could derive comparable
numerical results. We do not do this for one specific reason: introducing a larger
point set Y destroys the advantage of one point quadrature for off diagonal entries

that the method currently has.
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4.7.4  An Alternative Nonlocal Diffusion Method

In the previous sections, we investigated a discretization of an anisotropic nonlocal
diffusion problem with Dirichlet volume constraints by constructing a basis of local
Lagrange functions. Since the discretization space was non-conforming with respect
to the Hilbert space used for the variational formulation of the problem, a modified
discretization space was constructed by enforcing the Dirichlet volume constraint on
the local Lagrange functions. The method has proven to be effective in numerous
ways. The method is conforming, it produces a sparse, symmetric, positive definite
matrix. It can be assembled with ease on a CUDA GPU and inverted quickly with
conjugate gradient, also on a GPU. Furthermore, the number of iterations required
for inversion is independent of the mesh norm.

However, the previous method suffers from a severe drawback. Despite being
simply inelegant, it is restricted to only work for Dirichlet volume constraints that
are zero in the interaction domain. Neumann or Robin volume constraints were not
explored and the basis would not reproduce functions with nonzero Dirichlet volume
constraints. We present here a method that is capable of handling any volume
constraint. The method employs the same concepts of local Lagrange functions and
local Lagrange quadrature, although it does not require arbitrarily forcing the basis
functions to be zero on the interaction domain. The drawback to the new method
we present here is the method is non-conforming. This does not seem to impact the
quality of the solution. The solution is enforced by means of Lagrange multipliers.
The work we present here is joint work with Lehoucq, Narcowich, and Ward.

We study an alternative variational form that imposes volume constraints by
Lagrange multipliers. We introduce an alternative variational form because the dis-

cretization spaces we propose are not contained in the constrained energy space.
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This results in a non-conforming method; Lagrange multipliers provide a method
to approximate the Dirichlet volume constraint. For functions v € L?(2 U Q7) and

A € L*(Qy), define the form B : L*(QU Q7) x L*(7) - R
B = [ Ay)u(y) dy.
Qr
Consider the following problem: find u € L*(Q U Qz) and A € L*(Q;) such that

a(u,v)+B(v,\) = / v(x)b(x) dx for all u € L*(Q U Q7)
¥ (4.27)
B(u,w) = /Q w(y)g(y) dy for all w € L*(Q;).

Lemma 13. There exists positive constants «y, By such that

la(u,v)| < apl|lul|lv||v]|u for all u,v € U

B(u,q) < follullullglln for allu € U, q €1l

Proof. By the assumptions on the kernel,

a(u,v)| = 5 (u() = u(y)) (v(@) — v(y)) (s(@) + K(y)) 2(llx — yl) dy d
2 QU QUQ

< 9|Al| ey (2\ / u(@)o(e) / &(|z - y]) dy da
QUQT QUQT

)

< 4kl L~ @uag) (2 + v8) lull L2 @uap V] 2 @uay)

+2\ [ we [ ewe -yl dyde

The form B is bounded by applying the Cauchy-Schwarz inequality

B(u,q) :/Q w@)q(x) dz < ||ull 2 lell 2@ < llull2@uan 9l 2 -
I
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]

We now verify that the anisotropic problem is well-posed. Let U := L*(Q U Q7),
I:=L?(Q) and Z := {u € U : B(u,q) =0 for all q € IT}.

Lemma 14. There exists a constant § > 0 such that

B(u, q
Bllglln < sup 214D,
wet ||ullu

Proof. Fix q € L*(;) and choose u such that ulg, = ¢ almost everywhere and

u|q = 0. Then,
Blug) = [ w@@)de = [ a(w)ia

and ||ullo = ||ullz2(uos) = 11¢llz2(;)- Therefore, we have (with 3 = 1),

lalln _ Blw.g) _  Blw.g)
lglln lully ™ wer ully

lglln = llglim

]

The bilinear form a is coercive when restricted to the space Z. The coercivity
of the bilinear form on Z, the boundendess of a and b, and the inf-sup condition
together implies that the problem (4.28) is well-posed [2].

We introduce finite dimensional discretization spaces U, = span{¢;}Y., C L*(QU
Q7) and A, = span{¢y}., C L*(Q;). The discrete problem is to find u, =

Zf\;l a;0; € Uy, and A\, = Zivzfl Brtbr, € Ay, such that

a(up, vp)+B(vh, Ap) = / vp(x)b(x) dx for all v, € Uy,
Q (4.28)
B(up,wp) =0 for all wy, € Ay,.
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This results in a linear system of equations

A B a b
= (4.29)
BT 0] \B 0
where a; = «;, B, = Pk, and the entries in the matrices above are
Q

We introduce the space Z;, = {v, € V : fﬂz vpb; = 0 for all b; € Ay}, Our
goal is to verify that the bilinear form a is coercive on Z, and that the spaces V),
and A, satisfy a discrete inf-sup condition. That is, we need to argue there exists
ap independent of h,q such that a(zp, z,) > aOthH%Q(QUQI) and that there exists a

£ > 0 independent of h, ¢ such that

B(vp, w
Bllwnll 2y < sup Blonwn)
v EVY thHLQ(QUQI)

holds for all wy, € Ay,.

Proposition 12. Let X be a quasi-uniformly distributed set of centers and V, =
span{be : £ € X} and Ay, = span{b, : n € X N Q}. Then, there exists a constant

independent of h,q such that

B
B < inf sup (v, 0n) .
wn€hn v, evy, |wall L2 |vnllL2@uar)

Proof. We begin by fixing wy, = ZneXmQ wyb, € A, C V3. Since wy, € V3, we may

bound
B(wh,wh) < B(vh,wh)

lwillzz@uor) ~ wevi llvnllzz@uor)
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Recall that B(wy,wy) = sz W (Y)wi(y) dy = Hwh||%2(91). If we show there exists a
C > 0 independent of h, g such that Cllwp || r2uay) < |whllr2(,), the result follows.
We apply [11, Theorem 6.2] to bound ||wy||r2(q,) > C’qu%||w||g2. Furthermore, there

exists a constant Coug, such that [Jws||r2ue, < CQUQIq%HzBng by [11, Theorem

Ca,
Cauay

]

4.12]. Therefore, we may set C' :=
A discrete coercivity result may be attained assuming that h is sufficiently small.

Theorem 4. Assume that for 0 < h < hg that dist;2q,)(1,11;) < €|z for some

constant 0 <t <1 ande < Sr_\;)lffz. If up, € Zy, then,

The constants A and § may be found in [23].

As a consequence of Proposition 12 and Theorem 4, it follows that the discretized

problem is well-posed.

Proposition 13. Let V), 11, Zy, hg all be as defined above. For h < hg, there exists

unique functions u, € Vi, and py, € 11, that solve

a(up, vp)+B(vp, A\p) = / vp(x)b(x) de for all vy, € Uy,
Q (4.31)
B(up,wy) =0 for all wy, € Ay,
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5. ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS ON SPHERES

The objective of this chapter is to introduce a Galerkin method for the solution
of elliptic partial differential equations on manifolds. In particular, we study heat
conduction on the sphere S? in an inhomogeneous, anisotropic medium. That is, the

equation we aim to discretize and solve is
Lu = —div(a-Vu)+bu = f (5.1)

where div is the divergence operator and V is the covariant derivative operator on
the sphere, a is a rank two symmetric, positive definite tensor, and f € WX(S?) for
some k > 0. Most of the content of this section, as well as additional theory on the
use of local Lagrange functions, may be found in [25]. The work presented here is
joint work with Narcowich and Ward.

The primary tool for the discretization will be the surface splines k,,(z,y) :=
(—1)™(1 —x-y)™ 'log(1 — x - y). The conditionally positive definite surface spline
has a reproducing kernel Hilbert space equivalent to the Sobolev space W4 (S?).

Solving partial differential equations on spheres with spherical basis functions it
not a new idea. However, introducing a meshfree Galerkin method with spherical
basis functions along with a practical quadrature routine is novel. Previous methods
relying on SBF's have relied on collocation schemes. For example, see [17].

We may expand (5.1) as

L= - 3 ftet(g) (@) 2 + b = 1

w/det(gij) 07 ox; Oz,

We place appropriate assumptions on the data in (5.1). We assume that b(x) €
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C°°(S?) and that a is a positive definite rank 2 tensor such that there exists positive

constants ¢y, co such that

c Z g" () x)vv; < Z a(r) < ¢y Z g"” (z)vv; (5.2)
,J

for any vectors v € T,(S?), the tangent space of z. We further assume that there
exists a constant by > by > 0 such that by < b(x) < b;. In the event we choose a = ¢,

then the problem reduces to
u=—Au+bu=f.

In the event that a # ¢ has spatial variation, we refer to this as the anisotropic
problem.

To solve (5.1), we place the problem into weak form as the first step. We begin by
multiplying (5.1) by a test function v € W,}(S?) and integrating by parts to place the
equation into weak form. We define the bilinear form a(u,v) and the linear function

¢(v) operating on u,v € W}(S?) by

a(u,v) = (Lu, v) 22 / Z gg 687@ + b(x)u(z) du(x),
B (5.3)

l(v) := . f(@)v(x) dp(z).

We trust the reader will not confuse a(u,v), the bilinear form, with the similar
nomenclature a* for the rank two tensor. We may now formally state the problem

we aim to discretize and solve. Let a(-,-) and ¢(-) be as defined in (5.3). We seek

97



u € Wy (S?) so that for every v € W} (S?),

a(u,v) = {(v). (5.4)

We need to guarantee that a unique solution exists for this problem. This follows
by an application of the famous Lax-Milgram Lemma. To apply the Lax-Milgram
lemma, the bilinear form a(u, v) must be coercive and bounded and the linear func-
tion ¢(v) must be bounded. We recall that we say a bilinear form a : H x H — R is

coercive on a Hilbert space H if a(u,u) > af|ul|% for some positive a.

Proposition 14. Let a and { denote the bilinear form and linear functional, re-
spectively, defined in (5.3). Then, a is coercive and bounded on W3 (S?) and € is a

bounded linear functional on W3 (S?).

Proof. Recall the assumption that were placed upon a” and b(x). We know there
exists ¢y, ¢y relating g% and a” and that there exists 0 < by < b(z) < by. Therefore,

we may bound the bilinear form above and below

ou Ou
min(ey, bo) 252y < / clzgmax i+ bon(x) () < alu,0),

max(cz, by)||ullwy(s2) = / Ca Zg” Ou @ + b (z) du(z) > a(u,v).

Consequently, the bilinear form is coercive, and actually defines an inner product

equivalent to the W3 (S?) inner product.

Lemma 15. Let {(v) denote the linear functional €(v) is continuous in the Wy (S?)

norm.
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Proof. This result follows by a quick application of the Cauchy-Schwarz inequality.
We see

)= | @) du() < Ifllze [llee < Iz llvlge).

]

As a consequence of (14) and (15), we may apply the Lax-Milgram lemma to
conclude that there exists a unique u € W3 (S?) such that a(u,v) = £(v) for all
v € W}(S?). Consequently, a solution exists and is unique and we may pursue a
discretization of the problem to approximate the solution u. We note a regularity

condition that is due to the ellipticity of the differential operator.

Proposition 15. [25] Let L be the differential operator as described in (5.1) along
with our assumptions on the tensor a” and the function b. Then, if u is any
distributional solution to the problem Lu = f, where f € W3(S?) for s > 0,
then for any t < s — 1, there ewists a constant Cy so that u € Wit*(S?) and

[ullys+2 < Cilllullwg + llullwy). Furthermore, [Jullys+2g2) < O Lulw; s2)-

This regularity result guarantees the amount of smoothness u will posses. Intu-
itively, u should have at least two more derivatives than f, which is exactly what the
regularity result confirms. Such results are not surprising and known due to the C*
coefficients in (5.1) and since the operator L is elliptic.

As a result of the properties of the bilinear form, we may note a corollary of the

regularity proposition that enables us to enhance our error estimates later.

Corollary 3. Let V;, C W}(S?) be a closed subspace. Let vy, denote the Galerkin

solution to the problem a(uy,vy) = €(vy) for all v, € Vj,. Let w denote the solution
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to the problem Lw = u — u, and let wy, denote the corresponding Galerkin solution
i vy. Then,

lu —unllze < Mllu— unllwyellv — vallwye)-

Proof. We first note that the bilinear form a was constructed by integration by parts

of (Lu,v)r2(s2) := a(u,v). Then, we use this to evaluate
a(w,u — up) = (Lw, u — up) 22y = |[u— upl|72(2)-

We note that since wuy, is the Galerkin solution corresponding to u, Galerkin orthogo-
nality implies that a(wy,, u—wuy,) = 0. Applying the Galerkin orthogonality, additivity

of the bilinear form and boundedness of the bilinear form, we evaluate

l|lu — uhH%z(Sz) = a(w,u —up) = a(w — wp, u — uy)

< Mlw — wp|[wy 2 lu — unllws2)-

5.1 Error Estimates with Spherical Basis Functions

We employ spherical basis functions for the discretization method we develop to
approximate the solution to the problem Lu = f. Consider a spherical basis function
¢ on S? that is either positive definite or conditionally positive definite. Let X be a

collection of quasi-uniformly scattered centers on S? and let

Vx =Vyx = {Zaggz)(-,g) : Zagp(g) =0 for all p € H} +1I

geX 3

100



where II is the space of continuous functions corresponding to the conditionally
positive definite kernel ¢. For this section, we assume II is the span of spherical
harmonics up to a fixed degree L (not to be confused with the differential operator
L). We place some restrictions on the behavior of the kernel to guarantee that we
may employ known interpolation error estimates. Let 7 > 1 and assume that there

exists positive constants ¢, C' so that the Fourier coefficients of ¢ satisfy
c(1+XN)7 < <CA+N) T forall ¢ >L+1 (5.5)

where L is the degree of the highest order spherical harmonic in II.

Let H* := W}(S?) for shorthand. In the weak formulation, the Hilbert space we
search in is H!. For sufficient 7 > 1, the space Vx C H!, and consequently we may
considered the discretized following discretized problem: Find uy € Vx such that

for all vy € Vx

a(ux,vyx) = l(vx).

Since Vx C H%, the discretization is conforming, and consequently an application
of Lax-Milgram once again guarantees such a solution exists. We refer to the so-
lution uy as the discrete solution in contrast to the solution (or exact solution) u.
Furthermore, we know by Cea’s Lemma that the discrete solution is a near-optimal

approximation to u in the discretization space Vx. That is,
|lu —ux||gr <C inf |Ju—vx| g
vx €Vx
Consequently, by choosing the interpolant Iyu € Vy, it follows that

lu —ux||m < Cllu— Ixullg.
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By identical reasoning, for the problem Lw = u —uy, we know the Galerkin solution
wyx € Vx satisfies

|lw—wx||g < Cllw— Ixw|q.

Regarding the regularity of each solution, if the data f € H?®, then by the regularity
result Proposition 15, it follows that « € H**2. For 7 > 1, the interpolant Ixu is
in the space H™™ for a < 7 — 1. As a result, the difference u — Ixyu € H? where
o = min(s + 2,7 + «). We may once again apply elliptic regularity Proposition 15
to the problem Lw = u — Ixu to find that since u — Ixu € H?, w € H° 2.

We consider the kernel ¢ = k,,, the restricted surface spline that is in the Sobolev
space W3"(S?). Let x¢ denote the Lagrange function centered at & constructed by
linear combinations of k,,(-,n) plus an appropriate polynomial from II,,, the space of
degree m spherical polynomials. The space Vx is the space we employ to discretize
the problem (5.1). With these regularity results combined with the approximation

powers of the discretization spaces, we may derive error estimates for the problem.

Lemma 16. Let 7 > § (for S" or 7 > 1 for S?). Let X be a collection of scattered
centers with mesh norm h. Let w be the solution to the problem Lw = u — Ixu.
Then,

|w — wx || g < OR*||u — Ixu| gs.

Proof. We know w € H?*? where ¢ = min(s + 2,7+ «a) for 7 > % and a < 7 — %.

Then, as a result, o > 1, so o + 2 > 3. Therefore, w € H3. As a result, we may

apply the interpolation error estimates for the kernel ¢, which allows us to estimate
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Furthermore, by the regularity result Proposition 15, it follows

||| gs < C||Lw|| g = Cllu — Ixu||g.

O

We focus on the specific case of n = 2 since the sphere S? is our primary manifold

n

of interest. For general S", the key replacements are that 7 > 5 and a < 7 — 3
Theorem 5. Let n = 2 and let Lu = f for f € H® and s > 0. Let ux denote the
Galerkin solution to the problem Lu = f in the space Vx constructed from scattered

centers with mesh norm h and a kernel ¢ that satisfies (5.5). Then,

Chs2||ul| ore for s <21 —2
lu — ux||ze < (5.6)

Ch*||u||gzr  for2r—2<s

Proof. The interpolation error estimates derived in [25] (Proposition A.3) show that

on S§",if 7> 4 and § < p < 27, and B < min(y, 7), then

lu — Ixull s < CH*P||ul| . (5.7)

In the context of our problem, u € H*"2 where s > 0. The highest order approxi-
mation power possible is 27, which occurs in the event 27 < s+ 2, and consequently,
the two cases to consider are s < 27 — 2 and s > 27 — 2.

By Cea’s Lemma, it follows that

lu —ux||g < Cllu— Ixulg.

We apply the interpolation error estimates to approximate the convergence order of
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u — Iyu in the H' norm. In the language of the interpolation error estimate (5.7),

£ =1, and we see

CheH u|| gs+1 for s < 27 — 2,
lu = Ixufl e < (5.8)

Ch¥ 7Y |ul| 2= for s > 27 — 2.

To recover L? error estimates, we need to apply the Nitsche trick to recover an

additional order of h. By Corollary 3,

lu = uxlZ> < llw = Ixwlm lu — Ixullg.

By applying Lemma 16, we may replace the w — I'xw norm by

lu —ux|lzo < Ch*|lu — Ixull3:

which implies that

lu —ux||zz < Chllu — Ixul|g.

Finally, we may apply (5.8) to acquire the approximation error rates

Che*2||u|| gs+1 for s < 27 — 2
lu = Ixul|r2 < (5.9)

Ch* ||ul| 2= for s > 27 — 2.

The error estimate we derived is under the assumption that the stiffness matrix
is assembled precisely with no quadrature error. The issue of quadrature is technical

and difficult and we study this problem in a later section. The assumptions on the
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kernel are given that the kernel is (conditionally) positive definite and the conditions

in (5.5). We remark that our particular interest is in the surface spline ¢,,(z,y) :=
(=)™ =z -y)" " log(l -z - y).
5.2 Stiffness Matrix in the Lagrange Basis

The error estimates derived in Section 5.1 are valid for many kernels. While
the theoretical error estimates in Theorem 5 are valid for a diverse set of kernels,
the choice of kernel has impact in the practical implementation of the method. A
numerically suitable, robust basis that is easy to assemble, is well-conditioned, and
preferably sparse is highly desired. Optimizing these conditions requires a choice of
a basis in the discretization space, Vx. We explore the use of the Lagrange basis for
a basis for the discretization space.

The kernels we consider are the surface splines ¢,, for m > 2 on the sphere S2.
These spaces satisfy the error estimates in Theorem 5 and also are known to have
a robust, exponentially decaying Lagrange basis. Chapter 2 provides the theoretical
properties of this basis on the sphere. In particular, the basis is highly localized
spatially and has a “small-footprint” in the sense that the number of kernels with
non-negligible coefficients is on the order of (’)(log(N )2) The basis can be approxi-
mated very well by the alternative basis of local Lagrange functions, as described in
Section 2.2.

Let V,,, x := V,,, x be the discretization space generated by ¢,, and the appro-
priate spherical polynomials. We choose for the basis the collection of Lagrange
functions, V;,, x = span{x¢ : £ € X'} that satisfy x¢(n) = d¢,,. The Galerkin solution
to the problem a(ux,vyx) = ¢(vy) for all vx € Vx can be expressed in terms of the

basis as uyx := dex ugXe. Substituting this into (5.4) along with the choice vy = x,,
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for each n € X yields the linear system of equations

Z uea(Xe; Xy) = €xn)-

3

We identify

Acy = alxe, xy) = / a” (2)Vxe - Vxy + b(x) xexy du(z),
SQ

(5.10)
£, =0x,) = /S2 f(@)xn(z) du(x).
Letting ug := ug, the linear system of equations we aim to solve are
Au=f. (5.11)

We refer to A as the stiffness matriz. The choice of basis affects the properties of
the stiffness matrix. We show that our choice of basis offers many benefits, but the
assembly of the matrix is non-trivial. Evaluating the inner products in (5.10) requires
a quadrature routine, which we discuss later. Without an effective, implementable
quadrature routine, the use of spherical basis functions may not be a practical choice.

We begin our exploration of the properties of the stiffness matrix by studying
the condition number of the stiffness matrix. Recall that the condition number,
k(A) := ka(A) = ||All2 - ||A7 |- We note that A is real and self-adjoint, since
Ac, = alxe Xy) = alxy, xe) = A, ¢. Since the bilinear form defines an inner product,
A is a Gram-matrix for the basis {x¢ }ecx in the a(-, -) inner product and consequently
A is positive definite. Therefore, kK(A) = f\mL((AA))

We first establish a bound on Ayin(A) := A\;. We estimate the eigenvalue by

considering the quadratic form (Ac, c¢) with ||c||,2 = 1. The minimum and maximum

values of the quadratic form correspond to the minimal and maximal eigenvalues of

106



A respectively. Let N denote the cardinality of the set of centers X. We compute

WE

(Ac,c) =) (Ac)c;

1

-.
Il

I
M =

i=1

N
( Z AL]'C]')Ci
j=1

I
.MZ

(a(Xia Xn)cj)ci

=1

N N
=a ( Z C; X, Z CJX]) .
=1 i=1

Letv := Zfil ciXi- Then, Ayin(A) = mina(v,v). Wenote that a(v,v) := (Lv,v) 122y,

and consequently,
Amin(D)[[0]Z2(s2) < (Ac, )

Since Amin(L) is independent of the choice of discretization (and positive), this is
a fixed constant. We need only estimate ||v||12(s2) in terms of the coefficients. We

know by Proposition 5 that we may bound
[v[|72(s2) > Cllcllez -
Consequently, we may estimate the lower eigenvalue of Apin(A) by

Amin (A) = Hﬂﬁi_n1<ACa €) = Anin (L)@ [lellfz ) = CAmin(L)g”. (5.12)

We investigate the upper bound in a similar fashion, although we require a Bernstein
inequality to relate ||Lv|p2 to ||v||z2. We may not proceed as before and claim

(Ac, ¢) < Amax(L)||v]|2, since there exists no maximal eigenvalue of the differential
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operator L. Instead, we apply Cauchy-Schwarz and use the Bernstein inequality (8)

to compute

Amax(A) = max(Ac, c) < max(Lv,v) 2

flell=1 llel]
< max || Lv| z2]Jv]| 12 < max Cq~?||v|72 (5.13)
llcl=1 llell=1

< max Cq_2q2HcHg2(N)
llcll=1

and we therefore may conclude that the maximal eigenvalue Ap.x(A) is bounded

above by a constant independent of h or q.

Theorem 6. Let A denote the stiffness matriz assembled using the basis {x¢ : £ €
X} for a quasi-uniformly distributed set of centers X with separation radius q that
is sufficiently small. Then, the condition number of the stiffness matriz is bounded
above by

rka(A) < Cgq?

for some positive constant C' independent of the mesh norm h or q.

Proof. Since A is a symmetric, positive definite matrix, we know the condition num-
ber is bounded above by the ratio of the maximal and minimal eigenvalues. By (5.12)

and (5.13), we compute

]

In addition to being stable, the stiffness matrix has banded properties and is
essentially sparse. While each entry in the stiffness matrix is nonzero, and hence

the matrix is dense, most off-diagonal entries are negligible in value. The stiffness

108



matrix entry Ag, = a(xe, x,) satisfies a decay property so that as d(&,n) increases,

the value of A decays exponentially. This mimics the spatial decay properties

X¢sXn

of the Lagrange functions.

Proposition 16. Let A denote the stiffness matriz. For sufficiently small h, the

entries in A decay as

Ag, <Ch%exp(— %dist(f, n)).

Proof. We take advantage of the decay of the Lagrange functions, as well as the

decay of the covariant derivatives of Lagrange functions. We know
Ag, = /2 5 a’Vxe - Vx, + (@) xexn dp(z).
S2 <
Z7J

We may bound the integrand above by noting

> a"Vxe Vg + b(x)xexy

()

< CIVxe| Vx| + [0l e [xelll x|

We then note that, by the exponential decay, we know

e (2)xn ()] < Cexp(—%dist(f’,x)) exp(—%dist(n,x))

< Cexp(—%dist(xm))

where we took advantage of the fact that by the triangle inequality, dist(z,n) +

dist(&, z) > dist(&,n). Similarly, the decay of the covariant derivatives of Lagrange
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functions follows with an additional ¢g=! power, and we consequently have

_ v
CIVxel [Vl + 1Dl xell x| < (Cq™ + 1) exp(—+ dist(¢, 7))

< Oh exp(—%diSt(fa n))

where we have used the quasi-uniformity to flip from ¢ to h and adjusted the constant

appropriately. O

A consequence of Proposition 16 is that the stiffness matrix entries off of the di-
agonal decay exponentially fast. This is very advantageous, since the stiffness matrix
is dense. However, exponential decay off of the diagonal suggests very few terms will
have non-negligible value. Indeed, by choosing a ball of radius r = Kh|log(h)|, we
see that for n ¢ B(&,r),

A, < Ch2 exp(—%dist(ﬁ,n)) < Ch 2hEv

and consequently, for Kv — 2 sufficiently small, the stiffness matrix entries will be
very small. Consequently, we may choose a cutoff radius for appropriate K and zero
out entries in the stiffness matrix beyond this point. This produces a sparse matrix
with comparable condition number and comparable accuracy for the construction
of the Galerkin solution. Furthermore, from a practical standpoint, the stiffness
matrix assembly may be greatly accelerated: only a few entries must be computed
for each row. This greatly reduces the cost of assembly and makes the method more

advantageous from a computational view.
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5.3  Quadrature

The theoretical properties of the discretization method of Section 5.1 suggest
that the use of the spherical basis functions, and in particular, Lagrange functions,
produces a stable stiffness matrix with optimal approximation power. While the the-
oretical properties of the stiffness matrix A are excellent, a practical issue of concern
is the assembly of the stiffness matrix numerically. Evaluating a single entry in the
matrix requires computing non-trivial integrals of covariant derivatives of functions.
Providing a practical numerical quadrature routine is imperative for an efficient im-
plementation. An efficient quadrature routine is not sufficient; the qualities of the
stiffness matrix must be preserved even when assembled with numerical quadrature.

We propose a quadrature routine using an additional, separate set of centers,
distinct from the collection of centers used to construct the discretization space. We
let X refer to the collection of centers used to build the approximation space, Vy,
as in Section 5.1. We let Y denote the collection of centers, which we refer to as
quadrature nodes. The space Vx is constructed by a kernel ¢,,, while the space Vy
is constructed by a possibly different order kernel, ¢,;. There is no need to enforce
M = m, and no advantage exists in choosing M > m. Since lower M values result
in better conditioned linear systems for interpolation (and hence, quadrature weight
construction), choosing a lower value of M is recommended.

For the analysis and discussion in this section, we make an additional assumption
on the tensor a”. While we previously enforced Equation (5.2), we now add the
additional constraint that there exists a function a € C*(S?) such that a"(z) =
a(z)g” (z).

Let hx and hy denote the mesh norms of X and Y, respectively. We assume

hy < hx and gy < gx. Let {x¢}eex be the set of Lagrange functions. We refer
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to the stiffness matrix A assembled with no numerical quadrature error (i.e., as in
Section 5.1) as the continuous stiffness matrix. The continuous stiffness matrix is

assembled entrywise by

Aep = /82 a(z)Vxe - Vx, dv + / b(z)xe(z)xy(x) du(z). (5.14)

SZ

Let {w,}.cy denote the quadrature weights associated with the set of centers Y.
The quadrature weights enable perfect reproduction formulas for functions in Vy as
well as polynomials in the space II; corresponding to the kernel ¢,,. However, it is
possible that some of the computed weights may be negative in the case of highly
scattered data sets Y. For quasi-uniformly distributed nodes, this is not likely the

case and a reasonable assumption is that
w, > Ch}, (5.15)

for each z € Y. All numerical experiments use quadrature nodes satisfying (5.15).
On the other hand, regardless of whether (5.15) holds or not, we do know there exists
a positive constant so that

lw,| < Chi.

This holds as a result of (5). Since w. = [g, x-() du(x) for each z € Y, we apply
(5) to compute

[w.| < [Ix:lps2) < Cq* = Cp2h*

We apply quadrature to (5.14) to construct a discrete stiffness matrix

Aen = al2)Vxe - Vxy(2)w: + > b(2)xe(2)xn(2)w2. (5.16)

z€Y z€Y
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The right hand side vector for the continuous case and for the discrete case are given

by, respectively,

b= [ fanerde b= 3 fEx)un (5.17)

zeY

Our objective is to present an approach to estimating the effects of using quadra-
ture to evaluate the vectors and matrices for the problem. The results presented here
were an initial attempt; for a detailed and superior analysis that takes into account
banding the matrices and local Lagrange functions, see [25].

In the continuous case, we solve the problem Aa = b, and represent the solution
up = de « aeXe(x). The discrete solution vector is computed by solving Aa = b, and
the discrete solution u;, = de « @exe. We may compute the L? norm error between

these functions by noting that

lun = anllze = 11 (a¢ — ae)xell.e
feX

d ~
< Cq2||ag — aglle2(x)

Let u denote the exact solution to the PDE. Combining the previous error estimate

on uy, and uy, we find
_ _ 4 s
lu = anllzz < llu—unllzz + [Jun = Gl < ChE lullyg + Ca2 [lag — aellex).

If we can estimate the ¢? error above, then we can argue the discrete solution is no
worse than the continuous solution. Furthermore, by properly tuning hy, gy, we can

ensure optimal order convergence.
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Lemma 17. Let A= A+ AA, G =a+ Aa, and b= b+ Ab. Then,
1Aall < [[(A+AA) ([ AAall + [|Ad]).
We note that Aa — Aa = b — b = —Ab. We then algebraically manipulate

Aa — Aa = Aa — (A+ AA)(a+ Aa)
= Aa — Aa — AAa — (AA)a — (AA)(Aa)

=—(A+ AA)(Aa) — (AA)a
Solving for Aa yields

—(A+ AA)(Aa) = (AA)a — Ab
[Aall = (A +AA)~ ((AA)a — Ab)]|

1Aal < [[(A+AA)H ([(AA)al + [[Ab])

We have three quantities to estimate: ||Ab||, which we estimate using L? norms,
(A + AA)7!||, which we estimate using the reciprocal of the lowest eigenvalue of
A, and ||(AA)al|, which we estimate using computed error estimates, row sums, and

flipping from [la][ to [ul to [[f]].

Lemma 18. Let f € WE(S?) for k > &. Then,

1AD|| < Ry 3" (| fllw-
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Proof. For fixed &, we have

‘b£—b£‘—‘/f v)Xe(x)dr = f(2)xe(z

zeY

< Chy [l xellwy

For k > 4, W} is an algebra and 1 Xellws < [1fllwe llxellwz. We estimate [|xel[yy <
qu’k by comparing it to a worse interpolant, where the C' is independent of X or

Y. Consequently, we have

| — be| < ChYQX ||f||W2k (5.18)

We finish by computing [|Ab|| as follows

1Ab) = [37 [be — be|” < CREq5 g% fllws
Ee=

which follows by noting » =1 < Cq4. O

Lemma 19. Let a € C* and b € C*°. Then, we have

m

d_
< Chyqx

'/ X @) xn(@) dr — 3 a(2)xe( (2

zeY

Proof. Since a € C* and x¢ € W', we have axex, € Wy'. Consequently, the

quadrature error is

| a@ixelopna) de = Qv (axen,

< Chy|laxexy|lwy -
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We estimate ||axex,|| by Theorem B.1 of [25] which asserts

||CLX§Xn||W5” < C(||@||L°°||X£Xn||w2m + ||a||w2m||X§Xn||L°°)-

We may absorb the ||a||z~ and ||a||w; into the constant C. By the boundedness of
the Lebesgue constant, we know that | x¢||z~ is bounded independent of ¢, h, &, so
this term may also be absorbed into the constant. We apply Theorem B.1 again to

a_
estimate [|x¢X,|lwy and estimate ||xe|lw; < Cgx " to get

||X§X77”W2m < C(||X£||L°°||Xn||w2m + ||X§||W5"||Xn||L°°)

d_
<Cq "
Combining these estimates with the quadrature error estimate yields the desired
result. O

Lemma 20. Let b € C*°. Then,

1

d
‘ / b(z)Vxe - Vxy(@) dz — Qy (bWxe - V)| < ChP g% ™.
SQ

Proof. We proceed similarly by applying the quadrature error estimates and noting

that bVxe - Vx, € W31, Then, we have

< Chy bV xe - V[l

W ECAER TR SUEI AL e

zeY

We estimate this norm by applying Theorem B.1 to get

165 xe - Vxgllwg— < C (bl Ve - Vxyllwg-r + [bllwy -1 VX - Vxllz).
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We may absorb the |[b]| = and |[b[|yy=-1 terms into the constant since they are inde-

pendent of ¢, h. We bound

IVXe - Vxpllze < sup [Vxe(z)] [Vxy(2)]

reSd
< O exp(—iw(x,g) +d(z,m)))
< O3 exp(—%d(é,n))-

We apply Corollary B.3 from [25] next to estimate

IVxe - Vallwy-r < C((Ixellwy + Ixallwy ) (IVxellzoe + 1V [l2))

Combining this with previous estimates yields the result. O
- - "
Lemma 21. |4 ,| < Cqy” exp(—v (hﬁxn))'

Proof. This follows by noting that (and dropping the non-gradient terms)

flgm = Z a(2)Vxe - Vxu(2) + b(2)xe(2) x5 (2)

zeY
< lall 1V xe - Vn(2) Iz D w.
z€Y
C(d)

< O lall = C(d) exp(—» 2E )

Corollary 4. |[AA¢,| < Cgy” exp(—yd(}f)’(")),

Proof. This follows because the entries in both A and A decay exponentially, and

117



hence the difference is bounded above by the larger of the two exponential decays. [

m—1

d_
Lemma 22. ||AA| < ChY g3

Proof. We first note that [|AA]| < \/[|AA[1[[AA[|, where [[AA||; = sup, > [Aen]-
Fix €. Let Q = {n: I'2%q, < d(&,n) < T2k g}

Nq
YAl = DY A+ YD IAA
n ?EB(iaFQI) , \k':l ’I’]EQk ,

1 11

We estimate [ by noting that there are C’q;(dl“ g¢ = CT'? centers in B(£,7q,), and

d e
the quadrature error yields |AAg | < Chi gz mt Consequently,

d_
[ <CTopmtqz ™!

We note the dependence on I'. Our strategy will be to show that I/ can be made

arbitrarily small, given appropriately chosen I'; and hence the error will be dominated
d

by the h g2 "

We first note that #€, < C'(2¥71T')? and for each n € O, |AAe,| < Cqy? exp(—vI'2F).

Consequently,

Nq
IT:=) ") |AAg,|

k=0 ney
Nq

< Cg” > (2T exp(—vI'2b).
k=0

We note that 25t1d < 24+12k(d+1) - Therefore, we have

N,
1 q

IT < Cq)_(gf E (2F0) ! exp(—vT'2%).
k=0
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d_m
By Lemma 3.9 of [12], we may choose I such that this term is smaller than Ch?‘lq)% i,
However, I' does depend on hy, gx. In particular, we choose I" such that exp(—yg) <

d_
hg}“lq Fe L Informally, I" does not need to increase very much relative to a decrease

—

in hy, as a modest increase in I" results in a large drop in exp(—v3). O

We now aim to prove a “discrete” Bernstein theorem. This result was of interest
during the study of the error regarding quadrature error. We present the statement

of the result, then prove it after a few preliminary results.

Proposition 17. Let X be a set of centers with mesh norm and separation radius
hx,qx respectively and Y a set of centers with mesh norm and separation radius
hy, qy respectively. Let u = dex uexe and let {w,}.cy denote the set of quadrature

nodes corresponding to Y. Then, or appropriate conditions on hy,

> wlVu(x)? < Oqllull7..

z€Y

Lemma 23. Under the same assumptions of Proposition 17,

> wi V() ~ / Vu(z)? do| < Chy [[[Vul? [l

zeY

Proof. This follows by applying quadrature error estimates with the appropriate

choice of k. O

Lemma 24.

IV ul?llws < Cllullyss |Vl
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Proof. This follows by applying Corollary B.3 from [25]. O
Proof. We now may attempt to prove the discrete Bernstein estimate. We estimate

2 ey we|Vu(2)]* by

D w.|Vu(z)]? < /S \Vu(z)|? dz + /S Vu(z)Pdz =) w.|Vu(z)|”

zeY ‘ zeY

Applying the Bernstein estimate yields
Vu()l? dz < O flull:
S

and applying Lemma 23 yields

Y wal V()P < Crgid|lulf + Cohy ||| Vaf? [y

z€Y

We now bound the latter term by arguing that for all sufficiently small hy,
L., _
Cahy [IVulllwy < 5C1ax" ullze-

We apply Lemma 24 and then estimate each norm separately. First, ||U||W2k+1 <
Ca" Hlullz> and | Vul|z~ < Cqx'llullz~. By applying the Nikolskii inequality, we

have ||u||~ < Cq~2|u||z2. Consequently, we find

d
-4

IVulllze < 2qx" ax® [lullz.. (5.19)
Therefore, we have

1 —k-2 _
D w.|Vu(2)]? < ChY a2 g lull3e

z€Y
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]

—k

_d
By choosing hy small enough to ensure that C’h'f/_qu 2 < %C’l, we are done.

5.3.1  Numerical Experiments

In this section, we discuss numerical results of various experiments that explore
the computational properties of the Galerkin method. We consider different differ-
ential operators, explore the effects of the quadrature node density on the L? error of
the discrete solution, and compute condition numbers for the discrete stiffness ma-
trix. We also demonstrate that local Lagrange functions, as discussed in [7], provide
a computationally less expensive approximation space and yield comparable error
and condition numbers as the approximation space generated by the Lagrange func-
tions. We choose the spherical basis function ¢3(t) = (1 — ¢)*log(1 — t) to construct
the approximation space and ¢9(t) = (1—t)log(1—t) for the quadrature weights. We
use the minimum energy points for the centers X used in the approximation space
Vs, x. For the quadrature nodes, we use the icosahedral nodes and quasi-minimum
energy points. For each experiment, the L? error is computed by evaluating the
discrete solution on a set of evaluation points £ and applying the Lagrange function
quadrature rule. The set E is 62500 quasi-minimum energy points, which is used for
each experiment independent of X and Y. Let Nx and Ny denote the number of
points in X and Y respectively. We approximate hy by ﬁ

We first consider the problem —Au 4+ u = f with u = exp(cos(f)) and f =
exp(cos())(cos®(0) + 2z cos(#)). In the second and third columns of Table 5.1 we
display the relative L? errors of the discrete solution for two separate experiments.
To obtain the discrete stiffness matrix, we first fixed 961 centers for X and varied the
number of quadrature points used in Y The quadrature points are icosahedral nodes

with between 2,562 points to 92,162 points. We theoretically expect the L? error
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to be O(|log(hy)|?h3,). In fact, the numerically observed error is O(] log(hy)|*h3?).
The experiment was repeated with Nx = 3721 minimum energy nodes and using
the same Y. This time, ignoring the Ny = 2562 outlier, |log(hy)|h3° is observed,
indicating that improvement in the theoretical errors rates is possible. The Lagrange
basis was used for these two sets.

Next, we treated the problem —div(a-Vu) +u = f for the case in which a =
a(0,)g, where g is the metric tensor for S* and a(f, ¢) = 1 — 3 cos(d). We again
chose u = exp(cos(6)), which results in the right hand side being f = (— (cos®(9) +
cos?(6) — 5cos(6) + 1) + 1) exp(cos(6)).

We also consider the possibility of using a local Lagrange basis to discretize the
PDE. In this case, the approximation space is Vx = span{xé"cz ¢ € X}, where
the Xé"c functions are constructed using only kernels ¢(-,n) such that dist(¢,n) <
Thx|log(hx)|. See [7] for a detailed description of the theoretical properties of this

locy

basis. The x¢“’s may be constructed in parallel by solving a small linear system. This
reduces computational complexity associated with assembling the ag, coefficients.
By appropriately tuning the number of kernels used per Lagrange function, the local
Lagrange function can be made to satisfy [xe — x|z~ ~ h%", where m is the
smoothness of the kernel ¢. For the anisotropic problem, the fifth and sixth columns
in Table 5.1 display the results of the experiment using the local Lagrange bias. For
Nx = 961, each local Lagrange function is constructed using about 423 centers and
for Nx = 3721, each local Lagrange function is constructed using around 776 centers,
where the number of centers used per kernel is chosen to be all centers with distance
at most 7hx|log(hy)| from the center. The computed L? errors from using the local
basis versus the full basis are negligible. Since the local bases offer comparable L?

error while being computationally simpler, they offer no drawbacks when compared

to the full basis and certainly are a good choice for the doing the discretization step.
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The results of the two experiments are plotted in Figure 5.1(a) and Figure 5.1(b).
A third experiment was conducted keeping Y with fixed and varying X. The
result is displayed in Figure 5.1(c). In this experiment, the error increases with
decreasing hx. This is counterintuitive, but in complete agreement with the theory.
What this illustrates is that the dominant term in the L? error comes from quadra-
ture. This is no surprise and is a well-known phenomenon in Galerkin methods.
The condition number of the discrete stiffness matrix is dependent primarily on
the separation radius of the centers, qx. We theoretically predicted the condition
number to be O(q5?), which we validated numerically. See Figure 5.1(d). In addition,
the theory predicts that changing the quadrature nodes should not significantly alter

the condition number of the stiffness matrix. Again, this result was validated.
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—Au+u=f —div(a-Vu) +u=f
Lagrange Basis Local Lagrange Basis
Ny | Nx =961 | Ny = 3721 Ny Nx =961 Nx =3721

2562 7.86e-5 2.19e-2 2500 8.00e-5 2.10e-2
10242 2.22e-6 3.76e-b 10000 2.46e-6 3.23e-5
23042 | 3.34e-7 3.83¢e-6 22500 3.02e-7 4.78e-6
40962 | 8.96e-8 9.32e-7 40000 7.80e-8 1.04e-6
92162 1.50e-8 1.27e-7 90000 1.10e-8 1.49e-7

Table 5.1: Both —Au+ u = f and —div(a - Vu) +u = f were numerically solved
using minimum energy point sets for X and icosahedral point sets for Y. The L2
error for all cases was O(|log(hy)|?h3"). Here, hy = N;1/2. For the first equation,
a Lagrange basis was used, and, for the second, a local Lagrange basis [25].
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—Au+u=f =div( all)u+u=Ff

Lagrange Basis Local Lagrange Basis

Adjusted Error
Adjusted Error

Adjusted Error Oh§2

o Ny=961 ] 107
& Ny=3721

Ny,=961 |3
—o— Ny

i 54
Adjusted Error Uhy:

e L L L L T
-19 -18 -17 -25 -24 -23 -22

oo tog hy log'h, e
(a) Adjusted L? error for (b) Adjusted L? error for
—Au+tu=f. —div(a-Vu) +u = f.
—Au+u=f
-Au+u=f 24 Lagrange Basis 7

Lagrange Basis

8
] o 2 |
St 5 o) a2
E g,“, i
é Adjusted Error ~ h;<4 <
<
ad ]
ad ]
o7 0. 0‘35 0. 0‘4 o. 0‘45 0. (‘)5 0. 0‘55 - 13 l‘A 1‘5 1‘6 17 1‘8 1‘9 2
hy log gz
. .- -1
(c) Adjusted L? error for Y fixed. (d) Condition number vs. gy .

Figure 5.1: In (a) and (b), semi-log plots of the errors (adjusted by removing log
factors) for —Au+u = f and —div(a-Vu)+u = f are shown. The minimum energy
points were used for X and icosahedral points were used for Y. In (c), a loglog plot
of the L? error vs. hy is plotted. For this experiment, the number of quadrature
points is fixed and the number of centers used for the approximation space varies.
In (d), the log of the condition number for the stiffness matrix for —Au + u = f is
plotted [25].
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6. RESTRICTED LAGRANGE FUNCTIONS

We present results regarding subsets of Lagrange functions on compact domains
in R™. Numerical experiments suggested that, away from the boundary, Lagrange
functions in R™ for thin plate splines behaved analogously as Lagrange functions on
the sphere. Numerical evidence suggests localized spatial behavior and the Lagrange
functions have a “small-footprint”, i.e., only few kernels contribute significantly to
each Lagrange function. This suggested that by making appropriate or simple as-
sumptions, results from the sphere may translate over to Euclidean domains.

However, due to the existence of a boundary, where the Lagrange functions do not
behave as they do on the sphere, some choice must be made to handle the boundary.
Two obvious options exist: add additional points outside of the domain or restrict
and study only Lagrange functions centered sufficiently in the interior of the domain.
Both ideas roughly work on the same concept: we are pushing the boundary “away”
so the Lagrange functions behave like they do on spheres. If you add additional
points, effectively, the boundary has now been pushed out. If you restrict and only
use Lagrange functions on the interior, the boundary is now “far away” from your
Lagrange functions.

We focus on the choice of studying Lagrange functions centered sufficiently far
from the boundary of the domain. This choice was not arbitrary and was spurred by
application. The nonlocal diffusion problem of Chapter 4 works in a region where
there are effectively two boundaries: an interior boundary on €2 and an exterior
boundary outside of 2 U ;. For zero Dirichlet volume constraints, we assume ev-
erything in €2; is uniformly zero. It is therefore reasonable to work with Lagrange

functions centered only in €2. Consequently, we may place centers all throughout
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Q U Qy, but only the Lagrange functions in 2 contribute. Therefore, we do not
require additional centers outside of the domain of interest, we just need Lagrange
functions centered in (2. However, by viewing the problem slightly differently, it may
occur to the reader that there is no difference between considering €2 the problem
domain and €); is where additional centers are added.

Before we begin, we note that these results are not a full theory and were only
the beginning. A full and complete theory has been developed by others; see [11] for
an excellent complete theory of Lagrange and local Lagrange functions on Euclidean
domains. The viewpoint taken in [11] is to add centers outside of the domain, rather
than restrict to a subset of Lagrange functions away from the boundary. We note
that we have taken advantage of the results of [11] for our nonlocal diffusion work.

Serendipitously, much of the technical work for the results we present here have
been developed during previous investigations of Lagrange function properties on
spheres. With very simple and small modifications, and additional assumptions, we
may replicate results from [13] and [12] by taking advantage of their proof techniques.
The results for Lagrange functions on manifolds worked by shifting from the manifold
to the tangent plane, which effectively made the problem Euclidean. However, on
manifolds, a technical restriction was placed that controlled decay: the radius of
injectivity. For our purposes, the radius of injectivity is mirrored as the distance
from the center of the Lagrange function to the boundary. After that distance is
reached, the decay of the function stops. This matches the result for manifolds.

Let Q € R? and let = be a collection of centers with mesh norm A and separation

radius ¢. Recall that for an open set U C R?, we define the m* Sobolev seminorm:

>/ !Dﬁf(:v)|2dx>%-

|8]=m

Flwe@) = (
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Also recall that the thin plate spline interpolant to a function f satisfies |Ix f |W2m(Rd) <
|ulyy(rey for all u that satisfy u|x = f|x.
We require the following lemma that enables us to relate sums of seminorms of

order less than m to the order m Sobolev seminorm.

Lemma 25. [Zeros Lemma [18]] Let X = {x1,...,x,} C B(x,r) have mesh norm

h = h(X, B(xz,r)) satisfy h < hor where hy = 5

5z- Assume that m > g. Then,

there is a constant C, 42 > 0 such that

1
2
( Z TQ(km)’U‘%/V;(B(:c,r))) < Cmyd,g‘U’W?(B(x,r)) (6.1)

k<m

holds for all w € W3*(B(x,r)) vanishing on X. In addition, we have that
4
|ul (@) < Cmaar™ 2 |U|W2m(3(x,r)). (6.2)

Our interest is in studying the properties of Lagrange functions centered suffi-
ciently far from the boundary. Let £ be a center in the interior of 2 with ry :=
ro(§) = d(092,§) > 0. We denote x¢ by x. We begin by studying a very useful
lemma that uses a technique developed by Matveev. Lemma 26 below follows by

slight modification to Lemma 4.3 of [13] and [10] Lemma 4.1.

Lemma 26. If = has mesh norm h < homin(1, %ro). Then, there ezists € € (0, 1)

h
such that for 1 <t < =30,

|X|m,BC(§,3t%) < €|X|m,BC(§,3(t71)%)'

Proof. We mimic the proof from [13] Lemma 4.3 and [10] Lemma 4.1. We present

the proof in multiple steps.
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Step 1: We build a C* cutoff function which is zero on B(¢, (3t — 1)%) and is
1 on B(¢, (3t — 2)h—’;) We define
ho
8(0) = o("d(ar,€) ~ 3(t ~ 1)
where o(T) is 1 for T < 1 and zero for T > 2. We verify now that ¢ has the

). Then, d(a, &) < (3t — 2)4, and so

desired property: choose a € B(E, (3t — 2) s

o
d(a,§)—3(t—1) < 3t—2—(3(t—1)) = 1,so o(a) = 1. For the case d(a, §) > (St—l)hio,
we have d(a, &) —3(t —1) > (3t — 1) — 3(t — 1) = 2, and hence o(a) = 0. The cutoff
¢ is nonconstant on an annulus B(§, (3t — 1)%)\B(§, (3t — 2)%)

Let A(a,t,r) denote the annulus B(a,tr)\B(a, (t — 1)r). Let B; denote the

region where ¢ equals one, i.e.,

B, = B(g, (3t — 2)%)

and let Bf denote its complement. We let A; denote the annulus on which ¢ is

A= a(g3t-14)

nonconstant

ho
and we note that the support of ¢ is A; U By.
By the variational property of x, the Sobolev seminorm of x is less than that
of ¢y, since ¢x|z = x|z. Furthermore, since ¢ has compact support, its Sobolev

seminorm is determined by its values on A; U By. That is, we have

X2, < |ox 12 = 10X 25, + |0X [0 4, = XI55, + 0X]2 A,

2
m,B17

where we used the fact that ¢x = x on B;. Therefore, by subtracting || we can
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bound the Sobolev seminorm of x outside of B; by the norm of ¢y on the annulus

Al- That iS,

|X|m BY < |¢X|m VAL

Our goal is to estimate the Sobolev norm of ¢y on this annulus. We proceed
in two stages. First, we apply the Leibniz rule to bound the Sobolev norm on the
annulus by seminorms of y, and then we use a lemma by breaking up the annulus
into balls of a certain radius.

Estimate 1: We first try to estimate |gb)<|72n7141 by the Sobolev norm of y on A;.

We first need an estimate on the value of the derivative of ¢. We note that

Do) = |0 (ate.a) =3t - 1) 1 = () 1%l =c@)()

By applying the product rule, we compute,

m!
oxa = 3 [ BID (o0

lo]=m
L0
Ay al 5 X

|lal=m - B<a

<czz/

a<im f<a

2

2)D*P¢(x)| d

We now use our estimate on D ?¢(x) to leave only derivatives of y inside the

above expression:

2(181—1el)
|6x [, <C Z Z( ) / |DPx(2)|? dx.

|a|<m BLa

Now, for each k < m, we can combine the |3| = k terms to form WF(A;) seminorms,
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which yields

) h 2(k—m)
|¢X|m,A1 < Cz h_o |X|W§(A1)-

k<m

Estimate 2: We want to apply Lemma 25, so we decompose the annulus into a

sequence of balls (Bj),e; with the conditions that
1. Bach ball is of radius .

2. Each ball has its center in A;, so B; C Ay with

h

As = A(E,t,3—).
2 (577 ho)

3. Every z € Ay is in at most Ny balls of B;, with Ny depending only on the

spatial dimension and not on t or h.

Notice that h% = r satisfies the condition of Lemma 25 on each ball Bj;, since the
mesh norm on the ball is at most h. Therefore, we can relate the W& seminorm on
the ball to the W3" seminorms on the ball. Then, by summing over the seminorms of

each ball, we can relate this sum of seminorms to a seminorm on the large annulus

h 2(k—m) ) h 2(k—m) )
S (7)) WX X () s

k<m jeJ

<C) Ilivps,

jedJ

< CIxlfpr (az)-
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Therefore, we have shown |¢X|%/V2’"(A1) < |X|12/I/2m(A2)' So far, we have shown that

|X|124/5H(Bg) < |¢X|12/V2“1(A1) < C|X|12/V2’"(A2)'

That is, the seminorm of y outside of a ball is bounded above by the seminorm
on just an annulus. We now relate this to the complements of concentric balls.
Recall that By = B(&, (3t — 2)}51—0), and By C B(S,Bth—};) := BT, and hence (B1)¢ C
Bf. Therefore, we bound the seminorms on the complements of these balls. By
setting B~ = B(&,3(t — 1)%)’ we note that A(é,t,?)h—}t)) = (B7)°\(B")c. With this

information, we know

|X‘W7” (B+)C < ’X|W’” (BS)
< K|x|3m
= A XIwr(Ay)

< K(Ixfup sy = X sy

Algebraic manipulation of this expression yields

2
(K + 1)|X|wm(3 §3t < K’X‘ T (B(E,3(t— 1)#))'

Dividing by K + 1 and taking square roots yields (with € = 4/ KLH)

X[ < €|x| .
Wi (B (5,31:,;5)) Wi (B (5,3(1:—1);;))

]

One of the key tricks to the above lemma was being able to apply the Zeros

lemma Lemma 25. We note that the ball must be contained within €2, which forces
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us to relate t to 7y in the above lemma. If the ball in consideration goes outside of
), then there are no centers in that region; consequently, the mesh norm of the ball,
hg, grows larger than h. Therefore, we would not be able to apply the Zeros lemma.
Therefore, the restriction we place that relates the radius of the ball to the distance
to the boundary, r¢, is required.

Our next step is to establish an exponential decay result for Sobolev seminorms
on complements of balls of a chosen radius 7. We note that, as is the theme present

in this section, the decay is limited until the distance to the boundary rg is reached.

Corollary 5. There is a constant v > 0 such that if = has mesh norm h <

homin(1, %), then for To < T < 1,

d_m T
|X|W§”’(BC(§,T))§CQQ exp —]/E )

Proof. Set T = 3th£0 = 3”}% +rwith 0 <r < 3h—h0, where n represents the number

of times we may iterate the Lemma 26. Then,

|X[m,Beer) < €|X|W2’”(BC(§,3(t—1)%))' (6.3)

By redefining ¢’ = t — 1, we may iterate the lemma exactly n times, and we note that

Therefore,

n >t — 1. Furthermore, t = & %

3

Xlm.Beer) < € Xlwy Bee.3:-n))
]' t

< € X |lwpn e

1 hg\ T

< E(E?)ﬁ |X|Wgn(Rd)-

133



By setting v = |2 log(e)|, we get

T
IXlwyBer) < Cexp | — vy X Wy gy

Our last step is to approximate the seminorm of x. Recall that in the Sobolev
seminorm, X has minimal norm of all functions vanishing on =. Therefore, if we

compare it with the cutoff function a(“}T—g), which vanishes on =, but takes value 1

(<)
ol — .
4/ lwy(wrd)

By the chain rule, we may compare this with the Sobolev seminorm of q%_m|0'|W2m(Rd).

at &, we know

X Wy may <

The Sobolev seminorm of ¢ is independent of ¢, h, X, and is some constant. There-

fore, we have

d_m T
Xlwy seemy < Cq> ™ exp | —v ).

]

We next aim to establish a pointwise spatial decay result for a Lagrange function
centered at £, a center in the interior of 2. We maintain the assumption that ry(§) :=
ro = d(§,09) > 0. Furthermore, rq depends on £, and hence each ¢ will have a
different region of decay. This distinction is imperative: each Lagrange function will
be different, and no statement is being made about Lagrange functions such that
d(&,090) = 0. On the other hand, for points £ centered such that d(&,09Q) > 0, given
h sufficiently small, a decay can still be demonstrated. The spatial decay result is

inspired heavily by [13] Proposition 4.5 and [10] Proposition 4.5.

Theorem 7. Let x¢ (henceforth denoted as x) be centered at & with d(&,0Q) = rg >
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0. If 2 has mesh norm h < homin(1, %), then for each x € Q-

(6.4)

Proof. We remind the reader that this result is only being shown for z € Q. We

split the estimate into three pieces. We first estimate a bound independent of h

or ¢ for nearby points d(z,§) < h—}; Then, we estimate for points with distance
h—ho < d(x,&) < ro. Lastly, we handle = € Q such that d(z,£) > r.

Nearby Points: Let d(z,¢§) < hio Note that the ball B(z, 2%) C , and hence
its mesh norm is bounded above by 2h. Therefore, one can apply Lemma 25. By

(6.2), we have

d
m=3

h
Ix(z)] < C<h—0) \X|w;n(3(x,2%))-

We may bound the Sobolev seminorm contained above by qg_m as remarked earlier,
m—2 .
which yields a bound |x(z)] < C(g) *. Let 7 = Cexp(s5). We note that since

d(z,§) < h_f;’ we may bound

s () () 20(8) o (-52)
h

We note that this is only being done on the nearby points such that d(§,z) < e

and the v term should be independent of h, ¢, and X.
Intermediate Points: Let hio < d(x,§) < ro. Then, by applying (6.2) to
the ball B(z, %)’ we have |y(z)] < Chm_%|X|Wm(B(x ny). Let T' = d(x,€). Then,
2 > ho

B(z, h—f;) C B¢, T — h%) Then, with 7" =T — h%? we may apply Corollary 5 which

135



yields

M\Q_

IN

¢ h

(
C( ) e (i) e (=)
“o(g) e (-152).

Distant Points: Assume d(x,&) > 1o, (but recall that z € ). Then, the ball

m— T/
) exp(—v—)

IO

IN
RN R
is9

B(x, #) C B(&,ro — ). Hence, Xlwp By < IXlwp et o)) Furthermore,

ho

Bz, h—ho) satisfies r mesh norm at most 2h. Therefore, we can apply (6.2) to get

d
h\""2
X <C(5) Wi

As in the previous case, we begin estimating again:

]

We have so far demonstrated that a Lagrange function centered in the interior
of €2 exponentially decays, at least in a ball of radius ry, which is analogous to a

decay result on the sphere. Now that we have some form of decay results, we aim to
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translate results from the sphere on the Lebesgue constant, stability of the Lagrange
basis, and decay of the coefficients to R". As we have seen, for Lagrange functions
on the boundary, there is no hope of translating decay ideas, and hence unlikely the
other results follow. However, an approach to consider is a 'restricted’ version of the
above results. Let Q C Q. By choosing all centers ¢ such that d(&,0Q) > Ry for
some fixed Ry, perhaps we can translate some results. We note in particular that
the above decay result is afflicted by its dependency on 74(&), the distance from &
to the boundary of 2. However, by using the assumption of a minimal such Ry, we
know Lagrange functions decay to at lowest exp(—y%).

We note the similarity to the case of manifolds with a radius of injectivity ry. In
the case we consider here, 79(£) acts as a replacement for ry; for each . By restricting
to a set of Lagrange functions within Q with a guaranteed distance d(&,9) = Ry,
we effectively replace ry with Ry. We proceed by doing exactly that in our following

computations. The next result is analogous to [13] Theorem 4.6, and we make parallel

use of their techniques to verify the result for our situation.

Proposition 18. Let Q C Q satisfy B(z, Ry) C Q for all z € Q. Let = be a set of

centers with mesh norm h defined in Q. Let = = 2N Let Lo x = sup Z Ixe(2)].
x€N ez

Then, L is bounded independent of h and q.

Proof. We emphasize that we are only using Lagrange functions centered in €2, which

satisfy a minimal decay of the form

(@) < Cexp(—ud(ff)) d(x,&) < Ry
Xe\T)| =
CeXp<_V%> d<I7§) > Ry

where Ry is the radius such that B(€, Ry) C Q for all £ € Q.
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Fix z € Q. We need to estimate ) ..z |xe(z)|]. We estimate this quantity by
decomposing the summation into a set of nearby Lagrange functions and distant

Lagrange functions. Let T, = B(x, Ry) N X. Then

Y @i+ Yo (o)l

d(£,$)<RO d(E@)ERO
~~ -~ ~~ -~
I 11

Estimate on II: We make the unrefined estimate of

lo)l < Coxp (-3

for each £&. We note that this is a worst possible estimate, as many of these functions
likely decay far better (we are not taking into account ro(£)). Regardless, we may
then estimate how many such centers are contained within this region. The number
of centers is bounded above by Cu(QNB(z, Ry)¢)-q¢. By invoking quasi-uniformity,

¢~ % = p?h~?. Then, we note

R
Y Ixe(@)] < Cp'h eXP(-Vf)-
d(§,2)>Ro

We note that the function z~¢ exp(—a%) is bounded above independent of x. This

follows because the function f(z) = z~%exp(—2) has a critical point at z = ¢ with

max value f(2') = (%) @exp(—d) for > 0. On the interval (0,2’) the function is
increasing, but bounded above by f ().

Estimating I: We estimate entries in I by breaking up the sum into annuli and
using the exponential decay.

First, consider the ball B(x,h). On this ball the area is bounded above by h?,

and the number of centers in this region can be bounded by the product of the area
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of the region times ¢~¢. This yields p? centers on B(z,h). For any & € B(x,h), we

can at worst say

[xe(@)] < Cp™ % exp < — Vd(xh, 5)) < Cpms.

Therefore, on on the set B(z, h), we estimate:

d
2

ol

Y Ixe@)l < Cpm

£eB(z,h)

which is bounded independent of & or ¢ (by invoking quasi-uniformity of the centers).

Next, we decompose B(x, Ry) = B(z,h) U (UY_, A,) where A, is the annulus
A, = B(z,(n+ 1)h)\B(z,nh).

We estimate the number of centers on A, to be ¢~¢(n + 1)h¢ = p(n + 1). On this

annulus, we know a minimal distance of d(x,{) > nh, and hence

nh
Ixe(z)| < Cexp(—l/f) = Cexp(—vn).

Therefore, we compute

> Ixe(@)] < Cpl(n + 1) exp(—vn).
EEA,

Then, summing over each annulus, we compute

> xela

¢eB(z,Ro

C(n+1)exp(—vn) < K.

”MZ
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for some fixed constant K independent of h,q. Therefore, our estimate on I and I7

are both bounded, and we achieve the desired result. O

We reiterate the similarity to the sphere: by adding enough points (the set Q),
and choosing sufficiently small h, we are guaranteed decay for all interior Lagrange
functions. In particular, we now see that the ideas from the sphere translate almost
directly. The next direction will be to seek L? stability of the Lagrange basis. That
is, we seek to show that for a sequence of scalars «; and Lagrange functions contained
in Q (with some minimal guaranteed distance d(&, 9Q) = Ry) that there exists Cy, Cy

such that

a
Crg® [{aYille < 1Y aexelliz@ < Caa? [{a}i e
€eq

We first study continuity properties of the Lagrange functions. We make use of
a continuity result from [12] that was invaluable for many proofs on manifolds. The

next lemma is Lemma 7.1 of [12].

Lemma 27. Let e >0, m > %l +¢€, r >0, and suppose the finite set of points = C
B(0,r) is sufficiently dense so that h := maxgepo,) dist(x,=Z) < hor. Then, there
is a constant so that every f € Wi*(B(0,r)) which vanishes on = and y € B(0,r)
satisfy

1
2
1D f(x de:¢> .

1£() = £0)] < Ol (Z /,

|a‘ 0’[")
Corollary 6. Let ¢ > 0, m > %l—l— e, r > 0, and suppose the finite set of points
E C B(x,r) is sufficiently dense so that h := maxyecp(zr) dist(y,Z) < hor. Then,

there is a constant so that every f € WJ'(B(x,r)) and y € B(xz,r) satisfy

7) — f()] < Cllyllhm—- (Z [ s m)

|al=
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Proof. For fixed z, we define u : B(0,7) = R by u(z — z) = f(2). O

Proposition 19. Let 0 < ¢ < 1, Ry > 0, and let Q C Q C R? satisfy B(x, Ry) C Q
for all x € Q). For m > g-l—E , there is a constant C depending only on m, R, Q, Q. p

such that

xe(®) — xe(w)] < o[@]

Proof. Consider z,y € Q. We first start by considering pairs z, y such that d(z,y) <
h. By the exponential decay result, we know for 0 < T' < Ry, |[x|lwy (Bee,r)) <
ng’m exp(—l/%). For the case T' > Ry, we replace 1" in the previous equation with
Ry.

Nearby Points: Consider points x such that d(z, ) < hﬁo We apply Corollary 6

with r = % to see that

. h m—e—§
) =l < Cle vl (1) Debvgoteiyy

We may bound the seminorm by | X5|W2m( B, 2)) < Cq?~™, which yields the bound
Tho

—eed d_ h m-eTy .
Xe(®) = xe(W)] < Cllz —yl*h"™T2q27" = Cllz =y <5) =

For quasi-uniformly distributed sets of centers, the ratio % = p is bounded indepen-
dent of h and ¢, and hence the result follows for the nearby points.
Intermediate Points: Consider points x such that hﬁo < ||z —¢|| < Ro. Note

that B(x,%) C B, T — }f—o) Then, by applying Corollary 6 on B(m,%), we
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compute

m_E_é €
Xelr) — xe@)] < OB e~y el oo
mfﬁfd €
<Ch 2|l —yll ‘Xﬁle"(BC(g,T—%))
e_d 4 T
< Ch" 2|z =yl exp(—vﬁ)

B T
< Cllz —ylq exp(—vﬁ)-

where we applied quasi-uniformity to relate h™¢ ~ ¢~¢ and used Corollary 5.
Distant Points: Consider x such that ||z — &|| > Rg. We repeat the previous

method by noting that B(x, %) C B°(&, Ry — h%) This leads to

m—e—4 €
IXe(z) = xe(y)| < Ch 2|l =yl |X§|W§"(BE(§,RO—%))

R
< O™ 3o =y g3 " exp(-v=7)

—€ € R
< Cqlfe gl exp(—v2)

We now consider the case d(z,y) > h. Let M = supy(, , ~n [xe(2) — xe(y)|. We
note that M < 2sup, |xe(z)| < 2L o. which is bounded independent of h,g. Then,

we let C' = max(C, pM) Then, for points d(x,y) > h, we have

T —y|°

Xele) — xel)] < M < 2
q° ;

< thq_ell’ —yl

M—e € ~N _—¢ €
< —q¢ v —y|" < Cqfz -yl

=
[]

So far, our work is focused on studying subsets of Lagrange functions centered

142



sufficiently far from the boundary. For shorthand, we say that a subset Q C Q is r
embedded if and only if for each z € Q, B(z,7) C Q.

Corollary 7. Let 2 be Ry embedded in Q and let = = X NS Then, for each & € Z,

there exists C' such that

- Cq'exp(—v2EE d(z,€) < Ry)
Xe\T)| =
Cq'exp(—vi)  d(z,€) > Ry

Proof. The directional derivative in the direction # with ||#]] = 1 is computed by

For d(z,y) < h, we know

- d(z,§
elo) = et < ol = lesp v,
By setting y = x + 7t, we have
xe( +78) — xe(@)] < Cq~Mrexp ( - u%),
and hence by dividing by 7, we have
— t d
Xg(l’) X§($+T‘> < Cq—l exp(—y (I’,f))
T h
Since this holds for all 7 < h, we have
d(zx,
|Dixe(z)| < Cq~'exp ( —v (h@)’
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[

By noting that Di{x) = Vx(x) - £, we may bound ||Vx(z)|| by choosing ¢ = |I§;§Ez)ll’

we see

) V) ()
PAo) == = p( h )

In particular, we can get partial derivative decay estimates. By choosing ¢ = e;, the

unit vector, we get |%(x)| < Cq™! eXp(—yd(‘Z’f))' 0

Our next objective is to establish the equivalence of the L” norm of a linear
combination of Lagrange functions with the /Z norm of the sequence of coefficients on
the linear combination. We require an upper and lower estimate. The upper estimate
we may prove by using operator interpolation techniques and the boundedness of the

restricted Lebesgue constant.

Lemma 28. Let X be a collection of quasi-uniformly scattered centers in Q and let

Q C Q such that B(z, Ry) C Q for all z € Q. Let s = > e QeXe- Then
1] oo ey < Cllexl]ee

Proof. We note that for any x € 2

@) =1 aexe(@)] < Y lag| [xe()|

359 I3Y)

< Jlalle Y Ixe(@)] < Logllale.
£eq

We note that the restricted Lebesgue constant L, g is bounded for fixed Ry indepen-
dent of h and g. The result only holds for linear combinations of Lagrange functions

centered within €. OJ

Lemma 29. Under the same assumptions as Lemma 28, for any & € €1, there exists
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constant C' independent of h,q such that

/Q e()ldz < O,

Proof. We use the same argument as Proposition 18. We decompose ) into B (&, Ry)
and B°(§, Ry). On B¢(&, Ry), we note that |ye(z)| < Cexp(—v2), and hence

[ nelalde < @ B(E Ra)) exp(—v3)
Be(€,Ro)

We note that for sufficiently small h, this will be smaller than h? always (due to the
exp(—u%). This depends on Ry and must be factored into the assumptions.

We next decompose B(&, Ry) into B(&,h) and a union of annuli of outer radius
(n 4+ 1)h and inner radius nh. On B(&, h), we apply the simple bound (independent
of £, h) |xe(x)| < C, where C is independent of &, h, ¢ from the decay estimates in

the decay theorem. This yields an estimate

/ IXe(7)| dv < Ch* ~ Cq.
B(&:h)

Let A, = B(&, (n+ 1)h)\B(&,nh). Then, we estimate

nh
| @l < om0 ()
AnNQ

< Cq¢*((n+1)* = n?) exp(—vn).

We next argue that this sum is bounded independent of h,q. The sum of the terms
((n+1)?—n?) exp(—vn) is bounded above by the infinite sum of those terms, which
is finite. Consequently, summing the integrals over the annuli A,, yields a value Cq?

for some constant C'. Combining the sums over the annuli and the sums on B¢(&, Ry)
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yields a value on the order of ¢?. The result does require h to be sufficiently small

relative to Ry to guarantee that the exp ( — 1/%) is sufficiently small. O]

Proposition 20. For sufficiently small h (which depends on Ry), there exists a

constant C' so that any s = deg agXe satisfies the upper bound

d
[sll o) < Car [{ag}le-

Proof. Consider the operator T'({ag}) = D "ccq aeXe. From (28), we have

1> aexell i@ = IT{aeHl v < Loall{ae}e
£€eQ

and from (29)

1> aexelln@ = IT{ag} @) < Cal{ag}la.
£eqQ

By applying operator interpolation, it follows that

111 d
1) aexell o) = IT{aet ey < (qu)%Q,é’ [{aetler = Car [[{ae}]ev-
£eq

]

We now begin the lower bound estimate. This proof is modeled after the one
given in Proposition 3.7 and Lemma 3.8 of [12]. Given a ball B(£,7) € Q C RY, let
C, denote the constant such that vol(B(&, 7)) = Cyr.

Consider the set Qi(¢) = {¢ € = : T'2%q < d(£,¢) < T2k}, We want to

estimate the number of centers in this region. By quasi-uniformity, the number of

vol(Q2)
Caq?

centers in €2 is bounded above by In particular, given a subset A C €, the
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: . . vol
maximum number of centers in A is Vg( +. Therefore, given an annulus centered at

¢ with inner radius I'¢2* and outer radius I'2**'¢, the maximum number of centers
in this region is

vol(A)
Caq?

— C [C Fdek-i-d d C Fd2dk d] derd’

which is independent of q.

Proposition 21. Let Ry > 0 and let Q C Q be such that B(x, Ry) C Q for each
z € Q. Let X C Q with a set of centers with sufficiently small mesh norm h and let

== XNKQ. Then, there exists Cy depending not on h or q (but on Ry) such that

d
Cra7 [{aghller < 1) aexell ooy

£e=

Proof. We follow the strategy in [12] with minor modifications. We estimate the L?
norm of the function by integrating over a union of disjoint balls { B(£,vq) : £ € X }.
For v < 1, these balls are necessarily disjoint by the definition of the separation

radius. We compute

p
Z acxe| dx

¢e=

I3 oexell = [

§€E

Za@@’ dz > Z/

e £e= ('E 'Yq

Let y <1,I' > 1 and let ¢ < % and let ¢ € Z. We decompose

/B(qu

> acx(x

1329

dx S [§+[I§+I[I§
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where we define

=yt [ acxc (@) do,
B(&,vq) Z

0<d(¢,§)<I'q

Il == 3p_1/ Y ag()ld,
B(§,vq)

Ig<d(¢,£)<Ro

Hig=3 [ |3 apc@)lds
B(&79)

d(<7£)>R0

We require vq < Ry to ensure B(£,vq) € Q. This will be imposed later by choosing
appropriately small v and an upper bound ¢y on gq.

By choosing sufficiently small v, we may apply Proposition 19 which implies there
exists a 7y such that |x¢(z)| > 2 on B(£,vq) for all £ € = C Q (where we note this C

depends on Ry and p, but not just on ¢ or h). For fixed £ € Z, it follows that

op
[ P ds = 36 (65
B(¢79)

We use the diagonal dominance argument in [12]. We have

laexe(z) P das—/ Z acxe(x)l? d:v)

B(¢vq) CHAE

E:/gw S acxl vwx>§:@lgé

ez == (&v9)

By applying (6.5), we have

2
s> Y (Cogloc? = [ 15 ool ),
i B(&,vq)

fe= €3

Our objective is to bound the second term by the first term. We argue that for

sufficiently small 7, the second term can necessarily be smaller than half the term
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%C’d(vq)d. If this is possible, then we have the bound

[} = §(WQ)‘ZII{04§}|IZ

O
Lemma 30. Forp > 1, [0 a;[P <nP~' 370 Ja;lP.
Proof. We introduce the auxiliary sequence b; = 1 for each j = 1,...,n and apply
Holder’s inequality Wlth ==1- %
Dby < QO lay)r (Db
j=1 = j=1
1 1
=n'"r (D layl")?
7=1
Taking both sides to the power of p yields the result. O]

Lemma 31. Forp>1, |37 a;[P <377, 21(P=1) | |P.

Proof. Let by = a; and by = 377, a;. We apply Lemma 30 to | S 2 bel?. Then, we

have
jar+ > alP <227 (laa P+ D asl).
=2 =2

Now, define b; = as and by = Z?:g a; and apply the result again. each iteration

yields an additional 2°~! term. Iterating this n — 1 times yields the result. O]

Lemma 32. Let = C 2 be a set of centers with separation radius q. Let x € 2 and

B(z, R) C Q with R > q. Then,

de_
q*

|#=N Bz, R)| <2
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Proof. Let N = |[#ZN B(x, R)|. By the definition of the separation radius, if £,n €
=N B(z, R), then B(&,q) N B(n,q) = (. Consequently, if we consider the inflated
ball B(z,2R), then B({,q) C B(z,2R) since R > q. Then, we have

Ugeznba,r)B(&,q¢) C B(x,2R)
which implies
vol(Ugeznpe,m B(€, 9)) = CaNg* < vol(B(z,2R)) = C,2'R*.

Therefore, N < 2‘“;—:. O]

Lemma 33. There exists qo and R such that

% e

ge=

> acxc(@)P dz| < ;l(W)dZMd”

(#E £€E

holds for all 1 < p < oo whenever q < qy and v < R.

Proof. We use the strategy developed in [12]. Let v < 1 and ¢ < % and £ € Z C .

Let

/ ‘ZQCXC |pd$<([§+115+1115)
B(¢,7q) CHAE

where (applying Lemma 30 with n = 3) we denote

=yt [ acxe(@)? da,
B(&,vq) Z

0<d(¢,€)<I'q

Il = 3p_1/ | Z acxe(x)|? de,
B9 1g<a(ce)<ro

III =31 / Y acxe(@) P da.
B(¢,vq) d(¢,€)>Ro
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Step 1: Estimating /.
We define

Q= {CEEIqugd(f,C) SF2k+1Q}7 k:()?lv"'?NQ‘

By definition of we are considering points such that I'q < d(¢,€) < Ry. So, 2NTq ~

Ry. So, N, ~ log(%). We apply Lemma 31 to compute

Ny

D aoxe@P =) acxe(@)?

Il k=1 Cey,

Ny
<D 2 ao(@))
k=1

ey,
We define Mj, = fB(g o | 2oceq, acx(@)|P dz and we have

Nq
I i< 37y 2D (6.6)
k=0

We first need to estimate My, then we need to bound the sum over the M) terms.
Let Ny denote the number of centers in €. We apply Lemma 30 with n = N, and

compute

My <Ny / |acxe (@) P da
ceqy, Y BE9)

-1
<N Igé%}: ||X<||ioo(3(g,~,q))cd(7®d Z el
CeQy,

We estimate Vi by applying Lemma 32

dFdQ(k+1)dqd

Ne=2'=

— 2d(1‘\2k+1)d
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points in it. We estimate the L> norm by applying Theorem 7. Since d(&,¢) > I'2"q,

for any x € B(,vq), we have d(¢,x) > I'2"q — vyq. Consequently, we estimate

Xe(@)] < Cexp < _ ,,d(C,@)

h

k., __
< CeXp<_ VW)

< Cexp < — ZFQ’I“) exp ( fy)
p
V ok

<Cexp| —-T2"|exp | —|.
p p

In the above computation, we applied the assumption v < 1. We absorb the exp(%)

R DR

into the constant C'; this is allowed by quasi-uniformity (v should not depend on h

or q). With these estimates, we may bound M, by

M, < (24T2MH P CP exp(pr) exp(—/pI'2¥) Ca(vg)* ) la?
CEQy

where we define v/ := z. Then, by applying (6.6), we have

Nq
I < gp—1 Z 2(p—1)(k+1)Mk'
k=0
Note that

9(P=1)(k+1) (9d(k+1)yp=1 _ 9(d+1)(p—1) gh(d+1)(p=1)

and denote K := 3C292%*!, By summing over ¢ and pulling out all of the powers of
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two not depending on k, we bound

leﬁ 3r— 122p1k+1

ce=
Nq
< CKP ' Cy(yg)" Y (25T exp(—0/T25) Y > ol
k=0 €€ ¢ (©)

We need an upper bound on 3 .= > ccq, ¢ lacl’. We note that we can count the
number of times a¢ appears. That is, we need to total the number of times ¢
appears in each Qg (§) for each € € =. That is, we seek #{¢ : ( € (&)} = #{¢ :
I'2kq < d(¢,€) < T'2k*1d}, which can be bounded above by #Q,(¢) = 242k+11d,

Furthermore, we note that 2(+Dd < 2k(d+1)2d+1 "which allows us to bound

D ol < 2NN " g | = KZ|a§\p

EEE (e (§) = ¢e=

Applying this to the upper bound for ) I, we compute:

Ng
S e < CKP Calya)®' S 2T exep(— /T2 (24211) S g
¢es k=0 ¢e=
1 al
< SKPCalyg)" Y (2T T exp(—1/pl2") 3 fol”
k=0 EeE
Ca (10" §-
< ?de ’;fi Z(Q’T)(dﬂ)p exp(—v/pI'2") Z e [P
k=0 {ee

Let f(z) = (zI) TP~ exp(—v/pl'z). After factoring, we see

Nq q
Z(?kl")(dH)I’ exp(—v/pI'2¥) = Z OFD (2K DP=L oxpy(—1/pI'2%) =T Z 2k f(2%).
k=0

By the Cauchy condensation test, we may bound Y ;- 27 f(2¥) <2377 f(k), pro-
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vided that f(n) is a positive, non-increasing sequence. For sufficiently large I, this
is true. Now, we focus on estimating the summation 23", f(k). By the integral

comparison test,

QFZ f(k) <20 f(1) +2r / (rT) @ OP=L exp(—1/prT) dr
1

< 2T@HP oxep(—/pll) + 2/ TP oxp(—/pr) dr.
r

Applying this to our estimate for > .= Il¢, we find

2 o0
S rr < S (% exp /) g [ 74 o) )l
£eE

G(r)

If we can find a I'y such that for all I' > T'y, G(I") is sufficiently small, then we can
make . I as small as possible. By Lemma 34, such a choice can be made. We
now have chosen I', and for the remainder of the proof, it is fixed.

Step 2: Estimating //1;.

Let Qg (&) = {C: d(&,¢) > Ro}. We first estimate

ITI < 3""‘1#91«20(5)2/( )\agxg(g;ﬂp dx
B(&:vq

<IN F(OP e Inleipean (00 D2 lacP
CEQRL(E)

We note that Uee=B(€,q) C Q is a disjoint union of balls, and hence we may

estimate #Qg,(§) < 7 VOI(Q . On B(&,vq), we apply the exponential decay, and note
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that d(¢, ) > d((,€) —vq > Ro —7g.
Ixc(z)| < Cexp ( - V@) < Cexp (— V& + Vv)

h " p
= Cexp (Z) exp ( — y&)
p p

We absorb the exp(%) into the C' term (which may slightly increase C') to obtain the

estimate on |x¢(z)|. Let v =% once again, and we now compute

1\ ! R
111, <97 (2N epcn ™00 3 o
dq q €y (6)
R
< C1CKP g Vexp(—vp=2)(vg)* D ol
q NG

3C1vol(Q — . .
where K := %() We now sum over £ € = and once again estimate how many

times |a¢|P is over counted. We note that this is the same as #Qp,(§) < Vgil(q%).

Therefore, we have

> I < GO g P exp(—vp=)(1)* > D el

IS §EE CEQRO )

R 1(2
< CLOKP ™Y exp(—vp qo dVO Z| agl’
£e=

o Ro
< SPKEPG P exp(— Vp— (g dZ!aglp-
§EE

We aim to make this term arbitarily small, which we may control with the ¢~ exp(—up%)
term. We impose a condition that ¢ < ¢, where gy < % is small enough to ensure

is sufficiently small.

that ¢4 exp(—z/%)

Step 3: Estimating /.: At this point, we consider I' to be known and fixed, and
q < qo, as established in Step 2. We consider, for fixed &, the set Q¢ = {( : d(&,() <
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Iq}. For ¢ # x, x¢(&) =0, and for any = € B(¢, vq), we have by Proposition 19

e (@)] = Ixe(e) - <>|<c( (q@) <o

We then estimate the cardinality of {¢ : d(§,{) < I'q} to be bounded above by

2¢Cq(Pq)? _ (2F>d

Cudd . We apply Lemma 30 to I to obtain

e <gi@rdpt Y0 / PP de

0<d(¢,£)<Tq Y B9

<3N CY ) Calyg)? D Jal da
0<d(¢,£)<T'q

We now sum over £ € = and note that we may over-estimate the number of times

a¢ appears by 2914 which yields

Z I < 37710 2T CPAP (yq) | ae ||,

£e=

Since ¢ < qp and I' is fixed and chosen, we may choose 7 small enough to shrink this

term as small as required. O

Lemma 34 (Lemma 3.9 of [12]). Let v > 0, d > 1. For every ¢ > 0, there exists a

Iy > % (depending on v,d,€) so that for T' > Ty and for all p € [1,00),

2

max (de exp(—vpl'), — / pldrp—1 exp(—vpr) d?") < €.
r

T»

Proof. See [12] for the proof. O

Corollary 8. Let Q be Ry embedded subset of Q, and let X C Q be a finite set

of centers with mesh norm h and separation radius q and let = = X N Q. For
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1<p<qg<oo,

_d(i-1
1Y~ cexell oy < Ca ™1 aexell oo

£e= £e=

Proof. We know by Proposition 21 that there exists ¢, ¢o independent of ¢ such that

forall 1 < p < o0,

d d
crg7 [{agkller < 11D aexell oy < coav [{agH o
£eE

Since p < g, || {ae}ler < [ {ae} I, and hence we have

d
1)~ aexellze < cagel{ag} e
d
< caq7 [[{ae}er

d 41 _d
< eqier' g | D aexells
Ee=

O

The approach we are taking here is to assume we have some Q C Q with scattered
centers X C Q, and we focus only on Lagrange functions centered at points in
= = X N The distance Ry is pivotal to all of the arguments above and the
restricted Lebesgue constant and condition numbers of the L” stability depend on
Ry, as well as the exponential decay. On the other hand, we could start with a set 2,
and add additional points outside to define a region Q. By tailoring the number of
points we add, we can then choose the Ry, which determines how well the functions

decay. We need to then ask the question: given a mesh norm, what should Ry be?
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Given a fixed hg, for any h < hg, by choosing Ry = Khg|log(hg)|, we have

Vh[)’ lOg(h(])’

R
Xe(2)] < CeXp(—VTO) = Cexp(— ) < Chg™.

The problem is that to create 2 given a mesh norm & in 2, we must add sufficiently
many points into € to guarantee a mesh norm of h (which is required by all the

above).

158



7. SUMMARY AND CONCLUSIONS

In this dissertation, we focused on the theory and application of a localized basis
constructed from radial basis functions. We developed numerical methods for solv-
ing partial differential equations on manifolds and for integral equations arising from
nonlocal diffusion on Euclidean domains. We developed implementable methods and
studied their computational properties. The experimental results matched theoret-
ical estimates for the different methods and suggested the computational methods
we developed provide novel approaches to solving numerous applied problems.

The method we developed for nonlocal diffusion on compact Euclidean domains
provides an innovative approach to solving a challenging problem. This work, joint
with Rich Lehoucq, is the result of summer research supported by Sandia National
Laboratories. We used recently developed results to produce a local Lagrange func-
tion discretization for a variational formulation of the nonlocal diffusion problem. A
unique quadrature method was designed that works for the local Lagrange basis and
provides a fast assembly of a sparse stiffness matrix. Theoretical estimates verified
that the condition number of the matrix is bounded independent of the mesh norm
and that the resulting matrix is sparse, provided that the cutoff local Lagrange func-
tion and the corresponding quadrature method are used. A separate method using
local Lagrange functions was developed jointly with Lehoucq, Narcowich and Ward.
The well-posedness of the Lagrange multiplier variational formulation is proven by
a combination of a discrete inf-sup condition and a coercivity result. Possible future
work includes addressing the error resulting from quadrature.

The new method for solving partial differential equations on manifolds extends

the growing collection of literature exploring new methods of discretizing problems
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by radial basis functions. The work, joint with Narcowich and Ward, uses the highly
localized Lagrange and local Lagrange bases. A previously developed quadrature
method yields an implementable assembly routine for stiffness matrices. The effects
of quadrature on the L? error of the solution are studied. There is potential for
future work to improve this method. The assembly of the stiffness matrix can likely
be accelerated by using the massive parallelism offered by graphics processing units.
Furthermore, only few centers contribute significantly to the matrix due to the expo-
nential decay of the elements in the stiffness matrix. Consequently, the matrix can
be made sparse by setting many entries in the stiffness matrix to be zero dependent
on the positions of the respective centers.

There is much potential for radial basis function in many areas of numerical
analysis and for applications. Taking advantage of parallelism in these methods as
well as exploring the properties of new, efficient bases of radial basis functions is
potentially a very fruitful area. We hope the results discussed in this dissertation
are just the beginning of many future radial basis function techniques using local

Lagrange functions.
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