ESTIMATION AND INFERENCE UNDER WEAK IDENTIFICATION AND
PERSISTENCE: AN APPLICATION TO FORECAST-BASED MONETARY
POLICY REACTION FUNCTION

A Dissertation
by
JUI-CHUNG YANG

Submitted to the Office of Graduate and Professional Studies of
Texas A&M University
in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

Chair of Committee, Ke-Li Xu

Co-Chair of Committee, Qi Li

Committee Members, Dennis W. Jansen
Faming Liang

Head of Department, Timothy Gronberg

August 2014

Major Subject: Economics

Copyright 2014 Jui-Chung Yang



ABSTRACT

The reaction coefficients of expected inflations and output gaps in the forecast-
based monetary policy reaction function may be merely weakly identified when the
smoothing coefficient is close to unity, 7.e., the nominal interest rates are highly
persistent. Using asymptotic theories for near unit root processes and novel drifting
sequence approaches, we modify the method of Andrews and Cheng (2012, Economet-
rica) on inference under weak identification to accommodate the persistence issue.
Large sample properties with a desired smooth transition with respect to the true
values of parameters are developed for the nonlinear least squares (INVLS) estimator

and its corresponding ¢ and Wald statistics of a general class of models.

Despite the not-consistent-estimability when the smoothing coefficient is close to
unity, the conservative confidence sets of weakly-identified parameters of interest can
be obtained by inverting the ¢ or the Wald tests. We show that the null-imposed
least-favorable confidence sets will have correct asymptotic sizes while the projection-
based and Bonferroni-based methods may lead to asymptotic over-coverage. An
identification-category-selection procedure is proposed to select between the standard
confidence set and the conservative one under weak identification. Our empirical
application suggests that for the model in which the expected inflations and output
gaps have a forecast horizon zero, the NLS estimates for the reaction coefficients
in U.S.’s forecast-based monetary policy reaction function for 1987:3-2007:4 are not
accurate sufficiently to rule out the possibility of indeterminacy. However, for the

model with forecast horizon one, the possibility of indeterminacy may be ruled out.
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1. INTRODUCTION

In a seminal paper, Clarida, Gali and Gertler (2000) proposed the monetary policy
reaction function (M PRF') in the study of the implications of monetary policy for
macroeconomic fluctuations. In M PRF', the nominal interest rate 7; is modeled as
a weighted average of the interest rate in the previous period #;_;, and the monetary
authority’s target rate i;. The target rate ¢f is assumed to follow a forward-looking
Taylor monetary policy rule (Taylor, 1993; Clarida et al., 2000), i.e., i} is a function
of the expected annualized inflation E;p; ;, and the expected average output gap E;z;

between periods ¢t and ¢ + k:

it = pit,1 + (1 — p) Z: + Et (11)

= pit_1 + (1 — p) (7o + TpEepr e + meEexe i) + €.

E; () denotes the expectation of the monetary authority at time ¢, and k denotes
the forecast horizon. p € [0,1) is known as the smoothing coefficient, and {7, 7, }
are known as the reaction coefficients. In this paper we use the real-time data, i.e.,
the historical ez ante forecasts ({Eprx, Erziy}) for the inflations and output gaps,
and the model is consequently called the forecast-based M PRF. We are especially
interested in the problem if the reaction coefficient for inflation 7, is greater than one,
and the coefficient for output gap m, is greater than zero. When 7; > 1 and 7, > 0,
regardless of the values of other unknown parameters, the M P RF' sufficiently satisfies
the determinacy condition, 7.e., the monetary authority adjusts the nominal interest

rates with ‘sufficient strength’ in response to inflations and output gaps (Woodford,



2003; Gali, 2008)'. Throughout this paper, the region DR = {m; > 1,7, > 0} is

called the determinacy region.

The objective of the present study is to revisit the empirical findings of Clarida et
al. (2000) about the determinacy of M PRF of U.S. with more recent real-time data,
in light of recent concerns over the issue of the weak identification of parameters (An-
drews and Cheng, 2012. 2013a, 2013b). Specifically, in this paper we are interested
in the inference of the forecast-based M PRF' of U.S. when the smoothing coefficient
p is close to unity, based on the nonlinear least squares (NLS) estimation. Lately
close-to-one estimates for p had been found by Bunzel and Enders (2010), Nikolsko-
Rzhevskyy (2011) and Nikolsko-Rzhevskyy and Papell (2012). When p =~ 1, the
NLS objective function is relatively flat with respect to m = {7, 7, 7, } and 7 may
not be able to be consistently estimated. The inference about 7 based on the stan-
dard asymptotic theory (Newey and McFadden, 1994) may also be spurious because
of a twofold reason. First, the Hessian of the N LS objective function is near singular
when the objective function is relatively flat, and the standard asymptotic approxi-
mations involve the inverse of the Hessian. Second, when p ~ 1, the nominal interest
rates {i;} will be highly persistent with a near unit root, and the NLS estimator
will have a nonstandard asymptotic distribution. The identification failure of the
reaction coefficients {7, m,} when p ~ 1 has not been well studied. To the best of
our knowledge, the identification failure of the M PRF when p ~ 1 has only been

noticed by Urquiza (2010) and Guerron-Quintana et al. (2009). Neither of them

L According to Woodford (2003, Proposition 4.6), the determinacy condition of the M PRF is:

1— B
™ + ﬁdzscount Ty — 1> 07

/\slope
where Bgiscount € (0,1) and Agope > 0 are the discount factor and the slope parameter in the

forward-looking Phillips curve. The definitions for the determinacy region in this paper is the same
as Mavroeidis (2010).



established the large sample properties of the estimators.

Three main contributions of this paper are as follows. First, our paper is the
first in the literature establishing the large sample properties of the estimator and
the test statistics for a class of models in which weak identification occurs in part of
the parameter space when there is a unit root or near unit root. The current study
modifies the method of Andrews and Cheng (2012) on inference under weak and
semi-strong identification to accommodate the persistence issue. Our modification
involves the employment of asymptotic theories for near unit root processes (Phillips,
1987; Giraitis and Phillips, 2006) and novel drifting sequence approaches, which are
appropriately chosen according to the nonstandard convergence or divergence rates
of the NLS estimator in the extreme case when p = 1. Large sample properties
with a desired smooth transition with respect to the true values of parameters are

developed for the NLS estimator and its corresponding ¢t and Wald statistics.

Second, despite the not-consistent-estimability when p ~ 1, the conservative con-
fidence sets (C'S) of weakly-identified parameters of interest can be obtained by
inverting the ¢ or Wald tests. We show that the null-imposed least-favorable C'S
(NILF, Andrews and Cheng, 2012) will have correct asymptotic sizes, and the
projection-based (Dufour, 1997) and Bonferroni-based method may lead to asymp-
totic over-coverage. All three methods will give conservative C'S which will be robust
to the identification failure of the M PRF when p ~ 1. As in Andrews and Cheng
(2012), we also propose an identification-category-selection (/C'S) procedure to select
the appropriate confidence set between the standard and usually more informative

C'S, and the conservative C'S under weak identification.

Third, we obtain the conservative confidence sets of the reaction coefficients

{mp, m,} in U.S.s forecast-based M PRF with forecast horizons k& = 0 and 1 for

3



1987:3-2007:4 with confidence coefficients 1 — a = 0.8, 0.9 and 0.95. In the case
k = 0, our IC'S procedure selects the conservative C'Ss, which contain many val-
ues of {m, 7, } not in the determinacy region DR = {m, > 1,71, > 0}. For the case
k = 1, however, our IC'S procedure selects the standard C'Ss, which are contained in
the determinacy region DR = {m; > 1,1, > 0}. Our empirical application suggests
that for the case k = 0, the NLS estimates for {m,, 7, } are not accurate sufficiently
to rule out the possibility of indeterminacy. But in the case k = 1, the possibility of

indeterminacy may be ruled out.

In the last decade there have been concerns over the identifiability of the monetary
policy reaction function (e.g., Cochrane, 2011; Inoue and Rossi, 2011; Mavroeidis,
2004, 2010). However, many were focus on the issue of weak instruments (weak V).
In their seminal paper, Clarida, Gali and Gertler (2000) estimated the monetary
policy reaction function of U.S. for the pre-Volcker (1960:1 — 1979:2) and Volcker-
Greenspan periods (1979:3 — 1996:4)2. Since the expectations of the inflation and the
output gap of the Federal Reserve ({E:p:x, Erz:r}) were unobservable to the public,
Clarida et al. (2000) replaced the ez ante expectations by the observable ex post

realizations ({Pir, Tex})-

ir = pir—1 + (1 — p) (Ta + TpPrx + Taer) + 7,

e =¢e—(1-p) [Wp (Pr — Eeprr) + 7o (wer — B ge)] -

Because {p:, xx} would be correlated with ¢; (when p # 1 and m; # 0 / m, # 0),
Clarida et al. (2000) used the lags of {i;, Pt , ¢} as IV and estimated the M PRF by

the generalized method of moments (GM M, Hansen, 1982). Their estimates for the

2The pre-Volcker period is the tenures of W. M. Martin, A. Burns and G. W. Miller as Federal
Reserve chairmen. The Volcker-Greenspan period is the terms of P. Volcker and A. Greenspan.



reaction coefficients {m, m,} for the pre-Volcker / Volcker-Greenspan periods were
respectively not in and in the determinacy region DR = {m; > 1,7, > 0}3. How-
ever, many empirical studies (e.g., Inoue and Rossi, 2011; Mavroeidis, 2004, 2010)
suggested that the lags of {is, prx, x1x} are merely weakly correlated to {p:x, ik}
Recently Inoue and Rossi (2011) and Mavroeidis (2010) reexamined the empirical
findings of Clarida et al. (2000). Inoue and Rossi (2011) developed a novel technique
to test the strong identification of GM M estimation and rejected the null hypothesis
of the strong identification of {m;, 7, } for the Volcker-Greenspan period. Mavroeidis
(2010) obtained the confidence set robust to weak IV and found the 90% robust
confidence set of {m;, 7} for the Volcker-Greenspan period contains many values of
parameters not in DR = {m, > 1,7, > 0}. Their findings suggested that the GM M
estimates of {m;, m,} for the Volcker-Greenspan period are not accurate sufficiently

to conclude the determinacy.

To prevent the identification failure due to weak IV, as in Orphanides (2001,
2004), we use the real-time data, i.e., the historical ez ante forecasts of inflations and
output gaps ({Epsx, Erze i }) of the Federal Reserve. Orphanides (2004) collected the
historical real-time data and estimated U.S.’s forecast-based M PRF for the Volcker-
Greenspan period (1979:3-1995:4) by NLS without any V. His estimates for the
reaction coefficients {7, 7.} were in the determinacy region?. Since 2008, the real-
time data of many macroeconomic variables have been open to the public (after a

five-year declassification period) in the Federal Reserve Bank of Philadelphia®. For

3Instead of only one lag, Clarida et al. (2000) considered two lags of interest rates. Their
estimates of {m;,m,} for the pre-Volcker / Volcker-Greenspan period (k = 1) were respectively
{0.83,0.27} and {2.15,0.93}.

4Orphanides (2004) collected the historical forecasts from the Greenbooks of Federal Reserve,
the Council of Economic Advisers, the Department of Commerce and the internal Federal Reserve
staff estimates. The estimates of Orphanides (2004) of {my, 7, } for the Volcker-Greenspan period
(k=1,2,3,4) were respectively around 1.89 — 2.12 and 0.14 — 0.18.

Shttp://www.philadelphiafed.org/research-and-data/real-time-center/



details about the real-time data, see Croushore and Stark (2001).

Lately close-to-unity estimates for the smoothing coefficient p had been found
empirically, especially when more recent data was used. For example, Bunzel and
Enders (2010) and Nikolsko-Rzhevskyy (2011) estimated the forecast-based M PRF
of U.S. with data up to 2007. Many of their estimates for p were around 0.88 — 0.986.
Nikolsko-Rzhevskyy and Papell (2012) also found estimates for p around 0.88 — 0.94
for the sample period 1966:1 — 1979:2 7. However, to the best of our knowledge, the
identification failure of 7 when p &~ 1 had only been noticed by Urquiza (2010) and
Guerron-Quintana et al. (2009). Urquiza (2010) found that when p approaches one,
the zero-information-limit condition (ZILC|, Nelson and Startz, 2007) is satisfied
and the asymptotic variance of the N LS estimator of m become infinite. His Monte-
Carlo simulations further showed that when the sample size is realistically small
(n = 100), even if p is fairly below one (e.g., p = 0.8), the inference for m based on
the standard normal and y? distribution is still spurious. Guerron-Quintana et al.
(2009) suggested to reparameterize (1 — p) 7 to prevent the identification failure of

7. Neither of them established the asymptotic properties of the estimators.

In this paper we modify the method of Andrews and Cheng (2012) on weak
and semi-strong identification. In their seminal paper, Andrews and Cheng (2012)
provided a unified treatment for a general class of models in which the parameters
of interest are {8,(,7}. B and ( are always identified and can be \/n-consistently

estimated regardless of the value of m, but 7 is identified if and only if 8 # 0 and

®Bunzel and Enders (2010) estimated the M PRF with Taylor (1993)’s original backward look-
ing rule for different subsample periods in 1965:3 — 2007:3. Most their estimates for p were in
0.894 — 0.974. Nikolsko-Rzhevskyy (2011) estimated the forecast-based M PRF using Greenbook
projections. For different forecast horizons (k) in 1982:1 — 2007:1, his estimates for p when k£ =0
or 1 were respectively 0.91 and 0.88.

"Nikolsko-Rzhevskyy and Papell (2012) considered different forecast horizons (k = 1 or 4) in
1966:1 — 1979:2 (with p = 1). Among many, they used the Hodrick-Prescott (1997) filter in
computing output gaps.



the estimator for m may weakly converge to a nondegenerate random variable when
B ~ 0. The problem considered in this paper is plausibly similar to Andrews and
Cheng (2012) if we reparameterize p = 1 — 3 in the M PRF'. Consider the following

data generating process (DGP):

e = pys1 + (1—p) X, 7+ & (1.2)

:(1_6)%—1‘*'5)(:71""51&7 t:17"'ana

where y; denotes the interest rate i;, and X; denotes a constant one, the expected
inflation and the expected output gap (1, Ep . Etxt,k)T. As in Andrews and Cheng
(2012), 7 can be identified if and only if § = 1 — p # 0. However, when equation
(1.2) contains a close-to-zero 8 (close-to-one p), {y;} will be highly persistent. In
this case, the NLS estimator for § will be super-consistent with a convergence rate
n, and the NLS estimator for 7 will not possess limiting distributions but actually
diverge as n — oo with a divergence rate v/n. Due to the different convergence rates
of the estimators, the problem considered in this paper, despite the similarity, does
not belong to the class of models considered by Andrews and Cheng (2012, 2013a,
2013b).

Two modifications are made to the method of Andrews and Cheng (2012). First,
we propose novel and simple drifting sequence approaches in approximating the finite-
sample behaviors of the NLS estimator. To study the weakly-identified 7w, Andrews
and Cheng (2012) approximated the true value of 5 as a sequence drifting to zero with
a standardization factor /n, which matched the convergence rate of the estimator
for 5 in their models when g = 0. In this paper, to accommodate the persistence of

{y:} when  ~ 0, drifting sequences different from Andrews and Cheng (2012) are



appropriately chosen according to the nonstandard convergence or divergence rates

of NLS estimators when 3 = 0.

Specifically, three different asymptotic approaches are considered. In the first
asymptotic approach, the ‘distant-from-zero 3,’ class, § = (3, drifts to zero with
a standardization factor n=" with h € (0,1/2], while 7 = m, is treated as a fixed
parameter. In the second asymptotic approach, the ’close-to-zero 3, class, 8 = 3,
drifts to zero with a standardization factor n™", and ©# = m, drifts to +oo with
a standardization factor n='/?*" with h € [1/2,1). And in the third asymptotic
approach, the ‘local-to-zero (3, class, f = [3,, drifts to zero with a standardization

1 and 7 = 7, drifts to 00 with a standardization factor n'/2. The local-

factor n~
to-zero [3, class is chosen according to the convergence and divergence rates of the
NLS estimator when 8 = 0. The distant-from-zero (,, class and the close-to-zero (3,
class bridge the local-to-zero (3, class and the ordinary case in which both [, and
7, are fixed parameters. As in Stock (1991), the drifting sequences in this paper are
assumed to be simple linear functions of the unknown localization parameters. Di-
vergent drifting sequences for parameter values have never appeared in the literature
and may not seem intuitive. However, rather than any arbitrary artificial choice,
the drifting-to-infinity sequences are logical outcomes of the NLS estimation when
B = 0. Intuitively, the drifting-to-infinity =, assumption is made simultaneously
with the drifting-to-zero (3, assumption to ensure the desired smooth transition in

the asymptotic approximation to mimic the finite-sample behavior (Anatolyev and

Gospodinov, 2011).

Second, by virtue of the linearity of drifting sequences, we are able to employ the
asymptotic theories for near unit root processes (Phillips, 1987; Stock, 1991; Giraitis

and Phillips, 2006) to establish the large sample properties with a desired smooth



transition with respect to the true values of {3, 7} for the NLS estimator and its
corresponding ¢t and Wald test statistics. Specifically, when  is merely close to zero
or distant from zero, the t and the Wald statistics will be asymptotically Gaussian and
x? distributed. However, when 3 is local to zero, both the t and the Wald statistics
will have nonstandard and non-pivotal asymptotic distributions. Our Monte Carlo
simulation shows that our asymptotic approximations fit the finite-sample densities
very well. Despite the drifting to infinity assumption for 7, our asymptotic results

provide good approximations even when 7 is small in magnitude.

The confidence sets (C'S) for any linear functions of parameters are obtained by
inverting the ¢ or the Wald tests. When [ is not local to zero, since the ¢t and the
Wald statistics will have standard Gaussian and x? asymptotic distributions, the
CS will also be standard. When f is local to zero, however, the C'S will depend
on the values of unknown and not-consistently-estimable localization parameters.
Accordingly, we consider the null-imposed least-favorable method (NILF, Andrews
and Cheng, 2012), the projection-based method (Dufour, 1997) and the Bonferroni-
based method. The NILF method takes the supremum of the critical values of
tests with respect to all possible values of the localization parameters under the null
hypothesis corresponding to the tests to be inverted. The projection-based method
projects the C'S for all parameters to a subspace in the parameter space. The
Bonferroni-based method relies on the Bonferroni inequality and obtains the C'S's
for parameters of interest and parameters not of interest simultaneously. Though
all three methods are conservative, we show that the NILF CS will have correct
asymptotic sizes. The projection-based and Bonferroni-based methods may lead to
asymptotically over-coverage. However, since the information from the estimates

for all parameters of interests are used, under certain circumstances, it is possible



to obtain a more informative C'S than the NILF' one by the projection-based and
Bonferroni-based methods. All three methods require the computation of the test
statistics for as many values of parameters as possible. In practice, we propose
the use of the grid method. As in Andrews and Cheng (2012), we also propose
an identification-category-selection (/C'S) procedure to select the appropriate C'S

between the standard C'S and the conservative one under weak identification.

According to our asymptotic theory, we construct the C'S with confidence co-
efficients 1 — o = 0.8, 0.9 and 0.95 for the reaction coefficients {m, 7.} in U.S.’s
forecast-based M PRF for 1987:3-2007:4. In the NLS estimation we use the real-
time data for expected inflations and the expected output gaps ({E:pir, E:zer})
from the Federal Reserve Bank of Philadelphia. As in Nikolsko-Rzhevskyy (2011),
we consider the case with forecasting horizons k = 0 or 1. In the case k = 0, our IC'S
procedure selects the conservative C'Ss, which contain many values of {7, 7.} not
in the determinacy region DR = {m; > 1,7, > 0}. For the case k = 1, however, our
1C'S procedure selects the conventional C'Ss, which are contained in the determinacy
region DR = {m, > 1,7, > 0}. Our empirical application suggests that for the case

= 0, the NLS estimates for {m, 7, } are not accurate sufficiently to rule out the
possibility of indeterminacy. But in the case k = 1, the possibility of indeterminacy

may be ruled out.

The remainder of the paper is organized as follows. Section 2 provides the asymp-
totic theory for the N LS estimator for models as equation (1.2) when 8 ~ 0. Section
3 establishes the limiting properties of the t and the Wald test statistics and discusses
the procedure to obtain the C'S for linear functions of parameters of interest. Sec-
tion 4 gives the empirical results for U.S.’s forecast-based M PRF' for 1987:3-2007:4.

Section 5 concludes. Proofs are collected in Appendix.

10



2. ASSUMPTIONS AND ASYMPTOTIC THEORY

Consider the following data generating process (DG P) as equation (2.1):

yt:(l—ﬁn)yt_1+ﬁnXtT7rn+5t, t=1,...,n. (2.1)

The DGP is known as the forecast-based monetary policy reaction function (forecast-
based M PRF') when {y;} denotes the nominal interest rate and {X;} represents the
expected inflation (E:p; ), the expected output gap (E:;z:)) and a constant one as

in equation (1.1).

In the section, we consider the nonlinear least squares (IVLS) estimator for 6, =

{Bn77rn}'

Assumption 1 (Data generating process) y; = (1 — B2) i1 + BuX, 7n + & for
t=1,...,n, where 6,, = {f,, 7.} denote the true values of the parameters when the
sample size equal to n € N. 0, is an element of the interior of a convex parameter

space ©*, which is contained in (0,1] x R,

Assumption 2 {X;} is a d.-dimensional stationary ergodic sequence. X, is uncor-
related to y, with E(X,) = px, E|Xy| < oo and E|Xy,|” < co foralll =1,...,d,
and t = 1,...,n, where X;; denotes the [-th element of X;. Mx = E(XtXtT) 18

positive definite. X x = var (X;) = Mx — jxfix-

Assumption 3 {&;} and {X;e,} are martingale difference sequences (M DS). €; is
independent to (y,—1, X;) with E(s;) = 0, E|e;|> < 0o and var (g,) = o > 0 for all

t=1,...,n.

11



For notational simplicity, let ¢y = {px, Mx, 2} denote the nuisance parameters,
where o € ® C R% x R¥%¥ x (0,00). Also let v, = {fp, 00} €T = 0* x ®
denote all the parameters in the model, including the parameters of interest 6, =
{Bn, ™} and the nuisance parameters ¢y = {ux, Mx,c2}. {&} is assumed to be
serially uncorrelated. If {e;} is serially correlated, then by Cov (y;,e;) # 0 and
Cov (ys, y4—1) # 0, Cov (y;—1,e¢) will not be zero, i.e., y,—1 will be endogenous, and

the NLS estimator for #,, will be biased.

0, = {Bn, ™} belongs to the ‘true parameter space’ ©*. For any ‘optimization
parameter space’ © C R containing ©* (i.e., ©* C O), the NLS estimator

o~

0, = { Bn, ﬁn} is defined as the minimizer of the objective function @, (6).

n

. 1
@n <9n) = géiél Qn(0) = {orgél 3 ; e — (1= B)y1 — ﬂXtTW]Q . (2.2)

In practice, the optimization parameter space © can be selected as a large set to
prevent the misspecification of the parameter space. When the optimization param-
eter space © is large enough to rule out the possible boundary issues, the nonlinear
least squares (INVLS) estimator 0, = { B\n, /ﬁn} can also be defined by the first order

condition, 7.e.,

LS X i (123 e - BXTR] —0

In the following we discuss the estimation of 8,, when £, is close to zero and not
close to zero separately. When (3, = By > 0 and 7, = 7, i.e., when 6, is fixed at

the constant vector 6y = {5y, Mo} € O, by the standard asymptotic theory (Newey

12



and McFadden, 1994), @\n is \/n-consistent and asymptotically normally distributed.

Theorem 1 Suppose that Assumptions 1, 2 and 3 hold and 6, = 6, € OF, i.e.,

Bn = By and m, = my for anyn € N. Then é\n 50, = 0y, and
VI (B = 02) 2N (O, o2V ()
where Vo () 1s the probability limit of the Hessian of the NLS objective function,

(yt—1 - XtTWo)2 —Bo (yt—1 - XtTWo) XtT
—Bo Xy (ytfl - X:WO) 5§XtXtT

Vo(1m) =FE

However, when g = 0, the NLS objective function @, () does not depend on 7
and therefore 7 is not identifiable. And when & 0, the N LS objective function is
relatively flat with respect to m and therefore 7 may not be consistently estimated.
The inference about 7 based on the standard asymptotic results (Theorem 1) may
also be spurious because of a twofold reason. First, the Hessian of the N LS objective
function Vy (7,,) is near singular when 5 & 0, and the standard asymptotic approxi-
mations involve the inverse of the Hessian Vy (7,). Second, when (8 = 0, the sequence
{y:} will be highly persistent, and the NLS estimator 6, will have a nonstandard

asymptotic distribution.

To study the case when = 0, first we consider the extreme case when (3, = 0.
For simplicity, we assume yy = o, (nl/ 2) to prevent the the effect from the initial
observation. This assumption is similar to the conditional case assumption in the

unit root literature (Elliott et al, 1996).
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Lemma 1 Suppose that Assumptions 1, 2 and 3 hold except that B, is assumed to
be 0 for any n € N. If yo = o, (n'/?), then B, = O, (n7Y), and 7, = O, (n'/?).

In Lemma 1 we show that when (£, = 0, an will be super-consistent with a
convergence rate n, and 7,, does not possess limiting distribution but actually diverge
as n — oo with a divergence rate y/n. Accordingly, in this paper we consider the
following three different asymptotic approaches, ' (1,b,¢), ' (h,b,c) and T (h,b), to
mimic the finite sample behaviors of §n = { En,%n} Through out this paper, the
three asymptotic approaches I' (1,6, c), I (h,b,c) and I" (h, b) are respectively known

as the ‘local-to-zero (3,,’, ‘close-to-zero (,,” and ‘distant-from-zero (3, classes.

Definition 1 (T'(1,b,¢), I'(h,b,¢) and I (h,b)) For any b € (0,4+0), ¢ €RY and
he€0,1),

b

Local-to-zero 3, : T'(1,b,¢) = {{yn} elr:B,=—,m, = n1/2c} :
n

Close-to-zero 3, : T (h,b,c) = {{%} el: B, = %,Wn = n Y2he e [1/2, 1)} ,
n

Distant-from-zero 3, : T (h,b) = {{vn} el:p, = %, h e (0, 1/2]} .

For the local-to-zero 3, class I' (1,b,¢c), 3, and 7, are assumed to be sequences

respectively drifting to zero and +o0o when n — oo. The standardization factors n=*

2 are appropriately chosen to match the convergence or divergence rates of

and n'/
the NLS estimator when §, = 0 (Lemma 1). The distant-from-zero 3, class I' (h, b)
and the close-to-zero (3, class I' (h,b,c) bridge the local-to-zero 3, class I' (1,b,c)

and the ordinary case, in which both 3, and 7, are fixed parameters (6, = 0y €

©* C (0,1] x R™).
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Notice that in the local-to-zero 3, class I' (1,0, c), the drifting sequence for p,, =
1 — f, is exactly the frequently used local-to-unity asymptotic approach (Phillips,
1987; Stock, 1991) in the near unit root literature. And in the close-to-zero [,
class T' (h,b, c) and the distant-from-zero 3, class I" (h,b), the drifting sequence for
pn = 1 — [, is the neighborhood-of-unity approach (Giraitis and Phillips, 2006;
Phillips and Magdalinos, 2007). For the drifting sequence for 7, in the distant-from-
zero f3, class I" (h,b) we do not make any special assumption about 7, and simply
treat m, as a fixed parameter. In the local-to-zero 3, class I' (1,b, c) and the close-to-
zero f3, class I' (h,b,c), however, m, follows divergent sequences drifting to infinity.
To the best of our knowledge, divergent drifting sequences have never appeared in the
literature and may seem not intuitive. Rather than any arbitrary artificial choice, the
drifting-to-infinity sequences are logical outcomes of the convergence or divergence
rates of the NLS estimators when 3, = 0 (Lemma 1). We will discuss the divergent

drifting sequences in more details in subsection 2.3.

In the following two sections we establish the asymptotic results under these
three different asymptotic approaches. Our method is a modification of Andrews
and Cheng (2012) on weak and semi-strong identification. In their seminal paper,
Andrews and Cheng (2012) provided a unified treatment of a general class of models
in which the parameters of interest are {3, {, 7}. § and ( are always identified and can
be /n-consistently estimated regardless of the value of 7. 7 is identified if and only
if 5 # 0 and the estimator for m may weakly converge to a nondegenerate random
variable when g = 0. Despite the similarity, in Lemma 1 we have already shown
that when 3, = 0, 3, and 7, are respectively O, (n™') and O, (n'/?). Due to the
different convergence or divergence rates of the estimators, the problem considered in

this paper does not belong to the class of models considered by Andrews and Cheng
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(2012, 2013a, 2013b). Although different drifting sequences are used, we develop
the asymptotic properties of the NLS estimator and its corresponding ¢ and Wald

test statistics with quadratic approximations for the objective function similar to

Andrews and Cheng (2012).

In contrast to Andrews and Cheng (2012), who considered more general drifting
sequences (e.g., n'/23, — b), the drifting sequences in this paper are assumed to
be simple linear functions of the unknown localization parameters (8, = n~'b or
n~"b, and m, = n'/?c or n='/?>*"c). The linear drifting sequences and the property
of the exponential function lim,, . (1 —n710)" = exp (=b) allow us to employ the
large sample theory for the time series with a local-to-unity root by Phillips (1987)
and Stock (1991) in the establishment of the asymptotic approximations. When
obtaining the confidence sets for linear functions of parameters by inverting the tests,
as in Stock (1991), the linear drifting sequences also guarantee a surjective mapping
from the values of localization parameters to the null hypotheses corresponding to
the tests to be inverted, which is very useful in constructing a more informative but

still conservative confidence set.

2.1 Estimation Results for Local-to-Zero 3,

In this subsection we determine the asymptotic distributions of the NLS esti-
mator 6, = {Bnﬁn} when ~, € T'(1,b,¢c), i.e., B, = n~'b and m, = n'/>c. When
Y € T'(1,0,¢), as in Andrews and Cheng (2012), we consider a quadratic approxi-
mation for @, (8, 7) in § around § = 0.

1 0?

On (B,7) = O (0,7) = 200 (0,7) - B+ &
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where 0 < f* < 3,

a n
%Qn (0,m) =n"" Z (e — yer) (1 — X ),
=1

82
032

Qn (B m) =n"" Z (1 — XtTW)2 :

t=1

Since 9%Q,, (B, 7) /0B? does not depend on 3, 8°Q,, (8*,7) /05* = 9*Q,, (0,7) /OB>.

Therefore, equation (2.3) can be written as:

0 1 02 9
_ _ . - - B=. 2.4
Qu(B.7) = Qu(0.m) = 520 (0.) - B+ 35Qu0m) . (24)
For any R%-valued 7, when n — oo, let
n Y2 = ko (2.5)

Lemma 2 Suppose that Assumptions 1, 2 and 3 hold, v, € T'(1,b,¢c), and yo =

op (n'/?). Then for any R™-valued 7 with n™/*1 = K, as n — oo,

EQ" (O’ﬂ-) = g</i7r7bac;900) , and

o

8_an (0,7) = H (Kx, b, €5 00) -

n

G (Kr,b,¢;00) and H (kr, b, c; o) are functionals of a Wiener process W, (r) and
an Ornstein-Uhlenbeck process Jp - (r). The exact functional forms of G (k, b, ¢; ¢o)
and H (K, b, c; p) are in Appendix A.

According to equation (2.4) and Lemma 2, let ¢ (g, k1, b, ¢; o) be the asymptotic
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approximation of @, (8, 7) — Q, (0, 7),
q (Ags fir, b, €5 00) = G (Kry b, €5 00) - A + %”H (K, b, € 4p0) - A3 (2.6)
For any given k., let 5\\5 (Kx, b, €; pg) be the infimizer of ¢ (Ag, kr, b, €; o):
q (X,B (Kr,b,¢;90) , kix, b, C; wo) = infg (A, fir b €5 00) (2.7)

and K (b, c; o) be the infimizer of ¢ (:\\5 (Kr,b,C;00) , Ky b, C; g00>:

q (Xﬁ (Rr (b,c;00),b,¢;00) , Rr (b, €5 ¢0) , b, C; 900> (2.8)

= 1nfq (/):5 (/‘\77” b, C; @0) s Ky b7 G, <p0> .

Theorem 2 Suppose that Assumptions 1, 2 and 8 hold, ~, € T'(1,b,¢c), and yo =
op (n'/?). Then

n //B\n_ﬁn /): //%ﬂ b,C; ,b,C; —b
(Br0) | L 2oy = | 2 Fe (i) bocio)

n (R — ) ki (b, ¢;p0) — ¢

Rr (b, c;¢p) and /):5 (R (b,c;90) ,b,¢;p0) are also defined in details in Appendix
A.

Remark 1 1. In Theorem 2 we show that when ~, € T (1,b,c), B\n 18 super-
consistent with a convergence rate n, and T, does not possess a limiting dis-
tribution but actually diverge as n — oo with a divergence rate \/n. The

asymptotic distributions of n (B\n - 5n> and n=1/2 (T, — m,) are nonstandard
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and depend on the values of unknown parameters, including nuisance param-
eters po = {px, Mx,02} and localization parameters {b,c}. In Section 3 we
will show that when ~y, € T'(1,b,c), the t and Wald test statistics correspond-
ing to the null hypothesis Hy : RO, = v and the confidence sets of RO, will
still depend on the values of {b,c}. And it causes difficulties in testing Hy and

obtaining the confidence sets of R,

2. The problem considered in this paper is not in the class of models in Andrews
and Cheng (2012), and our drifting sequence approaches are different from
theirs. However, our quadratic approxzimation of the NLS objective function,
which s only with respect to 5 around 8 = 0, is similar to the corresponding
weak-identification scenario in Andrews and Cheng (2012). Since m vanishes
in Qn(B,m) when B =0, @, (0,7) does not depend on the values of both (3
and w. Therefore, the NLS estimator gn = {Bn,/ﬁn} 18 also a minimizer
for Q. (B,m) — @, (0,7), which has the quadratic expansion as in equation
(2.4). Then the asymptotic properties of 0, = {B\n, %\n} can be determined with
Lemma 2, which employs the asymptotic theories for near unit root processes by
Phillips (1987) and Stock (1991). Because of the persistence of {y;} when 5 ~
0, the empirical process central limit theorems (e.g., Andrews, 1994) used by
Andrews and Cheng (2012) in their corresponding weak-identification scenario

can not be applied to the problem in the present paper.
According to Theorem 2, n <Bn — ﬁn) and n~'/? (%, — m,) will have asymptotic

distributions depending on unknown nuisance parameters ¢o = {px, Mx,o2}. Let

{&;} be the residuals of the NLS estimation, and @, = {ﬁxﬁmﬁxﬁmﬁﬁ} be the
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estimator for ¢q:

n

n /\ 1 n
Axn = nt g Xy, My, =— g XtXtT, o2 =n"t E g7, where (2.9)
n
t=1 t=1

t=1

a:yt—(1—6n>yt71—BnXtTlﬁn, t=1...,n.

Lemma 3 Suppose that all conditions of Theorem 2 are satisfied. Then 3, = ¢,
i€, Axmn N Ix, ﬁX,n 5 My, and o2 N o2,

Proposition 3 shows that ¢, can be consistently estimated by ©,. Therefore,
when the true values of the localization parameters {b,c} are known, we are able
to replace the unknown nuisance parameters ¢y with the estimates ¢,, and obtain
the asymptotic distributions of n <§n — Bn> and n~'? (%, —m,) by Monte Carlo
simulation. We omit the formal proof for the asymptotic theory of n (Bn — 571) and
n~Y2 (%, — m,) when ¢ is replaced by its estimate (, since it directly follows by
the continuous mapping theorem. Our Monte Carlo simulation in Example 1 shows

that our asymptotic approximations fit the finite-sample densities very well.

Example 1 Consider the following model as equation (2.10):

Y = (1 - Bn) Yi—1 + Bn (7T0,n + Wl,nxt) + &4, t= 17 cee,n, (210)

where z; "X N (0, 1), & v N (0,1), B =b/n, T, = n''%co, T = n'?ci, and
n = 100.
Using Theorem 2, Figures 2.1 and 2.2 provide the simulated finite-sample and

asymptotic densities of n (Bn — 6n> and n~Y? (T, — m1.0) given the true values of
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n(B.- B, ), n=100,B =0.02, T 0Ty =2 n(g.- B,), n=100,8 =0 05,7y =, =2 n(B.- B,), =100, B =0 1,7, =2
03 03 03
025+ 025 q 025
02} 0.2 4 02
0151 0.15 1 0151
01F 01 q 01F
0051 . 0.05 . q 0.05F .
—!IJD -5 0 5 10 15 20 -?U -5 0 5 10 15 20 -90 -5 0 5 10 15 20
n(B;- B,) Asym., b=2, ¢=¢,=0.2 n(ﬁ;- B,). Asym., b=5, ¢=c,=0.2 n(ﬁ;— B,), Asym., b=10, g=c,=0.2
03 03 03
025+ 025 4 0251
02F 02 A 02
015+ 0.15 Bl 015+
01f 0.1 1 01
005 . 005 . q 005 .
—?D -5 ] 5 10 15 20 —?O -5 0 5 10 15 20 —90 -5 0 5 10 15 20

~

Figure 2.1: Finite-sample and asymptotic densities of n(8, — Bn), Ton = T1.0 = 2,

Example 1
The first and rows are respectively the simulated finite-sample densities and the

asymptotic densities of n(3, — B,) with m, = 71, = 2 in Example 1.

{b,co,c1}. We consider 3, € {0.02,0.05,0.1} and mp,, = 1, = 2, i.e., b€ {2,5,10}
and ¢y = ¢; = 0.2. We do not report the densities of Ty, since the results are similar
to T1n. The asymptotic approzimations based on Theorem 2 fit the finite-sample
densities very well.

For all results 50,000 simulation repetitions are used. The Wiener process We (r)
and the Ornstein—Uhlenbeck process T (1) in the asymptotic distributions are ap-
prozimated by T—'/? Zgﬁj ns and T2 ZLZJ (1 —b/T)" =%, with T = 10,000
and n, "% N(0,1).
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" (z) -7, ) n=100, B =002, my =r, =2 "2 () -7, ). n=100, B =0.05, my =x, =2 n"? (x) - m, ) n=100, B =0.1, 7 =n, =2

T 7 7

61 6 6

5r 5 5

4+ 4 4

3r 3 3

2r 2 2

1r 1 1

-01 -05 0 05 1 -ql -05 0 05 1 -q\ -05 0 05 1

n'2 @), - m, ) Asym., b=2, ¢ ;=¢,=0.2 n"2 @), -7,,) Asym., b=5, ¢ =¢,=0.2 n (x, -, ) Ayym., b=10, ¢ ;=¢,=0.2

7 — T — 7 —

6 6 6

5r 5 5

4ar 4 4

3r &l 3 3

2r 1 2 2

1r 1 1 1

-01 -05 0 05 1 -ql -05 0 05 1 -q\ -05 0 05 1

Figure 2.2: Finite-sample and asymptotic densities of n=Y2(F ,, — 1), Ton = 10 =

2, Example 1
The first and rows are respectively the simulated finite-sample densities and the

asymptotic densities of n=Y/%(7,, — m,,) with m,, = 71, = 2 in Example 1.

2.2 Estimation Results for Close-to-Zero 3, and Distant-from-Zero 3,

In this subsection we determine the asymptotic distributions of the N LS estima-
tor 0, = {Bnﬁn} when ~,, € I'(h, b, c), the close-to-zero f3,, class, and 7, € I (h,b),
the distant-from-zero 3, class. When v, € T (h,b,c), 8, = n~"b and 7, = n~'/**h¢
wit h € [1/2,1). And when v,, € T (h,b), 7, is fixed, and 3, = n~"b with h € (0,1/2].
When 7, € T'(h,b,c) or I' (h,b), we consider a quadratic approximation for @Q,, (9)
around 6,, as Newey and McFadden (1994) and Andrews and Cheng (2012):

Qn (0) — Qn (0n) (2.11)

= DJQu(6) (6= 6.) + 5 (0= 6) Dy Qu (6) (6 6,) + R(6"),
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in which 6* is in between of 6,, and 0,

n~ty (yt—l - XTﬂ'n) €t
DQQn (en) = = n ' )
_ﬁnn_l Zt:l tht
Tty (Y1 — X;Wn)z
Dogr Qn (0n) = 1xn T 2, —1\\n T
-n- Zt:l Xy [Bn (ytfl - X, 7Tn) + Et] Bin~ Zt:l XX,
Let
nh/2 0
B(h) = S (2.12)

Lemma 4 Suppose that Assumptions 1, 2 and 3 hold, and ~, € T (h,b,c). Then

1. "B (h) DgQu (6n) = G* (b5:00) ~ N (04, +1)x1, 02V (b5 00)) , where

(20) " 02 Oyxa.
Vi (b o) = g
04, x1 bQMX

2. B71(h) Dy Qn (6,) B~ (h) 5 Vi, (b; 0).

Theorem 3 Suppose that Assumptions 1, 2 and 3 hold and ~y, € T (h,b,c). Then

~ L/2+h/2 An — Pn
n*?B (h) <0n — 0n> " <ﬁ ’ ) fé/\/’(o(dﬁl)xhafvﬁl (b; 0)) -

n1/2—h (%n o 7Tn)
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Remark 2 1. In Theorem 3 we show that when ~, € I'(h,b,c), Bn — Bn =
O, (n=Y*7"%)  and 7@, — m, = O, (n=Y/*™"). Despite the non-standard conver-
gence or divergence rates, the asymptotic distributions of n'/*+h/? (,/B\n - 5n>
and n*/*>~" (7, — 7,) are standard (Gaussian distributions). In the next sec-
tion when we consider the tests for the null hypothesis Hy : R, = v and the
confidence sets of R, we will show that when ~, € I" (h,b,c), the asymptotic
distributions of the t and Wald test statistics corresponding to Hy will also be
standard (Gaussian and x* distributions) and pivotal (not depending on the
values of {b,c,h}). This result will be very useful in testing Hy and obtaining

the confidence sets of R,

2. Again, the problem considered in this paper is not in the class of models in
Andrews and Cheng (2012), and our drifting sequence approaches are differ-
ent from theirs. However, our quadratic approximation of the NLS objective
function is similar to the corresponding semi-strong-identification scenario in
Andrews and Cheng (2012). The asymptotic properties of 0, = {B\n,ﬁr\n} are
determined with Lemma 4, which employs the asymptotic theory for near unit
root processes by Giraitis and Phillips (2006), who rescaled the statistics of
interest to satisfy the central limit theorem. Andrews and Cheng (2012) also
rescaled their statistics of interest for exvactly the same reason in their semi-

strong-identification case.

3. Usually, the asymptotic distributions of the estimators will depend on true val-
ues of all parameters. One may expect n'/>"/2 <Bn — ﬁn> and n*/>~" (7, — m,)
to have limiting distributions depending on the values of both (3, and 7,, i.e., the
values of both b and c. However, in Lemma 4 we have shown that the limits of

the first and second derivatives do not depend on the value of ¢, so the limiting
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distributions of n'/?th/? (B\n — ﬁn) and n'/*7" (7, — ,) do not depend on the
value of ¢ either. Intuitively, it is because when B, = n~"b and m, = n=/*thc,

the value of m, is too small, and the effect of X; on vy, is negligible. In Lemma

7 (in Appendiz C) we have shown that y; can be written as:

Y = M}Wn + 1+ ﬂnftﬂ—m

where
N = i (1-38,)" ei=0, (nl/“h) ,  and
i=0
6= 3" (1= ) (X — ux) = O (121
i—0
Therefore, by B, = n~"b and m, = n~*he, plm, = O (n7V2*"), and

Br&im, = O, (nh) Thus,

n 2y, = T2y, 4 op (1)

That is, the value of ¢ does not affect y;. Again, the standardization factors in
the close-to-zero 3, class T (h,b,c) (n™" for B,, and n=/?*" for m,) are chosen
to bridge the distant-from-zero (3, class I (h,b) and the local-to-zero B, class
I'(1,b,¢), and the standardization factors in T (1,b,¢) (n=' for B,, and n'/? for
Tn) are chosen to match the convergence or divergence rates of the estimators
when the true value of B, equal to zero. So the not-depending-on-c asymptotic
distributions of n'/?*"/? <Bn - ﬁn> and n'/*7" (7, — 7,) are not because of any
arbitrary choice of the standardization factors, but a logical outcome of the

convergence or divergence rates of the estimators when (5, = 0.
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When ~,, € ' (h,b), Lemma 5 and Theorem 4 show that the asymptotic distribu-

tion of n'/2B (h) (@\n - 0n> is the same as the case when v, € T (h, b, c).

Lemma 5 Suppose that Assumptions 1, 2 and 3 hold, and -y, € ' (h,b). Then

1. n*2B7 (h) DyQu (0) = G* (b;00) ~ N (0(d,41)x1, 02Vh (b 0)) -

2. B () DygrQn (6) By (h) = Vi (b; 00).-

Theorem 4 Suppose that Assumptions 1, 2 and 3 hold and ~y, € T (h,b). Then

1/24h/2 (B
n2B () <9n—9n>= ! <ﬁ” ﬁ") LN (0, 41yx1, 02V, (0500)) -

n1/2—h (%\n _ 7Tn)

2.3 Sequences Drifting to Infinity

In this paper we use sequences drifting to oo to mimic the true value of =.
Specifically, when v, € I'(1,b,¢), 7, = n'/?c; when v, € I'(h,b, ¢), T, = n~/?*hc.
To the best of our knowledge, divergent drifting sequences for parameter values have
never appeared in the literature. For example, in their study of weak instruments,
Staiger and Stock (1997) assumed the parameter of interest to be fixed while the

correlation between the endogenous variable and the instrument is drifting to zero.

In this paper we do not assume 7 to be fixed for a twofold reason. First, rather
than any arbitrary artificial choice, the drifting-to-infinity sequences are logical out-
comes of the convergence or divergence rates of the N LS estimators. Lemma 1 shows

that when 3, = 0, B\n will be super-consistent with a convergence rate n, and 7,, does
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not possess limiting distribution but actually diverge as n — oo with a divergence
rate y/n. The drifting sequences in the local-to-zero 3, class I'(1,b,¢) (8, = n™'b
and 7, = n'/?c) are chosen to match the convergence or divergence rates in the
benchmark scenario (3, = 0). And the sequences in other two classes are chosen to
bridge the ordinary case {6, = 6y € ©*} and the class I' (1, b, c). If the true value of
7 is treated as a fixed value while [ is assumed drifting to zero, the divergence of
7, while 3, = 0 will be disregarded, and the convergence or divergence rates in the

benchmark scenario (3, = 0) are not matched.

Second, the drifting-to-infinity m,, together with the drifting-to-zero [, gives
the desired smooth transition in the asymptotic approximation in mimicking the
finite-sample behavior. Our Monte Carlo simulation in Example 1 shows that our
asymptotic approximations fit the finite-sample densities very well. As a contrast,
to treat the true value of 7 as a fixed value does not give valid asymptotic approx-
imations. It can be easily shown that if the true value of 7, is assumed to be fixed

while 5, is approximated by a local-to-zero sequence (3, = b /n), then

~

n (/Bn - ﬁn) N ?(b, 0; (po) _ )\5 (K’ﬂ' (b, 0; 900) 7b> 0; 900) —b . (213>

n (R — ) ki (0,05 0)

where /):g and K, are defined in Theorem 2. In Example 2 we show that the asymptotic

approximations according to equation (2.13) do not fit the finite-sample densities.

Example 2 Again, consider the following model as equation (2.10):

Yo = (1= Bn) ys—1 + Bn (7TO,n + 7717n$t) +e, t=1,...,n,

where x; o N(0,1), & RS N (0,1), and n = 100. Again, we consider 3, €
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n(g,-B,). n=100,p =0.02, N n(g,-p,). n=100,B =0 05,79, =7, =2 n(;- B,» n=100,B =0.1, 7 =r, =2
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Figure 2.3: Finite-sample and asymptotic densities of n(8, — ), Ton = T1.0 = 2,

Example 2
The first and rows are respectively the simulated finite-sample densities and the

asymptotic densities of n(3, — f,) with 7, = 71, = 2 in Example 2.

{0.02,0.05,0.1} and mo, = 1, = 2.

According to equation (2.13), Figures 2.3 and 2.4 provide the simulated finite-
sample and asymptotic densities of n (B\n — 5n> and V2 (Fy,, — m10) given the true
values of {b, co,c1}. The asymptotic approzimations based on equation (2.13) do not

fit the finite-sample densities.

However, while 3, is approximated by a close-to-zero sequence (3, = n~"b), if
the true value of 7, is assumed to be fixed, then the the asymptotic distributions of

nl/2+h/2 (B\n — /Bn> and n'/?>~" (%, — m,) remain the same as Theorem 3. Intuitively,
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Figure 2.4: Finite-sample and asymptotic densities of n=Y2(T,, — 1), Ton = 10 =

2, Example 2
The first and rows are respectively the simulated finite-sample densities and the

asymptotic densities of n=V2(7,, — m,,) with m,, = 71, = 2 in Example 2.

if m, is assumed to be fixed, then by Lemma 7 (in Appendix C),

(1-— ﬂn) gmi =0, (n1/2+h) , and

[M]8

s
Il
=)

(1 - ﬂn) (Xt—i - ,uX) - Op (n1/2+h) 5

NE

I
o

and 3, = n~"b, n’l/z’hyt can be written as:

n~VEhy, =7V L, T2y Y2

=0, (W) 0T + 0, (n71) = 07 40, (1)

Therefore, the value of ¢ does not affect y;, and the results of Theorem 3 remain.
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2.4 Drifting Sequence in Andrews and Cheng (2012)

We conclude this section by discussing the differences between the asymptotic ap-
proaches in this paper and Andrews and Cheng (2012). In the models considered by
Andrews and Cheng (2012), the parameters of interest are {3, ¢, 7}, in which £ and ¢
are always identified and can be y/n-consistently estimated regardless of the value of
7, and 7 is identified if and only if 5 # 0 and the estimator for 7 may weakly converge
to a nondegenerate random variable when 8 =~ 0. To match the convergence rate
they employed the drifting sequence n'/23, — b in their weak-identification scenario,
and the sequence n'/?f, — oo in their semi-strong-identification case. However, for
the problem considered in this paper, in Lemma 1 we have already shown that when
B, =0, B, — B, and 7,, are respectively O, (') and O, (n'/?). Due to the difference
in the convergence rates of estimators, we consider I' (1,5, ¢), in which nf, = b and
n~Y%1, = ¢ to match the convergence or divergence rates, and use the other two
classes to bridge {6,, = 0y € ©*} and I" (1, b, ¢). In Theorems 2 and 3 we have already

shown the necessity of the drifting-to-infinity assumption for inference about .

In the current study, if we still use the same drifting sequences considered in
Andrews and Cheng (2012) in their weak-identification scenario, it reduces to the
case when ,, € T' (h, b, c) with h = 1/2, in which £, is a sequence drifting to zero with
a standardization factor n=*/2 (n'/28, = b) and T, is a constant vector (7, = c). We
have already shown (in Theorem 3) that when v, € I (h, b, ¢), the NLS estimator 7,
is asymptotically Gaussian distributed when b # 0, and is unidentifiable when b = 0
since Avar (7,) = 02b"2My' — oo when b — 0. The desired smooth transition of
the asymptotic approximation will be missing, due to the insufficient standardization

factors not matching the convergence or divergence rates of the N LS estimator when
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3. CONFIDENCE SETS AND TESTS

In the section, we establish the limiting properties of the ¢ and the Wald test
statistics, and discuss the procedure to obtain the confidence sets with correct asymp-
totic sizes for specific linear functions of parameters of interest. Consider a linear
null statistical hypothesis:

Hy: R, = v, (3.1)

where R eR* @+ 4, ¢ R% where d, < d, + 1, and Rank (R) = d,.

3.1 ¢ and Wald Test Statistics

Consider the ¢ statistics 7, (v) (when d, = 1) and the Wald statistics W, (v)

corresponding to the null (equation (3.1)):

nt/? [R@\n — Ui|

Tn (U) = R 1/2° (32)
[EgRVglRT}
N T . 1
W, (v) = n [R@n - U] [agRV;lRT} [R&n - U] , (3.3)
where, by equation (2.9), 52 = n~' S0 22 and V,, is defined as:
_ n =X B (e — X)X
V,=n" A<yt LX) ’ (ytj )X (3.4)
t=1 — B, X3 (yt—l - Xt—r%n> BﬁXtXtT

Theorem 5 provides the asymptotic properties of T,, (v,) and W), (v,,), the t and
Wald test statistics under the null Hy : Rf,, = v,,, where v,, denotes the true value

of RO,
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Theorem 5 Suppose that Assumptions 1, 2 and 3 hold.
1. When 60,, = 0y € ©*, i.e., B, = Bo and 7, = m for any n € N, T, (vy,) 2

N(0,1), and W, (v,) 2 ¥ (d,.).

2. When 7, € T'(1,b,¢) ie., B, = b/n with 0 < b < oo and T, = n'/?c, and

o = 0, (n"2),

RT (b, c; o)
[02RV; (b, ¢; o) RT]?

Tn (Un) = T<b7 C; SOO) -

W (vn) = W (b, ¢ 99) = [RF (b, ¢ 00)] " [0?RVT (b, c;00) RT] T RF (b, ¢ 00),

where T (b, c; o) is defined in Theorem 2.

3. When v, € I'(h,b,c), i.e., B, = b/nh with 0 < b < oo and m, = n~Y?**thc,

where h € [1/2,1), T,, (vy,) 2 N(0,1), and W, (vy,) % (d,).

4. When ~, € I (h,b), ie., B, = b/n" with 0 < b < oo and h € (0,1/2],
T, (vy) fiN(O, 1), and W, (v,,) 2 (d,).

Vi (b, c; o) is defined in details in Appendix A

Remark 3 1. In Theorem 5 we obtain the asymptotic distribution of the t and
the Wald statistics for all four cases we consider. When 0, = 6y € ©%, ~, €
I (h,b) or v, € I'(h,b,c), T, (v,) and W, (v,) have the standard and pivotal
asymptotic Gaussian and x? distributions. However, when +, € T (1,b,c), the
asymptotic distribution of the T, (v,) and W, (v,) will depend on T (b, c; o)
and V (b, c; po), which themselves are functionals of the Ornstein—Uhlenbeck
process we define in Lemma 2 and depend on the values of unknown nuisance

parameters oo = {ux, Mx, o2} and localization parameters {b,c}.
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Figure 3.1: Finite-sample and asymptotic densities of T, for Hy : f = B, Ton =
T, = 2, Example 3

The first and second rows are respectively the simulated finite-sample densities and
the asymptotic densities of T;, for Hy : 8 = 3, with m, = m, = 2 in Example 3.

2. Similar to Mikusheva (2012), in this paper we only consider linear null hy-
potheses, e.q., Hy : RO, = v. For the nonlinear null hypotheses, e.q., Hy :
r(6,) = v with a differentiable function r : Rt — R¥  econometricians
usually use the delta method to approximate the asymptotic variance of r (0,,)
by G2R" (@\n) V'R (@;), where R(0) = Dyr (0) is the derivative of r(0).
When 79\” s a consistent estimator for 6,, by the continuous mapping theorem,
R (é\n) 2 R(6,). For the problem we consider, however, we have shown that
when v, € I'(1,b,¢) or v, € I'(h,b,c) with h > 1/2, 7, is not a consistent
estimator for m,, and therefore the bias of R <§n> 1s not negligible. For in-
ference of nonlinear functions, one may consider the parametric bootstrapping

(Krinsky and Robb, 1986) or the confidence interval bootstrapping (Woutersen
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Figure 3.2: Finite-sample and asymptotic densities of T, for Hy : m = 1, 7o, =
T, = 2, Example 3

The first and second rows are respectively the simulated finite-sample densities and
the asymptotic densities of T;, for Hy : 8 = f3,, with m, = m, = 2 in Example 3.

and Ham, 2013).

Again, when ~, € I'(1,b,c), the asymptotic distributions of 7, and W,, depend
on unknown nuisance parameters ¢y = {ux, Mx,c2}. In Lemma 3 we have already
shown that the unknown nuisance parameters ¢y = {ux, My, o2} can be consis-
tently estimated by &, = {ﬁx,n, M Xons 3,%}. Therefore, for any given values of the
localization parameters {b,c}, the asymptotic distributions of 7,, and W,, can be

obtained by replacing the unknown nuisance parameters @ with the estimates @,,.

Example 3 (Example 1 continued) Again, consider the following model as equa-

tion (2.10).

Yt = (]- - Bn) Yi—1 + ﬁn (7T0,n + 7Tl,nxt) + &4, t= ]-7 o n,

34



1n

W, HyB=p . n=100, =0.02,n; =n, =2 W, Hyp=B, . n=100, =005, 7 =r =2 W, Hyp=B, n=100,p =01, m =, =2

1,n

1n

2 4 6 8 2 4 3 8 C 2 4
Wn: HD {5:|3n‘ Asym., b=2, cIJ:CW:O 2 Wn, Hoiﬁ:ﬁn: Asym_, b=5, CU:L‘I:O,Z WH, Huiﬁ:Bn, Asym_, b=10, cD:c1:O 2
05

04

03

02

01

0
6 8 10 0 2 4 6

Figure 3.3: Finite-sample and asymptotic densities of W,, for Hy : 8 = B, mon =
T, = 2, Example 3

The first and second rows are respectively the simulated finite-sample densities and
the asymptotic densities of W, for Hy : 8 = 3,, with m,, = 71, = 2 in Example 3.

where x; ESh N(0,1), & s (0,1), B, =b/n, mon = n'%cy, T, = n''%c;, and
n = 100. Let T,, and W, denote the t and Wald statistics respectively corresponding
to Hy : 8 = B, and Hy : my = w1, where 3, and 7, denote the true values of B and
.

Using Theorem 5, Figures 3.1 — 3.4 provide the simulated finite-sample and
asymptotic densities of T,, and W, given the true values of {b,co,c1}. We consider
B € {0.02,0.05,0.1} and 7o, = Ty, = 2, d.e., b€ {2,5,10} and ¢o = ¢; = 0.2. The
asymptotic approximations based on Theorem &5 fit the finite-sample densities very

well.
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Figure 3.4: Finite-sample and asymptotic densities of W, for Hy : m = 71, o0 =
i, = 2, Example 3

The first and second rows are respectively the simulated finite-sample densities and
the asymptotic densities of W, for Hy : 8 = 3,, with 7, = 71, = 2 in Example 3.

3.2 Robust Confidence Sets

In this subsection we obtain the confidence sets (C'S) of R#, by inverting the
tests. We focus on the two-sided confidence intervals based on the Wald tests. The

one-sided or two-sided confidence intervals based on the ¢ tests are analogous.

The confidence sets when [, is local-to-zero and not-local-to-zero are discussed
separately. Let C'SZ denotes the C'S of Rf,, when v, € T'(1,b,c), and CSP denotes
the C'S of R#,, when 0,, = 0y € ©*, v, € I'(h,b) or 7, € I'(h,b,c), where L and D

respectively represent ‘local-to-zero (3,,” and ‘distant-from-zero (3, .

The construction of C'S? of R, the confidence set when f3, is not-local-to-zero,

is standard and simple. In Theorem 5 we have already show that when 8, = 6, €
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O*, v, € T'(h,b) or v, € ['(h,b,c), the Wald statistics is pivotally asymptotically
x* (d,)-distributed, where d, = Rank (R). Let x3 ;_, be the (1 — a)-quantile of
X2 (d,). CSP is simply the standard confidence set based on the asymptotic x? (d,)
distribution.

CSP (RO 1 —a)={v: W, (v) < X3 1 a}- (3.5)

Alternatively, since it is equivalent to consider if v is in the (1 — «)-confidence set
of R#,,, or if the null hypothesis Hy : Rf,, = v can be accepted under the significant
level 1 — a, we can also interpret the construction of C'S? as inverting the Wald test.

The steps to obtain C'S? can be written as:
1. For Hy : RY, = v, obtain xJ ;_,, the (1 — a)-quantile of x* (d,).

2. If W, (v) < X3, 1_o> then v € CSP(RO,;1—a). If W, (v) > X3 ,_,, then
v ¢ CSP(RO,;1— a).

3. Go back to step 1 and try another v.

Since the asymptotic distribution of the Wald statistics W), (v) under the null
Hy : RO, = v is standard and pivotal, for different v in the null hypothesis the

critical value x3 ;_, remains the same.

For CSL of R#,, the confidence set when f3, is local-to-zero, however, The-
orem 5 shows that when v, € I'(1,b,c), the Wald statistics has a nonstandard
and non-pivotal asymptotic distribution W (b, ¢; ¢g), which depends on the values
of the localization parameters {b,c}. Therefore, there will be a different critical
value for the Wald test with every different {b,c}. Since when v, € I'(1,b,c),
v=RH, =R [Bn,mﬂT =R [nilb, nl/QcT}T, i.e., the value of {b,c} depends on
the value of v, in this paper we impose the value of {b,c} implied by the null hy-

pothesis into the asymptotic distribution of the Wald statistics W (b, ¢; ¢p). Similar
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to equation (5.2) in Andrews and Cheng (2012), we define the ‘null-imposition set’
H (R, v) for the localization parameters {b,c}. H (R, v) contains all possible values

of the localization parameters {b, c} under the null R¢, = v.

H(R,v) = {b,c :R [n7', nl/ch]T =v, {n'bn'c"} € @} . (3.6)

First we consider a simple case. Suppose that the null-imposition set H (R, v) is
a singleton for every v. For example, suppose that R =1, ., and R#,, = 0,, i.e., we
are interested in the confidence set of 6,, then, by 6, = {B,,m.} = {n~'b,n'/?c},
for any given null hypothesis Hy : R#,, = 0, = v, the values of the localization
parameters are available under the null hypothesis. Let &_o (W (b, c;¢0)) be the

(1 — a)-quantile of W (b, c; ¢g), then under R [n'b,, n'/?c/] = v,
CSE (RO 1 — a,00) = {v: W, (v) <&_q W (by, o 90))} . (3.7)

That is, to obtain the null-imposed (1 — «)-confidence set of R, when null-imposition

set H (R,v) is a singleton, we follow the steps below:
1. For Hy : R#,, = v, obtain {b,,c,} = H (R, v), i.e., the value of {b, c} such that
R [nilb, nl/ch}T = .
2. For {b,,c,}, obtain & _, (W (by, cy;¢0)), the (1 — a)-quantile of W (b, c; ¢p).

3. W, (v) < &_a (W (by,cyu;0)), then v € CSE(RO,; 1 — «, pg). If not, then
v ¢ CSE(RO;1— a, ).
4. Go back to step 1 and try another v.

Since it is not practical to consider all possible values of v, we propose the use of

the grid method to test as many values of v as possible.
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However, the null-imposition set H (R, v) may not be a unit set. For example,
suppose R#,, = m,, i.e., we are only interested in the confidence set of ,, then for
any given null hypothesis Hy : R#,, = 7, = v, even though the value of ¢ =n~"?7,, is
available under the null, the value of b = nf,, is still unknown. Since the asymptotic
null distribution of the Wald statistics depends on the value of b, we are not able to

determine the asymptotic null distribution, and the corresponding C'S.

For the case when 7, € I'(1,b,¢) and the null-imposition set H (R, v) is not a
unit set, we consider three different methods to obtain the C'S, the null-imposed
least-favorable method (Andrews and Cheng, 2012), the projection-based method
(Dufour, 1997), and the Bonferroni-based method. The confidence sets obtained by

these three methods are accordingly C'SHLE CSLP and CSLB.

The null-imposed least-favorable method establishes C'SHH by selecting {b, ¢}

with the greatest critical value among H (R, v). Under R [n™'b,, nl/zcﬂT =,

CS#’LF (R‘gnQ I —a, 900) = {U : Wa (U) < sup §1-a (W (bva Cu; %00))} .
{bv,cv FEH(R,V)
(3.8)

To be specific, CSELE is constructed by the following steps:
1. For Hy : R#,, = v, obtain all possible {b,,c,} € H (R,v), i.e., all possible
{b, ¢} such that R [n'b, nl/ch}T = .
2. For every {b,,c,} € H (R, v), obtain &_, (W (by, cy; o)), the (1 — a)-quantile

of w (bvacv; (100)

3. i Wy, (v) < supgy, coren®p) S1—a (W (bu; €15 ¢0)), then v is in the null-imposed
least-favorable confidence set, i.e., v € CSHE (RO,;1 — a, ¢g). If not, then

v ¢ CSELE (RO, 1 — «, ).
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4. Go back to step 1 and try another v.

For example, in the case when R#,, = m,, since the value of b = nf,, is unknown
under the null hypotheses, the null-imposed least-favorable method constructs the
CSLLE By selecting the value of b maximizing & _ (W (b, ¢; ). CSELE is conser-
vative since the greatest critical value is used. However, since the exact values of
{b,c} are unknown to econometricians, by using the largest critical value, C'S&LE

is robust to the risk of under-coverage. In practice, the grid method can be used to

test as many values of v as possible and to obtain the supremum of supg, ¢ 1 &1-a-

The projection-based method establishes C'SHF by projecting an (d, + 1)-sphere

to the R%-space:

1. Let R = PP’QP, where PPeR%*(@+D and QP eR (@ +1)*(dx+1) with rank (PF) =
d, and rank (QF) = d,+1. The matrices P” and Q” always exist since one can
always select {PP, QP} ={R,I4,+1}. Then the null hypothesis Hy : Rf, = v

can be written as

Hy : PPQ"0, = P'w. (3.9)

2. Consider another null hypothesis Hy : Q¥0,, = w. Let H (QP, w) be the null-
imposition set with respect to QF and @. By rank (Q”) =d, + 1, # (QF, w)

is a singleton for any given w. :

H(Q", @) = {bz, c} (3.10)

= {b,c - QF [n_lb, nl/ch}T = 1w, {n_lb, nl/QcT} € @} )

3. Obtain the C'S for Q¥'0,, by equation (3.7). Because H (QP, w) ={bm,Ccx}isa

singleton, the critical value for testing Hy : Q¥6,, = @ can be directly obtained

40



by imposing {b,, c,} into the asymptotic distribution of Wald statistics. Let
W, (w) denote the Wald statistics w.r.t. Hy : Q6, = w and W (b, ¢w; 90)

denote its limit. Under Q” [n™'b, nl/Qc;}T — @,

CSY(QF0n;1 — a,pg) = {w: Wy (@) < &ma W (b, €y 00)) } -

4. The confidence set CSEP for Rf,, is obtained by projecting the confidence set
for Q¥6,, CSL (QP0,;1 — o, ¢g), the (d. + 1)-sphere, to the R -space.

CSy" (ROn; 1= a,00) = {v v =P'm, @eC8y (Qni1—ap0)}.
(3.11)

For example, in the case when R#,, = 7,, the projection-based method constructs
the CSE-F by first, constructing the C'S for 0,, = {8,, 7, }, and second, projecting the
C'S of 6, to the R*-space. CSLP is also conservative since for any set C CRU=+D),
the event {QF6, € C} entails {PFQF6, € PPC}. Intuitively, the projection-based
method uses all the information from the estimates for all parameters of interest,

and it is possible to obtain a more informative but still conservative confidence set

compared to the null-imposed least-favorable one under certain circumstances.
The Bonferroni-based method establishes C'SEP using the Bonferroni inequality:

1. For Hy : RO, = v, let Q8 = [RT,PBT}T, where PBeR(@r+1-dr)x(dx+1) 51 q
QBRI +1)x(dx+1) with rank (PB) =d, +1—d, and rank (QB) =d, + 1.

2. Consider a set of new null hypotheses H, : Rf, = v and H, : P?0, = ¢, or
Hy : QP0, = (UT,gT)T. Let H (QB, (v,g)) be the null-imposition set with

respect to QP and (v,<). By rank (QB) =d.+1, H (QB, (v, g)) is a singleton
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for any given (v,<):

H (QBv (v, g)) = {bue; Cuc} (3.12)
= {b,c QP [n_lb, nl/QcT]T = (UT,§T)T, {n_lb, nl/QCT} € @}.

3. For (bye,coc) = H (QB, (v, g)), let W, 1 (v) and W, 2 (¢) denote the Wald statis-
tics w.r.t. Hy : RO, = v and Hy : PBO, = ¢, and Wi (b, Cuc; 0o) and
W (bye, Cuc; 90) be the corresponding limits. For the given confidence coef-
ficient 1 — «, let @ = aq + a9, where ayq,as > 0. The confidence set C’Sﬁ’B is
established by obtaining the 1 — a confidence set for P?6,, and the 1 —a; con-

fidence set for Rf,, simultaneously. Under QF [n='b,¢, n!/ QCIJT = (v, GT)T,

Wml (U) < 51—041 (Wl (bvca Cus) 900)) )
Wha (§) < &1ay Wa (bug, Cucs 0))

CSEB (RO, 1 —a,90) = v
(3.13)

For example, in the case when R#,, = 7, the Bonferroni-based method constructs
the CSEP of m, by first, selecting PP6,, = 3,,, second, obtaining the 1— s confidence
set for 3, and the 1 — a; confidence set for 7, at the same time, and third, using
the 1 — oy confidence set of 7, as the required C'SL-B. In practice, a simple choice
for (ap,a) is @y = ay = a /2. CSLPB is also conservative since the Bonferroni
inequality only guarantees the coverage probability to be greater than or equal to
the given confidence coefficient 1 — a. However, again, intuitively the Bonferroni-
based method uses the information from the estimates for all parameters of interest,
and it is possible to obtain a more informative but still conservative confidence set

compared to the null-imposed least-favorable one under certain circumstances.

Usually CSE of R, the confidence set when 3, is local-to-zero, is more conser-

42



vative, and C'S? | the confidence set when 3, is not-local-to-zero, is more informative.

However, in practice we do not know if ~,, € I' (1,b, ¢) or not, and without any prior

knowledge about the class which ~,, belongs to, we do not know which confidence set

we should use.

In this paper we propose an identification-category-selection (IC'S) procedure

similar to Andrews and Cheng (2012) in the construction of the robust confidence

set. Since CSE should be used when n3, = b = O (1), and C'S? should be used

when ng, — oo as nf, — oo, the IC'S procedure uses the estimate of 5,,. Let

PR
()

9

in which, by equations (2.9) and (3.4),

1 1, ledW]T . where

g u (ytfl - )(t—l—%n)2 _B\n (ytfl - XtT;r\n) XtT

t=1 —BnXt (yt—l - XtT%\n) BiXtXtT

Also let k, be a sequence such that
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The IC'S procedure selects the confidence set according to the value of A,, and k,:

CSE if A, <k,
CSIoS = , (3.16)

CSP, if Ay, > k.

and CSICSLE  CSIOSP and CSI99B denote the robust confidence sets selected be-
tween C'SP and CSELE CSLEP and CSEP respectively.

Theoretically k,, can be selected as any sequence such that k, — oo and k,, /\/n —
0. In this paper we select

kn = Ck IOg (n) )
where ¢, > 0 is a constant.

For any finite-sample confidence set C'S,,, the asymptotic size (AsySz) approxi-

mates the infimum of the finite-sample coverage probability.

AsySz (CS,) = liminf inf P(R#H, € CS,). (3.17)

n—oo yp€l'y

Notice that in the definition of the asymptotic size (equation (3.17)) liminf,
is taken before inf, cr, i.e., the asymptotic size is defined as the probability limit
(as n — o0) of the infimum of the exact finite-sample coverage probability. This
definition reflects the fact that we are interested in the exact coverage probability,
and asymptotic coverage probability is simply used to approximate the exact one.
Since the exact finite-sample coverage probability are unavailable, in the following
Theorem 6 we show that we can exchange liminf,,_,., and inf, cpr. That is, we show
that the asymptotic size can be obtain by taking the infimum of the asymptotic
coverage probability. Similar arguments can be found in Andrews and Cheng (2012),

Guggenberger (2012), Li (2013) and Mikusheva (2007, 2012). Theorem 6 shows the
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correctness of the asymptotic sizes of C' SIS and C'SI“%LF . The projection-based
CSICSF and the Bonferroni-based CSI¢%P however, may be asymptotic oversized,
i.e., may have an asymptotic size higher than the required confidence coefficient

1—o.

Theorem 6 Suppose that Assumptions 1, 2 and 3 hold and yo = o, (nl/Q) when
T € T'(1,0,¢).

1. When the null-imposition set H (R, v) is a singleton,
AsySz (CSLYS (RO,;1 — a,¢0)) =1 —a.

2. AsySz (CSIOSLE (RO, 1 — o, ) =1 — @
3. AsySz (CSIO5F (Rb,;1 — a, 09)) > 1 — .

4. AsySz (CSIO9B (Rb,;1 — a,¢0)) > 1 — av.

Remark 4 1. Asin Andrews and Cheng (2012, 2013a, 2015b), we obtain the C'S
by inverting the t or Wald tests. One may consider to obtain the C'S directly
from the asymptotic distributions of «/9\71, as in Mikusheva (2012). However,
we have already shown that when =y, belongs to the distant-from-zero (5, class
[ (h,b) or the close-to-zero B, class T (h,b,c), the asymptotic distributions of
én will depend on the unknown values of {h,b,c}. Therefore, we are not able
to obtain the C'S from the asymptotic distributions of é\n directly. On the other
hand, the t and Wald statistics will have standard and pivotal asymptotic dis-
tributions. Therefore, to consider the t and Wald statistics is much simpler

then considering the estimates é\n.

45



2. By virtue of our linear drifting sequence approaches, as in Stock (1991), there
is a surjective mapping from the values of localization parameters {b,c} to
the null hypotheses corresponding to the tests to be inverted in obtaining the
CS. Therefore, in the simple case when the null-imposition set H (R,v) is a
singleton, we are able to plug in the values of {b,c} under the null hypothesis
and to obtain the asymptotic distribution of the Wald statistics. When the
null-imposition set H (R, v) is not a singleton, we also use the onto mapping
to obtain the conservative confidence set. For example, the null-imposed least-
favorable method takes the supremum of the critical values of tests only with
respect to the possible values of {b,c} in H (R, v). Without the onto mapping,
e.q., if we simply assume n~"/?w, — c, the simple least-favorable method would
take the supremum w.r.t. all possible values of the {b,c} in the parameter space

O. A wider and less informative confidence set may be obtained.

Again, when 7, € I'(1,b,c), the C'S of R#, depends on unknown nuisance pa-
rameters ¢g = {px, Mx,0?}. Since the nuisance parameters ¢y can be consistently
estimated by ¢, = {ZZX’”, ﬁx,m 33}, the C'S can be obtained by replacing g with

~

Pn-

The following example shows the coverage probabilities of the null-imposed least-
favorable C'S (C'SEEF) | the projection-based C'S (C'SEP), the Bonferroni-based C'S
(CSL:B) the CS from the standard (Newey and McFadden, 1994) based on the

x? distribution, and the identification-category-selection C'S (C'SICSLE) with k, =

cx log (n).
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Example 4 (Example 1 continued) Again, consider equation (2.10).

Yo = (1 - Bn) Ye—1 + Bn (7T0,n + 7"-1,711}) +e, t=1,...,n,

where 7, "< N(0,1), &, X N(0,1), B, € [0.02,0.6], mo, € [0,2], T, = 2, and
n = 100 or 250. In this example we construct the C'S for RO,, = w1, with1—a = 0.8
and 0.9 by the null-imposed least-favorable method (CSLEE) the projection-based
method (CSET ), the Bonferroni-based method (CSLB ), the standard method (Newey
and McFadden, 1994) based on the x* (1) distribution (CSP ), and the identification-
category-selection (I1CS) procedure between CSHLY and CSP (CSICHLE),

Figures 3.5 — 3.8 provide the simulated coverage probabilities of the C'Ss. For
both cases 1 —a = 0.8 and 0.9 and for every values of B, and ,,, CSELFs CSLPs
and CSEBs have coverage probabilities greater than the confidence coefficient 1 — a,
while the coverage probabilities of the x* (1) CSs are seriously downward biased,
especially when B, is close to zero. Under most circumstances CSHLE s have coverage
probabilities closer to 1 — a than CSEY and CSEB. especially when (3, is close to
zero. However, when B, is not close to zero, CSLP and CSEB may have better
coverage probabilities. When the sample size n increases from 100 to 250, all three
conservative C'Ss have coverage probabilities closer to 1 — . Both CSICSLE s with
cx = 1 and 2 have coverage probabilities closer to 1 — a than CSLEE. When the

SICSs are downward biased

sample size n = 100, the coverage probabilities of the C
when B, is not close to zero., but the bias is much smaller when n increases from
100 to 250.

For all results 50,000 simulation repetitions are used. For values of parameters,

1,230 grids are generated in the true parameter space ©* = [0,0.6] x [0,2], where

grids for B, and o, are respectively of size 0.02 and 0.05.

47



Coverage Probability, 1- «=0.8, ﬂ0=0. n=100 Coverage Probability, 1- «=0.8, no=1‘ n=100 Coverage Probability, 1- «=0.8, ﬂ0=2, n=100

1 1 1
og /& i e 0.9
2 |7 z z
ERE zos8 2
o - = o
[ [ [
& 0.7 o 0.7] & 0.7
o o o
£ g £
T 0§ 06 g T 0§ g
8§ —Least Fav orabl 8 —Least Favorabl ] —Least Fav orabl
0.5l ---Projection 05 ---Projection 0.5l ---Projection
) - Bonferroni : ----Banferroni . - Bonferroni
- -—— Chi Square - - Chi Square o4 -— Chi Square
) 0.1 0.2 oéa 04 0.5 0.6 0 0.1 0.2 0'.33 0.4 0.5 0.6 "o 0.1 0.2 OBE 0.4 0.5 0.6
Coverage Probability, 1- «=0.8, nu=0, n=250 Coverage Probability, 1- «=0.8, 7(0=1‘ n=250 Coverage Probability, 1- «=0.8, nu=2, n=250
1 T T T T T 1 T T T T T 1
0.9 e P trriretk -t 0.9 ,' T eemnmmzgozzzzooooos 0.9 Lo
2 £ g
50 s IEER & 208 £ = 20 g e R S
F=] = F=]
2 [ g
o 0.7] o 07 o 0.7
o o o
£ g £
2 0.6 2 0.6 1 2 0.6 1
8 —Least Fav orabl 8 —Least Fav orabl 8 —Least Fav orabl;
---Projection ---Projection ---Projection
0 ---- Bonferroni 0.3 -~-Bonferroni e -+ Bonferroni
b5 ---- Chi Square i == Chi Square s == Chi Square
‘o 01 0.2 03 0.4 0.5 06 ‘o 0.1 0.2 0.3 04 0.5 0.6 "D 01 0.2 0.3 0.4 0.5 06
B B B

Figure 3.5: Coverage probabilities of CSHL CSLP CSLB and x2(1) CS for 7y, =

2,1 —a=0.8,n=100 or 250, Example 4

The first row is the simulated coverage probabilities of the least-favorable confidence
sets C'SLEE | the projection-based confidence sets C'SLF | the Bonferroni-based confi-
dence sets C'SHB and the standard confidence sets based on the x? (1) distribution of
Example 4 with 1 —a = 0.8, ,, € [0.02,0.6], 70, =0, 1 and 2, 7, = 2 and n = 100.
The second row is the coverage probabilities with n = 250.
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Figure 3.6: Coverage probabilities of CSH-LF CSLP CSLB and x2(1) C'S for 7y, =

2,1 —a=20.9,n=100 or 250, Example 4

The first row is the simulated coverage probabilities of the least-favorable confidence
sets C'SELE | the projection-based confidence sets C'SEF | the Bonferroni-based confi-
dence sets C'SLB and the standard confidence sets based on the x? (1) distribution of
Example 4 with 1 —a = 0.9, 3, € [0.02,0.6], 7m0, = 0, 1 and 2, m,, = 2 and n = 100.
The second row is the coverage probabilities with n = 250.
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Figure 3.7: Coverage probabilities of C S 2(1) C'S and CSEIYS with ¢ =1 or
2 for m, =2,1—a=0.8,n=100 or 250, Example 4

The first row is the simulated coverage probabilities of the least-favorable confidence
sets CSLLE | the standard confidence sets based on the x? (1) distribution and the
identification-category-selection confidence sets (C'SL1¢%) with ¢; = 1 or 2 of Exam-
ple 4 with 1 —a = 0.8, ,, € [0.02,0.6], 9, =0, 1 and 2, 7, = 2 and n = 100. The
second row is the coverage probabilities with n = 250.
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Figure 3.8: Coverage probabilities of CSELE 2(1) C'S and CSEIYS with ¢ =1 or
2for m, =2,1—a=0.9,n=100 or 250, Example 4

The first row is the simulated coverage probabilities of the least-favorable confidence
sets CSLLE | the standard confidence sets based on the x? (1) distribution and the
identification-category-selection confidence sets (C'SL1¢%) with ¢, = 1 or 2 of Exam-
ple 4 with 1 —a = 0.9, 5, € [0.02,0.6], 719, =0, 1 and 2, m,, = 2 and n = 100. The
second row is the coverage probabilities with n = 250.
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4. EMPIRICAL APPLICATION: U.S."S FORECAST-BASED MPRF

In this paper we reexamine the empirical findings of Clarida et al. (2000) with
more recent real-time data. In their seminal paper, Clarida et al. (2000) estimated
the monetary policy reaction function of U.S. for 1960:1 — 1996:4 by GM M, using

the lags of {it, pry, zer} as IV.

iv = (1 — B) i1 + B (ma + mpEepr i + mEixe i) + €4, (4.1)

However, many empirical studies (e.g., Inoue and Rossi, 2011; Mavroeidis, 2004,
2010) suggested that the lags of {i:, prk, x1x } are only weakly correlated to {psx, T+ }-
To prevent the identification failure due to weak IV as in Orphanides (2001, 2004),
we use the real-time data, 7.e., the historical ex ante forecasts of the annualized
inflations and the average output gaps ({E:pix, Eizir}) of the Federal Reserve. As
the real-time data is used, the model (equation (4.1)) can be estimated by NLS

without using any V.

According to our asymptotic theory, we construct the confidence sets for the
reaction coefficients {7, 7, } in U.S.’s forecast-based M PRF and examine if {m, 7, }
belong to the determinacy region DR = {m; > 1,7, > 0}. When 7, > 1 and 7, > 0,
regardless of the values of other unknown parameters, the M P RF' sufficiently satisfies
the determinacy condition, i.e., the monetary authority adjusts the nominal interest
rates with ‘sufficient strength’ in response to inflations and output gaps (Woodford,
2003; Gali, 2008). Our confidence sets are robust to the value of the smoothing
coefficient p = 1 — 3. The null-imposed least-favorable confidence sets (C'SELF) will

have correct asymptotic sizes, while the projection-based confidence sets (C'SLF) and
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Bonferroni-based confidence sets (C'SHP) are asymptotically over-coverage but may
be more informative. We use the identification-category-selection (/C'S) procedure
in equation (3.16) to select the appropriate C'S between CSL-LE and the standard

one (CSP), which is based on x? (2) distribution.

The real-time data is available in the Federal Reserve Bank of Philadelphia for
1987:3-2007:4, i.e., n = 82'. We consider the forecast horizons k = 0 or 1. As
in Orphanides (2001), for the ex ante forecasts of the annualized inflations and the
average output gaps ({E;p;x, Erzi i }) of the Federal Reserve, we use the forecasts cor-
responding to the FOMC meeting closest to the middle of the quarter. In the period
relevant for this study (1987:3-2007:4), the FOMC had eight meetings per year, typ-
ically in February, March, May, July, August, September, November, and December.
In this paper we use the forecasts corresponding to the February, May, August, and
November meetings. For the interest rates ({i:}), as in Nikolsko-Rzhevskyy (2011),
we use the average of effective federal funds target rates at the last month of each
quarter, giving the Fed time to respond to intra-quarter news. Figure 4.1 provides
the plots of the data. Table 4.1 reports the N LS estimates, where in the parentheses

we report the estimates of standard errors according to Equation (3.4).

Let 8 = 3, = n~'b and 7, = 7a, = n'/2c,. The null-imposed least-favorable C'S
(CSELEY of {7, m,} is obtained by selecting the values of b and ¢, maximizing the
critical values of the Wald tests corresponding to different values of {7, 7, }. Figure
4.2 reports the CSHLT and the standard C'S based on x?(2) distribution. When

the forecast horizon k = 0, the standard C'Ss contain some values of {7, 7,} not in

'Both expected inflations and output gaps are from the Real-Time Data Research Center in
Fed Philadelphia. The expected inflations are from the Philadelphia Fed’s Greenbook Data Set
http://www.phil.frb.org/research-and-data/real-time-center /greenbook-data/philadelphia-data-
set.cfm, and the expected output gaps are from the Output Gap and Financial Assumptions from
the Board of Governors http://www.phil.frb.org/research-and-data/real-time-center /greenbook-
data/gap-and-financial-data-set.cfm.
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Figure 4.1: Federal funds target rates, inflations and output gaps
The effective federal funds target rates are the monthly averages of the last month in

each quarter. The inflation rates, potential GDP and actual GDP are from the Federal
Reserve Economic Data (FRED) in Federal Reserve Bank of St. Louis. The Green-
book projections are from the Real-Time Data Research Center in Federal Reserve
Bank of Philadelphia. The dates correspond to the publication dates of Greenbooks.

Table 4.1: NLS estimates for the forecast-based monetary policy reaction function
T Ty T 15} o? R?

k=0 0.895 1.171 2.359 0.109  0.198  0.957
(0.325)  (0.306)  (1.073)  (0.030)

k=1 1.491 0.985 0.765 0.194 0.160 0.965
(0.211)  (0.148)  (0.654)  (0.034)
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Figure 4.2: Least-favorable C'Ss for the reaction coefficients
The first and second rows are respectively for £ = 0 and 1. The first to third panels

are respectively for 1 — a = 0.8, 0.9 and 0.95. The dot line denotes the determinacy
region DR = {m; > 1,1, > 0}.

the determinacy region DR = {m; > 1,7, > 0}, while when k& = 1 the standard C'Ss
are contained in the region DR. For both cases for k = 0 and 1, the CSLE with
confidence coefficients 1 —a = 0.8, 0.9 and 0.95 contain many values not in the region
DR = {my > 1,7, > 0}. As a robustness check, we also construct the projection-
based C'S (CSEF) and the Bonferroni-based C'S (CSEP) of {my, 7,}. Figures 4.3
and 4.4 report the CSHFs and C'SLBs. For all cases CSEPs and CSHPs contain

many values not in DR.

To decide to use the standard and more informative C'S or the conservative
CSLLE we consider our identification-category-selection procedure. Let k, = log (n).
Since n = 82, log (n) = log (82) = 4.41. For the case with forecast horizon k = 0,

A, = 3.63 < 4.41. Therefore we select C'SHIF's; which contain many values not in
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Figure 4.3: Projection-based C'Ss for the reaction coefficients
The first and second rows are respectively for £ = 0 and 1. The first to third panels

are respectively for 1 — a = 0.8, 0.9 and 0.95. The dot line denotes the determinacy
region DR = {m, > 1,7, > 0}.

the region DR = {m; > 1,7, > 0} for all three confidence coefficients 1 — a = 0.8,
0.9 and 0.95. And for the case kK = 1, A, = 5.71 > 4.41. Therefore we select
the standard C'Ss, which are contained in the region DR = {m;, > 1,7, > 0} when
1—a=0.8,0.9 and 0.95. Our empirical application suggests that for the case k = 0,
the N LS estimates for {m;, 7, } are not accurate sufficiently to rule out the possibility
of indeterminacy. But in the case k = 1, the possibility of indeterminacy may be

rule out.

For all results 5,000 simulation repetitions are used. For values of parameters,
grids are generated in the true parameter space ©* = [0,0.3] x [—1, 3]3, where grids

for 8, m,, my and m, are respectively of size 0.02, 0.05, 0.05 and 0.05.
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Figure 4.4: Bonferroni-based C'Ss for the reaction coefficients

The first and second rows are respectively for £ = 0 and 1. The first to third panels
are respectively for 1 — a = 0.8, 0.9 and 0.95. The dot line denotes the determinacy

region DR = {m; > 1,1, > 0}.
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5. CONCLUDING REMARKS

In this paper we modify the method of Andrews and Cheng (2012) on inference
with weak and semi-strong identification and establish the asymptotic distributions
of the N LS estimator and tests for the forecast-based monetary policy reaction func-
tion (M PRF) with a close-to-unity smoothing coefficient. Conservative confidence
sets with correct or over asymptotic coverage probability for linear functions of pa-
rameters are obtained by the null-imposed least-favorable method (NILF') and the
projection-based method. Our empirical application suggests that for the case with
forecast horizon k = 0, the VLS estimates for the reaction coefficients are not accu-
rate sufficiently to rule out the possibility of indeterminacy for U.S.’s forecast-based
MPRF for 1987:3-2007:4. But in the case k = 1, the possibility of indeterminacy

may be rule out.

58



REFERENCES

Anatolyev, S., Gospodinov, N., 2011. Methods for Estimation and Inference in
Modern Econometrics. Chapman and Hall/CRC Press. Boca Raton, Florida, U.S.

Andrews, D.W.K., 1994. Empirical process methods in econometrics. In: Engle,
R.F., McFadden, D.L., (Eds.), Handbook of Econometrics, vol. IV. Elsevier, Ams-

terdam, The Netherlands.

Andrews, D.W.K., Cheng, X., 2012. Estimation and inference with weak, semi-

strong, and strong identification. Econometrica 80, 2153-2211.

Andrews, D.W.K., Cheng, X., 2013a. GMM estimation and uniform subvector in-

ference with possible identification failure. Econometric Theory, forthcoming.

Andrews, D.W.K., Cheng, X., 2013b. Maximum likelihood estimation and uniform

inference with sporadic identification failure. Journal of Econometrics 173, 36-56.

Andrews, D.W.K., Cheng, X., Guggenberger, P., 2011. Generic results for establish-
ing the asymptotic size of confidence sets and tests. Cowles Foundation Discussion

Paper No. 1813.

Bunzel, H., Enders, W., 2010. The Taylor rule and “opportunistic” monetary policy.
Journal of Money, Credit, and Banking 42, 931-949.

Clarida, R., Gali, J., Gertler, M., 2000. Monetary policy rules and macroeconomic

stability: Theory and some evidence. Quarterly Journal of Economics 115, 147-180.

Cochrane, J., 2011. Determinacy and identification with Taylor rules. Journal of

Political Economy 119, 565-615.

Croushore, D., Stark, T., 2001. A real-time data set for macroeconomists. Journal

of Econometrics 105, 111-130.

59



Dufour, J.M., 1997. Some impossibility theorems in econometrics with applications

to structural and dynamic models. Econometrica 65, 1365-1387.

Elliott, G., Rothenberg, T.J., Stock, J.H., 1996. Efficient tests of an autoregressive

unit root. Econometrica 64, 813-836.

Gali, J., 2008. Monetary Policy, Inflation, and the Business Cycle: An Introduction
to the ew Keynesian Framework. Princeton University Press, Princeton, New Jersey,

U.S.

Giraitis, L., Phillips, P.C.B., 2006. Uniform limit theory for stationary autoregres-

sion. Journal of Time Series Analysis 27, 51-60.

Guerron-Quintana, P.; Inoue, A., Kilian, L., 2009. Inference in weakly identified

DSGE models. Working paper.

Guggenberger, P., 2012. On the asymptotic size distortion of tests when instruments

locally violate the exogeneity assumption. Econometric Theory 28, 387—421.

Hansen, B.E., 1999. The grid bootstrap and the autoregressive model. The Review

of Economics and Statistics 81, 594-607.

Hansen, L.P., 1982. Large sample properties of generalized method of moments

estimators. Econometrica 50, 1029-1054.

Hodrick, R., Prescott, E.C., 1997. Postwar U.S. business cycles: An empirical in-

vestigation. Journal of Money, Credit, and Banking 29, 1-16.

Inoue, A., Kilian, L., 2002. Bootstrapping autoregressive processes with possible

unit roots. Econometrica 70, 377-391.

Inoue, A., Rossi, B., 2011. Testing for weak identification in possibly nonlinear

models. Journal of Econometrics 161, 246-261.

60



Jeganathan, P. 1991. On the asymptotic behavior of least-squares estimators in AR

time series with roots near the unit circle. Econometric Theory 7, 269-306.

Krinsky, I., Robb, A.L., 1986. On approximating the statistical properties of elas-

ticities. Review of Economics and Statistics 68, 715-719.

Li, J., 2013. Robust estimation and inference for jumps in noisy high frequency
data: a local-to-continuity theory for the pre-averaging method. Econometrica 81,

1673-1693.

Mavroeidis, S., 2004. Weak identification of forward-looking models in monetary

economics. Oxford Bulletin of Economics and Statistics 66, 609-635.

Mavroeidis, S., 2010. Monetary policy rules and macroeconomic stability: Some

new evidence. American Economic Review 100, 491-503.

McCloskey, A., 2011. Bonferroni-based size-correction for nonstandard testing prob-

lems. Working paper.

Mikusheva, A., 2007. Uniform inference in autoregressive models. Econometrica 75,

1411-1452.

Mikusheva, A., 2012. One-dimensional inference in autoregressive models with the

potential presence of a unit root. Econometrica 80, 173-212.

Nelson, C.R., Startz, R., 2007. The zero-information-limit condition and spurious

inference in weakly identified models. Journal of Econometrics 138, 47-62.

Newey, W. K., McFadden, D., 1994. Large sample estimation and hypothesis test-
ing. In: Engle, R.F., McFadden, D.L., (Eds.), Handbook of Econometrics, vol. IV.

Elsevier, Amsterdam, The Netherlands.

61



Nikolsko-Rzhevskyy, A., 2011. Monetary policy estimation in real time: forward-
looking Taylor rules without forward-looking data. Journal of Money, Credit and

Banking 43, 871-897.

Nikolsko-Rzhevskyy, A., Papell, D.H., 2012. Taylor rules and the great inflation.

Journal of Macroeconomics 34, 903-918

Orphanides, A., 2001. Monetary policy rules based on real-time-data. American

Economic Review 91, 964-985.

Orphanides, A., 2004. Monetary policy rules, macroeconomic stability, and inflation:

A view from the trenches. Journal of Money, Credit, and Banking 36, 151-175.

Phillips, P.C.B., 1987. Towards a unified asymptotic theory for autoregression.
Biometrika 74, 535-547.

Phillips, P.C.B., Magdalinos, T., 2007. Limit theory for moderate deviations from

a unit root. Journal of Econometrics 136, 115-130.

Staiger, D., Stock, J.H., 1997. Instrumental variables regression with weak instru-

ments. Econometrica 65, 557-586.

Stock, J.H., 1991. Confidence intervals for the largest autoregressive root in U.S.

macroeconomic time series. Journal of monetary economics 28, 435-459.

Taylor, J.B., 1993. Discretion versus policy rules in practice. Carnegie-Rochester

Conference Series on Public Policy 39, 195-214.

van der Meer, T., Pap, G., van Zuijlen, M.C.A., 1999. Asymptotic inference for

nearly unstable AR (p) processes. Econometric Theory 15, 184-217.

van der Vaart, A.W., Wellner, L.A., 1996. Weak convergence and empirical pro-

cesses. New York: Springer.

62



White, H.L., 2001. Asymptotic theory for econometricians, revised edition. Orlando,
FL: Academic Press.

Woodford, M., 2003. Interest and Prices: Foundations of a Theory of Monetary

Policy. Princeton, NJ: Princeton University Press.

Woutersen, T., Ham, J.C., 2013. Calculating confidence intervals for continuous

and discontinuous functions of parameters. Working paper.

63



APPENDIX A

LEMMA 2, THEOREM 2 AND THEOREM 5

In this appendix we provide complete versions of Lemma 2, Theorem 2 and

Theorem 5. Proofs are collected in Appendix B.

Lemma 2. Suppose that Assumptions 1, 2 and 3 hold, v, € I'(1,b,¢c), and
Yo = Op (nl/ 2). Let Z be a standard-normally distributed random variable, W, (-)
be a standard Wiener processes and J . (-) be an Ornstein—-Uhlenbeck process such

that for any r € [0, 1], when n — oo,

n [nr]
n~1/? ZXt&e = UEM;QZ, n~1/? Z et = o W.(r), and

t=1 t=1

[nr] |nr]—t r
n—1/2 Z <1 _ %) g = ‘71775 (r) = / exp (—b(?” — S)) dW. (8) .
t=1 0

Then for any R -valued = with n='/21 = Kk, as n — oo,
y

1. (0Q, (0,7)) /0B = G (kx,b,c; ), where

G (Kx, b, ;o) = 02 /01 Toe (1) Ve (1)

+ 0. ( /0 1 (1= exp (=br)) dW. (r)) ¢ pux — o] MY2Z

— bo? 1 Ti- (r) dr — 2bo. ( /O 1 (1 —exp (—=br)) Ty (7) dr) c'ux

/01 (1 — exp (—br))? dr) (c"px)” + bo. (/01 T (1) dr) (c+ )" px

1
+0b (/ (1 —exp(=br)) dr) (c+ rp) " pxe’ ux — br! Mxc.
0
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~H07Qn (0,7) /0B%] = H (kir, b, €; p0), where
H (KJ?U ba C] QDO)

~ot [ g ([ 1= ew i) G () dr) T
+ (/01 (1 — exp (—br))? dr> (cTpx)” + w] Myry

1 1
— 20. (/ Tbe (1) dr) /fI,uX -2 (/ (1 —exp (—br)) dr> "JIMXCTMX
0 0

Theorem 2. Suppose that Assumptions 1, 2 and 3 hold, v, € I'(1,b,c), and
Yo = Op (nl/Q). Then

n(Bu=8) | As (Re (b5 00) b o) — b
=7 (b,c;p0) = ;
1/2 (7T - 7Tn) //%ﬂ (b7 C; 900) -
where
R (b C: 900) 2f0 Wg drU€M1/2Z_ 2fo (T HXOe fo dr
o pxoe [y We (r)dr - o—amifz Wi (r) dW (r) - MX ’
O'EM}X/Q A - 0-2 fo ( )

Xs (Rr, b, C;
o #0) = My - k2 — 2uxo. fo r)dr - Ry +02 fo W2 (r d

Theorem 5. Suppose that Assumptions 1, 2 and 3 hold.

1. When 6,, = 0, € ©*, i.e., 5, = fp and 7, = 7w for any n € N, T,, 2 N(0,1),
and W, 2 x2 (d,).

2. When v, € I'(1,b,¢) ie., B, = b/n with 0 < b < oo and 7, = n'/?c, and

65



—-1/2

~ n 0 ~ n~% 0
B(1)V,B (1) = R R e
0g,x1  nlg, 04,1 nlg,
V7 (bocspo) VT (bicsp
Ve = | (b;cip0) Vr™ (b, ;o)

V7 (b,c;00) V™ (b, c; o)

-
where Vfw (b, C; 300) = (VIFB (b7 C; 900)) )

1 1
VP (b, c; o) = 03/ T (r) dr + 20, </ (1 —exp (=br)) Ty (1) dr) c'px
0 0

1 1
# ([ e mar) @)~ ([ G rar) 7l
0 0
1
—2 (/ (1 —exp (—br)) dr) Rypxc! px + R MxRq,
0
VI™ (b, ¢; po) = A (Rr) My,

1
VI (b, ¢; 00) = As (Rr) X {1\/1){/%7r — 0. (/ Tbe (1) dr) px
0

_ (/01 (1 —exp(—br)) dr) [LXCT,UX} ,

and

R7 (b, ¢; o)
[02RV; " (b, ¢; 00) RT]

Tn = T(b,C, 900) =

W, = W (b,¢;0) = [RT (b, ¢; 0)] " [02RV; (b,¢; 00) RT] T R7 (b, ¢ 00)

where /)\\5 (ETF) = /):5 (Eﬂ' (b7 C; 900) 7bu C; @0)7 //%ﬂ” = //%w <b7 C, SOO) and ?<b7 C; ()00) are
defined in Theorem 2.

3. When =, € I'(h,b,c), i.e., B, = b/n" with 0 < b < oo and 7, = n~¥/**he,
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where h € [1/2,1), T, S N (0,1), and W, PV (d,).

4. When v, € I'(h,b), ie., B, = b/n" with 0 < b < oo and h € (0,1/2],
T, 2 N (0,1), and W, 2 x2 (d,).
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APPENDIX B

PROOFS OF THEOREMS AND LEMMAS

Proof. (Theorem 1) The proof directly follows Theorems 2.7 and 3.1 of Newey and

McFadden (1994). For the consistency, let

Qo ()= 3 {lye— m (51, X))

— %E{[yt — (1= B)y _BXJW]Q}'

By Assumption 3, m (y;—1, X¢;60) = E (y¢]yi—1, X;). By the fact that the mean square
error has a unique minimum at the conditional mean, Q¢ (#) is uniquely minimized at
6. By Assumption 1, fj is an element of the interior of the convex set ©* and @, (9)
is concave. By Assumptions 1, 2 and 3, the law of number for stationary ergodic
sequences (White, 2001, Theorem 3.34, p. 44), and the law of number for martingale
difference sequences (White, 2001, Theorem 3.76, p. 60), Q, (6) 3 Qo (6) for all
0 € ©*. Therefore, by Theorem 2.7 of Newey and McFadden (1994), §n 200, = 6,.
For the asymptotic normality, we have already shown that é\n %0, = 6,. By

Assumption 1, 0y € interior (©*). @, (0) is clearly twice continuously differentiable

with
1 — Yt—1 — X,
VoQn (0) = ~ U - = B)yer — BX/ 7],
n t=1 Xt
1 — (ytfl - XtTW)Q -3 (ytfl - XtTW) X,:T
VBGTQTL( ) = ﬁ
t=1 | —PBX; (yt—1 - X;W) BZXtXtT
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Py —pd | WX Bl X X
—BX; (yH - XtTW) 52XtXtT

and Vo (7,) =V (00;7) = EVggr Q. (00). Clearly V (6;,,) is continuous with respect
to 6 and nonsingular. Also by Assumptions 1, 2 and 3, the law of number for
stationary ergodic sequences (White, 2001, Theorem 3.34, p. 44), and the law of
number for martingale difference sequences (White, 2001, Theorem 3.76, p. 60),
VoorQn (0) 5 V(0;7,). Furthermore, by Assumptions 1, 2 and 3, and the central
limit theorem for martingale difference sequences (White, 2001, Theorem 5.24, p.

133),

n

ViVoQn (60) = % >

Ye—1 — XtTﬂ'O A
g~ N (O(dﬁ+1)><1703V0 ('Yn)) .
Xy

Therefore, by Theorem 3.1 of Newey and McFadden (1994),

(8 0) AN O3 ).

Proof. (Lemma 1) When 3, = 0, vy = y;—1 + & for t = 1,...,n. By the law of
number for stationary ergodic sequences (White, 2001, Theorem 3.34, p. 44), the

central limit theorem for martingale difference sequences (White, 2001, Theorem
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5.24, p. 133), and Lemma 6 with b — 0,

nt Z X2 ., My, n /2 Z Xier = 0. MY?Z ~ N (0,02Mx)

n- Zytlja/WQ r, n- Zyt 1€t:>a/W ) dW- (1),
n~?? ZXtyt—l = ,MXUa/ W (r) dr
t=1 0

Then by the first order condition of equation (2.2),

_1/2/\
T

_ (N2 yi ) (2300 Xaey) — (0 ' 300 yiaen) (02 300 Xy o)
(n=3/23 70 Xyyer) (n12 370 1Xt5t) (N1 Yeagr) (n7! E? L X?)

2f0 W2 (r)dr - o.MY*Z—0 2f0 r) dW. ( ) HxOe fo r)dr
KJ’TI'
Xaefo € )dT'UsM;PZ_ gfo € 5( )MX
= Op (1)7
n'B,

_ (™23 Xagd) 0P, — (7 0 i)

(S, XP) () 2 (n*”/z S X )V + (02 S )
~ o MY?Z R, — o2 fol r) dW: (r) _o,)

My - R2 — 2ux0. fo r)dr - Ry + o2 fol W2 (r) dr P

)

Proof. (Lemma 2)

1. ((0Q, (0,7))/08) By Lemma 6, the law of number for stationary ergodic se-

quences (White, 2001, Theorem 3.34, p. 44), and the central limit theorem for

70



martingale difference sequences (White, 2001, Theorem 5.24, p. 133),

a n
55 Om =37 (= yie) (v = X m)
t=1

n

=n! (€t — Buyi—1 + ﬁnXtTﬂ'n) (ytfl - XtTW)
t=1

n n n n
1 1T 1 2 —1 T
=n E Yp—1&¢ —N T E Xege —n 3y, E Yi g tn fam E X1
t=1 t=1 t=1 t=1

+n B, zn: Xeys —n B’ (zn: XX/ ) Tn
= =
=t [ G am. ) +o ([ 0= e ) am. () s

— 0.5 MY*Z — bo? / 1 Ty (r)dr

~2to ([ (- e (-0 G () ) T

—b (/01 (1 — exp (—br))? dr) (cTpx)” + bo. (/01 T (1) dr> (c+rn) " px

1
+0b (/ (1 —exp (=br)) dr) (c+ rp) " pxe’ px — bl Mxec.
0

2. (n71[0°Q, (0,7) /05?]) By Lemma 6 and the law of large number for stationary
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ergodic sequences (White, 2001, Theorem 3.34, p. 44),

n ' —Q,(0,7)=n" Z (ye1 — XtT7r)2

t=1

S T XA r 2 S X
t=1

t=1 t=1

) TR () dr + 20, ( / (1= exp (<)) e (1) dr) ¢ ix
+ (/01 (1 — exp (—br))? dr) (cTpx)” + w] Myry

1 1
— 20. (/ Tbe (1) dr) Klpix — 2 (/ (1 —exp (—br)) dr) klpxe px.
0 0

Proof. (Theorem 2) For notational simplicity, let /)\\ﬁ denote /)\\5 (Fr (b, ¢;90) , b, C; o),
kr denote k. (b, c; o), and ¢ (Ag, k) denote q (Ag, kr, b, C; o). Also, let /):/3771 = ngn

and R, = n~Y?7,. Then it suffices to show {Xﬂml,//%ﬂ—,n} = {XB,EW}. Let

dn (>\,37 F‘:ﬂ') = (n ()\Ba /iﬂ-,b,C;QOO)

2
= 3Qn (0, nl/Qﬁﬂ) “ g+ 1n_l 0

0B 3" g n (02 ha) - X5

Then by equations (2.2), (2.4), (2.7) and (2.8), {Xﬂ,n,//%mn} and {Xﬁ,//%ﬂ} are respec-

dr+1
R™™,

tively the unique minimizers of g, (Ag, k) and ¢ (Ag, ) in i.e.,

Gn <X5,n,ﬁﬂ,n) = /{ninqn (Mg, kz), and ¢ (Xﬁ,ﬁw) = ){ninq()\g,/ﬂﬂ).

Bk Bk

By Lemma 2 and equation (2.6), for any given {\s,k,} € C, qn (Ag, kr) =
q (Mg, kx) when n — oco. Since g, (Ag, k) and ¢ (Ag, k) are concave functions with

respect to {Ag, K, }, by the fact that pointwise convergence of concave functions on
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a dense subset of an open set implies uniform convergence on any compact subset of
the open set (Newey and McFadden, 1994, proof of Theorem 2.7, pp. 2133, 2134),
0n (A3, kr) = ¢ (Ag, k) uniformly on any compact set of R when n — oo.

Consider a compact set C C R. Let Z,, and Z be the inverse images of ¢, (Ag, k)
and q (\g, k) in R respectively, i.c., Z, = {{)\5, Kk} € R 2 g, (Mg, kin) € C},
and Z = {{A\g,k.} € R"™ 1 q(Ng,k,) € C}. By the compactness of C and the
continuity of g, (Ag, k) and ¢ (Mg, kx) with respect to {A\g, k. }, Z,, and Z are also
compact. And since ¢, (A, iz) = ¢ (Mg, k) uniformly on C when n — oo, Z, — Z
when n — oco. Let {)‘Bn’ } and { ﬁ,’\w} be the minimizers of of g, (Ag, k) and
q (A, Kr) in Z,, and Z, i.e.,

In <X* s R n) =  min ¢, (Mg, kr), and ¢ </\*,A;> = min q(\g, kx).
BT e Yl g (s }Z
By the concavity of g, (Ag, kr) and g (Mg, kr), {X;;n,//%jm} and {)\6, W} are unique.
If {/\* n,Aj‘rn} are tight for every n € N, by the compactness of Z,, {/\E,n77%jr,n}
will be uniformly tight with respect to n. Then by the Argmax continuous mapping

theorem (van der Vaart and Wellner, 1996, p.286), when n — oo,

{X;nﬁ;n} = argmin g, (A\g, kr) = argmin q(Ag, k) = {)\* A*} .
{)\ﬁ,f‘cﬂ}ézn {)\g,HW}EZ

Since C is arbitrary, the desired results directly follow. That is, for any compact

subset C C R to which ming, (Ag, kr) and ming (g, k) belong, when n — oo,

Bk~ AB,HW

{Xﬁm,//%mn} = argming, (Mg, kr) = argmin ¢, (Ag, kr)
Ag ko {As:rn } el

= argmin ¢ (g, k) = argming (g, kr) = {/):5,//%#} :
(Asma}eZ Ao in
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It only remains to show the tightness of {Xﬁm, E,,yn} = {n_lgn, n_l/Q%n}. By the
first order condition of equation (2.2), the law of number for stationary ergodic se-
quences (White, 2001, Theorem 3.34, p. 44), the central limit theorem for martingale

difference sequences (White, 2001, Theorem 5.24, p. 133), and Lemma 6,

(”72 Z?:l ?/152—1) (nfl/z Z?zl tht)
- (n_l Z?:l Yi-1€t) (”_3/2 Z?:l Xtyt—l)
+be (n7? 300 yiy) (T 30 X7)

—bc (n73/2 Z::l Xtyt—1)2 )

Rrn = — —=0,(1),
(=22 3200 Xager) (V2 300, Xoer)

— (Yo pae) (Y0 X7

+b (R 300 yi) (T 0 XD

—b (n‘3/2 Z:L:l Xtyt—l)g
(bn 32350 Xyyrq + ben ' 00 X2+ 072N Xy ) n 2T,
— (2 3 yiy +ben P Xy + 0t 0 v
(=1 300y XB) (n7V2R,)" = 2(n32 S0, Xagea) V27 + (02 200 )

Vs

Agn =

—0,(1).

Proof. (Proposition 3) The consistency of fix ,, and M x.n directly follows the law of
number for stationary ergodic sequences (White, 2001, Theorem 3.34, p. 44). For 52,

by Lemma 6, Theorem 2, and the law of number for martingale difference sequences
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(White, 2001, Theorem 3.76, p. 60),

n ~ ~ 2
82 = n_l [yt - <]— - Bn) Yi—1 — ﬁnXtTﬂ-n]

t=1

a3 et (B ) s — XY o) = (Bu— ) X7
t=1

n
_ “1y P
=n IE €t2+0p(n 1)—>U€2.
t=1

Proof. (Lemma 4)
1. (n'2B71 (h) DyQy (6n))

n~l/2mh2 D i (yt—l - XtTWn) €t

n?B~Y (h) DyQ, (6,) =
_Bnn—l/Q—i-h E?:l XtEt

By Lemma 7, and the central limit theorem for martingale difference sequences

(White, 2001, Theorem 5.24, p. 133),

n
-1 4)

n—1/2_h/2 Z (yt—l — Xt—rﬂ'n) Et ’é N (0, (2b) Oc)>

t=1

— Ban 2N Z Xi& AN (0, UngMx) )
t=1

By Assumption 3, ; is independent to (y;_1, X;). Thus by Lemma 7,

2

_ 5nn_1+h/2 ZXt (yt—l . XtTWn) €2

t=1
P

= — a? + 0, (1) b~/ X (yp1 — XtTWn =0, (n~1/?th/2) 2 04, x1-
p p

t=1
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Therefore

A (25)71 0? O1xa,

n'2B71 (h) DpQn (0n) ~ N | Oa, 11)x1,
Odwxl O'ngMX

2. (B_l (h) Dag7 Qn (0r) B! (h))

B (h) Dggr Q. (6,) B~ (h)
n~th Z?:1 (yt—l - XtTﬂ'n)z

—n TN X (B (Y1 — X ) e BanT T XX

By Lemma 7 and the law of large number for stationary ergodic sequences

(White, 2001, Theorem 3.34, p. 44),

[\

R 2 o;
n! h;(fyt—l—XtTWn) £>2_b’

Ban N XX =0 Y XX B DM,
t=1 t=1
and

— 2 Z X [511 (yt_l - XtTWn) + 5t}

t=1

= —n "M Z Xt (yeo1 — XtT’]Tn) — T lth/2 Z X,
=1

t=1

=0, (n_1/2+h/2) + O, (n_1/2+h/2) RS 04, x1-
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Therefore,

20) ! o2
B (h) DygrQn, (6,) B~ (h) )
04,1 b0*My

Proof. (Theorem 3) First we show that B\n — B, =0 (nil/th/z) and 7, — m, =
O (n_l/ 2+h). Again, for simplicity, we only illustrate the case when d, = 1. By

equation (2.1), the first order conditions of equation (2.2) can be written as:

n

0= (o1 — 1 Xe) = Xo (R — 72)]

t=1

{(Bu = Ba) l1 = 70 Xe) = Xy (= )] = B (B — ) Xi 21
0= ixt { (Bn - Bn) (Y1 — T Xs) — Xy (R — m0)] — B (Fn — ) Xo + gt} ,

that is,

0=(B.—5n) [; (-1 - wnth]

) (gn _ gn) (P — 7) li X (g1 — wnxt)]

+ (Bu=Bn) (= m0) ( ) B (7o = ) E_j X (g1~ mXa]

+ B (T — (Z)@) Z i1 — TnXt) € | — (B — 70 (i)@) :
0= (B 5a) lz X, (g — mm] — (Bu = Ba) (R = m0) (Z Xf)

— Bo (Fn — (Z X2> + (g tht> :

7



Therefore,

B (o = ) ey X7) = (301, Xeer)

o= B = 5 (gt = T X0)] = (o = ) O, X2

and

0=0, (T, —mn) [Z (Y1 — 7TnXt)2] <Z XtQ)

t=1 t=1

[

t=1

— 2B, (Fn — m)” [Z Xi (ye1 — ﬂnXt)] <Z Xf)
+2 (%n - ﬂ-n) [Z Xy (ytfl - 7"'n)(t ] (Z Xt€t> + Bn 7Tn - (Z X2>
)2 <Z Xf) (Z Xt6t> B (T, — ) [Z Xt (Y1 — WnXt)]

t=1

+ B (Fo = 1) | D X (g1 — T X0) (Z Xf)
+ B (Fo = T)” | D X (g1 — T X0) (Z XE) — B (Fon — m)° (Z Xf)
Z Xt (Y1 — WnXt)] [Z (Ye—1 — T Xy) 5t]

t=1 t=1

— (Fn = 70) | > 1 — T Xi) e ] (Zx)

Lt=1

— (= 70) | D X (Y1 — wnXt)] (Z tht>

o)’ (Z XE) (Z Xt€t) ;

+
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or

n

0= (%n - Wn) Bn [Z (yt—l - WnXt)Ql (Z XE) — Bn [Z Xy (yt—l - WnXt)]

t=1

t=1

()] (5)

[Z (yp—1 — T X3) 5t] )

t=1

[Z?:l (yt—l - WnXt)z] (2?11 Xtét)

— Doy X (e — mn X0 D0 (e — 1 Xy) &)

+ ZXt (yi—1 — ™ Xy)
| t=1
- Z (yt_1 - WnXt)2]
| t=1
+ Z X (Y1 — mn Xy)
| t=1
Therefore,
Ty — Ty =

(

\

\

B [ty W — 0 Xe)?] (1, X2)
—Bn [0y Xi (g1 — 1 X))
+ D Xe (g — ma Xy)] 21, Xesr)
— [ (e —mXa) el (20, X))

By the law of number for stationary ergodic sequences (White, 2001, Theorem 3.34,

p. 44), the central limit theorem for martingale difference sequences (White, 2001,

Theorem 5.24, p. 133),

2N Xeer S 0o MYPZ ~ N (0,02My) . 0t YD XP D M.

t=1

t=1
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And by Lemma 7, let

nT N (g = X ) e S (20) 20220 ~ N(0,(20) o)

t=1

n*1/27h ZXt (ytfl - XtTﬂ'n) i bilUg/Lng ~ N (07 biQUazpﬁzX) )

t=1

and
n

n~th Z (ye—1 — X;Wn)z 2 (20)7" o2,
t=1

Therefore,

[n_l_h >y (Y1 — WnXt)ﬂ (n_l/Q D i1 tht) + 0, (1)
bt (s — maX)'] (R 0, X7) + 0, (1)

—0,(1).

nt? (7, — ) =

For 3, since

G g B m) (I, XP) (S, Xis)
T L X e — X0l = (R — ) (D X7)

—Bn Do Xe (e — X)) D0 (o1 — maXe) & (3072, X7)
B [y Xe (i1 — 7 X)) (1, Xeer)

— [ X (1 — 0 X0)] (D, Xier)”

+ [ (W1 — maXe) & (31, X7P) (i, Xeer)

( B [y (1 — T X)) [0 X (o1 — 7 X)) (0, XP)
—Bn [0y X (g1 — 7 X))

[0 X (1 — m X)) () Xoee)

= [0 (e — ma X)) (0, XP) (1, Xeer)

Again, by the law of number for stationary ergodic sequences (White, 2001, Theorem
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3.34, p. 44), the central limit theorem for martingale difference sequences (White,

2001, Theorem 5.24, p. 133), and Lemma 7,

n1/2+h/2 <Bn - ﬁn)
—b [n_1/2_h Yo X (Y1 — WnXt)]
. [n*1/2*h/2 Yoy (Y1 — ™ Xy) Et] (n=' >0 X7) + 0, (1)

- \

' b Y (e — X))
[ RS X (s — X)) (0 S, XP)

— [ (o1 — T X0)?]
(Y X (P X)) 0, (1)

=0,(1).
Then we show that R (6*) = o, (n™!). By equation (2.11),

Qu (B) = Qu (60)
::@QM@N@—&J+%@prTQWQﬂ@m@—@J+me

where 0 is in between 0, and 6,,. Therefore, 8* = (8% = Bn) + B = Op (n71/271/2)
@) (n*h).
Since 8°Q,, (0*) /0B8* = 0, and 9°Q,, (%) /07 = 04z 1,

o 1n 2 0°Q, (07)
R =5 (3= ) T G
1 /s 2 PQ07)
t3 (ﬁn—ﬁn) (Tn — 7n) W(”n—ﬂn),
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in which

By Lemma 7, the law of large number for stationary ergodic sequences (White, 2001,
Theorem 3.34, p. 44), 8* = O, (n_l/Q_h/Q) +0 (n‘h) and (7" — m,) = O, (n—1/2+h)’

Q. (6 _ N
aQTa(w) = —2n PPNy - X)) X = 2(n =) ZXtXT

t=1

— 0, (nV/2+),

gﬁﬁﬁiz:ngflﬁéxng:c)(nAﬂ—wq_%o(n*)
0BOmoTT -G '

Therefore, by 3, — 8, = O (n"V/*2) and 7, — m, = O (n~/2"),

(Wn )

3 *
- <n %)%%25?

1

9

1

2 858W6WT

[ ( —1/2—h/2)} . Op (n—1/2+h) ) (n—1/2+h)

+0 ( -1/2— h/2) ) (n—1/2+h) . [O (n—1/2—h/2) +0 (n—h)} ) (n—1/2+h)
=0,

( —2+h) + Op (n—3/2+h/2) =0, (n—l) )

Let
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Then by equation (2.11), Lemma 4, and the fact that R (0*) = o, (n™ 1),

o (85, (6)) = ~ 25, (6) + 5 185, (O] 1S5 (6) + 0, (1)

1

1
5 (A0 (0) = Z) JulA0) = 23] = 523 JuZy 4 0, (1)

n 2TL

By definition (equation (2.2)), 6, is the minimizer of Q,, (6) — Q,, (), and therefore

AY (@L) is the minimizer of g, (A% (0)), i.e.,
0. (25 (6.)) = ming. (&5 69)).
Therefore AY (§n> 4 Z». By Lemma 4,

B0 (B0 & 0 0910, 0

= V1 (b;00) G* (b;00) ~ N (O(d,+1)x1, 02V (b ¢0)) -

Proof. (Lemma 5)

1. (2B (h) DyQn (6))

nol/2mh2 N (yt,l - XtTWn) €y

_ﬁnn71/2+h Z?:l XtEt

n*2B7 (k) DyQ, (6,) =

By Lemma 8 and the central limit theorem for martingale difference sequences
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(White, 2001, Theorem 5.24, p. 133),

n

W PN (g = X ) e A N(0,(20) 7 o)

t=1

— ﬁnnfl/ﬂh Z XtEt ’é’ N (O, O'ngMx) .

t=1

By Assumption 3, ; is independent to (y;_1, X;). Thus by Lemma 8,

— 5nn—1+h/2 ZXt (yt—l _ XtTWn) 6?

t=1

= — (cr? + o, (1)) b~/ ZXt (yt_1 - XtTWn) =0, (n_1/2+h/2) LN 04, x1-

t=1

Therefore

20) "ot 01y,
n*2B7 (k) DyQ, (6,,) AN O(d,+1)x1; (#) -
Odﬁxl U?bQMX

2. (B™" (h) DogmQu (6) B~ (h))

B~ () Dggr Qn (0,) B~" (R)

nthYE (?/t—l — XtTﬂ-n)Q

S ST X (B (e = X m) Fe] BT XX

By Lemma 8 and the law of large number for stationary ergodic sequences
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(White, 2001, Theorem 3.34, p. 44),

™ po

n_l_h Z (yt—l - Xt—rﬂ-n)Q £> g_bv
t=1

Ban N XX =00 Y DX X B M,

t=1 t=1

and
S X, [ (s — X ) + ]
t=1
= —n M2 zn: Xi (yeo1 — X[ mn) — n 2 zn: Xiet
=1 t=1
=0, (n7"?) + 0, (nV*2) B0y .
Therefore,

B7Y(h) Dyyr @, (6,) B~ (h) & }
04.x1 0*My

Proof. (Theorem 4) Since the results of Lemma 5 are the same as the ones of Lemma

4, the proof of Theorem 4 directly follows the proof of Theorem 3. m

Proof. (Theorem 5) For 1. it suffices to show 2 % 0% and V,, & Vg (). By

n

Theorem 1 and the law of number for martingale difference sequences (White, 2001,
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Theorem 3.76, p. 60),

n - - 2
8721 = n_l [yt - <]— - Bn) Yi—1 — ﬁnXtTﬂ-n]
t=1

a3 et (B ) s — XY o) = (Bu— ) X7
t=1

=0 e+ 0, () =0t Y 2 v 0, (n7V?) B o2
t=1 t=1

And by Theorem 1 and the law of large number for stationary ergodic sequences

(White, 2001, Theorem 3.34, p. 44),

Gy (o1 — X770)" =B (o — X[ 70) X[
t=1 _B\nXt (yt—1 - XtTﬁn) B\ZXtXtT
n [ = XT 2
=n! Z (yt ! ! WO) + 0 (nfl/Q) £> Vo (’Yn)
t=1 | —BoX; (yt_1 - XtTWO) 5§XtXtT

For 2. by equations (3.4) and (2.12),

— n ~\2
n2 30 (g — X )
—n Y2, Sy Xe (Y1 — X/ 7) n//é’\fl > XeX{

By Lemma 6, the law of large number for stationary ergodic sequences (White, 2001,
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Theorem 3.34, p. 44) and Theorem 2:

n

n_QZ(yt 1—X 7Tn = Zyt 1 —2n" WTZXtyt 1+n” 7r ZXtXT

t=1

= 0. / .,7b6 r)dr + 20, (/ (1 —exp(— ))jb,a(?”)dr> ¢ ux
0

+(/01(1—exp )(cTuX —205(/ Tve (7 dr)/f fix

1
_2(/ (1 —exp(— ) pxc’ px + R MyRy,
0

np> iXtXI — |n (B - Bn>]2 n iXtXtT = 22 (Rr) My,

t=1 t=1

and

n_l/an Z Xy (yt_1 — Xt—r%n) = nén <n_3/2 Z XtXtT%n — 32 Z Xtyt_1>
t=1

5 ) {01 ) - </ e (b”;d;) e}

where /):5 (Fr) = Xg (Fr (b, c;00) ,b,¢;00) and Ky = Kr (b, c;¢0). And the results
follow by Theorem 2 and Lemma 3.
For 3., it suffices to show 52 % ¢2 and B~ (h) V,B! (R) & V), (b; ). For 72,

by Lemma 7, Theorem 3, and the law of number for martingale difference sequences

(White, 2001, Theorem 3.76, p. 60),

3721 =n"! Zn: [?Jt - (1 - Bn) Yt—1 — B\TLX:%TL] i
t=1
=n! y {(B\n - ﬁn) [(yt,l - 7"ert) - X (%n - 77%)] — Bn (%n - Wn) X+ €t}2

t=1

= n_lzsf +o0,(1) =0
t=1
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For B~ (h) V,B! (h), by equations (3.4) and (2.12),

noth > i (yt—l - XtT;r\n)Q

B S X (e — X R) B XX

The results follow by Lemma 7, Theorem 3, and the law of large number for stationary

ergodic sequences (White, 2001, Theorem 3.34, p. 44),

n n
11— ~\2 11— g
nt hz (y1-1 — XtTﬂ'n) =n! hz (g1 — T X)) + 0, (1) B 2—2,
=1 =1

n_1+2hB72LZXtXtT — (nh (671 . Bn) + b) n_l ZXtXtT ﬁ) bQMX,

t=1 t=1

_nilih/zgn Z Xt (ytfl - XJ%\H) - OP (n*1/2*h/2) £> Od”X1'

t=1

And the remains directly follow by Theorem 3.

For 4., it directly follows the proof of 3. and Theorem 4. m

Proof. (Theorem 6) We first prove 2., i.e., AsySz (CSIO9EF (RO,;1 — a, o)) =

1 — a. Notice that CSICSEF (R,;1 — a, ¢g) can be written as
OS£CS7LF (RO 1 —a,0) = {v: W, (v) < c},

where

L = SUPg, e yer®0) S1-a WV (bu, Cos0)), if An < ki,
C = .

D= Xi 1 o if A, > k,.

First we show that ¢ 2 ¢; when Y € T'(1,b,¢) and ¢ 2 ¢p when 6, = 0, € O,
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Yn € I'(h,b) or v, € I'(h,b,c). Since k, = ¢ log(n), it suffices to show A, =
/,/Avar By —O 1) when 7, € T'(1,b,c), and k;'A, 5 oo when 6, =
0y € ©%, v, € I'(h,b) or v, € ['(h,b,c).

By Theorems 2 and 5, when v, € T' (1, b, c),

PR SN Mg (R (b, €3 00) . b, 5 00)

iy (B,) [0 0na ] Vi (bueio0) (1,00 ]

=0, (1)

1/2

And when 6,, = 0, € ©*, v, € T'(h,b) or 7, € I' (h,b,c), by Theorem 5, 3, = n"b,
and h < 1,

nl/2-h/2p
k
,/Avar Bn nh/%/Avar ﬁn
- (nV/2-12)) 2

Then it suffices to verify the Assumption ACP in Andrews and Cheng (2012).
Let the coverage probability CP/“SEE = P (W, (v,) < ¢), where v, = R#,, denotes
the true value of R,,. We would like to show

(i). For any v, € I'(1,b,c), CP, — CPLp (b,c; o) for some CPrr (b, c;pg) €
[0, 1].

(ii). For any 6,, = 0y € ©*, v, € I'(h,b) or v, € I'(h,b,c), liminf,,_,.,CP, >
CP,, for some C'P,, € [0, 1].

(iii). For some 6,, = 0y € ©*, 7, € I' (h,b) or 7, € I'(h,b,c), CP, — CPy.

(iv). For some 0; > 0 and 3 > 0, v = {8, 7, ¢} € T = ©* x ® with 5 < ¢; and

7|l < & implies 7 = {E,%, gp} e T with 3 < 6, and ||| < 6.
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For (i), by Theorem 5, when ~, € ' (1,0, ¢c),

CP,=P (W, (v,) <cp)

— P (W (b,cip0) < sup Lo (W (bvvaWO)))

{bv,cv }EH(R,W)

= CPLF (b, C; 300) € [O, 1] .
Specifically, by construction,

inf CPrr (b, c; =1-a.
ot My O (0,65 90) “

For (ii) and (iii), by Theorem 5, when 6, = 6y € ©*, v, € I (h,b) or v, € ' (h,b, c),
Cpn =P (Wn (’Un) < CD) — FXQ(dr) (X?lr,lfa) =1—a:= CPOO,

where Fy2(4,) denotes the cdf of x* (d,) distribution. And (iv) follows by the convexity
of ©*. Therefore, by Lemma 2.1 of Andrews and Cheng (2012),

AsySz (CS,ILCS’LF (Rfn; 1 — v, ¢0))

= liminf inf P (RH, € CSI7H (RO,;1— a,p))

n—oo yp€l'y

i ({b,c}leI;L(R,v) Lr (b, ¢ o) , ) o

1. directly follows 2 since 1. is a special case of 2. For 3. and 4. since both
the projection-based method and the Bonferroni-based method are conservative,

when v, € T'(1,b,c), the corresponding coverage probabilities C'Pp (b, c;¢g) and
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CPg (b, c; ¢o) are greater than or equal to 1 — a.. Therefore,

i inf  CPp(b,ciog).CPy) >1—a,
fin ({b,c}g}-{(R,v) P( ¢ 800) ) @

i inf CPg (b, c; CPy | >1-—aq.
o ({b,c}ler’z'l-[(R,v) 3 (b: € o) ) - “
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APPENDIX C

SUPPLEMENTARY RESULTS AND PROOFS

This appendix states and proves some results used in the proofs of the theorems.

Lemma 6 Suppose that Assumptions 1, 2 and 3 hold, yo = o, (nl/z), and vy, €
I'(1,b,c). Let W- () and Wx (+) be two standard Wiener processes (one-dimensional
and d-dimensional, respectively), and Jy. () and Jp x (-) be an Ornstein—Uhlenbeck

process. For any r € [0,1], when n — oo,

[nr] [nr]
nTEY e oW (), TPy (X — ) T = S (1),

t=1 t=1

Toe (1) = /0 r exp (=b(r —s))dW. (s) and

Tox (1) = /0 exp (—b (r — s)) AWy (5)

Then as n — oo, we have the following results.
1. n‘l/QyWJ = 0.Tpe (r) + ¢ pux (1 —exp (—br)).
2. n3/2 Yot Y1 = O, fol Tve (r)dr+c'ux (fol (1 —exp (—br)) dr).

5.0 Syt = 02 o T () dr + 20T (f) (1= exp (=br) T (1) )
+ (CTMX)2 (fol (1 — exp (—br))* dr).

4o Y Y = 07 fol Toe (1) AWV, (1)
to.c’ux (fol (1 —exp (—br)) dW. (7“))

5o n N (X — pix) Y1 = 0.8 [ Toe () dWx (1)
e SN (f (1= exp (<br) Wy (n)).
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6- TL_3/2 Z?:l Xtytfl = O¢ (fol t.7b,z-: (7") dT’) ,uX

+ (Jy (1= exp (=br)) dr) pxepx.

Proof. For 1., under Assumption 1, equation (2.1) can be written as:

[nr]—1 [nr]—1
Yinr] = (1 - 5n)LnTJ Yo + Z (1 - ﬁn)l Et—i T ﬁn Z (1 - ﬁn)Z /L}ﬂ-n
=0 =0
[nr]—1 ' .
+ ﬁn Z (1 - 671)1 (XLnrJ—z - ,UX) Tn -
1=0

Where (1= 5,)"" = exp (=br), B, S5 (1= f)' = 1= (1= )" — 1~

exp (—br), and for any r € [0, 1], by Lemma 1 of Phillips (1987), as n — oo,

[nr]—1

S (1 B ey 030 0,
=0
[nr)—1

w7 (1= ) (Xiargs = px) = S ox ().
=0

Therefore for any r € [0, 1], as n — oo, 1. follows by

[nr]—1 [nr]—1

n_l/QyLnTJ - n_1/2 Z (1 — Bn)z Elnr]—i + n_l/QB” Z (1 - ﬂ”)l M)T(wn—i-op (1)

i=0 =0

= 0Ty (r) + ¢ px (1 — exp (—br)).
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2. — 5. follow by

0 Z Yot = / ordhe () + € (1 — exp (<)) dr

_ ae/ol Toe (P dr + ¢ i (/01 (1- exp(—br))dr) |

n-? Zy = [ [oedhe 1)+ Tx (1= exp (b))

=0’ /0 1 T2 (r) dr + 20.¢" ux ( /0 1 (1 —exp (=br)) Tz (r) dr)

+ )’ ([ a-ewmyar).

- Z wze= [ foadie () 4 eTion (1= exp (-br)] dosw. ()
=2 [t )+ e ([ 0w oy v ),

n 1
Y (X — px) e = / [02Tne (1) + € pux (1 — exp (—br))] =YWk (r)
t=1 0

=o0.xY’ / i (r) AWy (1) + €y D ( / (1~ exp (—br)) dWx <r>) :

And for 6., by 2. and 5.,

Y X =0 ux Y g+ 0, (n71?)
t=1 t=1

= oo ([ ey s ([ (- e ) e

Lemma 7 Suppose that Assumptions 1, 2 and 3 hold and ~, € I' (h,b,c). Then as

n — 00!

Lo RS (s = X m) 5 AN (0,28 o).
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2. n ST (e — X;WH)Q 2 (2p)7!

8. n VRN X (e — X ) AN (0,67202px %) -

Proof. Let
e = Z (1- Bn)igt*i’ and & = Z (1- ﬁn)i (Xei — px) -
i=0 i=0

Then by Assumption 1, equation (2.1) can be written as:

Z 1_ﬂn Z':t z+ﬁn2(]—_ﬁn) tzﬂ-n
=0 =0
:Z 1_5n 51& z+6n2(1_Bn)zﬂ;r(ﬁn_FﬁnZ(l_Bn)l (Xt—z'_,uX)Tﬂ'n
=0 1=0 =0

:U’;—(Trn + Nt + Bnﬂ-r—zrft'

By Theorem 2, Lemma 1 and Lemma 2 of Giraitis and Phillips (2006), as n — oo,

n n 2
n—1/2—hzm —p 12 (1 _ Pn) Z”t A N (0, %) ,
t=1 t=1
n n 1
n~1/2h Zﬁt =b'n7V/? (1= pn) th LN (07 b—QEX) ;
t=1 t=1
n-1/2-h/2 Znt—lgt _ (2b _ nfhbz)—l/Q n-1/2 (1 . pi)1/2 Zﬁt—lgt A N (0, ;—> ,
t=1
n 2
1o _ -1/2 _ / A O¢
w Y G = (b= ) (= ) S e AN (055x).
n 2
WS = @) (=) Y B T and

t=1 t=1

N - 1
n=t ; 161 = (20 —n7"0") ! (1-07) Z&_1§;_1 - %EX'
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Therefore,

n

n1/2h2 Z (i1 — X, ) &

t=1
n

Y (g — m) 2 — TS (X )

—1 t=1

— /22 Z Me_18¢ + n~ 1P 2peT Z €160 — n-1Hh/26T Z (Xt _ ,MX) &
t=1 t=1 t=1

n 4
— o l/2-h/2 Znt—lgt + 0, (1) 4 N (O, ;—2) ,
t=1

n n

notoh Z (yt—1 — XtT7Tn>2 =n " Z (?/t—l — BT + [T — XtTW")Q
Py t=1

o n B B 2
=n'" Z [ntfl +n 1/2bCTft71 —n T (Xi — UX)}
t=1

n 2
L g
anhg 77t2—1+017<1)£>2_27

t=1
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and

n1/2h Z Xy (yt_1 - XtTWn)

t=1

=n" 2y Z (g1 — pxmn) —n 27" Z (X0 = pix) (-1 = pxemn)

=1 t=1
n

—n et Z Xi— px) +n P hz Xo = px) (X = o) "

t=1 t=1
n

= n_l/z_hux Z Ni—1 + Tl_l_thT,UX Z §i1
t=1 t=1

n

n /A Z (Xy — px) 1 —n " "be’ Z (Xe = px) &1

t=1 t=1
n n

—n " uxe” Y (X —px) +n7t DY (X —px) (X —px) e
t=1

t=1

=0 2y S s 4 0, (1) AN (0,67 %02 g k)

t=1

Lemma 8 Suppose that Assumptions 1, 2 and 3 hold and 7, € T (h,b). Then as

n — 00!
Lo VRS (g — X[ m) 5 AN (0, (20) 7 o).

2. nTiTh S (yt—l - XtTWn)2 = (26)71

3. n Y X, (ytfl — XtTﬂn) 2Sem,.
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Proof. By the proof of Lemma 7, y; = puxmn + 0t + B,

n

n—1/2-h/2 Z (yir — XtTwn) £

t=1
n

Y (g — ) & — TS (X )

—1 t=1

— pl/2-h/2 Z Me18s + n_1/2_3h/2b7rz Z 16r — n—l/z—h/zﬁz Z (Xt _ MX) £

t=1 t=1 =t

n 4
— p1/2=h/2 Z Ni—16t + 0p (1) A N (O, %) )

t=1

n n

n~ " Z (yt—1 — XtT7Tn>2 = th Z (?/t—l — H)T(Wn + :“)T(W" - XtTW")Q
=1

t=1

=n'" Z [y + 07wy &y =, (X — “X)]Q
t=1

0_2

=np Ik 2773—1 +0p (1) = 2_27
t=1
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and

n! Z X (yt—l - XtTWn)
t=1

=0 ux Y (o1 — k) =Y (X — pix) (yim1 — pxa)

t=1 t=1
n n

—n"tuxm, Z (X¢ — px) +n7" Z (Xe — px) (Xe — px) | 7
t=1 t=1

= n_lux Z Ni—1 + n_l_hb'/T:b—MX Z §i-1
t=1 t=1
—n Z (X; — px) g — " om) Z (Xt — px) &1
t=1 t=1

—n g Y (Ko = px) At Y (X — ) (X = px) |
t=1

t=1
n

=0 (X — px) (Xp — px) | T 40, (1) B Sy,

t=1
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