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ABSTRACT

Many areas of physics, engineering and applied mathematics require solutions
of inhomogeneous biharmonic problems. For example, various problems on Stokes
flow and elasticity can be cast into biharmonic boundary value problems. Hence the
slow viscous flow problems are generally modeled using biharmonic boundary value
problems which have widespread applications in many areas of industrial problems
such as flow of molten metals, flow of particulate suspensions in bio-fluid dynamics,
just to mention a few. In this dissertation, we derive, implement, validate, and apply
fast and high order accurate algorithms to solve Poisson problems and inhomogeneous
biharmonic problems in the interior of a unit disc in the complex plane.

In particular, we use two methods to solve inhomogeneous biharmonic problems:
(i) the double-Poisson method which is based on transforming biharmonic prob-
lems into solving a sequence of Poisson problems (sometime also one homogeneous
biharmonic problem) and then making use of the fast Poisson solver developed in
this dissertation.; (ii) the direct method which uses the fast biharmoninc solver also
developed in this dissertation. Both of these methods are analyzed for accuracy,
complexity and efficiency. These biharmonic solvers have been compared with each
other and have been applied to solve several Stokes flow problems and elasticity
problems.

The fast Poisson algorithm is derived here from exact analysis of the Green’s
function formulation in the complex plane. This algorithm is essentially a recast of
the fast Poisson algorithm of Borges and Daripa from the real plane to the com-
plex plane. The fast biharmonic algorithms for several boundary conditions for use

in the direct method mentioned above have been derived in this dissertation from
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exact analysis of the representation of their solutions in terms of problem specific
Green’s function in the complex plane. The resulting algorithms primarily use fast
Fourier transforms and recursive relations in Fourier space. The algorithms have
been analyzed for their accuracy, complexity, efficiency, and subsequently tested for
validity against several benchmark test problems. These algorithms have an asymp-
totic complexity of O(log ) per degree of freedom with very low constant which
is hidden behind the order estimate. The direct and double-Poisson methods have
been applied to solving the steady, incompressible slow viscous flow problem in a cir-
cular cylinder and some problems from elasticity. The numerical results from these

computations agree well with existing results on these problems.
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1. INTRODUCTION

The biharmonic equation arises in many fields of classical physics including com-
plex mechanical and physical processes involving solids and fluids. For example, its
applications include problems of clamped plate in elasticity, slow viscous flow of an
incompressible fluid, flow of particulate suspension and bio-fluid dynamics (see [38],
[25], [28]). We focus in this thesis on the inhomogeneous biharmonic equation in the
complex plane inside a unit disc for several boundary conditions (see [8], [7], [6]) and
its application.

We develop here fast algorithms for solving several biharmonic problems using
two different methods. Both of these methods require evaluation of domain integrals
involving singular integrands primarily due to Green’s functions and the inhomo-
geneous terms of the inhomogeneous biharmonic equations. Standard quadrature
methods of evaluation of these integrals result in limited accuracy and have asymp-
totic algorithmic complexity O(N?) per degree of freedom where N is the number
number of degrees of freedom. This results in prohibitive computational cost for
problems of large size. In order to improve upon this complexity we develop al-
gorithms based on the use of FFT and some recursive relations derived from exact
analysis. These new algorithms have asymptotic computational complexity O(log N)
per degree of freedom and are also very accurate. Similar algorithms have been de-
veloped before by Daripa et. al (see( [12], [15], [18])) for solving other kinds of elliptic
equations. For a review of these algorithms and some of their applications see Daripa
[17].

To evaluate the associated domain integrals, we first expand them in terms of

Fourier series. After some analysis, we express the radius dependent Fourier coef-



ficients of the integrals (see [12],[15]) as one dimensional integrals with integrands
depending on the Fourier coefficients of the inhomogeneous term of the inhomoge-
neous biharmonic equation. These one-dimensional integrals involve integration in
the radial direction of the domain. As shown in this thesis, these one-dimensional in-
tegrals bear some recursive relations which are at the heart of the low computational
cost of the full algorithm for solving these inhomogeneous biharmonic equations. To

summarize,

(C.1) The fast algorithms are derived from exact analysis and properties of convolu-

tion integrals involving Green’s function.
(C.2) The algorithms are easily parallelizable (see [10]).
(C.3) It is easy to implement these algorithms.

(C.4) Weak singularity in the inhomogeneous term can be easily taken care of without

losing order of accuracy.

(C.5) The recursive relations allow one to define higher order integration methods in

the radial direction without the inclusion of additional grid points.

The extensive theory of biharmonic problems based on complex variables in |7,
4,5,2,6,3,9, 1, 32] has laid the analytic foundation of these fast algorithms. We
solve here four important boundary value problems for the biharmonic equation using
the Green’s function method. Apart from using Simpson and Trapezoidal rules to
compute the integrals, we also use the Euler-Maclaurin expansion for Trapezoidal
approximation for higher order accuracy as in [39]. Although the direct approach (to
be discussed later) for numerical solution of the biharmonic problems within a unit
disc has been the thrust of this thesis, we also have developed a second approach

which involves decomposition of these boundary value problems into two Poisson



problems and then making use of similar fast algorithms for equations. Thus some
sections of this thesis focus on fast algorithms to solve Poisson problems in a unit
disc in the complex plane. Numerical results for both these approaches are provided
in this thesis.

There has been extensive research on the numerical solution of biharmonic prob-
lems in the real plane by various methods such as finite difference/finite element
methods ([35], [13],[34], [14]) and integral equation methods (see([31], [22], [25], [28],
[24])). The major difficulties associated with the finite difference and finite element
methods are poor convergence rate and condition number proportional to N* for N?
degrees of freedom in the domain. Thus these methods are computationally expensive
and less accurate. The boundary integral methods usually based on first or second
kind integral equations. The first kind integral equations are often ill posed and the
very high condition number of the resulting linear system poses difficulty for con-
structing an efficient algorithm. The second kind integral equation most commonly
used in the potential theory has been widely discussed in [31],[21],[22].

Our method differs from them in that it is analysis based and thus very accurate.
It is also very fast and paralleizable by construction. We focus on four types of
boundary value problems (D1), (D2), (D3), (D4) defined in sections to follow. We
solve them using both the direct and the double Poisson methods. The errors in
the actual implementation of these algorithm arise primarily from the numerical
evaluation of one dimensional integrals and the use of FF'T (truncation of the Fourier
series).

We give a brief outline of the thesis in the following way. Section 2 describes the
fast algorithm to solve the Poisson problems in the complex plane in a unit disc. This
problem in the real plane has been treated in Borges & Daripa [12] and thus this

section is very similar to their work. Numerical solutions to several Poisson problems



in the complex plane have been obtained in this section. This algorithm will be used
later to solve biharmonic problems by the method of double Poisson problems.

Section 3 contains the (D1) biharmonic problem and its solution. We discuss the
analytical foundation of the direct method in detail and outline the double Poisson
method towards the end of this section.

Section 4 and Section 5 discuss the (D2),(D3),(D4) biharmonic problems and the
mathematical foundation of the direct method. It also validates the method with an
example.

Section 6 builds the recursive relations for the singular integrals associated with
the Green’s function method for solving the biharmonic problems and thus paves the
way for the development of fast algorithms in this so-called direct approach.

Section 7 outlines the quadrature method briefly and focuses further on some
aspects of fast algorithms for the biharmonic problems. It also contains the results
on computational complexity of these algorithms.

Section 8 deals with biharmonic problems in an annular domain and Section
9 deals with application to steady, incompressible flow in two-dimension with low
and moderate Reynolds number. Validation and numerical implementation of the
algorithms have been performed in Section 10. We end this section by estimating
error in the evaluation of the singular integrals using the Euler-Maclaurin formula of

integration in 11 and finally conclude in Section 12.



2. THEORETICAL FOUNDATION FOR THE POISSON PROBLEM

We consider here several biharmonic problems in a unit disc in the complex plane
and explore different methods using associated Green’s function to solve some of these
problems. Before considering the biharmonic problems we first focus on Dirichlet and
Neumann problems for the Poisson equation in a unit disc D in the complex plane.
In this section, we lay the mathematical foundation for an efficient fast algorithm
to solve inhomogeneous biharmonic problems in D (see [8],[7],[2]). We first consider

the Poisson equation with Dirichlet boundary conditions.
2.1 The Dirichlet Problem

The Dirichlet problem for the Poisson equation in a unit disc D in the complex
plane is given by

0.0:zw=f in D, w=v on 0D (P1)

This problem is uniquely solvable for f € L;(D,C),y € C(0D;C) (see [7]). If u is

the solution of the homogeneous problem,

0.0;u=0 in D, wu=vy—v in 0D, (2.1)

where v satisfies the equation

0,0:v = f, (2.2)

then the solution of problem (P1) is given by

w=u-+nv.



A principal solution of (2.2) is obtained using the standard Green’s function method

(see[2],[12],[23]) and can be written as
o2 =1 [ [ G ppcan 2.3)

where

G(2,) = 5~ log|¢ ~ =]

is the Green’s function for the Poisson equation. Note here that f is a function of ¢

and (. We introduce the following notations below.:

B(o,r) = {z€C:|z—0a| <1},
B(o,r) = {z€C:|z—0a| <r},
Qf = B(0,r),
Qe = B(0,r4+¢€)— B(0,r —¢),

v

Ut = QU B(ze).

T—€



Hence,
o(z) = > // log |¢ — 2| f(¢)dedn

_ ;g% // log |¢ — 2| £(¢)dédn

D—B(z,¢)

2 i / / log | — 2| (¢)dedy + > Tim / / log ¢ — 2| f(¢)dedn

r—€ AT+€
Qp QT

" —hm// log |¢ — 2| (C)dedn,

Now we see if

I = % / / log |¢ — 2| f(¢)dédn,

ot
then

I <2 sup (F(Qlogl¢ — 2Il) (w(r + 0 — m(r — &)%)

T cedrte

< -8 sup |f(Q)leloge
ceqrte

2
We obtain — lir% / / log |(—z| f(¢)dédn = 0. We derive here fast numerical algorithms
T e~
arre
to compute the solution of the Poisson equation in D. For a similar algorithm
in the real plane see [12]. Use of quadrature method results in limited accuracy
and is computationally expensive. For a N? set of grid points the complexity is

O(N*) which is computationally very expensive when N is very large. In order to

improve upon this, we develop a method which uses Fourier coefficients and recursive



relations in Fourier space and reduces the complexity to O(log N) per point from
N? per point. We expand w(.) in terms of Fourier series and derive the Fourier
coefficients of the associated singular integrals in terms of recursive relations utilizing
one dimensional integrals in the radial direction. To demonstrate this, we evaluate
the singular integral v(z = re’®); 0 < a < 2m. The Fourier coefficients v, (r) of

v(z = re'®) are given by

Un :55%/ //1og|¢—z|f ¢)dédnda

2
+ 3 lim / / / log |¢ — 2| f(¢)dédnda (2.4)
Then it follows that
/ / F(O)Qu(r.C)dedn + / F(Q)Qu(r. C)dedn, (2.5)
o ol
where
(0 = = [ loglc — zlda 2.6

0



Let z =re™, (=pe?, x=2e forr>pandn=2Le" for r < p. Then

1
log|c 2 = 5 log¢ — =P

= log|r? +p? —2r COS(’T)|%

[NIES

2
2(1+ f—Q - 25 cos(T)

2
p P T —4T
2 (1+7’_2__<€ +eé ))

= log|r

2

= log|r
r

= logr+log|l — x|

= logr—Z(;) me , ifr > p.
n#0

Similarly for » < p we have

In|
log|¢C —z| = logp— Z (,0) 2|n| et ifr < p.

Simple analysis shows that for r > p we have

2
Im| .
T el eI
0

#0
21 |
1 p\m 1
_ —moa . r _— _im(a—0)
= = (log?" Z <r> 2|m|e ) do
0 m#0
2 2

1 —ina 1 P ml 1 —im#@ i(m—n)a
= P e lOg rdo — P Z (;) me /6 da.
0 m#0 0

Hence for r > p we have

Similarly for » < p we have



Il _
Qulr <>{ ~#(5) e itnso

%logp, if n=0.

For n > 0 we have

//f )Qu(r, C)déd = //f Qnrcdfdn+//f )Qu(r, )
//f (7% e

1 0o 27

1 r\" ,
= z(m—n)@ded
— ()pim(p)/e p

m=—00 0

10

(2.7)



Similar calculation for n < 0 yields

/ [ 100@unOdein = / / Floe) (2) " e papat
/ / F(pe® (%) e

ro 27

// Z fm(p)e™? (f)_ne’mepdpdﬁ

m=—0Q

1 27 n
r —in
// Z fm zm@ (p) depdé’

r 0 m=—0o0

7Tn0 /

m=—0oQ

1 2w

e i [

r

T

:2/</§)n§fn< >dp+2/1( ) Etulo)dp

0
Similarly for n = 0 we have

r 1

Un(r) = 4 / plogr fo(p)dp+ 4 / plog pfo(p)dp

0 r

Therefore the Fourier coefficients of v(z) are given by

4 [ plogrfolp)dp+4 [ plog pfolp)dp, ifn =0,
vn(r) =9q =2 [ (T) L f.(p)dp — Qf: (%)n 2t (p)dp, if n>0,
27 ()" 2fuloddo 2 ()" fuloddp. im0

11

(2.9)



The solution u(z = re) of the homogeneous problem (P1) is given by

u(r,a) = 21 / S0V K (r, o — 0)db,

™
0

where

»(0) =~v(0) —v(f) on ID.
The Poisson Kernel K (p, §) for ¢ = pe? (see[23]) is given by

K(p,0) = L 0<p<l1

’ 1+ p%—2pcosb -
1—p?

(1 —pcosf)? + (psinb)?’

1— ¢

[1—¢
1-¢¢

1-Q00-¢)

B 1+¢
- Re(m)’

= Re(14+2((++...)),

0o
_ E p|n|ein0‘

n=—oo

12



The Fourier coefficients u, () of u(z) are given by,

27 21
1 . 1
un(r) = %/e_ma %/gb(@)K(r,a—@) dfda
0 0
1 2m ] 2
- - o —in(a—0) —inf
27T/¢(9) 27T/K(r,oz e do | e df
0 0
27
1 i
= — [ K,(r)e""df
2
0
= KH(T)QSTL
= 1Mo,

where ¢,, are the Fourier coefficients of ¢(0).

2.2 The Neumann Problem

We now consider the Poisson equation with Neumann boundary condition. We

have the following theorem from [7].

Theorem 2.2.1. The Neumann problem for the Poissoin equation in a unit disc is
given by
0.0;w=f in D, dw=g on 0D (N1)

f e Li(D;C), ge (0D;C), keC, & [ wz)%=Fkisuniquely solvable if
and only if

3 [90% = [ 1¢ean (2.10)

13



The solution is given by

W) =kt g [ G000 — - [ GaleOr(Qdgan, 21)
oD D
where
Gi(2, ) =log (1 = 20)(¢ — )| (2.12)

1s the Green function for the Neumann problem.

We expand w(.) in terms of Fourier series and derive its Fourier coefficients in

terms of one dimensional integrals in the radial direction.

Theorem 2.2.2. Let w(r, «) is the solution of the Neumann problem in Thm. 2.2.1,

z =re', f(re') = Z fn(r)e™and g(e™) = Z gne™ then the Fourier coeffi-

n=—oo n=—oo

cients w,(r) of w(r,a) can be written as

wn(r) = ]{\,{n(r) + ]é\,[n(r) + ui\fn(T%

where
2 [N fu(0) 2 dp  ifn >0,
Ii]\,[n(r) = 2f0 fn(p) Tnpdp if n <0,
\ 0 ifn =0,
y
—2 [fo falp)(B)" Edp + f Talp )"ﬁdp} ifn >0,
) =1 2| falp "pdp—i—fl Falp)(2)" 2] ifn <0,
|4 [fr folp)plogrdp+ [7 folp plogpdp} ifn =0,
and )
[n| .
In'Tr ifn # 0,
up, (1) = "
0 if n=0.

14



Proof. Let u(z) = ul (2) + IV (2) + I (2) where

W) = = / log |1 — €1 (¢) ¢ (2.13)
1) = / / log |1 — =C|f(C)dedn, (2.14)
e = 2 / [ 10gl¢ - 210 dgan (215)
D
We recall that the singular integral I)¥(2) is same as v(z). Hence we obtain the
following,
9 [fo Falp) (&) 2dp + [* fulp )"ﬁdp} itn >0,
By =1 2| falp "pdp—i—fl Falp)(2)" 2] itn <0,
4 [f folp plogrd,o—i—f1 folp) plogpdp} if n = 0.
Now we write 11V ( Z r)e™® and evaluate IV (r) first. Let o — 6 = 7.
Then, -

)= / [ 1 7log 1~ e dadgdy

1 27 2m—6
= —//f p,6)e"m? / log |1 — zC|e™ ™ pdrdfdp
—0
1
= —2/fn(p)Gfi(r, p)pdp. (2.16)

0

15



where f,(r) are the Fourier coefficients of f(z = re™®) and

2m—6

1 .
) = /1og|1—z<|e—'"TdT

T (rp)
/ Z zmT —im’dT
2|m|
Z0
In| 27—0
1 n .
=—— (ZT) | / ez(m—n)TdT
m i 2n J
(rp)™ .
— f 0.
ln] ifn#
Hence substituting (2.17) in (2.16) we obtain,
(rp)™ .
2f0 W= ifn >0,
I (r) = 2f0 fn%npdp if n <0,
0 if n=0.
Now for the boundary integral ul'(z) we see,
1 - d¢
W) = = / 1ogu—zc|g<<>?
/ 2 a9
BD
_ /Z T' i z znoc G)dg
2|”|
In| I 27
_ Z r ma Z gm/QZ(mn)Hde
2\”\
m=—o00 0

rw

n#0

16

(2.17)



Therefore the Fourier coefficients of ul (z = re'®) are given by

gn% ifn #0,
0 if n=0.

Thus we obtain the proof for the Thm.2.2.1.

17



3. THEORETICAL FOUNDATION: DIRICHLET-1 BIHARMONIC PROBLEM

In this section, we develop the mathematical foundation of the fast algorithm
for the biharmonic equation with different boundary conditions in a unit disc D in
the complex plane. We first consider the biharmonic equation with the Dirichlet-
1 boundary condition (see [7]). We notice that this cannot be decomposed into
two Poisson equations directly and hence we first use the Green’s function for the
biharmonic equation in a unit disc to solve it directly. Also, a second approach based
on [24] is obtained but it is dependent on the direct method. In order to obtain fast

algorithm for the direct approach we use following theorem from [7].
3.1 Mathematical Formulation Of Dirichlet-1 Biharmonic Problem

Theorem 3.1.1. The Dirichlet-1 problem

(0.0:)°w=f, in D,
w = hg, on 0D, (D1)
Ozw = hq, on 0D,

is uniquely solvable for f € Ly(D;C), hy € C*(0D,C), hy € C(0D,C). Its solu-

tion is given by

1 d¢  (1—1|zP) ¢ dc
o) = 5= [t Omol) % + ST ED [
m ¢ 2mi (1— 2¢)2 ¢
02 T 3.)
* 27; /gl(z,é“)hl(@di— ;//GQ(Z,C)f(C)dﬁdn.
oD D

18



where

2

Lo -,

Gole,Q) = [0~ 2Plog| o

is the Green’s function for the biharmonic equation in a unit disc with (D1) boundary

condition and

S S
S 1-20 1-%

g1(Z,C) = al/Gl(Za <) L.

Next we prove the following theorem.

Theorem 3.1.2. Ifw(r, a) is the solution of the (D1) biharmonic problem, z = re'®,

f(re®) = Z fn(r)e™™, ho(e™) = Z ane™, and hy(e) = Z bne™®, then

n=—0oo n=—oo n=—oo

the Fourier coefficients w,(r) can be written as
Wi (1) = I30(r) + Lan(r) + Is (1) + U2 (1T) + 020 (1) + 72.0(7),

where

(3.2)

1 — ¢p2)@azapng if n>1,
( = (3.3)
0, if n<l,

19



where (x) Fgﬁ”&;@),
—byr™ (1 —1?),
ron(r) =
—b1<1 — TQ),
2(1 — r?
Io(r) - ) Jo ol
0,
Now we write 14, (r) = f}l + Ifrz + [S’gb + If)l where,
1 r
2r2 [ f.(p) 2 pdp,
1 7‘
LEJZ(T) = —2r2 fo falp p) 2 ndp,
0,
2 [} 102 .
2 T
I5() = 4 =2 [} fule) 2" dp,
0,
1 n
_%H fo fn +2I0dp7
C)
]4,n(T) - (n+1 fO fn pdp7
0,

fo(p)dp,

20

if n#0,
if n=0,

if n=0,
if n#0.

if n>0,
if n<0,

if n=0,

if n>0,
if n<O0,

if n=0,

if n>—1,
if n<—1,

if n=-—1,

(3.4)

(3.6)

(3.8)



(n— 1) fo fn(p)(rp)" pdp, if n>1,

Iin(r) = w25 o Falp “pdp, if n<1, (3.9)
0, if n=1
Now we write I5,(r) = éli + [éi)b + [5(372 + Iéﬂ where
—2r? [fo Tn(p)(2)"Edp + f falp )”ﬁdp} if n>0
() = § 2[5 fulp "ﬁdp+f Fulo) (&) 2dp) Fn<o (310
4r? [fo folp)plogrdp+ [ fo(p)plog pdp} , if n=0,
=2 [fo fulp) ()" 3d,0+f falp)(5)"p 3dp} if m>0
) = 2l fee)r 3dp+f L@ . i <o (31D)
1 [fo folp BlogrdPﬂL S Fo(p) p3 logpdp] : if n=0,
2 [ 0O+ [ 1 (0)E) D dp]if 0> -1
I5(r) = sy [fo Fa(p)(E) D p2dp + [ fulp )(”“)p"’dp] , if n<-1 (3.12)
—4r [fo ffl(p)p logrdp+ [ f-1(p)p logpdp} , if n=-—
[fofn )V p2dp+ [ falp (L)t de} if n>1
) = 3 25 [ Ao+ [ L) (O D pdp], if n<1 (313)
—r [fo hlp 210grdﬂ+fr filp p210gpdp} : if n=1,

Proof. From (3.1) we rewrite w(z) as

21



w(z) = ug(2) +va(2) + 12(2) + I3(2) + I4(2) + I5(z) where

We evaluate first,

I4(z2)

(o) = 5o [0 0mOF
oD

OB [,
va(z) = i 8{ (1_Z§)2h0(§)€,
nz) = 1D / (2, (),

Ko = LB //f ~ [¢P)dedn,

L) = —;//\c—zﬁogu—zc\f( )ded,
D

L) = = [[16=#P10gic - sl (dedn
D

= -2 [[c=2Progi - =2ls)dedn
D

_ —%/ (G2 + |2 = €2 — C2)log |1 — 2C|f(¢)dédn
D

1 2 3 4
= I+ 1P )+ 1P (2) + 1Y(2)

22

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



where

2r? —
V() = == [[log|1 — =C|f(¢)dedn,
“ff
196) = =2 [[ #logh - =Qls)dean
D
2 _
19z = 2 [] zClog |1 — 2(|f(¢)dedn,
Ly

2 _ _
1Y) = 2 [ 2Clog |1 — 2| f(¢)dedn.
3/

Let I Z Iﬁi e and o — § = 7. Then

n=—oo

- _;_Z 4/ £(0) jlog 11— zCle™™*dad&dn

27 —0

1 27
2
_.r / / F(p, 0)e= / log |1 — =Cle~"" pdrdfdp

0 —0

0
1

2r2/fn (r, p)pdp. (3.20)
0

23



where,

27 —0

1 o
Gin(r.p) = —— / log|1 — 2Cle" " dr

1 )™ ey i
— imT int J

T / (Z 2|m)| e 4

Zg m#F0
il 2m—0

1 m ,
= — Z (;‘p) ’ / ez(m—n)TdT

4 n#0 m o
=q¢ " ’ (3.21)

Substituting (3.21) in (3.20) we recover the Fourier coefficients of I ZEl)(z). Similarly
we obtain the Fourier coefficients of I\”(z). Let I\¥(z) = Z I f,)z(r)emo‘. Then,

2
1(3) / /Célog |1 . Z<-_|€—inadad§dn
1 1 27 T—0
) / / - / ¢zlog |1 — zlle™" pdrdfdp
—6
=2 / Falp) G (r, p)pdp. (3.22)

24



where f,,(p) is the Fourier coefficient of f and

27w —0

1 L
G =+ [ Celoglt— sglemar

(pr)ln+1ii+1 .
— e, it n#-—1
= [t (3.23)

0, if n=-1

The Fourier coefficients of If))(z) are given by (3.8). Let If)(z) = Z Ifz(r)ema.

Then, —
1 2m
I{)(r) = ;//f(é) /Zglog 11 — z|e""dad&dn
D 0
1 1 27 27 —0
= p//f(ﬂa f)e " / zClog |1 — 2Cle™™ pdrdfdp
0 0 )
1
=2 / Fu(p)G (s p)pdp, (3.24)

0

25



where f,,(p) is the Fourier coefficient of f and

27 —0

1 _ o
Ggﬁb(r p) = - / zClog |1 — z(le™""dr

1 |m|+ ,
— / Z z(m+1)T6—zan7_
T 2|m|

m##0
ml+1 27 —0
_ _l (p?”) / ez(m+l—n)7d7_
m 2\m
(pr)lnflw1 .
——— if n#1
= 1=l (3.25)
0, if n=1.

Substituting (3.25) in (3.24) we recover the Fourier coefficients of Ij(z). Now we

evaluate the singular integral I5(z) given by (3.19).

2
=20 [ [oglc — 2\rpden - 2 [ [ zcrosc — <15 agan
D D

+2 [[1cProgic — sl5(@dedn - 2 [ [ sCloglc ~ 2l frdcan (320
D D

=1V + 1P(2) + 1P (2) + I9(2), (3.27)

26



where

(1) . 27’2

10() = —; Z/ log ¢ — 2| f(¢)dedn, (3.28)
(2) _

16 = = 2/D/ 7 tog ¢ — =1 (C)dedn, (3.29)
(3) _ -

19() = _j Z/ Zlog ¢ — 2I¢ £(C)dedn, (3.30)
Wy _ =

16 = -2 Z/ 1og |¢ — 2ICf(C)dedn, (3.31)

Notice the singular integral associated with Iél)(z) is same as I)V(z) (see (2.15))

except a 72 term and hence the analysis is similar. Now we focus on IéQ)(z). Let
oo

2) z) = Z Iéii(r)ema. As in (2.5), [( )( ) is given by

n=—oo

120) = [[KPr©QurQdgan+ [ [ 16E1)Qutr)aan
% o
where @, (7, ¢) has been evaluated in Section.2. For n > 0 we have the following.

/ ¢ F(O)Qu(r, () dedn = / (¢ F(O)Qulr, C)dédn + / IC2F(C)@u(r, C)dedn

// crr@ ((8) mg)d&dn
[fino(() 2o

27



r 27

1 2 oy (P\" —ino
— 7Tn//p f(pe )(7”) e " pdbdp

0 0

1 27
1 ; T " —1in
[ [ #sen (—) e~ pdfdp.
™m P

r 0

2
ro2m

[ S st (2) e asa

0 om:_

2 ] e (o

m=—00
r 0

L@ 5 b o

0 m=—00

1 C = i(m—n)0
o i

m=—0oQ

1

_ _20/<§)n%3 dp—2/ (g)n%g - (p)dp. (3.32)

Similar calculation for n < 0 yields,

r 2w

é K F(Q)Qur Cdedn = — 0/ O/ F(pe) (£) " et dpus
1 2w

+ i //f(,oew) (f) efin9p3dpd9
™™ P
r 0

28



27
1 \" 5 — —
= r - i(m=n)0 104
— (p) p Z fn(p) / p
m=—o00 0
1 1 0 27
- B 3 m—n)6
[0 X [ emmrasa,
r - 0

Similarly, for n = 0 yields,

r 1

() =4 / p*logrfo(p)dp + 4 / p*log pfo(p)dp

0 T
From (3.32) (3.33) (3.34) we recover (3.11).
Let ] Z ]5n e™ where I 5(371(7") is similarly given by

n=—oo

19r) = / [ =@ e + / [ =@ Codean.

where

2
1 —ma
Qu(r,¢) = = zlog |¢ — z|dav.
™

0

29
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(3.35)



For r > p, we have

2w
1 . ‘ Im| 1
QL(r,¢) = = /emarem <logr — Z (g) _2\m|€“m> do

0 m#0
2m il
r . AN 1 ) _
_ i(n+1)a - i im(a—0)
== /e <logr Z <r> —2|m|e @ ) do
0 m7#0
2 1 | 27
r » p\Im 1T B
_ i(n+1)a . P imb i(m—n+1)a
= /e log rdo = Z (7’) —2|m|e /e da
0 m#0
r g>|n+1|e—i(n+1)0 ifn 7& -1
_ mn+1| (r ’ (3 36)
%rlogr it n=-1.
Similarly we obtain for r < p,
|n+1] )
+— (f> e nt1)0 if n#-1,
QLr.()=4 T (3.37)
—%Tlogp, it n=-1.
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Substituting (3.36), (3.37) in (3.35) we have for n > —1,

19(r) = / CHOQLr ) ded + / CHOQL(r ) dedy

Q0 Q
p (n+1) r —i(nt1)8
= - ——e " déd
J[ero ()" i g
Qo
(n+1)
t ; —i(n+1)6 ded
+ [ ((p) e édn
Q3
r 2w ( )
r i0 iy (PN img1ye
= - dfd
7r(n+1)//pe (pe )<r) c pavap
0 0
. 1 27 0 o (n+1) _—
i iy (T —i(nt
+—W(n+1)//pe f(pe )(p) € pdfdp
r 0
r 2w

o (n+1) .
Z zm@ 2 ( 206—2(n+1)0d9dp

o (n+1)
T zm0 2 7in0
t o [ [ X e () iy
0 M=

r P\ 2 : / i(m—n)0
_ F i(m=n)0 101
w(n+1) (r) P fmlp) | € P

0 m=—0c0 0

1 2

r r (n+1) 00 P
w(n+1)/(;) Y fm(p)O/e dfdp

m=—00

— o / (O)" L p(p)dp+ 2 / (g)(nﬂ)(p—2fn<p>dp. (3.38)

r n+1)

T

Similarly we evaluate for n < —1 and n = —1 and obtain (3.12).

31



Again let I () Z I §4n e where Iéi)l(r) is similarly given by

n=—oo

G0 = [[=creRe g+ [ [ =@k cdean
2 Ql

where,

2w

1 .
QP (r,¢) = —2/61nazlog\ﬁ—z|da.
T

0

For r > p we have,

21
1 Im| 1 .
(2) _ —ma z . B imT
Q.7 (r, Q) —7T2/e <logr E <7’> 2|m|6 )da

0 m#0
7 ml 1
r o JANKE . _
_ i(l-n)a . r im(a—0)
= /e (logr Z (r) _2|m\€ ) da
0 m##0
27 2
_r 1-n)a Il —zm@ i(m—n+1)a
= F/ u log rda — Z ( > 2|m| /e da
0 0
) Bl i 1, (3.39)
—2 rlogr, if n=1.
Similarly for r < p,
4 (r) In—1] —i(n—1)0 if 7§ 1
L e , ifn # —1,
QP(r )= T\ (3.40)

—2rlog p, if n=—1.
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For n > 1 we have,

_ (¢ PN T iy
= [[ero((8)" imgge e ) asan
o
; A R
() )
of
r 2w
, . (n-1) .
0 O
. 1 27 - (n—1)
A= / / pe f(pe”) <;) e "D pdfdp

oy [ [ 5w () o

0 0 m=—0o0

1

(n—1)
zm9 2 —inf
ey // > il <_) oy

0 m=—0Q

i [ 5 s [

m=—0oQ

+ n—l /1<£>n l)p Z fm(p /l(m”)ededp
:2T0/<§>n1 (n—1)

Similarly we evaluate for n < 1 and n = 1 and obtain (3.13).

T
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Let I3(z) = Z I3, (r)e™. Then,

2m
L)1) / 5 S fule / GOpdddp,  m=0
0 m=—0oQ
1
2(1 —r? /p p)dp
0
2(1 —r? dp, ifn=20
= 1o ol Fule)dp (3.42)
0, if n#0.

Thus we recover (3.5). Now for the boundary integrals us(2) is same as u;(z) and

r9(2) can be similarly evaluated. For v(2) we have,

(1 —[¢] - (Q)k 1 d¢
o - 2—/ ;szg

oD
i (2) pila—0)(k-+1)
> 0
0 k=0
o 2 0 2
(1-— .
r? o k k+1 e (k+1)a Z ay / ez(nfkfl)de
k=0 n=-—00 0
- 2) 7/ O{
(1= " et e g ). (3.43)
k=0

Thus we recover (3.3). We see that the above calculations are exact. So the errors in
actual implementation will arise from finite truncation of the the Fourier series and
approximate evaluation of the one dimensional integrals. This concludes the proof of
Theorem 3.1.2 and provides the mathematical foundation to solve the (D1) problem

by the first approach. O

The second approach to solve the (D1) problem is based on the decomposition
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of the problem into two Poisson problems and a corresponding homogeneous (D1)
biharmonic problem. (see[24]). The (D1) biharmonic problem can be decomposed
in the following way

W= Wi + Wy

where w; and wo satisfy

(0,0:)u = f in D (0,05)w1 =u in D
u =0 on 0D w; = hg on 0D
and
(8282)2(,02 = O, in D
wy =0, on 0D

85(4)2 = hl — Wiz, on 8D

The Poisson problems are solved as discussed in Section.2 and for the homogeneous
biharmonic problem we just need the boundary integral of the (D1) problem in The-

orem 3.1.2.
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4. THEORETICAL FOUNDATION: DIRICHLET-2 BIHARMONIC PROBLEM

In this section, we focus on the Dirichlet-2 (D2) biharmonic problem and develop

the mathematical foundation to obtain the fast algorithm for this problem. The

following theorem is taken from [7].

4.1 Mathematical Formulation Of Dirichlet-2 Biharmonic Problem

Theorem 4.1.1. The Dirichlet-2 problem for the biharmonic equation is given by

(8z62)2w :f> in D,
w = hg, on 0D, (D2)

0.0:w = ha, on OD.

is uniquely solvable for f € L1(D;C), hy € C(0D, C), hy € C(0D,C) and the solution

15 given by
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where

w@) = 5 [ 0E:OMOT.
oD

w@) = o [ HEOmOF
oD

GI(:) = == [ Gulz.Of©)dedn
D

Hal6) = (1= 1sP) | Zplog(1 = 20) + 3o lou(1 = ) +1]

’ log(1 — 2¢) , log(1 — ()
¢ |

Gi2(2,¢) = |¢—z["log 1<__

Here G15(z,() is the Green’s function for (D2) biharmonic problem and g1(z,() is

given in Section. 3.

Substituting the expression of H(z,() and Gi2(z, () in the expression of v3(2)

and G f(z) respectively we obtain the following expression.

1 ho(C) log(1 — 1 ho(O) log(1 — 2
w(2) = 51— o) [P = Ly oy [ Re(CoBC =62
oD 9D
1 d
+ o= |2 [ MO,
oD

GH(:) =2 [ I~ P log|t = 2l (C)dedn+ = [ 1~ 2 log]¢ — 2| ()
D D

-2 02ED fa 2= e

z

LEED - oy =2 e

z

3| =

)
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where

L) = =2 [ lo = s log |t~ 1 (C)dean
D
L) = 2 [ lc= sl ogc - alr(Cdedn,
D

I(e) = —20=ED / (1- |<|2>Mf<odfdn,

he) = —28ED oo =2 opaean

D

Our goal is to develop fast and accurate algorithms to solve the singular integrals ap-
pearing above in the expression of G f(z). This will lead to the desired fast algorithms

for solving (D2) biharmonic problem (see Thm. 4.1.1).

Theorem 4. 1 2. Ifw(r, «) is the solution of the (D2) biharmonic problem, z = re™®

Z fu(r)e™, ho(re™®) = Z ane™, and ho(e®) = Z cne'™
then the Fou;i;T coefficients w,(r) of w(r, ;45 can be written as -
W (1) = Iyn(r) + I5.0(r) + Lo n(r) + I7.0(1) + w20 (1) + v30(r),
where 1y,(1), Is (1) and us,(r) are same as in Theorem (3.1.2) and
204 (1 — p2) £ (p)dp, if n>0
167,@(7’) _ n+1) fD P ( ) (p> P = (42)
2(1 7‘2)7‘ (1 n) f d Zf n < O
[77n(7’) _ (1—-n) f[) p ) ( ) P, = (43)
0. if n> 0.
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e (rlnl+2 _pin] .
ST i #0

Vg (1) =
co(1—1?), if n=0.

Proof. We first compute Ig,(r) and I7,(r). We first evaluate the Fourier coefhi-

cients I, (1) of Ig(2).

Ioalr) = 5 / / F(¢ ¢)d¢dn, (4.4)

where
T Jog(l—=C
R0 = (02 = (1 (o) [ e Bl =2 g (45)
z
27 1 _
=2 =00 - [o) [t g,
0 %
27 00 ( _
—’Lna Z m
— (=)= o) [ ey -
0 m=1 m
* (m 1)
=1 -1 -|¢P) Z TC / —ilm=n=ba g
=1 0
27T(1*T2)(1*|C\2)(7”5)"7 if n>0,
= () - (4.6)
0, if n<O0.
Substituting (4.6) in (4.4) we recover (4.2).
(1 2) 1 2
—r4)r" (i,
Iﬁ,n(r)=—w(n Y / St Z fm(p / "% dfdp
0 m=-00 0
2=t (1) (] 2 d if n>0
_ [y = p°) fulp)dp, > (47)

0, if n<O.
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Similarly let,

Fralr) = 5 / [ 1.t c)dcan (4.9
where
2 1 1 B
5,01:6) = (12 = )1 = [¢P) [ Bl =g
0
2 | 1 B
_ (7“2 . 1)(1 . |C| )/e—ina Og( j Cz)da
(z
0
2 . B m
— (2= - ) [y -
m=1 m(
0
0 (m 1)
— (1)1 —|C]?) ng /elm”“da
=1 0
2r (P i <
= " (4.9)
0, if n>0.
Hence substituting (4.9) in (4.8) we recover (4.3).
(1 2) 1 21
—ro)r " ;
I P (1 n) z(m—n)@ded
0 m==oc 0
2(17‘—7"’" (1=n)(q (p)dp, if n<o.
Jor p*) fn(p)dp < (4.10)
0, if n>0.

The boundary integrals are computed in a similar fashion as earlier but we provide

the details for the sake of completeness. Let

v3(2) =

40

1 2 3
v (2) + o2 (2) + v (2),

(4.11)



where

$6) = -1 [ ha(¢) log(1 = 2¢) ;.

27 z|C|?
oD
h 1 —(z
W) = g [ =S
oD
d
) = - lP) [mO%F
oD

We now evaluate the integrals vél)(z), vz(f)(z), vé?’)(z) in terms of Fourier coefficients

of hy(e Z cpe™” in the the following way.
1 . . .
vél)(z) = %(1 — r2)/h2(ele)log(1 — re’(a’e))ewde
oD

r
— 1_ 10 'maH 29
2m r? Zn/h2 do
0

oo

— 27TZ 1 —’I" itl / Z Cmezme in(a—0) z@de

0 m=—0Q

x .n
— 27TZ 1—7” ;; ma Z Cm/ i(m— n+19d9

m=—00

n—1
T( )(T — ]') ei(nfl)acnil

M8

n

n=1

Tn(r2 B 1) ina

[M]¢

n

e n—+1
- Cn n n\ inao
= Zn+1(r+2—7")e .

I
o

n

41



U§3)(2> _ (1—T2)/h2<6i9)d6

Substituting these in (4.11) we find the Fourier coefficients of v3(z) = f: v (r)e™™
as e
en(rinl+2—pln .
w3 (r) = A0 (4.12)
co(1 —1?), if n=0.
Thus we obtain the proof for the Thm.4.1.2. O
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We note here that the (D2) biharmonic problem can be decomposed into two

Poisson problems.

(9285 u = in D
(0:0:)u=f (4.13)
u = hsy on 0D
\
(0.05)w =u in D
(4.14)
w = hy on 0D

Hence it can be solved using the fast Poisson solver discussed in Section. 2. We
first solve (4.13) for u and then (4.14) to obtain w. We implement both the methods

namely the direct and the double Poisson and compare our results in Section. 10.
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4.1.1 Validation Of The Method

We illustrate the direct method with an explicit example of the Dirichlet-2 (D2)
biharmonic problem. The main reason to do this is to give an explicit demonstration
of the operations if f is known explicitly and the ability of the algorithm to evaluate

the integrals analytically which is an advantage for this method. We consider

f(z) = 2Pz1

where p, ¢ are constants and k = p — ¢ € Z. The Fourier coefficients of f are given

by

rPta ifn==%k

0 if n#k

We notice the following.

I = 0, for n#£kj=1,2314
) = 0, for n#k,j=17234
Ign(r) = 0, for n#k,

I;n(r) = 0, for n#k.
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Now we compute the non zero Fourier coefficients for n = k.

For k > 0 the Fourier coefficients of I, () is

1
k
1) = 22 [ g,
0
2rk+2

= h +q+k+2)#£0.
k(p+q+k+2) when (p+¢ ) #

For k>0 and (p+q¢+k+2) =0, Ii},i (r) = co. The integral is unbounded as

f is not in L' and hence the condition for Thm.4.1.1 is not satisfied.

For k < 0,
: +q+1—k
prq+1—
I = —2* / it L
0
— o2k

= h —k+2)#0.

For k<0 and (p+q—k+2) =0, 14},2(7“) = 00. As before f is not in L' and

Thm.4.1.1 is not satisfied so the integral is unbounded.
For k=0, I{)(r)=0,
For k > 0,

1
k
190) = o [UE sy,
0

ork
= h +qg+k+14 0.

For k>0 and (p+q+k+4)=0, Ifk)(r) = 00. The reason for unboundedness

is same as above.
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For k < 0,

1

p+q+3 k
2
10 =~ /

0
7k

= h —k+4 :
k;(p+q—k;+4) when (p+qg—k+4)#0

For k<0 and (p+q—k+4)=0, If,z(r):ooasfisnotinl}l.
For k =0, 14(’2,2(7“)20.

For k£ > —1,
; ( )k+2
[ 3 rp +q+
0
27J<:+2

= _ h +q+k+4)£0.
(k+1D)(p+q+k+4) when  (p+g ) #

Fork>—-1 and (p+q+k+4) =0, [f,g('r):ooasfisnotinLl.

For k < —1,

1

p+q+1 k
[ 3
4(7/2(7”> = k/

E+1
0

fk

= (k:+1)(p+q—k:+2) when (p+q¢—k+2)#0.

Fork<—-1 and (p+q—k+2)=0, ]f,z(r):ooasfisnotinLl.

For k= -1, I{)(r)=0.
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o

1
k
rp
14(%12(7ﬁ> _ _2/ ( _)1pp+q+1dp
0

2rF
= G- Doiqr kD when (p+q+k+2)#0.

Fork>1 and (p+q¢+k+2)=0, If,z(r):ooasfisnotinl)l.

For k < 1,

1
- pp+q+3fk
1) = 2 [P,
0

2r2F
= T when (p+q—k-+4)#0.

For k<1 and (p+q—k+4)=0, ]fk)(r):ooasfisnotin[/l.
For k =1, If,z(r):().

For k>0 and (p+q¢—k+2)(p+q+k+2)#0

r 1 k
P\* P T\ p
L) = -7 / (;) o7 dp —1* / (;) 27 dp,
0

r 1
9 2—k 2 2+k
_ Tk /pp+tI+k+1dp _ rk /pp+q_k+1dp,
0 r
47,p+q+4 27”k+2

(p+q—k+2)p+q+k+2) k(p+qg+2—k)
For k>0 and (p+q—k+2)=0,

2 k2 logr

I3 (r) = :
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For k>0 and (p+q¢+k+2)=0, [é},g(r):ooasfisnotinLl.

Fork<0 and (p+q—k+2)(p+q+k+2)#0

T 1
k k
1oy = o [ (p) Lypradp+r? [ (L) L,
0

T

= + .
p+g—k+2)p+qg+k+2)  k(p+qg+2+k)

For k<0 and (p+q+k+2)=0,

2=k 9p2-k log r

1
Ifg,k); (T) = k2 - L

For k<0 and (p+¢—k+2)=0, Ié},z(r):ooasfisnotin[/l.
For k =0,

r 1

) = 47 / PP og rdp + dr? / P log pdp

0 r

—4r?
m |:1 — T,p-‘,—q-i—?] When (p + q + 2) # O

For k=0 and p+q¢+2=0, [5(71]2(7"):00.

For k>0 and (p+q¢—k+4)(p+q+k+4) #0,

T 1
k 3 r\* 3
1900 = <2 [ (2) Sorrap-z [ (1) Goran
0

r

r 1

2r—k ork _

- _ 2 /pp+q+k+3dp _ T /pp+q l<a+3dp7
0 T

4yprats 27k

(p+q—k+4d)(p+qg+k+4) klp+q+a—k)
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For k>0 and (p+¢—k+4)=0,

r*  2r¥logr

L) = —m

For k>0 and (p+q+k+4) =0, Iézlz(r) = 0o as f is not in L' and hence

Thm.4.1.1 is not satisfied.

Fork<0 and (p+q—k+4)(p+q+k+4)#0,

T 1
k3 E 3
r\" p P\F p
[EEQIE(T) = 2/(;) Epqup%—?/(;) Ep“qdp,
0

r

= + .
p+a—k+4(p+ag+k+4) kipp+qg+4i+k)
For k<0 and (p+q+k+4)=0,
—k —k
2 r 2r—"logr
Ié,lz(r) - 2 L '

For k<0 and (p+q—k+4)=0, ]é?,z(r):ooasfisnotinLl.
For k =0,

r 1
L) = 4 / P logrdp + 4 / PP N0g pdp
0 T

4
ETETE

rPtatt 1] when (p+q+4)#0.
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For k=0 and p+¢+4=0, [é?,z(r):ooasfisnotinLl.

Fork< -1 and (p+q—k+2)(p+q+k+4)#0,

T (k+1) 1
2r r 2r P\ (B+1)
i - / z +a+2, _/ r +a+2 g
st (7) CE N AV A ey (7)  orde
0

r

r 1

2rk+2 2r—k

_ pp—l-q—k—l-ldp . / pp+q+k+3dp,
k+1 / k+1

G 1) G 1)

.
opptata Q(Tp+q+4 _ r‘k)

C(k+D)(p+q—k+2) + (k+D)(p+q+4a+k)

Fork<—1 and (p+q+k+4) =0,

3) _ r=k o~k log r

CES AT

For k< -1 and (p+q—k+2)=0, Ié?,z(r):ooasfisnotinLl.

Fork>—-1 and (p+q—k+2)(p+q+k+4) #0,

T

1
2r py (k1) 2 r) Y
](3) _ / P +4+2 g / - +4+2 g
s (r) (k+1) (7)o Gin)\s) T

0 r
r 1
2r +q+h+3 2rk+? / -
= — dp + -+q k+1d ,
(k+1) /pp P (k+1) 4 P
0 T
Jyptats 2T(k+2)
= — + .
p+a+k+4)p+qg—k+2)  (k+1)(p+qg+2—k)

For k> -1 and (p+q—k+2)=0,

[(3)(7~) _ k2 _27“k+2logr
5k k+12  (k+1)
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For k> -1 and (p+q¢+k+4) =0, Ié?,g(r):ooasfisnotinLl.
For k = —1,

r 1

—47’/pp+q+2 logrdp+4'r’/pp+q+2 log pdp

0 r

o

it

—~
=

SN—
Il

4r
= GTdi3F [1—rP*7*3]  when (p+q+3)#0.

Fork=—-1 and p+q¢g+3=0, ]é?,z(r):ooasfisnotinLl.

Fork<1 and (p+q+k+2)(p+q—k+4)#0,

i (k=1) : _
2r T 2r o\ (F=1)
1S - / z tot2y, T / r +at2g4
5,6 (7) =AY PP dp 1) (T) PP Edp,
0

r

T 1
_ (k2rk1) / pp+q_k+3dp . (i’fa_:) / pp+q+k+1dp7
0

;
4rptatd or2=k

(p+q+k+2(p+q—Fk+4) (k-—Dp+q+2+k)

For k<1 and (p+q+k+2)=0,

r2=k 2r2~Flog r

Tskr) = CESERR Y

o1



For k<1 and (p+q—k+4)=0, [éfl,z('r):ooasfisnotinLl.

Fork>1, (p+q+k+2)p+q—k+4)#£0,

r 1
2r NG 2r r\ Y
100 = 25 [ (O e 2 [ () e
0

T

27,2714: k

r 1
2r
_ +a+k+L g +g—k+3 g
<k—1>/pp ’”(k—l)/”p P
0

/
gpprats 2k

Tt a kDt a—ktd) G- Dprgri—h)

Fork>1 and (p+q—k+4)=0,

B 2rk log r
(k=12 (k=1)

Fork>1 and (p+q¢+k+2)=0, Ié?‘,g(r):ooasfisnotinLl.
For k = —1,

r 1
15(2(7”) = —4r/pp+q+2 logrdp+4r/pp+q+2 log pdp

0
4r

m |:1_T.p+q+3] when (p—l—q+3)7§()

Fork=—-1 and p+q¢+3=0, 15(2(7“) = 00 as f is not in L'. So we have for

the nonzero Fourier coefficient of Is(z) and I7(z),

Iop(r) = 22) kD (1 — p2) fi(p)dp k>0
T2 T
- 1k+1)) fo kH /02)Pp+qdp

o 2(1—r2)rk 1 B 1 ]
- (k+1) pHq+k+2  ptgtk+4
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Hence,

2(1—r?)r* 1 1 .
(k+1) pratk+2  prqtk+4 | it p+q+k#-2 -4,

Isp(r) = 0, if k<o,

[7’]6(1”) — 2(1 r2)r~ fo (1—k) 1 _ )fk(p)dp k <0
= 2(1—1@ Jo PP = p?)pradp
2(1—r2)r—Fk 1 1
(1-Fk) [p+qfk+2 T ptq—k+4 kE <0.

Hence,

2(1—r?)r—k 1 1 )
(1-k) prq—k+2  prq—k+4|> if pP+q— k 7& _27 —4

Irg(r) = 0, if k>0,

00, it p+qgq—k=-2-4.

53



5. THEORETICAL FOUNDATION: DIRICHLET-NEUMANN BIHARMONIC
PROBLEMS

In this section, we explore the Neumann (D3) biharmonic problem given by the

following theorems [7],[8].
5.1 Mathematical Formulation Of Dirichlet-Neumann Biharmonic Problem

Theorem 5.1.1. The Dirichlet-Neumanni (D3) problem for the biharmonic equation
s given by
(0.0:)*w =, in D,
w = hg, on 0D, (D3)
d,w = hq, on 0D,

is uniquely solvable for f € Ly(D,C), hy € C*(0D;C), hi€ C'(dD;C) and the

solution s given by

w(z) = %/gl(z,g)ho(()% + (1;—715‘2)/92(%0%(0%
oD oD
‘(1;—75‘2)8 Z gl(z,()hl(g)% = é / Gz O f(Q)ded,
where
92(2,¢) = 1 1 1,
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and Go(z,() is the Green’s function for the biharmonic problem with (D3) boundary

condition given by

Galz,0) = I¢— = Iog | =
We write w(z) as
w(z) = ug(z) + hs(z) +r3(2z) + I3(2) + Lu(z) + I5(2) (5.1)
where
we) = D Lo onof (5:2)
oD
AP &
h(s) = S a{ (2 Ool€) G- 5.3
o A==P) dg
() = l ASLIGES (5.4

Notice that I3(z), I4(2), I5(z) are same as (3.17), (3.18), (3.19) as the Green’s function
associated is same as in the (D1) biharmonic problem and hence the associated

integrals are same. So, we focus on the boundary integrals here.

Theorem 5.1.2. [fw(r, a) is the solutzon of the (D3) biharmonic problem mentioned

in Thm. 5.1.1, 2 = re'®, Z fn(r)e™™, ho(re™) = Z an(r)e™,
and  hy(re™ Z ba(r)e™ | then the Fourier coefficients wy(r) of w(r, ) can be
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written as

W (1) = I30(r) + Lon(r) + Isn(r) + Uz n(r) + han(r) + ran(r),

where the boundary integrals are

%r‘"lan, ifn #0,
usn(r) = 1472 )
500, if n=0,
(1=r%) 2n .0 :
S s ifn >0,
han(r) = (IETQ)((ZE—;L’)LT*”CL”, ifn <0,
@ao, if n =0,
_ =)y n] ;
r(r) = 5 b1, ifn #0,
’ (1*T2)b : _
— "Dy, if n=0.

The Fourier coefficients I3 (), 14.,(1), Is n(r) have already been evaluated in Section. /.

Proof. Let w(z) = ug(z) + hs(z) + r3(2) + I3(2) + 14(z) + I5(2), where

we) = S [aeonoF (5:5)
oD

me) = S om0, (5:6)
oD

n = - foomoF 5.7

oD

I3(2), 14(2), Is(2) are same as in (3.17),(3.18),(3.19). Now we compute the above
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boundary integrals (5.5),(5.6), (5.7). Simple analysis for us(z) shows that

(1)(2) _ (1"—7“2)/ ho(eiﬁ) "

4 1 — reile=9)

2

S (1+7"2)/ 0y, n_in(a—0
_ Z ho(ez ),rnem(a )de
4m
n=0 0
27
> (1 2 0o ' '
_ Z ( i’r ) / Z amezmﬁrnezn(a—Q)dQ
s
n=0 0 M=—
2m
> (1 2 00
_ Z( 1‘7" )Tnema Z am/ez(m—n)ﬁde
s
n m=—00 0
= (1 +T2> n_ina
= Zan r'e
n=0 2
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D, = (1+7”2)/ ho(e”)

1 — reif-o)

2

1+ 72 , .
( +r ) /h()(ez@)rneznw—a)de

0
27

2
n=0
_ i (1 IW’TQ) / i ameimOTnein(G—a)de
n=0
2

g m=—00

2
(1+T2) n _—ino i / i(m+n)0
= r"e am [ € do
n=0 A m=—00 0
- 1+’I"2 n_—ino
= Yo L e,
2
n=0
9 2
1
ugg)(z) = —( Iﬂr)/h(ew)de
0
( 2) 2w o
1+7r imd
= / Z ame’™ do
0 mM=—o0
9 9 27
1 1 .
_ _( —|—’I") +r am/ezmﬁde
dm & 2
m== 0
(14
= B ag.
Hence,
(1+r%) |n :
Tr‘ lan, ifn #£0,
Uz () = ,
Mao if n=0.

2 Y
Similar is the analysis for rs,(r). For hs(z) we write,

ha(z) = hiY (2) + B (2) + b (2)
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where

My - A=1F) [ he(Q) dC
ha (2) = 4ri 8{ (1—20)2 ¢’
@) — (1= [P ho(€) %
hyt(z) = A 8{ (1—20)2 ¢’
@, - (A=) d¢
W) = 8}[ ha() G-

We first evaluate hél)(z), hi(f)(z) and hég)(z) to compute h3(2). Let z = re®,  ( = pe®

where 7, p # 0 and ho(e?) = Z ame™ and hs(z) = Z hs,(r)e™. Since

m=—0Q n=—oo

|r] <1 and p =1 on the boundary, we have

2w .
m,y _ A=z ho(e”)
hy'(z) = A (1 _Tei(a70)>2d9
0

(1—7) < (2)n
r
47 n

21

n/ho(eiG)ein(a—G)dQ
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4T (1 — rei0-—a))2
0
=) <@, [
— 1= 2)n n 0\ jin(a—0)
= . ZO o r /ho(e )e db
n= 0
o 2 (o.)
1
_ Z%/ Z ameszTnem(O—a)de
n=0 g Mm=—00
(1) & = 7
1—r 2
. n_n_—ina i(m+k)6
— e ZO o r'e Z am/e do
n= m=—0oQ 0
(1—7“2) S (2 n_n_—ina
9 21
1 —
WO = L) / ho(e™)do
47
0
( 2) 2 0
1—r imb
= / Z ame™ db
g m=—00
_ -
9 agp.
So,
_(1—;2)%7“”%7 ifn >0,
han(r) = (1—71”2)((23_—57,—71%’ ifn <0,
2= g, if n=0.
Hence we obtain the proof for Thm.5.1.2 O

The second approach for solving the Dirichlet-Neumann1(D3) problem is same

as in (D1) and for the sake of completeness we provide here the decomposition.

W= Wi + Wy
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where w; and wo satisfy

¢

(azai)u = f> in D
u =0, on 0D
(0,05)w1 = u, in D
wy = hg, on 0D

(8285)2(4]2 = O, n D
wy =0, on 0D
Oyws = hy — O,wr, on 0D

As discussed earlier we solve the Poisson problems with our Poisson solver and for
the homogeneous biharmonic problem we just need the boundary integrals from the
first approach. We now consider Dirichlet-Neumann2((D4)) biharmonic problem and

we obtain the following theorem from ([7],[3]).

Theorem 5.1.3. The Dirichlet-Neumann2 (D4) problem for the biharmonic equa-
tion given by
(0.0:)°w = f in D,
w = hy on 0D, (D4)
O,w,z = ho on 0D,

is uniquely solvable for f € Li(D,C) hg, he€ (0D;C) if and only ifﬂ%i Jon hg(C)% =
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fD f(¢)dédn and the solution obtained directly using the Green’s function is given by

k-1 ac 1 B ac
wlz) =k(2 WQ%£M£mmc+mlbﬂxmmc
-~ [[ Gtz oran (511)
where
Gis(2,¢) = —[¢ — z[*log [¢ — 2
2 (1-20) =, (1=2¢) _
— (1 =1z (4+ < log(1 — 2¢) + 7 log(l—zC))
(C B Z)<1 — ZC) log(l . ZC)
_C=AU=20) e - 50, (5.12)

In order to construct the algorithm we evaluate the following integrals to obtain

the solution of the (D4) problem.

W) = o [ Oh©)F- (5.13)
oD
VE) = 1 [ Guls OmO T (5.14)
oD
12) = =3 [ Gulz. O ()dean. (515

We notice here u?(2) is similar to (5.2). So we evaluate V(z) and I(z). We write

V(z) = VW) + V) + VO () + VID(2)
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v = —%m/m—z|2log|<—z|2h2<o%,
oD
_ 2 — 2 — —Z
Vo) = _%/Gb{—(lz—;obg(l—zo—k—(l ZCZC) log(l—ZC)) hg(g)d—g,
oD
v = o [ g a0m0 2
oD
v =~ (S0 g0 om0
oD

Also we write 1(2) = 1M (2) + I (2) + I®)(2) + 1D (2) + I®)(2) + 19)(2)

where,

19G) = = [lc= e loglc - 2l 7(<)dedn
D

0 = 21—l / £(O)dedn,

1) = LB TR iy -2 p(qydsan
1o = BEEB TR0 0 fydedn
00 = — [CZ20 00 0 sagan,

10 = & [EZD020 0020 p(¢azan

D
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5.1.1 Fvaluation Of The Integrals

Now we evaluate each of the boundary integral V() (z) for i = 1,2,3,4. We note

the following.

_ _ _ Inl
11— 2(*log|1 — 2(| = —(1 — 2( — 2 +7? (Ziﬂﬂ >

Now,
VO = - / ¢ = P logl¢ - 2Pha(O)
- ——/|1—zc|2log|1—z<|h2< gk
1 Eqiir. dg
= o [ )(Z ST )hz(g)?
oD n#0
Let VM (z2) = Vl(l)(z) +VQ(1)(Z) +V},(1)(z) and hy(e?) = i cne™ . Now we evaluate

the boundary integrals V;(l)(z) fori=1,2,3.

1 @+ !ZC\"‘ dg
We) = S [ e

oD "#0

(1 + 7,2) r\n\ in(o— 7
B 2mi Z 2|n| ™MDy () df
n#0

2

(1 + TQ) T‘n‘ zna z(m n)o
- T Z 2|n| Z Cm dv

m=—0oQ
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Hence,

2 .
%—gr”cn, ifn >0,

1 2 .
V1(,n)(7") =93 —E=re,, if n <0,
0, if n=20.

|n|

oD "F
5 nl F
= N [ ety ()6l g
27 2|n|
n#0 0

27
_ In 0o
z r : ;
- _ = ino z(m+17n)9d6
o1 £~ 2[n|° 2. Cm/e
TL#O m=—0o0 0
In|
> r no
= _ZZ 2|n|€ Crn-1
n#0
Hence
n+2
D) ifn>—1
1 —n
V() =9 gitse.  fn< -1
0, if n=-1

27
_ _Z ri 720 o (69) e 4
2w 2|n|
n#0 0

2
z rint > (m—1—n)8
- _ elna § Cm elm=1-n)8 19
27 2|n|
TL#O m=—0o0 0
B rinl
= —zg —e%c,_1.
2[n|
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n

—ﬁcn, ifn>1,
Vid) =9 e, ifn<l,
0, if n=1.

We now evaluate V® (z). We write V®(z) = V% (2) + Vi (2) + Vi? (2) and evaluate
each of Vi(Q)(z),i =1,2,3.

v ) = EE=D / ha(0) 2

g ¢
oD
9 1 2
_ =D / ha (™) df
T
0
szdQ
m#0 |
=2(r* — 1)cy. (5.16)
22 —1 - -
e = B -2 0s0 - 0
oD
T
S - (¢
g aD( 0D~ ka0
1 9 o 2 9 1 o 27
—r 2" . . . re — 2" . .
— ( o ) E/e—znehz(eze)ewde_’_( e )Zg/e—anhQ(ezﬁ)d‘g
n=1 0 n=1 0
2
_ 1—7’ - Z_ i c /ei(erln)Hde
4z —~n |\ —~ "

+(7a4—;1>§: f: / i(m— n)@da
0

n=1 m=—o00
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Hence,

@co, ifn=0,
Vi (r) = b e, ifn>1, (5.17)
0, if n<O0.
21 [(1—-z
e = = B [ s om0
D
21 1—2 = ()"
e (Z—(Zi) h2<<>d<)
oD n=1

(1—1r2 e
T dmiz nz /< *ha(Q)d¢
(r2—1) [ & e
dmiz Z /C tha(Q)d¢

2m
1 — 2 X z\n—1 o0 '
_ r ) Z (Z Z cm/ez(m+n—1)0d9
n=1 m=—00 0
(r2—1)z" > Y
- o zm n) d6
* At n Z ¢
m=—o00 0
Hence,
(1— ’V‘)CO’ ifn:O,
2 —r)r— " .
VE%(,n)(T) = %Cn, if n < —17 (518)
0, if n> 0.
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Combining (5.16), (5.17), (5.18) we have,

(r? — 1)co, ifn =0,
Vn(2)(T) = %cna lf n S _17 (519)
(r2—1)rm .
S O if n>1.
We now evaluate V = fBD z) J1-20) log(1— zg)hg(C)% We write V) (2) =

Vl(?’)(z) + ‘/2(3)(2) + ‘/3(3)(2) and evaluate each of the integral Vi(?’)(z),i =1,2,3.
V) = = [ Tow(1 = Cha(O)iC
! Amiz
oD

1 o 2" n
" Ariz ;E/C ha(C)d
- oD

Z Cm/ei(m—n+1)9d9

1 e Zn—l
== _1. .2
5 n Cn—1 (5 0)
n=1

Vi) =5 / Clog(1 — C2)ha(Q)d
JRRN n
N 271'2; n /C h

[e.e] o0

1 Z; Z Cm/ z(mfn)ﬁde

m=—00

z"
= —Qchn' (5.21)
n=1
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) o)
27
— 1 S 2 . i(m—n—1)0 0
L5 S [ty
n=1 m=—o00 0
1 2"t
=3 Cni1 (5.22)
n=1
Combining (5.20), (5.21), (5.22) we obtain
(
%Co, ifn =0,
—3prey, if n=1,
VO =4 (5.23)
2(7:+1)Cn - %Cn + —2(5_1)071, if n>2.
\ 0, if n <0.
We now evaluate, V) = faD Z)(l 20 Jog(1— zC)hQ(C)%. We write VW (2) =

v )(z) + v (z) + V3(4)(z) and evaluate each of K (z),z =1,2,3.
@) L [= .
Viv(z) = _F ¢“log(1 — z()ha(C)d¢

47mzZ /Cn 2h

2
1 OOZ oo
Wl X

Cm/ei(m+n1)0d8
m=—o00 0

z
252 n Cl—n- (524)
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1
V@) = 5 [ Clog(t = 20a(O)iC
i
oD
R
27?22 n /C ()¢
=1 oD
00 2w
1 Z"
= —— i i(m+n)o
27?21 n Z ¢ /e db
n= m=—00 0
1 = 2"
n=1
Z
Vi(z) = —— [ log(1 = 2()ha(C)dC
i
oD
z zZ"
=— — "hy(C)d
4%@2_: n /< 2(C)d¢
n= oD
< st X
= i : cm/e‘(er"H)ed@
4 n
n= m=—o0o 0
1 o= 20D
=5 (5.26)
n=1
Combining (5.24), (5.25), (5.26) we obtain,
%Cna lfn = 07
§7‘Cn, lf n = —]_7
V) =< ) (5.27)
ﬁcn - TTCn - mcn, if n < -2
0, if n>0.

Now we develop the integral I(z) here. The idea is same as the Dirichlet problem,
but we prove it here for the sake of clarity and completeness. Here the singular

integral I;(z) is the same as in (3.19) and we skip the details.
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So we start with the formulation of I®)(z2). Now,

I1?(2) = ﬂﬂ%) (5.28)

™

where

1) = [ af(Q)azan

The Fourier coeficients of I () (%) are given by

2w

~ 1 .
IP(r) = 5= [ F(O) | 4e”™dadédn
[r0

27 27—0

1
_ 1 —ind —inT
= 27T//f(p,(?)e /46 drpdBdp
0 0
=2 / Falp)GE(r, p)pdp. (5.29)
0

where
2m—0

~ 1 )
G7(12) (r, 10) f— 2_ / 4677,an7_

4, ifn =0,
= (5.30)
0, if n #0.

Substituting (5.30) in (5.29) and using (5.28) we obtain,

1) = 8(1—12) [y fulp)pdp, — ifn =0, (5.31)

0, if n#0.
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Let

1— |22 -

I1®(z2) = I®(2) (5.32)

where

109; (1 = 2C) f(¢)d&dn.

o=

The Fourier coefficients of 1®)(z) are given by

19() = %/f /

0

log (1 — 20)e " daddn

1 27 27 —0 _
= i//f p,0)e~ "0 / —Zolog(l—zc_)e*deTdedp
2m k18
0 0 —0
1
27r/fn (r, p)pdp. (5.33)
0
where
27—0 ] _
_ 1 _ .
G (r, p) = p / ( z{zo log(1 — z{)e™"""dr
-0
T 9(1 20 & ()"
1 -z (z
- 7Zan
27r mz; m T
00 27r70 27r79
1

/ z@ e dr +—Z / Cer

L 2
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27—0 27 —0

1 o m—1 ) 1 o0 m )
= —— Z (o)™ / em==UTdr 4 —displaystyle Z (ro)" / e m=mT gr
2m m

2 m
m=1 Zo m=1 e
(rp)” T
_(lf—n)’ ifn =0,
=q if n>1, (5.34)
0, if n<O0.

Substituting (5.34) in (5.33) and using (5.32) we obtain,

2(r% —1) folfn )pdp, ifn =0,
LI(r) = § 2=n L f (p)dp,  if > 1, (5.35)
0, ifn < 0.
Let
1—|2|? -
I9(z) = W|Z| 1D (2) (5.36)
where

/ L2 1051 — ¢2)f(¢)dedn.
D

The Fourier coefficients of 1) (z) are given by

190) = o / 7 / U220 1og(1 — 2¢)edadedy

1 27 2m—0
— _//f fznO / ( ZC C) lOg(l . ZC) fmadoédgdn
—or / Fup)Gian(r, p, 6)pip (5.37)



where

27 —0
e 1 1 - EC > —inT
G%)(T, p,0) = o / ( 7 ) log(1 — z()e dr
-0
-2 &
1 1—2z Z
- _ —de
o | T e
) m=
L& T (E)m SNES
z 1 zom oo
— —’LTLTd . —INT
o / T+ o Z / - e ""dr
m=1 Zo m=1 o
27w —6 2w —0
1 ) (Tp)m_l 4(_ B +1) 1 o] (Tp)m o
- N i(—m—n Td - i(—m—n)T
2 m / ¢ T 2m Z m / ‘ dr
m=1 ) m=1 0
—%, ifn <0,
=4 if n<—1, (5.38)
0, if n>0.

Substituting (5.38) in (5.37) and using (5.36) we obtain,

2(r2 —1) fol fn(p)pdp, ifn =0,
1) = ¢ 2=rpen [Lplnf (p)dp, i < 1, (5.30)
0, ifn > 0.

We write 16)(2) = I”(2) + I$? (2) where,

106) = - [ = s0)tog(t - 20 f(C)dean.
196) = — [(1=20)log(1 - 20 (C)déen.
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Now we evaluate [ élrz(r)

27 27—0

1
19(r) = — / / f(p, B / C(1 = 20) log(1 — 20)e"drpdbdp
0 0

—0

—Q/fn 2 (r,p)pdp,

(5.40)

ifn =0,

it n>1,

where
e - 20 log(1 — 20)
1 — 2() log(l — = ,
GO ()= L / —inr g
1,n(r7 p) 27T = e T
—0
27—0
T 2
= e
o 1 1 27 —0
1 m m
= P r /G(mnl)TdT—f—i
27 m 27
m= -0
—p* ifn =0,
_ rn n+2 .
- n(7p1+1)’ if n>1,
0, if n <O.
Substituting (5.41) in (5.40) we obtain,
-2 f; folp)p*dp,
5
INr) = 222 [ o3 £ (0)d,
0,
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1 27 2w —6
1 —in| -~ -\, —inT
_755,1( ) = —ﬁ//f(p, )e~"0 / (1 —2¢)log(1 — zQ)e """ drpdfdp
00 ~0
1
= -2 / Fa(p)GE(r, p)pdp,
0
where
27 —0
) _ 1 - S inr
Gan(rp) =5 (1 —20)log(1 — 2C)e™""dr
’ T
~0
1 0 27 —0 _
i / (1-— zg)( S e T dr
m=t_g
1 00 ( ) 27—0 ) o ( ) 1 27 —0
- rp " i(m—n)T - rp " i(m+1—n)T
L B o / dr
m=1 o m=1 0
—pr, ifn=1,
_ (rp)™ .
= n(;_l), if n>2,
0, if n<1.
Substituting (5.44) in (5.43) we obtain,
2r [y fulp)p?dp, ifn =1,
5 rn .
) =3 — 20 [ f()dp, i n> 2,
0, ifn <1.
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We now write I6(z) = I\” + 1% where,

1

1(2) = — [ C(1=¢2)log(1 — ¢2)f(¢)ddn.
1(2) = tos(t - carfydgan.

D

Now we focus onto the Fourier coeflicients.

1 or 27—0 _
_ %/ £, e)efmo / g(l —(2)log(1 — (2)e” ™ drpdfdp
00 —0

/ (r, p)pdp, (5.46)
0

where

2m—6 _
1
Gk = 5= [ 00— cao8(1 — caper
T z
“o
oo 27— 5 ( C)
1 )"
1 S1_¢3 —int g
2m — / Z( ) m !
m= 0
. - " ) 2m—6 1 00 +2 am b
= M —imAn=—170. 4 = pr —i(mtn)7 g
2w Z m / ' 2m Z mn / e '
— 2 m=1 —0
_p2’ ifn = O,
=q o ifn< -l (47
0, if n>0.
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Substituting (5.47) in (5.46) we obtain,

—2 fol Fo(p)pidp, ifn =0,
I =S 2.0 L 5 fulp)dp, i n < 1, (5.48)
0, ifn > 0.
27 —0

»\4
>\|,_A
o\

/ f(p,0)e™? / C(1 —¢2)log(1 — Cze™™drpdfdp

0 _

=2 [ fulp (r, p)pdp, (5.49)
/

where

27—0

G = 5= [ (L= 20)log(1 — 20 ar

1 o (zQ)™ _ 1 <« (2™
— Zan . ’LTLTd
M e N
m=1 m=1
ey 0
2r—0 2r—
1 - (T’p) —i(m+n)T 1 - (Tp)m—H (m+n+1)7
=5 Z / - e dr + 7 Z - e dr
=1 7y =1 7y
—rp, ifn=-—1,
= Ll ifn< -2 (5.50)
0, if n>-—1
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Substituting (5.50) in (5.49) we obtain,

2r fol f—l(p>p2dp7 iftn =0,
Ln(r) = 2t [y P falp)dp, i< =2, (5.51)
0, ifn > —1.

The second approach to solve this system is the method of decomposition into two

Poisson problems as follows

(azai)u =/ n D,
(5.52)
o,u = ho, on 0D,
(0,0:)w = u, in D,
(5.53)

w = hy, on 0D.

The solution is obtained by solving the Poisson problem with Dirichlet boundary con-
dition and then with Neumann boundary condition. The evaluation of the integrals

lead us to the Fourier coefficients w,,(r) of the solution w(z).
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6. RECURSIVE RELATIONS

In this section, we present the recursive relations necessary to build the fast al-
gorithm see ([12],[15], [16]). First we obtain the recursive relations for the singular

integral (2.3). From Section.2 we recall the epression for v, (r).

4 [7 plogr fo(p)dp +4 [ plog pfo(p)dp, ifn =0,
un(r) =9 =2 [ (2)" 2 fu(p)dp — 2fr1 (%)n 2 f(p)dp, if n >0,
2y (2)" £haloddp+2 [} (&) £ fulp)ip. it n < 0.

Now we define the following.

Note that p{)(0) = 0, p§2(1) =0, s2(0) =0, s')(1)=0. We sce that v,(r)

can be written as
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(logrt") (r) + 1)), ifn =0,

va(r) =9 (hr) + i (1), if n >0,
(s2(r) + 55 (1)), it n < 0.

Now for r; > r;, n =0, we define

Ag) = 4 / pfo(p)dp,

Ti

Ty

Byy = 4 / plog pfo(p)dp.

T
For r; > r;, n # 0, we define
T

. R n p
Al)] — 2 - ~ d
=2 [ () Lito

Ti

where,
T ifn >0,
R =
T if n <0,
i.j PN\" P
By =2 <_> —Jn d )
where

T ifn >0,

T if n<O.
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Algebraic computation with r; < r; < r; shows that,

sy = (2) phe) - By, n>o, (6.5)
o) = (2) Bl - AW, n>o, (6.6)
sg )(ri) = (:—l)n sfn(n) + AbE n <0, (6.7)
sgi(n) = (T—J>n s%n(rj) + BbI n <0, (6.8)
)= ) + AY, n=0, (6.9)
t%(ri) = tg%(rj) + Bé’j, n = 0. (6.10)

6.1 Recursive Relations For Biharmonic Problem

Now we build the recursive relation for the Fourier coefficients of the singular

integral I5(z) in Section.3. We recall that I5,,(r) = Iélr)b(r) —|—[EE727)L(7“) +[5(3)(r) +[§2(7").

v

We see that Iélz(r) is same as v, (r). So we first compute Iéiz(r) Now

4 [ p*logrfolp)dp +4 [ p*log pfolp )dp, ifn =0,
I =9 =2 f7 (&) £fulp)dp—2 [ < ) p)dp,  if n >0,
27 (p) 2f.(p)dp+2 [* (2)" 2f.(p)dp, it n<0.
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We define the following.

(2) - 9 /_) p_ p)d
p0) / 2" ),
(2) — 9 r p_ p)d
p2,n<r) p) TL IO7

w

=S

S —

—~

=

N—

Il

ro |

TS

T —
<= —
\_/
:l’0

Q.

RS

0
1
AN
55?7)1(7“) = 2/(;) g p)dp,

t30) = 4 / p*logr fo(p)dp,
0
1

tio(r) = 4 / p’log pfo(p)dp

Note that p(2) (0) =0, péz,)l(l) =0, 3527)1(0) =0, 3527)1(1) = 0. So we have,

(logrt)(r) + 120 (r)),  ifn=0
2 =1 @20) + p2r)) if n >0,

(sin(r) + 550 (r)), if n <0,
Now for r; > r;, n =0 we define

T

Ay = 4 [ pilo)de. (6.11)

Ty

T

By = 4 / plog pfo(p)dp. (6.12)

Ty
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For r; > r;,

where,

For r; > 1,

where

n # 0 we define

. R npg
A = 2 [ (2} Erup)dp.

T ifn >0,

T if n<O.
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Algebraic computation with 7, < r; < r; shows that

p(r) = BYy  n>0, (6.15)

)
i) = (2) Pt - A, n>0, (6.16)
)

st = (5) st + Al n<o, (6.17)
séQ,)L(n) = <:—Z>n sé?nrj) + B:ﬂQ n <0, (6.18)
Holr) = ti0(n) + A n=0, (6.19)
1) = t(r;) + B n=0. (6.20)

We similarly build the recursive relation for IéST)L(r) and Iéfg(r). Now I, égz(r) is given

by
n+1 [f() fn n+1 2dp+f fn )("+1)p2d,0,} ifn > —1,
Iégr)z(r) = — D [fo Fa(p) ()P0 02dp + [T fo(p)(2) D) 2al,o} ifn < —1,
—2r [fo f-1(p)p? logrdp+ I fo1(p)p? logpdp,} ifn=—1.
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Now we define the following.

2
(3) _ (;0)(”“) P
= 2/ (£ L(p)dp,
pl,n(r> / r (7’L+1)f (p) P
0
1
(n+1) 2
(3) r P
— 92/ (L (p)dp,
0 = 2 [ (2) sl
T (n+1) 2
(3) r p
= -9 - (),
0
Py 2
(3) p n+1 p
= -2 <_> n )
00 = =2 [ ()" s
® = —4 [ p d
t,21(r) p*logrf_1(p)dp,
0
1
6,00 = 4 [ pogpta(o)dp
Note that pi%,(0) = 0, p5(1) =0, s(0)=0, s(1)=0
rlogrty(r) + t2,(r)),  ifn = -1,
) =3 re) ) + o5, if 0> 1,
r(sP(r) + s5o (1)), if n < —1.
Now for r; > r;,n = —1 we define
A, = 4 / p*f-1(p)dp,
Tj
BY¥5 = 4/p210gpf_1(p)dp
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For r; > r;, n # —1 we define

Ty

ij R
Ay = 2/ (‘
P

) (n+1)

where
T
R =
T
PN
i PN
2 f ()
3 / R
where
rR={ "
i

W= (2)" 68
W= (2)" s + A
S@L(ri): <%>(n+1)

D)= ()" s,
) = )+
() = 5 (r)
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fa(p)dp,

(6.23)

(6.24)

(6.25)
(6.26)
(6.27)
(6.28)
(6.29)

(6.30)



[éflg(r) is given by

[forfn( (n— 1),02dp+f fulp )" 1 de} ifn>1,
Ba(r) = 4 225 [0 GO do+ [ o) (B0 Ddp| i< 1,

—4r [fg fi(p) /)2 logrdp + [! f1(p)p2 log pdp] : ifn=1.

We define the following.

Note that p(4) (0) =0, pgﬂ(l) =0, 554) (0) =0, 554%(1) = 0. So we have for

r(log th‘,)l(r) + t(i?t(r)), ifn =1,
3alr) = rin(r) +p5(r), if n> 1,
r(sih (r) + 550 (), if n < 1.

88



Now for 7; > r;, n = 1 we define

G = 4 [ Piode (6.31)
Bl = 4 [ ilossfiloip (6.32)
For r; > r;,n # 1 we define
- ¥ R\ ™Y 0
A = 2 — w(p)dp, 6.33
where,
i ifn>1,
R =
r; if n <1,
Also define,
Bia= 2/ (2)"" Lo (6.34)
n,d — R (n_l)np P .
where,
R T ifn>1,
; if n <1,
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Algebraic computation with 7, < r; < r; shows that

A= (2)" ) + BLL
)= (2)" B0) + AL
st (r;) = <%><nl> s\ (ry) — AL,
ey = ()" s - B,
Bl = HR0n) + AT,
ta(r) = 640 + By,

90

(6.35)
(6.36)
(6.37)
(6.33)
(6.39)

(6.40)



7. FAST ALGORITHM AND QUADRATURE METHODS

In this section we discuss about the quadrature methods used to compute Afl’;jk
and B;jk We use Trapezoidal, Simpson, and Euler-Maclaurin formula to compute
the integrals. Here we provide some important theorems from [39],[27],[37] for the

Euler-Maclaurin expansion.
7.1 Quadrature Methods

Let xy =a+1h, 1 =0,1,.M, h= bﬁ“ and M a positive integer. We state the

following theorems from [39].

Theorem 7.1.1. If a function f(x) is 2n times differentiable on [a,b] then

/f )+ Z By, [F®Y(a) — fEV(B)]A* + Ronlf; (a,b)],

where

b _
Ronlf; (a,b)] = B2 / Bon|(x QL/h} Ban

a

O (z)dx.

B, are the Bernoulli numbers and B, (z) are periodic Bernoullian function of order

v and Z f(z;) is the summation with the first and the last terms multiplied with %
i=0
If f(x) is infinitely differentiable on [a,b] then

b K

/ f(z)dz = Z ;) +ZBQ” @E=D(g) — fED®B)AY as h—0

2v!

a
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Theorem 7.1.2. If a function f(x) is 2n times differentiable on [a,b] and F(x) =
(x —a)’f(z),s > —1, then

b

K n—1 2n—1
/F(:C)d:(; B Z Z BQV Fv-1) h21/ Z C —s—V) V() st
— ,02n
i=1 v=1

a

where ((t) is the Riemann zeta function for Re(t) > 1 and py, = O(h**) as h — 0.

If f(x) is infinitely differentiable on [a,b] then, as h — 0

K o oo
/F(:L’)dx = Z Z Fv=1) h21’ Z (= f(l/ (a) s+l
v=0 !

i=0 v=1

Theorem 7.1.3. If a function f(x) is 2n times differentiable on [a,b] and F(x) =
(x —a)®log(x —a)f(x),s > —1 then

b K n—1 B
/ F(z)dx =hY _ F(z;) — 201 ()R

i=1 v=1 (21/)'
2n—1 / f(l/)(a) .
= D (=5 = v) + (=5 —v)log hJ=——h""*"1 4 py,
v=0 ’

C(t)

where ('(t) = dT and pa, = O(h*) as h — 0.
If f(x) is infinitely differentiable on [a,b] then

K 0o
F(.T)dﬂf: Z Z 2v 21/ 1) )hQV
=0

v=1

S

> (¥)(a)
—EZ%ceﬂ—m+r<s—un%mfy e
v=0 ’



In our implementation to compute A;jk and B;Jk, we used two point quadrature
ie, K =1 for each ¢ = 1,2...M and the first order derivative of the integrands of
A;k and B;]k are computed for v = 1, to incorporate the correction term as given
in the theorems. These theorems provide a very high order accuracy for computing
A;k and B;L]k

7.2 Fast Algorithm

Now with the tools ready, we can build the fast, high order accurate algorithm
for solving the Poisson and biharmonic problems. We discretize the unit disk using
M x N equidistant points, M in the radial direction and N in the angular direction
as in Fig. 7.1. To obtain a numerical method for evaluating the domain integral, the

interior of the disk is divided into a collection of annular regions. Let 0 =17 < ry <
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7.2.1 Fast Algorithm For Poisson Problems

We consider the Poisson problem (P1) defined in Section. 2.

Initialization: Choose M and N. Define K = %

2mik 27mik

Inputs: M, N, v(e~ ), f(me'~ ), le[l,M], k=1...Nandn € [-K+1, K]

Step 1. Compute the Fourier coefficients ~,(r;), fu.(r;) using FFT for all n €
K +1,K], l[1,M].

Step 2. Compute u,(r;) to obtain u(z) forn € [-K + 1, K], [ € [1, M]

Step 3. Compute Aﬁgffl,Aé’ffl, Bi;ffrl, Bé’ffrl fori e [I,M —1], ne |[-K + 1, K]
using (6.3), (6.4),(6.1), (6.2)

Step 4. Compute ple(m), p&%(n) for n € [1,K], and 5(1?1(7’1)’ SST)L(TZ) for n €
(K +1,-1], t{5(r), tsa(r) and I € [1, M] using (6.5), (6.6), (6.7), (6.8), (6.9),

(6.10).

Set py,(0) =0

P = (22) pih ) - B

pS () = <L> o (rign) — AT
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end

Set 59) (0)=0

n

forn=—-K....... -1
for l=2...M
sthr) = (75) st ri) — AL
end
end

si(r) = (22) st (i) + BLY

end
end
forl=2....M
1 ogr 1 -1,
thio(r) = (Qggn_ll) tho(riy) — Ay
end

end
K
TE 2mink
Step 5. Finally compute w(rle¥) = Z (v(r) + 4up(r)) e v .
n=—K+1

Similar is the sequential algorithm for the Poisson equation with the Neumann
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boundary condition.
7.2.2  Fast Algorithms For Biharmonic Problems

We present here the fast algorithm to solve the (D1) biharmonic problem in the
direct method (fast direct method). Let 0 =r; <ry < ....rpy = 1.

Initialization: Choose M and N. Define K = %

27mik 2mik

Inputs: M, N,ho(e™~ ), hi(e™~

2mik

), fme™~ ), L e [1,M], k=1...N and n €

[-K + 1, K].
Step 1. Compute the Fourier coefficients a,,, b,, f, using FFT for all n € [-K +
1, K].

Step 2. Compute ug (1), vVan(r), T2n(r), Isn(r), L@(m) to obtain I3(2), I4(z),

us(2), va(z), ra(z) using (3.2), (3.3), (3.4), (3.5), (3.6), (3.7), (3.8), (3.9) re-
spectively for n € [-K + 1, K],l € [1,M],k =1,2,3,4

Step 3. Compute Af;f,jl, B;LZICH forie[l,M —-1],ne [-K+1,K],k=1,2,3,4 using
(6.3), (6.4), (6.1), (6.2), (6.13), (6.14), (6.11), (6.12), (6.23), (6.24), (6.21),
(6.22) (6.33), (6.34), (6.31), (6.32)

Step 4. Compute p{)(r1), p§)(r), t7)(r), 5}, (1) for n € [0, K] and s{), (), 55} (r))
forn e [-K+1,-1], j =1,2,3,4 and | € [1, M] using (6.5), (6.6), (6.7), (6.8),
(6.9), (6.10), (6.15), (6.16),(6.17),(6.18), (6.19), (6.20), (6.25), (6.26), (6.27), (6.28),
(6.29), (6.30),

(6.35), (6.36), (6.37), (6.38), (6.39), (6.40) with the following recursive relation.

Now for j = 1,2 we have,
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Set p),(0) = 0

forn=1........ K
for | =2...M
) = (%) sl = B
end
end

for =M —-1...1

P = (75) Pl — A

end

end

Set 3%(0) =0

st = (575) atnon) = 45
end

end
Set s (1) =0
2,n

for (=M —-1....1
i = (52) st + B

Tl

end
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end

for [ =2...M

j 1 j -1,
t0(r1) = pBI 1) (r_y) — Af

end

for =M —-1....1

t50 () = t9y(rign) + BESH

end

For j = 3,4 we have,

Set pi”)(0) =0

for n=0....... K
for l=2...M
p(n) = (”r_ll>(n+1)P1 o (ri1) + By
end
end

for =M —-1....1
(n+1)
P = (Z25) " B ) + A
end
end

Set sf) (0)=0

n
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for [l =2...M
(nt1) B
st = ()7 s — ALy
end
end

end
end
for [ =2...M
3 log T 3 -1,
t§711(rl) = log%”l,lltg,)fl(rl*1> - A71,3
end

for =M —-1....1
3 3 1l
tg,)—l(rl) = té,)—l(rl-f—l) — B—l-i,—?}

end

Set pi,(0) = 0

n

for [ =2...M
, (n—1) _
pir) = (%2) piren) + B

end
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end

Set pgf)(l) =0

n

(n—1)
péﬂ(ﬁ) = <L> pgil'r)z(rl‘f'l) + Af;f;fl

Ti+1

for | =2...M
(4) r (n=1) 1-1,1
s = (25) 7 st — A
end
end

for [ =2...M
4 logr 4 l—l,l
t%,f(?‘z) = bggTiltg,ll(Tl—l) - A1,4

end
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for =M —-1....1

Step 5. Finally compute
K

wre ¥ ) = 3" (ua(r) +va(r) + ra(ry) + Is(r) + Lu(ry) + Is(ry)) ¥ using in-
n=—K+1
verse FFT for k € [1, N],l € [1, M].

Similar is the algorithm for the direct method of (D3) biharmonic problem. Now we
consider the algorithm for the (D2) biharmonic problem.

Let 0 =11 <rq < ... Ty =

Initialization: Choose M and N. Define K = Z.

27mik 27mik 27mik

Inputs: M, N, ho(e’~ ), hy(e’~m ), f(me™~ ), I € [1,M], k = 1....N and

ne[-K+1,K], i=1,23,4.

Step 1. Compute the Fourier coefficient a,,, b,, f, using FFT foralln € [-K+1, K.

Step 2. Compute ug (1), v3,(77), Igﬁi(rl), I n(r1), I7n(r), toobtain Iy(2), Is(z), I7(2),

ug(z), vs(z) using (3.2), (4.12), (3.6), (3.7), (3.8), (3.9), (4.2), (4.3) respec-
tively forn € [-K + 1, K], l € [1,M], k=1,2,3,4

Step 3. Compute A5, Bi fori € [1,M — 1], n € [-K +1,K], k=1,2,34

using (6.3), (6.4), (6.1), (6.2), (6.13), (6.14), (6.11), (6.12), (6.23), (6.24),
(6.21), (6.22) (6.33), (6.34), (6.31), (6.32)
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Table 7.1: The complexity at each step for the Poisson equation.

Step Operation Count

1 The M discrete Fourier transforms of N data sets con-
tribute O(MN log V).

2 Computation of A;Zfl and B;’ffrl, i € [1,M — 1] con-
tribute O(MN).

3 Computation of pﬁ)l, pé}%, SST)L, sg}%, tf()), t(z%g contribute
O(MN).

4 Computation of w(re~ ), k € [1,N] by FFT con-
tribute O(MN log N) for M x N grid points.

Step 4. Compute py)(r)), pi)(r) for n € [LK] and si)(r), si)(r) for n €
[—K +1,—1], 4(r), t)o(r1),j =1,2,3,4and | € [1, M] as in (6.5), (6.6), (6.7),
(6.8), (6.9), (6.10), (6.15), (6.16), (6.17), (6.18), (6.19), (6.20), (6.25), (6.26),
(6.27), (6.28),

(6.29), (6.30), (6.35), (6.36), (6.37) (6.38), (6.39), (6.40) with the recursive re-
lation as in the algorithm with (D1) biharmonic problem.

27mik

Step 5. Finally compute w(re™~ ) using inverse FFT.

The algorithm is similar for (D4) biharmonic problem. Note here for double Poisson

method we apply the algorithm for Poisson solver twice.
7.2.8  Algorithmic Complexity

The computational complexity of the fast algorithm for the Poisson equation
and the biharmonic problems in a unit disc in the complex plane has been presented
here. The asymptotic operation count and the asymptotic storage has been discussed

here and are shown in Tables. 7.1, 7.2.  We consider first the algorithm for (D1)
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Table 7.2: The complexity at each step for the (D1) biharmonic problem .

Step Operation Count

1 The M discrete Fourier transforms of N data sets con-
tribute O(MN log V).

2 Computation of I3, I4n, Usy, Vo, T2, contribute
O(MN).

3 Computation of A;ZH and Bf;t’ffl, i € [1,M — 1] con-
tribute O(MN).

4 Computation of each pﬂ, pg?)l, 35{,)1, 55{;, t%, tg{()) con-

tribute O(MN). .
5 Computation of w(re~ ), k € [1,N] by FFT con-
tributes O(MN log N) for M x N grid points.

biharmonic problem to analyse the complexity. The asymptotic operation count for

the (D2) biharmonic problem is similar and has same operation count as (D3) and

(D4) biharmonic problems discussed in Section. 3, Section. 4.

Remark 1. N must be a power of 2 for use of FFT. This algorithm is highly par-
allelizable and the estimates can be improved effectively if it is implemented on a

parallel machine.
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8. BIHARMONIC PROBLEMS IN ANNULAR DOMAIN

In this section, we consider (D2) and (D4) biharmonic problem in an annular disk

Q={zeR?: R <|z| <R} and 02 = {2z € R* : Ry = |2]| or

employ the double Poisson method here.

2| = Ry}. We

8.1 Biharmonic Problem In The Concentric Annular Domain

In an annular domain, we decompose the biharmonic problem

(8282)2(*} = f7
W =0,
(0.0:)w = 7,

into two Poisson problems.

azaiwp = f7

w” =,

0,0:w = wt,

W =0,

in €,
on OS2, (8.1)
on Of).
in €,

(8.2)
on O0f).
in €,

(8.3)
on 0f).

We use the free space Green’s function for the Laplace equation to solve the decom-

posed system here.
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Let w?(r,0) = u?(r,0) + v (r,0) where vF'(r,0) and u”(r,0) satisfy

0.0:u” = f in Q (8.4)
and
azazvp :0; n
vP =y —uf(0), on ON.
Also let

and a,, and b,, be the Fourier coefficients of hy(#) and hy(6) respectively. A particular

solution of (8.4) for z € Q and ¢ = £ + in can be expressed as
o) = [ [ 106G agan (85
D
where

1
G(2,¢) = 5= Tog|z = (],

is the free space Green’s function for the Laplacian. We first solve for w? and then
employing the same technique we solve for w. The particular solution for uf(z) is
given by

u"(2) = = [ [1oglc = 2| fc)dgan. (5.6
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This singular integral is same as the one (2.3) and is given by

2| i Jalp) (&) 2dp + [T Fu(p)(E)"2dp|,ifn >0,
ur(r) = 3 2[fn f)E) Lo+ [ (0)(O)dp] . ifn <0,

4 [f . fo(p)plogrdp + [ fo(p)plog pdp] , ifn = 0.

The solution of v¥'(z) can be found in any standard text book of applied math

(see([23],[19])) but we mention here for the sake of completeness.

Theorem 8.1.1. If hy, and hs, are the Fourier coefficient of hy(0) and hy(0) at

the boundary then the Fourier coefficient vl (r) of v¥(r,0)is given by

g log(r) + Bo, ifn =20,
Liry=4 )+ / (8.7)
a4+ Bur”, ifn # 0.
where,
. h1,0 - h2,0 B hz,o log Ry — h1,o log R,
Qo = RN Bo = R
log (R—;> log (R—;>
and
o = BB2)" (o (By)" — hun(R2)") 5, — (M (R1)" — han(R2)")
n <R1)2n _ <R2)2n ’ n (Rl)Qn _ <R2)2n
Proof. The Fourier series representation of v¥’(2) is given by vf (r, 0) = Z vf (n,r)e™

n=—oo

and the Fourier coefficient satisfies the differential equation

d*>vf  1dv?  n?
-
dr? r dr r2 "
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with boundary conditions given by
vP(r=Ry) = hy, and 08 (r = Ry) = ha,

The solution of the FEuler differential equation is given by

ag log(r) + B, ifn =0,

Q"+ B, ifn # 0.

and using the boundary conditions the above system is solved to obtain,

hio — ha2o
vy — Moo (8.8)
log(f)
hoolog Ry — higlog R
5 2,0 log Ity Rll,O Ry (8.9)
log(7t)
n n(h n_h n
o — (B (Ro)" (han(R)" = han(F2)") (8.10)

(Ry)? — (Rp)* 7

_ (haa(B1)" = han(R2)")
Bn = R = (R (8.11)

Hence we obtain w’. Similarly using the technique above we obtain w with this
decomposition

w(r,0) = ufl(r,0) + v (r,0) where v (r,0) and u”(r,0) satisfy

.0.u’ = f, in Q (8.12)

and

(8.13)
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Next we consider the (D4) biharmonic problem on an annular disk €2 given by € =
{zeR?: R <|z| < Ry} and 90 = {2z € R? : |z] = Ry or |[z| = Ry}. The (D4)
problem given by
(8285)210 =1, in €,
w =hy, on 0Q, (8.14)

dwz =g, on Of2.

with k= %m f 80 wzg% and satisfying the condition

1 i
& [90%F = [ 1dgan
o0 Q

can be decomposed into two Poisson problems

826511)]\7 = f, in Q,

(8.15)
d,wVN =g, on Of.
0,0:w =wh, in Q,
(8.16)
w = hy, on 0f}.
Let w™(r,0) = u™(r,0) + v (r,0) where v™¥(r,0) and u"(r,0) satisfy
0.0:u™N =f in Q (8.17)

and
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We note that

9 N
_- R)) = —gu(Ry) = —g'V,
aT’w ( 1) g ( 1) 9n
9 N
—wN(Ry) = go(R1) =g,
87’w ( 2) g ( 1) [
Now u" is same as u” and solved similarly using the free space Green’s function.

The solution of v"V is easily obtained from any standard text book of applied math

and is given by the following theorem.

Theorem 8.1.2. If vY(r) and gl (r), g>(r) are the Fourier coefficient of v™(z) and
g(0) in the annular disc and at the boundary respectively then the Fourier coefficients

vN(r) of vN(r,0) for n =0 and n # 0 are respectively given by

—Rylogr (9§ + dyud (Ry)) + K,
W= ()" ()" mdma) ()" Al )
(ﬂyn\i(ﬁ)ln\ T\ 75 o\ 7 :
Ry Ro Ry

In
Ry

Proof. The Fourier series representation of v (z) is given by
oo

v (r,0) = Z v (n,r)e™

n=—oo
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and the Fourier coefficients satisfy the differential equation

2. N N 2
d=v,, ldvn_n_vNZO
dr? r dr r2 "

with boundary conditions given by
BN (r = Ry) = gt — 0,u (Ry) and 0,0 (r = Ry) = {2 — 0,u (R,)
The solution of the Fuler differential equation is given by

OO 10g(7’) + Do, ifn = O,
() =
Cor=™ + D,r™, ifn # 0.

Applying the boundary condition we get the above formulation of v (r). m

NH + UNH

Similarly taking w = u we solve for u™ and vV to obtain w.

8.1.1 Fast Algorithm

For a grid with M x N equidistant points, M in the radial and /N in the circular

(I=1)(R2—R1) 0

direction and r, = R; + -1 On

= 2] = 1..M we find w” for the (D2)
biharmonic problem first.
Initialization: Choose M and N. Define K = %

2nik 2mik

Inputs: f(rie™~), wle~), le[l,M], k=1...N andn € [-K + 1, K]

Step 1. Compute A% Af)’ffrl

n,l

B, Byt forie [1,M — 1], n€[-K +1,K]

) n,l1

using (6.3), (6.4),(6.1), (6.2).

Step 2. Compute pf}l(m), pgr)l(rl) for n € [1,K] and 387)1(7”5), sggl(m) for n €
(K +1,-1], #%5(r), t59(r) and I € [1, M] using (6.5), (6.6), (6.7), (6.8), (6.9),

(6.10) by setting in the following way:
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Set py(0) =0

forn=1........ K
for l=2...M
pihm) = (22) P ) — B
end
end

for =M —-1...1

P () = (725 pia(rian) — AL

T
end
end
Set 351,{(0) =0
forn=—-K.. -1
for l=2...M
st = (325) st — A
end
end
Set sy (1) =0

forl=M-—-1...1
ssn(r) = <”T—+l1) s () + B

end
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end

for [ =2...M
1 ogr, -1,
tg 3)(”) = (l(}g%‘lil) tg ())(Tl—l) - Ao,l1
end

Step 3. Compute,

PO ) +p0r)  ifn >0,

w, (1) = 587)1(77) + 3%}7)1(77) ifn <0,
{00y + 1) ifn=o0.

Step 4. Compute the Fourier coefficient hy ,,(r;), ha,(r;) using FFT.
Step 5. Compute ag, o, o, B, using (8.8), (8.9), (8.10), (8.11)

Step 6. Compute the Fourier coefficient v2'(r;), | = 1..M.
K
Step 7. Compute w? (r,e %) = Z (vl (r) + ul (r)) e N
n=—K
We repeat the same algorithm to obtain w from uf and v#. The algorithm is similar

for (D4) biharmonic problem with changes in step 6 to compute v’ (r).
8.1.2  Algebraic Complexity

Each FFT of length N contributes N log N operations. There are 3M FFT’s of
length N. The computation of A" and B2, i € [1, M — 1] in step 1,2 and step

n,1 n,l >

3,4, 5,6 require computation of O(MAN'). Hence the asymptotic operation count is
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O(MN log ) for M x N grid points. Numerical results will be added in Section.10.
8.2 Biharmonic Equation In An Eccentric Annular Domain

We now give an outline to solve (D2) and (D4) biharmonic problems in an ec-
centric annular domain. We here take advantage of the algorithm for the concentric
annular domain. This is obtained with the help of a conformal mapping which maps
the eccentric annular domain €2, into the concentric annular domain 2. The confor-
mal mapping ¢ = T(z) = % maps the circles 9Q} : |z| =1 and 9Q3 : |z —a| =7

to 0N 1 |¢| = Ry and 99Q? : |¢| = R, respectively. R; is given by the smallest root

Ri(R1—a)

TR - 1t can be verified

of the equation ag®*+ (r* —a? —1)g+a =0 and R, =

that 0 < a < Ry < a+1r < 1if a+r < 1. The biharmonic problem

(8262)2(*‘} = fa in Qla
w = 7, on 08,

wyz = 72, on 0.

decomposed into two Poisson problems

0.0;w” = f, in Qq, 0.0:w = wr, in €,
(8.19)
wf =, on 0€). w =T(v), on 0€2.
is
0.0:w? =T(r,0)f, in Q, 0.0sw T(r,0)w?, in Q,
w? =, on OS2 w =T(v), on 02,
(8.20)
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. Similarly

under the conformal map 7. Here T'(r,0) is given by T'(r,0) = ‘m?(%g—_—lw

we treat the case of the (D3) biharmonic problem in an eccentric annular disk €2;.
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9. STEADY, INCOMPRESSIBLE NAVIER-STOKES EQUATIONS IN
TWO-DIMENSIONS

In this section, we discuss the application of the fast biharmonic algorithms
developed in this thesis. We consider here flows within a circular cylinder (see (
[33],[26],]29],[24])). We study the steady state two-dimensional viscous motion within
a circular cylinder. Here we use our existing fast algorithm for the biharmonic prob-
lems and provide an algorithm to solve the steady, viscous, incompressible flow within
a circular cylinder. The practical application of these type of problems arise in re-
circulation of fluids in cavities and in confined ventilation. The governing equation

associated with the steady, viscous, incompressible flow is given by

(u-Vju = —-Vp+V- (R 'Vu) (9.1)

V-u = 0 (9.2)

where p is the pressure, R is the Reynolds number, and u is the velocity vector of
the fluid motion. We consider flow in two dimensions with polar coordinates (r, ).
The velocity vector is given by u, = %%, Uy = —% which satisfy the equation of
continuity and ) is the stream function. The vorticity for the planar flow is defined

as ¢ =V xu :g0/% where ¢ is given by
1 1
¢ = =0.(rug) — —0y(u,) (9.3)
r r
Substituting the values of u, and 1w in (9.3) we get,

p = —Ay (9.4)
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Taking curl of both sides and simplifying we get the following vorticity equation (9.1)

we obtain,

= —A
u- Vo 7 © (9.5)
Substituting (9.4) in (9.5) we obtain,
A% = —RJ[,AY], (9.6)

where J is the Jacobian given by J[¢, Av] = (9,099 At — 0, Apdg)). If R — 0, then
(9.6) becomes the homogeneous biharmonic equation. Steady, incompressible,viscous
flow in a unit disc of the complex plane can be modeled using the following boundary

value biharmonic problem (see([33],[26],[29])).

(az82)2¢ = _%J[w>w22] n r<l

Y = f1(0) on r=1 (9.7)
g—f = —f2(0) on r=1.

This is precisely the (D3) biharmonic boundary value problem. We use the fast

algorithm to solve the above problem (9.7).
9.1 Numerical Formulation

In this section, we develop an iteration scheme to solve (9.7). We use here the

solution of the (D3) biharmonic problem on a unit disc (see ([33], [24])).
9.1.1 Stokes Flow

We first consider the slow creeping flow in a disk when R — 0. So, the above

boundary value problem reduces to the homogeneous biharmonic problem associated
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with (D3) problem in Section. 5. It’s solution is given by

o= D [ Gono% + D [ ono®
oD oD
CA=ED [ one
- algx OROT:

The solution is obtained by computing the boundary integrals ug(z), h3(z),r3(z) as
n (5.2), (5.3), (5.4). This solution later will serve as the initial guess for solving the

problem in the iterative method.
9.1.2 Flow At Steady State With Low Reynolds Number

Now we seek the solution for flows with nonzero Reynolds number. We concen-
trate here on flows with low Reynolds number. We follow an iteration method here.

We start with an initial guess 19 obtained from the solution of Stokes flow satisfying

© _p

2ZzZ T

and then at each (k4 1)th stage we solve

) = LWy o<y,
P = f1(6), on r=1,
(k+1)
811}81“ = —f5(0), on 7 =1.

The solution is obtained, using the fast algorithm for the (D3) biharmonic problem.
The vorticity ¢ is obtained through ¢ = —A). We continue the iteration until the
% < tol is met. The Jacobian is obtained using the

central difference formula on mesh points inside the disk and backward difference,

convergence criterion

forward difference for points on the boundary.

117



9.2 Fast Algorithm

We present here a fast algorithm to obtain the stream function for a steady,
slow,viscous, incompressible flow. Let 0 =11 < 1y < ....rpyy = 1.

Initialization: Choose M and N. Define K = %

2mik

Inputs: M, N, fi(e™~

2mik

), fo(e ™ ),k =1...N and n € [-K + 1, K].

Step 1. Compute the Fourier coefficients fi ,,, fa, using FFT for alln € [-K 41, K].
Step 2. Compute us,, (1), han(r1), 73.,(17) to obtain ¥ (z).

Step 3. Compute %J[z/)(’”, L’;)] and obtain it’s FFT. Here the superscript ‘k‘ refers

to the level of iteration after the suitable initial choice (?)(z) is obtained.

Step 4. Compute the stream function ¥*)(2) using the algorithm in section (7.2.2)

k+1 k
till W < tol is met.

9.3 Algorithmic Complexity

We consider the computational complexity of the above algorithm. In step 1
there are 2M FFT’s and in step 4 of the algorithm for each new fixed iterate ¥+
the asymptotic operation count is O(MANlog ) for M x N points, with M be-
ing the grid point in radial direction and N in the circumferential direction. All
other computations in steps 2,3 and 4 are of lower order. So the overall computa-
tional complexity for the algorithm is O(MN log ). Also the above algorithms are
parallelizable on multi processor machines (see ([12],[11])) But with this iteration
procedure, there arises a serious convergence problem for higher Reynolds number.

This method converges only for problem with Reynolds number less than 4.
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9.4 Flow At Steady State With Moderate Reynolds Number

The previous iteration method fails for Reynolds number > 4. Therefore we
modify our iteration method for Reynolds number > 4. We precisely use a relaxation
factor as in the Gauss-Siedel SOR method (see [33]). We start with our initial guess as
before to obtain ) (z) and use the fast algorithm to compute the iterate p*+1(z).
For convergence we use two relaxation factors v and (3 for fields ¢ and 1. To update
the values of ¢ and 1 we use

(k)

(k+1) . O[SO*(kH—l) + (1 _ Oé)gO l

n,l n,l

k k k
I = gy w1 - )l

The starred quantity denotes the value obtained at each iterative step. The relaxation
factor helps in convergence and suitable choices for a and [ are taken to be 0.3, 0.5.
The convergence is continued until convergence criterion is met. We have applied

the algorithm on several numerical problems given in Section. 10.
9.5 Elasticity

We consider here elastic displacements that occur in planes parallel to the (z,y)
plane and the displacement components are independent of z. If u, and u, are the
components of displacement and o0,, 0, and 7,, are respectively the components of

stress, the governing equations of elasticity with equilibrium condition and stress
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strain relations (see([25]))are given by

0oy OTyy

Ox dy 0
OTey 0oy 0
Ox oy
— o2t
Oy = ( + /jJ) 81’ + )
ov

Oy = ()\ + 2“’)_ + )‘_a

dy

w = H oy Ox )’

ov
Ay
ou
ox

(9.8)
(9.9)
(9.10)
(9.11)

(9.12)

Here A and p are the Lamé coefficients. In our case, we consider the elastic re-

gion to be the unit disc D. We first find the state of elastic equilibrium when the

displacements on the boundary 0D are given:

Uy = fl(t), Uy = fg(t) for t e 0D.

Also, if external forces are applied to the boundary 0D and their components denoted

by X and Y, it is seen that

oxr 0Oy
(__08’ _83) (= Tuy,02) =X
ox Oy
(_ 887 aS) : (vaTx,y) = Y
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where s is the arc length and % denotes the tangential derivative. We set the

following

PwW
OPW

o = o (9.14)
0*W

= — ) q

Ty 920y (9.15)

The function W (z,y) is called the Airy function. Substituting (9.13)-(9.15) in (9.10)-

(9.12) yields the biharmonic equation:
A*W = 0.

We also obtain here the following boundary condition:

o (oW o [(OW
&(a—y)—X’ &(%)—‘Y

where

oW oW
i - ]
” /de, . /Yds

We consider here the complex plane and these equations together can be written in

the unit disc D in the complex plane as

(8265)2‘/‘/ = 0, in D7
8(‘9_2/ = 70, on aDu
W =0, on 0D.
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10. NUMERICAL IMPLEMENTATION OF THE ALGORITHMS

In this section, the numerical results are presented and discussed. The error in the
numerical computation arises from the evaluation of the one dimensional integrals in
the algorithm and the truncation of the Fourier series. The numerical implementa-
tions were done in MATLAB and computation were performed using double precision
arithmetics. We provide here the numerical results for both the methods, namely
the double Poisson and the direct methods for the different biharmonic boundary

value problems. CPU time is also presented for the computations.
10.1 Numerical Results

Ezample 1. We consider the (D2) biharmonic problem

f(z) = 12z+il12z
h() = z+1iz

hey = 6z+1i6z.

The Trapezoidal and Euler-Maclaurin formulas are used for numerical integration in
the radial direction and 64 Fourier coefficients are used to represent the functions.
Tables 10.1 and 10.2 show the relative error for this problem for different values of
M and fixed N = 64. In the double Poisson method, a second order convergence
using Trapezoidal rule and a fourth order convergence using Euler-Maclaurin rule are
observed in the Tables. 10.1 and 10.2. CPU time is also shown in the tables. The
Trapezoidal rule for the direct and double Poisson method gives quadratic conver-
gence. The error plot of f(z) = 12z + 12iz using Euler-Maclaurin rule for M = 256

in double Poisson method is shown in Fig. 10.1 and the plot showing the order of

122



Figure 10.1: The graph depicts the absolute error for (D2) problem with f = 12z +
112z, N = 64, M = 513 for the direct and the double Poisson methods respectively
using the Euler-Maclaurin formula. As the table suggests, the plots reflect the bounds
for error in D at N = 64, M = 513. This is a color plot on screen.

accuracy in the || - || norm is shown in Fig. 10.2. We observe that the double
Poisson method scores better in terms of accuracy and time here. The numerical
and analytical plots of the real and imaginary parts of the solution are depicted for

M = 256, N = 32 in Fig. 10.3, Fig. 10.4.

Ezample 2. We consider the homogeneous (D2) biharmonic problem given by

fz) =0
hy = 1
hy = 1

We employ the two algorithms for the (D2) problem using Euler-Maclaurin rule

and Trapezoidal rule and we observe the relative errors for different values of M
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Table 10.1: Relative error for f(z) = 12z + 12iz using Euler-Maclaurin formula.

Direct Method Double Poisson Method

M || i ||OO order | Ty, || ) ||OO order | Tyoup
16 | 2.8 x 1072 0 0.5 | 3.7x107* 0 0.25
32 [1.1x102] 1.4 056 1.7x107° | 4.39 | 0.30
64 [32x103] 1.7 064 1.1x10°% | 3.95 | 0.39
128 [ 87x107*] 1.8 [ 083 ] 6.6 x10"% | 4.05 | 0.57
256 | 23x10°% ] 1.9 [1.25| 42x107% | 3.97 | 0.92
512 [ 5.8 x107° | 1.7 [2.07]26x10719| 4.01 | 1.60

Table 10.2: Relative error for f(z) = 12z + 12iz using Trapezoidal rule.

Direct Method Double Poisson Method

M [l loo order | Ty, | |loo order | Tyoup
17 | 1.2x 1071 0 025 | 2.7 x 1072 0 0.16
33 [32x102] 19 | 032 [ 71x107% | 1.9 | 0.20
65 |82x103] 1.9 | 055 [ 1.8x10™% | 1.9 | 0.26
120 [ 21 x1073 | 1.9 | 140 | 45x107* | 2.0 | 041
256 | 5.2x107% | 20 | 408 [1.14x10°*] 19 | 0.71
513 [ 1.3x107* ] 2.0 [16.57 | 28 x107° | 2.1 14
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= O(h4)

—e—0(h?)
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— numerical plots for O(h2
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10°%° : —
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Figure 10.2: The order of accuracy using Euler-Maclaurin formula is plotted here
for the direct and the double Poisson method for f = 12z + i12z. O(h?) for direct
method and O(h*) convergence for double Poisson method in || - ||o, norm are noted
as the mesh is refined. This is a color plot in screen.

and fixed N = 64 in Tables. 10.3 and 10.4. The direct method gives us a highly
accurate and faster solution than the double Poisson method. The low accuracy in
double Poisson method is due to the logarithmic singularity involved and we obtain a
quadratic convergence using Euler-Maclaurin formula. First order convergence using
Trapezoidal rule in double Poisson method is observed. We notice, even with M as
small as 16 a highly accurate solution is obtained in the case of direct method. The
order of accuracy in the || - || norm is shown in Fig. 10.5 and the error plot using

Euler-Maclaurin rule is shown in Fig. 10.6.
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(a) imaginary part of the analytical solution (b) imaginary part of the numerical solution

Figure 10.3: The graph depicts the analytical and numerical plot of the imaginary
part of the solution for f = 12z + 122, N = 64, M = 256 in the double Poisson
method. This is a color plot on screen.

Table 10.3: Relative error for f(z) = 0 using Euler-Maclaurin formula.

Direct Method Double Poisson Method
M H : Hoo Tair H : Hoo order | Tyoup
16 | 7.22x10°151037[72x103] 0 0.18
32 [ 722x107 1039 14x1073] 24 | 0.21
64 | 7.22x10°" 043 [32x107%| 21 | 0.35
128 | 722 x 107 [ 051 | 72x107° | 24 | 0.55
256 | 7.22 x 1071 | 0.66 | 1.7x 107" | 2.1 | 0.88
512 | 722 x 107 [ 090 | 5.7 x107% | 1.6 | 1.42
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(a) real part of the analytical solution (b) real part of the numerical solution

Figure 10.4: The graph depicts the analytical and numerical plot of the real part of
the solution for f = 12z + 12z, N = 64, M = 256 in the double Poisson method.
This is a color plot on screen.

Table 10.4: Relative error for f(z) = 0 using Trapezoidal rule.

Direct Method Double Poisson Method
M H : Hoo Tair H : Hoo order | Tyoup
17 [1.98x 107 [ 0.15 | 1.9 x 101 0 0.14
33 [1.92x107°]0.20]95%x1072] 1.0 | 0.17
65 | 1.96x107[0.30]47x1072| 1.0 | 0.23
129 [ 1.94 x 107 [ 067 | 23 x 1072 | 1.0 | 0.37
256 | 1.92x 1071 | 224 [ 1.1 x 1072 | 1.1 | 0.66
513 [ 1.92x 107 | 715 [ 4.9x 1073 | 1.2 | 1.09

127



Log-log plot for error versus grid points
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Figure 10.5: The order of accuracy is plotted here using Trapezoidal and Euler-
Maclaurin rule in the double Poisson method with f = 0. O(h) with Trapezoidal
rule and O(h?) convergence with Euler-Maclaurin rule in || - ||, norm are noted as
the mesh is refined. This is a color plot in screen.

Ezample 3. We consider the (D2) problem given by

fz) = 2%z
ho — O
hy = 0.

This example is of the form 2Pz? whose exact solution has been worked out in Section.

4. Trapezoidal rule and Euler-Maclaurin rule were used for numerical integration in
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error plot

Figure 10.6: The graph depicts the absolute error for (D2) problem with f = 0 in the
double Poisson method using the Euler Maclaurin expansion for M = 64, N = 64.
As the table suggests, the plots reflect the bounds for error in D at N = 64, M = 64.
This is a color plot on screen.

the radial direction and 64 Fourier coefficients has been used to represent the relative
errors in Tables. 10.5; 10.6 for different values of M. The variation in the tables are
noted with increase in M and the accuracy too improves thereon. The Trapezoidal
rule for direct and double Poisson method gives quadratic convergence. The double
Poisson method gives fourth order convergence and direct method shows a quadratic
convergence with Euler-Maclaurin formula as is reflected in the Tables. 10.5, 10.6.
Although the direct method gives quadratic convergence in both the cases but higher
accuracy is obtained with the application of Euler-Maclaurin formula. The relative
error plot of f(z) = 2%z using Euler-Maclaurin rule for M = 256 using double Poisson
and direct method is shown in Fig. 10.7 and the order of accuracy in the || - || norm
is shown in Fig. 10.8. The CPU timings are also included in the table. We observe

better accuracy in case of double Poisson method.
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Table 10.5: Relative error for f(z) = 222 using Euler-Maclaurin formula.

Direct Method Double Poisson method

M I 1loo order | Ty, I 1]oo order | Tyoub
16 | 4.07 x 1072 0 [048] 2.7x107* 0 0.25
32 [1.09x1072| 1.9 [053] 1.99x107° | 3.8 0.3
64 | 3.7x1072 | 1.5 061 | 1.56 x107% | 3.7 [ 0.38
128 1.1x1073 | 1.8 [0.83] 1.08x10~" | 3.9 | 0.57
256 | 3.02x10°*| 1.9 [1.23] 758 x 1077 | 3.8 | 0.93
512 [ 785 x107° | 1.9 [1.98 | 524x1079| 39 | 1.71

Table 10.6: Relative error for f(z) = 22z using Trapezoidal rule.

Direct Method Double Poisson method
M | [loo order | Ty, | [|oo order | Tyoub
16 | 1.8 x 107! 0 024 | 1.4 x 1072 0 0.15
32 4x 1072 22 030 | 3.7x102%| 19 | 0.18
64 | 1.1x102] 1.9 | 053 [9.1x107*] 2.0 | 0.26
128 [ 28 x 1073 | 1.9 [ 137 [23x107%] 1.9 | 0.39
256 | 6.7x107% | 2.1 | 473 [ 56x10°| 2.0 | 0.68
512 | 1.7x107%| 2.0 1658 14x10°] 1.9 | 1.21

error plot

error plot

0.5

-0.5i

Figure 10.7: The graph depicts the absolute error for (D2) problem with f = 2%z,
N = 64, M = 256 for the direct and the Double Poisson method respectively using
the Euler Maclaurin formula. As the table suggests, the plots reflect the bounds for
error in D at N = 64, M = 256. This is a color plot in screen.
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Log-log plot for error versus grid points
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Figure 10.8: The order of accuracy using Euler-Maclaurin formula is plotted here for
the direct and the double Poisson method for f = 2%2z. O(h?) for direct method and
O(h*) convergence for double Poisson method in || - ||o norm are noted as the mesh
is refined. This is a color plot in screen.

Ezxample 4. We now consider the (D4) biharmonic problem
f(z) = 722°2 + 7227

ho = Z+z

he = 60z 4+ 60z.

This is a similar kind of example as the previous one and Euler-Maclaurin formula is

used for numerical integration. Tables. 10.7 and 10.8 reflect the relative error with
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Table 10.7: Relative error for f(z) = 722z% + 7222 using Euler-Maclaurin.

Direct Method Double Poisson Method

M || ) HOO order | Ty, || ) ||OO order | Tyoup
16 | 7.5 x 107! 0 0.49 | 6.4x10~° 0 0.25
32 | 12x107'| 27 |054| 7.6x107° 3.1 | 0.30
64 [3.1x102| 1.9 [0.63| 46x 10" 4.0 | 0.38
128 | 88x 1073 | 19 [084 | 27x10°8 41 | 0.56
256 | 22x103 ] 20 |127] 1.6x107° 41 | 0.94
512 [ 5.8 x107* | 1.9 [1.98[1.02x1071°| 4.0 | 1.61

Table 10.8: Relative error for f(z) = 72222 + 7222z using Trapezoidal rule.

Direct Method Double Poisson method
M H ) ||OO order Tdir H ) ||OO order Tdoub
16 1.2 0 024 | 9.1x10°2 0 0.16

32 | 35x107t| 1.8 032 | 24x1072| 19 | 0.20
64 [9.2x102] 1.9 | 055 [6.2x103] 2.0 | 0.27
128 [23x1072| 2.0 | 1.37 [1.6x103| 2.0 | 041
256 | 5.6 x 1073 | 2.0 47 139x107%] 2.0 | 0.72
512 [ 1.5 x 1073 | 1.9 |16.54 [ 99x107° | 2.0 | 1.21

f(2) = 72222+ 72272, different values of M and fixed N = 64. CPU time is also given
in the tables. The double Poisson method gives an almost fourth order convergence
and the direct method shows a quadratic convergence. The Trapezoidal rule gives a
quadratic convergence for both the methods as shown in the Tables. 10.7 and 10.8
but higher accuracy for the direct method is obtained using the Euler-Maclaurin
formula. The error plot for f(z) = 2%z using Euler-Maclaurin formula for M = 512
using double Poisson and direct method is shown Fig. 10.9. Like the above example
the double Poisson method gives better accuracy than the direct one. The order of

accuracy in the || - ||oo norm is shown in the Fig. 10.10.
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Figure 10.9: The graph depicts the absolute error for the (D4) biharmonic problem
with f = 72222 + 7222, N = 64, M = 512 in the direct and the double Poisson
method respectively using the Euler-Maclaurin formula. As the table suggests, the
plots reflect the bounds for error in D at N = 64, M = 512. This is a color plot in
the screen.
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Log-log plot for error versus grid points
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Figure 10.10: The order of accuracy using Fuler-Maclaurin formula is plotted here
for the direct and the double Poisson method for f(z) = 7222z% + 722%z. O(h?) for
direct method and O(h?) convergence for double Poisson method in || - || norm are
noted as the mesh is refined. This is a color plot in the screen.

Example 5. Next we consider the following (D4) problem

45 -
flz) = 6% 251+ 51 2273
hg = Z22+4+7Z
15 225
hy = —z+ -7
2 9 z 1 z
We test the performance of the function f(z) = %2_712% + 452'1167:%2% using direct

and double Poisson method for different values of M and constant Fourier coeflicient
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Table 10.9: Relative error for f(z) = 27273 + 52'116252% using Euler-Maclaurin

expansion.

Direct Method Double Poisson Method
M ” ) ||OO order | Ty, H ) ||OO order | Tyoub
16 | 6.2x 1072 0 043 |18x107~*] 0 0.22
32 | 1.6 x 1072 1.9 1047 [23x107° | 3.0 | 0.25
64 | 41x103 [ 1.9 [052]1.4%x10%] 4.0 | 0.28
128 [ 1.01x1073| 20 [059|1.7x10°7| 3.0 | 0.33
256 | 2.6 x107% | 1.9 [0.78 [ 21 x107% | 3.0 | 0.49
512 [ 6.4x107° | 2.02 | 1.1 [26x1077 | 3.0 | 0.71

. _1.1 16 1.5 .
Table 10.10: Relative error for f(z) = 227222 + %1922 with Trap rule.
Direct Method Double Poisson Method
M H ) ||OO order | Ty, || ) ||OO order | Tyoup

17 |24 x 107! 0 0.23 | 2.01 x 102 0 0.12
33 |1.2x107t| 1.0 [027|501x1073| 2.0 | 0.14
65 |57x102] 1.1 [037] 1.3x10=2 | 1.9 | 0.17
129 [ 28x1072] 1.0 [079]312x107*| 2.1 | 0.23
256 | 1.4x1072 ] 1.0 |246 | 7.8x10™° | 2.0 | 0.32
513 | 71x 1073 | 2.0 |805] 1.9x107° | 2.0 | 0.48

N = 32. The accuracy of the computations are noted in the error Tables. 10.9, 10.10
and Fig. 10.11 respectively. Using Euler-Maclaurin formula the direct method gives
a quadratic error convergence and the double Poisson method shows a third order
convergence in error owing to the logarithmic singularity involved at the ‘0’ th coeffi-
cient. In case of Trapezoidal rule, first order convergence of error in direct method is
observed and second order convergence for double Poisson method is observed. The
absolute error plot using Euler-Maclaurin formula is shown in Fig. 10.12. The tables

also depict the CPU time taken for the computation.
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Figure 10.11: The order of accuracy is plotted here for the direct and the double P01s—

son method using Euler-Maclaurin formula for f(z) = f(z) = %2725 S 1622 Z2.
O(h?) for direct method and O(h?) convergence for double Poisson method i m I+ {]oo

norm are noted as the mesh is refined. This is a color plot in screen.

Ezample 6. Now we consider a (D2) problem whose solution is given by

w(z) = 2°Zcos®0+z

1 1 1 1 1 .
h — - s =40 - - —2i0
0 (4 22>+4e +(2+2>e

97 3 A\ 9
hg = (1—5)+<§+4Z>626

Relative error for different values of M and fixed N = 64 are shown in Table. 10.11.

712,52 6in 9

The error plots for direct and double Poisson method using Euler-Maclaurin formula

136



etror plot

error plot < 10'5

@

0.5

o

~

-0.5

~

Figure 10 12: The graph depicts the absolute error for (D4) problem with f(z) =
‘11—22 T+ % 162222 N = 64, M = 512 for the double Poisson method and the direct
method respectlvely using Euler-Maclaurin formula. As the table suggests, the plots
reflect the bounds for error in D at N = 64, M = 512. This is a color plot in screen.

are shown in Fig. 10.13. We note here a quadratic convergence in the both the
methods owing to the logarithmic singularity involved in the ‘0’th coefficient. The

order of accuracy in the [| - [|oo norm is shown in Fig. 10.14.
We now focus on (D1) and (D3) problems.

Ezample 7. We consider the following biharmonic problem on (D3) biharmonic prob-

lem.

flz) = 722z
hy = Zz
hy = 7z

We test the performance of the function f(z) = 72222 using the direct and the double

Poisson method for the (D3) biharmonic problem, the Table. 10.12 shows relative
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Table 10.11: Relative error for w(z) = 232 cos? §+27/22%/2 sin 6 using Euler-Maclaurin
formula.

Direct Method Double Poisson Method
M I 1loo order | Ty;, | oo order | Tyoub
16 | 3.5x 107! 0 0.48 | 2.9 x 1072 0 0.27
32 [95%x10°2] 19 [054]7.2%x103] 2.0 | 0.33
64 [24x102] 20 |061]1.8x103] 2.0 | 0.42
128 [ 6.1x102] 20 [081]44x10"*] 2.0 | 0.63
256 | 1.5x10 3| 2.0 | 1.2 [1.1x107%] 2.0 | 1.01
512 | 3.7x107%| 2.0 [1.88[27x10°°| 2.0 | 1.57

error plot error plot

Figure 10.13: The graph depicts the absolute error for (D2) problem with the solution
w(z) = 2°2cos? + 27/225/2sinf, N = 64, M = 512 in the direct and the Double
Poisson method respectively using Euler-Maclaurin formula. As the table suggests,
the plots reflect the bounds for error in D at N = 64, M = 512. This is a color plot
in screen.
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Log-log plots for error versus grid points

10° ¢ — :
; =8=O(h’)
[ ——0o(h?) 1
_ numerical plots
10 1; P :
10_2§ E
s
) I
10 i
T 1
-5
10 e T
10" 10° 10°

grid points

Figure 10.14: The order of accuracy is plotted here for the direct and the double
Poisson method using Euler-Maclaurin formula for w(z) = 237 cos? 6 + 27/22°/2 sin 6.
O(h?) for direct method and O(h?) convergence for double Poisson method in || - ||s
norm are noted as the mesh is refined. This is a color plot in screen.

error for different values of M and N = 64. Using the Euler-Maclaurin formula, we
notice that a second order convergence of error for the direct method and an almost
fourth order convergence for the double Poisson method is shown in Fig. 10.15. The

table also depicts the CPU time taken for the computation.

Several more computations of (D3) problems has been demonstrated in the steady

state flow problems later.

Ezxample 8. We now test the performance of the (D1) problem with f(z) = 122+i12z

and note the relative errors for different values of M and fixed N = 64 in Table. 10.13.
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Table 10.12: Relative error for f(z) = 722z* using Euler-Maclaurin expansion.

Direct Method Double Poisson method
M ” ) ||oo order | Ty, H ) ||OO order | Tyoup
16 | 7.5 x 1071 0 [050[43%x103] 0 0.27
32 | 98x1072 | 29 [064]38x10"*] 3.5 | 0.36
64 | 2.3x 1072 2 1085 [26x10°| 3.8 | 0.45
128 73x103 | 1.7 [1.27]18x10°%] 3.8 | 0.63
256 | 201 x 1073 | 1.9 [219]1.3x10" 7| 3.7 | 1.03
512 54x107% | 1.9 [383[84x107| 3.9 | 1.78

Log-log plot for error versus grid points

10 ‘
-8 o(h’)
—e—0(h?)
_ numerical plots
10 2| p
10} .
S
)
10°+ 1
10° 1
-10
10 e T
10" 10° 10°

grid points

Figure 10.15: The order of accuracy is plotted here for the direct and the double
Poisson method using Euler-Maclaurin formula for f(z) = 722z% on (D3) biharmonic
problem. O(h?) for direct method and O(h?*) convergence for double Poisson method
in || - ||oo norm are noted as the mesh is refined.
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Table 10.13:

Relative error for f(z) = 12z 4 i12z using Euler-Maclaurin formula.

Direct Method Double Poisson method
M ” ) ||OO order | Ty, || ’ ||OO order | Tyoup
16 | 3.3 x 1072 0 0.52 [ 1.2 x 1073 0 0.31
32 | 68x102%| 23 |061|69x107°| 41 | 0.38
64 |31x102| 1.1 |085|48x107%| 39 | 0.52
128 | 9.1x107*| 1.8 [1.27]34x1077| 3.8 | 0.81
256 | 21x10°%| 21 [218|21x10° 8| 4.0 | 1.36
512 | 5.7x10° | 1.9 |3.80|1.7x1077 | 3.6 | 2.60

We observe a second order convergence for Trapezoidal method and a fourth order

convergence using Euler-Maclaurin for the double Poisson method. CPU timings are

also shown in the Table. 10.13. The error plots for different values of M are shown

in Fig. 10.16 and the order of accuracy is shown in Fig. 10.17.

f(2)
ho

h

122z + 1122

zZ+1z

34 21z

Next we consider another example of (D1) biharmonic problem.

Ezample 9. We implement a (D1) biharmonic problem given by

ho = 22+Z
9 5
hy = -z+-.
1 2Z+ 9

We observe the relative error in Table.10.14 for different values of M and fixed

N = 64. We observe a second order convergence for Trapezoidal rule and an almost
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error plot

Figure 10.16: The graph depicts the error plot for f(z) = 12z +i122, N =64, M =
512 on (D1) biharmonic problem in the double Poisson method using Euler-Maclaurin
formula. As the table suggests, the plots reflect the bounds for error in D at N =
64, M = 512.

fourth order convergence for the decomposition method, both using Euler-Maclaurin

formula. The error plot is shown in Fig. 10.18 and the order of accuracy is shown

in Fig. 10.19.
10.1.1 Annular Domain

We now focus on problems in an annular domain = {z € R? : R} < |2] <

Ry} with (D2) and (D4) biharmonic boundary value problems. We set € =
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Log-log plots for error versus grid points

=8=-O(h')
—e—0(h?) |
numerical plots ]

10 107 10
grid points

Figure 10.17: The order of accuracy is plotted here for the direct and the double
Poisson method using Euler-Maclaurin formula for f(z) = 122+ 112z on (D3) bihar-
monic problem. O(h?) for direct method and O(h?*) convergence for double Poisson
method in || - ||oc norm are noted as the mesh is refined.

2€R?:|z| < Ry and Qp = 2 € R?: |2] < Rs.

Ezample 10. We consider the following (D2) and (D4) problem respectively in €2.

flz) = 122414122

ho = (Ry)%e " + i(Ry)5e on 0€ (D2)
h() = (R2)5€7i0 + Z.(RQ)Seiie on 892
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Table 10.14: Relative error for f(z) = 4227 72 4 43162325 ysing Euler-Maclaurin
expansion.

Direct Method Double Poisson Method
M I 1loo order | Ty, IR order | Tyoup
16 | 23x1072 0 |[051|12x1073 0 0.29
32 [6.02x10 3] 1.9 [063|1.1x107*] 34 | 0.34
64 | 1.6x1072 | 1.9 [0.86|93x10%] 3.6 | 047
128 | 48x107* | 1.7 [129[79x107" | 3.6 | 0.64
256 | 1.2x107* | 2.0 [217]73x10°%| 34 | 1.05
512 | 3.4x107° 1.8 [3.82]73x107Y | 3.3 | 1.81

error plot

Figure 10.18: The graph depicts the error plot for f(z) = 422_2 72 4 4 1622 z2,
N =64, M = 512 on (D1) biharmonic problem in the double Poisson method using

Euler-Maclaurin expansion. As the table suggests, the plots reflect the bounds for
error in D at N =64, M = 512.

he = 6(R)%e™ " + 6i(Ry)3e on 0N
2 (Ry) (Ry) 1 D2)

h2 = 6<R2>26_i9 + 6Z'<R2)26_i0 on 892

ho = (Ry)%e % + {(Ry)%e™" on 0N
0 (R1) (R1) 1 (1)
h(] = <R2>56_i9 + i(R2)56_i6 on 892
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Log Iog plot for error versus grld pomts
10 ¢ —r s
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—— O(hz) |
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[any
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Figure 10.19: The order of accuracy is plotted here for the direct and the double

Poisson method using Euler-Maclaurin formula for f(z) = 4—22725 + 45 1622 Z2 on

(D3) biharmonic problem. O(h?) for direct method and O(h*) convergence for double
Poisson method in || - ||o norm are noted as the mesh is refined.

hy = —18(R;1)%e " — 18i(Ry)%e~% on 0y (D4)
hy = 18(Ry)%e™ 4 18i(Ry)%e on 08y

Taking Ry = 3/4, Ry = 1 the performance of the algorithm using the Trapezoidal rule
is shown in the Tables. 10.15, 10.16. We obtain here quadratic convergence using
the Trapezoidal rule and this is reflected in the Tables.10.15, 10.16. CPU timings

and the order of accuracy are also observed.
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Table 10.15: Relative error for f(z) = 12z +i12z in (D2) problem using Trapezoidal
rule.

Relative error for f(z) =12z + 12z in a (D2) problem.
M || ) ||OO order Taoub
17 | 3.01 x 107° 0 0.18
33 | 78x107% | 20 0.21
65 | 1.9x107% | 2.0 0.27
129 [ 5.01 x 107 | 1.9 0.46
265 | 1.2x1077 | 2.1 0.74
513 | 3.2x1078 | 1.9 1.35

Table 10.16: Relative error for f(z) = 12z + 12z in (D4) problem.

Relative error of (D2) biharmonic problem.
M ” ) ”OO order TLdoub

17 | 2.8 x 1073 0 0.21

33 1937x107%| 15 0.27

65 |265x107*| 1.8 0.38

129 | 7.04 x 107° | 1.9 0.62

265 | 1.81 x 10> | 1.9 1.2

513 | 46 x107% | 1.9 2.1
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Ezample 11. We consider the second (D2) and (D4) problems in €.

f(z) = 7222

ho = (R)7e™®+ (R)7e®  on 00y
ho = (Ry)"e™® + (Ry)Te % on 0,

hy = 12(Ry)%e % + 12(R;)%e™% on 0€y
h2 = 12(R2)5€_i0+12(R2)5€_i9 on 892

h() = <R1)7€_i9 + i(R1>76_i6 on 891
ho = (Ry)e ™ + i(Ry) e on 0,

hy = —60(Ry)*e " — 60(R;)%e ¥ on 0
hy = 60(R2)*e™" + 60(Ry)*e~" on 0y

(D2)

(D2)

(D4)

(D4)

Taking Ry = 3/4, Ry = 1 the performance of the algorithm using the Trapezoidal rule

is shown in the following Tables. 10.17, 10.18. We obtain here quadratic convergence

using the Trapezoidal rule and CPU timings for computations are observed. The

actual and the numerical plots of the absolute values of the solution is shown in Fig.

10.20.

Ezample 12. We now consider the (D2) and (D4) problems respectively in € with

45 1 +45-16 15
6% 2 TR

[NIES

flz) =

ho = (R1)4€_i0 + i<R1)76_i9 on 891,
ho = (R2)4€_i0 + i(RQ)’?@_w on 892,
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Table 10.17: Relative error for f(z) = 72222 using Trapezoidal rule on double Poisson
method in a (D2) problem.

Relative error in (D2) problem with f(z) = 72z%2.
M || ) ||OO order Tdoub
17 | 1.59 x 10~* 0 0.19
33 |4.13x10° | 1.9 0.22
65 | 1.05x107° | 1.9 0.28
129 | 2.66 x 107 [ 1.9 0.47
265 | 6.68x 1077 [ 1.9 0.75
513 [ 1.67x 1077 | 2 1.37

Table 10.18: Relative error for f(z) = 72z%2 using Trapezoidal rule on double Poisson
method for (D4) problem.

Relative error (D4) problem with f(z) = 722°z.
M || ) ||OO order TLdoub
17 | 1.59 x 10~* 0 0.21
33 | 4.13x10° | 1.9 0.28
65 | 1.05x107° | 1.9 0.39
129 [ 2.66 x 1076 [ 1.9 0.61
265 | 6.68 x 10°7 | 1.9 1.3
513 [ 1.67x 1077 | 1.9 2.2
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actual sation

numerical solution

Figure 10.20: The graph depicts the numerical solution and the actual solution plot
respectively of f(z) = 72z%z, N = 64, M = 513 for the (D2) biharmonic problem
respectively using Trapezoidal expansion.

hy = %(Rl)%‘f + 44_5(31)5621:9 on 0, (D2)
hy = %(RQ)QQ_ZH + %(RQ)%_M on 09,
ho = (R1)467i9 + Z'(Rl)767i0 on 891, (D4)
ho = (R2)4€_i0 + i<R2)76_i9 on 892,
hy = —%(Rl)e*ie - %(Rl)%*m on 084, (D)

hy — _%(Rz)e—ie . %(R2>4€_2i9 on 9,.

Taking R; = 3/4, Ry = 1 the performance of the algorithm using the Trapezoidal
rule is shown in the Tables. 10.19, 10.20. We obtain here quadratic convergence

using the Trapezoidal rule and CPU time is observed.
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Table 10.19: Relative error for f(z)

45 =11
67 222+

for double Poisson method in a (D2) problem.

45-16

5
2
21

1_
22z

using Trapezoidal rule

Table 10.20: Relative error for f(z) =
for double Poisson method on (D4) problem.

Relative error using double Poisson method in a (D2) problem
M - 1]oo order Taoub
17 | 5.99 x 107° 0 0.18
33 [ 1.55x107° | 1.9 0.23
65 [395x10°| 1.9 0.29
129 [ 9.99 x 1077 | 1.9 0.45
265 | 251 x 1077 | 1.9 0.74
513 1 6.29 x 1078 | 1.9 1.35
4516

1.5 . :
z2z2 using Trapezoidal rule

double Poisson method on (D4) problem.
M [l 1loo order Taoub

17 | 1.59 x 10~* 0 0.22

33 | 4.13x10° | 1.9 0.28

65 | 1.05x107° | 1.9 0.37

129 [ 2.66 x 107 1.9 0.63

265 | 6.68x 1077 | 1.9 1.5

513 | 1.67x 1077 | 2 2.3
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10.1.2  Steady Flow

Now we consider several examples of incompressible flows at steady state with
low and moderate Reynolds numbers within circular cylinder of unit radius. The
main thrust of this application in this section lies in the implementation of our fast
algorithms hence we have worked on flows with low and moderate Reynolds numbers.
This numerical scheme is unstable for flows with higher Reynolds number. As in [33]
we consider first, flows generated by rotation of part of the circumference. The
Reynolds number R of the flow here is defined by the radius ‘r’ of the cylinder and
the speed U of the rotation of the part of the circumference. This Reynolds number
is then given by

R="— (10.1)

14

where v is the kinematic viscosity coefficient of the fluid. For studies on similar
problem refer [30] and [36]. To solve this flow we make use of our fast algorithm for

(D3) biharmonic problem. We consider here several examples of this type of flow see

(291, [33] , [24])-

Example 13. We first consider the following flow problem with smooth boundary

data.
wzizé - _%J[w7 wzi] in r<l
v =0 on r=1
‘Z)—f = — Lot on r=1.

We employ the numerical methods as stated in the previous section and obtain the
streamlines for different values of Reynolds number. The streamlines as shown in Fig.
10.21 with a 64 x 64 grid are in agreement as in [29]. Also the results were verified
against the solution obtained from the solution of the (D3) biharmonic problem.

The streamlines are plotted for R = 0,30,64 as shown in Fig. 10.21. This flow is
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investigated for 0 < R < 64.

Ezxample 14. We consider another moving wall problem with the following smooth

boundary condition (see [29]).

=0 on r=1

oY . 142cosf

5 = 3 on r=1.

The streamlines for this flow is plotted R = 5 and R = 40 shown in Fig. 10.22.
The number of iterations is respectively given by 1,30 with CPU time taken 31.19
for R = 40. The streamlines shown in Fig. 10.22 are in agreement with [29] and the
results can also be verified from the solution of the (D3) biharmonic problem. The
flow pattern is not symmetric about the x axis and the vortex center is shifted to

the direction of the flow.

Example 15. We consider the next flow problem with the following boundary con-
dition (see([29], [24])) and obtain the streamline patterns for different values of

Reynolds number.

wzézé - —%J[¢7¢22] m r<l1
v =0 on r=1
% = —cosf on r=1.

The streamline pattern for this flow for R = 16,45 are shown in Fig. 10.23 and the
vorticity for Reynolds number 15 and 30 are shown respectively in Fig. 10.24. We
observe here a symmetrical flow on either side of the y axis. The number of iterations
is 32 for R = 40 and a CPU time of 19.03 were required to compute the solution.

This flow is investigated for 0 < R < 45.

The next flow problem is given by the following boundary condition see (]29],
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(c) streamline patterns for R=64

o _ 14cosf
2

Figure 10.21: The streamline pattern computed for 3= = , and parameter

values of N = 64, M = 64, R = 0, 30, 64 respectively using the direct method of the
algorithm in (D3) biharmonic problem.
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0.2r

=)

Lo
© o o o

(a) streamline pattern for R=5 (b) streamline pattern for R=40

Figure 10.22: The streamline computed for %—f = —H%ﬂ, and parameter values of
N =64, M = 64, R = 5(left), R = 40(right) using the direct method of the algorithm

in a (D3) problem.

0.8

0.6

0.4

0.2

-0.2

-0.4f

~0.6/

-0.8f

(a) streamline patterns for R=16 (b) streamline patterns for R=45
Figure 10.23: The streamlines computed for aa—lf = —cos#, and parameter values of

N =64, M = 64, R = 16(left), 45(right) respectively using the direct method of the
algorithm in (D3) biharmonic problem.
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0.5 1

(a) vorticity patterns for R=15 (b) vorticity patterns for R=30

Figure 10.24: The vorticity pattern computed for g—‘f = —cos 6, and parameter values
of N = 64, M = 64, R = 15(left), 30(right) respectively using the direct method of
the algorithm in (D3) biharmonic problem.

[24]).
Example 16.
=0 on r=1

= —cosfsiné on 7 =1.

S

We plot the streamlines and vorticity pattern for R = 10,80, 150. as in Fig. 10.25,
10.26 respectively. We see symmetrical streamlines in the four quadrants of the axes
owing to the four times velocity change in the velocity in € direction. The number of
iterations taken for R = 10, 80, 150 are 4, 20 and 26 respectively with the CPU time of
27.03 for R = 150. Sharp change in the vorticity is observed with increasing Reynolds
number and the plots agree with those obtained in [24]. This flow is investigated for

0 < R < 150.

Now we consider the moving wall problem with discontinuous boundary condition

and investigate the flow for low Reynolds number.
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L
1

| 05 o o5 1
(c) streamline patterns for R=150

Figure 10.25: The streamlines computed for 1(99_17/3 = — cosfsinf, and parameter values
of N = 64, M = 64, R = 10,80, 150 respectively using the direct method of the
algorithm in (D3) biharmonic problem.
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(a) vorticity patterns for R=10 (b) vorticity patterns for R=80

— —

D

0.6

0.4

0.2

|

| |
| |

-0.4f

-0.81 C
L L / L L

I \

(¢) vorticity patterns for R=150

Figure 10.26: The streamlines and the vorticity pattern are computed for the
bondary condition aw = —cosfsinf and parameter values of N =64, M = 64, R =
10 (left), 80 (right), 150 (middle) respectively using the direct method of the algo-
rithm in (D3) biharmonic problem.
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0 0s s 0 0
streamline pattern in urit disk with R0 streamiine pattern in a.unit cisk with A=10

(a) streamline patterns for R=0 (b) streamline patterns for R=10

Figure 10.27: The streamlines computed for the discontinuous boundary data for
parameter values of N = 128, M = 129, R = 0(left), 10(right) respectively using the
direct method of the algorithm in (D3) biharmonic problem.

Ezxample 17.
Y =0, r=1
o -1, 0<O<m
5 =

0, 7<60<2rm

We investigate the flow for 0 < R < 20 and we plot the streamlines for R = 0,10 as
in Fig. 10.27. We observe a non symmetric flow here and the center of the vortex
is shifted to the direction of the flow. The number of iterations taken for R = 0,10
are 1,27 with a CPU time of 96.05 The grid points were increased and we have used
M =129, N = 128. This problem was also studied by [33], [30] and our results are

in agreement with them.

Next we investigate simple, slow, viscous outflow inflow problems [33]. We con-

sider here the following boundary data. This problem is an example of the inflow-
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outflow problems where 1 is specified along the boundary.

0
—w:() 0<6<2m.
or
( 0
1+(;a), a—e<f<a+te
g 2, ate<bf<f—e
1+@, B—e<B<P+e
\O, b+e<O<2m+a—c¢.
We take a = 0,¢ = 55, 8 = m. The Reynolds number of the flow here is given by
r=Y¢
v

where U is the speed, Ue the flow across the arc intercepted by e. The streamline
for the motions are plotted for very low Reynolds number as shown in Fig. 10.28.
The number of iterations taken to compute the flow for R = 0.02,0.009 are 20,13
with CPU time 15.3,10.5 respectively. This flow is studied by [20] and the results

can also be verified from the exact solution of the (D3) biharmonic problem.
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0.8

0.6

0.4-

0.2

(a) streamline patterns for R=0.009 (b) streamline patterns for R=0.02

Figure 10.28: The streamlines computed for the discontinuous boundary data in the
outflow inflow problem for parameter values of N = 64, M = 65, R = 0.009, R = 0.02
respectively using the direct method of the algorithm on (D3) problem.
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11.  ERROR ESTIMATE FOR THE SINGULAR INTEGRALS

In this section, we provide an error estimate that results from the computation
of the singular integrals I5(z) in step 3 of the fast algorithm of the direct method of

the biharmonic problem in sec.(7.2.2).

Lemma 11.0.1. For nonzero r and an analytic function f in D, if each integral
in step 3 of the fast algorithm in sec.(7.2.2), is computed with an error bounded by
8, then the resulting error € to compute the singular integrals (IF¥(z),k = 1,2,3,4)
in the fast algorithm of the direct method is bounded by w where N 1s the
total number of points in the azimuthal direction, M is the total number of points in

the radial direction and K = %

We provide some notations here before going to the proof.

Ti41

- R\"
e’t' = error in computing the integral / fulp) (—) pdp,
’ p
Ti4+1
e’szll = error in computing the integral / fu(p) (%) pdp,
Ti+1
eg’éﬁl = error in computing the integral / fo(p)plog pdp,
Ti4+1 R n
es' = error in computing the integral Iu(p) <—> pdp,
’ p

Ti
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dyit1
€on,2

ii+1
€20,2

i,i+1
€1n+1,3

i+l
€on+1,3

iyi+1
€13

i+l
€ln—1,4

ii+1
€on—1,4

iyi+1
€214

(A7) o

(B

error in computing the integral

error in computing the integral

error in computing the integral

error in computing the integral

error in computing the integral

error in computing the integral

error in computing the integral

error in computing the integral

, i1
the approximate value of A;lk

the approximate value of B;Z,: !

f fu(p) (%)n pdp,

Ti4+1

/ folp)p®log pdp,

T

Ti4+1

. fn1(p) (%) p*dp,

T

] fn-1(p) (%)n p*dp,

Ti4+1

f-1(p)p*log pdp,

Ti4+1

R n
fat1(p) (—) p*dp,
| p

T

j fus1(p) (%)n pidp,

Ti4+1

/ f1(p)p® log pdp,

T

It is trivial to show the following relations from the recursive relations obtained in

Section.6. For similar relation see [12].

l n
1 T i—1,
pin(r) = —Z (T—l) By,

M-1 r n L.
WD) = — (—) A3,
l
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st (1)
s (1)
g ()
t5g (1)

P (1)

P ()
52 ()
552 ()
tig ()
t5g (1)
i ()

ps) ()
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l n
3 T i—1,
Sgn)—l(rl) = - Z (7,_> An—11,37

M—1 .

(3) _ i ii+1
Son_1(r) = — 7’_1 Bn71,37
i=l
M-1
(3) _ i—1,
tio(n) = — A—1,37

i=l
M-1
(3) _ ii+1
tyy(r) = — B—1,3a
i=l
! P\

(4) _ i i—1,
p1n+1(7“l) = E T_l Bn+1,47
i=2

M-1 P\ ™
(4) - i ii+1
P2n+1(rl) = 7“_1 An+1,47
i=l
l A\ "
(4) _ ! i—1,
51n+1(7"l> = _§ - An+1,47
. 7
/L:
M-1 P\
(4) _ i 141
32n+1(7"l> = - - Bn+1,3’
— \"1
1=
M-1
(4) _ i—1,
() = — A1,4 )
i=l
M—1
4 _ ii+1
ty(r) = — Bl,4 :

Now we show here, the proof for the lemma.

27ij

Proof. We consider the integral I5(rje™~) for [ # 1,7 # 0,5 = 1,2.... N. Notice that

for { = M and m = 1,2, 3,4 we have pgg)(rM) =0, sg;)(rM) =0, t%)(rM) = 0.
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Thus,

2mig

Is(rie ™)

K
21nig

= S0 (L) + I (r) 4 IR () I () €

=—K+1

K
= 3 (RN + ) + s + 5 (m) + log ity ()
n=—K+1
50 (1)) + P (1) + o) (71) + 832 (1) + 550 (1) + log i) (1) + 5 (1)
(8 () + S () 4 882 () + 85 (1) + log ity (1)

(4)

5 (1) + (P12 o

4 4
(71) + oy (1) + Sgn)Jrl(rl) + Sgn)+1(rl>

(n)))

2mnij

+logrtly (1) + 15y e N
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We have for 2 < i < [,r; < ryand for | < < M — 1,7, < r;. If each integral is

computed with an error bounded by ¢ where

5 — i 1,1’ Gl | a—1,) | g+l | dgdly g i—Ly) | i—1y| | i+l
- )
i=Li) ity z+1 i—14) | i—1 i—1, i—1, i+l i+l
‘6271,2 , |€1n,2
i—1, i—1,) | i—1,4) | d,i+1 ii+1 i—1,
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then

46r 4(5 47T s
E < Y —MM-1) § § M—1
rror(e) 2., )+ " ( )
—1 —1
457“M 45
+ g M—-1)+ g
—K+1 —K+1

3 BOTM (0p 1 4 45(M = 1)

=—K+1

— 46(M — 1) +165(M — 1) <§:%_Ki%>

A5(M — 1)(K + 4)

We note that for [ = M,

pon (rar) = 0, (rar) = 0,951 (rar) = 0,51 (rar) = 0,85 (rar) = 0,85 (rar) =

2 3 4
0,551 (rar) = 0, 8501 (rar) = 0,85 (rar) = 0,5 (rar) = 0,857 (rar) = 0,152 (1)
0.

It can be similarly shown that for [ = M,

86(M — 1)

E <
rror < I

We focus on the Trapezoidal rule and the Simpson rule to implement the error

estimate in various test examples.
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Note. In the case of Trapezoidal rule the error bound ¢ is given by

o= (o (o0 (52) ) e (000 (7))
aa—;(plogpfo(p)) 882 <p Falp >(n;1>n) aa: ( nlp )(r)n)’
aa_; (pglngfO(p))vaa_:Q (P2fn1<p) <Ti;1>n> 86,02 (p fa-alp )<r£)n)

06_:2 (0’ log pf-1(p)) 788—;2 <,02fn+1(P) (rlp#)n) 88; (p fosa{p) (7%>n> ’

2

63_,02 (p*log pfr(p)) } :

The error bound d in the case of Simpson rule is given by

- (e (52)) (0 (2))
oeesnin. 507 (9300 (2)) (7100 (2)).
st 35 (010 (5) ) 45 (0 (2))
o et ) s () (Z2) ) o (et (2) ).

% (p*log pfi(p)) } :

11.1 Examples

Several problems are tested to determine the bounds of M, the number of circles
required to obtain a desired accuracy. We here consider the error estimates for the

following functions.

Problem 1. We consider the function f(z) = 12z. Here
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12p ifn=-1
fnlp) =
0 if n# —1.

For Trapezoidal rule the error bound ¢ is

A3 2 12 3 2 2 12 5 2
0 = max—r{a— (—’0) 0 (12r;p) , 0 (_p) 0 (12r;p%)

2,M,p 12 802 Ti+1 aﬂ ap Ti+1 ap
02 o2 0% (12p 0?
12p°) , = (12p"1 12
572 (1209 s (2o ) o (30 o ().
= 20A°r.

Now if the error (¢) = .001 and K is given we see from our analysis that

eK
~ 80A% (K +4)

(M—1) >

Hence we obtain the following which agrees with our computation result in Fig.11.1.
We notice that the dominant parameter is the number of circles M and the variation
in the estimate occurs when we increase the number of circles and it improves the

accuracy of the integration

M < 317 for N=32
M < 301 for N=64
M < 293 for N=128
M < 288 for N=256

For error (¢) = .0001 and K given we see

M < 397 for N=64
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error plot of the singular integral for M=128, N=32 % IDV error plot of the singular integral for h=388, N=64

(a) error plot of singular integrals (b) error plot of singular integrals

Figure 11.1: The graph depicts the error plot of the singular integrals for f = 12z,
with parameters N = 32,64, M = 129, 389 respectively using the trapezoidal rule.

The error bound ¢ in the case of Simpson rule is given by

AN 12p°\™\ o4
5 = crlae 7 (12p"1
e 90 {3,04 (<7"z'+1> )3P4( ’ ng)}

= 16A°r.

Now using the estimate we obtain the following bounds for M which agrees with the

computation in Fig.11.2

S e
— AN (K +4)
=M < 17 for K =16.

(M —1)
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error plot for the singular integral for M=17, N=32

Figure 11.2: The graph depicts the error plot of the singular integrals for f = 122,
with parameters N = 32, M = 17 using Simpson rule.

Problem 2. We next consider the function f(z) = z2z. The error bound for § in the

case of trapezoidal rule is given by

A3 2 4., 2 2 7 2
o< max ol PO () (e ) O () O (rir®) ,
inp 12 0p* \ p ) 0p® \Tis1 9p* \rit1)  Op?

T L () () 2
Op* 77 0p* \riy ) 0p® \rivr) 0 V1T

42
—A3r,
12

IN

IN

Now if the error (¢) =.0001 and K is given we see from our analysis that

S 12¢e K
- A2N3r(K +4)
=M < 397 for K = 32.

(M —1)
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It is in agreement with our computation result in Fig.11.3.

error plot of the singular integral for k=393, N=E64

Figure 11.3: The graph depicts the error plot of the singular integrals for f = 2%z,
N = 32, M = 393 using Trapezoidal rule.

173



12.  CONCLUSION AND FUTURE WORK

We have developed several FFT and recursive-relation-based accurate and fast al-
gorithms for the Poisson and biharmonic problems in a unit disc in the complex plane
using the direct method and the double Poisson method. We performed numerical
implementation and application of the fast methods on several test problems. The
direct method when compared with the double Poisson method give better accuracy
for the homogeneous problems. However for nonhomogeneous problems, the double
Poisson method achieved better accuracy when compared to the direct method. The
loss of order of accuracy in the direct method seems to come from the discretization
near the origin in the four singular integrals when compared with the two singular
integrals in the double Poisson method. This problem can be overcome and we are
working on it. Both the methods have asymptotic computational complexity of the
order O(log N) per degree of freedom.

These algorithms also serve as important tools to solve steady, incompressible flow
problems with low to moderate Reynolds number within circular cylinders. However
our future plan is to use these fast algorithms for flows with high Reynolds number.
Future work includes development of fast algorithms for the variable coefficient dif-
fusion equation and investigate non-homogeneous Poisson problem with singularity

imposed on the source term.
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