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ABSTRACT

We have investigated two greedy strategies for finding an approximation to the
minimum of a convex function FE, defined on a Hilbert space H. We have proved
convergence rates for a modification of the orthogonal matching pursuit and its weak
version under suitable conditions on the objective function E. These conditions in-
volve the behavior of the moduli of smoothness and the modulus of uniform convexity

of F.
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1. INTRODUCTION

1.1 Convex Optimization

The main goal in convex optimization is the development and analysis of algo-
rithms for solving the problem

inf E(z), (1.1)

e

where E is a given convex function, defined on a bounded convex set 2. E is called

the objective function and satisfies the convexity condition

E(yr +0y) <vE(x) +6E(y), x,y€Q, 7,6>0, y+0=1

Convex optimization has many application domains such as automatic control
systems, estimation and signal processing, communications and networks, electronic
circuit design, data analysis and modeling, statistics, finance, combinatorial opti-
mization and others. Some of the new application areas have stimulated renewed
interest in the subject. While the classical convex optimization deals with objective
functions £ defined on subsets in IR" with moderate values of n, see [4], some of the
new applications require that n is quite large or even oo. The design of algorithms
for such cases is quite challenging and typical convergent results involving the di-
mension n suffer from the curse of dimensionality. Recently, Temlyakov (see [15, 16])
has proposed several greedy strategies for solving (1.1) for some classes of objective
functions E defined on Banach spaces, where he overcomes the curse of dimensional-
ity. The approximate solution to the optimization problem is constructed as a linear
combination of elements from a given system (dictionary) of elements. In this way,

the greedy approximation technique, originally developed in the context of nonlinear



approximation theory, has been successfully adjusted for finding a sparse solution to

the optimization problem.
1.2 Problem Setting

This dissertation investigates greedy based strategies for solving (1.1) for partic-
ular classes of objective functions E defined on a Hilbert space H and for domain
Q={zx € H:E(x) < E(0)}. The function F satisfies the following 3 conditions:
Condition 0: FE is a convex function defined on a Hilbert space H, is Frechet
differentiable at each point in 2 and its Frechet derivative is uniformly bounded on
Q) by a constant My. The set €2 is bounded.

Condition 1: There are constants a > 0, 1 < ¢ < 2 and M > 0, such that

E(x)—E(x)—(E'(x),2 —z) < a||z’—=||9, for x,2', such that ||[z—2'|| < M, =z € Q.
(1.2)

Condition 2: There are constants § > 0, 2 < p < co and M > 0, such that

E(2)—E(x)—(E'(z),2 —z) > B||J2'—=x||P, for x,a’, such that ||[z—2'|| < M, z €.
(1.3)
In both Condition 1 and Condition 2, E’'(x) is the Frechet derivative of E at x.
Temlyakov (see [15], [16]) has studied various greedy strategies for solving problem
(1.1). The objective functions E he considers are defined on Banach spaces X with
norm || - || and the tool he uses for greedy approximation is symmetric dictionaries
D. Recall that D is called a symmetric dictionary if each element ¢ € D has norm

|le|l <1, if ¢ € D, then —p € D, and the closure of

span D := {¥;c1cip4, I finite, ¢; € IR, p; € D}



is X. Among other results, he has shown that the Orthogonal Matching Pursuit
(OMP), when applied to a function E satisfying certain suitable assumptions on its

modulus of smoothness, described by a parameter ¢, gives an error at the m-th step
E(z,,) — E(z) < Cm'™1, (1.4)

with a constant C', where 7 is the minimizer of E and x,, is the output of the OMP.
Our main results are Theorem 4.2.3 and Theorem 4.3.3 from Chapter IV, where we
prove an improved convergence rate for both OMP and the Weak Chebyshev Greedy
Algorithm (WCGA) when they are used to find the minimum of a function E that
satisfies Conditions 0, 1 and 2. For example, we show that if the objective function
E satisfies Condition 0 and Condition 1, is strongly convex on H (therefore
satisfies Condition 2 with p = 2) and its minimizer T is sparse with respect to an

orthonormal basis, the error at the m-th step of the OMP satisfies the inequality

E(zn) — E(Z) < Com' 74,
and

|2 — 7| < Cim? 7@,

where Cy = Cy(q,7),C1 = C1(q,Z). In contrast, the results from Temlyakov could
provide only the rate 1 — ¢, see (1.4).

In summary, we have shown that imposing more conditions on the convexity of F
(like Condition 2) results in provable improved convergence rate for both OMP

and WCGA. Namely, we prove the following two theorems.

Theorem 1.2.1. Let the objective function E satisfy Conditions 0,1,2 with My <

agM?7t. Let problem (1.1) has a solution T =Y, c;(T)p; € Q with support S := {i :
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¢i(z) # 0} < oo, where {¢;} is an orthonormal basis. Then, at Step k, the OMP

applied to E and {p;} outpuls xy, where either xj = T or:
o When p # q # 2, the error ey := E(xy) — E(Z), k > 2 satisfies the inequality

B q p(g—1)
|S|2(q7—1) pa
er < Cy p— .
k?+01|5|2(‘1_1) -1

In addition, the sequence {xy}32., satisfies

) ., -1
P 2(q—-1) P4
||xk—x||s(@) S |
B k+ Cy| S|z — 1

where CO = Co(p, q,&,ﬁ) and C11 = Cl<p7Q>O‘757E)'

e When p=q =2, we have

with 02 = Cz(E)
Theorem 1.2.2. Let the objective function E satisfy Conditions 0,1,2 with My <
agM7t. Let problem (1.1) has a solution T =Y, c;(T)p; € Q with support S := {i :
ci(z) # 0} < oo, where {p;} is an orthonormal basis. Then, at Step k, the WCGA

applied to E and {¢;} outputs z}/, where either x} =T or:

o When p # q # 2, the error e} := E(x}) — E(Z) satisfies the inequality

— q
S12@-1 pa
eggO()( . L' — ) , k>2.
Z t.‘"1+Cl|S]72(r1>

=2 "1
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In addition, the sequence {x} }32, satisfies

1 — q
Ch\ 7P 2(¢-1) b
||xz—x||s(—°)”( B ) , k>2,
B\ 47T + 087

=2 "1

where Cy = Co(p, q,a, B) and Cy = Cy(p,q,a, B, E).

o Whenp=q=2,

with Cg = OQ(E)

This dissertation is organized as follows. In Chapter 2, we expand on the con-
ditions imposed on the objective function E. In Chapter 3, we present some of the
general results about greedy algorithms and describe the two algorithms (OMP and
WCGA) that we are using for convex optimization. Some auxiliary lemmas needed

for our analysis and the main results are presented in Chapter 4.



2. CONDITIONS ON E

In this chapter, we discuss the conditions imposed on the objective function F

and justify that they are a natural choice.
2.1  Convexity and Frechet Differentiability

Let us first recall that a function F is Frechet differentiable at x € S C H if there

exists a bounded linear functional denoted by E’(z) such that

oo 1B+ ) — B(@) = ('), )|

=0.
h—0 IRl

The next lemma (see [4],[13]) shows a relation between convexity and Condition 2
with constant 5 = 0. The proof of this lemma for convex functions on IR" can be
found in [4] but for the readers’ convenience, we include here the proof in our current

setting in which the convex function E' is defined on a Hilbert space H.

Lemma 2.1.1. Let E be a Frechet differentiable function on H. E is conver on H

iof and only if for some constant M > 0,
E(2') — E(x) — (E'(z),2' —x) >0, forallz,a' € H, |z—2| <M. (2.1)

Proof. The inequality is trivial if x = 2’. Assume first that F is convex and = # 2’ €

H. Then, forall 0 <t <1, (1 —t)z + tz’ € H and

E((1—t)z+tz") < (1 —t)E(x) + tE(z").



This is equivalent to

> 0. (2.2)

On the other hand, it follows from the definition of Frechet derivative of £ at x for
h = t(z' — x) that
|E(x + t(2 — x)) — E(z) — t(E'(z), 2" — )]

hm = 07
t—0 |t|

and therefore

lim E(z+t(z' —x) — E(x)

t—0t t

= (F'(z),2' — z). (2.3)

Combining (2.2) and (2.3) gives
E(x')— E(x) — (E'(x),2' —x) >0 x,2’ € H.

Conversely, assume that E satisfies inequality (2.1). For any z, 2’ € H, ||z—2'|| < M,
we denote by y = tz + (1 — t)2’. Applying (2.1) for x,y ( note that ||z — y|| < M)

and for 2,y yields
E(z) = E(y) — (E'(y),x —y) >0,  BE(@') - E(y) — (E'(y), 2" —y) > 0.

Multiplying the first inequality by ¢ and the second by 1 —¢ and adding them results



in

tE(z) + (1 —t)E(z") — E(y) > 0.

Therefore, we have E(tz+(1—t)z") < tE(x)+(1—t)E(a’) for x,2’ € H, |[z—2'|| < M,
which means that E is locally convex on H. Then, see [18], F is convex on H. The

proof is complete. O

Recall that a function FE is said to be strongly convex on H, if there is a constant

£ > 0, such that

E(z") — E(z) — (E'(2),2’ — 2) > B||2’ — z||*, z,2' € H.

The constant 3 is called the convexity parameter of the function E. Note that a

strongly convex function on H satisfies Condition 2 with a value for p, p = 2.

Remark 2.1.2. If Condition 2 holds for a function E that is convex and a set 2
that is convexr and bounded, then Condition 2 holds for all x, ' € Q with possibly
smaller 5. Further in this dissertation, we assume that Condition 2 holds for all

x, 2" € Q and all z,2', such that x € Q and ||z — 2’| < M.

Proof. Assume that for a convex function £, Condition 2 holds with some constant
Bo. Since € is bounded, there is L > 0, such that diam(Q)) < LM. Let x,2’ € Q. If

|z — 2’| < M, Condition 2 holds for the pair (z,z’). If not, we chose a point z,

M
ry =72 + (1 —7)x € Q, fy::—/ZL’l.
[l — |

Clearly ||z — z1|| = M, and therefore E(z1) — E(z) — (E'(z),z1 — x) > Bol|lz1 — x||P.

Because of the convexity of E, E(z1) < yE(2') + (1 —v)E(z). A combination of the



last two inequalities and the fact that x; — 2z = v(z’ — z) result in
E(2) = E(x) = (E'(z),2’ — 2) > fon" " |2" — [P = Bo L[}’ — x|

Therefore, Condition 2 holds for all z,2/ € Q and all z,2’ such that =z € Q,
|z — || < M with 8 = min{f,, BoL'7}. O
2.2 Moduli of Smoothness

Next, we would like to point out that the class of functions E considered by

Temlyakov (see [15] and [16]) is the same as the class of functions satisfying Condi-

tion 0 and Condition 1. To see this, we first need the following definitions.

Definition 2.2.1. Given a conver function E : H — IR and a set S C H, the

modulus of smoothness of E on S is defined by

p(E,u) :=p(E,u,S) := E sup {E(x+uy)+ E(xr —uy) —2E(x)}, u>0.

z€S,|lyll=1

(2.4)

Definition 2.2.2. Given a convex function E : H — IR and a set S, the modulus of

uniform smoothness of E on S is defined by

pl(E,U, S) = sup
zeS,|lyll=1,A€(0,1)

{ (1= XN)E(x — duy) + AE(x + (1 — Nuy) — E(m)}
A1 = N) '

Definition 2.2.3. A convex function E : H — IR for which

u—0 u

=0

is said to be uniformly smooth on S.



Note that the two moduli of smoothness defined above are equivalent (see [19],

page 205). For the readers’ convenience, we provide the proof below.

Lemma 2.2.4. Let E be a convez function defined on H and p(E, -, S) and p1(E, -, S)
be its modulus of smoothness and modulus of uniform smoothness on S C H, respec-

tively. Then
4p(B, 5. 5) < p1(E,u,S) < 2p(E,u, 5). (2.6)

Proof. First, we prove the left inequality. It follows from the definition of p; that for
every y € H, ||y|| = 1,

E(r—3y) + E(z+ 3y) — 2E(m)

p1(E,u,S) >4 5

Taking the suppremum over x € S and y € H, |ly]| = 1 results in the desired

inequality. For the second inequality, we use the convexity of E. Observe that

E(x— uy)=E(1 =Nz + ANz —uy)) < (1 = NE(x) + A\E(x — uy),

and

E(z+ (1= Nuy) = EQz + (1 — A (@ +uy)) < AE(z) + (1 — N E(z + uy).

We multiply the first inequality by 1 — A, the second one by A and add them. This
results in
(1= XN)E(x — duy) + AE(x + (1 — Nuy) — E(x)

A1 =)
< E(x+uy)+ E(x —uy) —2E(z) < 2p(E,u,S).

10



Taking the supremum over A € (0,1),z € S,y € H, |ly|| = 1 completes the proof. [
The following lemma is a particular case of Corollary 3.5.7 from [19].

Lemma 2.2.5. Let E be a convex function defined on a Hilbert space H and E be

Frechet differentiable on S C H. The following statements are equivalent.

1. There exist constants a« > 0, M > 0 and q € (1,2] such that for any x € S, 2’ €

H, ||z —2'|| < M, we have

E(2') — E(z) — (E'(z),2" — z) < alj2’ — z||% (2.7)

2. There exist constants oy >0, M > 0 and q € (1,2] such that

p1(E,u,S) <aoqul, 0<u<M. (2.8)

Proof. Let us assume that statement 1 is true. For any z € S,y € H, ||y|| = 1 and
any 0 < u < M, let 2/ = x + uy and 2" = x — uy. Then, we have ||z —2/|| = u <

M, ||2" — z|| = u < M. We apply (2.7) for 2/, x and 2",z to obtain

E(x +uy) — E(x) — u(E'(z),y) < au’,

E(x —uy) — E(x) + w(E'(z),y) < au’.

Therefore, we have

E(z 4+ uy) + E(x —uy) — 2E(z) < 2au’.

11



We take the supremum over x € S,y € H, ||y|]| = 1 and derive

p(E,u,S) <au?, 0<u<M.

The latter inequality and Lemma 2.2.4 results in

pl(E,U,S)SQO[Uq, O<U§Ma

which is (2.8) with a; = 2a.
Conversely, suppose we have statement 2. Therefore, for any A € (0,1) and any

reSyeH|y|=10<u<M,

(1 =NE(x— A uy) + AE(x + (1 — Nuy) — E(z)
A1 = N)

< aqul.

This is the same as

E(x — Auy) — E(x) N E(z+ (1 = Nuy) — E(x)
A 1—A

< aquf.

We let A — 07 and by the continuity of E and the definition of Frechet derivative

FE'(xz) with h = —Auy, we obtain
(B'(2), —uy) + Bz + uy) — B(x) < axut

Now, for any z € S,2' € H,||z' — z|| < M, we let u = ||’ — x|,y = £=2.. The
[l

.
—z|”

above inequality can be written as

E(x") — E(x) — (E'(z),2' —z) < aq||z’ —z||?, z €8, |z—2| <M,

12



which is (2.7) with o = . O

2.3  Modulus of Uniform Convexity

In this section, we discuss a concept which is dual to the modulus of uniform

smoothness for convex functions, called modulus of uniform convexity (see [3], [19]).

Definition 2.3.1. Given a convex function EE : H — IR and a set S, its modulus of

uniform convexity on S is defined by

0 (E,u,S) =

inf {(1 — NE(z — Auy) + AE(z + (1 — Nuy) —E(:v)}
z€S,|lyl|l=1,A€(0,1) )\(1 . )\) .
(2.9)

Next, we prove a lemma (see [19]) that shows the equivalence of Condition 2 and

certain behavior of the modulus of uniform convexity §; of E.

Lemma 2.3.2. Let E be a convex function defined on a Hilbert space H and E be

Frechet differentiable on S C H. The following statements are equivalent.

1. There exist constants 5 > 0, M > 0 and p € [2,00) such that for any x €

S,x' € H, ||z — 2| < M,
E(a') — E(z) — (E'(x),2" — ) > |2’ — 2|”. (2.10)
2. There exist constants 51 > 0, M >0 and p € [2,00) such that
N (E,u,S) > puf, 0<u<M. (2.11)

Proof. Let us assume that statement 1 is true. For any z € S,y € H,||y| = 1,

0<u<Mand € (0,1),let 2’ =2 — Auy and 2” = x + (1 — A)uy. Then, we have

13



|z —2'|| = Au < M, ||l2” — z|]| = (1 — N)u < M. We apply (2.10) for x € S,2’ € H

and z € S, 2" € H to derive

E(x — Auy) — E(z) + Au(E'(z),y) > BNuP,

E(x+ (1= XMNuy) — E(z) — (1 = Nu(E'(z),y) > B(1 — N)PuP.

Multiplying the first inequality by (1 — \), the second one by A and adding them

yields

(1= NE(z — Auy) + AE(z + (1 — Nuy) — E(z) > BAL — NP+ (1 — AP~ Hr,

Note that for A € (0,1), (\?~' 4 (1 — X\)P~1) > 227P. Therefore, we have

(1=NE(x— A uy) + AE(x + (1 — Nuy) — E(x)
A1 —))

> 927PByP,

We take the infimum over z € S,y € H, ||ly|| =1 and A € (0,1) and obtain

61(E,u,S) >22PpuP, 0<u< M,

which is (2.11) with 8, = 227P8.

Conversely, suppose we have statement 2 i.e for some 3; > 0,

n(E,u,S) > puP, 0<u< M.

It follows from the definition of ¢, that for any A € (0,1), z € S,y € H, |ly|| = 1 and

14



O<u< M,

(1=MNE(z — Muy) + AE(x + (1 — Nuy) — E(z)
A1 =X)

> [ul.

This is the same as

E(x — Auy) — E(z) N E(x+(1—-XNuy) — E(x)
A 1—A

> BuP.

We let A — 0" and by the continuity of £ and the definition of Frechet derivative

E'(x) at « for h = —Auy, we obtain
(E'(z), —uy) + E(z + uy) = E(z) = biu”.

Now, for any x € S,2" € H, |2’ —z| < M, we let u = |2’ — x|,y = Hii—:mw\\ and derive

E(z') — E(x) = (E'(z),2" — x) = fi|2" — =||”,

which is (2.10) with 8 = ;. O

We combine Lemma 2.2.5 and Lemma 2.3.2 to state conditions on E that are

equivalent to Condition 1 and Condition 2.

Lemma 2.3.3. Let E be a convex function defined on a Hilbert space H, Q = {z €
H:E(x) <E0)} and 61(E,-,Q), p1(E,-,Q) be its moduli of uniform convexity and
uniform smoothness on ), respectively. Let E be Frechet differentiable on Q. The

following two statements are equivalent
e I satisfies Condition 1 and Condition 2.

o There exist constants a; > 0,6, > 0, M > 0, p € [2,00) and q € (1,2], such

15



that

fruf < 61(E,u, Q) < p1(E,u,Q) <aqu?, wue(0,M]. (2.12)

Remark 2.3.4. All our proofs go through if instead of Condition 0, Condition 1
and Condition 2, E satisfies the following three conditions:

Condition 0": E is a function defined on a Hilbert space H, is Frechet differentiable
at each point in H and its Frechet derivative is uniformly bounded on €2 by a constant
M.

Condition 1': There are constants a« >0, 1 < ¢ < 2 and M > 0, such that

E(x') — E(z) — (E'(x), 2" — ) < a||l2’ —z||?, for x,2" such that ||z — 2’| < M.
(2.13)

Condition 2': There are constants 5> 0,2 <p < oo and M > 0, such that

E(x") — E(x) — (E'(z),2' — z) > B||a’ — z||’, for x,a’ such that ||z — 2'|| < M.
(2.14)

In both Condition 1’ and Condition 2', E’ is the Frechet derivative of E.

Note that Condition 2’ implies that F is locally convex on H (see Lemma 2.1.1),

that is

E(yr+dy) <vE(x) +0E(y), z,yeH, |z—y|<M, ~0>0, yv+d=1,

and therefore ( see [18]) E' is convex on H. In this case 2 is a level set of a convex
function and hence 2 is convex.

Conditions similar to Condition 1 and Condition 2 have been considered by
Zhang in [20], where he solves a sparse optimization problem in IR", using greedy

based strategies. More precisely, the class of functions he considers is the set of all

16



convex functions E for which there are constants «a(s), 8(s) > 0 such that

Bs)2" — =ll; < B(2') — B(z) — (E'(z),2" — @) < a(s)la — 2|3, (2.15)

for any x, 2’ € IR", where x — 2/ has < s nonzero coordinates. In particular, when
E(z) = ||Az — b||3, where ||z||3 = 2} + 23+ - - - + 22 is the Euclidean norm of z € R"
and A is a given k x n matrix with & << n, E'(z) can be computed explicitly. In

this case, we have that the linear functional E’(x) is given by the formula

<E,(l’), > = 2<AT(A‘T - b)7 '>7

and we can compute

E(2') - E(z) — (E'(2),2" — x)

= [|Az" = b3 — [|Az — b]|3 — 2(AT(Az — b), 2" — )

= ||A2" —b||3 — ||Az — b||3 — 2(Ax — b, Az’ — Ax)

= [|A2'[[3 - 2(Aa",0) + [[b]I3 — (| Az — 2(Az, b) + [[b]]3)
—2((Az, Az') — (b, Ax') — || Az|* + (b, Az))

= [|A2']); — 2(A2’, Az) + || A3

= [ A2’ — Az|; = [|A(z — 2)]I5.

Let us denote by z = 2’ — z. Then, condition (2.15) becomes

Bs)lzllz < 4z]5 < als)ll=l3. (2.16)

Condition (2.16) is known as the Restricted Isometry Property (RIP) and is widely

17



used in Compressed Sensing. The RIP (see, for example, [7],[2],[11]) was first in-
troduced by Candes and Tao (see [5], [6], [10]) with 5(s) = 1 — d5, a(s) = 1 + ds,
ds € (0,1) and vectors z that have at most s non-zero coordinates. In our case, the

constants «a(s), B(s) only need to be uniformly bounded as in [20].
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3. GREEDY ALGORITHMS

3.1 Introduction

Greedy algorithms were first introduced in non-linear approximation as a tool to
find the best approximant to a function using the elements of a symmetric dictionary
(see [1],[9],[12],[16]). In [9], DeVore and Temlyakov studied three greedy algorithms
(pure greedy, orthogonal greedy and relaxed greedy) for approximating functions f
from a Hilbert space H using elements from a symmetric dictionary D.

Here, we describe the orthogonal greedy algorithm from [9] for approximating f
in a Hilbert space H with inner product (-,-). A modification of this algorithm for
the purposes of solving problem (1.1) was investigated by Temlyakov in [16].

In what follows below, we denote by g(h) := argmax{(h, ), p € D} for any element
heH.
Orthogonal Greedy Algorithm (OGA)

e Step 0:

Start with initial guess Go(f) := 0 and set Ry(f) := f.

e Stepk, k=1,...,m:

Find the space Hy := Hy(f) := span{g(Ro(f)),. .., 9(Re-1(f))}.

Find Gi(f) := Gi(f,D) := Pp, f, where Py, f is the orthogonal projection of
f onto Hy.

Find the residual Ri(f) := Ri(f, D) := f — Gi(f).

e Step m + 1:

Output G,,,(f).
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If we denote by A, (D, P) the closure in H of the set

{f e H: f=Yercxor, or € D, I finite, Ypes|er| < P},

the following theorem from [9] shows the approximation properties of OGA.

Theorem 3.1.1 ( see [9], Theorem 3.7). Let D be a symmetric dictionary in H.
Then for each f € Ay(D, P), we have

(NI

If = G ()l < Pm~>.

3.2 OMP and WCGA for Optimization

In this section, we describe the analogues of OGA that are used for convex
optimization. The algorithm (OMP) and its weak version (WCGA) are introduced
in [16], where the approximation properties of these methods are also proved.

Orthogonal Matching Pursuit (OMP)
e Step 0:
Start with initial guess o = 0.
If E'(z9) =0, x,, := 29 = 0. Go to Step m + 1.
e Step k. k=1,2,...m:
Find ¢;, := argmax{|[(E'(zx-1), ¢)|, ¢ € D}.
Find zj := argmin
If E'(xx) =0, x,, := x. Go to Step m + 1.
e Step m+ 1:
Output x,,.
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In order to describe the main convergence results for this algorithm, proved in
[16], we need some additional notation. We denote the closure ( in H) of the convex

hull of D by A,(D).

Theorem 3.2.1 ([16] Theorem 2.2). Let E be a uniformly smooth convex function
defined on a Banach space X and let the set Q) = {x : E(xz) < E(0)} be bounded.
Let the modulus of smoothness of E, p(E,u,Q) < ~yul, where 1 < q¢ < 2. Take e >0

and an element ¢ € D, such that

E(¢) <inf E(z)+¢, ¢°/A(e) € A (D),

e

for some constant A(e) > 1. Then, the output z,,, of the OMP satisfies the inequality

E(z,) — inf F(z) < max{2e, C1 A(€)?(Cs + m)l_q},

e

with constants C; = C1(q,7) and Cy = Co(E, q,7).

Next, we describe the weak version of the OMP, called Weak Chebysev Greedy
Algorithm (WCGA). We call the sequence {t;}7°,, tx € (0,1], a weakness sequence.
It is used to weaken the condition on the choice of ¢;, (see [14], [17]). Notice that
when all ¢, = 1, the WCGA is actually the OMP.

Weak Chebysev Greedy Algorithm (WCGA)

e Step 0:
Start with initial guess zy = 0.

If B'(zf) =0, 2} =z} =0. Go to Step m + 1.

e Step k,k=1,2,...m:
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Find g, such that [(E'(z}_,), 9j)| > trsupgep [(E'(2}1), #)-
Find z}; := argmin

If E'(x})=0, =/

m

= x). Go to Step m + 1.
e Step m + 1:
Output ).
For the weak version, the following result is proved by Temlyakov.

Theorem 3.2.2 ([16] Theorem 2.2). Let E be a uniformly smooth convex function
defined on a Banach space X and let the set Q := {x : E(x) < E(0)} be bounded.
Let the modulus of smoothness of E, p(E,u,Q) < ~yu?, where 1 < q < 2. Take e >0

and an element ¢ € D, such that

E(¢°) <inf E(x)+¢, ¢°/A(e) € A(D),

€

for some constant A(e) > 1. Then, the output x¥ of the WCGA satisfies the
inequality
E(z)) — inf E(z) < max{2e, C1A(€)?(Cs + E?thz/(qfl))l_q},

m z€eN

with constants C; = C1(q,7) and Cy = Co(E, q,7).
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4. MAIN RESULTS

4.1 Auxiliary Lemmas

In this section, we will prove several auxiliary lemmas that we will need for the
analysis of the above greedy algorithms. We start with the statement of the following

lemma.

Lemma 4.1.1. Let E be a Frechet differentiable convex function, defined on a convex

set Q. Then E has a global minimum at xy € Q if and only if E'(xy) = 0.

Proof. Clearly, if F has a global minimum at z, by Fermat’s theorem, see [4], we
have that E’(xo) = 0. This result holds not only for a convex function F, but for any
function E. Now, suppose that E is convex on 2 and E’(zg) = 0. For any = € €,

t e (0,1], (1 —t)xo + tx € Q, and
E((1 =t)xg +tz) < (1 —t)E(x) + tE(x).

This is equivalent to

E((1 —t)xo + tx) — E(xg) >0

E(.Z‘)—E(ZL’O)— t =Y

O0<t<l1.

Therefore, we have

B(z) — Blag) — lim 20tz =20)) = E(wo) )

t—0t t

Since E is Frechet differentiable at xy and E'(zg) = 0, we have

E(x) > E(xy), x €.
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The proof is completed. O]

Lemma 4.1.2. For every convex function E defined on the whole Hilbert space H,
the set Q) :={x € H : E(x) < E(0)} is convex and all {x}32, generated from the
OMP and all {x}}?2, generated from WCGA are in ).

Proof. The first statement is straight forward by the property of convex function. It
is usually said as every level set of a convex function is also convex. Indeed, for any

z,y € Q and any ¢ € [0, 1],

E(1-tx+ty) <(1—-t)E(z)+tE(y) < (1—-t)E(0)+tE(0) = E(0),

which means that (1 —t)z + ty € Q.
Now, we will prove that all {z;}?, generated from OMP belong to Q. The proof

for the WCGA sequence is similar. By the definition of the algorithm,

and therefore we have E(zy) < E(zg—1). Thus the sequences { E(zg)}72, is decreas-
ing and hence E(z;) < E(z9) = E(0) for every k = 1,2,.... In other words, the

sequence {zy}2, C €. O

Lemma 4.1.3. Let F' : H — IR be a Frechet differentiable function. Let Vi =

spar{j,, ..., ¢} C H and x, = argmin{F(x) : x € V;.}. Then

(F'(2),0) =0 for every ¢ € Vi.
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Proof. F'is Frechet differentiable at x, and hence

o [+ ) = Fan) = (F'(a), )

= 0.
y=0 [yl

We fix £ € {1,...,k} and let y = ty;,, where t € IR. Without loss of generality we

can assume that [|¢;,|| = 1. We have

lim Fxy, +tp;,) — Fxy)
t—0 t

— (F'(xx), 93} | = 0,

and therefore

. Flxp+te;,) — F(xy)
(F'(2x), ¢j,) = lim n :

From the definition of xy it follows that F'(zy + ty;,) — F'(zx) > 0 for every t € IR.

Then, we have

F(Ik + tQOjZ) - F(l’k)

! _ .
(P'(22). 23 = lim : >0,
and
F tp;) —F
(F'(ex), o) = lim 2 120) = Flaw)
) t—0~ t
This results in (F'(zy), ¢;,) = 0. O

Our next lemma can be viewed as a generalized version of Lemma 2.16 in [17].

Lemmas of this type are well known in approximation theory (see [8]).

Lemma 4.1.4. Let { >0, r >0, B >0, and {a,,}>_, and {r,,}>5_, be sequences of

non-negative numbers satisfying the inequalities

r
a1 < B, am+1§am<1— T';:Llafn), m=1,2,....
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Then, we have for m = 2,3, ...

( 741/6
f £>1
(rB~C + X7 r )/ UL
am < (4.1)
1/
f 0< (<1,
(PB4 057 )V if =

Proof. Let us first notice that since all a,,’s are non-negative, it follows from the

recursive relation that

m —

0<1— el <1 m=1,2,.... (4.2)
T

We prove the lemma by induction.
Case 1: (> 1. If ay =0, all a,, =0, m = 3,4,..., and the lemma is true. Let
us assume that as > 0. This also means that a; > 0 and it follows from the recursive

relation, (4.2) and the fact that ¢ > 1 that

_ - T2 g\— . T2 g\— — T2 - T2 - T2
a;' > a (1= =a) " >0 (1= Za) ' > a0 (14 Za)) =o'+ = > B+ =
r r r r r
This gives
r
- >d
rB~ 41y = %

and we have (4.1) for m = 2.
We now assume that (4.1) is true for m and will prove it for m + 1. Similarly to

the case m = 2, we may assume that a,,,; > 0. Because of the recursive relation,
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this also means that a,, > 0 and using (4.2) and that ¢ > 1, we derive

Gl 2 a1 - ) 2 e (1 - P )
T T
> 0, (14 T al) = a4 (4.3)

Now, from the induction hypothesis we have that

—L m
> )

m =

r

which combined with (4.3) proves the lemma in the case ¢ > 1.
Case 2: 0 < ¢ < 1. Again, we only consider the case when ay > 0. We will use

the fact that for 0 < ¢ < 1, the function (1 — #)* is concave. Therefore, we have
(1-t)f<1—0t, 0<t<1. (4.4)

We apply this inequality with ¢t = %af € [0, 1] and obtain

r T T r T
ay’ 20 (1= a) ™ 2o (1= 02a)) ™ 2 ar (14 02a)) = oy '+ 0 2 B0

This gives
r
- > ag’
rB=C 4 lry — 2

and we have (4.1) for m = 2. Next , we assume that (4.1) is true for m and prove it

for m + 1. We consider only the case a,,+1 > 0 (the lemma is true if a,,.; = 0), and

therefore a,, > 0. From the recursive relation and (4.4) with ¢t = ™4/ € [0,1], we
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have

_ _ T'm+1 _ _ T'm+1 _ _ Tm+1 _ T'm+1
G = a3 (1= =2 ap,) ™ > 0/ (1= 0 a0, ) ™ > 0/ (1H02a,) = a0

This inequality, combined with the induction hypothesis gives that

BT sy

a 1=
m+ r )

and the proof is completed. ]
The previous lemma can be stated in the following way.

Lemma 4.1.5. Let { >0, r >0, B >0, and {ann}°_, and {ry,}°_, be sequences of

non-negative numbers satisfying the inequalities

a1 < B, api1 < ap(l-— Tm“afn), m=1,2,....
r
Then, we have for m = 2,3, ...
(e < max{1, (VY (BT 4 B ) T (4.5)

Proof. The inequality (4.5) follows from Lemm 4.1.4 and the fact that for 0 < ¢ <1

1/¢
rl/ < -1/t r

(rB=t + (X rp )Vt — (rB=t+ Xm )V

1/¢
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4.2 Convergence Results for OMP

In this section, we analyze the performance of the OMP algorithm when applied
to the minimization problem (1.1) in the case that the dictionary D is an orthonormal

system {g;}°,. Let us denote by e the error of the algorithm at Step k, namely

Lemma 4.2.1. Let the objective function E satisfy Conditions 0,1 and 2 with

My < agM? . Let problem (1.1) have a solution T =Y, ¢;(Z)p; € Q with support

S = {i: c;(z) # 0} < o0,

where {p;} is an orthonormal basis. Then the OMP applied to E and {p;} satisfies

the following inequality

ey < E(0) — E(2), (4.6)
and
< L &% o (4.7)
e €1 — ———q €_ s = 4 .
ES ek A|S|7 k-1
where

a(p=1) 1
(p — 1)1&(!1*1) aq? q—1
A= .
(-1 \Gp

Proof. Clearly e; = E(x1) — E(z) < E(0) — E(Z) since z1 := argming gan(y,, } £(7)-
Note that by Lemma 4.1.2, all {z;} generated from the algorithm OMP are in €.
Next, we consider Step k, k = 2,3,... of the algorithm. Observe that if at Step
(k-1) we have that S C {ji,...,jr_1}, then 2,1 = Z, E'(xx_1) = 0 and the OMP

would have stopped with output x;_; = z. If the algorithm has not stopped, then
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we have found z;, and ¢j;,. Since z; := argmin sDjk}E(x), we have for

TESPAn{Pj; Pjo s

any 0 <t < M
BE(xy) < E(rp-1 —t-sgn{(E"(xr-1), ©5,) }¢5.)- (4.8)

Now, we use Condition 1 with 2’ = z,_1 —t-sgn{(E'(zx_1), v;,) }pj, and x = x,_;

to obtain
E(xe—1 — t-sgn(E'(xr—1), 95.)95.) < E(we-r) — t](E (wr-1), 05 + at?, (4.9)
since ||¢;, || = 1. It follows from (4.8) and (4.9) that for any 0 <t < M,
E(xy) < E(ze-1) = tHE (zr-1), @5.) | + ot? = ©(1).
The function ® achieves a minimum value
B(t") = Blai1) = L () 7T [ (i) )V

at

1

t=t"= (aq) 1 |(E'(xk-1), 0. )| 7.

1/(¢-1)
} < M. Therefore, we have

Notice that t* < [%3
-1 1 _
E(zy) < O(t7) = E(xg-1) — qT (o)™ 77 [(E'(mh—r), 05|70V, (4.10)

Now, we will find a lower bound for [(E'(zy_1), ;)| First, we use Condition 2
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with 2/ = Z and = = x;,_; to obtain
(E'(xp_1), 251 — T) > E(xp_1) — E(T) + |7 — 21 |7 (4.11)

Let us recall the generalized Cauchy inequality

P

_P1 2
b P2 b Z aritrz bp1+p27 a, b>p17p2 > 07

a+
p1+ P2 P11+ D2

and apply it for py =p—1,po =1, a = w, b= p||z — xp_1||". We have

xp-1) — E(x)
p—1

Blonoi) = B(@) + fla = il =p (2225 + 2l =l
and therefore
E(wy1) — B(Z) + 8|7 — 2 |P > C||T — axa|| (Blan) — B(2) P07,
with C' = pB'/?(p — 1)1=P)/?_ We combine this inequality with (4.11) to obtain
(E'(w51), 251 — &) > C||7 — w || (Blapa) — B(@) 07, (4.12)
It follows from Lemma 4.2.3 that

<El(xk*1>7(pi> :07 7::jl?'--:.jka

Therefore, if we write

Th—1 — T = Zci(xk—l — )i,

%
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since the support of zj_1 is {j1, ..., jk_1}, we obtain

(E"(zh-1),Tp1 — T) = Z ci(ve—1 — T)(E (Th-1), i),
7’654\{]1 77777 jk*l}

< > lalaror — B)E (@), 5,
i€\ {j1,--sfk—1}
< WE (@), i) 1512 2 — 2. (4.13)

We combine this with (4.12) to obtain
(B (@x-1), i) |12 = 2xall|S[V? > Cllz — wpa|| (B(zi) — E(2)* V7,
and therefore we have the desired lower bound
(B (x4-1), 30| = CIS| ™ (Bax) — B(2) 707

We combine this result with (4.10) to obtain the estimate

1 (p—1)q
—— g E(x_ — FE(x))Dr 5
15 (Blon-i) = B(@)

E(ilj’k) < E(.Tk_l) —

where

q(p—1) 1
. (p — 1)1)(0*1) aqq q—1
-y \Bp)

Subtracting F(z) from both sides of the inequality results in (4.7) and the proof is

completed. O

Remark 4.2.2. Note that in the proof of Lemma 4.2.1 Condition 1 needs to hold

only for vectors x and x’ such that (x — z') is 1-sparse.

The next theorem is the main result about OMP.
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Theorem 4.2.3. Let the objective function E satisfy Conditions 0,1 and 2 with
My < agM® . Let problem (1.1) have a solution T =Y, ci(Z)p; € Q with support
S = {i: ¢;(z) # 0} < oo, where {¢;} is an orthonormal basis. Then, at Step k, the

OMP applied to E and {¢;} outputs xy, where either xy, = T or:

o Whenp# q#2,

N 4 p(g—1)
|S|2(q—1> b
€L S C() — 7 y ]C Z 2.
k+ Cy| S|z — 1

In addition, the sequence {xy}32, satisfies

. -, (=1
P 2(q—1) P
o - ol < () ISP ,
p k+Ci|S|7an — 1

where Cy = Co(p, q,, B) and Cy; = Cy(p,q,a, 3, F).

o When p=q =2, we have

ﬁ k—1
<Cy(1——= k> 2
wsa(i-gg) o k2

I A A
-zl < [ = 11— — k> 2
bmat < (5) (1= 5) ke

with CQ = OQ(E)

Proof. In the case p # q # 2, we define the sequence of non-negative numbers

rr=1, a,=F(ry)— Ex), k=1,2,...,
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and

qa(p—1)
_ —1)pe—D 7 \ a1 _ 4
p=L790 -, r:(p(q_)l) (ﬁj‘/zpq) 5|7 >0, B=E(0) - E).

It follows from Lemma 4.2.1 that the above defined sequences satisfy the conditions

of Lemma 4.1.5, and therefore we have

p(g—1)

a ﬁ p—q
E(.Z‘k) — E(.T) S Co |S|, q )
k+ Cy]S|2@D — 1

where

v p(g—=1)
_ _(p=1 v [ ag? \r plg—1)\ »=
Co = Colp, g, 2, 9) = (4 1) \ Bl S |

a(p—1)
(p — 1)p(q—1) aqq
-1\

Next, we apply Condition 2 with 2’ = x; and x = Z and use Lemma 4.1.1 to derive

Cl = Cl(p7Q7a767E) =

the estimate for |z, — Z||.

In the case p = ¢ = 2, Lemma 4.2.1 gives that F(z,) — E(z) < E(0) — E(Z) and

p

E(xy,) — BE(7) < (1 - W) (E(zp_) — E(Z)), k=23,....

It follows then that

E(xy) — E(z) < (E(0) — E(3)) (1-%) L k=23

As in the previous case, we use Condition 2 with »’ = x; and * = Z and Lemma

4.1.1 to derive the estimate for ||z — Z||. O
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Remark 4.2.4. The constants Cy, Cy and C5 from Theorem 4.2.3 can be explicitly

found. They are

(-1 (agh \7 pla—1)\ 7
Co= Gl e i) = (g — 1) (5‘1/”29‘1> e {1’ ( p—q ) } ’
(p — 1);&2:1) aq? qll . _a=p
Cy =Ci(p,q, 0, B, F) = G=1 <5q/ppq) (E(0) — E(z))7aD,

and

Remark 4.2.5. The same statement as Theorem 4.2.3 holds if instead of Condi-

tions 0,1,2 we have that E satisfies Conditions 0/, 1,2,

Next, we show that with our analysis we can recover the convergence rate for

OMP from [15]. In what follows, D is a symmetric dictionary and

Izl = mf() lep(@)]: 2= cp(@)p}.

We prove the following lemma.

Lemma 4.2.6. Let the objective function E satisfy Condition 0 and Condition 1
with My < agM?'. Let problem (1.1) have a solution T = 37 c,(T)p € Q, where
{¢} = D is a symmetric dictionary. Then OMP applied to E and D satisfies the
mequality

er < E(0) — E(7), (4.14)

and

- —1 —a/(a—
ex <ep1— Defy, k>2, D:qumq)q*nxnlq/(q Y, (4.15)



Proof. As in Lemma 4.2.1, one shows that
Exy) < E(zp) = qT (ag)™ 71 [(E'(z1), 95|77, (4.16)
Now, instead of (4.11), we use Lemma 2.1.1 from Chapter II to derive
(E'(xp_1), 251 — T) > E(xp_1) — E(T). (4.17)

Lemma 4.2.3 gives that (E'(zx_1), ;) = 0,4 = ji,..., jk—1. For any € > 0, we choose

a representation
T= Zc;(f)go, with Z |, (Z)| > e+ [|Z]]1.
¢ ¢

Since the support of xx_1 is {j1,...,Jk—1}, we obtain
(B'(wp),mia—2) == Y @) (E (@), 9) < (B (mr), 05| ([Z]1+e).
Taking € — 0, we get

(E'(wp-1), o1 — &) < [(E"(z-1), 05111 (4.18)
Next, we substitute (4.18) in (4.17) and (4.16) to derive that

-1

E(xy) < E(zp—1) — qT (aq)_q%l ||j||I—Q/(q—1)(E(xk_1) _ E(i,))q/(q—l)‘

We subtract £(z) from both sides of this inequality and the proof is completed. [

The next theorem is the same as Theorem 2.2 from [15], see Theorem 3.2.2 from
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Chapter 3 .

Theorem 4.2.7. Let the objective function E satisfy Condition 0 and Condition

1 with My < agM?*. Let problem (1.1) have a solution T = Y, c,(Z)p, where

o)

{¢} =D is a symmetric dictionary. Then, at Step k, the OMP applied to E and D

outputs xy, where
ex = BE(xy) — E(Z) < Co(CL+ k)1, Cy = Cylq,a,7), Cp=Ci(q,a,x).
Proof. We define the sequence of non-negative numbers
r, =1, a,=FE(xy)—Ex), k=12,...,

and

1
E:F>O, r=D"1>0, B=F0)-E(%).

It follows from Lemma 4.2.6 that the above defined sequences satisfy the conditions

of Lemma 4.1.5, and therefore we have
€ — E(xk) — E(ZZ’) S C() (/{3 + Cl)l_q,
where

— _ 1\1=q,4]||7|9 — (1)1 aquf“(f a1 _
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4.3 Convergence Results for WCGA

In this section we analyze the convergence of the WCGA when applied to prob-

lem (1.1) in the case of D being an orthonormal basis. Let

be the error of the algorithm. Similar results as Lemma 4.2.1 hold here.

ey = E(z})) — E(T)

Lemma 4.3.1. Let the objective function E satisfy Conditions 0,1, and 2 with

My < agM® . Let problem (1.1) have a solution T =, ¢;(Z)p; € Q with support

Si={i: () #0} < oo,

where {p;} is an orthonormal basis. Then, at Step k, the WCGA applied to E and

{@:} outputs ), where either x}y = Z or

where

g—1 -
<er -l [ 15 k=23,
A|S| 2(q—1)
a(p—1) 1
A (p — 1)p(q*1) aq? q—1
G-y \Fep)

(4.19)

(4.20)

Proof. The proof follows the lines of the one of Lemma 4.2.1. The derivation of

(4.19) is the same as in Lemma 4.2.1.

Next, we consider Step k, k = 2,3,.... As in Lemma 4.2.1, if at Step (k-1) we

have that S C {j1,--.

yJk—1}, then z) | =z, E'(z})_;) = 0 and the WCGA would

have stopped with output x)’_; = z. If the algorithm have not stopped, then we have
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found 2 and ¢;, and obtained, as in Lemma 4.2.1, the estimates

E(x}) < ®(t7) = E(x}_,) %1 (0q) 7T [(B'(a} 1), i) |70V, (4.21)

and

v

(E'(xy ), 23 — 2) E(xyy) = E(7) + Bz — o3, |7

> ISV (B - B@)" V7, (4.22)
with C' = pB'/P(p — 1)=P/P_ Like in Lemma 4.2.1, we have

<El($‘lg—1)>37}g—1 -I) = Zieg\jl ..... jk_lci(x‘l:—l - -73)<El(x¥—1)’ ©i)

IN

Vies\jreiea |G- = B (E'(@31), @3)
te (B (23 1), 30) [iesei(zi s — 7))

e OB (), i 12 — a3l (4.23)

IN

IN

where in the second inequality we have used the choice of ¢, .

Using together (4.22) and (4.23) results in
_ w _ w a S1— w _\\ (p—1)/
tk1|<El(93k—1)a %MH-T - xk—1|HS|1/2 > C|S| 12 (E('Tk—l) - E(a:)) 8 pa
and therefore

/ W - w B 1
(B (x3_1), pji)| > CtilS| 1/2 (E(xk_l) _ E(x))(p )P
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We combine this result with (4.21) to obtain the desired estimate

E(Y) < E(a),) - (E(ay_,) — E(z))
. ay ) — —Lt e (B(z}_,) — E(z)) @7
= TR T e

=3 =
with constant A = _(1(1):1) < ﬁfg;q) B

Subtracting E(z) from both sides of the inequality results in (4.7) and the proof is

completed. O

Remark 4.3.2. Note that in the proof of Lemma 4.2.1 Condition 1 needs to hold

only for vectors x and x' such that (x — z') are 1-sparse.
The next theorem is the main result about the WCGA algorithm.

Theorem 4.3.3. Let the objective function E satisfy Conditions 0,1,2 with My <
agM=t. Let problem (1.1) have a solution T = Y, ¢;(Z)p; € Q with support S =
{i : ¢(Z) # 0} < oo, where {¢;} is an orthonormal basis. Then, at Step k, the

WCGA applied to E and {p;} outputs x}, where either x} =T or

o Whenp#q#2,

p(g—1)

— q
S12@-D P
eXSCb( . L' — ) , k>2.
Z tat Clysyiz(q—n

=2 "1

In addition, the sequence {x} }32, satisfies
(¢=1)

C S|zt b
||xzv—x||s(—°) ] i — R
B Zf:z tl?*l + 01|S|2(q*1)

where CO = CO(p7 qaaaﬁ) and CYl = Cl(p7 q,oz,ﬁ, E)

hSA
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o Whenp=q=2,

Proof. Like in the proof of Theorem 4.2.3, we apply Lemma 4.1.5 and Lemma 4.2.1

to the sequences of non-negative numbers

q

re=t"", a,=FE@))-E®), k=12,...,

and

a(p—1)

_ — 1)p(e—D) q -1 _ 4
A ) r:(p(q_)l) (gjﬁpq) 5|7 >0, B=E(0)- E).

It follows from Lemma 4.2.1 that the above defined sequences satisfy the conditions

of Lemma 4.1.5, and therefore we have

. =
B#}) - E@) < G ( SI— ) 7
S 4FT + Cy[3]T

where
(p— 1) [ agt \7 plg— 1D\
Co=Golpr g, ) = (- 1) (ﬁq/”pq> .max{l’( p—q > }
and
(p _1)% 5/ ag \ T s
C,=Cip,q,0,B8,FE) = G=1 <5q/ppq) - (E(0) — E(z))?aD,
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Next, we apply Condition 2 with 2’ = 2}’ and x = T and use Lemma 4.1.1 to derive
the estimate for ||z} — z||.

In the case p = ¢ = 2, Lemma 4.3.1 gives that F(z}) — E(z) < E(0) — E(z) and

E(z})) — E(z) < (1 - %ﬂ) (E(z)_,) — E(z)), k=2,3,....

It follows then that

E(z}) - E(z) < (E E(z) ﬁ(l—mﬁ) k=23,....

1=2

As in the previous case, we use Condition 2 with 2’ = 2} and # = = and Lemma

4.1.1 to derive the estimate for ||z} — Z||. O

Remark 4.3.4. The constants Cy, C1, Cy and Cs can be computed explicitly. They

are

a(p—1) P

p(g—1)
_(p=1) [ ag? \ie plg—1)\ #=
CO OO(p7Q7 7ﬁ) - (q_ 1)p(pq:q1) Bq/ppq - max 17 D—q )

¢ =Cilp.g.0.6.5) = (_q 1_)1(>) (ﬁ;) L (B0) - Ba)#,

and

Remark 4.3.5. The same theorem as Theorem 4.3.3 holds if instead of Conditions

0,1,2 we impose Conditions 0',1’,2" on E.

The next theorem is the weak version of Theorem 4.2.6 and it is the same as

Theorem 2.2 from [16].
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Theorem 4.3.6. Let the objective function E satisfy Condition 0 and Condition
1 with My < agM?~". Let problem (1.1) have a solution T = 3 c,(Z)p, where
{¢} =D is a symmetric dictionary. Then, at Step k, the WCGA applied to E and

D outputs x};, where
ef = BE(x})—E(z) < Co(C1+XF 5t Co = Colq,a,7), C),=Ci(q,a,t,E).

Proof. We define the sequence of non-negative numbers

q

re=t1", ap=E@})—-E®), k=12,...,

and

(=—— r=D"' B=EFE0)-E(%).

It follows from Lemma 4.2.6 that the above defined sequences satisfy the conditions

of Lemma 4.1.5, and therefore we have
_a_ 1—q
erV = E(:L’Z) — E(f) S C(] <Ef:2tiq71 + Cl) y

where

q|| 7 q qil
— — 1) 94|79 — (g —1)"1 aq!||z|] '
Co=alg—1)¢"|z[li, Ci=(¢—1) <—E(0) o
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5. SUMMARY

In this dissertation, we have proved that if a convex function E satisfies certain
assumption on its modulus of smoothness and modulus of uniform convexity and its
minimizer is sparse with respect to an orthonormall basis in a Hilbert space H, then
the orthogonal matching pursuit and the weak Chebysev greedy algorithm have rates
of convergence depending on the order of smoothness and the order of convexity.

In our analysis, we have used the fact that the minimizer Z is sparse with respect
to an orthonormal basis D for the Hilbert space H. My future research plans are to
investigate the convergence rates of two other greedy algorithms: the Weak Relaxed
Greedy Algorithm ( WRGA) and the Weak Greedy Algorithm with Free Relaxation
(WGAFR). These greedy algorithms (see [15, 16]) have less computational cost and
are described below.

Weak Relaxed Greedy Algorithm (WCGA):

e Step 0:
Start with initial o = 0.
If E'(z9) =0, x,, := 29 = 0. Go to Step m + 1.
e Step k,k=1,2,...m:
Find ;, such that [(E'(zx-1), 05| > trsupgep (B (Th-1), ¢)|.

Find A\, := argminAe[O’l]{E((l — AN)xp—1 + Agj, )}

Set @y, := (1 — A\g)Tp—1 + Appj, -

If E'(x)=0, z,, := x. Go to Step m + 1.
e Step m + 1:
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Output z,,.
Weak Greedy Algorithm with Free Relaxation (WGAFR):

e Step 0:
Start with initial x¢ = 0.
If E'(z9) =0, x,, := 9. Go to Step m + 1.
e Step k. k=1,2,...m:
Find ;, such that [(E'(zg_1), 05| > tr] sup,ep (B (zr-1), 0)|-

Find (A, i) := argming,  {E(Azp_1 + ppr) }-

Set T = )\kl'kfl + WPk

If E'(xy)=0, z,, :== zx. Go to Step m + 1.

e Step m + 1:

Output x,,.
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