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Quasiparticle resonant states induced by a unitary impurity in ad-wave superconductor
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The quasiparticle resonant states around a single nonmagnetic impurity with unitary scattering in ad-wave
superconductor is studied by solving the Bogoliubov–de Gennes equations based on at-J model. Both the
spatial variation of the order parameter and the local density of states~LDOS! around the impurity have been
investigated. We find that~i! a particle-hole symmetric system has a single symmetric zero-energy peak in the
LDOS regardless of the size of the superconducting coherence lengthj0; ~ii ! for the particle-hole asymmetric
case, an asymmetric splitting of the zero-energy peak is intrinsic to a system with a small value ofkFj0.
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It is now well established1 that high-Tc superconductors
~HTSC’s! have essentially adx22y2-wave pairing symmetry.
In conventionals-wave superconductors, nonmagnetic imp
rities affect neither the transition temperature nor the sup
fluid density as dictated by the Anderson theorem.2 But in a
d-wave superconductor~DWSC! with nodes of the energy
gap, such impurities can cause a strong pair-breaking eff3

Recently, the local electronic properties in the immedi
vicinity of an isolated nonmagnetic impurity in a DWSC h
become the topic of increased investigation,4–16 as these
properties may provide a distinctive signature for the pair
symmetry. It has been theoretically predicted by Balats
Salkola and co-workers7,8 that, in a DWSC, a single nonmag
netic impurity can generate quasiparticle resonant state
subgap energies. They showed that, for a moderately st
impurity, an asymmetry of the resonance peak near
Fermi energy is induced by the fact that the impurity loca
breaks the particle-hole symmetry. However, their the
says that increasing the impurity strength pushes the r
nance peak toward the Fermi level, so that, in the unit
limit, the resonance occurs right on the Fermi level, and o
a single symmetric zero-energy peak~ZEP! occurs in the
local density of states~LDOS! near the impurity. It has also
been shown by a finite-size diagonalization10 that, in the uni-
tary limit, the lowest eigenvalues are essentially zero, ind
tive of the appearance of zero-energy states~ZES’s!. Note
that, in Ref. 10, the chemical potentialm was taken to be a
the center of the tight-binding energy band~i.e., m50), so
that the system has a particle-hole symmetry. This symm
is also upheld in the continuum-theory treatment
impurities7,8 where the self-consistentt-matrix approxima-
tion is employed. A question which arises naturally
whether, in the unitary limit, the ‘‘ZEP’’ in the LDOS due t
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the ‘‘ZES’s’’ has an asymmetric splitting or not, whe
particle-hole symmetry is broken in the system. Recen
Tanaka, Kuboki, and Sigrist15 concluded with their numeri-
cal study that such a splitting is still present, whereas Tsu
ura et al.16 made an opposite conclusion in their numeric
study, and asserted that the system studied by Tan
Kuboki, and Sigrist was too small for their results to b
reliable. Experimentally, an asymmetric splitting is clea
observed by Yazdaniet al.,12 whereas Hudsonet al.13 ob-
served only an off-centered peak with no indication of
splitting. Thus it appears important to settle the issue
whether a unitary nonmagnetic impurity in a pure DWS
can indeed give rise to such an asymmetric splitting in
‘‘ZEP,’’ as it will decide whether experimental observatio
of this feature in HTSC’s necessarily implies that these S
do not have pured-wave symmetry, or that the impurity i
not in the unitary limit~in which case the asymmetry is tie
to the sign of the impurity potential, which may well be a
misleading conclusion!.

Based on at-J model, this paper presents an extens
study on the electronic states around a unitary single-
impurity in a DWSC. The spatial variation of the superco
ducting order parameter~OP! near the impurity, including an
induceds-wave component, is determined self-consisten
By investigating the sensitivity of the LDOS on bothm and
j0, we find: ~i! when m50, so that the system is particle
hole symmetric, a single ZEP occurs in the LDOS spectr
which is symmetric with respect to zero energy, regardles
the size ofj0; ~ii ! as the particle-hole symmetry is broken b
letting mÞ0, a critical valuegc exists, which is larger for
larger umu, so that forg[kFj0,gc the ‘‘ZEP’’ exhibits an
asymmetric splitting.~Here kF is the Fermi wave vector.!17

Thus we find that for a particle-hole asymmetric system
8667 ©2000 The American Physical Society
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8668 PRB 61BRIEF REPORTS
sufficiently small coherence length can cause the ‘‘ZEP’’
exhibit an asymmetric splitting. Treating such a system
the self-consistentt-matrix approximation, which restores th
particle-hole symmetry, will then lose this feature and
misleading in this respect.

We consider at-J model Hamiltonian defined on a two
dimensional square lattice:

H52t (
^ ij &s

cis
† cjs1(

i
U ini2m(

i
ni

1
J

2 (̂
ij &

FSi•Sj2
1

4
ninjG1

W

2 (̂
ij &

ninj , ~1!

where the Hilbert space is made of empty and sing
occupied sites only; summing over^ ij & means summing ove
nearest-neighbor sites;ni5(scis

† cis is the electron numbe
operator on sitei; Si is the spin-12 operator on sitei; andJ
.0 gives the antiferromagnetic superexchange interact
As in Ref. 18, we have also included a direct neare
neighbor interaction term.W50 andJ/4 correspond to two
versions of the standardt-J model. This term is introduced to
adjust the magnitude of the resultantd-wave OP. The scat
tering potential from the single-site impurity is modeled
U i5U0d iI with I the index for the impurity site. The slave
boson method19 is employed to write the electron operator
cis5bi

†f is , wheref is andbi are the operators for a spinon~a
neutral spin-12 fermion! and a holon~a spinless charged bo
son!. Due to the holon Bose condensation at low tempe
tures, the quasiparticles are determined by the spinon de
of freedom only. Within the mean-field approximation, t
Bogoliubov–de Gennes~BdG! equations are derived to be

(
j

S H ij D ij

D ij
† 2H ij

D S uj
n

v j
nD 5EnS ui

n

v i
nD , ~2!

with

H ij 52F td1S J

2
1WDx ij Gd i1d,j1~U i2m!d ij . ~3!

Hereui
n and v i

n are the Bogoliubov amplitudes correspon
ing to the eigenvalueEn ; d andx ij are the doping rate an
the bond OP, respectively; andd are the unit vectors6 x̂,
6 ŷ. The resonant-valence-bond~RVB! OP D ij ,x ij , and d
are determined self-consistently:

D ij 5
J2W

2 (
n

@ui
nv j

n* 1uj
nv i

n* #tanh~En/2kBT!d i1d,j ,

~4!

x ij 5(
n

$ui
n* uj

nf ~En!1v i
nv j

n* @12 f ~En!#%, ~5!

and

d512
2

Na
(
i,n

$uui
nu2f ~En!1uv i

nu2@12 f ~En!#%, ~6!

where kB is the Boltzmann constant;f (E)5@exp(E/kBT)
11#21 is the Fermi distribution function; andNa5Nx3Ny is
the number of lattice sites. The BdG equations are sol
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fully self-consistently for the bulk state first. We then fix th
values ofd andx and solve the BdG equations in the pre
ence of a single impurity with the self-consistentd-wave
RVB OP. The thermally broadened local density of sta
~LDOS! is then evaluated according to

r i~E!522(
n

@ uui
nu2f 8~En2E!1uv i

nu2f 8~En1E!#, ~7!

where a factor 2 arises from the spin sum, andf 8(E)
[d f(E)/dE. The LDOSr i(E) is proportional to the local
differential tunneling conductance which can be measure
a scanning tunneling microscope/spectroscopy~STM/S!
experiment.21

In the numerical calculation, we construct a superlatt
with the square latticeNx3Ny as a unit supercell. As de
tailed in Ref. 20, this method can provide the required
ergy resolution for the possible resonant states. Through
the work, we take the size of the unit supercellNa535
335, the number of supercellsNc5636, the temperature
T50.01J, and the single impurity potential in the unitar
limit U05100J. The values of the other parameters—m,W,
and t, are varied in order to investigate the electronic sta
around a single impurity for various ways to bring abo
particle-hole asymmetry. The obtained spatial variation
the d-wave and the induced extended-s-wave OP compo-
nents around the impurity, which are defined asDd( i)
5 1

4 @D x̂( i)1D2 x̂( i)2D ŷ( i)2D2 ŷ( i)#, and Ds( i)5 1
4 @D x̂( i)

1D2 x̂( i)1D ŷ( i)1D2 ŷ( i)#, is similar to Fig. 1 of Ref. 9.
These OP components have the following characterist
The d-wave component decreases continuously to zero fr
its bulk value as the impurity site is approached, in the sc
of the coherence lengthj0[\vF /pDmax, with the depleted
region extending farther in the nodal directions ifj0 is
larger. HereDmax54D0 with D0 the bulk value of the
d-wave OP defined in the real space on a nearest-neig
bond, andvF is the Fermi velocity. Thes-wave component is
zero at the impurity site and also at infinity. It has line-nod
along the $110% and $11̄0% directions, and changes sig
across any nodal line. Unlike the pairing state at a$110%
surface of a DWSC, which can break the time-reversal sy
metry, the pairing state near a single impurity conser
time-reversal symmetry. This difference can be underst
from the Ginzburg-Landau~GL! theory,22 in that a mixed
gradient term favors thed- and induceds-wave OP compo-
nents to be in phase, but it vanishes near a$110% surface,
whence the fourth orders-d coupling term can establish a
s1 id pairing state.

Figure 1 shows the LDOS as a function of energy on s
one and two lattice spacings along the (100) direction fr
the impurity and on the corner site of the unit supercell. T
values of the parameters are labeled on the figure. Note
the LDOS at the corner site has recovered the bulk DOS
exhibiting a gaplike feature with the gap edges at6Dmax.
This resemblance indicates that the unit-cell size and
number of unit cells are large enough for uncovering
physics intrinsic to an isolated impurity. As shown in Fig.
we find that the LDOS spectrum near the impurity is high
sensitive to the position ofm within the energy band, and th
parameterg. In Fig. 1~a!, m50 ~Ref. 23! and g50.80, a
single ZEP occurs in the LDOS on the nearest-neighbor
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of the impurity, similar to the prediction of the continuu
theory7,8 and the eigenvalue calculation in Ref. 10. In ad
tion, as a reflection of the particle-hole symmetry, the wh
LDOS spectrum is symmetric aboutE50. We have also
studied the cases~not shown! with the samem50 and t
54J but with W50 and W50.5J ~corresponding tog
50.27 and 2.0), and found that the above feature rem
unchanged, which allows us to conclude that as long as
system is particle-hole symmetric, only a single symme
ZEP exists for allg. When m is not zero, the system i
particle-hole asymmetric, and the LDOS spectrum becom
asymmetric. @see Figs. 1~b!–1~g!#. In Figs. 1~b!–1~e!,
m520.32J is fixed, andW and t are varied in order to
changeg. For a largeg591.7, we see a single ZEP in th
LDOS @see Fig. 1~b!#. When g is lowered to 16.5, the
‘‘ZEP’’ begins to evolve into a double-peaked structure w
theE.0 peak having the dominant spectral weight over
E,0 peak. For a further decreasedg56.05, the spectra
weight of the peak atE,0 is enhanced~see Fig. 1~d!!. As
seen in Fig. 1~e!, this enhancement becomes even more p
nounced whenm is made close to the edge of a very narro
energy band so thatg becomes as small as 2.85. Whenm
520.16J, we only observe a single ZEP althoughg is as
small as 5.7@for Fig. 1~f!# and 2.9@for Fig. 1~g!#, except that

FIG. 1. Local density of states as a function of energy on s
one ~solid line! and two lattice~dashed line! spacings along the
(100) direction away from the impurity, and on the corner s
~short-dashed line! of the unit cell. The parameter values have be
correspondingly labeled on each panel. Also shown in the~e! panel
is the local density of states on the site nearest neighbor to
impurity obtained with a pure bulkd-wave order parameter~dotted
line!.
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a tendency of the splitting can be identified in the latter ca
This tendency of the splitting has been observed clearly
STM tunneling spectroscopy measurements@see Fig. 4~A! of
Ref. 12#. It should be emphasized that the ZEP splitting o
tained here has a different origin from that found by Tana
Kuboki, and Sigrist.15 We have re-examined their results b
choosing the same parameter values and the system
(18318). When the LDOS spectrum is displayed in a wi
energy landscape, many split DOS peaks appear with
well-defined gaplike feature identifiable. But as the syst
size is enlarged by the supercell technique, the calcula
only shows a single ZEP in the LDOS, which indicates th
the splitting of ZEP obtained in Ref. 15 is indeed due to t
size effect. On the other hand, we have also calculated
excess charge distribution due to the presence of the impu
(}dni5^ni&2n0, wheren0 is the average particle occupa
tion on each site for the bulk system!. We find that this
distribution is anisotropic, with its magnitude having ta
extending along the nodal directions~see Fig. 2!. Because
Fig. 2 is obtained with the parameter values given in F
1~e! which gives a smallg(52.85) value, the exhibited tai
is short. A similar calculation with the model paramete
given in Fig. 1~f! ~not shown! shows that the charge distr
bution is similar to that displayed in Fig. 2 except for
longer tail along the nodal directions due to the largerg
(55.7). This similarity in the charge distributions for a sp
and an unsplit ZEP’s disproves the assertion made in Ref
that the local charge-density oscillation is the cause of
ZEP splitting. We mention in passing that we have a
found that the excess charge density decays exponent
along the nodal directions instead of ther 22 dependence
from the impurity. But we do not think that this finding in
validates the assertion in Ref. 7 that the wave function of
impurity resonant state has a 1/r decay along the nodal di
rections, which can lead to a long-range interaction betw
the impurities. However, we do believe that since we ha
obtained essentially the bulk density of states in seve
neighboring points near the corner of the supercell, the in
action between the neighboring impurities should be ne
gible in the cell size we have chosen to work with. Thus
believe that it is very unlikely that the splitting of the ZE
we obtain is due to this interaction. Since thes-wave OP
component induced near the impurity is in phase with
dominantd-wave component, the splitting of the ZEP w
found is not due to a local broken time-reversal symme
Finally, as shown in Fig. 1~e!, the splitting is also exhibited

s

he

FIG. 2. Spatial variation of the charge distribution around t
impurity with the parameter values given in Fig. 1~e!.
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in a non-self-consistent calculation with a spatially unifo
bulk d-wave OP, showing that the suppression of thed-wave
OP component, and the induction of thes-wave component,
have little to do with the splitting. All of these points lead u
to the conclusion that, for the particle-hole asymmetric ca
the splitting of the ZEP is intrinsic to the system with a sh
coherence length, and the critical valuegc , below which the
ZEP is split into an asymmetric double-peak, is simply
reflection that the system has reached a critical extent in
deviation from particle-hole symmetry. We thus propose
understand these results qualitatively as follows: T
‘‘ZES’s’’ induced by a unitary non-magnetic impurity hav
essentially the same physical origin as the ‘‘midgap stat
predicted to exist on the surfaces/interfaces of a DWSC24

Their existence is implied topologically by the Atiyah-Sing
index theorem,25 which applies to particle-hole-symmetr
Dirac-like operators. When this symmetry is mildly broke
the midgap states are expected to still exist but no lon
exactly ‘‘midgap.’’ The BdG equations become Dirac-lik
equations only under the WKBJ approximation~which is a
t.

ett
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part of the self-consistentt-matrix approximation!, the error
of which is measured by the parametersumu and g21. For
m50, the system has exact particle-hole symmetry for allg.
Thus smallerumu should imply smallerg needed to reach the
same deviation from particle-hole symmetry, hence a sma
gc below which an asymmetric splitting of the ZEP appea

In summary, we have presented an extensive study on
quasiparticle resonant states induced by a unitary nonm
netic impurity in a DWSC. The results have clarified som
conflicting conclusions in the literature, and should be
value for the proper analysis of the STM/S results obtain
on HTSC’s around an isolated impurity.

We are grateful to M. Salkola, M. E. Flatte´, and A.
Yazdani for valuable discussions. This work was suppor
by the Texas Center for Superconductivity at the Univers
of Houston, the Robert A. Welch Foundation, and the Te
Higher Education Coordinating Board. Free computing tim
from the Texas A&M Supercomputer Center is also gra
fully acknowledged.
in

f
be-
.

hys.

he
enta-

tric
1D.J. Scalapino, Phys. Rep.250, 329 ~1995!; D.J. van Harlingen,
Rev. Mod. Phys.67, 515 ~1995!.

2P.W. Anderson, J. Phys. Chem. Solids11, 26 ~1959!.
3L.P. Gorkov, Pis’ma Zh. E´ksp. Teor. Fiz.40, 351 ~1984! @JETP

Lett. 40, 1155 ~1984!#; K. Ueda and T. M. Rice, inTheory of
Heavy Fermions and Valence Fluctuations, edited by T. Kasuya
and T. Saso~Springer, Berlin, 1985!.

4P.A. Lee, Phys. Rev. Lett.71, 1887~1993!.
5J.M. Byers, M.E. Flatte´, and D.J. Scalapino, Phys. Rev. Lett.71,

3363 ~1993!.
6C.H. Choi, Phys. Rev. B50, 3491~1994!.
7A.V. Balatsky, M.I. Salkola, and A. Rosengren, Phys. Rev. B51,

15 547~1995!; A.V. Balatsky and M.I. Salkola, Phys. Rev. Let
76, 2386~1996!.

8M.I. Salkola, A.V. Balatsky, and D.J. Scalapino, Phys. Rev. L
77, 1841~1996!; M.I. Salkola, A.V. Balatsky, and J.R. Schrie
fer, Phys. Rev. B55, 12 648~1997!.

9M. Franz, C. Kallin, and A.J. Berlinsky, Phys. Rev. B54, R6897
~1996!.

10Y. Onishi et al., J. Phys. Soc. Jpn.65, 675 ~1996!.
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