
PHYSICAL REVIEW C VOLUME 37, NUMBER 5 MAY 1988

Relativistic Vlasov-Ue»»ng-Uhlenbeck model for heavy-ion collisions

Che Ming Ko and Qi Li
Cyclotron Institute and Center for Theoretical Physics, Texas Ad'cIrI University,

College Station, Texas 77843
(Received 28 December 1987)

The previously derived relativistic Vlasov equation from the Walecka model is generalized to
include both a collision term and the self-interaction of the scalar meson. From studying the
transverse momentum distribution in heavy-ion collisions, we conclude that the nuclear equation
of state at high density is softer than that determined previously using the normal Ulasov-
Uehling-Uhlenbeck model and is consistent with that from the analysis with a momentum-
dependent potential. We have also found that in relativistic model the magnitude of the trans-
verse momentum from heavy-ion collision is more sensitive to the value of the nucleon eN'ective

mass at saturation density than the value of the compressibility at this density.
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The coupling constants of the mesons to the nucleon are
denoted by g, and g„ for the scalar and the vector meson,
respectively. In the above, p p

—g„V and e (p
+M 2) 'I2 with M M —g, p. The nucleon mass is
denoted by M. In the mean-field approximation, the
meson fields are treated as classical fields and are related
to the nuclear densities via

cr= (g, /m, ')p„Ve= (g„/m, ')pit, V= (g„/m„')p„ (2)

To construct a theory for heavy-ion collisions at high
energies when particles move with a velocity not negligible
with respect to the velocity of light, it is important to take
into account the relativistic effects. This includes the ex-
plicit mesonic-exchange nature of the interaction, the
small component of the nucleon wave function, and the
existence of the negative energy states. Also at very high
density and/or temperature, the restoration of the chiral
symmetry is expected to play an important role in high-
energy heavy-ion collisions. As a first step towards the de-
velopment of a relativistic transport theory for heavy-ion
collisions which incorporates the above effects, we have re-
cently derived a relativistic Vlasov equation from the
Walecka model in the local-density and the semiclassical
approximation. ' In the Walecka model, 2 the interaction
between the nucleons are mediated by a scalar meson p
with mass m, and a vector meson V„with mass m„. Intro-
ducing the phase space distribution function f(r,p) for
the nucleons, then the following relativistic Vlasov equa-
tion has been obtained in Ref. 1:

S,f+r' V,f+p V~f 0, (ia)
where

r' p'/e'

if we neglect the dynamics of meson propagations. As
pointed out in Ref. 1, this approximation is probably
reasonable as both mesons have relatively large masses. It
is certainly worthwhile in the future to investigate more
closely its validity. In Eq. (2), the baryon density pit, the
scalar density p„and the current density p„can be ex-
pressed in terms of the phase-space distribution function
as follows:

and

pit(r) -„d'pf(r, p),

p, (r) „d p(M /e )f(r,p),

(3a)

(3b)

p, (r) - d'p(p'/e') f(r, p) . (3c)

A covariant Vlasov equation has also been derived in Ref.
3 based on the Wigner distribution function. The
equivalence of our equation to that in Ref. 3 is shown in
Ref. 4. It is therefore immaterial whether Eq. (1) is
solved in the laboratory frame or the center-of-mass
frame of heavy-ion collisions. In Ref. 1, the relativistic
Vlasov equation is solved using the method of the pseu-
doparticles. Applying it to heavy-ion collisions at inter-
mediate energies, we have obtained results that are similar
to those from the more complicated time-dependent Dirac
equation. In particular, both lead to an appreciable
transverse-momentum distribution during the collision.

In order to apply the relativistic model to high-energy
heavy-ion collisions, it is necessary to include a collision
term. Since a satisfactory derivation of the collision term
is not yet available, we shall therefore use the collision in-
tegral as in the ordinary Vlasov-Uehlung-Uhlenbeck
(VUU) model, i.e.,

IC

t d P2d P3dn 3 (3)
(2x)

vi2o(Q)(2tr) b (p~+p2 —
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x P(pl, r)f(p2, r) [1—f(p3, r)] [1 —f(p, r)] —f(p, r)f(p3, r) [1 —f(pi, r)] [1 —f(p2, r)]] .
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U(p) -by'/3+ cd'/4 . (5)

The two parameters b and c make it possible to obtain
different values of the compressibility and the effective nu-
cleon mass as shown in Ref. 10. With the self-interaction
of the scalar meson, the relation between the value of the
scalar meson and the nuclear scalar density in Eq. (2) be-
comes

m, p+bp +cp =g,p, . (6)

We shall apply the relativistic model to study the high-
energy heavy-ion collisions. At such high energies, pion
production plays an important role. To include such
effects, we allow the nucleon to be excited to the delta res-
onance in the collision. When two nucleons undergo a col-
lision, the probability for nucleon to change into a delta is
determined by the ratio of the nucleon-nucleon inelastic
cross section to the total cross section as in the cascade
model. " However, we neglect the decay of the delta reso-
nance into the pion as we do not know yet how to include
properly pions in the relativistic theory. From the cascade
model, " it has been shown that pions appear mostly in the
later stage of the collision and will probably not affect ap-
preciably the initial dynamics which is what we are main-
ly interested in. Once delta is created, its dynamic will
follow a similar equation as the nucleon, i.e., Eqs. (1) to
(4). To determine the mean field for the delta resonance
in the relativistic model, we need to know its couplings to
the scalar and the vector mesons which we take to be the
same as those of the nucleon.

We have studied the reaction Ca+ Ca at an incident
energy of 1.8 GeV/nucleon' and at an impact parameter
of 2 fm corresponding to a central collision. We solve Eqs.
(1) and (2) using the method of test particles. In the nu-
merical simulations, each nucleon is replaced by 80 test
particles and at least ten simulations are carried out for
each case. The time interval used for evolving the system

The essential ingredients in this collision integral are the
effective nucleon-nucleon cross section o(Q) and the
Pauli-blocking factors for the phase space as shown by. . ) in the above equation. As to the effective nucleon-
nucleon cross section, we shall use that in the free space.
The medium effect on the nucleon-nucleon cross section
besides that of the Pauli principle is currently controver-
sial. Using the relativistic Brueckner theory, ter Haar and
Malfliet have obtained an effective cross section which is
about 30% smaller than its value in the free space. On the
other hand, Brown claims that it should be a factor of 2
larger if the polarization effect on the mesons is taken into
account.

The original Walecka mean-field model gives a nuclear
compressibility of 540 MeV which is much larger than
that determined from the energy of the giant monopole
resonances in nuclei. It also leads to a nucleon effective
mass of 0.56M at the saturation density which is smaller
than the value determined b~ the optical model analysis of
nucleon-nucleus scattering. In order to have a model
that allows for various values of the nuclear compressibili-
ty and the effective nucleon mass, we shall include the
self-interaction of the scalar meson, i.e.,

is taken to be 0.5 fm/c. We have also used a smaller time
step of 0.2 fm/c in a few cases and found no significant
difference from the results obtained with a time step of 0.5
fm/c. The nucleon transverse momentum distribution
after the collision has been measured. An earlier study of
this reaction with the normal VUU model has led to the
conclusion that the nuclear equation of state is rather stiff
with a compressibility of 380 MeV. ' This equation of
state, expressed as the binding energy per nucleon as a
function of the nuclear density, is shown in Fig. 1 by the
long-dashed curve. We have calculated the transverse
momentum distribution for this reaction with the same
compressibility but with an effective nucleon mass of
0.83M which is suggested by the latest determination by
Johnson, Horen, and Mahaux from the optical model
analysis of nucleon-nucleus scattering. To obtain these
values of the compressibility and the nucleon effective
mass, we use the following values for the parameters in
the generalized Walecka model:

C, (g„/m, )M 9.04, C, (g, /m, )M 11.78,

8 b/(g, M) —2.59x10, C c/g, 0.169,
(7)
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FIG. 1. The binding energy per nucleon e as a function of the
ratio of the density to the saturation density p/po for the three
cases: solid curve (M 0.83M, K 380 MeV), dashed curve
(0.83M, 200 MeV), and dotted curve (0.7M, 380 MeV). The
long-dashed curve corresponds to a stiff equation of state used in
the normal VUU model (Ref. 13).

if a binding energy of 15.96 MeV at a saturation density
0.145 fm is required. The corresponding equation of
state is given by the solid curve in Fig. 1 and is seen to be
much softer than the previous one at high densities. The
transverse momentum distribution as a function of the ra-
pidity calculated from the relativistic model with the pa-
rameters given by Eq. (7) is shown in Fig. 2 by the solid
curve. It agrees reasonably with the experimental data as
shown by the open diamonds. The errors in our results are
only about 5% except at small rapidities where they are
about 15% due to the small number of test particles in this
rapidity region. These errors can be further reduced if
more simulations are carried out. When a momentum-
dependent potential is included in the normal VUU mod-
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FIG. 2. The transverse momentum projected onto the reac-
tion plane and averaged over all perpendicular momentum P„,
as a function of the rapidity y for the reaction Ca+ Ca at 1.8
GeV/nucleon. The open diamonds are the experimental data
from Ref. 12. The solid curve and the dashed curve are from
the theoretical calculations with the same effective mass
M* 0.83M but different values of the compressibility K 380
MeV and K 200 MeV, respectively. The dotted curve corre-
sponds to M 0.7M and K 380 MeV.

el, a similar result can be obtained for the transverse
momentum distribution with a compressibility of about
200 MeV. ' '~ We have also carried out calculations with
this value of the compressibility and an effective nucleon
mass 0.83M. This equation of state is shown by the
dashed curve in Fig. 1 and is obtained with the parame-
ters, C, 9.04, C, 14.5, 8 1.73 x 10, and
C —1.20X10 3. The resulting transverse momentum
distribution is shown in Fig. 2 by the dashed curve and is
similar to the previous one obtained with a compressibility
of 380 MeV. We therefore conclude that in the relativis-
tic model the transverse momentum distribution in high-
energy heavy-ion collisions is not sensitive to the value of
the compressibility.

To understand the above result, we note that the final
transverse momentum distribution is essentially reached
at the highest compression in the collision when the max-
imum density is about 2.7 times the normal nuclear
matter density in the above example. The pressure re-
sponsible for the particles to move sideways is determined
by the density dependence of the nuclear part of the
single-particle energy as shown in Eq. (lc). For heavy-ion
collisions at high energies, the density dependence of the
nucleon kinetic energy through the nucleon effective mass
is small in comparison with the density dependence of the
potential energy due to the interaction with the vector
meson. Since the vector meson coupling constant is fixed
by the value of the nucleon effective mass, the pressure on
the nucleons is similar for the two values of compressibili-
ty. The apparent stiffness of the nuclear equation of state
at high densities for a larger value of compressibility has
thus no direct effect on the transverse momentum distri-
bution for high-energy heavy-ion collisions. At lower in-
cident energies, the density dependence of the nucleon ki-
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FIG. 3. Same as Fig. 2 for an incident energy of 800
MeV/nucleon. The solid curve and the dashed curve are from
the theoretical calculations with the same effective mass
M 0.83M but different values of compressibility K 380
MeV and 200 MeV, respectively.

0.4

netic energy will be appreciable and the transverse
momentum distribution is therefore expected to be sensi-
tive to the value of the compressibility. To demonstrate
this effect, we have repeated the above calculations for an
incident energy of 800 MeV/nucleon and the results for
the transverse momentum distribution are shown in Fig. 3
for the two equations of state. We indeed see a larger
transverse momentum for the stiffer equation of state
(solid curve) than the softer equation of state (dashed
curve). The maximum density reached during the col-
lision at this energy is lower than the higher energy case
and has a value of about 2.6 times the normal nuclear
matter density.

On the other hand, the transverse momentum distribu-
tion changes drastically if a different value of the nucleon
effective mass is used as shown by the dotted curve in Fig.
2 which corresponds to an effective mass of 0.7M and a
compressibility of 380 MeV. The corresponding equation
of state is given by the dotted curve in Fig. 1 and is ob-
tained by using the parameters, C„13.0, C, 16.05,
8 —1.69x10, and C 5.18x10 . The reason for
this is because a smaller effective mass implies a larger
value of the vector meson coupling constant which leads
thus to a stronger sideways pressure on the particles. The
maximum density reached in the collision is about 2.4
times the normal nuclear matter density and is smaller
than the case with an effective nucleon meson of 0.83M.

In summary, we have applied the relativistic transport
model to study the transverse momentum distribution in
heavy-ion collisions. From comparing with the available
experimental data, it is concluded that a relatively soft
equation of state is required. This result is similar to that
from previous studies with a momentum-dependent poten-
tial. In the relativistic model, the magnitude of the trans-
verse momentum from heavy-ion collisions is more sensi-
tive to the value of the nucleon effective mass at saturation
density than the value of the compressibility at this dens-
ity.
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