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Reconstruction of an entangled state in a cavity via Autler-Townes spectroscopy
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We present a scheme to reconstruct a two-mode entangled state in @ leigvity from the spontaneous
emission spectrum in a driven four-level atomic system. The two modes of the cavity field drive the upper three
levels of the atom and thus the spontaneous emission spectrum contains the information about the photon
statistics of the cavity field. Wigner function of the driving field is recovered from the photon statistics in a
straightforward manner.
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Entanglement and nonlocality are some of the most ema few schemes also for the reconstruction of a multimode
blematic concepts embodied in quantum mechaiigsThe  field inside a cavity{10—12. Recently a scheme has been
nonlocal character of an entangled system is usually manigresented for the reconstruction of an entangled state in a
fested in quantum correlations between subsystems that haggvity [12]. They used the idea that probability of atomic
interacted in the past but are no longer interacting. The exinversion after a two-level atom interacts with a cavity field
istence of nonlocal correlations, or entanglement betweefs directly related to the Wigner characteristic funct[ds).
parts of a composite system is at the heart of quantum inforBut under their approximations, the reconstructed Wigner
mation theory[2-5]. In this Brief Report we present a function does not contain all the information of the field. We
scheme for the reconstruction of a two-mode entangled stafgropose another scheme to reconstruct the Wigner function

in a highQ cavity as of an entangled state, which contains full information of the
field. For this purpose we used the idea that quantum state of
N-1 radiation field can also be measured by measuring the ab-
|z,/;(AB))=n nE . Cnl,n2|nl>A|n2>B, (1)  sorption and emission spectrum4] in a driven system. In
1,127

the presence of driving fields, the atomic levels display Stark
splitting proportional to the Rabi frequency of the driving
whereC,, ,, is the probability amplitude of having; pho-  field. The emission or absorption spectra then have peaks,
tons in modeA andn, photons in modes. which are displaced from the resonance by the Rabi fre-
The quantum state of a radiation field whether single-quency. For a quantized driving field, the associated Rabi
mode or multimode, is completely described by the statdrequencies are distributed according to the photon distribu-
vector|) for a pure state and by the density operatdor  tion function from which we can recover the photon statis-
a mixed state. There are also some other representation fi¢s. Wigner function can then be reconstructed from the
terms of quasiprobability distributions such Rsepresenta- knowledge of photon statistics in a straightforward manner
tion, Q representation, and Wigner function. One of the mos{15].
fundamental problems of state measurement is the recon- For the determination of photon statistics of an entangled
struction of full information of the quantum state of a given state(1) we propose to use Autler-Townes spectroscidi.
field. In general, we cannot measure precisely the quantur@onsider an entangled field stath inside a highQ cavity
state in a single experiment. Instead, we perform differentontainingn, photons in cavity modé andn, photons in
experiments on identically prepared objects. Then we magavity modeB, as shown in Fig. 1. Photon distribution func-
infer the quantum state from the recorded statistical distribution of this field can be obtained by sending a four-level
tions of measured quantities. This idea was experimentallatom initially prepared in levgl), which interacts with two
realized[6,7] in a quantum optical system proposed by Vogelmodes of the cavity field. The atomic transititm ) —|a) is
and Risken[8]. In their scheme quadrature distributions of resonant with cavity modé while transition|c,)—|a) is
equally prepared light pulses were measured by homodynesonant with cavity mod®. The interaction time of the
detection and from the set of quadrature distribution, Wigneatom with the field is kept large as compared to the inverse
function was reconstructed. Some other methods have alssf decay ratey of the atom so that during the passage of the
been proposed for the measurement of the field distributiomtom through the cavity, the atom radiates spontaneously
function[9]. from level|a) to |b) at a ratey. The frequency of the spon-
Most of these schemes are for the quantum state recomaneously emitted photon is measured. A complete spectrum
struction of a single-mode field in higQ-cavities. There are is obtained by repeating the experiment a number of times.
The spectrum contains the informations about photon statis-
tics of the entangled cavity field, which can be recovered by
*Permanent address: Applied Physics Division, Pakistan Institut¢he procedure mentioned below.
of Nuclear Science and Technology, P. O. Nilore, Islamabad, We start with the interaction picture Hamiltonian in the
Pakistan. dipole and rotating-wave approximation as
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This Hamiltonian contains three parts. First, two parts are for
the interaction of the upper three levels of the atom with two IW
modes of cavity field having vacuum Rabi frequencigs
and «, for each mode, whereas (a;1) andaz(az) are the l — @

annihilation(creatior) operators of the two mode%s and B,
respectively. The third part is for the interaction of level
|a)—|b) with reservoir modek having coupling constargy Al g
and annihilatior(creation operatom(b,). The frequency of ® :

the spontaneously emitted photoniig, which is detuned
with the atomic transition frequenci,, as given by the

relation &=wyp—v. The atom-field state vector FIG. 1. An entangled field state inside a higheavity having

in mode B

[Classical field

Detector

|w®(AB)) can be written as two modes of radiatio andB. Two classical field generators are
used to displace the two modes of the field to reconstruct the
0 _ Wigner function. A detector is used to measure the frequency of the
v (AB) n%z Ca’nl’nz’ok(t)|a'n1’n2’ok> spontaneously emitted photon. A four-level atom interacts with cav-
' ity modesA andB via atomic transitiongc,)—|a) and|c,)—|a),
+Ce, ny im0 (D)]C1,N1,12,00) respectively.
+Ce, ny 0 (0)]C2,N1,N2,00) function S, (&) has double peakgthe well-known

Autler-Townes doublgtlocated ats,= =+ \/K21n1+ KZZI"IZ. The
+> Con, npa (DIDN1,N2,50) |, (3 height of each peak is the same and is given (i 4%/ y*.

“ So at this position 0B, the peaks have a contribution only
whereCqn, n,0(): Ceyinyinyg (), @NACe, 0, n,0(1) TP~ from photon probability functionp(ny,n,). The plot of
resent the probability amplitudes for the atom to be in thes((sk) versus&ﬁ gives a complete spectrum showing peaks
states|a), [cs), and|c,), respectively, withn; photons in |ocated atc?n,+ «2n, for each set oh; andn,. The spon-
cavity modeA, n, photons in cavity mod®, and no photon  taneous emission spectrum thus depends on the photon num-
in any reservoir mode. Where@s, , .1, (t) is the probabil-  pers in the two modea andB driving the atomic transitions
ity amplitude for the atom in levgb) with n; andn, pho-  |c;)—|a) and|c,)—|a), respectively. Therefore the photon
tons in cavity modesA and B, respectively, and with one statistics can be recovered from the knowledge of the spec-
photon in the reservoir mode The interaction timeé of the  trum. The spectrum hadl?> peaks at the positions(fn1
atom with the field is kept large as compared to decay timey Kgnz. Each peak in the spectru®(,) will be clearly
y~* of the atom so thayt>1. Under this approximation the resolved if the spacing between two consecutive peaks is
atom decays spontaneously during the interaction with thgreater than the full width at half maximuFWHM) of

field. A detector placed outside the cavity measures the freeach peak. The FWHM of these peaks are determined as
guency of the emitted photon. The spontaneous emission

spectrum is obtained by repeating the experiment a number Ap o= Y+ 1672(kfn1+ k%nz). (6)
of times. The spectrum is proportional to the steady-state L
expression oy n, 1, (t) @s Now comes the problem of determining the spacing between

two consecutive peaks, which can be determined if the order
) of the peak positions are known. The question of determina-
S(‘Sk):n n2=0 |Cb~n11nqu1<(°°)| tion of the order of peaks is nontrivial. It depends upon
1 ki, kp, andy. Fork, andk, close to each other with a ratio
of about 0.9, we get the peaksrgkZ— k3|, wheren ranges
= nE:O P(N1.N2) Sy (k). (4 from 0 toN2—1. Forn=0 it represent a peak due to joint
1 photon probabilityp(0,0). Forn=1, there are two peaks due
where p(ny,n,)=|C, ,|? is the photon statistics of the {0 photon probabilitiep(0,1) andp(1,0), and so on until the
two-mode driving field, and last peak represents the photon probabyjli¢n,n). The spac-
ing between two consecutive peaks then comes OLJk%ls
Sn, (80 = 10| 20H/[ (k31 + k3n,— 59)2+ 8579%/4].  (5)  —k3|. The condition for the resolution of peaks then be-
comes

N—-1

N—1

Here we have replacegl by its value atky= w,/c, which
is a reasonable approximation in the region of interest. The (IKF= K3/ (ykiny+k5np) > 1. ()
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Now we shall discuss how the Wigner function can be
reconstructed from the spontaneous emission spectrum. The
photon statistics of the cavity field allows us to calculate the
Wigner function at the origin of the phase space. It has been
pointed out by Royef17] that the complete Wigner function
can be obtained by shifting the system or equivalently the
frame of reference in phase space. It is shown by Banaszek

0.00

and Wodkiewicz that the shifting of the system can be
achieved by attaching a coherent state with the signal field
[18]. The scanned quasidistribution then gives the Wigner
function of the signal field. In our scheme to get the Wigner
function of the entangled staid) we propose to displace
03 ] each mode by injecting coherent statesa;) and |— a,)

02 { ® into the cavity. Wherey; (i=1,2) are the complex numbers
characterizing the amplitude and phase of the shifts. Experi-
mentally this operation is carried out by coupling two reso-
nant classical oscillators to the cavity modeandB, respec-

, tively (see Fig. 1 The displaced entangled field is then
@ written as

05 r

04

S(w)

0.1

00 ¢t

0 500 1000 1500 2000

|¥(AB))=D"(a1)D'(a2)|o(AB)), 9)
where |#(AB)) is the initially prepared entangled state in
the cavity, whileD («;)(i=1,2) are the displacement opera-

0.12 tors given as

zzj D(a)=expaa —a*a;). (10)

In this scheme we show that spectrum with no injected field

(1= a,=0) yields the photon distribution function. In ad-

dition the spectrum for each value af; and «, gives the
FIG. 2. (a) Original photon statistics of entangled field state two-mode Wigner functioW(a,,a,,a} ,a3) in a straight-

|4(AB))==7 Ln,=0Cny, n,IN1)alNz)s. (D) Spontaneous emission  forward way ag15]

spectrum When the above three levels of a four-level atom are N—1

Probability

0.00

driven by the above-mentioned entangled state witki ( W Kok — 1)t
—k2)/(2y\kZ+k2)=1.16.(c) Reconstructed photon statistics. slar,az,01,03) 2 n1%=0 (=)
The peaks of the spectrum merge with each other with an XPps(N1,Ng a1, a5), (11)

increase in the difference betwedén and k,. The peaks where py(n;,n,,a;,a,) is the photon statistics of a
again becomes distinguishable whenandk, are far apart displaced entangled state. Thus, the two-mode Wigner func-
with the consecutive peaks differenkgif ki<k3 andk3 if ~ tion of an entangled field state can be found directly if the
ki>k3. Then the condition for the resolution of the peaksphoton statistics of the displaced st&8 is known for all
comes out to be values of a; and a,. The Autler-Townes spectrur(s)

depends on the complex amplitudes and «, and it has
2 2 2
(k) (yvking +kanz)>1, ®) peak values at each set of andn,. If we want to recon-

where k;=k; or k, whichever is less. Under these condi- Struct the photon distribution functiops(ny,n;,aq,a5)

tions, the functionS, .(8,) behaves like a delta function from the spectrum, the only meaningful values &ff are

2
centered ak3n, + k2n2 The complete spontaneous emissionkiN1+ k30, for different sets ofn, and n,. The recon-

spectrum consists of contributions from all the photons exc'structed photon distribution of the displaced state is therefore
tations in the photon distribution functign(n;,n,). So by 9'Ve” by those values in the spectrum whefg=«in
knowing the spectrum values only at the points where the™ K5, We may write it as

peaks occur and then after proper normalization we can get
the photon distribution functiomp(n,,n,). The two-mode  Ps(N1:N2,@1,@2)
photon statistics and spontaneous emission spectrur for N—1
=5 are shown in Fig. 2. This spectrum is taken for the case _ i 2
when the values ok, andk, are close together and fora N, m, m
minimum value of the parameterki—k3)/(2y\k>+k3)
=1.16. Photon statistics is then reconstructed from this spec- »
trum by the procedure mentioned earlier. The result shows 2 2 2
that thgorigir?al and reconstructed photon distributions of the (k1(My—nNy) + k(M —Nz))“+
entangled stat€l) are in good agreement. (12

2.2 2
p(My, My, a1, a5)| g | “(kIN1 + K3N,)

(k2N + Kk3n,) Y24’
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whereN, is the normalization constant. It may be noted thatThis expression for photon distribution of the displaced en-

the spontaneous emission spectrum for given values of inangled state is then substituted in EG2) to obtain the

jected field§ — «1) and|—«a,) gives the Wigner function at reconstructed photon statistics and finally the Wigner func-

pointsa; anda, in the complex plane and we have to obtain tion is obtained using expressighl).

the spontaneous emission spectra for different values,of We presented a scheme based on Autler-Townes spectros-

and a, to reconstruct the complete Wigner function. copy to reconstruct the Wigner function for the two-mode
Since we are considering an entangled stajethe pho-  entangled state in a higQ-cavity. There are a few condi-

ton statistics of the entangled state after the injection of cotions that should be satisfied for the reconstruction of Wigner

herent state$— a;) and|— a,) is given by function. The most important one is the selectionkgf y
andk,/vy. These two parameters should be selected in such a
p(Ny,Ny, a1, a5)=|{ny,N,|D (@)D ()| o(AB))|?, way that the peaks in the spectrum associated with different

(13)  values ofn; andn, are clearly resolved. We proposed our

:e*(|a1\2+|a2\z)

scheme for a general kind of entangled state in which there is
where|#,(AB)) is the initial entangled statd). On substi- Not any relation between the number of photons in two
tuting it in Eq.(13) and using modes. However, the same procedure can be applied to other
cases such as the case where the number of photons in two
| 2 modes are the same or the case where the number of photons
<m|DT(a_)|n>: A /ﬂex;{ _ | (@)""MLAM(| @ [2) in two modes are fixefl19]. For the resolution of the peaks
' n! 2 ! m v in the Autler-Townes spectrum we arrived at the conditions
(14 as mentioned in Eqg7) and (8). Both these conditions re-
quire large ratios of vacuum Rabi frequencies @nd «»)
whereL (] «;|?) are associated Laguerre polynomials, wefor transitions|c;)—|a) and|c,)—|a) to the atomic decay
et rate y from level |a)—|b). In Fig. 2 we have plotted the
g g p
spontaneous emission spectrum and reconstructed photon
PNy, Ny, ay) statistics for the case wherk{—k3)/(2y\k3+k3)=1.16.
\ \ The values ok, /y andk,/y for this case come out as 16.67
[nytXn,! and 15, respectively. The recent experimgi28—22 show
r; 2” Crir, rlXr,! that these ratios are quite accessible.
v Another important limitation is that the atomic decay rates
- . , 2 from levels|c,)—|a) and|c,)—|a) should be much smaller
X(a)"M(az)"2 2L (|ag[ )L 2 H([eol®)| . than the decay rate from level |a)—|b). This condition is
necessary because these decay may change the photon statis-
(15 tics of the field inside the cavity.
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